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T e —BB

B, OMCCHE I BRI DUV T, T OISR 5. Fith
e

Rtk D7 —N)VIERICOWTIE LK S DB

EWVWESGETH D, TRERR]) L. KRR (GRRIAER, AR -
D—ZBREBIEIA) RURATA (R, C, Q, DHEBRKILK. F,(t) D
BIRRIEKR) DFTHB, [K<bhB] &id. FEIC
* Abel JEK L/K @ Galois FFORGEDN K DSHETEIT S
(OO BVBETREITE 3),
« Abel 5K L/K ICANT. K DFEATTIVHE S RS 20 H
K< bhsb,
EWVSHZTET,

1. HEMERE. COHiTIE K 3 BUAEL T 5, O ICXkD K D%
BEE. Clg Ik K DA T 7 IVEREET,

19 t4doK. D. Hilbert & RDFEE TR LIz, TK ODEHBEAT T IV p
IZOWNWT

p & L/K TREDNH — (p DF)=11in Clg

&7%% Galois #EK L/ K WMFET %,

CORR L 72 K O R EFEATE (BT Hilbert FEMAR F 7213 Mo ek
EENTHSB), BICHALIHICE, L/K 13 K DRATRSIE T —
NIERTH O, Gal(L/K) ~ Clgy TH %,

1920 ., @mAREIRIE N Z—IL LT TREH L 72 (8))s Ox DA
F7 )V m TR L
Agm={m EHUICHEZ K OBAT TV},

Pim={(z)] z € K*,z =1 (mod m), z I& “6RIE"},
CIK(m) = AK,m/PK,ma

B, Clg(m) 2 m Z2iEE T % GHFERE (ray class group) &P, JH
AemDEEHIE, HHINRARZ AV TIERNDE &, ROZDTH5

U MREGRALIRE O 2R ) IR 3838 (2006 48 H 28 H) ./ — b,
2eNBIE 1 KoTDIE T, ZNEEXTTOR (B scheme) I —fRIE LIz E DA
Mok TH 5.
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FEER. 2O m I LEZ GRXT —NIVEK K/ K D3 DT
Gal(Ky/K) ~ Clg(m)
x5,
RBER. EEOARRT —NIVEK L/K FE% m IS 3 Ky I
é\ih\ NL/K(AL,m) D) PK,m mD
Gal(L/K) ~ AK,m/NL/K(AL,m)
x5,

BIERT —~)VHER L/K WS Uy L C Ky 7355/ m %2 L/ K
D EF (conductor, Fithrer) LML, K DFRAT 7V p IKDNT, X
DFMENHI SN THS -

p1d L/K THIT % <= p & L/K OEFTEE S,
HEX, BATT7IVHDNIET 20ENTZT TR, ENEFHEL I
TE5hZERBEDTH 5,

FREROISHE LT
Kronecker DEEHEDE. [ _XADEREDOAHRXT —N)VIEKIE CM
BHMIRRD § A EOM EH R OMEEZRNL TE BN 5,

MR LTz (21U Kronecker-Weber OEFED g KIKNDYLIR T
%)o

ETATEARDIRL T, EOFEHICRT % EEHIE BRI S
NLNIEDBF T EA DI, TD®% 11927 I Artin DEBIT N EFE
RAERKR U] (19], 14.2; BERCE [1)):

Artin OEZER]. HAEER
Tkm: Axkm — Gal(L/K)

p — Frob, = (L/TK)

MHO, ThH LOFRRZEL,
C CIZ Frob, <L/TK> & p D Frobenius EH#1372 X9,

CNUCKDY L/K ICRF BFEA T 7 IVOREERIN DS, BB,
L/K TANIIR K DREATTIV p D pOx =By B, &afRLIzE
. TOMEE g D\ p A mod Ny (Apw) DEDFICAZDNTONS,
FBX LK) =fg &35 & Npx(P:) =p/ THO. f = (Frob, DfiL
B in Gal(L/K)) = (p DHDAE in Axwm/Nijk(ALm)) E75%,

SURRFERZNTIEC T DD (FFZNLLL) OFREE#OD T, FiIN
R DR T [p, K] L WSidEHEEN T,
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2. [SFREEMRGR. A PEBIRUE EREUARIC RV T Taylor EBHIRZ BT,
Gz “Taylor JEH " (p EEERA) HRBH7AAE LT piElk Q, Hid
%o THUZ T5EMBERHEA) O—DTHBDT, DT OMRZE
I %,

tk K FO GE7IIVFRATAR) HE v &id, BEERAL v KX - R T
HDOTCo(z+y) <minf{v(z),v(y)} KB EDDHRETH S, @ v(0) = oo
ICE&D v 2B v : K — RU{oo} IKHEL THL, —MIC. —DDIKIC
ADIGBMEIFIRILBD D155, ERE v(K>*) HY R OBERER D HE (16D T
Z L) TH5 &, v BEEHE THZ L EC, EHICv(K*)=Z
DEE v FIERME TH D EFS5 (Hifk (K, v) &id KK £ZD
LOME v ODFTH %,

R (K, v) IExfL

O, = Ok, :={zr € K| v(z) >0}

Py = Pro = {z € K| v(z) >0}

ky = kg = O, /9,

Nv = #k,,

EBL (v GEHHEE LTHL). O, po, by ZZNEN (K,v) D
HEER. AT 77V, BIERIK LS, ROBREETEEINND S -

1 - O - K 57 — 1,

1 - (14+p,) =0 — kf — L

x+— x (mod p,)

(K,v) BMHEEDO L &, Fhla> 1 ZEELT |z|, = a @ &F<L
&L T K _EOMoHE GRIEME) ZED., |v—yl, ICXD K X
PREEZERIC R %, COMEECEET % K O5EHbE K, EEZ, K O
v TOERL EPER, FEHENRHAR K — K, BH5H,. THHFE
MTehsdex, B K D v OEDBHEHICE L THIOOS57EHTH S
EE. (K,v) Z SeiiHEk &5 5. K DR GSE K, dRaY
R MERICKR B,

DURE L, Ak &S D7 55EmBsHER TH D TRIREDEIRE
THE2EDDOFEL TS, RFMAITEZZE p IS % p #KQ, DF
Bﬁgmﬁmﬂiéﬁrﬁﬁs F, FOZEURT, (1) OERXALK & [H%
Th s,

AFLRMICIZRAT I > 287 MME (W15 Hausdorff, KT > 7827 b D IEBERUI 7207
FIEK) Z2 Rk L ESDME N, T OEKRDEAAD S B, IET )LF X T A% T
RISRIRAD GRS EATH D, 7IVFRATANZRATRE R £723 C
LRMTH %,



K ZJaik, O 22 OMER. p ZZONMEAT7 )V, k=0/p %
TOFIRMEE L,

Urm = (14p™)"
= {re K*|v(x—-1)>m}
ERBL(UWY = U = O0%). JRprEkGRO I E B 72 e Dl b iy 7n K
FAARGRODOE D (§1) EAAT L2 TR S -

FEERE. (LED m > 0 W L% 7 —~NIUER K, /K DMFAEL T
Gal( K,/K) & K*/U™ O profinite 5&fi{k & AR %,
TR K, /K BERIIERTH %, FE Ky & K O RRADIEHILKR
Kur T%D Gal(Ko/K)_ZT%%o
FERERE. TEOAHRRXT —NIWEK L/K 138(% m > 01209 % K,
ICHEEN. Ny (LX) D U™ D
Gal(L/K) ~ K*/Npx(L")

L%,
NS ZHED TRORITENE NS

*Hﬁé EEHERUEEIR (FHEBR) ri « KX — G322 W D,
« B L/K U rg 13 EORMIZEL,

* T 6i$‘§j‘ Im(TK) Li Gab ODEP'C*”&JO

- F7C € K* O in G4, Li Frobenius & —%3 %,

- “GIRLY c:ckb

DIEHIR Gt D
Eﬁ*B T Fa'ﬁ*K THE

WD TROFEMNH 5
Hom(K*,Q/Z) ~ Hom(G%,Q/Z).

T CIC Gi @3k K oot A 7, G 13 K DK —~NIVHER
K*® QA7 # Gal(K*/K) Th %,

JR AR DA OREHIE KIEBSAAGR 2 DO CTaE N, LM LR
FTBEER D VT MR K D 7 LOWELED 5 AN a2 015 7
WCREPA L. %h%ﬁ“)fk@i*ﬁﬁi 2 A CER VD, EENBZDIE
HARTH S, REZTNUIRTRET, OO DN D %,

3- SERRICDWT. R EAGR OREI /7 8 (*Bﬁg{%@%lﬁ&) D
9 %, —DId Lubin-Tate B2 {H5E D, & 95— D& EZH
5\%@“(%%0 A& I E TR OBEHICHALIL TAH T, BANTH D,
explicit rec1pr001ty law R ED, KOFELWIFRICAWTH S, BHEIF
KREFAAGR & DMV HEZRU AW EWSHRND 5, HEmICIEL L.
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cohomological RER[L & BIRAN XD TEIITIE R ED—fRIki
L Thb,
LUNCOHEiITIE K ZRk, O ZZOMER, U :=0* L9 5%,

(1) Lubin-Tate BEZ{H5 575 (cf. e.g. [5], [10])o FHHAEGAG r 2. X
DO IR B RRICIED Tou

1 — Gal(K*/KY) —— Gal(K**/K) —— Gal(K“/K) —— 1

T [ |

1] —— U _— K* LN Z, — 1.

ri(m) (& Frobenius € Gal(K™/K) O, LEDH S (IEHEICIIRIZE
wR%), HElE rily ZRONE KX WVA, T T T Lubin-Tate iz
.5

K OFjt n 2—DBATHEITET %, q ZRIERIA E OMEET 5 L&,

fX) = aX 4+ X4 €0[X]
(X1 LNOEOFEE « THNS)
DI DFEEIH LT, O DIEHZRD AR
FIX,Y) = X4+Y +---  €O0[X,Y]

WEX S, BB F O TO-EkE ] OFERT &, % a € O 1Kt
U laff) 2RI ERE [o)(X) € O[X] HHBDT IF(X,Y) &ilivid 3]
EWVERNEZ T, LWEETH D, FH m = {z € K| v(z) > 0}
[

it (z,y) — F(z,y), aff: x— [a(x) (r,yem, a€O)
XD O-nBEL7x%,

BE. Flr"] = Ker([7"] DIEH on m) & O-IfEE LT O/(z") LIH
T, THUC G WMERT %

Gk — Awt(F[r"]) ~ (O/(7"))*.
Eix T iz 25, lim | ZHIDO T, m ORHKAFET % EHHHERRY

XTI':GK—>U

SLubin-Tate BED EIIThRIS AR TZHEEL,

6 CICESERBEE T 11 ol #IEREE) . BB " ZHOBERBTHDOTAMK
WAL TRl L AR O N Z 2T DD & TH B, —MICITEITT (BER)
DEDDRIEADEDEH B,



6
Z135. Ker(xy) ICHIGT 2IKZ K, /K £95&, HiF K, K" =
K*® THb,
~ Gal(KV/K) ~ Gal(K*/K,),
~ Gal(K,/K) ~ Gal(K®*/K"v).
ZITCTK*7Z K*=(myxU &nfLTHBE HABS ry : K* — G2
ZROMRICEET S D rg(n) RO uwe UL S ri(u) 1&
Z ~ Gal(K*™/K,), U ~ Gal(K®/K"™),

1« rg(m) u ™t r(u)

S N

%% 7TCo
(2) MCEREE (.55 (cf. g [11], [6])0 HEBE re : KX — G0
% 5% HIIIER(E pairing
G x KX — Q/Z

T HNBHEFELCTHS, £ T,
BX. Br(K) := (K FOHLHEFMEROEER) (& K DRfkE S5
Q/Z L HBERC AT B
POSHICHEELT, x e GR & be KX TR U IKERE A(x, b) &
E&Z L. LD pairing %

(x;b) = (A(x,b) D) in Br(K)

LEET B,

HEE A(x, b) FRDBRICEFET Do FeDRO—H—EHH 5 ¢
E P Lk S,
BOME =n 228D o1& Gal(L/K) DERT
FEAD x SIS 2 DiE. Ker(y) IxXind s L/K & x(o) =1/n 7%
% o€ Gal(L/K) LD TH B, £ T. XF B 2HELT.
A(x,b) == L+LB+---+L3" ",

ZHBARIE B =0, Br=0(x)B (z€L),
EEET B,
BFRDS RN, K ZREAE T2 L E. ROFTRINNH S !
0 — Br(K) — &,Br(K,) = Q/Z — 0.

T Y K DETDOHRR v IS inv, DHITH B, TDERIN%Z
FIH U TRt 2 SR 23 X b KisgiAsR 28 EARHR S,



7FE. Cohomological interpretation:

G = H\(K,Q/Z) > HY(K,1Z),

K* = HY(K,G,,),
Br(K) = H*(K,G,,).

—

LD pairing G2 x K* — Br(K) & x € H(K,Q/Z) & b€
HY(K,G,,) &L 6(x)ub e HX(K,G,,) ZHGEE3EDTHS
(6 IFEREERTY, U 13y THE).

4. Chevalley DERML : JHATH AR E S HED T RBEEKREIES,
K KBk E T 5, RIEHRRICED E. K O&RES v ITRNT
KX WG M LTz, 22T

Iy = []K;
= {(z,), € [[ ES| FAERTD v ISHL 2, € U},

BT, AR
KX —— Gal(L,/K,)

Ky

v Iﬂiﬁf\@iﬁéi&%{l l%’ﬂ‘ﬁ

??7?

Iy -2 Gal(L/K)

ZRBICEEDD, Iy ZLT GP ZiB L2 HEENDS (Ix &
K O idele #f EMHEND), D, d eIl D TR e B,
FIALERZ RN B 1201, O DA T 7))V m =[] pm ISHL

Un = [JU™ < [[U. < Ik

vfoo v]oo
L1, TTIC v MERESEDOL = US™ = (14 pm)* R
K, ICd 260U THO, v MEREZLDOELEER U, = (KX D

HIFER Y 2 1) &0z,

FEER. 2D m I LB ARXT — VLR K/ K DMFELT
Gal(Kp/K) ~ Ix/UyK*

kx5,

RREE. EEOHRXT —NIUEK L/K 385 m Iid % Ky, I
/él\ih\ NL/K(IL) O Uy I

Gal(L/K) ~ ]K/NL/K<IL)KX



Ex %,
ZCT
Crx = Ixg/K* (KX AT I ITHDIALS)
EBL (Ck & K O idele FHlE LWHEND) &, EOZDOEBDOL

LEZNTN Cr ) (UnDB), Crc /Ny (Cr) IEHELL, ED"D0E
MUIXRORICHED BND -

HER. EHENZERS HAESH) rr : Ok — G2 WH D,

« B L/K KR rg & EORRZFEET 5,
« K IMEUAZSIE re 32T

Ker(TK) Ci 1 7&/3\@ CK @@%ﬁ)ﬁﬁj\ (: Hv\oo Uv)‘

K DAL 513 Tm(rg) (& G2 OGRS re 3 HST,
« ROKU AT

r

X Ko ab
KU GKU

L

b
Cx — G2,
TK

. uglﬁbw LCJ:D
Cx DIEBAM) 11 [ G O
FE B F‘aﬁﬁﬁ TRE
D TROFHMNH S -

Hom(Ck,Q/Z) ~ Hom(G2,Q/Z).

HHMER EDBERIERDTERIN 5 H TN S !
1 = Un/(K*NUy) — Cg — Clg(m) — 1.

K Z&h LItROZE L | K'/K ZHARXRTEERE T %, TORE XD
AR D 5 -

Crr —5 Gab, Crr —< Gab,
NK’/Kl JFF'JKE iK’/KT T@ﬂﬁ
CK —K> G%), CK —K> G&}?

cZ Lt_ ZK’/K Li@é\g{% K — K/ 7’3\5}*3%@_% 5%735‘{%‘(3@ D @L
WSO, —MUCHE G L Z OB H icn LERE N BHE
Iﬁ‘li}fgg{%tc‘/]{ : G*b — HAb b\iﬁﬁzéh%b\ hzdG= GK, H = GK/
WKL THEHALIZEDTH %,
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LB K 2Rk, L/K ZHRRXT7—N)ERET B, 2D
x, A% Clg(m) ~ Gal(L/K) 137 DISHEREOR ORI 8T %, T
DOHF TLEHBEO—8 LLTEHENS,

FEEE x : Clg(m) — C* ¥ U Hecke D L

x(a)
Nas®

- Hl— (p)/Np*

WEHENS (HL (a,m) #1 DL EE y(a) =0 LEHKTB), T
1Y, 1 Ok DATT IV a # 0BR[], & Ox DHEAT TV
pA0ICTESRETHD. Nald a DIt/ )V TH S, —/7 Galois BE
Dt p: G2 — C TR L Artin O L

L(s,K,x) :=

1
L(s,K,p) = H 1 — p(Froby,)/Np*

WEHEND, TTI], & L/K TR O DEATTIVp£0
ICEAHETH 5,

XK. Hecke O L 3K D —RIC Cx OEIFEICH LIERENS, FTz,
Artin @ L I3 XD —RICHEBRX Galois 6K L/K & Gal(L/K) DfE
DR p: Gal(L/K) — GLc(V) I LERE NS (V IZHBRXT C
N7 FIVZER),

HER Clg(m) ~ Gal(L/K); p — Frob, (&, fRARHFOMHD %!
CIK( ) =~ Gal(L/K) X+— p CHDOTL(s,K,x) = L(s,K,p) "%
EDDIAERERT %o Artin 135 L8 & CORE (L O—8 L5
F2ENTZD, BICHERICEOEDZS L (KAIC Hecke DK
O L iz E&Z LD 1918 DG [4], Artin DWHEHEZFHER L
7D 1927 DX [1] TH D)o TDRIIK L BED—EL :

Hecke 1y L = Galois 1Y L
3R THIRE hot 7% topics D—DTH %,

6. G2t D (ERE. FHHIC ENUE G0 ORBEIRAEIE Cp %
Clyc(m) OB LB L SIS 2, (B TE G %
G D (fEDT O D) (HERB (RHCHEAMERD & D) A ERICH
NZH, WATED CGEFHD THHIELV (Le. RECETN 5% 3)
P TIERTLEA,

Bl. Mo x - Gg — 7 350 fiR L) = pu—1 X (1 + 0Z)* IZHEDT
X =wx1 (w:Gg— e 1CZ57X1 Go — (1 +0Z,)*) RS,
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k€ Zy lITRL
XV Go — (1 +0Z)%
WENLNZD, TNE hkgZ DEE THHEELL ] 2,

RE. wxF & x = x (mod £) D ({{} DHNARILIR) BT (DO
ZH 7z kICRIRMEL T8 D) TH S,

K Z2(RBUA, F\ 72 R p: G — FY ZliliRBlE 3%, pld
BRI KD Cp ORI L NS p A THHEELWLY LWV
RN T BRODDORMNDH O, TNEDEHEIENHISNTHS !
EE. p IKOWVTDRDEZEMFEEETH S -

(1) OM 77—~V SR (LA ROEB) 75K %,
(2) JRAr R,

(3) 1IN Hecke 5D BK S,

(4) Serre FEDOREUNERIA Sk — G, BEK S,

(5) Hodge-Tate at all v|.

(6) de Rham at all v|¢.

(7) Potentially semi-stable at all v|.

(8) Potentially crystalline at all v|¢.

SEOEKROFIAIEEIET 20, (1) & TEERH 5K L0g
. (3) & “modular” EWEERUDFEMFTH S, (4) D Sk &, (1) D
PR RO IO “RPEAR EMEN2EDTHS, (5) ~
(8) DZ&MFIE piE Hodge Hidi (2T Tl p=1) ZHATEREIND L
DT, — % (7—NVERLRWVWE ) I

Hodge-Tate < de Rham < potentially semi-stable
< potentially crystalline

Thb, TOEHICOWVT, IHICFLE[T], [2], [3] EHED 4K
AR B AR THIRGG) OIHZZIRE NV,
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2006.8.28
FLIRHEE R G B D22
falkim LA— L&

1. BERIRES (cf. [4], pp. 348-350, Exercise 1)
K 3 REUAT 1 OFEIG m F#IREZZLEDET S, a,d € KX &L,
LIRICHNSG K OREATT7IVb, b0 °FEAT 7V p & mad & HT
ICEEMET B, L =K(a'/™) LBE, G5 (¢) € L* ZRICKDE
#£95 .

T’L/K(b)(al/m) = <E) al/™.
T ryk (& L/K OHBEBETH %,
(1) (¢) 31D mEWTHO, LAHE a D mER ot/™ OBETIFITK
5ixnHZ R,
(2) & L = K(a'/™, (a/)™) ICRWTRLS (22), (9), (%) Z L& kk
ICEET B L E, ROFEXADKD VIDFEZRE !

aa’ a\ [d
(%)= () (5)
(3) ROFEAXDK DI DHZRY
) = ) &)

WO DHE 2R, (EDTh=[]p™ %=56I1F

(0 - 11(2)
MO 3D, )
(4) (5) %

(g) = o™= /m (mod p)

27z ME—D 1 O m R TH 5 H2/RE, (T I Np & p DOift
Xt/ VI Np = #(Og/p). BEINp — 1 1& m TH O YINZHER
T )
(5) K DEATTIVp & ac KXIZDOWT, RDO=EMZFAETH S
HERE

(i) (E) ~1.

(ii) FAE 2™ = a (mod p) FfE € O, ZFFD,

(iif) X 2™ = a 3R € K, ZFD,

1

-12 -
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(6) 1 D m P ¢ IS

€\ _ No-1y/m
(b) = ¢
ThsHZ e,

(7) a,d, b DEATTIVDEE,

a = a (mod b) vAqSY (E) = (%)

Th2HEZRE,

(8) b6~ = () WXHIHAT IV (c€ KX) THO. ma LFEIZRLTDH
ATT I p MU ce (KX)" THBENET D, TOEE (2) = (&)
Th2HzZRE,

(9) K =Q O & &, Artin OMAHRZH BT (FHLH) FARIROHEA
R 28T

2. sl CIUF DT ANRGRIC B 9 5 FHHE 2 b X,
3. FRGRD EARATIOHE N T H B iR K,

- 13-
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FLEE AL G L D Z#AL

FAIKGRBE R SR N

HHEde LT
[1] mAREE MUBIEREGER) (58 2/k), AiEEIE, 1971

MHOET, BHENKRIEITCEDCDT—EIEZHA THATEWVARTT, FF
LCR%ZEI’\J SEGRANDAM E LTI (BRI DT) X0WEeRUEd, /-
72, MIEEEGDE AR ES LTEHTZRLCIELDE, BYDH
HED L TAELHED AV FV LIFHDEND T, FIOA, fFINEE

(2] higernt, SRJMEE, Rk Tan 1), SiES

BB LTI &0 LT T, BN T AREEED 5 ik T
KERICED X TTEICMHH L TH O X9, FIcHmOERL K TFE
HEIERIC Ay FUENTHD X,

COA LR, HULHRIER O M2 1D TR 2 BT 5 & DD
R&EL LT,

[3] A. Weil, Basic Number Theory, Springer-Verlag, Berlin, 1995 (reprint
of the second (1973) edition)

MWD EJ, Basic EEFTHADNHIRL T easy TRRAWVDTHILAEIC
BEOHHKEE AN, Langlands T Elcmir CEREGRNET 7
O—FZilH K9 &9 % ANITIEE TIC basic, DatDETT,

Z DAt FHIAG %ai&’aﬁ&@%ﬁb‘ib\hfﬁa%ZK& LT

[4] JJW.S. Cassels and A. Frohlich (eds.), Algebraic Number Theory,
Academic Press, 1967

Mo X, L.«’hbi 1965 £FIC Sussex K TIridniz TE (fFk?) 0¥
K DR T, M LICEEDNRZZDTHT LEHisan < 3En
TIM, BEILEZIRIEZLDHINEERVTET,

SIEREHIC DOV T

[5] J.-P. Serre, Corps Locaux (2¢éme éd.), Hermann, Paris, 1968

MHETY, Jafakim (BERAED quasi-finite DGH ) LC“)I/"C &%
PO TENMMTHET (cohomology I KB ERIL), A, FKIFHFET
B SR AR OO 1B BRI 73 D S WERE (Hasse-Arf @E@) PVGIERH
ENTHET,

JaEAGRZ Lubin-Tate HERZDCAEHH L Th SR E LTI

[6] K. Iwasawa, Local Class Field Theory, Oxford University Press, New
York, 1986
1
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WM& X9, Preface ICH <, “This approach, though not the shortest,
seems particularly well suited to prove some deeper theorems on local
fields.” Ef&ZDE T Wiles @ explicit reciprocity law &FEHE T
Qe

RIFRIAGH S F O TRWODRBIVERGH & REBIHEGRIC DV TOR
THMMEAANICD D LiFE 72D
[7] E. Artin, Algebraic Numbers and Algebraic Functions, AMS Chelsea
Publishing, Providence, 2006 (reprint of the 1967 original)

T MEGRICDOVTEFHLLEFEVTHO X, L& E. Artin D
1950/51 £D Princeton K*#TOEFKIRK T,

REBCRIEIRIC DOV T
[8] G. Shimura, Abelian Varieties with Complex Multiplication and
Modular Forms, Princeton Univ. Press, 1998

MRERTS . U G. Shimura and Y. Taniyama, Complex Mul-
tiplication of Abelian Varieties and its Applications to Number Theory,
Publ. Math. Soc. Japan, 1961, DRHXHKETHK TI

MRIFAE 2B | IS DWW T DOREME— DA
9] J.-P. Serre, Abelian (-Adic Representations and FElliptic Curves,
Addison-Wesley, 1989 (Originally published in 1968 by W. A. Ben-
jamin)
T, FFrEIERBIC DWW T ORI GBI I &) 72 T HEEE Y
BRTID, ZOMICENANAHHANERHFNTHD £,

i BN I NE LRGeS EAH 2N EFOTTH, HEINT S
FIOFERICEEZBIRD D & 5756 DOH S NFIKERIE THEA T H
Tl
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LEAg L £Y 2 5 —JE

Hidenori Katsurada

May 31, 2007
& Lol
Riemann O zeta BE%X N
)=
n=1

X Re(s) > 1 TILZEFRIICREL, s DIEHIBIE LS. EHIC, ((s) XA
ICERZMEZL > T3,
(Z-1).
E(s) =7 T(s/2)¢(s)
EBLLE, &(s)+ s+ (1 —s) M dA s P IERNC et & NBAEEE X
§(1—s) =¢&(s)

R0,
(Z-2). Re(s) > 1 T Euler &

(Z-3). m DIEOEED & %,

(=)™~ (2m)*" Bom
2(2m)!

&%, TTT B, & Bernoulli B EFHINZEHETLUROX S ICEEINS.

tet . B, ,
et—lzzmt'

n=1

¢(2m) =

coceld, BIEAZMS L

- 16 -



EEWVWHRZENS.

—f&ic

E

3

D(s) =Y "

DIE 7z & DBz Dirichlet & W5, Dirichlet fEKDHI T & HTITRR I HEE
(Z-1) ZFDE DIXEEHGHIC & > TRICEE T T T TIE RV Dirichlet fl & FHE
5. ETHIC, (Z-2) DX 7% Euler ZFFDEDIE " zeta BIEL " H25WE "L
B EMINS. 1 ARTIRIEE LT, BY 2T RSB L 7z Dirichlet §)
BUSOWT LD (Z-1)~(Z-3) L[ABED T AR 1D T & % [Miyake, 1989] 35X
O [Shimura, 1976] ICHED EIARD . KEHOMEBIILL FDEBO THS.

0. Hecke @ L-B%&

1. EYVao—8

2. BV 25—

3. Y 2 7 —EAUTHIBEd % Dirichlet £

4. Hecke o

5. Hecke (EFIZZ & €Y 2 T —EROD L B D Euler 52K
6. €Y 27— D L B ORREDORENE

A&HilZ2 00 648 H2 9 H~9H 4 HITHMT TILmE R F AR 0
HETITb Nz EEGALIRE OFRE ] TOMEERICELZEDTHS. C
DY =7 —)VDIEEICH T2 0 RJTENTzaiHAZF K COBIRE OE I K
#MLUET.

0 Hecke D L%

COHITE, EY 2T —ERITHBET % Dirichlet 00 L B2 S AilC,
Riemann O zeta BIEDEZ DL TH %, Hecke FEIHIHET 5 L EAE T 7
B Hecke O L BIEBUIC OV T L L 9.

F 2B RRAREUR, O 22 DEEEIR, Ur 2 Op OHBEBEE T 5. F DEHE
BUA CNOHSDAH v : F — C D[AHEEEZ F D archimedes £ &9, R
o(F) CRTHZEE, v ZHEHEVLY, T5 THVEEEELHEVS. aT
F @ archimedes £ 2ADETHEEZET. £/, r BT c TENENF D
RENBIUOERLRL RO LRTHEEEZERT. Ap TFOETEREVWDEAT T IV
PROETEEEERT. A ZATTIVORBICOWTEZRT. £z, FOHIE
A TTVREDKET Ap OISIWE Pr TRY. W F OFTHEVEATT )LE
95, CDOEZE,

Apm=1{2€ Ap; (A,M) =1},

Ppoy = {(a) € Pp; a=1mod M*}

LTl 2 e BV Dirichlet S0 EPEATED, EEEGHINCEM D H % Dirichlet FE A
3 LS Euler BEFERVWEWVWS CLEHBZDT, TTTRTIHIMRZ LICT S, BARMAIS, C
T Tl (Z-3) 729 zeta BARKD T & 7% 7 B> zeta BIEL " L LU0,

2
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EBL. TTTFDOtaha=1mod M THB &, ahdHs Or Dita, 3T
(a,M) = (B, M) =1,a =B mod MZ{i7zTEDICED a=a/fEREINBZ L
ZRKT D, Apg & Pog BWVING, Ap OEITREERS. ¢ DM 2HELET D
F D Hecke fRIZETH B L&, v WM Apg 5 C' = {2z € C; |z| = 1} NOHE[FR!
TRZWTzTEDETS .

" HBEEm, LIk, (vea) MFELT

(*) v((a)) = [ ealav/lau)™|au™  (a) € Ppg,

(") 2vea fiv/ev = 0.
ClTveakae FITHLT, via)Za, b RT. £72, e,ldverTHBH

VECTHAIMINMST1ERIZ2ET 5. KRS, IXRTDveall DTk, =0
MmO, TXRTDv € clcDVTm, =0DEE, o IFFIEHE (class character) T
HBLVS. Y ENREEETDFOHecke fGIEETEHLE, FOBALTTIVR,
TRZWT2T DN IZO L DIFEET S -

(1) (F) DFTXRTD (a) € Prgy, N Apm IOV THD ILD.

2) W ZBATTIVEL, INTD (a) € Ppgy NApy I€DWT (¥) HILD AL
DIEHIE MW C My,

DMy 72 o DEFETF (conductor) &S, M 2% E 9 % Hecke FtE o DA
Y (primitive) & &My, =M THB L XZVI.

ETC, FORBATTIVAT Apg KB EZVEDISH L Ty((A) =0 EBE,
V& Ap B CANOFRICHEEL THL. TDEZE, ¢ D Hecke L BAE L(s, )

“ V()
L(s,¢) = a(;F W

TEKTS. TTT, NA)IXADK / )V IERKT. FRHC F = Q Ty W HITE
DL E, L(s,¢) & Riemann D zeta B ((s) £7%5 5. L(s,¢) & Re(s) > 1T
JRF—RRHEIOR U, s OIERIBIE 5%, 51, L(s,) I Riemann D zeta
BEC(s) ERMEZE > TS, ZNEARXRZ DT, WD OB, i
SEHETS. £9, Tys) ZRDKIICEHKT 5.

Ty(s) = [ 7 T(s0) [J(2m)' T (s0),

ver veECe

. (s+my,+ikK,)/2 wvET
Y (s my| +iky)/2 veEc T

R, D Gauss Ml 7y 2

S { P(d) My, = Op
v D ae@) -1t Yoo(a) M (aM)e(tra) My # Op

Voo((@) = [ J(au/lau])™ @],

vea

-18 -



EEHEKTSDH. TTTtr(a) =
i<,

a, 2RL, HEB I U Te(r) = exp(2miz)

vea

Wy = (=i)=vea "IN (D)~ 27 (4)
EBL TOEE, (Z-1)~ (Z-3)IHET B ROWENRLD LD,
(H-1).
E(s,9) = |DpN(R)[**Ty (s)L(s, )
EBL. TCT, Dp 3 FOYRHIATHS. TDEE, (s, ¢) 132 s FHilcHR
T fiietir e & NBAEEE X

5(1 - 571/;) = qug(sa"l/])

2 HiD.
(H-2). Re(s) > 1 T Euler f4

L(s,9) = [JA = v ®N®) )
P

ZRED.
(H-3). F & dROBEIIBUAE U, o BIFUEIEEET, 100 (D) = [Toea(bo/]b0])F
Eifiled LB . TOLE,

P(k,v) = ()7 (2m) " L(k, v)

EBLl, Pky)id Q. Ly DETEREINIAL QW) ICIET S, DT &I,
B EZ S &

L(1 =k, v) € Q)
EEVWHAENDS. P(k,¢) DEAKNEERRICET 28 A HEREOHEIC DN TR
[Yoshida, 2003] ZZ{D C &.

Bl F=QonL&E, IXXTD Hecke IR THS. TN2d 5D Lk
LBRK S, NZIEOREEETZLE, ZH5E CANDER x TLLF 2z 3
& D% N 72k & 9 % Dirichlet f8EE &V 5.

(i) m,n € ZIXF LT x(mn) = x(m)x(n).

(i) m=nmod NDE&E, y(m)=x(n).

(iii) (n, N) =1 D& EMNDZD L ZICRD x(n) #£ 0.

ETC, F=Q0DLE, IXNTDATTIVIFHIEATT7IVTH%. [>T,

Ag = {(a/b) | a,b € Z,a #0,b> 0, (a,b) = 1},
THO, BENIIHLT,
Aqmy = {(a/b) € Aq; (a,N) = (b, N) =1},
P,y = {(a/b) € Aq) ; a=bmod N}

4
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L%%%. ETC, x& NZEET % Dirichlet ffEL 95, TDLX, (a/b) € Aq v
WX LT, x((a/b) = x(Ja))x(b) B &, Y& N 2L T % Hecke 15HETH
%. WT, QD Hecke $5HEIX Dirichlet NS DK SICLTHELNS. T T,
Dirichlet 52 x 1%} U T Dirichlet O L B84 D(s, x) %=

= XSZ)

m=1

TEFTS. ERICKD, Dirilchet D LEIETH D, Wi Q D Hecke D L FA%L
\Z Dirichlet O L B CTH 5.

2 JHARD Hecke FEHE L L BIEIC DWW TIX 3HITHEL < iR B,

T, LOHEOFMZAIAIC DWW T [Yoshida, 2003] ICiEBH 2 L & LT, C
T ClE (H1) B D DA 5 < D 7 Riemann D zeta BEZHNCH T THIAL K 5.

£(s) =7 %*T(s/2)C(s)
&<, theta B O(t) %2

o

— E ef7rn2t

n=—oo

TEFT 5 L, Poisson DHINTL

\fz = S

MDD,

LRBTENDNG. ET, CORMNETE
1 oo
2 s 2,

L 2DICnF, WSt — t=1 & Poisson DFIARZES &

_/‘w“»‘”ﬁﬂ_WtZ—ﬁ”—%—/iwwﬁﬁ—wt
2 J, 2/,

1 [ 1 [
= s 4 5/ O(1/t)t=*/*1dt = —s™1 + 5/ O(t)t/>s/*
1 1

5
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1 o0
= s t—(1—s)"t+ 5/ (0(t) — 1)t/2=+/2" gt
1

LiBN5, FEHTRe(s) >17T
f(s)=—s"—(1—s)"+ %/ (O(t) — 1) (52 + 10241y
1

&%, THUCEKD (1) IIBHBICOMB. TDXSIC, ” B Dirichlet fEk " 1&”
WA 2R DRI K BN KR 2R D AT ENS. T RVE
" R OB DU L DML FOHI TN D TR B EY 2 F—ER L HIN
5LDTH5.

1 V15—

TV 25— BREBRBHC, BV 2T HOEHEEZLTEIS.
GLy(R)™ = {a € My(R) ; deta > 0},
SLyR) = {a € My(R) ; deta = 1},

SLy(Z) = SLy(R) N My(Z)
EBL.H={z+iyecC; y>0EEZELLTHEVD. o= ( a b ) €
GLy(R)" & zc HICHLT

az = (az+b)(cz+d)~!

EB<L, aze HERD, GL(R)T D HANDIFHMNERINS.

AR . a= CCL Z € GLy(R)TICHR LT j(a,2) = cz+d B &, jla,2) #

0THY, BeGL(R)FITHLT
jlaB, z) = jla, B2)j(8, 2)

Lix5.
H EOREESE dv(2) 2
dv(z) = dzfy
TEET 5.
det almz
R FPNSIE

ICHEET S &, dv(2) I3 H LD GLy(R)T-ARELRNMNEZERT BT NN 5.
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I' D SLy(R) DEESCT 3 EE, 9755 SLy(R)ICBIT S 1, DHZEHEW 2 &
NEWNIr=1,%k%LE, I'%Fuchs BE& W 9. Fuchs £ H I NHEFLIC/E
W9 %. ETz, SLy(Z) DIEAERE I RZEY 27— LS. £V 27—k
X Fuchs FECTH 5. BIZIX SLy(Z) IZEY 2T THSB. I'H Fuchs D & &,
H OEERLES F D I % A (fundamental domain) TH % & 13,

(1> H= U’yEF’yfv

2)yelMDy#£+1L, EBIEyF NF =¢

2z e bDZVS. TIT F IR F ONRDEGZERT. EHIC,

UF:/de(Z>

B dv(z) D GLy(R)T AZEMEL D, HdIE FOEDHFICKSER. Fuchs fif
I'hop<oo &b bX, FH 1M Fuchs BV,
Bl I = SLy(Z) DL %,

F={z=ao+iyeH; -1/2<z2<1/2/|z2| > 1}

0 1

& sL(2) s, 7o f) |

)m;%@

Fl={zeH; |z|<1,|z+1|>1,]z—1| > 1}

LEAHEHKTHS. TOLE -
VSLy(Z) = 5

3
%, —fRICEYaT—RETIH LT
vp = g[SLQ(Z) 4

ERBENG, EVaT—RHIE 1 M Fuchs BECHS. V2T THRVEE 1 #
Fuchs B HI 2 I3ERF 5 4 TEEROHBEED HGFE5N 5.

I 7ZH 18D Fuchs BEE T 5. v € I DT (parabolic element) & 1& v D
LA ADHHE [tr(v)| =2 THB & EZWVS. 2 € CU{oo} A I DIAL (cusp)
THBLE, BB ORIIEy = ZZ)@E%ﬁ,ﬁﬁb%w:zf%%
EEZ2VS. BHAEIEICKD I DRI (cusp)z ide=0DEE 2 =00, €9 T
BEE =21 DL TVAE T LD %.

EC, Pre I OREBERISRZEE, U ={z € HU{oo} ; Im(z) > [}
B H'=HUPr IZRD K S il 7ZEAT 5.

(1) 2e HOELE, H IZBI2:AERELT, HICKT S : DiifERZ L 5.

(2) ze PrOEE, HICBIZE557L LT, {c7'U;; I>02L5. C
CTC, cldoz=00t7%% SLy(R) DILTH 5.

-22 -



COMMICKD, H IINTARIVIZEMERDL. 2O E, ['OHANDIE
% H NOERICHRICIEE T 5 2 &N TE, N\H ICIY/87 M) —< Vil
DOWGEREAT S EMNTES. I, NHCc IN\H L HETTENTES.

Bl (1) AT, EVa2a7—#OFZHIFLS.

I'(N)={y € SLy(Z) ; v =1, mod N}

(& SLy(Z) DIEE D EETZ OIEEUE SLy(Z/NZ) DNEICHFELVWOT, VA
T—HTH5. Nz, LNV N OEGTEZEE (principal congruence subgroup)
WS, —RIC, SLy(Z) DESGIRE T 1 S Lo (Z) DETRIESTEF (cogruence subgroup)
ThdLid, HHIEDBENMAELTI(N)C I ERx3ELEZVI. BIFEE
DHEEY 2T —HTHED, AR TIERVEY 27 —HEFET 5.

(2)

HMW:{(?Z)E%MAD;CEOmMAG

FEFREIRETH 5.

(3)

Fl(N):{<Z Z) € IL(N); a=d=1mod N}

FEREIHTHS.

2 EVa17—HR

[ZH FEEREINT CITEZRDORBETS. a e GLy(R)T &k € ZopITH
LT

flr(2) = (det )2 j(a, 2) 7" f(az)
LIEFETD. TDOEE,

flkaB(2) = (flra)leB(2)

MKOND., I'EEYaT—RELL, x: I — C' ZHRMNBOEELT 3.
J H—CHEZ L HEExONICHEHTSZ (EAD €92 7—KTH3 L,
IVENOE LRy DY A AL

(1) fi& H LOFRIBEE

2) flav(2) = x(NfR)DITXRXTD v € TITDNTHD LD

(3) IXRTDaeSLy(Z) L e>0IIHLT flralz) d{z+iye H; y > €}
FTHA.

My (I,x) CEE k, B O DT (FAD €Y a7 —FADO2Mhh 5%
BHEGEET. LS, Y DHEAHRED & &, M (1, x) B M (D) EET. Me(L )
WFAERIOT C-XT MIVERERS. 'R T ICEENZ T aT7—HTxy DI
ANDFIRRZE T y TEIT L, Mp(I,x) CM(I7,x) 75 5.

8
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EVa 7 BRDOT -V LEMZEZXS.

FE2.1. ' ZEYao—BEL, BT DIEEETS. feM,x) &T
. TOEE, TRNTDy € SLy(Z)ITHLTHZFEh = h, BIFELT

fli(2) §jawy e(mz/h)

LEREND. TTT, ap,(m) & fEyEmMICE>TIREZEIRTH S, HHC,
I ZGEEEHE L, HBIEOBE N DMAELT, ['(N)C I'hDx W& I'(N)T
1755895, TOLE, TRNTDy e SL(Z)ITH LT

Flev(2) Z ap(m)e(mz/N)

EREND.

1 N

ﬁmwmm.if,<o 1

) el THshMH,

flx+iy+N) = f(xr+1iy)

£z, DML ES. Ko T, s DKL LTRDOXSICT—) T/EH
AR

flo+iy) = Z by(m,y)e(mz/N).

CCT, bpy(my) & fiy EmICXK>THRES y DR THS. T, fDIE
HIPE (1) 5

bra(m,y) = ay,(m)e(imy/N)
LIEBTENDONS. TTT, apy(m) & fEFVICKO>TIRESIEZRNTHS. &
Hlig, AREB) KD, m< 0Bl ap, =0287%0, EEMNFFIHE N,

EE. KM Q)2 NS TIE, EHICARE K5 ET—) TEMNTE
AN

[ €M, x) MERIEX (cusp form) TH B L1d, IXTD vy € SLy(Z) Ikt
bf a7,(0) = 0 ZH7eT L EZVD. (T, x) TREBADN 5785 My(T x)
DFfDZEf 229, %2 N 727k &9 % Dirichlet 5t &9 % & &,

a

JMMB(CZ>—HM®EG

X To(N) DIgHEZEET S, TNEFRIURS y TR, DL X,

9
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MDD, TTT, xl& NZHEETSTXTO Dirichlet $51EZES. F iz,
fEMUALLH(N), ) I LT

f(z) =) a(m)e(mz)

m=0

LERING. f(2) DT—V THEE a(m) OFHBZIC OV TERDEIHSNT
V5.

T 22 k>2L95%. COLE, HBITEHM > 0DFEELT
la(m)| < Mm*™!
METRTDm > VIS U THD LD, RS, f(2) HWREERD L &
la(m)| < Mm*=D72
MERTDOm > 1 LT D VD,

fr9 € M(I,x) IS LT, f,g9D Petersson WEE (f, g)r %2
(f,9)r = ’ F(2)g(z)y"dv(z)

TEHTS. Op 3N ICHTZEAERTHS. fERE gNSL X)) ITBT S
EE, (fig9)r <o l’zd. EHIC, f,g DIEFEE NIz Petersson WHE (f, g)r
%

<f7 g> = UI_“1<f»g>F

THRY. RS, 2D0FVaT—HT (i=1,2) IZDWT fieM(L) ZZE>T
EE, NELICEENDEYV 2T BAE, NNy 2D, fi,f2 D
IEHUEE N7z Petersson WA (f1, fo) 2

(fi, f2) = vi (fu, P

THT. TTT, fi,LZWMUI")DILEHELTND. TOERE, I"DODED
& 50,

LUR, (f,q) DHEEICDOWTHIZET 5.

(1) (g, f) = ([, 9)-

(2) a € GLy(R)™T W[ : I'Na 'Tal, [a ' Ta: I'Na 'la] < oo 27z g &
X, f,g S Sk(F) WXL
<f’k:057g> = <fvg‘k0/>
k%, T TCTad = (deta)a™t THB.

10
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3 ¥V 15— Ic{IRET B Dirichlet $&#

f(z) =322 sa(m)e(mz) 2 M (IH(N), x) Dok LIz & &, f(z) BT % Dirich-
let #EL L(s, f) %2

ms
m=1

TEET 5. CH22KD, L(s, )& s DIIN T KE R & TATILE
TR L, s ORISR E 7%, L(s, f) OFFTIIIEE 2 T2,

An(s. f) = <j—%>—sr<s>L<s, 5

EBL. TDLE, ROMDIERZRS.
i 3.1. Re(s) BT REVE ZF,

An(s, f) = / " (it VR — a(0))tdt
D AIRYASN

EHE 3.2. H LD

f(z) =) a(m)e(mz),g(z) = Y _ b(m)e(mz)

m=0 m=0

Z H EOMLED T8 MRS TR L, $258 v > 0 BT
LT,

f(z) =0(Im(2)™"), g(2) = O(Im(2)™") (Im(z) — 0)
PDIDOET S, CDEERD (A),(B) EIAME %3,

@an—<§,Bl)a£<a%,

9(2) = flrwn(2).

(B) (B-1) An(s, f) & An(s,9) 134 s Fmic A RN ik SN T
(B-2) B
AN(SJ f) = ZkAN(k - 879)
iz L,
a(0)  i*b(0) X e
(B—B) AN(S7 f) + T + m 34 s FmE CIERIDD, (LR O IR
{s | @« <Re(s) <5}

11
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THERLES.

FORERE SLy(Z) ICBIT 2 EY 27— KUISH LK 5. 9, SLy(Z) &
( - ) v (? " ) CERENDC LI . ChED, ROREED.

T 3.20D%K. TH3I2DREDE & TRIIFMEE 5 5.

M. f(2) € By (SLo(Z).

F. As(s, f) 1325 s Tic A BRI MRHT e T IS 2t

Ai(s, ) ="Mk = s, f)

itz U, -
a(0)  i"a(0)
Als, )+ ==+ 57—

32 s P CIERID D, (FEO&EIRMEE
{s | a <Re(s) <}

TEREIZS. FHC, (o) DREERESIE, A(s, f)BERITHD, TowE
DA RVASR

TC, EDXS BT ENED ILH(N)ICEHT BEY 27— ROV TED
VDTHAIM? 5D LEFELIWVS L, EM 321CBIT 27—V T f(2),
BEU g(2) ICHTBES % Dirichlet fEM SR (B) 27z 2L, f(2) BXT g(2) &
L(N)ICBTB3EY 27— BREEBZTHASIN? ThUF, —fMRICIEKD T
B, LI LAEDS, O EDOBENXTIRA S oI 7e < & ADBIEEE 721
TeRIEFABRD T EMKDIID. ThD Weill DWIEHTH 2. Thzibnd b7z
BT, f(z)=>7_,a(m)e(mz) € M(IH(N), x) & Dirichlet F5EE ¢ IZH LT, o
T2 > 7z f D Dirichlet X L(s, f,x)

Ls. f.0) = 3 20

m=1

TEFTS. WERUTKIIT, L(s, f,0) & s DFEHENTHITREEELETATILE
—HEEAIDOR U, s DIERIBIE L 755, L(s, f,¢) OfEftiIMEEZ 5 729IC,

An(s, f,0) = <m%>-sr<s>L<s, £,
o X))
X,

M,
EBLL TIEL, Myldy DBFET, W) k¢ D Gauss Iz KT

12
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i 3.3 f(2)ZLDEBOEL, g(2) = flrwun(z) £BL. TOEZE, FHiA
FERR IR U TRV D 31D,

(By) An(s, f,0) & An(s, g,v) (&4 s-TFIRNC A BAENC T el T BA%K
Fi

An(s, f,4) =" CoyAn(k = s5,9.)

Zitilz U, EROWREKTHR L %5,

EC, i 3.3DHZERTOFEMNKD LD, THD Weil DHIERE KiIdN
5LDTH5.

EIE 3.4. (A. Weil) x 2 N Z{% &9 % Dirichlet F6F5T x(—1) = (=1)* 21
e 9%, 2DOEBHI {a(m)}_, {b(m)}e_, T

a(m) = O(m"), b(m) = O(m*) (v > 0)
BTz E DI LT

=Y alm)e(mz),g(z) = > b(m)e(mz

m=0 m=0

LB TDEE, RD(1),(2) Mz ENZ7E56IE, f(2) € M(Io(N),x),9(2) €
Wi ([o(N),X) 1D g(2) = flewn(z) £755.

(1) An(s, ), An(s, g) IZEH 3.20D B 27z 9.

(2) TXRTDJFUHTEE » TEDEF My, W N ZEH S VAR E K5 EDIC
SFUT An(s, f,0), Au(s, g,) EARE 3.0 By, Ziz 9.

BT, HB6>0DMFELT, Lis, f)h s =k — 0 THOGICR T 575 5%
fe&,(lo(N),x) &%5%.

IC, EH 34 DICHMZH T XS, FrR2XMKET%. d7z F OHFIXE
L, (%)% Kronecker 815 & 95, RANC F ZE 2 XkE TS, CDLE, ED
By & FOBALTTIVRICH LT, Hecke fEIE ¢ T

é((@) = (alal )" (a = 1mod )
e D s, TDEZE,
Zf 9)"/%e (N (%)2)

EBLLE, f(2) € @ u(lH(N),x) TH%B.. TTT, x(m) = (£)&((m)),N =
dNp(R) THB. TNERT DI

= Z a(m)e(mz

m=1

13
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ET7—VIEML, NZH5EWEER p 28T L % Dirichlet 58 ¢ I LT

Ls, f.0) = 3 2

m=1

EE< &, L(s, f,v) & Hecke D L-BA%EY L(s,£(1p o Np)) ZHWT

L(Svfﬂﬁ) = L(S_ V/27§(wONF))

EHRIND. TTToNp()=¢(Np) ThHs. TDEE, Hecke D L-FHEK
OfFFTINMEE GE 1 EIZRD) & Weil OFEBIC KD, f(2) € &, (1o(N),x) &
%5, T, TDOTEED

L(svf) :L(S_V/zaf)

E&XRINS.
FHS, EZEFH M ORE 2 Xk FICHEBOREZ 175D Q Lo e 3 5.
CDEE, ED Hasse zeta B L(s, E) 133 % Hecke $51E ¢ ZH T

L<$7E) = L(S - V/Zag)
ERINZTEHHISENTWVS (M 20060 ZIR.) ch &, LD ZzHAE
bEBEHD f(2) €&,u1(Io(N), x) MEELT,

L(s,E) = L(s, [)
£75%. TTT, N, xR LU TRICHERNTZL S ICIRE B IEORBBEIFETH
5. COLZE,

L(s —v/2,6) = [J(1 = alp)p™ + p > x(p)) "
)
D% L TW5C EMEHGEETOMNS. Tk, E D Hasse zeta BED Euler
K72 d 52 IckD, v=1hDy=1,E5hbhb. 5, N=
MToHasZltbhd. I45bbH, fe&Iy(N)) &%%%. ik, Shimura-
Taniyama TADOFRREGETH 5.
RIS, FRE2ZREETS. COLE, fEEDF OBEATT7IVRICHLT,

Hecke 5152 € T

¢((a)) = alal™" (a =1 mod N)
EQral

£((a)) =d|d|™" (a=1modRN)

AT EDERESD. TDEE,
f(z) = &(M)e(Np(R)2)
N

LB L, f(2) € & (IH(N),x) THB. TTT, x(m) = ()&((m)), N = |d|Np(R)
TH.

