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The Lower Norm Of Multiplication Operators And
Champagne Subdomains

Rikio Yoneda  ( Otaru University of Commerce )

Let D be the open unit disk in complex plane C. For z,w € D, 0 < r < 1,
let ., (2) = lw __Zz and let p(z,w) = 1w __Z and D(w,r) = {z € D, p(w,z) < r}.
— — Wz

Then the Euclidean center and radius of D(w,r) are

1—7? 1—|wl?
C=—— =7
1-—7“2]w|2w7 1 —r2jw|?

For ¢ > 0, the space L is defined to be the Banach space of Lebesgue
measurable functions f on the open unit disk D with

I £ llzge=sup (1 - Izlz)a |f(2)] < +oo.
zeD

Let H(D) be the space of all analytic functions on D. Then the Bloch-type
space B® of D is defined by

B* = H(D) N L.

The space of bounded analytic functions on D will be denoted by H.

Let v: D — R", radial weight, continuous strictly positive function on D such
that the weighted Banach spaces H° = {f € H(D) : supv(2)|f(2)| < oo} contains

z€D

a non-zero function, where v(z) = v(]z|). )
In the case of v1(2z) = (1 — |2|*)*, then it is clear that H® = B* is the Bloch-type
spaces.

For @ > —1 and p > 1, the space L” ((1 - |z|2)adA(z)> is defined to be the
space of Lebesgue measurable functions f on D such that

I leraepreasin={ [ 1P+ 1)(1 - |22)7dAE)} P < +oo,



where dA(z) denote the area measure on D. The weighted Bergman space is defined
by
1 (1= |2)°dA(2)) = H(D) N L7 (1 — |2[*)*dA(2)) .

For a > —1 and p > 1, the weighted Dirichret space D} is defined to be the
space of analytic functions f on D such that

/D(l — 2| F (2)P(a + 1)dA(2) < +oo.

In the case of @ = 1 and p = 2, then D! = H? is the Hardy space. In the case of
a =2 and p = 2, then D = 2 is the Bergman space.

Let X, Y be Banach spaces and let 7" be a linear operator from X into Y.
Then T is called to be bounded below from X to Y if there exists a positive constant
C > 0 such that | T'f |[y> C || f ||x for all f € X, where || * ||x, || * ||y be the
norm of X, Y, respectively.

And the lower norm is defined by the following:

L(T)= inf || Tz |y .

llzllx=1

For g analytic on D, the multiplication operators M, is defined by the following:

Mqy(f)(2) = 9(2)f (2)-

With respect to the lower norm, it is open problem to calculate it. In fact,
although a large number of studies have been made on the closed range operator,
little is known about the lower norm of the operator. The purpose of this paper is
to evaluate the lower norm of the multiplication operator on some Banach spaces.
And that we characterize ”champagne subdomain” that D \ D(w,r,) = D\ {z €
D, |pw(2)] < ry} is a sampling set for some Banach spaces.

Definition. Let o > 0. A set T of the open unit disk D s called a
sampling set for B if there exists a positive constant C' > 0 such that

sup(l — |2[*)%| f(2)] < C'sup(1 — |2[*)*| f(2)],
z€ED zel

for all f e B~



In [20] we studied the multiplication operator M) on the weighted Bergman
spaces that have a closed range using sampling set for B*.

Theorem. ([20]) Let o > 0. For any inner function ¢, the following
are equivalent.
(1) M, is bounded below on L? <(1 — |z[2)2°‘dA(z))
(2) There exists a positive constant ¢ > 0 such that {z € D, lp(2)| > e} is a
sampling set for B<.

. 2\«

(3) inf {sup(1 = lpu(2)P)"le(2)1} > 0.
(4) ¢ is a finite product of interpolating Blaschke products.
(5) For somee > 0and0 < r < 1the area of the subset of the disc D, , = {w cp(z,w) < T}
where |p(w)| > € is comparable to the area of the whole disc D,,, z € D.

Moreover

Lth) = i

{sup(1 = lpu(2) ) R()1}-

In (3], J.Bonet, P.Domanski and Lindstrom proved the following.

Theorem. ([3]) Let v(z) = e T, Then the lower norm of My, :
H>® — H tends to zero as |w| — 17,

In [5], K.Cichon and K.Seip proved the following.

Theorem. <£52]) Let v € C*(D) be a radial weight and set —Alogv(z) =
f(2). Suppose (1 —r*)*f(r) /* +oo0 as r — 17. Then the lower norm of M,, :
H$ — H tends to zero as |w| — 17.

A 1
Proposition 1. Let § > 0 and v(z) =e G=7. For w € D, the
following are equivalent:



(i) The multiplication operator M, : H® — HE is bounded below.

(17) There exists a positive € > 0 such that {z € D, |pw(z)| > e} s a sampling
set for HS°.

1
Theorem 2. Let 6> 0 and v(z) =e - and w € D. Let L(M,,) be
the lower norm of the operator M, : H® — HS®. Then there exists a positive
constant K > 0 such that

L(M,,) < K(1 - |w])3.

o1

Coroﬂary 3. Let 6> 0and v(z) =€ G207, If there exists a positive

Ty such that D\ D(w,r,) is a sampling set for HS®, then there exists a positive
constant K > 0 such that r, < K(1 — |w|)3.

As a general consequence for a general weight v € C*(D), we have the follow-
ing result.

Theorem 4. Let n € D. Let v € C*(D) be a radial weight and set
—Alogu(z) = f(z). Suppose (1 —1*)*f(r) / 400 as r — 17. Let L(M,,) be the
lower norm of the multiplication operator M, : H$® — H°. Then there exists
a v, € (0,1) such that for some constant K > 0,

L(Mwn> < KC(’V,])_%7

where C(v,) = (1 =¥2)* f ().

Corollary D. LetneD. Letve C%*(D) be a radial weight and set
—Alogv(z) = f(2). Suppose (1 —12)2f(r) /' +oo as r — 17. If there exists a



positive r, such that D\ D(n,r,) is a sampling set for HS°, then there exists a
vy € (0,1) such that for some constant K > 0, r, < KC(v,)"3, where C(v,) =
(L= 9)f ().
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Almost commuting three unitaries
and Z*-actions of the Jiang-Su algebra,
a joint work with Hiroki Matui

Yasuhiko Sato

Department of Mathematics, Hokkaido University,
Sapporo 060-0810, Japan
e-mail : 8053018@math.sci.hokudai.ac.jp

In this note, we give a survey of the studies for almost commuting unitaries
and we obtain a result of Z? actions on the projectionless algebra, which is called
the Jiang-Su algebra. This result is an application of the theorem for almost
commuting three unitaries. Throughout the note, we use My, d € N to denote
the algebra of d X d matrices with complex entries, U(My) the unitary group of
Mg, and M} the set of norm one elements of M;. We set [a,b] = ab — ba for a,
b € M,. We denote by try the normalized trace of My. The branch of log is the
negative part of the real axis.

1 Almost commuting three unitaries

First, for almost commuting two unitaries we recall the following example given
by D. Voiculescu in [Vol].

Example 1.1. We set unitaries d,, € U(M,,), n € N by
d, = diag(1, exp(2nv—1/n), exp(dnv/—1/n), ...,exp(2(n — 1)7v/—1/n)),

and set s, € U(M,) as the shift unitary. Then it is well-known that lim,_,

[l[dn, sn]ll = O, but there exist no two unitaries d), and s/, € M, such that
lim ||d}, — dy|| = 0, lim ||s, — s,|| = 0, and [d/,, s,] = O for any n € N, because of

tr, olog(dnsndysy,) = exp(—2mv—1/n).

Regardless of this example, the following theorem was proved by S. Eilers,
T. A. Loring, and G. K. Pedersen.

Theorem 1.2 (Corollary 6.15, [ELP]). Let k,, n € N be an increasing sequence.
Suppose that u1 n, vz, € U(My, ), n € N satisfy that

(1) Jim |[[u,n, uznlll =0,



(if) try, olog(uinugnui ,us,) =0, n €N,
Then there exist u} ,,, uy, € U(My,), n € N such that

lim [|luf, —u;nl =0, i=12,

n—oo
[U] U5, ,,] = 0, for any n € N.

The original problem given by P. R. Halmos for almost commuting two self-
adjoint elements was affirmatively solved by H. Lin, [Linl].

On the other hand, for almost commuting three unitaries there occurred a
seemingly different phenomenon. The existence of the following example was
proved by D. Voiculescu in [Vo2], and concrete examples was given by K. David-
son in [Dav].

Example 1.3. There exist k, € N, n € N and three self-adjoint elements

Qi € M,%n, i = 1,2,3, n € N, satisfying that: lim, o |[[@ain,a;n]] =0, i,

Jj =1,2,3, but there exist no three self-adjoint elements a;m € My,,1=1,2,3,

such that lim [|a;,, —ai .| =0, i=1,2,3, and :
a5y, ] =0, 4,5 =1,2,3, for any n € N.

Jm

By these three self-adjoint elements a; ,, we obtain almost commuting three uni-
taries u; , = exp(mv—1a;,/2), i = 1,2, 3 satisfying that: lim, o [|[@in, u;n]]| =
0, Z?] =1,2,3,

try, olog(uinu;nu; ,uj,) =0, i,5,=1,2,3, for any n € N,

but there exist no three unitaries v} , € U(My,), i = 1,2, 3, such that lim [|ju; , —
uinll=0,i=1,2,3, and

[} s 05 ,] =0, 4,5 =1,2,3, for any n € N.

Regardless this example, we have the following theorem which is a corollary
of theorem proved by G. Gong and H. Lin, [GL]. If a sequence of unitaries
Uy, € U(Myg,), n € N satisfies

n—o0

fim_ e, (7(u.)) = [ fOautt), 1 € C(T)

where p is the normalized Haar measure on T (see [BEK]), we say that sp(uy,)
is uniformly distributed on T .

Theorem 1.4 (A corollary of Theorem 1.5 in [GL]). Let k,, n € N be an
increasing sequence. Suppose that u;, € U(My,), i =1,2,3, n € N satisfy that:

(i) nh—EEO ||[ui,n7uj,n]H = 0! Z?j = 172)3) .

(ii) trkn olog(uianujanu:,nu;,n) = 0} Za] = 17 27 37 ne N;



(i) for any (j1,j2,4s) € Z*\ {(0,0,0)}, sp(ul’,ud,uf’,), n € N are uniformly
distributed on T.

Then there exist u;,, € U(My,), i =1,2,3, n € N, such that

Jim i, —winll =0, i=1,2,3,

(W] 5] =0, 1,5=1,2,3, for any n € N.

7,m

2 The Jiang-Su algebra

In this section, we recall the construction of the Jiang-Su algebra. We define
the prime dimension drop algebra by the following

I(k, k +1) := {f € C([0, 1], Mk(r11)); f(0) € My & 141, f(1) € 1k ® Mt}

It is easy to see that I(k,k + 1) is a projection less C*-algebra which satisfies
that

(Ko(I(k, k+1)), Ko(L(k, k+1)) 1, [lyk,k11))) = (Z,Z4,1), Ki(I(k,k+1)) = {0}.

The Jiang-Su algebra Z is the inductive limit C*-algebra which is unital,
simple, and with a unique trace 7. The following properties were proved by
Jiang and Su.

ZZ=Z, K.(Z)=K,.(C),

and any o € Aut(Z) is approximated by inner automorphisms of unitaries
Uy, € Z as
a(a) = limuyau),, a € Z.
Recently, Toms, Lin, Niu, and Winter showed the following classification
theorem in [Tom|, [LN], [Win].

Theorem 2.1 (Toms, Lin-Niu, Winter). Let A and B be unital simple ASH-
algebras with a unique tracial state. Suppose that

ARZ>A BRZ=B, K.A)=K.B).
Then we have A = B.

3 Z2-actions

Let (7,, H;) be the GNS-representation associated with the unique trace 7 of
Z. For u € U(Z), set Adu(a) := uau*, a € Z, and set

WInn(Z) :={a € Aut(2); m,oa=AdWor,, WE WT(Z)w}.

For Z-actions of the Jiang-Su algebra Z, we obtained the following theorem
in [Sat]. In the proof of this theorem, we essentially use the result of almost
commuting two unitaries, Theorem 1.2.



Theorem 3.1. Suppose that o, 3 € Aut(Z) satisfy o, 8% ¢ WInn(Z), for any
k € N. Then there ezxist 6 € Aut(Z) and u € U(Z) such that

a=Aduodofod L.

Similarly using the result of almost commuting three unitaries, Theorem
1.4, for Z*-actions on the Jiang-Su algebra Z we can obtain the following main
theorem in [MS].

Theorem 3.2. Let a, 3 be Z? actions on Z. Suppose that oy, 3, ¢ Wlnn(Z),
for any g € Z*\ {(0,0)}. Then there exist § € Aut(Z) and uy € U(Z), g € Z?
such that

Qg :Adugoﬁo,@goé_l, g €7
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C*-algebras generated by composition operators

with finite Blaschke product symbols
(GFR Blaschke 8% VRV &5 2 GEHAHEN S
EbN% C* IR)

Kyushu University Hiroyasu Hamada

(FUNRZRZEGRERA)T) (EH  #ER)

=

This is a joint work with Y. Watatani.

Let R be a finite Blaschke product of degree at least two with R(0) = 0. Then there
exists a relation between the associated composition operator Cg on the Hardy space
and the C*-algebra Og(Jr) associated with the complex dynamical system (R°"), on
the Julia set Jr. We study the C*-algebra 7Cgr generated by both the composition
operator Cr and the Toeplitz operator T, to show that the quotient algebra by the
ideal of the compact operators is isomorphic to the C*-algebra Og(Jr), which is simple
and purely infinite.
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2 Toeplitz-composition C*-algebras
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Morrey spaces for non-doubling measures

Yoshihiro Sawano and Hitoshi Tanaka

Abstract

The aim of this report is to discuss some function spaces with the underlying
measure p non-doubling.

1 Metric measure space setting

Here we place ourselves in the setting of a metric measure space (X, d, ). By dou-
bling we mean that there exists a constant C > 0 such that u(B(z,2r)) < Cu(B(z,r)),
where B(z,r) stands for the open ball centered at z of radius » > 0. So that, we
have to work on the metric measure space (X, d, u) such that p may fail the doubling
condition.

To consider how the doubling condition was important, we take up the following
5r-coverling lemma.

Lemma 1.1. Suppose that we are given a finite number of balls By, Ba,--- ,Bn. Then
after relabelling, we can find M < N so that:

1. By, By, -+, By are mutually disjoint;

2. any Bj is engulfed by 3By ;) with k(j) € {1,2,---,M}. where 3B is the triple of
B.

Based on this covering lemma, we can prove the following theorem on the maximal

operator.
1
_ L
Mf(x) BSE%%) M(B>/B|f(y)ldu(y),

where B(z) denotes the set of all open balls containing z. Suppose that (X,d,p) is a
metric measure space and that 4 is a Radon measure. Assume in addition that p is
doubling: wu(B(z,2r)) < D u(B(z,r)) for all z € R™ and r > 0. Then we have

D2
p{Mf > A} < *j\‘”f”l

To illustrate how important the doubling condition was, let us prove this theorem.



