HOKKAIDO UNIVERSITY

Title =15 Doctoral thesis "DIFFERENTIAL GEOMETRY OF SPACELIKE SUBMANIFOLDS IN DE SITTER SPACE”
Author (s) Kasedou, Masaki
Citation Hokkaido University technical report series in mathematics, 149, 1
Issue Date 2011-02-16
DOI https://doi.org/10.14943/49036
Doc URL https://hdl. handle.net/2115/45518
Type departmental bulletin paper

File Information

tech149. pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




DIFFERENTIAL GEOMETRY OF SPACELIKE
SUBMANIFOLDS IN DE SITTER SPACE

Masaki Kasedou

Department of Mathematics

Hokkaido University
Sapporo 060-0810, Japan



Contents

1 Introduction 3
2 Preliminaries 8
2.1 Basic notations . . . . . . . . ... 8
I Spacelike hypersurfaces in de Sitter space 9
3 Spacelike hypersurfaces 9
3.1 Spacelike hypersurfaces and lightcone Gauss images . . . . . . . . ... ... .. 9
3.2 Lightcone height functions . . . . . . . . . . .. ... 0oL 12
3.3 Contact with de Sitter hyperhorospheres . . . . . . .. .. ... ... ... ... 14
3.4 Spacelike Monge forms . . . . . . ..o 16
3.5 Spacelike surfaces in de Sitter 3-space . . . . . . . . . ... L. 18
3.6 Examples of spacelike surfaces in S5 . . . . . .. ... L. 21

II Spacelike submanifolds of codimension two in de Sitter space 22

4 Spacelike submanifolds of codim two 22
4.1 Spacelike submanifolds and lightcone normal frames . . . . . . . . ... ... .. 22
4.2 Construction of lightlike hypersurfaces . . . . . . . ... ... ... ... .... 27
4.3 Contact with lightcones and spacelike submanifolds . . . . ... ... ... ... 29
4.4 Lightcone Gauss maps and lightcone height functions . . . . . . .. .. ... .. 32
4.5 Contact with lightlike cylinders . . . . . . .. . .. ... ... ... 34
4.6 Spacelike surfaces in de Sitter 4-space . . . . . . . .. ..o 36



IIT Spacelike submanifolds in de Sitter space

5 Spacelike canal hypersurfaces

5.1 Spacelike submanifolds and timelike unit normal vector fields . . . . . . . . . ..

5.2 Spacelike canal hypersurfaces . . . .. .. .. ..

5.3 Horospherical hypersurfaces and height functions

5.4 Horospherical hypersurfaces as wave fronts . . . .

5.5 Contact with de Sitter hyperhorospheres . . . . .

6 Timelike canal hypersurfaces

6.1 Review of timelike hypersurfaces . . . . . . . . ..

6.2 Spacelike submanifolds and spacelike unit normal vector fields . . . . . . .. ..

6.3 Timelike canal hypersurfaces . . . . . . . .. . ..

6.4 Generic properties for the spacelike submanifolds

IV  Appendix
A Theory of Legendrian singularities
B Contacts of submanifolds

C Generic properties

38

38
38
41
42
46
48

51
o1
53
95
62

64

64

66

67



1 Introduction

In this thesis, we investigate the differential geometry of spacelike submanifolds in de Sitter
space as an application of the theory of Legendrian singularities.

Bleeker and Wilson [3] studied the singularities of the Gauss map of a surface in Euclidean
3-space. Gauss map is defined by the normal vector field of the surface. In their paper, the main
theorem asserts that the generic singularities of the Gauss maps are folds or cusps. Banchoff
et al. [2], Landis [15] and Platnova [17] studied geometric meanings of cusps of the Gauss map
of the surface. The notion of Gauss-Kronecker curvature is defined by the determinant of the
differential map of the Gauss map. Therefore, the set of singularities of the Gauss map coincides
with the set of parabolic points, where the Gauss-Kronecker curvature vanishes. Bruce [4] and
Romero-Fuster [18] have also independently studied the singularities of the Gauss map and the
dual of a hypersurface in Euclidean space. The main tool of Bruce and Romero-Fuster in their
study is the family of height functions on a hypersurface.

On the other hand, the differential geometry of Minkowski space, hyperbolic space and de
Sitter space is also studied by several people. Izumiya, Pei and Sano [6] investigated extrin-
sic differential geometry of hypersurfaces in hyperbolic space as an application of Legendrian
singularities. They observed the geometrical meanings of the singularities of lightcone Gauss
indicatrice and lightcone Gauss maps of the spacelike hypersurface.

