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Abstract: A sophisticated physical model of the dry
snow/firn  densification process in ice sheets is
proposed. Macroscopically, snow and firn undergo
vertical uniaxial compression with non-zero deviatoric
stresses and strain rates. The present mathematical
description of densification includes dilatancy and
"force-chain”" effects in snow and develops previous
concepts of ice-particle rearrangement by grain-
boundary sliding and sintering by power-law creep
under overburden pressure. Both  densification
mechanisms work together during the first snow stage
until the closest packing of ice grains is reached at
critical densities of 0.7-0.76 and the firn stage controlled
only by the dislocation creep sets on. In addition to the
ice-grain coordination number and the slope of the
radial distribution function, a new structural parameter
is introduced to account for grain bonding
(agglomeration) effects. The model is constrained and
validated on direct stereological observations of ice core
structures and a representative set of snow/firn density-
depth profiles covering a wide range of present-day
climatic conditions (-57.5 to -10°C and ice
accumulation at 2.15 to 330 cm yr '). Simple equations
are derived for predicting the depth of pore closure in
firn and the ice age at close-off. The paleoclimatic
evolution of quasi-stationary density-depth profiles and
close-off characteristics at Vostok Station (East
Antarctica) are simulated and discussed.

Key words: ice sheet, snow/firn densification, physical
model, paleoclimatic implication
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Rate of ice thinning due to global ice-sheet

motion

Rheological function in Eq. (7)

Gravity acceleration

Rheological function in Eq. (7)

Depth

Rate constant

Ice pressure produced by normal components
of contact forces

Load pressure (hydrostatic overburden stress)
Macroscopic pressure in ice skeleton
Activation energy

Mean equivalent-sphere current radius of ice
grains (normalized by surface size R;)
Fictitious normalized radii of plastically
deformed ice grains in the densification scheme
(10]

Gas constant

Fraction of free ice-grain surface not involved
in plastic contacts

Fraction of grain surface area involved in grain
bonds

Time

Temperature (in K)

Principal macroscopic deviatoric stresses
(i=1,2,3)

Vertical velocity with respect to ice-sheet
surface

Fraction of deviatoric deformations due to ice-
grain rearrangement

Coordination number

Power-creep exponent in Eq. (13)

Dilatancy exponent in Eq. (18)

Lateral deviatoric strain rates

Coefficient in the grain boundary sliding
model (12) in [2]

Grain bond thickness

Ice-equivalent glacier thickness

Correction coefficient in Eq. (15)

Fraction of free grain surface occupied by extra
neck volume due to diffusive ice mass transfer
(bonding factor)

Kinematic (bulk) viscosity in Eq. (6)
Dilatancy rate parameter in Eq. (3)

Non-linear viscosity in power-creep law (13)
Linear grain-boundary viscosity



Relative density of snow/firn deposits

o Density of pure ice

Py Principal macroscopic stresses (j = 1, 2, 3)
@ Densification (compression) rate
Superscripts

r

Fictitious geometric characteristics of ice
grains in the densification scheme [10]
Value at reference temperature 7’ (Vostok

Station)
Subscripts
c Ice crystal growth
off Close-off characteristic

Ice-grain plasticity characteristic
Ice-grain rearrangement characteristic
Ice sheet surface

Critical point (snow-to-firn transition)
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1. Introduction

Fresh snow deposited on a dry glacier surface is
subjected within a few uppermost meters to various
depositional, diagenetic, and meteorological processes
[3]. Even in cold natural conditions, ice
thermodynamically is relatively close to melting, being
at high homologous temperature. There exist a variety
of mass transfer mechanisms in the pressureless
sintering of surface snow (e.g., [49]). Among them,
evaporation-condensation (vapor transport) and surface
diffusion play a primary role in the snow metamorphism
[37, 58, 64] largely through the rounding and bonding
of ice crystals [14, 35]. At depths of 2-3 m, snow is a
low-density (porosity 50-65%) polydisperse compacted
powder of ice grains. The properties of this structure are
considered admittedly to originate from the surface
snow characteristics which are ultimately climate
controlled. Further on, particle rearrangement [6] and
sintering under overburden pressure become the
principal mechanisms of the snow/firn densification,
leading to the formation of bubbly ice upon pore closure
in deeper strata (50-150 m). Although studies [16, 22,
23, 49] show that plastic deformation (i.e., power-law
dislocation creep) dominates in the development of
intergranular contacts under loads exceeding 0.01-
0.1 MPa, the pressureless sintering effects driven by the
excess surface free energy of ice crystals still can not be
ignored.

The transformation of snow into glacier ice, being a
fundamental glaciological phenomenon, is also a key
process that links paleoclimatic records of ice properties
in glaciers to those of atmospheric gases trapped in the
ice (e.g., [12, 15, 33, 65, 67]). The most important
characteristics of the snow/firn densification process are
the close-off depth and ice age as well as the grain size
that ultimately determines the geometrical properties
(size and number) of air inclusions (i.e., bubbles and
hydrates) in polar ice sheets [45, 47]. Here we
concentrate on snow/firn densification modeling as a

primary step related to paleoreconstructions from ice
core data. Predictions of the surface and close-off
densities as well as ice-age/gas-age difference are
considered as separate problems out of the scope of the
present study.

The mechanical properties of snow and its
densification at loading were originally studied and
theoretically interpreted by Voytkovskiy [73]. Herron
and Langway [39] subsequently proposed a density-
depth (or age) relationship that is now widely employed
as a phenomenological firnification model. However,
the application of this relationship, as well as other
semi-empirical approximations (e.g., [12, 19, 43, 71]) is
of limited validity, being confined to the ranges of
present-day environmental conditions covered by the
experimental data. An alternative, although much more
complicated approach is to develop a physical theory
relating microstructural changes in the snow compact to
its general macroscopic behavior during compression.
In a series of papers [16, 17, 26, 38, 50], a suite of
microstructural constitutive models were constructed,
specifically for the case of smow under high loading
rates (strain rates exceeding 107 s7"). It was assumed
that the deformation process and fracturing in the
granular structure took place predominantly in relatively
narrow necks connecting grain bodies. Such conditions
differ substantially from those met in the natural
snow/firn densification process at the glacier surface,
where the strain rates are much lower, on the order of
10" to 107 57" and the intercrystalline contacts are well
developed even at shallow depths [35]. The surface
fraction of grain bonds is large [4, 7, 9], with neck-to-
grain radii ratio of 0.6-0.7 [1,2]. It is therefore
conventionally accepted after Alley [2] that particle
rearrangement, which dominates in the highly porous
snow, is controlled by linear-viscous grain-boundary
sliding. This microstructural physical description of the
repacking mechanism can be directly incorporated into
snow/firn densification models [8. 20].

The number of bonds per grain (i.e., coordination
number) in snow increases with density, restricting
intergranular sliding. As a result, the creep of ice grains
in contact gradually prevails over, becoming the sole
mechanism of firnification beyond a critical snow
density and coordination number at which particle
rearrangement essentially stops. This general scenario is
commonly simplified by the assumption that the critical
density  separates two  successive regimes of
densification, either by grain boundary sliding (snow
stage) or by plastic deformation (firn stage) (e.g., [8. 9]).
Usually the transition between the two densification
zones is identified after Anderson and Benson [6] with
the specific bend found in the density-depth profile at a
relative density of approximately 0.6. However, as
suggested by Ebinuma and coworkers [23-25], this first
critical point of sharp decrease in the densification rate
may simply manifest the onset of an intermediate
regime in which particle rearrangement and plasticity
work together, while the dislocation creep takes over at
higher relative densities of about 0.75.
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A physical microstructural model for the firn stage of
densification by power-law creep was constructed [9]
based on a geometrical description of the dense random
packing of monosize ice spheres [10, 29] and an
approximate solution for the initial phase of plastic
deformation of two contacting spheres [11, 76]. This
model was linked to Alley's model [2] for ice-grain
rearrangement in the snow stage (neglecting dislocation
creep) by introducing the critical density as a variable
(tuning) parameter. The principal problem encountered
in such an approach was that the initial densely packed
structure assumed in [10] had zero contact areas
between particles at the critical density, whereas Alley's
scheme described grain sliding over developed
interfaces (i.e., grain boundaries). Hence, it was
suggested [7-9] to represent firn densification by the
plastic deformation of groups of ice crystals
(aggregates, or agglomerates) rather than single grains.
Clusters of ice crystals are distinguished in natural ice
cores, and structures of ice-grain agglomerates can be
considered as more realistic. However, in Arnaud's
approach [8], the aggregates are defined without inner
voids having the same specific surface area as the
original ice skeleton at the snow-to-firn transition.
Although this assumption avoids discontinuity in the
parameterization of the ice-grain structure, crystal
bonding and neck development are reduced to pure
agglomeration, which, in a monosize approximation, is
equivalent to simple rescaling of micro-dimensions of
the ice-grain compact. Nevertheless, the model [8]
allows the direct extension of computational simulations
and theoretical predictions to various paleoclimatic and
thermodynamic conditions (e.g., [15, 33]).

In the present study, aiming at a more complete and
sophisticated representation of the microstructural
picture of ice-grain kinematics and stress-strain
distributions, we continue the elaboration of the
snow/firn densification model recently started by
Salamatin and coworkers [60]. The following aspects
are of particular interest.

1. As there is no possibility for independent lateral
(horizontal) constriction of snow deposits on an
infinitely large ice sheet surface, natural densification of
the snow, firn, and bubbly ice strata is, macroscopically,
a process of uniaxial (vertical) compression with non-
zero deviatoric stresses and strain rates superimposed on
the global (deviatoric) deformation impacted by glacier
motion [61]. This densification process can not be
adequately modeled simply on the basis of hydrostatic
compression as usually considered in  powder
metallurgy (e.g., [10, 76]).

2. lce-grain rearrangement in snow under uniaxial
compression in accordance with general concepts of
granular media and soil mechanics (e.g., [18, 55, 56])
can not be geometrically arbitrary on the microscopic
level and is thus subjected fto certain kinematic
constraints relating volumetric compression rates (o
effective deviatoric strain rates of particle restacking.
This phenomenon is known as the dilatancy effect. For
instance, the radial expansion of snow samples observed

in axial compression tests [63] may, at least in part, be
caused by the dilatant motion of ice grains as rigid
particles.

3. Overburden pressure, increasing from the very
beginning of snow densification, acts as intergranular
contact forces that result equally in the rearrangement
and plastic deformation of ice particles. In principle,
these two  firnification  mechanisms  operate
simultaneously until restacking ceases at the critical
coordination number (i.e., critical density). This
suggests that Anderson and Benson's interpretation [6]
of the bend around a relative density of 0.6 in the
density-depth profiles should be re-examined.