D2
Proof. We need to prove that u{Mf > A} < TH fll1- By the Radon property,

. . D? .
the matter is reduced to proving that u(K) < T“ flli for all compact sets K in-

cluded in {Mf > A}. Let x € K € {Mf > A}. Then from the definition of the
maximal operator we can find y, € X, r, > 0 such that x € B(yz,r:), and that

1
e / [f(¥)ldu(y) > A By the compactness of K, we can find a finite
w(B(Yz,Tz)) B(yz e

N
number of points z1, 22, -, 2y so that K C U B(Yz,;,7z;)- To simplify the notatiion
j=1
let us write Bj = B(yx;,7,). By virtue of the lemma, if we change the label of B;’s,
L
then we have Z xB; <1, xk < Z x3B; for some L < N. Hence it follows that
j=1 j=1
L
W(K) < uB3B)) 1)
j=1
By using the doubling condition twice, we have
p#(3B;) < u(4B;) < Du(2B;) < D*u(Bj). (2)
Also observe that )
—— [ [f@)lduly) > A, (3)
w(B;) /Bj
1

which is a consequence of / |f(y)] du(y) > A. (3) implies that
B(yTarT)

(B(Yz,72))

<3 [, Wl = 5 [ 3wl )

Putting together (1), (2) and (4), we obtain u(K / Z XB; y)| du(y).
L

Now that we have ZXB < 1, it follows that u(K) < ——/ |/ (y)| du(y). This is what
j=1

we desired. 0

In our theorem, it is absolutely necessary that u is doubling. Otherwise, we can
construct a counterexample. Indeed, let (X,d) = (R?, dgucia), p(w1,22) = exp(|a1| +
|zo|) dzy dzo. Then (X, d, p) is a counterexample showing that M does not satisfy the
inequality of the theorem: More precisely, no matter how big the constant C' > 1 is,
the inequality

D2
WM > A< ==[flh

fails.



However, Volberg, Nazarov and Treil noticed that the doubling condition is super-
flous anyway [1, 2]. It just suffices to overcome the following disadvantage: We cannot
use u(3B;) < p(4B;) < Du(2B;) < D?u(B;). To bypass this inequality, we just need

1
pu(3B;) < \ [f(y)| dp(y) in (4). So the definition of the maximal operator needs to
Bj
1
be modified. We used M f(z) = sup —— / |f (y)| du(y), but we should have used
BeB() M(1B) Jp

1
Mf(x)= sup —— / |f(y)] du(y). This was a breakthrough to the theory of non-
BeB(x) H(3B) Jp

doubling measures. I observed that the number 3 is sharp, while Terasawa noticed that
the number 3 should be improved somehow in some other settings [3, 4]. To formulate
our results, let us set

‘() = su N
M) = s o 1@ duw

and

N 1
M - ~ - du(y),
rf(z) BEB(;)l,lE)(B):m u(kB)/Blf(y)l 1(y)

where ¢(B) denotes the center of B.
Let us summarize what we can say about the modification rate in the inequality

C N
p{Nef > Ap < £l with N = M, M.

Theorem 1.2 (Nazarov, Treil and Volberg, [1]). The number k = 3 suffices for M.
Here C' can be taken C = 1.

Theorem 1.3 (S., [3]). The number k = 3 is sharp for My, in a certain metric measure
space. Also, C =1 is sharp.

Theorem 1.4 (S. and Teresawa, [3, 4]). The number k = 2 suffices for M. Here C
can be taken C = 1.

Theorem 1.5 (S., [3]). The number k = 2 is sharp for My, in a certain metric measure
space. Also, C =1 is sharp.

2 Euclidean setting

Let us turn to the theory of R%. The situation is quite different due to the covering
lemma given below.

Theorem 2.1. For all k > 1 there exists an integer N = Ny, depending only on the
dimension and k, that satisfies the following:

Let {B(xx, 7)) }rer be a family of balls in Euclidean space endowed with a standard

distance. Suppose that supr) < oo.
A€l



Then we can take disjoint subfamilies
{B(llp’ TP>}pEL1a {B(xp’ TP)}PEL27 B {B(wp’ TP)}/JGLN

such that U B(xy,ry) C U U B(x,, kr)).
AEL j=1,...,N pEL;
With this theorem, we can obtain a series of information on Mj,.
Theorem 2.2 (S., [3]). My is bounded, if k > 1.
Theorem 2.3 (S., [3]). If 1<k <oo, 1 <p<oo, 1< qoo, then we have
1/q 1/q
> (Mifj) < Cpgie ||| 21517

JEZ JEL
p P

Theorem 2.4 (S., [3]). We have the dual inequality

[ le@linte) < St [ Mug)lfe)ldute)
{Mpf>N}

if b>a > 1, where Cyy is a positive constant depending on a,b and d.

Proposition 2.5 (S., [5]). The case when a = b is not available in general in the
above theorem.

3 Morrey spaces

Now we turn to Morrey spaces. Morrey spaces are named after C. Morrey [6].
C. Morrey had been considering the elliptic differential equation and used the lemma
together with a norm called the Morrey norm later. In the Lebesgue setting the Morrey
norm is given by

1
11 . q
15 Myl = sup Q7% ([ 1wtay) 1 <a<p <o
QeQ Q
where Q denotes the set of all cubes with all sides parallel to the coordinate axis. Our

aim here is to present a suitable definition of the Morrey norm adapted to the general
measure u. A natural candidate is

17 + 20,01 = sup @34 ([ 7)1 duty )

However, the maximal operator, which is fundamental for analysis, is not bounded on
this space. We noticed that the following definition is suitable.

If : MGk, ) = sup p(k Q) s 1@ duy ket
q
QeQ(1)



where Q(p) is the subset of all Q € Q such that u(Q) > 0. Actually, we have established
the following proposition.

Proposition 3.1. Let k > 1. Then
| < 29|f + ME(2k — 1, )]

If = MGk =1, w)l < [If + MGk, 1)
In particular, the norms

1= Mgk, wll, I1Lf = MEG(k2, )l

are mutually equivalent whenever ki, ko > 1.

Proof. In view of the definition

and the fact that 1 < g < p < oo, the proof of
If s MERE =1, ) < |[f = MGk, )|

is simple. The crux is to prove the converse inequality. To this end, from the definition,

E(/lf )1 du(y ),/«>1

”\'H»—A
—

If: MGk, w = sup p (kQ)
we have only to prove

Q)1 (/ )l duly > <2 f : MB(2k— 1, ). (5)

To this end we bisect @) into Q1,Q2, - ,Qs¢, which are of the same size. Then a

geometric observation shows that

Q) (/ )1 duly ) <If - MEEE -1, ). (6)

-

for each i = 1,2,---,2% Thus, adding (5) over i = 1,2,--- ,2", we obtain (6). O

Proposition 3.2. The norms

MBI s MEL

are not mutually equivalent.

Theorem 3.3. My is M(2, p)-bounded if k > 1.



4 Related function spaces

1.

(Campanato spaces)

Y. Sawano and H. Tanaka, Equivalent norms for the Morrey spaces with non-
doubling measures, Far East J. Math. Sci 22 (2006) No. 3, 387-404.

(The predual)

Y. Sawano and H. Tanaka, Predual of Morrey spaces with non-doubling measures,
to appear in Tokyo Journal of Mathematics

(Besov-Morrey spaces)

Y. Sawano and H. Tanaka, Besov-Morrey spaces and Triebel-Lizorkin-Morrey
spaces for non-doubling measures, Math. Nachr.
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A characterization of commutative convolution
measure algebras

Jyunji Inoue (a prof. emeritus from Hokkaido Univ.)
(AEBER A B AR )
and
Sin-Ei Takahasi (Yamagata Univ)
(LB R #1225

Abstract We consider a theorem which gives necessary and sufficient conditions for a partially
ordered commutative Banach algebra to be a convolution measure algebra.

A measure space M(X,X) is a partially ordered Banach space of bounded complex
measures on a measurable space (X, ) with the usual addition, scalar product, norm and
an order defined by the cone of positive measures M(X,%),..

Definition 1 An L-subspace of M (X,X) is a closed subspace M which satisfies,
TweMX,E), pEM, w<<pu SweEM

Although the original definition of complex L-spaces were given axiom-ally, we give below
a definition following that of Taylor [4]. For other definitions and representation theorems
of complex L-spaces, we refer to [2] and [3].

Definition 2 A partially ordered, complex Banach space 3 is called a complex L-space
if it is isomorphic and isometric, in an order-preserving fashion, to an L-subspace of some
measure space M (X, X).

The concept of convolution measure algebras was introduced in 1965 by J. L. Taylor [4]
(see also [5]).

Definition 3 A convolution measure algebra is a partially ordered complex Banach
algebra (M, -, | ||, <) such that
(i) (M, || |I, <) is a complex L-space,
(i) If we put M = {p € M : p > 0}, the following (a) and (b) hold.
() If 1,0 € Ry, then - v > 0 amd - v = 4 ],
(b) Let w, pi, v be in M, with w < p-v. Then, for any € > 0, there exist {u;}7_, {vr}re,



C M, and a set of numbers {aj,k};?”,;i’__l C [0, 1] such that

Z“l<'“’ uk<1/and “ZZajku] l/k—u)H<€

7j=1 k=1

Group algebras and measure algebras on locally compact groups, measure algebras on
locally compact topological semigroups as well as their L-subalgebras (i.e. subalgebras
which are also L-subspaces) are examples of convolution measure algebras (cf. [5]).

In this note, we restrict ourselves to only commutative cases.
In [4], J. L. Taylor proved a remarkable representation theorem of commutative convo-
lution measure algebras.

Definition 4 Suppose that S is a compact abelian topological semigroup. M (S) denotes
the usual measure algebra of bounded regular Borel measures on S with the convolution
multiplication. A semicharacter on S is a complex-valued homomorphism on S. The set
of semichacters on S will be denoted by S.

Theorem 1 (Taylor’s representation theorem [4, 5]) Suppose that 9 is a commutative
semisimple convolution measure algebra. Then there exist a compact abelian topological
semigroup S and an order-preserving isometric isomorphism 6 : g — pg : M — M(S), and
a bijection 7 : A — S such that

(a) The Gelfand trasform fi of € M is given by fi(p) = [(7(@)dus (1€ M, € A),

(b) S separates points in S,

(c) 0 has a weak*-dense range in M(S).

S in Theorem 1 is called the structure semigroup of M, which is uniquely determined
by M. Using Theorem 1, we are able to show that a commutative semisimple convolution
measure algebra satisfies the following set of conditions («).

Proposition 1 ([1]) Let (M, <, A) be a commutative semisimple convolution measure
algebra. Then M satisfies the following set of conditions:

(a) (i) We can define a multiplication - and an involution * in Ag := AU {0} such that
(Ao, -, *) becomes an abelian semigroup with involution, which has an identity element I
with 1* = 1, and following statements are true:

(a) Forp € M, p € My == {pu € M: > 0} if and only if fi is positive definite on A.
(b) For u € M, there exist p1, po, i3, ta € My such that

o= pn = pip +ipg — ipg with |l < Jlpll (G =1,2,3,4).

(c) Vp € A and Y € M, Iu¥ € M such that /}z(go) =u(p- ) (p€A).
(d) For p € My, v € A and c € {1,—1,4,—i}, we have p+ §u¥ + Su¥” € M.
(e) For € My, we have ||u| = i(1).

(ii) (a) [Ipllap: = sup{] 22, ciii(ps)l - p € Mo, |lpll <1} (p= 32, ¢ip; € span(Ay)).



(b) [lpell = sup{| 225 ¢;il)) |: p = 32, ¢ieps € span(A), [Ipllaps <1} (n € W).
Conversely, we can prove the following proposition.

Proposition 2([1]) Let (W, A, <) be a partially ordered commutative semisimple Banach
algebra. If (M, A, <) satisfies the set of conditions («) in Proposition 1, then (W, A, <) is
a convolution measure algebra.

[outline of the proof] By the assumption («), we can define multiplication - and
an involution * in Ay := A U {0} so that (Ay,-,*) becomes an abelian semigroup with

involution.

Let Dgp(Ao) := {0 : a complex function on Ag s. t. 0(0) = 0,|o|lpe < oo}, where
lollse = sup{| 22, cio(e;) |- p = 32, ¢ip; € span(Ao), [lpllgp= < 1} The set Dpp(Ao)
is an algebra under the pointwise addition, scalar multiplication, and | | gg-norm. If

we introduce in Dgg(4Ag) an order 7o > 0 if and only if o is positive definite on Ag”,
then (Dpg(Ao), || ||Be, <) becomes a partially ordered commutative Banach algebra. Also,
Dpp(Ap) is a locally convex space with respect to the simple convergence topology on A.

Write Dpg(Qo)} := {0 € Dpp(Ag) : 0 > 0,0(1) = ||o||pr}. Then Dggr(Ag)! is a com
pact convex set Wlth respect to simple convergence topology on Ag. We write the set of
extreme points of DBE(AO) by ex[Dgp(Ag)L ] Then we can prove that ex[Dpg(Ag)!]
coincides with Ag, where Ay = {o € Dpp(Ao)L : a(p- ) = a(p)o(¥),o(v*) = a(p)}.
Thus ex[Dgg(Ap)’] becomes an abelian semigroup, which we write S. S is a compact
abelian semigroup. For ¢ € A, we put 7(p)(s) := s(¢) (s € S), then 7(p) € S, where S is
the set of non-zero semichacters on S. Using the Krein-Milman theorem, we can define an
order-preserving Banach algebra isomorphism 6; : Dpg(Ag) — M(S). Since the Gelfand
transform 60y : it — fi : M — Dpp(Ag) is a Banach algebra isomorphism by (ii) (b) of (a),
we get an order-preserving algebra isomorphism 6, 06, :  — 0(j1) : M — M (S). Therefore
we can get that (M, <) is a convolution measure algebra. In this case, it turns out that S
is the structure semigroup of M.

Combining Proposition 1 and 2, we get the following theorem which characterize a
partially ordered commutative semisimple Banach algebra to be a convolution measure
algebra.

Theorem 2 ([1]) Let (W, A, <) be a partially ordered commutative semisimple Banach
algebra. Then (M, A, <) is a convolution measure algebra if and only if it satisfies the set
of conditions (a) in Proposition 1.

The detailed proof of Theorem 2 will appear elsewhere in the near future.
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An inequality of measures of analytic type on certain compact groups

Hiroshi Yamaguchi (Josai University)

Abstract

Let T and Z be the circle group and the integer group, respectively. Let
M(T) be the measure algebra on T. For y € M(T) and F C Z, put
lpllg = inf{||v| : # = fpon E}, where fi denotes the Fourier transform of
u. Pigno and Smith proved the following theorem:

Theorem ([8, Theorem V]).  There is a constant C > 0 such that
for any sequence < D,, >7° of symmetric dyadic intervals in Z and any
analytic measure y on T,

We state that an inequality similar to the one in the above theorem holds
for certain (noncommutative) compact groups.

§1 R

T & Z IZENEI circle group, integer group & L, Z* ZIEA 7%
2 LT5. M(T) Z@Eo T EoFRERRED Banach 25 &5
5. pe M(T) XL, o % p @ Fourier ¥ L 325 (e, i(n) =
Jre~™du(0) (n € Z)). Mz+(T) ={p € M(T): a(n) =0 Vn <0} £ B
. %7z, pe M(T), ECZZxFL,

lulle = sup{] Y cait()] | cne™ e S 1, n € E}

L BL.

nk+1/nk z 2 (Vk S N) f.ﬁé Z+ @%Iﬁ“ {’I’Lk} ZPT??:E L‘ Dk - {m €EZ:
—ngey1 <M S —ngptU{m € Z:ngy Em < ngga} (K=1,2,3,---) D
L&, <Dy, > % ZIZBI} % symmetric dyadic intervals D% &5,
Pigno & Smith iX [8] TROTEHEHT-.