The case of spacelike submanifolds of codimension two are particularly important in the
theory of general relativity. Izumiya, Kossowski, Pei and Romero Fuster [7] investigated lightlike
hypersurfaces of spacelike surfaces in Minkowski four space, which is deeply related to the
several kinds of horizons. Izumiya and Romero Fuster [8] investigated spacelike submanifolds
of codimension two in general dimensional Minkowski space. They showed Gauss-Bonnet type
formula in terms of the Gauss-Kronecker curvature with respect to the lightlike normals.

For general codimension case, the normal vector is not uniquely determined, however it is
possible to construct hypersurfaces from normal unit vector fields of the spacelike submanifold.

[zumiya, Pei, Romero Fuster and Takahashi [9] introduced the notion of canal hypersurfaces and



horospherical hypersurfaces from the parallel normal frames of submanifolds in the hyperbolic
space, and investigated submanifolds of higher codimension in the hyperbolic space.

It is known that de Sitter space is a Lorentzian space form with a positive curvature. In this
thesis (cf. [11]) we investigate singularities of lightcone Gauss maps of spacelike hypersurfaces
in de Sitter space, which is analogous to the case of hyperbolic space [6]. The singularities of
the Gauss image coincide with the lightcone parabolic sets of spacelike hypersurface.

In the case of spacelike submanifold of codimension two, the normal direction of spacelike
submanifold cannot be chosen uniquely. However, we can determine the lightcone normal
frames. Fusho and Izumiya [5] investigated lightlike surfaces of spacelike curves in de Sitter
3-space by using the Frenet-Serret type formula and gave a classification of singularities of
lightlike surfaces of generic spacelike curves, which are a cuspidal edge and a swallowtail. Here,
we investigate singularities of the lightcone Gauss maps and lightlike hypersurfaces, as the
generalization of the study [5]. We use analogous tools to those applied in [7, 8] to the study
of spacelike submanifolds in Minkowski space. The singularities of lightlike hypersurfaces are
described by the principal curvatures of spacelike submanifolds.

In the general codimension case, we investigate the differential geometry of spacelike sub-
manifolds of codimension at least two in de Sitter space. In Fuclidean space, the canal hy-
persurface of a submanifold is very useful and it has been classically known. Moreover, the
analogous definition has been given in the hyperbolic space [9]. We introduced the notion of de
Sitter horospherical hypersurfaces and spacelike canal hypersurfaces by using the parallel unit
orthonormal section. The singular point of the de Sitter horospherical hypersurface corresponds
to the parabolic point of spacelike canal hypersurface, which we call a de Sitter horospherical
point.

Moreover, we can construct another kind of canal hypersurfaces. It is called as a timelike
canal hypersurface. We study the geometrical property of the timelike canal hypersurfaces
similarly as the case of spacelike canal hypersurface, and we find different properties from these
of the spacelike canal hypersurface.

More precisely, in the first part of this thesis, we investigate the relationships between



singularities of lightcone Gauss image and geometric properties of the spacelike hypersurface
in de Sitter space.

In §3.1 we introduce the notion of the lightcone Gauss image and the lightcone Gauss-
Kronecker curvature of the spacelike hypersurfaces. The lightcone Gauss-Kronecker curvature
is an invariant under the Lorentzian transformation in de Sitter space. In §3.2 we introduce a
family of functions that is called the lightcone height function on the spacelike hypersurface.
The lightcone Gauss image is interpreted as the discriminant set of the family of height func-
tions, and the singular set of the lightcone Gauss image is the lightcone parabolic set of the
spacelike hypersurface. In §3.3 we discuss the contact of hypersurfaces with de Sitter hyper-
horospheres. We apply the theory of Legendrian singularities for the study of lightcone Gauss
images of generic hypersurfaces. In §3.5 we classify the singularities of lightcone Gauss images
for generic spacelike surfaces in de Sitter 3-space. We have two types of singularities of the
lightcone Gauss image in generic, which are cuspidal edges and swallowtails. In §3.4 and §3.6
we define the notion of spacelike Monge forms in de Sitter space. It makes us to give examples
which are corresponding to generic singularities of the lightcone Gauss image.

In the second part of this thesis, we investigate the differential geometry of spacelike sub-
manifolds of codimension two in de Sitter space.

In §4.1 we introduce the notion of the lightcone Gauss map, the normalized lightcone Gauss-
Kronecker curvature and principal curvatures. The lightcone Gauss map does not depend on
the choice of the future directed normal frame. In §4.2 we introduce the notion of the lightlike
hypersurface and a family of functions that is called the Lorentzian distance squared function
on the spacelike submanifold. The lightlike hypersurface is interpreted as the discriminant set
of the family of the Lorentzian distance squared function, and the singular set of the lightlike
hypersurface is described by the normalized lightcone principal curvatures of the spacelike
submanifold. In §4.3 we discuss the contact of spacelike submanifold with lightcone in de Sitter
space. We apply the theory of Legendrian singularities for the study of lightcone Gauss map of
generic spacelike submanifolds. In §4.4 we introduce the notion of a family of functions that is

called the lightcone height function. The lightcone Gauss map is interpreted as the discriminant



set of the family of lightcone height function, and the singular set of the normalized lightcone
Gauss map corresponds to the normalized lightcone parabolic set on the spacelike submanifold.
In §4.5 We discuss the contact of spacelike submanifolds with lightlike cylinders in de Sitter
space. In §4.6 we classify the singularities of lightlike hypersurfaces and lightcone Gauss maps
of generic spacelike surfaces in de Sitter 4-space, and give some examples which have their
singularities.