4. Grain bonds in snow and firn are well developed
[4,9], and the mean bond radius in the snow stage
remains largely constant [1,2] despite the relative
motion of grains. This suggests that water-vapor
transport (pressureless sintering mechanisms), even if
negligible as a densification factor, still acts in
combination with grain creep in the neck-formation
process and should thus be incorporated directly into
any physical model of dry snow/firn densification. Such
an improvement can not be achieved within the
framework of [8], and additional reconciliation with
Arzt's theory [10] is necessary.

5. According to [36], the granular ice skeleton carries
the applied load in "force chains" and a certain fraction
of grains in the polydisperse snow structure is
essentially stress-free. This means that the effective
pressure at the contacts of deforming ice spheres is
much higher than in a uniformly loaded structure.
Furthermore, as the mean grain coordination number,
equal to ~7 at the critical density, increases by a factor
of 2 in the firn stage [4, 7], the plastic deformation of
ice in the vicinities of numerous contacts distributed
over the grain surface is more similar to the creep of
relatively thin contacting spherical segments than that
for a single contact between two spheres (agglomerates)
as assumed in [8,9] after [10, 11]. Thus the plastic
deformation of grains also requires a more accurate
simulation.

With this in mind, we begin with the improved
description of snow/firn densification, extending on
[60]. The resultant physical model is evaluated and
validated on available ice core texture measurements
and a representative set of snow/firn density profiles
covering the full range of present-day climatic
conditions (temperature, accumulation rate, wind speed,
and insolation). Finally, possible applications of the
developed theory to analysis of the snow/fim
densification process in changing climate are considered
with special emphasis on predicting the close-off (depth
and ice age) characteristics.

2. Theory of snow/firn densification

2.1. General notions and phenomenological
equations

Let us consider the process of densification of
snow/firn deposits under the load pressure (hydrostatic
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overburden stress) p; on a glacier surface in dry, cold
climatic conditions. Due to lateral constraints,
macroscopically it is a confined vertical (uniaxial)
compression. We  designate the corresponding
component of the strain-rate tensor E by subscript "1".
The total deformations in the two other principal
orthogonal (horizontal) directions "2" and "3" are equal
to zero, and E is determined as

E =3, E=E-=0,
o=-tr(E)3=-(E +E,+E,)3 .

The snow/firn densification (compression) rate @
coincides with the lateral deviatoric strain rate
y=E, —tr(E)/3 = E, —tr(E)/3, and, by definition,

Id,o=3
p dt

- ()

where p is the relative density (ice volume fraction) of
the ice structure; ¢ is the time, and d/dr is the particle
derivative.

Figure 1: Interaction between dilatancy effects and
plastic deviatoric deformations in snow densification by
grain rearrangement. Only excess deviatoric creep
compensating for lateral dilatant expansion is depicted
in the last fragment.

The overall macroscopic deformation in the ice
compact is the sum of two constituent parts due to
(a) rearrangement (i.e., sliding) of grains as rigid
particles and (b) grain plasticity by dislocation creep
under contact forces. These two mechanisms are
distinguished by the subscripts """ and "p", respectively.
Thus,

o=+ a,=y.+p=7y (2)

These equations do not allow unique division
between the restacking and plastic strain rates. The
dilatancy [18, 55, 56] of the granular ice structure (see
Fig. 1) should additionally be taken into account. This
means that the uniaxial compression of ice powder, as
an ensemble of rigid particles, can occur only at excess

deviatoric strain, y > @, and the total deformational
compatibility in the ice compact presumes that the
difference » — @, is compensated for by extra plastic
compression @, — ¥,. Although the dilatancy in snow is
generally small with respect to total deviatoric
deformation, this effect controls the interaction between
the two densification mechanisms. A conventional
linear kinematic relation is assumed here between the
densification rate due to grain rearrangement @, and the
corresponding deviatoric deformation . i.e.,

@ =(1=2. ©)

Parameter A determines the rate of dilatancy and,
being a function of p, is one of the principal structural
and deformational characteristics of snow as a granular
material. It varies from 0 for ultimately friable, highly
porous snow, when @, = 3. to 1 in the critical (dense)
packing state, when @, = 0. Simultaneous equations (2)
and (3) yield explicit expressions for the constituents of
the strain rates via the total densification rate @ and the
fraction x of the deviatoric deformations due to the ice
crystal rearrangement:

r=xo, p=((1-xo,
4
w.=x(1-No, a,=[1-(1-x]le.

The macroscopic stress tensor 2 is conventionally
expressed via the isotropic pressure P and the vertical
deviatoric stress 7 (15 = T3 =-T1)/2):

2 ==-P+T, X5H=%=-P-T/2. (5)

Consequently, the problem of the snow/firn
densification modeling is reduced to the construction of
constitutive equations relating the deformation rates y
and y, (or @, and @),, or x and o) to the averaged stresses
P and T in the granular ice material. In accordance with
the general concepts, we write the rheological law for
grain rearrangement by linear-viscous boundary sliding
as

P=p+3nq'en, Ty=-4ny. (6)
Here 7" and # are the coefficients of bulk and kinematic
viscosity, and p is the pressure produced by the normal
components of the contact forces (i.e., by the force
interactions between grains not related to their motion
with respect to each other). For low-density snow, 4~ 0
and @, = ¥, while 25 = 2y =—p ~ 0. In this case Egs. (5)
and (6) lead to ' =27/3.

For plastic deformation, one can envisage the
following non-linear analogues of Eqs. (6):

p=Fm), Ti=-4G(z). Q)

The apparent viscosity of ice-grain rearrangement 7

and functions F(e,) and G(3,) in Egs. (6) and (7) (to be
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determined below) are the principal rheological
characteristics of the ice compact, relating the
macroscopic behavior to the processes occurring on the
microstructural level. By definition, the vertical stress
2y is equal to —p; with its deviatoric part 7 given
identically by Egs. (6) or (7). Based on Egs. (3)-(7),
these conditions can be wrilten as

p=Fay) +2B -DG(%), nn=06(x) @)
Together with Egs. (4), they deliver a general form of
the snow/firn densification model with respect to @ and
%

The snow/firn structure, including the effects of
pressureless sintering in grain bonding, and the
densification mechanisms by ice-particle rearrangement
and creep are sequentially considered in the following
subsections in order to explicitly transform Egs. (8) into
a complete physical model.

2.2. Densification stages and snow/firn structure
description

Hereafter we conventionally introduce the two
successive stages of snow/firn densification and
distinguish them for clarity after [8, 9] as "snow" and
"firn", respectively. However, in contrast to previous
studies, we assume after [60] that the first (snow) stage,
dominated by ice particle restacking, is simultaneously
influenced by a gradual increase in the plastic strain of
grains. The firn (consolidated snow) stage starts when
particle rearrangement ceases at the closest, dense
packing and is controlled only by grain dislocation
creep under growing overburden pressure. In this
context, a shift of the snow-to-firn transition (critical
point) to greater depths and higher relative densities can
be expected.

The number of contacts (bonds) per grain
(coordination number, Z) is one of the principal
microstructural characteristics of snow/firn build-up.
The increase in Z with density during the snow
densification stage occurs primarily as a result of ice-
grain restacking. In accordance with ice core
measurements [4, 7], snow structure modeling [32], and
direct simulations of microscopic snow densification
[41], we assume after [2] that Z in snow is a linear
function of the relative density p,

Z=Zoplpy . )

The subscript "0" designates the critical values at the
critical depth of dense packing, where particle
rearrangement stops and the firn stage begins.
Consistently, firn densification is realized to occur by
centre-to-centre approach of ice crystals due to the
dislocation creep without sliding. Following [10], we
represent the firn structure on average as a random
dense packing of incompressible monosize grains of
equivalent-sphere radius R and use a linear
approximation of the cumulative particle radial
distribution function (RDF) with relative slope C.

Further, in accordance with Arzt's approach (see Fig. 2),
the development of the ice-grain structure due to
dislocation creep is described as the concentric
expansion of centre-fixed particles with the current
"fictitious' equivalent-sphere radius R" measured in units
of R. The basic shape of the plastically deformed grain
bodies is thus the sphere of relative radius R"” truncated
by the developing and newly-formed contact faces with
the free surface fraction s. The coordination number in
firn is then

Z=Zy+C(R"-1). (10)

The critical value Z; of the coordination number for
random dense packing and the slope C of the radial
distribution function estimated in [10] for monosize-
sphere powders are ~ 7-7.5 and ~ 15.5. Accordingly, R’
is expressed via the relative density p, and R" is related
to R', linking Z to p (see Appendix A).

=t
plastic J
face -

Figure 2: Modification of Arzt's geometric scheme [10]
of ice-grain compaction by dislocation creep coupled
with neck formation around plastic faces due to
diffusive water-vapor transport. Inset: Deformation of a
single spherical contact domain on a reference grain.

Although the restacking and dislocation creep of
grains are considered to be the major pressure-sintering
(densification) mechanisms in snow and firn, the water-
vapor transport and other pressureless-sintering
processes in the granular ice material at relatively high
homologous temperature may also contribute to grain
bonding and neck formation [1, 2, 35], enlarging the
grain contact faces and slowing the rates of plastic
deformation. To account for these effects, Arzt's
geometrical description of the firn structure is extended
to the snow stage where the creep of ice particles is
subservient in densification and the cumulative plastic
strain of grains is, at least in part, annihilated by grain
rearrangement. Thus, without any loss of generality it
can be assumed that the area fraction of plastically
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formed intergranular contacts 1 — s in snow is negligibly
small, that is, s = R"= R"= | with Eq. (9) substituted for
Eq. (10) at p< py. A new microstructural characteristic
of the snow/firn build-up, the bonding factor ¢ is then
introduced to describe the fraction of grain surface not
consumed by the plastically formed contacts but
occupied by excess neck volume (see Fig. 2) created
due to pressureless sintering. The remainder of the
reference grain surface exposed to voids (1 - ¢)s is
shared among the contact domains which can be
realized on average as spherical segments with flat
bases A" (Fig.2). This generalized geometry of
snow/firn  structure is qualitatively described in
Appendix A. The equations for R", s, the mean relative
bond area «', and the average area of the contact-
segment base A’ (i.e., a = a’/R” and A = A/R" in units of
R’) are derived in the appendix. The fraction of grain
surface area involved in the grain bonds s, is also
obtained to link these microstructural characteristics via
R' to p. The critical density py is shown to be uniquely
expressible in terms of Z; and C.