14
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4 Heckelz

I CEY 2 I —E U/ IhES % Dirichlet fEZEFR L, AT MNE, &<
WA CBIEERICOWTEHR . LA LAEDNS, Z0Hwid LE Euler #8
ZEDEIFRST (COMmRICHBIT2EKRTO) L-BEEIdE5E 0. Tofik
ROFITIE, €Y 2 T7—ERIAHIHES B Dirichlet f%EDY Euler #7% & D78 D&
HZmC LS. 20D, Y 27— BXDEITZEMICH 5 [ HIRZ/EH S
ZOMEAMEE 77—V TRBOBRZEFHRTHS. TOBRDN Hecke B E KIXN3 &
DTHY, ZOIERM Hecke FHZR L KIENB2EDTH 5.

X9, TOMICHENT Hecke RZERL LS. 2 DDHHE Ag(N), Aj(N) Z

AO(N)—{<CCL Z) € My(Z) | c=0mod N, (a,N) = 1,ad — be > 0},

AﬁN):{(Z Z)ewmzncz@nmdN4¢N):Lad—m>o}

TEHKTS. UTFULESBHDIZD A = Ag(N),A* = A5(N), ' = IL(N) &
BLoTOLE,

Ry =R([,A) = {Z ao'al’; finite sum; a, € C}

a€A

EBL. IhbE, Ryldlal (o € A) TERESNS C-HHEIBETHS. Ry ICH
ERODXIIESESTS. £, I'al, I'fI € Ry % I'al’ = U; oy, BT = U, TG,
RIS LTz L,

Fal -TBI' =Y c,I'yT
vy
LEFKT D, TTTe =4#{(i,)) | TB; =T} &BL. Tz, BIBICHERL
T, Ry ICHONERENG. CORICED, Ry@Hifier (| ) I2eD0
FoZIERE RS, FRRICLT, C-ZILE Ry = R(I,AY) BNEEEINS. LI
IZ Ry DWW DD EZH%T 5.

R 4.1. () EED a e AL THZIEDEE L, m Tllm»D (I, N) =1
ERRBEDNEELT,
IhF:F<l O)F

0 m

%%,
(2) FED a € A ICHUTHAHIEDE L, m TlUmHhD(,N)=1L7%5%

DMFEL T,
1@F:F(??>F

15
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Lx5.
UmDD(,N)=1DLtZE, ADITLT(,m)BXTT(n)%

T(l,m) = r( é T?l ) I, T(n) = > T(1,m)

ml=n,llm,(l,N)=1

fiﬁﬁé.zhgo,%a,ﬂmzyumynmmzr(g 0)rf£a
[EERIC A* DIT T (m, 1) BXRU T*(n) KEZEINS.

TE 4.2. Ry BXURL, BHEREES.

B 4.3. T(1,p°) XD & 5 R & O,

m
U0<f< ,0<m<pf ( 0 f )7 (pr)

Tp)=q ™Y !
| ) ) (bIN).

U0§m<p

p

WA 4.4. (1) (Im,I'm') =10 E, TU,m)T{I',m') =TU' mm') £75%.
KRS, (myn) =10, &, T(m)T(n)=T(mn) £7x%.
(2) T(al,am) = T(a,a)T(l,m)

0 p|N
}:ZK% Efﬂc_,
o [ T+ pT(p, )T (") pIN,
1) = { i) TP
L%,

T, mE 43 EmE 44 XORDTENDNS
B 4.6. [/m, (I, N) = 1D & &, T(l,m) ZROFRIERZED.

T(l,m) =U ada=tmo<b<a I’ ( 8 Z ) .

(a,b,d)=l,(a,N)=1

16
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i

T(n) = Uad(:atL[\?)S:bde ( 8 2 ) .

AR ATOILT (m, ), T*(n) ICDWT &M 4.3, 4.4, 4.5, 4.6 L[EEDT &
MEZ 5.

EE 4.7. Ry & C LET(p), T(p,p) (pt N),T(q) (q/N) THEKREN, ThH
DAEBUTIE C LN TH 5. FRRIRC EM R ISDWTERD LD,

Ry TC ETW), T(p,p) (pf N) THEREND Ry OUHEEET.

5 HeckefEFAZ L Eulerfd

COHEITIE, AifiTER L Hecke BRO T2 TY 27— XOZEMICER T
X9, TOHITE I = Ih(N) £8L. y%& N %k &9 % Dirichlet {5f2 & 3%
L&, 2HNCHANIZE SIS, YICK->TEES I DfEZFEL y TR, Fiz,

@ = ((Z Z) € Ag(N)IZH LT ¥(a) = x(a) DS, FKILT, a =

(ﬁ Z)EA*( VEH LT, x(a) = (@) L%,

éf RN@TEFQF%FCVF UFO[V (E%IJ E \ﬁqil./ f( )GSJRk(F,X)LC
LT
fIFal(z) = (det )/~ 1Zx ) e (2)

CREFET D, FHRICLT, RyDitlal =U,la, i UT fl[lal(z) Z EORE
RICBITD X () 2 X7 () IKHBATERKT 5. TNHEDOERIINEIT {a,} D
EOHICKERW. £z, LOEBLDEAICE, fllal'(z) € Mp(I,x) &7 %
TENDNS. TNBICEKD, Ry BERURY DN (L, x) NOIFHNEZREINS.
CDOIEM7%Z Hecke fEHZFR & K&, DUT, Hecke fEHZRDHEICDWTIRNEK 5.

il 5.1. f(2) =) o c(n)e(nz) € M(IH(N), x) ICH LT,

fIT(m Zb

cleE
b(n) = Z x(a)a*te(mn/a?)
0<al(m,n)

7%, FRC, b(1) =c(m) x5,
R LOEHTm=pLBL.

17
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(1) pln DEZE, b(n) =c(pn) TH%.
(2) ptn DEZ b(n) = c(pn) + " 'x(p)e(p~'n) THS.

EE 5.2. (1) f(2) € M(IH(N),x) &T 5 &, (Im,N)=1DL %,

fIT™(m, 1) = x(Im) f|IT(I,m)
LB, EFe, (n,N) = LICHLT
FIT*(n) = x(n) fIT(n)

5.
(2) (Im,N)=1D& &, FXTD f,g € &S([o(N),x) LT

<f|T(l,m),g> = (f,g]T*(m,l)

)
7%, §75bbH, Petersson NREICEAL T T%(m, 1) 1 T(I,m) DFEFHEHZET
Hb. £z, (n,N)=1DL %, XTD f,g€ &, (IH(N),x) I LT

{(fIT(n), g) = (£, 9|T"(n))
%%, 9505, Petersson WRICBAL T T*(n) & T'(n) ORI EFHZETH 5.

R. (n,N) =1D&ZE, T(n)lZS,(IH(N),x) DIEHIEFHEZETHS. T4kb
B, IXRTD f € & (IH(N),x) IR LT

T )T (n) = fIT"(n)T(n)

7%, FHT x DENEED E Z, T*(n) =T(n) %05, T(n)ldHIIERE
METH .

EE SZ Ry FTCE Ry DHDIRET D, TDEZE, fe M([H(N),x) W
S-Hecke FIHERTH 2 LI1ETRTOT € S ORIFEAREEE RS & &R0,
KHIC, Ry-Hecke BEETERZHUC Hecke-[EHTERE WS, Tz, M(IH(N), x) D
2B M DS SSZE L IETRNTODT € S OIEHICH LT M AHE TSk
2N,

Hecke fEHZRIEEWICAIITH D, (n,N) =1D& & T(n) ZIEFEHZETSH
05, BIEABO—MGEE D RO EMHD VD,

T 5.3. M 2 Ry-ZIER &, (IH(N),x) DFNZEMETHLE, MIERy-
BEEANSR2EEZED. KT, S (Io(N),x) & Ry-BEHELN 555
K% 5D, )

ST, f(z) =30 ja(m)e(mz) € M(IH(N), x) Z Ry-EHERET S L&,
FTRTD (m, N) = 1 LT

fIT(m) = Am)f (A(m) € C)

18
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EXREING. XoT, mEH1LEKD a(m) = A(m)a(l) &7x5b. o,

|
3
e
:
=
—

ElLe

L%, L(s, f) BRELSARE S, i@“ ﬁ\ 44J:D(m n) = 175513

A(mn) = A(m)A(n)
L% 5 Re(s) Mo REVEE

L(s, f) = [ [ Lo(s. f)
pIN

AR T

y
y

=Y AW

m=0
Bz, 51,
fIT(p,p) = x(p)p" 2 f
CinE 4.5 XD
AP)APT) = A + x(0)p" " AP

Z Ap)p~ = (L= Ap)p* +p 2 x(p) ™!

m=0

L%, E5IC, f(2)13 Ry-Hecke BABRTHZELES. COLE, RFD

mE 45 51XK0
1)HLp<5 f)
P

E7x%. EHIC, MNp) Z2T(p) OEAMEE T2 Lam#E45 KD p|NITHLT
AP = Mp“)A(p)
ERAEMNS
DA = (1= App )

m=0
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LEBD (p) = 0ICHETRE, ChEpINOEXLRUL (1- Ap)p—* +
Pl () EEEND. ChBREEDHD ERDT LAY O,

EE 5.4. f(z) = X0 a(m)e(mz) € M(IH(N),x) % Ry-EHAERET

Be, )
L(s, f) = a(1) [J(1 = Mp)p~* + > 'x(p))
PIN

LB, EBIT, f(2) B Ry-FEEERETS L,

L(s, f) = a() JJ(1 = A@)p~* + p 2 x(p) ™

p

£ix%. TOLZE, Kica(l) #0TH 5.
RSB gESwmEWIC BT Lick b, XD LEDMB.

EHE 5.5. f(z) = > ja(m)e(mz) € M([o(N),x) £95. fINIHET S
Dirichlet fE0

L(s, f) = c [ (1 = t)p~* +p7> " x(p) !

DIFICEEINDS T B, 1212, cEFETERWVERET, t(p) E&SEBICH LT
MEDZEEMTHD. TOLZE, f(2) X Ry-EEEXTHD, TXTDplHt
LT

fIT(p) = t(p)f

Lx5s.

LLRZ&D, Ry-EEFRNEY 25— HROBEGRIC L > CTEETH BT
Livohot. LHLEDD, &4 (Iy(N),y) & Ry-EEERD 5% 2 HER &
DEFE SR,

Bl. Ry-BEIEEAD SEZEEZEDEIFRBERWEIZIRRS0IC, £9
RDT EIHEET S.

NI ZIEOBEYE TS, f(2) =Y a(m)e(mz) € &(Ip(N),x), a(l) =1
9%, TOEEVIRBTEOEDBBICH LT filz) = f(I'2) &L &,
fr(2) € SL(IL(IN),x) &7 5. HeckeAFHEDIEFHZAZ7z0HIC, LIEH <
DM, a € Ag(N) XU T IH(N)alp(N) D &,(Ih(N),x) ~NOIEMZE TW),
To(IN)aLH(IN) D &, (IH(IN), x) NDIEfZ TW) TXY. 5L, (n,IN)=1
DL ¥,

FIT™(n)(2) = AMn) f(2)
EHIE,
frl T (n)(2) = An) fu (2)

20
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et 73% *%’:L:., f(Z) 75\\ 7~2N—Hecke ﬁﬂéfﬁtﬁ Ebi‘ fp(Z) ¢ 7~21N—Hecke ﬁﬂéﬁf
H5.
ST, f(2) =3 _a(m)e(mz) € &,(SLy(Z)), a(l) = 11 Hecke-[EHEX
ThoLdD. TOLE, f(2),f(p2), [(p°2), f(p°2) TEREND &, (To(p*)) D
R M B L, MIER-LETHB. T'(p) =T (p) LFL.

z) = Z a(p~'m)e(mz)
THD, .
forlT'(p) Z a(p~"'m)e(mz)

m=1

b, i >17%561F

i T'(p)(2) = fpi-1(2)
THs. £7z, c(pm) = c(p)c(m) — p*Le(mp™) ICHFHEET B &,
fIT'(p)(2) = e(p) f(2) = p" ' f,(2)
LRD, EroBET(p) ORI

cp) 1 00
/ / / / —pk_l 010
(flT (p>’fp|T (p)7fp2|T (p)7fp3|T (p)) = (fv fp?fp27fp3) 0 0 0 1
0 000

LEXND, COERTINIZS X SMCHALTER,. ThbE, MIZT ()
DEIE 575 2 R . £o>T, (L0 HEEZ5Th5.

FOFIO LS HEHENMEZZDIE, LAXVODEWEY 2 5—EREEDH T
Hecke ROVERZEZZ 1B THB. ZThiR, TNEEED BRI 22 %%
ZANLFED D LWL DT ARV EEZ BENS. EBE, ZNDARETH D, T
NHFTIER (new form) DHERHEMEIINZEDTHS. Tz, ibRB72HIC My
Zxy DEFELLEEE,

Si(Lo(N), )" =< Unigwm v Uy {£(12) | f(2) € Si(Lo(M), x)} >

Z [HIEZ (old form) DZER E WS, £z, &(IH(N), x) Y T&(IH(N), ) D
Petersson WRRICBI 9 B EAHZEM 2R L, #FEX (new form) DZEFEWS. X
7z, f(z)=>"_ a(m)e(mz) € &(IH(N), x) MEIIEXTH % L IFRDEM 72
e & & 209,

(1) f(2) & &k(IH(N), )" ICJBT 5.

(2) f(2) & Ry-Hecke FHERTH D, a(l) =1TH%.

EE  5.6. (1) &,(ILH(N),x) DEAERIE Ry-Hecke FHAEARTH 3.
(2) &(IH(N), ) O FFEIRE D 572 5 JLRZR5D.

21
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6 EVi15—H0LEROAEKE

I UBIC T TR E 31T, mAEOMMO L X, C(>mﬁ@ﬁ&&% z

D& > HERER, Y2 T7—BRO LEKORATERC 30 L%, FLLT
[Shimura, 1976) ICIEDERAHT 5. & (IH(N), x) KB BFEEER f o LT,

T(m) € Ry DEEMEZ A(m) £BE, K; TQLIXNTD A\m) TEKREINS

h%Z#d. F7z, Dirichlet FEIE Y I LT Ky TQ EITXTD o DIETHEKE
NBHEZEXRT. COLE Kpid Q EOFRRIILKIKICZRS Z EMHHENTNS.
T, RO EMHIBNTNS

i 6.1. f(2) =Y o a(m)e(mz) Z & (IH(N),x) DItL T 5. TDEE,
o € Aut(C)ITH LT f7(2) = D0 a(m)?e(mz) £BL &, f7 € & (IH(N), ”)
7%, TTTx(m)=x(m)° TH%. K, fHEHIENES, fFEZ5
H%.

&C, Dirichlet fH#E ¢ ITH LT

L(m, f,9)
W (o) (2mi)™

LB TTT o & IS 2 FARTRIET, W () 1 Gauss MIZ £ T
EE 6.2. [ 2 S, (IH(N),x) IcBIBFEBEXETS. CDLE, ZDDJH

BRYERE o, ' LIEDEE m,m' < k Ty(—1)'(=1) = (-1 Zilz3E D
I LT

A(m, f,) =

k—1

A(m’ f7 w)A(mu fv 1/)/)\/—_1
WO )

C(m7 m/; f? /l/}? w/) =
EBLE, FEDo e Aut(C)ITHLT
C<m7 m/; f7 ¢’ ¢/)U = C<m’ m’? fg7 ¢07 w/o—)
LB, RS C(m,m; f,,0) € KiKyKy £75%.
EHE 6.3. f2S,([o(N), ) IcBIFBEMIEXETE. TDLE, DD
TR, EIEOERIm, m' < kTyY(=1)¢'(—1) = (=)™ 1D L(m/, 1)) #
0 Zi7z 3 EDICH LT

A(m, f,9)

B(m,m/; f,9,v") = A, 1.0

LB L, HED o e Aut(C) IR LT

B(m7 m/; f’ 1/)7 wl)a = B(m7 ml’ f07 1/)07 flplo-)
Eixb. FHC B(m,m/;f7¢7¢l) S KfK,(pKw/ x5,

22
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FOEMI O ROEEGFERNMESNS.

X 6.3. f7Z & ([L(N),x) KBI2FHEEXETS. DL E, H5 -
DOFETHENEZE QD QO BEELT, FHIRE Y EIEORE m < kT
P(=1) = j(=1)™ (j = £1) Zili7zTEDICH LT % € K;Ky L75%.
COX S BEHEHE O, Q0 ZENTN K[ EZBROT—RISEX 5.

AE 1. LOEHICHENT m IZGIREOHIF UHEIHh R WD o (SRR S) &
B3,

AE 2. FOOQBITIEIRD X S HRAZANERDAD . Ex Q LE&EI N
HEN N ORSMEERE L, —ELEH

¢ (Io(N)\H") — E

NHBHELES. TDEE, HBHHEMIEN f € & ([H(N)) TZD Fourier fREA
BHHTHHEDMFHELT

¢*w = cpf(z)2midz (cg € Q)

£7%%. TTT, widNeron DDA THS. TOEE, EO1RFEOT—
BE HL(E, Z) DR Hy (B, Z)® %

H\(E,Z)® ={cec H\(E,Z) | ¢ = +c}

TEHKT 5. TITT, pl3EFEHREBRICKS>TH(E,Z) ISGHFEENSFIHRTH
5. TOEE, H(E,Z)P I Z LD 1 XKtHBEMEETHS. ZDEITE D)

kL,
QSE) :/ w
~(5)

rELE, o a0 rLcrhEn o) ol #ms N TE S,
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AR

RIS (BHREESERE « BEAAD)

L. & EOEH R

I1. C _EofEH iR

II1. Tate module & Av 7 &K
IV. fifiik

SER

SCHRZEN

& _EDYEMIHRHR
§1. Introduction

(1) # k FORMIR & (3.

E:  k FOMWEE. smooth MO 1 Ol
O: E(k) Dxi

DHDOT L7V S,
(2) HELME

(i) O ZHATE T 27 —N)VEOREEDN A S,

(ii) Weierstrass OFHESE

E:y?> +ajzy +azy = 23+ asx? + agr +ag  (a; € k)
2R,
§2. Weierstrass /72t
(1) Se2ef & FhiR
e KK(kC K Ck)lZidL, P*(K)= (K" —{(0,...,0)}) / ~ &¥L, TTic,

(o, ..y xn) ~ (x4, ... 2)) < IX € KX such that =, = Az; (1 =0,...,n).

rrn

BHiE [vo: - x,] TEIS

* BHGHALIRE DO RGEZEIF (2006 £ 8 H 29 H) ICHidfn L7c &R - BIEL7ZE D

1
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o AIXZIHR F(X,Y,Z) € k[X,Y, Z] <3t L,

C={lz:y:2]eP* k)| F(z,y,z) =0}

Z, F gl d 2k LOSITFmEiEe VS (Mg, Bicllifievwo), FAH k
FRBEITH B L E, CIIHENBENTH S LW,
e KK (kC K Ck)lcxflL,

CK)=A{x:y:2] € Pz(K) | F(z,y,2) =0}

L5, Aut(K/k) & C(K) ICHRICTERT %,

o C M smooth TH5B&iE, C DFERL PITHL.
MDD &RV,

e smooth 7R C 1K L, Ff g(C) € Zso WEE S (3h), C OEHETEAN d Nz 5
X, g(C)=(d—1)(d—2)/2 TH %,

(2) FEMHh#RE Weierstrass J7FE(

o MR D smooth 7 k LOHR E Tg(E)=1TH28D& E(k) Dri 0%, k LD
FEMHRR E N S,

o & FOKHMIHIE. KD Weierstrass FFEINTER T NS £ & isomorphic TH %
(“isomorphic” IZDWWTIFHiEZSIOC &),
F(X,Y,2)= (Y’ Z+a XY Z+a3Y Z%) — (X3 +aoX?Z + as X Z°% + as Z%)  (a; € k).
7z UL HII A(E) (183h) 13 0 Thnwe 9%, LB OfiTid. COBDOMREEZ %,

o LN 2 TE 3 TERWVE X WYY T4 VERIZIZE T T ITKD, Weierstrass
HERE LT, Y2Z - (X3 + AXZ? + BZ?) OEOEONENS, TDEE, A(E) =
—16(4A43 4+ 27B?) Tdh %,

e BEX. 774 D {lx:y:1]| flz,y) =0} &, “HERES O =1[0:1:0] "Hx%,
2T, fERFO7 742t TH%:

flz,y) = Fa,y,1) = (y° + a1zy + azy) — (¢° + azz® + agx + ae).

(3) HIHI A(FE) & smoothness
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o FOMa; (i=1,...,6) 5. EOHRIKA = AE) BRDE 518D 3.

by = a3 + 4ag,

by = a1a3 + 2a4, Ccy = bg — 24by,
be = a3 + 4ag, c6 = —bi + 36byby — 216D,
bs = a’ag + 4asas — arasay + azal — a2, A = —blbg — 8b3 — 27b2 + bybybg.

e £V smooth <= A(FE) #0.

(4) FLR j(E)
C4

e j(E):= AB)
o k LM E, B ISR L,

3

j(E)=j(E') & E,E' &k E isomorphic.

(5) NEDRMYER (chord-tangent method)
e PQEEITHL, L% P,QEZKSEMRETZ (P=QDEEF PICHIZER), F &l
WBEEERCHTIHTRDS, TNEE P,Q, R=PxQ 3%, P+Q = (PxQ)*0O
L&D . EOMERED S, O & OMECDVTHAITETHY . P = [z y: 1] DML
lr:—y—aix—az: 1] ThHs, £le. kC K CkicxU, E(K) & E O #Z%59,
§3. Riemann-Roch O
COITIE. C ZHREEIND smooth 7 k FOMRET B, F e k[X,Y, 2] % C DEHEL
HLEd %,
(1) W¥EE
o k FOMFR C XL, C LOROBEBFRMOEXNERNOLTHEEZ
Div(C) := { > np(P)|np€Z, np=0 (V’P)}
pPeC
Y #<, Div(C) BEREIMEICE D, 7—~UBEZET, Div(0) %, C DR TEEE
I, Fnz 0 LFEL,
o T D=3 peonp(P)IH L, deg(D) := Y pepnp EH<,
e Div’(C) := {D € Div(C) | deg(D) = 0} & Div(C) DI EEZ 2T,
(2) AL Z DR T
e KkC K CkiTxl,
K(C) = {fm |G, H € K[X,Y, Z] BRXEER, deg(G) = deg(H), F [ H} J~p
3

-41 -



., COK FOBEBIRE NS, TTIC,

/
% ~p % < F|(GH' - HG).

e o= T EK(C) & PeCITHL,

OI‘dP((p) = IP(F, G) - Ip(F, H)

B, T, ARZBEAF € K[X,Y, Z) i< U, Ip(F, F') € Z>o ZRD XD ITED
B, B L. F'(P) £ 05518, Ip(F,F) =0 295, 25THANEE, POT T 1 Vil
(77« VR w0 T D) BED, ZTTO FF O7 7 1 k% f(u,v), f'(u,v) &
TBLE, Ip(F,F') = dimg Klu, vl(un)/(f, /') £5<0 T Klu,vlun) & Ku, 0]
DIRA T 7V (u,v) IC KB RAHETH %,

e pe K(C)ITHL,
div(p) := Z ordp(¢)(P)

pPeC
LB, TnEE, divip) € DVY(C) TH %,
(3) effective Zx[A1-
e ¥ D =Y peenp(P) 2L, np > 0(VP) THB L&, D IF effective (72l
positive) TH5 LWL, D > 0 L 8L,
(4) L(D)
o K7 DICHL,
L(D) :={p € k(C)" | D +div(p) = 0} U{0}
B, L(D) . k LOHRIITTRT MIVERTH %,
(5) Riemann-Roch D&, %
¢ Riemann(-Roch) OEH: k EOHIHR C I L. 0 LLEDEE ¢(C) WMAEL. k2T
9, RO DIiTxfL, AKX

dimg L(D) > deg(D) — g(C) + 1

PHATT 5o F72. deg(D) > 2(C) — 2 B BIE, HEMHIT B,
e g(C) 72 C DR (genus) &9,
o Weierstrass /JFE TERR S N2 M T smooth 72 & DIFFEE 1 TH 5,
§4. Abel D2
(1) FYERIME, Pic(C), Pic®(C)
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e D,D' € Div(C) KM L. D — D' =div(p) 555 & 5% ¢ € K(C)* WFIET B L&,
D, D' 3HIERMETH 2 L0, D ~ D' &#H <, Pic(C) = Div(C)/ ~ IEAREImEIC
K07 —EEZ T, Pic’(C) = Div?(C)/ ~ & Pic(C) DEIEEZ R, D € Div(0)
D Pic(C) KB 287 D L#L,
(2) Abel DERE
o Abel OEH: k FOMMIIR Eicxtl, 545

E3>P— (P)—(0)c Pic’(E)

3. E»5 Pic'(E) \OEHHNEEZ %,
o INXD, EIIEDNENAS, T74D5, P,Q € EICHL

(P)=(0)+(Q) - (0)~ (P®Q) - (0)

%% P®Qc EW—BEMCIFEET %, TOMEIIIHSMCHESERZ T, —/.
E H Weierstrass JTHEXTER T NSO & Z, Nk @ & chord-tangent method 12 &
ZhmE + 13—%9 %,
§5. IR
E 7% k FOMHiifRE T2, &k OEEEp &35 (p>0),

(1) ¥R m IH L, PomP =P+ + Pl EO (R4 EAMEEHS, OHERTOK
~—

m i
%Z Elm] £&E<, bbb, Em|:={PecE|mP =0}

(2) p=0FKEp>0,p/mDEE, Em]Z7—IVEE LT, (Z/mZ)? ICARTH %,
B)p>0DLE, Elp| & Z/p'Z £7-13 {0} K@M TH %,
(4) 0 € Gal(k/k) IZX L. o(mP) = mo(P) TH2HM 5., Gal(k/k) & E[m] I<fEMT %, (2)
D&MD END L X, Elm] 07 —~UVEEE LTORE L Z L, COEFIRAT 7S
p: Gal(k/k) — GLo(Z/mZ) ZED 5,
(5) D 3 A% 7=9 bilinear pairing em: E[m] x E[m] — pm = {C € k| (™ = 1} DFHE
9% (Weil pairing; #EGEIC DWW T, #liEZ R K).
(i) em(P,P)=1 (P € E[m)).
(i) em(P,E[m])=1 = P=0.
(iit)  o(em(P,Q)) = em(cP,0Q) (o € Gal(k/k), P,Q € E[m]).
(6) Weil pairing DTFEL D |

¢l =¢7 (o € Gal(k/k), ¢ € pim)

5
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MRENSD,

II. C _ED¥sMeaig
61. F5FIRE%EL. Abel DEH

R [ 13775 wy,we € CITH L. lattice A = Zwy + Zwy ZEZ 5,

C(A) = {f: C FOEIBME. f(z +w) = f(2) (e A} (A BN ET 2 HERIBELE).
Div(C/A) := {D = Y wecya M) | nu € Zyny = 0 (V’w)}, deg D == 3, n.
Div’(C/A) := {D € Div(C/A) | deg D = 0}.

fECMU TR, div(f) = X pec/a ordu(f)(w) € Div(C/A), TTIT ordy(f) & f D w
ICBF BN, coE X, div(f) € Div'(C/A) TH %,

sum: Div?(C/A) — C/A %, sum(},, ny(w)) i= 3, npw TED B,

Abel OEH:

1— C* — C(A)* &5 Div®(C/A) 25 C/A — 1 (exact).

§2. Weierstrass D P B4

1 1 1 oAy 1
P(Z,A) .:ZQ—'_weAZw#O{(Z—W)Q_wQ}’ P(Z,A)— 227(2_01)3.
(L. Aidfix L, LIFLITREES D EEIET %, )
C(A) = C(P(z),P'(z)) HALD LD,
1 oo
P(z)= 5+ D @2k +1)Gopya®™, TTIE Gro= Y wh

k=1 weAN,w#0
z€C—AITHL,

P'(2)? = 4P(2)® — 92P(2) — g3,

C CIC gy = 60Gy4, g3 = 140Gg.
E:Y?7Z =4X3 — g2X 7% — 37313 C LOEHRTH S, £z,

C/A >z [P(2): P'(2): 1] € P*C)

2. HZE Lie L LTORMEHRTH S,
C LOFSHEIR E XL, lattice A DMEE L.

C/A >z [P(z;A) : P'(z;A) : 1]

3 Lie B LTCORMEBRTH D, A3 C B2V T—EMICEE %,
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§3. C LOFEMIMERDDE /) s OIS
o (E,0) % C LotsHihe %, EBH mIcHL, Elm):={PcE|mP=0}%2E®Dm
FENRDEIRET S, E~C/A £755 lattice A &%, TDOEE,

E[m] ~m™'A/A ~ (Z/mZ)?

TH%,

III. Tate module &/ A7 &RE
(E,0) 7z Q Lot 5, Xz, | 25 ET 5,
§1. Tate module
o [ EEH EI"] — E[I"] B9 B4 HIR T)(E) = lim E[I"] 2 E @ Tate module &\
5, §ixbb,

Ti(E) == {(xn)n>1 | ®n € El"],lxpt1 =2, (n>1)}.

o T)(E) Dk, (=D n > 1SR UHRRS T)(F) — E[I"] WEkIC A3 & 5 HRsgOmL
HET %, 72720, E[1"] OfitHlE discrete topology Z2& & DET %, TDE X, 0 T)(F)
DEAEHERELT{I"T(E)} 25T M TE 5,

o T(E) a8 % 7 —~VBETH Y. Z) AR %,

o TH(E) . RT3 b7 —~VBEE LT, 22 CARTH 3,

§2. A7 £
e Gq =Gal(Q/Q) & T)(E) ~ Z} IAFHIT %, Th&b., Hu7 KBl

PE,: GQ — GLQ(Z[)

MEbN5,
o ¥72. G B Vi(E) = T)(E) ®z, Q ~ Q? IMFf T 5, CHEYAR7EB ppy: Gq —
GLy(Q)) MBI %,
§3. A7 REOMH
(1) detpp, ICDWVT:
e i: Gq — Z] & (7 = (X9 (¢ € peo,0 € Gq) TEDD &, detpp,; = xi DHOTL
ERAH
(2) FE2EAICDONT:
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o LIt%. FI3FEH plcBV T good reduction EW) DL 3%, EW 3, AREKF, LD
FEMHAR T %,

e l#£p LT B, TDOLE, pD G KB BIEUREZ VI(E) ICHWHICIERT %,

* p D Gq BT % Frobenius jtz 1 DD, 0, &%, TDEE, FMEZIH det(1 —
pe.1(0p)X) & Frobenius 7LD D FIC X 597,

1—apX—|—pX2

ICH LV, TTIT, api=p+1— |[EW(F,)| £5<.
(3) Hu7EHDE (Serre; 1968, 1972)
o End(E) =% £ ¥ 3,
5D LEH L. ppa(Gq) & Aut(Ty(E)) OISHAEIRES BETH 5,
EEAETRTD UKL, ppi(Gq) = Aut(Ty(E)) TH 5,
(4) Faltings (1983)
o Homq(E, E') ®z Z = Home,, (T,(E), Ti(E')).

IV. filiyE:
1. HFEM, morphism, isomorphic
o thk LR C,C"IicH L, B ¢: C — C' TROEDEDE C hd O NOHFHEH L
LR
¢ =[po: 1 pal,
TTIC. ¢ €k(C) (i=0,1,2) THY. & ¢; € k(C) B P € CIZHBNT regular TH5 L
. $(P) =[po(P) : p1(P) : pa(P)] € C' ZiFzFTED LT B,
o HHER ¢ = [po, 01, p2]: C — C" B P € C Tregular £, g € k(C) TRD 2 Ff7zitz
FTEDRDHBLEEZVI,
(1) #%i=0,1,21cH L. gy; & P T regular TdH 5,
(2)  ((99)(P))i=0,1,2 # (0,0,0).
o HHER ¢p: C — C'" MWEH P € C Tregular THhBEE, ¢ 2 ChH C' D morphism &
W9, morphism ¢ &, EHEBRTHZD, B EHTH S,
e C /N5 C' A® morphism ¢ & C’ 5 C D morphism ¢’ T, ¢’ 0 ¢ (resp. ¢po¢') M C
(resp. C') DHEHEBIRTHZEDMHAET S L E, C & C' 13 isomorphic THB LWV,
2. Weierstrass OFZHES
k FORHEIRR (B, O) M, Weierstrass HHEXTER S NS MIFR L isomorphic TH 5 & 2/RT,

8
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e OCE(k) THBHT MDD, L(n(0)) &k LEHINDC LICIEET .
e Riemann-Roch OEH KL D, dim L(2(0)) = 2,dim L(3(0)) =3 TH %, TV, z,y €
k(E) T. L(2(0)) ® k-FED {1,2}. L(3(0)) D k-3EN {1, 2,9y} L5525 D0H %,
e H U, Riemann-Roch OFI XD, dimL(6(0)) = 6 THEMN 5., 1,z,y,2% 2y, 23,y% €
L(6(0) & k E—XETH B, £, —XBBRCHBV T, 23,y% OFBT L LI 0 Th
Vo $E0 T, myy ZHMITEBSET ST ICKD ., 2,y 1& Weierstrass TR 27z &n
bbb, G P e Ew— [x(P):y(P):1] € P(k) BRDZEDTHB (OF[0:1:0]IcH
% T LICHER),
3. Weil paring DAL
e 2,y Em| &3, mt=a 7B tc Extb, Abel DFEHID,

Z (t+u) Z (u) = div(gy)

u€E[m] u€E[m]
129 gp € k(E)X BMFEET %, TDEE,

gz(z +y)

em(T,y) = )

X 2€ EDOHDHFICKST, LLE py, lBET %,
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Soc. 41 (1966), 193-291.
K] Knapp, A. W., Elliptic curves, Princeton University Press, 1992.
M] Milne, J. S., Elliptic curves, online course notes, http://www.jmilne.org/math/CourseNotes/math679.html.
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XHREA

BHHHARICBE S 5 IERICH 5 (T & 2 [S1] O EZZRDO T L), T TR, TO#EEZET 5
DB LTz 5 bO—HZRINTT %o [S1] IEHEMAMETH S, [S2] & [S1] DRIRTH S, [T] &, FEHIE
FEEAEDNTVEVEDD, HHEERTEINTEORLY, [S1] LDiHEBEIDT 5, [K] AT
REDOEE#HZEHRL THEIN TS, £z, FEMAHIKRD chord-tangent method IZ X 2 IEARE AR 72 i 7z
T L ORMINESEREAIAE 5 X TV, [C] XY survey TH B, [M] &, online text TARFERZH T
L DM, [S1] ZH S DIEFITH S,

10
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o BT

e
2006.8.31
X HHEE

1 M9 Z, K
fEHOD 28 p FAHEE T B, ppn = {1 O p" Tl € QY ppoe = U5 ppn £FL &
Gal(Q(ppr)/Q) = (Z/p"Z),
Gal(Q(pp=)/Q) = lim, (Z/p"Z)* = Ly ~TF; x (14 pZy)

L%, A C Gal(Qup<)/Q) % FOFMT FX KIS ZHAEEE L, Qoo % Qi) O AF

2R TNE
Gal(Qx/Q) =1+ pZy ~ 7y,

£7%%. Qu % Q DM Z, R E WS,

HIRIE K FIZ LT, Foo = FQu &BE, Foo/F ZH7D Z, R EWVS. —RIC
Gal(N/F) ~ 7, t75% Galois #kKk N/F & Z, IEKE WS W, M9 Z, K& Z, K TH
%. FKBE, Qn 72 Q(upnsr) D A-FRERETZE, D e>0ICkD FNQux =Qc £%55DT,

Gal(Fso /F) ~ Gal(Qoo /Qe) ~ p°Zy, =~ Zy,
MDD, Zp PR TOREFDITT DN TRO T EAWDITD -

e 1.1 N/F %2 Z, ik 32L&, p D EOR[LINEIRTAINILTHS (LAR—FREL). 77
59 2ZMEPEEE 1DHD, M0 Z, K55 p D EORTIETHINT %.

Q D Z, KRG LIALDROD, —HICERD K S I FREIN TN S.
Leopoldt $18. F % F O3 TD Z, kRO AL TNE Gal(F/F) ~ 25 TH%. 12
L, 2t & F QLSO E T 5.

L EICANTHL . F ORAFNET —IUERE K £ 3% & Gal(K/F) ~ CUF) TH2M, V< DhOHELIE
BIELTE &V T BB RAT —SIVEKEARRE B SE. L% p O LI b 2 FEEIHE I LSV & 5 7%
FORKT7—~Vp ke L&S. @B 1.1&0 F C L Th%. TR

E = {F O | EEOHEM plp L e =1 mod p}
%, Lp-MEE Oy p{z € F, | 2 = 1 mod p} ICHAMICHEDAT L, AT E & Zp-MEHCES. TTTr =

1
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Foo/F %215 Zy ERKE U, T = Gal(Fso /[ F) £BL . Foo OEBIMAT F L p" ROE DN 72
1| DEHET BN EZTNE F, LB, A, % F, DA T 7 )VHEREE CUF,) ® p-Sylow Bf& L, F,, D
p-Hilbert Jlk7%Z H, £3%. TOELE, m>nlIHL,

Ay — Gal(Hp/Fy) Ay — Gal(Hy, /Fy)
Nr] O | Res i 7 O T trans
A, — Gad(H,/F,) A, — Gal(H,/F,)

EWVS X ANMG 5 NS, T T, BTG OHEEBIC L SRR, Res 3ERBOHIR,
trans 3BIX2THS. FHIC, {A,,Nr} (& T-IIHOHERTH D, {A,,i} & T-IFFORMNRTH
5. €l T,

A% = limA, = lim Gal(H,/F,) = Gal(Ha /Fa),

—_

AL =1limA,
—

EBL. Ho = UpHy & Foo DIRRADIE p-7 —N)WERTHS. AL 1& pro-pT IEETH D, K¢
WCaAVRT N TH5. AZ BB T it 2%, ThoERRZDIKIE, [EEbEN/zT Oft
IRAl ZBEZZ L L.

2 EERE

T 7% Z, \C A kiR L U, u € T ZOHIAERTT, DFED (u) =T £%%580DET 5.
[, =T/TP" LBFIETIUINEL p OXKEEET u mod TP BERITE %S,

K/Q, ZHMRIIERE L, o & K OFBBER, 7 7% 0 DFRILETD. w,(T) = (1+T)P" —1 L

<&
0[] ~ o[T]/(wy) ; w mod TP" +— 1+ T mod (wy,)

rank; (E) £#< &, Gal(L/F) ~ Z)" %" @ (HI p #f) % 3. Dirichlet HAGEIIC & rank,(E) =
s+t—1Th-olz (s FHREMDMEL, 2t FEBERADMED M, r & s+t —11Kx37EA5 L5 DH Leopoldt
TRTHZ. COTRE F N Q EZREEZXA DT —N)UERKDGZEKILT S (Ax-Brumer OFEH).

2 RCRDE S LTEESND © H 27 —~NVEE G OBAROEITEE T3, G/H OREZR g1, ,gn, BE
C,begHICHLb=g; £T%. z € GIZHL

h
trans(z) = H G giT !
i=1

3%, ChIRERDBUHICESTEED, G S H ANOHERICH> TS,

2
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L7B. A = of[T]] AEEREE VS, S 2 JOTRATE (AL F7 WiEm = (1,T) TH
B, A EOBRERIEEE PID EOGRRARAEE L FEOREEIARK D D0 TE N2 D
¥3.

2.1 BIWEEE) f(T) e TN +7An, Ay ={r(T) €o[T] |degr <n} &d5%. TDOLE
FEED ge ANTHU, 7272 1D qge ADPFIELT

g€ fq+ A,
Lixs.

AEAH. Gauss st 5 OHLIZEDTHL ta=) 0 _aT € o(T)ICHL [a] =Y iopa T €A L
T3 . u=[T"fle A\ &dhE, T"u— fenh, THB. ge AlTHL,

go=[T""g], gi=[1-T"fu ")gi1]

EIRMRNCESD TNV &, g e A TSR go + g1 + -+ WAWFHET 5. Thi u! O
g &I NSRS

fa=g=T"(go+g1+)—g—(T" = fu=")(go+ g1 +--) € Ay
—FEME 0 £ g EN €A fqtr—0%lTTE LTHEREHZE. HEMLH 10
NETHS>TEBLTEIZED, ¢,r DEBEENIE 7 TENEZVWELTREW. fgDn—1RXRETDIH
E 7 TENZDOT, ridn THINS. fl& 7 THNRVDT, ¢ id 7 THIN, ChEFETHS. O
o(T) € o|T] W2 IH (distinguished polynominal) T % & i,
o(T)eT" + 1A,
EHBTLENS. wy(T) BRHUSHATH 5.

EIE 2.2 (Weierstrass DFHEEE) 0 # f(T) € AL, —HHD m € Zso, HHZHA o(T)

MFEL T,
fenmoA®

k5.

At 5N CSH T ONETH>THI T LICKD, feT"A* + 1A, ELTXW. BOREHT

g=T" &3nE
fa=T"+r (qgeAreA,)

ETEBD, TOLET" 4+ r BRHRZHN, g e A L7535, —ENLHIOBEEHO—ZEN5E
s, 0
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A-MEEDOMERTS h 2 N — M TR U, Kerh, M/Tmh DWHEICHRTH 5 & X, h IZFARTH S
EWVWD, N ~ M EEL THUSHFMED R D 37220 O THRIERIR TE R0 3. M, N A torsion
ABIBERD M~ N = N ~ M TH% (LA— MiiE2),

EIE 2.3 (IBEEE) M ZAMRAERAMEEE T2 L, —HOD r € Zso, n;,m; € N, BERZRHZ
HiL f; WMFEL T,
M ~ A™ @ TLA/(7™) & THA/(F7)

&%, v M O Arank, u(M) =Y, n; 2 M O p-F24H&, ch(M) = I1; f;* 72 M OFEZ I
X, M(M) = deg(ch(M)) Z M O N TEREND.
AEHI OB (Serre).

1. M ~torM & M /tor M.

2. ni my, f; BEAELT tor M ~ TLA/(x) & TLA /(7).

3. AEE N ITH LA 2 N* = Homp (N, A) EEDS.

N WEBRAERK T torsion free 725 N ~ N** THO, N* ZFHHTH 5. O

EHE 2.4 (WnAR) M ZHRAERK torsion A Ji#EE 9% (M @O Arank (£ 0). TDOEE, n &
VRER Y D> T, ROKEZnICDNT

H(M [ M) = p Dm0

Lix%.

3 EEEE

A3 87  Hausdorft ZifHZH A TW5. 3237 M A IMBETIERDNERR E O %25
EEIREE VS . ARRER A IEHIBREAMICE D AL IRT N THB.
Foo/F 2M57 Ly, HERE TR, X = AL I FEERIMBETH > 72D, FIERDKD VD ¢

fRE 3.1 X 13AIRAK torsion A MMEETH .
SR IE RO ARE AL S .

8 3.2 M ZEENEE TS, 5 femMDFEELT M/fM DAIRERZE5 M IZERAERK
torsion A INEETH 5.

SHZE, m~ AEAA L mTHD. hBAEABMTHZT L L, RTOEE 1 UTOHEAT7 L p 1cH LRI
hp : Np — M, WERE RS C L, BRAMTHS. #HBRITOTLHEDAS.

4
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FAE. AL RE S & D M IZARER & 7 0 BEEEMEZ B, [A/(f)] = 0o DT A HH
WoM3BENE. O

pDEDF ODFEATTIVHIZE—DTEND Fy THRENIKT S & &1 X/w, X = A, £7%9
MEMNRENDS. —fiICiE, X OFEY R IEEZE - T, w, DFFZT 5 LIz U THEMICa
CCT, Wnhn X%z &
#A, = p/\(X)n+u(X)p”+u (n>>0)

WOR %™ . ROBETERMASNTNS !
EELTFR u(X)=0Th%.
CHNE F P Q EDT—N)UIERD & EidZpki7 9 % (Ferrero-Washington OEF).

F=Q(up) £9%. A~Gal(F/Q) & X IZFHT %. Teichmiiller f5f#% w: Fy — Z3 &L,

€= —— w(a)a € Z,[A]

EEDDB L, e BNTHILT
X =l jeX

&%, —77, EESRE p TN,
X=X"oX", (XT={reX|z=xz}

Lz
Xt =®imueiX, X~ = ®mneiX

TH5.
EIE 3.3 (Iwasawa) X~ (& A-torsion TH 2N, Z, FAHHTH %.

XTIZDOWTIE, ROTENH S
Vandiver ¥38. Xt =0 Tb 5.

*4 R ODFERE. ATRINRE M IS LT
mM =M< M=0

M/mM DGR <= M HERRA R

*5 F OB p TENT, F/Q T p B3RN0, Foo/F THIGRMIGSERNE, L0 RUMHIZENNE A, =0T
5. Gz QldkMziii=d.
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TOTAUL Q(¢p + ¢, ) DEHED p THNZ, LS TELRAETHD, WDDD picdW»
THOLT BT eDENDENTNS*0. 512, Vandiver AKX D FHORDOTFEEH S
Greenberg 7. X T I3BIRETHS.

4 piE L BHEK
x 7% Dirichlet f§f25& U, k € ZIZH LT xp = yw * £9%.
EH 4.1 (Kubota-Leopoldt) x # 1 O & &, G L, (s, x) : Zp — Q,(Im x) T
Ly(1—k,x) = (1= xx(p)p* ") L(1 =k, x), (k €N)
BT EONBS. x(—1) = 1755 Ly(s,x) =0 TH 5.
EI 4.2 (Iwasawa) x(—1)=1T xy =w” (k#0) %553, G,(x,T) € Z,[[T]] BMFHELT,
Gp(x,u” —1) = Lp(s,x)  (u=1+p)
L75%. TOEIITNFHEUC v® — 1 Z2IAA L TGS N5 BBz SRR e VS .

Stickelberger 7LEPEHEN S 0,, € Z,[Gal(Q(upn)/Q)] BMFLEL, 0,4, =0 L7257, {0,}, D
MR e UT Z,[Gal(Q(pp= ) /Q] DIt2id 2 M, TNZ2Mi>T p i L BIEOIFE 2 BH/RIICEER 9
BT LMMTES.

5 EFHE

FIE 5.1 (Mazur-Wiles) 3<i<p—2ThsAE i <KL,
ch(g;X) € Gp(w' ™", T)A™

Lx%.

COXT, A 77 VR DR E 28, G O, 171013 L B OE» S5k E 5 p
HEMRATH R & D TH . Mazur-Wiles I X 2 FEHIZ R X2 AREITHE S Y, Euler REWS A%
o REHE RN TN 5.

M55 Z, BERDS DO HEBER Galois #EK TEAMICGIATE 5 EDIEH 50 (LKR—FEE3).

*6 Buhler,Cradall,Ernvall,Metsinkyli,Shokrollahi, Irregular primes and cyclotomic invariants to 12 mil-
lion, J.Symbolic Comput. 31 (2001), 89-96
*7 Stickelberger DEE. G = Gal(Q(um)/Q) &H< &, Z[G] N OZ|G] C ann(Cl(Q(um))) THB. Tz7ZL

>

1<a<m, (a,m)=1

o, €QIG] (04 Cm - Ch)

a
m
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GALOIS TR IE:G

ik 2t GUERHD

0. Introduction

AR HIE, ARIAREA F ORBIIAT F 2 LD, Z Offonf
Galois #f Gal(F/F) @ (FIC 2 KyudD) REDZIEHER (deformation
theory) ICDWTHINT A & THS.

FImHNC, F Z#HGHEIL Q & LT, Galois £ deformation D
Pzl THBTLETS.

pEFET . Ly =lim Z/p"L % pHEREERE U, T, = Z,/pZ,
ZZORIRAKET D, COEE|F, 3K p OFRKEERD. Q Lok
FIHRRR E IS U, B @ p BEEAD Galois fEFN 54T % Galois
KH

pEp : Gal(Q/Q) — GLa(Z,)
ZHEZB. ppp & mod p B GLy(Z,) — GLy(F,) & DEME

p = prp (mod p) : Gal(Q/Q) — GLy(F,)

1< TDLZE, pp,p & mod p K p D Z, \D deformation &7&>
TW5.

—f%IC, F, ZRIRIKICE DR pro-artinian Z,-algebra A Z{RE &
I % Galois B

p: Gal(@/Q) — GLy(A)
IZDWT, A DMK ideal my IC K BREREH GLy(A) — GLo(F,) & &
ik U7z KBl
p (mod my) : Gal(Q/Q) — GL»(F))
ya)
p (mod my) =p

EiEBHEE pld p D AND deformation THBHEWVD.

Galois REZ HWZBEGROIFZLIC BV TIE, XI5 E75% mod p K
p WDE DL IZEGERIVEED S B, EDO K S EMEEN p D deformation
7B EMDPNTNEDDEV S, WLHIE deformation I IUF 5 EG
WD EONHEE RS,

eI, RO EEMRE E L Vo T RERICE DD S5t
ICBWVTIE, W5 LIRS Galois RIAD RIS S) &0

Date: 2006 4 8 H 31 H, 9 H 1 H¥X.
1
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2 b #ek GREERHED

modularity EPHINZMEED deformation 135V ZEREMENEE L HE
MERS.

Z DR, p OIENAFAEL 9 % deformation 72 B 7Z2—D0 & DIl
WCGHNR ST OTIEEL,, ZNE 2B T 5 universal deformation ring
R; &, p D R; ™D universal deformation p 7522 DZ2kik L, p O
BERINTEE 218959 % &0 D ERENEFENEETFER TH % (universal
deformation DEFRIC DV TIE Section 1 TrEL K 7hiN%B).

COFEZH NS & T, Wiles [13]-Taylor-Wiles [11] IC & D, Fermat
DIRFGEMWNRIRE N T &1, Galois ZELD deformation theory H°
WINCEEGRDOMZHICB W TR DTH 5D 2 BHE & W
Z%5.

AR TIE, £9 Section 1 IZFW T, deformation & universal defor-
mation DEFEZ G Z 5. Z LT, universal deformation O BRI HkE
A A B 7% pseudo-representation 752 & DDEFE L MEE % Section 2
THIST L, Section 3 IZIWT, SEERIC pseudo-representation Z U7z
universal deformation OREIEZHNTT 5.

—77, Section 4 T, fElc 52 5N 7 deformation 7= bZHWWT, £
NS5 T2 S % universal deformation ring Z#iEKd % FiEZ /ST
9 5.

BR1ZIC, Section 5 IZFW T, modularity 72 & D Galois ZELD B AR
ZRTEWVH T T, & <IC Hilbert cusp form IZJBES % Galois
AT B, ZOHT, Hilbert cusp form IZX9 % Hecke algebra %
modular 7% deformation % A9 % universal deformation ring & #7%
B3 ENHARFTE A E LT, Hilbert cusp form D7xd 2L & Z
TUTHERT % Hecke algebra DD duality IZ DWW THMTT 5.