In the last part of this thesis, we investigate the differential geometry of spacelike sub-
manifolds of codimension at least two in de Sitter space, and construct two types of canal
hypersurfaces.

In §5 we consider geometric properties of the spacelike canal hypersurfaces. In §5.1 we
define a timelike normal vector field of spacelike submanifolds in de Sitter space and introduce
the notion of the de Sitter horospherical Gauss-Kronecker curvature and principal curvatures.
In §5.2 and §5.3 we introduce a notion of de Sitter horospherical height function and de Sitter
horospherical hypersurface. We also define a spacelike canal hypersurface, whose lightcone
Gauss image is diffeomorphic to the de Sitter horospherical hypersurface. In §5.4 we naturally
interpret the de Sitter horospherical hypersurfaces of the spacelike submanifold as a wave front
set of de Sitter horospherical height functions in the theory of Legendrian singularities. In §5.5
we use the theory of contacts between the submanifolds due to Montaldi [16], and we discuss
geometric properties of singularities of de Sitter horospherical hypersurfaces. We also consider
generic properties of spacelike submanifolds.

In §6 we consider geometric properties of the spacelike canal hypersurfaces. In §6.1 we
briefly review the differential geometry of timelike hypersurfaces in de Sitter space due to
Izumiya [10]. In §6.2 we introduce the notion of the de Sitter horospherical Gauss-Kronecker
curvature and principal curvatures with respect to the spacelike normal vector field. In §6.3
we construct the timelike hypersurface from the parallel pseudo orthonormal sections of the
spacelike submanifold, and consider the geometric properties of the timelike canal hypersurface.
We also use the notion of de Sitter Gauss image and de Sitter height function of the timelike

hypersurfaces defined in [10]. The singularities of the timelike canal hypersurface and the de



Sitter Gauss image are related to the geometrical property of the spacelike submanifold. We
also consider contacts between spacelike submanifolds and non-flat hyperbolic hyperquadrics.

In §6.4 we finally consider the generic condition of the spacelike submanifolds.
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2 Preliminaries

2.1 Basic notations

In this section we review the basic notion to study the differential geometry of spacelike
hypersurfaces and submanifolds in de Sitter space. Let R"*1 = {x = (xo,...,25) | 75 €
R (: =0,...,n)} be an (n + 1)-dimensional vector space. For any vectors x = (x,...,Zy)
and y = (Yo,...,¥n) in R*"™ the pseudo scalar product of x and y is defined by (x,y) =
—Zoyo + Yoy Tiyi- We call (R"™1 () a Minkowski (n + 1)-space and write R}*! instead of
(R"*1 (,)). We say that a vector x € R} \ {0} is spacelike, timelike or lightlike if (x,x) > 0,
(x,x) < 0 or (x,x) = 0 respectively. The norm of the vector x € R is defined by
Ixll = /BT

We respectively define hyperbolic n-space and de Sitter n-space by

HY(-1) = {xeRI" | (x,x) = —1,sgn(zp) = £1},

Sto= {xeRy" [ (xx) =1}

and we write H"(—1) = H?(—1) U H"(—1). For any Xi,Xs,...,X, € R™' we define an

pseudo-external product of vectors x; A xs A ... A X, by

—ep € --- ey
A A —det | 0T
an o oal e !
where {ej1,...e,} is a standard basis of R{*" and x; = (2,...,2%) for i = 1,...,n. Since
(x,x1 A\ ... AXy,) = det(x,X1,...,X,), so that x; A ... A x, is pseudo-orthogonal to any x; for

i=1,...,n. Let A € RI"!, we define a set
LC\ = {x e R"™ | (x — \,x — \) = 0},

which is called a closed lightcone with vertex A. We also define future (resp. past) lightcone at



the origin by
LCT = {xeRPM™ | (x,x) =0, 29 >0},
LC* = {xeRM"™ | (x,x)=0, 20 <0},
and we write LC* = LC N LC™.
For a vector v € R}t \ {0} and a real number ¢, we define a hyperplane with pseudo normal
v in the Minkowski space by
HP(v,c) = {x € R | (x,v) = c}.