Observations [1,2] revealed that ice-grain bond
development is counterbalanced to a large extent by
grain-boundary sliding in snow, resulting in a constant
mean bond area ;. This means, as confirmed by
measurements [4, 7, 9], that in the snow stage, the grain
bond fraction s, is a linear function of Z or p (see
Eq. (9)). As shown in Appendix A, to satisfy the
condition a = ay, the bond parameter ¢ must also be a
linear function of Z, i.e.,

= GollZy . (11)

The critical value ¢ uniquely determines a,. Eq. (11) is
extended below to the firn stage and will be validated on
the basis of ice-core data. Finally, only three
microstructural parameters Z,, C and ¢ of dense
packing control the evolution of snow/firn build-up with
increasing density.

In relation to the specific surface area, the present
approach is quantitatively equivalent to the snow/firn
structural representation of ice crystal agglomerates
suggested by Arnaud and coworkers in [8, 9]. In this
framework, in the snow stage, ¢ is equal to the mean
fraction of the grain surface occupied by bonds and can
thus be regarded as a measure of agglomeration.
However, Arnaud's approach assumes that ice crystal
aggregates initially have zero contact faces at the snow-
to-firn transition, precluding direct incorporation into
the ice grain rearrangement scheme [2], which is
essentially based on grain sliding over developed
interfaces. In contrast, Egs. (9)-(11) explicitly introduce
an average description of intergrain contacts that is
continuously consistent in snow with Alley's model [2]
and allows direct application of Arzt’s theory [10] for
firn densification.

Considering pressureless sintering as an important
factor in the formation of intergrain contacts, we still
assume that the transportation of extra mass of ice to
necks does not change the density or R"” substantially.

Hence, Eq.(10) for pressure sintering [10] in fimn
remains valid without substitution of R' for R" as
suggested in [29]. At the same time, it should be noted
that the polydispersity of natural snow and the primary
redistribution of ice across the grain surface in the snow
stage can result in a denser closest packing with higher
Zy and much higher RDF slope C than the values
conventionally —accepted for spherical monosize
powders [10]. Thus, Z, and C should be regarded as
tuning model parameters in addition to &.

2.3. Alley approximation for snow densification by
grain-boundary sliding

Alley's theory [2] of the snow densification by grain-
boundary sliding gives

1 dp _ 30, = 45 ffrgz) "
p dt 3wipZ

where ¢ and v are the grain-bond thickness and
viscosity, respectively. R is the mean equivalent-sphere
radius of grains, and r is the mean bond radius. The
coefficient I'(Z) can be expressed as a linear function of
the coordination number (or density via Eq.(9)),
decreasing from 1 to 0 as Z increases from 0 to Z;.

Comparison of this relation to the general
equations (1), (4), and (8), neglecting the plasticity
effect (i.e., x ~ 1 and A ~ 0) yields the following explicit
expression for 77:

1 876T(Z)
n  3waRp’Z '
(12)
r(z)=1-z/z,+(1-z/z,))2 -

Here, by definition, @ = z*/R* and in accordance with
[1], @ can be regarded as a constant value a =gy in
Egs. (12).

2.4. Plastic deformation in ice compact

Densification by dislocation creep occurs under
external pressure p, which is transformed in the ice
skeleton to an effective pressure p.; acting on grain
contacts. On average, for uniformly distributed forces, it
is conventionally accepted (e.g., [10,350]) that
p = paZp.i4rx. However, according to Gubler [36], the
external stresses imposed on the polydisperse ice grain
structure are conducted by "fundamental units" (groups
of grains) through "force chains" (series of single force-
bearing grains). As not all gains are stressed and
undergo the creep, the effective pressure on the grains
controlling macroscopic deformation, particularly in
snow and low-density firn, is higher than the value
averaged over all ice particles. Gubler's measurements
[36] of the force-chain lengths for coordination numbers
of 3-10 predict an extra increase in p.; in inverse
proportion to Z. Phenomenologically, this can be
accounted for by introducing an additional enhancement
factor Z/Z, into the above correlation between p and p,;.
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In the framework of Arzt’s description [10] of the
geometrical granular ice structure, it is assumed here
that in plastic deformation, ice is squeezed from under
each contact area a' on a reference grain by power-law
creep of the uniaxially compressed contact-segment
layer (see Fig. 2, inset). The central part of the grain is
subjected to uniform forcing from all surrounding
segments and is thus in hydrostatic equilibrium. The
rheological law for ice as a non-linear viscous
incompressible body, relating effective strain rates ¢, to

effective stresses 1, is given by
2, =Ty 5 (13)

where « is the creep index and u is the coefficient of
non-linear viscosity.

The problem of plastic deformation of the contact
segments under effective pressure is considered in
Appendix B. The obtained solution transforms the ice
flow law (13) into a relationship between p.; and @,
and the correlation between p and p,; leads directly to
the following expression of F(a,) in Egs. (7) and (8):

r— — ler
J3adpZ® | 2-/3zuR’
=Flo )= i ;
p=Flo,) iz, { g i U lflan}

(14)

Eq. (14) differs from its analogue proposed in [11]
and implies a substantial decrease in densification rates
due to bonding effects and a reduction in the free
surface fraction s. It should be noted that a higher value
of coordination number (e.g., attained at pore close-off)
might be more appropriate for use in the correction
factor Z/Z, in Eq.(14) instead of Z,. A certain
renormalization of non-linear viscosity w introduced by
Eq. (13) can thus be expected.

The general equations (6)-(8) demonstrate the
importance of deviatoric stresses and strain rates in the
densification of granular ice under uniaxial
compression. Fundamental units in which grains
respond to deviatoric stresses by relative sliding with
minimum resistance do not play a significant role in the
macroscopic plasticity. Only the relatively small
fraction of force-bearing chain grains with developed
necks which are aligned with the principal axes of
deformation is fully involved in the deviatoric strains
(stretching and/or constriction) by creep. A high-density
asymptotic approximation [61] can be introduced for
deviatoric stresses to be multiplied, as in the case of
effective pressure, by the enhancement factor Z/Z, with
additional correction gp to account for a reduced
number of deviatorically deformed force-bearing chains,
i,

T, =-4Gly, )=~ 2‘852_2 @By, )" (9
Wl

where & is the snow/firn structural characteristic
assumed to be a small value.

Egs. (14) and (15) together with Eq. (11) and other
microstructural characteristics determined in
Appendix A are equally valid in snow for p<p, at

'=R"=1 and in firn for p>py with Z given by
Egs. (9) and (10), respectively.

2.5. Physical model for snow/firn densification rates

Simultaneous equations (4). (8), (12), (14), and (15)
form a theoretical basis for physical modeling of the
snow/firn densification process. Substituting Egs. (4),
(14), and (15) into the first of Egs. (8) for both snow and
firn stages yields

e
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The principal novelty of this relation is that it extends
now to plastic deformation in snow, accounting for the
dilatancy effects and ice-grain rearrangement described
by parameters A and x, respectively. Although an
accurate estimate of the value of £ in Eq. (15) is not
available, the bubbly ice densification theory [61]
predicts that the average pressure p in the ice matrix is
close to the overburden pressure p,. Hence, the influence
of the deviatoric stresses (second term) in Eq. (16) is
expected to be rather small, if not negligible. In contrast,
the deviatoric stresses and parameter & play a key role in
the second of Egs. (8), which relates the deviatoric
strains of different origins in snow for p<p, In
combination with Eqgs. (4), (12), and (15), this equation
can be rewritten as

xe =k, FE{Z] [uo(1-x)]"

(17)
 _1603) ms
" 33wm,Z,R,

Here R = R/R_ is the relative grain size normalized by

the initial grain radius R; at the ice-sheet surface, and &,
is a new complex constant of the grain rearrangement
rate.

Simultaneous equations (16) and (17) are the
principal part of the snow densification model, relating
the densification rate @ and deviatoric ice-grain
rearrangement ratio x to the overburden pressure p; and
microstructural snow properties. It is important to note
that in the general case of 4> 0, even in low-density
snow, when x — 1, these equations can not be reduced
to an Alley-type model [2] simply by excluding the
product ue(1 — x).

Hereinafter a power approximation is introduced for
the dilatancy parameter as a function of relative density
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where /3 is the dilatancy exponent and p,,;, ~ 0.3 is the
minimum surface-snow (threshold) density below which
the dilatancy effects are assumed to be negligible.

In snow, R'=R"=1, and Eq.(9) for coordination
number Z completes the model (16)-(18). In firn, A= 1
and I'(£)=0 for p>p (£>2y). Correspondingly,
Eq. (17) reduces to x=0, and Eq.(16) determines
directly the densification rate @ at Z given by Eq. (10).
In both stages, the bonding factor 'is given by Eq. (11).
All other microstructural characteristics are specified in
Appendix A.

The developed physical description of the snow/firn
densification process involves three geometrical
parameters (Z;, C, ), two grain interaction parameters
(/. €), and two ice properties (u, k), all of which should
be constrained or validated by ice core density
measurements and texture analyses.

3. Model constraining and validation

3.1. Snow/firn structure characteristics

Ice-grain  connectivity in snow and firn s
quantitatively described by the coordination number Z
and the bond area fraction s,. Alley and Bentley [4]
convincingly demonstrated, on the basis of a
stereological study of BC and UpB ice cores from the
Siple Coast, West Antarctica, and data from Site A,
Greenland [5], that these microstructural characteristics
are well correlated with density for various types of
snow and firn. Later measurements by Arnaud [7] of
East Antarctic ice cores from Vostok Station and from
two sites (KM105 and KM200) at 105 and 200 km
along the traverse from Mirny observatory to Vostok,
also confirmed this conclusion. The details of these and
all other sites discussed in the present paper are listed in
Table 1.

