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Abstract

We investigate the differential geometry of surfaces in Anti de Sitter

3-space as an application of the theory of singularities.

We first show six Legendrian dualities between pseudo-spheres in semi-

Euclidean 4-space with index 2 which are basic tools for the study of ex-

trinsic differential geometry of submanifolds in these pseudo-spheres.

Secondly, we apply the Legendrian dualities to investigate the geometric

properties of non-degenerate surfaces in Anti de Sittter 3-space. We study

the spacelike surfaces in Anti de Sitter 3-space as the first step of this re-

search. We define the timelike Anti de Sitter Gauss images and timelike

Anti de Sitter height functions on spacelike surfaces and investigate the ge-

ometric meanings of singularities of these mappings. We consider the con-

tact of spacelike surfaces with models (so-called AdS-great-hyperboloids)

as an application of Legendrian singularity theory.

Thirdly, we also use the Legendrian dualities to study the geometric

properties of timelike surfaces in Anti de Sitter 3-space. We define two

mappings associated to a timelike surface which are called Anti de Sitter

nullcone Gauss image and Anti de Sitter torus Gauss map. We can prove

that the nullcone Gauss image is a Legendrian map and the classification

of its generic singularities is given. We investigate the relation between the

Anti de Sitter nullcone Gauss image and the Anti de Sitter torus Gauss

mapping. We prove that the Anti de Sitter torus Gauss mapping is a

Lagrangian mapping, and that the Legendrian lift of the Anti de Sitter
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nullcone Gauss image is a covering of the Lagrangian lift of the Anti de

Sitter torus Gauss mapping. We also define a family of functions named

Anti de Sitter null height function on the timelike surface. We use this

family of functions as a basic tool to investigate the geometric meanings

of singularities of the Anti de Sitter nullcone Gauss image and the Anti de

Sitter torus Gauss map.

At last, we study the geometric properties of degenerate surfaces, which

are called AdS null surfaces, in Anti de Sitter 3-space from a contact view-

point. These surfaces are associated to spacelike curves in Anti de Sitter

3-space. The geometry of these spacelike curves determines the behavior

of the corresponding AdS null surfaces. We define a map which is called

the torus Gauss image. It appears to be associated to the contacts of the

spaclike curve with some model in Anti de Sitter 3-space. We also define

two families of functions and use them to investigate the singularities of

AdS null surfaces and torus Gauss images as applications of singularity

theory of functions.

Keywords: Anti de Sitter 3-space; Legendrian dualities; Legendrian

singularities; spacelike surface; timelike surface; AdS-null surface; spacelike

curve; versal unfolding.
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Introduction

In this paper, we investigate the local differential geometric properties of

surfaces in Anti de Sitter 3-space from the viewpoint of singularity theory.

It is well known that Minkowski space is a flat Lorentzian space form and

de Sitter space is the Lorentzian space form with positive curvature. There

are several articles for the study of submanifolds in these two Lorentzian

space forms [14, 16, 18, 19, 20, 21, 22, 23, 12]. The Lorentzian space form

with the negative curvature is called Anti de Sitter space which is a very

important subject in Physics (the theory of general relativity, the string

theory and the brane world scenario etc [27, 40, 44]). Singularity theory

tools, as illustrated by several papers which appeared so far ([2, 5, 6, 7,

8, 13, 14, 15, 25, 30, 31, 32, 33, 35, 38, 39, 41]), have proven to be useful

in the description, of geometrical properties of submanifolds immersed in

different ambient spaces, from both the local and global viewpoint. The

natural connection between Geometry and Singularities relies on the basic

fact that the contacts of a submanifold with the models (invariant under

the action of a suitable transformation group) of the ambient space can

be described by means of the analysis of the singularities of appropriate

families of contact functions, or equivalently, of their associated Lagrangian

and/or Legendrian maps ([1, 34, 36]). However, there are not much results

on submanifolds immersed in Anti de Sitter space, in particular from the

view point of singularity theory. We remark that the causalities of Anti de

Sitter space and de Sitter space are quite different.

On the other hand, A theorem of Legendrian dualities for pseudo-spheres

in Minkowski space has been shown by Izumiya[17] which is now a funda-

mental tool for the study of extrinsic differential geometry on submanifolds

in these pseudo-spheres from the view point of Singularity theory (cf.,
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[17, 21, 24]). In the first part of this paper we consider similar Legedrian

dualities between pseudo-spheres in semi-Euclidean 4-space with index 2.

The main results (cf., Theorems 1.1 and 1.2) are simple analogies to the

previous results in [17, 23]. However, there are some new applications and

information. We can apply the Legendrian duality theorem to Anti de

Sitter space and obtain some new geometric properties of submanifolds

[10, 11]. For pseudo-spheres in the general semi-Euclidean space, we have

shown the similar results on Legendrian dualities in [9]

In the second part of this paper, we study the differential geometry of

non-degenerate surfaces in Anti de Sitter 3-space. As the first step of this

research, we investigate the spacelike surfaces in Anti de Sitter 3-space

from the view point of the theory of Legendrian singularities. As been

well known, hypersurfaces in hyperbolic space have been studied in [15].

The basic notions and tools for the study of the differential geometry of

hypersurfaces in hyperbolic space have been established. Especially, the

hyperbolic Gauss indicatrix of a hypersurface in hyperbolic space has been

explicitly described and the contact of hypersurfaces with model hypersur-

faces has been systematically studied as an application of singulary theory

to the hyperbolic Gauss indicatrix. Our aim in this part is to develop the

analogous study for spacelike surfaces in Anti de Sitter 3-space. In §2.1 we

develop local differential geometry of spacelike surfaces in Anti de Sitter

3-space and introduce the notion of timelike Anti de Sitter Gauss images of

spacelike surfaces in Anti de Sitter 3-space. Corresponding to this notion

we define the Anti de Sitter Gauss Kronecker (briefly, AdS-G-K) curvature

and consider the geometric meaning of this curvature. One of our conclu-

sions asserts that the AdS-G-K curvature describes the contact of spacelike

surfaces with models (i.e., AdS-great-hyperboloids). We introduce the no-

tion of timelike height functions in §2.2, named AdS-height function, which
2



is useful to show that the TAdS-Gauss image has a singular point if and

only if the AdS-G-K curvature vanishes at such point. In §2.3, we apply

mainly the theory of Legendrian singularities for the study of the contact of

spacelike surfaces with AdS-great-hyperboloids. In §2.4 we give the generic

classification of singularities of TAdS-Gauss images. We introduce the no-

tion of the AdS-Monge form of spacelike surfaces in Anti de Sitter 3-space

in §2.5. As an application of this notion we give two examples.

In Part III, we mainly investigate the local differential geometric proper-

ties of timelike surfaces as an application of Legendrian singularity theory.

We construct a basic framework for the study of timelike surfaces in Anti

de Sitter 3-space here. As it was to be expected, the situation presents

certain peculiarities when compared with the Minkowski case and the de

Sitter case. For instance, in our case it is always possible to choose two

lightlike normal directions along the timelike surface in the frame of its

normal bundle. This is similar to the de Sitter case, but the normalized

image is located in the Lorentzian torus T 2
1 . For the de Sitter case, the

normalized image of the lightlike normal is located in the spacelike sphere

S2
+. Moreover, there are no closed timelike surfaces in de Sitter space but

there are such surfaces in Anti de Sitter space. In §3.1 We define the Anti

de Sitter nullcone Gauss image (briefly, AdS-nullcone Gauss image) and

Anti de Sitter torus Gauss map (briefly, AdS-torus Gauss map). We will

find the AdS-nullcone Gauss image is more computable than the AdS-torus

Gauss map. We also define the Anti de Sitter null Gauss-Kronecker curva-

ture and Anti de Sitter torus Gauss-Kronecker curvature. We investigate

their relations. We can prove that Anti de Sitter torus Gauss-Kronecker

curvature is not a Lorentz invariant but it is an SO(2)× SO(2)-invariant.

Moreover, these two Gauss-Kronecker curvatures have the same zero points

set. In §3.2 We introduce the notion of height functions on timelike sur-
3



faces, named AdS-null height function, which is useful to show that the

AdS-nullcone Gauss image has a singular point if and only if the Anti de

Sitter null Gauss-Kronecker curvature vanished at such point. We also ap-

ply mainly the Legendrian singularity theory to interpret the AdS-nullcone

Gauss image as a Legendrian map. In §3.3 we define a surface, named

Anti de Sitter torus cylindrical pedal, as a tool to study the relationship

between the AdS-nullcone Gauss image and the AdS-torus Gauss map.

We also study the contact of timelike surfaces with some model surfaces

(i.e., AdS-horospheres) in §3.4. In §3.5 we give a generic classification of

singularities of AdS-nullcone Gauss image and AdS-torus Gauss map. In

the last section, §3.6, we also introduce the notion of the AdS-null Monge

form of a timelike surface in Anti de Sitter 3-space and as an application

of this notion we give two examples.

In the last part of this paper, we investigate the geometric properties of

the degenerate surface which is called AdS null surface. This surface is a

ruled surface along a spacelike curve in Anti de Sitter 3-space. All of the

tangent planes of this ruled surface at regular points are degenerate plane.

The geometry of these curves determines the behavior of the corresponding

null surfaces. In §4.1 we first introduce the local differential geometry of

spacelike curves in Anti de Sitter 3-space and then we use the spacelike

curves to construct the AdS-null surfaces. We also define the torus Gauss

image along a spacelike curve, which appears to be associated to the con-

tacts of the curve with some model in Anti de Sitter 3-space. In §4.2 We

define the torus height function and AdS distance-squared function on a

spacelike curve. We apply the versal unfolding theory of functions to them

and take advantage of these two families of functions to investigate the ge-

ometric properties of AdS null surfaces and torus Gauss image in Anti de

Sitter 3-space. The main results in this part are Theorem 4.1.1 and The-
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orem 4.1.2. These theorems give the classifications of singularities of AdS

null surfaces for the generic spacelike curves and the depiction of geomet-

ric meanings of these singularities. Moreover we introduce a new invariant

σ(s) for the spacelike curves. We can use it to characterize the contact of

spacelike curves with some models (i.e., AdS nullcone) in Anti de Sitter

3-space. We also investigate the geometric meanings of these invariants in

§4.3. In §4.4 we give the proof of Theorem 4.1.2.

We shall assume throughout the whole paper that all the maps and

manifolds are C∞ unless the contrary is explicitly stated.
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Part I. Basic notions and legendrian duality theorems

In this part we prove a useful tool named Legendrian duality theorems

for studying the non-degenerate surfaces in Anti de Sitter 3-space.

First, we prepare basic notions on semi-Euclidean 4-space with index 2.

For details of Lorentzian geometry, see [37].

Let R4 = {(x1, · · · , x4)|xi ∈ R (i = 1, · · · , 4) } be a 4-dimensional vector

space. For any vectors x = (x1, · · · , x4) and y = (y1, · · · , y4) in R4, the

pseudo scalar product of x and y is defined to be 〈x,y〉 = −x1y1− x2y2+

x3y3 + x4y4. We call (R4, 〈, 〉) a smei-Euclidean 4-space with index 2 and

write R4
2 instead of (R4, 〈, 〉).

We say that a non-zero vector x in R4
2 is spacelike, null or timelike if

〈x,x〉 > 0, 〈x,x〉 = 0 or 〈x,x〉 < 0 respectively. The norm of the vector

x ∈ R4
2 is defined by ‖x‖ =

√
|〈x,x〉|. We denote the signature of a vector

x by

sign(x) =





1 x is spacelike

0 x is null

−1 x is timelike

For a vector N ∈ R4
2 and a real number c, we define the hyperplane with

pseudo-normal N by

HP (N , c) = {x ∈ R4
2|〈x,N〉 = c}.

We call HP (N , c) a Lorentz hyperplane, a semi-Euclidean hyperplane of

index 2 or a null hyperplane if N is timelike, spacelike or null respectively.

We now define Anti de Sitter 3-space (briefly, AdS 3-space) by

H3
1 = {x ∈ R4

2 | 〈x,x〉 = −1},

a unit pseudo 3-sphere with index 2 by

S3
2 = {x ∈ R4

2 | 〈x,x〉 = 1},
6



and a closed nullcone by

Λ3 = {x ∈ R4
2|〈x,x〉 = 0}.

We also define the Lorentz torus by

T 2
1 = {x = (x1, x2, x3, x4) ∈ Λ3|x21 + x22 = x23 + x24 = 1}.

If non-zero vector x = (x1, x2, x3, x4) ∈ Λ3, we have

x̃ = ±
1√

x21 + x22
(x1, x2, x3, x4) = ±

1√
x21 + x22

x ∈ T 2
1 .

For any X1,X2,X3 ∈ R4
2, we define a vector X1 ∧X2 ∧X3 by

X1 ∧X2 ∧X3 =

∣∣∣∣∣∣∣∣∣∣∣∣

−e1 −e2 e3 e4

x11 x21 x31 x41

x12 x22 x32 x42

x13 x23 x33 x43

∣∣∣∣∣∣∣∣∣∣∣∣

,

where {e1, e2, e3, e4} is the canonical basis of R4
2 and X i = (x1i , x

2
i , x

3
i , x

4
i ).

We can easily check that 〈X ,X1 ∧ X2 ∧X3〉 = det(X,X1,X2,X3), so

that X1 ∧X2 ∧X3 is pseudo-orthogonal to any X i (for i = 1, 2, 3).

On the other hand, we now give a brief review on contact manifolds and

Legendrian submanifolds. For some detailed results on contact geometry,

please refer to [1, 3]. Let N be a (2n + 1)-dimensional smooth manifold

and K be a tangent hyperplane field on N . Locally such a field is defined

as the field of zeros of a 1-form α. The tangent hyperplane field K is non-

degenerate if α ∧ (dα)n 6= 0 at any point of N. We say that (N,K) is a

contact manifold if K is a non-degenerate hyperplane field. In this case K

is called a contact structure and α is a contact form. Let φ : N −→ N ′ be

a diffeomorphism between contact manifolds (N,K) and (N ′, K ′). We say

that φ is a contact diffeomorphism if dφ(K) = K ′. Two contact manifolds
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(N,K) and (N ′, K ′) are contact diffeomorphic if there exists a contact

diffeomorphism φ : N −→ N ′. A submanifold i : L ⊂ N of a contact

manifold (N,K) is said to be Legendrian if dim L = n and dix(TxL) ⊂ Ki(x)

at any x ∈ L. We say that a smooth fiber bundle π : E −→ M is called a

Legendrian fibration if its total space E is furnished with a contact structure

and its fibers are Legendrian submanifolds. For any p ∈ E, it is known

that there is a local coordinate system (x1, . . . , xm, p1, . . . , pm, z) around

p such that π(x1, . . . , xm, p1, . . . , pm, z) = (x1, . . . , xm, z) and the contact

structure is given by the 1-form α = dz −
∑m

i=1 pidxi.

Moreover, let π : PT ∗M −→ M be the projective cotangent bundle.

This fibration is a Legendrian fibration with the canonical contact structure

K. We now review geometric properties of this space. Consider the tangent

bundle τ : TPT ∗M −→ PT ∗M and differential map dπ : TPT ∗M −→ TM

of π. For any X ∈ TPT ∗M , there exits an element α ∈ T ∗M such that

τ(X) = [α]. For an element V ∈ TxM , the property α(V ) = 0 does not

depend on the choice of the representative of the class [α]. Thus we can

define the canonical contact structure on PT ∗M by

K = {X ∈ TPT ∗M | τ(X)(dπ(X)) = 0}.

For a local coordinate neighborhood (U, (x1, · · · , xn)) on M , we have a

trivializationPT ∗U ∼= U×P (Rn−1)∗ and we call ((x1, · · · , xn), [ξ1 : · · · : ξn])

homogeneous coordinates, where [ξ1 : · · · : ξn] are homogeneous coordinates

of the dual projective space P (Rn−1)∗. It is easy to show that X ∈ K(x,ξ) if

and only if
∑n

i=1 µiξi = 0, where dπ(X) =
∑n

i=1 µi
∂
∂xi

. This means that the

contact form α on the affine coordinates Uj = {(x, [ξ])|ξj 6= 0} ⊂ PT ∗U

is given by α =
∑n

i=1(ξi/ξj)dxi. An immersion i : L −→ PT ∗M is said

to be a Legendrian immersion if dim L = n − 1 and diq(TqL) ⊂ Ki(q) for

any q ∈ L. We also call the map π ◦ i a Legendrian map and the set
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W (i) =image π ◦ i the wave front of i. Moreover, i (or, the image of i) is

called the Legendrian lift of W (i).

We now consider the following double fibrations:

(1) (a) H3
1 × S3

2 ⊃ ∆1 = {(v,w) ∈ H3
1 × S3

2 | 〈v,w〉 = 0 },

(b) π11 : ∆1 −→ H3
1 , π12 : ∆1 −→ S3

2 ,

(c) θ11 = 〈dv,w〉|∆1, θ12 = 〈v, dw〉|∆1.

(2) (a) H3
1 × Λ3 ⊃ ∆2 = {(v,w) ∈ H3

1 × Λ3 | 〈v,w〉 = −1 },

(b) π21 : ∆2 −→ H3
1 , π22 : ∆2 −→ Λ3,

(c) θ21 = 〈dv,w〉|∆2, θ22 = 〈v, dw〉|∆2.

(3) (a) Λ3 × S3
2 ⊃ ∆3 = {(v,w) ∈ Λ3 × S3

2 | 〈v,w〉 = 1 },

(b) π31 : ∆3 −→ Λ3, π32 : ∆3 −→ S3
2 ,

(c) θ31 = 〈dv,w〉|∆3, θ32 = 〈v, dw〉|∆3.