We say that a hyperplane H P (v, ¢) is spacelike, timelike or lightlike if the vector v is timelike,
spacelike or lightlike. We now consider hyperquadrics in de Sitter space. We say that HP (v, c)N
ST is an elliptic hyperquadric or a hyperbolic hyperquadric if HP(v,c) is spacelike or timelike.
Let v be lightlike, we say that HP(v,c) N S is a de Sitter hyperhorosphere and a lightlike
cylinder if ¢ # 0 and ¢ = 0 respectively. We denote the de Sitter hyperhorosphere by

HS(v,c) = HP(v,c)NST.

Let v/ = (1/c)v then we have HS(v,c) = HS(v',1).

Let v be spacelike, we say that the hyperbolic hyperquadric HP(v,c) NS} is a flat timelike
hyperquadric and a non-flat hyperbolic hyperquadric if ¢ = 0 and ¢ # 0 respectively. If ¢ = ||v||
then the timelike hyperplane H P(v,¢) is not transversal to de Sitter space at the point (1/c)v.

In this case the hyperbolic hyperquadric H P(v,c) NS is not a smooth manifold.

PART I SPACELIKE HYPERSURFACES IN DE SITTER SPACE

3 Spacelike hypersurfaces

3.1 Spacelike hypersurfaces and lightcone Gauss images

In this section we study extrinsic differential geometry of spacelike hypersurfaces in de Sitter

space. Let U be an open subset of R"! and X : U — ST be an embedding map. We say
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that X is a spacelike hypersurface in de Sitter space ST if every non zero vector generated by
tangent vectors {X,. (u)}?-} is always spacelike, where u = (uy,--- ,u,_1) is an element of U
and X, is a partial derivative of X with respect to u;. We denote M = X (U) and identify M
with U through the embedding X. Since (X, X) = 1, we have (X,,,X) =0fori=1,...,n—1.
It follows that a hyperplane spanned by {X,X,,, -, X,,_, } is spacelike. We define a vector

X)) A Xy (u) A AKX, (u)
X ) AX (@) A A X, ()]

e(u)

Since (e, X,.) = (e,X) =0and (e,e) = —1fori=1,...,n—1, so that e(u) is a timelike normal
of the spacelike hypersurface M. By replacing coordinates on U, we may assume that e(u) is

future directed. Therefore we have X(u) + e(u) € LC%. We define a map L* : U — LC% by

which is called a lightcone Gauss image of X.

We have the following proposition which is analogous to ([6], Proposition 2.2).

Proposition 3.1 ([11]). Let X : U — ST be a spacelike hypersurface in S}'. The lightcone
Gauss image IL* is constant if and only if the spacelike hypersurface M = X (U) is a part of a

de Sitter hyperhorosphere.

Proof. Since L*(u) is constant L%, so we have (X(u),L*) = (X(u), X(u) £ e(u)) = 1 for any
u € U. Therefore, we have X(U) C HP(L*, +1) N S}.

If X(U) € HP(v,c) NS} for some v € LC* and ¢ # 0, then we have (X(u),v) = r and
(X,,(u),v) = (v,v) = 0. This means that v = rL*(u) or v = rL™(u). Therefore, L* is a

constant vector (1/c)v. O

Let u € U and p = X(u), under the identification of U and M, we can identify a derivative
map dX(u) with an identity mapping idz, 5s. By the similar arguments as those of the proof of
([6], Lemma 2.1), de(u) is a linear transformation on the tangent space 7, M. This means that
a derivative of the lightcone Gauss image is a linear transformation on the tangent space 7, M

given by dL*(u) = idg,y + de(u). We respectively call S5 = —dL*(u) : T,M — T,M the

10



lightcone shape operatorof M = X(U) at p = X(u) and A, = —de(u) : T,M — T, M the shape
operator of M at p. We denote the eigenvalue of Sff by R;'fi and the eigenvalue of A, by «,;. We

respectively call Rii by lightcone principal curvatures of M at p and /{ii by principal curvatures

of M at p. By the relation SpﬂE = —idp, £ Ay, S;t and A, have the common eigenvectors and
we have a relation /%;'fi = —1 =+ K,;. We also define a lightcone Gauss-Kronecker curvature of

M at p by determinant of S;t and denote it by K gt(u) Since A, is the shape operator with
respect to the Riemannian metric on M induced from the Lorentzian metric on R} we define
the Gauss-Kronecker curvature of M at p = X(u) by K(u) = det A4,.

We say that a point u € U or p = X(u) is a lightcone parabolic point if the Gauss-Kronecker
curvature of M at p equals to zero. We also say that a point u or p is an umbilic point if
all the eigenvalues of S;,t are equal. If all points on the spacelike hypersurface M are umbilic
points, then M is called by totally umbilic. we say that a point p is a lightcone flat point if p
is an umbilic point and a lightcone flat point. The following proposition is analogous to ([6],

Proposition 2.3).

