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PREFACE

This volume is intended as the proceedings of Sapporo Symposium on Partial
Differential Equations, held on August 26 through August 28 in 2008 at Faculty of
Science, Hokkaido University.

Sapporo Symposium on PDE has been held annually to present the latest devel-
opments on PDE with a broad spectrum of interests not limited to the methods
of a particular school. Professor Taira Shirota started the symposium more than
30 years ago. Professor Koji Kubota and Professor Rentaro Agemi made a large
contribution to its organization for many years.

We always thank their significant contribution to the progress of the Sapporo
Symposium on PDE.

T. Ozawa, Y. Giga, S. Jimbo, G. Nakamura,
Y. Tonegawa, K. Tsutaya, and T. Sakajo
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SPECTRAL THEORY AND INVERSE PROBLEMS ON
ASYMPTOTICALLY HYPERBOLIC MANIFOLDS

HIROSHI ISOZAKI

1. INTRODUCTION

Given non-compact Riemannian manifolds, can one identify the metric by ob-
serving the waves at infinity? More pecisely, we send waves from infinities of the
manifold and observe the scattered waves at infinities. From the observed data,
we try to identify or recontstruct the metric or the manifold itself. For this to be
possible, the geometric structure of infinity is important. The model of the manfi-
fold will thus be a composition of a bounded part and a neighborhood of infinity,
on whcih we equipe with a metric slightly perturbed from the standard one. Let
Hy and H be the unperturbed and perturbed Laplace-Beltrami operators of this
manifold. The waves are created by the Schrédinger equation, i0;u = Hu, or the
wave equation, 0?u + Hu = 0. The wave operator Wy is defined by

Wy =s — lime*H e #Ho
t—+oo

for the Schrodinger equation, and by

Wi =s— lime*VH ¢ ~itVHo

t—+oo
for the wave equation. We used the same notation Wy for both of Schrédinger,
and wave equations, since it is known that they usually coincide. The scattering

operator is then defined by
S=(Wy) W,

which assigns to the far field patten of the remote past, f_, the far field pattern of
the remote future, fy, since for e=#*H0 f_ there exists f such that

e My _emitHor 0t — +00.

This also holds with H, Hy replaced by VH,/Hy, i.e. for the wave equation. The
scattering operator S is believed to contain all the information of the manifold,
even though it is apparently related with only the infinity of the manifold. Our
problem is thus stated as follows : From the scattering operator, reconstruct the
Riemannian metric, or the manifold itself.

Few is known about this general setting. Even when the metric on the end
is asymptotically Euclidean, this problem is still open. The only exception is the
recent result of Sa Barreto [SaBa05], which deals with the asymptotically hyperbolic
metric in the framework of Melrose’ scattering metric. However, it is also known
that the problem becomes more accessible when we allow only the local perturbation
of the metric. Namely, if two metrics are asymptotic to the standard one, and they
coincide near infinity, they actually coincide everywhere if their scattering operators
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coincide. We address to this modest problem, allowing the metric perturbation as
general as possible.

To formulate this problem in a proper mathematical setting, we need to develop
spectral theories on non-compact Riemannian menifolds, especially the theory of
generalized Fourier transformations. We shall announce some recent results in the
case of asymptotically hyperbolic metric. Details will be seen in [IsKu0§].

2. CLASSIFICATION OF 2-DIMENSIONAL HYPERBOLIC MANIFOLDS

Before entering into our framework, let us recall the classical example. The
hyperbolic manifold is, by definition, a complete Riemannian manifold with all
sectional curvatures equal to —1. General hyperbolic manifolds are constructed
by the action of discrete groups on the upper-half space. The resulting quotient
manifold is either compact, or non-compact but finte volume, or non-compact with
infinite volume. In the latter two cases, the manifold can be split into bounded
part and unbounded part, this latter being called the end. To study the general
structure of ends is beyond our scope. We briefly look at the 2-dimensional case.

Recall that Cy = {z = = + iy;y > 0} is a 2-dimensional hyperbolic space
equipped with the metric

(dz)* + (dy)*
y? '
Let 0C; = 0H? = {(2,0);2 € R} Uoco = RU co. For a matrix

»yz(‘cl Z)GSL(Q,R)

the Mdobius transformation is defined by

(2.1) ds* =

az+b

2.2 C =
(2:2) R

which is an isometry on H2. This transformation v is classified into 3 categories :
elliptic <= there is only one fixed point in C
= |try| < 2,
parabolic <= there is only one degenerate fixed point in 0C
= |try| =2,
hyperbolic <= there are two fixed point in 0C

> |try| > 2.
Let T' be a discrete subgroup of SL(2,R), which is usually called a Fuchsian group.
Let M = I'\H? be the fundamental domain for the action (2.2). T is said to be
geometrically finite if M is chosen to be a finite-sided convex polygon. The sides
are then geodesics of H2. The geometric finiteness id equivalent to that T is finitely
generated.

As a simple example, consider the cyclic group I' generated by the action z —
z+ 1. This is parabolic with fixed point co. The associated fundamental domain is

M = (=1/2,1/2] x (0, 00),

which is a hyperbolic manifold with metric (2.1). It has two infinities : (—1/2,1/2] x
{0} and oo. The part (—1/2,1/2] x (0,1) has an infinite volume, and is called the
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thick part. The part (—1/2,1/2] x (1,00) has a finite volume, and is called the
cusp. Note that the sides x = +1/2 are geodesics.

Another simple example is the cyclic group generated by the action z — Az,
A > 1, which is hyperbolic. The sides of the fundamental domain are semi-circles
perpendicular to y = 0, which are geodesics. The quotient manifold is diffeomorphic
to S! x (—o0,00). It is parametrized by (t,r), where t € R/log\Z and r is the
signed distance from the segment {(0,¢);1 < ¢ < A}. The metric is then written as

(2.3) ds® = (dr)? + cosh? r (dt)?.

The part © > 0 (or z < 0) is called the funnel. Letting y = 2e~", one can rewrite
(2.3) as
= () ()
ds (y + ” + 1 (dt).
Let A(T') be the set of all limit points of the orbit {yz;y € I'}. Since I acts
discontinuously on C,, A(T) c dH2. If A(T) is a finite set, I' is said to be ele-
mentary. In this case, M is either H?, or the quotient manifold by hyperbolic, or

parabolic cyclic groups. For non-elementary case, we have the following theorem
(see [Bo0T]).

Theorem 2.1. Let M = T'\H? be a non-elementary geometrically finite hyperbolic
manifold. Then there exists a compact subset K such that M\ K is a finite disjoint
union of cusps and funnels.

3. ASYMPTOTICALLY HYPERBOLIC MANIFOLDS

3.1. Assumptions on ends. With the above example in mind, we state our as-
sumtions on the manifold. We consider an n-dimensional connected Riemannian
manifold M, which is written as a union of open sets:

M=KUM;U---UMy.
The following assumptions are imposed:
(A.1) K is compact.
(A2) M;NnM;=0, i+#j.

(A.3) FEach M, i=1,---,N, is diffeomorphic either to Mo = M x (0,1) or to
Moo =M % (1,00), M being a compact Riemannian manifold of dimension n — 1.
Here the manifold M is allowed to be different for each i.

(A-4) On each M;, the Riemannian metric ds* has the following form
ds? =y~ ((dy)* + h(z, dz) + A(z,y, dz,dy)) ,

n—1 n—1

A(z,y,dz,dy) = Z aij(x,y)dr'de? + 2 Z in(2,y)dz' dy + ann(z,y)(dy)?,

ij=1 i=1

where h(x,dx) = Z?j_:ll hij(z)dztdx? is a positive definite metric on M, and
aij(z,y),1 <i,5 < n, satisfies the following condition
(3.1) D3 Dy a(x,y)| < Com(1+ [logy]) 127" =170 va,m

for some ey > 0. Here Dy = ()8, §(y) € C®((0,00)) such that j(y) = y for
y>2and g(y) =1 for0<y<1.
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Let us note that the above model in particular contains H”. In fact, we take M
to be KUM;, whereM is diffeomorphic to S"~1 x (1, 00) equipped with the metric
(dr)? + sinh? r(df)?, the hyperbolic mertic written by geodesic polar coordinates.
Taking e” = 2/y, we arrive at at the above model.

The 2nd important remark is that if M, is diffeomorphic to M x (0,1), one can
transform the above metric into the form

n—1
(3.2) ds* = y_2((dy)2 + h(z,dz) + Z aij(x,y)dmidxj>
i,j=1

with a;;(x,y) satisfying the condition (3.1). Therefore in the following we consider
the metric of the form (3.2) for such ends.

Compared with the example in §2, the infinity of M corresponds to the funnel
or the thick part, and that of My to the cusp. In this paper, the former part is
called regular infinity, and the latter is said to be cusp.

Let A4 be the Laplace-Beltrami operator on M. Let V be a 1st order differential
operator on M with C°°-coefficients such that H = —A, — (n — 1)?/4 +V satisfies
the following conditions.

(A.5) H is formally self-adjoint. Namely
(Hep,v) = (o, HY), Vo,¢p € Cg° (M),
where ( , ) is the inner product of L*(M), i,e,

(¢, ) = /M PpdM,

dM being the measure induced from the metric on M.
(A.6) V is short-range on each M; (1 <i < N). Namely if V is represented as

V=" au(z,y)D* D= (Dy,Dy) = (yd,ydy),
la|<1
there exists a constant € > 0 such that
D} Dfan(wy)| < Cok(l+|logy))~' 7, VB, V.

We use the following partition of unity. Fix x¢ € K arbitrarily, and pick xo €
C3° (M) such that

(z) = 1, dis(z,20) < R,
XV =1 0, dis (x,x0) > R+ 1.

Taking R large enough, we define x,; € C*°(M) such that

1-— , e M,
win={ 47 r5

Then we have

N

Zj:oszla
suppx; C M;, 1<j<N,
xo=1 on K.

For 1 < j < N, we construct x; € C*°(M) such that

suppx; C M;, X; =1 on suppy;.



ASYMPTOTICALLY HYPERBOLIC MANIFOLDS

3.2. The Besov type space. To study the resolvent estimates, the following
Besov type space plays a key role. Let H be a Hilbert space endowed with norm
I I]. We decompose (0, 00) into (0,00) = Ugez ), where

F=1) exp(e¥)], kE>1

(exp(e
I = (et e], k=0
(exp(—e*l), exp(—el*I=1)], k< —1.

We fix an integer n > 2 and put

Let B be the space of H-valued function on (0, 00) satisfying

1/2
s = 3 el ( / |f<y>|2du<y>) < co.

kEZ
The dual space B* is identified with the space equipped with norm

1/2
* 1 / 2
ullg = | sup w(y) |lEdp < 00.
s <R>e O )

For s € R, we define the space L%*® by

we I = |lul? = / (1+ |og y) u(y) |3 dyu(y) < oo.

For s > 1/2, we have the following inclusion relations :
L**cBCL*?cL?c > ?cpB cL>.

In the upper half-space model R}, we represent a point of R’} as (z,y),z €
R" 'y >0, and put H= L*(R"!).

For our manifold M, the spaces L?*, B, B* are defined in the same way as
above using the partition of unity.

3.3. Resolvent estimates.

Theorem 3.1. (1) H|C°°(M) is essentially self-adjoint.
0

(2) oe(H) = [0, 00).

Theorem 3.2. (1) If one of the M;’s is difeomorphic to My, o,(H) N (0, 00) = 0.
(2) If all of the M;’s are diffeomorphic to Mo, then o,(H) N (0,00) is discrete
with finite multiplicities, whose possible accumulation points are 0 and oc.

We put 04 (A) = 271 F iv/A. We say that a solution u € B* of the equation
(H-MNu=fehB

satisfies the outgoing radiation condition, when M; has a regular infinity

) 1 1/2 ) dy
(33) dm e | 10 = ) e

)

and when M; has a cusp

1

i dy
R log R

R

The incoming radiation condition is defined similarly with o (\) replaced by o_()).

(3.4)
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Theorem 3.3. For A € 0.(H) \ 0,(H), there exists a limit

liII(l) R(\ £i€) = R(\£i0) € B(B;8B%)
in the weak *-sense. Moreover for any compact interval I C o.(H) \ op(H) there
exists a constant C' > 0 such that

[R(A+i0)f]

s < Cl|flls, Ael.

For f € B, we put u = R(A+140)f. Then u is a unique solution to the equation
(H — N)u = f satisfying the outgoing (for the case +), incoming (for the case —)
radiation condition. For f,g € B, (R(A £140)f,g) is continuous with respect to
A>0.

3.4. Fourier transforms associated with H. Let Hy; = —A; be the Laplace-
Beltrami operator on M; x (0,00), and x; the partition of unity. Letting

Roj(z) = (Hoj —2)~ ",
we have
YR\ £0) = Roj (A £ 0)y;
+ Ro; (A £140) ([Hoj, x5] — x;V) R(A £0).

We assume that M;, 1 < j < M has regular infinity, and M;, M +1 < j < N has
cusp.

Definition of féjjt)(k). We define fé;-t) (k) as follows. Let Aj1,Aj 2, - be the eigen-
values of the Laplace-Beltrami operator on M; and ¢; 1,®; 2, be the associated
eigenvectors. For f(x,y), let fm(y) = (f(-,4), pm(:)) be its Fourier coefficient.

(i) For 1 < j < M (the case of regular infinity)
(763 (B)F) () = 3 O (B) oy () g ) (R) P,

m>0

where the right-hand side is defined by

sinh(km))1/2 [o°
(Fom [) (k) = M/O y(”‘””Km(\/ﬂy)f(y)z—g?

s

RSP S d
) = o= [ )

y’
F(i) _ FOm()\m #O)v
om F(i)()\ 70)
0 m — Y),

()" owro
C%)(k) - +7 T

kwe (k) \ 2 (Am =0),
wi(k) = T

(2k sinh(km))/20(1 F ik)"
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(ii) For M +1 < j < N (the case of cusp)

FEO k) f = ———FD k) o).

V |E;j|
We put
(3.5) FE (k) = Gt (k) (x; + (Hogs xj] — x;V)R(K? £0)) .