(4) (a) Λ3 × Λ3 ⊃ ∆4 = {(v,w) ∈ Λ3 × Λ3 | 〈v,w〉 = −2 },

(b) π41 : ∆4 −→ Λ3, π42 : ∆4 −→ Λ3,

(c) θ41 = 〈dv,w〉|∆4, θ42 = 〈v, dw〉|∆4.

Here,

πi1(v,w) = v, πi2(v,w) = w, i = 1, 2, 3, 4.

〈dv,w〉 = −w1dv1 − w2dv2 + w3dv3 + w4dv4

〈v, dw〉 = −v1dw1 − v2dw2 + v3dw3 + v4dw4.

We remark that θ−1
i1 (0) and θ

−1
i2 (0) define the same tangent hyperplane

field over ∆i which is denoted by Ki. The basic duality theorem is the

following theorem:

Theorem 1.1 Under the same notations as the previous paragraph, each

(∆i, Ki) (i = 1, 2, 3, 4) is a contact manifold and both of πij (j = 1, 2)

are Legendrian fibrations. Moreover those contact manifolds are contact

diffeomorphic each other.
9



Proof. By definition we can easily show that each ∆i (i = 1, 2, 3, 4) is a

smooth submanifold in R4
2 × R4

2 and each πij (i = 1, 2, 3, 4; j = 1, 2) is a

smooth fibration. It also follows from the definition of θij that each fibre

of πij is an integral submanifold of Ki (i = 1, 2, 3, 4).

Firstly, we show that (∆1, K1) is a contact manifold. For any v =

(v1, · · · , v4) ∈ H3
1 , we have v21 + v22 6= 0. Therefore (v1, v2) 6= (0, 0). We

consider a coordinate neighborhood V +
1 = {v = (v1, . . . , v4) ∈ H3

1 |v1 > 0}

on which we have v1 =
√

−v22 +
∑4

i=3 v
2
i + 1. Therefore, we regard that

(v2, v3, v4) is the local coordinates on V +
1 .

For anyw = (w1, . . . , w4) ∈ S3
2 , we have

∑4
i=3w

2
i 6= 0, so that (w3, w4) 6=

(0, 0). We also consider a coordinate neighborhood W+
3 = {w ∈ S3

2 | w3 >

0 }. Then V +
1 ×W+

3 is one of the local coordinate of H3
1 × S3

2 . We now

define a mapping Φ : ∆1 ∩ (V +
1 ×W+

3 ) −→ PT ∗H3
1 |V

+
1 by

Φ(v,w) = (v, [(w1v2 − w2v1) : (−w1v3 + w3v1) : (−w1v4 + w4v1)])

Let (v2, v3, v4, [ξ2 : ξ3 : ξ4]) be homogeneous coordinates of PT ∗H3
1 |V

+
1 ≡

V +
1 × P (Rn−1)∗. We have the canonical contact form α =

∑4
i=2(ξi/ξj)dvi

on PT ∗H3
1 over V +

1 × Uj, where Uj = {[ξ] |ξj 6= 0}. It follows that

Φ∗α =
±v1

wjv1 − w1vj

(
−

2∑

i=1

widvi +

4∑

i=3

widvi

)

=
±v1

wjv1 − w1vj
〈dv,w〉|∆1 =

±v1
wjv1 − w1vj

θ11,

where ± depends on j of Φ−1(V +
1 × Uj). Since

∆1 ∩ (V +
1 ×W+

3 ) =
4⋃

j=2

Φ−1(V +
1 × Uj),

θ11 is a contact form on ∆1∩(V
+
1 ×W+

3 ) such that Φ is a contact morphism.

We also have the similar calculation as the above on the other coordinate

neighborhoods. Thus (∆1, θ
−1
11 (0)) is a contact manifold. For the other ∆i

10



(i = 2, 3, 4) we define smooth mappings Ψ1i : ∆1 −→ ∆i by

Ψ12(v,w) = (v, v +w),

Ψ13(v,w) = (v −w,−w),

Ψ14(v,w) = (v −w, v +w).

We can construct the converse mappings defined by

Ψ21(v,w) = (v,w − v),

Ψ31(v,w) = (v −w,−w)

Ψ41(v,w) =

(
v +w

2
,
w − v

2

)
.

Therefore, Ψ1i are diffeomorphisms. Moreover, we have

Ψ∗
12θ21 = 〈dv, v +w〉|∆1 = 〈dv, v〉|∆1 + 〈dv,w〉|∆1

= 〈dv,w〉|∆1 = θ11.

This means that (∆2, K2) is a contact manifold such that Ψ12 is a contact

diffeomorphism. For ∆i (i = 3, 4), we have the similar calculation, so

that (∆i, Ki) (i = 3, 4) are contact manifolds such that Ψ1i are contact

diffeomorphisms. This completes the proof. 2

We can also give contact diffeomorphisms Ψij : ∆i −→ ∆j for other

pairs (i, j) as follows:

Ψ23(v,w) = (2v −w, v −w), Ψ32(v,w) = (v −w, v − 2w);

Ψ24(v,w) = (2v −w,w), Ψ42(v,w) =

(
v +w

2
,w

)
;

Ψ34(v,w) = (v, v − 2w), Ψ43(v,w) =

(
v,

v −w

2

)
.

We now explain the situation by a “mandala of Legendrian dualities” as

the following commutative diagram:
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H3
1 × S3

2

∪

∆1

Ψ13

��1
11

11
11

11
11

11
11

11
11

11
11

11
11

11
11

11
11

Ψ14
��

Ψ12

��























































∆4

Ψ41

OO

Ψ21

����
��

��
��

��
��

��
��

��
��

��
��

�
Ψ31

��;
;;

;;
;;

;;
;;

;;
;;

;;
;;

;;
;;

;

∩

Λ3 × Λ3

∆2

Ψ42

FF


































 Ψ23 //

Ψ24

AA�������������������������
∆3

Ψ43

XX11111111111111111111111111111111111

Ψ32

oo

Ψ34

]];;;;;;;;;;;;;;;;;;;;;;;;

∩ ∩

H3
1 × Λ3 Λ3 × S3

2

Fig. 1.1. The Mandala of Legendrian Dulaities

We can also consider the following two extra double fibrations:

(5) (a) S3
2 × S3

2 ⊃ ∆5 = {(v,w) | 〈v,w〉 = 0 },

(b) π51 : ∆5 −→ S3
2 , π52 : ∆5 −→ S3

2 ,

(c) θ51 = 〈dv,w〉|∆5, θ52 = 〈v, dw〉|∆5.

(6) (a) H3
1 ×H3

1 ⊃ ∆6 = {(v,w) | 〈v,w〉 = 0 },

(b) π61 : ∆6 −→ H3
1 , π62 : ∆6 −→ H3

1 ,

(c) θ61 = 〈dv,w〉|∆6, θ62 = 〈v, dw〉|∆6.

We have the following theorem.

Theorem 1.2 Under the same notations as the above, each (∆i, Ki) (i =

5, 6) is a contact manifold and both of πij (j = 1, 2) are Legendrian fibra-

tions.

The proof of the theorem is almost the same as that for (∆1, K1) in
12



Theorem 1.1. We can show that (∆5, K5) (respectively, (∆6, K6)) is lo-

cally diffeomorphic to the projective cotangent bundle π : PT ∗H3
1 −→ H3

1

(respectively, π : PT ∗S3
2 −→ S3

2) which sends Ki to the canonical contact

structure. We remark that these contact manifolds (∆j, Kj) (j = 5, 6) are

not canonically contact diffeomorphic to (∆i, Ki) (i = 1, 2, 3, 4). Therefore

we cannot add these contact manifolds to the mandala of Legendrian du-

alities. By definition, S3
0 is a unit sphere in Euclidean space R4

0, so that

(∆5, K5) is the well known classical spherical duality in this case. Finally

we remark that ∆6 = ∅ in H3
0 ×H3

0 .
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Part II. spacelike surfaces in anti de sitter 3-space

From this part we investigate the geometric properties of non-degenerate

surfaces in Anti de Sitter 3-space from the viewpoint of singularity theory.

Let X : U −→ H3
1 be a regular surface (i.e., an embedding), where

U ⊂ R2 is an open subset. We denote M = X(U) and identify M with U

through the embeddingX . The embeddingX is said to be non-degenerate

if the induced metric I of M is non-degenerate. Locally we have two kinds

of surfaces in this case which are called spacelike surfaces and timelike

surfaces if the induced metric I of M is positive definite or Lorentizian

respectively. We define a vector N(u) by

N(u) =
X(u) ∧Xu1

(u) ∧Xu2
(u)

‖X(u) ∧Xu1
(u) ∧Xu2

(u)‖
.

By definition, we have

〈N(u),X(u)〉 ≡ 〈N(u),Xui
(u)〉 ≡ 0,

〈X(u),Xui
(u)〉 ≡ 0 (for i = 1, 2).

This means that X(u),N(u) ∈ NpM , where NpM is the normal space of

M at p, u = (u1, u2) ∈ U and p = X(u) ∈M .

We now consider a surface given by the intersection of H3
1 with hyper-

plane HP (n, c). We denote it by AH(n, c) = H3
1 ∩ HP (n, c) and call it

a AdS-hyperboloid , a AdS-pseudohyperboloid , a AdS-pseudosphere with in-

dex 1 (briefly, AdS-pseudosphere) or a AdS-horosphere if n is timelike and

‖n‖ > |c|, spacelike, timelike and ‖n‖ < |c| or null respectively. Especially,

we call AH(n, 0) a AdS-small pseudohyperboloid or a AdS-great-hyperboloid

if n is spacelike or timelike respectively.

In this part we mainly study the geometric properties of spacelike sur-

faces in Anti de Sitter 3-space.
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2.1. Local differential geometry of spacelike surfaces

Let X(U) =M be a spacelike surfaces in Anti de Sitter 3-space. Since

the embedding is spacelike and X(u) ∈ H3
1 , N(u) is timelike. Therefore

〈N(u),N(u)〉 ≡ −1. It follows that N(u) ∈ H3
1 ∩ NpM . Thus we can

define a map

T : U −→ H3
1 by T(u) = N(u).

We call it the timelike Anti de Sitter Gauss image (briefly, TAdS-Gauss

image) of X(or M).

We now consider the geometric meanings of the TAdS-Gauss image of

a spacelike surface. We have the following proposition.

Proposition 2.1.1 Let X : U −→ H3
1 be a spacelike surface in Anti de

Sitter 3-space. If the TAdS-Gauss image T is constant, then the spacelike

surface X(U) = M is a part of a AdS-great-hyperboloid.

Proof. We consider the set V = {y ∈ R4
2|〈y,N〉 = 0}. Since T = N is

constant, the set V = HP (N , 0) is a Lorentz hyperplane. We also have

〈X ,N〉 ≡ 0, so X(U) =M ⊂ V ∩H3
1 . 2

It is easy to show that Tui
(i = 1, 2) are tangent vectors ofM . Therefore

we have a linear transformation Wp = −dT(u) : TpM −→ TpM which is

called the Anti de Sitter shape operator (briefly, AdS-shape operator) of

M = X(U) at p = X(u). We denote the eigenvalue of Wp by ki(p) (i =

1, 2).

The Anti de Sitter Gauss-Kronecker curvature (briefly, AdS-G-K cur-

vature) of M = X(U) at p = X(u) is defined to be

KAdS(u) =detWp = k1(p) · k2(p).

We say that a point p = X(u) is an Anti de Sitter parabolic point (or,

15



briefly an AdS-parabolic point) of X : U −→ H3
1 if KAdS(u) = 0. We say

that a point u ∈ U or p = X(u) is an umbilic point if Wp = k(p)idTpM . We

also say that M = X(U) is totally umbilic if all points on M are umbilic.

Then we have the following proposition.

Proposition 2.1.2 Suppose that M = X(U) is totally umbilic. Then

k(p) is constant k. Under this condition, we have the following classifica-

tion.

(1) If k 6= 0 then M is a part of a AdS-hyperboloid HP (n,−1) ∩ H3
1 ,

where n = X + 1
k
N is a constant timelike vector.

(2) If k = 0 then M is a part of a AdS-great-hyperboloid HP (n, 0)∩H3
1 ,

where n = N is a constant timelike vector.

The proof is also given by direct calculations, so that we omit it.

Since Xu1
and Xu2

are spacelike vectors, we first introduce the Rie-

mannian metric ds2 =
∑2

i,j=1 gijduiduj on M = X(U), where gij(u) =

〈Xui
(u),Xuj

(u)〉 for any u ∈ U . We also define the Anti de Sitter second

fundamental invariant by hij(u) = 〈−Tui
(u),Xuj

(u)〉 for any u ∈ U . We

can also show the following results by exactly the same arguments as those

of [15].

Proposition 2.1.3 With the above notation, we have the following Anti

de Sitter Weingarten formula:

Tui
= −

2∑

j=1

hjiXuj
,

where (hji ) = (hik)(g
kj) and (gkj) = (gkj)

−1. 2

As a corollary of the above proposition, we have an explicit expression

for the AdS-G-K curvature by Riemannian metric and the Anti de Sitter
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second fundamental invariant.

Corollary 2.1.4 With the same notations as in the above Proposition,

we have:

KAdS(u) =
det(hij (u))

det(gαβ(u))
. 2

Since ds2 is a Riemannian metric, we have the sectional curvature KI of

M , which we call an intrinsic Gaussian curvature. By B. O’Neil [37] (Page

107 Corollary 20), we remark that KAdS = −1−KI .

2.2. Timelike height functions on spacelike surfaces

In this section we define a family of functions on a spacelike surface

in Anti de Sitter 3-space which is useful for the study of singularities of

TAdS-Gauss image.

LetX : U −→ H3
1 be a spacelike surface. We define a family of functions

H : U ×H3
1 −→ R

byH(u, v) = 〈X(u), v〉. We callH a timelike Anti de Sitter height function

(or, a AdS-height function) on M = X(U). We denote the Hessian matrix

of the AdS-height function hv0(u) = H(u, v0) at u0 by Hess(hv0)(u0). Then

we have the following proposition.

Proposition 2.2.1 Let M = X(U) be a spacelike surface in H3
1 and

H : U ×H3
1 −→ R be a AdS-height function. Then we have the following

assertions :

(1) H(u, v) = ∂H
∂ui

(u, v) = 0 (for i = 1, 2) ⇐⇒ v = ±N(u) = ±T(u);

(2) Let v0 = N(u0), then detHess(hv0)(u0) = 0 ⇐⇒ KAdS(u0) = 0.

Proof. (1) Since {X(u),N(u),Xu1
(u),Xu2

(u)} is a basis of the vector
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space TpR
4
2 where p = X(u), there exist real numbers λ, η, α1, α2 such that

v = λX(u) + ηN (u) + α1Xu1
(u) + α2Xu2

(u).

Therefore H(u, v) = 0 if and only if λ = −〈X(u), v〉 = 0. Since

0 =
∂H

∂ui
(u, v) = 〈Xui

(u), v〉 =
2∑

j=1

gij(u)αi

and (gij) is non-degenerate, we have αi = 0 (for i = 1, 2). Therefore we

have v = ηN . Then from a straight forward calculation, we have η = ±1.

(2) By definition, we have

Hess(hv0)(u0) = (〈Xuiuj
(u0),T(u0)〉) = (−〈Xui

(u0),Tuj
(u0)〉).

By the AdS-Weingarten formula, we have

−〈Xui
,Tuj

〉 =
∑2

α=1 h
α
i 〈Xuα

,Xuj
〉 =

∑2
α=1 h

α
i gαj = hij.

Therefore we have

KAdS =
det(hi,j)

det(gαβ)
=

detHess(hv0)(u0)

det(gαβ(u0))
.

Then we complete the proof. 2

As an application of the above proposition, we have the following.

Corollary 2.2.2 Let H : U ×H3
1 −→ R, with H(u, v) = hv(u) be a AdS-

height function on spacelike surface M = X(U) and T be the TAdS-Gauss

image, p = X(u). Then the following conditions are equivalent :

(1) There exists v ∈ H3
1 , such that p ∈M is a degenerate singular point

of AdS-height function hv ;

(2) There exists v ∈ H3
1 , such that p ∈ M is a singular point of TAdS-

Gauss image T;

(3) KAdS(u) = 0. 2

On the other hand, we can naturally interpret the TAdS-Gauss image

T of M as a Legendrian map in the framework of Legendrian singularity
18



theory. We give a brief review on Legendrian singularity theory [1]. The

main tool of Legendrian singularities theory is the notion of generating

families. Let F : (Rk × Rn, 0) −→ (R, 0) be a function germ. We say that

F is a Morse family if the mapping

∆∗F = (F, ∂F
∂q1
, · · · , ∂F

∂qk
) : (Rk × Rn, 0) −→ (R× Rk, 0)

is non-singular, where (q, x) = (q1, · · · , qk, x1, · · · , xn) ∈ (Rk × Rn, 0). In

this case we have a smooth (n− 1)−dimensional submanifold,

Σ∗(F ) = {(q, x) ∈ (Rk × Rn, 0)|F (q, x) = ∂F
∂q1

(q, x) = · · · = ∂F
∂qk

(q, x) = 0}

and the map germ ΦF : (Σ∗(F ), 0) −→ PT ∗Rn defined by

ΦF (q, x) = (x, [ ∂F
∂x1

(q, x) : · · · : ∂F
∂xn

(q, x)])

is a Legendrian immersion germ. Then we have the following fundamental

theorem [1, 45].

Proposition 2.2.3 All Legendrian submanifold germs in PT ∗Rn are con-

structed by the above method.

