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PREFACE

This volume is intended as the proceedings of Sapporo Guest House
Symposium on Mathematics FINAL, Nonlinear Partial Differential
Equations, held on March 29 and 30 in 2008 at Sapporo Guest House.

The first Sapporo Guest House Symposium was held in 1999 by Y. Giga.
We kept the size of each meeting relatively small but international.
However, this is the final Sapporo Guest House Symposium on Mathematics,
as Sapporo Guest House will be closed and finish its operation on March
31, 2008. We are grateful for all the support and cooperation from the
participants of this series of symposia, and the staff at Sapporo Guest House.
The complete list of symposia at the Sapporo Guest House is in our website:

http://coe.math.sci.hokudai.ac.jp/sympo/sghs.html.en

Hideo Kubo

Tohru Ozawa
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Asymptotic solutions of Hamilton-Jacobi equations

with convex Hamiltonians

Hitoshi ISHIT*

Abstract

The following discussion is based on joint work with N. Ichihara, especially on [14].
We are concerned with the Cauchy problem for the Hamilton-Jacobi equation

u+ H(z,Du) =0 in R™ x (0, +00),

u(+,0) = ug on R™,

(1)

and study the long time behavior of the solution of (1).
We assume throughout the following (A1)—(A5).

(Al) HeCR*xR"),

(A2) inf{H(z,p)|z € B(0,r), |p| > R} — 400 as R — +oo for every 7 > 0,
(A3) H(z,p) is convex with respect to p for every z € R”,

(A4) for each ¢ € Sy, there exist C > 0 and ¢ € Sg_, such that

|z|—00
(AB) u € C(R™).

Here and henceforth, we denote by Sy (resp., Si7, Si) the set of all continuous viscosity
solutions (resp., subsolutions, supersolutions) of H(z, Du(z)) = 0 in R™. Similarly,
given a domain 2, we denote by Su(Q) (resp., S5 (), S#(Q)) the set of all continuous
viscosity solutions (resp., subsolutions, supersolutions) of H(z, Du(x)) =0 in Q.
Note that hypotheses (A1)-(A5) are not enough to assure the unique solvability of

(1) in the sense of viscosity solution. To start our discussion with this generality, we

*E-mail: hitoshi.ishii@waseda.jp. Department of Mathematics, Faculty of Education and Inte-
grated Arts and Sciences, Waseda University. Supported in part by Grant-in-Aids for Scientific Re-

search, No. 18204009, JSPS.
2000 MSC : Primary 35B40; Secondary 35F25, 35B37.
Keywords : Hamilton-Jacobi equations, asymptotic solutions, long-time behavior, representation

formula.



define the (unique) solution of (1) as follows. For any ¢ € C'(R™) and ¢t > 0, we define
the function T3y on R™ by

0

Top(a) = int{ [ Lo(s)i(s)), ds +v(a(-1) | meCt 0k}, @)

and refer the function u(z,t) := Tiug(z) as the solution of (1). Here L is the Lagrangian
of H defined by L(z, &) = sup{{-p—H(z,p)} for (z,£) € R?™ and C([a, b]; ), with a < b,
denotes the space of all absolutely continuous functions (called curves) 7 : [a, b] — R™
(i.e. n € AC([a, b])) such that n(b) = z. Also, C((—o0, a];z) denotes the space of all
functions n € C((—oo, 0]) such that n € C([c, a;z) for all ¢ < a.

We remark here that Tyi(x) is well-defined with the following interpretation and
Ty)(x) € [—o0, 0) for all (z,t) € R®x [0, co). To see this, we fix ¢ € C(R™). Note that
L(z,€) is lower semicontinuous on R?", due to the assumption that H € C(R*"), and
hence that the function s — L(n(s), 1(s)) is Lebesgue measurable on (—oo, 0) for any
n € AC((—oo, 0]). Noting that H(z, 0) = — infeern L(z,&) for all z € R", we observe
that, for each t > 0, » > 0 and n € AC([—t, 0]) satisfying n([—¢,0]) C B(0,r), we have
L(n(s), n(s)) > — maxzep(o,r) H(z, 0). Therefore, for n € AC([—t, 0]), it is natural to
set

/LW$me=m

—t
if s — L(n(s), n(s)) is not integrable on (—¢, 0). With this interpretation, T;¢(z) is
well-defined for all (z,t) € R™ x [0, co). Next we see that for all (z,t) € R* x [0, c0),

0

Ty (z) g/ L(z, 0) ds + ¥(z) = L(z, 0)t + (z) < oo.

=t

Now, let us consider an example where Tjug(z) = —oo for some (z,t). Let n = 1,
H(p) = (1/2)|p|* and ug(z) = —|z|>. Then the Lagrangian L of H is given by L(¢§) =
(1/2)|€]2. Consider the curve n € C((—o0, 0]; 0) given by n(s) = cs, with ¢ > 0, and
observe that for any ¢ > 0,

0 %t it

ﬂ%@slfwmw+wm4»;7—wf:7u—m,

which implies that Tyug(0) = —oo if ¢ > 1/2. We recall that if the function u(z,t) :=
Tiug(x) is continuous on an open set U C R™ x (0, co), then w is a viscosity solution
of uy + H(z,Du) =0in U.

Our objective is to investigate the long-time behavior of the solution of (1). More

precisely, we are concerned with the convergence of the form

u(z,t) + at — p(z) — 0 in C(R") as t — 0o (3)



for some a € R and ¢ € C(R"), where C(R™) is equipped with the topology of locally
uniform convergence. Note that if u satisfies (1) in the viscosity sense, then the function
é(x) — at, which we call an asymptotic solution of (1), enjoys the following stationary

Hamilton-Jacobi equation in the viscosity sense:
H(z,D¢)=a in R". (4)

Thus a natural question related to (3) is the additive eigenvalue problem for H which
seeks for a pair (a,$) € R x C(R") such that ¢ is a solution of (4), i.e., ¢ € Sp_,.
The additive eigenvalue problem appears in ergodic control, in which it is called the
ergodic control problem, and in homogenization, in which it is called the cell problem.

A standard approach to (3) is first to solve the additive eigenvalue problem for
H and then to try to prove the convergence (3) for each fixed solution of the additive
eigenvalue problem for H. However, to simplify our presentation, we will deal only with
the latter step in the above approach and investigate if (3) holds for a fixed a € R.
We assume moreover that a = 0. Indeed, convergence (3) with general a is equivalent
to (3) with @ = 0 once H and u are replaced by H — a and u(z,t) + at, respectively.

Then, one of fundamental observations is the following.

Proposition 1. Let

Uy (z) :=sup{ d(z) | ¢ € S, ¢ <wuo inR"},
Uoo () :=Inf{Y(z) |¥ € Sy, ¥ >u; inR"}.

Under the additional assumption
(A6) —oco < ug(z) < us(z) < oo for allz € R™,

we have

1i£i£1fu(x,t) = Ux(x) forallz € R",
The condition (A6) is equivalent to saying that
{peSylo<u nR"}#0 and {peSy|o>u; inR"}#0.
Thus our purpose here is to show the convergence:
u(,t) — Uy in C(R™) ast — oo. (5)

Asymptotic problems of this type has been studied intensively in the last decade.
As one of the most typical cases, it was proved that if H satisfies (A1)—(A3) and H (z, p)
is Z"-periodic with respect to z and is strictly convex with respect to p, then for each
Z"-periodic initial function ug € BUC(R™) there exists a solution (a,¢) € R x C(R")



of the additive eigenvalue problem for H such that (3) is valid and the constant a is
determined independently of uy. We refer to the literatures [2, 4, 5, 8, 9, 18, 19, 20]
and references therein for more details. Remark that [2, 19] deal with non-convex
Hamiltonians whereas most of others are concerned only with convex ones.

It has also been of interest in recent years on the long-time behavior of viscosity
solutions to (1) that are not necessarily spatially periodic. As far as non-periodic
solutions are concerned, the above (A1)-(A6) are insufficient to obtain the convergence
(3) even if we admit strict convexity for H in any sense (see [3, 12]). The papers
[1, 11, 12, 15] deal with some situations in which the solution of (1) has indeed the
desired convergence of the form (3) for a suitable (a, ¢).

Motivated by these earlier results, given a point z € R"™, we will introduce three
general criteria (C1), (C2) and (C3), each of which, together mostly with (A1)—(A6)
above, guarantees the pointwise convergence of the solution u of (1):

u(z,t) — ue(z) ast — oo. (6)

We then apply these criteria to obtain general convergence results of the form (5) and
apply them to several examples. Our results cover most of existing results, and, on the
other hand, involve a few observations which seem to be new.

One of our new observations is concerned with strict convexity for H. As pointed
out in several literatures (see e.g. [2]), it is necessary in some situations to require a
sort of strict convexity for H, as a genuine nonlinearity for H, so that the solution of
(1) converges to an asymptotic solution as t — oco. We use condition (A7); or (A7)_
which guarantees, respectively, strict convexity of H(z, p) in p at the zero level-set of H
“upward” or “downward” (see below). We point out here that some of our convergence
results involving (A7)_ are not covered by the previous results. Another important
feature here is in the observations of a “switch-back” motion of nearly optimal curves
for the variational formula (2) for Tiug in some situations. In one-dimensional case we
have already encountered such a switch-back motion (see [13]), and here we investigate
with greater generality the cases where such switch-back motions appear.

We use the dynamical approach in our investigations here which is based on tools
from weak KAM theory (see e.g. [8, 10, 6, 7]) such as extremal curves, Aubry sets and
representations formulas for solutions. We state our general criteria for the convergence
to asymptotic solutions in terms of extremal curves, which seems inevitable to attain
further generality.

Now, we introduce our criteria for the pointwise convergence. We begin with exis-

tence of extremal curves.

Theorem 2. Let ¢ € Sy and z € R™. Then there exists a curve v € C((—o0, 0]; 2)



such that for allt >0,

/_ L01(s),(5)) ds = 6() = 62(-) ()

A curve v € C((—o00,0]; 2) is said to be eztremal for ¢ at z if it satisfies (7) for all
t > 0. We denote by &,(¢) the set of all extremal curves for ¢ at z. Also, we use the

notation: £(¢) 1= U,ern &2(¢) and & := s, E(9)-
We fix any v € £, and introduce the first criterion

(C1)  lim (ug — ) ((~1)) = 0.
Note that ug; < 1y in R™ by definition and that

liminf(us — ug ) (y(—t)) = 0.

t—o00

Hence condition (C1) is equivalent to the condition

lim (1o — ug) (y(~1)) = 0. ®)

t—o00
Theorem 3. Under condition (C1), the convergence (6) holds.
Next, we introduce our second criterion.

(C2) For each € > 0 there exists a 7 > 0 such that for any ¢ > 0 and for some
n € AC([=, 0)),

0
o) =00 =7(=r) and [ L(a(o), 0(e)) ds <=
Theorem 4. Under condition (C2), the convergence (6) holds.

Our third criterion is the following.

(C3) For any € > 0, there exists a 7 > 0 and for each t > 7, a o(t) € [0, 7] such that

Uoo (7(=1)) + & > u(y(=t), o (t))-

Note that the above inequality is equivalent to the condition that there is an n €
C([-o(t), 0]; v(—t)) such that

0

U (Y(—)) + & > / L), 6)) ds + ol o 1)

In our next theorem, condition (C3) is used together with one of the conditions

(A7) on H, which are certain strict convexity requirements on H. We set @ :=
{(x,p) € R*| H(z,p) = 0} and

S = {(z,&) e R*|(z,p) € Q, €€ Dy H(x,p) for some p € R"},



where Dy H(z, p) stands for the subdifferential of H with respect to the p-variable.

(A7), (resp. (A7)_) There exists a modulus w satisfying w(r) > 0 for r > 0 such
that for all (z,p) € Q, £ € Dy H(z,p) and q € R",

H(z,p+q) > & qg+w((-q)+)  (resp. >&-g+w((€-q)-)), 9)

where 74 := max{+r, 0} for r € R.

We remark here that condition (A7) has already been used in [2, 12] to replace the
strict convexity of H(z,-) in order to get the convergence (6) and also that condition
(A7)_ has been discussed in [13] when n = 1.

Theorem 5. Assume that (C3) and either of (A7)y or (A7)- are satisfied. Then (6)
holds.

We will apply the criteria above, to obtain more specific conditions on (H,ug) for

the convergence (5).
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(iit) —C|lf o) <u< Clftlm@ nQ (3C>0),
(iv) YV € Q,3C (dist(,09)) > 0 s.t. ||ullwae@) < C'|| fllzr@)-

GFEE] C 2 TRYEDIE, p > nDFAEICIE, ABP EAMERE (1) ICHGT ) RSN
2L THB (Bl DBHE. B Q2R THILEITR ), K> T, Caffarelli
D [P ¥ERZ 2 (iv) TS L<EhNS, n>p>p XT. (2) ZRAITRLTE
D3 Escauriaza[6] TH D, p Z Escauriaza B EMERT W H B (pp DIKIFHEICEIL T
& [5] EZH).