Definition of F*) (k). The Fourier transformation associated with H is defined by
FOW) = (FP (k) Fy (R),
where for 1 < j < M
+ + .
FO (k) = Fo3 () [x; + ((Hog x5] = x;V) R(K* £ 0)]
= > O R)esm(@) 7 (R),

m>0

and for M +1<j< N
+ + ‘/ R ;
FJ( )(k) = féj)(k) [Xj + ([Hoj. x5 = x;V) R(K* £ ZO)]

(3.6) 1 (+)
= ——F;, (k).
i
For functions f,g € B* on M, by f ~ g we mean that on each end
1 dy
lim / F@) = 972020y — =0,
dim o | W gl

dy
I1f(y) - g(y)H%z(Mi)y_n =0

im
R—oo lOg R log(1/R)<y<1

Theorem 3.4. Let f € B, k? € 0.(H)\o,(H), and x; the partition of unity. Then
we have

M
R(K? +i0)f = wi (k) Y xyy ™D/ 2FRES) (1) f

j=1
N . N
+ol (k) D0 Xy PEREE ).
j=M+1

We put
hoo = (€2, L7 (M) & (€241 C)
and for ¢, € h, we define the inner product by

M N
(0, V)no, = Z(%awz‘)m(m) + Z 09| Mj].
i=1 j=M+1

We also put
FOw) = (FOWL FOW)

H = L?((0, 00); hoo; dE).
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Theorem 3.5. We define (F&)f)(k) = FE(k)f for f € B. Then F&E s

uniquely extended to a bounded operator from L*(M) to H with the following prop-
erties.

(1) Ran F*) = H.

(2) | = IFE S| for f € Hae(H).

(8) FEf =0 for f € Hy(H).

(4) (FEHF) (k) =k (FEf) (k) for f € Dom H.

(5) FE (k)" € B(hoo; B*) and (H — k%) FH) (k)* =0 for k% € (0,00) \ o, (H).
(6) For f € Hao(H), the inversion formula holds:

N )
_(F®Y g = () v+ (£ _
f (fi> FE ;/O FE (k) (f] f) (k)dk

3.5. S matrix.

Theorem 3.6. If k* ¢ 0,(H), we have

(1) F&(k)B = ha.

(2) {ueB*; (H—k)u=0}=FH(k)hy
Let V;, be the differential operator defined by

Vo = —[Hog, Xq) +VXq (1 <g<N).

For 1<p< M, 1<qg< N, we define

For M +1<p<N,1<q<N, we define

~ T

Spalk) = =2 WV (7, 1)

q

We define an operator-valued N x N matrix §(k) by

and call it S-matrix. This is a bounded operator on h.
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Theorem 3.7. (1) For any u € B* satisfying (H — k?)u = 0, there exists a unique
PF) € hy, such that

M
u~w (k)Y Xy AT

p=1
N
+w (k) Z Xpy(n—l)/2—ik{p;()a)
p=M+1
M
—wi (k)Y Xy 2R
p=1
N
—wf)(k) Z Xpy(n_l)/2+ikw1()+)‘
p=M+1

(2) For any =) € hy, there exists a unique ") € hy, and v € B* satisfying
(H — k?)u = 0, for which the expansion (1) holds. Moreover

P = Sy,

Theorem 3.8. (1) S(k) is unitary on ha.
(2) FO(k) = S(k)F (k).

4. INTRODUCTION TO INVERSE SCATTERING

Suppose we are given two asymptotically hyperbolic metrics which differ only
on a compact set. If the associated scattering operators coincide, these two metrics
coincide up to a diffeomorphism. This result can be extended to manifolds with
asymptotically hyperbolic ends when two metrics coincide on one end having a
regular infinity.

4.1. Local problem on H"”. In the geodesic polar coordinates, the metric on H™
takes the form

ds* = (dr)? + sinh® r (d6)?,

where (df)? is the standard metric on S"7!. Let K = H" N {r < 2}, M; =
H" N {r > 1}. Letting y = 2¢~" and = = 6, one can rewrite the above metric as

(&) (9 wr

Suppose this metric is perturbed so that
(dy)? + (dz)* + A(@,y, dz, dy)
2 b
Y
with A(z,y,dx,dy) satisfying the assumption (A-4) of §3.

ds® =

Theorem 4.1. Suppose we are given two Riemannian metrics G®), p = 1,2, on
H"™ satisfying the above assumption. Suppose their scattering operators coincide.
Suppose furthermore GV and G® coincide except for a compact set. Then G
and G@ are isometric.



HIROSHI ISOZAKI

The proof is done by the following steps. Let K C H™ be a compact set such
that GV = G® outside K. We first take a geodesic sphere S ¢ H" \ K and
consider the boundary value problem for the Laplace-Beltrami operators in the
interior domain 2. Then the associated Dirichlet-Neumann map (or Neumann-
Dirichlet map) coincide. We use the boundary control method of Belshev-Kurylev
to show that G and G® are isometric in Q.

4.2. Inverse scattering at regular ends. Let M be a manifold satisfying the
assumptions (A.1) ~ (A.4) in §3 with ends of number N > 2. Since M has N-ends,
the S-matrix for M is an N x N-matrix:

Sk = (8,50)

Now, suppose we are given two metrics GU), j = 1,2, on M, and the operator H)
associated with GU).

1<i,j<N

Theorem 4.2. Let M be a manifold satisfying the assumptions (A.1) ~ (A.4) in
83. We assume that one of the ends has a reqular infinity, and denote it by M.
Suppose we are given two metrics G, j =1,2, on M. Assume that GV = G2
on My. If §11(k) = §11(k) for all k > 0, then G and G® are isometric on M.

We can actually prove a stronger version of Theorem 4.2, i.e. it is valid for two
manifolds whose number of of ends are not known a-priori.

Theorem 4.3. Let M®) p = 1,2, be manifolds satisfying the assumptions (A.1)~
(A.4) in§3 endowed with metric GP), p = 1,2. We assume that for both of M) and
M) one of the ends has a regular infinity, and denote it by M§p), p=1,2. Assume
that Mgl) and Mgz) are isometric, and Sy1 (k) = S11(k) for all k> 0. Then M®)
and M) are isometric.

Let us remark that Theorem 4.2 is also true for the upper-half space model.
Namely, if two metrics coincide for y < e and the scattering matrices coincide, then
these two metrics are isometric.
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Curved Traveling Waves of a Mean Curvature Flow in
Heterogeneous Media

Bendong Lou
Department of Mathematics, Tongji University, Shanghai 200092, China

E-mail: blou@mail.tongji.edu.cn

1 Introduction
Consider
(1) V = a(z,y)k + bz, y) for (z,y) € It CR?,

where [} is a simple plane curve, V' denotes the normal velocity on I}, x is the curvature, a,b
are positive functions. This equation is an example of mean curvature flows in heterogeneous
media. It can be used to model the motion of an interface. Generally, one can expect to get more
information about the interface by studying mean curvature flows instead of reaction diffusion
equations. Especially, in the case where an interface reduces to a simple plane curve, the shape
of the interface, the relation between the propagation speed and the shape are expected to be
described clearly.

In [2], [3], [8], [9], [10] etc., the authors studied traveling waves of V' = agr+bp: the homogeneous
version of (1). We are concerned with traveling waves of (1).

In the last two decades, many authors studied traveling waves of reaction diffusion equations in
heterogeneous media (cf. [1], [7], [12] and references therein). Most of the study are concerned with
traveling waves with planar-like front (that is, the level set of the front — interface — is bounded
oscillation of a hyperplane). Recently, [4], [5], [11] etc. studied traveling waves with curved fronts,
but for homogeneous equations. As far as we know, no much is known about traveling waves with
curved fronts for heterogeneous equations.

In this talk, we are concerned with graphic curves, that is, for each ¢ > 0, I} is the graph of a

function y = w(z,t). In this case, equation (1) is equivalent to

+ b(x,u)y/1+ul.

(2) Up = a(x,u)ﬁ

In this talk, we assume that both of a(x,y) and b(x,y) are smooth, positive and almost periodic

in both variables.

11



Definitions of Traveling waves

(i) Assume that a and b are independent of u. A solution of (2) with the form u(z,t) = v(z)+ct
(for some v and ¢ > 0) is called a traveling wave (solution).

(ii) If a and b are 1-periodic in y, then we call a solution w(z,t) of (2) as a periodic traveling
wave with average speed ¢ if u(x,t 4+ 1/c) = u(x,t) + 1.

(iii) If @ and b are almost periodic in y, then we call a solution u(x,t) of (2) as an almost periodic
traveling wave with average speed c if there exist a continuous map W : H, x Hp — LS. (R) and

an increasing function £(¢) such that
(3) u( ) = €() = W (a(y + €(0), by + £(1)))

and

EX+T)=&)]/T —c as T — oo.
L>°(R?)

Here H, := {a(z,y + s)|s € R} denotes the hull of a. Note that this definition is indeed the
analogue of Matano’s definition for traveling wave of reaction diffusion equation in heterogeneous
media ([7]).

(iv) A traveling wave is called a curved one if u(z,t) — u(0,t) is unbounded. Especially, if the

graph of u(z,t) — u(0,t) lies in a bounded neighborhood of a line for z > 0 and lies in a bounded

neighborhood of another line for z < 0, then we call it a “V”-like traveling wave.

Our main purpose in this talk is to study the existence of “V”-like traveling waves of (2), as well
as the relation among the traveling speed, the shape of the profile and the spatially heterogeneity.
Denote a, := inf a(z,y), a* :=supa(x,y), b, :=infb(z,y), b* := supb(z,y).

2 Traveling waves of V = a(x)k + b(z)

In this part we assume that a and b are independent of y, and are almost periodic in z. In this

case a traveling wave u(z,t) = v(z) + ct satisfies

"

c:a(x)ﬁ—i—b(m)\/l—i—vﬂ, x €R.
v

After a further transformation ¢(z) := arctan v’(z), the equation is equivalent to

c b(x)

) #(w) = a(x) B a(z) cos ()’ wlz) € (7 2’ 5) VZER.

For some of our results, we need to restrict a to the range

by T b *
(5) o€ (arccosb—*,g) U (— 5 —arccosb—*) (@ by >b cosa).

Lemma 1. For any « in the range given by (5), there exists a unique pair (c,p) € R x C1(R)
such that (1) (c, ) satisfies (4), (ii) @ is almost periodic, and (iii) the arithmetic mean of tan g is

tan a.

12



In addition, as a function of a, the unique solution (c,p) satisfies the following estimates

bys cos o b, cos a

(6) arccos — —— < sgn(a) p(z) < arccos for x e R,
m M
dc 3aMb%/I
7 0< — < ——A
@ < sgn(@) da = anb?, cost

(In the case, a and b are periodic, ¢ is also periodic).

Theorem A. Assume that oy > 0 and ag < 0 satisfy (5). Also assume that (¢, 1) and (c, 2)
are solutions of (4), that 1 and @y are almost periodic and M[tan ;] = tancy, ¢ = 1,2. Then,
for any small initial value p(0), problem (4) (with the same c) admits a unique solution ¢ and the

solution satisfies the following (see Figure 1):
(i) pa2(z) < (x) < p1(x) for all x;
(ii) There exist positive constants L and v such that

p1(x) —Le™* < p(x) < w2 + Le¥® Vz eR.

(iii) There exist a unique xo and a unique So > 0 such that the functions defined by

vy (x) = /: tan 1 (z)dx, va(x) ;:/w

0

€T

tan po(x)dz, v(z) = / tan p(z)dx + So

0

x

0

satisfy, for some L >0 and the same v as above,

max{vy (2),v2(2)} < v(z) < max{v,(x),v2(2)} + Le "1l vz eR.

Fig. 1 (a) ¢(x) approaches ¢;(z) as x — +oo; (b) “V”-like profile

In order to give an explicit estimate for the traveling speed ¢ in terms of «, we consider a
homogenization problem:

d . o) = < be (z)
e’ (z) at(x) ac(z) coses(x)

. ¢@e(-5.5) VeeRr (4).

where a.(z) = a(z/e), b-(x) = b(xz/¢e). For an almost periodic function h(z) we use M[h] to denote

its arithmetic mean. Denote



Theorem B. For any « satisfying (5), let (¢%, %) be the solution of (4)e as in Lemma 1. Then

B
(8) lim Hgoa—aH =0, lim ¢ = .
e\0 L= (R) eN0 cosa

If in addition assume that for some Ly, Ly > 0,

[y 2el=se |[ (- B)af=se wreen

then there exists a positive constant QQ depending only on L1, La, G, apr, b, byr and o such that

9)

< Ly,

B

COS «x

() — o + ¢ -

(10) |

H ‘ < Qe Ve > 0.
Lo (R)

3 Traveling waves of V = a(x,y)x + b

In this part, for some technical reasons, we study curvature flow V' = a(x,y)x + b, where a is

almost periodic in y, b is a positive constant.

Theorem C. For any given ¢ > b, equation (2) (with b(x,u) = b) has an almost periodic
traveling wave U(z,t) € C*tV1+Y/2(R?) (v € (0,1)). For each t € R, the graph of U(x,t) is a

“V7-like curve:
(11) o(x,a.) < Uz, t) —ct < p(z,a”) + (a* — ax)S for z € R,

where S = S(b,c) > 0 is a constant, both ¢(z,as) and ¢(z,a*) + (a* — a.)S approach the same
line v/ c? — b2 /b — a,.S as © — oo, approach —xv/c? —b2/b— a.S as x — —oo (see Figure 2).

(When a(z,y) is periodic in y, the traveling wave is also a periodic one).

o(z,a") +a*S

o(z,a.) +a.S

0 X

Fig. 2 “V”-like profile with asymptotic straight wings
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Large time behavior of solutions to
the Burgers-Poisson equations

Masakazu Kato

Mathematical Institute, Tohoku University

1 Introduction

In this talk, we consider large time behavior of global solutions to the Burgers-Poisson

equations:

(1.1) w+ (u?), +¢ =0, t>0, zcR,
(1.2) Qe +q+u, =0, t>0, z€R,
(1.3) u(x,0) = ug(x),

where ug € L'(R) N H*(R). For an integer s > 2, H*(R) denotes the space of functions
u = u(z) such that OLu are L?>-functions on R for 0 <[ < s, endowed with norm || - || zs.
The system is a mathematical model describing the behavior of the high-temperature gas,
where u(z,t) corresponds to the velocity of the gas and ¢(z,t) to the radiative heat-flux,
respectively (see [1, 5]).