In the proposed model, Z(p) is expressed by Egs. (9)
and (10) in snow and firn, respectively. As detailed in
Appendix A, this relationship is controlled by the two
geometrical parameters Z, C, and by the resultant
critical density . Fig.3 compares the theoretical
curves with available ice core data. The observed
general trends and the scatter of the measurements fall
within the minimum uncertainty range of the critical
coordination number of Z, = 6.5-8.0, and the slope of
the radial-distribution function is constrained to the
expected enhanced values of C =40-60 increasing with
increase in Z,. Importantly, for the Vostok and KM200
ice cores, representing two climatic extremes of low
temperature with mild wind and higher temperature
with strong wind (see Table1 and [46]), the
coordination numbers in the firn stage in Fig. 3b are
systematically lower at Vostok (consistent with curve 1
for Z, =7, C=40) than at KM200 (e.g., curves 2 and 3
for Z,=7.5-8, C=50-60). The critical density, as an

increasing function of Z;, and C (see Appendix A),
ranges respectively from p, =0.704 to 0.754, and in
agreement with the observational data, the slope of the
theoretical curves of Z = Z(p) in Fig. 3 changes at p= py
with switching from Eq. (9) to Eq. (10). These values of
/v are substantially higher than the relative density (ca.
~0.6) of the first uppermost bend point of the sharp
decrease in densification rates found in the density
profiles by Anderson and Benson [6] and suggested to
be the boundary between the snow and firn stages.
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Figure 3: Coordination number versus relative density
(symbols) for ice cores from (a) UpB, BC, and Site A [4,
5] and (b) Vostok and KM200 [7] compared to model
approximations (solid lines) for various ice-core
structures  specified by  critical — microstructural
parameters: (a) (1) Z, = 6.5, C=30, (2) Z,= 7, C = 40,
(3) Zo=7.5, C=350, (4) Zy=8, C=60; (b) (1) Zy=7,
C=40,(2)Zy=7.5 C=350,(3) Zy =8, C=60.

Another important peculiarity is that, even for
relatively small variations of Z, and C, the
corresponding changes in py are sufficiently large to
cause a noticeable shift of the critical depth A, at which
the transition from snow to firn occurs. These features
will be addressed in more detail below.
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Figure 4: Bond area fraction versus relative density
(symbols) for ice cores from (a) UpB, BC, and Site A [4,
3/, (b) Vostok, KM200, and KMI105 [7,9], and
(¢) Mizuho [54] compared to model predictions (solid
lines) for various ice core structures specified by
different critical bonding factors: (a) Z, =7, C =40,
(1) 6=04, 2) =05 (3)%=06 (b) (1)Z,=7,
C=40, &=035 (2)Z,=75 C=350, {=05,
(3) Zy=7.5, C=350, =055 (c) (1) Zy= 7.5, C =50,
&=035 (2)Z,=75 C=50, {&=04, (3)Z,=8,
C =60, & = 0.45.

The deduced estimates of Z;, and C can be used to
constrain the critical value of the bonding factor & in
Eq.(11) on the basis of bond-area fraction
measurements s;,. As shown in Appendix A, the mean
contact area a is directly related to £ (i.e., &), and sy is
determined as aZ/(47). Calculations by Eq.(11)
performed at Z,=7 and C=40 are also in general
agreement  with  the  grain-boundary  surface
measurements [4] for ¢, =0.5£0.1 (see Fig. 4a). These
estimates correspond to mean relative bond area of
ap = 0.83+£0.15 in snow and a relative bond radius of
0.52+0.05, which is also close to observations [, 2].
Figs.3a and 4a and additional computational
experiments indicate lower values of Z,~ 6.5-7 and
higher values of ¢~ 0.6 for Site A core. while the
structure of the BC core is characterized by Z; ~ 7 and
~0.5 at C=40. Snow/firn texture analyses of
Antarctic ice cores from Vostok Station, KM105, and
KM200 [7-9] are similarly consistent among the cores
(Fig. 4b) with a possible range of & ~0.5-0.55 at
Zy=7-15 and C=40-50. Ice-grain specific surface
measurements [54] on the ice core from Mizuho Station,
after transformation into bond area fraction values,
suggest ¢y-values of ~0.45-0.5 (Fig. 4¢) and confirm a
tendency to denser firn structures with Z; ~7.5-8 and
C ~ 50-60 under the strong wind conditions typical for
Mizuho area [74].

As summarized in Table 2, for the 6 sites on
Antarctic and Greenland ice sheets which cover a wide
range of present-day ice-formation conditions, the
microstructural parameters Z,, C, and ¢ are reliably
constrained within £10% uncertainty limits by direct
stereological observations of ice cores. More accurate
tuning is needed and can be performed on the basis of
ice core density measurements in order to obtain a better
understanding of the impact of weather and climate on
the characteristics and evolution of the snow/firn
structure.

3.2. Modeling the density-depth profile

Aside from the geometrical characteristics of the
microstructure, no other parameters of the snow/firn
densification model can be measured directly and/or
separately in laboratory experiments. The best and, most
probably only, way of constraining the model further is
to infer the parameter values by fitting theoretical
density-depth profiles to ice core density measurements.

In the general case, the non-stationary distribution of
the relative density p of snow/firn deposits on an ice
sheet versus depth 4 is governed by the basic
equation (1) where the particle derivative in a quasi-
one-dimensional approximation is expressed as

d 0 5}
= +w

&t ot oh

Here, w is the downward vertical velocity of the porous-
ice medium with respect to the ice sheet surface. The

— 203 —



compression rate @ in Eq. (1) is related by Eqgs. (16) and
(17) to the load pressure

P, =gp; Iﬂdh , (19)

where g is the gravity acceleration and p; is the density
of pure ice.

The velocity w is governed by the general mass
conservation equation, which after integration with
respect to /2 takes the form

Here, b is the ice accumulation rate (in ice
equivalent), and in accordance with [61], ¢, is the rate
of thinning induced by the global motion of the ice
sheet. In central parts of thick polar ice sheets, this
quantity is of the order of ¢, ~ b/A, where A is the ice-

equivalent glacier thickness. Consequently, the last term
in Eq. (20) is usually small (i.e.,
e,p, /(gp,)~ e,h ~bh/A <<b), representing a second-

order correction. The latter correction may become
substantial in marginal areas, ice streams, and mountain
glaciers at high flow rates and intense global
deformation when ¢ # /b~1 within the snow/firn

ow=b-— L[% +€1p;] . (20) densiﬁcaliop ]aye_r. However, _in m_ost of such cases the
gp,\ ot quasi-one-dimensional approximation breaks down and
more general ice flow schemes and snow/firn
as derived in Appendix C. rheological models should be considered.
Table 1: Site locations and ice-formation conditions.
Drilling site Location D T (10 m), b, e Group™ Reference
2C emyr'  kgm®
Dome du Gotiter 45°55'N, 6°55'E 0.43 -10 330 918 H [30]
Ushkovsky 59°04'N, 160°28'E 0.38 -15.8 59 919 H [68]
H72 69°12'S, 41°05'E 0.41 -20.3 34.5 919 H [57]
KM60 67°05'S, 93°19'E 0.46 -20.8 50.3 920 H [46, 47], this work
Milcent T0°18'N, 45°35'W 0.38 =223 54.4 920 H [53]
KM105 67°26'S, 93°23'E 0.46 -24.5 341" 920 H [46, 47], this work
Site 2 T6°59'N, 56°04'W 0.375 -25 424 920 L [44]
BC 82°54'S, 136°40'W 0.33 -26.5 9 920 L [4]
KM 140 67°45'S, 93°39'E 0.485 =27 4397 920 H [46, 47], this work
B25 79°37'S, 45°43'W 0.38 -27 15.2 920 J I [31]
Byrd 80°00'S, 120°00'W  0.39(0.41) -28.7 17.4 921 L [34]
Site A 70°45'N, 35°58'W 0.37 -29.5 29 921 L. [5]
Crete 71°07'N, 37°19'W 0.38 -29.7 293 921 [53]
KM200 68°15'S, 94°05'E 0.49 -30.5 28.7° 921 H [46, 47], this work
Summit 72°35'N, 37°38'W 0.42 -31.7 23 921 L [66, 67]
Mizuho 70°42'S, 44°20'E 0.44 -33 T2 921 H [54, 74]
Pionerskaya 69°44'S, 95°30'E 0.47(0.46) -39 19.4 922 H [46, 69], (K.E. Smirnov,
pers. com.)
Vostok-1 72°08'S, 96°35'E 0.42(0.41) -47 8.9 923 [46], (K.E. Smirnov, pers.
Komsomolskaya 74°06'S, 97°30'E 0.39(0.36) -53.8 6.9 923 L ([:-:JI;'T]I)
EPICA DC 75°06'S, 123°21'E 0.37 -54.5 20 923 L [28, 59], this work
Dome Fuji 77°19'S, 39°42'E 0.39 -57% 324 924 L [21, 42, 75], this work
Vostok 78728'S, 106°48'E  0.38(0.35) -57.5% 2.15% 924 L [27. 47, 48]

* Values in parentheses are direct surface snow density measurements in the upper 20-50-cm layer

““See subsection 4.1 for explanations

Values corrected for the site movement and accumulation-rate changes along the ice flow line
*Values additionally constrained and verified through ice flow modeling [40, 62, 72]
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Table 2: Microstructural parameters and densification characteristics deduced from ice core data.

Drilling site Zy C & Yii o) ho,m By m fyp kyr B, (By) Group
Dome du Goiter 7.5 50 055 95 0.736 30.8 64.5 0.018 2.29(2.30) H
Ushkovsky 75 50 054 95 0736 24.0 52.6 0.072 2.34 (2.36) H
H72 7.5 50  0.56 9 0.736 24.6 54.9 0.116 2.42 (2.44) H
KM60 8 60  0.52 9 0.754 26.9 57.1 0.084 2.27(2.32) H
Milcent 7.5 5 058 85  0.736 29.6 65.1 0.087 2.46 (2.49) H
KM105° 7.5 50 055 95 0736 27.0 61.4 0.132 2.44 (2.44) 1
Site 2 7 40 057 8 0.714 29.6 68.4 0.116 2.58 (2.57) L
BC ' 7 40 053 6 0.714 222 49.7 0.391 2.54 (2.57) L
KM140 7.5 50 056 10 0.736 30.1 69.0 0.116 247 (2.46) H
B25 7 40 054 7 0.714 24.8 57.0 0.268 2.56 (2.56) L
Byrd 7 40 054 75 0714 26.4 61.3 0.253 2.57 (2.56) L
Site A ¥ 6.5 40 0.6l 8 0.704 31.3 77.3 0.191 2.81 (2.75) L
Crete 7 40 0.5 75 0714 29.7 69.6 0.170 2.53(2.5) I;
KM200" 7.5 50 053 95 0736 29.6 68.3 0.176 2.46(2.45) H
Summit 7 40 059 6 0.714 329 73.4 0.227 2.65 (2.66) L
Mizuho ' 8 60 048 10 0.754 234 51.2 0.506 2.31(2.35) H
Pionerskaya 7.5 50 053 8 0.736 35.9 81.4 0.308 2.52(2.53) H
Vostok-1 7 40 0.5 7 0.714 38.3 90.5 0.732 2.65 (2.63) L
Komsomolskaya 6.5 40 055 55  0.704 49.0 116.9 1203 2.92 (2.90) L
EPICA DC 6.5 40 062 4 0.704 439 101.0 2.626 3.0 (3.01) L
Dome Fuji 6.5- 40 053 4 0.704-  47.1-  110.1-  2427- 2.88 (2.90) L

7 06 45 0.714 495 108.2 2.382

Vostok ' 7 40 0.5 35 0.714 448 97.5 3.173 2.73 (2.78) L

Microstructural characteristics are constrained by direct stereological measurements in subsection 3.1

Eq. (1) is solved starting from a given surface snow
density p,
Pli=0= Ps - (21)
As the snow/firn densification is a temperature-
controlled process, the rheological parameters  and k,
in Egs.(16) and (17) (the principal temperature-
dependent properties of ice) are conventionally assumed
to be Arrhenius-type functions of absolute temperature

T (in K):
1= ex Q”(l—l]
u=trexn
. Tor1 1
k. =k ==l
r r exp|:RH (T‘ T]j|

Here, 0, and O, are the activation energies of plastic
deformations in ice and grain rearrangement by

(22)

boundary sliding, respectively. The parameters marked
with an asterisk denote those at the reference
temperature 7, and R, =8.314J (mol K)' is the gas
constant.