We call F a generating family of ΦF (Σ∗(F )). Therefore the correspond-

ing wave front is

W (ΦF ) = {x ∈ Rn|there exists q ∈ Rk such that

F (q, x) =
∂F

∂q1
(q, x) = · · · =

∂F

∂qk
(q, x) = 0}.

We sometimes denote DF =W (ΦF ) and call it the discriminant set of F .

Now we can apply the above arguments to our situation. We first have

the following principle property with respect to the AdS-height function.

Proposition 2.2.4 The AdS-height function H : U × H3
1 −→ R is a

Morse family of hypersurfaces h−1
v (0)v∈H3

1
.

Proof. For any v = (v1, v2, v3, v4) ∈ H3
1 , we have v1 6= 0 or v2 6= 0.

Without loss of the generality, we might assume that v1 > 0, then v1 =
√
1 + v23 + v24 − v22. It follows that
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H(u, v) = −x1(u)
√
1 + v23 + v24 − v22 − x2(u)v2 + x3(u)v3 + x4(u)v4

where X(u) = (x1(u), x2(u), x3(u), x4(u)). We have to prove the mapping

∆∗H = (H, ∂H
∂u1
, ∂H
∂u2

)

is non-singular at any point. The Jacobian matrix of ∆∗H is given as

follows:



〈Xu1
, v〉 〈Xu2

, v〉 x1
v2
v1
− x2 −x1

v3
v1
+ x3 −x1

v4
v1
+ x4

〈Xu1u1
, v〉 〈Xu1u2

, v〉 x1u1

v2
v1
− x2u1

−x1u1

v3
v1
+ x3u1

−x1u1

v4
v1
+ x4u1

〈Xu2u1
, v〉 〈Xu2u2

, v〉 x1u2

v2
v1
− x2u2

−x1u2

v3
v1
+ x3u2

−x1u2

v4
v1
+ x4u2


 .

We claim that it will suffice to show that the determinant of the matrix

A =




x1
v2
v1
− x2 −x1

v3
v1
+ x3 −x1

v4
v1
+ x4

x1u1

v2
v1
− x2u1

−x1u1

v3
v1
+ x3u1

−x1u1

v4
v1
+ x4u1

x1u2

v2
v1
− x2u2

−x1u2

v3
v1
+ x3u2

−x1u2

v4
v1
+ x4u2


 ,

does not vanish at (u, v) ∈ ∆∗H−1(0). In this case, v = T(u) and we

denote

b1 =




x1

x1u1

x1u2


 , b2 =




x2

x2u1

x2u2


 , b3 =




x3

x3u1

x3u2


 , b4 =




x4

x4u1

x4u2


 .

Then we have

detA = −
v1
v1
det(b2 b3 b4) +

v2
v1
det(b1 b3 b4)

−
v3
v1
det(b1 b2 b4) +

v4
v1
det(b1 b2 b3).

On the other hand, we have

X ∧Xu1
∧Xu2

= (−det(b2 b3 b4), det(b1 b3 b4),

det(b1 b2 b4), −det(b1 b2 b3))

Therefore we have

detA = 〈(−
v1
v1
,−

v2
v1
,−

v3
v1
,−

v4
v1
),X ∧Xu1

∧Xu2
〉
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= −
1

v1
〈T, ‖ X ∧Xu1

∧Xu2
‖ e〉

=
‖ X ∧Xu1

∧Xu2
‖

v1
6= 0. 2

We now define a mapping

L6 : U −→ ∆6

by L6(u) = (X(u),T(u)). Since 〈X(u),T(u)〉 = 〈dX(u),T(u)〉 = 0, the

mapping L is a Legendrian embedding. We now show that H is a gener-

ating family of L6(U) ⊂ ∆6.

Proposition 2.2.5 For any spacelike surfaces X : U −→ H3
1 , the AdS-

height function H : U × H3
1 −→ R of X is a generating family of the

Legendrian embedding L6.

Proof. We consider coordinate neighborhoods V +
1 = {v = (v1, v2, v3, v4) ∈

H3
1 | v1 > 0} and W+

1 = {w = (w1, w2, w3, w4) ∈ H3
1 | w1 > 0}. Then

V +
1 × W+

1 is one of the local coordinate of H3
1 × H3

1 . We now define a

mapping Φ : ∆6 ∩ (V +
1 ×W+

1 ) −→ PT ∗H3
1 | W+

1 by

Φ(v,w) = (w, [v1w2 − v2w1 : −v1w3 + v3w1 : −v1w4 + v4w1]).

Let

((w2, w3, w4), [ξ2 : ξ3 : ξ4])

be homogeneous coordinates of PT ∗H3
1 | W+

1 ≡ W+
1 × P (R2)∗. We have

the canonical contact form α =
∑4

i=2(ξi/ξj)dwi on PT
∗H3

1 over W+
1 × Uj,

where Uj = {[ξ]|ξj 6= 0}. It follows that

Φ∗α =
ε

vjw1 − v1wj

((v1w2 − v2w1)dw2 +
4∑

i=3

(−v1wi + viw1)dwi)

=
εw1

vjw1 − v1wj

〈v, dw〉 | ∆6 =
εw1

vjw1 − v1wj

θ2,
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where ε = −1 if j = 2 or ε = 1 if j = 3, 4. Since

∆6 ∩ (V +
1 ×W+

1 ) =
4⋃

j=2

Φ−1(W+
1 × Uj),

θ62 is a contact form on ∆6 ∩ (V +
1 ×W+

1 ) such that Φ is a contact diffeo-

morphism. We also have the similar calculation as the above on the other

coordinate neighborhoods.

Since AdS-height function H is a Morse family, we have a Legendrian

immersion LH : Σ∗(H) | (U ×W+
1 ) −→ PT ∗H3

1 | W+
1 defined by

LH(u,w) = (w, [
∂H

∂w2
:
∂H

∂w3
:
∂H

∂w4
]).

By Proposition 2.2.1, we have

Σ∗(H) = {(u,T(u)) ∈ U ×H3
1 | u ∈ U}.

Since w = T(u) and w1 =
√

−w2
2 + w2

3 + w2
4 + 1, we have

∂H

∂w2
(u,T(u)) = x1(u)

w2(u)

w1(u)
− x2(u),

∂H

∂w3
(u,T(u)) = x3(u)− x1(u)

w3(u)

w1(u)
,

∂H

∂w4
(u,T(u)) = x4(u)− x1(u)

w4(u)

w1(u)
,

whereX = (x1, x2, x3, x4) and T = (w1, w2, w3, w4).We now define a smooth

mapping T : U −→ PT ∗H3
1 by

T (u) = (T(u), [(x1(u)w2(u)− x2(u)w1(u)) : (−x1(u)w3(u) + x3(u)w1(u)) :

(−x1(u)w4(u) + x4(u)w1(u))]).

It follows that

LH(u,T(u)) = (T(u), [x1(u)w2(u)− x2(u)w1(u) :

−x1(u)w3(u) + x3(u)w1(u) : −x1(u)w4(u) + x4(u)w1(u)]) = T (u).

Therefore we have Φ◦L6(u) =T (u) on W+
1 . We also have the same rela-
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tion as the above on the other local coordinates. This means that H is a

generating family of L6(U) ⊂ ∆6. 2

Therefore we conclude that the TAdS-Gauss image T can be regarded

as a Legendrian map and T(U) can be regarded as a wave front set of L6.

2.3. Contact with ads-great-hyperboloids

In this section we consider the geometric meaning of the singularities of

the TAdS-Gauss image of spacelike surfaceM = X(U) in H3
1 . We consider

the contact of spacelike surfaces with AdS-great-hyperboloids. We now

briefly review the theory of contact due to Montaldi [34]. Let Xi, Yi(i =

1, 2) be submanifolds of Rn with dimX1 = dimX2 and dimY1 = dimY2. We

say that the contact ofX1 and Y1 at y1 is the same type as the contact ofX2

and Y2 at y2 if there is a diffeomorphism germ Φ : (Rn, y1) −→ (Rn, y2) such

that Φ(X1) = X2 and Φ(Y1) = Y2. In this case we write K(X1, Y1; y1) =

K(X2, Y2; y2). It is clear that in the definition Rn could be replaced by any

manifold. In his paper [34], Montaldi gives a characterization of the notion

of contact by using the terminology of singularity theory.

Theorem 2.3.1 Let Xi, Yi(i = 1, 2) be submanifolds of Rn with dimX1 =

dimX2 and dimY1 = dimY2. Let gi : (Xi, xi) −→ (Rn, yi) be immersion

germs and fi : (Rn, yi) −→ (Rp,0) be submersion germs with (Yi, yi) =

(f−1
i (0),yi). Then K(X1, Y1; y1) = K(X2, Y2; y2) if and only if f1 ◦ g1 and

f2 ◦ g2 are K-equivalent.

For the definition of the K-equivalent, See Martinet [29]. We now con-

sider a function H: H3
1 × H3

1 −→ R defined by H(u, v) = 〈u, v〉. For

any v0 ∈ H3
1 , we denote hv0(u) =H(u, v0) and we have the AdS-great-

hyperboloid h−1
v0
(0) = H3

1 ∩ HP (v0, 0) = AH(v0, 0). For any u0 ∈ U , we

consider the timelike vector v0 = T(u0). Then we have
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hv0 ◦X(u0) = H ◦ (X × idH3
1
)(u0, v0) = H(u0,T(u0)) = 0.

We also have relations

∂hv0 ◦X

∂ui
(u0) =

∂H

∂ui
(u0,T(u0)) = 0,

for i = 1, 2. This means that the AdS-great-hyperboloid AH(v0, 0) is

tangent to M = X(U) at p = X(u0). In this case, we call AH(v0, 0)

the tangent AdS-great-hyperboloid of M = X(U) at p = X(u0) (or, u0),

which we write AH(X, u0). Let v1, v2 be timelike vectors. If v1 and v2

are linearly dependent, then HP (v1, 0) and HP (v2, 0) are equal. There-

fore, AdS-great-hyperboloids AH(v1, 0) = AH(v2, 0). Then we have the

following simple lemma.

Lemma 2.3.2 Let X : U −→ H3
1 be a spacelike surface. Consider two

points u1, u2 ∈ U . Then:

T(u1) = T(u2) if and only if AH(X, u1) = AH(X, u2). 2

We now consider the contact of M with tangent AdS-great-hyperboloid

at p ∈ M as an application of Legendrian singularity theorey. We in-

troduce an equivalence relation among Legendrian immersion germs. Let

i : (L, p) ⊂ (PT ∗Rn, p) and i′ : (L′, p′) ⊂ (PT ∗Rn, p′) be Legendrian im-

mersion germs. Then we say that i and i′ are Legendrian equivalent if there

exists a contact diffeomorphism germH : (PT ∗Rn, p) −→ (PT ∗Rn, p′) such

that H preserves fibres of π and that H(L) = L′. A Legendrian immersion

germ into PT ∗Rn at a point is said to be Legendrian stable if for every

map with the given germ there are a neighbourhood in the space of Legen-

drian immersion (in the Whitney C∞−topology) and a neighbourhood of

the original point such that each Legendrian immersion belonging to the

first neighbourhood has, in the second neighbourhood, a point at which its

germ is Legendrian equivalent to the original germ.
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Since the Legendrian lift i : (L, p) ⊂ (PT ∗Rn, p) is uniquely determined

on the regular part of the wave front W (i), we have the following proposi-

tion due to Zakalyukin[46].

Proposition 2.3.3 Let i : (L, p) ⊂ (PT ∗Rn, p), i′ : (L′, p′) ⊂ (PT ∗Rn, p′)

be Legendrian immersion germs such that regular sets of π ◦ i and π ◦ i′

respectively are dense. Then i and i′ are Legemndrian equivalent if and

only if wave front sets W (i) and W (i′) are diffeomorphic as set germs.

We remark that the assumption in the above proposition is a generic

condition for i and i′. In particular, if i and i′ are Legendrian stable, then

these satisfy the assumption.

We can interpret the Legendrian equivalence by using the notion of gen-

erating families. We denote En the local ring of function germs (Rn, 0) −→

R with the unique maximal ideal Mn = {h ∈En|h(0) = 0}. Let F,G :

(Rk × Rn, 0) −→ (R, 0) be function germs. We say that F and G are

P−K equivalent if there exists a diffeomorphism germ Ψ : (Rk×Rn, 0) −→

(Rk×Rn, 0) of the form Ψ(q, x) = (ψ1(q, x), ψ2(x)) for (q, x) ∈ (Rk×Rn, 0)

such that Ψ∗(〈F 〉Ek+n
) = 〈G〉Ek+n

. Here Ψ∗ :Ek+n −→Ek+n is the pull back

R-algebra isomorphism defined by Ψ∗(h) = h ◦Ψ.

Let F : (Rk × Rn, 0) −→ (R, 0) be a function germ. We say that F is a

K-versal deformation of f = F |Rk × {0} if

Ek = Te(K)(f) + 〈
∂F

∂x1
|Rk × {0}, · · · ,

∂F

∂xn
|Rk × {0}〉R,

where Te(K)(f) = 〈
∂f

∂q1
, · · · ,

∂f

∂qk
, f〉Ek. The main result in the theory of

Legendrian singularities [1, 45] is the following:

Theorem 2.3.4 Let F,G : (Rk × Rn,0) −→ (R, 0) be Morse families.

Then

(1) LF and LG are Legendrian equivalent if and only if F and G are
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P−K equivalent;

(2) LF is Legendrian stable if and only if F is a K-versal deformation

of f = F |Rk× {0}.

By the uniqueness result of the K-versal deformation of a function

germ, Proposition 2.3.3 and Theorem 2.3.4, we have the following clas-

sification result of Legendrian stable germs in the appendix of [15]. For

any map germ f : (Rn, 0) −→ (Rp, 0), we define the local ring of f by

Q(f) =En/f
∗(Mp)En. Then we have the following proposition.

Proposition 2.3.5 Let F,G : (Rk × Rn,0) −→ (R, 0) be Morse fami-

lies. Suppose that LF and LG are Legendrian stable. Then the following

conditions are equivalent:

(1) (W (LF ),0) and (W (LG),0) are diffeomorphic as germs;

(2) LF and LG are Legendrian equivalent;

(3) Q(f) and Q(g) are isomorphic as R-algebras, where f = F |Rk×{0}

and g = G|Rk×{0}.

We have the tools for study of the contact of spacelike surfaces with

AdS-great-hyperboloids. Let Ti : (U, ui) −→ (H3
1 , vi) (for i = 1, 2) be

TAdS-Gauss image germs of spacelike surface germs X i : (U, ui) −→

(H3
1 ,X i(ui)). We say that T1 and T2 are A-equivalent if there exist dif-

feomorphism germs φ : (U, u1) −→ (U, u2) and Φ : (H3
1 , v1) −→ (H3

1 , v2)

such that Φ ◦T1 = T2 ◦ φ. Suppose the regular set of Ti is dense in (U, ui)

for each i = 1, 2. It follows from Proposition 2.3.3 that T1 and T2 are A-

equivalent if and only if the corresponding Legendrian embedding germs

L6
1 : (U, u1) −→ (∆6, z1) and L6

2 : (U, u2) −→ (∆6, z2) are Legendrian

equivalent. This condition is also equivalent to the condition that two gen-

erating families H1 and H2 are P−K-equivalent by Theorem 2.3.4. Here,
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Hi : (U × H3
1 , (ui, vi)) −→ R is the corresponding AdS-height function

germ of X i.

On the other hand, we denote hi,vi = Hi(u, vi); then we have hi,vi(u) =

hvi ◦X i(u). By Theorem 2.3.1,

K(X1(U), AH(X1, u1), v1) = K(X2(U), AH(X2, u2), v2)

if and only if h1,v1 and h2,v2 are K-equivalent. Therefore, we can apply the

above arguments to our situation. We denote by Q(X, u0) the local ring

of the function germ hv0 : (U, u0) −→ R, where v0 = T(u0). We remark

that we can write the local ring explicitly as follows:

Q(X, u0) =
C∞

u0
(U)

〈〈X(u),T(u0)〉〉C∞
u0
(U)

,

where C∞
u0
(U) is the local ring of function germs at u0 with the unique

maximal ideal Mu0
(U).

Theorem 2.3.6 Let X i : (U, ui) −→ (H3
1 ,X i(ui)) (for i = 1, 2) be space-

like surface germs such that the corresponding Legendrian embedding germs

L6
i : (U, ui) −→ (∆6, zi) are Legendrian stable. Then the following condi-

tions are equivalent:

(1) TAdS-Gauss image germs T1 and T2 are A-equivalent;

(2) H1 and H2 are P−K-equivalent;

(3) h1,v1 and h2,v2 are K-equivalent;

(4) K(X1(U), AH(X1, u1), v1) = K(X2(U), AH(X2, u2), v2);

(5) Q(X1, u1) and Q(X2, u2) are isomorphic as R-algebras. 2

For a spacelike surface germ

X : (U, u0) −→ (H3
1 ,X(u0)),

we call X−1(AH(T(u0), 0), u0) the tangent AdS-great-hyperboloidic indica-
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trix germ of X . In general we have the following proposition:

Proposition 2.3.7 Let X i : (U, ui) −→ (H3
1 ,X i(ui))(for i = 1, 2) be

spacelike surface germs such that their AdS-parabolic sets have no interior

points as subspaces of U . If TAdS-Gauss image germs T1 and T2 are A-

equivalent, then

K(X1(U), AH(X1, u1), v1) = K(X2(U), AH(X2, u2), v2).

In this case, X−1
1 (AH(T1(u1), 0), u1) and X−1

2 (AH(T2(u2), 0), u2) are dif-

feomorphic as set germs.