In Kawashima, Nikkuni and Nishibata [4], it was shown that if Es = ||ug|| g + ||uol| 1
is suitably small, then there exist uniquely a pair of solutions v € C°([0,00); H*) N
CL([0,00); H*71) and ¢ € C([0,00); H**1) of the ploblem (1.1), (1.2) and (1.3) verifying

N~

(1.4) L, )| romi-at + || 0L, )| gomrozt < CE,(1+1)"372, ¢ >0,
(1.5) 10ha (-, Ol grea-n < CE(14 1772, £>0,

where s > 2 and 0 < 2l < s—1in (1.4) ,and 0 < 2] < s — 3 in (1.5). Moreover, they
proposed the following viscous Burgers equation as a reduced equation for the Burgers-

Poisson equations:

(1.6) v+ (V7)) = Vg, t>0, x€R,
(1.7) v(x,0) = up(z).

If F is suitably small, then we have

MES

(1.8) 10F0(-, t)|| 2 < CEL(1+1)"5~

where 0 < k < s (see e.g. [2]). Observe that the equation (1.6) follows from (1.1) and
(1.2) by neglecting the second order derivative q,,, formally. In fact, they proved that if
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E is suitably small depending on any fixed € > 0, then

(1.9) 105 (u —v) (-, 1)
(1.10) 10L(q + va) (-, )| gremr—st < CES(1+1)"372%¢ >0,

e—1-a < CE(1+ t>,%,%+67 t>0,

hold, where s > 5 and 0 <3l < s—41in (1.9), and 0 < 3] < s— 7 in (1.10). However, this
result on the asymptotic behavior leads us to a natural question whether it is possible to

take € = 0. Our main result is that we can improve these estimates as follows.
Theorem 1.1. If E; is suitably small, then we have

(1.11) 104 (1 — V) (-, ) || oms-or < CEJ(1+18)"372, ¢ >0,
(1.12) 10 (q + va) (-, )| gromr—ss < CES(14+¢)"172, ¢ >0,

where s > 5 and 0 < 3l <s—4in (1.11), and 0 < 3l < s — 7 in (1.12).

N~

In order to show this theorem, the explicit representation formula and the weighted

decay estimates of the solution for the linearized equation play an important role.

2 Preliminaries

In order to prove the basic estimates given by Proposition 3.1 and Proposition 3.2, we
prepare the following two lemmas. Those are concerned with the decay estimates for

semigroup e'® associated with heat equation. For the proof, see Kawashima [3].
Lemma 2.1. Let | be a nonnegative integer and p € [1,2]. Then the estimate
(2.1) |0he™ fll e < Ce™ 0L fll2 + C(1L+ 1) 7P~ |0 £ 1o
holds for any 0 < k <, where v(p) = (1/p — 1/2)/2 and f(x) is a function such that the
norms on the right hand side of (2.1) are finite.
We set

l
Hy={f € Lie®) | D 07 fller < o0}.
m=0

Lemma 2.2. Let | be a positive integer, p € [1,2] and t; < t3. Suppose [ €
C°(0,00; H1) N C%(0, 00; H}). Then the estimate

to

1o / 351 () dr | 1o
t1

to

to
C(/ e DN f ()| Fadr) 2 + C/ (L+ty — )70~ F 0 f(7) | podr

t1 t1

IN

folds for any 0 < k <, where y(p) = (1/p —1/2)/2.
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We deal with the following linearized equation which coressponds to (3.4), (3.5) below:

(2.2) 2t = 2z — (202),, t>0, z€R,
(2.3) 2(z,0) = zo(x).
If we put

et = [ sty
then we see from (2.2), (2.3) that r(z,t) satisfies
Ty =Tgpe — 207, t>0, xR,

r(z,0) = /_3; 20(y)dy.

Then a direct computation yields
r(z,t)\  [r(xt)
(n(%t))t N (n(x,t))m’
where

(2.4) n(z,1) = exp ( / ' —U(y,t)dy> |

—00

The explicit representation formula (2.6) below plays a crucial role in our analysis. For

the proof, see [2].

Lemma 2.3. If we set

Uldet.7) = [ 2.6t = vt = Do) {fp@@ﬁ%

n(y,7) 1/
(2.5) 0<7<t, z€R

and G(z,t) is the heat kernel

ZE2

1
vAart p( 4t

then the solutions for (2.2) and (2.3) is given by

G(z,t) = ),
(2.6) z(z,t) = Ulz)(x,t,0), ¢t>0, zeR.

It is easy to deduce the following estimates from (2.4) and (1.8). Here and after, we
assume that £, < 1.

Lemma 2.4. Let s be a positive integer. Then, if E is suitably small, we have

1
(2.7) IGIC llzee + i, Bl < €
1 1 k-1
(2.8) ||9§(5)(-,t)llm +10kn( Oz < CE(1+8)757, 1<k<s,
1 k
(2.9) H@i“(;)(-,t)HLw +llomn (s t)le < CE(1+1)72, 1<k<s—L
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3 Proof of Theorem 1.1

We shall mention how to deduce the decay estimate (1.11) and (1.12). Once we have
(1.11), it is easy to show (1.12). In fact, from (1.2), (1.11) and (1.5), we have

H(?i(q—irvz)(«,t)] Hs—7-31 < Hai“(u U)( ,f} ’Hs 4-3(1+1) + ||8lJr2 ( t)| Hs—3—2(1+2)
< CE,(141) 1% 4+ CE(1+t) 1 =
< CE(1+1t) i3,

Therefore our task is reduced to (1.11). Using Lemmas 2.1, 2.2 and 2.4, (1.4), and (1.5),

we derive the following.

Proposition 3.1. Let s > 5 be an integer and (u, q) be the global solution. Suppose

is a nonnegative integer satisfying 3l < s — 4. Then, if Fy is suitably small, we have
t
(3.1) 1 / Uldoas (7))@, 8, 7)dr |2 < CEL(1 + 1)~ 1-4minGD),
0

where 0 < j < s—4 —2I.

In order to deal with the nonlinear term, we introduce

s—4—2]
(3.2) N(T) = 3" sup (14T 90u(, )] 2.
=0 0<t<T

Using Lemmas 2.1, 2.2 and 2.4, we derive the following.

Proposition 3.2. Under the same assumptions in Proposition 3.1, we have
(3.3) | / U[(w2)e (7))@, £, 77|12 < CN(T)X(1 4 £)~ 53 minGiD),
where 0 < j < s —4 —2I.
From (1.2), we have ¢ = —u; + ¢u,. Substituting this equation into (1.1), we obtain
w4 (U)2 = Usw — Gawa-
If we put w(z,t) = u(z,t) — v(z,t), then w(x,t) satisfies

(3.4) Wy = Wey — (20W)y — Qozw — (W), t>0, z€ER,
(3.5) w(z,0) = 0.

Applying the Duhamel principle for the problem, we have

(3.6) w(x, t) = _/0 Uleaa(T) + (0?) (7)) (-, £, T)dT.
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Observe that (1.11) follows from
(3.7) N(T) < CE,

for all T > 0. Appling &’ to (3.6) and taking the L?*norm, we obtain
o Olls < 18] | Vlgaalr)C b )
0

(3.8) w%émwmmwmmwm

where 0 < j < s —4 — 2[. From Propotitons 3.1 and 3.2, we have (3.7) provided Ej is
suitably small. This completes the proof.
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Mean curvature flow closes open ends of
noncompact surface of rotation

Yukihiro Seki !

Graduate School of Mathematical Sciences,
University of Tokyo,
Tokyo 153-8914, Japan

1 Introduction

This is a joint work with Yoshikazu Giga and Noriaki Umeda. We discuss
motion of noncompact hypersurfaces I'; moved by mean curvature flow, whose
initial surface I'y is rotationally symmetric to an axis, say the x;-axis, and
is represented by rotating the graph of a positive function uy around the
axis. Under the symmetric assumption, the mean curvature flow equation is
equivalent with one-dimensional quasilinear parabolic equation

Uy n—1

:1+(u)2— . reR, t>0, (1.1)

Uy

with initial data
u(z,0) =ug(x) >0, z€R. (1.2)

1.1 Derivation of the equation

The surfaces I'; remain rotationally symmetric to the axis so long as they
exist as is proved in [1, Theorem 4.3a]. Namely, we may assume that the
hypersurfaces are given of the form

Ft = {x = (I‘l,l’g, 71:71) € Rnl r= U(Z‘l,t)}

n 2
j=2Tj

the xq-axis to I';. We call these hypersurfaces axisymmetric surfaces.
Although the derivation of equation (1.3) was already done in [10, 2]

by the radial distance u of the surface to its axis of rotation, we introduce

another way to derive the equation based on level set method (c.f.[4]), which

1/2
with some function u, where r = (Z ) denotes the distance from

!Supported by Research Fellowships of the Japan Society for the Promotion of Science
for Young Scientists.
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describes a hypersurface as the zero level set of an auxiliary function. Under
the symmetric assumption, we may take the auxiliary function as

o(z,t) := —r + u(x, ),

so that the surfaces are represented as I'y = {x € R"| ¢(z,t) = 0}. Here we
observe that [V¢| = (1+u2 )"/? does not vanish on I';. With this function, a
unit normal vector field n of T'; is given by n = —V¢/|V¢|, so that we may
compute V and H respectively as

B dx(t) - o - Ut
A I (R R TEY

B B Vo Ugyzq 1 n—1
H=-V -n=V <]V¢|>_ (1+u9201)3/2 (1_|_uil>1/2 r

where z(t) is a C''-curve such that ¢(x(t),t) = 0. (Here and henceforth we do
not take average of principal curvatures to define mean curvature.) Putting
V = H, we get
Uy 2y n—1

= — . 1.3

1+ (g )? u (13)
Since the spatial independent variable of unknown function u is essentially
one dimension, we may and shall denote z; by x in the following for simplicity.

We now arrive at the Cauchy problem (1.1)-(1.2).

Uy

1.2 Quenching problem

The Cauchy problem (1.1)-(1.2) has a unique positive classical solution u
locally in time, but the solution is forced to reach zero in finite time as
long as bounded initial data are concerned. This fact is readily seen if one
compares u with the explicit solution vy (t) = \/2(n — 1)(T(M) —t) with
M = sup,cg uo(z) and T(M) = M?/2(n — 1).

Once a solution reaches zero, the equation (1.1) does not make sense and
hence the solution cannot be extended globally in time as a classical solution.
For a given initial datum ug, we set

T (up) = sup{t > 0; inff{u(x,t) >0} < oo
Te
and call it the quenching time of u. It is immediate that

liminf inf u(z,t) = 0.
t /T (uog) z€ER
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A point a € R is said to be a quenching point (or pinching point) of w if
there exists a sequence {(xx,tx)} C R x (0,7 (up)) such that

xp — a, ty / T(u) and wu(xg,ty) — 0 ask — oo.

In other words, a point @ € R" is a quenching point if and only if  is not
bounded away from zero. Quenching points of u correspond to positions of
pinching necks of the surface T'; at ¢t = T (ug).

1.3 Known results

We shall recall several known results on mean curvature flow equations for
compact hypersurfaces.

General surface

1. Huisken [11].

If initial surface is smooth, compact and convex in R",n > 3, then the hy-
persurface I'; remains smooth, compact and convex and shrinks to a “round
point” in finite time.

2. Gage and Hamilton [3].
The result of [11] still holds for simple convex curves in R?.

3. Grayson [9].
Even if initial curve is not convex, the solution curve must become convex
before it shrinks to a point.

Axisymmetric surface

4. Grayson [10].

When n > 3, this result of [9] can fail to hold in general. There is an example
of surface whose neck pinches before it shrinks to a point. (A barbell-like
surface: two spherical surfaces connected by a thin “neck”.)

5. Altschuler, Angenent and Giga [1].

There exists a finite sequence 0 = t, < t; < ... < t, such that I is
smooth for ¢;_; < t < t;. The number of components can change only
att=t;, (j=12,..1).

1.4 Our aim

We would like to show that any noncompact axisymmetric hypersurface such
that the quenching time is “minimal” has no pinching point on the axis of
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rotation at the quenching time no matter how thin necks of the initial
surface are, except for flat surfaces, and to characterize such hypersurfaces
by initial data. We will give the definition that the quenching time is minimal
in the next section.

2 Main results

If the initial data is a positive constant, then the solution of (1.1)-(1.2)
coincides with the solution v,,(t) of the corresponding ordinary differential

equation

, n—1
V= —

, t>0; v(0)=m, (2.1)

v
that is,

m2

2(n—1)

Um(t) = /2(n — 1)(T(m) —t)  with T(m) = (2.2)

The function v,, provides the vanishing cylinder with diameter v,,(t) for each
time ¢t < T},. In what follows, m is chosen as

= inf :
i S

A simple comparison argument shows that any solution u of (1.1)-(1.2) sat-
isfies
u(z,t) > vy,(t) inzeRx(0,T,).

We thus have, in general,

Definition.We say that a solution u of the Cauchy problem (1.1)-(1.2) has
a minimal quenching time if

T(ug) =T(m).

Proposition 2.1. Suppose that a solution u of the Cauchy problem (1.1)-
(1.2) quenches at minimal quenching time T'(m). Then

liminf u(x, t) = v,,(t) or liminf u(x, t) = v,,(t)

T——00 T—+00

for every t € [0,T(m)) and quenching occurs at space infinity in the sense
that there exists a sequence {(zy,t;)} C R x (0,T(m)) such that

tr /" T(m) and u(zg,ty) — 0 as k — oo.
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We are now in the position to state our main results.

Theorem 2.2. Let u be a solution of the Cauchy problem (1.1)-(1.2) having
a minimal quenching time T(m). If ug % m, then there is no quenching
point of u. Moreover, there exists a function u(-,T(m)) € C*°(R) such that
u(-,t) — w(-,T(m)) in the Frechét space C*(R) ast /" T(m), and it ful-
fills u(xz, T(m)) > 0 in the whole R. Furthermore, lim,_, o, u(z,T(m)) =0
and/or lim, . o u(z, T(m)) = 0.