EH ([8, Theorem V]). EH C > 0 BFEEL, [EBED Z BT
symmetric dyadic intervals D% < D, > & p € Mz+(T) (Zxf L.

= lullo
> < O,
k=1

ZIZTik, HOMED (FEFHE) a7 FEEIZBWTYH, EOEH LA
PLOFERNBEE D SIS Z L Bk B.

§ 2 YEfE

K %Zauv2Xy MEE L, Yk # K @ dual object ¢35, mg iX K ®
Haar measure &9 5%. Z(K) # K OHlé L, GC Z(K) % K O
HSRELTD. £, G % G @ dual group & T 5.

Y :G - REZHATRVERMELLL, ¢ : R - G % ¢ ® dual
homomorphism & 9% (ie., (#(t), v) = exp(i)(y)t) for t € R and v €
&)

ceEXgIIHL, U % g lZBL, Kt d, P H, ZRBEEME LT
Ff>. K @ continuous irreducible unitary representation &3 5.

%% &, Schur’s lemma ([6, (27.10) Corollary]) £V, 3y : Xx — G:
map s.t.

(2.1) ) = (z, (o)) (z€G, o€ k).
{HL., U € o, I identity operator on H,.
T(K) Z K £ trigonometric polynomials DZEfH] &4 5. T72bb,

TK) FB% - < U n> (0 €Sk &,n€ H,) D—RIEALIED
fH.

He}

C(K): K EoEfBEeikozzm.
M(K): K LR FIERIE D Banach 22 (M(K) = C(K)*).

p€ MK)IZXL, o % p @ Fourier B &3 5%.
ie,oc€ ¥k, §,ne Hy IZx L,

22) < p0)e, n>= [ <TV¢ 0> du(z).



AL, Uia) = D,USD, <. D, it H, £® conjugation.

EE {$° “@%@méﬂtﬂ'@Eﬁ AREEL L L X,

D, i%, D, Zajﬁ(a) Za,ﬁ(a) (; €C) ITEVERSNIZHD.

spec(p) = {0 € Xk : j(o) #0} £BL. EC Ik XL,
Mp(K) = {n € M(K) : spec(u) C E}

LE<. Ei, Cp(K), Sp(K) bRBICEETS.

peMK),EcCGizxtL,
lulle = sup{I/ f(@)dpu(z)| : f € Te(K), | flo = 1}
K

ER<.

§3 fEE

o < Dy > RIZEIT % symmetric dyadic intervals D%l
ﬁ El{wk}‘l” C

(0, 00): sequence s.t. wgy1 = 2wy and
Dy = (—waks1, —wor] U [war, wors1) (VE 2 1).

o < D¥°7 >%°: sequence of symmetric 1 o y-dyadic intervals in g
<= 3 < D, >{° : sequence of symmetric dyadic intervals in R

def.
s.t. DY = 4~Y(yp~1(D,)) forVn = 1.

o Y4 :={c€Xk:¢Y(y(oc))20} &L,
My (K) = {1 € M(K) : (o) = 0 for¥o ¢ 4}

EB<.

WROEHIL, [8, Theorem V| & [FERIZFEATE 5.



EH31. EEC > 0DBHFEL, FED Bk BT D symmetric
1 o y-dyadic intervals D%l < D > & pe My, (K) \ZxfL,

<] pen
S —2 < clul.
k=

1

EH 31 LY, RORBELND.
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BOHR INEQUALITY FOR OPERATORS

MASATOSHI FUJII

1. BOHR INEQUALITIES FOR OPERATORS

Let H be a complex separable Hilbert space and B(H) the algebra of all bounded
operators on H. The absolute value of A € B(H) is denoted by |A| = (A*A4)Y/2.
The classical Bohr inequality [2] says that

la+ b|* < plal® + qb|?

for all scalars a, b and p, ¢ > 0 with 1/p+ 1/g = 1. The equality holds if and only if
(p—1)a=0.
For this, Hirzallah proposed an operator version of Bohr inequality:

Theorem 1.1. If A and B are operators on a Hilbert space, and ¢ > p > 0 satisfy
1/p+1/q=1, then

|A= B +|(p—1)A+ B> < p|A|* + ¢|B]*.
Afterwards, several authors have presented generalizations of Bohr inequality.
Theorem 1.2. If A,B € B(H), %—k ﬁ =1,and1 <p<2 ie,q>p>1, then
(i) |A=B]’+|(p—1)A+ B* < p|A]* +q|BJ?,
(i) |A—=B|*+|A+(q-1)B|* > p|A]® +q|BJ*.

On the other hand, if p < 1, then
(iti) |A— B> +|(p—1)A+ B> > p|A]® + ¢| B*.

Theorem 1.3. If A,B € B(H) and |a| > |0, then

a
A= B+ 1A+ lalBF < (14 %w 1+ :ﬁ')IBI?
We note that it unifies the following inequalities:
(i) If @ > || = —f, then
a-pf+ 1 e < 0 Bhjap v Simr

(ii) If 0 < a < -0, then

2 o avae s a4 Phee
||A+B| (1+|m)|A|+( = IBI.

Next we state Bohr inequalities for multi-operators.

|A— B* + |
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Theorem 1.4. Suppose that A; € B(H), and r; > 1 for i = 1,2,--- ,n with 3, + = 1.
i=1 °
Then

i=1 i=1

In other words, it says that K(z) = |z|? satisfies the (operator) Jensen inequality:
K() tid) <) tiK(A)
i=1 i=1

holds for t1,--- ,t, > 0 with ) ¢, = 1.

t=1

2. MATRIX APPROACH TO BOHR INEQUALITIES

In this section, we present an approach to Bohr inequalities by the use of the matrix
order.

For this, we introduce two notations: For z = (z1,--- ,z,) € R", we define an n x n
matrix A(z) = z*z = (z;2;) and D(z) = diag(z1,- - ,z,).

Theorem 2.1. If A(a) + A(b) < D(c) for a,b,c € R", then

| ZaiAi|2 + | ZbiAi|2 < ZQ‘I/"L‘P
i=1 i=1 i=1
for arbitrary n-tuple (A;) in B(H). Incidentally, the statement is correct even if the order

is replaced to the reverse.

Proof. We define a positive map ® of B(H)™ to B(H) by
P(X)=(A]---ADNX YA --- A).

Since A(a) = (a1, ,a,)(as, -+ ,a,), we have
B(Aa) = O ad) (O wd) =D aAl,
=1 =1 =1
so that

n

|Za,~Ai|2 + | ZbiAiP = ®(A(a) + A(b)) < ®(D(c)) = Y il Al

i=1

The additional part is easily shown by the same way. U

The meaning of Theorem 2.1 will be explained in the following theorem well.

Theorem 2.2. (i) If0<t <1, then
|AF B> + [tA+ B> < (1 +t)|AP + (1 + 1)|B)%;
(i) Ift>1ort<0, then
|AF B> + [tA+ B> > (1 + t)|A* + (1 + 1)|B]~



Proof. We consider the order between corresponding matrices:
_( 1+t O 1 -1 2t t 1
= (50 ) (A ) () e (D)
Since det(T") = 0, it is positive (resp. negative) if 0 < ¢ < 1 (resp. t > 1 or ¢t < 0). O

Remark 2.3. Note that Theorem 2.2 implies all of theorems cited in Section 1 easily. For
instance, for (i) and (iii) of Theorem 1.2, we taket = p — 1. For (ii), we take t = ¢ — 1

and permute A and B. Also Theorem 1.3 follows from taking t = 181

lof*
As another application of Theorem 2.1, we give a proof of Theorem 1.4.

Proof of Theorem 1.4. We check the order between the corresponding matrices D =
diag(r1,--- ,rn) and C = (c;;) where ¢;; = 1. Since

det(D — C) = (r1---r,)(1 — r) (for arbitraryn),
it follows that C' < D. Hence we have the conclusion by Theorem 2.1.
Concluding this section, we remark the monotonicity of the operator function F(a) =

| 3" a;Ai]?. 1t is proved by F(a) = ®(a*a), where ® is as in the proof of Theorem 2.1.
i=1

Corollary 2.4. For a fized n-tuple (A;) in B(H), the operator function F(a) = | a;A;|?
i=1
for a = (a1, -+ ,a,) is order preserving, that is, if A(a) < A(b), then F(a) < F(b).

Corollary 2.5. If a = (a1, az,a3) and b = (by, by, b3) satisfy |a;| < |b;| fori=1,2,3 and
a;b; = a;b; for i # j, then F(a) < F(b).

Proof. 1t suffices to check that A(a) < A(b) by the preceding corollary. It follows from
the fact that if ¢ # [ and j # k, then

a;a; — bzbj a;ap — bzbk

aa; — bb; way —bby |~ arb;(aib — biar) + a;bg(biar — aiby) = 0.

3. GENERALIZED PARALLELOGRAM LAW FOR OPERATORS

Next we give another approach to Bohr inequality In our frame, the following general-
ization of the parallelogram law easily implies Theorem 2.2 which covers many previous
results as discussed in the preceding section.

Theorem 3.1. If A and B are operators on a Hilbert space and t # 0, then
1 1
|A+ B|* + Z'tA —BPf=(1+t)AP+(1+ ;)|B12.

Remark 3.2. We immediately obtain Theorem 2.2 by noting the condition oft in Theorem
3.1. This means that Theorem 3.1 also implies Theorems 1.1 and 1.2.

Next we extend Theorem 3.1 for multi-operators.



Theorem 3.3. Suppose that A; € B(H) and r; > 1 with Y, - =1 fori = 1,2,..,n.

=1
Then
n
Ir" T‘
2: 2 2 Z [Ti I
i=1 1 1<i<j<n J ¢

Remark 3.4. Theorem 1.4 is an easy consequence of Theorem 3.3.

n 2

1=

Incidentally we note that the condition r; > 1 in Theorem 3.3 is not necessary.

Corollary 3.5. Let A; € B(H) and r; # 0 fori=1,2,..,n with Y - = 1. Then
i=1 "

n

DonlAP -1 Ap= 30

i=1 i= 1<i<j<n *

2
T

A - A

J

4. DUNKL-WILLIAMS INEQUALITY

Dunkl and Williams showed that
Ty “< 4z —yll
Izl Ayl — Nzl + llyll

for every nonzero element z,y in a normed linear space.
Pecari¢ and Raji¢ gave the following refinement: For every nonzero element z,y in a

normed linear space X
V2 e =yl + 2(le] - lly])?

ENTE
Il gl ~ max{||z|, lyll}
Furthermore they generalized it to an operator inequality as follow:

Theorem 4.1. Let A,B € B(H) be operators where |A| and |B| are invertible, and let
p,qg>1 with%%—%:l.
|AJAI™ = BIB|7* < |AI7'(p|A — BI* + q(|A| - |B])*)|AI™".
The equality holds if and only if
p(A = B)|AI™ = ¢B(|A™ — |B™).

Very recently, Saito-Tominaga improved Theorem 4.1 without the assumption of the
invertibility of the absolute value of operators.

Theorem 4.2. Let A,B € B(H) be operators with polar decompositions A = U|A| and
B =V|B|, and let p,q > 1 with % + % = 1. Then

(U =WV)IAII* < plA— BJ* +q(|A] - |B])*.
The equality holds if and only if
p(A—B)=4qV(|B|—|A|) and V*V >U*U.



In this section, we consider Dunkl-Williams inequality for operators as an application
of generalized parallelogram law of operators in Theorem 3.1:

1 1
|A— B> + Z|tA + B> = (1+t)|APP + (1 + Z)|B|2.

for any nonzero t € R.
The following lemma follows from it easily.

Lemma 4.3. Let A,B € B(H) be operators with polar decompositions A = U|A| and
B = V|B|,Then for each t > 0
1
|A— B> < (1+t)|AP + (1 + Z)lBP'
The equality holds for t if and only if tA+ B = 0.

Lemma 4.4. Let A,B € B(H) be operators with polar decompositions A = U|A| and
B =V|B| andt > 0. Ift(A— B)+ V(|]A| — |B|) = 0 is satisfied, then

t|A— BI* <|A]* - |B%,
and so |A| > |B| and U*U > V*V.

In addition, if U*U = V*V, then t|A — B|? = |A]*> — | B|*.

The following theorem is proved by the lemmas cited above, and it changes to Theorem
4.2 by taking t = p — 1 and replacing A (resp. B) by A — B (resp. V(|4| — |B|)).
Theorem 4.5. Let A,B € B(H) be operators with polar decompositions A = U|A| and
B=V|B|, andt > 0. Then

1
(U=V)IAIF < (t+DIA= B+ 1+ 2)(1A] - [BI).
The equality holds if and only if
t(A—B)=V(|B|—-|A|) and V'V =U'U.

Lemma 4.6. Let A,B € B(H) be operators with polar decompositions A = U|A| and
B =V|B|, andt > 0. Suppose that V*V = U*U. Then
t(A—B) =V(|B| - |A])
if and only if
|A|=|B|+t|A—B| and A— B=-V|A - B|.
Lemma 4.7. Let A,B € B(H) be operators with polar decompositions A = U|A| and
B =V|B|, andt > 0. Suppose that V*V = U*U. Ift(A— B) = V(|B| — |A|), then
|BIlA— B|+|A-B||B| = (1-t)|A - BJ".

Theorem 4.8. Let A,B € B(H) be operators with polar decompositions A = U|A| and
B =V|B|, and C = A — B = W|C| the polar decomposition of C. Assume that the
equality
1
(U =WAIP = (¢t + DIA - BI* + (1+ ) (14l - |BI)*
holds for some t > 0.
(1) Ift > 1, then A = B.



(2) If 0 <t <1, then

2
A=B(I— ——W'W) and |A] = |BI(I + %W*W),

and the converse s true.
We next state another application of Lemma 4.3:

Theorem 4.9. Let A,B € B(H) be operators with the polar decompositions A = U|A]
and B=V|B| and lett > 0 and 0 < a < 1 be arbitrary. Then

«a a —a 1 a —a
(UIA]* = VIBIIAI™[F < (L+1)]A = B + (1+ )IIBI*|A~ - |BI[*.
The equality holds if and only if t(A — B) + V(| B|*|A|*~® — |B|) = 0.
Thus we have an estimation of the operator p-angular distance.

Theorem 4.10. Let A, B € B(H) such that |A| and |B| are invertible, 2+ 1 =1 (r > 1)
and p € R. Then

|AJAP~" = BIBIP7H 2 < [AP~H(r|A = BJ® + s||BIP|A['™" — | B|]| AP~
Moreover the equality holds if and only if
(r—1)(A - B)|AP~ = B(|AP™! = [BTY).
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On further extension of grand Furuta inequality
- Mean theoretic approach -

Masatoshi Ito and Eizaburo Kamei

1. INTRODUCTION

Throughout this paper, A and B are positive operators on a complex Hilbert space, and
we denote A > 0 (resp. A > 0) if A is a positive (resp. strictly positive) operator.

As an extension of Lowner-Heinz theorem “A > B > 0 ensures A* > B® for any
a € [0,1],” Furuta established the following inequality in [7]([2,8,11.17]).

Furuta inequality: If A > B > 0, then for each r > 0,
AR > (ASBPAR)S

hold for p > 0 and ¢ > 1 with (1+7r)g > p+r.

For A > 0 and B > 0, a-power mean f{, for « € [0,1] is defined by
Afe B= A(AFT BAT)“A%.