Proof. The AdS-parabolic set is the set of singular points of the TAdS-

Gauss image. So the corresponding Legendrian embedding Li satisfy the

hypothesis of Proposition 2.3.3. If TAdS-Gauss image germs T1 and T2 are

A-equivalent, then L1 and L2 are Legendrian equivalent, so that H1 and

H2 are P−K-equivalent. Therefore, h1,v1 and h2,v2 are K-equivalent. By

Theorem 2.3.6, this condition is equivalent to the condition that

K(X1(U), AH(X1, u1), v1) = K(X2(U), AH(X2, u2), v2).

Moreover, we have X−1
i (AH(Ti(ui), 0), ui) = (h−1

i,vi
(0), ui). It follows

from this fact that X−1
1 (AH(T1(u1), 0), u1) and X−1

2 (AH(T2(u2), 0), u2)

are diffeomorphic as set germs because the K-equivalent preserves the zero

level sets. 2

From the above proposition, the diffeomorphism type of the tangent

AdS-great-hyperboloidic indicatrix germ is an invariant of A-classification

of the TAdS-Gauss image germ of X . Moreover, we can borrow some

basic invariants from the singularity theory on function germs. We need

K-invariants for a function germ. The local ring of a function is a complete

K-invariant for generic function germs. It is, however, not a numerical

invariant. TheK-codimension of a function germ is a numericalK-invariant
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of function germs. We denote

AdS-ord(X, u0) = dim
C∞

u0
(U)

〈hv0, ∂hv0/∂ui〉C∞
u0
(U)
,

where v0 = T(u0). Usually AdS-ord(X, u0) is called the K-codimension

of hv0. However, we call it the order of contact with tangent AdS-great-

hyperboloid atX(u0). We also have the notion of corank of function germs:

AdS-corank(X, u0) = 2−rankHess(hv0)(u0),

where v0 = T(u0).

By Proposition 2.2.1, X(u0) is an AdS-parabolic point if and only

if AdS-corank (X, u0) ≥ 1. On the other hand, a function germ f :

(Rn−1,a) −→ R has the Ak−type singularity if f is K-equivalent to the

germ ±u21 ± · · · ± u2n−2 + uk+1
n−1. If AdS-corank(X, u0) = 1, the AdS-height

function hv0 has the Ak−type singularity at u0 and is generic. In this

case we have AdS-ord(X, u0) = k. This number is equal to the order of

contact in the classical sense (cf., [4]). This is the reason why we call

AdS-ord(X, u0) the order of contact with the AdS-great-hyperboloid at

X(u0).

2.4. Classification of singularities of tads-gauss images

In this section we give the generic classification of singularities of TAdS-

Gauss images. We have almost the same arguments as those of [15], so

that we omit the details. We consider the space of spacelike embeddings

EmbS(U,H
3
1) with the Whitney C∞-topology. By the classification of sta-

ble Legendrian singularities of n = 3 and the transversality theorem of [15]

(Proposition 7.1), we have the following theorem.

Theorem 2.4.1 There exists an open dense subset O⊂EmbS(U,H
3
1) such

that for any X ∈O the following conditions hold.
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(1) The AdS-parabolic set K−1
AdS(0) is a regular curve. We call such a

curve the AdS-parabolic curve.

(2) The TAdS-Gauss image T along the AdS-parabolic curve is a cuspidal

edge except at isolated points. At such the point T is the swallowtail.

Here, a map germ f : (R2,a) −→ (R3, b) is called a cuspidal edge if it is

A-equivalent to the germ (u1, u
2
2, u

3
2) and a swallowtail if it is A-equivalent

to the germ (3u41 + u21u2, 4u
3
1 + 2u1u2, u2). (cf., Fig 2.4.1).

Cuspital edge Swallowtail
Fig 2.4.1

The assertion of Theorem 2.4.1 can be interpreted as saying that the

Legendrian embedding L of the TAdS-Gauss image T of X is Legendrian

stable at each point. Following the terminology of Whitney [43], we say

that a spacelike surface X : U −→ H3
1 has the excellent TAdS-Gauss

image T if L is a stable Legendrian immersion germ at each point. In this

case, the TAdS-Gauss image T has only cuspidal edges and swallowtails

as singularities. Theorem 2.4.1 assert that a spacelike surface with the

excellent TAdS-Gauss image is generic in the space of all spacelike surfaces

in H3
1 .

We now consider the geometric meanings of cuspidal edges and swallow-

tails of the TAdS-Gauss image. We have the following results analogous

to the results of Banchoff et al. [2].

Theorem 2.4.2 Let T : (U, u0) −→ (H3
1 , v0) be the excellent TAdS-Gauss

image germ of a spacelike surface X and hv0 : (U, u0) −→ R be the AdS-
30



height function germ at v0 = T(u0). Then we have the following.

(1) The point u0 is an AdS-parabolic point of X if and only if AdS-

corank (X, u0)= 1.

(2) If u0 is an AdS-parabolic point of X, then hv0 has the Ak−type

singularity for k = 2, 3.

(3) Suppose that u0 is an AdS-parabolic point of X. Then the following

conditions are equivalent:

(a) T has the cuspidal edge at u0;

(b) hv0 has the A2−type singularity;

(c) AdS-order(X, u0) = 2;

(d) the tangent AdS-great-hyperboloidic indicatrix germ is an ordinary

cusp, where a curve C ⊂ R2 is called an ordinary cusp if it is diffeomorphic

to the curve given by {(u1, u2)|u21 − u32 = 0}.

(4) Suppose that u0 is an AdS-parabolic point of X. Then the following

conditions are equivalent:

(a) T has the swallowtail at u0;

(b) hv0 has the A3−type singularity;

(c) AdS-order(X, u0) = 3;

(d) the tangent AdS-great-hyperboloidic indicatrix germ is an point or

a tachnodal, where a curve C ⊂ R2 is called a tachnodal if it is diffeomor-

phic to the curve given by {(u1, u2)|u21 − u42 = 0}.

(e) for each ε > 0, there exit two points u1, u2 ∈ U such that |u0−ui| <

ε for i = 1, 2, neither of u1 nor u2 is an AdS-parabolic point and the tangent

AdS-great-hyperboloids to M = X(U) at u1 and u2 are equal.

Proof. By the Proposition 2.2.1, we have shown that u0 is an AdS-

parabolic point if and only if AdS-corank(X, u0) ≥ 1. Since n = 3,

we have AdS-corank(X, u0) ≤ 2. Since AdS-height function germ H :
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(U × H3
1 , (u0, v0)) −→ R can be considered as a generating family of the

Legendrian embedding germ L, hv0 has only the Ak−type singularities

(k = 1, 2, 3). This means that the corank of the Hessian matrix of the

hv0 at an AdS-parabolic point is 1. The assertion (2) also follows. For the

same reason, the conditions (3){(a), (b), (c)}(respectively, (4){(a), (b), (c)})

are equivalent.

On the other hand, if the AdS-height function germ hv0 has the A2−type

singularity, it isK-equivalent to the germ±u21+u
3
2. Since theK-equivalence

preserves the zero level sets, the tangent AdS-great-hyperboloidic indica-

trix is diffeomorphic to the curve given by ±u21 + u32 = 0. This is the

ordinary cusp. The normal form for the A3−type singularity is given by

±u21 + u42, so the tangent AdS-great-hyperboloidic indicatrix is diffeomor-

phic to the curve given by ±u21 + u42 = 0. This means that the condition

(3){(d)}(respectively, (4){(d)}) is also equivalent to the other conditions.

For the swallowtail point u0, there is a self-intersection curve approach-

ing u0. On this curve, there are two distinct points u1 and u2 such that

T(u1) = T(u2). By Lemma 2.3.2, this means that the tangent AdS-great-

hyperboloids toM = X(U) at u1 and u2 are equal. Since there are no other

singularities in this case, the condition (4){(e)} characterizes a swallowtail

point of T. This completes the proof. 2

2.5. Ads-monge form

The notion of the Monge form of a surface in Euclidean 3-space is one

of the powerful tools for the study of local properties of the surface from

the view point of differential geometry. In this section we consider the

analogous notion for a spacelike surface in H3
1 .

We now consider a function f(u1, u2) with f(0) = fui
(0) = 0. Then we
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have a spacelike surface in H3
1 defined by

Xf(u1, u2) = (
√
1 + u21 + u22 − f 2(u1, u2), f(u1, u2), u1, u2).

We can easily calculate N(0) = (0, 1, 0, 0); therefore T(0) = (0, 1, 0, 0). We

call Xf a Anti de Sitter Monge form (briefly, AdS-Monge form). Then

we have the following proposition.

Proposition 2.5.1 Any spacelike surface in H3
1 is locally given by the

AdS-Monge form.

Proof. Let X : U −→ H3
1 be a spacelike surface. We consider Lorentzian

motion of H3
1 which is a transitive action. Therefore, without loss of the

generality, we assume that p = X(0) = (1, 0, 0, 0). We denote M = X(U),

we have a basis {X(0),N(0),Xu1
(0),Xu2

(0)} of TpR
4
2 such that TpM =

〈Xu1
(0),Xu2

(0)〉R. Applying the Gram-Schmidt procedure we have a

pseudo-orthonormal basis {X(0),N(0), e1, e2} of TpR
4
2 such that TpM =

〈e1, e2〉R. In particular, {e1, e2} is an orthonormal basis of TpM . Since p =

(1, 0, 0, 0), TpM is considered to be a subspace of 0R
3
1 = {(0, x1, x2, x3)|xi ∈

R}. By a rotation of the space 0R
3
1, we might assume that TpM =

{(0, 0, u1, u2)|ui ∈ R} ⊂ R4
2. Then the germ (M, p) might be written in

the form

(f0(u1, u2), f(u1, u2), u1, u2)

with function germs f0(u1, u2), f(u1, u2). Since M ⊂ H3
1 , we have the

relation

f0(u1, u2) =
√
1 + u21 + u22 − f 2(u1, u2).

Since we have TpM = {(0, 0, u1, u2)|ui ∈ R}, the condition f(0) = 0, fui
(0) =

0 are automatically satisfied. 2

For the timelike vector v0 = (0, 1, 0, 0), we consider the AdS-great-
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hyperboloid AH(v0, 0). Then we have the AdS-Monge form of AH(v0, 0):

a(u1, u2) = (
√
1 + u21 + u22, 0, u1, u2).

Here, we can easily check the relation 〈a(u), v0〉 = 0.

On the other hand, a(0) = (1, 0, 0, 0) = p and aui
(0) is equal to the

xi+2-axis for i = 1, 2. This means that TpM = Tp(a(U)). Therefore

a(U) =AH(v0, 0) is the tangent AdS-great-hyperboloid of M = Xf(U)

at p = Xf(0). It follows from this fact that the tangent AdS-great-

hyperboloidic indicatrix of the AdS-Monge form germ (Xf , 0) is given as

follows:

X−1
f (AH(v0, 0)) = {(u1, u2)|f(u1, u2) = 0}.

Since the height function of Xf at v0 is

hv0(u) = 〈Xf(u), v0〉 = f(u1, u2),

we can calculate the Hessian matrix; then we have Hess(hv0)(0) = Hess(f)(0).

Thus we conclude that AdS-corank(Xf , 0) = 2− rankHess(f)(0).

On the other hand, since f(0) = fui
(0) = 0, we may write

f(u1, u2) =
1

2
k̄1u

2
1 +

1

2
k̄2u

2
2 + g(u1, u2)

where g ∈M3
2 and k̄1, k̄2 are eigenvalues of (fu1u2

(0)). Under this represen-

tation, we can easily calculate Xf,u1u2
(0) = (δij, fu1u2

(0), 0, 0). It follows

from this fact that

hij(0) = 〈N (0),Xf,uiuj
(0)〉 = fuiuj

(0) = δijk̄i,

and

gij(0) = 〈Xf,ui
(0),Xf,uj

(0)〉 = δij.

Therefore, we have ki(0) = k̄i and

KAdS(0) = k1(0)k2(0) = k̄1k̄2.
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The tangent AdS-great-hyperboloidic indicatrix is given by

X−1
f (AH(v0, 0)) = {(u1, u2)| ±

1

2
k̄1u

2
1 ±

1

2
k̄2u

2
2 ± g(u1, u2) = 0}

= {(u1, u2)| ± k1(0)u
2
1 ± k2(0)u

2
2 ± 2g(u1, u2) = 0}.

If we try to draw picture of the TAdS-Gauss image, it might be very

hard to give a parameterization. However, by the AdS-Monge form of the

tangent AdS-great-hyperboloidic indicatrix germ, we can easy to detect

the type of singularities of the TAdS-Gauss image T.

Example 2.5.1 Consider the function given by

f(u1, u2) = 2u21 − 3u32.

Then k̄1 = 4, k̄2 = 0. We have k1 = 4, k2 = 0, so that the origin is an

AdS- parabolic point. The tangent AdS-great-hyperboloidic indicatrix germ

at the origin is the ordinary cusp. By Theorem 2.4.2, T(0) is the cuspidal

edge.

Example 2.5.2 Consider the function given by

f(u1, u2) = 2u21 − 4u42.

Then k̄1 = 4, k̄2 = 0. We have k1 = 4, k2 = 0, so that the origin is an

AdS- parabolic point. The tangent AdS-great-hyperboloidic indicatrix germ

at the origin is the tachnodal. By Theorem 2.4.2, T(0) is the swallowtail.
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Part III. timelike surfaces in anti de sitter 3-space

In this part we investigate the geometric properties of timelike surfaces

in Anti de Sitter 3-space from the viewpoint of Legendrian singularity

theory.

3.1. Local differential geometry of timelike surfaces

Let X(U) = M be a timelike surfaces in Anti de Sitter 3-space. Since

the embedding is timelike and X(u) ∈ H3
1 , N(u) is spacelike. There-

fore 〈N (u),N(u)〉 ≡ 1. It follows that X(u) ± N(u) ∈ Λ3 ∩ NpM and

˜X(u)±N(u) ∈ T 2
1 ∩NpM . Thus we can define a map

G±
n : U −→ Λ3 by G±

n (u) = X(u)±N(u).

This map is analogous to the hyperbolic Gauss indicatrix of hypersurfaces

in Hn
+(−1) which was defined in [15]. Here, we call it the Anti de Sitter

nullcone Gauss image (briefly, AdS-nullcone Gauss image) of X(or M).

We also define a map

G̃±
n : U −→ T 2

1 by G̃±
n (u) =

˜X(u)±N(u) = 1
ξ(u)G

±
n (u),

where ξ(u) = ±
√

(x1(u)± n1(u))2 + (x2(u)± n2(u))2. We call it the Anti

de Sitter torus Gauss map (or, AdS-torus Gauss map) of X .

We remak that the map G±
n (u) was used by S. Lee [26] to study the

timelike sufaces of constant mean curvature ±1 in Anti de Sitter 3-space.

He called G±
n (u) the hyperbolic Gauss map. By a direct calculation we

know that G±
n is constant if and only if G̃±

n is constant.

It is easy to show thatNui
(i = 1, 2) are tangent vectors ofM . Therefore

we have a linear transformation S±
p = −dG±

n (u) = −(dX(u) ± dN(u)) :

TpM −→ TpM which is called the Anti de Sitter null shape operator

(briefly, AdS-null shape operator) of M = X(U) at p = X(u). Un-

der the identification of U and M , the derivation dX(u) can be identi-
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fied with the identity mapping idTpM , this means that S±
p = −dG±

n (u) =

−(idTpM ± dN(u)). We have another linear mapping

dG̃±
n (u) : TpM −→ TpR

4
2 = TpM ⊕NpM .

If we consider the orthogonal projection πT : TpM ⊕NpM −→ TpM , then

we have

S̃±
p = −(dG̃±

n (u))
T = −πT ◦ dG̃±

n (u) : TpM −→ TpM

and call it the Anti de Sitter torus shape operator (briefly, AdS-torus shape

operator)ofM = X(U) at p = X(u). We remark that S±
p (resp., S̃±

p ) does

not always have real eigenvalues. If the eigenvalues are real numbers, we

denote it by k±i (resp., k̃±i ) (for i = 1, 2).

We define K±
AdSn(u) = detS±

p = k±1 ·k
±
2 and K̃±

AdSt(u) = detS̃±
p = k̃±1 · k̃

±
2 .

We respectively call K±
AdSn(u) the Anti de Sitter null Gauss-Kronecker

curvature (briefly, AdS-null G-K curvature) and K̃±
AdSt(u) theAnti de Sitter

torus Gauss-Kronecker curvature (briefly, AdS-torus G-K curvature) of

M = X(U) at p = X(u). We say that a point p = X(u) is a (positive

or negative) Anti de Sitter horospherical parabolic point (briefly, AdSh±-

parabolic point) (resp. positive or negative Anti de Sitter torus parabolic

point, briefly, AdSt±-parabolic point) of M = X(U) if K±
AdSn(u) = 0(resp.

K̃±
AdSt(u) = 0). By a straightforward calculation we have the relation S±

p =

ξ(u)S̃±
p , so that we have k

±
i (p) = ξ(u)k̃±i (p) andK

±
AdSn(u) = ξ2(u)K̃±

AdSt(u).

Then we have the following relations:




k±i (p) = 0 ⇐⇒ k̃±i (u) = 0

K±
AdSn(u) = 0 ⇐⇒ K̃±

AdSt(u) = 0.

We say that a point u ∈ U or p = X(u) is an umbilic point if S±
p =

k±(p)idTpM . We also say that M = X(U) is totally umbilic if all points on

M are umbilic.
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We now consider the geometric meaning of the AdS-nullcone Gauss

image of a timelike surface. We have the following proposition.

Proposition 3.1.1 Let X : U −→ H3
1 be a timelike surface in Anti de

Sitter 3-space. If the AdS-nullcone Gauss image G±
n is constant, then the

timelike surface X(U) =M is a part of a AdS-horosphere.