Acknowledgement. [BHGEHILIZE OFK] TOREOEEZ G X

TV EHRIRE DR 2 L TWizioWiz, sl ZEAeE 1T Codt

B KT D TBROTAEDER T, X7z, HARICEL T DOhD

suggestion % L TWz72Wz UCLA OEHE =4, Z LT, TOE

DOHRICE DD A BRTFHZ IR L THIHEEIC R > e FOATFE

/J:uCi Ut KA A A B HFE ORI, DK D EE#HH L
FET.

CONTENTS
0. Introduction 1
1. Definition of deformations 3
2. Pseudo-representations 4
3. Construction of universal couple 9
4. Parametrization of given deformations 20
5. Modular Galois representations 23
5.1.  Definition of Hilbert cusp forms 24
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GALOIS ZS 3

5.2.  Hecke algebras and duality 28
5.3. Modular Galois representations 33
References 35

1. Definition of deformations

Z D Section TiZ, [5, Section 2.3] IZ¥ 9 JE T deformation & uni-
versal deformation DE&KZT 5.

p ZFEB LT B, K 2 p-ERk Q, DRIIERIALEL, O 2 K @
BEER, mp 2 O DMK ideal £9°%. F:=O0/mp Z O OFIRIKET
B, F I3 p ORRKLES.

Definition 1.1. (1) H{YATHER A WY artin BROZ I HROHR
RRfE & LTEREINS & X, A 72 pro-artinian &PES.

(2) B G DAERBOZITHHEROH MRS LTINS & X,
G 7% profinite group £\ . profinite group G IZi&, profinite fifH%
ANTHL.

F 7ZFFAKRICE DRAT pro-artinian O-algebra % object & L, O-
algebra YE[A%Y 7% morphism &9 5% CLp £HB<. AN CLp O
object THBHEE, Aec CLp £EHE my ZZTDMK ideal £95. FH
HIMATH ST &5, AT profinite MifHZ AND T EMTES. L
T, $5 RELHERTRITII SR WER O 9XT, LB XEAHICEIL T
HREDET S,

Definition 1.2 ([5, Section 2.3]). n ZIEDO®E &L %. G % profinite
group & L,
p: G — GL,(F)

% FARERD n JUTEE L9 5.
(1) A€ CLo I2DWT, ARED n JoE KB

p: G — GL,(A)

W p D AND deformation TH B L3, FARBOEB L LT,
p (mod my) = p

THHT RN,

(2) A€ CLp NDZDD n Kyt p, p M equivalent TH % &1,
H% xeGL,(A) NH>TMEED ge GITHLT

p(g) = zp'(g)z"
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4 ik et GrERHD
LEBTLETHY, CDEE prp EL. EBIC, 2 LT

1 0
3:( ) (mod my)
0 1

BHLDZEND L E, strictly equivalent THB LWV, p~ p &N
.TDOEE EL phH p D AND deformation THIUL, p' & p D
A N\D deformation &72% Z LITHEE.

(3) ReCLp & p D R D deformation

p:G— GL,(R)
DO (R, p) B p D universal couple TH 5 L&, fEED p O deforma-

tion
p: G — GL,(A)
WAL T, O-algebra #E[AR o : R — A T
pop=p
ERBEDWNIE—DFETAHILZNS. CDOEX, RZ plIXd s
universal deformation ring, p % p W9 % universal deformation &
W9 . T universality ICK D, & L p X9 % universal couple (R, p)

MFES 5750, AROEZRE—ENICFIET S Vb0 5. Z
DEPRT, p D universal deformation ring 2 R; &M T ENH%.

Remark 1.1. Definition 1.2 (1) OFEHKTOD “deformation” % “lift” &
WY, (2) TEFZE Nz strict equivalence class % “deformation” & P
STENDHS.

Theorem 1.1 ([10, Proposition 1]). & U p A, T4bB5, &
B F ORBWIBAETF £ TIERL TEEINZRADER S, p IcHd
% universal couple (X1FTET 5.

Mazur DJiGEH X [10] IZ31) % T DIFAEEHDFEA, p D deforma-
tion 572 % Cle LOBEFNERIAIEETH S Z & ZREHHT 5 Hh5H
BB Z N2 D TH S D, AR TIE, & <IT Section 3 IZHBW
C, universal couple DEARKIRERGEZR L T2V,

2. Pseudo-representations

C CCl&, RETTHIT T % n = 2 DEETO universal couple D EA
HI7R RS RIIEIC 075 pseudo-representation I DUWT, [5, Section 2.2.1]
IR > TS %.

Z D Section ICPR D, G IZHERERHTHO, A X F ZERARICE
DRERTH S LT 5. G DHEAILZE 1g, A DMK ideal Z my &
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GALOIS ZS 5
<. EHIC, G 2 DIE c Z8HDE LT, char(F) & 2 TRV ER
ET 5.

Z, clCBILT odd, 97D b5 det p(c) = —1 Z{ifilc 3 ARED 2 Xt

KHET B, p ORBHZEMZ V =V (p) = A2 LB, £, mod my
K

p:=p (mod my) : G — GLy(F)

DEBVERE V = V(p) = F L35S
2€ AX B, c TN B V OEEZRIHMR

1—c¢ 14+¢
V = 5 Ve 5 \%4
WMELS. [RRIC 2 e FX 1205, c ICRS % V O 22/ 77 fi#
_ 1l—c_- 1+c-
V = 5 V& 5 \%

LHELS. TTT, Ve= 5V, Vo = BV (MUF, + BESFIE) &
B &,
Vi=V./muVy

}&?ﬂa‘% (jetp(c) =—-1 7‘:’:?\7\6 dlmF ‘_/i =1 T%D, 35%) Q_):I: € Vj: h\ﬁ
EL/T, Vi =Fog A vy € V4 LT V4 (mod mA) = Uy VAQAR )
D7 & % &, A-module HE[F]H

A—=Vy, a— avy
3 AR L7525 D T, A-module & L TD73fi#
V =Av_ & Avy

R85, COMRDE LT, 0 € G B plo) D AFHDERT
3%

EMLTEICTD. COEE,

o= (3 )

EixBT LICHEE. T T,
x:GxG— A, (r,s)—b(r)c(s)
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6 Wbt GUERED
LB L, RD=DDEMNMMILYT % T DD %:
(W1) a(rs) = a(r)a(s) + x(r,s), d(rs) = d(r)d(s) + x(s, ),
x(rs, tu) = a(r)a(u)x(s,t) + a(u)d(s)z(r,t)
+ a(r)d(t)z(s, ) d(s)d(t)x(r, u);
(W2) a(lg) = d(1g) = d(c) = 1, a(c) = —1,
x(r,s) =z(s,t) =0 (if s=1g or s =c);
(W3) 2(r, s)z(t,u) = z(r,u)z(t, s).

Definition 2.1 ([5, Section 2.2.1]). A %Z F ZRFIRAKICEDRFATIERE
U, G ZH, ce GZ2# 2 Dekd%. char(F) 1 2 EMHARELZSED
95 ZDOLE,
(1) Bgreb
a:G—A d:G—A 2:GxG— A
W ED=DDZM (W1)-(W3) Zfi/cd & &, #l 7 = {a,d,z} Z (G, ¢)
D A D pseudo-representation £ .
(2) BBIzb
TH(r) : G — A, v afr) +d(r),
det(7) : G — A, r — a(r)d(r) — z(r,r)
TZENFEN, T D trace, determinant & X 5.
Remark 2.1. (1) 2 € A 25,

ar) = 5(TX(r)(r) = Tx(r)(re), d(r) = 5(Te(r)(r) + Te(r)(rc)),
x(r,s) = a(rs) — a(r)a(s)

%0, r={a,d,z} & Tr(r) DMIETIRE D Z DN S.
(2) det(r) & A< IMizdD G LOHEREITH .

ETHREXIIC, 2 Z0tEB p 5 HIRIC pseudo-representation A
MIKTEZ% (N 7, &K T LICTHB). TDEE,

Tr(p) = Tx(7,)

L7153 T LITHEEL. W, pseudo-representation D5 trace H—ET 3
2 L RBAZHNT 5T LN TE 5:

Proposition 2.1 (Wiles [12] (cf. [5, Proposition 2.16])). A %2 F Z ¥
RIKICEDRMERE L, G 28, ce G 208 2 Dtk 9 %. char(F)
&2 LHHRES ?B@c‘i’é“% 7 ={a,d,x} & AD (G,c) D pseudo-
representation & LT, lﬁ(@:ﬁ@%ﬁio) 26, EBohh—HIEEE
NTVWDERET %:

(i) EED r,s e GITHLT z(r,s) =0 TH5;
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(ii) &% (r,s) € G x G PFAELT x(r,s) € A* &75%.
CDEE, HB ABREOD 2 otk
T, ROEX 22T & DFET %:
i) = To(r), der(p) = dee(r), ot = (' 7).
EL, AL GHMHINTHD a,d,x DEKBESRTHS X, ED)p
ELTHRGRIZEHS T ENTES.
Proof. (i) EED r,s € GITHLT z(r,s) =0 THBHEZE: (W) I
X0

a(rs) =a(r)a(s), d(rs)=d(r)d(s)
THO, (W2)Ilckb
a(lg) =1, d(lg)=1
ERBDT,a t diF A IEZED G FLORHERBTHS. Ko T,

piGocra, g (0 0)

LEHTIUE, p Ik 2 JUTRBTHD (W2) Ic&D

plc) = (_01 (1))

k7%, E6IC, ge GITM L x(g,9) =0 THBHI &N D,
Tr(p)(g9) = alg) + d(g) = Tr(7)(9),
det(p)(g) = a(g)d(g) = det(7)(g)
155,
(ii) % (r,s) € GxG PFAELT z(r,s) € A* 755 E: g h e
EEEOILET 5.

b(g) := x(g,s)j c(h) :==z(r,h)

EBFIE (W3) kb,

bg)e(h) = IR D) )
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EBLE (W2)IckD,

IZBWT (W) IickD,

a(g)a(h) + b(g)c(h) = a(g)a(h) + z(g,h) = a(gh)
d(g)d(h) + c(g)b(h) = d(g)d(h) + z(h, g) = d(gh),
c(g)a(h) +d(g)e(h) = x(r, g)a(h) + d(g)z(r, h)

a(g)b(h) + b(g)d(h) = x(r, )" (a(g)b(h)z(r, s) + b(g)d(h)z(r, 5))
= x(r,5)"(a(g)d(16)x(h, s) + d(h)d(1c)z(g, b))
= 2(r,s) z(gh,s) = b(gh)

L5%HDT,

p(gh) = p(g)p(h)
THHT DB, Ko7,

p: G — GLy(A)
ERHTH O,

det(p)(g) = a(g)d(g) — b(g)c(g) = alg)d(g) — (g, g) = det(7)(g)

B, B, G & ADMMHNTHS X, a,d, o DMEHESEp &
WL 725 EIIMIEN SN S, O

Remark 2.2. 2 ZUt&E p: G — GLy(A) WEICHEZABNT, p h'H
W E N % pseudo-representation 7, AY Proposition 2.1 D&M (1) &
(i) DV N —T &7z & Z, Proposition 2.1 I X D 7zl 2 XUt
EH o G — GLy(A) B E NS, Thb DDOEE p & pf OBf%
ICDOVWTUIRTELRT 5.
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3. Construction of universal couple

PUF, Section 1 Dt 5% MW5 T LIcT 3. G M2 DIt c 72E
D profinite group, A € CLp & U, char(F) & 2 EHHEEZZED LT
%. T Section Tl [5, Section 2.3.2] & [8, Section 1.1.4] IR 9 TE
T, F-RED 2 JotkBl

IC¥9 % universal couple % pseudo-representation DGR Z U THE
U720,

CORBICHW SN TR, SN EEETH % Theorem 1.1
DAGEICINA T, E IV DONGFEENRENS EDTIEH SN, Section
5.3 THITT % Hecke BRZ1RE & U7z modular 75 Galois RIRZ RS
BB, FFRICEHZREDTHS.

PUR, XD DO IRET 5
(1) p AR, I75b5, (REe F ORBINEAC F £ THAL T

BERITEDMR TN %
(i) pl& clCFILT odd, §7b0BH, det p(c) = -1 TH%.

Lemma 3.1 ([5, (2.8) and (2.13)]). LEEDiEDE &, RDOZDDE
HEME5N5:
(1) {p:G— GLy(A): BB | p (mod my) = p}/ =~
— {p:G — GLx(A) : &H | p (mod ma) ~ p}/ ~, [pl~— [p]~

(2)  {p:G— GLy(A): &H | p (mod myu) ~ p}/ ~
= {1 : AND (G, c) D pseudo-representation |
7 (mod ma) = 72}, ol — 7,

Remark 3.1. (1) Lemma 3.1 (1) ORI, G ZHRHGH, A
ZHIC F ZRIRERICEDRAERE LIZBWREDE & TERILT 5.
(2) Lemma 3.1 (1) IC & D, p WHENEERID & i, Lemma 3.1 (1)
D4317% deformation DEZRICIRHTZ 5.
(3) Lemma 3.1 (2) OEHGHER, G ZHSMEREE LzssWE
DL ETERILT S.

Proof. (1) &L p (mod myu) =p THNE, MK p (mod my) ~p TH
D, ZFDO—1T, 6L prp THNXL, AL p~p THBHDT, 5
8 [pl~ — [p]~ & well-defined TH 5.
EHME: [p]. ZHUANSENE, B 7 € GLy(F) WFEIEL,
z-p(modmy)-z7'=p
£7%. mod my BAR GLy(A) — CLy(F) 325D T, 7 OfFf b L
z € GLy(A) DMFEEL,
o i=wprt G — GLy(A)
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LidiE
pl(mod my) = p
i,

HDT, EREIRENT.
B —DODERE p & o W,
p (mod my) = p=p' (mod my), p~p
BT LIGET S, % 1€ GLy(A) PMHELT,

xprt = p

EXBDT, 7 := 2 (mod my) € GLy(F) &BZF, Mizd%Z mod my
%L,

-1

xrpxr
Z13%. p FHOHEERIZZ DT, S(f)hur *;WE( f. [5, Proposition 2.5(2)])
kD, B acF BEELT 7 = 82)&@”%.@@%%Lﬁ
ac A 2B &,
(a') (mod m,) = ((1) ?)
THo, D
(a " z)pla™ 2) ™ = pf

L3O,

p=p
THBHTENOND, BEMEADVRE NI
(2) &L p~p THNE Tr(p) = Tr(p') THY, char(F) & 2 &
¥R ERELTVSH 5, Remark 2.1 (1) IC&D 7, =17, &75%. L
172> T, B [p|. — 7, 1& well-defined TH 5.
C DEAGDORHHMEZFEH T 5 29I, Carayol [1] I X5 ROEM
ZAlBHZ B8 L (R85 2 Licd 5:

Theorem 3.2 ([1, Théoreme 1] (cf. 8, Proposmon 1.25])). G zf#, A
z F Z2RERIMICE DS RFTE, n & n' ZIEOBEETSH. DD
#KH

p:G— GL,(A), p:G— GLy(A)
DWW, LU p:=p (mod my) MK TH O Tr(p) = Tr(p)) T
H23E5E, n=n DD

p~rp

TH%.
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BHE: (G, ¢) D A N\D pseudo-representation 7 = {a,d, z} 7
7 (mod my) =75
/24 &9 %, Section 2 DFiH: L FILRIC, p DERBAZEMD ¢ B
3 EE 2D RCIn > T2 p OXRBTYZ
W= (40 1) weo

(g, h) == b(g)c(h) (g9.h € G)
EBFR, 7, = {a,d,z} £%%B. p BHABKLENDS, % r,s € G
PFAEL T b(r),e(s) € F* &75D z(r,s) € F* Thb. TDLZE,
z (mod my) = ZXDT,

ey

ehE

z(r,s) € A*

THBHT NS, Lizh > T, Proposition 2.1 1KV, H5 2 Xt
=K

”t\;
Te(p) = Te(r)
Zhiic T L DMEET B, TDHLE,
Tr(p (mod my)) = Tr(p) (mod mu) = Tr(7) (mod my)
= Tr(7 (mod my)) = Tr(1;) = Tr(p)
L7 %D T, Theorem 3.2 IC XD
p (mod my) ~ p

WMEENZDT, RHEIRENT.
HSME: ZDDXRH p & o B

p (mod my) ~ p~p' (mod my), 7,=1y
Ziilcd & d5H. TDEE,
Te(p) = Tr(r,) = Te(ry) = Te(s)

L7 0, p HHEREERIZR DT p (mod my) HHENEEKI & 75205, The-
orem 3.2 I KD,

p~rp
L%, Ko T, BEMEAVRE N O
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Definition 3.1 ([8, Section 1.1.4]). # G, RER A, £l p: G —
GLy(F) 1& Lemma 3.1 DEDET 5. p HhEHELE NS pseudo-representation
%, ={adi) LB COEE R, € CLo & R, "D (G,c) D
pseudo-representation T = {A,D, X} O (R,,,T) B 7, XT3
universal couple T3 &1, FFED (G,c) D A € CLp D pseudo-
representation 7 C

7 (mod my) =7,
2729 B DITH L, O-algebra /A ¢ : R, — A T
r=¢,0T
ZWiTeT L OWNE—DFET 528 THD. TOLE, T % 7, ITH

9% universal pseudo-representation E\W9 .

Theorem 3.3 ([8, Theorem 1.26]). G 2% 2 DT ¢ Z LD profinite
group, A € CLp & U, char(F) I& 2 LHHEZEZSE D LT 5. F-RED
2 oeRBl
ORI TH O, det p(c) = —1 ZiifiTzd &9 5.

CDOLZE, pITHd % universal couple (R, p) WFEL, THIC p
A SR E 1% pseudo-representation 7p &, p M HGF54% pseudo-

representation 7, ¢ universal pseudo-representation £7%%.

Remark 3.2. Mazur [10] IC X% universal deformation (&, 5&{i7%%
Noether RIFTERD7Z 9B Tim U 5N TV 5 728, profinite group G & L
T “p-finiteness condition” Z7z9 & D2 > T35 T LICHFE.

Proof. (1) £ 7, D universal pseudo-representation (R, ,T) %Ak
9%, 7,={a,d,z} £BL.

(i) GWERETHEEE: F OOz ¢ &L, O ND 1 D g—1
FARRARD IR T EIHEZ 11(0) &< &, mod mp BIRO* — F* &
A BRAED[FIEY

mod mo : 1, 1(0) — F*
AT S, TOMESE
@ = 1,1(0)
EME 0):=0&FBHLT,F LOER
0 F — iy 1(0) U {0}
ICHEE L THL . O-FRBOILAEREER
A=Ag:=0[Ay, Dn, Xgny | 9,0 € G]
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BEZD. g he GITHLT, A DIt
A(g) == Ay + ¢(alg)),
D(g) := Dy + p(d(g)),
X(g,h) == Xgn + ¢(@(9,h))

ZiEF L, A Dideal | ZRDOITI B TERENDEDET S 1,5, t,u
ZGomrelT,

(wl) A(rs) — (A(r)A(s) + X (r,s)), D(rs) — (D(r)D(s) + X(s,1)),
X(rs,tu) — (A(r)A(u) X (s, t) + A(u)D(s) X (r,t)
+ A(r)D(t) X (s,u) + D(s)D(t) X (r
(w2) A(lg) — (= A,), D(1e) — 1(= Di),
D(c) = 1(= D), A(c) +1(= Ao),
X(r,s), X(s,t) (if s=1g or s = ¢);
(w3) X(r,s)X (¢, u) — X(r,u)X(t,s).
COEE, M R, = A/I & CLp Dobject £7xD, BARIN (wl)-(w3)
&b, =D05E 4
A:G— R, g A(g) (mod I),
D:G— R,,, h— D(h) (mod I),
X:GxG— Ry, (g,h) — X(g,h) (mod I)
M (G,c) D R., ~\D pseudo-representation T = {4, D, X} ZED %
ZENDNDB. FX BV,
(A(g) (mod 1)) (mod mp,,) = a(g),
(D(h) (mod I)) (mod mp, ) = d(h),
(X (g, h) (mod I)) (mod mp, ) = Z(g, h)

yu));

l

THHMNH,
T (mod mp, ) =17,
2%, fEED (G,c) D B € CLp D pseudo-representation 7 =
{a,d,x} T
7 (mod mp) = 7;
BHEDIIHL, BIZBWT g,h e GITHRL,
a(g) —¢(a(g)) € mg,
d(h) — ¢(d(h)) € mp,
z(g,h) — (Z(g,h)) € mp
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20T, O-algebra HE[FH
er A — B, Ay alg) — p(alg)),
Dy = d(h) — p(d(h)),
Xgny = (g, h) — 0(2(g, h))

WEX 5. EHIT, 7 A pseudo-representation OMEHE (W1)-(W3) Ziifi
e e,

(1) =0
BB ENDNBDT, o, & R, Z2FEHIT %:
or: R, — B.
7,9, h e GITHL,
p-(A(9)) = alg),
@r(D(h)) = d(h),
p-(X(g,h)) = z(g,h)
Lix%DT,
proTl =71
TH5. fhic, O-algebra HE[HH
¢ R, — B
T
proT =T

55D HNI, R, O O FOERRTHS
Ay (mod I), Dy (mod I), X4p) (mod I)
7eBICH LT,
¢ (Ag) = alg) — w(alg)) = r(4y),
¢ (Dn) = d(h) — ¢(d(h)) = @7 (D),

TH5DT,
o =
%%, £o7T, (R,,,T) & 7, I<H9 % universal couple TH 5.
(ii) G 7 profinite group TH 5 & E: G DIFEERRRBIERLES 71
MOIEBEAEN 22 FESRT LT,
G=lim G/N

——NeN
R D. p kRO T, Ker(p) & G OIREA R 72 Bl E R 7 7
THD, plE G/ Ker(p) ZRHIT BT LMD, N € NITHL NnKer(p)
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ZEABIET,GOEH p 2P S BITIEN DItid 9T Ker(p) D
AT THHEMEL T, TDEZE, det(p(c)) = -1 THB728,
% G/N IZBWT eN 3% 2 DeTH 5 T LITHE.

FEO N e NIZRHLT p & G/N 28 HT5DT, Tr(p) = Tr(r))
ZHREE G/N LD trace &A%, char(F) & 2 LHEKZ DT,
Remark 2.1 (1) ICX D, 7, Z G/N O pseudo-representation & M7
FENTES.

(i) I€X D, G/N D pseudo-representation 7, D universal couple
(RN, Ty = {An, Dy, Xn}) DHKEND. N IZBWT N C N O
& &, 2H7x O-algebra H#E[E]H

vt Agn — Agyne,  Agn = Agnr,
Dypn — Dy,
XgnaNy = X(gN' hN)
XD, 2575 O-algebra HE[EHY
TN,N’ - Rf_\’i — Rf_\;
MBI N,
TN,N' © Ty =Ty
i’z DL E,
R. :=lim RY
P E=NeNT T
EBITIE, R, 13 CLo D object TH Y, pseudo-representation DY
B (W1)-(W3) i N e N ICBHL CHEMIRZ 2 /EL n[#iTh 5
M5, Ay, Dy, Xy TECHBMRZIRS LT, (G,¢) D R, O

pseudo-representation

T={A,D, X}
= liilNEJ\/’TN - {@NENAN’ENENDN’@NENXN}
MME5N,

T (mod mRTﬁ) =1T;
MWIKALT 5. fERED (G,c) D B € CLp \®D pseudo-representation
T ={a,d,z} T

7 (mod mp) = 7;
BAHEDICHL, p 3HNBEITH 505 Proposition 2.1 IZK D, B-
TRELD 2 ToeRH

Tr(p) = Tr(7)

27z DR ENS.
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(ii-1) B 7Y artinian D& E: FERIK F WEIRIATH 2729, B 3AR
BRERD. LIe>T GLy(B) 3HIREETH Y, p [3#EKTEN 5, Ker(p)
¥ G DIERARGHERE TR E RS, KoT, H5 NeN Tp W
G/N Z#HT 5 EDMFEEL 7 &2 G/N @D pseudo-representation &
HIEEBDERELTEY. TDEE, (Ri\;,TN) @ universality ICX D,
% O-algebra HE[FH

o Ri\; — B
‘(\\7
goiv oln=1

BBEDNIE—DFET . HIRE O-algebra £HIERR

. N
7TN.R7-[3 —>R,rp

L DENRG Bz
Or Z:(p,]rVOTrNZRTEHB

EEle,

prol =71
WAL T 5. EHIC, i O-algebra HE[ETY

¢ R, — B
‘f\\

proT=r

5% L OMMAET UL, RY O O EOERFRTH S Agw, Din-X(gnnn)
7ebld N e N ICBIL THgRRZI > 7z L &, R, O O LOAIHR
LRHRERT DT, R, ET

o=
Zf3%. o7, (R,,,T) & 75 @ universal couple TH 5.

(ii-2) B M pro-artinian D& &: B DO ideal DXITHESF A 25 X
CESTET, EED ae AICHU B/a ld artinian TH O, D

B= li%Inae.AB/a
ERIZRBERELTEY. ae AICHL, BEBORHTHS p &
mod a B & DEZ

pa = p (mod a) : G — GLy(B/a)

EBL L, p, [ TEKETH O GLy(B/a) IXHEREECHZMNE, H5 N(a) €
N T N(a) C Ker(p,) ERBEDNFETHEREL TR, TDE
Z, po ZEREE G/N(a) ZFHL, Tr(ps) = Tr(7 (mod a)) & G/N(a)
D B/a D pseudo-representation & H5E 5.
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universal couple (Rivﬁ(a), TN(e) = Tn(@ o T) O universality ICX D, &
% (O-algebra HE[F)H

gDi\f(u) : Ri\fﬁ(a) — B/a

N ® o x0T = 7 (mod a)
BHEDOMNIE—DEFETS. AICBWVTacd DEENIZEBNT
N(a) C N(a') £7%2% ERELTXWVDT, a € AICBL THEMIEZ
% &I XD, O-algebra HE[ERY

Pr = liinaeA"Ojrv(u) 0N : ftr, = B

MEXD,
prolT =T
Witz d. O LONMEINERRICE T ZEN 7 TEE>TWEDT,
O-algebra HE[EHY
v: R, — B
‘Z\‘\
pol =7
B0 ¢, E—HTB. XoT, (R,,,T) I& 7, D universal couple
TH5%.
(2) i (1) TR LTz 75 ISX9 % universal couple (R,,,T) 7%
W, p D universal couple (R;, p) ZHEiRKT %.
R, 7% R; &< T &ICUTC, Proposition 2.1 1K D, universal couple
(Rp, T) M5 RREDZRH
p : G — GLy(R;)
Te(pf) = TH(T)
HHEDMRERENS. TDEE,
Tr(p’ (mod mg,)) = Tr(T (mod mp,)) = Tr(r;) = Tr(p)

THY, p IZHEFITH S DT, Theorem 3.2 I KD,

/

p' (mod mp,) ~ p.
L7eh > T, Lemma 3.1 (1) I KD, HBHEKH
p: G — GLy(Rp)
p (mod mp,)=p, p~p
FHEDIFET 5.
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2D p O B € CLp D deformation
p: G — GLy(B)
WXL, p MERE NS pseudo-representation 7, &
7, (mod mp) = 75
27235, (Rs, T) O universality IC X D, O-algebra HE[q] %Y
¢, R — B
or, 0T =1,
BAEDNE—DFET 5. TDOEZE,
Te(p, 0 p) = Te(pr, o T) = Tr(r,) = Tr(p)
7ZDT, Theorem 3.2 IC XD,
Pr, 0P~ p
Lo,
(¢, 0 p) (mod mp) = p (mod mp) = p
THA5M 5, Lemma 3.1 (1) ICX D,
r, 0 PR .
XoT, (R, p) & p XY % universal couple TH%.

O

&I, G ZRBUA F O#axt Galois #f Gal(F/F) &9 1UX, Galois

FKHODYE D universal deformation DR S N/ LIk 5.

Corollary 3.4 (cf. [5, Proposition 2.30]). F Z247%< &&—DFFE N
oop ZEDEMRRIEUAL U, c € Gal(F/F) % oo N H4E U 2R
wed5. ARATF OEE pd 2 LHAGZZED LT 5. MBI

2 X7t Galois 34
p: Gal(F/F) — GLy(F)

&, {p,o0} DHNTADIE, TxbH, F O p ZEH SN ideal [ 1TH
L, [ TOWMREEL c Gal(F/F) £ET pldHHTH O, HEHE ¢ I
BIL T odd, 97D bH, det(p(c)) = -1 THBHEIRETS. TDEZF,
Noether iy7% CLp @D object R; &, p D R; \D {p, 00} DI TAIK

7% deformation
p: Gal(F/F) — GLy(R,)
T, ROMWEZET-9 & DOOFIET 5:

FED p D A e CLp D {p, o0} DN TAIEIE deformation

p:Gal(F/F) — GLy(A)
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XL, O-algebra ¥E[FH o, R, — A T
Ppopap

BBEONIRE—DIFET 5. §5bb, (R, p) & p D {p,oc} DHT
A7 I77% deformation 725 %2 ZAld % universal couple Tdh 5.

Proof. Fipoy 2 F @ {p,00} O TR ERK Galois AR ET %
&, p & Galois #F Gal(Fypooy/F) Z#H9 5. &>T, Theorem 3.3
&0, {p, o0} DI TS universal couple (Rj, p) MMFEAET S T
Ed3bh%. E5IC, R; M Noether W TH B T L2/RTTDIT, KD
Lemma ZiEHZ &GI8 L CR8H 5 T LICT 5:

Lemma 3.5 ([5, Lemmas 2.28 and 2.29]). (1) A € CLp IZXL T,
(affine scheme Spec(A),0 DA mu ICHIF % cotangent space & K
NB) t,0 = ma/(m% +me) B F EHRIGTTHNIL, A & Noether
NTH%.

(2) —M&IC, profinite group G DFERERI R F-RED n RotRH

p: G — GL,(F)

(&% L C universal couple (R, p) WMAELIZE E, F EDOXNT hLZE
il & L Colhi

try/0 = HomF(t*Rﬁ/OvF> = Hclt(Ga ad(p))

MMEENS (FADZEMIE Spec(R;) 0 DM mp, ICHB % tangent
space £ XIINBEDTHB). T T, G-Il ad(p) &, £HE LTI
FARED n x n 1752k M, (F) TH Y, G OEHN

g-M=p(g)Mp(g)™" (9€G, M e M,(F))

THALNZEDT, TNUCEBEERNIMHZ ANTEHEL. i, #Eiik 1
Rt cohomology HL (G, ad(p)) i&, HHiZ 1-cocycle RIADZ TS

Z:(G,ad(p)) == {u: G — ad(p) : continuous |
u(gh) = g-u(h) +ulg), g,h € G}
&, Hf5i7 1-coboundary £ADRTHEE
By (G,ad(p)) = {u € Z;(G,ad(p)) | ulg) = M —g- M (g € G)
with some M € ad(p)}
ZHNT,
Hclt(Ga ad(ﬁ)) = cht(G7 ad(ﬁ))/Bclt(Ga ad(ﬁ))
CEREINBZIEDTDHS.
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Lemma 3.5 IC XD,

dimp H(}t(Gal(F{ppo}/F), ad(ﬁ)) < 00
ZREE, R; B Noether W TH 5T &b %.
P Gal(F{p’oo}/F) — GLQ(F)

WAL T, H := Ker(p) £3< & Inflation-restriction sequence I X D,
FERH]

0 — Hey(Gal(Fpp oo/ F)/H,ad(p)") — Hey(Gal(Fyy 0y / F), ad(p))

o B (H, ad()) 9" Finoer /7)1
w195, (—WIC, H-INBE M SR LT, M2 13 M O H-AZEEeek
DRI ZR T T LIS B.) H ISHIET 2 Fip oo /F DHBRR
Ok Z Fy/F £35< &, ad(p) I H IZHAICERT 2D T, XD
TERYIMEENS:

0 — He(Gal(Fy/F),ad(p)) — He(Gal(Fip ooy /F), ad(p))
— Home, (H2", ad(p))CalFn/F)
CTTC, H & H D abel {t H* O p-part Z2K9. Op & F ORELIR

EL,0,=0r®,7Z, £BL. £z, Clp & F O ideal FifftL 3TN,
FEARGRIC K O, 52228

0) — Gal(Fp e}/ F)* — Clp — 0
MEoN%. K->T, H & Z, L finite rank THB DT,
dimg He (Gal(Fipe0/F), ad(p)) < 00
LB ENDNS. O

4. Parametrization of given deformations

Section 3 ICH[EHiE, Section 1 LRI CEdSZHWAZ &ICT 5. &
I, o REIPBRUERAZ LIE, UHhBXNENMHICE L THEETH S
TEEMELTNS T LICHR.

F 2075 L& —DFF N oop ZEDERRXRBUAE L, cor 5
U REEIEE c € Gal(F/F) £ T &ICTB. Op & F DKL
BRed%. ARATF O p T2 EHEZZ2EDETS. S 29 XT
DOIRHENE p ZHD TN TOARERZEARL F DFRRNOESH
[RESFE LT,

7 Gal(F/F) — GLa(F)
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ZHEORERI T S DN TANIKTH D, c ICBAL T odd AXKIHE TS, Fy
Z F D S DHTAD I Iz A Galois SRk &3 UL, p IE Gal(Fs/F)
e %

p: Gal(Fs/F) — GLy(F).

SICFENIZN F DF ideal 1L, | DRRIEZ ¢ LH<
&, FIRE Op/t ORBMAC ETD ¢ TEH 2 — 22 DHEFH I
5N 7z arithmetic Frobenius element Froby € Gal(Fs/F) WEX 5.
Chebotarev density theorem (cf. [4, Theorem 1.3.1]) IC&K D, {Frob}i¢s
(& Gal(Fs/F) I3\ T, profinite (HHICBI U dense TH % T EAHIS
nTtns.

X T, CLp D object DI {A}ier &, TNHZEFEE TS p D de-
formation DIk

pi: Gal(Fs/F) — GLao(4A;) (i e€l)
ZHETS. TOLE, {plic NHELNZEHRZHNT, ixlt
& deformation D& {pi}icr FXBELTE S EVI/NEREKRTD p D
universal couple (R, p) ZHKd 5 MM TE %:

Theorem 4.1. EREE [[,.; A; D Noether FWZAERTERTH% R € CLo
&, p D R AN\D deformation
p:Gal(Fs/F) — GLy(R)
T, % iel IR,
biop=pi
%ﬁf(ﬁj%@b\ﬁﬁa—‘% ZC‘(“, pi - HieIAi — Az =} %Q@
projection 27 .
Proof. Hid A; DESTER
R :={(a;)ics € HAi | a; (mod my,) = a; (mod my,) in F
icl
for any 4,5 € I'}
&, mp = [[,c;ma, ZMK ideal & U F ZHIRKICE DIE0H 7K R
O-subalgebra Thd. Fic I LT,
Pi (mOd mAi) =p
THHM 5, EREH
p= Hpi : Gal(Fs/F) — GLZ(H A;)
icl icl
372 GLy(R) Icb B,

/

pl(mod mp) =p, piop =p (i€l)
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Zfiilzd. TT T, R OEDER
O[(Tr(p;(Froby)))ier | 1 ¢ S : prime]

Z R OHTHEEELIcED%Z R LBIFIE, R IE mp:= RNmp ZH
Kideal & U F ZFIRIKICE DFEHZ RN O-subalgebra &75%.

Chebotarev density theorem I KD {Frob}gs (& Gal(Fs/F) DOH
T dense TH YO, p; TeHILHK/RZD T,

Tr(p') : Gal(Fs/F) — R’

E RICfEZEHD. Remark 2.1 (1) I XD Tr(p) MHIESNS pseudo-
representation A5, Proposition 2.1 IC X D, R-IRE DA

P Gal(Fs/F) — GLy(R)
T,
Tr(p") = Tr(p')
EHLDOMHERENS. TDOLZE,
Tr(p"(mod mp)) = Tr(p)
TH5h5, Theorem 3.2 IC KD,
p"(mod mg) ~ p.
DT b,
p:Gal(Fs/F) — GLy(R)
T,
p~p',  p(modmg)=p
FHLOMEENS. LI,
Tr(p) = Tr(p')
THU, p 7z GLy(R) Izt D8 D & HEEIL, Theorem 3.2 12K D,
p~p (over R').
—/iC,
p (mod mg) = p=p' (mod mp)
725, Lemma 3.1 (i) ICK D,
p=~p (over R)
£ 7% (Remark 3.1 (1) ICH%iED, R DR TH %D T Lemma
31 (1) Z@EHTEA T LICHER). Fiel ITHL,
piop = pi
Znb,
pioprpop =p; (over A;)
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Z13%. ETC, [2, Theorem (2.3)] IZHBWT, 5efix Rt O-algebra D
EIEICBIT S p 9 % universal couple (R, p) DK ENTED,
5L, 6L
dimp H (Gal(Fs/F),ad(p)) < oo

Z51E, R & Noether WTH ST LHARETNTWVS. SDIRIATIE,
Corollary 3.4 OFEFHOHT/RLUIZE H1IC, TOAERIITHETHTZ I N
TWADT, R & Noether NWTHB. (R,p) D universality IC KD,
O-algebra "E[F Y

p:R—R

popmp
BAHEDNIE—DFET 5. SICEENZWV F O ideal [ I LT,

o(Tr(p(Froby))) = (Tr( o p))(Froby)
— (Tr(p)) (Froby)

= Tr(p(Froby))
= Tr(p'(Froby))
= (Tr(pi(Froby)))ier

5,0 ZEHTHE T M S. XoT, R % Noether WTHD, &
CIC ReCLlp &7%5%. O

5. Modular Galois representations

Z D Section T, [8, Section 2.3] IZ{> T, Hilbert cusp form I
B9 % Galois KBI/ B2/ L, ZOHT, Hilbert cusp form I
*9° % Hecke algebra % modular 7% deformation % 379" % universal
deformation ring & #H7xHE % T EMRFCE ARHLE LT, Hilbert cusp
form D759 ZE[f & ZHUTHEH T % Hecke algebra DD duality 1ZD
WTHITY 5.

R & CZZTNTNRBUAEHWELUAL T5. F %2 AIRRFESRAEL
K, O% F OBBIRETS. F 5 Q D embedding IRD R I
Bl B I ZAMRKE TS Z-Alniiz Z]1) £RT T eicd
5. p 2 EL, LT, ZDDIRD embedding

ip:@%@p, io : Q= C

ZEETSH. TTT, Q, & pitik Q, ORBMEATLZET. Thb
—D® embedding IZ KO, (REEZ p-tERTRSRERZLIZD, #
FHELTH-HT 5.
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5.1. Definition of Hilbert cusp forms

C @ Subsection Tl&, F O Hilbert cusp form % adelic IZE 1k
T5. ZDHIT, WS DOMidEZ % Lz,
k= (K1, ke) € ZI* Z—DHD , i = 1,21 U Tk =), kioo &

B 1= Spey0 €20 £ g =0, = (17 7 )hoer € GLalR)

o EELFM 9 :={2€C| Im(z) >0} DI ZHRFHESE LA
BZER 97 DR 2 = (20)ger 1RLT,

det(g)™~ 1 Hdet “1"_1

el

j(Qv Z)Hrﬁﬁl = H(CUZU + da_>’€2,c7*/‘01,g+1

oel
EBE,
Tu(g.2) = det(g)*Lj(g, z)m e+
EREFETS. 1= (V-1,--- /1) e Hl LB, —RBEHICKS
9= (g, = (CC” Z‘;’))ae, € GLy(R)L D 2 = (25)5er € H' EADIER%

U2y + by I
2= \Yo *%c)ocr = ————— €9
g (g Joct (CaZa+da>Ue[

eERITLicL
Ci ={9€GL(R)} | g-i =1}

LEFKTSH. TTT, GLy(R), FIEDITHIXZED RARED 2 x 2 17
LU ONDYASC N e

A% Q FDadele FRE L, Fy :=A®,0 TF O adele 5lR7Z2E T
Cklcd 5. Fy 72 Fy, @ infinite part, Fiioo) % finite part £9°%. %
7z, u € GLy(Fy) @ infinite part 2 us € GLa(Fa) = GLa(R)?, finite
part % u® € GLy(F\™) &ML T eIcT B, Z =[] e Zp £ L,
0 = H[:primeO[ = Z®Z 0 L¥BL.

N 7% O D ideal £ %. F OHixt#RE 0 ICH L, 6 € O T 60 =00
BAHEDE—DEY,

To(N) = {(‘; Z) € GLy(0) | c € MO}

s = (3 9) tm (3 9)

LBE,
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EEFET D, e = (61,89,6,) ZHH7A DD character

€1,&9 - OX — C*
&, Hecke character

ep FYJF* — C~
DFEL, TNBICDNT, 2 € OX ITHL,

6(2) = 51(2)52(2’)
ZWTZ U, Too = (Toow)oer € FX = (R ITH LT,

e (To) = x;f“*”?”l — ngo(’l;1p+l€2,g)+1
oel

BT EANET B, e & e 13EKTH O, OF & profinite group 7%
DT, TNB5D character (& finite order £75D, i = 1,2 IIX L, F O
ideal ¢(g;) % &; D conductor, 375HH, F D ideal ¢ Te; M 1+c¢0 L
trivial ICZR3 K5 KREDD S B maximal HZEDE L,

c(e) :=c(e1)c(er)
LIEFT D, TOEE e, B OF ITHIBR L 72BICA: U B conductor &
C(5+) (Ei%'@Ci\,

c(e) C c(eq)
EixBTEMbhD. THIC,
e i=e-65' 0% — C¥

EBE, c(e7) ZZD conductor £FB. HEL, N Cc(e7) BHIE, e
X1+ N0 L trivial DT,

c d
(& So(M) D character &2 T ENDOMD. TIT, an € On =
[Lion: prime Ot & a € O O Ne-part ZKF . DUF,
MCe(e)
EIGELTHL. £9, C-4R2ED Hilbert cusp form ZE&ET 5:

Definition 5.1 ([8, Section 2.3.2]). LibhDFREDE & T, BIE f -
GLy(Fy) — C D CARED weight k = (K1, k2), level M, character
e = (e1,62,64) D Hilbert cusp form T2 &%, RD=DDZ5M %1
feg e

(SA1) o € GLy(F),z € GLy(Fa),u € So(M)C;, 2 € FL ITHLT,

flazuz) = ey (2)e(u™) f(2) Ju(too, §)

£ Sp(M) — C*, (a b) & e5(ad — be)e (ap)

Zeliilz g
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(SA2) fEED 2 € HTITHL, u € GLy(R)! Tu-i=2 £x5ED%
—OH 5> THL. TOLE, HED g € GLy(F™) 1Tt U, B%K

fo: 9" = C, 2 fgu)Ju(u,i)

X 97 ETIERITH 5.
(SA3) fEED g € GLy(F) IZx LT,

(s o

27z 9. TT T, duld Fy/F £® additive Haar measure TdH 5.

weight x, level M, character ¢ D C-{#¥D Hilbert cusp form £{AD
BI M2 S.(MN,6;C) &XKIT T LICT .

Remark 5.1. & (SAD) ICX D, ki +ko € Z1 THNUL, S, (M, ;C) =
0 &£xBZehbhsd. LT, Hilbert cusp form Zim U5 & XX, ki +
Ko € Z1 ZREL, ki + ko = [k]1 &L T &ICT 5.

Remark 5.2. (1) Z&ff (SA3) ZROEMEFETH %:
(SA3Y {EHED g € GLy(F™) icxt LT, Bigk

~ def K,20-H10-+1
fo: 9" = C, 2= (2)eer = fo(2)| [[Im(zo)” = |

oel

Xz IRIE LW EREZ .

(2) Z&M (SA3) D 2 1Az LI WERMEE & D | O 7% [Tm(2) —
oo & LIERHCZHAMAREZE D) L LEED%Z (MA3) £95%. C
DEE, BB f: GLy(Fy) — C W=DDZFM: (SA1), (SA2), (MA3)
itz X, f & weight w, level M, character ¢ O C-{RED Hilbert
modular form TH 3 LS

Remark 5.3. g € GLy(F\™) Ix L, 4&fF (SA2) IcBiNG § EDIE
HIIBIEL f, &, classical 7REPRRTOD weight (ks — K10 + 1)ser, character
e Yg7*(-)g), modular group

Log(MN) := gSo(M)g~ ! GL2(R)} N GLy(F)
% level IC & D Hilbert cusp form &7%> T\ 5.

Hilbert cusp form f € S,(M, ¢; C) & adelic 7% Fourier BiZ&DC
EMHIEN TV

Proposition 5.1 ([8, Proposition 2.26]). f € S.(M,¢;C) &, KD
Fourier JEFZED: x € Fy,y € FLIZDWT, &XIC, Yoo = (Yo )oer €
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FX = (R*)] BV,

f((% 1”)>=|y|A S anley, N[ (E0) )

0<EEF o€l
x ep(V—=1€y)er(Ex).
Fourier {78252 T\ 25/
Ff—=C, y—axyf)
1&, (0% x Fyo) N FY CTsupport ENTHEY, EHED ue OF IZHLT,

aoo(uy, f) = e1(u)ac(y, f)
Zii7zd. TT T, |- |a & adele norm, fi%5 0 < € € F & € WESIET
HBHTEEELTNS. Xz, 5 ep: Fy/F — C* &
er(ty) = 2V 1 e o (oo = (5 )oer € Fro = RI)
ICXDEE S additive character TH 5.

PLEDREDE & T, adelic & Fourier fREUCEHT 5523 d C &
T, C NO Q-algebra Z{2E01C % D Hilbert cusp form *°, p-#EH7xf%
72 O Hilbert cusp form HEFRL THL:

Definition 5.2 ([8, Section 2.3.3]). (1) R C C % ¢ = (¢1,e9,6,) DfH
& F @ Galois FA FO OFHER O 72535 Q-algebra £9°%. T
D EE, RARELD weight k, level M, character ¢ @ Hilbert cusp form
D75 g 24 7%

SN2 R) = {f € Su(M,2:C) | awly, /) € R for any y € F)'}
LERT S, -

(2) R 7% Q,-algebra &9 %. [&E L7z embedding i, : Q — Q, %
VT, RAZRED weight k, level M, character ¢ @ Hilbert cusp form
DI g 24 7%

Sk(M, & R) == 5:(N,5;Q) @g,, R
RS,

(3) KCQ, & e=(e1,60,64) DIHE O BFL Q, DHRIILK
hel, 0% K OBEERESS. C, 2 Q, D pitEselt& L, R C C,
% O-algebra £9%. TDEE, RARED weight k, level M, character
e O Hilbert cusp form D7%9 2L 7%

Se(Me; R) == {f € S.(M,&;Cp) | y, " aco(y, f) € R for any y € F'}

LEFTSH. Ty, &, Foecllctl F D pZEH%3 ideal p,
%z, iy,(oc(F)) C Q, ® C, WTD pEFHIED 0(F)op,) £—HIT 2
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DELTHBBNT,

—K1 .__ —Kl,0
yp L ypg
ocl

EBVWEDTHS.
Remark 5.4. (1) Definition 5.2 (3) DFl= T, & y € FS IR L,

a,(y, ) =y, " ax(y, f)

EREFEL, f D p-adic Fourier coefficient & X5, T @ p-adic Fourier
coefficient 72 % & DI, ARIFRAINTERILENEEDTH S (cf. [7,
Section 4.2.10]).

(2) p-adic Fourier coefficient IZBd L T, ¢-expansion principle 73K,
VT BT EMHENTWS. 9745, R % Definition 5.2 (1)-(3) D
WINHDEDEL, f € S.(MeR) ICDODVT, &L, IXRTD gy €
ON(FENYZxtUay(y, f) =0 %5518, f =0 TH 5 (cf. [8, Section
2.3.3)).

5.2. Hecke algebras and duality

Z @ Subsection T, [8, Sections 2.3.2, 2.3.3, 2.3.4] IZi1> T, Sec-
tion 5.1 TiEF L7z Hilbert cusp form DZERJICIERH T % Hecke alge-
bra % &# L, Hecke operator I & % Fourier coefficient DR 2 £,
Hilbert cusp form DZE[] & Hecke algebra @ duality I DWTHESTS
%. LR THWAGSE, 51 EHifios 0 L9 5.

2 % 2 {751 (“ b) CH L,
c d

a b\ (d b

c d] " \—-c a
EBL (LIE 2x 2 1THDIRTER My O main involution & XiZN 5 ED
TH5). £, F D% ideal NI L, ~DD semi-group ZHET %:

Ap(N) = {(CCL Z) € My(0) N GLy(F™) | am € 03, ¢ € MO},
AF(M) = A (D)
(% 0) € 11(0) 1 GLF) [ 05, e 0}

Definition 5.2 (3) ICHN 2 p-EEEER O ZH T, Q LDH B HMRX
HERIKISEENS pENEER W =i (i, 1(0)) € C ZHEDB. F DF
# ideal q ICHT BT w, Z WNF HHEE-THL.

Hecke operator ZEF& 9 5 728IC, character € = (g1, €9,6,) & (ﬂgoo))X
&AM DLEIC, ROFNETIEE L THL:
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(ex0) FEED w=)", ;w, € Z[I] %,
X w We
=110s =T, == (@) — " =]

plp oel
IZK D, OF @ character £HIEXY. EHIT, Gppwy ETIE trivial &9
HCLT lep 2 RIER UL D%,
5 - oo
plp

EX9. IS, K pp D F/Q ba_&tobj‘é TIAEEZ e, ELTCE X, &
% uy € Of %ﬂﬂb‘f p=uw,” EMFBME, pr I p-adic unit T
%% C LICTER.
(ex1) O* EOD character TH5 e, & ey %, Dqwy LTI trivial &9
HCLT,

€1,€9: (Flg’o))X — C*
LC@%@‘% 4‘75‘, ey LCOb\‘(Ci, (Féoo))x J:LC Ey = €1 &2 &@%L
THL. F, ae (F)ycxL,

e (a) :=e1(a) - ex(a)™!
LEBE, PO RBORNMITIRIKD TSR

o0 0 [o¢]
Ten(F) _{<a ) |a,d e F™}
E®D character
[ TGL(FQOO)) — CX, <g 2) — €2(Gd)67(am)

ZERLTHL.

(ex2) v Coo M p 2L, Gd% BX & v =00 (resp. v =p) D& EC*
(resp. O%) Z&XKTEDET B, £, F D% ideal M N (v) 2 v = 00
(resp. v =p) DE X N (resp. NN (p)) ZETED LTS, O-fFEDN
MITH RO I B2

71(0)i={(§ §) lade0)
L, Tan(0) N Se(MN (v)) ICHIFR U7z character € % Ag(M N (v)
AN N (v)) D character ey ICRDEK I ICIEET %: § = (ccz Z
Ao(MN (v)) UAGN (v)) IXF L,
e4(8) := det(8) Lo eq(det(8))e™ (amn@) € B>.

) &

-84 -



30 Wk Ze GREERED

TTT, det(0) 1 i3 v =p (resp. v =00) DEE (ex0) TEFHE NI
p-adic unit (resp. 1) Z#&K7 .
(ex3) DAEDFISDE &, FHOE FSo (9N (v)) D character

g =4 FlS(MnN (v)) — B,
25 |20 72 2 e ()0 (5) (2 € FY, s € So(Mn (v))

)
ZEFRT BH. T D character D well-defined MEiE, FS N Se(M N (v)) L
Tey LB/

FY/F* — BX, 2 |22 e (2)

MW= B LICKDRILEND T LICHEE.