We can actually obtain a necessary and sufficient condition on initial data
for a solution of the Cauchy problem (1.1)-(1.2) to have a minimal quenching
time, making use of the technique developed in [15, 14] for related blow-up
problems. We shall consider the following conditions on initial data:

There exists a sequence {zy} C R such that xy — oo and (2.3)

up(z + ) —m  ae ask — oo.

There exists a sequence {z} C R such that z;, — —oc and (2.4)
ug(r + ) = m ae. ask — oo. '

Theorem 2.3. A solution of the Cauchy problem (1.1)-(1.2) has a minimal
quenching time if and only if u, satisfies conditions (2.3) or (2.4).

3 Tools

We shall recall some basic tools obtained in [1] in the restricted form con-
venient to our aim. In what follows, the half interval (0, 00) is denoted by R ;.

Lemma 3.1.(Altschuler-Angenent-Giga [1]; gradient bound.) Let u be a
solution of (1.1) in (a,b) x (0,T") for some —o0 < a < b < co. Then there is
a function o0 : R, x R, — R such that

luz(x,t)] < o(t,u(z,t)) (3.1)

holds for all a < x < b,0 <t < T. The function o has the form o(t,u) =
exp (p(u)/t) with a positive continuous function p on R, and depends only
on sup u(z,0) and b — a. Moreover, if u solves the equation in R x (0,7,
then (3.1) holds in R x (0,T) and o depends only on sup u(x,0).
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Lemma 3.2.(Altschuler-Angenent-Giga [1, Single-Point Pinching Lemmal).
Let u be a solution of (1.1) in (a,b) x (0,T) for some —o0 < a < b < co. If
the solution u of (1.1) is monotone increasing (or decreasing) with respect to
x in (a,b), then for any subinterval (c,d) € (a,b), there is a constant 6 > 0
such that

u(z,t) >0 in(c,d) x (0,7).

4 Related studies

Our problem is closely related with a blow-up problem ([7, 8, 16, 15, 14]) for
nonlinear parabolic equation

ur = Ag(u) + f(u), reRN t>0, (4.1)

with initial data
u(z,0) = up(x), € RV, (4.2)

Typical nonlinear terms are ¢(u) = v™ and f(u) = w? with m > 0,p > 1
being constants. Our results and proofs of the present study are the same
with those of [15, 14] in spirit.

In the semilinear case ¢(u) = u, if ug is not a constant and takes its maxi-
mum at infinity, then the solution of (4.1)-(4.2) blows up only at space infin-
ity: See [12, 5] for one-dimensional problem; [7, 8, 16] for the Cauchy problem
in R™ (See also [6].) The notion of “blow-up direction” was originally intro-
duced in [8]. For a solution u of (4.1)-(4.2) blowing up at t = T'(ug), we say
that a direction ¢¥» € SV~1 is a blow-up direction if there exists a sequence
{(zn,t,)} € RN x (0, T(up)) such that

I, Y, t, / T(ug), and u(x,,t,) — oo as n — 0.

|Zn| — 00,
||

It is shown in [8] that the blow-up directions are characterized by initial data.
The authors of [15, 14] generalized the results of [7, 8] to the quasilinear case.
The definition of “minimal blow-up time” (or “the least (possible) blow-up
time”) was originally given in [15]. The notion of minimal quenching time
introduced in the present note is an analogue of this notion. The authors
of [15, 14] obtained a necessary and sufficient condition on initial data for a
solution to have a minimal blow-up time, which is close to Theorem 2.3.
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A remark on the uniqueness of positive solutions to semilinear

elliptic equations with double power nonlinearities

Shinji Kawano
Department of Mathematics
Hokkaido University
Sapporo 060-0810, Japan

Abstract
We consider the uniqueness of positive solutions to

lim wu(z)=0. 1)

|z|—o00

{Au —wu4u? —u*?' =0 inR",

It is known that for fixed p > 1, a positive solution to (1) exists if and only if w € (0,w,), where
p . . . .
wp 1= (—%{—1)2 We deduce the uniqueness in the case where w is close to wp, from the argument
p
in the classical paper by Peletier and Serrin [9], thereby recovering a part of the uniqueness result

of Ouyang and Shi [8] for all w € (0,w,).

1 Introduction
We shall consider a boundary value problem

n—1

Upp + —u, —wu +u? —u?? ' =0 forr >0,

u,(0) =0, (2)
lim u(r) =0,

r—00

where n € N, p > 1 and w > 0. The above problem arises in the study of

Au—wu+u? —u?"1 =0 in R,
lim u(z) = 0. (3)

|&|—o0

Indeed, the classical work of Gidas, Ni and Nirenberg [4, 5] tells us that any positive solution to (3) is
radially symmetric. On the other hand, for a solution u(r) of (2), v(z) := u(|z|) is a solution to (3).
The condition to assure the existence of positive solutions to (3) (and so (2)) was given by Berestycki
and Lions [1] and Berestycki, Lions and Peletier [2]: A solution to (2) with fixed p > 1 exists if and only
if w € (0,w,), where
D
(p+1)%

Wp

We shall review what this w, is for in Section 2. Throughout this paper, a solution means a classical
solution.

Uniqueness of positive solutions to (2) had long remained unknown. Finally in 1998 Ouyang and Shi [8]
proved uniqueness for (2) with all w € (0,w,), p > 1. See also Kwong and Zhang [6].
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In this present paper, we prove that for w close to wp, the uniqueness result is obtained directly from
the classial result given by Peletier and Serrin [9] in 1983. For another attempt to obtain the uniqueness
when w is close to wy, see Mizumachi [7]. Our result of the present paper is the following:

p(7p —5)

Theorem 1. Letn € N, p>1 and w € [a,,,w,,), where a, := G+ )21 Then (2) has exactly
1(; ETY

one positive solution.

Remark 1. Note that

0<ap<w"=(p+Ll)2’ p>1

In the next section we clarify the definitions of w, and a, from the point of view from [9].

2 Study of the nonlinearity as a function

In this section, we study the properties of the function f(u) := —wu + u? — u*?~! in (0, ), where
w > 0 and p > 1 are given constants.

u
First we define F'(u) := / fu.p(s)ds, and by a direct calculation we have
0

Mas u?p

F(u) = —g-uz +

p+1 - 2p
2
_ u- [ -1 2(p—1) /
=—— |[—wp(p+1)+2pu’~" — (p+ 1u . (4)
2p(p+1)
There are two cases of concern:
(a) w < wp <= F has two zeros in (0, ).
(b) w > w, <= F has at most one zero in (0, 00).

The condition to assure the existence of positive solutions of (2) given in [1, 2] is the following;

Lemma 1. The problem (2) has a positive solution if and only if both of the following hypotheses are
fulfilled:

(H1) lim fw)

u—+0
(H2) F(5) > 0 for some positive constant 6.

exists and is negative,

Lemma 2. The problem (2) has a positive solution if and only if

for p > 1.

Proof. (H1) is equivalent to the condition w > 0. (H2) is equivalent to the condition (a) above. O
This is the origin of w,. Next we turn to the exponent a,.
As a preparation, we calculate the derivatives of f(u) = —wu + u? — u?~!:

f'(u) = —w+pu?~' — (2p — Du?P~Y,

F"(u) = 2(p = 1)(2p — 1)u?~2 [5@3’_’3 - u”“l] ,

We shall introduce four positive constants «, b, ¢ and .

1

p—1
e Let a denote the unique zero of f” in (0,00): a = [m] .
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e Let b denote the first zero of f in (0,00): b=

|- yI—dw]7"
5 .
1
14+ V1 —4w]™ "
e Let ¢ denote the last zero of f in (0,00): ¢ = [—i———i————i] .
1
=T
_ 4+ 1)2
e Let 3 denote the first zero of F in (0,00): 3 = - (1 —4/1= -(-g—i——)-w):l
p+1 p
It is easy to check that
B € (b,c) (5)

either by observing the graphs or by a straightforward calculation. From (5) we deduce
f(B) >0, (6)

which will be used later.
We are not able to give a clear explanation on the relation between a and j.
p(7p —5)
4p+1)(2p-1)*

Proof. A simple calculation. O

Lemma 3. The condition o < 3 is equivalent to w > a, =

This is where our a, comes into play. In the next section, we see what this condition stands for.

3 Proof of Theorem 1.

First we state the result by Peletier and Serrin [9], which assures the uniqueness of solutions of (2).
Lemma 4. Let f satisfy (H1-3), where (H1), (H2) are in Lemma 1., and (H3) is the following:
f(u)

u— [

(H3) G(u) :=

is nonincreasing in (3, c).
Then (2) has ezxactly one positive solution.

Now we are in a position to prove Theorem 1.

Proof of Theorem 1. We shall see that for w € [a,,w),), (H1-3) are satisfied. It is enough to show that if
w > ayp, then

k(u) = f'(u)(u—B) — f(u) <O in (B,c). ()
To prove (7) we calculate the derivative of k(u)
k' (u) = f"(u)(u - B),
and note that

f"(w) >0  in (0,a);
f'(u) <0  in (a,00).

So if a < f (i.e. w > ap, see Lemma 3), then k¥'(u) < 0 in (8,¢), i.e. k is decreasing in the interval.
Therefore
k(u) < k(B)=-f(B) <0 in (3,c¢),

where the last inequality follows by (6).
This proves (7) and completes the proof. O
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If a > /3, we need to check that k(a) <0, i.e.

flo) _
— < B. (8)
f(a)
This condition provides an implicit relation between w and p. Besides,
Remark 2. The condition (8) does not cover all w € (0,w,). That is for w close to zero, a — J{/((a)) > .
«
Proof. The left hand side of (8) is estimated from below as
fla) (p—1)aP(1 - 2aP71)
fll@)  —w+par—t — (2p — 1)a2(r-1)
) — 1)aP(1 = 2aP!
(Z Jor{ 3 ) > 0,
paP~! — (2p — 1)a?(r—1)
for all w € (0,w,), whereas the right hand side 3 decreases to zero as w decreases to zero. O

When w is close to zero, a very delicate observation is needed. See Quyang and Shi [8] for details.
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ASYMPTOTIC BEHAVIOR OF GLOBAL SOLUTIONS TO
SOME SYSTEMS OF SEMILINEAR WAVE EQUATIONS

SOICHIRO KATAYAMA

1. INTRODUCTION

We consider the Cauchy problem for the following system of semilinear wave
equations

(1.1)

{Dui = Fy(u,0u) in (0,00) x R® (i=1,2,...,N),
w(0,2) = ef(z), (Ou)(0,2) = eg(x) for x € R3,

It e R

Here we have used the notation
Oy =0y, =0/0t, Op=0/0xy (k=1,2,3).

We assume f = (fj)i<j<n, 9 = (9i)1<j<n € CF(R3RY). ¢ is a positive and
small parameter.

For simplicity, we suppose that each F; (1 <i < N) is a homogeneous polyno-
mial of degree 2 in its arguments (u, Ju).

We say that small data global existence (or (SDGE)) holds if for any f, g €
Cs°(R3; RY), there exists a positive constant €y such that (1.1) admits a global
solution u € C*°([0,00) x R% RY) for any ¢ € (0, ).

Let us recall the known results. In general, the solution to (1.1) may blow up
in finite time no matter how small ¢ is. In other words, (SDGE) does not hold
in general. For example, if we consider a single equation Ou = F(u,du) with
either F' = (Q,u)?, F = u(dyu), or F = u?, then there exist f and g € C5°(R?)
such that the solution u blows up in finite time for any ¢ > 0 (see [4] and [5]).
Hence we need some restriction to obtain (SDGE). The null condition introduced
by Klainerman [7] is one of sufficient conditions for (SDGE). For F; = F;(u, Ou),
we define the reduced nonlinearity Fr*¢ by
(1.2) F*Yw, X, Y) = F((Xj)1<j<n (WaY))o<assi<j<n)

It e

for X = (Xj)ISjSN’ Y = (}/j)lngN € RN, and w = (wl,wg,wg) S 82 with Wy =
—1. Here the right-hand side of (1.2) means that X, and w,Y; are substituted in

place of u; and d,u;, respectively. We set F™4(w, X,Y) = (Fjred(w, X, Y))1<].<N.

Definition 1.1 (The null condition). We say that F(u,du) = (Fj(u,du))
satisfies the null condition if

(1.3) F*Yw, X, Y)=0
for any X, Y € RN, and any w € S?.

1<j<N

33



S. KATAYAMA

We define the null forms Qg and Q) by

(1.4) Qo(p, 1) = (Bup) () = > (Okp) (k)
k=1
(1.5) Qab(0, V) = (020)(0p0) — (Opp)(Datp), 0 < a < b < 3.

Then we see that F' = (Fj )1<]< ~ satisfies the null condition if and only if each F}
(1 <j < N) is a linear combination of the null forms Qq(u;, ux) and Qab(uj,uk)
with 1 <j,E<Nand 0<a<b<3.

Klainerman [7], and Christodoulou [2] independently proved that if I satisfies
the null condition, then (SDGE) holds.

Investigating the proof in [7], we also find that, if F" satisfies the null condition,
then the global solution u to (1.1) is asymptotically free in the sense of the energy,
that is to say, there exists a solution u™ to the free wave equation Du™ = 0 such
that limy_.o || (Ou — Ou™)(t, )| 2@sy = 0.

Let us assume F' = F(du) for a while (thus we write F™¢ = F™d(w,Y)).
Note that the null condition implies that F' = F(Ju) (if all F; are homogeneous
polynomials of degree 2). Lindblad and Rodnianski [8] introduced the notion
of the weak null condition, and conjectured that the weak null condition implies
(SDGE). In connection to this, Alinhac introduced the following condition, which
is stronger that the weak null condition, but still weaker than the null condition:
(A) There exist f(w) = (63'(“)))13'9/(6 RY) and M (w,Y)(€ R) such that

(1) Fred(w,Y) = M(w,Y)Bi(w) for any Y € RY and w € 5% (1 <i < N),
(2) M(w,B(w)) =0 for any w € S2.
Moreover, there exist some numbers of bilinear forms hj(w,Y) (1 <j <I)inw
and Y, and linear forms ¢/(w,Y) (1 <i < N, 1< j <I)inY (with smooth
coefficients in w) such that
(3) Fred(w,Y) = Zl<j<jgf(w,Y)hj(w,Y) for any Y € RY and w € S% (1 <
i < N), o
(4) hj(w,B(w)) =0 for any w e S* (1 < j < 1).
Alinhac [1] proved that if the condition (A) is satisfied, then (SDGE) holds.