Proof. We consider the set V = {y ∈ R4
2|〈y,X ± N〉 = −1}. Since

G±
n = X ±N is constant, the set V = HP (G±

n ,−1) is a null hyperplane.

We also have 〈X ,G±
n 〉 ≡ −1, so X(U) = M ⊂ V ∩H3

1 . 2

We also have the following classification theorem on umbilic points.

Proposition 3.1.2 Suppose that M = X(U) is totally umbilic. Then

k±(p) is constant k±. Under this condition, we have the following classifi-

cation.

(1) Suppose k± 6= 0.

(a) If 0 < |k±+1| < 1, then M is a part of a AdS-pseudohyperboloid;

(b) If |k± + 1| > 1, then M is a part of a AdS-pseudosphere;

(c) If k± = −1, then M is a part of a AdS-small pseudohyperboloid.

(2) Suppose k± = 0 then M is a part of a AdS-horosphere.

The proof is almost the same as that of Proposition 2.3 in [15], so that

we omit it. We also call a point p ∈ M the Anti de Sitter horospherical

point (briefly, AdS-horospherical point) if k±i (p) = 0 (i = 1, 2).

We now introduce the pseudo-Riemannian metric ds2 =
∑2

i,j=1 gijduiduj

on M = X(U), where gij(u) = 〈Xui
(u),Xuj

(u)〉 for any u ∈ U . We also

define the Anti de Sitter null second fundamental invariant by h±ij(u) =

〈−(G±
n )ui

(u),Xuj
(u)〉, Anti de Sitter torus second fundamental invariant

by h̃±ij(u) = 〈−(G̃±
n )ui

(u),Xuj
(u)〉 = 1

ξ(u)h
±
ij(u) for any u ∈ U . We can also
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show the following Weingarten formulas by exactly the same arguments as

those of [9, 15, 23].

Proposition 3.1.3 With the above notations the following hold

(1) The Anti de Sitter null Weingarten formula:

(G±
n )ui

= −
2∑

j=1

(h±)jiXuj
,

where ((h±)ji) = (h±ik)(g
kj) and (gkj) = (gkj)

−1.

(2) The Anti de Sitter torus Weingarten formula:

((G̃±
n )ui

)T = πT ◦ (G̃±
n )ui

= −
∑2

j=1(h̃
±)jiXuj

= −
1

ξ(u)

2∑

j=1

(h±)jiXuj
,

where ((h̃±)ji) = (h̃±ik)(g
kj) and (gkj) = (gkj)

−1. 2

As a corollary of the above proposition, we have the following expression

of the AdS-null G-K curvature and AdS-torus G-K curvature .

Corollary 3.1.4 With the same notations as in the above Proposition,

we have:

K±
AdSn =

det(h±ij)

det(gij)
= ξ2

det(h̃±ij)

det(gij)
= ξ2K̃±

AdSt. 2

3.2. Height functions on timelike surfaces

In this section we define two families of functions on a timelike surface

in Anti de Sitter 3-space which are useful for the study of singularities of

AdS-nullcone Gauss image and AdS-torus Gauss map.

Let X : U −→ H3
1 be a timelike surface. We define a family of functions

H : U × Λ3 −→ R, H(u, v) = 〈X(u), v〉+ 1.

We call H an Anti de Sitter null height function (or, AdS-null height func-

tion) on M = X(U). We denote the Hessian matrix of the AdS-null
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height function hv0(u) = H(u, v0) at u0 by Hess(hv0)(u0). Then we have

the following proposition.

Proposition 3.2.1 Let M = X(U) be a timelike surface in H3
1 and

H : U × Λ3 −→ R be an AdS-null height function. Then we have the

following :

(1) H(u0, v) =
∂H
∂ui

(u0, v) = 0 (for i = 1, 2) if and only if v = X(u0) ±

N(u0) = G±
n (u0);

(2) Let v±
0 = X(u0) ± N(u0), then p = X(u0) is an AdSh±−parabolic

point if and only if detHess (hv±0 )(u0) = 0;

(3) Let v±
0 = X(u0)±N (u0), then p = X(u0) is an AdS-horospherical

point if and only if rankHess(hv±0 )(u0) = 0.

Proof. (1) Since {X(u),N(u),Xu1
(u),Xu2

(u)} is a basis of the vector

space TpR
4
2 where p = X(u), there exist real numbers λ, η, α1, α2 such that

v = λX(u) + ηN (u) + α1Xu1
(u) + α2Xu2

(u).

Therefore H(u, v) = 0 if and only if λ = −〈X(u), v〉 = 1. Since 0 =

∂H
∂ui

(u, v) = 〈Xui
(u), v〉 =

∑2
j=1 gijαi and (gij) is non-degenerate, we have

αi = 0 (for i = 1, 2). Therefore we have v = X(u) + ηN(u). From the

fact that 〈v, v〉 = 0, we have η = ±1.

(2) By definition, we have

Hess(hv±0 )(u0) = (〈Xuiuj
(u0),G

±
n (u0)〉) = (−〈Xui

(u0),G
±
n uj

(u0)〉).

From the AdS-null Weingarten formula, we have

−〈Xui
, (G±

n )uj
〉 =

∑2
α=1(h

±)αi 〈Xuα
,Xuj

〉 =
∑2

α=1(h
±)αi gαj = h±ij.

Therefore we have

K±
AdSn(u0) =

det(h±i,j(u0))

det(gij(u0))
=

detHess(hv±0 )(u0)

det(gij(u0))
.

Then assertion (2) is satisfied.
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(3) By the AdS-null Weingarten formula, p is an umbilic point if and

only if there exists an orthogonal matrix A such that At((h±)li)A = k±I.

Therefore, we have ((h±)li) = Ak±IAt = k±I. Then we have

Hess(hv±0 )(u0) = (h±ij(u0)) = ((h±)li(u0))(glj(u0)) = k±(gij(u0)).

Thus, p = X(u0) is a AdS-horospherical point ⇔ rankHess(hv±0 )(u0) = 0.

2

As an application of the above proposition, we have the following direct

corollary.

Corollary 3.2.2 Let H : U × Λ3 −→ R, with H(u, v) = hv(u) be an

AdS-null height function on a timelike surface M = X(U) and G±
n be the

AdS-nullcone Gauss image, p = X(u). Suppose v± = G±
n (u), then the

following conditions are equivalent :

(1) p ∈M is a degenerate singular point of AdS-null height function hv±

(2) p ∈M is a singular point of AdS-nullcone Gauss image G±
n ;

(3) K±
AdSn(u) = 0. 2

We can also define another family of functions

H̃ : U × T 2
1 −→ R, H̃(u, v) = 〈X(u), v〉.

We call H̃ an Anti de Sitter torus height function (briefly, AdS-torus height

function) on X . We denote the Hessian matrix of the AdS-torus height

function h̃v0(u) = H̃(u, v0) at u0 by Hess(h̃v0)(u0). We remark that this

family satisfies the same properties as those stated in Proposition 3.2.1 and

Corollary 3.2.2.

On the other hand, we can naturally interpret the AdS-nullcone Gauss

image ofM as a Legendrian map by the Legendrian duality. The argument

is almost the same as that of Proposition 2.3 in §2.3, so that we omit the
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details.

First, we have the following principle property with respect to the AdS-

null height function H.

Proposition 3.2.3 The AdS-null height function H : U ×Λ3 −→ R is a

Morse family of hypersurfaces h−1
v (0)v∈Λ3.

Proof. For any v = (v1, v2, v3, v4) ∈ Λ3, we have v 6= 0. Without loss of

the generality, we might assume that v1 > 0, then v1 =
√
v23 + v24 − v22. So

that H(u, v) = −x1(u)
√
1 + v23 + v24 − v22−x2(u)v2+x3(u)v3+x4(u)v4+1,

where X(u) = (x1(u), x2(u), x3(u), x4(u)). We have to prove the mapping

∆∗H = (H,
∂H

∂u1
,
∂H

∂u2
)

is non-singular at any point. The Jacobian matrix of ∆∗H is given as fol-

lows:




〈Xu1
, v〉 〈Xu2

, v〉 x1
v2
v1
− x2 −x1

v3
v1
+ x3 −x1

v4
v1
+ x4

〈Xu1u1
, v〉 〈Xu1u2

, v〉 x1u1

v2
v1
− x2u1

−x1u1

v3
v1
+ x3u1

−x1u1

v4
v1
+ x4u1

〈Xu2u1
, v〉 〈Xu2u2

, v〉 x1u2

v2
v1
− x2u2

−x1u2

v3
v1
+ x3u2

−x1u2

v4
v1
+ x4u2


 .

We claim that it will suffice to show that the determinant of the matrix

A =




x1
v2
v1
− x2 −x1

v3
v1
+ x3 −x1

v4
v1
+ x4

x1u1

v2
v1
− x2u1

−x1u1

v3
v1
+ x3u1

−x1u1

v4
v1
+ x4u1

x1u2

v2
v1
− x2u2

−x1u2

v3
v1
+ x3u2

−x1u2

v4
v1
+ x4u2


 ,

does not vanish at (u, v) ∈ ∆∗H−1(0). In this case, v = G±
n (u) and we

denote

b1 =




x1

x1u1

x1u2


 , b2 =




x2

x2u1

x2u2


 , b3 =




x3

x3u1

x3u2


 , b4 =




x4

x4u1

x4u2


 .
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Then we have

detA = −
v1
v1
det(b2, b3, b4) +

v2
v1
det(b1, b3, b4)

−
v3
v1
det(b1, b2, b4) +

v4
v1
det(b1, b2, b3).

On the other hand, we have

X ∧Xu1
∧Xu2

= (−det(b2, b3, b4), det(b1, b3, b4),

det(b1, b2, b4), −det(b1, b2, b3)).

Therefore we have

detA = 〈(−
v1
v1
,−

v2
v1
,−

v3
v1
,−

v4
v1
),X ∧Xu1

∧Xu2
〉

= −
1

v1
〈G±

n , ‖ X ∧Xu1
∧Xu2

‖ N〉

= ∓
‖ X ∧Xu1

∧Xu2
‖

v1
6= 0. 2

We now define a map

L2 : U −→ ∆2, L2(u) = (X(u),G±
n (u)).

Since 〈X(u),G±
n (u)〉 = −1, 〈dX(u),G±

n (u)〉 = 0, by Theorem 1.1, L2 is

a Legendrian embedding. We now show that H is a generating family of

L2(U) ⊂∆2.

Proposition 3.2.4 For any timelike surfaces X : U −→ H3
1 , the AdS-

null height function H : U × Λ3 −→ R of X is a generating family of the

Legendrian embedding L2.

Proof. We consider coordinate neighborhoods V +
1 = {v = (v1, v2, v3, v4) ∈

H3
1 | v1 > 0} and W+

1 = {w = (w1, w2, w3, w4) ∈ Λ3 | w1 > 0}. Then

V +
1 × W+

1 is one of the local coordinate of H3
1 × Λ3. We now define a

mapping Φ : ∆2 ∩ (V +
1 ×W+

1 ) −→ PT ∗Λ3|W+
1 by

Φ(v,w) = (w, [(w2v1 − w1v2) : (−w3v1 + w1v3) : (−w4v1 + w1v4)])
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Let (v2, v3, v4, [ξ2 : ξ3 : ξ4]) be homogeneous coordinates of PT ∗Λ3|W+
1 ≡

W+
1 × P (Rn−1)∗. We have the canonical contact form α =

∑4
i=2(ξi/ξj)dwi

on PT ∗Λ3 over W+
1 × Uj, where Uj = {[ξ] |ξj 6= 0}. It follows that

Φ∗α =
±w1

vjw1 − v1wj

(
−

2∑

i=1

vidwi +
4∑

i=3

vidwi

)

=
±w1

vjw1 − v1wj

〈v, dw〉|∆2 =
±w1

vjw1 − v1wj

θ22,

where ± depends on j of Φ−1(W+
1 × Uj). Since

∆1 ∩ (V +
1 ×W+

3 ) =
4⋃

j=2

Φ−1(V +
1 × Uj),

θ11 is a contact form on ∆1∩(V
+
1 ×W+

3 ) such that Φ is a contact morphism.

We also have the similar calculation as the above on the other coordinate

neighborhoods. Since AdS-null height function H is a Morse family, we

have a Legendrian immersion

LH : Σ∗(H) | (U ×W+
1 ) −→ PT ∗Λ3 | W+

1

defined by

LH(u,w) = (w, [
∂H

∂w2
:
∂H

∂w3
:
∂H

∂w4
]).

By Proposition 3.2.1, we have

Σ∗(H) = {(u,G±
n (u)) ∈ U × Λ3 | u ∈ U}.

Since w = G±
n (u) and w1 =

√
−w2

2 + w2
3 + w2

4, we have

∂H

∂w2
(u,G±

n (u)) = x1(u)
w2(u)

w1(u)
− x2(u),

∂H

∂w3
(u,G±

n (u)) = x3(u)− x1(u)
w3(u)

w1(u)
,

∂H

∂w4
(u,G±

n (u)) = x4(u)− x1(u)
w4(u)

w1(u)
,

where X = (x1, x2, x3, x4) and G±
n = (w1, w2, w3, w4). We now define a
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smooth mapping G± : U −→ PT ∗H3
1 by

G±(u) = (Gn(u), [(x1(u)w2(u)− x2(u)w1(u)) :

(−x1(u)w3(u) + x3(u)w1(u)) : (−x1(u)w4(u) + x4(u)w1(u))]).

It follows that

LH(u,G
±
n (u)) = (G±

n (u), [x1(u)w2(u)− x2(u)w1(u) :

− x1(u)w3(u) + x3(u)w1(u) : −x1(u)w4(u) + x4(u)w1(u)]) = G±(u).

Therefore we have Φ◦L2(u) = G±(u) on W+
1 . We also have the same

relation as the above on the other local coordinates. This means that H is

a generating family of L2(U) ⊂ ∆2. 2

Therefore we conclude that the AdS-nullcone Gauss image G±
n can be

regarded as a Legendrian map and G±
n (U) can be regarded as a wave front

set of L2.

3.3. The ads-torus cylindrical pedals of timelike surfaces

In this section we consider a surface associate to M = X(U), whose

singular points set is diffeomophism to those of AdS-nullcone Gauss image.

We can use this surface to investigate the relationship between the AdS-

nullcone Gauss image G±
n and the AdS-Gauss map G̃±

n of a timelike surface

in the Anti de Sitter 3−space. For any timelike surface X : U −→ H3
1 , we

define a smooth mapping ACPM : U −→ T 2
1 × R∗ by

ACPM(u) = (G̃±
n (u),−〈X(u), G̃±

n (u)〉) = (G̃±
n (u),

1
ξ(u)).

We call it the AdS-torus cylindrical pedal of M = X(U), where R∗ =

R\{0}. We define a diffeomorphism φ : T 2
1 ×R∗ −→ Λ3 by φ(v, λ) = λ−1v.

It is easy to check that φ(ACPM(u)) = G±
n (u), this means that the singular

points sets of G±
n and ACPM are diffeomorphism.

We now consider a family functions H : U × T 2
1 × R∗ −→ R defined by

H(u, v, λ) = 〈X(u), v〉+ λ = H̃(u, v) + λ,
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we call it the extended AdS-torus height function on M = X(U). By the

similar calculation to the proof of Proposition 3.1(1), we have

DH = {(G̃±
n (u),

1
ξ(u))|u ∈ U} = {ACPM(u)|u ∈ U}.

On the other hand, we consider the canonical projection π1 : T
2
1 × R∗ −→

T 2
1 . Then we have π1|DH can be identified with the AdS-torus Gauss map

G̃±
n of X. Since

G±
n (u) = −

1

〈X(u), G̃±
n (u)〉

G̃±
n (u) = ξ(u)G̃±

n (u),

we have φ(DH) = {G±
n (u)|u ∈ U} = DH . Therefore, we may say that the

AdS-nullcone Gauss image G±
n is a lift of the AdS-Gauss map G̃±

n . In fact,

we also have

Σ∗(H) = {(u, G̃±
n (u), −〈X(u), G̃±

n (u)〉)|u ∈ U}.

We remark that similar discussions apply to the extended AdS-torus height

function H and AdS-torus height function H̃ , we have H and H̃ are Morse

family.

On the other hand, for any v = (v1, v2, v3, v4) ∈ T 2
1 , we consider a

coordinate neighborhood

U+
24 = {v = (v1, v2, v3, v4) ∈ T 2

1 |v2 > 0 and v4 > 0},

then

H(u, v, λ) = H̃(u, v) + λ = −x1v1 − x2
√

1− v21 + x3v3 + x4
√

1− v23 + λ.

We now consider smooth mappings LH : G̃±
n

−1
(U+

24) −→ T ∗(T 2
1 ) × R∗

defined by

LH(u) = (G̃±
n (u), [

∂H

∂v1
:
∂H

∂v3
:
∂H

∂λ
],

1

ξ(u)
) = (G̃±

n (u),
∂H

∂v1
,
∂H

∂v3
,

1

ξ(u)
)

and L
H̃
: G̃±

n

−1
(U+

24) −→ T ∗(T 2
1 ) defined by

L
H̃
(u) = (G̃±

n (u),
∂H̃

∂v1
,
∂H̃

∂v3
) = (G̃±

n (u),
∂H

∂v1
,
∂H

∂v3
).
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According by these definitions we have LH is a Legendrian embedding

whose generating family is the extended AdS-torus height function H and

L
H̃

is a Lagrangian embedding whose generating family is the AdS-torus

height function H̃. The details on Lagrangian singularities can be found

in [1, 45]. We now consider the canonical projection

π : T ∗(T 2
1 )× R∗ −→ T ∗(T 2

1 ), π(v, λ) = v,

then π(LH) = L
H̃
. We remark that if we adopt other local coordinates

on T 2
1 , exactly the same results hold. Therefore we have the following

proposition.

