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CHAOS IN TRAVELING WAVES IN LATTICE SYSTEMS OF
UNBOUNDED MEDIA

HUNSEOK KANG

Abstract. The goal of this report is to describe the chaotic dynamics of the
local maps of coupled map lattices(CML) from scientific models: the Maginu
model of morphogenesis, the Turing Model of morphogenesis, and the Brusse-
lator model of Belousov-Zhabotinsky reaction. I present the dynamical system
approach to the analysis of the global behavior of solutions of CML, which is
aimed at establishing spatio-temporal chaos associated with the set of traveling
wave solutions of CML and describing the dynamics of the evolution operator
on this set.

1. Introduction

In this section, we go over coupled map lattices(CML). Then we introduce reaction-
diffusion equations and their discrete version as a source of coupled map lattices, and
we finally give three examples of CMLs obtained from a discretization of reaction-
diffusion equations.

1.1. Coupled map lattices. Coupled map lattices (CML) form a special class of
infinite-dimensional dynamical systems. They are described by the equation of the
form

(1.1) uj(n + 1) = f(uj(n)) + εgj({ui(n)}|i−j|≤s).

Here n ∈ Z is the discrete time coordinate, j, the discrete space coordinate, and
u(j̄, n) = uj̄(n) is a characteristic of the medium (for example, its density, or distri-
bution of the temperature, etc.). Furthermore, f : Rd → Rd and gj̄ : (Rd)(2s+1) →
Rd are smooth functions; f is called the local map and g the interaction of size s
(where s can be infinite). Finally, ε is a parameter which is assumed to be suffi-
ciently small.

In this report, we assume that the medium of CML is unbounded and spatially
homogeneous. We also assume that every solution of CML is uniquely determined
if an initial condition uj(0) and a boundary condition are fixed. We consider the
case (up to) when solutions grow at infinity with an exponential rate. The main
achievement is the description of the global behavior of solutions of CML for local
maps exhibiting hyperbolic or invariant properties.

1.2. Reaction-diffusion equations. A natural source of CMLs is discrete ver-
sions of partial differential equations of evolution type. In general, no information
on the global behavior of solutions of a partial differential equation can be derived
from the study of its discrete versions even when steps of discretization are small.

Reaction-diffusion equations are a special member of evolutionary PDEs, de-
scribed by

ut = h(u) +AκiDxu,
1
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where u = u(x, t) is a function with values in Rd, x ∈ R and t ∈ R are space
and time coordinates, resp., A is the d × d coupling matrix, and κi are diffusion
coefficients.

When discretized, a reaction-diffusion equation form an equation

u(x, t + γ) = u(x, t) + γh(u(x, t)) +Aγκi(discretization of Dxu),

which is in the same form as CMLs (1.1).

1.3. Examples of CMLs. The Turing model of morphogenesis is described by a
reaction-diffusion equation

∂u1

∂t
= −(Au2

1 + Bu1u2) + C + κ1
∂2u1

∂x2
,

∂u2

∂t
= (Au2

1 + Bu1u2)−Du2 + E + κ2
∂2u2

∂x2
.

Its corresponding CML has a local Map

f(u1, u2) = (u1 − au2
1 − bu1u2 + c, au2

1 + bu1u2 + (1− d)u2 + e).

The Maginu model of morphogenesis is a simplification of the Turing model
above. This model is described by a reaction-diffusion equation, called FitzHugh-
Nagumo Equation,

∂u1

∂t
= −au1(u1 − θ)(u1 − 1)− bu2 + κ1

∂2u1

∂x2
,

∂u2

∂t
= cu1 − du2 + κ2

∂2u2

∂x2
.

Its discrete version gives us a CML whose local map is

f(u1, u2) = (u1 −Au1(u1 − θ)(u1 − 1)− αu2, βu1 + γu2).

Finally, we discuss the Brusselator model of Belousov-Zhabotinsky reaction. This
is a famous model of chemical reactions with oscillations, described by

∂u1

∂t
= A− (B + 1)u1 + u2

1u2 + κ1
∂2u1

∂x2
,

∂u2

∂t
= Bu1 − u2

1u2 + κ2
∂2u2

∂x2
.