FHERDFI VT IARERZHRND, Q, ZF L, —ilt > 0D nRutaL/jlke
95, QuCNELTHID,

FHER (BT y 7FRFN)

g>nhDq>p>p DHEI (1) OIEE LP-REHEERE w T L,
lullay < € (igfu+ 1l
ERBuIEIELIRWER r,C > 0D FEEST AT 2 H 5,

(7] - FHACIIALD Q4 1 Qsie (Ve € (0,1]) TEWT LI3FHEREZ I HB LT DA
%, HIZ, Cabré[3] D “MEE ZHVNE. Qiie (6> 0) TV BN D, THIZ,
EFHALEINTVERVD THERICIEXRTEL,

cr>1ERELRVDOT, EZ/IVATEOLME LNVEV, T, BDEm T, 7
AR DRI,

<GV Fw IRERNEY TS &, RFTRAMEREEDK D LD S & T AT,
REIL DD THDSENZITTRT,



2 %

UROH#HTC > 01, 525N (n, \,ASF) LONCRIKELRWVWERE T 3,
TTTIE, p>1@3PELERZRTZTEDET B,

S
P=3
Thid, W2e BIEDNERIC IR B 12 D2 Tl . W2 BN WBERDFRT 2D
T4 —EBENEETHLEFTEH 5,

r>0LBI#g: UCR - RIHU. ||g|lrr@w) = (/ |g|" dz i L33, BRI
U

B gl £EL. T, BROERER AN LU THEEEZ 2 POiEEL T3,
T, EBERBNB I —IROTZLIERIE 2 B R

F(z,u, Du, D*u) = f(z) in Q (3)

BEZD, L, QCRM IV EEHESELT S,

Lr-REPEEHE Tl RECPIEFRIUC AT ZE A TWE DT, © — F(z,r,p, X)
Rz — f(z) IEEERE LA,

DR, B F - QxRXxR"x 8" — Rid, ROEKRT—HBEMAEE TS, {LED
zeQreR peR" X, Y € SPITHRL

P—(X - Y) < F(‘Taraan) - F(.’E,T,p,Y) < P+(X - Y)

MDD, Flz. S*En x n FAMMTHTRETH D, 5™ TIR@EE DN IAF 2%
A %o
i, TTTIE—RRAEMTER

0<A<A

ZEEL. Ty FOMK - MEHEZEPE: " > R ZROXIICEHKRT S, X € 5" I
POION
PT(X) := max{—trace(AX) | \ < A< AI}

P~(X) := min{—trace(AX) | \] < A< AI}

) - 23 5 SIE PHX) = —P~(=X) (VX € S™) WRE2DT, P~ IcHd M
Bho PHicBd 2HELERICT N5,

cPT M, PHIRINTH BT EDDM B, Fie, PEEX) = tPE(X) (t > 0) BEIHICH
"B,

CHIC, EEDLRORERBDHD, ZTNEES FMRIE, PHIE. —A LEZTKA
LKkThHbB,

P(X)+P (YV)SP (X+Y)<PHX)+P (YV)<PHX +Y)<PH(X)+PH(Y)




B LPREI D & &, Carrafelli[3] I & 3 Jaff LP fHMlDVISNTEH D, ZOWEE
JEIC Caffarelli-Crandall-Kocan-Swiech[4] 1€ &> T, LP kEPERANE A iz, . HHig
JRE i & U@ ORMERROEIEIF & A GN T LICHER L TH L ER, ATl
FRZ SICBWTE D, TOHRE, —EMCBL T “REIDOFHR Nadirashvili[13]
Safonov[17| IC KB BN H 2 DT, HEFEHENHIITEEFELTLE D,

AFEFICB U T, LA OERIE SR E” DRV D Db,

LP-HEROESR

u € C(Q) A (3) D LP-Fi1ES R (LP-subsolution) & 1%, {FED ¢ € W2P(Q)ITH L,

tLu—o¢hzeQTRIIRAEZNEZLIE, RBKDIDTLLET B,
limess. inf {F(y,u(y), De(y), D*¢(y)) — f(y)} < 0

u € C(Q) A (3) D LP-KEMEEHR (LP-supersolution) & 1&, {FED ¢ € W2P(Q) IHf L,

tLu—¢hzeQTRIBRVMEZIZ XL, XBKDILDT LET S,
figess. sup {F(y,u(y), Do), D*$(y)) - f(y)} 2 0

u € C(Q) A (3) D LP-RhMfiE (LP-solution) & i,
u B (3) D LP-KES RN D PR EF TH B L LT 5,

HIC, P-fROERLBNTHL, THLHEMIHE LKL,
LP-BRRDEE

u e C(Q) A (3) D LP-5iEH# (LP-strong subsolution) &1, u € W2P(Q) TH b,
RIVEDILDT L LT B,
F(z,u(z), Du(z), D*u(z)) < f(z) a.e.inQ

u e C(Q) A (3) D Lr-34hfi# (LP-strong subsolution) & 1&. u € W2P(Q) TH D,
R DALDT & LT B,
F(z,u(z), Du(x), D*u(x)) > f(z) a.e.in Q

u € C(Q) M (3) D Lr-1@fif (LP-strong solution) & (.
u H (3) D LP-S8HRIND [P-BEBRTHB T L LT 5,

GERE] - (3) D Lr-5afif7x HIE LP-REHERRIC I B DM, BARTHBHBEP TRV, LA L,
Fen—MEH7E F OGED FTHRIZT % ([12] BiR). &Ko T. T TRLHNDHRIT LA
LB CHLR DD, BB A, LP-AERO%E. ¢ = n T ABP BRAfEHFEHED R D 1D



Mo, XKW ESERMGE 5N S,
ST, (3) D LP-KEMEMED WEP(Q) ICB T IUE, [PERRICTR S T E MM ENB A, T
ne BTN ([12) Z2K).
- FREOZOOWFER, EiaAER 1) KL TEZIE, pe LoQ) Tk, [4] TaR5
NTVBH, pe LI(Q) DERIIHENTEh o7z,

K7z, DullBALT—RU EOHKENSH > TE LD = DOERIIHRIIT %, (REH
FEEL < Tmds, D WERHEAAEE, Bl Z )1 [16] DFERESIR)

3 EHERDIAEHADHST L
DI OFEEICHENT, IEWSEHIC K 5 T,

WA RIS S B RERIE u, £ € LM(Q) THOILDON, FFER TR DREEH
N—=TETWVWERV, Thd. ABP RS AKMEF ((2) D (iii) DT &) B LP-KiERTHI SN
TWEWT EWFRTH %o LP-FHEARICH S 2 ABP BRAMERERE, TAERD p, ¢ lKH S
% & TSwigch & DHEAFE TR LN TS ([11] BHR),

Caffarelli D= XTI <,
Caffarelli D& ([2] )

Q@SN EERZFROARBEHE L, g€ C~(00) £T 5,
RO Dirichlet [IRED C?(Q) IEMNMFET %0
PH(D?*u) =0 inQ,

{ u=g on J.

CFE] - 293, REBHEAGSIIZLIHE T HMENDZ LS T L ThHb, 2
U, PTONTH ST LI TRA, EIE, 12 KT THIENLWHI ([14]). 24 Kot
TW2® TF SRV ([15) 12 &> TREB{ S Nz (ROBVHIEN) h 5 TH B, (B
WK ETH, “TORE IKIEFHEVEBW@RYEELADBZY, Ca- -+, Kr---, Nad: - -,
sy FIOVIERMN S Evans [KiE “XH” TY, )
- Caffarelli DJFFE [3](BX T, [2]) TE. QHERDF A, Kk g Ikt UTEMRMICHE
BRLUTED, OMDMLZMEESHEICHED D END, EBE, #ilzic ERowEx b
Nz TE B OHMBETEFRNTHS (HL. Bija C Q1 C Brp/al. REVAKOES
B TED LWLEBDLDL),

—fRD Q TE. BARMICIE u WD SRV, ERAMEFEEZME 2, AEREE
MEBN3 ([12] BR).

SERAODBIE ¢ > p > nDHFATIEZ B, n > p>pld [10], [11] TEA Uz “EXR LR
BEEGE” ZHW5 (B IR), w OO OIS, T RE Xt > 1%2EL D, u/{t]|fl,+infg, u}
EF N, info, u <1HD, fl, <1 ERELTXV, §5&. |ullzrg) < C &7%%
r, C > 0ZRDF T K, (R, K050 infg, u < 1 THRIZ. D3I, Calderon-
Zygmmund DI AEZEIOFHEZE S D T/IHNE S TRV, RIEMIC Cabré D#E
ZHEZIE, BDEOKUCLES TR k%, )



DRSO EECETE, B0 >0, C>0lIxfL,
{zeQi|u(@)2s}<Cs™ (s>0)
o TVRUE RV, HIC, BEEICEROBERBEICH L,
{z € Q1 | u(z) > M*}| < 6

LB M>1,0¢€ (0,1) MEETHUE KW,

k=10KHZ, TOFHbiZRENUE, CARSEOMEEHERIETE > 2 TERES
DT, k=1IKR>TRLTH%,

QuIFHEE N THRWT £, EHIGEM L 727 TH X % & Caffarelli Db 5 Rz
729 ¢ € CXQ4) DRON B,

EE7ZD D, AKRIEESHEEREZR O LT LE S (JEEZ LT UES £<47
<)o Caffarelli DFHEM D, ¢ € 02(Q4 \ (Q1/2)0) T. RO Dirichlet [IEDAEND %

{ P~(D%*p) =0 in (Qs)°\ Qu/2,
CZ)() =0 on 8Q47
o =—1 on 0Qy)a.

Go (EHERIZD & EERAEDFHMND —0 := maxg, do < 0 &£72D, ¢ =2071¢, & B
<&l o)< -2 (zeQs) 21350 ¢ ZITDMIT Q1 NERICHLR L 72 DZHHT ¢ &
2T, ¢ € C*Qy) X RZWET=T

P~(D?*¢) = &(z) in (Q4)°,
suppé C @1,
¢»=0 on 0Qy4,
¢ < -2 in Q.

wi=u+¢ B L, PEOREANDS wlERD [P-BFRICTE 5,
PH(D*w) + p(z)| Dw| > f(z) — u(z)|D(x)] + €(z) in Qo
7e7Zl, Qo ={z€ Q)| w(z) <0} THB, ABP i AMEFI LD

max(~w) < Cexp(C|lulln) (I£lln + 1 D@llsoll el L (@0) + 1€l 27 (20))

suppé C Q, Zh 5, HHEHOENE Q DEDL DI {z € Q1 | w(z) <0} L LTXUL,
maxg, (—w) > maxg,(—u—¢) > maxg,(~u+2) > 1&H. [ull. HVNETNE (|| ]
ENENWTEZBOHZ D). KRB0 5,

Hz e Q1| ulz) < —néimb:: M} >6
L% 6€(0,1) WEET 5. &Ko T,
HzeQi|ulx)>M} <0:=1-§

L%,
B, pAVNENEE S 5E% Cabré DR ((HEE5HE) THO BRIHE LW,



4 oA
FHEENSEHINSZ T LWERZYZET S,
(A) SRERA(E R

Tf=00DKE (1) D LP-FEHELHE u DNER CRAMEZRAIUS EREE K 2) & ®
S AAEEEL L FER, ChH (1) (HDORERED) THD 7D,

(B) BSRABETOF T v 7 Rk
BT VT v VDR VT » T ARER 13385 C LI BT %o EAIAES S
Z13. [8] LALHEDTIRY,

(B) 2ffi5 T & T, ISHDIENS,

(C) LP-KEMEfRDEER £ T T DTz~ Z—HE i

LHAA. (B)ALTEE VLT IAERXD S NERANIL X —@fiaHildEh s, &
It Sirakov(18] Ag5/ VT I ANEXZEDTIC, FICHEREZETWS, %72 L.q>p>n
DHEDHTH S (¢ >n>p>p ODYEIE. FADOFRRLEEIEGE [11] ZFEbAV &
KEFRET SEMNZ),

(D) LP-sifEDIFE
(C)ZHWB T ET (X>T. B)ZE>TWS), pe L) (n<q<oo) DR, X
D LP-58fF DIFIENRE %,
P*(D?u) + p(z)|Du| = f(z) a.e.in Q, 4
u=0 on 0. )
7272 U, suppu € Q DAL Fok[7]) THISNTW3B, &8, suppy € Q LWV S RED
BlZolehbws e Z5 TRVWEELUBRO—HBINELS LD, FLIEZE, wm
2w DL, w Z2Z NS 25 Tnd 2 ARERORE T3 L. BAMEFRFENS

mﬁ&X(“k — ;) < C||fx = fillp + Cllpe| Dug| — p5| Dl |

FUHE 2Nk, j — co TERATIME S DM 570,
BB W2P Sl [8] %0 [4]. [11] DAETTEBDT, supppHA787 Mab, WP
JRATRHE & Ghd THLE 2N T T 2 2RE S,

(E) JFAFEET O ABP R 5 KfE)H

Cabré[3] D HRIBICHE LS (B A, HRFEERIRRFER) Nb i, JEE R
TH ABP AMERHE (7272 L. MOFEFIEZIRE L T, ABP O Z1E5 T &) HK
DILDT &R, Vitdo FICE > T, b L BLKIFERBEREZL LSRRI NTZ
Teo UMMUL SREUCEIU TR BINIAEIR [8] O Z I TWaL, (B) ZHWS &, C
DRZHRTE S,

FEIC, Phragmén-Lindelof O JFEIP BTN OILRFE L 1E, K (i) B 8iEE5 1
FTHB,



5 {78 (Cabré D#HEE)

X9 BLOFMERZIELNVET S, QuDRDDICQ, THRDIIDT EERT, MLLS
1€ Qe (Ve > 0) THRDIDZ EBBHICHH B,

@ (j=1,2,...,3IN) Z Q: DRI LTe—3M 1 /4 DI FERT, %0 € (0,1)
XU, K207z s 895 (Q D EDHRFIESLDET TR, Hik2HFEETH ),

N
QU@ c, 1@ngt >
Jj=1 &

272U, EDE2K TR, N+1=1%9%, 2RTkhkD, BHIC QI BEXRSEN, B
LTI, TOXII “—FP DT ZME I, HIdHhE LNV, 52 DEHEDR
DICKRDEE TR EDTRICLENWT 21T 3,

(O 1< <k NIEHU, REHIT (b WET 2
T ph
n=0)0n =k Q5 N Qypn| 2 1o (E=1,...,m —1)

FJICH L. VT I AREN DS
Il < G (igfu-+ 1515)

MDD,
—J. QI DEC/ND,

1 1/r
infu< inf u<|——r "d < C. (0
Qi T QinQi+t (IQ] N QJ+1[ gingi+t U :E) > 2”U||L (Qi+1)

fﬁﬁibﬁofl/\%o
ET, info, u = infgio u £7X%B jo ZIEET %, jo = N & LTE—RMEZKDIR,
a=C1C B (a>1LLTXW), FEDI<j< NICHLT,

o (gfw TR
Cy (Cz||uHLT(QJ'+1) + “f”p)

[l @9

INIAIA A

o™ ullzr@y) + Ci(1 o Il

=)

IN

Ci | eV Jinfu+
QN 1—«

D, 0<r<1OWE (r > 1745, BEO=AREFXEMHES).