(exd) &<IT, eX 1F Ag(M) ETEHEEN, (F) N AN IHIFEY
R

(F2) N A(M) = €, 2 — ey (2m)za(det(z™))
LT 25, AYN) BEUREOR (F)*Ag(M) @ character
e (F)*Ag(0) — C*,
26 & e, (zm)ea(det(zNX () (2 € (FV)%, § € Ag(M))

i3 well-defined THh5. TTT,ze (FO) ITHLT, 2™ i3 2 DN
Z# B ideal 7o B DI DERS \%E'@‘

T,

0=y 1) 16€0)

EBE, K y € Aog(MN) ITRFL T, So(M) I€ KB double coset DIEEE
R R R

So(M)y"So(N) = I1 (ut)So(M)

wel(0), teTar, (FL™)

S THL. TTT,t e Ten(F) 1 det(t) = det(y) %5 L D%
B> TWa. Tk, Hilbert cusp form f € S.(M,e;C) XL T,
GLy(Fy) EOBIEK

FIISo(D)y" So(NM ZeA ((ut)") f(gut)

= §(det(y)) D elut) flgut) (g € GLao(Fp))

u,t
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Mu &t OECHICKSLTICEED,
fISe(M)y So(M)] € Sk(N,e;C)
Lix%.
Definition 5.3 ([8, Section 2.3.2]). F D3 ideal q XL, 7%

1 0 s 1 0 .
b o) € A T apart Wt wq), Z DO

trivial THBIt2EKIT T &ICT 5. S.(N,e;C) LD Hecke operator &
LT,
1

0
T = [Sp (D So(N
(@)= [5m) () o)
EBL. Fiz, EELEZDD embedding iy, : Q — C &, : Q —
Q, LA kDFM Q, — C Z—DEEL, TORMZEL T
Q, 5 C*X HBETILT,
1 0\, .
Ty = den( (2 )y
EBL. Fie, g THB E XX, N D prime-to-g-part N@W A N@ <
c(e7) &RB T E2MJEL T, WEFBf%
S (MW £, C) C S.(M,¢;C)

WL T,
T(wq)(Sk(NW,;C)) ¢ Su(N,e;C)
L7x%DT, q TDO Hecke operator ZXHl[d % & Xix, S.(M,¢,C) I
® Hecke operator T'(wy) (resp. T,(wq)) 2 U(wy) (resp. Up(wy)) &
<.
eI, k=0t L& qtp DEEITIE,

T(wq) = Tp(w,), Ulwy) = Up(w,)
LI2% T LICHRE.
Hecke operator & Fourier 2R & OBIRIIANTHEZ 5N %:

Proposition 5.2 ([8, (2.3.16), (2.3.21)]). q Z F D3& ideal £ 9 5.
(1) RC CZ e Dffik 0% ZFEL Q-algebra &9 5. RARED
Hilbert cusp form f € S,(M,e; R) I/ L, &L qf N &EHIE,

ooy, f1T(w4)) = ooy, f) + NF/@<q>E+<wq>am<w%, ) (y € F})

Li5%. TTT, Npjg Wit / )V L2 £T . —75, N 5511,

a(y, f|T(wq)) = @ (ywg, ) (y € FY)
Lix%.
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(2) R C C, %2 O-algebra &9 %. RARED Hilbert cusp form
feS.(MeR) XL, &L qfpN K5I,

a,(y, fIT,(w,)) = ap(yw,, f) + NF/Q<q)5+(wq)ap(wiqa f) (v e Fy)

E7R0, qpn %513,
ap(y, f1Tp(@q)) = aplywsy, f)  (y € F)
ER%.
Definition 5.4. DA FOREHDE &,
Pt or [k] >0

EARE L, R 7 Proposition 5.2 @ (1) & (2) DWFhhDEDE TN
I, Proposition 5.2 IZ XD, R-fZE(D Fourier JERHIE Hecke operator
T,(wy) LBEDIEFHDE LT, U RAFEERZ T DS TDL
&, R{RELD Hilbert cusp form DZE S.(N, e; R) ICVEHT % Hecke
algebra 7,

he(M,e; R) := R[T,(wy) | q: prime] C Endg(Sx(M,e; R))

LEFRTD. HE, gy e ON(FCN) ITHLUT, LDBNE T,(w,) 125
D ZAFEDZIEHA L L THhHh NS Hecke operator Ty(y) € h.(MN,¢; R)
HERTHIEMNTES. TTTR, T(y) DERIEMT ST &ICT
%. 7L<, [8, Section 2.3.4] ZZMRDT &.

Hilbert cusp form DZEfE] & ZNITHERH 9 % Hecke algebra DD
duality (&, Fourier fREZHWTRDO XS ICHEZ 5N %:

Theorem 5.3 ([8, Theorem 2.28]). DL EDFI S DE &, A % O-algebra
L9 5. A-RED Hilbert cusp form DZEM & ZNIT/EH T % Hecke
algebra ZZNZ N

Se(M,e;A) :=5.(M,&;,0) Rp A,
he(M,e; A) == h,(N,&;0) ®p A

EEFETDH. TDEZE, A-module & L TOIHE!
Homa (he (N, 63 A), A) — S(MN,554), 9 [,
T, BRI
ay(y, f,) = () (y€ONn(F))
2129 & DOMMFIET %. Proposition 5.2 (2) I XKD,
ap(L, fo|Tp(y)) = ap(y, fo)
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L7mBDT, £XIT p A A-algebra HEFTH 5 L 21T, f, £ LT
o(Ty(y)) %Z T,(y)-FEEHEICED h, (N, e; A) ICBId % Hecke eigenform
S ST R RO A

Remark 5.5. mp 72 O QWK ideal &9 %. HIRZFE—H
he(M,e;0) = liLnnhK(‘ﬁ, £;0) ®o (O/my)

WD ALH, B n ICHL k(N e;0) @0 (O/mp) WERIERTHASZ &
MHIGENTWS. £Ko5T, h(M,&;0) IC profinite (itHZ AN % T &N
TZE%.

5.3. Modular Galois representations

Z D Subsection Tl&, UM NE mod p Galois £ p IZH LT,
Hilbert cusp form Il % deformation % Zfdd % p @D universal
deformation ring & LT Hecke algebra Z#H75x8% C EWHRFENS C
LI DOWTD U h 5, Hecke algebra D ideal I K % pgER7Z1HREL
& L7z Hilbert cusp form IZ5ffii 9% Galois RIS DUV, [8, Sections
2.3.4 and 2.3.8] IZIR> TN T 5. 5IEHKE, piffiosd Szl &
9 5.

Definition 5.5. A %Z O-algebra & L, f € S.(M,&;A) Z h.(N,e; A)
ICBE9 % Hecke eigenform &9 %. f @ Hecke BEAHIEZTXT A ICH
FNTVBREIETS. TDEZE,
p:Gal(F/F) — GLy(A)
W FICAIBEY % modular 7% Galois K TH B & i&, RD _DDEM7%2
M7zd L TH%:
(i) pl& pN & co ODNTARDILTH %;
(i) pN ZEIS R0 F OITEDZ ideal LIS L, f O T, (wy)- A
& Tr(p(Froby)) &—%d 5.
CCZT,0DERKZTF LT,
p: Gal(F/F) — GLy(F)
%, 3% Hecke eigenform f € S,.(M; e; F) IfJFid % mod p Galois i
&9 %. Theorem 5.3 12K D, h,(N,e;0) D755 mRE hy &, p
@ deformation D 9 B weight &, level N, character € ® Hecke eigenform
WIASBES % & D7z B %257l 9 % modular 7% universal deformation ring
EHITE BT ENWRTE S, ZTORE, FHAETRE p D h; N\OD universal
deformation
p: Gal(F/F) — GLa(h,)
&, pNt ZES 7R F O ideal [IIXfL,
Ti(p(Froby)) = T, (=)
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ZHlc I NEEDTH 5.

Remark 5.6. ULDANEEKMFDE LT, TDOX S modular 7% uni-
versal deformation p DR E N, p ICHT LK ZmDTH %

universal deformation ring & h; DFEI—HI NS T &H, Wiles [13]-
Taylor-Wiles [11] *° Fujiwara [3] 2 EIC X DHIHN TV 5.

PUF, ZBRIC modular 7% Galois ZIMNFEET 5 Z & 72, AEHHZAIE
U TR % (FEL <1, [8, Section 2.3.8] ZHMD T &). h.(M,e;0)
D ideal P IZXf L, ¥ 1. (M, e;0)/P Dpsitk%z k(P) &< T
£IZ9%. Theorem 53 ICHBWVWT A = k(P) &3 NUX, k(P)-RED
Hecke eigenform fp T, F DEED ideal q ICK L, T, (w,)-EHED
T,(wq)(mod P) &—HT BLDMFETS. TDEE, fp TS
modular 7% Galois RIIMDFIET 5:

Theorem 5.4 ([8, Theorem 2.43]). L EDEISDE &, k(P) ORI
2 THRWVWERETS. Fiz, IRXTD 0 € [T U Koy — k1o >0 TH
6&'{&%[./, k= /{Q—Iil—f—]_ € Z[[] &4‘1;5<
(1) TDOLE, HiKiT semi-simple 7% Galois &KH
pp: Gal(F/F) — GLa(k(P))
T, ROWDDEM 2129 & DMMFEET %:
(i) pp & P & 00 DHNTARDIETH %;
(i) pN ZE S5V F OFEREODZ ideal [ITH LT,
Tr(pp(Froby)) = Ty(w) (mod P)
Ziilcd. £z, N, % p-adic cyclotomic character & U, JAAGHIC K D
g4 72 Galois character & #7%9 C & T,
det(pp) = 5+./\/;£”}

MEoN5;

(iii) m 2 P 238 h.(M,&;0) OWK ideal £ 5. &L [ky—ry —
1>0MDDT,(p) ¢m THA] B LIE k=21 2D T)(wp) €m
5% p Bl FEideal p DB 25X,

e
prlp, (0 5p)
EMTB. TOFRRICBWT, D, & p ICBI 27000, ¢, & 0, & D,
@ character ZZNZTNEXKLTHBD, &£<IC 9, &,
Op([y, F3]) = Up(y) (mod P)  (y € Ff)

B8O TH%. TTT, F DFideal q IKHLT I, Z q TOMEN
FEE LD AT, il [ Fy &
[coq, Fy) (mod 1) = Frob,
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EIEFUEE N7z Atrin symbol 2K & D &9 %. K7z, Hecke operator
Uply) %

) = 509 (3 ) sut)
EER LT, &I, Proposition 5.1 & Proposition 5.2 I & D,

Op([u, F]) = (e1)p(w)u™  (u € Oy)

E72% T IR,
(iv) 9 = Noe(e7) &BL. &L, Ny D prime-to-p-part ’ﬁ((]p) pa)
square free Te(e™) EHEWICERBIE, NP 2E% F OIFEOZ ideal

g lcR LT,
~ €q k
pplp, Q)@)

EMFB. TTT, e & 6 & q TORERE Dy O character THY, &
<IT &, 1,

dq([y, Fo]) = Tp(y) (mod P) (y € F)
Zfiilzd. TDEE, ue OF ITDNT,

Oq([u, Fy]) = (e1)q(u)
LA IR,
(2) &L pn DHENRERTHNUL

pp : Gal(F/F) — GLy(h.(M,g;0)/P)

DX S pp D% GLy(he(MN,£;0)/P) ICIMEEZTEMNTET, pp
& he(MN,e;0)/P FOFRIEDZEZBRE —EIICFET 5.
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i Frsat

1. IZU®IC

AL 2006 4 B ALHRE R PR FPER A JERE CIThov e TEEEGRALIRE O 7% |
BT 2EFOHFZ B LICILTND. FEROHT, FICBEGRLHFERET2%F
AR E XU, BEGRIZB T 5 [ EF— 70352 )7 ) OEEEE RS
HZEThoT.

AHTIE, BEGROA LT, HFOHY L b5 55TV THlME - Bk
DEATLES TS, L DFAEICE ST, “BOONEH 2R+ 250k —
T, BEETLAMOEOZ IR EESs TWVHIRRWNE N ) ORFEFNE LIV,
LL, BOWEREC Grothendieck IZ XV Ald S iz T£F— 7197258 207 1ITfilii
THEL 2 LITRA 285 - R 220 bk, BRI 2 A8
727 7a—FE2RH-DICb R L Ths EBbns. BEERMICRTYH, K
IR AR - EF oML, B F— TR E T ICERWEEEZ T T
L5HDHE0.

FEOAREODS— L1, (AHEMZICBWT, MED ] £ TR ML
EWTHDH. X & [g AT O i)

U R R F BB JE R 2= (email : tetsushi@math.kyoto-u.ac.jp)

7 Z v A ER ST (IHES) (email : tetsushi@ihes. fr)

20064 9 H 4 H (A)~7 B (K) (13:30~15:00)

THEOSA MVF [ARER T —GRHEET 4 — 7] o7, “motive” O HAFRRFLL LTIE [E
F—=71 BEY RN BDONLOT, AFTIE [£F—7) TH-FHZLICLE.

1
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LTAHL, XO (BR) arEn—3 k0L IIIRhD.

7 i=0

) Z@Zg =1

H(X,7) = Z 222
0 (FRLSY

i EARTRV—ORBLEVIE L anb ko1, X Eidid2g@o T1%kie
WZeth A4 7 v MY, ZIUIHIE LT, HY(X,Z) OBEEIL 29 £ 72 5. LD 71
BRETHY, ZORDVIZQ, ChEDHEIFE L LIaRErY—42EX52 L
TX 5. FAdhm X o LTiE, 2o EXOWIOZ % Q, CTEEHELZTZLD
LWL Fe, ki, BARSCBZREE LicakEny—%282x52 L
HTX 5. MMZERM X T/ LT, Q Loy MAZER (X, Q) DRI bi(X) 1%, X
? ik Betti B & FHEAL, X EO liRkoeieyA 7 v) © HMEH #FTRHER
7R EBD —>TH 5.

AROT—~D—2%, TA—ILAREOAD—ThDd. Zhix, TR

IBRTDHarEr —ORESMPEEEITH Y, Hasse X Weil IZ L D HRIK LD
BERIEDY — & 3% (Hasse-Weil € —42 B%k) Ot 4 E 2T, Grothendieck
I Lo T 1960 FERICAEENTZHFR TH D, MAHRAFICIBNT, akEr U= 7
FZERI D TH) 2L TWED EFREIL, =¥ — L aRtn o—bRESERO (il
GULEINTERTOD) B 2R L TWHEBX NS, FETRXZLE, =F—
VaREn V-0 EERORBEHRE (L0 —BRIEEDOAF—24) (2K LTl
MTTRE/R Z L Th D, £ LT, X 2K K FOREEHEL TS L, K LKL
KX @x KOxg—LakeEny—H (X @k K, Q) 1£Q LOFRKIL~Y b
ZEHEITCTHY (1T K TRl QiE Q o (#EsEfi(k) , HARIC K Offixt Galois
BE Cal(K/K) BMET 5. 372bb,

[mZ—afrEnl—%2Hn5 2 &T, REEZEEED Galois FHL
(CHEER) 21ELZ N TED]

DTHDH. ZIUIREEX L Galois RELOxfIG (Langlands ¥Fits, FE AT HUEARGR O —
ffi) ~DICHELEETHD. £70, AREOREMMAC LoRESHKEO = 7 — 1
arEarY—H\5 I LT, Weil T8 (FIRIE EOMREZEEAKRICKT % Riemann

SRIEEVHIZ 5D, TXLDLLLOT, AT %K ©F—T 5.

L OfTRZEM X SR LTI, akErY— Hi(X, Z) MR EHOZERDY, TOfRE
ETHEMEC 250, ERFEHEBICLVHE SRS, sEL<IE, [Hat] 72 EOMAEMAROBR EE S
.
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THROFE) Lo BEGHOME L, MARMFNRT A 77 « FHES L VHIET S
ZLATREIC e D

AFRDOE D) —DOOT—<ITETEF—T ThDH. Tk, RESEEK (L —#&izx
F—2L) OafRtEn =, B, BN A 710 8E2Hm—mIclo oo
TH L5 H DT, Grothendieck IZ XL > THEREINTMETH S, Grothendieck 1%
RAAUE—RFFREMIND TRZIRH L, 2O THEZ AW TRES R 250+
ATNCE ST “fif” +62L7C, EF—7% [EFJ Liz. LT, Weil FEN
BARIZEMDZ LA2/RLTZ. LL, AX X — R PHEBHIIS H CHLRMEETH
D, TOEWT, EF—7OHRITHAE LB IREKOHR] THLLWVRD.

AFEX (2o NECDIZ] 2R E) RO 4SOHING2Y, TEEEGEFLIEE D5
B BT 5 4 HREIOERANRIZIZIER G LTV A.

§2. PREZA & Galois FREL

§3. Weil 7 L =X —/LakREnv—

§4. Grothendieck D& — A% % — R PR L ETF—7 O, Weil T4, Jannsen
DEH

85, BEGMICB T D [£F—TWRE )

RO BIZIE, B OFEEE LT, Wiles 2 X 5 Fermat ORAKEBLOFEISC,
WD Taylor & X - 74 F PO (XL DHED) GEHO RIS, [£F—T172
BEZF) BEDLIITHEOIN DD EMIL LT, ZHICOWTIL §5 THRHIZIR~ %
& EoTc. FEfE - Tate PRLZIICEE T 2F8IZ OV TIE, [Tanoshimi] (ZFE L
KEPNDTETHLOT, BREFFIZNIEHEIZEHLLEZSR L TV ZEE 0.
F7o, ARROKDVICATRONS & BE U7 #E M8 & 23 0kE 281 Tz, Z
N ZESNTIZE BIZHR « 2 ED TV T IUEENTH 5.

BHBIZ, AR TH - TR WEEIZOW THEIZE R TEL. AT (=& —/1 o
RERD—] LWL, 1ZEAEDEE, REWPAKR EORBSZERRICKT 2 88
Qe (WITHEMEATRHRHEE) 2R ETrF—NakErdy—DZ L Thb. E
%, =F—afREn—0MmIE, TEDOAF—LIK L TREMATES. (£ Spec
DTH—)LARER T —%E 2 5HZ L TGalois ahETro—0OHHEENY, B
~OIGHELEETHD. LrL, AR TIEIiUI oW TE—filinzn-725 i
DS AT TR TR (s Z ERTE o tn) EERT —~ & LT,

ST, FAREMTEICH T S ahErY—L, KI5 Galois 2T 1 YV —E07R 0 EHK
MRERDEDTHY, BRGNP DRTNESS EEX P THS.

3
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KOED IR bDNRH L« = Z— NVERBOMG, =7 — N (ERFOMR, THES] ©
e, —Af~0IGH, WiEE O, Hodge Phin & 0Ll AR Chevalley FE D7
Blam~DIcH, RBEZBUZME S Galois KBl - EFRZERE - Langlands xS ~D IS,
B A 7 )L« Chow BE~DJEH, RESRIEOEW & ORELR, RETF—7 O
Wi, BEF U4y aREnd—, B—2EEORKRE - RER K i L ORRRE.
IRBIZOWTHBRE 72725t 1, [EGA] [SGA] X3 HAADZ L, HERIZE
U C [Corvallis], [AnnArbor], [Seattle], [Toronto], [A1] 72 & DZHE CEKICHE A T
RIEFENTH L.

TH =N ARER Y —RET — T LWV AKRRT—~ % DX D I/ N CTHER LR
KFTZETEHBAALTERNWL, TOLXOIRILIFTHEBELTOVRY. WANA & A
bd D IR D, MBS U TEE R & THll» TW e 2 & 72, RS GH
RMGHBME IR L TVWDRAESL, T bfRLE S L) AxoBiTic b LTh
hEEWTHD.

200843 H ~VU—o#HSIcT  EEFIHT

B DEEGRILIRE O OSINE OBEKIZIE, RPENLIS DR 28 L
TEM a3 Ay bEWEFEEE L. B2, PHEE=K (UCLA),, HBBE—RRK (u
MK oix, AR Galois RBUCHT A HEBERIA L MW iZ& E L.
Fio, FHER (BEXR), THHMER GUER) IC3EEE — FE2FFMICE > Ty
mEE, AMEPETIROBE ST W EE LA £, KBICRVELE
0, WHEOMESE N WRERTR S04 EEER) (EET2 & L blg, FEHED
BEIZL D AROFEMRPREENT LESTLZ L EBFERLET

5Le Bois-Marie. Grothendieck |2 & % & 2 F-— [SCA] BTN =BT, 7 T v A &SR AR ZE 0T
(IHES) 23& %73, ZFHLISMTIT .
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2. AL GaLors FHL

AHITH, =8 —LaRE R V—REF— 7 OHR~OBHMT T L LT, RIBR
& Galois 5. (Artin #5, (#EEB, modl EH) oW THEIZED L, AR
RUZHES (HEREBL IOV TIERS.

21, REBROES. == T, BHEHROERLIEICEE TS, GEL <L, [Sed),
[Sh], [Miy], [DiS] 72 & DB SR 5 % B,

TR E RS & T HITHIRD 1 0 2 WIEFHFTHIA % SLy(Z) L35<. BN > 112
5L, SLy(Z) DEABET(N) 2D L 5 ICED 5.

PdN);z{(i Z)GSLﬂZ) CEO(mmﬂw}

H:={z € C|Im(z) > 0} &#FE LV, e: (Z/NZ)* — C* Z¥[FJE (Dirich-
let 3812) 7%, k&BHTH- T, e(-1) = (-1)r&H=TbDETH"

£ 2.1 (REEX). To(N) 2T 25 (ko) BloRBRASL 1T, #F TP H E
OIERIRE f THH- T,
2 a b . az+b\ &
(E=N <c d) eTo(N)IZxfL, f(cz+d> =e(d)(cz +d)" f(z)
AL, BRESCTEANRLDEZWS. N, k cezZhFh fOLR)L, BX, 5
B,

MR A CIERD) OEREHRIL LS. 4 € SLy(Z) 1Kk L

(flxy)(2) = (cz + d)—kf(ZiZ)

B [y I EHOH EOERIBEHE 22D (fliy)(z+ N) = (flxy)(2) &&7=F. L
7= T,

o

(Flen)(z) = D o(f kv,n) ™Y, o(f,k,v,m) €C

n=—oo

LVOTBICRBITE B, £ Tn < 0= o(f,k,v,n) = 0] PMEED~ € SLy(Z) [kt
LA oL E, fIISRESRTERTHL L), ST, & n<0=

b e(=1) = (1)F 2H7EERVBATYH, UER) 2EHTDH LI TR, ZOHAE
f(z)=0&72>TLED.

82 Z TV IHRRIER L1 “modular form” DFREETH 5. “modular form” & E ¥ =2 T —FR & HR
L, X0 —#oBIZk4 2% “automorphic form” ZHEAIER LR LT 5 2 L W, AfE ClE
FRFFICERIETIC MR RS LICT D,

5
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o(f k,y,n) =0) MMEED vy € SLy(Z) \IZH LT izob &, fIIRAMTHD L
W9,

N' % N OKIET, NA£N 55, f2T(N)ICHEHTLEEEREL, a>1%
aN' D3N 28085 XD EREEETDHE, flaz) X To(N) BT 2 HRAEA L 22
5. To(N)IZBET2HEREXRD I L, ZDO LT L T/ WRATER) B 15
LD DOMIERE S TRENHMAEXLIBRR & 9. Petersson NiE

/ f(z Y2 dady

(DIETo(N) D H~DOIER OREARTER) 12 &> TIHBROZERH & EAZ L TSR
AEFHEKXE V). (LYULN THIHTEND TH L REEXE W) BERTHS.
§2.7 Tk~ % J5Uhf Dirichlet FEEE DAL CTH 5 .)

éi € To(N) TohoHMD, flz+1) = f(z) BV Fo. LERST, fik
= exp(2miz) DEIFLE LT

f:Zanqn
=0
EWVWIHTRICEHTE D (B . ¢ DAXTOEMNEZ DD, [ HERREE A CIEH|
THDHZEDFETHD. fRRANTHIIL, ag=0ThHbD. ag =102 07E=DE
E, fIZERIEINTLS V).

PRATE D ZEMI21E Hecke YEA R & FHZND1ERZENERH L T\ 5. Hecke {EH
FIEINZELRNFEE pITxT D

Ty f=Y and" = Tpf =) apug" +e(p)p* ) ang™
BLON ZHID UL FER p lTkT 5
Uy f =S and o Uy 1= 3 tpnd”
DD,

AR OBHRO P T, EFLEN TV LM f = 30 a.q" T
HoT, LUV NOFEXTHY, X512 Hecke TEAFEDRIFEE AR L 72> T
HHONHCEETHS. ZDLE, Hecke (FHFET, (X7213U,) OEAGMEN, foO
g BBRICHBITD 2 DB a, ICE LW Z ERG0 5. (T,f R Uf O q BRFBT S q 0
L IROEOFEE R XK. f O LB Dirichlet #&#k

Ls. ) =) "

n=1
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Lo TERSND. [ Hecke (FHZDORIFEAREBTHL Z L2 MWD L, Lis, f)
X Euler &

1 1
L(S’f) - —s “1-2s 1_ 4 s
paiNglJ%fxu\l_app —|—5(p)pk e p!iNg'l”@Jél_app
BRSO LG, S BIT L(s, f) 1X s DEE Re (s) 24 jt%u\bﬁﬂzﬂ@xﬂm
L, EFEFHEBERICIEAREE S LTI ST, s = k—s &0 O TEOBIEE
ey e I

2.2. BREMKXDOH (1). Ramanujan O A B

—qul—q 53

_q_2a1+25m —1maq4~@mm5—6m@f-mwmj+~~

R D EANTEERRAWREMEATH S, AlZL~r 1, EX 12 0BT
HY, L1 ORFFEIIEROF TldE b EI VNSV, (KA TROWERIIER
& L Cld Eisenstein fkE72 E3 0 5.) £ = 7 A BEERIVIZIX A I3AE Mg B
X ITHISLTERY, BEGRORR LT, HEHERBEG, By, B, Mo
BOEMRBREICOENLIEERNGETH L. £ D q BRI 7(n) 1% Ramanujan @
TR E I TR Y BIBREWVEE 2R > T D, (205 DN DM, AIHED
(ERBZ WD Z & TRESPICHMN - 5EHT 52 &8 TE D ([Sed)) .)

Ramanujan @ 7 B0, ERITHEMIZN, EOEEHMEE OFEIITHEE L. L(s, A)
2 Euler fZ2 #5252 & 2 HWT, 7(n) 23BEFR

e n,m>1DBHEWVWIZHERD, 7(nm)=T1(n)r(m).
o Fip, BHaz0lZHL, 7(p™) =7(p)7(") —p'7(0")

AT eSS (Mordell) . H4 72 Ramanujan F18
EEOREKEpICHL, |r(p)| < 2p'/?

X HREB O T 2 W52 FR THAHICH DL BT, FIEGEIIXV E 7212
SENTWHRW. (pDO_FIZEHND 111, ADEIS 12206 1 25 W\W=b DIz LV.)
Ramanujan DA HEI HIL TV D ME—DRERIL, AE - EHEZEEIAZ VT Weil
TR AE SH D Deligne ITE 56D THS. (§83.8 5 H.)

7
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2.3, BEBROH (2). b5 —OHEHT LS.
fzqfiﬂ—qﬂ%1—¢MV
:qn—:12q2—q3—|—2q4+q5+2q6—2q7—2q9—2q10+q11+---
HI2, L1l O A ZRIEIEICET AR TH 2. fO g%
f= ianq”
=1
EBL. FEp A 11Tk L, M
E:Y*Z+YZ*=X*—-XZ?
® mod piETLD F-HE ROz #E(F,) £B< &,
ap(E) =1+ p— #E(F,)

WIp0 =D, ZOZ Eix, TS Galois FELN, KB E © ¢ Tate EE (D
Pt ZHONTHELND Z 2 EWT 5. (12,9, EHL2.1022M.) ZHEFEL-&
FHFROFRIRGE THDH. - Hasse DEE (#13.6 22H) 2H\WAZ & T, f
(Z%9% Ramanujan FPAEDHEL. (Ramanujan-Petersson $78)

EBDORBp 2L, ap] <2¢/p

PEbiLs.

2.4. Galois RIEDERE. = Z Tl Galois £#HL & 2D L IOV CREHIZIE RS,
GFEL <X, [Sed], [Seb], [SeT], [Tay3] 72 & & SM. FflZ, Taylor IZ K% ICM i &k
[Tay3] 1%, HFOBRLEEEZ THNYLT I EINTND.)

LR, (2378 LT5.

E#E 2.2 (Galois #Hl). K #kL L, Gal(K/K) % K Offt%f Galois#EL 4 5. E %
BREBIKC, (EER (Q OARKRIER) , AREOWTANE L, V Z2IKE EOAKR
Wt hVEMETSH. K O Galois ®RIR & 1%, e ERE

p: Gal(K/K) — GL(V)
DZEEWVH. 22T, Gal(K/K) X Krull fpARICE T 5 2237 MIMEETH D.
£, ENHRENEREARO L Z1X, GLV) ITHBNAHEZ ANTE RS, BN
oL X, GLIV)IZ(EMHEE AN TEZS.

Iz = CIREERFS R 2 B AR A 8T 720, —OERRRIL - 0 L 5 7R BRI 4 5o
DIFTIE AR,
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pMEERIEIE, 0TH p B TOHLRWMORIEDFAELLNZ L2 V). £z, &
HpopE BEAOLE, pldERBEHTchHs L.

ENEHEBEROLE, pZ ArtinRIB L V). ENCERDOL X, p& (HERB L
W EDMERCOARKD L &, pamod (REBE VD, Artin £ mod ¢ FEH
DBITEICAREETH S, LEN->T, Artin BHSCmod ( RBAEZ D&, A
FRIK Galois LK L/ K EERDIAI p: Gal(L/K) — GL(V) Of (L/K, ) &EZ2 5 Z
CIRFEETHD. ki, (ERBOBIZARE RS2V, KFEFE Q, = C % [EE
LI @R (R E Artin RBLE R4 52 L %0,

pERK OLERBET S, Gal(K/K)IZay /"7 MEROT, Z0plc kb
ARy b ThD. LEBRST, VOREEEZIE LD L,

p: Gal(?/K) — GLd(OE) C GLd(E)

L h. (VORTEddEBW-. Opli EDEHIR.) mp % Og OWKRA T TV ET
HE, ZOBEBLOmod mp #E 25 LT, mod ( £E

p: Gal(F/K) — GLd(OE/mE) = GLd(HE)

PFEOND. (kp = Op/mp X EOFRIRIK.) pZ& p DRRRBL VD, —KIZ, p»
BRI TH- THp BB SRS . Fz, pldp o —EHICIRED LIFR S 72
W2y (V OREEORY FIizka0b LivZeyy) , EEMIL 7 OFREEIL p b —F
MR ESD. ZHUE, o e Cal(K/K) IR LT, 77%(0) DEAZLERN p(o) DF
BLZEXD mod mp (ZHE LW b5, FRCRIARB p OFRMFEREE, & LEE
KThiuE, pho—BIICikED.

BHGRIZB W TIE, REUAD Galois #HDPFFICHEETHS. K 2REAKE L, i
%@tw%iﬁ WZxtL, K FOMDIALRK — K, #[EAETS5 (K, ZvicBlTs K
D5EEk) . Zhick v,

Gal(K,/K,) C Gal(K/K)

ERZ50 b, KO Galois&H ploxt L, 0 Gal(K,/K,) ~OFIR py := plaam /)
MEBEZADLND. vefARFERL L, FREL k) £ E, TEERS

1 — I, — Gal(K,/K,) — Gal(x(v)/r(v)) —

10Q, & C bl & o REABR 205, Zorn OHRE e LTRAKBTHS.
U5 pRERIZS o € Gal(K/K) OEAZER det (T — ?wnf&ié BEH 0 DIk EoFBL
LRRY, % o OB Tr(p™(0)) 7213 CTlt p* ORMEBEITRE 572000 2 LITIEE.

9
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PRSI, Z vl lBITHEEEE V). k(v) DN Z q, £B< L, Gal(k(v)/k(v))
X7 (Z ORIERRSEEIL) LR TH Y, %{aI# Frobenius 7t

Frob,: z — /% (¢" TG D F15)

WX ORI AR S D 2. K, @ Galois ZELX, TEMRE L, ~OFIBE2AEIAE 225
CLEFRDBETHDLEWV, ZH)THRWVNEERIFEL TS EWV),

2.5. Galois RIRD L BA%k. REE K 0 ¢RI Artin £ p 2L, £ LK
L(s,p) WEE5S.

EE 2.3 (Galois LD L %K), K 25K L L,
p: Gal(K/K) — GL(V)

OERBLELZIT Artin RELLE T 5. p BN CERBO XX (Thbh, V2iQ D
AIREIER E EOFRK TR b2 o L &%) , KR Q, = C #[EEL T,
p(o) (0 € Gal(K/K)) OEFHEITEEL TCHDHEEZD. Tz, pSIERIO L X
X, plX 0 2E VY 5F#EH Tde Rham THD ERET DB, oL x, pd LB
75 Euler 8

Lis,p)= [ Lu(s.p)

v ITABRFE A
L L~ TEHEND. BIRETF Ly(s, p) DEHRTKOMED Th 5.

(1) p 3 Artin KL, F7213 p 2 CHERBLCTRIGIE k(v) OFEEN 0 & HWITHET
OO, EMERE L ICXVEESND DR T # s %R E Ve = {ve V|
ployv=v (Vo € I,)} £3< &, Frob, IFEBRIC VI IMEHT 2. ZOFEAE
Zylys g € C(d, =dim V) L%, FETKT%

dy

Ly(s,p) == H !

i=1 11— av,iqv75

TEDD. (g 1 FRIRE k(v) OB TH D) ThafiEic,

Lv(‘sa P) = det (1 — q;sFI"ObU; VI”)_l

EbEL.

20552 D HF ETIE, Frob, @it (HIZ Frobenius ¢ & FESD, F721% “&H”7 726D & X
B L THEREY Frobenius T & MER) 2EZ 2 25D B L0, AfaTIEd_T T4 Frobenius JtJ
TH—LTE2D. =¥ —LafrEay—nbEL5 Galois BRHLEZHZ X HERTIE, ZOHFNPEKRT
b5, (83.5MEES8, MHIESH. )

B =3 p it Hodge Bléf (p=10) DORAHEMETHY, U 2E0 Y15 H S CBERE] LHREMET
5. RESEROT Y — L aRrEoo—n5655615 Galois #HIUTT XTI OB EHRTT.

10
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(2) p 2N CHERTLTRIA k(v) OEEEMN I LWEAY, 2 2 TR L<IEmi L
RN, Z O, Fontaine IZ XD Dy-BAF MWD Z & T, K, D Weil-
Deligne &3 Dy (py) 3 B4, T E W T (1) & FRBRIZRATAIF L, (s, p)
MWEED :

Ly(s,p) == Lu(s, Dpsi(pv))
GEL <X [Tay3] &)

2.6. Galois KB L OB MILE (F8). BHGHICH VT,
[eBuY LSS Em ARG S h, BSRE LT 5 ]

CIRKEUL BN TWA., FIUTIHE, ED X 97 Galois #HLN “BuN L A A A H
TDIEAH D 9?2 # Tk 5 Fontaine-Mazur P4 (F405.1) Z2B£ 2T, kDX IHIZ
THREEAMELT L EnTE S,

FHE 24 K Z2EBUKE L, pZ (ERBLETIT Artin RELE T 5. (p 8 HERBLD
LX, KRR Q,XCAEELTEXD.) plIMfBEHTHY, AIRMED v DT
R THDLEARETH. IBIT, pBLERBLO L XX, pldlZ2EH VY LHHEAT
de Rham CTH 2 EINETDH. ZDEL X, p® LB L(s,p) 1% (p BSEBARBLOLAD
s=11CBIT5 oM ERE) EFEFESRICIEAREKE UTHTERINS. &
HIZ, Ls,p) X Y472 E0) BIEERXE B30

BrlZ TAE 2.4 OCEIIEER) Artin BEUCKT L CTIZBBINICAT- S5 051, T4
2.4 TR O I 22 T AR A BRI 26 & L TE T,

F18 2.5 (Artin TAR). K 2RFRE L, n>1L7 2.
p: Gal(K/K) — GL,(C)

R Artin RELE T 5. D& X, L(s,p)id (n=1TpBNEHARIAOEHED s =1
BT D omAERE) ERPEmEAARICERBEERE Uit sns.

MR iz 2 OBRAZRET Tl T 5 2 & bV, (ERBZEBNICE X 5O TIHARL, TTO
T ITBT B (HERBLOBES SR (compatible system) 5 %, [EARICH LT LEEREE 5] &
2D (BRLE) . mF—rarean—2ANTELNS Galois #HITEARE 2T (LHFFSH
Tn3). Lrl, BRICBVWTUEL 20 L 0H NS LEBNEED] EEZDIENEETHD.
Wiles (Z & 5 Fermat DEFAELEHOFEHIZIE, (2 LT3R5 E Vo EDREREE L 2H1E (Wb
% (3,5)-~V 7)) BAVWLNRE ([Wi) .

B (ERFZ ISR 2 RFIET) 2E# LT, Galois #H p DA AW THMER DK Z F
MECTT 22 HTED ([Se6], [Tay3]) .

164 3 HFR7: Galois 8L (Artin FHS° mod £ FH) (kL TiE, TARMED v DA TR 13H
BRI AT SN 5.

11
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n=1DOEEITEIEROFKE TH D, —KDn T, L(s,p) NAERIBSE LT
Mg S, GEY72EO) BEEERE AT 2 ERMmbA TS, (Brauer (FEEE
EMNLZET, n=10%4 EFH) JRETE5.)

n>20LXE, ZOTEPIEAINTWD 7 — R T2, Langlands-Tunnell
DEBIZEY, n =2 TpDBEPAERERGRDT2D. — KD n T p DBENRF5E
FED & Z1%, Arthur-Clozel 12X > T GL(n) OJEEHEEOISH & L TREF ST
% ([AC]) . &7z, &L TiE, K =Q, n=2Tp» (& REAETOTHE 250
Khare-Wintenberger {Z X W GEB ST 5. (§2.9 S [H.)

2.7. Galois RIFOHI. Galois #HLE D LB OB Z W< 00T X 5. BRI
b “Buv LE#HDEL < I1E, Galois #IEDO LEEE L THRRINLS.

#l 2.6 (AW1FHL L Riemann ¥— ¥ B K =Q &L, p ZHUIES LT 5. pld
SNTOFREp THRAELTH Y, p(Frob,) DEAEIL L THDH. LEAST,

L(S,p)z H 1_1p_s

[ REE
BELND. HIAOHERELREM L, ZFRESHO—EHZHWSZ LT,
1
L<57p) = Z E = C(S)
n=1

Wi (((s) 13 Riemann ¥—42 %) . FrZ, ((s) (TEFE VBRI S
M, s=11CBT 5 OBERVWTERNTHY, s 1-s LW I ROREEEE A
7=

f5l 2.7 (Dirichlet f54% & Dirichlet L BA%k). —#%l2, AR (T7ebb Q OFKGH
(2 v, Dirichlet ¥8#2% (1%Jc) Galois #HL & L THIRTHZ LN TS, N>1
&4 %, EFE N OJFYA Dirichlet 3612 & 1%, HERE

x: (Z/NZ)* — C*
ThHhoT, (Z/MZ)* (MIEIN OKE, M #N) ZfHELAEVWbEDOENSH. ZDL
X, x O LB

=y Mmoo !

1 _ —S
m>1, m I N L HWICHE p I N ZE|5 720 HE5 X(p)p

TEED. —H, (v & LOFENRERETHE, HAKRICHET B R
Gal(Q((n)/Q) — (Z/NZ)*, o —r(o) (o(¢n) = K7)

Ty72ph, detp(c) = —1 DA, T2 Tee Gal(C/R) IFEHELETHS.

12
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W0, KOG
Gal(Q/Q) — Gal(Q((y)/Q) — (Z/NZ)* X C* =% ¢~
DOHE p EBITFIEY, plid 1 &T Artin 5T,
L(s,p) = L(s,X)
% #7-79. Kronecker-Weber DFEE LY, QDT XTOT —~UUEKITZH D5 Q(Cy)
WCEENLDD, ZOXHIZLT, QOTRTO 1R Artin BB GHON DL Z &R
SN

Bl 2.8 ((HEMHIELE). K kL L, (% K Caliin#ke 5. n > 112kl
(n €K 1O M FAR LTS, 0 € Gal(K/K) (25t L, o(Cm) b E72 1 DA
FARRDT, 0(Cm) = 7 (ra(0) € (Z/"Z)<) L BT D, 1o(0) 1 (o DROHIC X
57, m>n2br,(o) mod(" =r,(0) ZEHT=T. B o r,(o) Dn T 5
WRRI L 0, HERE

xe: Gal(K/K) — Z; = im(Z/("Z)* — Qf = GL(Q)

BRFOND. T KD 1IRICERBTHY, TOBRITRIITERFETHD. v
K OCEADEREE V). K BREERRS, (2SR AREL vIZB Ty
EARIET, xo(Frob,) = ¢! AT (g 1T v ORREOMH) . F7z, (#ER
B p: Gal(K/K) — GL(V) LMo € ZIXL, YA ® D%
p(n): Gal(K/K) — GL(V(n)) £ #<. p(n), V(n) ZZZH p, V O Tate &Y &
AN

5l 2.9 (K5 dh#tod ¢ fE Tate ). K kL L, E% K LORKHE#E T 5. n>1

WXL, EDnESRORTREE
Eln] = {P € E(R )|P+ 4+ P=0}
]

L8 IO P+ PR ER) CEEDNMETHY, O € E(K) ILMEHRE S
OMECET 2HAC) THDH.) nH K T ThIUE, En] X208 M Z/nZ
MBETH L. (% K Tz s L,

T.E :=lmE[("], ViE:= (T,E) @z, Q

BN 2815700 F L p ikt L, /281 % %/ Frobenius ¢ Frob, (OFf5H LiIF0K) X, A
BWIZBT D pHicxbET 5. (p'ffitcb\ )

195*&0)%(1 a2 CRAL IClBbns b LivZev. T, Galois #30 L B %0
) Frobenius 7¢ (p BEALOWGA%) | J: Y iEFE XA, Dirichlet F8EE0 L B% (IB#A9I2) x(p) T
EFRINDHZ LD TR 2HbEH-00OLDOTHS. L HAHA, Hinlh Frobenius 7t (p 5 A%)
o T LBEZERTHZELTEXLHDOEN, mF—LakEn P—LOBRGEAELE LT, KX
TIEHZXTEI Lotz

13
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LB L, TE, Vi EIZENEN L, Q O 2 OHBMEECH Y, Gal(K/K) »
HARIHER 5. T,E, V,E 5 E O ( # Tate B L W 5. V,E OX 2 %

V= HOHIQZ (WE, Qg)
LBk, VichHAIC Gal(K/K) SER L, K 02 %ot ( EFRH
pee: Gal(K/K) — GL(V)

BEOND. VIZED 1kR=4—LakEtnv— A (Eeg K, Q) LAFETHL. K
B g DERIETF, THIUE, ¢ L AWVICERIEEOREITHL,

Tr(pp.e(Froby)) =1+ q — #E(F,)

WD T=D. (FE[F)IZEDFAEAOEEKTHS. #13.9%E2FM.)

2.8. I3t Galois RIREZEZ 5 EANKRYLDOM. A RELGROMED 5> Lo
<2, Galois FHO L BEICET 2 MEICEIR T 5. B,

FrEDXs>iasZipn, p=a*+y* (r,ylFERER) ETL02]

WO (BFx: EOXSIZFETLHZLE, p=1 (mod 4) 1EEMHE) X %&EX
PP BZURIERQ(V=1)/ QD / VWV ATH D Z &, Thbba=a+yy/—1 € Q(v/-1)
W LCatzoa & OfEN

aa = (z+yvV—1)(z — yv—1) = 2% 4 32
ErpZll, QW) DEEN 1 THHZ LICERT D E, ROGHBROEHK
p: Gal(Q/Q) — Gal(Q(v~1)/Q) = {£1} — C*

TEE S QD 1Rt Artin KB p ITXF L Frob, D17 & 5% p(Frob,) Z [ 5 R, 772
bb,

[1 %ot Artin 8L p O L BEL L(s, p) R EE L. ]

EWOH I (BFA V11T 1 DFMHAFRTH 5000, HOEwRNOIRD DD, H
FADIEAY 7 (ME—d) Ji4h Dirichlet FE1E
x: (Z/4Z)" — C*, 1—1, 33— -1

WXL, L(s,p) = L(s,x). ¥R, @8 8plcxt L TIL, p(Frob,) =1, p=1 (mod 4)
XFME) IZRERTE 5.

14
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BEGRICBIT 2 HEERERORITIE, T < [HREX Lo Tofilx oxt5 2B
T, [Galois #HL) #fH—MICEETHZ LT, RBLEISHA -GEHEINDIHDOL
£\ 20,

2.9. REBKLIZHE S Galois RIF. #12.7 TR 7= L 912, Q DFEMKIHIT
JF 46 Dirichlet $5£E x < Q @ 1 &It Artin £ p

ENH —kt—D%ts & UTEMET A Z A TE A2 Dirichlet 810> 2% Ichiik] T
H AU, Q D 2kt Galois REANKIGT 5 Z & 2R 522,

—%IZ, Q D 2T Galois £ p 3 FF (BLW, 8) THDH 1L, detp(c) = -1 (8
L, detp(c) =1) &5 %09, (c € Gal(C/R) C Cal(Q/Q) IZEF LT
H5.)

EH 2.10 ([Del], [DeS], [Cal, [Sch], [Sa] 72 &). f =" a,¢" ZEHILSNLTND
RIS RIEATH - T, Hecke TEMFEDORIFEAREBK L 2> TV bD LT 5.
FIZLL N OB THE EMNETD. fOESE L, HiEre B, (2FEL
L, KA Q,2CE#BEETS. 20L&, QD &) THIBERZ 2 kot ( HERTL

Prfe- Gal(@/@) — GL(V)
(V1Z Qe DAMRKIER E LD 2RIe~7 FVZER) BIFEL,

L(s, f) = L(s, ps.)
BHITE, g REBR IS CERBE 0O, 5510, KR 720

(1) p%& N EEVCERFRE TS, p£LRDIE, (pr), HARMIET,

Tr(pfvg(Frobp)) = ay,, det(pfvg(Frobp)) = 5(10)]9’“*1

75%@@710 FHS, pre DFTFIREBL det pp o 1T 7R XFTHICE L. 22T, Yo
HEMSHEECTH Y (512.8), 713H12.7 OXISIZL Y e lZxHid 5 1%k (i

08550, BERICHIT2EEREROFIIIE, Galois HH L TBERENLDOLH 5. (BIED
LZABBEMBHLNTWVARNEE I REMN?)

- I NERARBE Th D, ZOxEE, 3 Hecke 512 L Q @ 1 RIT £ HERH OB D%}

WCHERT 22 b TE 5.

22%5 21 OFRIERUC 2 KT Artin £ (D95 T4 Z2bd) Mxhis L, EE 2 Ll EofR
FERUC (B IERR7R) ¢ HERBLARHET 5.

23@ WRBL pr, (OREE) BB THD LD, pro PHERPEFITH S Z & & Chebotarev &
EEEND L7 9. (Chebotarev BTG, (R p O LML (OREEE) 25, ABRME% R
T RTCOFEE p x5 Trp(Froby,) OEN S —EMNCRED Z EBN0 5 ([Sed]).) £72, pre &
Poe WRMETHIUL f=9g LD LD, RRABRITHT2EEE—EENS LIRS,

15
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FKEL (Artin RE) ThdH. T7hbb, NEELLRWEHRpIZxL, 7(Frob,) =
x(p) M7V f= o

(2) p=LDEZE, (prs)pTde Rham THD. =612, Q, DREWIPATLD p HE5E
fiifb% C, L < &, Gal(Q,/Q,) DIEM & A7z C, EDd~7 hLZERE LT
DRI

VerC,=2C,eC,(1—-k) (Hodge-Tate 53fi#)

WEAET 5. LV ®@p C,p 1T Gal(Q,/Q,) IFRHAMIIERT 5. £z, £l
D Cp(1 — k) 1 C, D Tateidr ) TH D%,
(3)k_10>}:’a° pre DBITARIETH L. Fo, NEEILRWERp Tppel
SETHD. pre OFEEIL CIZ X 572002

ZIZTIE, L oFEIZL D (Eichler, EATHLER, Deligne, Serre, Langlands,
Carayol, Scholl, W HIZL D) ﬁﬁ@#%@*iﬁ%*’)@ﬂiﬁ@ﬁ/fgb‘7‘«_. P
DI EER T D Z & OFEIT Ribet (2 - AR f SRS T D GLy(Ag) DR
TIFRHL 7w & Ja T Langlands xﬂ;%’i’ﬁﬁb\é LT, NEFIVY LR M plsiT oxb%
FEEIZIR D ZENTE D, £, ZHITEERNDS L1235 DIZDS, pre DNEIZ (1
LHIND) FIET DT TRL, k> 20857,

TFITFED (RSB pp o, ANE - EESZHREEMEND (K — 1) %Kot
REZHEE (B2 27— Lo ihfEDO B XTIz L v G oh
HRESERIR) O (k—1) k¥ —vartay—2HTELND]

EWVWIHRITEETHD. a2 HWT, Deligne X Ramanujan 748 (38 X O'Ramanujan-
Petersson 748) % Weil FAUTIRAE T2 Z LIC K VEE L7z ([Del], [De2]. Afad
§3.8 HZM) .

Hdetpre =1 @ XxPTF MRV =D Z L 1L, Chebotarev BEEHOR[RETH L. fOES k &5k
elde(=1) = (—1)F 2H7FH0 (521 2R L), detpre(c) = (~1)F-(=1)1F = —1 L7280, pp B
Tﬁd“(%§> EDFIND.

pf[ Dp=LIZBTFIETHL fO [ES k) PMELTEDHZ L5, T p it Hodge B
WONERE T D, —MIZ, Hodge-Tate DR LITIRD LD ek Th D + Qp DHERKIEKN F Lo
DR ERBERIEY [T L, Gal(F/F) OfER LTl C, LD~ M ZEfl e LT OLRE
H™(Y @r F, Q) ®qg, C, =@, ;_,, H (Y, Q') @F Cy(—i) B3 %. Gal(F/F) 130T ITx AR
ER L, Ao H O ZIZERICERT 5.

BEfICE > &, KRB Q, = C DBOHIC LD HEMIZHS. LiL, fOqREOKRK a, 137
NRTHLIREBICEENLND, ZHUTFEEERAN L Z LT, E£72, Tpr,p 28 Artin RELCTH
51 ZEnn, THS 1 ORI fFICKL, a ITARBOME LI E B0 EW S FEmiaEsNd
([DeS)) .

Yk =1 OBAD pryp OREKIE, ESORSWVEFER L OMOARMEEZ NS O T, HTHEN
NE72 2 ([DeS)) .

16
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ERL2.10 1% AR — Galois KBl L WI XS TH L0, WhHMO [Galois %
B — A ] EW ORI E B 25 2L b TE 5% T Galois RIEDREE
FRLMEIN, —MRITITHELWEETH S, Wiles ((Wi]) |, Taylor-Wiles ([TW]) 2
XvAalthsn TR=TEH|] OREIZLY, FITIE, QRENRIKELD 4]
72 2Rt Galois #HLORMMETFAIG L TE, W < DIMDFERPEBND L D275
TET. QL®$H@@E@€LEMM% DFOND 2o (HERBLUTES 2
DORBTERITHED &0 D ORI - ERFE “C“Z?) ¥V, Breuil-Conrad-Diamond-Taylor
WXk ERICfRs AT (BCDT) . Hx 6472 Q OBERIT 47 72 2 KJt mod ¢
FH p 1%, REERICHED (ERILO mod £ THLINLD LWV ) DD Serre FHETH
Y, Taylor, Shepherd-Barron 52 X 25789k D%, Taylor (IZ X5 PRI
L Kisin (2 X5 TR = T @] %M\, Khare-Wintenberger (& ¥ fi#ik 7=
([SBT], [KW]) . Serre T48IZ Buzzard-Taylor |2 & % p #RAFEXD “1L0 Hbw”
(E72IT “pEfitrEse”) OiEmalAahESZ LT, 8 Artin P8 BEN T 4]
72 Q D2t Artin FHLY, BHS 1 ORIIERUTSED Lo FH) NGEHSHh, £0
sl LT (n=2, K=Q T [#)] GE®) Artin T4 (TAH2.5) 2GEH Sz,
(Q @ 2 Wt ¢ HERBUZKT 2R TR OBLRIZOWTIE, [Kis] RF Z Tl HS
TWL Lk EZ.)