The corresponding CML has the local map

f(u1, u2) = (a + (1− γ − b)u1 + γu2
1u2, u2 + bu1 − γu2

1u2).

2. Traveling Waves in Lattice Systems

In this section, we introduce traveling waves as a tool to analyze CMLs, and then
we deal with a special type of CMLs which is related to spatio-temporal chaos, and
we finally show how to use a traveling wave map to study the dynamics of CMLs.
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2.1. Operators on a Phase Space. We first define a weighted norm by

‖u‖q1,q2 =
∑

j<0

|uj |
q−j
1

+
∑

j≥0

|uj |
qj
2

,

for q1 > 1 and q2 > 1. Let Mq1,q2 be the phase space in the direct product of
finite-dimensional Euclidean spaces ⊗ZRd = (Rd)Z with the norm ‖ · ‖q1,q2 :

Mq1,q2 = {u = (uj) ∈ (Rd)Z : ‖u‖q1,q2 < ∞}.
We define the nonlinear evolution operator Φ = Φε by

(Φu)j(n) = f(uj(n)) + εgj({ui(n)}|i−j|≤s).

ThenMq1,q2 corresponds to solutions of the CML which satisfy the initial condition
(uj(0)) ∈ Mq1,q2 and boundary condition ‖u‖q1,q2 < ∞. In [1], it is shown that
(Mq1,q2 , Φε) is a well-defined dynamical system under the following assumptions:

A1. There exists M > 0 such that for k = 1, 2,

sup
x∈Rd

‖Dkfx‖ ≤ M, sup
1≤i≤2s+1

sup
xi∈Rd

∥∥∥∥
∂kgj

∂xk
i

∥∥∥∥ ≤ M.

A2. For any x = (xi) ∈ Rd(2s+1),

det
(

∂gj(x)
∂xi

)
6= 0, sup

x∈Rd(2s+1)
det

(
∂gj(x)

∂xi

)−1

< ∞.

On the other hand, we define another operator on the phase space related to
spatial coordinates. A spatial translations Sk : Mq1,q2 →Mq1,q2 is given by

Sk(u)i = ui+k,

where i and k are integers. We additionally assume that
A3. Φi

ε and Sk commute for any i, k ∈ Z+.
If gj does not depend on j, i.e. gj = g, then the assumption A3 always holds. This
is the case when the lattice system is obtained as a discretization of a PDE.

2.2. Coupled Map Lattices of Hyperbolic Types. In [10], Y. Pesin and Y.
Sinai suggested a definition of spatio-temporal chaos in lattice dynamical systems.
A lattice dynamical system is said to display:

(1) temporal chaos if there exists a measure µ invariant under the Z-action
{Φj} which is mixing;

(2) spatial chaos if there exists a measure µ invariant under the Z-action {Sk}
which is mixing;

(3) spatio-temporal chaos if there exists a measure µ invariant under the Z2-
action {Φj , Sk} which is mixing.

In [4], Jiang and Pesin established the existence and uniqueness of Gibbs distribu-
tions for arbitrary CML whose local map possesses a hyperbolic set. They proved

(1) the existence of Gibbs distributions (that implies equilibrium measures for
CML are invariant) and;

(2) the uniqueness of Gibbs distributions (that implies equilibrium measures for
CML are mixing).

Therefore, the equilibrium measure for CML is the measure µ for the definition of
spatio-temporal chaos.
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2.3. Traveling Wave Maps. Spatio-temporal chaos can be physically observed
by traveling wave maps. To observe this, we consider the traveling wave map
Fε : (Rd)ls+m → (Rd)ls+m given by

Fε(x1, ..., xls+m) = (x2, ..., xls+m, f(xls+1) + εg(xp(i))s
i=−s),

where p(i) = l(s + i) + 1. In [1], the authors proved the following theorem.

Theorem 2.1 (See [1]). There exist q
(0)
1 > 1, q

(0)
2 > 1 such that for any q1 > q

(0)
1 ,

q2 > q
(0)
2 , the traveling wave map Fε are smoothly conjugate to the evolution opera-

tor Φε; in other words, there exists a smooth embedding χ of (Rd)ls+m into Mq1,q2

such that the following diagram is commutative:

(Rd)ls+m χ−−−−→ Aq1,q2 ⊂Mq1,q2

Fε
m

y
yΦε

(Rd)ls+m χ−−−−→ Aq1,q2 ⊂Mq1,q2

where Aq1,q2 = χ((Rd)ls+m) is finite-dimensional.