N
Jus + -+ unlly < 27D Ty,
j=1



MDD EIHERTNE (B2 LVWARELZH > TIHOHATLEEIW),

N
1_ _
lullzr@ny < 267NN g
j=1

< 200000, (NaVintu + 22 1
= QN 1—ao P

il’lfQN u = ianl u %;Egb\mﬁbf\ gﬂ;ﬁﬂh\‘%gb%o

6 {TE% (ZRELBREIEE)

[10], [11] DFRECIRBIEGE (BT TLUENE Liz) I Xk ABPYRY” ok fl)5p
DBEHWVELTEL, THUE. IEFRIED n LLFONZERFED (DED, f € LP(Q),
p € (po,n]) DIFIC, f7Zn LA EONZFEAFDEHE BixE2 K51CT37DDHET
H5,

MRTIE, COEIERGERBEHTIIH RN, SFThholteBbns, L &
0. BREESTLHEBIEAS & Loz,

ALRAZ RIS T 272, ¢>n>p>po > n/2IThiZ. R2IRET S (—iciE. L
TRz ARERRDREIE LN,

pn
9> (5)

TOEMEEZ,. p<n DR nIENT EEZEKRLTWVS,

T, PEORDDIC-ATEELTAHLS,

Q C By & “—HINHESEM Zhilcd 895 (BEREZEHE LTS, —RABZERDMH
MOQDICEND Lo BENEDO0K)o peLi(Q) & fe LE(Q)ICHL, ueC@Q) %
RO [P-KMHRE 35,

— Au—p(x)|Dul < f(z) in Q.

ABP“RY S RMEFFR L 1E, RETE T w lcikAz LIRWER G, > 0 (k= 1,2) L BIREN
MRNB T L TH5 ([11] ).

N-1
max v < maxu + Cy {eXp(Czllﬂl\n)llul\év + HMIIZ} [[£1lp-
k=0

[EE) ¢ > nhDg > p > nDBRAE. L0 SN0 DEAZWETHIILTVS
(4o ThHS “FP 72 LOHFEE LW ABP R RHERETH 5,

(5) DIREDFTINERT Do (5) DFER. N=1L%2ZEMRLUF TN %,
R>1%kD, 2 IKEORD Lr-58fi# v € C(Br) NW2P(BR) 2#E 2%,

—Av=—f in Bp,
v=0 on dBg.



(2) 25, 0 < —v < COlfllp in Br D\ |vllwer) < Cllflp £%&E>TWVB o 7T,
|1 Dv]| o ) < Clifllp £75%o TTT\ p* =np/(n—p) TH%o
AN, LOREDOBNMF T, p :=pen/(pn+qn —pq) > n £ BL &,

lDollp < Cllullgl Dollp < Cllsllgl £l

Yi5%,
(D75 & L BTN w = u + v IERD LPHMHBIC 5 S

— Aw — p(e)|Dw| < p(z)|Du(z)| =: fi(z) inQ

feLrQ) NS, @D ABP s AHEFEM X D maxgw < maxgg w+Crexp(Col|ulln)|| f1lln
MDD, £2 T, 0> 0IcHEELT, RDKLSITRE 5,

maxu < maxw + max(—v)
Q Q Q

max w + C| f|, + Crexp(Cal plln) [ filn
maxu + O{1 + exp(Ca| uln) [l 4|} flp-
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LARGE TIME BEHAVIOR OF SOLUTIONS OF
THE CAUCHY-DIRICHLET PROBLEM FOR HAMILTON-JACOBI
EQUATIONS WITH PERIODIC BOUNDARY DATA

HIROYOSHI MITAKE
DEPARTMENT OF PURE AND APPLIED MATHEMATICS, WASEDA UNIVERSITY

1. INTRODUCTION

We investigate the large time behavior of viscosity solutions of the Cauchy-Dirichlet
problem with periodic boundary data for Hamilton-Jacobi (HJ) equations:

u(z,t) + H(z, Du(z,t)) =0 in Q x (0, 00), (1)
@) {0 = f() in 0, @)
u(z,t) = g1(z,t) + go(z,t) + bt on 9 x (0, 00), (3)

where (2 is a bounded domain of R*, H = H(z,p) is a real-valued function on Q x R"
which is assumed to satisfy

(A1) He C(2x R™), _

(A2) the function p — H(z,p) is strict convex for each z € Q,

(A3) the function H is coercive, i.e.

lim inf{H(z,p) |z € Q,pe R*\ U(0,7)} = oo,

(B) for each z € 99, there are a constant 7 > 0, a C'-diffeomorphism & : R* — R®
and a function b € Wh*°(R"~1) such that

dQANU(z,7)) ={(z,z,) ER" xR |z, > b(z)} N ®(U(z,7)).

Here u : 2x[0,00) — R is the unknown function and f : Q — R and g1, g2 : 920, c0) —
R are given functions and b € R is a given constant. We make throughout the following
assumptions on f,g; and gs:
(A4) f e C(Q)NWL=(Q) and g1, g2 € C(OQ x [0,00)) N WL(9Q x (0, 0)).
(A5) The function G(z,t) = gi(z,t) + go(z,t) + bt satisfies f(z) < G(z,0) for any
x € 0.
(A6) There exists a function go, € C(02) such that g;(z,t) — goo(x) uniformly for
x € 00 as t — oo.
(A7) The function go(z,-) is a periodic function with period T > 0 for each z € 99,
ie. go(x,t+T) = ga(z,t) for all x € 9N ¢t > 0. In the case where 7' = 0, we think
that go is a time-independent function and we write gz(z) for go(z,t).

We remark that our hypotheses (B) and (A4) are stronger than is really necessary, since
we wish to focus on the large time behavior of viscosity solutions of (CD). See [13] for
results for this asymptotic problem under weaker hypotheses.



Hereinafter, we mean by “solutions”, “subsolutions”, and “supersolutions” viscosity
solutions, viscosity subsolutions and viscosity supersolutions, respectively.

2. SHORT HISTORY AND KNOWN RESULTS

The study of the large time behavior of solutions of the Cauchy problem for HJ equa-
tions goes back to Kruzkov, Lions and Barles, where they studied the case when () = R”
and H = H(p) does not depend on the z variable. In the case when H = H(z,p) de-
pends both on z and p, the first general results were obtained by Namah and Roquejoffre
[14] and Fathi [6], and their results are for HJ equations on compact manifolds  with-
out boundary. Afterwards this subject has received much interest. (See [3, 15, 4], for
example.)

The asymptotic problem of the same kind has been studied in the case where 2 = R”
by Barles-Roquejoffre [2], Ishii [10] and Ichihara-Ishii [9]. The convergence rate has been
investigated by Fujita [7] and Fujita-Uchiyama [8].

The large time asymptotic problem under the Dirichlet boundary condition has been
treated in [1, 15, 12]. In particular, Roquejoffre ([15]) studied asymptotic behavior of
solutions of the Cauchy-Dirichlet problem with periodic boundary data. In [15], the
initial and the boundary data are assumed to satisfy a certain compatibility condition in
order that solutions of Cauchy-Dirichlet problem satisfy the boundary condition in the
pointwise sense.

The author has recently studied this type asymptotic problem for HJ equations under
the state constraint boundary condition and the time-independent Dirichlet boundary
condition. In the study for the Cauchy-Dirichlet problem, we do not assume a compati-
bility condition on the initial and the boundary data. In this case, we do not expect any
more the existence of solutions of (CD) which satisfy the Dirichlet condition pointwise.
We have to understand the boundary condition in a generalized sense. The definition
of solutions of (CD) is written below. This gives a viewpoint which unifies the state
constraint and Dirichlet boundary conditions.

In this paper, we do not assume a compatibility condition on the initial and the bound-
ary value either, so we deal with the solution of (CD) which satisfies the boundary con-
dition in a generalized sense.

In the last of this section, we write the result for the large time behavior of solutions
of the Cauchy problem for HJ equations with state constraints

u(z,t) + H(z, Du(z,t)) <0 in Q x (0, 00), 4)
(C) ut(z,t) + H(z, Du(z,t)) >0 in Q x (0,00), (5)
u(z,0) = f(z) on . (6)

Theorem 1 ([11, Theorem 2.1]). Let f € C(Q) and u be the solution of (C). Then there
exists a solution of v € C(Q) of H(z,Du) < cy in Q and H(z, Du) > cy in Q such that

u(z,t) + cgt —v(z) — 0 uniformly for x € Q as t — oo,

where cy is the constant defined below.



3. MAIN RESULTS
We define (viscosity) solutions of (CD) by the following.

Definition 1. Let u € C(Q x [0,00)). (i) We call u a subsolution (resp., supersolution)
of (CD) if the following conditions (1)-(3) hold: (1) w is a (viscosity) subsolution (resp.,
(viscosity) supersolution) of (1), (2) u(z,0) < f(z) (resp., u(z,0) > f(z) ) for all z € Q,
and (3) for any ¢ € C*(Q x (0,00)) and any (zq,tp) € OQ x (0,00) such that u — ¢ takes
a local mazimum (resp., minimum) at (o, to),

min{(u — G)(o, to), $¢(20, to) + H (2o, Dp(z0,%0))} <
(resp., max{(u— G)(xo,t), P:(z0,t0) + H(xo, DP(zo,t0))} > )
(i) We call u a solution of (CD) if it is a subsolution and a supersolution of (CD).

‘We now state our main theorems.

Theorem 2. Assume T =0 in (A7). Let u € C(Q x [0,00)) be the solution of (CD). (i)

If cgr + b > 0, then there exists a solution v € C(Q)) of

H(z,Du(z)) <cyg inQ, (7)
(5C)e, { H(z,Du(z)) >cy onQ (8)

such that
u(z,t) — (v(x) — cyt) — 0 uniformly for x € Q as t — oco.
(ii) If cg + b < 0, then there exists a solution w € C(Q) of

{ H(z,Du(x)) = in Q, 9)
u(z

() ) = gm(a) +gz< ) on o0 (10)

such that
u(z,t) — (w(z) + bt) — 0 uniformly for x € Q as t — co.

Theorem 3. Assume T > 0 in (A7). Let u € C(Q2 x [0,00)) be the solution of (CD). (i)
If cg + b > 0, then there ezists a solution v € C(Q) of (SC), such that

u(z,t) — (v(z) — cut) — 0 uniformly for x € Q as t — oo.

(ii) If cg 4+ b < 0, then there ezists a solution w € C(2 x R) of

wy + H(z, Dw(x)) = —b in 2 xR, (11)
®) {w<x,t> = @) + (e,t) o DX, (12
w(z,t+T) =w(z,t) for all (z,t) € A x R (13)
such that
u(z,t) — (w(z,t) + bt) — 0 uniformly for x € Q as t — oo. (14)



4. PROOF OF MAIN RESULTS

In this paper, we prove only Theorem 3. Hereinafter we assume the period T of g, is
positive. Without loss of generality we can assume T = 1.

Theorem 4. The function u :  x [0,00) — R defined by

u(z,t) = inf{/ L(v(s),7(s)) ds + x{r=0yf (7(0)) + x{r203 G(v(7),7) |
v € C(z,t),7 € (0,2, (v(1),7) € 0Q,} (15)

is a Lipschitz function of Q x [0,00) and gives a solution of (CD), where X{r=0} = 1 if
T =0, X{r=0; = 04f 7 # 0 and X(r20y = 0 if 7 =0, X0y = 1 if T # 0, C(z,t) denotes the
set of all trajectories v € AC([0,t], Q) such that y(t) = x and 9,Q = 9N x (0, 00)UN x {0}.

Theorem 5. Let T > 0 and set Qr := Qx (0,T). Let u,v € C(Qr) be a subsolution and
a supersolution of (1) and (3), respectively. Assume u < v on Q x {0}. Then u < v on

Qr.

Theorems 4 and 5 are standard in the theory of viscosity solution, so we do not give
here the details of the proofs.
An immediate consequence of Theorems 4 and 5 is the following corollary.

Corollary 6. The function u given by (15) is a unique solution of (CD).
Let u be the solution of (CD). We define the constant cz by
cg = inf{a € R | there exists a solution v € C(Q) of H(z,Du) < a in Q}.

The constant cy is important when we consider the existence of stationary HJ equations
under some boundary conditions, as the following proposition shows.

Proposition 7 ([11, Theorems 3.3, 3.4], [12, Proposition 3.2]). Let a € R be a constant.
(i) There ezists a solution in C(Q) of

(SC) { H(z,Du(z)) <a in f&
¢ H(z,Du(z)) >a on
if and only if a = cy. B
(ii) For any g € C(09Q), there ezists a solution in C(Q) of
{ H(z,Du(z))=a in Q,
u(z) = g(z) on 02,

if and only if a > cy.

The following proposition gives a bound of the solution of (CD).

Proposition 8. (i) If cy+b > 0, then there exists a constant My > 0 such that |u(z,t) +
cyt| < My for all (z,t) € Q x [0,00). (ii) If cg +b < 0, then there ezists a constant
M, > 0 such that |u(z,t) — bt| < My for all (z,t) € Q x [0, c0).



Proof. We first consider the case where ¢y + b > 0. By Proposition 7 (i), there exists a
solution ¢ € C(2) of (SC).,. We set vE(x,t) := (x) — cyt + Cy, where C; > 0 is a
constant chosen so that v~ (z,0) < f(z) < v*(z,0).

It is clear that v is a supersolution of (CD). Choose C; > 0 again, if necessary, such
that

Ci=>  sup  {|gi(z,1) + ga(w, )] + [(2)[}-
(z,t)€Qx[0,00)

Note that —cyt < bt. We have
v (z,t) = () — eyt — Cy < (z) — Cy + bt < g1(x, 1) + ga(z, t) + bt,
which implies that v~ is a subsolution of (CD). In view of Theorem 5, we obtain that
v (z,t) <u(z,t) <vf(x,t) for all (z,t) € Q x [0,00).

Therefore we have |u(z,t) + cgt| < M; for some M; > 0 and all (z,t) € Q x [0, c0).
Next we consider the case where cg + b < 0. In view of Proposition 7 (ii), we may

choose a solution ¢ € C(2) of
{ H(z,Du(z))=—-b inQ,
u(z) =0 on 0S.