The ice crystal size is often characterized by the mean
crystal area A4, measured in ice-core thin sections. For
normal grain growth, it is well established that at fixed

temperature, 4. is a linear function of time.
Accordingly, in a variable climate, we have
dA(;d" = kr_- s Ac' h=0= At.'.'.' 5
(23)

k, =k, exp g[ l_ —l] ’
RNF T

where A, is the ice crystal size at the ice sheet surface,
k. is the growth rate constant, and Q, is the activation
energy of crystal growth. A review and detailed analysis
of available data for Antarctic ice cores [47] suggest
values of 0, =45.6 kI mol ' and £.” =3.9-10* mm® yr'
at a reference (Vostok Station) temperature of
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7" =215.7 K. These estimates and a constant averaged
crystal size at the glacier surface, 4.~ 0.7 mm’, are
assumed in our study in Eqgs. (23) after [47] to simulate

the relative ice-grain radius R = . (A‘._,.-’A‘__‘ ) in Eq. (17).

The model (1) and (16)-(23) governs the non-
stationary density-depth distribution in the dry snow/firn
stratum on an ice sheet. These equations should be
coupled with the heat transfer equation to account for
temporal changes in temperature (e.g., [33]). Water-
vapor transport may also become important as a mass
transfer mechanism in Eq. (1) at high temperature
gradients (e.g., [37, 58, 64]). The model describes the
densification process above a certain depth 4, at which
atmospheric air becomes trapped in the ice matrix and
firn is transformed into bubbly ice. The prediction of
pore closure is regarded as a separate problem that is
beyond the scope of the present paper. In the
applications considered below, based on [47, 51, 52], a
linear empirical correlation between the close-off
density p,; and firn temperature is conventionally
employed, as given by

Poy=0.9 — 5.39-10%(T - 235) . (24)

An interactive computer system was developed to
solve Egs. (1), (16), and (17) completed by Egs. (18)-
(24) and simulate density-depth profiles in the snow/firm
layer of an ice sheet. The program allows ready
adjustment of model parameters and fitting of the
computational predictions to ice core density
measurements.

3.3. Model constraining and ice core density data
analysis

A series of preliminary computational tests was
performed in order to study the sensitivity of the
densification model to the rheological parameters &, £,
4, and the dilatancy exponent f. They revealed that
largely identical density-depth profiles can be obtained
for a range of small values of ¢ in Eqgs. (15) and (16),
assuming that the non-linear viscosity decreases with
increasing & Thus, the correction factor is fixed at
£=0.1, corresponding to an ice pressure p
approximately 7% lower than the load pressure p; at the
close-off depth, similar to the predictions for bubbly ice
[61]. It was also confirmed that, in accordance with the
physical meaning, three other parameters k,, f, and u
selectively control the density distribution in the
respective depth intervals of near-surface snow, an
intermediate zone of ice-grain rearrangement noticeably
influenced by dilatancy effects, and the firn stage of
densification by dislocation creep.

A total of 22 ice core density profiles were selected
for model constraining and validation. They are mainly
from the Antarctic and Greenland ice sheets (Table 1)
and cover a temperature range of almost 50 °C (57 to
—10 °C), ice accumulation rates of 2.2 to 330 cmyr ',
and various weather (wind) conditions (e.g., [46]).
Among them, density measurements for the 6 ice cores

with the observed textures (Vostok, Mizuho, Km200,
Site A, BC, and KMIO05) form a representative
uniformly distributed set of data. These basic
experimental profiles, plotted by open circles in
Figs. 5a-f, are used to constrain the temperature-
dependent rheological properties k,, and g and the
index f. Other density profiles from ice cores in Table 1
are employed to validate the model and to study the
development of the snow/firn structure during the
densification process under different climatic and
weather conditions.

Relative density
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— 206 —



0.9 —

0.7

Relative density

£
o
|

0,3 T | T T | T

0 20 40 60 80
Depth, m

Relative density

Relative density

Km105

03 T 1 T [ T I
0 20 40 60
Depth, m

Figure 5: Basic ice-core density profiles (open circles)
from six Antarctic and Greenland sites (a) Vostok,
(b) Mizuho, (¢) KM200, (d) Site A, (e) BC, and
(f) KM105 with model predictions (solid lines) fitted to
constrain rheological parameters. Dashed lines in (a, b,
c and e, f) are the profiles simulated at recommended
parameters from Table 3. Results in (d) are compared
with those for L- and H-microstructures of (1) Crete,
(2) Milcent, and (3) Mizuho ice cores (dashed lines).
Dotted lines in (a) and (f) represent profiles calculated
Jfor alternative values of [ (increase from 3.5 to 7 in (a)
and decrease from 9 to 6 in (f)), dotted line in (d)
corresponds to reduced apparent activation energy of
O, = 40 kJ mol ' of ice-grain rearrangement.

In all simulations it is assumed that snow/firn strata
have been formed at constant present-day (or mean
Holocene) temperatures, accumulation rates, and
relative surface snow densities p, (Table 1), and the
density-depth relationships are modeled as quasi-
stationary distributions. If several measurements of
accumulation rates at a certain site are available for a
number of periods [46], the weighted mean value is
calculated, corrected if necessary for site movement
along the ice flow line [47]. It should be emphasized
that the surface density p, is not regarded as a tuning
parameter, but is understood as a long-term mean of the
near-surface snow layer consistent with the general
trends of the density-depth profiles extrapolated to the
surface [46]. In some cases, these "effective driving"
densities can differ slightly from the snow densities
measured directly in the 20-50 cm thick surface layer
(Table 1, values in parentheses). The use of these
present-day values may slightly perturb the simulated
density-depth curves within the upper 3-6 meters, but
does not change the general conclusions. The strain
rates of vertical thinning caused by "external" ice
motion are small in most cases, and ¢, =0 in Eq. (20).

The exceptions are the ice cores from the Déme du
Godter glacier at the summit of Mont Blanc [30] and the
Gorshkov ice cap in the crater of the Ushkovsky
volcano at Kamchatka [68].

Computational experiments indicate that plastic
deformation of ice grains in snow becomes important at
effective  pressures p.; al intergrain  contacts
substantially greater than ca. ~0.1 MPa, the threshold
value at which the power-law creep with constant
exponent & takes place in the densification process [48,
61]. To be consistent with these works, a value of
a=3.5 is employed here. Sensitivity tests confirmed
that variations of ¢ within its uncertainty range (2.5 to
4) can be compensated for by corresponding changes in
the non-linear viscosity g The simulated density-depth
curves obtained through minimizing the standard
deviations from ice core measurements at Vostok,
Mizuho, Km200, Site A, BC, and KM105 (Fig. 5, solid
lines) are in excellent agreement with the ice core data.
The corresponding best-fit values of g, k. and u (at
a=3.5) are inferred at the microstructural
characteristics Z;,, C, and ¢ that are determined from the
direct stereological observations and additionally
validated (within respective uncertainty limits) through
the  minimization  procedure. =~ The  deduced
microstructural parameters are summarized in Table 2.
These results suggest that the dilatancy index £ varies
from 3.5 to 10 over the present-day range of ice-
formation conditions. In the Arrhenius relations (22),
the grain-rearrangement rate constant &, and the non-
linear  viscosity u can be represented by
k" =0.02240.003 MPa ' yr' and g =21+1 MPa“yr at
the reference (Vostok) temperature of 7 =215.7K
with respective activation energies of Q,= 70 kJ mol ™'
and O, =58kl mol !. The only inconsistency is
observed in the deduced (best-fit) k= value for the
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Mizuho ice core, which is a third of the mean estimate.
This result can be attributed at least in part to an artifact
caused by a recent short-term increase in ice
accumulation [74]. Overtuning may also be responsible,
since even for the Mizuho core the density-depth profile
simulated at the mean values of k,” and z (Fig. 5b,
dashed line) does not deviate much from the best-fit
curve. The question of overtuning is also discussed in
the context of sensitivity tests below.

The obtained power-creep parameters are well
constrained with accuracy of a few percent and are
closely coincident with the conventionally accepted
activation energy 0, =60 kJ mol ' and
4 =41+18 MPa” yr deduced at 217 K for bubbly ice
densification [48]. It is also important to remember that
the phenomenological enhancement factor Z/Z, used in
Egs. (14) and (15) renormalizes the non-linear viscosity,
decreasing slightly the value, since Z, is substituted for
a higher (unknown) coordination number at which the
intergrain contact forces become uniformly distributed
in the firn structure.