Theorem 2.1 tells us that the dynamics of the evolution operator Φε on the set
of traveling wave solutions is completely determined by the traveling wave map Fε.

3. Dynamics of Discrete Models

In this section, we deal with the application of sections 1 and 2 to the real models
in sciences. First we build the relationship between the traveling wave map Fε and
the local map f under the assumption that the interaction of CML is sufficiently
small. Then we analyze the dynamics of the local maps of CMLs corresponding
the Maginu model of morphogenesis, the Turing model of morphogenesis, and the
Brusselator model of Belousov-Zhabotinsky reaction.

3.1. Dynamics of Local Maps. Now we see that, in the case that the interactions
ε are sufficiently small, most hyperbolic and ergodic properties of dynamics of the
traveling wave map are dominated by the behavior of the local map f . More
precisely, it has been proven that

(1) if it possesses a locally maximal hyperbolic set then so does the traveling
wave map(See [1]);

(2) if the local map is of a Morse-Smale type then so is the traveling wave
map(See [2]);

(3) if the local map possesses a strictly forward-invariant region then so does
the traveling wave map(See [6]).

In particular, if the local map is hyperbolic in a strong sense (i.e., it possesses
a hyperbolic set; every trajectory in this set is highly unstable) then so are the
traveling wave map and the restrictions of space and time translations to the sub-
manifold of traveling wave solutions. This implies that the CML displays chaotic
behavior of the highest degree, i.e., there exists a measure invariant under space
and time translations which is supported on the set of traveling wave solutions and
has ergodic properties of higher order. In the last case, we may predict asymptotic
behaviors of trajectories; where trajectories tend to head and how they behave after
a sufficiently large number of iterations by the local map f .
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Figure 1. Rectangular regions and their images under the map
f . Depending one the condition of parameters, each of them shows
a smale horseshoe construction and bounded trapping region, re-
spectively.

3.2. Maginu Model of Morphogenesis. As seen in 1.3, the Maginu model of
morphogenesis is described by the FitzHugh-Nagumo equation, and its discrete
version forms a CML whose local map is

f(u1, u2) = (u1 −Au1(u1 − θ)(u1 − 1)− αu2, βu1 + γu2).

This local map has the following interesting dynamics:
(1) for all sufficiently large values of A, f is hyperbolic, i.e., f has a locally

maximal hyperbolic set.
(2) for intermediate values of A, f has a trapping region and a strange attractor.
(3) for all sufficiently small values of A, the compactification map f̃ of f is of

Morse-Smale type.
The detailed conditions on parameters are given in [8]. In the case that f has a
trapping region, there may be a henon-like strange attractor.

If the local map of a CML is hyperbolic in a strong sense (i.e., it possesses a
locally maximal hyperbolic set) then so is the traveling wave map Fε (for sufficiently
small ε > 0) and in turn, space and time translations considered on the set of
traveling wave solutions. In this case the dynamics of the CML is chaotic on
a finite-dimensional smooth submanifold in the infinite-dimensional phase space
Mq1,q2 (endowed with the metric ‖ · ‖q1,q2). An example is the two-dimensional
local map for this FitzHugh-Nagumo equation in some range of parameters. If
the local map of a CML is Morse-Smale (i.e., it is hyperbolic in a weak sense)
then so are the traveling wave map Fε (for sufficiently small ε > 0) and space
and time translations restricted to the set of traveling wave solutions. In this case
the dynamics of the CML is not chaotic and the topological behavior of individual
trajectories can be completely described.

3.3. Turing Model of Morphogenesis. The local map of the CML correspond-
ing the Turing model of morphogenesis is

f(u1, u2) = (u1 − au2
1 − bu1u2 + c, au2

1 + bu1u2 + (1− d)u2 + e).
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(a) (b)

Figure 2. Julia set and strange attractor for a = 0.25, b = 0.65,
γ = 0.25. (a) Shown are the Julia set J , the region K bounded
by the thick curves, boundaries for A and B, and the fixed point
P (1, 2.6). (b) Zoom-in region around the fixed point.