The typical example which satisfies the condition (A), but not the null condition
is

(1.6) {Dm = (Ou)(0ytr — Ouen),

DUQ = (agul)(ﬁgul — (91U2>
in (0,00) x R3. By setting w = Oyu; — O1ug, v; = uy and vy = uy, (1.6) is reduced
to
Dm = w(aﬂ)1>,
(17) D’UQ = w(@zvl),
Dw = ng(vl,w).

The right-hand side of the equation in w is written in terms of the null forms,
while the equation for v = (v, vy) is linear in v.
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In general, if the condition (A) is satisfied, we can reduce the original system
to another system with a similar structure to (1.7) in the region |z| > (1+1¢)/2,
say. This is the key point for the proof of (SDGE) under the condition (A) in [1].

Concerning the asymptotic behavior, Katayama—Kubo [6] proved that the
global solution w under the condition (A) is not necessarily asymptotically free
in the sense of the energy. For example, it is proved that there exist f, g €
C5°(R3; R?) and two positive constants €1, C' such that

(1.8) |0u(t)|| L2msy = C(1 + £)°e,
provided that ¢ € (0, 1], where u is the global solution to (1.6). Note that (1.8)
implies limy_.o [|[Ou(t, )| L2ms) = 0o, while the energy must stay bounded when
the solution is asymptotically free in the sense of the energy.

Now we are led to the following question: Is there a system of semilinear wave
equations for which (SDGE) holds and whose global solution behaves differently
from the free solutions, though the energy stays bounded? We would like to

answer this question by investigating the pointwise behavior of the global solution
for the large time.

2. PRELIMINARIES

First we recall Friedlander’s radiation field, which describes the asymptotic
behavior of the solution to the homogeneous wave equation.
Let us consider the homogeneous linear wave equation

{Du:O in (0,00) x R3,

(21) Ou(0,x) = f(x), (Ou)(0,2) = g(x) for z € R3.

We suppose that f, g € C5°(R3) and supp f Usuppg C {zr € R3;|z| < M} with
some M > 0. Friedlander’s radiation field is defined by

1
(22) .7:(0,(,0; f> g) = E (R(U7w;g) - 8073'(07(-‘); f))
for 0 € R and w € S?, where

R(o,w;p) = / P(y)dS(y).

Y- w=0

Note that we have F(o,w; f,g) = 0 for |o| > M.
Let u be the solution to (2.1). Then we have

(2.3)  Jru(t,rw) — F(r —t,w)| + Z [70,u(t, Tw) — we(0xF)(r —t,w)|

a=0
<Ol +t+r)" forr>(t/2) +1 and w = (wy,wy, ws) € 52,
where wy = —1, and F(o,w) = F(o,w; f,g) (see Hormander [3] for example).

Here C' is a positive constant which may depend on M.

Our aim in this talk is to obtain a similar result to (2.3) for the semilinear
system (1.1).

We introduce

S:8t+:c-vx, Lj:t8j+mj8t (]:1,2,3), 0= (Ql,QQ,Qg)Z.CEXVx.
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We have
[S,0] = —2D7[Lj,D] = [Qj,D] =10,,0=0(1<;7<30<a<3).

We set
['= (Ta)o<a<io = (S, (Lj)1<j<s, (25)1<j<3, (Ta)o<a<s),

and using a multi-index a = («g,...,a1), we write I'* = I'g°---I'{3°. For a
nonnegative integer k and a smooth function ¢, we define
@4 leta)le= 3 Tt ot = || 1o Vel oo

lal<k

We set r = |z|, w = z/r, and 0, = Z?Zl(xj/r)ﬁj. We also define L, =
Z?Zl(:vj/r)Lj = rd; + t0,, and dx = 0; £ 9,. Noting that S = td;, + r0,, we
obtain

(2.5) 9, — —

Tt +r
Since 0y = (0_ + 04)/2 and 0, = (—0_ + 9,)/2, we obtain
1 1

in view of (2.5). Since V, = w0, — (w/r) x Q, and (w/r) x @ =t"'w x (w x L)
with L = (Ly, Lo, L3), we have

@7 10 —wid) () < O+ t+r) gl )l for j=1,2,3.
Now (2.6) and (2.7) leads to

(2.8) ‘(aa - _;"“a_) o(t, )

Since tS —rL, = (t* — r*)0; and tL, — rS = (t* — r?)0,, we get

(S+L,).

< (L+t+7) et )],

<O +t+7r) " et,z); for0<a<3.

(2.9) (L4 [t = 7)) (10ep(t, z)| + 10rp(t, 2)|) < Clo(t, ).
Equations (2.7) and (2.9) yield
(2.10) (1 + [t =r])]dp(t, z)| < Clo(t, z)h.

3. THE MAIN RESULT

For a matrix X, let X* denote the transpose of X.
We divide the unknown u = (uy,...,uy)T into two unknowns v and w:
T T T | T\T
U= (U, UK UK 41,5 UN) = (U1, .., Uk, W, . ..wg) = (v, w )",

where K is some integer, and L = N — K. More precisely, we have set

v=(v1,...,05)" = (u,...,ux)’ and w = (wy,...wr)" = (ugi1,...,un)’.

Motivated by (1.7), we consider the system
o =30 _ ) A%w, 0w)dyv + N®(9u) in (0, 00) x R3,
(3.1) Ow = N®) (9u) in (0,00) x R3,
u(0,2) = f(z), (Bu)(0,2) = g(x)  for z € R,
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where A%(w,0w) (0 < a < 3) are K x K matrix-valued functions whose compo-
nents are homogeneous polynomials of degree 1 in (w,dw), while N®)(du) and
N®)(9u) are R¥-valued and RF-valued functions, respectively, whose compo-
nents are linear combinations of the null forms Qo(u;, u;) and Qup(u;, ux) with
1<j,kE<Nand 0<a<b<3.

We set N(Ou) = (N®(0u)T, N (0u)")T. Writing f = (fi,..., fv)" and
g=(g1,...,95)F, we define

f(v) = <f17 s 7fK)T7 f(w) = (fK+17 s 7fN>T>
9 = (g1, 96)", 9" = (gx41.- -, 98)7,
so that we have v(0) = ef®, (9,0)(0) = g™, w(0) = ef™ and (Q,w)(0) = eg™).
Concerning the existence of solutions to (3.1), using the method in [1] (see also
[6]), we obtain the following:

Proposition 3.1. (SDGE) holds for (3.1).
Moreover, if we fit k € N, 0 < A < 1 and 0 < p < 1 — 4\, there exist two
positive constants €1 and C' such that

(3.2) lo(t, z) |1 <Ce(1+t+ 7)1

(3.3) lw(t, 2)|ppe <Ce(14+t+r) (14|t —7))7°
for (t,x) € [0,00) x R, provided that € € (0,&1]. We also have
(3.4) [0v(t, -)||2e <Ce(1+t)*,

(3.5) Ow(t, )¢ <C

fort >0, provided that ¢ € (0,].
From (3.2) and (3.3), in view of (2.10), we get
(3.6) Ov(t, z)|e <Ce(l+t+r) (A +[t—r])",
(3.7) Ow(t, 2) |41 <Ce(L+t+7)" (14|t —7r])" 7",
For ¢(o,w)T = (¢;(o, w))lgg‘gL’ we define

3
(3.8) Alo,wip) =)
a=0
where the right-hand side of (3.8) means that ¢; and w,0,¢; (1 <j <L, 0<b<
3) are substituted in place of w; and Jyw; (1 < j < L, 0 < b < 3), respectively.
Now we are in a position to state the main result.

_wa

5 A (10, w), (@(0:)(0,)osos).

Theorem 3.2. Suppose
(3.9) supp f Usuppg C {z € R?; |z| < M}.

Let € be sufficiently small, and u = (vT,w™)" be the global solution to (3.1).
Then, there exists some RY-valued function W = W (o, w) such that

(3.10) lrw(t,rw) — Wr —t,w)| < Ce(1+t+ 7")’1(1 + |t — 7"|)1”),

(3.11) |0-(rw(t,rw)) — (=2)(@,W)(r — t,w)| < Ce(L+t+7) " (14 |t —7])~*
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forr > (t/2) + M and w € S?, where p is from (3.3). We set a K x K matriz-
valued function © by

r
=1 A s W).
O(r,o,w) (og 2]\/[—0) (o,w; W)

Then there exists some RX -valued function V =V (o,w) such that
(3.12) !e_g(”_t"“)a, (ro(t, rw)) = (=2)(9,V)(r — t,w)|

<Ce(l+t+ 7“)2’\+C‘€_1

for (t/2) + M <r <t+ M and w € S?, where X is from (3.2).
Moreover, setting

F(v)<07w> =F (an; f(v),g(v)) ) f(w)<07w> =F (0-7("); f(w)vg(U)))
with F defined by (2.2), we have
(3.13) 10,V (0,w) — €0, FY(0,w)| < Ce*(1 + |o])A 1,
(3.14) |2W (0,w) — e F) (o, w)| < Ce*(1 + |o]) "7 (j =0, 1).

Here we remark that the assumption (3.9) implies that u(t,rw) = 0 for r >
t+ M.
Note that, in view of (2.8), we also have

(3.15) ‘re’Q(T’T’t"”) (0av)(t, 7w) — wa(0,V) (1 — t,w)|
< Oe(1 4t + 7)ot
and
(3.16)  |r(Qaw)(t,rw) — wa (O W) (r —t,w)| < Ce(1+t+7r) ' (1+ |t —7|)"
for (t/2) + M <r <t+ M and w € S? with 0 < a < 4.
We also note that we can get a similar result under the condition (A).

4. EXAMPLES

First we consider (1.7). Since vy does not play any essential role, we simplify
(1.7) as

(4.1) {gligil(?’w)‘

From Theorem 3.2, there exists W such that rw(t,rw) ~ W(r —t,w) for large ¢
with ¢ = r — t being fixed. Using this W, © is defined by

O(r,0,w) = (10g 5 MT_ 0) <—%W(a, w)) .

Thus we find that there exists V (o, w) such that
) —wi W (r—tw)/2

O_(rv)(t, rw) ~ —2 (m

for large t with fixed 0 = r — t. From this asymptotic behavior, we understand
that the factor r—«1W(—t©)/2 makes the energy increase.

(0,V)(r —t,w)
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Next example is the following system:

vy = (Qyw)(0pvs),
(4.2) Ovy = —(9w)(0sv1),
Ow = Qo(v1, v2).

It is easy to see that
(4.3) 1001 () 172 gay + 10v2(t) 12 (gs) = 1001 (0) |22y + [9v2(0)]|72ps)-

Proposition 3.1 implies that ||Ow(t)||,2rs) < Ce. Thus the energy stays bounded
for the system (4.2).

From Theorem 3.2, there exists W such that row(t,rw) ~ —(0,W)(r — t,w)
for large ¢t with fixed 0 =r —t. © can be written as

RET S Y

Then we find

cosO(r,o,w) —sinf(r,o,w)

- ( sinf(r,o,w) cos(r,o,w) ) '

66(7‘,0’,“})

where

0(r, 0,w) = —% <log ﬁ) (0,T)(0,w).

Hence we find that there exists some V such that

9 (ro)(t, 1) ~ —2 ( cosO(r,r —t,w) —sinf(r,r —t,w) > O,V — t,w)

sinf(r,r —t,w) cosf(r,r —t,w)

for large t with fixed 0 = r —t. From this, we conclude that v behaves differently
from free solutions at least for some data, because, in view of (3.13) and (3.14),
we can choose the initial data such that (9,V)(o,w) # 0 and (9,W)(o,w) # 0
for all (o,w) belonging to some open set, provided that ¢ is small enough.
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Perturbation and Dispersion of Rayleigh Waves
in Anisotropic Elasticity

Kazumi Tanuma (presenter)? Chi-Sing Man!

Gen Nakamura! and Shengzhang Wang?

1 Introduction

Rayleigh waves are elastic surface waves which propagate along the traction-
free surface with the phase velocity in the subsonic range and whose amplitude
decays exponentially with depth below that surface. Such waves serve as a useful
tool in nondestructive characterization of materials. The problem there is what
material information we obtain if we could measure accurately Rayleigh waves
propagating in any direction on the traction-free surface.

For definiteness, we choose a Cartesian coordinate system such that the ma-
terial half-space occupies the region x3 < 0, whereas the 1- and 2-axis are ar-
bitrarily chosen. Then Rayleigh wave considered here can be described as a

time-harmonic solution to the equation of motion with zero body force

6uk . .

jikd=1 t

with the zero-traction boundary condition

Z Cljkl

7.k, l1=1

=0, i=1,23. (2)

x3=0
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Here p > 0 is the uniform mass density, ¢ is the time, v = w(x,t) = (uy, uz, u3)
is the displacement at the place x = (21, x9,x3) at time t, (ny,ng,n3) = (0,0,1)
is the outward unit normal to the surface, and C = C(x) = (Cijkl)i,j,k,l:1,2,3 is
the elasticity tensor, which has the physically natural symmetries

Oijkl = sz‘k;l = Ck:lij7 i,j, k,l = 1, 2, 3 (3)

and satisfies the strong convexity condition

3
Z Cijri€ijer > 0 ((@j) : any nonzero 3 X 3 real symmetric matrix>
i,4k =1
at each x.

First we consider Rayleigh waves propagating along the traction-free surface
of a homogeneous elastic half-space. For isotropic elasticity, such waves are well
known: Their phase velocity v° is determined from the secular equation, which
is a bi-cubic equation written in terms of the Lamé constants A and p (see (6)).

Suppose that the elasticity tensor can be expressed as the sum of its isotropic
and its perturbative part. We consider elastic media for which the perturbative
part of the elasticity tensor is sufficiently small as compared with the isotropic
part. The isotropic part of a given elasticity tensor is itself also an elasticity
tensor, which we interpret as a comparative ‘unperturbed’ isotropic state. The
perturbative part then gives the deviation of the elasticity tensor from the com-
parative isotropic state and represents the anisotropy that the elastic material
carries. Here we do not put any restriction on the material symmetry of the
perturbative part so that it has 21 independent components.