A noticeably lower activation energy of
4142 kI mol ' was previously found for ice-grain
rearrangement [2], consistent with the assumption that
grain sliding may be controlled by molecular diffusion
around obstacles through the intercrystalline boundary.
In addition to the linear viscosity v, the grain-
rearrangement rate constant k. defined by Eqgs. (17)
contains a number of possible temperature dependences,
including the correction factor & the grain-bond
thickness o, the total contact area ayZ;,, and the initial
grain size R [47]. This complexity may, at least in part,
be responsible for the higher best-fit estimate of Q,
obtained here as an apparent activation energy.
Furthermore, this treatment is the first time that k. has
been explicitly introduced and quantified to model the
ice-structure repacking mechanism coupled with grain
plasticity and dilatancy effects that hinder the relative
motion of ice particles. These peculiarities of snow
densification were not distinguished in Alley's theory
[2]. In addition to boundary diffusion, grain sliding
involves neck shearing by dislocation creep. quasi-
liquid layer development, and other factors that may
participate equally in the ice-crystal rearrangement
process, increasing the activation energy. As revealed
by the preliminary computations, k. controls the
densification of snow only within the upper 15-20 m of
snow deposits subject to short-term climatic impacts
and characterized by high natural fluctuations of density
(see Fig.5). Sensitivity tests on the associated
uncertainty of the second of Eqgs. (22) indicate that the
snow-density profile is relatively stable with respect to
changes in k°, allowing for a range of 0.01-
0.04 MPa ' yr'' without exceeding the data scatter.
Correspondingly, activation energies of 55-60 to
75kimol’ do not contradict the measurements.
However, Alley's estimate [2] appears to be too low. For
example, even qualitative similarity is lost between the
observational profile and the density-depth curve
simulated at Q,=40kJmol' for Site A in Fig. 5d

(dotted line). Despite the uncertainties discussed here,
the deduced rheological properties of snow and firn
appear to be quite reasonable and realistic. As further
verification of these results, the model predictions can
be compared to the ice core density data from other
drilling sites listed in Table 1.

Thus, fixing the rheological parameters in Egs. (22)
as the best-fit mean values inferred on the basis of the 6
ice cores considered above (Vostok, Mizuho, Km200,
Site A, BC, and KMI105) and applying the deduced
constraints  on  the snow/firn  build-up, the
microstructural characteristics Z,, C, ¢, and the
dilatancy exponent £ are tuned to fit the simulations
separately to each of the remainder observational
density profiles. As shown in Appendix D, the best-fit
density-depth curves (solid lines) match closely the ice
core measurements (open circles). The corresponding
estimates for the adjustable parameters (Zy, C, &, and f)
are summarized in Table 2. Although these values
include uncertainties in terms of the prescribed
snow/firn rheology and environmental ice-formation
conditions, they are in full agreement with the direct
stereological observations of the 6 basic ice cores. This
result is a convincing confirmation of the validity of the
constrained rheological equations (22) and demonstrates
the much broader significance and utility of available
ice-core structural data. The sensitivity of the simulated
density-depth profiles to the values of the 4 tuning
parameters is discussed in further detail in the next
section.

It should be noted here that the Dome du Gofter and
Ushkovsky sites both experience windy conditions and
the highest temperatures, at which surface snow melting
begins in summer [30, 68]. For these ice cores, the rates
of snow/firn strata thinning due to glacier motion are
estimated to be ¢ ~27-10° and 3107 yr'
respectively, and appreciably influence the downward
velocity in Eq. (20). Even in such limiting cases, the
model predictions are in good agreement with the
measured density profiles.

4. Applications. Discussion

4.1. Impact of ice-formation conditions on snow/firn
structure

The inferred microstructural parameters summarized
in Table2 reveal an important peculiarity that the
microstructure of snow/firn deposits varies according to
the conditions of ice formation. As a first
approximation, the examined ice cores can be
empirically divided in two groups on the basis of the
dense packing characteristics (the critical coordination
number Z, and the RDF slope C). One group,
distinguished as L-group, exhibits relatively low Z; of
~6.5-7 and C of ~ 40, while the other group (H-group)
is characterized by higher Z; of ~7.5-8 and C of ~ 50-
60. Correspondingly (see Table 2), the respective
critical densities are relatively low, p,~ 0.704-0.714,
and higher, gy~ 0.736-0.754. The L- and H-structural
types are typical for low- and high-temperature
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extremes (see Table 1). However, it should be
emphasized that there is no direct correlation with
temperature in the intermediate interval from —40 to
—-24°C. The extreme cases (e.g.. Mizuho and Summit,
KM200 and Site A) occur in similar temperature
conditions. As illustrated in Fig, 6a, the critical bonding
factor does not vary from one group to the other, and
both groups cover the same range of scatter
(&y ~ 0.5540.05) when plotted against temperature. Only
low surface densities of p; ~ 0.33-0.42 are met in the L-
group, and the dilatancy exponent £ for this group tends
to increase with temperature from 3.5 to 8 (Fig. 6b). A
value of #~ 4 appears to be well established for central
Antarctic cores of the L-group under low-temperature
conditions (circled cluster in Fig. 6b). The H-group
exhibits much higher surface densities p, ~ 0.38-0.49
and dilatancy exponents /S~ 8-10. The results of
computational tests (dotted curves in Figs. 5a and f)
demonstrate the high sensitivity of the density-depth
curves to fin the intermediate range of depths, allowing
this parameter to be reliably constrained.

To illustrate the maximum divergence in density
profiles for different snow/firn structures, the curves
simulated for 3 other sets of microstructural parameters
Zy, C, & are compared with the graph for Site A (L-
group) in Fig. 5d. The curve 1 for the Crele ice core
structure demonstrates the maximum deviation from the
Site A core within the same L-group, while the Milcent
and Mizuho ice core structures (curves2 and 3)
represent extreme cases from the H-group. Although the
density profiles and close-off characteristics fall within
a range of £10% of that for the average structure, the
profiles from the L- and H-groups do not overlap,
revealing a continuous transition between geometrical
and physical properties from one structure group to the
other. It can clearly be seen that for similar temperatures
and accumulation rates, the L-group has distinctly lower
densification rates (i.e., a “harder” structure) in
comparison with the H-group. This suggests that other
factors, such as wind speed [19, 46] and/or insolation
[13], may also play important roles in the formation of
snow/firn strata and participate in switching between the
densification regimes under changing climate.

In accordance with [46], the surface density is
primarily correlated with wind speed, and the Antarctic
sites (Pionerskaya, Mizuho, KM200, KMI140, and
KM105) characterized by intermediate surface
temperatures (—39 to —24.5 °C) and strong winds (mean
wind velocity > 9-10 ms ') all fall into the H-group. It
can thus be speculated that in this case, the initial
surface-snow structure will be closer to perfect,
resulting in a denser closest packing at the snow-to-firn
transition. In contrast, at low wind speed, typical for
sites in the L-group at temperatures below —25 °C,
surface snow is less dense [46] and looser. In addition,
insolation [13] and surface temperature can play a
significant role in snow structure formation, facilitating
(especially at relatively low accumulation rates) grain
bonding and growth at the expense of smaller ice

particles, resulting in smaller values for Z,, C and p.
For example, direct measurements of the specific pore
surface in Vostok and KM200 ice cores [7,9] have
confirmed that pores in snow at Vostok are essentially
larger (low void surface area) than at KM200. In this
context, the dominance of the H-group at high
temperature (>-25°C) can be attributed not only to
windiness but also, at least in part, to high
accumulation, masking the insolation and/or effects of
high temperature gradients [19].
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Figure 6: Critical bonding factor & (a) and dilatancy
exponent 3 (b) for L-group (open symbols) and H-group
(solid symbols) plotted against surface temperature.
Squares and circles correspond to microstructural
parameters — constrained by direct  stereological
measurements and inferred from the densitv-depth
profiles, respectively. Dashed lines show the range of &,
deviations in (a) and tendencies of  growth in (b).

As grain restacking in snow can destroy necks and
reduce bond areas due to the inevitable shearing of
intergranular contact zones, the dynamic equilibrium
between grain rearrangement and neck growth due to
water-vapor diffusion (ice-mass transport) maintains a
certain degree of bonding in excess of dislocation creep
without a noticeable direct influence of temperature and
snow structure on the critical bonding factor ¢ (see
Fig. 6a).

In the softer snow structures of the H-group, with a
more well-developed specific pore-space surface, the
greater intensity of diffusive water-vapor transport
interferes with and minimizes the dilatancy effects in
the snow densification stage, leading to the highest
values of £ The interplay between insolation (surface
temperature) and accumulation most likely controls the
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growth of the dilatancy index in the L-group, in general
correlation with the increase in ice accumulation rates,
which reduces the influence of insolation. The BC ice
core is an obvious example of a highly dilatant snow
structure (i.e., low /) formed at the enhanced contrast
between high temperature (insolation) and low
accumulation. For comparable accumulation rates but at
very low temperatures, the central Antarctic stations of
Vostok, Dome Fuji, EPICA DC, Vostok-1, and

Komsomolskaya (see Tables 1 and 2) reveal a tendency
for f to grow with accumulation rate. The depths
corresponding to the critical density (Table 2) also show
that, in both groups, ice accumulation significantly
interferes in the densification process and perturbs the
general tendency of /iy to decrease with temperature
(compare Mizuho and Summit, BC and Site 2,
Ushkovsky and Déme du Gofter cores in Tables 1 and
2!

Table 3: Densification-model parameters and their recommended values.

Parameter Notation Value
L-group H-group
Environmental ice-formation conditions
Relative surface snow density P <042 >0.38
Surface temperature, °C Ty <-24 =>-40
Ice accumulation rate, cm yr ' b E
Microstructural characteristics
Critical coordination number Zy 6.7540.25 7.75£0.25
RDF slope C 40 5545
Critical bonding factor &o 0.55=0.05
Dilatancy exponent i 3.5-8 8-10
Rheological parameters
Grain rearrangement-rate constant -, MPa~' yr' k'’ 0.022+0.003
Activation energy of grain rearrangement, kJ mol™' O, 70
Creep index a 3.5
Non-linear viscosity of ice ¥, MPa® yr n 211
Activation energy of dislocation creep, kJ mol™' 0, 58
Ratio of deviatorically deformed grains £ ~0.1
Close-off depth factor By, 2.7540.25 2.4240.11
Close-off ice-age factor B, 2.7610.24 2.40£0.012

" Correlation with temperature is specified in Fig. 6b

* At the reference temperature of 7~ =215.7 K

Although the present analysis reveals rather complex
relationships between the structure of the snow stratum
at the surface of ice sheets and the conditions of ice
formation, demonstrating the necessity for further study,
the principal tendencies appear to be quite clear. The
introduction of two (L- and H-) types of snow build-up
with  characteristic =~ microstructural ~ parameters
essentially reduces the uncertainty of snow/firn
densification modeling. The results of constraining the
densification model are summarized in Table 3, where
the recommended model parameters are given with the
corresponding estimated uncertainties. The density
profiles simulated using these parameterizations are
presented in Figs. Sa-c, Figs. 5e, f, and Appendix D
(dashed lines). The deviation of these profiles from the
best-fit curves (solid lines) is within £2-3%, and is
comparable to the uncertainty of measurements.