Proposition 3.3.1 Under the same assumptions as in the above argu-

ments, we have the following:

(1) The AdS-Gauss map G̃±
n is a Lagrangian map. The corresponding

Lagrangian embedding L
H̃

is called the Lagrangian lift of the AdS-Gauss

map G̃±
n ;

(2) The Legendrian lift G± of the AdS-nullcone Gauss image G±
n is a

covering of the Lagrangian lift L
H̃

of the AdS-Gauss map G̃±
n .

Proof. The assertion (1) follows from the above arguments.

On the other hand, for any v ∈ T 2
1 , without loss of the generality,

we can assume that v2 > 0 and v4 > 0. Then we have v2 =
√
1− v21,

v4 =
√
1− v23, so we can regard (v1, v3) as the coordinate system of T 2

1 .

Therefore, the homogeneous coordinates of PT ∗(T 2
1 ×R∗) can be expressed

as (v1, v3, λ, [ς1 : ς2 : ς]). Moreover, if ς 6= 0, we have

(v1, v3, λ, [ς1 : ς2 : ς]) = (v1, v3, λ, [
ς1
ς
:
ς2
ς
: 1]),

so that we can adopt the corresponding affine coordinates (v1, v3, λ, ρ1, ρ2),

where ρi = ς1/ς. By the above argument we can naturally regard T ∗(T 2
1 )×
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R∗ as the affine part of PT ∗(T 2
1 ×R∗). We also have the following relation:

H ◦ (idU × φ)(u, v, λ) = H(u, λ−1v) = λ−1H(u, v, λ).

This means that H ◦ (idU × φ) and H are C-equivalent in the sense of

Mather[28]. So that these generating families correspond to the same Leg-

endrian submanifold (cf., [1, 45]. Then we have a unique contact diffeo-

morphism Φ : PT ∗(T 2
1 × R∗) −→ PT ∗Λ3 covering φ : T 2

1 × R∗ −→ Λ3 such

that Φ ◦ LH = G±. Therefore, G± is a covering of L
H̃
. 2

3.4. Contact with ads-horospheres

In this section we consider the geometric meaning of the singularities

of the AdS-nullcone Gauss image of a timelike surface M = X(U) in H3
1 .

We consider the contact of timelike surfaces with AdS-horosphere type

surfaces.

We now consider a function H: H3
1 × Λ3 −→ R defined by H(u, v) =

〈u, v〉+1. For any v0 ∈ Λ3, we denote hv0(u) =H(u, v0) and we define the

AdS-horosphere by h−1
v0
(0) = H3

1 ∩ HP (v0,−1). We write AH(v0,−1) =

H3
1 ∩ HP (v0,−1). For any u0 ∈ U , we consider the null vector v±

0 =

G±
n (u0). Then we have

hv±0 ◦X(u0) = H ◦ (X × idΛ3)(u0, v0) = H(u0,G
±
n (u0)) = 0.

We also have relations

∂hv±0 ◦X

∂ui
(u0) =

∂H

∂ui
(u0,G

±
n (u0)) = 0,

for i = 1, 2. This means that the AdS-horosphere AH(v±
0 ,−1) is tangent

to M = X(U) at p = X(u0). In this case, we call AH(v±
0 ,−1) the

tangent AdS-horosphere of M = X(U) at p = X(u0) (or, u0), which we

write AH±(X, u0). Let v1, v2 be null vectors. If v1 and v2 are linearly
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dependent, then HP (v1,−1) and HP (v2,−1) are parallel. Therefore, we

say that AdS-horosphere AH(v1,−1) and AH(v2,−1) are parallel , if v1

and v2 are linearly dependent. Then we have the following lemma.

Lemma 3.4.1 Let X : U −→ H3
1 be a timelike surface. Consider two

points u1, u2 ∈ U . Then we have the following assertions :

(1) G±
n (u1) = G±

n (u2) if and only if AH±(X, u1) = AH±(X, u2).

(2) G̃±
n (u1) = G̃±

n (u2) if and only if AH±(X, u1) and AH±(X, u2) are

parallel . 2

We now consider the contact of M with tangent AdS-horosphere at p ∈

M as an application of Legendrian singularity theory. Let G±
n i : (U, ui) −→

(Λ3, v±
i ) (for i = 1, 2) be AdS-nullcone Gauss image germs of timelike

surface germs X i : (U, ui) −→ (H3
1 ,X i(ui)). We say that G±

n 1 and G±
n 2

are A-equivalent if there exist diffeomorphism germs φ : (U, u1) −→ (U, u2)

and Φ : (H3
1 , v

±
1 ) −→ (H3

1 , v
±
2 ) such that Φ ◦ G±

n 1 = G±
n 2 ◦ φ. Suppose

the regular set of G±
n i is dense in (U, ui) for each i = 1, 2. It follows from

Proposition 2.3.3 that G±
n 1 and G±

n 2 are A-equivalent if and only if the

corresponding Legendrian embedding germs G±
1 : (U, u1) −→ (∆1, z1) and

G±
2 : (U, u2) −→ (∆1, z2) are Legendrian equivalent. This condition is also

equivalent to the condition that two generating families H1 and H2 are

P−K equivalent by Theorem 2.3.4. Here, Hi : (U × Λ3, (ui, v
±
i )) −→ R is

the corresponding AdS-null height function germ of X i.

On the other hand, we denote hi,v±i = Hi(u, v
±
i ); then we have hi,v±i (u) =

hv±i
◦X i(u). By Theorem 2.3.1,

K(X1(U),AH
±(X1, u1), v

±
1 ) = K(X2(U),AH

±(X2, u2), v
±
2 )

if and only if h1,v±1 and h2,v±2 are K-equivalent. Therefore, we can apply the

above arguments to our situation. We denote by Q±(X, u0) the local ring

49



of the function germ hv±0 : (U, u0) −→ R, where v±
0 = G±

n (u0). We remark

that we can write the local ring explicitly as follows:

Q±(X, u0) =
C∞

u0
(U)

〈〈X(u),G±
n (u0)〉+ 1〉C∞

u0
(U)

where C∞
u0
(U) is the local ring of function germs at u0 with the unique

maximal ideal Mu0
(U).

Theorem 3.4.2 Let X i : (U, ui) −→ (H3
1 ,X i(ui)) (for i = 1, 2) be time-

like surface germs such that the corresponding Legendrian embedding germs

G±
i : (U, ui) −→ (∆1, zi) are Legendrian stable. Then the following condi-

tions are equivalent:

(1) AdS-nullcone Gauss image germs G±
n 1 and G±

n 2 are A-equivalent;

(2) H1 and H2 are P−K-equivalent;

(3) h1,v±1 and h2,v±2 are K-equivalent;

(4) K(X1(U), AH
±(X1, u1), v

±
1 ) = K(X2(U), AH

±(X2, u2), v
±
2 )

(5) Q±(X1, u1) and Q
±(X2, u2) are isomorphic as R-algebras. 2

For a timelike surface germ X : (U, u0) −→ (H3
1 ,X(u0)), we call

X−1(AH(G±
n (u0),−1), u0) the tangent Anti de Sitter horospherical indi-

catrix germ (briefly, tangent AdS-horospherical indicatrix germ) of X. In

general we have the following proposition:

Proposition 3.4.3 Let X i : (U, ui) −→ (H3
1 ,X i(ui)) (for i = 1, 2) be

timelike surface germs such that their AdSh±-parabolic sets have no interior

points as subspaces of U . If AdS-nullcone Gauss image germs G±
n 1 and G±

n 2

are A-equivalent, then

K(X1(U), AH
±(X1, u1), v

±
1 ) = K(X2(U), AH

±(X2, u2), v
±
2 ).

In this case, X−1
1 (AH(G±

n 1(u1),−1), u1) and X−1
2 (AH(G±

n 2(u2),−1), u2)
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are diffeomorphic as set germs. 2

From the above proposition, the diffeomorphism type of the tangent

AdS-horospherical indicatrix germ is an invariant of A-classification of the

AdS-nullcone Gauss image germ of X. Moreover, we can borrow some

basic invariants from the singularity theory on function germs. We need

K-invariants for a function germ. The local ring of a function is a complete

K-invariant for generic function germs. It is, however, not a numerical in-

variant. The K-codimension of a function germ is a numerical K-invariant

of function germs. We denote

Ah±-ord(X, u0) = dim
C∞

u0
(U)

〈hv±0 (u0), ∂hv±0 (u0)/∂ui〉C∞
u0
(U)

,

where v±
0 = G±

n (u0). Usually Ah±-ord(X, u0) is called the K-codimension

of hv±0 . However, We call it the order of contact with tangent AdS-horosphere

at X(u0). We also have the notion of corank of function germs:

Ah±-corank(X, u0) = 2−rankHess(hv±0 )(u0),

By Proposition 3.2.1, X(u0) is an AdSh±-parabolic point if and only

if Ah±-corank (X, u0) ≥ 1 and X(u0) is an AdS-horospherical point if

and only if Ah±-corank (X, u0) = 2 . On the other hand, a function germ

f : (Rn−1,a) −→ R has the Ak−singularity if f is K-equivalent to the germ

±u21 ± · · · ± u2n−2 + uk+1
n−1. If Ah±-corank(X, u0) = 1, the AdS-null height

function hv±0 has the Ak−singularity at u0 and is generic. In this case we

have Ah±-ord(X, u0) = k. This number is equal to the order of contact in

the classical sense (cf., [4]). This is the reason why we call Ah±-ord(X, u0)

the order of contact with the AdS-horosphere at X(u0).

3.5. Classification of singularities of

ads-nullcone gauss images

In this section we give the generic classification of singularities of AdS-
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nullcone Gauss images. We have almost the same arguments as those of

[15], so that we omit the details. We consider the space of timelike embed-

dings EmbT (U,H
3
1) with the Whitney C∞-topology. By the classification

of stable Legendrian singularities of n = 3 and the transversality theorem

of [15] (Proposition 7.1), we have the following theorem.

Theorem 3.5.1 There exists an open dense subset O⊂EmbT (U,H
3
1) such

that for any X ∈O the following conditions hold.

(1) The AdSh±-parabolic set K±
AdSn

−1
(0) is a regular curve. We call such

a curve the AdSh±-parabolic curve.

(2) The AdS-nullcone Gauss image G±
n along the AdSh±-parabolic curve

is a cuspidal edge except at isolated points. At such the point G±
n is the

swallowtail.

(3) The cuspidal edge points (swallowtail points) of AdS-nullcone Gauss

image G±
n correspond to fold points (cusp points) of AdS-torus Gauss map.

Here, a map germ f : (R2,a) −→ (R3, b) is called a cuspidal edge if it is

A-equivalent to the germ (u1, u
2
2, u

3
2) and a swallowtail if it is A-equivalent

to the germ (3u41 + u21u2, 4u
3
1 + 2u1u2, u2). A map germ f : (R2,a) −→

(R2, b) is called a fold if it is A-equivalent to the germ (u1, u
2
2) and a cusp

if it is A-equivalent to the germ (u1, u
3
2 + u1u2) (cf., Fig 2.4.1).

Cuspital edge Swallowtail
Fig 2.4.1

Following the terminology of Whitney[43], we say that a timelike sur-
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face X : U −→ H3
1 has the excellent AdS-nullcone Gauss image G±

n , the

AdS-nullcone Gauss image G±
n has only cuspidal edges and swallowtails as

singularities.

We now consider the geometric meanings of cuspidal edges and swal-

lowtails of the AdS-nullcone Gauss image. We have the following results

analogous to the results of [15].

Theorem 3.5.2 Let G±
n : (U, u0) −→ (Λ3, v±

0 ) be the excellent AdS-

nullcone Gauss image germ of a timelike surface X and hv0 : (U, u0) −→ R

be the AdS-null height function germ at u0, where v±
0 = G±

n (u0). Then we

have the following.

(1) The point u0 is an AdSh±-parabolic point of X if and only if Ah±-

corank(X, u0)= 1.

(2) If u0 is an AdSh±-parabolic point ofX, then hv±0 has the Ak−singularity

for k = 2, 3.

(3) Suppose that u0 is an AdSh±-parabolic point of X. Then the follow-

ing conditions are equivalent:

(a) G±
n has the cuspidal edge at u0;

(b) hv±0 has the A2−singularity;

(c) Ah±-order(X, u0) = 2;

(d) the tangent AdS-horospherical indicatrix is an ordinary cusp, where

a curve C ⊂ R2 is called an ordinary cusp if it is diffeomorphic to the curve

given by {(u1, u2)|u21 − u32 = 0}.

(e) for each ε > 0, there exit two points u1, u2 ∈ U such that |u0−ui| <

ε for i = 1, 2, neither of u1 nor u2 is an AdSh±-parabolic point and the

tangent AdS-horospheres to M = X(U) at u1 and u2 are parallel.

(4) Suppose that u0 is an AdSh±-parabolic point of X. Then the follow-

ing conditions are equivalent:
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(a) G±
n has the swallowtail at u0;

(b) hv±0 has the A3−singularity;

(c) Ah±-order(X, u0) = 3;

(d) the tangent AdS-horospherical indicatrix is an point or a tachn-

odal, where a curve C ⊂ R2 is called a tachnodal if it is diffeomorphic to

the curve given by {(u1, u2)|u21 − u42 = 0}.

(e) for each ε > 0, there exit three points u1, u2, u3 ∈ U such that

|u0 − ui| < ε for i = 1, 2, 3, none of u1, u2, u3 are an AdSh±-parabolic

points and the tangent AdS-horospheres to M = X(U) at u1, u2 and u3 are

parallel.

(f) for each ε > 0, there exit two points u1, u2 ∈ U such that |u0−ui| <

ε for i = 1, 2, neither of u1 nor u2 is an AdS-parabolic point and the tan-

gent AdS-horospheres to M = X(U) at u1 and u2 are equal.

Proof. By the Proposition 3.2.1, we have shown that u0 is an AdSh±-

parabolic point if and only if Ah±-corank(X, u0) ≥ 1. Since n = 3, we

have Ah±-corank(X, u0) ≤ 2. Since AdS-null height function germ H :

(U × Λ3, (u0, v
±
0 )) −→ R can be considered as a generating family of the

Legendrian embedding germ G±, hv±0 has only the Ak−singularities (k =

1, 2, 3). This means that the corank of the Hessian matrix of the hv±0 at an

AdSh±-parabolic point is 1. The assertion (2) also follows. For the same

reason, the conditions (3){(a), (b), (c)}(respectively, (4){(a), (b), (c)}) are

equivalent.

On the other hand, if the AdS-null height function germ hv±0 has the

A2−singularity, it is K-equivalent to the germ ±u21 + u32. Since the K-

equivalence preserves the zero level sets, the tangent AdS-horospherical

indicatrix is diffeomorphic to the curve given by ±u21 + u32 = 0. This is the
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ordinary cusp. The normal form for theA3−singularity is given by±u21+u
4
2,

so the tangent AdS-horospherical indicatrix is diffeomorphic to the curve

given by±u21+u
4
2 = 0. This means that the condition (3){(d)}(respectively,

(4){(d)}) is also equivalent to the other conditions.

Suppose that u0 is an AdSh±-parabolic point, by Proposition 3.3.1, the

AdS-torus Gauss map has only folds or cusps. If the point u0 is a fold

point, there is a neighborhood of u0 on which the AdS-torus Gauss map

is 2 to 1 except the AdSh±-parabolic line (i.e, fold curve). By Lemma

3.4.1, the condition (3)(e) holds. If the point u0 is a cusp, the critical value

set is an ordinary cusp. By the normal form, we can understand that the

AdS-Gauss map is 3 to 1 inside region of the critical value. Moreover, the

point u0 is in the closure of the region. This means that the condition

(4)(e) is satisfied. We can also observe that near by the cusp point, there

are 2 to 1 points which approach to u0. However, one of those points are

always AdSh±-parabolic points. Since other singularities do not appear in

this case, so that the condition (3)(e) (respectively, (4)(e)) characterizes a

fold (respectively, a cusp).

For the swallowtail, point u0, there is a self-intersection curve approach-

ing u0. On this curve, there are two distinct points u1 and u2 such that

G±
n (u1) = G±

n (u2). By Lemma 3.4.1, this means that the tangent AdS-

horospheres to M = X(U) at u1 and u2 are equal. Since there are no

other singularities in this case, the condition (4){(f)} characterizes a swal-

lowtail point of G±
n . This completes the proof. 2

3.6. Ads-null monge form

The notion of the Monge form of a surface in Euclidean 3-space is one of

the powerful tools for the study of local properties of the surface from the
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view point of differential geometry.In this section we consider the analogous

notion for a timelike surface in H3
1 .

We now consider a function f(u1, u2) with f(0) = fui
(0) = 0. Then we

have a timelike surface in H3
1 defined by

Xf(u1, u2) = (
√
1 + ε1u21 + ε2u22 + f 2(u1, u2),

(1− ε1)u1 + (1− ε2)u2
2

,

f(u1, u2),
(1 + ε1)u1 + (1 + ε2)u2

2
),

where εi = sign(Xi) (i = 1, 2). We can easily calculate

N (0) = (0, 0,
ε2 − ε1

2
, 0);

therefore G±
n (0) = (1, 0,±1, 0). We call Xf a Anti de Sitter null Monge

form (briefly, AdS-null Monge form). Then we have the following propo-

sition.

Proposition 3.6.1 Any timelike surface in H3
1 is locally given by the

AdS-null Monge form.