2.10. FERTHRERIRERA~. Q O 2 oo AT HIRKR
RREA f - QD 2IC L HEERH pry

EWOTBETHERT 52 LN TE D, il TGLy(Ag) DIRUEHL) OFehids (1B
ﬁ'Jf%ﬂ‘”ﬁ/x ST %G, T8 72 Galois REUSKHIET D) THD. RIETIE, &£
—IRDORER K126 LT,

GL,(Ak) D (REHY) REEH T « KOnRor (MR (HER p.,

LW TEDOIETHIERGR DI ZE SN TV D, BIRICEMNZEEER (Y27 —idhifgo—
i) o — L aREn—2H0N5Z LT, W ONDORBIZREGE (K 3 RFEN
BURD CMAK T, 7 D3k & 72 BB OE & A 7= 3 356) 1213,

GL,(Ax) OBRBIZFREL 112D n kot (EREBL p,

DIERL S, BHEGRMICA S LN TS ([Tay3], [HT], [TY], [Tanoshimi]) .

BQ o T\ 72 2 T Galois REUTEMATHIRERIER (Maass DWBIFR) (2L LB ST
WAR, BIRER T MREER « Galois REL OXHEOWT DI G REH] STV RV, SR
M7 R U xR LT, BGR& i FEMEZ RN EN—RTH .

17
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3. WEIL PR ¥ —)LakREtnro o—

Z T, EGasMoREBORE) ) L7 o7 Weil 8 (HIRIA EoOREEZEEARIZ
%95 Riemann TAEOFEEL) &, FOMPRIIKREREEHEZRZLEZIZ2—)LaRE
OS—|ZHoOWTaRR%,

3.1. Hasse-Weil ¥—4 E#. £, H#LAY7% Riemann PAEICOWTEHWHLTEBZ
9. Riemann ¥ — # Bi%%3 Dirichlet #k %k

=1

C(s)=) _ —

TERINHGEKETHSD. iDL s DEFHLNH3ITRKRENE Z A THERIIGR L (FEES
21X Re(s) > 1 TRV, ERVEERICHIMER L U TRITHEE S, s =112
BT 5 L OMERWVCEATHS. 72, ((s)ids o 1—s W HBOEEERE
AT C(s) ITEDOmE (s= -2, —4, —6,...) TN (BALSZR) 2> 4

72 Riemann %48

[¢(s) DEAIE, HWARESLSMNIES Re(s) = L kicd )

TS HTHRMBRTH S,
RKF RO —FMEND, ((s) IZ Re(s) > 1128V T Euler f#
1
ag:inwkm*
JAEE ¥

ZHD. A% —LASpecZ DPARIZXZ DWKRA T 7 MIHtIS L, (p) =pZ (plEFEH)
EWVIBEELTNDEMND,
1
= 1 =
EWVWIHTIZEITH. 22T, |SpecZ| IZAF—24 SpecZ DHROEATHD. (—
WCAF—A X O EOEEL | X| TKT.) 72, ka) Tz ITBTHFERETHD,
#(k(x) 1 ZTTDONETHD. (v = (p) 72D k(z) =F,, #(k(x)=pTdH5.)

E# 3.1. X % SpecZ FPARAMDAF—LETH. ZDLE, X D Hasse-Weil ¥—

2 BE# % Euler 18
1

=1 =

TERTD. AT s DFERFHRENE ZATIRT S,

18
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X = SpecZ O & X2 ((s,SpecZ) 73 Riemann ¥ — % #2725 = L ik ~7z. —
Dedekind £—42 BHUIZE L.

fEE D SpecZ FPABRRID A% — A X T L, ((s, X) 13 F Fim I A B B
& LTSRS, S HIZ X BRERWHEZR T (s, X) 1EBBELE B4 &7
BENTWEY, ZoTPHE, =X —LakEny—n5b5EE S Galois #HH 2 HWT,
Galois ZHLO L BB E L ORBICERET 52 R TE 23 UL, ((REIR
DEBIRDOGER, REiTINNHIBRRD HIRE EORESZERIEDIGE ZFRWT) FiE
B S TWAHIIEMRD Th7ewn. X N Q EofEHdER (0 Néron E7 /L) DEFAT
Ex, ZOTEMEHSNZOFEGED Z L ThHDH. (BRIL - EFNTROBHKETH )

3.2. Weil 8 (H#rEL).
fHRE 3.2. ARIKEF, FoORBSHRE X I3 L,
B & <qfs)m
C(s, X) = exp (mzl #X(]qu)—m )

WV oo, ZTHEWLE T = ¢ 5 IZBT 2 AHEBERB O F R L B2 - L
EDEHEXNTHD.

SEER. Flio € | X[ 13U BRIRK k(z) DR ¢ L35< L, #(k(2))™ = (%)™ =
Tme 205, 2300 log 13

- S ) - 5 e )

z€|X]| z€|X]|
o0 (me)n o T(mﬂl)
-2 P vy
z€|X| n=1 z€|X| n=1

LEFLH. Lo T,
Z m$:#X<Fqn)

z€|X|, ma X n DK
2455, Riemann THEOELZ Wi 52 L 6 TX 573, Riemann P8I SpecZ DA
TIZFEH SN TV WS, —fiki7 TP 2D DIEIMHRT E 506 L.
30Hasse-Weil ¥—4 B# & Galois H O L B ORI DN TIL§3.10 2B, £7=, [Se6], [Tay3],
[Tayl], [Tay2] &£,

19
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BTV, AL, SBA € | X ISR L, (F, B m, H0D) FynHELA
DHLP, 1, .., Py, WEED, TAUTL D —kE RS

1X| <5 {X(F,) ® Gal(F,/F,)-#1iE}
€T <« {Pa:,la"'vpai,mz}

PEONDZEDETH L. (R € | X1, & X(Fp) (nlEm, D) 1IZm,
T >%E575.) O

T 3.3. ARATF, EORESHAE X o3t L, BT I2B7 2 A0~k
oo Tm
2(T, X) = exp (;#wqm)W)
ZXOBRE—FEHE V. (X OAFE—F % L Hasse-Weil £ — % BZ D REIC
¢, X) = Z(q°, X) OGRS 5.)

Weil 12, F B £ Fermat B M G oA A O E KL 5 = LT, AFE—
SRR L, ROTFRICEE (We]) |

F8 3.4 (Weil 748). AIRIKTF, FORESIRIK X OGRIE—FBEE Z(T, X) 13k
oY e I

(1) (FEE) Z(T,X) E T I+ 2 HBER CHL. bbb, TICHT50T
PNWEZHADHTERIND.
(2) (BA%ERX) X 3 F, LOWorRFEHRESHREE T2 L, Z(T,X) 1%
Z(QLHX):ij”-TVZUL@
q"T
ERET. ZZTnix X ORITETHD. YIZX OEuler TH Y, AES
ACXXxXODHORFEEMTERIND @ x = A-A. (Euler BT 2\ TiX
§3.6 #Z.)
(3) (Riemann FEDEL) Z(T,X) 1
Py(T) - Ps(T) -+ Pay_1(T)
Z(T,X) = :
TN =R AT PAT) - Pu(T)
P(T) = H(l —a;;T), | ] = qi/z
J
EWVITIZET B, (Nag,| = ¢/2) OIEMARBEWRITKROED @ a;; IZRERDEL
T, TOFTRTOIEOEHRMEIHMED /2 1IZF L)

20
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(4) (Betti#D—E) X BREUR K EOW OB IR SR Y O p iR
TCHOLND EIET . (T72bL, Y OEZRIEAOFKEE mod m, (vik
pDEZHD K OHRFER, m, C Ox ExtET 5 Ox OKRATT V) LIz
bONX DERGTEATHL LT D) EEOEDOHDIAL K — CITXFL,
Y(C)IZEHZEARTHH 1D, TORRaRrEtn Y— H(Y(C), Q) MNiEFR
N5, ORI (Betti ) 13ZHNX P(T) DIREUZFE LW -

dimg H* (Y (C), Q) = deg (T

(1) 6, RS, ((s,X)=Z(q*,X) D s BT 5 A ERBIH L LT C RN
P Siuh 2 DD, (2) & Hasse-Weill B— X BEOSIEICHIRT 5 &, T=q¢*°
ThHorb, s & n—s EWHROBEBEARGELOND. £z, BFEKqITHL,
g% = ¢ R THDHNE, (3) 1% Hasse-Weil ¥ — & RIS OB SO EICET 5
FETH .

Fa M AR O %56 O 148 3.4 13 Hasse (2 £ - T 1930 FRIITE BTV (513.6) .
(Hasse (X 1933 4= & 1934 4E1Z 238 0 M OFEA & 5. 2 T\ 5.) Weil 1 1940 AR 3L
HAROLERL QB POEHE 52 TWD), T—VEREOLE &R L. &
FEHIIZ, Artin, Grothendieck HIZ L D= % —/LaREr P —OEEEM T 2K T, T
A8 3.4 1% Deligne |2 & » T S 7z ([De2], [De3]) . (Deligne & £ 72 2 18 0 **DFEH]
EHZTH5H )

Bl 3.5. X ZnRICHEZERPT 235, ZDL X,

]P)n(qu> _ qmn + qm(nfl) 4o +qm +1= qum
k=0
ThdNb,
N T T SN T
m=1 k=0 k=0 m=1 k=0

b, PrOEuer iy =n+1ThHY, HEZEMHPY(C) D Betti £

1 i=0,2,4,...,2n
0 ZEhligk

Sl 0 R FICE S B CEREGRER 2 TV 230 &, 155 p DK 0> Frobenius 4 % V% 3F
HTH 5.

32Jacobi ZE A% FIWV CREGEIR DG A %2 7 — VSRR O G A ICRE T D kL, Rk~
¥ C x C L® Hodge F8EH A H WD HFIETHS. T 6L Grothendieck 1282 AKX Z— KT
B O LT,

33[De2|, [Ded] DIAEADT A 7 TITE TR DM, b TWHiEE (=¥ —/LakEn v —, Lef
schetz > b, BEEUR LD L BIEOUCRMEZ £) 1iZFBEOH D23 % 0. (Hasse ° Weil (2HE 5
L) QY ORBEER? EFETIEIS 220t LivZew.

dimg H'(P"(C), Q) = {

21
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THDHMNE, Pu(T)=1—¢T (k=0,....n), Pon(T)=1(k=0,....n—1) &%
FIE, TAE 3.4 e BB,

Bl 3.6 (Hasse DEM). E ZHRIAF, LoRHil#E 2. F, OFHR2TH 3 T
bR UE, EIXSRZER P? 01T 3k (Weierstrass HR#E)

E:Y?Z=X*+aXZ*+b2>  (a,b€F,, 4a®+ 27" #£0)

TERINDEOLNRFEORBMRTHS. 2oL, REPVE o, 8 € CHFEE
LT, aB=q¢m>, fEEOm > 11ZxL T

HEFgm) =1 — (o™ + ") +¢"

77, (Zhd Lefschetz B AR Z W TR T 5. #3942 H.) kv,
E O&RY—# B

Z(T,E) = exp (Z (1= (@™ +8™) +¢q") 7%) _ (21—_%)((11_—(1?))

LET L. C oML 1T AR OREE] THho05, O Betti iz B8
T5&, TE34(1),(3) 26, P(T)=(1-aT)1—-pT) 725X TThHDH. LIz
o> T, T34 (3) (Riemann TREDIEE) 1%

o] = |8 = ¢"/* <= P(T) =0 23 &Ef7>, £713 2 HO 570 2 il B 4 F5o.
< (a+p)*<4q
LB, a+f=1+q— #EF,) \EETHE, FEX
14+ ¢—#E(F,)| <2/q (Hasse DTHZX)
LRETH D Z LD, 2O X 51, RIS 5 Weil AR,
[#E[F,) 1EE g+ 1 THY, Z0 FREE BNETH/hEN]

&N D BEHGRI 7R B & o

MmIcE o L, P34 (4) 13 F, LOMEER P OB 0 ~D [TTo) fFb LFIicHd 5
TFETHI0E, FEOHDH BT (F72bb PY(C) HE) 1o L TESEMHENIOZIT T, T34
(4) ZAEA L7 Z &2 H 720,

B 21X, #Fp = 1,000,003 1<% L, F, LOMMERE: Y2Z = X3 +aXZ? +b72° 252 5.
P2 ko Fp-AELAIL p? +p+ 1 = 1,000,007,000,013 & H 5728, ZDHH E 2EHT S5 3 RGER
ZHTTH DN, 998,004 fEHLLE 1,002,004 HEL FCThH D Z &M 025. Hasse DERE 5 F < A
522 ET, HRELEOFEM OB OEEEDRISHET LI N TES.

22
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3.3. Weil PEADEAZAZNT TO—F. Weil 1F, SR L T =AY
MDEDTAFTEBRY AND Z T, Weil T (TH3.4) [TV AT, Weil I2 X
BRIRT A FT %S TEAE,

[Frobenius 127 L T Lefschetz A=A 5 ]

LWV HDThH-o7-. (KI2], 8 X—T D footnote ZZH.)

ZHUZHOWTEH L LS. X 2 FRATF, LOFERRESKRIKET 5. XIid+n
/kjl:@j(%b‘%%%ﬁa NZEEN (X CP™ &F5), W< O»DFARBDLIEAD
WERELTRINSD.

X = {[1’0 : xm] E]P)m } Fl(.’lfo,...,xm>:“':Fr(x();-..,xm) :0}
([wo : =+t ) 1L P™ OFRERE. Fy, ..., Fo 0% (m+ 1) B CTF, IR E FoFk

ZIHA.) FIREEE q T 5544
R A W b S

iX%E YHEIZH) DTS, ZHE F: X — X T#L, X ® Frobenius §t & I
. —hT, ARED Galmsf%ﬁrﬁaili WF,={a€F,|a?=a} THDHNL, FO
EROEA Fix(F) X, X OF - AHEOHEE X(F) I2—%7 2%

Fix(F):={z € X | F(z) =z} = X(F,).

FREI, Fix(F™) = X(Fm) THD. TR 34 DTZDITIE, X O Fpm-A B R OEEL
#XFym) 22 FEL T b= LT DMENRH 5D, £ D7HIZIE Frobenius DX
X O MEE SESONE #Fix(F™) 82> hr—LTE i k.

AFRS 2 31T D Lefschetz BMAN 2 BV HZ 5. ZHUE, KREEREICE 2, M
BNy MIFHSERE, o: M — M 28558 E L, o OFERER % Fix(p ) =
{reM|px)=1a} LB L&,

#Fix(p) = Y _(=1)' Tr(p*; H' (M)
WY IDEVIERTHLT. ZZTH(M)IEM O (i) afEny—Thy,
o' H(M) — H(M) X o OFEENOHMBEEHR THD.

362 Z CEEARZ LI1E, Gal(F,/F,) ORFERERT (¢ #EH) © X(F,) ~OfEAS, F: X — X
EWV ) REZARIRDO D& (Frobenius &) 12 “biJ5” Z&THD. DL D7 LITARIKUSNAD
A TIEHIfFCE 220,

M- NIIRRAREMTH S, ELWEBERNS DT, Fix(p) SN LTWD Z &7 E&RE
L (25 Thve MEM iCEwnien), Eilzx FE%&F%JA&V_%HJ CEEWR D EDEENRN

WETHD. £lo, MBa 7 FTRITH (HDWIMIASRE TR TY) RV ES580H
B 5F L UMM A O R EZ SR

23
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X AIARIE LORBERETH 5000, bbAHA, ZOERLZEMNTHZ LT TE
ttb‘ ZIT, RISy (1),

[Frobenius # F: X — X IZxf LT, iSO EMHT lLefschetz B
INOFELL) Mg =]

ERET 15, Thbh, X O TaktEay— | LMEENAARKITERY NLZER
Hi(X) BMAELT,
#Fix(F™) =) (=1) Tr((F*)"; H'(X))

W=D LT 5. MGG P HI(X) — H(X) OEAEE air, ... aix, L35
&, #FlX(Fm):X(Iqu) -’C‘\&)éﬁ)g,

wa)zz: }:w"

Y, X OFREE—ZBEBIZET 54K

m o oym (=1
Z(T, X) = exp (Z Z Z Z”J%) = H (exb (Z __((112?) ))
i m—1

m=1 1

1)'
M (=ir) Moo
i.j

i,j

NELND. ZH9LTC lakesay—| OfffEd, ZHUIxt LT [Lefschetz Bz
WY =o)L “E” D, BRE—X B Z(T, X) WA TH 5 (T8
34 (1)) LW BEGRIZRMENTEARNE )T LE D).

ZFNTHE, T2 TIHEE YRE LTz, X0 lakeEay—) i3 Krnizs

IMM2E AN, XIIMAHSZEHRETIT RN G, MHEMIBIT O EREZEDOEE
BT 2 DT unansan3® Weil 13Ut Jacobi ZEk{KD Tate % VT,
Mo HY ) CH=D b0 x2ELL, HBROBAST —VLEHEKROEHEDT
M34%ZFEH L7z, TORMOTZDIZ, Weil MRECEETEOIEM T 217722 &1
14T 5%, Grothendieck 1% [EGA] IZBWT IA¥—A) #EAL, BT
DFUERY IR I 21T o 7212, MCAHZERIRRE & W o TS 2 gk L, XA F— Al
9% (B O Zariski (iFH & 13870 2) =X — Ak OBEEEEAL, i H

38X 1% Zariski (TAHAZFF O D, LHAALZFOMMIZMT 5 akEn P—2E#T L2 L3 T,
BT E~OISH ERETH S GiEEoakEn Y — (Har]) . LrL, Ziui X o NE] K
M E 2 3 ic kT L o TER L, Weil PHEA~OEH LIRS TH 5.

3R Iz1E, C FoftEih# (Riemann ifi) ¢ Jacobi ZAEMRIIN AR - BMNTI72 J7 1k CHF
ZESN TR, Weil 132006 OGN (FIRELT) BT 4ERH 7.

24
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WTagRtEn —%2ERK LT ([SGA]). I RIZERLZ = H —/LaRErnd—Th
%. [EGA]OEBIH R m Y =7 FRRBYANICTESNLTWe THR] /752
EMNTE B Grothendieck IZ L% [EGA] D BFEDO—21%, Well DT AT 7 %2 S5
[ZFRSET, Weil P& TEHRIGERT 2] 2L Tholz.

34. TA—)LAKREAD— (AF)). 22T, BEGR~OISHEREAT, =% —
LARERD—NEFINIHDT, FANREHFFEIINTODON, L) 2 LICESE R
WCHIAT 2., =¥ —LakEnV—0ERZUI L0, ZORARNME % FEH
THZ EIE LRy (TERY) OT, MEXRESRL T\ eZ&zwn. ki
SWNTIE, §3.11 Z2&MW.)

KLiKE L, (% K TRIWiRHFEHETS. K FOREESEHEER X T3, ik(ET
A—)LakREOD—

MEE DN, 2T Q EOFMRK LY MZERITH Y, K Ot Galois B Gal(K /K)
UGN T 5. ZhIck D K o (iR

p: Gal(K/K) — GL(H'(X @k K, Q))

PELND. RO NILOHIZ] ITbif~72X 51T,
[r—nakeEnvo—%H\5Z LT, REZHEEDD Galois Hl
(CHERI) 2EDZ LR TED]

EVIRITEHEETHD.

BWREG T BT — L akEu =2 F LT,
H' (X o K, Q) =P H (X ox K, Q)

LEL.

35. TA—)LAKREOAS—OEAMME. = 2 CITEICEEGG~OH FEEE M
AT Z icL, EEOERO K2 ERITITOD2V. ROMEIZEND
OEGAT D 62—V ERXL.
Ay N K O LS LA THLT Y —LakrEn d— 3 ERESN, a7 285 LRTE
5. L, =¥ —LarEad—CT5EEREHROFIIIL, (8 K TaWiRESIC LRy -

EAVEOLEN. 2T, AETIE AN K TAMTHD] LWIUED FTHIT S 2 LT 5.
(FEL < 1Z [SGA] 2BH0.)

25
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THAR] ICRZ D00 LW, (ZORMNFICK L T) SFHMEO TEHEL WS DO
¥l aGEnTns,

ME 1 (BAFH): =F—nakEeV—3KEEFTTHS. T722bb, K EO

REEERIEOBOH f: X - Y IZxtL, BIERL LMIN BB G B

[ H(Y 9k K, Q) — H' (X @k K, Q)
PHEEIND. [ 1T Gal(K/K) DIER & Th 5. Fiz, frEZEHRRD
[ORESESBRT, 1 X oY, g1 Y - ZIZH LT (go f) = frog* MY
7=.

HHE 2 (ARMY): H' (X 9k K, Q) 13 Q LOHMIIL~Z PZEMTHS. *
T2, XOWitxkn B &, i <0BXVi>2n TIEH (X 9k K, Q) =0
Th D™

ME3 (FEREIREOD—LOLEBETEHE): K=CnLZ, BRRAR

H' (X 9k K, Q) = H'(X(C), Q) ®q Q
PIET D, 22 CHIEO H(X(C), Q) (FNAHZEH X(C) DR aREn
U—Thb.

ME 4 (REWEAROERICET HFEM): K' % K 25 0RENMKRE T 5

(Bl Z1E K AUk T, K'=0C) . Zos&, BARREK
H' (X ®x K, Q) = H' (X @k K', Q)
PFET 2.

WE3, MEA4EHDLED L, RNENIND  RBE K EO X LEEOEOHED
AR K — ClizxtL, =¥ —rakrtrny— H (X @k K, Q) ® Q EOWITIE, fiI
FAZE[E] X (C) o Betti #b;(X (C)) (25 LV,

X O®gTEn tT5E, Gal(K/K) DIEM L af#azs 4R RE
H(X 9k K, Q) = Qy, H(X @k K, Q) = Q(—n)

B n. (BHEZAZHIFIEB/R LTI TS, Q—n)id Tateta THH (F2.8 %
ZHR) ) F, EEOGICHL, hy T E IR D W54

H(X 9k K, Q) x H (X 0x K, Q) — H(X 0x K, Q)), (a,0) —a-j

2- 03 K = COBa, X(C) 2 KEOMHSEEIC RS (LEB-T, i<0BX0i> 2
TIZOIRFERaFEr—RNHx5) 2o ThdrEEZLNS.

43Betti # b (X (C)) PHOIAR K «—» COE D HFIZEBARNT LIZEBTIEARY ([Sel]) . —%iz,
C LoRESHEE X, X BEWNZEE (Aut(C/Q) DIETH DV HH) Th-Th, X(C),X'(C) 1
[FAE & VERR B 720 ([Se2)) .

26
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Rins. By TBita f=(—1)if-akHiL, BERLEARTHS. (f: X - Y
L, f(a-B) = (f'a)- (f*8) 2872 72.)
& 5 (Poincaré WK EE): X DRuEn & T 58, Iy 7L mEf 1T 54
D5 EE D MR
H' (X 9k K, Q) x H*" (X @k K, Q) (n) — Q,
TR TH D.

Poincaré MxEH XV, Gal(K/K) OIEH & Al 7[R
" (X or K, Q) = (H (X @k K, Q)" (-n)

NELND kIR EIZEMAEFRT) . £, X OWtxEn, Y OWtaEm & LzE X,
WX -YICK25ERLEH f

fooHT (Y @k K, Q) — H /(X @k K, Q)
DI B4
Hi (X ®k K, Q) (n) — H*™ @)Y @, K, Q) (m)
? Tate #&0 THOLN D G4 %
fo H(X @k K, Q) — HP2" (Y @ K, Q) (m —n)
L.

ME 6 (Kinneth A=X): X, Y IZ6 L, EFPLOHEZZN L p: X XY —
X, ¢ XxY =Y B Z0LE, (a,p) = (p'a) - (¢°B) PRHHEL

551
( D H(X ox K, Q) B (Y 5 K. @2))
itj=k
= HY((X < Y) @ K, Q)
ERETH 5.

glEfeE, X ooz n &B<. X ORI 1 DFF RS RIEDOBLLL B O
iﬁﬂzﬂalZl+---—|—a7~Z,« (al,...,ar S Z, Zl,...ZT C X@i%?j{fﬁl) @:k%%ykﬁ:Z
OREPITA VL LV, ZO2EKE C(X) &<

ME7 (VA4 VILER): YA VIWER LTINS G
vx: C(X) — H*(X 9k K, Q) (i), Z— vx(Z)

27
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PIFAEL, W&
o 1 X = YIZHL ffoy =qyxof' fiorx =70 fu
o ZeC(X),Wel/(Y)IZHL, yxxy(Z X W) =7x(Z) @ v (W).
e XMIMDEEL, COX) =2, HY(X®xK, Q) =Q Thb. vx: Z —
Q1 & 11cH 7.

x(Z2) % ZDOEDZLZAREDS—FEENS. ZBRIILi, WBRKITLn —i TH
ME, Z-W=7x(2) -y (W) B0 Z ENEATE S (EIXZ LW oxA
B AFareEn—EHON y TR ETITESR TG LI 0) .

Galois RELA~DIGH L%, ROWENEETHS.

MBS (B pBEXITHITEFEM): X 2 HRAF, Lo EHI kL
BRIRE L, REUE LD O RS RBSRIE Y O pBire LTHEDL
N5 ERETD. Thbb, YOERITEXOHKEEZ mod m, (vidp® EiZ
boH K DFMWER, m, C Og 1TRIET D O DWBRATTV) LIcb DR X
DEFRIEXTHDHLETD. KOvlIBF55%HEE K, LB (&2 qLHD
ICERFHLE L, ROWOIALK — K, #EHET 5. 20k %, Gal(K,/K,)
DIEH & A7 R

H'(Y ok K, Q) = H' (X @g, F,, Q)
BFHET 5.

OB, BT, Cal(K,/K,) DED~OWHIE4MH Gal(K, /K,) — Gal(F,/F,)
AT D00, 1R L OERITAWTHY, H(Y 9k K, Q) oo d K
DUERBD 0 TR THD Z ENPnD. £z, —IZ, YV EREKK LoiEs
DIRETERRBEHEERE T2 L, YO X —LakEaP—nbLiEE 5 (HERINE
BRAE ZBR< TR TO v TRPEHTH D Z & b5,

8 9 (BRALD Frobenius §1): X #HRAEF, EORBSARALL L, Frob, €
Gal(F,/F,) & #fa[# Frobenius 5t (¢RG4 DOWE) LT5. 72, F: X —
X % Frobenius §T & 9°%. ZD L&, Frob, & F 3 H' (X ®g, Fy, Q) 127
By 55BITFLV.
Z AU Frob, & “4#)” Frobenius Jt & FEAZEH TH 5.
Wy pEHGTEROBEE mod m, L2 bOBRIRE k(v) EOH L RREEHEELZED (20
L5720l BNTY HEBODERAHS L)), & 5ICHIAE k(v) IKBNT L ATHECHS & X, Y
DTFZ =L ARERT—POEE D LERBUT v ITBW TR TH .

28
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3.6. Lefschetz Hidzt. FICRAFMEEZ WS Z LT, =X —/LakEn d—|2xt
7% Lefschetz B AAD RS 4L D.

e 3.7 (Lefschetz BiAR). X 2K K EOW oM RESEE L L, ZOR
TEnEBEL Heo X - X OBEESEESE Fix(p) = {z e X | p(z) =z} £HB<.
ZDLE,

2n

WFix(p)” =Y (=) Te(p" H (X @k K, Q)

=0

M7 72>

FE AR AR D HIS, A0 “HFix(p) IZOWTHBTS. FX - X x X, z—
(p(z),n) DBET, EBE, p: X 5> XDFTZTE0H. £z, AGHX — X x
X, x— (z,2) DBE A LB, ZDL X,

“HFix(¢)” =T, A

CEERTDH. T, IO, - Au2o®%\ﬁﬁ§%¢PwAchX@x£
HTHY, HLT, & ABBBIZZHo TUWRIE, HEEHS T, N A = Fix(p) Off
BLHELLS, T DEEROMEE 2RATNWDZ LITheb.

3. TIET, & AP ZZ D> TR TH 2RV =2, flziE, ¢ L LTHE
EHBId: X > X&2LDE, AoBEXRAFKICEAT 24K

A-A= E: )" dimg, H' (X ®x K, Q)
NELNDP. X WL g D SR FHEANREER THIUL, TD H Ot (I
HIZEHT) 2912 L,

A-A=2-—2¢g
LD, I, P34 (2) ICBWT, A-A% Euler I EMATCEEBTHD.

a€ H"((X x X) @k K, Q) (n) X LT, X x X DZ20MmE ALz b
D% la LBE, o DEBELVD. FalZFR (ZOFHHH R TET)

H(X @k K, Q) — H'(X @k K, Q),  xp((piz)- )

ERIZEZT. (22T, ppr: X x X - X ITZNETNE—, B o ~DIE T
BH5b.

po.: HP" (X @k K, Qp)(n) — H'(X @k K, Q)
OB, A DROHFICL BN BTG,
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WCHEE) ADaREr O—Fyxx(A) TEEGREZFEL, oD/ 77T, Dazk
Y FHyxxx(T,) OFETHHHBIT o IZE L. FTo, TOEE yxx(Ty) X
O BHETDH.

L7eRoTC, M 3.7 -3 72011, L0 —BNeRomEEL~EIE+H5Ths.
(@ =vxxx(Ty), B="rxxx(A) k?o FiX L)
@Rl 3.8 (Lefschetz BRAXD—fk(b). o, 8 € H((X x X) @k K, Q/)(n) 12X L,
a, 8 BHEET D EGHROEME
Boa: H(X @k K, Q) — H'(X @k K, Q)
EBL. ZOFEBROBOZRFNBKDO LI LTEHETE S -
a-'f= Z ) Tr(Boa; H (X @k K, Q)

(T o LI BOH Yy TFET, MEMT B a-'F e H" (X xX)@k K, Q) (2n) = Q,
IZE > T QDI & H72T )

EBA. ([Kl], Proposition 1.3.6 ZZM) . Kiinneth A7 L Y

H*((X x X) @x K, Q) ( @Hz (X @k K, Q) (n) @ H" (X 9k K, Q)

ThY, EEHOMLIL, B _F%Lfm;%ﬁ/foa@f, a=a;@ay, i B=0F® 03,
EELTEN RAFEARERV—ORMEET) . 2 € H (X @k K, Q) DfT
E

(Boa)(x) = q.(z-a;) - q.(ab,_; - Br) - Pony,
Thd. Xmb—RmP~DRE% ¢ X - P Bz, ¢ OBIZTH (Pog K, Q) =
Q it (AHTF—) THHb.

JARTRD gy, ;- Br) =072DT, HiliFfoa=0L75. Fiz, EDITOWV
X, B =By @B IZHD, Oé'tﬁ:(Olj'ﬁén,k)(@(algn_j-ﬂk):0 LD (jJ#k
B, 2n+ (j—k)>2nFEllE2n+(k—j) >2n THD) . LIen->T, 0=0¢&
7o7C, 3.8 DERITRY =

J=ko& XX, ME38DEXOHUORMRFNZEBNT, i =2n—j OHOKN
KD, Boa DRI B, ; DERMEICFHELVDNG, fll
(1) (q* (52n—j : O‘J') e (O‘2n—j : 51’)) = (q*(o‘j : ﬁén—j) " G+ (O‘énfj : 51’))
= (g Q)*(a : tﬂ)
L7, ME3SDEANGELND. O
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X #HRRKF, EOW ORI HRRBEEELE L, 2okt n LB m>1
& 8B<. Frobenius #DORF Fm: X — X BNEEMICEGREHET 52 &5,
X x X OERESEEIRE LT, Frobenius 5107 7 7 T'p ExHAEES A DSEERHIIC
KD Ensingd. % LT, Lefschetz BiAR (fiE 3.7) 705

2n

#X(Fgn) = Y (=)' Te((F)"s H' (X ©x, Fy, Q1))

=0
ﬁ%ﬁé%%A@ﬁE9;@,EE@FW%Hd)®¢%:%%@iT%E%J:
EHICLT, =¥ —LarErd—0HHRICLY, §3.3T YE L LTk

[Frobenius 12 %f 9 % Lefschetz B2z
NEIEIND.
Bl 3.9. E#A K EOFEHEIRE TS, #12.9128WT, Q LD 2WIe~<7 hL2E/

V= HomQZ((hm E["]) ®z, Qp, QZ)

~O Gal(K/K) DERNG, K D2 (RS pp, BEHND Z L 2l 7z (0%
K Ta[#i#E8) . VIIED1IR=X—/LarEtar—LREETHD :

V=H(Eox K, Q)

EH1Z, b LK WHBRAF, ThiuZ, Frobeniusit FI1x HY(E®k K, Q) = Q, iCH
BIC/ER L, HZ(E ok K, Q) = Q(—1) 1T g5 TIEMT 2. L7235, Lefschetz
BRAF S
#EF,) =1-Tr(F5V) +q
BNEHND. Z LT, §35, HEIEM D &,
Tr(pp,e(Froby)) = 1+ q — #E(F,)

PFHND.

3.7. Weil 8 (T2 —akREQD—ZALEERIL). Weil 7 (T 3.4) TR
59,

TH—bakREn Y —L Lefschetz BiAZR (§3.6, fH 3.7) ZH\WAHZ & T, §3.3
ERRDOFERRICE Y, X ORREB—FBEK Z(X,T) IZETLOMEEZRTZ &N TE
L. FORREFELDTEI ). X ZHREF, Lol O EARBSHEELE L,

B-nix, Py ETRqg=02DT, flz)=29 DEHD fl(z) =0 LD LDIFETHS.
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ZDOWgtE n L HB<. Frobenius # F O ¥ —)LakEn v — H (X @s, F, Q) ~

DER DA% i1, ..., qip, £F5< &, Lefschetz BRA (§3.6, i 3.7) KV
2n
HX(Fpm) =Y (1) (afy + -+ +alfy,)
i=0

B 7=o. ETe,
ki
PA(T) := det (1 = TF*; H'(X @5, F,. Q) = [[(1 = ai,;T)
j=1

LB L, XOENHE—# B
2n
| e PUT) - P(T) - Py o(T)
Z(T.X) =[] (P(T))""" = -
) g( @) Po(T) - Po(T) - Po(T) - - - Pon(T)
HT-T. RS, Z(T,X) WAEEEEZETHLZ L (P34 (1)) Boand. Z(T,X)
DOR%EN (FA 3.4 (2)) 1, Poincardé BfERE (§3.4, MHES5) HRO X HICL
THEMIMND. [
H> (X ®r, Fy, Q) = (H' (X @5, Fy, Q1)) (—n)

ND , [ﬂr{ﬁ0)~ ;/“\ {(1'2".,,',‘1, e O ke "_i} b [ﬁﬁ{ﬁO)ﬁé\ {qna’ ..... (I a' 1\ It
(FRIEZIADT) B LV, ki = kan s THY,

ki ke i
(1))
J=1 j=1
Enh. Eil,

k k
1 : Qi ey
Pl— ) = 1— L) =(-).2=2=—2.p,, (T
(7)) =TT (1- 22) = (-0 S50 - Pt

J=l1

DoynDd. BEuler 803y = ko —ky + -+ kyy, 705 Z EIZIEE LT,

1
Z X ) =™ T Z(T, X
(q"T ) ( )

NEHND. £z, Bettifio—# (P34 4)) 1X8§3.40ME 3, MEEH4, PEES
DIFFETHD.
Z 9 LT, Weil PAHIZ, firH LV Riemann PAEOFAEL (FAH 3.4 (3)) ZFRW

T, =¥ —nartary—HOTHRIZGEHENS. EEh7-T7M#34 3) 1%, =
#—)LaRE 1 T —~0 Frob, DEMOFEAAIZET 2RO ERIIFE SN 5.

EHE 3.10 ([De2], [De3d)). X Z#HMRIAKF, Lo oM EAREZERIAL L, Frobe-
nius %TF@IQ"“/I/: RET— HT (XX IF(I Qé) Am{ﬁzm@[]ﬁﬂﬁé’f Qilyee s Qg

Hq
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ERLSE, EED ] (1 <j<k)ITRL, a; ZREET, 20T XToHEOH
FHOHEIL ¢ 1ITF L.

Deligne (ZEFE3.10 2% L, 210 o (D L2 RARS) GEWZ G x7-. (4 H T
[De2] 1X “Weil I, [De3] 1% “Weil IT” EFEHII TV S.) FRZ “Weil IT” [ZFVT, Weil
TR — NV G —R L SN TR SN TR Y, £ ORRITE OB OEG
AT DR O JLfE L 7 o 721

Deligne {2 £ % &FE 3.10 ®FEHIE, Grothendieck 23 M FIHFF L TV =D (Z iz
OWTIIRET T %) LIXRADZ LD Tho7-. AN D Z Z Tl Deligne ®
RE 2R 5 Z LT TE RV, FoREUNE, BI¥A Lo L Bk EICET %
FENTEGR O F1Z, Lefschetz X LV DE /) K 2 — L W OGN T A 5
T EMABEDEEES RELOTHDLEVH) ZEERITEIZ ).

3.8. Weil FEDA. Weil T (3 X O Deligne ®EE (EEE3.10)) 1%, T HHY
HETHLDORRDLT, ZLDIHEFS. ZD I HLOW DNEHET LS.

K#ZKEL, X% K LOWONREERIRESHRIEET 5. (% K TRl Rk
ET5. XOU(EBettiflxz— ¥ — /L afiEal—0DRIT

bei(X) = H' (X ®z, F,, Q)

TEHRETDH. ORI SRN T i — v afkEa U— (23T 2 AN 2 [HE
T 5. §3.6 Thi(X) DT (Euler 20) 25 CIT K B0 2 & &R 7278, HiT,
ﬁ@&m%%mé:&f,%wmmﬁw’i6&w:&%ﬂ%Té LIWTES. (K
R CIEEH L TW 20 y) Rk oiimiZ LV, RN 0 L R D HBRIE D55 (2%
%T%é“MK:E&%<.X®é@?—ﬁ%&d

2n

—— v P(T)-P3(T) - Py, 1(T)
AT = ,-1;! (D) ~ Py(T) - Py(T) - PA(T) - P, (T)

EFTD. BB Z(T, X)) T X 6T (REmhdhe LO) EESNh, ToRKEL
THEF AR BRI SN 2 2 L IR L LS. EF310 2 VD &,
B Z(T, X) OMETZFEROH 6, ZOHIHEN ¢ /2125 L b O OR k% EBRE
ZIAD TR T=b DN deg Pi(T) = bei(X) ICHELWZ B3 005. Z95L7T, bi(X)
T2 0%, Laumon, Katz |2 k% “¢ it Fourier Z846” % HIV 7= BIGERA £ %% 5T\ % ([La), [Katz]).
£72, Kedlaya lZX % “piEht Weil 11" 4 & % ([Ked]).
BE O3 0 OHAE, ClfT 5L TETH 5. K =C O%a, ¢ Betti 5% X(C)

O (CFHZER E L To) Betti ZUZZHE LW\ D, FRCOIZE B0,
O BT 2 ABBEEARDT, ZHAUENVRTTHS.
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MUZE BN EPFEA SN . FEOZKR T, Weil TREIEEL 0 ORI S ERE
O Betti HOFHREIIISHT L2 L b TE 5. T72b5, 0 DK EOW L0725
FIRE SRR X (2K L, ZD modp Bt ORHAOMEBEZFHEL, AFE—2 %
ZRDHZ LT, X(C) DBetti AFHT20THD. HlziE, F—V v 7 ZERIK
DGO Betti B OGRS [Fu] 1I2HD. ZHLISMNZ S, HHFEDRT ANy RAo
EV 27 A Z%HR ([HN]) , Calabi-Yau 24D Betti BHOFHIIEHT 22 LT
% % ([Ba])®.

§2.2, §2.9 THIE~7223, Weil PARDOFE LWILH & LT, Ramanujan FARDAER A
EFbnd. ik, EIREORMREK
A=q[a-g)" =) r(n)g"
n=1

n=1

TEF I 5 Ramanujan O 7 BEN, [EEOFE ploxtL
m(p)] < 2p*'/?
HHITENIBEDOTHY, ANE - SRR & I D 11 IRoTRUES AR R X DFE
B pBIrOAFRE— 2 BN
1—7(p)T + p"'T?
EWORFZFFOZ L ZRT ZEIZEoTEEHEaND. bOD LEMRIIWS &, XD
1R —akEry— HY (X @, F,, Q) 121X Ramanujan ® A BIEIZXHET 2
2RTEARY MIVZERPPRE ENTEY, £ 2 TORAH) Frobenius 7t Frob, D4 %
oy, B, 3
(1-a,T)1-58T)=1-1(p)T +p"T?
EHETOTHD. EHII0ICEY || = |8, =pV2 THDEMD,
()] = |ay + B, < 2p"/?

& 72T, Ramanujan PEANEDND ([Del], [De2]) .

TSNS, REHROE T O F - A BLE OEE D BVl (FEH iR o5&
@ Hasse DEH (f13.6) O—fix{k) X, =AMOFHE, BIEUA EOME-Tate TAE~
DA b & 5. ([De2], [De3], [La] 22 M. BAEUA LOfeiE-Tate TAIZ DWW T, [Yo
LML)

O DRISEER X (B L TRV, HDVITHEH TRV ITK LTh £ Betti 2L EHT
THMN, —RITE, TENBLIZESRNZ LR TH S, TSN L, =F— L aRTEr Y—
CBIL T, Kix ARAEREIEAN B 5. Tllusie 12 & B Bol i 1] %228,

SLERmRIE 7273, Hodge 3O FHA~DIERICHOWTIE [I61],[162] b 5.

526090 DELEAM H &, TAITHED LHERBIN X O 11 k= Z— L akEuo—8{nsl Lhb
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3.9. 5% Lefschetz . Deligne I% “Weil II” {28V TR O EH & FEH L7253,

TEIE 3.11 (7 Lefschetz &H ([Ded]) ). K #AL L, (% K TH#iREKET5. X
r K EOW ORI SRE L T2, X ootz n LB, X I3
T, (P R& 72 W) HEZEMIZEEND - X CP™. HCP"Z@B¥me L, &
VB HN X X0 ThD EIRETH. 7x(HNX) € HA (X @k K, Q)(1) &
Ty T E & DB E

L: H (X ok K, Q) — H™(X ok K, Q)(1), i x-yx(HNX)

L < (L% LefschetzERE L VWD) . {EEDi > 1I1cxtL, LZilalfyikL THE
LNABRDEMLIIFIETH D -

L' (X @k K, Q) — H(X @k K, Q) (i)

78 Lefschetz T L BMR L7-CH & LT, 53 Lefschetz BN H 5. ZiE, &
B h: HNX — X B &, BIERELE#

e H(X @x K, Q) — H((HNX) @k K, Q)

Zi<n—-2TRETHY, i=n—1THFNTHLLEWVWITEHTHY, 7 Lefschetz &
BED T oL (“Well II7 £V B RE1IZ, [SGA] TT TIZFEH SN TV D) .
78 Lefschetz EHEN 559 Lefschetz BH (O—F) BNKRO X H 2L TEMIND (BB A
Ao ZHUTGRERAZIEE LWIERF Tl ny) A 7 VBB OIERNHEEIZ LY,

h.oh™: Hi(X QK K, @z) — Hi+2(X oK K, Qﬁ)(l)

X Lefschetz {EFIZR L L LW Z EXRENS. LI -TC, b LEH3 11O LIRS
R 5, HY ' EChA IZHK TH D

3.10. Hasse-Weil T—% % & Galois RIRD L B%K. Hasse-Weil ¥ —# % & Ga-
lois #HLOD L BIFDOEIRIZOWTE LD TE Z 9. (Galois #HO L BAEIZ OV TEE
F#23%2&M. F£7-, Hasse-Weil B— % I HOWTIIERE 3.1 25 H.)

S3E L 3.11 25721 Weil TAR (£FE 3.10) &LPURTHONRERHCEITHELSZ VLR, F# LI
JBERSC [Ded] #BM L TWeZE o), ZOEHOH#HA & CTHHITHR~ D LkDi@EYy - EEE 3.11
WEHy TN EE D H VBN IERILTHD Z L ERETHDH. Lefschetz X 2/ DE/ N
O —%&FX5Z LT, SNV LEBNEHEMTHD Z LITR/EIND. ik, =& — 4
HEJE OB 2 BT H 5 & ) Deligne DEBNH5705 (GERL3.10 (O—ffk) ZHWT, (Bxt! &
BT 5) HDFED HY ~DLff4) Frobenius TGOVEM A 1 A BEAEICE 27202 & 2R ONRRA
Y R) . “Weil I O g ~D—#{kiz 2Tk [BBD] &% .

Mi<n—27%5 b RRAKCTHLZLE, X, HNX,U=X\(HNX) DTF—LaREDV—%
T 2 B ARIIOFEE, GBONR) T7 4 VEEEKU O (237 hEMNE) =X —/LakE
BY—Ni<n THADZENLNND.
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KzZzREKE L, X% K FOWRONREEARBRSZERELET 5. X ORILE N &
KO CGERBSBONS. Tk gy, LB, ROKREEELE D,

2n
CX,E(S) = H L(s, Pg(,e)(_l)l
i=0

ZZ VC\" CX,E,U(S> = H?ZO LU(Sﬂ pg{,é)(_l)i k j8 < <1: ’
Ceels) = I Cxuwls)

v iE K OFRHE A

LETS.

Spec O FHRIDAX—ATX R0, K =X AT H D% & 25%. X O Hasse-
Weil B—#B#% ((s,X) LB, vIZBIT 8T 714 13— X, := X ®0, (Ok/m,)
? Hasse-Weil ¥ — % B#a ((s,X,) £B< &,

C(S7x) = H C(SaxU)

v it K ORIRFEA
7R TeO.

FLT, ABRED v ZEWT, 2K

Crnls) = (5, X0)
Mg Y 2o,

FLHTEBII.

[k —narkEny—%2H0n52 LT, A K EORESZEER X
Mo CHEREL piy , BAED Z LN TE S, (HERBLO LB L(s, ply ) D
BRIE Cx () 1F, mix BRED v IZBT 2K FZFRWT, X DOk I
DFEET L X O Hasse-Weil B —# BIEL (s, X) IZF L. ]

3.11. TA—)LaREOAD—IZEAT AEIZ DT, Weil PSS X —/L kT o—
BT 2 3CHRIZZ V. BARGEOFHRE L L TiX [Kato] OHRNA FTESN TS, R
BT OEEN R BRI ETH D [Har] (B, FIRRS HRIL72) 121, ki

BopEH3XE X DO FOBEFILEWS. BEF LT —BHTIERVRFICHEET S, X
IATRED KRB DOLZEATEERZINSIND, X OERSTERNOSBZEYIZH D Z & T, Ox B
DLEARTEZINTVDLEHEELTEV. ZRH5DLHEATEREINT SpecOx LD AF—L% %
BT L.

OET L X & “HEL BN, ZOEXN [TRTOvTARVED] bbb, Fl2E, 14
Mg (LT — VLK) DAL Néron ETINZD L I REETLVEE 2 5.
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Weil P L =% —LaREn O— BT M AMHAENNTND. £72, [Hot
(ZiE, AREHRR D Weil PAEO THIFERYFE ] (Bombieri (2 X % ([Bo])) A3
INTWD. TSN, WETEPNZERFELE LTL, [FK], [Mil] 2036
%. ([FK] @' EHIC 1T Dieudonné |2 K D E LIRS & D, BUKZRVN.) 77—~V 4%
RIZRE % Weil PAROFEWIAE Nk E LTI [Mum] 239 %. LinL, =& —
JVaRER U OBEROMRSCEEOGEAN & A & ENSCRE, WEIR L
[SGA] (Weil FAEIZOWTIE [De2], [Ded]) LWL S THDH. [SGA] 1T L
BRCITEIE SN CWDES — aREr U—imOEEE 2550 — BT (T
TELR) FEONTEY, 20HERICHD FROMELIZIZIHLNETHD, &
F-TEH-FEHEIZZ O HDHIRETHD LV D) Grothendieck D EAEAN (A < [k X
NTWD. TRTEFABTOIIRAREISTVD, (FAED S BI) #5 L Chdid,
LRI G b0RGHLH 2 LIXMENRWOT, Kfixd 2 2 TuiiEdd 2
ENTERFEE (1), T [SGA], [De2], [Ded] I#kik LTV =72 & 720,
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4. GROTHENDIECK D& — A X X — R T L EF—7 OB,
WEIL 748, JANNSEN O EF

T —)artay—2H\AHZ LT, Riemann PHEOHEL (P34 (3) ) %
FrE, Weil P8 (T34 TARBLISIEHEND Z &2k~ TiE, Eahi-
Riemann PO (T34 (3)) ZFEHAT H720ITIE, £ 5 THILINWIEA S )1?
Grothendieck ® KR 7 A 7 714,

[Weil THIZEWHEZ b ookt o—8imL, REMA 7 iz
278 (A7 2= FFPR) »oBARICEMBIES.]

WO LD ThHoT.

Grothendieck 1%, fFENAHIFFSILD BVIEEA & oakEr U—Hins Weil OR
EOO—LIFY, ZOABENRNAAE 2, AR VA= RFRLIFEINS2O50T
M (P43, T4 ZEHLE. ZHHOTPRIE, Well 12 X DREHIHRST —~
IWVERRIR DA DOFERRC, Serre (2 X 5 Weil TARDOEFZ LK C OB OFER 2 fili %
INT=HbDOTH-o7=. LT, Well 2TV —DIFEE 2ODAH U H— RPH%E
RE LF-LT, Well PIERHRIZIEAIND Z L ARz, 61T, RESEERD=
RERY =T XTXET D80 2w EF—J0ER — BHFEETLILER
L7z,

AHiTIE, Grothendieck (2 X2 Weil THEDIEHAOT A 7T Z#fr4%5. £L T,
Grothendieck 23 A.7- T£F—7 DRG] ([COWTHHAT 5. FEL<IE, [Groth],
[Ma], [K1], [K12], [Seattle] % Z:[#57.)

4.1. Weil A7/READ—0 “ONE”. AR E L TRERIPAR K 2, RERL LTE
BODIKL ZEETD. LAEBREIKE L7z Well aFREOS— L1, K LOWHNR
WRARBERIE X 126 LT, L EOWREN EREH(X) 2SS 2 HA
X — HY(X) =P H'(X)

ThT, H(X) O (Ay THEVD) iHa e H(X), fe H(X)IZHLa-§=
(-3 -axBHTHEBETTHY (f: X - YT L, &EEHE> LAEKUERE
Gy f HY(X) — HY(X) NEESH. fEERRD fIEE5HT, f1 X —

5TGrothendieck Circle ® 78 — A -2 — <  http://www.grothendieckcircle.org/ 7 5,
Grothendieck (ZBT 28k 4 LR E F 7 > m— R T2 2 LR TE S, RHROEFR, Grothendieck
BEF=ZIZOVTHBENZFRMEAFTTHI L HTED.
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Y, 9: Y = ZIZxL (go f)* = ffog* H7cT), SOICLLTOMWE 1~6 AT
HDEND.

MHE1 (ARM%): & (X)X L EOAFRKITRZ MAZEMTH L. X ORITH
nteh, i<0FE7Ei > 2mICBNTH(X)=0Th5.