We set w®(x,t) = ¢(z) + bt £ Co. Tt is clear that w* satisfies (1) in the viscosity sense.
Choose C5 > 0 such that

Cy > P ){\f(fv)\ +191(z, t) + g2(=, 1) + [d(z)]}-

Then w' and w™ is a supersolution and a subsolution of (CD), respectively. In view of
Theorem 5,

w(z,t) < u(z,t) <wh(z,t) forall (z,t) € Q x [0,00).
Thus we have |u(z,t) — bt| < Cj for some C3 > 0 and all (z,t) € Q x [0, c0). O

In the case where cy + b > 0, Problem (CD) may be reduced to (C). To be more
precisely, we present

Proof of Theorem 3 (i). Let v(z,t) = u(x,t)+cyt and M; be the constant given in Propo-
sition 8 (i). It follows that v satisfies

v+ H(z,Dv(z,t)) =cyg in Qx(0,00),
v(z,t) = f(z) in 2 x {0},
v(z,t) = G(z,t) + cyt on 0N x (0,00)

in the viscosity sense. The dynamic programming principle yields for any ¢,s > 0,

o(,t + ) = inf{ / Loy (N, 4(0) d + xrmoyo(1(0), )

+ X{T#O}{G(’Y(T)J T+ 3) + CH(T + 3)} l 7€ C(JI, t)’ TE [07 t]? (7(7_)7 T) € aPQ} (16)



Noting that bt + cgt — oo as t — oo, we see that G(z,t) + cygt — oo as t — co. Note
that v is bounded. Then there exists ¢ > 0 such that

/t Ley (v(A), ¥(A)) d)\+G('y(T),T—I—s)—l—cH(T-l-s)—{/O Ley (v(X), ¥(V)) dA+v(7(0),8)} > 0

for any s >t and 7 € [0, ¢]. Thus we have

o(z,t + 5) = inf{ / Lew (YN, 4(N) dA+ v(1(0), 8) | 7 € C(a, )}

This implies that v satisfies
{ vz, t) + H(z,Du(z,t)) <cyg in Q x (,00),
vi(z,t) + H(z,Dv(z,t)) > cyg  on Qx (% 00).

Therefore the large time behavior of the solution of (CD) in the case where cy +b > 0
follows from Theorem 1. a

Next we consider the case where cg +b < 0. In view of Theorems 4 and 8 (ii), we may
define the functions w* € C(Q x R) by w*(z,t) := limsup, ., (u(z,t +n) — b(t + n))
and w™(z,t) := liminf,_ o (u(z,t + n) — b(t + n)), respectively. It is clear that w* is
time-periodic with period 1 on Q x R. We see that w* and w™ are a subsolution and a
supersolution of (P) with T' = 1, respectively. Moreover, since the functions H(z,-) are
convex, we see that w™ is a solution of (P) with 7' = 1.

The following lemma is standard in the viscosity theory.

Lemma 9. Let T > 0, A € R, ¢ € C(8,Q) (i = 1,2) and u,v € C(Q x [0,T]) be a
subsolution and a supersolution of

{ut-i—)\u-l—H(a:,Du):O in Qx (0,7),

u(z,t) = g*(z,1) on 02 x (0,7),
{ut—i-/\u—i-H(:v,Du):O in Qx (0,7),
u(z,t) = g*(x,t) on 02 x (0,7),
respectively. Then,
e max(u — v) (z,t) < max{max(u — v).(z,0), max e*(g" — ¢g*)+(,5)}
Q Q 0x[0,t]

for allt € [0,T]. Here ai(z) := max{a(x),0} for any function a.

Proposition 10. Assume cg +b < 0. Then there exists a unique solution ¢ € C(Q x R)

of (P).

Remark 1. We remark that in the case where cg + b = 0, the uniqueness of solutions of
(P) does not hold in general.

Proof. The above observation shows the existence of a solution of (P). We prove here the

uniqueness of a solution of (P). Suppose that there exist two solutions ¢, ¢ € C(2 x R)
of (P).



Noting that cg + b < 0, there exist § > 0, ¢ € C(€2) such that
H(z,Dy(z)) < =b—4 inQ,
U(z) < (@) + Ga(,t) for all (z,1) € B2 X R,

Let A € (0,1) and set ¢x(z,t) == (1 — N)¢1(z,t) + Ap(z). In view of the convexity of
H, ¢, satisfies

{ (02): + H(z, Dpy) < —b— A6 in Q x R,
or(,t) = (1 = N)(goo(T) + g2(2,1)) + Mp(z)  on Q2 x R

in the viscosity sense. Note that |¢y(z,t)| < C for all (z,t) € Q x R and some C > 0
which is independent of A\. Then if A > 0 is small enough, we may assume

Npa(z, )] < A6 for all (z,t) € QA x R.
This yields that
(3): + A2pr + H(z, Dy) < —b in O x R,
{ Oz, t) = (1 = N)(goo(x) + g2(, 1)) + Mp(z)  on 902 x R.

Meanwhile, by adding some positive constant to ¢; and ¢, if necessary, we may assume
that ¢1, ¢, > 0 on  x R, which implies that

{ (¢2): + XN2¢o + H(z,Dgpo) > —b  on 2 x R,
a(x,t) = goo(z) + 92(z, 1) on 90 x R
in the viscosity sense.

Noting that

((1=X)(goo () +92(2, 1)) +M(2) = (9o (@) +92(, 1)) . = M((2) — (oo () +92(2, 1)), =0,
we have by Lemma 9 that

Nt mﬁax(gb,\ — o)1 (z,t) < mﬁax(qﬁ,\ — ¢2)+(x,0) forallt € R, (17)

Take t = 1 in (17). By periodicity, we have (¢ — ¢2)(z,1) = (¢n — ¢2)(,0). Since
e* > 1, we deduce that (¢y — ¢2),(z,0) = 0.
By the inequality (17), we get ¢x(z,t) < ¢a(z,t) for all @ x R. Sending A — 0 yields

d1(z,1) < ¢o(x,t) for all (z,t) € O x R,

By symmetry, we obtain ¢;(z,t) > ¢o(z,t) for all (z,t) € QxR. Therefore we get ¢1 = o
on O x R. a

We prove Theorem 3 (ii) in the case where cg + b < 0. The uniqueness of solutions
of (P) makes the argument of asymptotic of solutions of (CD) easy. Set v(z,t) :=
u(z,t 4+ n) — b(t +n) for all (z,t) € Q x [0,1],n € N. By Theorem 4 and Proposition 8
(ii), {vn }nen is equicontinuous and uniformly bounded on 2 x [0,1]. By the Ascoli-Arzeld
theorem, there exists a subsequence {vn;}jen C {Un}nen such that {vn,}jen converges
uniformly on Q x [0,1]. Set ¥(z,t) := limj_o Un, (,¢) for (z,t) € Q x [0,1]. It is clear
that ¢(z,0) = ¢¥(x, 1). We write ¢ for the periodic extension to QxR of ¢ again. It is now
easy to see by the stability of viscosity property that v is a solution of (P). Moreover,



noting the uniqueness of a solution of (P), we may conclude from this that u(-,- + n)
converges to ¢ uniformly on Q x [0,00) as n — oo. It is clear that this convergence is
equivalent with (14).

Finally, we prove Theorem 3 in the case where cyg + b = 0. In order to do this, we
provide some lemmas.

Lemma 11. Let z € Q and ¢ € C(Q x R) satisfy

¢+ H(x,Dp) =cyg inQxR, (18)
{ ¢z, t+1) = ¢(z,t) for all (z,t) € Q x R. (19)

Then there exists a curve ¥ € C((—o0,0],Q) such that ¥(0) = z and for any [a,b] C
(—O0,0],

v € AC([a,8],9)  and / Ley (7(s),7(s)) ds = ¢(v(b),b) — ¢(v(a),a),  (20)

where Ly, (z,€) := L(x,€) + cg for all (z,€) € Q x R™.

Noting the periodic property of ¢, Lemma 11 can be proved as in [11, Theorem 6.1].
So we skip presenting the details here. We call curves satisfying (20) extremal curves for
¢ and hereinafter we write £(¢) to denote the set of all extremal curves for ¢.

Lemma 12. Setv(z,t) := u(z,t)—bt. There exist 6 > 0, w € C([0, 00)) which isw(0) =0
and nondecreasing such that for any ¢ € C(Q x R) which satisfies (18) and (19), z € Q,
v € E(p) such that y(0) =z, 0< s <t and s/(t —s) < J, then

t
sw(s

v(z,t) <v(v(=1),5) + ¢(,0) — p(y(~1), —1) +

).

t—s ‘t—s

Proof. Tt is clear that v satisfies

v(z,t) = f(z) in Qx {0},

vy + H(z, Dv(z,t)) = —b in Qx (0,00),
{ v(z,t) = gi(x,t) + go(z,t)  on IQ x (0, 00)

in the viscosity sense.
Set € := s/(t — s) and t. := (1 + ¢)"'t. Note t = t. + et = t + s. By the dynamic
programming principle, we have
v(z,t) = v(z,te + )
= mf{/ ) —bdA+v(n(r),s+71) |
ne€C(z,t), 0<7 <1, (n(r),7) € 5,Q}

<t [ " Loy ), A0) dA -+ v(n(0), ) | 7 € Clz, £)}.



Choosing () := v((1 + €)X — t) in the above formula, we get

v(z,t) < /O Loy (((1+ 9N = 1), (L + AL+ A — 1)) dA + v(y(~1), 8)

- / Ly (YO, (1 + 7)) (1 + €)™ dA + v(y(—t), 5).

—t
In view of [10, Lemma 7.2], there exists § > 0 and w € C([0, c0)) which is w(0) = 0 and
nondecreasing such that

0

/ Loy (O, (1 YO + 9 dr < / Loy (YN, 4(V) + ew(e) dA.

—t —i
Thus we obtain

o(@,t) < o((=1),5) + 6(3,0) — Br(~1), 1) + (),

in view of Lemma 11. O

t—s

Proof of Theorem 3 (ii) in the case where cg + b = 0. It is enough to show that w*(z,t) <
w™(z,t) for all (z,t) € 2 x [0,1].

Set v(z,t) := u(z,t) — bt and let 6 > 0 and w be a given constant and a function
in Lemma 12. Fix (z,t) € Q x [0,1]. Choose a diverging sequence {n;};en such that
v(z,t+n;) — wt(z,t) as j — co. Let v € E(w™(+,- +t)) such that y(0) = z. Since Q is
a compact set, by replacing {n;},en by its subsequence if necessary, we may assume that
Y(=(t+n;)) — y as j — oo for some y € Q. Fix any € > 0 and choose N := N, € N
such that w™(y,0) + € > v(y,N). If j is large enough, we may assume that ¢ + n; >
N,N/(t+n; — N) <4 and by Lemma 12, we get

v(z,t+ny) S v(y(=(t+ny)), N)+w (2,0 +1)
N(t-l—nj) w( N )
t—i—nj——N t—l—nj—N )

—w (V= +ny)), =(t+ny) +1) +

Sending j — oo yields that
wh(z,t) <oy, N) +w™ (z,t) —w™ (y,0) < w (y,0) + e+ w (z,t) —w(y,0).
Consequently, we get wt(z,t) < w™(z,t) on Q x [0,1].
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Drift-diffusion system in the critical spaces
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t
/’u_ﬂ—mgauamuszgkva
0
Z 2T Bl beta BB SE L 2ERTH B, 5T

sup P u(t), < sgptl‘l/f”ilemuollp + B(Stlélft)t(l_l/p)[|u(t)||p)2

%182, t — 010k Tsupy ¢! V/P|etPugll, VK 5 TH/NE KD H BDT (LP H3CS° % dense
CEHEDHEEE Ay 2 CP DBEIFTEME ¥ 2 2 Lick b, FAMERS Tt — 0 123 LTEL
WD DT) EH S bound 2195 2 EMNTE %, AKOFET ZIINT2HET 22 L vBon
b, RICHEN LY R2)ICEBT 2 2RI, BorBER%2EE L CHHGL T LI-L' 5/



Hzfw2 L
t
Ju®lls <JeSuoll +C [t = o] [T ds
0

t
SHWM1+CiLIt—SF”ﬂW@HMmHV¢MdS

. (1.5)
<lluoll1 + C/O [t — 517 ||u(s) a3 llu(s)llajsds

t
<lluolx + C/ [t — s|71/25712ds (sup £/ |[u(t) |4/3)*
0 tel

ZZT
1 3 1
44 2
1% 2 RXILD Hardy-Littlewood-Sobolev DAEFENXTH 5, HmEDETIZNHKL T B(1/2,1/2) & &
D BT supyep /4 |u(t)]as O—REFRMEZB TR 20T, BIE $RTORMET L k& Ens 2
Lbh b,

P EofdgzZEIC L THHEAT 3 2 & T Giga-Miyakawa-Osada [16] IZ#JHifE L1(R?) O
o LT R L 72,

IV(=2)"u(s)lla < Cllu(s)llays,

Proposition 1.1 (Giga-Miyakawa-Osada) wo € L'(R?) 12%f LT 2RLMEO RN (1.3) D
— BN RRRERITE w(t) € C([0,T); LYR?)) N C((0,T); LP(R?) D3FTET 5.

F o ATV EmICED

Theorem 1.2 uy € LY(R?) X LT 2XJL Keller-Segel IR (1.2) O— B2 FRfH A fig
w(t) € C([0,T); L (R2)) N C((0,T); LP(R2) HEAET 5.