Its asymptotic behaviors are

(1) for all values of parameters, there exists a region where every trajectory
originating in R escapes to infinity,

(2) either for a sufficiently large a > 0 or for a sufficiently large b > 0 there
exists the Julia set, the set of all bounded trajectories, and

(3) for d > 0 sufficiently close to 1, f has the locally maximal hyperbolic set,
which implies spatio-temporal chaos of this system as seen in Section 2.

We apply a traditional cone technique to show the existence of the locally maximal
hyperbolic set of the local map. Detailed theories and proofs will be published
soon.

3.4. Brusselator model of Belousov-Zhabotinsky reaction. Lastly, we dis-
cuss the dynamics of the local map obtained from the discretization of the reaction-
diffusion equation corresponding to the Brusselator model for Belousov-Zhabotinsky
reaction, mainly describing the asymptotic behaviors of trajectories of the local
map. The local map f is given by

f(u1, u2) = (a + (1− γ − b)u1 + γu2
1u2, u2 + bu1 − γu2

1u2).

In particular, we study the dynamics of two disjoint components of trajectories
whose union is the entire set: bounded trajectories and unbounded trajectories.

3.4.1. Behavior of Unbounded Trajectories. We describe a region R in the u1u2-
plane such that any trajectory in R escapes to infinity, i.e., |fn(u1, u2)| → ∞ as
n → ∞, and then describe how unbounded trajectories escape to infinity in the
region R. Finally, we show that the union of all backward images of R by f is the
maximal set of trajectories that escape to infinity. This implies the existence of the
Julia set, which has interesting topological properties.

We first define two regions A and B in the plane R2:

A = {(u1, u2) : γu2
1|u2| −m|u1| − a ≥ 0},

B = {(u1, u2) : |(γu2
1 − 2)u2| − b|u1| ≥ 0, γu2

1 ≥ 2},
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(a) (b)

Figure 3. Julia set and attractor for a = 0.8, b = 0.2, γ = 0.25.
(a) Shown are the Julia set J , the region K bounded by the thick
curves, boundaries for A and B, and the fixed point P (3.2, 0.25).
(b) Zoom-in region around the fixed point.

where m := max(|2−γ−b|, γ+b). Let R = A∩B. Then for any point (u1, u2) ∈ A,
|f1(u1, u2)| > |u1|+ 2a, while for any point (u1, u2) ∈ B, |f2(u1, u2)| > |u2|. Using
these facts, we prove

Theorem 3.1 (See [7]). For all parameters a > 0, b > 0, and γ > 0, there exists
a forward-invariant region R = R(a, b, γ) such that for any point (u1, u2) ∈ R, the
trajectory {fn(u1, u2)} ⊂ R escapes to infinity.

The region R in Theorem 3.1 is symmetric with respect to the origin and does not
intersect u1-axis nor u2-axis. Let Ri be the the partition of R in the ith-quadrant
in the plane R2, for i = 1, 2, 3, 4, respectively. Then

f(R1) ⊂ R4, f(R3) ⊂ R2, f(R2) ⊂ R4, and f(R4) ⊂ R2.

We now find the maximal region K so that every point in K escapes to infinity
while trajectories of points outside K are bounded. Then, clearly, the set R2 \K
is the Julia set of the system and thus we find various Julia sets under a certain
condition on values of parameters.

Theorem 3.2 (See [7]). Assume that a < 1 and γ + b < 1. Let {fn(u1, u2)} be
a trajectory that originates in R2 \ R. This trajectory is unbounded if and only if
there exists a positive integer m = m(a, b, γ, u1, u2) such that fm(u1, u2) ∈ R. In
particular, the trajectory escapes to infinity via the region R.

The proof of Theorem 3.2 can be obtained by carefully examining the behavior
of trajectories originating in R2 \R whose initial values are sufficiently large.

Theorem 3.2 provides the following explicit description of the Julia set

J = R2 \
⋃

n≥0

f−n(R).