We investigate the perturbation of the phase velocity vg of Rayleigh waves,
i.e., the shift in vg from its comparative isotropic value v°, caused by the per-
turbative part. In Section 2 we present a perturbation formula for the phase
velocity which is correct to within terms linear in the components of the per-
turbative part. This formula shows explicitly how the perturbative part, to first
order of itself, affects the phase velocity of Rayleigh waves. We obtain these
formulas by a consistent method on the basis of the Stroh formalism.

Second, we consider Rayleigh waves propagating along the traction-free sur-
face of a vertically inhomogeneous elastic half-space. Here we assume that the
elastic tensor depends smoothly only on the depth x3. The purpose is to derive
a high-frequency asymptotic formula for the velocity of Rayleigh waves propa-

gating in various directions along the surface. We seek a time-harmonic solution
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to (1) and (2) of the form

e V-1 k(z1m1+a2n2—vt) ’U(

u = (u17u27u3> = 771,772,1'3,1},1(), (4)

where k is a wave number, n = (11,72,0) is the direction of wave propagation,
v is phase velocity and v is a complex vector function which decays exponen-
tially as x3 — —oo. In Section 3 we will develop a procedure with which, for
each direction of propagation, we express each term of the asymptotic expan-
sion of Rayleigh-wave velocity vg for large k in terms of Cijy (1 < 4,5, k,1 < 3)
at r3 = 0 and their x3—derivatives at x3 = 0. This expresses the frequency-
dependence of the Rayleigh-wave velocity, or the dispersion of the Rayleigh-wave
velocity, caused by vertical inhomogeneity of the elasticity tensor. In nondestruc-
tive characterization of materials, by measuring the dispersion of the Rayleigh-
wave velocity for various propagation directions, we obtain some information on
Cijr and their xg—derivatives at x3 = 0.

The project in Section 3 is still in progress. As a partial result we give the
first two terms of the asymptotic expansion of Rayleigh-wave velocity for large k
when the material has an orthorhombic symmetry. Future extension is to study
the perturbation of each term of the asymptotic expansion of Rayleigh-wave
velocity caused by the deviation of the elasticity tensor from its comparative

‘unperturbed’ isotropic state.

2 Perturbation of Rayleigh-wave velocity

Suppose that the elasticity tensor C = (C’ijkl) is independent of x and

i.7,k,1=1,2,3
has the form

C=C* A, (5)
where C*° is the isotropic part of C,
c = (cl

)i,j,k,l=1,2,3’ ZIJSEZ = A0ij0u + p(0irdjt + 0udi;)

with the Lamé moduli A and u, and A is the perturbative part of C,
A= (aijkl)i,j,k,zzl,z,:a‘
From the symmetries (3) of C it follows that
Qijkl = Ajikl = QAklij, iaja kal = ]-7 27 3a

but we do not assume any other symmetry for A. Hence the perturbative part

A is fully anisotropic and has 21 independent components.
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Theorem 1 ([4, 5]) The phase velocity vg of Rayleigh waves which propagate

along the surface of the half-space x3 < 0 in the direction of the 2-axis can be

written, to within terms linear in the perturbative part A = (aijkl)ijk 193 S
1
VR = vﬁ%‘) - W : [71(7)}50) (2222 + 72(11}:?0) Q2233 + 73(11}50) 3333 + 74(115'0) a2323] )
R
where

(A +2u) [—8;&@ ) + 20(5A + 60V — (23 + 3u)v2}

71 (U) - D(U) )

ANp—V) [4M()\ +p)— A+ 2M)V]
72(1)) = D(U) )

A+ 20— V) [—8,u2()\ 1) + 20(5A + 6V — (2A + 3u)v2}
ele) = D)

1%
= (1— /\+2M> Ya2(v),

—Su(A+ 2 — V) [QM(A ) — (A+2 mu)v]

74(1)) = D(U) )

D) = (A +p) [8u2(3A Fdp) — 16\ + 20V + 3(\ + QM)VQ] ,

V o= piv}

and vE° is the velocity of Rayleigh waves in the comparative isotropic medium

defined by C = C*° and A = O, i.e., VE° = p (vE°)? is the unique solution to

the cubic equation

8112 (3N + 4p) v 163 (A + p)

V3 —8uV?
v A+ 20 A+ 20

=0 (6)
in the range 0 <V < pu.

Remarks Only four components aggo0, (2323, 2933 and aszsz of the perturbative
part A can influence the first order perturbation of the phase velocity vg. The
perturbation formula above do not agree totally with the result in [1]. In [5],
where the initial stress is also taken into account, an argument is given to support
our present result. According to our first-order formula above and the transfor-
mation formula for fourth-order tensors, we shall see that the anisotropy-induced

velocity shifts of Rayleigh waves, taken in totality of all propagation directions
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on the free surface, carry information only on 13 components of the perturbative
part A of the elasticity tensor [5].

In the homogeneous medium where the elasticity tensor C is independent
of x, the surface-wave solution to (1) in the half-space z3 < 0 which decays
exponentially as x5 — —oo and has direction of propagation n = (1, 72,0),

phase velocity v and wave number k can be expressed in the form

3
u = (u1,uz, uz) = Z e~ VT KEm Az tpass —vt) Ca @a (11,12, V), (7)
a=1
where p, (Imp, > 0,a = 1,2,3) are Stroh’s eigenvalues, a, (o = 1,2,3) are
linearly independent vectors in C* and ¢, (v = 1,2,3) are arbitrary complex
constants. The boundary traction

3
Ju
t= ( Z Cijki 8_; nj> . (8)

Jik,1=1 x3=0

pertaining to the solution (7) can be written in the form

3
t = —\/—_11(2 e~V —Lk(mim+wan—vt) Co, la(nh 112, U)' <9)

a=1

aq
Lo
Stroh’s eigenvalue problem associated with the eigenvalues p, (o = 1,2,3) (see,

It follows that [ ] € C° (o = 1,2, 3) are linearly independent eigenvectors of

for example, [4]).*
The surface impedance matrix Z(v,n), which maps the boundary displace-

ment ul,,—¢ linearly to the boundary traction (8) is given by
Z(U7 77) =V _1 [117 127 13] [ah a27a3]717 (10)

where [11, 15, 13] and [a;, as, a3] denote 3 x 3 matrices which consist of the column
vectors 1, and a, respectively. It is proved that Z(v,n) is Hermitian.
From (2) it follows that the phase velocity vg of Rayleigh waves in the ho-

mogeneous medium satisfies
detZ(v,n) =0 at v =uvg. (11)

Applying the implicit function theorem to (11), we obtain Theorem 1.

la
a, the forms (7) and (9) are slightly modified.

*When { o ] becomes a generalized eigenvector of Stroh’s eigenvalue problem for some
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3 Dispersion of Rayleigh-wave velocity

Suppose that the elasticity tensor C = (Cijkl) depends smoothly only

0,4k, 1=1,2,3
on the depth z3 below the surface x3 = 0. Our procedure will be divided into

three steps.

1. Construct an asymptotic solution to (1) of the form (4) for large k by
using the factorization of the principal symbol pertaining to the differential

operator in x3 which is obtained from substitution of the form (4) into (1).

2. Let Z(v,n, k) be the surface impedance matrix, which maps the boundary

displacement w|,,—o linearly to the boundary traction

t— §3 C-. Fux n.
- ijkl axl J
111,2,3

gk, l=1

23=0
Determine 3 x 3 surface impedance matrix Z,(v,n) (n = 0,1,2,---) that
appear in the asymptotic formula

Z(v,n, k) = kZo(v,n) + Za(v,n) + k' Zo(v, ) + k" Zs(v,n) + - (12)
for large k.

3. Apply the implicit function theorem to det Z(v,n,k) = 0 to obtain the

asymptotic formula for the phase velocity vg of Rayleigh waves for large k:
vr = Vr(1n, k) = vo(n) +v1(n) kK v2(1) K24 (13)

Zy(v,n) in (12) is the surface impedance matrix for the homogeneous half-
space defined by (10) with C = C(0). Then vy(n) in (13) is identical to vg in
(11) under C = C(0).

Now we shall give an equation for Z;(v,n) in (12). Define the 3 x 3 matrices
Ry = Ry(n), Ty by

2
Ry = (Z Cijks(0) 77j> ’ Ty = (Ci3k3(0))iik—>17273 =To'
j=1

ilk—1,2,3

and put
Ko = Ko(v.7) = T3 (RE = V=1Zo(v,1) ).
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Define the 3 x 3 matrices Qj = Qg (n), Ry = R{(n), T§ by

2 2
T
Q= (Z Cz(jkl(o) 1y m) =Qp Ry = (Z z{ij(O) 77j> 3
ilk—1,2,3 J=1 ilk—1,2,3

Gl=1
T) = (Claps(0 =1,
0 _( z’3k3( ))ukﬁ1,2,3 - 0

where superimposed primes (') on Cj;i; denote differentiation with respect to s.

Theorem 2 Hermitian matriz Zy = Zq(v,n) is the unique solution to the linear

system
(K5)?Z1 — 2K5Zy Ko + Z (Ko)? = Q) — Ry Ko — K (Rp)" + K T Ko, (14)
where K is the adjoint matriz of K.

In what follows we assume that a half-space 3 < 0 is occupied by elas-
tic materials whose elasticity tensor C = C(x3) = (C’ijkl)Z.J,M:LZ3 has an or-
thorhombic symmetry at each x3 and that the axes of the orthorhombic sym-
metry of the medium coincide with the 1-, 2-, and 3-axis of the Cartesian
coordinate system. Then possibly non-zero components of C = C(z3) are
Chi11, Cazoz, Cs333, Chi22, C1133, Co233, C3p3, C1313 and Cho1p at each x3. Under
the setting above we consider Rayleigh waves which propagate along the sur-
face of the half-space x5 < 0 in the direction of the 2-axis. Henceforth we set
n = (0,1,0).

It is well known [3] that vg(n) in (13) is the unique solution to

Cs333(0)Ca323(0) <02222(0) - V) V?
- (02323(0) - V) (03333(0) (Ca222(0) = V) — 022233(0)>2 =0 (15)

in the subsonic range with V = p vy(n)%."
For v1(n) in (13) we have

Corollary 3

Tog 233 + X33 222 — 2293 Ta3

vi(n) = —

—(2’22 Z33 — 2232)

ov

v=uo(n)

TEquation (15) follows also from (11).
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Here 29, 233 and \/—1 zo3 are the (2,2), (3,3) and (2,3) components of Zo(v,n),

respectively, which are given by

Co323(0) Py
- Py 4 Py)? — (Oy933(0) + Co3a3(0))2,
2 C3333(0) P+ Py \/< 1 ) (C2233(0) 5323(0))
Cs333(0) Py
- Py 4 Py)? — (Oy933(0) + Co393(0))2,
Z33 Co323(0) P+ P V(P 2)? = (Cazs3(0) 2323(0))

= — P — P
293 P1+P2(02323(0) L — Ca33(0) Py),

with

P = 1/C3333(0)(Ca222(0) —= V), Py = \/Ca303(0)(Ca303(0) = V), V = po?

and Tog, x33 and \/—1xeg are the (2,2), (3,3) and (2,3) components of Zi(v,n),

respectively.

Remarks Writing down equation (14) explicitly, we see that xes, x33 and xo3
are all real-valued and depend only on Cy292(0), Ca33(0), C3333(0), Caze3(0) and
the derivatives Clyos(0), Chogs(0), Class(0), Chsos(0), from which we conclude that
v1(n) depends only on the boundary values of the four components of C and
their derivatives at the boundary. This corollary is an alternative expression of
the result in [2].
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mo-theory of operators

Shunsaku Nii*

In this talk, a topological index theory which can be seen as mwo-theory of
operators is introduced. This terminology is inspired by the one 7 -theory of
operators by Sanson [6] referring to infinite dimensional Maslov index the-
ory. This viewpoint begins by seeing the classical theory of Strum-Liouville
operators as m-theory of S*.

1 The theory of Strum-Liouville operators:
a mi-theory of S*
Consider the eigenvalue problem of a Strum-Liouville operator:
—p" + f(z)p = Ap, on I=[-1,1orR

This equation is written as a system of first order equations:

P=q
¢ = (f(x) = Np.
In the polar coordinate p = rcosf, g = rsin6, this system becomes:

"= (1—X+ f(z))rsinfcosd
0 =1+ (\— f(x)—1)sin*6

Because the right hand side of the § equation is monotone in A\, the number
of O(I) winds S* increase as A does. Therefore for each eigenvalue \, 6(I) €
71 (S') identifies the eigenfunction. That is, the eigenfunctions are ordered
by the number of humps.

*Faculty of Mathematics, Kyushu University
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2 Maslov index: a m-theory of matrices

The first natural generalization of the above theory is what is called (Keller-
)Maslov(-Arnol’d) index for the eigenvalue problem of a Schr6 dinger opera-

tor:
—p" 4+ M(x)p=A\p, peR", on I=[-1,1orR

This system is equivalent to the following Hamiltonian system:

. OH
p = 8—q
;o OH
-

where the Hamiltonian is given by H(p,q) = 5 {|q|* + ‘p (\[ — M (z)) p}.
Because a Hamiltonian system preserves the symplectic structure, this
system induces a flow on the Lagrangian Grafmannian manifold A(n) =

Sp(n) (R™ x {0}), where Sp(n) is the symplectic group.
Fact 7 (A(n)) =2

Therefore (p,q)(I) € m (A(n)) characterizes the eigenfunctions. ((p,q)(z) is
not necessarily monotone.) This is what is called Maslov index.

3 Infinite dimensional Maslov index:
a m-theory of operators

There are several infinite dimensional generalization of Maslov index. One
by Swanson [6] is among the earliests.

Let E = H x H* for a Hilbert space H and its dual H*. Define a
symplectic structure on E by w ((e, «), (f, 3)) = a- f—3-e Then the Fredholm
Lagrangian Grafmannian manifold FAy is defined by FAy = Spc(E)H,
where Spc(E) := { id + compact | preserves w} C GL(FE)

Fact 7T1(./TAH) =27

Swanson applied this fact for deformations of elliptic operators, and call
his theory as mi-theory of operators contrasting it to Fredholm index (-
theory of operators) which distinguishes connected components of operators.

51



Recently, Deng [2] reformulated this theory on £ = H 2 (092) x H *%(89)
for a star-shaped domain 2 and applied to the boundary value problem of
an elliptic operator.