#1822 Db b, fit- T Kurokiba-Ogawa [24] 128 1T 2 AIEMEOEIE n =2 IKBEAL TE 2
I, 1<p<2NLTHILT S LD 5,

X2 RTmMEARRICT T 2 OB AICIE., wt) PRAERBEZHEZTI L5, 2
D—I AT ST 2152 2 L3 TE T, MORHMANREECH 2G5 2 L3 TE 525
Keller-Segel %72 \> L Drift-diffusion R ICK L Tld, AR —MITRIZ L B2 diz, 56
FLETM % 3 % 12 1d entropy #Hili &2 FV> 2 638035 2, EBE Nagai-Senba-Yoshida [34], Biler [2],
Nagai-Senba-Suzuki [33] & 1%, HRMERPCL2ZEM OB ED 2 RITO RED R HABAAEEIC OV
T entropy MBEI%L :

t

/ ulogudz—lfu'zpdz+/ /u|V(logu——¢)|dmdt§/uologuodx—l/‘um/)odx

Q| 2 Ja 0 Jo Q 2 Ja
ZAWTIEREEZF>TCWVW2, 205 1E Lyapunov B A RS L. MBORRIASEE) 2 ET 5 1C
BATRTSH 325, PIHRZD S o OFHEOERE b 78 2 1 I3HI%&G 2 LY(R?) » 5

27 FTEATITTH S,
R 1Z entropy EAEUIRD X H IR B 2 L3 TE S,

1 1
/ ulogudm—g/uwdm:/ uloguda:——EHVz/)H%
Q| Q Q|



A% —TEHIZHARMIC Poisson ARRAZHAVWTEZELLLDOTH S, EHEREL2EZLTVBIR
D, R2I2BVTIR, ZOFHEIBERELIZVI EDPDH» B, EBE 2| — co ICBWVT
¥ = log |z

LEHT B LD IDT VY ¢ L2(R?) TH3, D%, drift-diffusion FERICK L &
Z25%61F, MOEDFIG 0 LR 2RARLERINDOTLTEZL I LIk, RRTEZENTE
%3, &b EEMIZAEAOEYIMEE Hardy 22 H! TEZ 2 Z LIk D, Z45 entropy FLBY
BICE® 22 2 LDABICR S, Z2DDICIZROGEET 222/ % LY(R?) » 5 Hardy %2
fl HY(R?) WY ETRHEND 5,
Z01HiZ, ¥Fv=n+pandw=n—p EBVWT HEX (1.1) ZUTOLH)ILHFEZET:
O — Av+ V- (wVy) =0, t>0,z € R?
dw—Aw+ V- (V) =0, t>0,2€R?
— Ay = —kw, z€R?
v(0,z) = no(z) + po(z), w(0,z) = no(x) — po(x),

2E22, wicHLTZARICFEFEH ODIREZBL 2 ENTES, v I L TUXES OEREM

PEREICLTo—o L
ﬁ:/ ’L)(t,l‘)dl‘:/ vo(x)dx
R2 R2

(O — Av + V- (wVy) =0, t>0,z € R?
ow — Aw + avw + V - (vVh) =0, t>0,7€R?
— A = —aw, zeR?

v(t,z) =0, w(t,z)—0, |z]— oo,

(1.6)

EBELRBLT

(1.7)

v(0,2) = vo = no(z) + po(x) — no + po,
\ w(0,2) = wo = ng(x) — po(2).
EZ D, TORICKL T EHEERERE HU(R?) LEXZ LKD), KHERBFBORELEZ R

L7,
Definition. A >0 & ¢ € SR ITH LT ¢y = A 2p(A\"1z) EBL, ZOLEO0<p<oo ITH

LT
. oo}.
P
EBWTIN% Hardy 2/ LS,
FRIC p = 1 LEAZ L ED, Hardy 22 H! o 2ZEf: R VFEIRE) (bounded mean

oscillation)

WP = HP(R?) = {f € L2 (R |fllw =

sup |@x * f]
A>0

BMO = {f € Li(R*:; | fllprmo < oo},
DY IATHDEZEDBAONTV S,
Theorem 1.3 (Ogawa-Shimizu[36]) o = £1 £33, #HME (vo, wo) € HI(R?) x HY(R?), ic
HLTHBRAT > 023H>7T (1.7) T 2RHE—FMRE (v, w) PFEL Cv, w € C([0,T); HH)N

LZ(O,T;Hl*l)ﬁC((O,T);Hz’l)ﬂCl((O,T);'Hl) itz BHCHIHED & RN DBEBR (vo, wo) —
(v,w) 1 HY(R?)?2 — C([0,T); HY)? ~D Lipschitz #if & 7 %,



IMMy%%H%Rﬁﬁﬁ%ﬁ(ﬁﬁuﬂbfﬁﬁ%ﬁ?%%:k#%\Wb@%ﬁmmkaow
JFEIZ X > CAROBBZERIC B VTS WEIHIEIC N 2 RSB O FFE i 2 & L 25T
E5H, ZoOMEIEL T, 29 LiEmiiiE 2 R E 2R 2 2Rl v, EBE, drift-diffusion
BAERATH 2% 61X, BOFEIZRE BLHMEICK L THRETH % L, F 7 Keller-Segel R ICXf
L CORBARHED7- D OHEDO K E T DIFMFHEL KD 2 I USTTEORE 2 2 72 2 Licid
Zokv, ZHUIECHLEZIEZ 2B, RO Z L0233 3Th 5,

f e HY(R?) THDLERODFHMMBKD IO VMo T VDB, feH(RY) 251F 2D
77— X%H f it T

£ 2
'flf@' dé < C||f 12, (1.8)

IDZEDPS —AY=w IR LTwe HY(R?) & 5IE,

IVl = / EDPde = / Wda Cluwl2,

e entropy BB EIRICE 2 Z L 23bd» 5

2 L' BIXIL¥F—FER

Theorem DFEIIZIX, FARIEBIMEIC X 9 2 Sl A I B9 2 . BE SRR o i BR B S % fENZ 9 B
CENEELEGERERLT, TITIRZOEMICIIIES WA, DT LI IcEAEROHAME
FIEORICHN TRV —FHliE LTESZB I EWNTES.

{8tu~Au:0, t>0,zeR"

u(0,x) = ¢(x). (2.1)

DRI LTIz 2L —FER

HUOME4-/1HVUEN@ds§HUM@

DD EVRLASNT VS, RIEHIEABRROGAICIIEOIEREIELIEONSE Z &
#Q\L%®$%ﬁu%ﬁfﬁéh%o~®T%Tu%®ﬁ%”ﬁ%l?ﬁ%hﬁ%ﬁﬁ%?%%
S, fROFBERMZ LP L LBRICiZ, AE0AREXBBYREHGE LTEoNns, 20 p=1
aLf BALEDDICHIHT 2D T THRRZHAEM N T 2 RAEMMEFMiTcH 2, UT%
B3,

Theorem 2.1 et® ZHAHBRADME G2 28, secH LT3, ZDLE

T 1/2
( / uva%u%ldt) < Cllgla. (22)
BEHIED, TZTCIET>0IEKELEVWERTH 3,
Corollary 2.2 (—f{EENTRILF—FER) 1 << 0 £T2, u ZIHAXREAERX

{8tu—Au:f, t>0,zeR",

u(0,2) = ¢(z). (23)



DIRETZ, ZDLE
I9ull 270y < © (I8l + 1 oy ) -
EL I=R,.
Z OFHIFAE I 135 Besov Z2IC 817 2 IRKIERIHERGR L AEDO LD TH % (cf. Ogawa-
Shimizu [37]). FEFHDFEMICIZ. FERifEZ AW 7@ ETH 3,
Theorem 2.1 ORI EARECREBMNT ORRL 2B 2 Flv T 2729 EIEINIC Z DR D2

FEIZOWTIFHEE L D5 2. Z 2T Theorem 2.1 DEBNEEDHBINEE L L TXRD Proposition
BHFons:

Proposition 2.3 ¢/® 2 BBEROME G2 248, ¢c LI(R?) £72, 2oL E—RAER

T 1/2
(/0 uw%n%dt) < ¢léll (2.4)

E A RVAR /AN

Proof of Proposition 2.3. Fourier ZHUZD\WT® L-L>° FHfi
A 1
sup | f(§)] < é“”f”l
13 s
D5 f=Vehp LIEAT
00 00 2 A 2
/ Vel g|12dt 247r2/ (sup Je P de)]) "ae
0 0 3

—ta? [ 3 (sup | Vige 4 g(g)])ar
o T\ ¢
(2TTEDVTDsup 2133 L THEYZRT Fbn ZERUL)
ool _nl2 2 . -1
247r2/0 S (Ine™P[) 1B(VE )
o /°° SV
= ¢

0

n| > |77|2
— = vy = 92— 5
/i r, EBWT dt 2 . dr b

[ Brw)?
_C/o dr.

r

I Tw=n/ln BERMRZ PVTH L. M w e ST ITOWTETFEZ L UL,

ety BE)P
| ivedeita > o [ S5 (25)




285, I ¢ ZEMIGERIEEL =00 &5 5. (LA G0)£0 ETHUTIV). BL D
BEOFEN0TH>TH—RIC ¢ € LY(R?) U TIRAEDIZERICAR S EIFRS 220, |

DL EDFERAD &, Proposition 2.3 23FFfiz (1.8) DFEAD 5 ZTW3 2 LIHERT 5, FHE
Proposition 2.3 1% (1.8) Z w5 Z &2 LICREAI NS,

Hardy ZHTOA@BEZE2I1213 Y ) —D, IERPEICN T 2 02T 7zdic, 29 L2
I 31T 2 DEHII S ETH B, LT OFHli I3 FE#LDS 0 L% 535 (VW 3 divergence free 33)
& AR H30 & 7% 385 (rotation free %) [ALDRRICH T % F 4 7% Coifman-Lions-Mayer-Semmes
9] 12 &k 25z —MILL 72D DTH B,

Proposition 2.4 Vw € H'(R?) 22 Vy e H'NL® £33, DL ZUT O 7o,
IV - (V)| < C(lwll2l A%z + [Vl [ Vi)loo)-

B DRI IE Triebel-Lizorkin space I8V CTIRAISN T BHZNEE f, g€ B3, NL" 33
1<p<oo,1<o<co &hBLE/p=1/r+1/gands>0 KL T

1£9lliy < CUnlallzy, + 171z, lgll)

E7%5 v LD TZDIICIERY FVIEBIB OB KBEIBIC T2 P ICBIT 2 HWT WA )
Wp=1DBHEBLILENTE LY, BLADFHAIZZID p=1 ODHEEITHIGL TS I £28

1909z, = IV(f9) 5o

oL 5,

3  3RITEERE drift-diffusion HIER DROD Kk

DT TlE n = 3 DBEEDRORHE KIS 28D\ Cid 5. Carpio [7] 13 n = 2,3 DFAIC
Navier-Stokes R DWHEREDEDOWHETE 2 BME CRIAE K 2 Z L 2R L, ROIED lower
bound Z/R L7, 2D Z &ld drift-diffusion system (1.1) 12X LTHE D 7D, EEERIERICHEBIO
MR Z R, B Keller-Segel 52125 LT, Nagai-Yamada [35] 13D WNER DR i % 5 2 7.
Z 2Tl n =3 OBEICHIIHMERE

o — An +V - (nVh) =0, t>0,z R

Op — Ap — V- (pVp) =0, t>0,z€R3,

—Aw:’{‘<p—n)7 ‘TERga

n(Ov ZE) = nO(-’E)a p(O, $) = pO(x)a

KRR Z2 E 2T, 202 E2 5. E2 2MEEZ RN IEK
¢
n(t) = e®ng —/ =AY . (n(s)Vap(s))ds,
0

p(t) = eBpq + /0 9D . (p(s)Vih(s))ds,

—AY =k(p—n).



EEZDLE, b LIFRPED> S 0FE5TH 5, My ATE 2 HO KRB, 2o
RED LRI EHIUL, RORFMERE TOMRLEENIA LN 1 Hb & B OWHEI 1T
(2 E3bds. FEIFFWVEHD & OF 5 ZIFRBIE IEBIOMBI =D hpo T 2 L H%T)
5, HAFE—EPLDOWEL D LR WRT 2 7- 01 —RETIIIFPEIROF 5 3 HN L
V. T b b PIIISFICES RET TORRZRETIUE, 1 <g< oo lWLT

Ine) = MGl = o), Ip(0) = MGy =ot™), 7= (1-1)

ZRDIENTED. 22T My = [gan(t)dr, My = [ps p(t)dz FWHIEER TH > T, no >0,
po >0 DEBETTIEINGBRETE20T, ERTHS. ITZ I THEICT 2 DI 2 KilHH
TH5. n=3 DHEEITIIRICARZHEBHIC X > T, ZORMEIZEFIRNE %2, 5O 1HDHE
Bz AT, EREEOIMELN t O—XO7EFRWZ LIcERTHUE, 2 REIZB OB T5
25N ETHEND. FBE |n(t)], =00 ") (y=501-1) »6~27 b

V= /00/ n(s,z)V(=A) Y (n(s,x) — p(s, z))dxds
0o Jre

2% well-defined & 23U T e VG(t) L DN 2 RIBFHDOER & %2 %, T 1LE Convection
diffusion /TR DMFIZ K L T Escobedo-Zuazua [10] 23F 72 n = 2,3 D & I Navier-Stokes /712
KOfFIZ%F LT Carpio [7], Fujigaki-Miyakawa [11] 523" LTCW3 Z LIBT3, & 23505
DHE. n=3DLE ||In(s)]eo = O(s73/2) BDT |[V(=A)"1(n(s) — p(s))|lq = O(s™7+2) T
g=1tbb¥ 3L, BANITIZ

1% :/ (1+s)"tds =00
0
L b WA DRBDFEKT 5. 2D LiE Naveir-Stokes HREADERL. Nagai-Yamada 12
& o THRb NP E Keller-Segel 2T

Ou — Au+V - (uVy) =0, t>0,zeR",
o) — A + 1) = u, t>0,z€R", (3.2)
'LL(O, .’ZJ) = UO(I)7 1/)(07 .’L‘) = 7700(‘%)7

Tldn > 2 TERBNLEP-METH 2, L LERICIZY 5 —20IGEED 5 BN ik
MzzZ ik, T2 TIFMAE (3.1) DRFREIRIEARIC DV TR OB HARBHNE 2 E) £ 78

Theorem 3.1 (Ogawa-Yamamoto[38]) x = —1, 3/2 < r < 3 &§ 5, FIME (no,po) €
(L3(R3) N Lo(R3))* 123 LT (8.1) a9 2 KB —EM (n,p) BEELT 1< g < oo lc
WL Tn, pe C([0,00); L) NC(0,00; L") N C((0,00); WT) %jii7= 7, FRZRIZRDOMHIZE)%
ANT:1<p<o0 &LT

In(t) — MaG(t) ~ my - VG(t) — Vi, - VG(t) + MyWI(B)]|, = 0(t™773) ¢ — o0

Ip(t) — MyG(t) — my - VG(t) = V, - VG(t) + MW I (1), = ot™772) ¢ — oo

REL 4 =3 (1 - g). X5z J(2) WM G(t) = (&) exp(- L) ik 5T

J(t)z/o VG(t — s) * (G(s)V(~A)"'G(s))ds



kb EzoNnE. £ W = [ps(no(z) — po(a))dr, my, = [gs 2no(z)dz, mp = [gs zpo(z)dz
v, = /0 T n(s)V(—A) " (n(s) — p(s))ds
v, = /0 " D)V (A) " (n(s) — p(s))ds

£9%,

BBIZ5 27 Vp 2V, 3BT 28 TIEH 205, 2 OMBEOHEITITEIT well-
defined £ 72 3. ZHIIREDOARE D n = 3 D Navier-Stokes HRERDED X 5 LRI > Tw
BZERPBLTWS, BB, EXAICHHIINTVARE, ThbbW =0Tds LI R5G5E
WIXEEFRIL E 1372 63, BRILDOGE LRAFEDOREL2E2 LN TE 3,
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ON A REGULARITY CRITERION BY SMALL BMO
FOR WEAK SOLUTIONS TO THE HARMONIC MAP FLOWS f

Masashi Misawa, Department of Mathematics, Faculty of Science, Kumamoto
University.