45 2 (Poincaré WEE): X Oktan & +5&, RMEMFTE/RLFIND
A H(X) — L BEFMICEES. S5, By 7L &5 5600
b iEE DI IE A

HY(X)x H"(X) — H*(X) 2 L, (,3) — -3
TR THD. X OWILEn, YORTLEMELTLEE, Hf X Y I
58l &R LG f: H(Y) — HY(X) @ Poincaré Bt %
for H(X) — HT200(Y)
THT

%E 3 (Kinneth AR): X, Y (T L, EEMNOOHEZzZN L p: X xY —
X, ¢: X XY =Y B, Zorx, 5

H'(X)® H'(Y) — H'(X xY), a®B— (pa) (¢6)

EGHAT XY
BB 4 (YA 2 IVBR): X LORKT i ORI A 2 LD iE% CI(X) &
B HA D LERLEIEIN S G

yx: CH(X) — H*(X)

DIFEL, REHTZT.
o [ X =Y IZXIL ffoyy =vxof* fiovyx =7y o f.
o ZeCHX), W eCIY)ITHL, yxxy(Z x W) =7x(Z2) @ 1 (W).
e XN1AEDLXIZ, CUX)=2Z, H(X)=LTh?. w:Z—Litl%
1i29o7.

48 5 (59 Lefschetz B3#): X O%ktx n LB, X ITHENLROT, (+43K
XHRRTD) HEEMICEENS . X CPP. HC P 28Tk L L, BT
UK HN X 136 Thd ERETDH. AE5H%%Eh HNX — X £8<
L, BIERLER

h*: H(X) — H'(HN X)
Ti<n—-2TRETHY, i=n—1THHFTHD.
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A5 6 (3% Lefschetz EI): MHE 5 L FIROIED T T, Lefschetz {fFRAZR %X
DEITED S :
L: H(X) — H™(X), a— La:=a-yx(HNX)
(HNX 13X ORWTE 1 ORI 4 2 LD T, yx(HNX) € HX(X) Th
%) fEED > LIZX L, WOBLIIFEIETH S -
L': H(X) — H"(X).
Pri(X) = Ker (L't': H"(X) — H"W(X)) ZRIEERSD &V 5. HEE 6205,
i <nlZR L, H(X)IXRBDHE
H'(X)=P(X)® LH*(X) =P L/P (X
j=0
EROZENGND. B & 2720 T D1EMZ
A: H(X) — H7(X)

EROEIICERTD. 0<i<nDEE, FEOr € H(X)Fo =30l (v; €
PA(X)) & —BWMICETS. Av =Y Dley LEDD. n<i <2 DLE,
TEDx € H(X) Tz = Liz; (x; € PP¥(X)) L —EMICET L. Az =
dimin Ty ETEDD.

j>i—n

4.2. Weil A7 REBQD—DHI. 4 0 Tidhkx 28O 2 REw U —BlERH §4.1 ONPE
BT TZENMBNTND

(1) R K 2 8F K C OEMIRETE BzE, K=CQ) . #&ik%
L=QtBL. X(C)IFBEEZHEKRTHD FHINAFZRETH D) 1D, =
O FE aREr Y — (Betti akEQTS—)

H%X@)@):QBH%XC

HEZDHIENTED., ZHUE Well adkEtn o—0ORNBEE2HT-7.
(2) MR K 2858500 OB E L, k%2 L =K £ B<. X EORED
de Rham EAD#EaFrxEr —I12 LY, X ®de Rham a3 kEQT—

Hpp(X/K) = GBH}:JR (X/K)

MNEESH. T Well 2t —0NHE L4, (K=CThHE, i
X Betti 2FER V—IC “@oC” LI2bDERIETHS.)
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(3) IR K Z{LEONRBEKRE L, (% K TRlWiaiEE 45, fkiks
L=Q LB, Q Loy bzl LTORKEQ, = Q) #EET .
X () TA—)LakEQD—

(X, Qo) @HX@

12 Weil 2R 2 S DAHE H7=F. P 1~5 13 [SGA] THEH ST 5
PEE 6 13 Deligne 28 “Weil 117 ([De3]) TREFIL T\ 5% (§3.9 &) .

(4) KR K 245 50p > 0 ORBIBAIR & L, L & Witt B W (K) OpsEik &5 %%,
ZoEE, X0 YARELAREODD—

H o (X/W(EK)) @y L = GB Hy (X/W(K)) @w) L

1L Weil 27RE 0 P—ORAEZ AT, MWHE 4 LS Katz-Messing 23, Deligne
28D “Well I1” OFEREZHNT, (X —LaREn P—DEEIlWE
LCREFILTWD ([KM]) . MHE 4 1% Gillet-Messing, Gros IZX 2 ([GM],
[Gros]) .

43. RAUA—KFEE Weil P, = 2 TlE, 'Weil ity —| 2 12[ELT
2D, §3.6 (TR HIELRKIZLT, §4.1 OMWEDOIHMND, Lefschetz BHATA
FEXANE D (HEES, HE 6 IFAETHD) . £ LT, GRE—ZEKOHEM:
(P34 (1) EBEEX (P34 (2) PEARICGEH SN S.

ITTIE, X 2B K Lol S iREER AL L, X OkItE n
k<.

EE 4.1. X FORETTi ORI A 7 v a, B € CHX) DNEIEMRIETH D L1, 1+
BEOye O (X) EORFBNFELNZ &2V - ay = £72, a,8€ C(X) N
REQAD—RETHS LIE, A 7 VEBROBRNELNZEEZ VD yx(a) = 7x(6).

Fi 4.2, o, C(X) PEMEHRBECTHHZ L L, RERV—FETHD Z EILFH
fili. Bz, TREa —RME] X Well aREr—0 8 Y HITk 50,

Grothendieck IX Riemann TAEDFELL (T 3.4 (3)) ZFEHT A72012, AHX
X — RPELMETIND PREZEE L.

B[, = Frac W (K) 1325 0 OSZHHEHAMER T, p BFETT, K BVRREL 2D LO.

Moy, B WFE B D—RAETHIITEMENFEE TH D 2 & OFEIFR0E LU, i & 1 3—Rii3m s
LTV,
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F18 4.3 (Lefschetz R 2 > #— FFH). FIao 6 EE HEHFE A HI(X) —
H7X) 1IREWT A 7 bk, $770bb, X x X EORKILn — 1 OREH
AT NaeCHX x X) PFELT, Kl LT, anE ER

H(X) — H7(X), 2w pa((piz) - o)
AT L.

¥ 4.4 (Hodge RA U H—FFHE). i <n/2 LT 5. yx: CY(X) —» H*¥(X) OBT
ERENTZQ EDONY MLZERTE AN(X) £ 8L 0. Q Lo~ hLZER AY(X)NPY(X)
(P*(X) 1 ZFUAE ) 12 2 BRIEIE

(A'(X) N PE(X)) x (A(X) N PH(X)) — Q, (z,y) — (-1)'(L" ¥z y)
FEEMECTHD. Thbb, v e AAX)NPY(X), z #0IZXL, (=1)/(L"%z-z) > 0.

T48 4.4 1% Hodge FEARIZ BT 2 A EXEZREWMY A 7 VOSETHERTZHLDOTH
D, n <27 bfEREN TS, 2, KOEEN0RS, K=COHEAITIFELT
Hodge Bz AWV CREIAT 2 2 N T& 5. —FH T, 43T (K=CTH) KfE
WTHDH., THAIETPHLADDS, PRA2PENIND ZEDRMLNTND.,

Grothendieck I, Weil <° Serre OFfE RA2 K F 2 T, [Weil aRE 1 O—DIFEFE] &
(R H 2 — RV (P43, T 4.4)] 75 Riemann PHEOEE (P34 (3))
DEPND Z xR LT, GEL I [Groth], K], [KI2] ZZH.)

T 4.5 (Well A REOD—DHEE+RZI VA —FFE = Weil ). K =F, &
T5. §4.1 D N ZHizd Well akETn YV —%—o2lEL (FEZRET D),
S HIZ K LD o5 B SARIRIC R L TP 4.3 & P44 B0 72D &)
ET D, 20L&, Fy Lol o R REEERIA X 123 L, Frobenius & F @
HY(X ®p, F,) ~OERITEEMTH L. S5IC, F OEAME o 3BT, +
DF R TOEBEDOEHEMTHEIL ¢/2 1ZF L,

Z 9 L C Riemann TAROFELL (P4 3.4 (3)) OEEIX

o §4.1 0 “NH (MHE 1~6) ZA7=F [Weil 2RER V—] OIFLE
¢ 2 ODAR UK — RTM (P44, TH44)

WZIRAE SAL7z. 1968 FAT A X ¥ — R P RARRH L7253 [Groth] @ 198 ~— ks
W, Grothendieck 1Tk D X 9 12 _XTW 5 -

D foh, A(X) 12 0U(X) @ Q EHRER V—RIETH 1B THS
Clyrobh, XALTTHERITHITRSND LS 2L,
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IFr SR fRHRE & AT, A X 2 — R P AROMRITIREER 51
BIORLVAEZETIMETHL L EbNnD. ]

LINLZR G, 5ATYH, AZ 02— RFPIE (MFed) KRR THD. Weil T4
I Deligne (& & > THFR 7223 ([De2], [Ded]), & DiEHIE Grothendieck 734 4J48
ELTWEbDLFRRY, AFZ = RPREEZANRNEDTH 7%,

Grothendieck B &%, Weil TAEDFEAZ B LT Weil aRE 1 V—OHH A%
Hz72b00, BORAR LI Z —/vaREaP—RNE0 N Zii-4 2L
FREA T 2o 7o, (BB, [SGA] IZBW T, =& — afrtu v—|ZBT 59
Lefschetz EHLUTIRMIEE E L THERE-TWD.) §4.2 THhik_7=k 9z, =& —/L =
RER DI Well aRER D=0 N B0, LinL, RRARI LIS, ZOiE
BILZIE, Deligne 2 &% “Weil II7 ([De3]) OfERBZHAV B 5. Grothendieck D4 4)]
O &1z, Weil 4R (D Deligne (2 & 5 —#ifb) Ok E LT, Weil 2REnR
U DIFENGEH SNIZDTH 5.

4.4. Grothendieck BiHNE — TEF—JTDE “.7”, FEMME. (REZHEED 2
RER U3k A REEO AR, b b A, TRETR TV—OWREIZ K D 55

H(X) = P H'(X)

XFEICFETSD. bLXNX =Y XZ E W) BICERBIZIE I TOUE, Kiinneth
AU X B 55
H'(X)= P H(Y) o H*(Z)

jtk=i

DD, £77, —MIZHH Lefschetz B2 (§84.1, M 6) 2> 538D B bR )
H'(X) = P (X)
j=0

WD, 29 Lz “OfF 1397 _XToO Weill adhErv—] TRO7E=2. X HE M
SEMDOEKRT (ahTuU—Hmic L 52 WET) O LT, ETREak
T U—ORRIIZDOENTH D, EEXDILILTERNWEASIDN?

02 L HWICHE AT CITH L, (fEm s — L aREn V— I Weil 2hE0 V—ThH 5. ZOHA,
AL O—2OHOER, T72bbH, Frobenius it F DX —LakEny— H (X @p, Fy, Q) ~O
TERIASEHMTH D Z LITRMIRTH 5.
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Grothendieck |, A% & — RFH (F44.3, T 44) ODIRED FIZ, EF—7
DB Ay & AT

h: (K LW SR RS ARIK) — A

AL, X o h(X) 2 “BEMEIREQS—ER O FTHLILERLE.
ZUT, (BVHEER7-T) 2REn O—8i X o 0 (X) 1, = 0BT h 4 &b
FHILE (RF L H— FPRORED FT) &L

Grothendieck (Z K 2 EF—7 DB A OWERIE, OB THH. £3, K ED
ORISR Z S L L, §)

Hom(h(X), h(Y)) = ClL (X x Y, Q)

neq

THZONDEHORBE A B 2D, XY IZRIET H%%% h(X),hY) € 4" TH&
WL niE X ORIETHY, Cn (X XY, Q) X x YV EORKIEn O QRO
BRIy A 2 VO3 HC(X xXY)®zQ ZEENFE CH -7 TH L. A 2B
LR OERIIMREIIEORRTED D, T7hbb, XY, Z (X DR TEN, Y DR
gtEm ERBL) WXL, po: X XY XZ — X XY, pg: X xY xZ —Y x Z,
p3: X XY XZ—XXZEBE, aeC (X xY,Q &peC” (Y XZ Q) OF

neq neq
k%
ﬁ o= (p13)*(p9{204 ngﬁ) € Cr?eq(‘X X Z, @)
TEDHDH. (2F—LaRErY—LRERIC, CL I LTY [ [ 72 EOBBRINERE

neq
TE%.) ZoME.4 I, BCHERBE Hom(h(X), (X)) O_XFETICL D%
TNz, 6RO [Tatefa ] (EZ X —LaRtr o —OHR T Tateta v 12

KIET 2 HD) ZAHTIMATZ b D0 M ThD. GELIE [Jan] ZZ M)

Grothendieck |Z (A& > % — R TPHRZRELC) Z OB Ay NEBEHT7—NILET
bHZEER LTz, ZHICEY, BFEDIX) € My IFEMIEHRDFA(X) =D, v
2 “HfE” SN LB DN5H. RESHREX 2 “9f §H6Z2LTEF—T a;
Bons, X oareEn V—mlaEEIZ TR TIOEF—7 o bR ho—
IWTBHZ D, ZHITMOD TE LWHE TH 5. Grothendieck 73 Z 4L “BFEF”
ThHESoT-E VI RN FE-> TN 55,

634 1 CIIBIEMRIEE F— 7 (neq motives, numerical equivalence motives) D& & FHFIFL TS,

CURFEETIC L 5 &, TF— 71003 THRBRERT 2R/ NENL) L0 BRRH 5. EH
21X 7 7 U AFED “motif” (ZIAD LN BRZ T4 D Z L ITTE RV (BolXWEEEZ 5]
<&, Tmotif = FF—7 ] EEFEMIMNTNDEZELHD), REEHEEDaRETR D —DETHE

AT D THAL WO BREZADTZONE LAV,
65[K12], 52—, 1347 HIC Kleiman |2 L 3Rk 7 % 5.
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4.5. Jannsen DEE. [X72 LT “&FF ZEZ2D725 9 . My BEITAH
= RTPHEENELRLS CHERATRETHD. 7, EEMOEIM LA o RERTR
Bl zix, Weil adstny—%—2[@BELZEED KREuU—FHE]) 2HNWT
CHUDOEEBRT 22 LHTES.

Grothendieck 73 A % % — R PARZHEH L TH 5 20 FELL EAERE L 7= 1992 4E(2,
Jannsen IX, R VA —KFFEEZRESTICROTHEZ /R LT-.

FIHE 4.6 ([Jan]). TEMEREME] O ERISNTZE Ak 1R —LETH 5.

Jannsen (Z X 5 Z OEFDFERIT Lefschetz BWARZ WO b O TH Y, FE
FIZHEW. GRXXBER L2726 X—YThdH!) Jannsen X, 5T, FAEMI[FE &
RS 22 WEMERIMR N B ER S NT) B ERMT —LETH L7201, T O
DEIERIFENDIEDN D Z EDBEF S THLZ 2R LTS, LEDR-T, b
L “WBY 25 L5701, My ZENIELWETF—T7OEE 52X TWDLZ LT,

AR K — RPREITHAE L B REITHY, L7=2-> 7T, Grothendieck ME )34
RCEHINT-DIT TR, LrL, Jannsen DEFIZ LY, Dl &t [£F—
T DM EFEHEND REE M 1 TEO T2 LT 566,

FEFIL 200841 A 3 AM D 12 BITHNT TA > RO Tata WF5EET T T oL 72 [E BRI 52
£ IREBYA 70, £F—7, ERNEEIE] IZZIL, Jannsen K7»53%3C [Jan]
IZOWTOFEAERR D Z LN TED LWV ) EEELG. KEIDOKR%ZIZ, Jannsen K
DEEZSIHL LS.

FRLSERSC [Jan] 2 EW =0, DHEMAHBICESZLOTLE. £
LR, Z<DAABET—T DI L% Vb HETF—7 LI
N TWDHH D (so-called motives) EFFATWE L7z, LL, FAD
AR ST D, ZIHMESANTW R L]

66 Jannsen OEBLIISH LT R+ TH D 2 ENEW. (ETZ—LakEn P—N, BF L E2RH
T5ZLITEEHTE R, (FOEDIZIZ TP 4.2 — ZHUIAZ U F— RTPEOIFETH D — HIRE
TAVLENDH D) £/, Jannsen DEFEND, =X —)LaREnr P —~O Frobenius {EH OBl
P ZLIXTERY. M TEELW] FF—T7DOETHDLZ LRV L 9130, A7 H—
RPHEBMEREN T2 WERTIE, ISR, Ak 0 E 2 LD TWEEZEDI D2 2 720
ZELDD.
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5. BEGHIZBIT D T£F—T7H7E 2 7]

5.1. REBAXEEF—7T. §2.9 TiX, ARAERITHED Galois REUZ DWW T~ 7=. 7
epb, QN HT2T) REBREIENX f =307 anq" EFBLTHLT, Q
D 2 Tt L HEFH pry: Gal(Q/Q) — GL(V) MBFAEL,

L(s, f) = L(s, py)

PRI f

Linh, fOESHE>2ThHE, ZORGE, AE - hESHEKETHIND (k—1)
WITERHERER X O (k— 1) k= # —A akEr P—inb, Hecke BBOEMAIZL 5T
[FASHET 284 20 ES 2 ETEOND |

iz d (EEE 2.10)

Galois &ZHL pyry

INE - RSN X

Galois K8l py e

RAEA f

T, §4.4 TR [£F—T7 0GR OEZHT2MHi-T, ZOxGEH 5D LI
LD TH LS. AR - SR X EI21T Hecke fERFEMUERAORTIS & L CHERT
B, ZOEMICED X DFF—7 “WX) € My ENRL, [ICHIET 2HE
F—7 “M; e My R fOEF—7) RO HTZ LIXTERWVWIEAS I N ?
Z LT, Galois&Hlps &, TF—7 “My OZH—)LaREnP— H*(M;, Q) &
LCHMT LI EIITERNEAIN?

;E_ %\__ 7 “Mf”

R f Galois &I pye

R, 2T @EYRMEEDOTTY) e ch v, HEERDEF —7 1% Scholl IZ k-
THERR SN TV 5.

NE - EEEHREX ZTObDOX Y, X & O LTHRLALETF—7 “My” Z
ZBRRIEAK fITHIE T RETH D L WHIERXLITEETH L. — KT, REGEX f

672 5 o 5 — RPAIERIBR /DT, EF—T7 DT F— L aREr V—E2EHRTH-DI01E, THUE
MR % [hEr O—FfE] ICEE M CHUDLERDS. 2L < 1T [Sch] & B,
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(fE S Galois £l % =4 —/L 24 B V—& AV CHERCT 2 IS 2 25%,
DEFETH, BRICHDHET—7 “My” ZOHDIE—EMNTH D (ITEN RN &
Moz enTE .

5.2. Fontaine-Mazur $3. £ Tix, ¥, Galois&KHL p722HHFE LT, £kt
IS LT — T RRAEZ D ﬁ?‘; LIETERWEA S )2 ZORMBEIZE LT,
Fontaine & Mazur (XKD LW TAEERH L7 (FM]™) .

F18 5.1 (Fontaine-Mazur F38). K # UKL T5. (#FKE L, p B
RnIRTCLERBLE T 5. p RO REEIRBEREO =2 —LakErn o— (D
W72 Tate 42 0) OELREE LTHLNDZ L&, pBNRD 2 OO,

(1) p 235342 S8 i A BRAA.
(2) L Z2EIVEIHF R vlTx L, p, X de Rham.

AT Z LIIFEETH D.

TADL.1 OFFETRE L ZAIE, (BF ’52 b)) plxtl, TS ERIK
DTH—NARERT—PLELNDLTZDITIE, F&M4(1),2) “2iF” THoThsHZ
k%(ﬁw_%)%ﬁbt_&_%é.%_,Wm?ﬁiﬁ%MA)%%wék,%
fF(1),2) 72007 b, HREZRL TRCTOHRES v ICET 5 1R

[THEx) &@fhé%iﬁwﬁf?bf BARRE 2 bR < X TOFR
FRvIzxL, vi T%)%%HE’] Frobenius 7t Frob,, @ [EA & X5k
HThY, %@?“A’CO) BOBFHIHEL ¢ 1T LW (g 1o D
FISARDOAER) ]

WEPTLE D™

8451 2 1ZEAT AR D = & U REN SN EZ 2 BE b5 5. RIEREIR~DELH (R
B ET) BES TR T Z RS E LD, T, fREECREEREOHLAICE, 61Tk
DHERR B ARETH 5.

0922, WY /RTAE (Tate TAEAR L ([Tat])) ZEETHIUE, [“M” OEF—7 & LTO— &M
AT L TE D,

"OFontaine-Mazur FAIZSWTIE, [Tayl], [Tay3], [Kis] 2.

(e H@%T#E%T%é.%vmﬂbf D& I w BIFET 5 2 & b EBITIERVL,
RICIFELTZE LT, ZOL 2w B ollLben &b AHTIERW ! Gal(K/K) I21E, &FE A

ICRE LT (EARRE & LTI e i B 72) Gal(K JEK) BEENTVSDR, ThbIEELIEHICE
ENTLLOTERS, FHICRORANE LS TNDEERHILATES. ZHU, Gal(K/K) c:
X9 5 IERMREAREGRH 2 WVITFERMBERER O —D2D R LS T EHTE S,
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TA85.112 Langlands (2 & 5 PRZMAGHED Z LT, & (1),(2) &7 pll,
GL,(Ak) DREAILEBRE 7 5ET 0 ZENTRIND. LEER-T,

225 Mmm{ Galois £

EWVHMABHFSND Z &ITRD.

bHAHA, TOMEANEBINTNEr—A i (& —vakEry—ILy IR
BRI D Galois B#HLEZED | T ENAMRRIZR 722 E&BRITIE) T L <R
RN L L, ZOXRKESHEICE X 2N D AR MEEBRT L 2 L, Hx
DORE~OREN 27 7 u—F 25 ETHLRUIRZETHD.

5.3. RIEDEERE [Galois RIEALEF—TZHES1. AL TIEL, Wiles ((Wi) X
Taylor-Wiles ([TW]) IZXVAGSLz TR=TEH ] OREIZED, W 20DY;
A1 TGalois ZELOREME |, T70bb,

] M Galos £

EWVS FROMIENTFHND LI R>TE . ZOmDOT TIE, [R=TEH] I
j][]if;

T5z b mod (EBRIZHL, FhizoZ—LarEnd— (O—
) & LUTHEBT DL RARBSARE (£F—7) 2T 5]

EWVO FIEBNHWSND (B ZIE, [Wi], [SBT], [Tayl], [HSBT] #&M#.) . Ziud,
AR THE TRARTE M LT D, [Galois RENSLEF—T%2ED] L) “HF
LW HiTh L2, HRAGRNICRS &, D &b 19 titfdod Hermite X° Klein
I S DIE D “HVvY FETHLH D, 52 517 Galois #H p 2572012,
HEDRNWETF—77 ZEIUT RV &V S BAE™, 4%, T ETEEICR-TL
D00 LitZgu,
C PLbaA. EIRICE ST, (B L OBRIEIORIEAERSNTOS,

T3[SBT], 284 ~— Y% FL.J&. [Se8] b &K,

TWeE - Tate TAIIFE AR (LZOHDAF) ICHTHEETH DL, ZOMAHOFT, @ik

ot Calabi-Yau B O ¥ — /L afkEo P—RNENICHY LN TWEDE, TO—FITHA D
([HSBT)).
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6. T [

M 1. K&#KEL, p: Gal(K/K) — GL,(C) g #FRE L +5. 72721, Gal(K/K)
(1% Krull 2R 2 A, GL,(C) IZi3 8@ (WAL ERIEE LTo) fifiz And. =
DEE, pOBITARIETHY, plTArtin£IL L0 D (T7205H, GL,(C) IZBERAL
MEz AN L SICHERE L D) Z LR,

M 2. B % (8RR Q OFRRIERET 5. KEEKEL, p: Gal(K/K) — GL,(E)
EUERIETH. (Thbb, Cal(K/K)ICiX Kl iz A, GL,(E) i (i
HZEAND.) ZDEX, D ge GL(E) WFIELT, g-p(Gal(K/K)) g~ ' H
GL,(Op) \IZ&FENDZ LamE. (Opld EDBYIRTHD.)

3. KZ#KE L, p: Gal(K/K) — GL,(Q,) Z#flFE & 45, 72721, Gal(K/K)
20 Krull f2AR 2 AL, GL,(Q) ICiX (M Z AND. 2Dk &, Q OARKIEL
REDFELT, pOBRIZIGL,(E)ICEEND Z La e, (B b Baire DA 7 =
U—E#HE &)

fE 4. REURD (HERBL p TH - T, HEREDOARE R THIET 56 DOEMsE &, (2
DX pIBEFREOZ — L akEny— (R°FD Tate f& ) OFIMEE L
TED Z LI TEZ20.)

1 5.a e QZHHEET 5. REBEKRDIERE ) Th-T, AREZRS T ToD
F R v TAIET, Frob, OEAMITMAILAE T, £DOT X ToHLE @%ﬁyﬁf@%ﬂﬁﬁ

¢ (g 1 F v DRIRIEDAHE) CHELWSDOEHRE L. (o ¢ 1Z ThiUE, Zokd
fot P IIRELRED = Z—)LakEn P — (RFD Tateth V) DOFESS \Pfﬁk LTIED
ZliETERNy)

6. B2, L~UL 11 OFATERK

f=aJ0-a9*(1-q¢") Zapq

D q BB DIRER a, %/ X 72350 p \TkE L CEIRII _nJr:éiﬁot. F7-, MR E
YZ+YZ: =X - XZ* 123t L, a,=1+p—#E(F,) ZHErd L. GHEEIEZ
HANE, p<10,000 2 F THEL TAHATSEIV.)
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M 7.p&EkEL, ¢pO_F¥LT 5. F, EOFEHEMHRIE, 1+q—#EF,) =0
(mod p) ZA7-F L&, BEREL VWS, E2MEURK LofHdi#RE 3%, Emod v’
E%E‘ef TRWAHIRFE S v NERBETFEST D 2 & amt. (RAOOH D NIL, K =Q DK
2, B -ERTAEEZHWERRER 3 2 TATZEV.) GRS : Ramanujan
D 7 BBIZOWT, 7(p) 23 p THEINARWHEE p ITEERBEFET 550 2)

[ 8. BEG, EFHBOKE L, nikRoiEHp,p: G — GL,(E) Th-T, Tr(p(o)) =
Tr(p'(0)) (Vo € G) 7223, HHL p*°, (p/)*® 23EME TR A 2808 XK.

9. OB LERY — & e it fd L.

(1) F, L0774 22/ A", A™\{0} (01FRA) , Sz Pr, EREP" x P
(2) F, EOFEMEI#RY2Z = X3+ X 2% (/hEWFEHp TREMID)
(3) F, Lo@MEMM#HRY2Z? = X° — X2 (/hEWFEE p TEARMID)

M 10. F, EOVE S5 RESZERR X, Y 1% LT Weil TAE3 720 72 CiE, &
X XY ICHLTHRD D2 L aRE.

M 11. X 2 F, EDO nRITTOW O EHANRESRE L 55, v %2 X © Euler # &
T2 (Y IFTHAEAACX x X DACKAR). X OAFRE—#BEK Z(T,X) 1%, &
DO OB ERE 7 T=7
1
- — X2 X
Z<an, X) +q™/2 . Tx . Z(T, X)
FaBn+1Thd X opE, -1 THD X OplEzT L.

M 12. X G RKF, EOW O REEHREIRE 2. X ofl#E g LB<. X
W64 % Weil 748 (Riemann PROFEE) 2 HWT, F-ABEEOEE #X(F,) 3R
%
| 1+q—#X(F,) ‘ <2¢\/q (Hasse-Weil DAE)
AT LAY, £, W, TRTOn > 112% LT Hasse-Weil DAZER
|1+ ¢" = #X(Fp) | <29V4"
720 72T, X 1L Weil T4 (Riemann PAEOFEL) ZH7-T 2 & 2Rt
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i 13. X ZHMRUKF, Lot bt d ittt & 4%, EX#X(F,) = ¢+1+29/4
Wi lzobE, X Z#BRHEE V).

(1) ¢ = p" (pixFE%%, r I TH) oL &, F, LICHBKIIIGFELRNZ L %
e

(2) g=p" pIFFEHK, r>1 &L, X&F, LOWKH#HETS. ZoLx, X
OFEH gL, g<qlg—1)/2 ZH7=F Z L ERtE.

(3) q=p" PIIFEK, r>1) &35, YIZ+YZ1=XT CTEEDHF, LOFHE
R A2 X L 3B5< (Hermite BiER).
(a) X FHOLRREIRTH S Z L &mE. £, ZTOMEERD L.
(b) #X(F,) ZRD K. £z, X ITWMKMRTHD 2 L &Ry,
(c) X OF, FoARE—#B% Z(T, X) 2K k.

fl 14. X 2 Q LW LRSS RIE L 5. f(T) € ZT) Z8Er 521
L, AMREZRS TXTORBp I LT HX(F,) = f(p) 7RV TI=ZDERETS.
ZoOkE, X(C)DOFEKD Betti 2130 TH Y, X(C) D 2m KD Betti 1% f(T) 12
BIFD T OFBITHE LN L &R,

B 15. XY 28K K LD ORISRk L 35, K OFRRER v &
12OFEL, X,V iZo TROVBLAFFOLHRET D, 61T, §XTOnICXLT
H#X(Fgn) = #Y (Fgn) B IO LOET D 0 IZB T DFREELTF, LW 7o) . 2
DOExE, X(C),Y(C)® Betti HNHELWZ L 2RE. £72, ZiuL Hodge $ioxt L
TRV olzZpn 2 & &t (Rl & 25500 X).

Bl 16. X, Y 2R K Lo bR RIK e 35, fAMREAZERS 7T
DAMRFE R vIZH L, #X (k) =#Y(k(v)) 725 (k(v) IZ v DEIREK), X(C),Y(C)
@ Hodge #7235 LW Z & 27, (Hodge 73725, X(C),Y(C) @ Betti #7235 L
ZEbHaing.)

M 17. KK Lo K3#hia X 13, X @ K O Picard 5322 Th o L BERTHL LW
9 (ERF R K3 BT AEEL 0 DR FICIIFE LR L (qic X B 7220 FSRECN 23MF(EL
T, ALEOHBUAF, &, BAR K3 i X, Y/F kL, #X(Fnv) =#Y (Fn) &72
Dz EapE (B b K3 O Betti 5%, bp =1, by =0, by =22, by =0, by = 1
TH5b.)
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8 18 (Weil). C ZHIRIKF, LoV bR R Eu# L 35, X = (CxC) @y, F,
EEBEX, AC X AXHAES, T X Z Frobenius it F: C - C DT I 7L4%. C
DOfE%E g L F<.

(1) A-A=2-2g, T'-T' =¢q(2—29) Z~¥E.

(2) ZEEA T B C OF - AEEOMEE #C(F,) IZ5FE LW & ZRE.

(3) X X Hodge A ¥ v & — R FPfEHIFTZenMbNAL TS, ZHEHNT,
Hasse-Weil DA%

|1+ q—#C(F,) | <294
e

8 19 (Jannsen). X ZREAIPAK K L0 n IRTTOW R ARES AL L, K
THWRFELL ZEET D, X x X EORKIEn OREAI A 7 LD 72312 BUE)
[FIfECHI - 722 Cr (X x X) &<, F72, E=Q, QIZxL, C"(X x X))@z E
EHEHRME TR >R Cr (X x X, E) LBE, (X — N aREn V=5
EED) RERC—AECTE SR %E O (X x X, BE) 5. (RZ U F— FTH%
REFTIUL Cy, L, = O 72735, 22 TIRRE L72W.) RERIRIEOA K THEEZ AR
HZEizky, Cn (X x X, E),Cr_ (X xX, E)IZFE Loz 5.

neq hom

(1) Cno (X x X)IFARAEKE BT —~AEETH L Z L a2RtE. CL (X xX, Q)X
Q LOBFBKITEAY MVERTHS Z L ARt E7s, Cn (XXX, Q)@qQ =
Clog(X x X, Q) &7t

(2) P (X x X, Q) 1ZQp FOARKTAY MZERTH S Z L 2R,

(3) K OEHNODEE, Of (X x X, Q) 1XQ EARKILTHY, ZDORTILL
ICE BNz LERE. (iR KB EERO L X1E, OF (X x X, Q) Q
FARBKITTH S Z LT BN TR, ZORTNDLZELRWVIINE 5
HIBILTNR,)

(4) a e O} (X x X, Q) ZXFFELETH., ZDLE, aDTZH—)LaAREH
U— HY(X, Q) ~OIERIERFETHD Z LErt,

(5) I C Cp (XXX, Q) Z_FRERWEMA T T NETDH. IOBERREHCP (X X
X, Q) = Ch (X xX, Q) 12X 2B 0THDHZ L&t (B b Lefschetz
AR A VXL

(6) CL (X xX, Q) B Q EDEHMAITHSH Z L 2. £7z, O (XXX, Q)
N Q EOEHMRETH D Z & ARt (B b 1 Jacobson #R3E J € OF (X x

X, Q) BN THDHZ L ERYE.)
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8 20. PSLy(F5) = SLo(F5) /{1 HIRMREEA; LA TH D Z LAt £, [LED
HATYERIE i1 PSLy(F5) — PSLy(Q) 2kt L, LA RO AT D 00 SLy(F5) —

SLy(Q) N—BRINIET D Z L art. £, 07 FHHTHD 2 L a2 Rt
SLy(Fs) > SLy(Q)

L

PSLy(IF5) - PSLQ(@)

R 21 F5H R OS5y s B 5 5 LD Galois #BLIZ DWW T, RERHE.

(1) p: Gal(Q/Q) — GLy(F5) # QP mod 5 £ T, det p23imod 5 3 FEIETH 5
ETH. ZoEE, Q EoMMER E ORBE TH- T, E[B]~D Gal(Q/Q)
DIERDS p L RMEIC72 5 & OV EREFAAEST D Lamt. (B b BV
7 — il X (5) Ol 472 Galois #& 0 28 Py, L [ARIC2% 2 & 2md. 1 IRH
I LY, Aut(]P%) > PSLy(Q) THDHZ LITER.)

(2) (1) IXQ D mod 3&H p: Gal(Q/Q) — GLy(F3) IZH L TH RV D L%
.

(3) (Dieulefait) p > 7 ##$k L3+ 5. Q ®mod p £H p: Gal(Q/Q) — GLy(F,)
TH->7T, detp?2imod pMHpEETHY, AL Q EOMMEH Fizxt L
T Ep|] & p RAMEIZZR B2 S DOBAET D 2 L At
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M 22 (L B3% oA BN HEKE (1)). Braver 58 ER L X, RO LD REHTH L.

EE GEAMREEL, pZ2GEDOC EOFRKRILRBLET S, ZDe

&, AIEEORE Hy,... . H, C G (H \ZIZEEDRH 5000 LivZen)

o€ GIZHL, KRB TD

Tr(p(o)) = Zmz Tr((Indf xi) (o))
i=1
ZNERANT, EEO Artin £ p: Gal(Q/Q) — GL,(C)iZkf L, LM L(s,p) BN
HRERR & L CHEF PRI SN D Z L 2. (B b LERITERER
BUZE o TRETH L. T72bb, L/K #REEOFRKIERE L, p: Gal(L/L) —
GL(V) Z AR IC Galois &8l (Artin RELETZIX CHERBL) 358, Lis,p) =

Gal(L/K)
L(s,Indg 7/ p) 23720 722.)

23 (L B oA BRMITHHE (2)). FH L EERFRFQ, 2 CABEETS. 72, &£
¥t e REEETD. B K O OERB p I LT, RO K 2525,

(%) EED 1T Artin KHL y 16 L, L(s, p®@ x) ITABERBIHE L
THEFVE IR S, Re(s) > tIZBWTEAITHERZ R
720N,

ST, QDUERT p NIREHT-T LT 5.

Galois kK F/Q FIEL, fEEOMIIERF D F' D Q T F/F H3a]
ﬁfﬁf‘j('fal?)%) %)0) ;(—J.L/ p@fﬁ”ﬁﬁ p‘Gal(Q/F/) (>-<) %‘f%‘fuj—

ZDEE, L(s,p) lITAEBIERE L U CHEB L RN S 41, Re(s) > ti2E
WTCIFRAITTESZE -72nWZ 238, (B2 bk : Brauer B ETEH 2 H N X))
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INTRODUCTION !

The author’s study of L-invariant of automorphic p-adic L-functions described in [HMI] is sketched
in [HO7a], and the series of lectures at Hokkaido university was based on [H07a] and is given under
the title: “L-invariant of p-adic L-functions”. In this half expository and half research note, we
illustrate progress made after the lectures in Sapporo and publication of [H07a]; so, the material of
[HO7a] is also covered here but briefly. Formulation of our results aside, some results described here
are at least not in print before, for example, Corollary 0.6 and Proposition 3.1.

Let @ C C be the field of all algebraic numbers. For each prime ¢, we pick a field embedding i,
of Q into an algebraic closure Q, of the /-adic field. This gives rise to a choice of the decomposition
subgroup D; = Gal(Q,/Q;) and its inertia subgroup I, in Gal(Q/Q). We fix a prime p > 2
and a p-adic absolute value | - [, on Q. Then C, is the completion of Q under | - |,. We write
W={ze K| lz|, < 1} for the p-adic integer ring of a sufficiently large extension K/Q, inside C,.
We write @p for the field of all numbers in C,, algebraic over QQ,. Start with a strictly compatible
system {p(} of semi-simple Galois representations p; : Gal(Q/Q) — GL,(Ti) for primes [ of the
coefficient field 7 C Q. Thus V; = T} is a Galois module via p;. We assume that p does not contain
the trivial representation as a subquotient. We write S for the finite set of common ramification
primes of pg; so, pr is unramified outside S U {00, ¢}, where £ is the residual characteristic of I.

The author is partially supported by the NSF grant: DMS 0244401, DMS 0456252 and DMS 0753991.

IThis introduction is a follow-up of the lectures delivered at the conference on L-functions at Kyushu university
on February in 2006, the lectures at Harvard University, Spring 2006, in the eigenvariety semester and at Hokkaido
university, summer 2006, as a series lectures at Sapporo summer school organized by Yoshitaka Maeda. The author
would like to thank Yoshitaka Maeda for the invitation to speak at the summer school.
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L-INVARIANT OF HILBERT MODULAR FORMS 2

We write p = {§ € OT‘ I€lp < 1} for the integer ring Op of T', and take a sufficiently large discrete
valuation ring W containing Or, as our coefficient ring; so, we regard p, to have values in GL,(W).
Often we just write p for p, which acts on V = K™ for the quotient field K of W.

We always assume that p is ordinary in the following sense: p restricted to D, = Gal(@p /Qp) is
upper triangular with diagonal characters A% on an open subgroup of the inertia group I, for the
p-adic cyclotomic character N ordered from top to bottom as a; > as > -+-->0> .-+ > a,. Thus

Nty x e
0 N2y
plr, = : s :
0 0 o N,
for finite order characters v¢; (j = 1,2,...,n), and we have a decreasing filtration Fi*lp C Fip

stable under D, such that the Tate twists of the graded piece gri(p)(—i) = (Fip/Fitlp)(—i) is
unramified after finite base-change.

Let E¢(X) = det(1 — pq(F'robe)|v,,X) € T[X] (assuming q { £), where Vi, = Ho(Is, Vy). We
assume that E;(X) is independent of the choice of q 1 ¢ (strict compatibility). Decompose

n'

E,(X) = H(l —o;X) forn' =dimVj,.
j=1
By potential unramifiedness of gr(p)(—i), we have ord,(c;) € Z (if we assume to have the étale-
crystalline comparison isomorphism producing E,(X) as the characteristic polynomial of the crys-
talline Frobenius map on the crystalline part of V; another strict compatibility). Let us define

g = o if ord, (o) > 1,
T paj_1 if ordp () <0

and put e = [{j16; = p}.
Ep)=T[a-pp ") and F(p)= [[ -8p7")
J=1 J=1.8;#p
Then the complex L-function is defined by L(s,p) = [], E¢(¢~%)"!. We assume that the value at
1 is critical for L(s, p). We suppose to have an algebraicity result that for a well defined period
Q(p(1)) € C* such that % € Q for all finite order characters & : ZX — jip(Q). Then we
should have

Conjecture 0.1. Suppose that s = 1 is critical for p and that D, acts on gr'(p) trivially. Then
there exist a power series ®**(X) € WI[X]] and a p-adic L-function L™ (s, p) = ®4"(y'~* — 1)
interpolating L(1,p ® €) for p-power order character ¢ such that ®"(e(y) — 1) ~ E(p® ¢) L&;}’g%j)
with the modifying p-factor E(p) as above (putting E(p@e) =1 if e #1). The L-function Lg" (s, p)
has zero of order e + ords—1 L(s,p) for a monzero constant L"(p) € C; (called the analytic L-

invariant), we have

Lan s,
lim M

s—1 (S — 1)8
is the p-adic limit.

L(1, p)

= E“"(p)5+(p)9(p(1)),

where “limg_,1”

When e > 0, we call that LZ"(S, p) has an exceptional zero at s = 1. The problem of L-invariant
is to compute explicitly the L-invariant £%(p).

Here are some examples of successful computation of the invariant and cases awaiting further

study. Start with a Dirichlet character x : (Z/NZ) — Q" with x(=1) = —=1. Then Q(p(1)) =
2mi. If we suppose x = (i) for a square free positive integer D, the modifying Euler factor
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vanishes at s = 1 if the Legendre symbol (‘—f) =1« (p) =pp (p # p) in Qv—D] with p
induced by ¢,. By a work of Kubota-Leopoldt and Iwasawa, we have a p-adic analytic L-function
L™ (s, x) = ®*(y' 7% — 1) for a power series **(X) € A = W/[[X]] and v = 1+ p such that for
EON™) = (1= x(p)p™ ")

L(m, x)

Ly (m, x) = @*" ('™ = 1) = EQN™)L(1 = m, x) ~ EON™) gmiym

for all positive integer m as long as [n™—n|, < 1 for all n prime to p. If we have an exceptional zero at
1, it appears that we lose the exact connection of the p-adic L-value and the corresponding complex
L-value. However, the conjecture says we can recover the complex L-value via an appropriate
derivative of the p-adic L-function as long as we can compute L*"(p). We may regard y as a Galois
character Gal(Q[un]/Q) = (Z/NZ)* % {#1}, and we remark that y(Frob,) = 1 to have the
exceptional zero. For our later use, for the class number h of (@[\/j}, we write t for a generator
of p"; s0, p" = (w) for w € Q[v=D).

Here is another example. Start with an elliptic curve E,q, which yields a compatible system
pr = {TyE} given by the f-adic Tate module Ty E. Suppose that F has split multiplicative reduction
at p. In this case, E,(X) = (1-X), E(pr) = 0 and E1(p) = 1. Then by the solution of the Shimura-
Taniyama conjecture by Wiles et al, this L-function has p-adic analogue constructed by Mazur such
that we have ®4(X) € A with ®%*(e(y)—1) = E(pE ®5)%}§(1’E’5) for all p-power order character
e : 25 — W*; in other words, L4"(s, E) = ®4*(y'~* — 1). Here Qp is the period of the Néron
differential of E. Thus if F'rob, has eigenvalue 1 on Ty E, the exceptional zero appears at s =1 as
in the case of Dirichlet character. The F'rob, has eigenvalue 1 if and only if £ has multiplicative
reduction mod p.

The L-invariant in the cases where p = x = (i) as above and p = pg for F with split
multiplicative reduction is computed in the 1970s to 90s, and the results are

Theorem 0.2. Let the notation and the assumption be as above.

(1) £on(x) = :EZEZ)) = —% for g € C,, given by q = w/®@ (ﬁh = (w)) and the class number

h of Q[\/j};

(2) For E split multiplicative at p, writing E(Cp) = CJ /q” for the Tate period q € QX , we have

D’
pan 1

Here log,, is the Iwasawa logarithm and |z, = p

— ordp () .

The first assertion is due to Gross—Koblitz [GsK] and Ferrero-Greenberg [FG]|, and the second was
conjectured by Mazur—Tate—Teitelbaum [MTT] and proven by Greenberg—Stevens [GS] and different
proofs given by some others later. In the first formula of the theorem, the sign “—” of O
correct as explained in [G] (10) (and if we evaluate the value at s = 0, the minus sign should be
removed as was done in [FG]).

To present more examples of occurences of exceptional zero, let G be a classical group split over
Z,, with simple derived group. Write s(R) for the Lie algebra of G(R) for a Z,-algebra R. Starting
with an ordinary p-adic Galois representation p : Gal(Q/Q) — G(W), there is a systematic way to
create many Galois representations whose eigenvalues of F'rob, contain 1. Indeed, let p act on the
Lie algebra s(W) by adjoint action. As an example, take a symmetric or skew symmetric integral
nondegenerate (n + 1) x (n + 1) matrix J, and let G be an algebraic group given by

G(R) = {z € GLyp1(R)|'zJx = v(x)J for v(z)e R*}.
Then we have s(R) = {2 € M,,41(R)|Jz = —'zJ}. Then the adjoint action is given by
Ad(p)(0)(x) = p(o)zp(o)~"
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for # € s(W). The action of Ad(p)(Frob,) on s(W) has eigenvalue 1 with multiplicity |24+ ]. If

p(Frobss) for a complex conjugation Frobs is conjugate to the n-th symmetric power Sym (§ % )®n

(that is, p is totally odd), Ad(p) critical at s = 1. Let p; : Gal(Q/Q) — GL2(W) be a Galois rep-
resentation associated to an elliptic Hecke eigenform f with Tr(pg(F'robe)) = A¢ if fIT () = Ao f.
Then p, = Sym(p;)®™ has values in G(W) for G defined for J = Sym ((1) *()1)@" and pp, (F'robey) ~
Sym (§ _01)®n. Thus Ad(py) is critical at s = 1, and Ad(p,)(Frob,) has eigenvalue 1 with multi-
plicity L"THJ As is well known,

Ad(pn) = @ adi(p),

0<j<n;j:0dd

where ad;(p1) = Sym(p1)®?/ ®@det(p1)~7. The Galois representation ad;(p;) is critical at s = 1, and
ad;(p1)(Froby) has eigenvalue 1 with multiplicity 1.

To give one more example, let pr : Gal(Q/F) — GLa(W) be a Galois representation associated
to a p-ordinary Hilbert Hecke eigenform (belonging to a discrete series at co) over a totally real
field F'. We make Ad(pr) and consider the induced representation Ind% Ad(pr) whose eigenvalues
for F'rob, contains 1 with multiplicity g for the number g of prime factors of p in F'. The system
Ind% Ad(pF) is critical at s = 1. More generally, for pr,, = Sym(pr)®", Ad(pr.) is critical at
s = 1, and Ind® Ad(pr.,)(Frob,) has eigenvalue 1 with multiplicity g|2FL]. Similarly as above,
ad;(pr) for odd j is critical at s = 1, and Ind% ad;(pr)(Froby) has eigenvalue 1 with multiplicity
g- We mainly study this example in this note.

Arithmetic L-invariant. Returning to a general ordinary representation p = p,, we describe an
arithmetic way of constructing p-adic L-function due to Iwasawa and others. We define the Selmer
group via Galois cohomology

Sel(p) € H'(Gal(Q/Qx), p @ Qp/Zy)

for the Z,-extension Qo /Q inside Q(pp ) by the subgroup of cohomology classes unramified outside
p whose image in H' (I, (p/ F*p) @z, Qp/Z,) vanishes. Here F*p is the middle filtration F'p and
I, is each inertia group at p. The Galois group I' = Gal(Qu. /Q) acts on H*(Gal(Q/Qx), p@Qyp/Z,)
and hence on Sel(p), making it as a discrete module over the group algebra W{[I']] = lim WIr/Tr"].
Identifying I" with 1+ pZ, by the cyclotomic character, we may regard v € I'. Then W|[[I']] & A by
v +— 1+ X. By the classification theory of compact A-modules of finite type, the Pontryagin dual
Sel”(p) has a A-linear map into [[;cq A/fA (for a finite set @ C A) with finite kernel and finite
cokernel. The power series ®, = [[;cq f(X) is uniquely determined up to unit multiple. We then
define Lg’”“h(s,p) = ®,(y'7% — 1). Greenberg gave a recipe of defining £(p) for this Lg”th(s,p)
and verified in 1994 (see [G]) the conjecture for this Lzr“h(s, p) except for the nonvanishing of £(p)
(under some restrictive conditions). For the adjoint square Ad(pr) with pp associated to a Hilbert
modular form, the conjecture (except for the nonvanishing of £(p)) was again proven in my paper
[HO7b] under another set of conditions (see also [HO00]). If there exists an analytic p-adic L-function
Ly (s, p) = @;"(’yl_s — 1) interpolating complex L-values, the main conjecture of Iwasawa’s theory
confirms ®, = ®¢" up to unit multiple; so, L(p) = L*"*(p) (up to units) under the main conjecture,
and thus, we may take Conjecture 0.1 to be a conjecture also for the arithmetic £-invariant.

The L-invariant of Hilbert modular forms. Let F' be a totally real field with integer ring O,
and we fix an algebraic closure F. Suppose now that pr : Gal(F/F) — GLa(W) is associated to a
cuspidal Hilbert modular Hecke eigenform of weight k& > 2 over a totally real field F' (for simplicity,
in these notes, we assume that all Hilbert modular forms have parallel integer weight; see, [HO7b]
for more general cases). We assume p-ordinarity of pr and

(AI) ppn is absolutely irreducible as a representation into GLy41(K).
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This condition holds either if n = 1 or if Im(pF) contains an open subgroup of SLy(Z,) (see [D]).
Thus (AI) for n > 1 excludes the case of complex multiplication. Here pp is said to have complex

multiplication if pr ® x = pr for a nontrivial character y of Gal(F/F) — @: . We hereafter assume
If n > 1, pp does not have complex multiplication.

By a result of Ribet, if F' = Q and pp is without CM, Im(pr) contains an open subgroup of SLs(Z,).
If F # Q, Ribet’s result should extend to this case, but what is known at this moment is that Im(pr)
contains a conjugate of SLy(Z,) for almost all [ for the compatible system {pr,}; (see [D]).

As before, for each prime ideal [ of F' with residual characteristic ¢, we fix a field embedding
it : F < Q, so that the [-adic place of F is induced by the f-adic absolute value |if(z)|,. We
have the corresponding decomposition subgroup D; C Gal(F/F) and its inertia group I;. Following
Greenberg’s recipe, we try to compute £(Ind?ﬁ Ad(pr,n)) for all positive integers n. By ordinarity,

we have pF\Gal(@ JE) = (ﬂo" :p ) with two distinct diagonal characters oy, and 8, factoring through
P

I, — Gal(Fy[pp=]/F}) for the inertia group I, for all p|p. By p-ordinarity and k& > 2 combined with
the result in [B], the following assertion (DS) holds

(DS) oef] * Bg for all pairs of integers (i,7) # (0,0).
As before, let
Gn(R) = {z € GLy1(R)|'xJpx = v()J, for v(z) € R}

for J,, = Sym (9 ¢} )®n. Then pr, has values in G,,(W). Let S be the set of ramifying primes of
the compatible system of pg,. Then pp, ramifies at places of S, at all prime factors of p and at all
archimedean places of F'. Write S, for the set of all prime factors of p. We consider the universal
nearly ordinary deformation p : Gal(Q/Q) — G, (R) over K with values in the pro-Artinian local
K-algebra R. This means that for any Artinian local K-algebra A with maximal ideal m 4 and each
Galois representation p4 : Gal(Q/F) — GLo(A) such that

(K1) unramified outside S, co and p;

a0, A,p * *
0 Q1 Ap " * .
, o
(K2) for p € Sy, palp, = : _— : with oj 4, = By 7 mod ma and o aplr,
0 0 - amap

(j = 0,1,...,n) factoring through the restriction map D, — Gal(F," [up<]/F,'") for the
maximal unramified extension Fy'"/F};
(K3) vopa=voppr,=det(pr)"” in A;
(K4) pa = pr,n, mod my,
there exists a unique K-algebra homomorphism ¢ : R — A such that ¢ o p &~ ps. Here p = p/ if
and only if p' = zpz~? for x € G,,(A) whose image in G,,(A/m,) is trivial. The representation p is
said to be strictly equivalent to p’ if p & p’. If it is necessary to indicate the relevance to n, we write
(R, p,) for (R, p).