Furuta inequality can be arranged in terms of a-power mean as follows [17]:
If A> B >0 with A > 0, then

AZBZA_Tﬁ%._r BP for p>1andr>0.
p+r

2. EXTENSION OF FURUTA INEQUALITY

Furuta had shown an extension of Furuta inequality [9], which is called grand Furuta
inequality [4,6,16]. We remark that grand Furuta inequality is also an extension of Ando-
Hiai inequality [1] which is equivalent to the main result of log majorization.

Grand Furuta inequality: If A > B > 0 with A > 0, then for each ¢ € [0,1] and
p>1,
AV > (4B (AT BPAT) AR G0
holds for r >t and s > 1.
By putting 8 = (p—t)s +t and ¥ = r — ¢, we can arrange the grand Furuta inequality

in terms of a-power mean as follows: If A > B > 0 with A > 0, then for each ¢ € [0,1] and
p>1withp #t,

AZBZA_7ﬁ§P (A* hp-e B?) for B> pandy >0,

where A lj; B = A%(A%IBA_Tl)SA% for a real number s. (If s € [0, 1], then b, = {,.)
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3. FURTHER EXTENSION OF FURUTA INEQUALITY

Very recently, Furuta has dug for a further extension of grand Furuta inequality [13,14],
which is the following Theorems. We call this “FGF inequalities” here.

Theorem F-1. Let A> B > 0 with A > 0,t € [0,1] and p1,pa2, ... ,pan > 1 for natural
number n. Then
Al—t-{—r >
[A5 (A% {Af . (AS {AB(AF BP AT A s AT )pr . 4B} TP 45| T holds

for r > t, where

gl2n) = ({ - ({(pr = )p2 + t}ps — t)pa + -+ + t}pan—1 — t)pan + 1.

Theorem F-2. Let A> B >0 with A > 0,t € [0,1] and p1,p2, ... ,P2n-1,P2n > 1 for
natural number n. Then
A> B> {A5(AT BP AT )P A} >
> [A3(AF{AT .. (AT {AS(AT B AT P2 AT o AT )Pa .. .Aé}”“-lA‘T‘)“"A%]EGTI
where g[2n] = ({ - ({(p1 = )p2 + t}ps = t)pa+ - - + 1} P2n—1 — ) P20 + 1.

)

We scrutinize FGF inequalities by mean theoretic methods. We attempt to trace a
proof of grand Furuta inequality from the viewpoint of a sequence {B;} such that B; =
a1
(At hﬁi—t Bp) Bi .
p—t

Lemma. Let A > B > 0 with A > 0. Then

A> B> (A" -0 BP)F

p—t

holds for t € [0,1], 3 >p > 1 and p # .
For convenience, we prove this lemma given in [5].

Proof. We may also assume that B is invertible. Let [p, 8] divide into p= o < f; <--- <
1
Brn = B such that 1 < F% < 2. Let By = Band B; = (A {j5,-+ BP)%i fori=1,2,... ,n.
L Ll p_f

Then we show
(3.1) B, >Bfifori=1,2,...,n and A>B>B;>--->B,.
First, we can show Bf1 > Bf‘ as follows:
BY* = At hp,—« BP = B fj,-5, A' = BP(B™? bouze AHBP

p—t p—t

< BP(B7F tip,-» B't)B” — B
p—t
since 1 < @ﬁ <2andtelo01].

For some natural number k such that £ < n — 1, assume that Bf_‘_l > Bfi for : =
1,2,... ,k. We note that A > B > B; > --- > By is easily obtained by Lowner-Heinz

__39__
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theorem. Then we obtain

B
Bl = A" oot BY = A a0 (A" By BY)

=A' hﬂkil" Bfk = Bfk hﬂk—ﬁki1 At = ng(Bk_ﬁk ﬁﬁkﬁil_fk A_t)BEk
=

B —t Bp—t

< Bll:k (Bk—ﬁk ﬁﬂkﬂl_tﬂk Bk_t)Bfk — Blﬁ:k+1
e
since 1 < ﬁ—/’;k‘%t <2 andt € [0, 1], so that the proof is complete. 0
Theorem 1. Let A > B > 0 with A > 0 and n be a natural number. Then for ¢ € [0, 1],
Bi>a;>land a; £t fori=1,2,...,n
AZBZBIZZBn—lan;

where By = B and B; = (A’ h,s = B 1)5:.
Proof. By applying Lemma '7'7 to that A > B > 0 with A > 0, we have

A> B> (A 5,0 B¥)P = By

ay—1

for t € {0,1], 1 > @1 > 1 and a1 # ¢, and also by applying Lemma ?7 repeatedly to that
A>B;_1>0with A>0fori=1,2,... ,n, we have

Bioy > (A" gzt B )P = B;
fort € [0,1], B; > a; > 1 and «; # ¢, so that
A>B>By> > By_1 > B,.
Hence the proof is complete. m]
Theorem 2. Let A > B > 0 with A > 0 and n be a natural number. Then for ¢ € [0, 1],
ﬂnzanZﬂn—lzan—IZ"‘Zﬁl2a121;7203nda1;ét5
A2 B2 A7 far BY > A7 ﬁme‘ > AT f e BY7 2 A7 ﬁﬁlBgz
2TY
> 2 AT BPrt > A T hase By > A7V faas B
where Bg = B and B; = (A’ h,s = B 1)
Proof. Let Bg = 1. By Prop051t10n ??, A> B;_; holds for i =1,2,... ,n, so that we have
Bi-1
AT ﬂgl—iﬁ-_ B; 1
> AT ﬁL-EL B, by Theorem ?7
> A7 fado (A" o By ) = AT nﬁle’f by Theorem ??
i TY a;—t 1 TY

since f3; > a; > B;—1 > 1. Hence the proof is complete. a
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Krein space numerical ranges
and Morse theory

Hiroshi Nakazato (Hirosaki University)

Abstract We provide a Krein space analogue of Westwick’s convexity
theorem on the C-numerical range of a matrix 7' for C Hermitian. The
convexity of the range is preoved by using More theory. The result is
based on a joint work with N. Bebiano and J. da Providéncia. .

1. Toeplitz=Hausdorff DFEEE ZDRE

#8358 Hilbert 22[H] H 5 Z W HE\OEFREIEAEHER T DR
W(T) i&.
W(T) = {{T¢,§) : £ € H, [[§]| = 1}, (1.1)
TERINS. 1918 £FIC Toeplitz [6] & WI(T) = Wo(T) = W(T) D
Fow(T) Wivith#i & 7% T & ZFFA L7z, #1919 1<, Hausdorff [4]
3. W(T) BHEDNTH 2 LEFA L.
Bk DDA, H DMERIGTOGAICRESNSDT, H=C"
CIRETS. B 0<0<2r IHLT

Ty =cosO(T + T*)/2 + sin (T — T™)/(2%), (1.2)
L95LE BEY a0 I U THERETHICET 528G
W(T)N{z e C: R(zexp(—ih)) = a}, (1.3)

BEZD. M1TE. BETORORES, W(T) 2EL i3z 05
R . ZNEEE exp(l) + 1/2)) BHEAY VLT BEEE O
HAREENTVS. [ C OB, EE

{£eC: ¢ =1¢T = a}, (1.4)



DEHERIC K BB TH> T, F£H (14) MEFTHH0 5., £H (1.3)
WHEETHS. TDTEED W), MEATHZ I LWVIMEE.
Hausdorft (W 7z.

X 1:

C WMEHITHITHZGEICH U, o(C) = {c1,¢2,...,c0} £THREZE,
T O C-BI% We(T) %

Wo(T) = D _es(T6,4) {6, &, 6} 13 COERER Y, (15)
j=1

LEHRTS. CHBEH L DERMNEOL Zi. We(T) &, (1.1) TEEZL
NIeW(T) £—835 5. 1963 4T, C. A. Berger [3] XZAERXLT C D
—fRDOERFFDOEE, I%bE, ¢(C)={1,1,...,1,0,...,0} D& X,
We(T) Dz s T &% 7~ U, Hausdorff DFERZ —(L LTz, 51
1975 IS, A FH D Westwick [8] &, CHTIVI Y MTFITH>T. T
MWE YA ZXDIEA{THITH B L&, We(T) WMhic/xs T L ZFHH LTz
C,T M. 3x3L=HV17%|diag(1,-1/2 +iv/3/2,—-1/2 —i1/3/2) D&
Z, We(T) &FIV AR

{2exp(i6) + exp(—2i0) : 0 < § < 27}

C &> THENBEERL 0. Wo(T) RITTREY. C BILI v b
15D & ¥, Westwick (&, Hausdorff DFFEHIC/E 5 > TV w MTH|
Tg %E%L\

We(T)N{z € C: R(zexp(—i0)) = a}
= {Tr(CUTU™Y) : U*U = I,, Te(CUT,U ") = a}

PSR S OB ERIC K BBRCTE S LW I imiEZ Ve, TT T Tr()
. PO L—ATH%. £E5 {U:UU = L, Ti(CUT,U™) =a} B



HAETH B T LZFFHT B DIC, Westwick t& Morse ¥z fdi> 2. Morse
HERHICHH S 72\ T, majorization D71 T Westwick DFfESERZPE L T &
Y. T. Poon M [7] T{T>TWV5.

Poon DFEIADIZLERTE. ROMETH 5.

'F%Bé 1.1 n x n—lll/i b4 ]‘ﬁﬁﬂ A @ﬁ{ﬁ {al,az,. .. ,an} & b\ [EI
et
Conv({UAU™Y) : UU* = I})
KBS AHEREDTIVI v MTHI B DEEEZ {b1,bs, ..., b} & THUZ,

n
bi =Y |uigl’a;
j=1

(1<i<n) &%BK5%Gn xn AR VIFH U = (u;) DFET 5.

Krein ZEfd (C", [-,]) &, AEFIE
[(561, vy Ty Tpgy - - -amn)t7 (yh ey YryYr41, - - - 7yn)t]

=.’L‘1m+...+xr@7_:ﬂrm_...._mny_n

S HERIVZERTH 5. TOZEMMS ZNEHI\ORAEHRT I
MUT, BEHDDWHEEHZEZS. [T¢,n] = [6,TH] kb, FHE
T' ZEHRKL, TP=T DLZE, T, JINVIY M TTH=1DLE. T
i J- A=A Y —THBLWVS (TT TR, BRITTOMEZEEZE 2 T
W3). J-T)VI vy MIFIOEEMEIZAT UL EE TR EVD, CH, J-
A= ZVIFFITHALLENS J TV MTHITH B L&, ZOEEGHE
{e1, 0 yCryCrgtyevoyCn} BINTEEEED. TDXITE, COART b
%

ol(C) = {c € R: C¢ = ctforsome ¢ € C", [¢,€] > 0},
0?(C) = {ceR: C¢ = ctforsome ¢ € C, [¢,€] < 0}

EVS XS 2DITHT 5: o(C) =0l (C)UI(C).ETIJ-2=&Y
TRALENEI-TIVI Y MFFICIIHLT

max o (C) < min o’ (C) 7zid max o’ (C) < min ol (C)



THsHLE CDAXT MU, JEZFE  non-interlacing THB L E S
Krein 220 (C™, [, ]) icB BEHZE C, T 1K LT,
WZ(T) = {Te(CUTU™) : U € M,(C),UU* = I}, (1.6)
K& D, Krein ZZEDOIEHZ L UTO C-BUR W(T) ZE#HET 5. K.
C A, J-AZZYTHALENS J-T)VI v MTFITH> T
ol (C) = {eci,ca,. .-y}, 02(C) = {Crs1, Crazy - -5 Cn}

THBLE RDEKHIKKITILELTES.

n

2T =) _allg,6] - Y olT¢,6]: & € Cr,
j=1

j=r+1
[éjaék] = 0(] 7& k): [gjaé-j] = lfOI"j S r, [é-j)gj] = —1fOI‘j 2 T+ 1}7 (17)

EE 1.2 (cf. [1], [2]) (r,n — 7)-BID Krein 25/ C™ ICHWT BIEHET,
CICNLT, BB 0<0<2m iCHd 3

Ty = (cos0)(T + T*)/2 + (sin 0)(T — T%)/(2i)

& CH, J-AZZYTHALENS J-TIVI Y MTHITH-T. 2DD
VERHZDARY MV ENTNIERZEE BIE, Krein ZREIOEHARE LT
D C-EBIBWI(T) &, HMEATH-> T, RAMZTHRE T2 M
Fhb.

CDOEHIE, Westwick DHVZEFE UK S, ZhRIA LD Morse BI%X
& Morse {580 -V CREIAT = %

T WL(T) D Bl n =3, [(z1, 29, 23)7, (Y1, Y2, ¥3)T] = 171 + 2P —
x3Y5, C = diag(1,0,—-1),

2 1 0
T=147 1 1
0 —2 =2

DLE WIT) X, M2 DERBYOHHDK S EAEE GEEFR) &
55,



a
z
a -
o
-2
-2
-a
e} ErE ey T e

X 2:

2. Morse BEHDILH

ROGEN, EH 1.2 ZitHT 28 L 755,

R 2.1 ( Morse BEROEMEMZHER, HIZRE [5] ). M ZEHEE m-
RTC D CRR/EFARE TS, 1L m>28F53. f2 M LD FEHHE
Ce-FfE U, ROFEM7%Z f hied 8 IRET 5.

(i) BAEL f 3B/ MEZE S ;

(i) BB {reM:a< fz)<b} ET —co<a<b< too LTI
INJ N TH B,

(iii) f DIFFHR (RHERD 21, 2o, ..., 2, (FERETH> THFME f(21), f(z2),. .., f(zn)
FEWCHAERS;

(iv) B f DREEF z; 1CBT BNy £175

o*f
(817181'3 )i’j=1

ISR RNPMTINTH B ;

(v) BA% f DREEHRR z; KB B2\ T OADEE MO EREZ
DT 1ICE m— LI E5F0.

COLEKEEG{(zeM: f(z)=a} BEEB o KRN L THEETHS.

BEEL f TR (1)-(iv) 21729 & DH Morse BT, BEEFR z; I B
BNy LITH DR DEFHEDEEZE DR Z Morse Fel L E S .

Westwick DB TE, B-N-P OFEFHONTNDIHETE C DEHFHE
NI RTHER D, T, OFEEES IR THEL ZIGEITH U T, Bk



fU) =Te(CUT,U™)
P ABBITTERRIA M = U(n)/D(n) ¥icld. M = U(r,n—r)/D(r,n—r)
D Morse BAEITH > T, BHEFICIT % Morse ToEUDMEE TH B T
LD, REDHMEEZEE, ThZEHWVT We(T) £7213 WL(T) D
WARENS. TTT. D). g€ Un) O BIATIITHS &>
% g SIx 5 DR, D(r,n—r) &, g € U(r,n —7r) DS EONHTT
FTHBXI X g SR MM TH 5.

SE 3k
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Some results on new geometric constants
of Banach spaces

Yasuji Takahashi (Okayama Prefectural University)
Mikio Kato (Kyushu Institute of Technology)

Let X be a real Banach space with dim X > 2. Geometric properties of X are
determined by its unit ball By = {z € X : ||z|| < 1} or its unit sphere Sx =
{z € X :||z|| =1}. X is called uniformly non-square (James, 1964) if there exists
6 € (0,1) such that for any =,y € Sx either ||z +y||/2<1-6 or |z—y|/2<1-4.
We shall consider the following constants:

J(X) =suwp{min(|z +y||, |z —yll) - =,y € Ix},

=+ ylI* + [l= — y||?