1. Introduction

Let 2 be a bounded domain in m—dimensional Euclidean space R™, m > 2, with smooth
boundary 99, T be a positive number and S"~! be the (n — 1)—dimensional unit sphere
in R*, n > 2. In this talk we study a regularity of the harmonic map flow, which is a
map u(z) = (u'(2),...,u"(z)) defined for z = (¢, z) in time-space cylinder (0, T) x  with
values into R™ and satisfying the parabolic system of second-ordered partial differential
equations with constraint on the target

Opu — Au = u|Vu|?
lu] =1 in (0,7) x Q

The harmonic map flow is a natural approach to look for harmonic maps, firstly introduced
by Eells and Sampson. In fact, a solution of the harmonic map flow is the trajectry of
the negative L?—gradient flow of the Dirichlet energy

E(u):/QﬂVuFdx (1.1)

in the class of maps u from €2 to S"~! C R™. So, if a solution of the harmonic map flow is
time-globally exists, the limit map of the solution as ¢ — oo is the harmonic map, which
is a solution of the FEuler-Lagrange equation

—Au = u|Vul?
lul =1 in (0,7) x Q.

In general, for “large initial and (Dirichlet-)boundary data”, we know only the local in
time existence of the harmonic map flow and then, the singularity behavior of the time-
local solution at a finite singular time is characterized by non-trivial stationary solutions
([7, 24, 25, 26]). Under such motivation we will study the regularity of solutions of the
harmonic map flow. Hélein discovered the special structure of the harmonic map equation,
called ” gradient-cur]l” structure, and firstly showed the validity of the regulairty of weak
solutions of the harmonic maps on two dimensional domain ([20, 21, 12, 1]). The structure
was also made use of studying a regularity of solutions in some class of the harmonic map

t This is the report at the symposium ? Nonlinear Partial Differential Equations” held in March 29 and
30, 2008, at Sapporo Guest House, Hokkaido.



flow ([14, 8, 9, 30]). In this report we study some regularity criterion for weak solutons
of the harmonic map flow, which generalizes the regularity results obtained previously.

To state our main result, let us set some preliminaries. Let B,(zo) be a open ball
of radius r with center x¢ in R™ and Q.. (to,z0) = (to — 7,t0) X Br(zo) be a cylinder
in (0,00) x R™. For brevity, let Q,(z) = (to — 7%,19) X Br(70) be a parabolic cylinder
with vertex zp = (f9,20) in (0,00) x R™. We use the class of real-valued functions of
bounded mean oscillation in a parabolic cylinder @ = Qr(z0) C (0,00) x R™, denoted by
BMO(Q), defined to be functiions f € L'(Q) such that

M0 = SUp suUp 1) = (N sy enaldy (12)

2€Q 0<r<2R ler Qr(2)NQ

is finite, and referred to be one of the so-called parabolic Campanato spaces of which
the members have some fundamental properties on regularity (see [3, 15, 11]). The class
BMO is a Banach space with the norm |f|z1q) + |f|srmow) and |f|smo(g) is the semi-
norm in BMO(Q). Also we need to use the space of functions f € L} (R™!) such
that |f|pao(rm+1y is finite. The class BMO(R™!), modulo constants, (referred to the
homogeneous BMO) is a Banach space with the norm (1.2) with @ and R replaced by
R™1 and oo, respectively. For more properties of functions of bounded mean oscillation,
we can refer to [4, 5, 13, 15].0ur main theorem in this report is the regualrity criterion
for a weak solution defined to be a map u € L*(Q, R") such that Vu € L*(Q, R™),
O € L*(Q,R™) and the harmonic map flow equation is satisfied in the distribution
sense.

Theorem 1 There ezists a positive constant ey depending only on m and n such that the
following holds for any weak solution u in Q = (0,T) x Q for a positive number T': If it
holds for some Q gy r,(to, o) C Q that

(4] BMO@ g2,y (10.20)) < €0, (1.3)

then, for any positive number a < 1, there exists a positive constant C' depending only on
a, R() and |VU|L2( (to,z0)) such that

Q(Ro)zﬁo

a < .
|ulC'2’°‘(Q(Ro)2 Ry (t0s70)) ¢, (1.4)
4 12

where C'2>%(P) denotes the Hélder space on P C R™ of Hélder exponent o with respect
to the usual parabolic metric.

Using the Holder regularity as above, we also obtain a Holder estimate for spatial gradient
and then, the Schauder estimate for the parabolic operator can be applied to have the
boundedness in the class Cl;>(Q) of classical solutions and the smoothness of solutions is

derived from the usual bootstrap argument.



2. Outline of Proof.

Now we explain the outline on the proof of our main theorem. Our proof follows the so-
called direct approach, which is used in [18] to make some regularity estimates for solutions
of "small image” on the target of the the harmonic map flow. For related topics we refer
to [15]. The Holder estimate is based on the growth estimation of the local energy on
the scale parameter, which is the parabolic version of Morrey’s Dirichlet growth condition
well-known in the elliptic case.

Lemma 2 Letu be a weak solution of the harmonic map flow in Q = (0,T) x Q. Suppose
that (1.3) holds for some Qr, = Q(ry)2,r, C Q with some positive number Ry and vertex
in ). Then there exist positive constants C' and q > 2 depending only on m and n such
that

/QT Vul?dz < C {(5)™"* + (1.5)

2 1-2
+ Ol ([, 1e= (aaPz) "} [ [Vulias

hold for all positive numbers r < R < Ry.

Substituting the smallness (1.3) in BMO into (1.5), we can make iteration of the result-
ing inequality along the appropriate sequences of scale parameter R to have the growth
estimate of the local scaled energy:

/Q Vul?dz < C 2= (1.6)

holds for all positive numbers 0 and r < Ry, where the positive constant C' depends only
on (Ro)™, |Vulz2 #o)» M and . Combining (1.6) with the Poincaré type inequality (1.8)
in Lemma 4 available for a weak solution of the harmonic map flow, we can apply the
isomorphism theorem for Campanato spaces(see [11, Thorem 3.1]) in the parabolic regime
to arrive at the assertion (1.4).

The key ingredient for (1.5) is the so-called Caccioppoli inequality and the Gehring
type reverse Holder inequality, obtained from Caccioppoli inequality. These are exactly
the "nonlinear” estimations adapted to the "nonlinear” equation of the harmoinic map
flow.

Lemma 3 Let u be a weak solution of the harmonic map flow. Suppose that (1.8) holds
for some Qr, = Q(ry)2,r, C Q with a positive number Ry and some vertez in Q). For any
positive number 8 < 1, there exists a posiitive constant C' depending only on 6, m and n
such that

Js

VuPde < C (=) + (= p)2) [ Ju— (@®)5,dz+ (17)

T1:P1 T2:P2

+6 /Q Vu|?dz

72:P2



holds for any Qryp = Qrapa(to, o) C Qr, any positive number 7 < T and py < ps.

Here we emphasize that the hypothesis (1.3) that the solution is small in BMO is only re-
quired to obtain the Caccioppoli inequality. The Poincaré-type inequality in the parabolic
regime is also available for weak solutions of the harmonic map flow without small BMO.

Lemma 4 Letu be a weak solution of the harmonic map flow. Then there exists a positive
constant C' depending only on m and n such that

u— (u(t))s,| dr < C |Vu|2dz (1.8)

Q(2P)2’2p(t0 ,Z0)

sup /
to—p2<t<tg  Bp(zo)

holds for any Qp)2,2,(t0, z0) C Q.

Let 2* be 2m/(m + 2) if m > 3 and any number v > 1 if m = 2, which is referred
to be the Sobolev conjugate exponent of 2. Applying the Sobolev inequality available for
functions in W**'(B,) and the Poincaré type inequality (4), the first integral in the right
hand side of (1.7) is bounded by

1—2 2
2 2 rio 2
dx> / < / lu — (u(t))s,, |2dx> dt
to—72 \ Y Bpy(z0)
2*

1-3
|Vu|2dz> / |Vu|? dz.

72:P2

s ([, [u= ()

to—Ta<t<tg P2

50(/62

For any Qry22r = Quryzar(to, 7o) C Q, let py =r <2r = pyand 7, = r? < (2r))=mnin
the Caccioppoli inequality (1.7) and combine the resulting inequality with the one above.
Then we see that the inequality of reverse Holder type hold: For any positive number 4,
there exists a positive constant C' = C'(67') depending only on 67, m and n such that

Js

holds for any Q2,)2.2 = Qary2,4r(t0, o) C Q. Therefore we can invoke the Gehring-type
lemma in the parabolic regime (see [18, 15] and [22] for a flexible proof) to have the
desicive higher integrablity of the spatial gradient of weak solutions of the harmonic map
flow.

(22)2.p2

Vul?dz < C(671 Vul¥dz + 6 Vul|?dz 1.9
Vuffdz <™ [ |Vl Lo vl (19)

r2.r (2r)2,2r (2r)2,2r

Lemma 5 Let u be a weak solution of the harmonic map flow. Suppose that (1.8) holds
for some Qr, = Q(ro)2,r, C Q- Then there exist positive constant ¢ > 2 and C depending
only on m and n such that

q
2

/ Vu|?dz < C (/ |Vu|2dz) (1.10)
Q.2 ,(to,0) Q(4r)2 4 (to,70)

holds for any Qry2,ar(to, o) C Q(Ro)2,Ro-



To show the validity of the Caccioppoli inequality (1.7), we make use of the Hardy
space on the parabolic space. Let dist(z,2’) = max{[t — t/|'/2, |z — 2’|} for 2 = (t,x)
and 2/ = (¢/,2') in R x R™, which is exactly the parabolic distance associated with the
continuous group of affine transformations on R x R™ with parameter » > 0

r2 0
Ar_( 0 r]m>’

where I, denotes the m x m—identity matrix. Then we clearly have that det A, = r™*2
the transposed A} of A, is A, and the infinitesimal generator of A, is

2 0
(2 0)

In the ”parabolic” regime, we can follow the argument due to Calderén and Torchinsky
in [4, 5]. In particular, we have that the L?—boundedness, the Hardy-Littewood maximal
theorem, holds for the non-tangential maximal function with openning a > 0 on R™*! and
for any p > 1 (see [4, Theorem 1.7, p.8; Corollary 1.8, p.10]) and that, for each positive p,
the LP—norm of the non-tangential maximal function is equivalent on different kernels in
class of rapidly decreasing smooth functions and also, on different openning a > 0 (see [4,
Theorem 4.7, pp.29-30;Theorem 2.4, pp.12-13;Theorem 4.6, pp.27-29; Theorem 4.3 and
the proof, pp.23—24]). We also notice that the "ball” with radius r and center of the origin
0 in the ”parabolic” regime is P, = P,2,(0) = {z = (t,z) € R™*" : dist(0,2) < r} and
that Q, = Q,2,(0) with vertex 0, referred to be the parabolic cylinder. Now we recall the
Hardy space in the parabolic regime (see [5, Definition 1.1, p.102; Theorem 1.2, p.102]),
which is the class of functions f € L'(R™"!) such that

|f 1t mery = /Rm+1 sup |, * f(2)] dz (1.11)

is finite, where ¢,(2) = r~™*2¢(z) = (det A,)"'¢ (A 12) and ¢ is a smooth function on
R™! with compact support in @Q; = (—1,1) x B1(0). Again we know that the definition
does not depend on choice of a function ¢ ([4, Theorem 4.7, pp.29-30]). We also use the
"local” Hardy space on @ = (0,T) x B C R™"!, which is functions f € L'(Q) such that,
for some positive number 4,

fhees = [, sup |én+ f(2)] dz (1.12)
Q 0<r<§

is finite. We also have the duality between the Hardy space and the BMO space in
the parabolic regime. In particular, we have the decisive inequality referred to be a
generalization of the Holder inequality (see [5, Theorem 2.5, p. 125; Remark, pp. 134-
135]).



Lemma 6 It holds that (H'(R™*1))" = BMO(R™"). Moreover, there ezists a positive
constant C' depending only on m such that

‘ [ tadz
holds for any f € H*(R™) and g € BMO(R™).

<C [Q}BMO(R"LH) |f|H1(R’"+1) (1.13)

To invoke the Fefferman-Stein inequality (1.13) in a ”local” time-space region, we need
to use the local version of the parabolic Hardy space. The following estimate in the ”local”
Hardy space is derived from a simply modification of the observation in [29, Proposition
1.92 and the proof, pp.299-301].

Lemma 7 Let Q = (0,7) x B C R™"'. Then f € H(Q, ) if and only if, for any smooth
function n defined on R™' with support in Q@ and non-vanishing integral, it holds that
n(f —f) € H'((0,00) x R™), where f is a weighted integral mean [nfdz/ [ndz. In this
case, we have the estimate

n(f = 7)

where positive numbers C and p depend only on m.

i oeexam = O+ he@s), (1.14)

Proof of Lemma 3. Let 0 = o(t) be a real-valued function on R which is smooth on
[to, 00), equal to 1 on [tg,to — 7] and has a compact support in [to, o — 72) and 7 = n(z)
be a real-valued smooth function defined on' R™ such that 0 <7 <1on R™, n=1on
B,, (%) and the support of 7 is compactly contained in B,,(zo). We use a test function
o n? (u—(u(t)) B,,(xo)) for the harmonic map flow equation, which is shown to be admissible
by the boundedness |u| = 1 almost everywhere in  and the usual approximation with,
for instance, the Steklov averagings on time-variable.