4.2. Characteristic features of snow/firn densification
as revealed by modeling

A properly constrained snow/firn densification model
makes it possible to discuss the physics of firnification
in more detail. Fig. 7 shows the predicted variations of
the densification rates and the corresponding
components due to ice-particle rearrangement and
dislocation creep with respect to depth under different
climatic conditions at Vostok and KM200. A
temperature increase of up to 30°C (Table 1) and
changes in the snow/firn structure (Table 2) result in a
more than ten-fold increase in @ (note the vertical scales
in the figure). At low temperatures and relatively small
k,, appreciable plastic deformation @, of the porous-ice
skeleton develops from the beginning of the snow
densification stage (Fig. 7a, dotted curve?2). The
fraction x of deviatoric deformation by grain-boundary
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sliding in Eq. (4) for the Vostok core thus gradually
diminishes with depth from unity to zero (Fig. 7a,
dashed curve), as the density and coordination number
increase, strengthening the dilatancy effects through
parameter A in Eq.(16). Dilatancy determines the
impact of plastic deformation on snow densification,
and an increase in A controlled by £ in Eq. (18) (as
revealed by Egs. (16) and (17)) results finally in a rapid
drop in @ due to the decrease in ice-grain rearrangement
rates @, in the middle of the snow stage (Fig. 7a, dotted
curve 1).
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Figure 7: Total snow/firn compression rates @ (solid
lines) and constituent parts o, and o, due to grain
rearrangement and power-law creep (dotted curves 1

and 2, respectively) together with the fraction x of

deviatoric strain rates due to grain rearrangement
(dashed lines) versus depth at Vostok Station (a) and
KM200 site (b).

The simulations for KM200 (Fig. 7b) also show that
not only the snow/firn densification rates are affected by
temperature and snow structure. Due to the non-linear
creep of ice (a>1 in Eq. (13)), the growth of k, at the
KM200 site is not counterbalanced by the decrease in

in Eq.(17). As a result, ice-grain rearrangement
practically remains the sole mechanism of deviatoric
deformation (i.e., x = 1) during the entire snow stage
(Fig. 7b, dashed curve). However, dilatancy dominates
in Egs.(3) and (4), still controlling ice-crystal
rearrangement and plastic deformation in the snow
compression (Fig. 7b, dotted curves) described by
Egs. (16) and (17). In the KM200 core, an abrupt
decrease in the densification rate occurs at higher
densities, where grain-boundary sliding ceases, and the
firn stage begins at depth of around 30% shallower than
for the Vostok core (see Table 2). In both cases, the
critical depth A, below which densification occurs solely
by the dislocation creep of ice grains can be clearly
identified in Fig. 7 as the point at which the fraction of
deviatoric deformation by grain rearrangement x
becomes zero.

The model predictions indicate that the snow-to-firn
transition is characterized by a local perturbation in the
compression rates. This peculiarity can be clearly
discerned for the low-temperature core from Vostok
(Fig. 7a) as a drop in @ caused (due to the interplay
between x and A) by an abrupt increase in the deviatoric
stress in Eq.(16) as x falls to zero. At the higher
temperatures and relatively low load pressures of the
KM200 core, the compression rate in the firn stage
starts to grow with depth (with p;), passing through a
local maximum (Fig. 7b). Both effects become more
prominent if the deviatoric-stress factor £ in Eq. (16) is
increased. Similar changes in the slope of the snow/firn
density profiles around relative densities of 0.72-0.78
were observed and explained as due to the emerging
dominance of dislocation creep in a series of papers [24,
25, 54]. The critical densities deduced in the present
study and given in Table 2 lie within the same range of
0.7-0.76. As shown in Appendix A, p, is related to the
firn structure by the geometrical characteristics Z, and
C, increasing with these values (Table 2) from the L-
group to H-group. The characteristic bend (upper
critical point) observed after [6] in the density-depth
profiles around relative densities of 0.55-0.6 at
approximately half A, can be identified here (Fig.7)
with the maximum decrease in snow densification rate
due to the dilatancy effects triggering the dislocation
creep of ice grains.

In this context, the densification model [8] can be
understood as the limiting case of Egs. (16) and (17) at
f— o (A= 0) with k, renormalized so as to exclude the
fraction 1-x of deviatoric deformation by grain
plasticity from Eq. (16) for p< gy (i.e., Z < Z;) in snow.
Such a schematization formally reduces to zero an
intermediate interval in which ice-grain restacking and
creep work together, making it possible to consider the
critical density py as independent tuning parameter at
appropriately constrained microstructural characteristics
Zy and C in firn. Inevitably, this simplifies the
theoretical representation of density-depth curves. As an
example, the density profiles simulated for the 6 basic
ice cores (Vostok, Mizuho, Km200, Site A, BC, and
KM105) at recommended model parameters [rom
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Table 3 are compared in Fig. 8 (thin solid lines) to those
(bold lines) predicted by the model [8] and the
corresponding density measurements. Besides the
obvious difference in shape, a noticeable mismatch of

Relative density

Mizuho

0‘3 T | U | ¥

0.3 T T T T T T

Depth, m

+5-7% between the two simulated profiles can be
observed, attributable to the ice-core structural
variability between the L- and H-groups, which was not
taken into account in previous studies.

Km105
, | ! | i |
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Depth, m

Figure 8: Comparison of density-depth profiles for basic ice cores from Vostok, Mizuho KM200, Site A, BC, and
KMI105 (thin solid lines) with the predictions of the model [8] (bold lines). Open circles denote experimental data (see

Table 1).

It is also interesting to compare the results of the
present model with detailed snow density measurements
near the ice-sheet surface, where different depositional,
diagenetic and meteorological processes (not taken into
account in modeling) are superimposed on the modeled
pressure sintering and may even dominate in the

densification process. As shown in the inset of Fig. 5a,
and as expected [3], systematically higher densification
rates are observed at Vostok within the uppermost 3-
5 m compared to the computations. However, the deeper
part of the simulated density profile closely follows the
observational data.
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4.3. Paleoclimatic implications of the snow/firn
densification model

One of the most important applications of a snow/firn
densification model is in providing the basis for
predicting the difference between the ice age and the
age of atmospheric gases occluded in the ice (e.g., [12,
15, 33, 65, 67]). Accurate simulation of the gas age —
ice age relationship is a key question of deriving reliable
paleoclimatic histories from ice cores. In this context,
the depth h,; and ice age t,; in firn at the close-off
density p,; are the principal characteristics related to
trapping  atmospheric gases in the snow/firn
densification process. As the pore closure problem is
not considered explicitly here, a simplified empirical
correlation (24) between p,; and temperature [47, 51,
52] is used in calculations. The best-fit present-day
close-off characteristics for all selected ice cores are
listed in Table 2. A reliably constrained physical model
can be further employed as a robust instrument to study
relationships between p,4; A4 and 1,5, as well as their
dependences on climate.

Under quasi-stationary ice-formation conditions, a
certain similarity between different density-depth
profiles scaled by the typical values of p, and /1, can be
envisaged, with the product pyh,; being correlated
(approximately equal) to btz Direct calculations based
on the data from Tables 1 and 2 confirm this expectation
and show that the critical density py, is very close to the
mean snow/firn density. The same approach can be
applied for scale analysis of Eq. (16), which permits
approximate integration with respect to depth from 0 to
h,y after neglecting deviatoric stresses (&= 0),
substituting Egs. (1) and (20) at ¢, =0, and assuming

pr=gpyph instead of Eq.(19). This leads to two
simplified expressions for #,;and A,

a 1{1+a)
HpPy
A — B —_— 3
7 {(gp,-b)“}

Y(l+er )
b b
hy =B, ¢ = =t off
(g0,)" po B, p,

where B, and B, are the dimensionless form factors of
the density-depth profile and g is determined by Z;, and
C (see Appendix A). For non-zero values of ¢ , the

(25)

accumulation rate b in Eqs. (25) should be replaced by
the difference b — 0.5 ¢, hop

The values of B, and B), calculated for the deduced
close-off characteristics are given in Table2 and
summarized in Table 3. As might be expected, the
coefficients B, and B), are practically identical and can
be regarded as generalized attributes of different types
of snow, both ranging from 2.3 to 2.5 for the H-group
and from 2.5 to 3.0 for the L-group. As these findings
are originally based on the fitting of theoretical profiles
to field observations and thus are independent of
possible interpretations derived from model parameters,

B, and B, are considered to reflect the intrinsic
peculiarities of the densification phenomenon and its
relationship with the snow/firn structure and ice
formation conditions. Sensitivity tests show that the
variations in B, and B;, within each group do not exceed
+1.5% and 3% over a +50% range of accumulation
rate and £10°C range of temperature, respectively.
Once original mircostructural properties of snow/firn
deposits and local quasi-stationary ice-formation
conditions have been specified in terms of the B-factors
(e.g., based on present-day ice core measurements),
Egs. (25) together with the first of Egs. (22) become a
useful tool for ice core data analyses and can be
employed directly for predicting quasi-stationary close-
off characteristics under different climates within a
certain group.
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Figure 9: Paleoclimatic  variations  of  close-off

characteristics at Vostok Station for the last 45 kyr.
(a) Ice-formation conditions (T, and b) [72] and
(b) quasi-stationary close-off depth h.; and ice age t,5
calculated from Egs. (25) (bold lines) and from the
model [8] (thin lines), respectively. Open and solid
squares denote h,y and t,; predicted by the proposed
general model.

The central Antarctic sites of deep drilling projects
are of special interest. They are characterized by very
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similar present-day B-factors, B,~2.87+0.13 and
B, =2.8940.11, which in accordance with sensitivity
tests are not expected to vary by more than 3% during
glacial periods. Recent 45 kyr histories of surface
temperatures and  accumulation rates (Fig. 9a)
reconstructed at Vostok Station [72] have been used to
illustrate the possible paleoclimatic implications of the
developed densification model and the simplified
equations (25). The corresponding variations in A,; and
t,r simulated in the quasi-stationary approximation are
shown in Fig. 9b. The bold curves for /,; and ¢, are
calculated from Egs.(25) at the mean values of
B,=2.76 and B;,=2.82 estimated for the assumed
climate changes at Vostok, using the best-fit
microstructural parameters from Table 2. The respective
close-off characteristics predicted by the general model
are shown in Fig. 9b for 9, 13, 15, and 21 kyr before
present (B.P.) by open and solid squares. As predicted
above, the deviation does not exceed 2-3%. The
corresponding quasi-stationary density-depth profiles at
the climatic extremes of the Holocene optimum (9 kyr
B.P.) and the Last Glacial Maximum (21 kyr B.P.) are
plotted in Fig. 10.
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Figure 10: Quasi-stationary density-depth profiles at
Vostok for the past temperature extremes at 9 and
21 kyr B.P. (curves I and 2, respectively) determined by
the present model (thin lines) and by the model [8]
(bold lines).