CNJ(X):SUP{ : z € Sy, yEBX},

2(/|=]1% + llylI>)
;VJ(X) _ sup{||w+y“2: Hm_yll2 L ay € SX},
o) e B )

Recently many geometric constants for a Banach space X have been investigated,
which enable us to make precise descriptions on various geometric properties of X. In
particular the James constant J(X) and the von Neumann-Jordan constant Cy (X)
are most widely treated. It is clear that X is uniformly non-square if and only if
J(X) < 2. The first systematic work on the von Neumann-Jordan constant was done
in Kato-Takahashi [8], and they showed that X is uniformly non-square if and only if
CnJy(X) < 2. The first result concerning the relation between J(X) and Cy;(X) was
given in 2001 by Kato-Maligranda-Takahashi [7]. Since then the relation between
these two constants have been studied by several authors. The constant C'y;(X) was
introduced by Alonso et al. [1] (see also Takahashi [10]). It was shown in [1] that

v (X) < J(X). (1)
The constant Ay(X) was introduced by Baronti et al. [2]. In 2009 Wang-Pang [12]

showed that
Ay(X) <14+ +/J(X) -1, (2)
which yields that Cjy;(X) <1+ (A2(X) —1)2 < J(X) ([9))-



Here we shall introduce a new geometric constant C(X) defined by

o+ 9l + 2~ y
22il e x, o2 ir =2t @

C(X) =sup {
It is clear that for any Banach space X

J(X) < Ax(X) < C(X) < v/2Cny(X), (4)

where all the terms coincide if X is not uniformly non-square. We note that there
are many uniformly non-square spaces X for which all the terms in (4) coincide. In
fact, if X is an Ly(p)-space (1 < p < 00), then J(X) = /2Cns(X) = 27, where
r = min{p,p'} and 1/p+ 1/p' = 1. For such a space X we have

J(X) = Ay(X) = C(X) = v/2Cns(X).

The constant C(X) is closely related to the modulus of smoothness px (7).

Proposition 1. Let X be a Banach space. Then

VE(1 + px(7))
Vit

It is well-known that As(X) = v/2 if X is a Hilbert space; but the converse is not
true (see Example 1). By virtue of Proposition 1 we have

C’(X):sup{ : 05731}. (5)

Theorem 1. X is a Hilbert space if and only if C(X) = v/2.
As already mentioned, we always have A3(X) < C(X). But in general these two
constants are different. So we may ask how big the difference between these two

constants can be. The next results give an answer to this question.

Theorem 2. Let X be a Banach space. Then

C(X) < V2y/1+ (4(X) - 12 (6)

Corollary 1. Let X be a Banach space. Then

C(X) — Ay(X) < 2¢/2— V2 - V2. (7)

Remark 1. The estimates given by Theorem 2 and Corollary 1 are sharp. The
inequality in (6) attains equality if X is not uniformly non-square. It is shown that



equality holds in (6) if and only if px(7) = px(1)7 for all 7 € [0,1]. Hence the
inequality in (6) also attains equality if X is one of the spaces of Examples 2 and 3.
The inequality in (7) attains equality if X is the space of Example 1.

Now we shall improve (2).

Theorem 3. Let X be a Banach space. Then

C(X)<1++/J(X)-1, (8)

where equality holds only when X is not uniformly non-square.

The von Neumann-Jordan constant can be reformulated in the following form,
which is usefull to prove Theorem 4.

Proposition 2. Let X be a Banach space. Then

Iz +y|* + ||z — y|?
4

Cxs(X) =sup { oy e X, el + Il =2} ©
Theorem 4. Let X be a Banach space. Then
Cny(X) <1+ (C(X) — 1)% (10)

We note that there exists a two dimensional Banach space X such that Cys(X) >
1+ (Ag(X) — 1)* (see Example 2), while it is shown that

Cns(X) <14 (Ax(X) —1)%, (11)

where equality holds if X is not uniformly non-square ([9], [10]). There are uniformly
non-square spaces X such that equality holds in (11) (see Examples 1 and 2).

Proposition 3. Let X be a Banach space. Then

C(X) <4/2Cy,(X7), (12)

where X* is the dual space of X.

We note that the estimates given by Theorem 4 and Proposition 3 are sharp. It is
clear that equality holds in (10) and (12) if X is not uniformly non-square. Moreover,



there exists a uniformly non-square space X for which both inequalities (10) and (12)
attain equality, while C(X*) > 1/2C};(X*) (see Example 3).

By Theorem 4 and Proposition 3 we have the next result, which was proved by
Alonso et al. [1].

Corollary 2. Let X be a Banach space. Then

Cns(X) < 1+ (1/2C% ,(X) — 1)

Theorems 3 and 4 yield the following simple inequality, which was recently proved
by Takahashi-Kato [11].

Theorem 5. Let X be a Banach space. Then
Cna(X) < J(X), (13)

where equality holds only when X is not uniformly non-square.
Finally, we shall present some examples.

Example 1. Let X = R? with the norm defined by
|z = max{|z:| + (V2 = 1)|aa|, |z2| + (V2 = 1)|za]} for z = (21, 22).

Then the unit sphere is a regular octagon and the dual space X* is isometric to

X. This is a non-Hilbertian space, but it is easy to see that J(X) = Ay(X) =

v2 (]2]). Therefore, we have C(X) < 2v/2 —+/2 by Theorem 2, and Ch,(X) <

14+ (v2-1)% by (11). It is not difficult to see that C(X) = 2v/2—+/2 and
t7(X) = 1+ (v/2 — 1)2. This space is an example such that the inequalities (6),

(7), (11) and (12) attain equality.

Example 2. Let X = R? with the ¢,.-#; norm defined by

1% | oo if z12z9 >0,
|z| =

lz |1 if 2129 <0

for ¢+ = (z1,72) € R% Then the unit sphere is a hexagon and the dual space X* is
isometric to X. It is well-known that Ay(X) = 3/2 (]2, Example 3.2], see also [7,
Example 4]). Hence, we have C'(X) < 4/10/2 by Theorem 2, and Cj;(X) < 5/4 by



(11). It is not difficult to see that C(X) = 4/10/2 and Ci;(X) = 5/4. It is also
known that Cy;(X) = (3 + v/5)/4 ([10], [14]). This space is an example such that
the inequalities (6), (11) and (12) attain equality.

Example 3. Let X = R? with the £5-¢; norm defined by

|2 if z129 > 0,
lz|| =

lz|1 if 2129 <0

for x = (z1,72) € R%. The dual space X* of X has the £;-/, norm defined by

. ”117”2 if T1T2 Z 0,
=" =

1|0 if 2122 < 0.

It is easy to see that Ay(X) = Ap(X*) = 1+1/4/2 ([10]). Hence we have C(X*) < /3
by Theorem 2, and Cj;(X) < 3/2 by (11). It is not difficult to see that C(X*) =
V3 and Cly;(X) = 3/2. In [1] it was shown that Cly;(X*) = (3 + 2v/2)/4 (see also
[10]). Hence we have C(X) < 1/2C%,(X*) = 1+ 1/v/2 by (11). Since C(X) >
Ay(X) = 1+ 1/4/2, we have the equality C(X) = 1+ 1/4/2. Finally, we show
that Cny(X) = 3/2 ([10], [14]). In fact, Cys(X) < 1+ (C(X) — 1)> = 3/2 by
(10), and Cns(X) > Cy;(X) = 3/2. The space X is an example such that the
inequalities (10), (11) and (12) attain equality. The dual space X* is an example
such that equality holds in (6). Moreover, we have C(X*) # C(X) and C(X*) =

2C% (X)) > 1/2C} ;(X*).
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Operator equations with continuous
parameters — inverse problems

Saburou Saitoh

Abstract

In this note we shall introduce our new ideas for inversion formulas by using
a finite number of output data, after reviewing the general linear inversion
formulas using the theory of reproducing kernels. We derive very concrete
formulas in the Laplace transform and the heat conduction problem.

Keywords: Linear inversion, reproducing kernel, inverse problem, finite number
of output data, Laplace transform, heat conduction.
Mathematics Subject Classification (2000): Primary 30C40, 44A15, 35K05

1 Reproducing kernels and linear mappings

1.1 Identification of the image of a linear mapping

Let F(E) be the linear space comprising of all complex-valued functions on any
fixed abstract set E. Let H be a Hilbert space with the inner product (-,-)y. Let h
: B — H be a fixed ‘H valued mapping on E. Then, we shall consider the linear
mapping L from f € H into F(E) defined by the following

fp) = (LE)(p) = (£, h(p))n- (1)

The most fundamental problem in the linear mapping (1) will be the character-
ization of the image f(p) of L and the next interest will be the interrelationship
between the input f and the output f(p). The key to consider these fundamental
problems is to form the two variable complex-valued function

K(p,q) = (h(q), h(p))n (2)

defined on £ x E. Then, following the theorem by Aronszajn-Moore, there ex-
ists a uniquely determined Hilbert space Hy satisfying and characterized by the
properties:

(i) Forany g€ E, K(p,q) belongs to H as a function in p,

(ii) For any function f € Hgk and for any point ¢ € E,



These two properties (i) and (ii) are called a reproducing property of K(p,q)
in the Hilbert space Hx and K (p,q) is a reproducing kernel. Then we obtain the
fundamental:

Proposition 1([7]). The image space {f(p)} by (1) of H is characterized as the
reproducing kernel Hilbert space Hg determined by K(p,q) in (2). Then, we have
the inequality

1 e < A Fll2e

Furthermore, for any f € Hy, there exists a uniquely determined function f* in H
satisfying:

)= (k) on E and |flla, = IIF"lln

1.2 Example

For the simple integral transform

_£)2
\/_ &) exp {—%} d¢ (3)
for F' € Ly(R), we have

Proposition 2([7]). In the integral transform (3) of Ly(R) functions F', the
images u(x,t) are extended analytically onto C in the form u(z,t), (z = x +iy) and
we obtain the isometric identities

u(z,t) =

/\F ;245_\/_// u(z, t)[? exp[— ]drdy
/ |09 u(z, t)|*d

for any fizred t > 0.

1.3 Inversion formulas

By Example:

Proposition 3([7]). In the Weierstrass integral transform (3) and for any fized
t > 0 we have

F(&) =s— lim Hk(z— & t)e ———drdq
© Nmm/f&v 1z, Rz — €, expl - Jdady
=s—-1\}im /Ojurtajk(r—ét)
N s
—2t)7 .
=s— lim ( , ) /u(m,t)@?k(w—f,t)dm,
N—oo = jl R
7=0

where {En} is any exhaustion of C by compact sets and the limits mean the strong
convergence in La(R) and k is the integral kernel in (3).



1.4 Determination of the linear system

In our Proposition 1, conversely by using an isometric mapping L from a Hilbert
space Hy admitting a reproducing kernel K (p,q) on E onto a Hilbert space H and
by using the reproducing kernel K(p, q), we can determine the linear system function
h(p) which is a Hilbert H-valued function on E([7]). By our three Propositions, we
can determine the relations among input, linear system and output. The author,
indeed, thinks the theory of reproducing kernels is very fundamental and applicable
in mathematics as in vector analysis and complex analysis, in the undergraduate
level. See also [3].

2 Best approximations

Let L be any bounded linear operator from a reproducing kernel Hilbert space
Hg into a Hilbert space H. Then the following problem is a well-known classical
and fundamental problem which is known as best approximate mean square norm
problems: For any member b of ‘H

inf [ILF = bl (4)

This problem has, however, a complicated structure, when the Hilbert spaces are
infinite dimensions and the problem leads to the generalized inverse in the sense of
Moore-Penrose. By our theory, we can see its complicated structure, and the prob-
lem is well-established by the theory of reproducing kernels, that is the existence,
uniqueness and representation of the solutions in the problem are well-formulated
([7]). However, the result is involved and so the Moore-Penrose generalized inverse
is not good, when the data contain error or noises in some practical cases. So, we
shall introduce the idea of the Tikhonov regularization.

3 Tikhonov regularization

Proposition 4([6]). For any b € H and for any a > 0, in the Tikhonov functional
- 2 _ 2
Jiof {adlf W + 116 = LIl (5)

the extremal function fy, (p) exists uniquely and it is represented, by using the kernel
K (p,q;a) as follows:
Jpa(@) = (b, LKL(-, p; )y - (6)

Here, K1(p,q; ) is the solution K (p,q;c) of the functional equation

- 1 - 1

that is corresponding to the Fredholm integral equation of the second kind for many
concrete cases. Here,

f(q:f((-,q;a)eHK for q€E, K,=K(,p) for pe€E.

For the typical and famous problems of the inversion for the heat conduction
and of the real inversions of the Laplace transform, we succeeded in their numerical
experiments and for the last formulas, we are requesting the patents. See [4,5,6].



4 Inversion from a finite number of data

4.1 A family of bounded linear operators
For an abstract set A, we shall consider an operator-valued function Ly on A,

where Ly are bounded linear operators from a Hilbert space H into various Hilbert
spaces Hy,
Ly:H — H,. (9)

In particular, we are interested in the inversion formula

Ly — 2z, x€H. (10)

Here, we consider {L z;\ € A} as information obtained from z and we wish to
determine x from the information. However, the information Lyz belong to various
Hilbert spaces H, and so, in order to unify the information in a sense, we shall take
fixed elements by, € Hy and consider the linear mapping from H

Xb()\,w) L= (L)\.’B, b)\,w)HA
= (.’E, L))k\b/\,w)'Ha r€H (11)

into a linear space comprising functions on A x €. Then, we can apply the theory
in Section 1.

4.2 Explicit real inversion formulas of the Laplace transform
from finite data

We shall consider the Laplace transform

(CF)(p) = f(p) = / TP E@d, p> 0 (12)

for functions F' of some natural function space.
We shall introduce the simple reproducing kernel Hilbert space (RKHS) Hpg
comprised of absolutely continuous functions F' on the positive real line R* with

finite norms
00 1 1/2
{/ 1F’(t);2—etdt}
0 t

and satisfying £'(0) = 0. This Hilbert space admits the reproducing kernel K (¢,¢')

min(t,t’)
K(t,t) = / Ee~8de. (13)
0

Then we see that

| 1er) s < S1F, (14)



that is, the linear operator (LF')(p)p on Hg into Lo(RY,dp) = Lay(R™) is bounded.
Now we shall consider the bounded linear mapping L, for any fixed different points
{pj}?:l of R+’

L:Hg 3 F — ((LF)(p1)py, (LF)(p2)p2, -, (LF)(pn)pn) € R™. (15)

We shall take the standard orthonormal system {e;}7_; in the space R". Then,
we see (LF)(p;)p; = (LF,e;)r» = (F,L*e;)p,; that is the situation of (4). There-
fore, the image space forms the Hilbert space H4 admitting the reproducing ker-
nel (L*ey,L*e;)n, := ajp. If the matrix || a;; || is positive definite, then, the
norm in Hy is given by ||LF||3;, = (LF)*A(LF), where A = A~1 = ||a;;|. Here
note that this is clearly calculated as follows: (L*e;)(t) = ((L*e;)(:), K(-,t))m,
= (ej, LK (-, 1))rn

= e_tpj e_t [ —t + —1 :I + 1
p;+1)  (py+ 121 (p; + 1)
from . . )
—te™" —e " +1 for t<t
t,t') = / / Z
K1) { —tle™t —e ™t 41 for t>t
and (LK (-,¢))(p)
/ / —t' -1 1
- |
=e e + + . 16
o1 T 0E T 1o
Hence,
hor 1
JJ (pj + pyr + 1)2'
In particular, note that the matrix A = ||a;j|| is positive definite. We thus obtain
the real inversion formula
Theorem 1([2]). For any given n values d = {d;}}_;, among the Laplace

transforms taking the values f(p;) = dj;j = 1,2,...,n, and for their inverses, the
Junction F§(t) with the minimum norm ||F||g, is uniquely determined and it is

represented as follows: F§(t) = 37, (d;p;)a;y (L ey )(t), where A=A"T= .