L 0o (o ) aie)) 7 0 Ve Y (= (00 p,g000)

= on® (u— (u(t)) B,y(wo)) - U |Vu|? dz. (1.15)

Q72 N-D)

Each term in the left hand side of (1.15) can be estimated in the fundamental way. The
first term is calculated to be

Jorn o, — (1= @) Byae0)) - B (0 (u— (ult)) 3y an))) 72 (1.16)

2
U(t) - (u(t))sz(:ro) 6tg ndea

2
n*dz — % fQ,M2 u — (u(t)) B,, (z0)

— 1
- 72 f{tZto} X B-,—2 (Io)

where we use the fact that (u(t))s,, (7o) is absolutely continuous on ¢ € [0, 7] and thus,
¢ (u(t)) B,, (o) integrable on ¢ € [0,T] and so,

fQT2?p2 (u(t))sz(mo) - O (U (U - (u(t))sz(ZO))) n2dz = 0. (1]_7)



Here and in what follows we have only to let the support of the function o to be [t/, to — 72)
for any t', to — 11 < t' < 1ty to make estimation of the supremum on time-varable of the

2
n%. Holder’s and Cauchy’s inequalities make the

integral on space of ‘u — (u(t)) B,y (x0)
second term to be bounded below by

? 5|V dz. (1.18)

: S0 |Vul?n?odz — 2 JQry s | = ((8)) By (o)

The main task is to estimate the right hand side of (1.15). For this purpose, we use the
special structure of the nonlinear term of the harmonic map flow equation, which Helein
originally discovered in elliptic case: For each 7 = 1,...,n, the equality

u' |Vul> = Vu- (uiVu - uVui)
= V(v () a0)) - (u'Vu = uVa'), (1.19)
holds almost everywhere in B,,(xo) for almost all ¢, to — 72 < t < ly, where we use that

|u| = 1 almost everywhere. For brevity let u(t) = (u(t))B,,(z) in the following. For each
i=1,...,n, we use (1.19) to estimate the last term in (1.15) by

/ on?(ut — T ()" |Vu|? dz
Q

T2:P2

<

/Q on(ut — (1) (Vi — uVa) - V (5w — (0(0)) b)) 42

T2:P2

+

/Q | on(u — @' (t)) (uiVu - uVui) -(Vn (u—1u(t))) dz

<

/621 (u® — T (t))on { (uiVu - uVui) -V (n(u - (u(t))sz(xo))) — ﬁ} dz

+|H|

/Qsz (u* — ' (t))on dz

+ : (1.20)

/Q ot () (w'Vu — uVa?) - (Vn (u — (1)) dz

where we put H = S0y TN (u'Vu — uVul) - V(n(u — (u(l)) B,y (x0))) A2/ [pm+r o dz.
Noting that |u| = 1 alomost everywhere and using Holder’s and Cauchy’s inequalities, the
second and third terms in the right hand side of (1.20) are bounded by

¢ [ onlVali(u—wu0)[Vuld (121)

on?|Vul? dz + C(67Y) / o | V2| (u — T(t))|? dz

T2:P2



We now make estimation of the first term in the right hand side of (1.20) and claim it
to be valid that

/Q (uf — w()on { (w'Vu — uVu') - ¥ (n(u — () 5,ya)) — T} dz

T2:P2

< C | BMO@ry )TV ({1 = T(1))) | 2201y ) VU £2(@1y ) - (1.22)

We now show the validity of (1.22) for each i = 1, ..., n. Firstly we apply the Fefferman-
Stein inequality (1.13) to make the left hand side of (1.22) bounded by
C |on(u’ —a' ()|

| (u'Vu - uVu') - V (n(u — a(1)))| (1.23)

BMO(Q"?;PZ) H! (QTZePZ ’RO) ’

where C = C (Ro)~* for positive numbers C' and p depending only on m, and let § = Ry
in Lemma 7 and we crucially use (1.14). To make control of the right hand side of (1.23),
we divide the estimations needed into some lemmata.

The following estimation is obtained similarly as the one in H!—space due to Coifman,
Lions, Meyer and Semmes ([10]), which is now the fundamental estimate for the nonlinear
quantity of the so-called ”gradient-curl” structure (also refer to [20, 12]).

Lemma 8 It holds for anyi=1,...,n that
|(w'Vu — uvu) - V (n(u - E(t)))’HI(QTz e

S OV (0w = 1(1))) 1L2(Qry.pp) | VU L2(Q1y ) (1.24)
+C' | Q| 10| £2(Qy o) |V (M1 = T(1))) | £2(Qry ) -

In the proof of (1.24), we proceed our estimation similarly as in [10, Lemma II.1 and the
proof, pp.251-252]. The main ingredients for the estimation are the formula, which is the
parabolic version of Hélein’s elegant trick,

V- (uiVu — uVui) = u'Opu — udpu’, (1.25)

which holds in the distribution sense, and the local energy estimate

/Qﬁm P12 S C (=) 4 (= )?) | |Vul* dz, (1.26)

Qrg,p0 (20)

which holds for any @, »,(20) C @ and all positive numbers 71 < 72 and p1 < pa (refer
to [14, 8]). In addition, we make use of the Hardy-Littlewood maximal inequality for the
weighted maximal function ([28, Theorem A, p.3; Theorem B, p.7]). Let

M) =sp (57 [ @z

r>0



Then, if f € LA(R™), it holds that

|M5(f)|La(Rm+1) <C lflLﬁ(RmH) ) (1.27)
where the positive numbers a and 3 are determined by the relation

1<f<a, h=liit,
Now let p > 2, p< ¢ <2(m+2)/m and p* = %—T;—f;. Then we choose the function f and
the exponents in (1.27) to be

p*
)

f =0
_ g(m+2+p)

=y, a=#,  f-imim

We have the local estimation for the semi-norm of BMO.

Lemma 9 Let u € BMO(Q, ;) defined as in (1.2). Then it holds that

1XQrpp (U =T () Br0(Rm+1) < C |t ()| BMO(Qrgpg) (1.28)

where Xq,, ,, 18 the characteristic function of Qr,,, and the positive constant C' depends
only on m and n.

Finally, we combine the estimations (1.24), (1.26) and (1.28) with (1.23) to arrive at
(1.22).

Remark. We use the identity (1.25) to see that, for each i = 1,...,n,
ot — Au't = V- ((u —a(t)) - (u'Vu — uVui)) (1.29)
—(u —a(t)) - (u'Opu — udyu')

holds in the distribution sense. We can apply the Calderén-Zygmund estimate ([23, 19])
available for the equation (1.29) to show the validity of our Theorem 1 (refer to [6]). Such
regularity estimate will be studied in the forthcoming paper.
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Propagation of singularities for semilinear wave equations
satisfying null condition *

Keiichi Kato
Department of Mathematics,
Tokyo University of Science.

1 Introduction

In this talk, we consider the propagation of singularities of solutions to the following system of
semilinear wave equations with the null condition in one space dimension,

Ou = hy (u, v)Qo(u, u) + ha(u, v)Qo(u, v) + ha(u, v)Qo(v, v) + ha(u, v)Q1(u,v),
Ov = hs(u, v)Qolu, u) + he(u, v)Qo(u, v) + hz(u, v)Qo(v, v) + hs(u, v)Q1(u, v),
u(0,z) = up(z), 9:u(0,z) = uy(z),
v(0,2) = vo(z), 0w (0, ) = vi(z),

(1.1)

where u = u(t,z) : R? = R, up(z),u;(2), vo(z),v1(z) are real valued functions, O = % -
e Qolfy9) = (0u)(0r9) — (0:)(029), Qu(F.9) = (3:S)(0rg) — (9:F)(Prg) and h(u, v) are
polynomials of u and v with real coefficients for 7 = 1,2,...,8. Let 3/2 < s < 2 and we assume
that intial data ug and vy are in H*(R) and u; and v; are in H*~}(R). We study H"-regularities
for the solutions w and v with s < r < 3r — 2.

In order to state the main results prescisely, we define the following microlocal regularity
with respect to Sobolev space H°®.

Definition 1 Suppose that u € D'(R?) and U C R? is open. We say that u is in H*(U) if there
exists a 1 € C§°(R?) with ¢ (o) = 1 such that

(r,&)°|9u(r, &) € L*(R?), (1.2)

where (1,€) = (14 |7|> + |¢]2)Y/2.

Let (to, zo, 70, &) € R?, X (R2\{0}). We say that u is in microlocally H" at (to, %o, To, o)
if there exists a v € C3°(R?) with ¥(z0) = 1 and a conic neighborhood K of (19,&) in R*\{0}
such that

(r, &) xx (1, €)|u(r, €)| € LA(R?), (1.3)

where Yy, is the characteristic function of K. We write u € H] (to, %o, To, o) if u is in microlo-
cally H™ at (to, 0, 70,&0). If T is a closed conic set in R} , X (R7 \{0}), we say that w € Hy (T')
ifue H (t,z,7,8) for all (t,z,7,6) € T.

*This is a joint work with Shingo Itoh (Department of mathematics, Tokyo University of Science).



It is known that the microlocal regularity with respect to Sobolev sapce propagate along some
integral curve which is called a null bicharacteristic for the linear partial differential equations
of principal type ([3]). Let p(¢,z,7,£) is a characteristic polynomial of differential operator P.
Recall that for points with p(to, o, 70, o) = 0, the null bicharacteristic through (to, 2o, 70, &) is
the curve defined by the Hamiltonian system

dt _ Op e _ 9p dr _ _op @ _ o
3= or 0BT = gt m ) o= (el 3o =, (b )

t(O) - to, LU(O) = 2o, T(O) = T0, E(O) = fo.
Our main result is the following.

Theorem 1.1 Let3/2 < s <2 andu,v € H® be a time local solution of the initial value problem
(1.1). Suppose that u,v € H] (to, zo, o, &o) with Te—€2 =0 fors<r <3s—2. LetT be a null
bicharacteristic starting from (0, 2o, 70,&). Then the solutions u,v are in H! (') for |t] << 1.

We introduce the known results briefly. Hérmander [3] has shown that the singularities of solu-
tions to linear partial differential equations of principal type propagate along the null bicharc-
teristics.

In 1979, J. Rauch [7] has shown that the H"-regularity propagates along the null bicharac-
teristics for n-space dimensions semilinear wave equation Ou = f(u) with u € H*(s > 2L and
s <r<2s— 2 where f(u) is a polynomial of u.

In 1982, M. Beals and M. Reed [2] have shown that the HT-regularity propagates along
the null bicharacteristics for n-space dimensions semilinear wave equation Ou = f(u, Du) with
u € H%(s > IL—“Q'—I + 1) and s < r < 2s —n — 1, where f(u,Du) is a C*° function of u and
Du([2]). (They have treated not only semilinear wave equations but also general semilinear
strictly hyperbolic equations. )

In 1993, S. Klainerman and M. Machedon have shown the local existence of solutions to the
semilinear wave equations with nonlinearity satisfying null conditions.

The co-worker S. Itoh has shown that H"-regularity of solutions to the wave equation of
the form Ou = f(u, Du) propagates along the null bicharcteristics with w € H*(s > n/2),
s <r<3s—n-—1if f(u, Du) satisfying the null condition ([4], [5]).

2 Key lemma

Let ¢(z) be a C§° function satisfying ¢ = 1 near zo and x(7,&) be a homogeneous function of
order 0 satisfying x¥ = 1 on conic neighborhood of (79, &) with 78 — &2 = 0. We consider the
operator P with its symbol p(t,z, 7,&) = p(z + (&§/7)t)x(7,&) , which is defined by

Pr= [ pltem @) e =Oarae, (2.1

Simple calculation yields that the symbol of the commutator [, P] = OP — PO is (¢2/7% —
1)e"(z 4 (¢/7)t)x, which is the operator of order 0.

In order to prove the theorem 1.1, we multiply the operator P to the both sides of the equa-
tions (1.1) and use the energy estimate for Pu. To do so, we prepare the following commutator
estimate, which is essentially due to M. Beals and M. Reed [2].

Lemma 2.1 Let P be the operator defined in (2.1), v € H®, Ov € H*™! and 3/2 < s < 2.
Then, for any 0 < e < s— 1, we have

[P7 vtat - 'Ug;ax](at + a‘r)’U e H5—2+E‘



Proof. Assume that p depend on 7, £ only (the general case requires some obvious modifi-
cations). Let vy = (0¢ £+ d,)v, then we can write v,;0; — v,0, = %v+((9t - 0y) + %v_ (O + 0x).
Hence it suffices to consider the following four cases [P, v} (9 — 0x)]vs, [P,vy(0: — 0z)]v—,
[P, v_(0s +0;)]vy and [P,v_(d:+ 0z )]v—. We only consider the case [P, v4.(0; — 0,)]vy here. For
abbreviation, we put n = (7,&), 0’ = (7',£). Then

Foe 1P, 01 00 = 0los] = ivn) [ (0= ) = )3 )
—i / oy (n =) (7" = &)p(n') oy (n")dn'
=i [ &0 =)o) = 5 = D)
Putting f(n) = (1)*"'(1 + |7 = &])vx(n), we have
)Tl Pos(0c = 0)los = [ K n,) 1) (0 = o))

where
C{ny*=*+(p(n) — p(n'))

(==t 1+](r =) = (€= )
By the same method as in the paper of M. Beals and M. Reed [2], we have

|K (n,7)] <

()P, 0y (0 — 0oy € H* 2.

The proofs are similar in the case of [P, vy (9 — 0;)]vy, [P, v4.(9¢ — 0z)]v— and [P,v_(0:+0)]v—.

3 Outline of the proof of Theorem 1.1
Differentiating of the both side of (1.1), it follows with (9; + 0;)u = u4 that

Ouy = (0 + 0,)0u
= (h11us + h120+)Qo(u, u) + 2~ Qo(u, ut) + (hous + ho2v+)Qo(u, v)
+ ha(Qo(u, v1) + Qo(us, v)) + (hs1ut + hz v+ )Qo(v,v)
+ 2h3Q0(v, va) (ha,1us + ha2v£) Q1 (u, v) + ha(Q1(u, v1) + Q1 (us, v)) (3.1)

where the h; ; denote the partial derivatives of h;. Let po € 5'?70 as before. Then from (3.1),
OPuy =[0, Plug + P(h1us + hy2v+)Qo(u, w) + 2h1Qo(u, ut) + (he1u+ + ha vt )Qo(u, v)

+ ha(Qo(u, v+) + Qo(ux, v)) + (haus + ha2v)Qo(v, v)
+ 2h3Qo(v, va) (ha,us + hapvs)Q1(u, v) + ha(Q1(u, ve) + Q1(us, v))). (3.2)

Let a(t) > 0 be in C§°, a(0) = 1. Let ay(f) = a(t — ) and define

2

E@) = ”a(f)/\tf’;l(‘?t-(Pu(t - f))”; + Ha(f)Ag;lax(Pu(t - E))H; + “a(f)A;:;l(Pu(t )|,
+ ||z oxPece - ) ’

;, + [[athAz; oot - )

; + ahaz; (ot - )

L?