Comparison of these results with the predictions of
the model [8] reveals good agreement between the 7,
curves, whereas substantially greater depths of pore
closure /f,; are obtained in the framework of the
approach [8] during cold periods (see Fig. 9b, thin
curves). This mismatch can easily be understood by
comparison of the density-depth profiles produced by
the different models (see Fig. 10). In case of [8]
(Fig. 10, bold curves), ice grain rearrangement in the
snow stage ceases at relatively low critical density
which is also assumed to decrease with decreasing
temperature. Thus, the densification rates become
considerably smaller in the intermediate part of the
density profile with unreasonably early snow-to-firn
transition, particularly at low temperatures. This effect

artificially diminishes the mean snow/firn density and as
follows from the second of Egs.(25), increases the
close-off depth in comparison with more sophisticated
description of snow densification proposed in the
present work (Fig. 10, thin curves). It should be noted
that independent studies [33, 70] of isotopic separation
process of permanent atmospheric gases ("N of
molecular nitrogen and *’Ar of argon) in polar firn also
support shallower close-off depths than those predicted
by the model [8].

5. Conclusion

The densification process of snow/firn deposits at the
ice sheet surface is a vertical (uniaxial) compression
with non-zero deviatoric stresses and strain rates
superimposed on global glacier motion. The overall
macroscopic deformation in the granular ice compact is
attributable to a combination of the rearrangement of
grains as rigid particles, and the plastic deformation of
grains. Dilatancy effects are revealed in the kinematic
relationship between the macroscopic compression and
deviatoric strains in ice-grain restacking. The increasing
overburden pressure from the very beginning of the
snow densification stage acts through intergranular
contact forces, which are resolved into grain-boundary
sliding and dislocation creep of ice crystals. The grain
rearrangement ceases at the critical snow density
(coordination number), and the firn stage sets on
controlled solely by plastic deformation of ice grains.

The microscopic geometry of the ice-grain structure
is described via Alley's linear correlation [2] between
the relative density and the coordination number in
snow, and is represented in the framework of Arzt's
scheme [10] (see Appendix A) in the firn stage. Grain
bonding and neck growth (agglomeration) effects are
taken into account in the proposed model by introducing
a new structural parameter ¢, the fraction of free grain
surface not consumed by plastically formed contacts but
occupied by excess neck volume created due to water-
vapor transport. In accordance with stereological
observations, {'is assumed to be a linear function of the
coordination number. Thus, only the critical
coordination number Z;, the slope C of the cumulative
ice-grain radial distribution function, and ¢, at the
critical point of the snow-to-firn transition control the
evolution of the snow/firn structure with increasing
density in Egs. (9)-(11). As shown in Appendix A, the
critical density p, is uniquely determined by Z, and C.

The physical model (1), (16)-(23) for snow/firn
densification in arbitrary non-stationary climatic
conditions is proposed. These equations are based on
Alley's description [2] of snow compaction by grain-
boundary sliding, taking into account dilatancy effects
in ice-grain rearrangement, and use an improved
solution for intergrain contact zone deformation by
power-law creep (see Appendix B). Gubler's concept
[36] of "force chains" conducting external stresses in
polydisperse ice-grain structures is employed to
construct the phenomenological relations (14), (16) and
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(15), (17) for effective pressure and deviatoric stresses
on grain conlacts. The creep index ¢ and the non-linear
viscosity  in the ice flow law (13) together with the
grain-rearrangement rate constant k. and the dilatancy
exponent £ introduced in Egs. (17) and (18) are the
principal model parameters responsible for the
macroscopic rheological behavior of the snow/fim
compact.

The model is constrained and validated on a
representative set of ice core data (see Table 1) which
covers a wide ranges of present-day temperature (-57.5
to —-10°C) and ice accumulation rate (2.2 to
330 cmyr') conditions. The measured snow/firn
density profiles and available data on ice core structures
allow the rheological parameters to be reliably
determined, giving k, = 0.022+0.003 MPa' yr'"* and
4 =211 MPa“yr at the reference (Vostok)
temperature of 7 =215.7K with the respective
activation energies 0, =70 kJ mol and
0,=358kl mol™' for the creep exponent a=3.5. The
critical densities deduced from the calculations
(Table 2) fall within the range of 0.7-0.76, and are
explained by the onset of power-creep pressure
sintering. The characteristic bend observed after
Anderson and Benson [6] at the relative density of 0.55-
0.6 is concluded to correspond to the maximum
decrease in the snow densification rate due to dilatancy
effects with an increasing (although not dominant)
influence of the dislocation creep of ice grains. The
examined ice cores (Table 2) can be empirically divided
in two (L- and H-) groups on the basis of the
microstructural parameters Z,, C, reflecting the
conditions of ice formation (surface temperature, ice
accumulation, wind) given a common critical bonding
factor of ¢ =0.55£0.05. High-speed winds, intense
snow drift, scoring, and other precipitation processes
most likely result in higher surface densities and
elevated critical coordination numbers, facilitating
development of the snow stage. The recommended
model parameters are summarized in Table 3.
Simplified equations (25) are derived for predicting the
depth of pore closure £, in firn and the ice age ¢, at the
close-off. The two groups of snow/firn structure are
distinguished in these relations by certain ranges of the
dimensionless form factors of density-depth profiles (B,
and B),). Sensitivity tests show that the form factors are
stable with respect to changes in temperature and
accumulation rate. These results are applied to
simulation and discussion of the paleoclimatic evolution
of density-depth profiles and close-off characteristics at
Vostok Station.

Further investigations are needed in order to better
understand the process of the snow/firn densification
and structure development. Dilatancy effects and grain
bonding were phenomenologically introduced in the
present model via the two parameters / and A. However,
the microscopic behavior controlling these effects
remains to be clarified.
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Appendix A. Firn-structure characteristics

In accordance with Arzt's approach [10], as
schematically illustrated in Fig. 2, the ice-grain structure
development is described as concentric expansion
(‘growth’) of centre-fixed spherical particles. The
current  'fictitious'  equivalent-sphere  radius R’
normalized by the initial radius R. is defined as

R'=(plpy)"”. (A1)

Summing after [10] the excess volumes of spherical
caps "cut" from the reference spherical grain of radius
R’ and distributed evenly across its free surface, as
shown in Fig. 2, we arrive at the transcendental ice-
volume conservation equation relating the radius R" of
the obtained truncated sphere to R".

R®=R"- Z4° (R"=1P(2R"+1)- E(R"-l)”(mul) :

(A2)

Correspondingly, the fraction of the free surface of
the truncated sphere of radius R" is

_Z,R"-1_C(R"-1)}" (A3)
2 R" 4 R"

=]

An average cylindrical neck formed at the plastic
contact on the reference grain "consumes" the truncated
spherical ~ surface, the area of which is
47R"™(1 — (1 - {)s)/Z, yielding directly the relative bond
area in units of R

o 4;.:;3«2[1—(_1—4)»'][1_ 1—(1_4*)\} ‘

RZ Z

The fraction of grain surface area involved in the
grain bonds is thus

sy=aZl(4n) .

It is important to note that in snow, at s=R'=R"=1,
the mean bond area remains constant if {/Z = {y/Z, and
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a=da, = 4ﬁ§0|:]—§{,:| 2
Z“ ZU

Accordingly, the total spherical surface (of radius R")
per contact is 47R"?/Z. The equivalent spherical cup has
the relative base area

,4:'4”1 h[[-l).
R°Z Z

The segment cut from this cap by the bond plane (see
Fig. 2) is regarded as the ice grain contact zone in which
plastic deformation predominantly takes place.

In the framework of Arzt's scheme [10], the process
of densification stops at full density p=1 when the
grain packing is converted into a space-filling stack of
polyhedrons. This limit is reached at s =0 with the
corresponding maximum value of R" = R",,.., which can
be easily calculated from Eq. (A3) as

2 l/2
B i [(z,l -2) +4C] —Zy+2
max C

The corresponding maximum value of R'=R’,.
obtained from Eq. (A2) determines the critical density
in Eq. (Al)atp=1,1ie.,

= (VR )’ -

Appendix B. Power-law creep of contact
zones

Ice powder compaction by grain creep in accordance
with [10] is modeled as grain growth (see Fig. 2). From
definitions (1), (2) and (A1),

1 dR'
w, =
R dr

The contact faces in this scheme are fixed, and the
flow rate of ice volume squeezed from under a single
contact area a'is

V,=4er‘ dR |
Z dt

-¢)s] -

As shown in Fig. 2, it is assumed that this process is
approximately a uniaxial compression of the contact
segments with the flat base 4' parallel to the bond plane.
Each segment contains one neck and occupies a portion
of the free grain surface 47R'’s/Z relative to one
contact, where the height of the segment is given by

H'=2R"s/Z .

Consequently, the axial strain rate averaged over the
segment thickness can be expressed via @, as

V' 2aR'
aFHf L

{ e =

C)s’]{up . (BD

An infinitesimal segment layer of radius /(4" at
distance i’ from the contact face deforms with strain
rate ¢, under the mean deviatoric axial stress

24’
T] - 3;:’_13 pl‘f}. :

The power-creep law (13) then gives

a F)Ua' 2 d
wh@=[='%]'
NET. 44

Integration of this equation over the segment
thickness with respect to &' from 0 to H' yields

a' @y ' a' *
~H NS u.' & 3aA

(B2)

Finally, combining Egs.(B1) and (B2), the
relationship between p.;and @, is obtained as

3A 25, 3 R’
pgﬂ a { ﬁ}‘ ( (1 g)‘))(:)ﬂ}

jex

This equation is used to derive Eq. (14).

Appendix C. Mass-conservation law for
snow/firn strata

For a given constant density of pure ice p, the
general ice-mass conservation law for the snow/firn
stratum of an ice sheet takes the form:

op  lpw)  olpv)  alpw) _, |
ot ox oy Ch

where x and y are Cartesian coordinates in the
horizontal (surface) plane, and « and v are the respective
velocities of global ice-sheet motion.

The relative snow/firn density p is assumed not to
vary in the lateral (horizontal) directions, and « and v
are regarded as independent of depth / in a relatively
thin  surface layer subject to densification.
Consequently, multiplication of the mass conservation
equation by gp; and substitution of Eq. (19) after the
integration with respect to depth from 0 to a certain
depth level & yield
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. Ou ov
2 = »

2 %0 ' oy
D 2s 21 g pw-b)-0- T
' Eq. (20) is arrived at directly.

Noting that, by definition,

Appendix D. Comparison of simulated and measured ice-core density profiles
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