5 Source inversion of heat conduction
from a finite number of observation data

We shall consider the Gaussian convolution (the Weierstrass transform)

wr(@, ) = (LF)(z) = W /R F(€) exp {— £ ;f' } dé (17)

for the Paley-Wiener reproducing kernel spaces H, (see [6]). For different points
{(z4,t;)}j=; as the points of the time and space, we shall consider the bounded linear
operators from the RKHS Hp, into R: Hg, 3 F — up(z;,t;); j=1,2,..,n and
we shall write them

L: Hk, > F — (up(z1,t1), up(xa, t2), ..., up(Tn, tn)) € R™. (18)



We shall take the standard orthonormal system {e;}7_; in the space R". Then,
we see up(z;,t;) = (LF,ej)rn = (F, L*e;)ny, - Therefore, the image space of the
linear mapping L forms the Hilbert space H,4 admitting the reproducing kernel
(L ejr, 7))y, == ajj-

Here note that a;; are calculated. In particular, note that the matrix A = ||a;;||
is positive definite. We can obtain the real inversion formula

Theorem 2([1]). For any givenn values d = {d(z;,t;)}}—;, among the Weirstrass
transform taking the values

’ILF(.’I)J‘, t]) = d(’L'], t]) ] = 1, 2, ey (19)

and for their inverses, the function Fj(z) with the minimum norm |[F||g,, is
uniquely determined and it is represented as Fi(z) = 37 i) d(z,t;)a 5 (L ey )(z).

H. Fujiwara solved the related Fredholm integral equation based on Proposition
4 by using his very powerful computer systems and the concept of infinite precision
algorithm, and he succeeded in numerical and real inversion formulas of the Laplace
transform. He made a software for numerical and real inversions of the Laplace
transform. He calculated there, for o = 1074 and numerical calculations were
done with 600 dicimal digits precision. The number of points {p;} is 6000. There,
the method of discretization of the integral equation is a serious problem and
so, we wonder how will be our discretizations as effective algorithms.

BEC: EIF—r FEOFEL LT BFLRBEGRTHS ) LERDADS
BRSNE UIehH, BFEDARBICDNT, ROEZFDiRT, MEMIGHTX L
DT, THBEICLTIIV . BHAIFET LoBEPADEL GEE ZHRE=LR - 75
e fE) Xt ISBN978-4-286-08451-0,
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The sets with binary operation which have a
superstability for multiplicative complex functions

FRNEREER R 2 28 I S ¥ % 2 HEE DWRE

Hiroyuki Takagi' & K & 17
Sin-Ei Takahasi? &

MK - 2)
HEK - #T)
HLFEK - #T)
IR - H)

i)
Takeshi Miura?® =
Makoto Tsukada* &

Abstract. Let X be aset with binary operation o and f be an unbounded complex
function on X. The superstability for the multiplicativity of f is stated as follows:
If there exists an € > 0 such that |f(z oy) — f(z)f(y)| < € for all z,y € X, then
f(zoy) = f(z)f(y) for all z,y € X. We consider the condition on X and o which
guarantees this superstability. We give the best condition in some sense.

§1. WE T D

1940 £, S. M. Ulam (&, NN IMERNBARDIE < IC EDIMENBGDFEIET 5 H
LWV EEOMBEZIEEE LTz ([5]). B4E, D. H. Hyers 1, THUCHT 5 —fExE5Z T

Hyers OEE ([2]). X,Y 25 Banach ZE&9%. TD& ¥,
f: XV, €20, |[fz+y)—flz)-fW)l<e (z,y€X)
= RO2AXZMIzT g: X - Y DMEETS:
9(z+y)=g(z) +9(y), lg(z) - f@)<e (z,y€X).

T DEBOFEMIT, Z < DFMICIGH TE, Hyers-Ulam DOZREMRE L MEEN B AW
gtz e A TE. e Z1E, X DY 2 THHE o 6 DEAST, Y BMEZEEUA C DIFE, X
DI BTLEEENEZONS !

f:X—-C, €20, [f(zoy)-flz)f)|<e (z,y€X)

= RD2RZMT g: X - C BFEETS:
g(zoy) =g(@)g(y), l9(z) - f(z)|<e (z,y€ X).
COETIE, LI gD fFEBLELUTEETREREZD. DFD,
W f:X—-C, 20, [flzoy) - flx)fly) <e (z,y € X)

= f(zoy) = f(z)f(y) (z,y€X)
VWS TBOBREMREZB.

1. Department of Mathematical Sciences, Faculty of Science, Shinshu University, Matsumoto 390-8621,
Japan. E-mail: takagiCmath.shinshu-u.ac.jp / 2. Department of Applied Mathematics and
Physics, Graduate School of Science and Engineering, Yamagata University, Yonezawa 992-8510, Japan.
E-mail: sin-ei@emperoor.yz.yamagata-u.ac.jp / 3. The same address as the second author’s
E-mail: miura@yz.yamagata-u.ac.jp / 4. Department of Information Sciences, Toho University,
Funabashi, Chiba 274-8510, Japan. E-mail: tsukada@is.sci.toho-u.ac.jp




bhbh, Xo2Oo0EHICER Liz:

FEI A (Baker [1, Theorem 1]). X Z¥ffLd5%. DL X,
f: X —CQEFER), €20, |f(zy) - f@)fy)| <e (z,y€X)
= f(zy) = f(=)f(y) (z,y € X).
FEE B (Najdecki [4, Theorem 1]). X ZA[HEFHE L, ¢ Z X D X \DE
BRe&9%. CDLE,
@) f: X —CFFER), €20, |fzd(y) - f@) W) <e (z,y€X)
= f(zé(y)) = f(2)f(y) (z,y € X).
1] TE, f: X - CAERFIGEIC, RO LZ2BNTWV5S:
f:X > CHER), e>0, |flay) - f@)f@)| <e (z,y€X)
= |f@2)| < 2 (@eX).
f DVERAIRE, BZENE (1) BE 5 TV TR, Fiz, (2), 8) KBTI, [IEE
HRILWIREE < e I EVWSERDE I HRENEDET > TNB LA, RAV W
HB. FTT,TTTRE, f: X - CHIFERTEERW|S T LICT 5.

(2)

§2. ERBELB/ONIER

EH A D (2) X, EH B D (3) DRBIEIE (o b X DEZFBHBOBE) IEh b, £7 13EH
BICHHALES. EHBD X IKBNT, BIDHE o 7,
zoy=z¢(y) (z,y€X)
CEET DL,

(zoy)oz=z¢(y) §(2) =xd(2)d(y) = (z02) oy  (z,y,2€ X)
DEDILD. TOWHBERK (zoy)oz = (zoz)oy EHEFENE TEMIS>H? [FRRIC, £
FHzo(yoz)=yo(zoz) LEIZOLNS. TOXIEELANS, EH B OYLEL LT,
ROEHMELNTZ

EE1 ([3]). £E X TR, 2HHEE o WEREINTVT, ROFMNZ2Hi72d LT 5
(1) EED z,y,2€ X ITHMLT,
zo(yoz)=yo(zoz) or (zoy)oz=(zoz)oy.
TDLE,

) f: X —=CQEFEM), €20, |[f(zoy) - fz)fy)| <e (z,y € X)
= f(zoy) = f(z)fly) (z,y€ X).

EH 1 DIGE (4) TR, 37T z,y, 2 ICBT BEHELNRMN 2 DHTL 5. TDXH7%EHUF
cEiz{ A DB, T2, (zoy)oz==zo(yoz) (FERE) ¥ (zoy)oz=2z20(yox)



TE.... EBE 37T z,y,2z DEEI,

(zoy)oz, (zoz)oy, (yoz)oz, (yoz)oxz, (20z)oy, (zoy)ou,
zo(zoy), yo(zoz), z0(yoz), zo(yoz), yo(zoz), zo(z0y)
DIRBEODDY, CORMNLRITZED% 2DERATEINSRZEHES = THENZE, 0&DD
HELNRKMENS DT, (z,y,z ZRAILIBAD) HAELNRIILERT 1,C, = 66 HO H5.
T D66 HDHEENREZMNRI S REIE, X OEFAIEE L L HEHEHER:

L,z =woz, Ryx=zow (z,w € X)
BRVS EFFHTHS. R, RGE (4) 13

4y HERBD z,y,2€ X IKHLT, L,Lyz= LyL,z or R,R,z=R,R.x

ENRZEND. VE, L, & R, ZFAFICH S 12HT2D, A, (A€ {L,R}) LT T &I
L&D 95, 4)D2RNZ, A.Byz = CyD,2, A,Byx = C,D,z (A,B,C,D € {L,R})
EWVSTBRREVZD. TDXIBREZEZTHB L, RDOTEMNZ Tz

FE2. £EX TR, 2HER o MEEINTVT, ROZEMZHIT LT 5
(6) FEED 2,y,2€ X LT, A,B,C,D € {L,R} WFELT,

AyByz = CyDyz or A,Byx =CyD,z.
DL ZE,

) f: X —C(EEFER), e>0, 1fzoy)— f@)f(w)| <e (z,y€X)
— fwoy) or fyos) = f@)f) (zy€ X).

EH 2 TIIHEEEN 5) BMELNTWEL. LHL, IKE (6) DE 1RICBVWT D =L,
F2RIKBVWTD=RETHEL, 5)RBELZENTET:

EE3. £E5X TR, 2HER o MEBEINTOVT, ROKM 2T LT 5

 EHOD 2,y € XICHUT, A, B,C € {L, R} MFELT,

AgByz =CyL,z or A,Byx =CyR,x.
DL E,

5) f: X —->CEEER), e>0, |f(zoy) — f2)f(y) <e (z,y € X)
= flzoy) =f(2)f(y) (z,y€X).

§3. EEDELFA

EHOIFHIL FIENTH 5.
EE 2 DR f 1 X LOIEEREEREBUERET, 5% ¢ >0 XL T,
9) [f(zoy)— f(@)fW)] <e  (z,y€X)

PROIDLTD. Ele, HHEIC 2,2 € X BEDEETS. f GIERENS, [f(ya)] / oo
Y753 X DEF {yn) PFIET 5. WE, & A,B,C,D € {L,R} IKH LT,



Napcp ={n € N: A;By,z = Cy,D;z}
Nipcp ={n€N:A,B, z =C,, Dz}
BT TBL, KE (6) 15,

N = U (N UN )
AB,C,De{L,R}\ “PCD = TABCD

MDD, TOHAIE, 328 (BRE) DEAEDOMESTENS, ZOHD R Ly T
EORMRESTATNEESAEV. kg, TNR Napop & LES (Nypop OHE
%ﬁ’f’iﬁ?ﬂzﬁﬁf‘%%). %LT, {yn n e NABCD} 0)7_'.5%, ”E’%%Ei?b:, 3567'2275‘(
Yi,Y2, vy Yny - kb\< . @-5 Cl:, A;pBynZ = CynDzZ 7’575‘5,
f(Cy"DzZ) — f(Asznz)
F(yn) J(yn)

THsd. TTT,n—oo0 &LKD. EHITONTHE, (9) &b,

If(LynDzz) — f(yn) f D z) I = |f(yn o (Dzz)) — yn .f(D 2 |

If(R’ynDIZ) '—f(yn D z | - |f (D Z Oyn) —f(D Z f(yn I

Zho,
f(Cy, Dy2) _ A = f(Cy,Dzz) — f(yn) f(Dz2) € N
T 0= = ’ B =Twr 0 °
TH5. HUHICONTE, FROEZ ST,
f(AzBy, 2)
Ty'r;u) — f(2)f(2)
_ ‘ f(AsBy,2) — f(@) f(By.2) + f(x)f(By.2) — (@) f(yn)f(2)
f(yn)
1 f(AsBy,z) — f(z)f(By,2) (@) f(By.z) = f(yn) f(2)
f(yn) F(yn)
< Tr O —
THB. £o 7T, )
(10) f(Dz2) = f(z)f(2)

L7355 (Nygop DBAE, f(D.x) = f(x)f(z) £%3). DX Lor R7EM5,
f(zoz)or f(zoz) = f(z)f(2)
Ths. O
EIE 3 DA (6) & (8) DIEVEZEML T, EH 2 DRI E> TV &, (10) KDL A
T, f(Le2) = f(2)f(2) (Napcp PHER, f(R.x) = f(2)f(2) £2BD5,
f(zoz)=f(z)f(2)
2R5. O

EE 1 DA RE (4) 1& (4) LEMERZD S, EH 1 ZEH3ICRETE 5. O

§4. TEEDORE DS

EH 2, 3 DRGE (6), (8) %2, - AERIEEZHVTIC, HE o ZHVWTERELTHS
E, RDEXSILES:



(6) <= TED z,y,2 € X &, TOEENRD ENHEHET
(8) = EED z,y,2€ X ¥, —F@—Fﬁﬁséo)?ﬁﬁ/\—ﬁo)ﬁhb‘%?ﬁfc’ﬂ‘

zo(yoz)=yo(zroz), zo(yoz)=yo(zox), Io(yoz):(Loz) zo(yoz)=(zox)oy,
zo(zoy)=yo(zoz), zro(zoy)=yo(zox), xo(zoy)=(roz)o zo(zoy)=(zox)oy,
(yoz)oxr=yo(xroz), (yoz)ox=yo(zox), (yoz) 1=(Loz)o% (yoz)oxr=(zox)oy,
(zog)oz —yo(zoz), (zoy)ow=yo(soa), (zoy)ow—(wez)oy, (zoy)os=(z0m)oy,
zo(yos) —yo(z01), zo(yos)=yo(voz), zo(yos)—(z02)0y, zolyos)=(zoz)oy,
zo(zoy)=yo(zox), zo(roy)=yo(xoz), ZO(Eoy)—(zOI)O% zo(roy)=(roz)oy,
(yox)oz=yo(zox), (yoxr)oz=yo(xoz), (yox)oz=(zo0x)oy, (yoxr)oz=(roz)oy,
(roy)oz=yo(zox), (roy)oz=yo(xoz), (roy)oz=(z0x)oy, (zoy)oz=(zrxoz)oy

EH 1 (4) D2 DDWENHKUE, LOFE 1 5l LB - 45ER FRICHS. 7Eh D, EH
SFEH 1D (ZhwZ, EEBD) —RILTH 5. £z, B 23 7TEREMEETHS. F
HLIEEEZm T 2HEENTEHEERELS, EH 3 ITEHA D—RILTELHS.

SC2HEREMEREINIZES X KBV,
EED z,y,2 € X B, 66 HOWENARD L Nzifiizvid,
BN (7) £7203 (5) DR D ILDDIES S 7
FiZ, KD2DODTEHNZS:

o EED z,y,2z € X WY, BAWERREED END T2 & ZlC, #ZENM (1)
WORICHIITHNE, ZDORHEZ, EORNRBICEENS K S IGERTET T
EMTES.

o EED z,y,2 € X D ENDZMZLTVB XS BEELAREZ, EDX I
BATE, FUANDOREBREIIGEX, WD TY, BEEM (7) BRIz
BB EDHDB (ZDX 5 ERHMENS).