4 The Stability index: a mo-theory of matrices

In spite of early development of the mi-theory for selfadjoint operators, any

analogous theory for non-selfadjoint operators has not appeared until re-

cently. The obstacles were that the eigenvalues are not real and the systems

are no longer Hamiltonian. The first step for this direction seems to be the

Stability index theory by Alexander-Gardner-Jones [1, 5] explained below.
Consider the eigenvalue problem for a not-selfadjoint operator:

—p" + M(z)p' + N(z)p=AIp, peC" on I.

This system is equivalent to the following system on C?":

P=q
¢ = (N(z) = M) p+ M(x)q .

This time, the system induces a flow on the complex Grafimannian manifold
G,(C?") = GL(2n) (C" x {0}). For a disc D C C, this flow induces a map

®:§* 2 (D xdl)U(dD x I) — G,(C*™)
Fact m (G, (C*™)>7Z
Then Alexander-Gardner-Jones proved sort of mo-theory of matrices.

Theorem (Alexander-Gardner-Joned [1],Gardner-Jones [5])
® (S?) € my (G, (C*™)) represents the number of eigenvalues in D includ-
ing the multiplicity.

This theory is sometimes referred to as Alexander-Gardner-Jones bundle the-
ory, as it is formulated by the terminology of line bundles and the Chern class.
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5 The infinite dimensional Stability index:
a mo-theory of operators

It is natural to think about infinite dimensional generalization of the Stability
index from the viewpoints both in pure mathematics and in application. One
such example is the following eigenvalue problem:

Upw + Ayu+ B(y)u, + f(x,y)u = Iu, (x,y) e RxQ
0
a_ 0, on R x 09,
ov
where () C R™ is a bounded domain. This equation can be written as an
ordinary differential equation in x-variable on an appropriate Hilbert space
Hq.
Here is a difficulty: GL(H) is contractible for an infinite dimensional
Hilbert space H. This means that a naive generalization of the Stability
index becomes trivial and does not detect any information.

Fortunately, we can exploit compactness of the problem: Let GLo(H) :=
{ id + compact | invertible } C GL(H) and fix a polarization H = H_® H
then the Fredholm GraBmannian manifold F(H,) is the orbit of H under
the action of GLo(H) i.e. F(Hy) =GLo(H)H,.

Under this setting, the problem induces a system on F(H).

Remark In this case, the system does not generate a flow, as the problem
15 ill-posed.

Then, for a disc D C C, this system induces a map
®:S* = (D xdl)U (0D x I) — F(H,),
and we have the following theorem.

Theorem (Deng-N. [3])
® (S?) € my (F(H)) represents the number of eigenvalues in D including
the multiplicity.

We also have a similar result for an elliptic operator posed on a bounded
domain [4]

These results can be called mo-theory of operators in the Swanson’s ex-
pression.

53



References

1]

(6]

J. Alexander, R. Gardner and C. Jones, A topological invariant aris-
ing in the stability analysis of travelling waves J. Reine Angew. Math.
410(1990), pp. 167-212.

J. Deng, Instability of waves and patterns in Hamiltonian systems and
the Maslov Index, Ph.D thesis, Brown University (2002).

J. Deng and S. Nii, Infinite dimensional Evans function theory for
elliptic eigenvalue problems in a channel, J. Diff. Eqn. 226(2006) 57-89.

, An Infinite-dimensional FEvans function theory for Elliptic
Boundary Value Problems, J. Diff. Eqn. 244(2008) 753-765.

R. Gardner, C. Jones, A Stability Index for Steady State Solutions of
Boundary Value Problems for Parabolic Systems, J. Diff. Eqn. 91(1991)
181-203.

R. Swanson, Fredholm intersection theory and elliptic boundary defor-
mation problems (1), (II), J. D. E., 28, 189-201, 202-219. (1978).

54



Inverse boundary value problem for elliptic equation
with complex coefficient

Michiyuki Watanabe

Department of Mathematics, Faculty of Science and Technology, Tokyo Uni-
versity of Science

watanabe_michiyuki@ma.noda.tus.ac.jp

Let © be a smooth bounded domain in R?. We consider the equation
—Au+Vu=0, in €, (1)
u=f, on 0f2.

We assume that V' (z) is a complex valued LP(2) (p > 2) function and that 0
is not a Dirichlet eigenvalue for the operator —A+V on . Let a = (p—2)/p.
Then, for each f € C*(9Q) there exists a unique solution u € C"*(Q) of

(1) with the boundary value f on 9. Here C*(Q) is a usual Holder space
and C1*(Q) is the space of functions u € C* with d;u € C°.

The Dirichlet-to-Neumann map (DN map) Ay corresponding to V' is de-
fined by

where v is the outer unit normal on 92 and w is the solution of (1) with the
Dirichlet data u = f on 0f).

Inverse boundary value problem is: determine V from the knowledge
of Av.

If V is uniquely determined by Ay, can we calculate V' from the knowledge
of Ay? We call it the reconstruction problem.

In the multidimensional case R™ (n > 3), global uniqueness was proved
by Sylvester and Uhlmann [18]. Nachman [17] gave a solution of the recon-
struction problem.

In the two dimensional case, global uniqueness was resolved by Bukhgeim
[3]. He also gave an inversion formula for smooth potentials in terms of
boundary measurements with a special boundary condition.
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In this talk, we shall discuss the reconstruction problem in the two di-
mensional case.

Let W™P(Q)) be the usual Sobolev space of order m in LP(Q).

Theorem 1. We assume that V € W'?(Q) for some p > 2. Then there ex-
ists M = M (p, Q) such that if [|V|w1r) < M, then there is a reconstruction
scheme to identify V (x) for any x € Q from Ay .
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The variational problem for a certain
action functional defined on closed curves

SHINYA OKABE
(Mathematical Institute, Tohoku University)

Let o andl"1 be planar closed curves afidbe a positive constant. Letdenote a planar
closed curve andbe its arc length parameter. In this talk, we consider the following variational
problem:

Problem 1. Minimize
T 2 2
(AF) E(y) ::/0 j{/(t){x(t) +v(t)?) dsdt

over S= {{y(t)}{_o | ¥(0) =To,y(T) =1}, wherek(t) and v(t) denote the curvature and the
normal velocity ofy(t), respectively.

We mention some related problems. Recently the action minimization problem that is for-
mally associated to phase transformation in the stochastically perturbed Allen-Cahn equation is
considered (e.qg., [2], [3], [5], [6]). In particular, R. V. Kohn, F. Otto, M. G. Reznikoff, and E.
Vanden-Eijnden ([2]) consider the problem for higher dimension. In [2] a space time functional

’
2
(1) /0 /r (v + ) ?doct

is appeared in the action functional and called a propagation cost, Wtgfis the interface at
timet, vy is the normal velocity, and is the curvature (concerning on an action functional, see
[1] for instance). It is possible to look on our problem as a kind of the variational problem for
(1) in 2 dimensions.

First we consider Problem 1 in a radial symmetry class, y(@),is always a circle. Then,
by an appropriate scaling argument, Problem 1 is reduced to the following variational problem:

Problem 2. Minimize

1
6R)= [ { e+ RO? | R0

under a condition R¥) = Ry and R(Ll) = Ry, where B and R are some positive constants.

Here,R(t) is an unknown scalar function which represents the radigf and y(r-o,
denotes a characteristic function. To begin with, making use of a certain replacement argument,
we prove a positivity of minimizer of Problem 2 with d&tgy, Ry ) satisfyingRo? +R;2 > 2. In
this arguments, a mean curvature flow plays an important role. Since the positivity of minimizer
allows us to apply a usual direct method and regularity arguments to Problem 2, we are able to
prove the following:
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Theorem 1. Let an initial final data(Ry, Ry) satisfy the relation 4+ R;? > 2. Then, for each
data (Ro, Ry), there exists a unique minimizer of Problérn the class &[0, 1].

And then, deriving the Euler-Lagrange equation and solving it, we classify the minimizer
into four kinds for each initial final datéRy,R;). In particular, there exists a minimizek(t)
governed by a mean curvature flow.

Next we focus on a non-radial symmetry case of Problem 1. In particular, we look for a
non-radial symmetry critical point neéf(t). For this purpose, we parameterigas follows:

(2 Y(@,t) ::r(97t)w(9>7

whered ¢ R/Z := St andw(6) = (cosh,sing). By virtue of positivity ofH (t), the functional
E(7) is expressed in terms ofas follows:

(3) E(y(6,t)) = /1/2717 {I’t(e,t)z-l- (2I‘9(9,t)2+r(9,t)2gr(@,t)ree(e,t))z} 70| dodt,
0 /0 76l

where |1y | := {r? + (rg)%}¥/2. Moreover Euler-Lagrange equation for the functional (3) is
written as

(4) —2(rt|ve|)t — (rtzre |?’9|_1>9 N 2{(2r92+ 2 —rrog)r |Ye|_5}
— {(Zrez—i— r2—rrog)(—2re2+3r2+5rrgg)re |y9\‘7}9

—(2rg2+ 1% =T o) (Brro® + 13+ 2rg%rge — 3r2rge) 70|~ = 0.

006

In what follows, letZ (r(8,t)) denote the left hand side of (4), aBt= S x |, wherel = (0,1).
Finding a non-radial symmetry critical point nedris equivalent to looking for a non-trivial
solution to the following initial final value problem:

FH@t)+h6,1)=0 in S,
(IFP) { h h(6,1) = uy(6).

In order to state our main result, we need some preparationsC(I"&) (§) denote the Ba-
nach space oft-Holder continuous functions i, together with all derivatives of the form
99, for 2p+q < m, whereme N and 0< a < 1. We write its norm a$-|gln+°‘). (For the

precise definition of this norm, see [4].) Whereas||@+°‘ denote the norm o€™ % (Sh).
Let (W2™™(Sh), I llznmg,) e the Banach space consisting of the elementg@&') having
2

distributed derivatives of the for@"dy for 2p+q < 2m. Furthermore we denowzl’o(al)
the Banach space consisting of elements?(qal) having distributed derivativéy. Using the
space€**)(g) anszl’O(Sl), we define a space? consisting of the function such that

(4+a

s )—1— Hag“szl’O(sl) + Hatzunzl’O(Sl) < +00.

ull. 7 = ]
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Let us consider an initial-final datg anduy in the clas<C* % (S NH3(S!), and set

B = max{|uo]g“,|ul\§“}, pi= max{H93U0Hnl(sl) ) HagulHHl(Sl)}'

Selecting a quadrupl€t, 3, 3,p) of positive numbers appropriately, we shall construct a non
trivial solution of (IFP) in the space/; 5 defined by
_ (4+a) 2
%,3 ={ge 4 | |g|§ * <&, max{H&t gszlo(sl) ) Haggszlo(sl)} <34,
9(970) = u0(9)7 9(671) = U]_(G)}
We are in a position to state our main result:

Theorem 2. Fix a pair of sufficiently small positive numbefs, §) arbitrarily. For such pair
(¢,6), if we select a pair of positive numbeis, p) sufficiently small, then the initial final value
problem(IFP) has a unique solutioh(6,t) in the space/; 5, where0 < a < 1/2.

We carry out the outline of proof of Theorem 2. To begin with, for each giwen/; s and
initial final data, we prove an existence of solutiog .4 5 to the following problem:

F'H)(U) = -F(V+H)+ZF'H](v) in §,
u(6,0) =up(0), u(0,1)=uy(6).

Here.Z'[H] is the linearized operator of atH written as follows:

FHI(9) = - F(H +e9) |
de €
Next we define a ma@ from .4, s to itself by ®(v) = u, and show that the map is a contrac-
tion mapping. And then, the contraction mapping principle yields an existence of fixed point in
¢.5- The fixed point is nothing but a unique solution of initial-final value problem (IFP).
To do so, concerning the following initial final value problem for the linearized operator

2 4 2 4
= 3%t adse —2HoPe — Lo+ 50

1 2 1 2 .
(LIFP) { 53%9 + 53%0 ~HA — oo+ 50 = F(0,1) In
$(6,0)=0, 0(6,1) =0,

we need to prove the following: (i) the problem (LIFP) has a unique strong solution forfeach
L2(SY); (ii) the strong solution belongs to the cla@é*+®) (Sh for eachf € C(@) (S Nw, ().

To begin with, we mention the first question (i). Although the equation in (LIFP) looks like
a kind of evolution equation, we are unable to apply well-known theories concerning evolution
equations to our problem. For, the sign of main part of PDE in (LIFP) 482+ 83, IS opposite
to that of well-posed one. Moreover, since the problem is imposed not only an initial data but
also a final data, the problem is not Cauchy problem. However, looking on the problem (LIFP)
as a boundary value problem$h and using a method for elliptic equations, we can prove that
(LIFP) has a unique strong solution fore Lz(sl). Indeed, we construct a weak solutigrof

(LIFP) in an appropriate Hilbert spawfl(sl). Here a key of our proof is to show a product
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appeared in the definition of weak solution of (LIFP) becomes to the inner product of Hilbert
spaceW2 1(31) And then, making use of usual regularity arguments, we proceed to prove that
the weak solutio» becomes to a strong solution of (LIFP).

We turn to the second question (ii). To solve the problem (IFP), we need Schauder type
estimates of solutiop of (LIFP) as we stated in (ii). However it is difficult to obtain such
results by the standard regularity theory for elliptic equations, for the linearized operator is not
elliptic. Hence, in order to prove the required regularity¢ofwe make use of a parabolic
regularity theory. To do so, we first derive equivalent equations to that in (LIFP). For instance,
one of the equivalent equation is expressed as follows:

(5) (= +H 292+ H 2H(h+H 205 +H )¢ = f,

which is the linearized operator of the Euler-Lagrange equation for the functional

(6) / 7{ )2dsdt

With the aid of null Lagrangian, we are able to prove that the functional (6) is equivalent to
(AF), i.e., the equation (5) is equivalent to that in (LIFP). Applying a well known regularity
results on parabolic equations to the equation (5), we deduce the affirmative answer to the
second question.