Proposition 3.2 ([11]). Suppose that M = X(U) is totally umbilic. Then &=, k,, are constant

P

functions &%, k. Under this condition, we have the following classification.
(1) If 0 < |k| = |F* + 1| < 1, then M is a part of a hyperbolic hyperquadric.
(2) If 1 < |k| = |F* + 1|, then M is a part of an elliptic hyperquadric.
(3) If K* =0, then M is a part of a de Sitter hyperhorosphere.

Proof. By definition, we have —L7 (u) = 75X, (u) (fori = 1,--- ,n—1) for any p = X(u) € M.
Xul.(u)—i—/%piXuiuj(u). Since ]Li_uj =L and X, = Xujuss

+ _
Therefore, we have L, (u) = & s

pyuj
we have R;;'fquui(u) — R, Xy, (1) = 0. On the other hand, X, for i =1,--- ,n—1 are linearly
independent, so that /%;t is constant k*. Since i* = +x, — 1, this means that ﬁ;t is a constant
function k*.

We now assume that £* # 0. By the assumption, we have —e,, = kX,, (fori =1,--- n—1),

so that there exists a constant vector a € Rf™ such that, a = xX(u) + e(u) for any u € U. If

11



k| = |F* + 1| # 0, then the vector v = (1/k)a satisfies (v,v) =1 —1/xk% and (X,v) = +1. If
k =0, then v = a satisfies (v,v) = —1, (X, v) = 0. so that the assertion (1), (2) follows.
Finally, we assume that #* = 0. In this case, we have Li_ =0 (fori=1,---,n—1), so

that IL* is constant. Therefore we apply Proposition 3.1. This completes the proof. O

We now consider the Riemannian metric (the first fundamental form) ds* = Zlnj_:ll gijdu;du;

on M = X(U), where g;;(u) = (X, (u), Xy, (u)) for any u € U. We also define a positive (or
negative) lightcone second fundamental form ﬁfj(u) = (—LE (u),X,,(u)) for any u € U. We
have the following Weingarten-type formula which is analogous to ([6], Proposition 2.4).

n—1

]L‘i = - Z(}_Li)fxu],

Jj=1

where ((h*)]) = (hi)(g") and (g%) = (gx5) 7"
Therefore, we have an explicit expression for the lightcone Gauss-Kronecker curvature by
Riemannian metric and the lightcone second fundamental invariant.
L det(}_ziij)
£ det(gap)”
By the above formula, we have that a point p is a lightcone parabolic point (or, briefly an L*-

parabolic point) if and only if the second fundamental quantity matrix (hy;)(p) is not regular.

3.2 Lightcone height functions

In this section we introduce families of functions on a spacelike hypersurface in de Sitter space.
Let X : U — ST be a spacelike hypersurface in S7. We define a family of functions H :
Ux LC* — R by

H(u,v) = (X(u),v) — 1.

We call H a lightcone height function on X : U — ST.
We denote the Hessian matrix of the lightcone height function hy,(u) = H(u,vy) at ugy by

Hess (hy,)(ug). We have the following lemma which is analogous to ([6], Propositions 3.1, 3.2).

12



Proposition 3.3 ([11]). Let X : U — S} be a spacelike hypersurface in ST, then H(u,v) =0
and OH(u,v)/O0u; =0 (i = 1,--- ,n — 1) if and only if v = L*(u). Under this condition, we

have:
(1) po = X(ug) is an L*-parabolic point if and only if det Hess (A, )(1o) = 0.
(2) po = X(ug) is an L*-flat point if and only if rank Hess (hZ, ) (ug) = 0.

Now we apply the arguments in Appendix A and naturally interpret the lightcone Gauss
image of a spacelike hypersurface in ST as a wave front set in the theory of Legendrian singu-

larities.

Proposition 3.4 ([11]). The lightcone height function H : U x LC* — R is a Morse family

of hypersurfaces.

Proof. We denote X(u) = (z¢(u),--- ,z,(u)) and X,,(n) = (2o, (0), -+, 2y, (u)). For any
v = (v, - ,v,) € LCE, we have vy # 0. Without loss of generality, we assume that vy =
Vol 4 02 > 0, so that we have H(u,v) = —1 — zo(u)\/v? + - + 02 + S 1_, ar(u)v.
We have to prove that the mapping A*H : U x LC7 — R" is non-singular on (A*H)~*(0).