Proof. Let X : U −→ H3
1 be a timelike surface. We consider Lorentzian

motion of H3
1 which is a transitive action. Therefore, without loss of the

generality, we assume that p = X(0) = (1, 0, 0, 0). We denote M = X(U),

we have a basis {X(0),N(0),Xu1
(0),Xu2

(0)} of TpR
4
2 such that TpM =

〈Xu1
(0),Xu2

(0)〉R. Applying the Gram-Schmidt procedure we have a

pseudo-orthonormal basis {X(0),N(0), e1, e2} of TpR
4
2 such that TpM =

〈e1, e2〉R. In particular, {e1, e2} is an orthonormal basis of TpM . Since p =

(1, 0, 0, 0), TpM is considered to be a subspace of 0R
3
1 = {(0, x1, x2, x3)|xi ∈

R}. By a rotation of the space 0R
3
1, we might assume that TpM =

{(0, (1−ε1)u1+(1−ε2)u2

2 , 0, (1+ε1)u1+(1+ε2)u2

2 )|ui ∈ R} ⊂ R4
2. Then the germ (M, p)

might be written in the form

(f0(u1, u2),
(1− ε1)u1 + (1− ε2)u2

2
, f(u1, u2),

(1 + ε1)u1 + (1 + ε2)u2
2

)
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with function germs f0(u1, u2), f(u1, u2). Since M ⊂ H3
1 , we have the

relation

f0(u1, u2) =
√

1 + ε1u21 + ε2u22 + f 2(u1, u2).

Since we have

TpM = {(0,
(1− ε1)u1 + (1− ε2)u2

2
, 0,

(1 + ε1)u1 + (1 + ε2)u2
2

)|ui ∈ R},

the condition f(0) = 0, fui
(0) = 0 are automatically satisfied. 2

For the null vector v±
0 = (1, 0,±1, 0), we consider the AdS-horosphere

type surface AH(v±
0 ,−1). Then we have the AdS-null Monge form of

AH(v±
0 ,−1):

a±(u1, u2) = (
ε1u

2
1 + ε2u

2
2

2
+ 1,

(1− ε1)u1 + (1− ε2)u2
2

,

±
ε1u

2
1 + ε2u

2
2

2
,
(1 + ε1)u1 + (1 + ε2)u2

2
).

Here, we can easily check the relation 〈a(u), v±
0 〉 = −1.

On the other hand, a±(0) = (1, 0, 0, 0) = p and a±
ui
(0) is equal to the

x3+εi-axis for i = 1, 2. This means that TpM = Tp(a
±(U)). Therefore

a±(U) = AH(v±
0 ,−1) is the tangent AdS-horosphere of M = Xf(U) at

p = Xf(0). It follows from this fact that the tangent AdS-horospherical

indicatrix of the AdS-null Monge form germ (Xf , 0) is given as follows:

X−1
f (AH(v±

0 , 0)) = {(u1, u2)| ± 2f(u1, u2) = ε1u
2
1 + ε2u

2
2}.

On the other hand, since f(0) = fui
(0) = 0, we may write

f(u1, u2) =
1

2
k̄1u

2
1 +

1

2
k̄2u

2
2 + g(u1, u2)

where g ∈M3
2 and k̄1, k̄2 are eigenvalues of (fu1u2

(0)). Under this represen-

tation, we can easily calculate Xf,u1u2
(0) = (εiδij, 0, k̄i, δij, 0). It follows

from this fact that

h±ij(0) = 〈G±
n (0),Xf,uiuj

(0)〉 = εiδij(−1± k̄i)
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and

gij(0) = 〈Xf,ui
(0),Xf,uj

(0)〉 = εiδij.

Therefore, we have k±i (0) = −1± εik̄i and

K±
AdSn(0) = k±1 (0)k

±
2 (0) = (−1± ε1k̄1)(−1± ε2k̄2).

The tangent AdS-horospherical indicatrix is given by

X−1
f (AH(v±

0 ,−1)) = {(u1, u2)|± k̄1u
2
1± k̄2u

2
2±2g(u1, u2)−ε1u

2
1−ε2u

2
2 = 0}

= {(u1, u2)|ε1k
±
1 (0)u

2
1 + ε2k

±
2 (0)u

2
2 ± 2g(u1, u2) = 0}.

If we try to draw picture of the AdS-nullcone Gauss image, it might be

very hard to give a parameterization. However, by the AdS-null Monge

form of the tangent AdS-horospherical indicatrix germ, we can easy to

detect the type of singularities of the AdS-nullcone Gauss image G±
n (or,

AdS-torus Gauss map G̃±
n ).

Example 3.6.1 Consider the function given by

f(u1, u2) =
1

2
u21 + u22 +

1

2
u31.

Suppose that ε1 = −1, ε2 = 1 Then k̄1 = 1, k̄2 = 2. We have k+1 =

−2, k+2 = 1, k−1 = 0, k−2 = −3. So that the origin is an AdSh−- parabolic

point. The tangent AdS-horospherical indicatrix germ at the origin is the

ordinary cusp u22 = −1
3u

3
1. By Theorem 3.5.2, G−

n (G̃−
n ) is the cuspidal edge

(fold) at the origin.

Example 3.6.2 Consider the function given by

f(u1, u2) =
1

2
u21 +

1

4
u22 +

3

2
u41.

Suppose that ε1 = 1, ε2 = −1 Then k̄1 = 1, k̄2 = 1/2. We have k+1 =

0, k+2 = −3/2, k−1 = −2, k−2 = −1/2. So that the origin is an AdSh+-
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parabolic point. The tangent AdS-horospherical indicatrix germ at the ori-

gin is the tachnodal u22 = u41. By Theorem 3.5.2, G−
n (G̃−

n ) is the swallowtail

(cusp) at the origin.

59



Part IV. Null surfaces in anti de sitter 3-space

In this part, we study the geometric properties of the degenerate surface

which is called AdS null surface. This surface is a ruled surface along a

spacelike curve in Anti de Sitter 3-space. All of the tangent planes of this

ruled surface at regular points are degenerate plane.

4.1. The construction of null surfaces by spacelike curves

We first introduce the local differential geometry of spacelike curves in

H3
1 . Let γ : I −→ H3

1 be a regular curve (i.e., an embedding). The regular

curve γ is said to be spacelike if γ̇ is a spacelike vector at any t ∈ I, where

γ̇ = dγ/dt. Since γ is a spacelike regular curve, it may admit an arc length

parametrization s = s(t). Therefore, we can assume that γ(s) is a unit

speed curve. Now we have the unit tangent vector t(s) = γ ′(s). Since

〈γ(s),γ(s)〉 ≡ −1, we have 〈γ(s), t(s)〉 ≡ 0. From a direct calculation

we have 〈γ(s), t′(s)〉 = −1. We now denote N (s) = t′(s) − γ(s) and

E(s) = γ(s) ∧ t(s) ∧N(s). It is easy to check that N and E are normal

vectors of spacelike curve γ in H3
1 . We also define the curvature by kg(s) =

‖t′(s)− γ(s)‖. We can show that spacelike curve γ is a geodesic in H3
1 if

kg(s) = 0 and N (s) = 0. In the case when kg(s) 6= 0, we can define unit

vectors n(s) and e(s) by

n(s) =
t′(s)− γ(s)

‖t′(s)− γ(s)‖
=

N(s)

‖N(s)‖
, e(s) = γ(s) ∧ t(s) ∧ n(s).

Then we have a pseudo orthonormal frame {γ(s), t(s),n(s), e(s)} of R4
2

along γ. By the standard arguments, we can give the following Frenet-

Serret type formula:

60







γ ′(s) = t(s)

t′(s) = γ(s) + kg(s)n(s)

n′(s) = −δkg(s)t(s) + δτg(s)e(s)

e′(s) = δτg(s)n(s)

where δ = sign(n(s)) and τg(s) =
1

k2g(s)
det(γ(s),γ′(s),γ′′(s),γ′′′(s)).

We remark that if kg(s) = 0 and N(s) 6= 0, we have N(s) is a null

vector. Since 〈N(s) ± E(s),N(s)〉 = 0, it follows N (s) ± E(s) is also a

null vector which parallel to the vector N(s).

Now we define a map

G̃± : I −→ T 2
1

by G̃±(s) = ˜N(s)±E(s). We call it torus Gauss image. Under the

assumption that kg(s) 6= 0 we also define a ruled surface

ΛD±
γ : I × R −→ H3

1

by ΛD±
γ (s, λ) = γ(s) + λ(n(s) ± e(s)). We call this ruled surface Anti

de Sitter null surface associated to a spacelike curve γ (briefly, AdS null

surface). In this part we mainly consider the Lorentzian geometric meaning

of the singularities of the torus Gauss images and of the AdS null surfaces.

We now introduce a new invariant σ of a spacelike curve in H3
1 by

σ(s) = k′g(s)∓ kg(s)τg(s)

We also consider the following set inH3
1 which is given by the intersection of

H3
1 with a hyperplaneHP (v, c). We denote it byAH(v, c) = H3

1∩HP (v, c)

and call it a Anti de Sitter nullcone (briefly, AdS nullcone) with vertex

v, a Anti de Sitter null hyperbolic cylinder (briefly, AdS null hyperbolic

cylinder) if v ∈ H3
1 and c = −1 or v ∈ Λ3 and c = 0 respectively.

On the other hand, let F : H3
1 −→ R be a submersion and γ : I −→ H3

1

be a spacelike curve in H3
1 . We say that γ and F−1(0) have k-point contact
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for t = t0 provided the function g defined by

g(t) = F (γ1(t), · · · , γ4(t)) = F (γ(t))

satisfies g(t0) = g′(t0) = · · · = g(k−1)(t0) = 0, g(k)(t0) 6= 0. We also say that

the order of contact is k. Dropping the condition g(k)(t0) 6= 0 we say that

there is at least k-point contact (cf., [4]). The main result in this paper is

the following:

Theorem 4.1.1 Let γ : I −→ H3
1 be a unit speed spacelike curve in Anti

de Sitter 3-space.

(1) Suppose N(s) 6= 0 and v0 ∈ Λ3, we have the following:

(a) The singular set of torus Gauss image G̃± is {s ∈ I|kg(s) = 0}.

(b) γ and the AdS null hyperbolic cylinder AH(v0, 0) have 3−point

contact for s0 if and only if v0 = ˜N(s0)±E(s0) and kg(s0) = 0. Under

this condition, the torus Gauss image G̃± has a cusp point at s0.

(2) Assume kg(s) 6= 0 and v0 ∈ H3
1 , we have the following:

(a) The singular set of ΛD±
γ is {(s, λ)|λ =

1

δkg(s)
, s ∈ I, λ ∈ R}.

(b) γ and the AdS nullcone AH(v0,−1) have 3−point contact for s0

if and only if

v0 = γ(s0) +
1

δkg(s0)
(n± e) and σ(s0) 6= 0.

Under this condition, the germ of image ΛD±
γ at v0 is diffeomophic to the

cuspital edge C × R.

(c) γ and the AdS nullcone AH(v0,−1) have 4−point contact for s0

if and only if

v0 = γ(s0) +
1

δkg(s0)
(n± e), σ(s0) = 0 and σ′(s0) 6= 0.

Under this condition, the germ of image ΛD±
γ at v0 is diffeomophic to the

swallowtail SW.
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Where C × R = {(x1, x2)|x21 − x32 = 0} × R is the cuspital edge,

SW = {(x1, x2, x3)|x1 = 3u4 + u2v, x2 = 4u3 + 2uv, x3 = v} is the

swallowtail (cf., Figure 2.5.1)

We remark that the above theorem gives a classification of the singular-

ities of the AdS null surface of a generic spacelike curve in Anti de Sitter 3-

space and describe the contact between AdS nullcones and spacelike curves.

Let EmbS(I,H
3
1) be the space of spacelike embeddings γ : I −→ H3

1 with

kg(s) 6= 0 equipped with Whitney C∞−topology. The generic classification

result is given as follows:

Theorem 4.1.2 There exists an open and dense subset O⊂ EmbS(I,H
3
1)

such that for any γ ∈O, the AdS null surface ΛD±
γ of γ is locally diffeo-

morphic to the cuspidal edge or the swallowtail at any singular point.

4.2. Functions on spacelike curves

In this section we define two families of functions on a spacelike curve

which are useful for the studying of singularities of torus Gauss images

and of AdS null surfaces of the spacelike curves. For a unit speed spacelike

curve γ : I −→ H3
1 , we may define a function

H : I × T 2
1 −→ R

by H(s, v) = 〈γ(s), v〉. We call H a torus height function on γ. We

denote that hv(s) = H(s, v) for any v ∈ T 2
1 . Then we have the following

proposition.

Proposition 4.2.1 Let γ : I −→ H3
1 be a unit spacelike curve with

N(s) 6= 0. Then we have the following assertions:

(1) hv(s0) = h′v(s0) = 0 if and only if v = ˜N(s0)±E(s0);
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(2) hv(s0) = h′v(s0) = h′′v(s0) = 0 if and only if v = ˜N(s0)±E(s0),

kg(s0) = 0.

Proof. (1) Since hv(s0) = h′v(s0) = 0, it follows that v⊥γ(s0) and v⊥t(s0).

On the other hand v ∈ T 2
1 , we have v = ˜N(s0)±E(s0).

(2) Since h′′v(s0) = 〈t′(s0), v〉, it follows that hv(s0) = h′v(s0) = h′′v(s0) =

0 if and only if 〈N (s0) + γ(s0), ˜N(s0)±E(s0)〉 = 0. This means that

‖N(s0)‖ = 0. Therefore kg(s0) = 0. 2

We now define a function

D : I ×H3
1 −→ R

by D(s, v) = 〈γ(s) − v,γ(s) − v〉. We call D Anti de Sitter distance-

squared function (or, AdS distance-squared function) on γ. We denote that

dv(s) = D(s, v) for any v ∈ H3
1 . Then we have the following proposition.

Proposition 4.2.2 Let γ : I −→ H3
1 be a unit spacelike curve with

kg(s) 6= 0. Then we have the following assertions:

(1) dv(s0) = d′v(s0) = 0 if and only if there exists λ ∈ R such that

v = γ(s0) + λ(n(s0)± e(s0));

(2) dv(s0) = d′v(s0) = d′′v(s0) = 0 if and only if

v = γ(s0) +
1

δkg(s0)
(n(s0)± e(s0));

(3) dv(s0) = d′v(s0) = d′′v(s0) = d′′′v (s0) = 0 if and only if

v = γ(s0) +
1

δkg(s0)
(n(s0)± e(s0)) and σ(s0) = 0;

(4) dv(s0) = d′v(s0) = d′′v(s0) = d′′′v (s0) = d
(4)
v (s0) = 0 if and only if

v = γ(s0) +
1

δkg(s0)
(n(s0)± e(s0)), σ(s0) = 0 and σ′(s0) = 0.
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Proof. (1) Since {γ(s), t(s),n(s), e(s)} is a pseudo orthonormal frame

of R4
2 along γ and v ∈ H3

1 , there exist η, α, λ, β ∈ R with −η2 + α2 +

δλ2 − δβ2 = −1 such that v = ηγ(s) + αt(s) + λn(s) + βe(s). By the

definition of dv(s) and the condition dv(s0) = 0 we have η = 1. Therefore,

we have v = γ(s0) + αt(s0) + λn(s0) + βe(s0). Since d′v(s0) = 0, we

have 〈t(s0),γ(s0) − v〉 = 0. This means α = 0. It follows from the fact

δλ2 − δβ2 = 0 that β = ±λ. So that v = γ(s0) + λ(n(s0)± e(s0)).

(2) Since d′′v(s0) = 0, we have 〈t′(s0),γ(s0) − v〉 + 〈t(s0), t(s0)〉 = 0. This

means λ =
1

δkg(s0)
.

(3) Since d′′′v (s0) = 0, we have

〈k′g(s0)n(s0)+kg(s0)n
′(s0)+t(s0),γ(s0)−v〉+〈kg(s0)n(s0)+γ(s0), t(s0)〉 = 0.

It follows that
k′g(s0)

kg(s0)
∓ τg(s0) = 0. This is equivalent to the condition

σ(s0) = 0.

(4) Since d
(4)
v (s) = 0, we have

〈(1− δk2g(s))t(s) + k′g(s)n(s) + δkg(s)τg(s)e(s),γ(s)− v〉′ = 0.

This means k′′g (s0) ∓ k′g(s0)τg(s0) ∓ kg(s0)τ
′
g(s0) = 0. So that, we have

σ′(s0) = 0. 2

We now use some general results on the singularity theory for families of

function germs to give a proof of our main result Theorem 4.1.1. Detailed

descriptions at here can be found in [4, 14, 12]. Let F : (R×Rr, (s0, x0)) −→

R be a function germ. We call F an r-parameter unfolding of f , where

f(s) = F (s, x0). We say that f has an Ak−singularity at s0 if f (p)(s0) =

0 for all 1 ≤ p ≤ k, and f (k+1)(s0) 6= 0. We also say that f has an

A≥k−singularity at s0 if f (p)(s0) = 0 for all 1 ≤ p ≤ k. Let F be an

unfolding of f and f(s) has Ak−singularity (k ≥ 1) at s0. We denote the
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(k − 1)−jet of the partial derivative ∂F
∂xi

at s0 by

jk−1( ∂F
∂xi

(s, x0))(s0) =
∑k−1

j=0 αjis
j for i = 1, · · · , r.

According to J. W. Bruce and P. J. Giblin [4] (Page 149 Theorem 6.10),

we have F is versal unfolding if and only if the k× r matrix of coefficients

(αji) has rank k (k ≤ r).

We now introduce an important set concerning the unfoldings relative

to the above notions. The discriminant set of F is the set

DF = {x ∈ Rr| there exists s with F =
∂F

∂s
= 0 at (s, x)}.

Then we have the following well-known result (cf., [4]).