In this talk, we shall focus on the regularity arguments.
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Entire solutions associated with front waves to
reaction-diffusion equations
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Abstract

We can observe propagation phenomena modeled by reaction-diffusion equa-
tions in various fields of materials science, biology and life science. Correspond-
ing to a wave propagation, the equations allow a traveling wave that has a con-
stant profile and a constant speed. Historically, starting from the pioneering
work by [5, 15], there are enormous number of papers for the study of traveling
wave solutions (for instance see [1], [2], [4], [7], [10], [11], [13], [12], [19], [18],
[17], [20], [21], and references therein).

Here we consider a simple model equation, that is a scalar reaction-diffusion
equation of one-space dimension

Up = Uy + fu) (x € R) (1)

with the condition

fO)=f1y=0,  fO)#0, f(1)<o0. (2)

The condition (2) tells that u = 0 and u = 1 are nondegenerate constant
equilibria and that v = 1 is asymptotically stable. In addition to (2), if f
satisfies

f10)>0,  f(u)#0 (u#0,1),

the equation (1) is called a monostable reaction-diffusion equation while if there
is a number a € (0,1) such that

fl0)<0, fla)=0, f(a)>0, f(u)#0 (u+#0,a,l),

(1) is called a bistable reaction-diffusion equation. Typical examples of those
cases are the Fisher-KPP equation with

fu) =u(l —u), (3)
and the Nagumo equation with

fw)=ul—-u)(u—a), 0<a<l, (4)
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respectively.
Putting u(x,t) = U(x + ct),z = = + ct, a monotone traveling wave (called
front wave) is obtained by solving the equation

()

U.. —cU, + f(U) =0, U(z) >0 (z € R),
U(-x) =0, U(x)=0.

It is known that a monostable equation allows a family of traveling waves with
speeds ¢ > ¢pin > 0; for instance ¢, = 2 if f(u) = u(1 — u). On the other
hand a bistable reaction-diffusion equation has a unique traveling wave up to
translation. For the Nagumo equation the traveling wave is given explicitly as

exp {x/ﬂ—i— (1/2 — a)t]
1+ exp [m/ﬁ—F (1/2 — a)t}

1 1 t 1
= +tanh<a;2+c>, c:\@<—a>.

2 2

UMz +ct) =

We note that the reflected one U := U%(—x + ct) is also a traveling wave
with a monotone decreasing profile.

As for the Nagumo equation there are other exact traveling wave solutions,
which are given as

aexp [am/\/i —(a— a2/2)t}
1+ exp [ax/\f— (a— a2/2)t]

U%(z +cit) =

_ e, a. . a(x 4 c1t) C__2—a
and
a + exp [(1 —a)r/V2+ (1 - a2)t/2}
U (z + cot) =

1+ exp {(1 —a)z/V2+ (1 - a2)t/z}

1 1-
= a; + 2atanh[

(1a)(1:+02t)] _1+a
, =

2v/2 V2

We notice that the former one is a traveling wave connecting u = 0 to u = a
while the latter one connects © = a to u = 1. More interesting thing is that
the Nagumo equation has the following exact solution:

exp [x/\/i+ (1/2 — a)t} + aexp [ax/\f— (a — a2/2)t}

Crom Ve /2o <o a3 - -]

u(x,t) =
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([14]). This solution is not a traveling wave with a constant profile. In fact it
behaves as two traveling waves U%® and U propagate from the left axis and
right axis respectively until they merge. Then the solution behaves like a single
wave U,

We call an entire solution to (1) if it is a classical solution defined for all
x and t. Although an equilibrium solution and a traveling wave solution are
examples of entire solutions, the above solution (6) is a different example of an
entire solution from those. The solution (6) suggests us an interesting problem
how we can show the existence of an entire solution which behaves as two
traveling waves for ¢t << 0.

The aim of our talk is to introduce the existence theorem for some entire
solutions [16]. Applying the theorem, we obtain the similar solution to (6) for
a general cubic f. We can also obtain a different type of entire solution than
(6).

Finally we note that there is an entire solution which behaves as two fronts
U and U'° propagating from the both sides of z-axis and annihilating even-
tually. This kind of entire solutions are extensively studied in [3], [6], [8], [9],
[22].
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Collapse of Patterns in Some Reaction-Diffusion Systems

KANAKO SUzUKIT) AND IzuMl TAKAGID*®)

1. Introduction.

In an attempt to explain the mechanism of pattern formation in early stages of develop-
mental processes of life, A. M. Turing found the notion of “diffusion-driven instability”
which says that when two chemicals with different diffusion rates interact and diffuse, the
spatially homogeneous state may become unstable, as a result spatially nontrivial struc-
ture can be formed autonomously. Gierer and Meinhardt developed Turing’s idea and

devised the following reaction-diffusion system to simulate the transplantation experiment

on hydra:
( Ou 9 uP
—_ = A - a a Q? Y
5 = ¢ Au u+p—vq(1+mﬂ’)+0 (xeQ, t>0)
ov u”
(GM) TE:DAU—U‘FPh;"‘Uh (xeQ, t>0),
ou ov
- = — = t
dvlaa  Ovleq 0 >0,
 u(z,0) = up(z), wv(z,0)=uv(z) (x € Q).

Here, (2 is a bounded domain in R™ with smooth boundary 02 and v denotes the outer
unit normal to 9Q2. A = Z?Zl 02/ 8x? is the Laplace operator in R™. The coefficients ¢,
7, D are positive constants, whereas x is a nonnegative constant. The basic production
terms o, = 04(x), o, = o () are nonnegative, and the interaction coefficients p, = pq(z),
pn = pn(x) are positive over Q. The initial data ug(z), vo(x) are positive on Q.

The exponents p, ¢, r, s are assumed to satisfy

—1
b < ! .
q s+1

(A) p>1,¢>0 r>0, s>0,

The unknowns u = u(zx,t) and v = v(z,t) denote the concentrations at point x and
time t of chemicals called an activator and an inhibitor, respectively. It is postulated that

a change in cells occurs at the place where the activator concentration is high.

) Institute for International Advanced Interdisciplinary Research, Tohoku University

D Mathematical Institute, Tohoku University
*) Supported in part by the Grant-in-Aid for Scientific Research (A) 18204010, Japan

Society for the Promotion of Science.
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Collapse of Patterns

1. Existance of Solutions of the Initial-Boundary Value Problem

To begin with, let us summarize the known results on the existence of solutions of the

initial-boundary value problem (GM).

Theorem 1. In addition to the assumption (A), assume that the inequality
(1.1) p—1l<r

holds. Then the initial-boundary value problem (GM) has a unique solution for all t > 0
and the following statements hold:
(i) If max, g oq(x) > 0, then there exist positive constants mg, Mg, my, My, independent

of the initial value (ug(x),vo(x)) such that

me < liminf minwu(z,t) < limsup maxu(x,t) < M,,
=+ 2eQ t—+4oo 2€Q

myp < liminf minv(z,t) < limsup maxv(x,t) < M.
t=+00 2cQ t—+oo z€Q
(ii) If oa(x) =0 and max g on(z) > 0, then there exist positive constants Mg, mp, M,

independent of the initial value such that

e 'minug(r) < minu(z,t) for allt >0, and limsupmaxu(z,t) < M,,
z€eQ z€eQ t——+oo zeQ

myp < liminf minv(z,t) < limsup maxv(x,t) < M.
=40 2eQ t—4o0o 2€Q

(iii) If o4(x) = 0 and op(z) = 0, then there exist positive constants X, p depending only

onp,q,r,s, T and a positive constant C depending on the initial value such that

e "minug(z) < u(x,t) < Ce, e/ minwvy(x) < v(x,t) < Cett
€N €

hold for allt > 0, x € Q.

Results on the existence of global solutions appeared more than twenty years ago;
see, e.g., [R], [MT]. In particular, [MT] proved the first assertion of Theorem I under the
condition (p — 1)/r < N/(N + 2). It was [LCQ] that proved Theorem I (i), while (ii) and
(iii) were obtained recently by [J], [S], [ST].

On the other hand, in the case of p — 1 > r we have the following result.
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Proposition II. Assume that k = 0, and that p,(x), pn(x), 0a(z), on(x) are all constants.

If
(1.2) p—1>r

then (GM) has solutions which blow up in finite time ([LCQ)], [NST]).

Obviously, for the systematic study of global behavior of solutions of (GM), it is

important to know the behavior of solutions of the following kinetic system:

du n uP .
— = —u - Oq,
(K) dt v4
B ey
Tdt v 5 Op

Here we assume that o,, o, are both nonnegative constants. In this aspect, [NST] classified
all the behavior of solution orbits in the case of o, = 0 and o5, = 0. The case o, > 0 is

treated in an on-going project [NS].

2. Collapse of Patterns

In some numerical simulations, it is observed that a solution starting from an almost
uniform initial value develops localization in the activator concentration for a while, but it
oscillates and eventually converges uniformly to the trivial state u = 0. We call this kind
of phenomenon the collapse of patterns. In this article we would like to understand the
mechanism behind the collapse of patterns and to know when it occurs.

We consider the following reaction-diffusion system which generalizes slightly the

Gierer-Meinhardt system:

( % =% Au—u + f(z,u,v) + 0q,
ov
(RD) Tor = DAv — v+ g(z,u,v) + op,
ou v B
avloa  dvlaa
Lu(z,0) =up(z), v(x,0)=uvy(x).

Here, f(z,u,v) and g(z,u,v) are continuous functions in z € Q, 0 < u < +00, 0 < v <
+00, and locally Lipschitz continuous with respect to u and v (uniformly in z); moreover,
they satisfy the inequalities

T

P _
(2.1) 0<f(x,u,v)<6’1u—q, Oég(w,u,v)éC’gu— (r e, u>0, v>0),
v (O

where Cy, Cs are positive constants independent of (x,u,v).
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Theorem 2.1. Assume that o,(z) = 0. If

q
2.2 —_—
(2.2) T > p—
and
(2.3) (mir_l vo(ac)) < %q) (maz:udx)) ,
z€Q p—1—2 \zeq
then the solution (u(x,t),v(x,t)) of the initial-boundary value problem (RD) satisfies
0 < maxu(wr,t) < Ce™?, max |v(x,t) — Ho(x)| < Ce /7,
€N zeQ

in which C is a positive constant depending on (uo(z),vo(x)), and Hy is the solution of
the boundary value problem

0H,

=0 (z€09).

Remark. In addition to (GM), the activator-inhibitor system proposed by MacWilliams
[M]

(2.5) flzu,v) =uP /(WP +09),  g(z,u,v) =au"/(u" + B)
also satisfies the condition (2.1). Here, « and (3 are positive constants. MacWilliams used
this model to simulate the head-regeneration experiment on hydra.

To prove the theorem we follow the approach due to [WL] and make use of the following

two lemmas:

Lemma 2.2. v(z,t) > min__gvo(z)e™ /.

Lemma 2.3. Let w(t) = min 5 vo(z)e™ T, and let U(t) be the solution of the initial

value problem

dU ur
_— = _— t — .
o U+Clw(t)q (t>0), U(0) ?;%UO(I)

Then u(z,t) < U(t) for all x € Q and t > 0 in the maximal existence interval of U(t).

It is known ([S]) that Theorem I holds for g(z,u,v) satisfying

(2.6) CQU— < g(x,u,v) SC'QU— (x€Q, u>0, v>0).
Vs v®
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Thus we consider the behavior of solutions under the assumption that (2.6) and (1.2) are
satisfied. Let o,(x) = 0. First we consider the case max g on(z) > 0. Then by the
proof of Theorem I (ii) ([S], [ST]) we see that for any n satisfying 0 < n < 1 there exists a
positive number § such that
v(x,t) = n(minvy(x) + 0) (r€Q, t>0).
e
Thus putting

7 = [n(minvo(x) + )™

and letting U (t) be the solution of the initial value problem
v _ U + C1vUP, U(0) = maxug(z),
dt z€Q
we obtain that if C1yU(0)P~! < 1 then U(t) is monotone decreasing and satisfies the
inequality
Ut) < Ce™?

for all ¢t > 0. Here, C' is a positive constant depending on Cy, 7, U(0). From this follows
that

max |v(z,t) — Ho(z)| < Ce /™
e

for all t > 0. Condition C;yU(0)?~! < 1 is equivalent to
p—1 n4 q
(2.7) (max uo(x)) < = (min vo(z) + 5) :
z€Q Cl z€Q
It is to be noted that (2.7) does not contain 7, whereas (2.2) does.

This difference comes from the following fact.

Proposition 2.2. Let f(z,u,v), g(x,u,v) be differentiable with respect to (u,v) in 0 <
u < 400, 0 < v < 400, and df/0u, Of /Ov, 0g/du, Og/Ov are continuous in (x,u,v).
Assume that 0,(r) = 0, max__gon(x) > 0. Then the stationary solution (u(x),v(r)) =
(0, Ho(z)) is asymptotically stable. Here the initial values uo(z), vo(z) are assumed to be

positive.

Proof. Since f,(z,0,Hy) = 0, f,(z,0,Hy) = 0 and g,(z,0,Hy) = 0, the linearized

operator around the stationary solution (0, Hy(z)) becomes

e2A -1 0
(2.8) L= (gu(x,O,Ho)/T (DA — 1)/7)

The assertion is verified by showing that all the eigenvalues of £ have negative real part.

q.e.d.
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3. Concluding Remarks

From a view point of the possibility of collapse, the results may be summarized as in the
table below:

Basic production terms Collapse

oa(z) Z0 never occurs.
oa(x) =0, op(x) Z0 occurs (for any 7 > 0if p—1 < r).
0a(z) =0, op(x) =0 occurs for 7 > ¢/(p — 1).

[t

Therefore, the case o,(z) = op(x) = 0 may be viewed as a “regular” perturbation
from the case 0,(z) = 0 and o (z) #Z 0, but it is a “singular limit” as max 5 oa(x) | 0 of
the case o,(z) Z 0 and op(x) = 0.

Remark 1. For (GM) with p,, pr being constants, the condition (2.3) on the initial value
of Theorem 2.1 may be relaxed in the case €2 = D/7 and (p —1)/q > 1.

Remark 2. It was Professor Niro Yangihara who, more than thirty years ago, found a
solution of (GM) such that u(z,t) — 0, v(x,t) — 0 as t — 400 in the case where both of
Pa, pr are constants, o,(x) =0, op(z) =0, kK =0, and (p,q,7,8) = (2,1,2,0).
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