The set J is nonempty as it contains one unique fixed point P (p1, p2) = (a/γ, b/a).
Furthermore, J has a positive area in R2 for some values of parameters a, b, and
γ, because there are bounded trapping region in J . Additionally, J is closed and
unbounded in R2. Also, there exists connected component in J which reaches to
the infinity along to either u1- or u2-axis.
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To generate images of the Julia set for a sufficiently large N > 0 we generate the
set of points x for which

fn(x) ∈ R2 \R,

for all n = 0, 1, 2, ..., N . One can observe that branches of the Julia set are separated
by white regions which are backward images of R. Each branch is further split into
more branches and this goes on giving a way to a Cantor-like construction whose
limit set is the desired set J .

Let us stress that bounded trajectories are the one that are interesting from the
physical point of view. We believe that periodic trajectories are dense in the Julia
set and that this can be used to justify the existence of oscillating solutions in the
Belousov-Zhabotinsky reaction.

We found a region R ⊂ R2 such that every trajectory in R escapes to infinity and
showed that the region R is strictly forward-invariant under the local map f . As
seen in Section 3.1, the traveling wave map Fε corresponding to f also possesses a
strictly forward-invariant set R = ⊗ls+m

i=1 R. Also, the Julia set is obtained by using
the maximal region of R that is the union of all backward images of R. Similarly,
one can obtain the Julia set Jε of the traveling wave map Fε. The Julia set Jε is
nonempty since the traveling wave map Fε has a fixed point, which is contained in
Jε. In fact, the Julia set Jε is also unbounded.

3.4.2. Behavior of Bounded Trajectories. In this section we continue to study the
dynamics of the local map focusing on the behavior of bounded trajectories inside
the Julia set, while we focused on the behaviors of trajectories which escape to
infinity in Section 3.4. In addition, we establish the relationship between the dy-
namics of the CML corresponding to the Brusselator model and its local map with
respect to the evolution operator and the traveling wave map.

Under the same assumption on the parameters as in Theorem 3.2, we shall
establish existence of an eventually trapping region J̃ ⊂ J , i.e., a bounded region
in J which every trajectory, originating in J , enters and stays in forever. In [6], we
give the way to construct the set J̃ and prove the following theorem.

Theorem 3.3 (See [6]). The set J̃ ⊂ J satisfies:

(1) J̃ is bounded and compact;
(2) for each u ∈ J̃ , f(u) ∈ J̃ , i.e. f(J̃) ⊂ J̃ ;
(3) for each u ∈ J , there exists n = n(u) such that fn(u) ∈ J̃ .

Theorem 3.3 tells us that the set J̃ := J ∩ E is a forward-invariant bounded
region where all the bounded trajectories of this system, which originate in J ,
are trapped in J̃ forever once they enter in E. Furthermore, by Theorem 3.3, for
sufficiently small coupling constant ε, the traveling wave map of CML also possesses
this eventually trapping region, and hence, so does its evolution operator on the
set of traveling wave solutions.

As stated in Section 2.2, the Julia set J is unbounded, so that there exist trajec-
tories in J which begins from infinity. More precisely, every trajectory in J enters
in the bounded region J̃ and is trapped inside forever no matter how large its initial
values are.

Inside the eventually trapping region J̃ in Section 3.1, we find a visiting region
K ⊂ J̃ , i.e., a subset of J̃ which every trajectory, originating in J , visits infinitely
many times or converges to the fixed point P of f .
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Theorem 3.4 (See [6]). There exists a region K in J̃ such that every trajectory
{fn(u) : u ∈ J} satisfies one of the following two statements:

(1) there exists n0 = n0(u) > 0 such that fn0(u) ∈ K ∩ J ,
(2) fn(u) converges to the fixed point P (a/γ, b/a) ∈ K as n →∞.

Theorem 3.4 implies that the set K ∩ J is the visiting region. One can apply
Theorem 3.4 as follows. Every periodic orbit can be viewed as a bounded trajectory,
and it does not converges to the fixed point. So by Theorem 3.4, any periodic orbit
must visit K periodically, and hence, all the periodic points starts from K. In fact,
it is easy to show that there exists at least one periodic orbit of period two of the
local map f for all values of parameters. So the periodic orbit of period two begins
at a point in the visiting region K ∩ J .
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