Therefore it is sufficient to show that the Jacobian matrix of A*H

Uj
—To— -+ l'j
UO j:]-:'":n

JA*H(u,v) =
<_onui& + x]ﬂi)
Yo T
is regular on %, (H). We denote vectors a,b; (i = 1,--+ ,n) by @ = "(x0, Touy, "+ , To,_,) and
bj =T, Tjuys s Tju,_,) for j =1,--- n. Then the determinant of JA*H(u,v) is
det JA*H(u,v) = det (—aﬂ by, —a 4 Bn)
Vo Vo
— det(by, -+, by) — = det(@,ba, -+ ,by) — - — —det(by, -+ ,by1,a)
Yo Yo
Vo Un 1 +
= (== | X AXy () A A X, (1) ) = —(L7 (), e(u)).
Vo Yo Yo

Since v = L*(u), so that we have det JA*H (u,v) = F1/vy # 0. This completes the proof. [

13



By the arguments in appendix A, we obtain the following Legendrian immersion germs.
L (S5(H), (wo, vo)) — PT*(LCY),

LE(u,v) = <v, [g—i(u,v) Lo g—UHn(u,v)D ,

where vo = L*(ug) and ©F(H) are singular sets of H
SEH) ={(u,v) €U x LC% | v =L*(u)}.

By Proposition 3.3, the lightcone Gauss images are the discriminant sets of the lightcone
height function H. Therefore the wave front sets of the Legendrian immersion germs £* are

the lightcone Gauss image germs LL*.

3.3 Contact with de Sitter hyperhorospheres

In this section we consider the contact between spacelike hypersurfaces and de Sitter hyper-
horospheres. Let vy € LC*, we define by, : ST — R by by, (W) = (w,vo) — 1. Then we have
a de Sitter hyperhorosphere h!(0) = HS(vo,+1). For any uy € U, we consider the lightlike

vector vii = L*¥(ug). Then we have

(hyz 0 X)(ug) = H(up,L*(ug)) =0
(ahv(j): o X)

Ou: (uo) = <Xuz<u0>7Li(u0)> =0 for i = 17 y TV — L.

This means that the de Sitter hyperhorosphere is tangent to the spacelike hypersurface M =
X(U) at pp = X(up). In this case, we call HS(vq,+1) the tangent de Sitter hyperhorosphere
of M at py (or ug). Let vi,ve € LC*, we say that de Sitter hyperhorospheres HS(v;, +1)
(1 = 1,2) are parallel if vi and vq are linearly dependent. We have the following proposition

which is analogous to ([6] Lemma 6.2).

Proposition 3.5 ([11]). Let X : U — S} be a spacelike hypersurface. Consider two points
u;,uy € U. Then L*(uy) = L*(uy) if and only if HS(X,L*(u;)) = HS(X,L*(uy)).

14



Let X; : (U, u;) — (S7, p;) be map germs of spacelike hypersurfaces and I be correspond-
ing lightcone Gauss image germs. We denote germs of lightcone height functions with fixed
parameters vii = L (u;) by Byt (U,u;) — (R,0). Then we have hijvz;t(ll) = (bv;t) o X;(u).
By Theorem B.1, K (X, (U), HS(X,vi);w) = K(Xo(U), HS(X, v3); us) if and only if A, &
and hz,vgt are KC-equivalent.

Let uy € U, vy = LE(up) and CZ(U) be the local ring of function germs at ug. We denote

Q* (X, up) the local ring of the function germ hyt : (U,ug) — R by

Q* (X, w) = O (U) /(o) e (0

By the above arguments and Appendix A, we have the following theorem which is analogous

to ([6] Theorem 6.3).

Theorem 3.6 ([11]). Let X; : (U,u;) — (ST, pi) (for i = 1,2) be spacelike hypersurface
germs such that the corresponding Legendrian immersion germs are Legendrian stable. Then

the following conditions are equivalent:
(1) Lightcone Gauss image germs L and L are A-equivalent.
(2) Legendrian immersion germs £; and Ly are Legendrian equivalent.
(3) Lightcone height function germs H; and Hy are P-K-equivalent.
(4) hyyx and hy o+ are K-equivalent.
(5) K(X1(U), HS(X1,vi);w) = K(X5(U), HS(XQ,V§E);U2)
(6) Q*(Xy,uy) and Q*(Xy, uy) are isomorphic as R-algebras.

Proof. Since £, and L, are Legendrian stable, regular sets of IL; and L, are respectively dense.
By Proposition A.2, the conditions (1) and (2) are equivalent. We apply Theorem A.3, the
conditions (2) and (3) are equivalent. By the previous arguments from Theorem B.1, the

conditions (4) and (5) are equivalent.