1 [t
Let ¢ € C°, p5s = < (—) and vs = v * 5. By the usual energy estimate and the lemma 2.1,

59 \s
we have
%% — (a()) A} OPuss(t — 1), a(f)A]- O Pus(t - £)))
+ (a(f)A%;lat(Pug(t - 1), a(~)A§;1Pu(g(t - 1))
— (@AL' OPu (t — 1), a()A] 0:(Pos(t — )
+ (a(f)Ag;lat(Pvg(t - 1)), a(f)A’tf;vag (t—1))
< ] a(f)A; S OPug 5t - i‘)HL Ha(f)A%;l(?g(Pug(t -0)|,,
+ [|a@az o (Pus(e - f))‘ . ‘a(f)A%;lPug(t — )

+ |[a®)a;; TP st - )

L2 ‘
t,x

+ [z o (Pos e - f))”Lg | a(f) AL Pos(t - f)HL
<CUE(t) + Ca).
Hence Gronwall’s inequality implies

E(t) < CLE(0) < oo.
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A coupled system of nonlinear Schrodinger
equations with delta functions as initial data

KAzuYUKkI DOI

1 Introduction

We consider the following system of nonlinear Schrodinger equations

W {i@tul +0%u; = Mfusl~lu; in[0,00) x R,

iﬁtuQ + Bguz = )\2|u1|”2_1u2 in [O, OO) x R
with initial data
2) u1(0,z) = pda(x), wu2(0,z2) =vdy(z) forz € R,

where i = v/—1, 0, = 8/6t, 8, = 0/0x, and the unknown functions u; = u; (¢, z)
and uy = uy(t, ) are complex-valued. For a € R, let é,(z) denote the Dirac mass
at a. The aim of this talk is to study how the interaction between the nonlinearities
effects on solutions, under the following condition:

?3) 2<p; <3, abeR, N\,ureC (j=1,2).

This work is inspired by the pioneering work of Kita [2, 3], where the evolu-
tion of the superposition of delta functions under the nonlinear Schrédinger flow
was studied. More precisely, Kita [2, 3] considered, among other things, the single
Schrodinger equation

i0u + Au = Mu[P~tu, in[0,00) X R™,
u(0,z) = > pidjq forz € R",
jez

wheren > 1, A =57 _0/0z3,1 <p<1+2/n, A € Cand {u;}jez C C
satisfying Y5 (1 + |j]*)|11;]* < oo, and showed the following results:



(i) there exists a local solution of (1) which has a special form;
(ii) if ImA > 0, then the local solution blows up in finite time;
(iii) if Im\ < 0, then the solution exists globally in time.

In particular, we see that if ImA > 0, then the nonlinearity makes the solution
unstable, and that if ImA < 0, then the nonlinearity has the dissipative nature.
Therefore, the following question naturally arises: When either ImA; > 0 and
ImXy < 0 or Im); < 0 and ImAy; > 0, which does effect coming from the
nonlinear term dominate the other? This kind of consideration has been done
by the author [1], where the following damped nonlinear Schrédinger equation is
handled: i0,u+ Au+idu = Aufu (A =37 _0%/0z3,n>1,de R,A € C,
1 < p < 1+ 2/n). Especially, when we take ud,(z) (v € C, a € R™) as the
initial data, even if ImA > 0, there exists a positive number dy such that

(i) for all d < dy, the solution blows up in finite time;
(ii) for all d > d,, the solution exists globally in time.

This result means that the linear term idu, which provides dissipative nature, vi-
olates the nonlinear effect if d > dy. This is a motivation to study the above
question.

First of all, we state a result on the local solution. For a € R, let U(t)J, denote
the solution of the linear Schrodinger equation

i6u—+02u=0 in[0,00) X R,
u(0,z) = d,(z) forz € R,
that is, U ()0, = exp(itd2)d, = (4mit) /2 exp(i|z — a|?/4t).

Theorem 1 (local result). Assume (3). Then there exist a timeT' > 0 and a unique
solution of the Cauchy problem (1)-(2) described as

“ w(t,2) = AU, € LE((0,T) L=(R)),
wlt,a) = BOUDS, € LE(0,T) L=(R)),

such that

© (5)) € €. (.1

with A(0) = pand B(0) = v.

Our next interest is to study global behavior of the solution to (1). We state
blowup and global results.



Theorem 2. Assume (3). Then the following hold:

(i) (blowup result) IfImA; > 0, ImAe > 0 and pv # 0, then the solution (4)
blows up in finite time, that is, there exists a finite time T > 0 such that
. l%n . |A(t)| = oo or 1irr*n 0|B(t)| = 00.

(ii) (global result) If either ImA; < 0 or ImAy < O, then there exists a unique
global solution of (1)-(2) described as (4), such that

(A(t), B(t)) € (C([0,00)) N C*(0, 00))*.

Remark 1. When p # 0 and v = 0 (resp. p = 0 and v # 0) with (3), ImA\; > 0
and Im)\, > 0, the solutions A(t) and B(t) exist globally in time. More precisely,
we have |A(t)| = || and B(t) = 0 (resp. A(t) = 0 and |B(t)| = |v|) for all
t > 0. We shall prove this assertion after the proof of Theorem 2 (i).

In the next section we shall prove the above theorems. The idea of proof of
Theorem 1 is based on the reduction of the original problem (1)-(2) to (6)-(7) be-
low. We show the part (i) of Theorem 2 by constructing two monotone increasing
sequences which push the solutions A(t) and B(t) to blow up, respectively, and
the part (ii) of the theorem by establishing suitable a priori estimates.

2 Proofs of Theorems 1 and 2

Proof of Theorem 1. Substitution of (4) into (1) yields the ODE system of A(?)
and B(t):

dA

(6) 1= (1) = Ay (1) B(1) [PTA®R),  A0) =p,

) i92(0) = Mg OIAOPBE),  BO) =,

where @, (t) = (4nt)~P~1/2_ 1t suffices to prove the existence and uniqueness
of (6)-(7) for proving Theorem 1. To solve (6)-(7), we deal with the following
integral equation:

o (o)=L RE0eae)
= (o) =56 reom

We shall solve (8) by the contraction mapping principle for V.



Let p = max{|u|, |v|} and let Uy, be the following complete metric space:

0= { (prg)) € €= 0.1
H (ﬁ) | = max{ sup |4, sup 1B} <20}
We then see that
A(t

()| < b+ bl [ enIBOIPAG) dr

< Ju + Ml / o ()| B AT dr

T
< p+ l@p) / oo (1) dr
0
2I 1(20)Pr
=p+ | A1](2p)

© A h
72 i )| < W1+l [ om(AGIP B dr

Qopl (T)Ta

< vl + l/\zl/o o (T)A(T) 7Y B(7) | dr

T
< p+ el 20 / oplT) d
0
2\ Mo (2p)P2
— oy |A2|(2p)

- 2TT>
3— @y (T)

for all 0 < t < T. Therefore we have ¥ (Us,) C Us, if T > 0 is sufficiently
small. Also for sufficiently small 7 > 0, we find that ¥ is a contraction mapping
on Us,. Indeed, if p; = 2, then for any 0 < ¢t < T', we have

0o [a(50) - (50)
< x| / o2(7)|| B (7) A1 (7) = | Ba(7)] As(r)| dr

< ul(( sup [Bi(s)]) sup |Ai(s) = Aafs)|
0<s<T 0<s<T

+( s [A4()) sup Bi(s) = Balo)l) [ alr)ir

<22l (3) - (5]



If2 < p; < 3, then for any 0 < ¢t < T, we have
an
1 (5i) 2 ()|
< Il [ on B 41(r) = 1Bt~ Astr)

<l ((sup 1Bi())™ ™" sup [4x(s) = Ax(s)

+( s [4)) sup (B = |Ba(o)P ) [ o (r)ar

0<s<

< 2, >T(<zp>m-1 sup |41(s) — 4s(9)
o0 s ([ S0Bi(0+ 1~ B0 )

- 2IA _
< A, ((2p)m sup [Ay(s) — Ao(s)
0<s<T

+ @)= 1) sup ((Ba(s)] +|Ba(s) ) |Bu(s) ~ Ba(s)]))

2|\

<
—3-

e (DT (2077 swp [Ax(s) = As(o)

0<s<

+2(4p)" " sup |By(s) - Ba(s))
0<s<T

< D e () - ()

Similarly, if po = 2, then for all 0 < ¢ < T', we find

(12) !% <218) — <2’28)1 <2(2- 2p)|)\2|S02(T)TH <gi) - (gi)

and if 2 < py < 3, then forall 0 < ¢ < T, we have

o (1) - (340) < 2 (1) ()

These inequalities (9) through (13) imply that for T > 0 sufficiently small, the
mapping ¥ is a contraction on Us,. Thus a solution of (8) exists in (L*°([0, T7))>.
Moreover, we have (5), i.e., (28) € (C([0,T))NC*((0,TY))? and the uniqueness

of (28) in (C([0,T]))? in a similar way as [3]. This completes the proof. O

’ I



In order to show Theorem 2, multiplying the equation in (6) by A(t) and the

one in (7) by B(t), and taking the imaginary part, we obtain

(14) LIAGP = 2(TmA )y, () BOP AP,

(1s) CIBOI = 2(Im )y, ()| A B

Now we shall prove Theorem 2.

Proof of Theorem 2 (i). Assume that the conclusion is false, that is, A(t) and B(?)
exist globally in time. We shall show that this leads to a contradiction. Define the
following sequences of real positive numbers {ay }ren and {b }ren:

ay = |p?, b= [v]%
apr1 = ag(1+ 2(Im) )b V20, (1)) fork > 1,
bepr = b (1 + 2(Im)\2)a,(cp2_1)/290p2(1)) for k > 1.

We remark that both {ax}ren and {by }ren are monotone increasing sequences.
Indeed, by a;, > 0 and b, > 0 for all k¥ > 1, we have

(16) ars1 — ar = 2(ImAy)axd® %, (1) > 0,
(17) bre1 — b = 2(ImAg)bra ™%, (1) > 0.

For all t > 0, we see from (14) and (15) that

d d

—|A@®)]? > — 2>0.

SIA@P 20, SIB@P20
Hence we obtain

JA@) > [ul* = a1, [B@)* = |v*=b, t=0.

Therefore, for all t > 0, we have by (14) and (15) again

d _
ZHADF = 2(ImA)anb? g, (1),

d -
ZIBOP = 2(ImAg)bia” ™%, (1),



Thus we deduce that

AW > [uf? + 2(ImA)aybP /2 / oo (7) dr

_ 2
= a1 + 2(Im)\1)a1b§p1 1)/23——(,01_,1 (t)t

> a1 (1 + 2(ImA )b~ 20, (4)t)
> ay (14 2(ImX )b "2, (1)) = as,

[B@)? > V] + 2(ImAg)brat™ / Ppa (T) dT
2

e —— t)t

> by (14 2(TImAg )b~ 2, (1))

> by (14 2(Img)al?* ™20, (1)) = by,

(¢
(1
= bl -+ 2(Im)\2)b1a§p2_1)/2

for all ¢ > 1. Repeating the above argument, we obtain
(18) A2 > ar, |B@O))P>by,, t>1, k>2.

Since both {ax }ren and {b; }ren are monotone increasing sequences, we see
by (16) and (17)

Qpp1 — Qg = 2(Im/\1)akb,(€p1_l)/2gopl(l)

> 2(ImAy )ar b~V 2, (1) > 0,
bisr — b = 2(ImAg)braP* ™ 20, (1)

> 2(ImA)ba* Vg, (1) > 0,

and hence we have

k-1
a, — a1 = 3 (a1 — a;) > 2(k — 1)(ImA)arb* g, (1),
j=1

k—1
b= b = X (bjs1 = by) 2 20k = D(Imda)baai™ ey, (1)

Therefore we obtain

ap > a1 +2(k — 1)(Im)\1)alb§pl_l)/2¢p1(1)a
b > by + 2(k — 1) (ImAg)byal %0, (1),

which imply that a, — oo and by, — oo as k — oo. This and (18) lead to a
contradiction. This completes the proof of the part (). O



Proof of Remark 1. Suppose that y # 0 and v = 0 with (3), ImA; > 0 and
ImA; > 0. We derive a priori estimates on |A(t)| and |B(t)| (we refer to [4],
Section 1-2, pp. 3—10, for instance). Let 7" > 0. Suppose that there exists 0 < S <
T such that the unique solution of (6)-(7) satisfying (5) (i.e., (ggg) e (C(o,S])n
C*((0, 8]))?) exists. We then see from (15) that

BOF < v exp (2(tmda)( sup [AGP*™) [ i) ar)

0<s<t

=0, 0<t<S§,

by the assumption v = 0. Therefore we obtain by (14)

d

—|A@)]? = <t<S8S.

SIA@P=0, 0<t<s
Consequently we have
(19) |A@t)| = |ul, B(t)=0, 0<t<S8S.
Combining (19) and Theorem 1, we find that the solution exists globally in time,
that is, (28) € (C(]0,00)) N C*(0, 00))% Moreover by (19), for t > 0, we have
|A(t)| = || and B(t) = 0.

When p = 0 and v # 0, we obtain A(t) = 0 and |B(t)| = |v| by analogous

argument mentioned in the above. O

Proof of Theorem 2 (ii). We derive a priori estimates on |A(t)| and |B(t)| (we
refer to [4], Section 1-5, pp. 19-23, for instance). Let 7" > 0. Suppose that there
exists 0 < S < T such that the unique solution of (6)-(7) satisfying (5) (i.e.,
(£9) € (C([0,8]) N C((0, 5)))?) exists.

Firstly, if ImA; < 0 and ImA; < 0, then we have from (14) and (15)

(20) |A@| < lul, [BOI<v], 0<t<S.

Combining (20) and Theorem 1, we obtain that the solution exists globally in
time, that is, (ggg) € (C(]0,00)) N C*(0, 00))2

We next consider the cases “ImA; > 0 and ImA; < 0” and “Im); < 0
and ImA,; > 0.” One can assume without loss of generality that ImA; > 0 and
ImM,; < 0. Then we see from (15) that

(21) B < v, 0<t<S,

and hence for all 0 < ¢ < .S, we obtain from (14)

@) 401 < lexp (1 m) [ (7))

< Cexp(Cpp, (B)2)
< Cexp(Cl'op, (T)T).



Combining (22), (21) and Theorem 1, we see that the solution exists globally in
time, that is, (ggg) € (C(]0,00)) N C*(0,00))2. This completes the proof of the
theorem. O
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