TIHOVIEKRT, EH2ICHBWVT, RE (6) IREBEWZ 5. iz, [AHRZEKT, 3
DIE 8) 3IREWVWZ 5. T5UT, FFERGERKERBDOREMICET 2 BLE
M B 2IHHEOEAD, RETE .

E: AR—ROWET, TTTE, HESX LT 2B, FEHEHIOBRICDT 5.
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SAITOH’S INEQUALITY AND OPIAL’S INEQUALITY

AKIRA YAMADA
TOKYO GAKUGEI UNIVERSITY

ABSTRACT. We prove an elementary integral inequality which extends a norm
inequality of Saitoh concerning absolutely continuous functions on an interval
of the real axis. Our inequality immediately yields well-known Opial-type
inequalities.

1. INTRODUCTION

This is an expository article on the paper:
A. Yamada, Saitoh’s inequality and Opial’s inequality, to appear in Math. Inequal.
Appl.

Let ACla,b] denotes the space of real-valued absolutely continuous functions on
[a,b]. The following inequality is well-known [4]:

FACT 1 (Opial’s inequality). For each f € AC[0,a] with f(0) =0, we have

(1) | r@r@ia < [Cir@as

Equality holds if and only if there exist a constant C and y € [0,a] such that
f(z) = Cmin{z,y}.

On the other hand, as an example of the general norm inequalities for reproduc-
ing kernel Hilbert spaces [6], S. Saitoh proved the following inequality [5]:

FACT 2 (Saitoh’s inequality). For each f € AC|0, 1] with f(0) = 0 and fol fl(z)%dz <
1, we have

YI@) 2 e Jo 1P@)de
@ ./0 <1~f(:1:)) (1~ a)ds < l—folf’2(a:)da:’

Equality holds if f(x) = min{z,y} for somey € [0,1).
He raised a question whether one can prove elementarily the above inequality
without using the theory of kernel functions. Our answer is affirmative [7] and is

given by Theorem 1 below which can be proved by using Hélder’s inequality, so
that the proof is considered to be elementary.

Theorem 1. Let G(z) be a function of class C' on an interval (—R,R) (0 < R <
+00) satisfying the conditions
(i) G(0) =0,
(ii) |G'(z)| < G'(|z|), for all x € (R, R), and
(iii) if 2% < yz, (0 < z,y,2 < R), then 0 < G"*(z) < G'(y)G'(2).
Assume that functions F, f € AC[a,b] with F(a) = f(a) =0 satisfy



(iv) F'(z) > 0 a.e. on [a,b], and

(v) F(b) <R, and [\ |f'(t)[?/F' (>~ dt < R for some p > 1.
Then,

b l
(Gof) (@) ' (@) [?
@) i< o [ g i)
If f(z) = C- F(min{z,y}) (a <y <b, C=0,1), then equality holds in (3).
Remark. (1) By setting G(z) = z/(1 - x), F(z) = z, p = 2, a = 0 and
b= R =1 in Theorem 1, we easily obtain Saitoh’s inequality (2).

(2) The condition (iii} in Theorem is equivalent to the one that G’ is positive,
monotone increasing, and geometrically convex (i.e. log oG’ oexp is convex).

2. EQUALITY CONDITIONS AND APPLICATION

For most cases equality in our inequality (3) is attained only for functions stated
in Theorem 1, i.e. the function 0 or F(min{x,y}). We are able to show this by
adding further assumptions on the function G(z).

Theorem 2. Under the same hypothesis as in Theorem 1, assume, moreover, that
(vi) G’ is strictly monotone increasing on (0, R).

Then, if equality holds in inequality (3), then there exist constants C and y (a <
y < b) such that

(4) f(z) = C- F(min{z,y}).
If, in addition, we assume that
(vil) |G'(—z)| # G'(z) for some z € (0, F(y)), and
(viii) there ezist no constants a > 0 and § > 0 such that G'(z) = az® on (0, F(y)),
then equality holds in inequality (3) if and only if f is of the form (4) with C either
0or 1.

As an application of Theorem 1, we show that Opial’s inequality is an immediate
consequece of our inequality. In fact, if G(z) = z2, F(z) =z, p=2 and R = 400,
then Theorem 1 implies that, for f € AC[0, a] w1th f(0) =0, we have

/Olff’lsz /|f|2df

On the other hand, by Cauchy-Schwarz inequality we have

(/Oa|ff’|dt>2S/Oatdt/oawdt.

Combining these inequalities we obtain Opial’s inequality (1). This observation,

thus, leads us to obtain the following extension of Opial’s inequality from Therem
1.

Theorem 3. Let s(z), t(x) be nonnegative, measurable functions on [a,b] such

thatf t(z)~Y PV dy < 400 for some p > 1. Set F(z) = ) =1 d¢ and
assume that the functions G(z), F(x) and f(x) satisfy the same conditions as stated
in Theorem 1 with R = 4o00. Then, if K < 400, we have

(5) {/ab (G o f)(x)|%s(x) dm}l/q <K. G(/ab () Pt(z) da:)l/p,



where 1/p+1/r =1/q, 7 >0 and

K= { / b(G o F) (z) A=1/P) () /2 dz}

If, in addition, we assume the conditions (vi), (vii) and (viii) in Theorem 2, then
equality holds in the inequality (1) if and only if either f = 0 or there exist constants
C(>0)andy (a <y < b) such that f(x) = F(min{z,y}) and s(z) = C- (Go
FY (@),

1/r

Remark 1. The existence of the multiplicative constant K is a merit of our inequality

(1). Cf. [2], [3]

Remark 2. Let G(z) = |z[P/9, p > ¢, k> 1 and k > ¢ > 0. If f: t(x) "V -y <
00, then from Theorem 3 we obtain Opial-type inequality

b — / b J k p/k
® [ erirerseass k([ ir@re el
a a
where we assume that the constant
(N g mayat ) ([ 11y g PDED /) (E=a)/
K_<p) {/ s ¢ (/t dg) d,.::}

a a
is finite. Note that this is the same inequality as (2.6) in [1] except for notation.
Equality condition can be given easily as above.
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Representing sequences on parabolic Bergman spaces
Z) N (RRKY THRERD
H 7% n+ 1 X763 Buclid ZEf R" 1 (n > 1) O _FHZEEE T 5. §5b b,
H=R"xR; = {(z,t) e R"";z € R*, ¢ > 0}.

0<a<LIEHL, L® =0, + (-A,)* £ T 3. TTT,0 =0/0t, A, iEz BT
% Laplacian TH 5. £z, H L O@EFEE w D L@ FHTH % &1X, BEBOBKT
Ly =0%,%2%EZRNS. WO L@ OEARPFERT.

1<p<oo,A>—-1HLT, TP Bergman Z2[H b2 (\) ZRD K S ICEET 5.

1/p
b2 () i= {u € C(H); L'VFHHN, |ul 1o () := ( / |u(:c,t)]ptAdV(a:,t)> < oo}
H

C TTdV & Lebesgue AERIE 2K 9. HEE LT, (N &/ IV || - |y iCBEELT
Banach ZEfi& 755 . FRC p=2D L X, B2\ G W)V M ER &%, a=1/2D & &,
by ,(\) (&A1 Bergman ZEf & 75 %

kK ZFEE TS, tICBIT S fractional #73EFZ (Riemann-Liouville operator) %
Df = (=0)F &9 %. TDDf 7% kRD fractional 77 LMEST &ITT 5.

AWZED HAYE, WA Bergman 224 _ D representing sequence I DWW THIZE T %
TLTH%. WA Bergman Z%f D representing sequence & i, %! Bergman B
HOBENGTRERNN 25X % HNADRFITH S (B 2). L TAT,[2] TR
Bergman 2% D FERZ EAM W O fractional IC K> THZATW5, TD
BEARE, B X 5@ EREAXNTH 5. LG TOFERK LD L LT,
Y5 Bergman B DB ERIIARUIC TR Z2FE B, IR ZED TV 5. ARFEIH T,
™ Bergman BEEDEE R 75 RB1 /N7 1572 9 representing sequence IC 9 2 f5R
BTz,

3 COIC, W8 Bergman 25/ EOBFANRZENT 5.

BEAO<a<1<p<oo,A>-1,9% &/, x> 9% TOLE,

u(a,t) = Cu [ uly, SDEW (o =y, + )5V (3, (L1)
H

BPERD u € LN IZDWVWTKD LD, TTT,C, = 25/T(k), T() A< EET.
KRS, p=1D0Dkr=X+1DFETE, BELK (1.1) KD ILD.

EHAZL LIS, ROVERRZERT 5.

BELO<a<L,1<p<oo,A>-1, kZRKLTS. £/eX={(z;,t;)} ZH
NDRI, {n;} ZRBENE T B, TDLE NHR U ZRDE I ICEET 5.

K %+K— %+)‘+1 % K a
Ui e,t) = Y gt ope@ gty ), (1) € B

J

X% Bergman Z2fH_|- @ representing sequence Z XD X S ICEET 5.



EFE2.0<a<L1<p<oo,A>-1, s 2FEET5. Fic,X = {(z,t;)} &
HADRINE TS, XIRD 2 &M 7%2 16129 & &, b° ()\)-representing sequence TH 5 &
5

(1) Ukix: 2 — B2 (N), BFR.

+ %(’2> fERD u € RN WEHUT, H ETu = Usx({n;}) W7 T {n;} € & HAE

b, (\)-representing sequence {(z;,t;)} Zi\ 5 7z®HIT, XD a-parabolic cylinder &
@@h%%A%§A?%0<5<1@oeHa¢%.

1
Sga)(.’lj,t) = {(y,s) € Ha |a:—y| < (1 3652t)2 7"1—'__qt S s < }+—6t} .

1496 1-9

B {(zj,t;)} C H H d-separated TH 5 &, Séa)(wj, t;) N S (g, t) = ¢ (5 # 1)
kixs e 3575_’11\ 9o iz, KA {(z;,t;)} € HHRD 2 %ﬁl%{%ﬁ?‘c‘: &, 6-lattice T
BEMINTVS !

(D) U; 857 (5, t5) = H.

Q0<e<d &xB e DFELT, {(z),t;)} I& e—separated TH 5.

ROAHEEICBI B EEHTHS.

EELO<ang<p<wA>—Ln>ﬁ%k¢%iWNﬁiﬁ%ﬁﬁ?$5
73 0< 50 < 175\\1’?75‘3—% 0<d S 60 LC;‘#IJT, X= {(l’j,t]’)} b\‘ o—lattice 7’166&\, Lmh\\
I RIRYASI

(D) Uy & 2 05 b5, (\) NDFEFHFEIERZR L 755, FRIC, 0 IKRET 2 EHC > 0
MEFELTC, 1Upx({niDllzey < Cli{n;}Hle B EE@ {n;} € & THDILD.

QEEDue (N IENUT, H ETu=Usy{n;} Ziilcd {n;} € # DFET 3.
F e, 0 WHKFT BEC > 0 DFELT, ||{77]}|{gp < Cllull ey 2729
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Carleson measures on parabolic Hardy spaces
(joint work with Noriaki Suzuki)

HJil B A (Hayato Nakagawa®)

=
EAHZERIC BT BFRRZEA Ul Hardy 22 43! Hardy ZRHE LK. T TiRTOM

Wz KIS L 7z Carleson HIEZEA L, Carleson RERMNKILT B T2 O DRBRE+T DA T DRI
Ko TERRTEZTLEHNTS.

1 KB Hardy ZER

(n + 1) KT Euclidean Z2f{% R*H, 20 L)% RY = {(z,t) e R*™ |z € Rt >0} (n > 1),
EHZEE DR R BT 2 HUO © TEED r OR%E B(z,r) = {y eR" | |z —y| <7} TET. %7, o
KOWTHICIREDRWVWE BIR 0< a <1 THEHEDLT 3. &8, AT C IERZERTN, Lz
FA—DTcH > TEAT LERTLIFES &L,

R BIe BT, BENERR L) &,

L) =9, + (—Ag)*
TR#FEEND. TTTA, & zICT3 Laplace (FAETHS (cf. [NSS]). 1<p<oo kLT, L4z
I BV BB ERZRZEA Ul Hardy 22/ A2 (RTTY) %
RE(RYTY) = {u: R B3RS | Lu =0, [|ullyn < oo}

LEETD. T T/IVLITEERNR Hardy 220 & Bkl
sup </ |u(m,t)|”dm) ’ (1<p< o),
”u”hg = t>0 ™
sup  fu(a, )| (p = o),

+1
(z,t)ERY

LEDS. LI, hE(RYTY) & hE LBEIL, BAUCHKYIE! Hardy ZER L PERC 129 5. B Hardy 2278
& Banach Z=fficix 5.
1<p<oo&lT, EFZMICHBVT Bergman ZEMICHIIEWERRZE A L 72220 b2 1&

B, = {u: Ry E5#es | LYu =0, lull o g+ avy < 00}

* HEBAFEZUE, E-mail : m04026b@math.nagoya-u.ac.jp
2000 Mathematics Subject Classification: Primary 35K05; Secondary 26D10, 31B10
Keywords and phrases: Hardy space, differentiation of fractional order, Carleson measure, operators for integration
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TERIN, BYE Bergman R EMING. T TV BFHEERICKZMETHS. P iE Banach 22
THY, b, 0} BETNTN LP THZ RIS, RAFEXNOMSAI—BT 5.

ﬁf(%ﬁﬂ’ﬂﬂ% L(Q) @gzkﬁ@ W(a) i,
Wi (z,t) = (27‘(’)_"/ e—t|£|2“ei$.§ d¢

n

TEBENS. CTTz-Llda bk ELORMTHY, €)= (-2 THB. Wz, t)da=1/2,1D¢&
& ZN%ZN Poisson %, BWIC—HT 3 :

Wiy = ")t 0 ) = (e
P (oP )

RYTICBI BEBDOIVNRY MES K ISHLUT, infphex WD (2,t) >0 THD. HHEILRIH L ARk
ICEAMRIIEREZRED  £ED ¢t > 01K LT,

W (g, t)dx = 1. (1)
]R'n
$he, BARDEBOMELRD  EED0< s < t e LT,
Wz, )= | Wz —y,t — )W (y,s)dy. 2)
]R'n
JFEEN k & multi-index 8 = (By, ..., 8.) (& B RIFRBE) LT |8 =i+ -+ 6, LTHLE,
B f OSEMSE

oIBl+k

Pk flet) = ————
2O (m) = SR oo

f(z,1)

TRICLICT . BHEEERHERICKD,
DBOFW @ (z,1) = 1= B +R(QPOF W) (1™ %5, 1) 3)

THBTeHhbhd. ROMBIIEARNZIHETSH 3.
% 1 (INSS], Lemma 3.1). 28 C > 0BFELT, (z,t) € R ICDVT,

tl-—k
|920FW ) (1) < C _—
e ey
TH5.
HELIicky, FlxiE
W@ t) < —t_n_ 4
(ZE, )_C(t+|$[2a)2_&+1 ( )
BXU
-6~W(°‘)(' t) <c— ' (5)
Ox B = (t + |[20) B5 +1
THB bbb,



feLP(R)ICDNT
POf](@,) = [ Wa=y,07w)dy
R~
£8<. WO/ 1d Poisson % TH o 72DT, PA/A[f] i f D Poisson A TH 5. i Hardy 2R\ /&
TREHEER OB DOVTUTOC Ehibh 5.