15



If we assume the condition (3), then the P-K-equivalence preserves the K-equivalence, so
that the condition (4) holds. Since the local ring Q*(X;,u;) is K-invariant, this means that

the condition (6) holds. By Proposition A.4, the condition (6) implies the condition (2). O

We now consider the generic property of spacelike hypersurfaces in de Sitter space. We
consider the map space of spacelike embeddings Sp-Emb(U, S}) with Whitney C*-topology.
Applying the arguments in appendix C, we have the following proposition as a corollary of

Theorem C.2.

Proposition 3.7. If n < 6, then assumption of the Theorem 3.6 is generic property. That is,
there exists an open dense subset O C Sp-Emb(U, S7) such that for any X € O, corresponding

Legendrian immersion germ L is Legendrian stable.
In general we have the following proposition.

Proposition 3.8 ([11]). Let X, : (U,w;) — (57, p;) (for i = 1,2) be hypersurface germs such
that their L*-parabolic sets have no interior points as subspaces of U. If lightcone Gauss image

germs LT and L are A-equivalent, then
KX (U), HS(Xy,vi);u)) = K(Xo(U), HS(X,, vi); uy),

where v; = L*(w;) for i = 1,2. In this case, (X7 (HS(LF(w), +1)),u;) (i = 1,2) are diffeo-

morphic as set germs.

For a hypersurface germ X, we call (X "1(HS(L*(ug), +1)), ug) the tangent de Sitter hyper-
horospherical indicatriz germ of X. By Proposition 3.8, the diffeomorphic type of the tangent
de Sitter horospherical indicatrix germ is an invariant under the A-equivalence among lightcone

Gauss image germs.

3.4 Spacelike Monge forms

In this section we introduce the notion of spacelike Monge forms in de Sitter space which is

analogous to [6]. We now consider the function f(uq,- -+ ,u,—1) with f(0) = 0 and f,,(0) =0
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fort=1,...,n — 1. Then we have a spacelike hypersurface in S by

X (u) = (—f(u), L )~ = ,un1> .

where U is some sufficiently small open neighborhood at the origin. Since e(0) = (1,0,---,0),
so that we have L*(0) = (£1,—1,0,---,0). We call X; a spacelike Monge form in de Sitter

space. Then we have the following proposition.

Proposition 3.9 ([11]). Any spacelike surface in S} is locally given by some spacelike Monge

form.

Proof. Let X : U — ST be a spacelike hypersurface. Since the Lorentzian group oper-

ates transitively S}, we may assume that p = X(0) = (0,—1,0,---,0). We have a basis

{X(0),e(0),X,,(0), -, X,, ,(0)} of T,R*".  Applying the Gram-Schmidt procedure on
{X,,(0),---, X, ,(0)}, we have a pseudo orthonormal basis {X(0),e(0), ey, - ,e,_1} of
R7*! such that T,M = (e, -+ ,e,_1)r. In particular, {e;,--- ,e,_1} is an orthonormal basis

of spacelike subspace T, M, so that T, M is considered to be a subspace of Rf = {(0,z1,-- -, z,,) |
z; € R}. By a rotation of the space Rj, we assume that 7,M = {(0,0,zs, - ,z,) | z; € R}.
We remark that this rotation can be considered to be a Lorentzian motion of R}

Therefore, the hypersurface germ (M, p) is written in the form
X(“) = (_f(ll), _g(u)7u17 e 7un—l) .

with function germs f(u), g(u). Since M C S}, we have a relation g*(u) = 1+ f*(u) — uf —

-+ —u?_,. By a rotation of the space R?, we can assume g(u) > 0, so that we have

glw) = 1+ () —ud = — 2.
Since T,M = {(0,0, 2, -+ ,x,) | z; € R}, the conditions f(0) = f,,(0) =0 (i=1,---,n—1)

are automatically satisfied. This completes the proof. O]

For the lightlike vector vi = (1, —1,0,---,0), we consider the de Sitter hyperhorosphere
HS (v, +1). Then we have the spacelike Monge form of HS(vy, +1).

1 1
Xpgst(u) = <:F§(uf e dul ), —1+ i(uf Ul ), U, ,un1> :

17



Here we can check the relation (vi, Xyg+(u)) = 1. On the other hand, we have Xpg+(0) =
(0,—1,0,---,0) and Xpg+,,(0) is the z;41-axis for s = 1,--- ,n — 1. This means that T,M =
T,(Xgs=(U)). Therefore X g+ (U) C HS(vy,+1) is the tangent de Sitter hyperhorosphere of
M =X(U) at p = X(0). It follows from this fact that the tangent de Sitter hyperhorospherical

indicatrix germ of the spacelike Monge form Xy is given as follows:
X7 (HS (v, +1) = {(ar, -+ unr) | £2f(0) = uf + -~ +up_ ).

Since the lightcone height function of X at Vi is

B () = £ () + 1+ f2(0) =1 = — w2 — 1,

we can calculate the Hessian matrix, so that we have Hess h,+(0) = dHess (f(0)) — L,—1, where
I[,_1 is an identity matrix.