Write now
do,p * *
0 61,p - %
PulD, =
0 0 - Bny

with 8;, = By o} modm, (for m,, = mp,). Let W be the integer ring of K and T, be the
maximal torsion-free quotient of Gal(Fy" [pp~]/Fy"). Then the character 8;, (8, ’aq)~" restricted
to I, factors through T'y, giving rise to an algebra structure of R,, over W[[I[';]]. Take the product
= lep F;}‘H of n+ 1 copies of I'y over all prime factors p of p in F'. We write general elements of
I as ¢ = (zj,p);,p With x4 in the j-th component I'y in ' (j =0,1,...,n). Consider the character
0 : ' — R given by d(z) = H?:() Hp‘p d;.p(x;yp). Choosing a generator v, of the topologically
cyclic group I'y, we identify W[[I']] with a power series ring W{[X ,]];,» by associating the generator
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vp of the j-th component: I'y of I' with 1 + X ,. The character 6:T — R} extends uniquely
to an algebra homomorphism  : WI([X;pllj» — Rn by the universality of the (continuous) group
ring W([I']]. Thus R, is naturally an algebra over K[[X; ,]];p. Choose a subset I C {0,1,...,n}
which is a complete representative set under the involution 7 : j +— n — j for 0 < j < n removing
all fixed points of the involution; so, I = ({0,1,...,n} —{0,1,...,n}{7) /(r). If n is odd, we may
choose I to be the subset of odd integers, and if n is even, I = {0,1,.. ., ”52} is a choice. By (K4),
0;0,—; = 1; thus, the variables X; and X,,_; are dependent, and if n = 2m is even, X,,, = 0; so,
there are at most |I| = | %! | independent variables for each p.

Conjecture 0.3. The universal ring R, is isomorphic to the power series ring K|[[X; p]lpp.icr of €
variables for e = g| "] (g =|Sp).

When n = 0, taking pro to be the trivial representation, the conjecture is trivially true. By the
results of Wiles, Taylor-Wiles, Fujiwara, Kisin and Skinner-Wiles, the conjecture for n = 1 holds at
least if either F' = Q (see [Ki], [Kil] and [Ki2]) or the residual representation pp = (p mod myy) is
absolutely irreducible over Gal(F/F[up]) (see [Fu], [Ful] and [Ch]).

We have two possibilities for each p € Sp: By/ap, = N or not. We call the first case the
multiplicative case. If the multiplicative cases occur, the weight k is forced to be 2 (unless we
consider multiple weights). If p is multiplicative for pp, it is known by Carayol that

prlp, = (% §) ®n
for a finite order character n of D,. Here £ : D, — K(1) is a inhomogeneous 1-cocycle given by
(o) =lim ( Pwp)(’_l for an non-unit g, € F,*NO,. We call the number g, € F,* the Tate period of
pr at p. We order multiplicative prime factors (for pr) of p as p1, . . ., pp and other non-multiplicative
prime factors of p as py11,...,Ppg; SO, pF|Dp]. is potentially Barsotti-Tate if j > b (in the sense that,

after finite extension, it is the Galois representation of the Tate module of a Barsotti-Tate group).
Here is a theorem:

Theorem 0.4. Let Q; = N, /0, (@p;) for i < b and m be a odd positive integer. If Conjecture 0.3
holds true for two positive integers n =mny and ng withm —2 <ny <m—1and m <ng <m+1,
then we have

b
log,, (Q:)
L(Ind% ad,y, = —L 1) L(m
( F (pF)) ([[1 Ordp(Qi) ( )
for the constant L(m) € K* defined in Definition 2.1. We have L(m) = 1 if b = g, and the value
L(1) when b < g is given by
. . 1
£(1) = det <<95pz,1([p, FpJ)) 0g,(7.)
i>b,5>b

Th=T2==Ty=0 i>b [Fm : Qp]am([pv Fm])

or;

for the local Artin symbol [p, Fy,], where Ty = X1, and we regard vy, as an element of 2 by the
cyclotomic character N to have log,(vp,) € Qp.

This theorem is proven in [HO7b] in a far more general setting. In this note, though the definitions
and the results will be stated in full generality, we will give the proof (often) under the following
three simplifying assumptions:

(H1) k > 2 is a parallel weight;

(H2) p totally splits in F/Q;

(H3) pr is unramified outside p and co.

Here are some examples showing usefulness of this theorem: Take a totally imaginary quadratic
extension M/F in which all prime factors p|p in F splits as PB. Write Oy for the integer ring of
M. Take a set ¥, = {B|p} so that ¥, U, is the set of all prime factors of p in M. Write h for
the class number of M and choose w(P) € M so that P" = (=(P)) for P € ¥,. For any Galois
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character 1 : Gal(Q/M) — W of M with ¢(c) # (o) for (o) = (coc™!) and a complex
conjugation ¢ € Gal(Q/F), we have Ad(Ind};¢) = x @ Ind%, ¥1=¢ for y = (M—/F), and we can
easily show L£(x) = L(Ad(Ind}; )). The arithmetic p-adic L-function Larith(s, x) for x = (M)
constructed & la Iwasawa has an exceptional zero of order > e for e = |X,|. Since we can compute

explicitely the universal deformation p of p = IndJ\F/[ 1, we get from the theorem

det(log, (Nys (w(B) A=) . ., =
Corollary 0.5. We have £(Ind% x) = (~1)° (oey l‘flq; — ) oo =*e. where Ny is the local
€Xp

norm Ny, yq, and f(R) is the residual degree dimg,(Opr /B).

A proof of this is given in [HMI] Corollary 5.39, though there are two small errors in the formula
of [HMI] Corollary 5.39 and we need to add (—1)¢ in front and divide by the value there by f(P).
The above value is the corrected one. We will revisit briefly the proof of this corollary in Section 3
and correct the errors.

If E/p is an elliptic curve with split multiplicative reduction at a prime factor p|p, we write

E/p, (Fy) = F: /q? with the Tate period ¢, € F,*. Then we have directly from the theorem the
following

Corollary 0.6. Let E,r be an elliptic curve over F' without complex multiplication. Assume that the
field F(E[p]) of rationality of the p-torsion points of E is nonsoluble over F and that p is unramified
in F/Q. Then Conjecture 0.3 holds true, and the L-invariant formula for E(Indg adi(pg)) in
Theorem 0.4 is valid. In particular, if E is (mu(ltz'])))licatz've at all p-adic places of F, then the L-
log,,(Ny (g

It is a celebrated theorem of Serre that Gal(F(E[p])/F) is full (that is, Gal(F(E[p])/F) =
GLy(Fp)) for almost all primes p; so, the £-invariant formula in the corollary is valid for almost all
ordinary p. Though this corollary treats the adjoint square Ad(pg) = adi(pg), the expression of
the L-invariant is exactly the same as the analytic one £"(E) for L3"(s, E') proven by Greenberg-
Stevens when F' = Q (Mok [M] has generalized the method of Greenberg-Stevens for Li" (s, E) for
E over some totally real fields F'). An analytic version (for F' = Q) of this corollary is given in [Ci].
This corollary will be proven in Section 3 reducing it to the potentially modularity theorem of F
(proven by Taylor) and Fujiwara’s R = T theorem [Ful], and a similar result is stated in [H08a] and
[HO8D).

invariant £(Ind% ady (pg)) is given by L1, where Ny is the local norm Ng, /g, -

1. GALOIS DEFORMATION AND L-INVARIANT

Assuming the three simplifying assumptions (H1-3), we recall briefly a version (given in [HMI]
Definition 3.85) of Greenberg’s formula of the L—-invariant for V' := ad,, (pr) for odd m (if m is even,
ady, (pr) is not critical at s = 1). This definition is equivalent to the one in [G] if we apply it to Indg v
as proved in [HMI]. Under the vanishing Selp(ad.,(pr)) = 0 (which follows from Conjecture 0.3
for n = m), Greenberg found a unique subspace H C H(Q, Ind% adp(pr)) of dimension g. By
Shapiro’s lemma, we have H!(Q, Indg ad(pr)) =2 HY(F,ad(pr)), and one can give a definition of
the image Hr of H in H'(F, ad,,(pr)) without reference to the induction Ind% ad,, (pr) as we recall
the precise definition later in 1.2. The space HF is represented by cocycles ¢ : Gal(F/F) — ad,(pr)
such that

(1) ¢ is unramified outside p;
(2) c|p, at each p|p has values in Fy adm(pr).
Here F, adp(pr) = ]—'gadm(pp), ]—";Ladm(pp) = Fgadm(pp), and Flad,,(pr) is the decreasing

'7:3 adm (pr)

filtration on ady,(pr) such that an open subgroup of I, acts by N7 on F ado (pr)”
4 m(PF
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Let Qo /Q be the cyclotomic Z,-extension, and write Fo,/F for the composite of ' and Qu. By
the condition (2), (c|p,, mod fpfadm(pp)) with a prime p’|p may be regarded as a homomorphism
a: Dy — K because f;adm(pp)/f;adm(pp) is isomorphic to the trivial Dp-module K. Since
Fy, = Qp, a becomes unramified everywhere over the cyclotomic Z,-extension Fu,/F. In other words,
the cohomology class [c] is in Selr_ (adm(pr)) but not in Selp(ad.,(pr)), and we have

Hpr = Sel¥“(ad,(pr)) := Res  (Selr (adm(pr)))

for the restriction map Res : HY(F,adn(pr)) — H'(F,adn(pr)) (see the definition of various
Selmer groups given in the following section).

Take a basis {cp }y|, of Hp over K. Write a, : Dy — K for ¢, mod ]—';Cadm(pp) regarded as a
homomorphism (identifying 7, adm (pr)/Fy adm(pr) with the trivial Dy-module K). We now have
two g x g matrices (g = |Sp|) with coefficients in K:

A = (ap, (I, Fy,))); ; and B = (log, (9.) ™ ap, (e, F ), -

As we will see in (1.7) (because we have B = [[,_,,<, rr.0a0 B by Lemma 1.1 for B in (1.7)),
Conjecture 0.3 for pr, with n = m or n = m + 1 implies that B,, is invertible. Then Greenberg’s
L-invariant is defined by

(1.1) L(Ind% ad,,(pr)) = det(A, B;:b).

The determinant det(A,,B;,') is independent of the choice of the basis {cp}y.

1.1. Greenberg’s Selmer Groups. We recall the definition of Selmer groups. Let S be a finite
set of primes of F. Write F(5)/F for the maximal extension unramified outside S, p and co. Put
& = Gal(F®®)/F) and &) = Gal(F®)/M). Let V be a potentially ordinary representation of &
on a K-vector space V. Thus V has decreasing filtration F;V stable under Gal(F,/F},) such that
an open subgroup of I, (for each prime factor p|p) acts on .7-'; V/]-';HV by the i-th power N/¢ of the
p-adic cyclotomic character A. We fix a W-lattice T in V stable under &.

Write D = D, C & for the decomposition group of each prime factor p|p. Put }TV = .7-',31V and
Fo V= fé’V. Writing 3T =T N FyV and FV/T = FRV/F3T, we have a 3-step filtration stable
under D, for A=V, T or V/T:

(ord) AD FyAD FFAD{0}.

Its dual V*(1) = Homg (V, K(1)) again satisfies (ord).
Let M/F be a subfield of F®), and put & s = Gal(F%) /M). We write p for a prime of M over
p and q for general primes outside p of M. We write I, and I; for the inertia subgroup in &js at p
and q, respectively. We put
A
L,(A) = Ker(Res : HY(M,, A) — H'(I,, ——)),
p(4) = Ker(Res : 7' (M, ) = (I 2 )
and
Lq(A) = Ker(Res : H' (M, A) — H'(I4, A)).

Then we define the Selmer submodule in H'(M, A) (for A =V,V/T) by

€. = Ker 1 N Hl(MqvA) Hl(Mp,A)
(12) Selyy(4) = K (H et = [T < T )

The classical Selmer group of V' is given by Selys (V/T), equipped with the discrete topology. We
define the “minus”, the “locally cyclotomic” and the “strict” Selmer groups Sel,,(A), Sel}y“(A) and
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Sely’ (A), respectively, replacing Ly (A) by

L, (A) =Ker(Res : H'(M,,V) — H'(I,, V/F; (A))) D Ly(A)

L¥°(A) =Ker(Res : L, (A) — H' (Ip,00, V/Fi (A))) C Ly (A)
L' (A) =Ker(Res : L, (A) — H' (M,,V/F}(A))) C Ly(A),
where I, « is the inertia group of Gal(M,/M;[up=]). Then we have
Sel¥°(A) = Res;;/F(Selpm (A)).

Under the simplifying assumption (H2), Sel?“(A) = Selr(A4). It is easy to verify that the above
Selmer groups do not depend on the choice of S as long as S contains all the ramification primes of
V. We assume that pg,, is unramified outside p and oo; so, S = {p}.

Lemma 1.1. We have

Seli?*(Ad(pno)) = €D Sel*(adm(pr)) = Homp (my,/m7, K),
0<m<n,m:odd
where m,, is the mazximal ideal of R,,. If n is odd and Conjecture 0.3 holds either for n or forn+1,
we have Selp(ady,(pr)) = 0 for all odd m with 0 < m < n and dimg Sel¥“(adwm(pr)) = g for all
odd 0 <m <n.

Proof. We repeat the proof in [HO7b] assuming the conditions (H1-3). Let V' = Ad(pF,,). Then we
have the filtration:

V D> F, VD FV {0},
where taking a basis so that the semi-simplification of pp,|p, is diagonal with the diagonal char-

n—1 n

acters 3y, By "y, ...,y in this order from top to bottom, F, "V is made up of upper triangular

p
matrices and f;’ V' is made up of upper nilpotent matrices, and on F, V/]-';' V, D, acts trivially
(getting eigenvalue 1 for Frob,). We consider the space Derg (R, K) of continuous K-derivations.
Let K[e] = K[t]/(t?) for the dual number ¢ = (¢ mod ¢?). Then writing each K-algebra homo-
morphism ¢ : R,, — Kle] as ¢(r) = ¢o(r) + 04(r)e and sending ¢ to dy € Derg (R, K), we have
Hompg alg(Rn, K[e]) & Derg (R,, K) = Homg (m,,/m2, K). By the universality of (R,, p,,), we have

~ {p: Gal(F/F) — Gn(K][e])|p satisfies (K1-4)}

~
~

by Hompg aig(Rn, K[e]) 2 ¢ — pp = ¢ o p, = prn + €0sp,,. Pick p = py as above. Write
p(0) = prn(o) + p1(o)e with py (o) = % = 0yp,(c). Then ¢, = (8¢pn)p}’1n can be easily checked
to be an inhomogeneous 1-cocycle having values in M, +1(K) D V. Here o € Gal(F/F) acts on
7€ May1(K) by 2 > ppa(0)rprn(o)~"

Since v o p =vopp, by (K3), we have det(p) = det(pr,), which implies Tr(c,) = 0; so, ¢, has
values in sl,, 41 (K). For X € GL,1(R,) with X J, X = J,,, write X = (X mod m,) € GL, 1 (K).
Since tp,, Jnp,, = det(po)"Jn = ppndnprn, we have tp;}ntpn.]npnpg_lo = Ju. Let X = p,ppt,.
Differentiating the identity: *X.J, X = J, by 0 € Derg (R,, K), we have /

(X J)X + X (Jp0X) = 06 {OX - X Dy + Jo(0X - X 1) =0,
which is equivalent to ¢,(0) € s,(K) = V. By the reducibility conditions in (K2), [¢,] vanishes in
H'(M,,V)
Ly (V)
[c,] of ¢, is in Sel (V). We see easily that p = p' < [c,] = [ey].

We argue in a reverse way starting with a cocycle ¢ giving an element of Sel (V) to construct

a deformation p, = pp,, + €(cpr,n) with values in G,,(K|[e]); thus,

{p: Gal(F/F) — G,(K|e])|p satisfies the condtions (K1-4)}

~

Hompg alg(Rn, Kle])

. Since Fy, = Qp, (¢, mod fJV) is unramified at p over F,. Thus the cohomology class

=~ Sel¥4(V).
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Recall that the isomorphism Derg (R, K) = Sel¥°(V) is given by
Derg (Rn, K) 2 9+ [cg] € SelZ(V)

for the cocycle cg = ¢, = (apn)p;ﬂi, where p = pp,, +¢(9p,,)-

Since the algebra structure of R,, over W{[[X} y]]p), is given by Ej,p(ﬂg_joz{;)*l and 6y,—j 0, =
det(pr)™, the K-derivation 0 = 04 : R, — K corresponding to a K|[e]-deformation p is a W[[X; ,]]-
derivation for j € I if and only if Op,, |7, is upper nilpotent, which is equivalent to [cg] € Selp (V).
Since V = @B, <.mioda @dm(pr) as global Galois modules, we have

Selp(V) = €D Selp(adm(pr))-

0<m<n,m:odd

Assume n to be odd. Let n’ be either n or n + 1. Suppose Conjecture 0.3 for n’. Thus we have
Selp(Ad(prn)) = Derw(ix, ,llcs ., (Bnrs K) = 0 by Conjecture 0.3 for n’. By Selp(Ad(pp,n')) =
Do<m<n’m-oda Selr(adm(pr)), we conclude Selr(adm(pr)) = 0 for all odd positive m < n. Then
as seen in [G] (see below (1.4) and Lemma 1.4), the vanishing Selp(ad(pr)) = 0 implies

dimK Sel?c(adm(pp)) = dlmK HF =d.
0

Question 1.2. It is curious that we have a canonical isomorphism w,/m2 = m,1/m2 ., by
Lemma 1.1 for any given odd n. A natural question is if this isomorphism extends to a canoni-
cal isomorphism R, = R, 4.

Write V' for either the representation space of adn,(pr) or that of Ad(pr.). For each prime
q € SU{p|p}, we put
Ker(H'(F;,V) — H'(Fj, %)) C Ly, (V) if g =p; with j <b,

y T (v
(1.3) Ly(V) = Fr; (V) .
Ly(V) otherwise

Once Lq(V) is defined, put Lq(V*(1)) = Lq(V)* under the local Tate duality between H'(F,, V) and
HY(F,,V*(1)), where V*(1) = Homg (V, Q,(1)) as Galois modules. Then define the balanced Selmer
group Selp (V) (resp. Selp(V*(1))) by the same formula as in (1.2) replacing L, (V) (resp. Lp(V*(1)))
by Ly (V) (resp. Ly(V*(1))). By definition, Selz(V) C Selx(V'). Often we have L,(V) = L,(V) and
hence Selp (V) = Selp(V). The fact Ly, (V) = Ly, (V) for V = adp,(pr) and Ad(pr,,) follows from
the following F-version of the argument in [G] page 160:

Lemma 1.3. Let V = Ad(pF,n) or adm(pr). Then we have Ly(V) = Ly (V).
For K-vector space V with Galois action as above, we have Selp(V) = Selp (V).

Proof. Since we have L, (V) = L, (V) by definition if p = p; with j > b; so, we may assume that
j < b. Write H*(M) for H*(F,, M) for Dy-modules M. We need to show the image L,(V) of
HY(F,SV)in HY(V) is equal to Ly(V) := Ker(r : H*(V) — H'(1,,V)) for V = V/F*V. We can
factor the map r as r = Reso~ for v : HY(V) — HY(V) and Res : HY(V) — H(I,,V). Since
Ker(y) = Ly(V), we need to show that Im(vy) N Ker(Res) = 0.

Writing Y = F, V/F2V and Y = F, V/F;SV, we have exact sequences of Dy-modules: Y —
V/FV - V/FyVand Y — V — V/F, V. Since H*(V/F, V) = 0, by the long exact sequences
of the above two short exact sequences, we find that the natural maps H'(Y') — H'(V/F2V) and
HY(Y) — HY(V) are injective. Identify H'(Y') with its image in H'(V'). We have

Im(y) N HY(Y) = Im(7 : H{(Y) — H'(Y)) c H\(V).
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In the proof of the same lemma given in my paper [HO7b] as Lemma 1.4, there is a typographical
error in the statement of the above identity and the left-hand-side: “Im(y) N H'(Y)” is wrongly
written as “Im(+)” in the proof (at page 15) of [HO7b] Lemma 1.4.

By the inflation-restriction sequence (and by (H2)),

Ker(Res) = H (D, /1,,V'") = V'* /(Frob, — \)V'* C F, V/F, V.
Similarly
Ker(Resy : H'(Y) — H'(I,,Y)) = H'(D,/I,.Y"")
— V" [(Frob, — )Y C FyY/FY = Fy V/FSV.

Thus inside H*(V), Ker(Res) = Ker(Resy) C H!(Y). We may replace V by Y in our argument,
and we shall show that

Im(v: H'(Y) — H(Y)) NKer(Res : H(Y) — H'(1,,Y)) = 0.
Write ¢(p) for dim F, V/FFV (thus, t(p) =1 or |2EL | according as V = ady,(pr) or Ad(pr,)).
We have the long exact sequence attached to the short one F; Y >Y »Y:
0-Y=H'Y) - H\(F}Y)— H'(Y) L H(Y) - HX(F,Y) - H*(Y) = 0.
By the non-splitting of the short sequence, H°(Y') injects into H'(F,"Y). By the local Tate duality,
dimg H*(Y) = dimg H°(Homg (Y, K(1))) = 0 and dimg H*(F;Y) = t(p).

This shows that dimyx H'(Y) = 2t(p)d and dimg Im(¥) = t(p)d for d = [F},,Q,] (d = 1 by (H2)),
because by Kummer’s theory, assuming d = 1 for simplicity,

HY(K(1)) = K @z, lim F* /(F )" = K?
and H'(K) = Hom((F,)*, K) & K?. By the inflation-restriction sequence, we have

Ly(V) i= Ker(H'(Y) — H'(I,,Y)) = H'(D,/1,,Y") 2 Y.

Thus dim Ly (V) + dim Im(§) = dim H'(I,,Y). Thus we need to show Ly (Y) + Im(y) = H'(I,,,Y).
By the local Tate duality, noting Y*(1) 2 Y, this statement is equivalent to

Ker(6 : H'(F}Y) — H'(Y)) N L,(Y)" =0.
Here Ly(Y)* = H{(FTY) = Y @z, li_mnOpX/(OpX)p" c HY(Y(1)), because Y (1) = Y(1) =
K(1)!®). Since Ker(§) gives rise to the subspace spanned by extension class of K (1)!®) = FY <
Y - Y = K'®) as already noted, it is given by the cocycles in &, ®Y for the Tate period ¢ of
pr|p, at p = p;. Let us recall &;: (o) = @71( »\/q)° " which has values in Z,(1) C K(1) and is a
inhomogeneous 1-cocycle (see [H08a] Section 4). In particular, (Y ® &,) N H}, (FY) is given by

(¢®Y)N (Y @z, im 05 /(0;)"")
inside Y ®7, lim FJ/(F)P", which is trivial (because ¢ is a nonunit). O

Lemma 1.4. Let V be Ad(prn) or adm(pr). If V is critical at s = 1,

Hl(Fq,V) Hl(F ,V)
Lo g

V) Selp(V) =0= H' (&,V) = H

qes plp
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Proof. Since Selp (V) C Selp(V), the assumption implies Sely (V) = 0. Then the Poitou-Tate exact
sequence tells us the exactness of the following sequence:

R Hl(Fh V) <IN * *
Selp(V) = H'(6,V) - [] —==== —Selp(V:(1)".
esopy V)

It is an old theorem of Greenberg (which assumes criticality at s = 1) that
dim Sel (V) = dim Selz(V*(1))*

(see [G] Proposition 2 or [HMI] Proposition 3.82); so, we have the assertion (V). In [HMI], Propo-
sition 3.82 is formulated in terms of @Q(IndQ V) and SelQ(Ind@ V*(1)) defined in [HMI] (3.4.11),

but this does not matter because we can easily verify Selg (Iner’) >~ Selr(?) by Shapiro’s lemma
(similarly to [HMI] Corollary 3.81). O

1.2. Greenberg’s L—invariant. Let V = Ad(p,,r) and ad,(pr), and assume (H2-3). Here is
Greenberg’s definition of £(V): The long exact sequence of F, V/F SV «— V/FSV — V/F,V gives
a homomorphism, noting F}, = Q,,

HY(Fy, Fy V/FFV) = Hom(6E , Fy V/FHV) = HY(F,, V) /Ly (V).
Note that

Hom(GE, Fy V/F,V) = (Fy V/FV)? = K?

canonically by ¢ — (qbl(Tg"(—f%, &(p, Fy])). Here [z, F,] = [z, Q,] is the local Artin symbol (suitably
normalized). Since

Res

Ly(Fy VIFSV) = Ker(H' (Fp, F, V/FSV) == H'(I,, F, V/FFV)),

the image of ¢ is isomorphic to F V/]:;V ~ K. By (V), we have a unique subspace Hp of
H'(&,V) projecting down onto

(Fp,V
1_[ImLp %H Lp(';/ )

Thus
(1.4) Hp = [[Hry with Hp, 2= Tm(,).
plp
Then by the restriction, Hg gives rise to a subspace L of
[[Hom(Gs, 7o v/ Frv) = [[(F VIF V)
p P

isomorphic to Hp(]:; V/F V). If a cocycle c representing an element in Hp is unramified, it gives
rise to an element in Selp (V). By the vanishing of Selp (V) (Lemma 1.1), this implies ¢ = 0; so, the

projection of L to the first factor [], }_Jrv (via ¢ — (¢([vp, Fp])/ log,(7p))p) is surjective. Thus this

subspace L is a graph of a K-linear map

(1.5) cJ[7mviFv =17 v/FV
p p

We then define £(V) :=det(L) € K.
Fix n, and consider (R, p) = (Rn, p,,). Suppose Conjecture 0.3: Ry, = K[[X;p]licr p|p- Let

(1.6) 7 = det (M) 7
p.p’iii €1

5! !
i'\p
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and put Jx = ¢(J) for any algebra homomorphism ¢ : R — A. The following result is a general-
ization of [HMI] Theorem 3.73:

Theorem 1.5. Assume Conjecture 0.3 for a positive integer n and (H2-3). If P is the mazimal
ideal of R, we have
-1

o [(n+1)/2]
L(Ind} Ad(prn)) = Tre | ] (Br 7 ad)(Ip. Fl) (Hlogpm)) :
p

plp,jel

In particular, E(Ind?;i Ad(prn))(I1, log;p(%))’“"“)/2J = Jryp up to units in W.

Proof. Let 0;, = gX—ip’X=0 € Derg(Ro, K) and V = Ad(prn). The space Hp in (1.4) is spanned
by {(ai,pp)p;‘}n}iel by Lemma 1.1. Writing p|p, upper triangular, 77V is made up of upper
nilpotent matrices in s(K) and F, V is made up of upper triangular matrices. Thus (9, p)p}}n
mod F;V can be identified with diag[c; jp.plijer for ¢ijpp = (0ip0;0)(By 7af)~1. Indeed by
(1.5) (and also (1.1)), we have £(Ind% V) = det(A) det(B)~" for

-1

det(A) = det ((Ciﬁjvpﬁp’([pv FPD)p,p/,iJ‘e]) = jR/P H ( gijag)([p» FPD

plp.jel
and B =[], det ((Ci,j,p,p’(%)10gp(%)71))p7p/7,-7j€1)- Since

5j,p(ﬁg_j%)_1(7p) =1+ Xy,

Cijpp (V) = 05,50p p for Kronecker symbols 0; ; and J,,,/. Thus we conclude

~L(n+1)/2]
(1.7) det(B) = (H logp(’yp)>
p

as desired. O

If one restricts ¢ € Hp to &4 := Gal(F(%)/F..), its ramification is exhausted by I' = Gal(Fy, /F)
(because of the definition of Sel¥“(p2n,n) and Hp) giving rise to a class [c] € Selg_ (V). The
kernel of the restriction map: H*(6,V) — H(S, V) is given by H (T, HY(G, V)) = 0 because
H°(®.,V) = 0. Thus the image of Hp in Selp_(V/T) gives rise to the order g exceptional
zero of L*""(s ad,(pr)) at s = 1. We have reproved the first half of the following result in
[G] Proposition 1.

Proposition 1.6. Let m be an odd positive integer. Suppose Conjecture 0.3 for m or m+ 1. Then
for the number g of prime factors of p in F, we have

ords—y Ly (s, adm(pr)) > g.
Further, we have L(Indg adm(pr)) =0 < ords— Lg”'th(s, adp(pr)) > g.

The last assertion follows from [G] Proposition 3.

2. FACTORIZATION OF L-INVARIANT

We continue to assume (H2-3) in the proofs given in this section. We recall the factorization
(given in [HO7D]) of C(Ind(% ady(pr)) for odd m into the product of local invariants over potentially
multiplicative places and the global invariant from the contribution of the potentially crystalline
part. This potentially crystalline part gives £(m) for £(Indg ady,(pr)) in Theorem 0.4.
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2.1. Factorization. We keep notation introduced in the previous section; so, V is either ad,,(pr)
or Ad(ﬁn,o)-

Proposition 2.1. Let V' be either adp,(pr) with odd m > 1 or Ad(pr.n). Suppose b > 0, and fix an
index k with 1 < k <b. Let a € [[{_, Hom(Dy,, F,,V/FV) be induced by c € Hpy, (so, c € Hp
&EI‘/’)) for all i # k). Then we have a(vy,) = 0 for all i # k and
a([p, Fp,,]) = 0 for all kK # k with k' < b.

restricts down trivially to

Proof. If i > b, L, (V') is made of classes of cocycles becoming unramified modulo those with values

( FyynV)
p; (V)

information on the value a([p, F},]) because of the ambiguity modulo unramified cocycles with values
in F,, V/FL V. Anyway, a(vy,) = 0 because vy, € Iy, .

For i < b with i # k, by Lemma 1.3, Ly, (V) is made of cocycles of Dy, with values in F,V, and
the condition that c[p, € Ly, (V) implies the vanishing of a(0) = ¢(¢) mod F,V for all o € D, .
This shows the assertion. g

in 7V so, even if ¢|p,, vanishes in (that is, ¢[p,, € Ly;(V)), we cannot pull out much

By the above proposition, we get immediately the following fact.

Corollary 2.2. Let the notation be as in Proposition 2.1. Then the linear endomorphism L in (1.5)
acting on Hp f;V/}";V preserves the following exact sequence:

0=+, V/f+V—>Hf VIFTV = [ o VIFLV =0,

i>b k<b
and L acting on the quotient [, o, Ty, V/f;;V sends F, V/J-‘;:v into itself for each k < b.
Definition 2.1. Let V = ad,,(pFr). Define L£L(m) by
det (Lliy _, 5y v/5iv) € K.

Similarly, define Ly (ad,,(pr)) for k < b by the determinant of the linear operator induced by £ on
Fo VIFSV = I, Fo VIFSV/ [Tizr FoVIFSV.

Corollary 2.3. Let the notation be as above. Then we have

<o

L(Ind% ad . (pr)) H k(ady(pr))

for odd n > 1.

2.2. Multiplicative L-invariant. We now relate Ly (ad,(pr)) to the p-adic logarithm of the tate
period of pp if k < b. Let ppm = Sym(pr)®" @ det(pr)™™; 50, adm (pr) = pam.m. We start with

Lemma 2.4. Suppose that pr|p, = (NE") for & (o) = lim (P{‘/_)"*l with a nonunit q € F,°.
Then if 0 < m < n, we have Fy ppm/F, pn m = pr as Dy- modules

Proof. Write M(m) = M @ N for a Dy-module M. Identify po|p, with (j(\)/ t0) choosing a basis
(z,y) of po. Then the matrix expression of pp,, on D, with respect the basis (z™, 2" 1y, ... ,y") is
given by
N™ aN""1g, * S
0 N1 (n—1)N""Zg, - %
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Thus we get an extension K(m + 1) — .7-"“;)1:71/]-"7”+ prn — K(m) of Dy-modules on which D,

acts by (N T;“ (m+11\;ﬁ/ "& ) We have the following commutative diagram of exact rows:

— Fn n —
K(1) —— Fﬂaﬁ% ®det(p)™" —— K
1] ! I
K(].) - Fy Pnm K
[ Fgﬂn,m — ’
because (™! ?)71 (/g (mﬁl)fq) (M) = (/(\)f 514 ). This proves the desired assertion. O

Here is the first main result:

log,, (@) ) Lnt1)72)

Theorem 2.5. Suppose Conjecture 0.3 for n. Then we have Li(Ad(ppyn)) = (Ordp(Qk)

for k < b, where Qr = NFpk/Qp(qk) for the Tate period qx of pr at pg.

Proof. Fix k < b, and write p = pg. Since Ad(Sym®"(po @ n)) = Ad(pr.n), by twisting pp by a
character, we may assume that pr|p,, = (j(\)/ E‘ik ) In this proof, we assume (H1-2).

Write X; = X p, if i € I. For £ € I, define M, be the ideal generated by X; for i # £ (i,£ € I)
and Xl?. We fix a £ with 0 < £ < n, and write 9t for 9, and K = R, /9 = K[e] with €2 = 0 by
X¢ — €. Let p = (p,, mod M), and write §; for §;, mod M. We consider the exact sequence of
K[Dy]-modules:

n

F'p_ _Fip Fip
fﬂ“— F’+2_ Fp

Writing K (¢) for the rank one free K-module on which Dy acts by a character ¢ : Dy, — K*, this
exact sequence gives the following exact sequence

— 0.

i5 -
Ff"p — K@) —0

OHK(Sj-i-l) - o
p P

Twisting by Sjjlj\/’ , we get another exact sequence of K [Dp]-modules:

0—KWN)—M— IN((SJE;LN) — 0.
By Lemma 2.4, this sequence gives the top row of the following commutative diagram of D,-modules
with exact rows:

KN) —=— M —=— K(3;5,\N)

mod Xgl mod Xgl l mod Xy

Jj+

KWN) —— mlp,, ——
By our assumption (H2): F}, = Q,, D, = D, = Gal(Q,/Q,), and by (2.3.4) of [GS1], this implies
96,65}
W([QIWQP]) =0

In (2.3.4) of [GS1], the coefficient field of the Galois representation is assumed to be @Q,, but the
argument proving the theorem works well for general coefficient fields K as easily checked. Since
N([gx, Qp]) is a constant in Q) we get

06,67,

a2 (0, Q) =0

- 164 -



L-INVARIANT OF HILBERT MODULAR FORMS 16

which yields by the Leibnitz formula

_, 00, 005
(53' 1(97(; — 8 3)](:1) ([qr, Qp]) = 0,

where §; = (§; mod m,,) = N"™J. Since this holds for j =0,1,...,n, we get

(35" g =00 g ) @y =0

X, " 90X,
Since 808, =N on Gal(Q,/Q,) (F, = Q, by (H2)), we have
1 08¢ 51 04,

ox, " 09X,

0o

and hence 35
1 n o
577, aXZ([qlep]) =0.

This in turn yields
571 2% (1g1, @,)) = 0
j X, dk, Ipl) =
forall j =0,1,...,n.

Write gx = p®u for a = ord,(gx) and u € Z)S. Then log,(u) = log,(qx), and we have

8i(lak Qp)) = 8i([p, Q)"0 ([u, Qul) = 8i([p, Qp])* (1 + X;) ™ 5 (/18 0% mod 901,
Differentiating this identity with respect to X, we get from d;([p, Qp]) = N" " ([p,Q,]) =1

95, log,(u) 98, o
X, (@) - oz () 0 and X, P Q) =0 i LG e
Since a # 0, we have
96; o e . 06y _ log,(qx)
aX[ X:O([p7 Qp]) =0 ifq 7é 14 (ng € I)? and a—)Q X:O([p7 Qp]) Ing(Vpk) - Ordp(Qk) .
Since g’)’(’; X:op;}” for odd ¢ with 0 < £ < n gives a basis of the p-part of Hy isomorphic to Im(ey),

[(n+1)/2]
) Since we have

we find that Ly (Ad(pF,n)) = (iiiz((?]i))

Seli#“(Ad(prn)) = P Sel¥“(adm(pr)),

0<m<n, m:odd

we find
log, (qx [(n+1)/2]
(2.1) Li(Adpen) = [I  Lrladm(pr)) = (%)
0<m<n, m:odd ordp Yk
as desired. 0

2.3. Proof of Theorem 0.4. We now prove Theorem 0.4 (assuming (H1-2)). We note Ad(pg,n,) =
Ad(ppn,) ® adp(pr). Thus by definition, we have Li(Ad(ppn,)) = Lr(Ad(pFn,))Lr(adm(pF)).
Then by Theorem 2.5, if log,(qx) # 0 we have

log, (qi) \ L2 F1)/2]
Li(adm(pr)) = Ly (Ad(pFns)) _ (Ordp(%)) _ logp(qk)
" Ly (Ad(pF,n,)) <logp(qk>)“"l+1>/2i ord,, (qx)
ordy (qx)

as desired. If log,(gx) = 0, the linear operator £|g.0(d(ps ,,)) induced by £ in Definition 2.1 on the
quotient gr'(V) = F,, V/FsV = I, Fo VIFFV/ [Tizn Fo.VIFEV for V.= Ad(pp,n,) has only
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eigenvalue 0. Since ad,,(pr) is a factor of Ad(pp,y,), the corresponding operator L|gr0(qd,, (pr)) ON
the 0-th graded piece gr(ady,(pr)) := Fppadm(pr)/Fp, adm(pr) is induced by L|gr0(Ad(pr.ny)) SO

it has unique eigenvalue 0, and hence Ly (adn,(pr)) =0 = zi’; ((Z';)) Then the desired formula in the
theorem follows from the definition of £(m) in Definition 2.1. d

3. PROOF OF CONJECTURE 0.3 UNDER POTENTIAL MODULARITY

We first prove Conjecture 0.3 for pp if it is valid for the restriction pr, of pr to Gal(F/L) for
a totally real finite Galois extension L/F. Then by a result of Taylor, we show that this potential
version of the conjecture holds under mild assumptions, which proves Corollary 0.6. In this section,
we do not assume (H1-3).

3.1. Potential version implies Conjecture 0.3. Let S, ; be the set of prime factors of p in L
for a number field L.

Proposition 3.1. Let (Ry, p;,) be the universal couple for pr, ., for a totally real extension L/F.
If there exists a finite totally real Galois extension L/F such that Ry = K[[X; p]lie1,pes,., for the
variable X; o specified in Conjecture 0.3, then Conjecture 0.3 holds for pp,, and F.

Proof. By assumption, we have Ry = K[[X;gllicrpes, .. For o € Gal(L/F), we take a lift
o € Gal(F/L) inducing o on L, for any deformation p of p; with values in A, regarding pr as
having values in G(A) through the K-algebra structure K — A, we can define

p7(9) = pra(@) " (595 )prn().
The isomorphism class of p” is determined independently of the choice of the lift o and depends
only on o. Since p extends to pp : Gal(F/F) — G(W), p7 ,, = prn, for p, = p|Gal(F/L)7
p$ is another deformation of pr,, over Gal(F/L) satisfying (K1-4). Thus we have a unique ring
automorphism [o] € Aut(Ry) such that p] = [o]op;,. In this way, A := Gal(L/F) acts on Ry. Since
87 9:(9) = dip(Gga—") coincides with &; g, we have [0](X; ) = X, q-. Note that H*(A, K) =0
(because A is finite and K is uniquely divisible). Then by the K-deformation version of Theorem 5.42
in [MFG], we have Rr = Ry/ Y. A Rr([o] = 1)Rp, where ) . Rr([o] — 1)Ry is the ideal of Ry,
generated by [o](r) —r for all r € Rr. Then it is clear that Rp = K[[X; y]lic1,pes, as desired. O

3.2. Proof of Corollary 0.6. We first state a general proposition and then prove the corollary
reducing it to a special case of the proposition.

Let pp = pr mod my having values in GLy(F) for the residue field F of W. We consider the
following conditions:

(NS) Im(pp) is a non-soluble subgroup in G Lo (F);

(DS) the semi-simplification of 5 restricted to D, is non-scalar.
We now give a sketch of a proof of Conjecture 0.3 for n = 1 under these two conditions:

Proposition 3.2. Suppose (NS). Then we have Ry = K[[X1p]]y)p as in Conjecture 0.3 for n = 1.

This proposition implies Corollary 0.6 because for elliptic curve with ordinary reduction (including
multiplicative one) at p, the two characters (ay, 8p) is given by (1, M) over the inertia group I, which
are distinct modulo myy if p is unramified in F//Q and p is odd. The condition (NS) follows from
nonsolubility of the field of rationality of p-torsion points of the elliptic curve.

Proof. By the result of [Ta] and [Tal], the Galois representation pp is potentially modular in the sense
that there exists a totally real Galois extension L/F in which p totally split and p;, is associated to a
Hilbert cusp form of weight 2 and Im(py,) is still nonsoluble (in particular, it is absolutely irreducible
over L{up]). Actually, in the above paper of Taylor, details of the proof are given for F' = Q, but we
can adjust his argument to prove the result for general F' (see [V] Theorem 2.2). Since any p € S,
splits totally in L/F, (DS) is also valid over L if it holds over F'. Assuming (DS) over F', by a result
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of Fujiwara (see [Ful] and [HMI] Proposition 3.78) which requires absolute irreducibility of p, |
and (DS) over Dy for all i € S, 1, we have Conjecture 0.3 for py. The assumption (DS) of [Ful] is
recently removed by [Ch] by considering framed deformation of upper triangular type. Thus we do
not need to assume (DS) over F' now. Then by the above proposition, the desired result follows. [

Remark 3.1. Since the potential modularity for p, is proven in [Ta2] under some assumptions, we
expect that the above argument (or a modified version) would prove Conjecture 0.3 for general n in
near future.

4. L-INVARIANTS OF CM FIELDS

This section is almost identical to Section 3 of [H07a]; however, we correct some minor errors
there coming from the factor [F}, : Q] in Theorem 0.4 here missing from Theorem 0.4 in [H07a].
Since this factor does not matter under (H2), we do not assume (H1-3) in this section.

Let p be an odd prime. Let M/F be a totally imaginary quadratic extension of the base totally real
field F'. We study the adjoint square Selmer group when the Galois representation is an induction
of a Galois character of &, := Gal(M® /M). Put & := Gal(M®) /F). For simplicity, we assume
that p > 2 totally splits in M/Q. We relate the Selmer group with a more classical Iwasawa module
of a quadratic extension of F', and from the torsion property of the Selmer group already proven,
we deduce some torsion property of such classical Iwasawa modules. In this section, our starting
deformation (the origin of Spec(R1)) is pr = Indh; \ for a p-adic Galois character \ of Gal(Q/M).

4.1. CM Iwasawa modules. Let Ojs be the integer ring of M. We consider Z = hLHn Clp(p™)
for the ray class group Cly(p™) of M modulo p”. Let A be the maximal torsion subgroup of
Z, and put I'yy = Z/A, which has a natural action of Gal(M/F). We split Z = A x I'y;. We
define I'" = H%(Gal(M/F),T'y) and '™ = 'y /T". Since p > 2, the action of Gal(M/F) splits
the extension I't — I'p; — I'", and we have a canonical decomposition I'y; = I't x I'". Write
7~ Z - T7, 7t : Ty — I't and 7an : Z — A for the three projections. Take a character
p:A— @X, and regard it as a character of Z through the projection: Z — A.

Let My, be the composite of all Z,-extensions of M. Then by class field theory, My is the
subfield of the ray class filed of M modulo p™ fixed by A. Let Qo /Q be the cyclotomic Z,-
extension. Let M$Y¢ be the composite M Qs /M. Define M (resp. MZ) for the fixed subfield of
I'~ (vesp. I'"). Since MZ¥€ is abelian over F, we have M$¥¢ C M, and a projection meye : [T —
Gal(M¥¢/M) C 1+ pZ,. The Leopoldt conjecture for F' asserts that mcy. is an isomorphism; in
other words, MF = Mc¥c. The extension ML /M is called the anticyclotomic tower over M. Thus
if the Leopoldt conjecture holds for F', My is the composite of the cyclotomic Zy-extension MZ¥¢

]

and the anticyclotomic ZY % extension M.

To introduce Iwasawa modules for the multiple Z,-extensions M, 7 /M, we fix a CM type X, which
is a set of embeddings of M into @ such that I; = ¥ L Xc for the generator ¢ of Gal(M/F). Over
C, an abelian variety with complex multiplication by M has C-points isomorphic to C*/%(a) for a
lattice a in M (see [ACM] 5.2), where X(a) = {(0(a))sex € C¥|a € a}. By composing i,, we write
3, for the set of p-adic places induced by i), o o for o € X. We assume

(spt) Y, NE,e=0.

This is to guarantee the abelian variety of CM type X to have ordinary good reduction modulo p
(whose Galois representation is hence ordinary at all p|p).

Writing M (p>°) for the ray class field over M modulo p*°, we identify Z with Gal(M (p>)/M)
via the Artin reciprocity law. Fix a character ¢ of A. We then define Ma by the fixed field of I in
M (p>); so, Gal(Ma /M) = A.

Since ¢ is a character of A, ¢ factors through Gal(M? Ma /M) for ? indicating one of +, —, cyc or
“nothing”. When nothing is attached, it refers to the object for the full multiple Zy-extension M.
Let L /M’ Ma be the maximal p-abelian extension unramified outside ¥,. Each v € Gal(Ls /M)
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acts on the normal subgroup X’ = Gal(L’ /M’ Ma) continuously by conjugation, and by the
commutativity of X, this action factors through Gal(MaM? /M). Then we look into the compact
p-profinite I'"~module: X7[¢] = X” ®7_ (a],, W, where I'" = Gal(M, /M). We study when X[¢] is
a torsion Iwasawa module over A” = W[[I'?]]. The module X?[¢] is generally expected to be torsion
of finite type over A for the naturally defined multiple Z,-extensions M, .

The torsion property of X <[] over A is classically known (e.g., [HT2] Theorem 1.2.2). This
implies
Theorem 4.1. The modules X|[p], X T[p] and XY¢[p] are torsion modules over the corresponding
Iwasawa algebra A, AT and AY¢, respectively.

We refer this result to [HT2] Theorem 1.2.2 (which was originally due to R. Greenberg). We study
the anticyclotomic Iwasawa module X ~[¢] over A~ from our new view point of Galois deformation
theory. Asis well known, X ~[p] is a A~-module of finite type, and under mild assumptions (including
anticyclotomy of ¢), we will prove the torsion property of X ~[¢] in Theorem 4.3.

The ¥-Leopoldt conjecture for abelian extensions of M is almost equivalent to the torsion property
of X~ [p] over A~ for all possible ¢ (see [HT2] Theorem 1.2.2). Here, for an abelian extension L/M
with integer ring Oy, the X-Leopoldt conjecture asserts the closure OF of Of in Ly = Hpezp Ly,
satisfies o

dimQ(Of Rz Q) = dime (OZ< ®z, Qp).

If X~ [¢] is a torsion A~-module, we can think of the characteristic element 7~ (¢) € A~ of the mod-
ule X~ [p]. The anticyclotomic main conjecture (cf. [HT]| Conjecture 2.2) predicts the identity (up
to units) of F~(¢) and the projection of (the ¢-branch of) the Katz p-adic L-function (constructed
in [K] and [HT1]) under n—.

4.2. Anticyclotomic Iwasawa modules. A character 1) of A is said anticyclotomic if (coc™t) =
¢~!(o) for a complex conjugation ¢ € Gal(Q/F). Fix an algebraic closure F of F. Regarding
¢ as a Galois character, we define ¢~ (o) = p(coc to™!) for o € Gal(F/M). Then 1 := ¢~ is
anticyclotomic. Conversely, for any anticyclotomic character ¢, we can find ¢ with ¢ = ¢~ (e.g.,
[HMI] Lemma 5.31).

We define a Galois character ¢ : &p — WI[I'7]] by ¢(0) = cp(a)(J|M;J)1/2, where (U|M;o)1/2
is the unique square root of (o[y,—) in I'" and (o|),—) € I'" is regarded as a group element in
'~ c W[l7]]. Note that = (¢) = p(coc™to™t) = ¢(o)oly-- Then we consider Ind%;(P) :
Gal(F/F) — GLy(W[[I'7]]). We write apr/p for the quadratic character of Gal(F/F) identifying
Gal(M/F) with {£1}.

Lemma 4.2. We have
(1) det(Ind}; ) = O‘M/FX|FAX and Tr(Ind}; x(Froby)) = ZbCOM,NM/F(b):KX(b) for a prime [
of F unramified for Indy, x, identifying a character x of Gal(F /M) with a character of
M., /M* by the Artin symbol,
(2) Ad(Ind}; (%)) = anyr © Indh () as & p-modules.

Since Ind}; (§)|e,, = @ & @ with @e(0) = @(coc™?), we define Ff Ind}, @ = @ for p € ¥,.
In Section 1, we have already defined fpiAd(Indf/[ @) and the Selmer group Selp(Ad(Ind%, @) ®z,
(W[[L~]])*). Since the image of f;(Ad(Indﬂ @)) in apg/p is trivial in the above decomposition
in Lemma 4.2 and the image of F; (Ad(Ind}; 3)) is given by Fy (Ind}, (7)), we get (cf. [HMI]
Exercise 1.12 and Corollary 3.81)

Selp(Ad(Ind}, (§) @wr-; W)
=Selr (an/r @z, (WT]))*) ® Selp(Indy, (F) @wr-y (W)
=Hom(Cly; @z W], Qp/Zp) & Selar ((37) @wir—y W),
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where Cl;; is the quotient of C'Ls by the image of Clg (the order of Cly; is equal to the order of
the o) p-eigenspace of Clys up to a power of 2). By the definition of the Selmer group, we note
that

(4.1) Selar (¢ @wr- (W([I]])*) = Hom(X ™ [¢7], Qy/Zy),
which shows
Theorem 4.3. Let the notation be as above. Then we have

el (Ad(Ind% (5))) = (Cly; @2 WII])) & X~ [p]

as WI[I'"]]-modules. Moreover X~ [p~] is a torsion W[[I'~]]-module without exceptional zero if
1 := @~ satisfies the following conditions:
(atl) The character ¢ has order prime to p.
(at2) The local character ¢y is non-trivial for all P € Xy.
(at3) The restriction * of 1 to Gal(F/M*) for the composite M* of M and the unique quadratic
extension inside F[pp] is non-trivial.

This theorem is general enough to cover X ~[¢] for any anticyclotomic character 1 since such a
1 can be written as ¢~ for a suitable choice of ¢ (e.g., [HMI] Lemma 5.31).

The first assertion follows from the argument given as above. The torsion property follows from
the theorem of Taylor-Wiles and Fujiwara and has been proven in [HMI] Theorem 5.33. The
condition (at2) is probably removable by the recent result in [Ch] but in this note, we do not work
it out.

4.3. The L-invariant of CM fields. Choose a character ¢ : &)y — W associated to an arith-
metic Hecke character of M so that prp = IndAFJ o satisfies (DS). Since ¢ is a character of &y, it
is unramified outside p. Consider the universal couple (Rp, ) deforming pp = Indf/[ ¢ mod myy
among W-deformations p4 into GLy(A) for proartinian W-algebras A with residue field W/myy,
satisfying the following conditions

(W1) pa factors through &p;

(W2) pA|Ga1(@p/F,,) >~ (0 an,) with asp = o mod my and aAypoe;1|1p factoring through the

local cyclotomic Galois group Gal(EFy[ppe]/Fy);

(W3) det(pa) = det p;

(W4) pa=p mod myu,
We know Rp = T by Fujiwara (see [HMI] Theorem 3.59). Since dim Spf(W[[I'7]]) = dim Spf(T),
Spf(W{[T'7]]) gives an irreducible component of Spf(Rp). Write I = W[[['"]] simply. Let 7y : T =
Rr — I be the projection (which factors through 7¢¥¢). We would like to compute the L-invariant
of the component I. Thus we need to compute a(p,) = m(U(py)). The following fact follows from

the fact Ind%, d|e,, = ¢ ® ¢°.
Lemma 4.4. Let the notation be as above. Then we have a(py) = @([p, Msy]) for the prime factor
P e of p.