Theorem 4.2.3 Let F : (R × Rr, (s0, x0)) −→ R be an r−parameter

unfolding of f(s) which has an Ak−singularity at s0. Suppose that F is a

versal unfolding. Then we have the followings:

(1) If k = 2, then DF is locally diffeomorphic to C × Rr−2;

(2) If k = 3, then DF is locally diffeomorphic to SW × Rr−3.

Now we can apply the above arguments to our case. Let γ : I −→ H3
1 be

a unit speed spacelike curve in H3
1 , H be the torus height function on γ

and D be the AdS distance-squared function on γ. By Proposition 4.2.1

and Proposition 4.2.2, the discriminant sets of the torus height function H

and of the AdS distance-squared function D are given respectively by

DH = { ˜N(s)±E(s)|s ∈ I}, DD = {γ(s) + λ(n± e)|s ∈ I, λ ∈ R}.

Then we have the following propositions.

Proposition 4.2.4 Let H : I ×T 2
1 −→ R be the torus height function on

a unit speed spacelike curve γ in H3
1 with N 6= 0. Suppose that v ∈ DH

and hv(s) = H(s, v). If hv has A2−singularity at s, then H is a versal

66



unfolding of hv.

Proof. Let γ(s) = (γ1(s), · · · , γ4(s)) ∈ H3
1 , v = (cosθ, sinθ, cosα, sinα) ∈

T 2
1 , we have

H(s, v) = −γ1cosθ − γ2sinθ + γ3cosα + γ4sinα = H(s, θ, α).

Then we have
∂H

∂θ
(s, θ, α) = γ1(s)sinθ − γ2(s)cosθ,

∂H

∂α
(s, θ, α) = −γ3(s)sinα + γ4(s)cosα

and

∂2H

∂s∂θ
(s, θ, α) = γ ′1(s)sinθ − γ ′2(s)cosθ,

∂2H

∂s∂vi
(s, θ, α) = −γ ′3(s)sinα + γ ′4(s)cosα.

So that the 1−jets of ∂H
∂θ

and ∂H
∂α

with constant terms at s0 are given by

j1(
∂H

∂θ
(s, θ, α))(s0) = γ1(s)sinθ − γ2(s)cosθ + (γ ′1(s)sinθ − γ ′2(s)cosθ)s,

j1(
∂H

∂α
(s, θ, α))(s0) = γ4(s)cosα− γ3(s)sinα+ (γ ′4(s)cosα− γ ′3(s)sinα)s.

Let

A =



γ1(s)sinθ − γ2(s)cosθ γ4(s)cosα− γ3(s)sinα

γ ′1(s)sinθ − γ ′2(s)cosθ γ ′4(s)cosα− γ ′3(s)sinα


 .

It is easy to show that

detA = −sinθsinα(γ1(s)γ
′
3(s)−γ

′
1(s)γ3(s))+sinθcosα(γ1(s)γ

′
4(s)−γ

′
1(s)γ4(s))

+cosθsinα(γ2(s)γ
′
3(s)−γ

′
2(s)γ3(s))−cosθcosα(γ2(s)γ

′
4(s)−γ

′
2(s)γ4(s)).

We claim that it will suffice to show that the rank of the 2× 2 matrix A is

2. This means that we have to prove that detA 6= 0.

Since v ∈DH is a singular point, we have v = ˜N(s) +E(s). It follows

that
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γ ∧ t ∧ v = ( cosα(γ2γ
′
4 − γ ′2γ4)− sinθ(γ3γ

′
4 − γ ′3γ4)− sinα(γ2γ

′
3 − γ ′2γ3),

cosθ(γ3γ
′
4 − γ ′3γ4)− cosα(γ1γ

′
4 − γ ′1γ4) + sinα(γ1γ

′
3 − γ ′1γ3),

cosθ(γ2γ
′
4 − γ ′2γ4)− sinθ(γ1γ

′
4 − γ ′1γ4) + sinα(γ1γ

′
2 − γ ′1γ2),

sinθ(γ1γ
′
3 − γ ′1γ3)− cosθ(γ2γ

′
3 − γ ′2γ3)− cosα(γ1γ

′
2 − γ ′1γ2)).

We denote w = γ ∧ t ∧ v and v1 = (cosθ, sinθ,−cosα,−sinα). Then we

have w⊥v, w⊥t, it follows that w ∈ Λ3 and w is parallel to v. So that

〈v1,w〉 6= 0.

On the other hand, since detA = 1
2〈v1,w〉 6= 0. This completes the

proof. 2

Proposition 4.2.5 Let D : I × H3
1 −→ R be the AdS distance-squared

function on a unit speed spacelike curve γ in H3
1 with kg(s) 6= 0. Suppose

that v ∈ DD and dv(s) = D(s, v). If dv has Ak−singularity at s (k = 2, 3),

then D is a versal unfolding of dv.

Proof. Let γ(s) = (x1(s), · · · , x4(s)) and v = (v1, · · · , v4) ∈ H3
1 , we have

v1 6= 0 or v2 6= 0. Without loss of generality, we may assume that v1 > 0,

then v1 =
√
1− v22 + v23 + v24. Therefore, we have

D(s, v) = 2(x1(s)
√
1− v22 + v23 + v24 + x2(s)v2 − x3(s)v3 − x4(s)v4 − 1).

Then we have
∂D

∂v2
(s, v) = −2(x1(s)

v2
v1

− x2(s)),

∂D

∂vi
(s, v) = 2(x1(s)

vi
v1

− xi(s)), i = 3, 4

and

∂2D

∂s∂v2
(s, v) = −2(x′1(s)

v2
v1

− x′2(s)),

∂2D

∂s∂vi
(s, v) = 2(x′1(s)

vi
v1

− x′i(s)), i = 3, 4
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and

∂3D

∂s2∂v1
(s, v) = −2(x′′1(s)

v2
v1

− x′′2(s)),

∂3D

∂s2∂vi
(s, v) = 2(x′′1(s)

vi
v1

− x′′i (s)), i = 3, 4.

So that the 2−jet of ∂D
∂vi

(s, v) (i = 2, 3, 4) at s0 with constant is given by

j2(
∂D

∂vi
(s, v))(s0) =

∂D

∂vi
(s0, v) +

∂2D

∂s∂vi
(s0, v)s+

1

2

∂3D

∂s2∂vi
(s0, v)s

2

= α0i + α1is+
1

2
α2is

2, i = 2, 3, 4.

We claim that it will suffice to show that the rank of the 3 × 3 matrix A

of coefficients (αji) (0 ≤ j ≤ 2, 2 ≤ i ≤ 4) is 3, where

A =




α02 α03 α04

α12 α13 α14

α22 α23 α24


 ,

We denote

a1 =




x1

x′1

x′′1


 , a2 =




x2

x′2

x′′2


 , a3 =




x3

x′3

x′′3


 , a4 =




x4

x′4

x′′4


 .

Then we have

detA =
v1
v1
det(a2, a3, a4)−

v2
v1
det(a1, a3, a4)

+
v3
v1
det(a1, a2, a4)−

v4
v1
det(a1, a2, a3).

On the other hand, we have

γ ∧ γ ′ ∧ γ ′′ = (−det(a2, a3, a4), det(a1, a3, a4),

det(a1, a2, a4), −det(a1, a2, a3)).

Therefore, we have
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detA = 〈(
v1
v1
,
v2
v1
,
v3
v1
,
v4
v1
),γ ∧ γ ′ ∧ γ ′〉

=
1

v1
〈v,γ ∧ γ ′ ∧ γ ′′〉.

Since v ∈DD is a singular point,

v = γ(s) +
1

δkg(s)
(n(s)± e(s)).

Moreover, we have

γ(s) ∧ γ ′(s) ∧ γ ′′(s) = kg(s)γ(s) ∧ t(s) ∧ n(s) = kg(s)e(s).

This means that

detA =
1

v1
〈v,γ ∧ γ ′ ∧ γ ′′〉 = ∓

1

v1
6= 0.

This completes the proof. 2

Proof of Theorem 4.1.1 (1) Let γ : I −→ H3
1 be a unit speed space-

like curve with N(s) 6= 0. We consider the torus height function H :

I × T 2
1 −→ R. According to the implicit function theorem, under the

condition (∂2H/∂s∂v)(s0, v0) 6= 0, (∂H/∂s)(s0, v0) = 0 if and only if

there exits a smooth function f : I −→ T 2
1 such that (∂H/∂s)−1(0) =

{(s, v)|v = f(s)}. By the Proposition 4.2.1, we have f(s) = G±(s). More-

over, (∂2H/∂s2)(s0, v0) = 0 if and only if G±′
(s0) = 0. This means that s0

is a singular point of the torus Gauss imageG±, it follows that the assertion

(a) holds. We now define a functionH: H3
1 −→ R byH(u) = 〈u, v0〉, where

v0 ∈ T 2
1 . Then we have H(γ(s)) = hv0(s). Since H−1(0) = AH(v0, 0) and

0 is a regular value of H, hv0 has the Ak−singularity at s0 if and only if

γ and AH(v0, 0) have (k + 1)−point contact for s0. By Proposition 4.2.1,

Theorem 4.2.3 and Proposition 4.2.4, we have proved that the assertion

(b) is right.

(2) Let γ : I −→ H3
1 be a unit speed spacelike curve with kg(s) 6= 0. By

the definition of ΛD±
γ and simple calculation, we have
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∂ΛD±
γ

∂s
= (1− λδkg(s))t(s) + λτg(s)e(s)± λτg(s)n(s),

∂ΛD±
γ

∂λ
= n(s)± e(s).

Therefore the assertion (a) is right. We now define a function G: H3
1 −→

R by G(u) = 〈u − v±
0 ,u − v±

0 〉, where v±
0 ∈ ΛD±

γ . Then we have

G(γ(s)) = dv±0 (s). Since G−1(0) = AH(v±
0 ,−1) and 0 is a regular value

of G, dv±0 has the Ak−singularity at s0 if and only if γ and AH(v±
0 ,−1)

have (k + 1)−point contact for s0. By Proposition 4.2.2, Theorem 4.2.3

and Proposition 4.2.5, we have completed the proof of Theorem 4.1.1. 2

4.3. Invariants of spacelike curves

In this section we try to explain the geometric meanings of the invariants

σ(s), kg(s) and τg(s) which are defined in §4.1. Let w is spacelike vector

and v ∈ H3
1 , we define a Anti de Sitter null curve (or,AdS null curve ) in

H3
1 by AH(v,−1)∩HP (w, 0). We call it Anti de Sitter null circle (briefly,

AdS null circle) or Anti de Sitter null line (briefly, AdS null line) if w is

spacelike or timelike respectively. We have the following proposition.

Proposition 4.3.1 For a unit speed spacelike curve γ : I −→ H3
1 with

kg(s) 6= 0. Let v±(s) = γ(s)+
1

δkg(s)
(n(s)±e(s)). We have the following:

(1) Suppose that kg(s) is not a constant. Then the following conditions

are equivalent:

(a) v±(s) is a constant vector ;

(b) σ(s) ≡ 0;

(c) γ is located on a AdS nullcone.

(2) Suppose that kg(s) is a constant. Then the following conditions are

equivalent:
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(a) v±(s) is a constant vector ;

(b) τg(s) ≡ 0;

(c) γ is a part of AdS null circle or AdS null line.

Proof. (1) Since kg(s) is not a constant and

v±(s) = γ(s) +
1

δkg(s)
(n(s)± e(s)),

we have

v±′

(s) = t+
(n′(s)± e′(s))δkg(s)− (n(s)± e(s))δk′g(s)

k2g(s)

=
±δkg(s)τg(s)− δk′g(s)

k2g(s)
n(s) +

δkg(s)τg(s)∓ δk′g(s)

k2g(s)
e(s).

Therefore, v±′

(s) = 0 if and only if σ(s) = 0. The conditions (a) and (b)

of (1) are equivalent.

If γ is located on a AdS nullcone AH(v0,−1), we have D(s, v0) ≡ 0,

where D(s, v) is a AdS distance-squared function on γ. By the assertion

(3) of Proposition 4.2.2, we have σ(s) ≡ 0. This means the condition (c)

implies the condition (b). It is obviously that condition (a) implies the

condition (c). So that the conditions of (1) are equivalent each other.

(2) Suppose that kg(s) is a constant c, we have

v±(s) = γ(s) +
1

δc
(n(s)± e(s)).

Then

v±′

(s) = t+
1

δc
(−δct(s) + τg(s)e(s)± τgn(s) =

τg
δc
(e(s)± n(s)).

This means that (a) is equivalent to (b) in (2). We now consider a AdS null

curve given by AH(v±,−1) ∩ 〈γ(s), t(s),n(s)〉R. Assume that v±(s) is a

constant vector, then τg(s) ≡ 0. So that we have e(s) is a constant vector.

This means that AH(v±,−1) ∩ 〈γ(s), t(s),n(s)〉R is constant. Thus γ is

a part of AdS null curve. If e(s) is spacelike we have γ is a part of AdS

null circle. If e(s) is timelike we have γ is a part of AdS null line. Suppose
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that γ is a part of AdS null curve. According to the definition of AdS null

curve, it follows that τg(s) ≡ 0. This completes the proof of the assertion

(2). 2

We remark that by the Theorem 4.1.1, the assertion (1) of the above

proposition suggests that invariant σ(s) depicts the contact between space-

like curves and AdS nullcones, the assertion (2) suggests that two invariants

kg(s) and τg(s) describe the contact between spacelike curves and AdS null

curves.

Proposition 4.3.2 For a unit speed spacelike curve γ : I −→ H3
1 with

N(s) 6= 0. Then we have the following assertions :

(1) s0 ∈ I is a singular point of the torus Gauss image G± if and only

if kg(s0) = 0;

(2) kg(s) ≡ 0 if and only if the torus Gauss image G± is a constant.

Proof. By the proof of Theorem 4.1.1, It follows that (1) is right.

The assertion (2) is a direct corollary of assertion (1). 2

4.4. Generic properties

In this section we consider generic properties of spacelike curves in H3
1 .

The main tool is a kind of transversality theorem. Let EmbS(I,H
3
1) be a

space of spacelike embeddings γ : I −→ H3
1 with kg(s) 6= 0 equipped with

Whitney C∞−topology. We also consider the function Ḡ: H3
1 ×H3

1 −→ R

which is given by Ḡ(u, v) = 〈u−v,u−v〉. We claim that Ḡv is a submersion

for any v ∈ H3
1 , where Ḡv(u) =Ḡ(u, v). For any γ ∈EmbS(I,H

3
1), we have

D =Ḡ◦(γ × idH3
1
). We also have the l−jet extension

jl1D : I ×H3
1 −→ J l(I,R)
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defined by jl1D(s, v) = jldv(s). We consider the trivialisation

J l(I,R) ≡ U × R× J l(1, 1).

For any submanifold Q ⊂ J l(1, 1), we denote Q̃ = I × {0} × Q. Then we

have the following proposition as a corollary of Lemma 6 of Wassermann

[42].(See also Izumiya et al .[14, 12])

Proposition 4.4.1 Let Q be a submanifold of J l(1, 1). Then the set

TQ = {γ ∈ EmbS(I,H
3
1)|j

l
1D is transversal to Q̃}

is a residual subset of EmbS(U,H
3
1). If Q is a closed subset, then TQ is

open.

On the other hand, let f : (R, 0) −→ (R, 0) be a function germ which has

an Ak−singularity at 0. It is well known that there exists a diffeomorphism

germ φ : (R, 0) −→ (R, 0) such that f ◦φ = ±sk+1. This is the classification

of Ak−singularities (cf., [4]). For any z = jl(f)(0) ∈ J l(1, 1), we have the

orbit Ll(z) given by the action of the Lie group of l−jets of diffeomorphism

germs. If f has Ak−singularity, then the codimension of the orbit is k.

There is another characterisation of versal unfoldings as follows (cf., [14,

12, 29]):

Proposition 4.4.2 Let F : (R × Rr, 0)−→ (R, 0) be an r−parameter

unfolding of f : (R, 0) −→ (R, 0) which has an Ak−singularity at 0.

Then F is a versal unfolding if and only if jl1F is transversal to the orbit

˜Ll(jlf(0)) for l ≥ k + 1.

Here, jl1F : (R × Rr, 0)−→ J l(R,R) is the l−jet extension of F given

by jl1F (s, x) = jlFx(s).
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By the above arguments we can prove Theorem 4.1.2 as follows:

Proof of Theorem 4.1.2 For l ≥ 4, we consider the decomposition of

the jet space J l(1, 1) into Ll(1) orbits. We now define a semi-algebraic set

by

Σl = {z = jlf(0) ∈ J l(1, 1)|f has an A≥4−singularity}.

Then the codimension of Σl is 4. Therefore, the codimension of Σ̃l =

I × {0} × Σl is 5. We have the orbit decomposition of J l(1, 1)− Σl into

J l(1, 1)− Σl = Ll
0 ∪ L

l
1 ∪ L

l
2 ∪ L

l
3,

where Ll
k is the orbit through an Ak−singularity. Thus, the codimension

of L̃l
k is k + 1. We consider the l−jet extension jl1D of the AdS distance-

squared function D. By Proposition 4.4.1, There exists an open and dense

subset O ⊂ EmbS(I,H
3
1) such that jl1D is transversal to L̃l

k(k = 0, 1, 2, 3)

and the submanifolds of Σ̃l. This means that jl1D(I ×H3
1)∩ Σ̃l = ∅ and D

is a versal unfolding of dv at any points (s0, v0). By Theorem 4.2.3, the dis-

criminant set of D (i.e., the AdS null surface of γ) is locally diffeomorphic

to the cuspidal edge or the swallowtail if the point is singular. 2
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