ME2. 1<p<oocblT, WICETZEM uIcHUT, u=P[f] Zifil TS f € LP(R") BTciE—
OFET 5. Wic, B f € LP(R) KR LT PW[f] € h2, TH 5.

2 AEDEA
A Hardy ZERICHG L7z Carleson fillE & U T T.-Carleson JIEZHET 5.
E&E 3. 0<a<l,pZRY FEBorel I, 7>083%. COLE, H2EHC>0PFELT,

w(T) (z,1)) < Ctlza+T (6)
Wiz EnTwa e E, p% (L@ IcfT %) T,-Carleson fllEE LR, T,
T (z,t) = {(y,s) € RE™ | [y —z|** + s < t}

TH5. iz,
w(T) (z,1))

y +1
(x,t)ERY

L 3%, T.-Carleson B &L,

FEIIEBVT, a=1/2 &35 LHRD Carleson measure BRTZDEFICIED. ROEHI Feze
B 2 AE DR DI %2 Carleson FERWHILT 22 DDBRBETRNEMEL LTITAB I LZRTEDT
5%.

EE 4 l<p<qg<oo, pZRY LD Borel fIELT%. THO&¥, BWE Hardy 2RI BT
Carleson AERMNHILT 2, ThabD, HBEHC >0 BEFEEL T u e hf IHLT, ROFREKX

”u”L"(Riﬂydu) < C”u”h{;

WHEICHILS BT DB DR, 7= 4/(£ +1) L LT pH T,-Carleson IETH B L THS.

200 p

AE 5. BEEAICBWTHIEIK Tr-Carleson MIEZ{RET % & &, Carleson FEXRDEHHDIE C =
Copan(BOW)/1 LEENBN, 2<p=q< 00 DEFIMRY Copyn & p(=q) & nlcXOFICRNS.
FbE, C=Co(l? )P EEN%. AT BICI Lorentz 22T 2 MAIEEAES B, Z0%
HEZCT T TIIERT .

A Bergman ZERIC B TH Carleson RERICDVTDERMELN TS, TELRIBETHSE
£ LT m-Carleson HIEMEEEI N TV 3.

*1p> q DL EDOHRME Bergman ZZRIICH1F 5 Carleson FERR D TeHDREHHREFBCHMEN TS, L, p<gq
DL ELIFZTORMEER U TidaL.



E#E 6 (INSY)). pZ R FiEBorel fllE, 7>029%. cDr¥, $BZEHC >0MVFHELT,
wQ W (z,1)) < CtlEETHIT (7)

WililzEnTwad &, pk (L@I2fd %) 7-Carleson HIELIER. T, Q@ (x,t) i3 a-Carleson box
LEN,

Q(a)(m,t) = {(y1,¥2, - Yn, 5) E]Rﬁ_'*1 |t§ s <2, |y — x| < 2_1ti,i= 1,2,...,n}

LERTS.

T 7 (INSY)). 1<p<g<oo, p%RY LiF Borel LT 3. CDLE, KA Bergman Z2ic ks
T Carleson NERDILT %, DL, HEEHC >0 DFEL T u € b ITH LT, RORER

H“HLq(mgﬂ,d#) < Cllullez
WHCHILY BT DDBETIFRMEE, ph L-Carleson HIETHZT L THS.
T.-Carleson measure & 7-Carleson measure & DRERIZLITFDO LS IcES.

B 8. o= /(35 +1) <7 DEE, puH T.-Carleson measure TH 2 & & b 7-Carleson measure TH2
CLLEMEETHS.

BB, 5=/(g5+1) > 1 DL EIZ, ph T-Carleson measure TH3 T & & p A 7-Carleson measure T
HBTLLIZREB. HC, T,-Carleson measure i& 7-Carleson measure TH 54, MOEBIITHTHS.

3 TEX4 DA
T T TR Hardy ZERIC ) % Carleson AERDKILT % 12D D BB DEMICHET 2 2 4 OFF
HZ1T5.
&S E(CRY) ICHLT,
E:={(z,t) e R¥ | B(z,t%) C E}

B, FADRELZRBL I %78, EH 40 T,-Carleson JIE & FETH 2 RONERHZEZS

—

Bz, t3)) < Ct33. 8)

9, Carleson FEXDPRILT 2 & ICREORHOUEZANS. (z,t) € R ZEZEL, u(y,s) =
W (z—y,t+s) £T5.
Carleson NERD AT DNV TIHET 5.

q
du(y, s)-

“W(a)((lj— ’t+)”t1!'/1(Ri+ldu) 2 /;/\1 (t+3)—2_ﬂ:;q

(zt2a)

W(a)( Ty ,1>
(t+ s)7=

3 |z -yl

$S)2a
DT 5 DFHEiZ VS T LK,

—

(W (- ¢+ )| )2 Ct™ %9 u(B(x, t2))

q
LR} dp



THBNH
—n T3 1 o
O (u(B(z, 1)) 7% < W (@ =, 4+ ) g ©)

TH%. RELDOFNMZ T2, #HidEl LEHEHRIKY,
-1

oo
W@ (& — -t + )7, < Csup(t+s)7=1-?) / s
* $>0

———dy
o (1+ 7))(2‘*+1)"

-1

<Y, p>1otb/ i i < 0o BET (1 -p) <0 TBENE,
0

+n)(Z&+p

W (2 — -t + )y < CtFaGEY (10)

nEons.
Carleson RERDFILT 2 LWV IRE L (9)(10) DFHE & v fEwH1BLND.
R, T.-Carleson HIEDEHZFE LI E, 1 <p < qDE LTI Carleson RERNKILT BT L%
Y.
u € hP ITDWVT,
D) = {(5,5) € RI | Jy— 2] < 5%}

W)= sup  |u(y,s)
(y:8)€r(x)

LB ASO0LLT Eyvi={z €R" |u*(z) > \} £ T 5L, u* BWFEEHETHZC EHD By BHEST

b,
E\= U Q
Q€T

¢ Whitney 77f#T&% (cf. [S]). TT T, FER" AD cube ZAEDEETH Y, & Q RILEHS ERLT
diam(Q) 7z Q ® diameter & LT,

Crdiam(Q) < dist(Q, OF,) < Cadiam(Q) (11y

LEE O, Cy BEND. Gy o= {(z,t) € RU | |u(z,t)| > A} T2 & Gy C Ex BHIIT 3. %72, GQ
& Q LHRLEBL U diameter 2 C3 {50 cube #RT DL UL ¥, Ex C Upes(C5Q) DHILT 3.
&oT,

W(Gy) < /L(E\)\) < Z /L(C/'::Q) <Cy Z 1C5Q|/? < C Z |Q|9/? < C|Ex|"/?
Q€T QeF Q€
THs. TOFHmHKD,
“u”Lq(Rn-)-l du) /IR"“ lu(z, t)|? du(z, t)

+

=/ p({|u(z, t)|? > A}) dX

0

=q/ wW(GA)ATLdA

0

<Cq / |Ex|9/PA971dA
0



TH53. RD 2 DOFHR

o 0o gk+1 00
| Br|9/PAT1dA < / By /720400 gy < S olktla|E,, o/
/ 3 [, i 3 2 iE|
o 0o ok+1 oo
ju* ()P = p / [EADPldA>p 3 / | By [28P~DdN = py © 2% | B
R~ 0 k=—o0 2k k=—o00

&V, p<qicEETB L

) p/q 0 2p
(f Bt ) < 30 2t < 2 @ps
0 P Jrn

k=—oc0
HESNS. BZIC,
oo 1/q
ol aquz+s gy < Ca/e ( I |Ek|q/PAq-1dA) < 40P /7 | (12)
0
TH%. feLP[R™) (1< p< o) lcHLT,
1
M f(z) = sup — |f()|dy

>0 1" JB(z.r)

X f OWKEREEEN, Mfe LP(R?) TH3. u=POf] Zifilc T XICHEE f e PR LB &
& HIZEHC>0MFEL T <CMfETES. Th (12) kickY, HBEMC > 0 DFEELT

. 5n 1/p
iz < OVl ETES. BABHO S VAOREELT, G =2 (20 ) £33
L, IMfllo@ny < Conllfllzo@ny BHRITT 3 C EDEHBNTOS (cf. [SW]). Lo,

||1L||LQ(R¢+17(I;L) < Clfllizeny < Cllullng

THYEHIIAETNS.
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Szegd’s Theorem and Uniform Algebras
(Application for Bergman Space)

Takahiko Nakazi (Hokusei Gakuen University)

Let A be a uniform algebra on X, 7 a nonzero complex homomorphism on A and
m a representing measure on X. For a nonnegative function W in L'(X,dm), put

geEA-

S(W) = inf / |1 — g*Wdm
X

where A, = {f € A: 7(f) = 0}. S(W) is called a Szegd’s infimum. In this lecture, we are
interested in when A is a disc algebraon X = {x € C: |z| < 1}. When m = df/2x, Szego

2

[4] proved that S(W) = exp / log W (e®)d6/2r. In this lecture, we consider S(WW) when
0

m = rdrdf/2r.

§1 —#®M uniform algebra

X 7 compact Hausdorff space, A %Z X [0 uniform algebra &9 %, £z 1+ %
A FEDOFETZEV complex homomorphism, m % X Fd r OXRBFHEL T3, T5bH

r(f) = /X fdm (f €

WAL L TWVW3,
1<p<ooDEZE, LP(X,dm) %Z X LD m IZHT % Lebesgue space &7 %,
WelL(X,dmn)id W>0aemon X 35L&,

S(W) = inf / 11— gl*Wdm
geEA- X
£9%, TTTA &7 Dkernel TH5B, S(W) & Szegd @ infimum EFEHINS,
p=1,20E% HY(X,dm) % AD [F(X,dm) (CBIBHEE L. W e LI(X, dm)
MO W >0IKMUT HY(X,Wdm) & A D LP(X, Wdm) IZBF 3HE LT %,
h € H*(X,dm) D& & h b generator &1 hA B H*(X,dm) TH&Ex L &%
W,
m WEEMNTICET B Jensen DAFR L IITED f € HP(X,dm) WL T

[ 1oglldm > 10g] [ sam
X X
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MDALT BT "D, TDOLE m T Jensen JEL VS, EENICIIT S Jensen DA
FARTKD, — ]I

/ Wdm > exp/ log Wdm
X X

WKL T B, m B Jensen Mg 513
/ Wdm > S(W) > exp/ log Wdm
X X
N YA R
W = W1W2,I/Vj Z 0 75\0 W] € Ll(X,dm) (] = 1,2,' : ) &L/\ Wldm// Wldm
& 7 OXRHENETH O HD Jensen HEE 5T X
/ WiWadm > S(W1Ws) > / Wldmexp/ log Wadm > exp/ log W1 Wadm
X X X X
WEKALT %,

S(W) = / Wdm BRI B BED D55 Wdm) / Wdm & r DEH
Wi L 755 C L T b, X

m 7 Jensen HIE L3 %,

(1) W = |h]> D h € H*(X,dm) 7' generator 7z 51X

S(W) = exp/ logWdm >0 ,
X

(2) SW) = exp/ logWdm >0 75568 k € H*(X,dm) L IEDRE ¢ BFEEL
X

T kPW =c DKILT %,

W) € L®(X,dm) &3 %,

Wldm// Widm & + ORBGUE, Wy = |h|2 DD h € H*(X,dm) & generator

X
LB L,
S(W) =/ Wldmexp/ log Wadm > 0
X X

AND AYAC RN
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MEIL: €D (2)TEL SW) = exp/ logW™ldm > 0 LI %% 5
E. b= k-1 & HX(X,dm) O generator 755, CAUGTOREA UICIXRITT 5755
3 Mo

BISE I : 21313 W, € LI(X,dm) & LCRITT 575 5 b,

Rl I : @3 EEERL T, — D W DEH 3 ICHBIBRRICHRTZS1EA
2 M

82 disc algebra

D={2€C:|z| <1}, D={2€C:|z|<1} D OD={2€C:|z| =1} &F
%, A% D LTHEMD D TIERIGBERO2AKET 2L &, A X =D O uniform
algebra £75%, AlJ disc algebra EWHIN S, 7(f) = f(0) (f€ A) £ B &, 7 ITHT
% X =D FORHMEIRILD S, BIZIE. dn = do(r)dd/2r D o & [0,1] KR L
DWERRED E E m & 7 1T 2EHWETH 5,

Szego 13 1920 o(r) =6, =1 D& E, ThxbDE dm = di/2r D& ZIT, Szegd
O infimum ZIRE LTz, T&bE. W e LY(D,di/2r) WIFEEHIE

27
S(W) = exp/ log W (e®)d6 /2m
0
Li5B T ERHI LT, TORERIZ Szegd DEFIE LTHLTH D, COEHE S(W) > 0
THHRETTHRME logW € LY(D,do/2r) THBT EZRLTVS, Ko THIE I~
2R CHEMNICRN TS,

L do(r) =2rdr DEZE, Tixb B dm = rdrdd/m D& E Szegd @ infimum
BT Bo MICHE I~V Z2EET 5,

EH1EEHTES, £oT de// Wdm S+ ORBRE L 755 W ZIRE
X

TAHTLFEKDH B, W=|QP D Qe H*D,dm) D& ¥, de// Wdm HZIEH
ETH BB 75T Q HY Bergman ZEIC 353 % inner Bﬁiﬁktﬂ%xi’. ETH5,

TEH2 D (2) ICBIRT BE 1 IFEEMICR TN TE S,

EH 3 LEIFRT B T & Wi(re?) = Wy(r) D& ZITITEEMNCTIRT 5D —i%
FNC I F PR 7300,

EH 3 LRART ARE I I DWW TIE, Alman-Richter-Sundberg [1] 1 &> T,

W = |F]? D F € HX(D,rdrdf/n) D& ZIf@hntz, THiE Bergman ZEHIC I %
inner-outer 77 RICHHZR 5780,
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§3 XX

AE 1 Szego @ infimum (F disc algebra (Szegd), Dirichlet algebra (Wermer),
hypo-Dirichlet algebra (Gamehn) bidisc algebra (Nakazi) FFICHIFEE NIz, TD §2 TI&
Szegd D7 Z Tz disc algebra DIGEEBHUERL TV 5,

AE 240 D LOMRAEE TR L&, {27 & L2 (u) CHERGREEES
H. suppy C D D & E RO TEFHERER TR R, suppp € 0D D& E Wiener (&
Szegd DEHZ — RN E FHEREEO FHIHERICH Wz, §2 TSI LEER T3k
WHERIBIEZ > TWVWB T &ick 3,

AE 3dm =rdrdf/T D& E, RDOAREXIE DD Jensen DAFXKD/RT T
EMTE S,

1 27
/ 2rdr/ W (re®)do/2m > S(W)
0 0

1 2w
2/ 2rdr (exp/ log W(rew)dﬁ/Zw)
0 0

1 27
> exp/ 27"d7’/ log W (re*)do/2x o
0 0

SW) = /1 2rdr exp/leogW(reie)dO/Qw) >0 &% W ZHid T &,
%@3@%%@%%;@%%0 S BRI L LTE Wre?) = p(n)h(re®)f ¢ e
LY([0,1],dr). exp/ log |h(re®)|do/2m = |h(0)| BD h & D EIFAIE 5% T L %RT T
%gg%%ﬁb‘ IR E oz, h B HX(D, ¢pdm) @ generator 72 SIXMiE/RT T L H

A 4 COMEONEEBE IO (4] eH 0. ARITTES %,
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