Define the character & : Gal(F/M) — (A7)* by k(o) = (alM;)l/2' Then ¢ = Ak, and we write
k1 = mok : Gal(F/M) — I*. Then, Ky restricted to the inertia group Iy at P factors through
the projection: Iy — Gal(Qp[up=]/Qp) = Z,'. Since the W/[[I'p]]-algebra structure of I is induced

by the nearly ordinary character of Indif K1 (restricted to the inertia group Iy), for ugp € OJTI,‘:Q
(B € X5), we have

(4.2) w1 ([uss, Mp]) = (1 + Xp)dp logp(Np(ugp))/logp('yp)?
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where d, = [F}, : Qp], p=PNO, N, : Mg = F, — Q, is the norm map and +, is the generator of
Iy := (1+pZ,) N Np(Oy). The factor dy in the right-hand-side is missing from [H07a] (3.2), which
comes from the fact that

s Felloge = [Nr, 0, (99), @] = [, Qo)™
because v, is the image in @Q, under N of the generator of the Galois group of the cyclotomic
Zy-extension of F,. Choose an element w(®B) € M so that P = (w(P)) for each P € X¢ o Where
h = |Cly| (the class number of M). Then pgg = umw(%)gp) with ug € Of; 4 for the absolute
ramification index e(p) of p (which is the absolute ramification index of P also). Regarding ki
as a character of M/, /M* by class field theory, we have ki(w(P)) = 1 = Ki(w(P)) with the

[-component @(P); € M for any prime [ outside p, because x1(O;) =1 and w(P) € M*. Then
we have

ki(phy) = ke () ) = ma(up)  [] m(=®)y ),
B'[p, B’ #P
where w@(P)qp is the P’'-component of w(P) € M* C M, . By (4.2), we get
dp Togy (Np (o ()P e(p)dp 1ogp (N (=(B) ;1)
ri(pyp) = (14 Xy) ew 0w H (1+ Xp) oEe C1pr) ;
Prexs—{¥}

where p’ = P’ N O. Here log, is the Iwasawa p-adic logarithm defined over @: characterized by
log,,(p) = 0. In particular, we have

log, (N (up)) = log(Ny (P (P)ys"™))) = —e(p) log, (N ((B):)-
Thus we have
Lemma 4.5. Let the notation be as above. Then we have, for primes B’ € £, and p’ =P’ N O,
Or(py) _ log,(Ny (@(R)y )
Xy h - f(p)log,(7p')

We have a(p,) = cpk(py) for a nonzero constant ¢, € W*, because the nearly ordinary character
of Indf/f ¢ is Kk times a character of Dy with values in W*. We do not need to pay much attention
to the constant c,, because the formula of the L-invariant only involve

Ha(Pp '8y ([ B ]))dt<(8;)((]?)> >
XY

plp

K(pp)(1+ Xp) ™!

in which the constant ¢, cancels out. Specializing the above formula to the locally cyclotomic point
P, we get

Theorem 4.6. Let the notation and the assumption be as above and as in Theorem 4.3, including
(at1l-4). Then we have, for any specialization @p of © modulo a locally cyclotomic point P €
Spf(I)(W),

(Adafy 5r)) = (1) ot (08, (o (B °>>>)WEEC>H,1 oo

where e = |X,|, p=0NP and p' =0 NP'.

Note here ordp(w(‘,p)gfc)) = —h/e(p), taking the valuation ord, associated to P € . By
Lemma 4.2 (2) and Theorem 4.3, we see

L(Ad(Indh; $p)) = L(arr),
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and this is the reason for the independence of £(Ad(Ind%, $p)) on the choice of the locally cyclotomic
points P. If F = Q, we have @(P)w(P)® = p" and hence log,(ww(P)) = —log,(w(P)¢). Thus
logp(w(‘li)l_c) = 2log,(w(P)), and therefore the above formula coincides with the classical analytic
L-invariant formula for a s/ p of Ferrero-Greenberg.

For a given ordinary CM type (M, X,), we can choose v satisfying the assumptions of Theo-
rems 4.3 and 4.6. Then through the above process, we can compute L(a s r) as follows:

Corollary 4.7. Suppose that M/F is an ordinary CM-quadratic extension of M satisfying (spt).
Choose a p-ordinary CM-type 3 of M. Then the L-invariant L(apn ) of Greenberg for the quadratic

Galois character o/ p = (M) is given by

. 1—c L
(—=1)°det ((Ing(NP’(w(g’B)g(B’ )))>q3,q3/62g) H W7

where h is the class number of M, e = |5, p =P N O and w(P) is a generator of P € X7. If the
prime p does not split in F'//Q, the L-invariant of anp does not vanish.

A regulator similar to the above determinant was introduced long ago in [FeG] (3.8) in the context
of (classical) cyclotomic Iwasawa’s theory.

Suppose that p does not split in F/Q. Then for @ = @(B), Nyp (@) =[], cx @ = @”. Then we
have ||, = 1 and ||, < 1 and hence Ny (cw!~¢) cannot be of the form (p* for a € Q and a root
of unity ¢. Thus logp(pr(wl_C)) # 0 as claimed in the corollary. Of course, by Baker’s argument
(exploited by Brumer in the p-adic case), if M/Q is abelian, we can also confirm the nonvanishing
of the determinant in the corollary.
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RO proposition MELD V7D,
Proposition 1.1. A(L) IZX LT

k(n)

ALY = | | k(L™
=1

EMET BHERMEORT LD i=1,... k(n) BIFHET %,

A(L) OHHOFDEEYL k(n) 2 L OFEOREE X5, FEOAMRIERE Minkowski DXfHR
IR OBEHKIBEC X %o
ZThH, LD o IlBlT2MREZIRET S, BIB. Lid oML LTHEZ 21380

*Department of Mathematical Sciences, Ritsumeikan University, Kusatsu, Shiga 525-8577, Japan. E-
mail adress : rp043954@se.ritsumei.ac.jp
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O TR TH2 LTS, TTT. RDOFEEMPHSN TS (cf. [Shimura97, Lemma 5.9],
[Shimura97, Lemma 8.10])

© ICBIT B MM F R AEDN SRS EER 1 DM Z7%d,

ZOTEMNL, L OMHOFEIE L DY HICKERNWT EhbNS
RICHE A(L) OFAZEE m(L) Z&E# L. Shimura’s mass formura IZDW TN 5B,

=>4, T(L)={yeG¥|Ly=L}

EB<e m(L) Z L OFD mass & X5, mass DFELNERICDOWTIE [Shimura 06] 2%
LU TOWIEERZD,

C={aeG{|La=L}, CT=(G7)anC,
I'"=aCa'NG (a€GY), I't=G7NT",

m(G?,C)= > [:17, m@f,chH= > [ri:ah

G¥vaCeB G aCteBy

L5, TTT, B(resp. By) 1 GA\GY/C (resp. GI\(GF)4/C ) D5eRERET B
A LI

GA\GY/C 3 G¥aC — t(La™Y) € A(L)/G¥ (= {k(LY) | 1 <i < k}),

ZLBTLICED, m(G¥,C) =m(L). A/REN, EHIC, [Shimura 99a, Lemma 5.6(1)]
IKE>Tm(G?,0) =2"m(G7,CT). BMF5N %,

TThH, o3 FHMET %, TOHFIC  Shimura’s mass formula 259 % & RD X
pY s

Proposition 1.2.

fn+1e 8z,
m(G?,C*) = H(4k )L Bay| - g (1.2)
P “lem—1)  ifn+3e8Z,
m—1 .
2 € 8%,
m(G7.CF) = (2m) Bl [] - . (13)
w1 |37t —-1@Eem Tt —1)  ifn—4€8Z,
m(G2,CT) = 2" (m — 1)!(27) "™ L(m H (4k) 7Y Box| if n+2 € 8Z. (1.4)

2T, m=n/2l &L, ¢ & 4 ZiEE T ZUAM Dirichlet $685. Box & 2k FHHOD
Bernoulli $8& 9 %.
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IS, BRSBTS 2 BIAGIZ W DB B, Z T CRICKAEL L 73 % 1 SRS R 72 b
NTHL,
Proposition 1.3.
kn)=1, 1<n<9
k(n) =2, n=10,12,15,16.

1 <n <9 DHAEE, [Shimura 02, Lemma 1.6] KX EHLNTWVS, n=10,12,15 D
%31& Conway-Sloane(1988 1), n = 16 OIFHEIE Witt(1941 4F) IC K B,
ZT T, k(11), k(13), k(14) ZikD B THIC, LLRD ZL ZETHET L, M, 57 %,

LHZEH:ZEZ‘, Mn:iZ(sz
i=1 =1

€ ifi=1,2,3,5 (mod 8),
g =9fi= 271(61' + €1+ €—2+ ei_g) ifi=4,6,8 (mod 8),
gi = 271(61‘ +ei—2+ €4+ 61'_6) ifi=7 (mod 8),

5 € if 4 is odd or i = 2,
’ fi= 2_1(61‘ +ei—1+ei—2+ei_3) otherwise.

Ly i ETXTD n THEHH @ IKBALTHRT, M, & n#0 (mod 8) D& EMKICES,
Fleo n<6DLE, MHFIET TS, EHIL. UFDOKTZEZ %,
Nig = Myo + Zey + Zera + Zhas,
N1y = Mg + Zeyz + Zhaa,
hi3 =2""(e1 + €3+ €5 + €7 + €9 + €11 + €12 + e13),
his =2""(e1 +e3+e5+er +eg + e11 + e13 + e14),

9%, TOLE, FHBIUEAREILUTTEAENS,
Proposition 1.4.
k(11) =3, {LO} = {LW = Ly;, L® = My, LO) = Ly & Ly}
k(13) =4, {LW} = {L13, My, L7 & Lg, Ni3}.
k(14) = 4, {LW} = {L14, M1y, L7 ® L7, N1a.}

C @ proposition (& Shimura’s mass formula IC K O ffi A(L) @ mass 2K, —75 T,
mass DERICHE> T, FREDOACFHEOMNEZFHR L, —BZH#HZ L THOLNS,
ZDFE. T(Ni3), T'(Nwg) ORI E 2%, £ T, T'(N13) C Hiz, I'(Nw) C Hyy %2
(F»iﬁfcﬁkﬁ Hys, Hyy HEL LB LT, ?E@l {HIB : F(N13)L [Hl4 : F(NM)] Z mass &0
BIRM DIRE TE %, MDREDHCRRFFON IS DN TR SEITIAN T ISR B K T
[Martinet 03, Lemma 1.4.6] ZHW\ %,
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F2RAR EDOEAEEITA T % Shimura mass formula

I

=

SEHFFMCBET 59 2 IRIK_E D maximal lattice 1K U C Shimura mass formula % 38 H
L, Z® genus ® mass Z5HT 52, BEUOZD mass DA OWNTERNRS,

1 Shimura mass formula DEH

V L 2K F b n IRGTDAT vector 22/ F* & L, ¢ & n IREAATII 1, €T 5 (n > 1).
2,y €V IKHLT p(z, y) =ap-ty=a-ty, ¢lz]=¢(z,z) =2 -2 2BL.

G=GY ={a€SL,(F)|ap-'a=y}

BL. V O glattice L 21220, L DY GICBT S genus @ class DRER {L;}1,
Z1fle s, 22T gld F OoBFIRL L, g-lattice 1& F £V ZiRSARER g-submodule
DRIETHWS. (genus *° class DEFRICOWTU [S04, §9.3] Z2B.) 2o &,

m(L) =

)

LB ZZTCTi={ye G | Ly =L} Thsd. ZhIRER (L}, o2 Y HIHEST
ICL DJEY genus ICE->TEES. m(L) Z L DJgT (G BT 5) genus @ mass &9

[Fl : 1]_1

h
=1

L={xeV |20z, y) € gfor every y € L}

LB LIEV KBS glattice THY, LMW g[L] Ccg 2HE=Th6I1E, LcL ThHab.
L, % F OHRFEH v To L ofFFfte L, ¢ % L, # L, L2 5HREH v R L T 5.

Wk, L% pIl7 % g-maximal lattice &35, 205, ¢[L] C g 2H=T g-lattice
DOHF T maximal b DL T 5. L DJFT genus 1E ¢ ICBHT % g-maximal lattice £4KM & 72
LELGL—ET S (cf. [S04, §9.7]). TD & F, Shimura mass formula [S99a, Theorem 5.8] %
BHTHZLICEY, m(L) 3RO ELIICERALZENTES

“AFAE 2006 4 TEEEGRALIRE O BHTHIARRRTOMBEAAZ b LI L TEMNI b DT, dipE
TOWHELHHOWE L EX T BEVE LMEFZAE oM EEL £,
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Theorem 1.1. L % ¢ XI5 g-mazimal lattice £ 52 E, L DJFT genus D mass 13,

(L) = my,(g)[L : L]“H/\
LEzZBNL. 22T, my(g) BROEIICEHRINDS

1]
mi(e) = 20§ [T{D*((2k — D12m))Cr(2k)}

k=1
2 2m if n is odd,
DII.~/2((11,/2 — D)!(27)""/2)2L(n/2, VYip) if nois even.

p=mn-1)/2 &L, Dp ¥ F o¥HIXTHL. n Mo & K = F(/(-1)"?) &L,
Vkp % K/F ICHIGT 5 F @ Hecke character £ 34, {HL, K = F OB&IE Yrp =1
EHRIRT B, 72, N\ 1 EF OBRFEL 0 KBTS ¢ O Witt HfRIC ptlxcu-:iénz&'t&v

AKFG T, F OFRFES v TORTK F, Lo o o Witt 9%, ¢ 2847% GL,(F,) ®
7_1"3 iy l: J: ko T,

0o 0 1,
QP - tay =1 0 0, O
,, 0 0

DB L 4T3 22 & LTS, AL 0, X 0,[2] =0 = 2 =0 2 H7=T F, 5
DORFTINE T 5. (Witt RIS T [S04, Lemma 1.3] 2S3R.) 4,9 v llHLTZO
£97% 0, F—BTIEROM, Z0 size t, ¥ —BIEES. ZDt, v TD p @ core
dimension & W), fEROARHKN v IHLTt, <4 THDHZ Zﬁ‘iﬂ%ﬂf‘ﬂé cf. [S04,
Theorem 7.6(ii)]).

Theorem 1.1 12k Y, m(L) Z2RkD5 I LITKD 2 ODEMICHHFTES ¢

1 2% F @ Dedekind zeta (& F(v/—1)/F \<RIGT % Hecke character X% L
BB OFRMEOGFHTH L. ZhHid F(V-1)/Q M Abel HEKTH 5 72®, Riemann zeta [
(& Dirichlet L ORI IGH SETRDL L NTE 5.

V)11 L, # L, 75 F OFRHEL v 2T RXTHOTF LI THSL. Zhick-
C Theorem 1.1 I<BY S [L: L] & e WEDLNDL, {HMH v TOHRB L, : L] 1% [S99a,
(3.2.1)] ZMVWTCEHETELN, ZODIX 1, D F, L Witt pREZPET H0ENRH 5.
Z D Witt DfR%EFATT 57018, FAHBH pIIHLT 1, © Q, L Witt 2%k 5Z, v|p
CIRBHM v ICHLT, T Witt HRICH Sbh G444 ROMNFMTE] 0, 2 F, ETE5
KHMRT L2 %2EX5. ZOXIILT Witt HENRDSNLERDO 1 21F, B 52K
% Q O ORFATINC L > THA TS L ZAIlHH I e 2ERL TEL —RIC, Q
Lo @EMt) 2wER>0TE, SHEB p ISHL ZoAREREFHEL T, Q, Lo Witt 4
fRERDL ZEMTEDL (PR, J.-P. Serre @ [¥GhnkzR) OH 3, 4FE2SM).

- 178 -



Theorem 1.1 %38 L TEEEIC mass A2 57201, BAFIE LT, F=QW5), =1,
OYERFELTHL, 14 1% 2 LERFSE oo TORNMET S Q |E quaternion algebra By
@ norm form & FMETH L. Tbb, B % By D#YN% Q LOFKIC K > TYTHERL 72
boOMW 1 &b, €-5T 3 D Q, L Witt % AN LA, —#IC quaternion algebra
@ norm form @ core dimension ¥, % ® algebra MFEM v THKTL L X t, =4 THY,
KOO L X t, =0 LR85, < ¢ D Q, F Witt 53RIE p TD By ORI L Tk &
Y, Z® core dimension i & p=2Tty=4, ThEMD pTt,=0 2,45, Vg, Rkl
@ quaternion algebra V&% OIERED 2 KA L THRET 5 Z e RAISENTW S, FiZBWw
T 2 133 ideal 205, B=By@q F 1% 2 T (algebra & L TC) 7)fEL, FERMITTXTOR
MT B 3Ry L%, ZhiX ¢ @ core dimension W I XNTHOHRGE v Tt,=0THbHZ
LEBKT S, ZOFTEIC [S99a, (3.2.1)] 2EAL T, [L,: L, =1 MEEDOHES v THRY
MO, o T [L:L)=1& e=g MbMb. HIT (r(2) = C(2)L(2, x) (x & F @ Dirichlet
ED) L HHOET, ¢ IKMT S g-maximal lattice L @ mass 13,

m(L) =my(g) =2-5327) 8%¢p(2)? =27°-372.572

LERTE S,
ZDEHRDS, EEOE2RIE F @ 2 2HBHH v ITOWT,

BoprF, = (By®qQs)@q. F

~ JBo®qQ: (22 FIBWINHT L L),
| MuE) @M FIRBOTHRLEVE ¥)

MV Z e NbN b, ZOMDHESE v IO TUELRFABKIC t, =0 DT, ThTER
DE2IRBDOEZAHREZHEICBT S 1, O Witt YL Z D core dimension MEPLGE T = 7=,

—iD 1, @ F, L Witt 3fRICOWTE [M, Lemma 3.3] IKH 5, Zhe L BBOR.
DGR L 2 HHE T Theorem 1.1 % £ Y BRI RICE & O 72AUE, [M, Theorem 3.6]
THTWS, £ F=Q, ¢ =1, OHAIL, maximal lattice DJFT genus 1<Kk L T mass
formula A58 S 7=, [S99a, Examples 5.16] ICBWTHA LN TS,

2 A

=1y F=Q(H5) ®rxE, HAMIIF SN/ mass 2F L C, maximal lattice L &
J&Y genus OFHIL 1 THS Z BN D SNL. (AT OFEMIC>WTIE M, §4] 23R,
KX, e=(1+V5)/2¢LT L%

1 0 0 0
) (835}
! . ' 0 1 0 0
L=) gai=ga a=|:|=
i=1 1/2 (14+¢)/2 /2 0
(6%
: 12 12 12 12
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T5e, TNEI[L:L)=1%%ZETDT o KT S g-maximal lattice THL. ZDL
ET ={yeG|Ly=L} ofFIE2° 3252 <2 e MR E>Tbh b, —,
m(L) =27°.372.572 TH-> /DT, mass DEHKEDS, L DJFT genus 1& 1 D DFHDOHMN
578> TR TR 5780,

CORERZE S HIFIIL T, F ORMIERER ¢ 2 4 DDOFETTMTERINT 5 L OuofEEl

N(L,q)=#{zrc L|z "2 =q}

W 5 R/AMRD LD ICLTROEN D,
§1 O & X LEMRIC {Li}, % g-lattice L OJFT G BT % genus O class @ 1 ok
fe& LT,

h
R(L,q) =Y [Ti: 1]7'N(L;, q)
i—1
B THIERER (L}, o2 W HIKS . LW ¢ IKBT % g-maximal lattice ©
HbHeE, ENHES A (Princeton K%) ISk ->THZX 5N 7AK [S99b, Theorem 1.5] %
ZOBEICHEMT S 2 2IckY, R(L, qm(L)! 2FHETES. ik p=1y, F=Q(/5)
DEE, LORENS h=17207T, ZHheAR [S99b, Theorem 1.5(I1)] DEHIC LY,

R(L, q)
m(L)

120- T (ezp N(p)i)

plg \i=0

N(L,q) =

ERLILMTCEDL. ZZ2Cqg=][,p> LT 5.

SE R
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AR K B T|ERE DT —)UimIcfES A
07 RIEDBRICDOWT

REURAREEGHRBERIARIERE B T

1 FX

k70 DIk 3%, G, ThkOMHa 7 zRT, E7xk LOM
MifRe U, p 2 ET 5, E D p it Tate hiff T,E ~D Gy DVEHN
T B ERE "

PE/kp * Gk — Aut(TpE) = GLQ(ZP>

TET, Bk (Tabb QDABKILK) EOREEEREER & 125V
ARIRIICEES Ha 7 EZBOBRIC DNV T, ROTEHNE D 7D,

EE 1.1 (/9)) K 28Uk, EZBEEREZ 250 K _EORSMEIER, p
FHET B, TDOLE, ppixy: G — GLo(Z,) DIRIZFTH %, Al
B, K, E, plIAZ UTE 8 in = n(K, E, p) > 1 DMEEL T, pr/kp(Gr) 2
1+ p"Ma(Z,) &7 %,

&, B LLICBWT, NE n BFHERE B ITKEFELTVE S IcE
N5 ZmnRllz, BB, ROEMHZFEL Tz,

EE 1.2 (/A]) K zREUA, p2EEbdT5%, TOEE, K plliKkfFzL
TR n = n(K,p) > 1 MFAEL T, BEREZE TR0 K LOEED
FEHHBRR E WS UL pe/rp(Gi) 2 1+ p"™Ma(Z,) DD VDo

1.3 EH 1.21ICBWVT, (K, p) D K, pld X% EERNRFHX. AR
D j AERZFRFIE D> TV 5,

. LEED X 2 BB, MOt TH % 2 Koel Lo
T—RIVERETERONE D, EWVWH T eEEXT, Z LT, HH
WMERMT ERUCAO 7 £EHZE D QM 77—V LT, Ef1.2
LRBEDERE R LTz,
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2 ETEB

B 7% Q LORERS 4 e8Ik, d = disc(B) %z B DT %, B
@ maximal order R0 & DES>THEET %, dZESTWERpITHL
T. Ry=R®zZ, EBWVT. W R, = My(Z,) ZEET %, k ZEE0
DIkE T %,

EE 2.1 k£ FEO (RIcXB) QM7 —~)UiihiE &3, k& EO7 —~)Uihim
AL, IROBSHERR (17%21dISES) i R — Endy(A) O (4,7) DT
LRI,

(A,0) % b O QM 7 —~LHifi & 5, (7
i: R=Endg(A) = End(A) (2.1)

ZIRET %o dZEISIRVERp LD, T8, AD pit Tate NEET,A
E R, MEEE LCHHTI V7 1 ThHd, TL T, AnT7EE

p(A,i)/k,p . Gk — AutRp(TpA) = R; = GLQ(ZP)

MESN 5,
QM 77—V HES A 7 BEOBGICOWTE, TR 1.1 L [AkE
I, RO EAHISENTWVS,

EE 2.2 (/O]) K 2REUA, (A4d) 7% K LD QM7 —~)VihiE <, [F%EY

(2.1) ZIET %, dZEISIRVERp LD, THL, P kp(Gr) C
GLy(Z,) EBTH %, HIB. R, p, K, (A, i) IIE LIS In = n(R,p, K, (A,4)) >
1DMFEL T, p(A,i)/K,p(GK) o1 —I—pnMg(Zp) 129

FhiZ, EFE 22123V T, RE nh QM 77— Ul (A, i) ITKkF L
WKL ENB T =R, IDNFEEHTH S,

T 2.3 K #REUAE L, dEEISRWERpE LD, T5&. Rp K
WCHAFE LT B n = n(R,p, K) > 1 BMEEL T, WAL (2.1) BD 31D
X574 K EOMEED QM7 —N)UH (A, ) ISR U T painp(Gr) 2
1+ p"Ma(Z,) 7% %,
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AERAIE. LFDOXSICLThREINS, XEZ RICKS QM 7—XN)b
HEDES 29 1E9 5%, ZTHIE Q LD proper smooth curve TH %
(Shimura curve &FHINTWVS) o XEDEH g2l EDEE (d ¢
{6,10,14,15,21,22,33,34,46} D & ¥) &, Faltings IC KX D EEHHE N7z Mordell
TRZHWTRENS, ¢f<1DEEIE. QM 7 —N)VHimEICH % LN
VGG ANTEY 29 A ZEZ, TOMBMN 2L FZ2Rmd T EickD,
FAEH 5 2 EMTE %,

BZ 3k

[A] K. Arai, On uniform lower bound of the Galois images associated

to elliptic curves, preprint.

[0] M. Ohta, On l-adic representations of Galois groups obtained
from certain two-dimensional abelian varieties, J. Fac. Sci. Univ.
Tokyo Sect. IA Math. 21 (1974), 299-308.

[S] J.-P. Serre, Abelian l-adic representations and elliptic curves,
Lecture at McGill University, New York-Amsterdam, W. A. Ben-
jamin Inc. (1968).
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on the p-adic absolute CM-period symbol.
Tomokazu Kashio, joint work with Hiroyuki Yoshida.

G. Shimura (3B EEED: & £ ZERR O A1 JE ”)V"Cﬁ}f'fﬁ L Z DA 5 CM-period symbol
pr X EF L7, THIREIER O CM-point TOMEZ EIZHBNERELEHRTHS. L LAK
MEBEDH W WEZFED % E—fIZIERk ) DA% Lw. % Z T H. Yoshida (3% & I' B O4F5%
fii & H\» T absolute CM-period symbol gx/r & €7 L, CM-period symbol D& —3¥ 5 Z & %
FRLZ, SERO LI IZERILES NG, FIIRFER, KITCMELE L K/F 257 —~NViEkE
+5. ZOW e G = Gal(K/F) IS LT

id(.,
(1) pi(id,7) = gk p(id,7) =7 —H/2 exp Z X—li(———(—g mod Q.
IGI = Lo

HL G_ 3G OFERERE, 1 =id, p (BHELEGE), ZOM I L u(r) :=1,-1,0 LEHK L7
LT X(x) XZETHBCTERSN LEKD s = 0 COWMGMEE Jp = {0 : F — Q} FIA~57fE
L72bDTh5E. ZNIZEFHGAREHCTRDOL ) IZRES.

(2) LO.x) = > X7 (%)

oeJp
% BEWR VRIS BAYIZIE Chowla-Selberg 233 & —3 ¥ 5. BIHIE KA K K U9 % Dirichlet
FREE x 1 L

L'(0,x)
L(0, x)

NS DOWFZEIXEIRIC p HENIL E}E Ehan. ML p#ELHET EEE M T (logarithmic) p-adic
absolute CM-period symbol lg, x/r % %5 L T DME % i ~<7z [Kashio, Yoshida]. 4 DHE—D
FRIIROKRICEALTE 5. K/FITEHFRERLET5. AR LI ptEfidHE AL HEA
TTNap, L#ELEICT L. pp N K/F CREGHTH L X

(3) mpx (id.id)? = exp ( > mod Q.

(@
1 p' . - _ ‘de )
3 log,, ((’;: )" ) = lg, x/r(id, T) = ll( ) g,(pr) + — |G[ Z mod Qlog,(EF).

7272 LREE x D% & L7l B4 770 a3 LTI . 3% fa &2 4 77 VEIBEO
BMERRLAZEZERT A, 2477V alltf LTHIAIL " = (o) 217V log,(a) := ;log,(a)
LT H. Epld FOREHE L7z R EMICES X, 3 p S ET B CER S UHELA
RO pEFHULLEONE, AL

(5) Ly(0,xw) = Y X5 (xw)-

oelJp

7272 L w & Teichmiiller f1% (& 4 77V VADE) TH 5. FcOHE - FHRITHBAICIE
Gross-Koblitz A3 & —~FH L TWa. BIbE - RIKK Tphnfds L X

X P\ L;(O\W)
(6) log, <P1\') = ‘__——L(O.X) .
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LB ?*EC’}SV‘TPF OSSR A BT 2 2 L A EMT 5. kA X2 OLER L
THROE_FHEA. CELIIIFLCHEZF-> TBYEFHTFHD p#EFMEIERIILAS DL
V.o pld K FTR "‘lllit LTHL. 2O

n, i (id, T ) —
(7) log, ( (ép;‘)( )z "z F) = lgy k/r(id, 7) mod log,,(Qx).
DPp, i (ETODb. | T )"T0Pr

7272 L ppi (& CM-period symbol @ p #EHIELTH V) | crystalline cohomology & etale cohomology

DIEFERPLEREINDL D TH L. ZOWEEARIL B, L EPNLIERLZEEZREE L ppx

T2 2% & 5. Frob, (& By ~MEH T % #ix) Frobenius fERHTH Y, f. 13FA 7TV p DREL
*“*“T%— &9 5. Frob. li Galois BEDOILTHE A 77V p TD Frobenius ¥ £ 3. ROAX 56 5H—

Pri(id; T 1 p’)\' 1
(8) 10gp pl ( ) )f'l' g _logp <(—1) ) .
pp.l\' (ld 7') l‘rob‘D K 9 pl"

HHPEE TR A O DO AL Stark TR GIOSS TH8 (L-invariant PO — ) Oﬁﬁ (p
) LEBOEEHETFEERERCERT L. MELAI2ETTAL ). FHTRIIK = Q. v2),
F = Q DOl modQ”™ TRZE BB,

o) |

T(1/8)0(7/8)~' = n¥/pk (id, id)* *pk (id, o5)"/?, T(3/8)[(5/8)~" = n'/*pk (id.id)" *pk (id, o5)*>.
7272 L Gal(K/F) = (Z/8Z)*, 0, < nmod 8 L {72, —} T Q(V2)/Q IZk¥ 5% Stark T4 (Z
D54 1E Euler’s reflection formula) (&

(10) T(1/8)[(7/8) = m\/2 — V2, T'(3/8)['(5/8) = 7\/2 + V2

AL o0 FPRREZENENT WBROMEOME LM F E LT TH L. S THADOREZ p &
TITHB 9. Q(1)/Q KT HFHA DT E Gross THIT—FH L TREZAXRS.

(11) log,(Ty(1/4)) = 1/2log,(27%), if p=a® + b°, |a+bi|, <1, Tk = a+ bi.
(—IZIEFA D —TFIL Gross TR X ) EIZEWTFRE L > TS TETRIIKRE

1 Py (id, id) —x
12 1y 1. p . ~
(12) g, (T 7)) = 3 o, — LR mod log, @) (0 #2)
HIZHHOMEUZE L T Gross O j'*"‘ﬁli r(x) == {pl(p), x(p) = 1} LiEV 7z ord,—oL(s, yw) =
r(x) T o7z EidpEHFERN Jff]zr (A% EX,)) %‘:ﬂ]\«\f DESFHIRDE S NS .
(13) r(x) > 27% 5 ords—oL(s, yw) > 2

C ORI, FFIZ p EDBEIIIIERTHICHE T AL E (X, lgyx) 2D FHE I T 545
PELHNTELDTH A,

4 ORI ERDOWF~OWIESIEEE N L. TN IHBAROE KM~ DIIEA L
E N EHHEHTHEOD) PR EINS. FRIC RO ICE L TSI 2R 55 2 &8
T&7. AIbHDEEMTFTCROL) 3 REITZ 5.

(14) L"(0,x) = Y X7 (x)+HWIEH, LI0xw) = > X797 (x() + HIEH.

oo'€Jp oo'elp
2 TR X (y), X”""(X(m) 12 (pitt) ZET BEA IR L 2 BBRONHECEE SIS, Th
52 NZNAHGRI I ERZ 0 L % 2 5 BBV EETH 5. $5IZ Gross FHUTE X7 &
TN ENLETHA .
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(In)divisibility of special values of zeta functions

associated to quadratic fields

AR i CEIIREEBEATRECERD

Z 2 GRREOR. Q ZAMHEUAE T 5. TOREEAE Q ZEELIAD
HFICEEL, UTFRERE WA IE Q DAL T 5. O & k OEEIRE
5. HL, 2k k = Q(vD) IOV TIE, fHO7ESH Op =0, T
. BB nIZOWT, ¢ Z QD1 DM n FBIRO—D LT 3. AR
TAEUA k D Dedekind ¥— 2 B2 ((s) £EFL. HBE S DEEZ #S
EET.

n 7z AR k ZARIRBIAE LT, wy(k) 2.

wn (k) := max{m € Zxo|exp(Gal(k(¢n)/k)) | n},

C T T exp(Q) I FHRRE G D exponent, EEET 5.
FEIFED 2 Rk k = Q(VD) G5 d % Kronecker 585 xp(-) =
(D/-) EHBREICHUT, & (D) ZRDKXSICEXET S -

§ (D) — wn(Q(\/ﬁ))L(l — anD), D< O,
' w"(Q(\/ﬁ))CQ(\/B)(l — n), D >0,

C T T, L(s,x) & Dirichlet L B3%(. &,(D) #0 TH2DIE. “D <0
D WA X720 “D > 0 DO n MM DEZEDHTHS.

Coates-Sinnot [4] IZ& D, IEOEAHHIZND > 01 L TE, (D) € Z
THs. £, AOEAKHFRXD <0, D # -1, -8 1L TE, 7 n
KX LT, Kolster [6] O@EIIBNADSNTND !

6n(D)] = 4hy, (D). (1)

&, 2 COFHPISH LT H#H2(Op[1/p], Zp(n))/#H (Op[1/p], Zp(n))

DETH 5.
FAHRI D IZDWT, By p % Kronecker st (D/-) ICBI9 % —f&1t
Bernoulli#t& 9% &, D>5%561F

fz(Q(\/E)) = wq(\/ﬁ)gq(ﬁ)(_l) = Bap.
BUARHEORIRZ R % & ROEERINES -
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BER. WTFRaREp D0 T, p| &L(Q(WD)) L7 BHAHFIX D > 0
BIEEUAFAET B0 ?

FILEET. pt &QWD) £7%5% D > 0 BMEEICTEET 5 T LId.
Byeon [3] ICXDRENTVS.

£(Q(VD)) D&, Op DRI K Bt Ko(Op) DAIELE DBIFRA,
Mazur-Wiles [8] ICKD/RENTWVS @ &(F) ~p #K2(0p). HLU., B
FRa,be QLEFEHPIIDVT, a~p bida/b W p R THE I L L
5.

p=3,5CDOVTIX, LORMIC, BEMICEZASDTENTES

EH.
#{0 < D < X |3 | #K+(0p)} > X5,

AEHHICIE. Browkin [1] fic k5. 13 | #K2(0p) M. 3| h(Q(v—3D))
F7E D=6 (mod 9) LAME] &5 HEILE | Soundararajan [9] IC K
% B 3 THIOYINS I 2 TR DR M Z -V 5.

FE. {Q(VD)|5 | #K2(0p)} IZIFRLES.

FEANICIE. Lu [7] 12K %, —f{E Bernoulli £ & 2 RAKDHEL & DI
D&M E E . Yamamoto [10] OFEERZHW3.

JEATBRTEIC DWW TIE, Bruinier [2] OROMERMND % @ A HEE p D,
(p—1)12n DD p(C(1 —2n)) = 0725 (up(-) & p EMRERHE) . FAH]
D > 0T, vy(L(1—n,xp)) =0 752 L DOV BICTAET 5. 2
RAEDLGEE ., [FARRO RIS 5.

&u(D) lE. Op DIAFREDI—BE 12, (0pl[L/p], Zy(n) OHEERT p
EHEZFFO T ENHIBEN TV S (Lichtenbaum FAHDétale Bk, Mazur-
Wiles [loc. cit.]) . FTo. BT K B Ka,—2(0p) D pET O EZL
WZ EETHEINTVS (Quillen-Lichtenbaum F4H) .

¥ GE) nIERMEICES 9 % Cohen-Lenstra F4H [5] OFlZE, D
ERICEZ ST MRS LMETH 5.

BE
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Siegel modular form of degree 2 and Abelian variety:.

i AR
RBCRZZREEGEBZENT R

1 FHFELELFHY T A

[FER—BILFE 2TOQ LERINIAFHMER E IS UT, ROFMZhmIcdES 2 DFFH
RIER f DMFET B.

o L(s,E)=L(s, f).
e F @ conductor & f D level iI&—3T %. O

CDOTRDIEHMLE 75 5 7z Eichler-Shimura HFm/d 0 £ L7z,
[Eichler-Shimura B§&] f =5, .,  anexp(2minz) ZHEE 2D Hecke eigen cuspform £9°%. T
DEZE,

e Qs :=Qla, | n € N) IFHEXREWATH 5.
o [Qs: QAT Abel 2RIk A T L(s, H'(Ay, Q1)) = I eca, /g L(s f7) L5 2 EODMHET .

FHC Q; = QD& XX Ap IZFEMIIRTH 5. O
EC, EN-RILTRED 2 0T E LT, mEREOEHAZ I XD

FHEHFME  root number =1 2D Q EREI NIz, T simple’s Abelhiimn AT LT, L(s, H(A,Q)) =
L(s, F, spin), up to finitely many bad primes & 722K, TE 2D Siegel (REFEX F WMFET 5. O

ETRENE L. TOTREOHME RS>0, HHY 7k EMHENS Siegel (RITEXDMHERGE T
L7z, ZOEHY 7 MTERD2 214 ThHhHD £9.

(I) AR D pair H S FERK:
S To(p))? 3 frs for— Y7 j, € M3(To(p)), L(s, Y7, gy, spin) = L(s, f1)L(s, fa).
(I1) 224k K = Q(v/'N) @ Hilbert fREIE R & KK
So(T) 3 f = Y7 € M3(To(N), xw), L(s, Yy, spin) = L(s, f).

VNT
FKT::( Vg%* * ’ % * €0k

HHEER, D type (1) DEHY 7 k&, Eichler-Shimura s T 5% Abel #ii & ZHWT,

HHTARDAMIL L TS Siegel LRELFEN E Abel BHHID pair D example 252 £ L7z, LML, TD
HHY 7 M,
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Yoshida’s non-vanishing problem Z®O&EMY 7 MIWDTEENEMEEZDON?IHZA TV
HiZHNDM?

EWVSENDH O X L. TOREICHLUT,
Bocherer and Schulze-Pillot’s result (1992) type (I) DEH Y 7 MMITHA RV, O
EWVHIHEMNGHHENETE Lz, TOEMICKD, HABHEHRIEIE (trivial central character) 513
5% Abel Hifiic 3 U TIEEHTEDBAZLL TOEHDNDND £

—77, BRKZOMMZEEEDOTA (1982) *° Brylinski-Labesse(1984) Of§HRA E LD, ROFH
ZTRETLDIFHALERDNET.

Conjecture 1 K ZHR 2K, p 7% Gal(K/Q) DERMItE T 5. TE 2 D Hilbert eigen cuspform
f(21,22) = Dicop Gn exp(2mi(N(n)z) + N(n)P20)) ICH LT, K FERINILLNORNZ RIS
Abel ZRRIK Ap DFIET 5.

o Lfs, H1<Af’ Q)) = HaeGal(Qf/Q) L(s, f7).
° EndQ(Af) D @f. Il

REMARK 1 Endg(A4y) D K TRZEWVHICHRE. #&H TR —MRED totally real filed £ Hilbert
RERICH L TENTWVS.

Z @ Conjecture 1 Z{RETHUE, FFC Hilbert (RETER f D5, RD XA T D Abel il /Q HME5N
F9.

i). fEHHh#R £y /K D Weil restriction Resy /gy
ii). SSU(To(N), yn) DBIFBNS Abel . (T HETHEET 24X 7RL. E-S.)
iii). [Qf:Q]=2T, “ARHFQ LEXRIN TS Abel il A;.

(genus 2 @ hyper-elliptic curve C : y? = 2° + a, (a € Q*) @ Jacobian 7% E I &\ conductor ZHFD
DT full-modular REJEISHIG LIRWD, 3DHIEEZBNS. )

Z T CRICEHTRICEICRZ 52 5 0 BRZMEE LT, &HY 7 b type (1) EEA KWL
m?ZEZE L.

2 FHER.

FORMBEICDOWTRDOEAMGZB5NET. p|NITH LT local Fircke involution %
iy $(Tx) 3 f(a1,22) = f(, ) € 5:(T)
TEHKT S. ip(f) =+f ThH5.
Main Theorem 1 f Wi, p|N ICBT % eigen value W4T 172513,
o TMHU T b type (I1) DR Y, IZTHA IRV,

o Y; D Fourier fREU Qp ICEHFENS.
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e [ h' Doi-Naganuma lift of nebentypus TIRHNZR5, Yy & cuspform TIHHE.

SPTK)Y L SP(To(N), xw),
SVTo(N), xw) 22 So(Ti)¥ 5 NP (T(N), xw) = S5V (To(N), xw).

So(Tg) ICHUF B D-N lift D7z So (L)Y THHDO LU, BEARMZEMZ S(Tk)Y & LTW5D. FERERA
D map & Siegel (EHZ. NQ(Q) I Siegel non-cuspform DZER. g € Sél)(FO(N), xn) DB HFE L TR
FTITEHELEPHICHE, oY oDN(g) =g+gliizoT5. O

EHIC,

Main Theorem 2 FEMTIE, f € So(Tk)Y OEHY T DR Y} & non-cuspform THTh, f
MY Grissencharacter ThHMF %755, Yy LA U spinor L-BAEZ & D cuspform FOCDMFET 5. O

C OV BB D explicit KR E LT, [4]1C Iy? = 2° — 2 1SS U7z Siegel cuspform MEFE L Igusa-
theta®D 4 FDIEZ LTV %] EWIKRDBB D X, 758, vy =22 F:y? = 2(2—1)(2—1-V2)
@D Weil restriction 7% T C-simple Tl 7x\O.

EC, HHTHEE JLEE N M TAEZRE T 5 & Siegel (RAUIEZXD standard L-BIEICES S
% Kudla-Rallis-Soudry i (1993) & O, Abel #fifi?D Hasse-Weil BIELD 2 2RIt part OARE IR 7
L'(s, H*(A,Q))) := (s — 1) 2L(s, H*(A, Q) ICBIL T ROENEZ T

A/Q ¥ simple 5D root number = 17513, ord,—sL(s, H*(A,Q;)) > -1 T

1. Endg(A) = Q = ord,—sL(s, H*(A,Q)) > 0.

2. ord—sL(s, H*(A,Q))) = 0 = L(s, HY(A,Q)) AU L-PA%Z DM MREE D pair
Hilbert fREHE (5 2 XMk L ET) HIFEET %.

3. ordy_sL(s, H(A,Q))) = —1 <= A& SV (To(N), xn) BRSNS Abel Hiifi.

o TC, BRROTEE LT, TEndg(A) # Q7&51E, Shimura curve @ Jacobian A 2 XA [0 Hilbert
REFE XD motive & isogeneous M ?J & WIS EMNEZ SNET.

SE
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Certain Dirichlet series of Rankin-Selberg type
associated with the Ikeda lifting all

Hisa-aki Kawamura (Hokkaido University)

For any n € Z-q, let $,, be the Siegel upper-half space of degree n, that is,
9, ={Z=X+V-1YeM,(C)| Z=2 Y >0 (positive definite) }.

For any k € Z-o, let Si(Sp,,(Z)) be the C-vector space consisting of all Siegel cusp forms of
weight k with respect to the Siegel modular group

7 _]-n On 7= _]—n On

of degree n. If n > 1, then for any F' € Si(Sp,(Z)), we can consider the so-called Fourier-
Jacobi expansion

Sp, (Z) = {7 € GLon(Z)

Tz - p
F(( T >> = ZQSN(T, z)exp(2nV/—1NT),
N=0
where 7 € $,_1, 2 € C" ! and 7 € $;. Here we note that for each N € Z-,, the N-th
coefficient ¢y (7, 2) is an element of the C-vector space J;/'\(Sp,,_,(Z)”) consisting of all
holomorphic Jacobi cusp forms of weight & and index N with respect to the Jacobi modular
group Sp,,_1(Z)” = Sp,,_1(Z) x (Z*"~2? x Z) of degree n—1. Then we define a certain Dirichlet
series of Rankin-Selberg type associated with F' by
Dy(s; F) :=((2s — 2k + 2n) Z(qﬁN, on)NT® (s€C)

N=1
where ((s) is the Riemann (-function and we denote by (x, %) the Petersson inner product
defined on the space J;'\(Sp,,_1(Z)”). Tt can be viewed as a generalization of the Rankin-
Selberg convolution series for elliptic cusp forms. Furthermore, T. Yamazaki ([Yam]) proved
by using the Rankin-Selberg method with a certain non-holomorphic Eisenstein series of
Klingen-Siegel type that D;(s; F) has the following analytic properties:

Fact 1 (cf. Theorems 3.4, 3.5in [Yam)]). (i) The Dirichlet series D1 (s; F') has a meromorphic
continuation to the entire complex plane C. More precisely, the function

D, (s; F) := 7" "(21) *T(s)['(s — k +n) Di(s; F) (1)

is holomorphic on C except for simple poles at s = k and s =k —n of same residue (F, F),
where we denote by (x, x) the Petersson inner product defined on the space Si(Sp,,(Z)).
(ii) It satisfies a functional equation

Di(s; F) =Di(2k —n —s; F).

*This manuscript is based on the talk at the Summer School on Number Theory at Sapporo in 2006.
TThis is a joint work with Professor Hidenori Katsurada at Muroran Institute of Technology.
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On the other hand, let n, k € Z-y be both even satisfying that £ > n + 1. Then we can
consider the so-called Tkeda lifting of elliptic cusp forms:

Fact 2 (cf. Theorems 3.2, 3.3 in [Ikel]). If f € Sor_,,(SLo(Z)) is a normalized Hecke eigen-
form, then there exists a Hecke eigenform I,(f) € Sk(Sp,(Z)) whose standard L-function is

equal to

C() [[EGs+k—1i, 1),

i=1
where L(s, f) is the Hecke L-function associated with f. In particular, if n = 2, then Iy(f)
coincides with the Saito-Kurokawa lifting of f.

Remark. Moreover, let S,;"_(n_l)/Q(Fél)(Zl)) be the Kohnen’s plus subspace of elliptic cusp
forms of half-integral weight k& — (n — 1)/2 with respect to the congruence subgroup

r(4) = { ( .« ) € SLo(2)

of SLy(Z), then the above I,(f) can be explicitly constructed by a Hecke eigenform f €
Sk

c=0 (mod4)}

(n—1) /Q(F(()l)(ll)) corresponding to f under the Shimura correspondence (cf. [Koh]).
Then we obtain the following explicit formula for the Dirichlet series Di(s; L,(f)):

Theorem 1 (cf. [K-K1]). If f € Sop—n(I1) is a normalized Hecke eigenform, then

Di(s; 1n(f)) = (91, ¢1) C(s =k + 1)¢(s — k +n)L(s, f), (2)
where ¢y € JYP(Sp,,_1(Z)”) is the first Fourier-Jacobi coefficient of I,(f).
Remark. We denote the usual gamma factors of ((s) and L(s, f) by I'r(s) := 7=%/?T(s/2)

and I'c(s) := 2(2m)~*I'(s), respectively. Then we easily see that the gamma factor in (1) is
equal to a constant multiple of

n/2—1
[ (s—k+2i+1)Ta(s — k+ D)Ir(s — k + n)Te(s),
=0

and therefore the equation (2) agrees with the properties (i) and (ii) in Fact 1.

Furthermore, by comparing residues at s = k on the both sides of (2), we also obtain

Corollary 1. Under the same assumption as above, we have

2%k ghtn ] (In(f), 1n(f))
(k=1 (n—1)! (b1, b1)

= L(k, f)C(n). (3)

Remark. The equations (2) and (3) are generalizations of the well-known results for the
Saito-Kurokawa lifting I5(f), which are obtained by W. Kohnen and N.-P. Skoruppa ([K-S])
(See also [Odal).
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Here we shall recall that the space J;/T"(Sp,,_,(Z)”) is isomorphic to a certain subspace

of the C-vector space Sk_1 /2(1“(()"71)(4)) consisting of all Siegel cusp forms of half-integral
weight k& — 1/2 with respect to the congruence subgroup

n— A B
i) = { ( o D ) €Sp,_4(2) ’ C=0,_, (mod 4)}
of Sp,,_;(Z). Namely, as is known by W. Kohnen, M. Eichler and D. Zagier ([E-Z]) in case

n =1 and by T. Ibukiyama for general n, we have

Fact 3 (cf. Theorems 1, 2 in [Ibu]). For any 1 <n € Zwq and k € Zy, let S;ﬁl/Q(F((]”_l)(él))

be the generalized Kohnen’s plus subspace of S 1/2(F(n Y(4)). If k is even, then there exists
a C-linear isomorphism

Uy PSP 1(2)7) = Sty (08P (4)),
which is compatible with the actions of Hecke operators.

Then by using an analogous method to the proof of Theorem 5.4 in [E-Z], we also obtain
the compatibility of W,,_; with Petersson inner products as follows:

Theorem 2 (cf. [K-K2|). Let n > 1 and k be a positive integer. If k is even, then for any
¢ e Jlilisp(spnq(Z)J), we have

<¢7 ¢> (% 2= 1)<\I!n—1(¢)7 \Ijn—1<¢)>7 (4)

where in the left-hand side of the above equation, we denote by (x, x) the Petersson inner
product defined on the space S, 12 (1"(()"—1)(4)) which is normalized by [Sp,,_(Z) : F(()n_l)(él)]*l

Therefore by combining the equations (3) and (4), we have

Corollary 2. Under the same situation as above, we have

94k—2nk+2n—2 k+n <[n(f), [n(f)> B
(k=Dln =11 (Vu_1(d1), Vn1(d1))
Now we shall recall the so-called Ikeda’s conjecture on the Petersson inner product of

the Ikeda lifting. Before stating it, we prepare the following notations of L-functions: for a
normalized Hecke eigenform f € Sox_,,(SL2(7Z)), we put

£(s) = Te(s)((s),
A(s, f) == Tc(s)L(s, f),
A(s, f, Ad) = =T¢(s)Te(s +2k —n —1)L(s, f, Ad),

where I'c(s) := 2(27)7*T'(s) and we denote by L(s, f, Ad) the adjoint L-function associated
with f, which is defined by

L(s, £, Ad) == [ {0=p™)Q—-aZp™)1—a,p )},

p:prime

L(k, f)¢(n). ()

where a;, € C is the p-th Satake parameter of f. Then T. Tkeda ([Ike2]) gave the following
conjecture:
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Ikeda Conjecture (cf. Conjecture 5.1 in [Ike2]). Let n, k € Z-q be even satisfying that
k> mn+4 1. Under the same situation as in Fact 2, then we have

n/2
A(k, f) HK(QZ —1, f, Ad) 5(21) — 9a(n,k) <f7 f> <§T}v(f}>v In<f>>’ (6)

where a(n, k) = (n —1)(k —n/2+1).
Therefore by the equation (5), we can reduce the Ikeda conjecture to the following

Conjecture. Under the same assumption as above, then we have

n/2-1
<‘I’n—1(¢<1j)?, J‘%n—l(éf’l» =20 TT €(2))A25 + 1, f. Ad), (7)

where B(n, k) = —(n —2)(3k — (n—1)/2).

We note that the situation of the above conjecture is more suitable to show. In fact,
we can obtain by showing a certain explicit formula for the Rankin-Selberg convolution
series associated with W,,_;(¢;) that the above conjecture is true, therefore so is the Tkeda
conjecture (cf. [K-K2J).
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