On the other hand, since f(0) = f,,(0) = 0, we may write

1 1
fa) = 5“1?@ +-- 5’%—1“3-1 +g(u),
where g € M3 | and ky, -+ , Kk, 1 are eigenvalues of Hess (f(0)). Under this representation,

we can easily calculate (Xy)y,u,(0) = (= fu,u,;(0),045,0,---,0). It follows from that
hi5(0) = £ fu,u, (0) — 65 = 0yj(£k; — 1),

and g;;(0) = 6;;. Therefore, we have &7 (0) = —1 £ ; and

)

n—1 n—1

[1750) = (-1 £x).

i=1 i=1

K (0)

The tangent de Sitter hyperhorospherical indicatrix germ is given by

n

Z K (0)u? + 2g(u) = O} .

=1

X;l(HS(Vf)t,+1)) = {(ul,--- y Up—1)

3.5 Spacelike surfaces in de Sitter 3-space

In this section we restrict the dimension n = 3 and observe the geometrical properties corre-
sponding to the singularities of lightcone Gauss images. We consider the space of spacelike

embeddings Sp-Emb(U, S7) with Whitney C*°-topology.
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Let up € U C R¥ and X : U — S} be a spacelike hypersurface in de Sitter three-space. We
define the K-codimension (or Tyurina number) of the lightcone height function germ (h,x,uo)

by
H-ord* (X, ug) = dim Cao/ {hyz(00), Ohyx (o) /Oui) e
We also have the notion of corank of the function germ:
H-corank™(X,ug) = (n — 1) — rank Hess (hyz (o))

By Proposition 3.3, p = X(uy) is an L*-parabolic point if and only if H-corank™ (X, ug) > 1.
Moreover p is an L*-flat point if and only if H-corank™ (X, ug) = 2. (H-corank™®(X,ug) =n—1
in general dimension n.)

We say that a function germ f : (R""! a) — R has the A,-type singularity at a if f is

k+1
n—1-

K-equivalent to the germ g(uy, -« ,up_1) = fug -+t u, 2+ u
By the classification of stable Legendrian singularities for n = 3 [1, 20| and the transversal

theorem of [19], we have the following theorem.

Theorem 3.10 ([11]). There exists an open dense subset O C Sp-Emb(U, S7') such that for

any X € O, the following conditions holds.

(1) The L*-parabolic set K, '(0) is a regular curve. We call such a curve the L*-parabolic

curve.

(2) The lightcone Gauss image IL* along the L*-parabolic curve is a cuspidal edge except at

isolated points. At this point L* is swallowtail.

Here, a map germ f : (R?,a) — (R3 b) is called the cuspidal edge if it is A-equivalent
to the map germ g¢; : (R? 0) — (R3,0) with g;(u) = (u1,u,u3) and the swallowtail if it is
A-equivalent to the map germ go : (R?,0) — (R?,0) with go(u) = (3uf+uius, 4ud+2ujus, usy).
(c.f. Figure 1 and 2) The swallowtail point is an isolated singular point.

The assertion of Theorem 3.10 can be interpreted as saying that the Legendrian lift £ of
the lightcone Gauss image L* is Legendrian stable at each point. In this case, the lightcone

Gauss image L™ has only cuspidal edges and swallowtails as singularities.
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Figure 1: Cuspidal edge Figure 2: Swallowtail

Figure 3: ordinary cusp Figure 4: tachnodal

Corollary 3.11 ([11]). Let O C Sp-Emb(U, S7') be the same open dense subset as in Theorem
3.10. Let X € O, vi = L*(up) and hyt : (U,ug) — R be the lightcone height function germ

at ug. Then we have the following.

(1) The point ug is an L*-parabolic point of X if and only if H-corank™ (X, uy) = 1 (that is,

U is not an L*-flat point). In this case, hv(f)c has the Ag-type singularity for k£ = 2, 3.

(2) Suppose that ug is an L*-parabolic point of X. Then the following conditions are equiv-
alent:
(a) L* has the cuspidal edge at uy;
(b) hvg has the As-type singularity;
(¢) H-ord*®(X, ug) = 2;

(d) The tangent de Sitter horospherical indicatrix germ is an ordinary cusp, where a

curve C' C R? is called an ordinary cusp if it is diffeomorphic to the curve given by
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{(u1, u2) | uf — uj = 0};

(3) Suppose that ug is an L*-parabolic point of X. Then the following conditions are equiv-

alent:

(a) L* has the swallowtail at up;
(b) hy+ has the As-type singularity;
(¢) H-ord*(X, ug) = 3;

(d) The tangent de Sitter horospherical indicatrix germ is a point or a tachnodal, where
a curve C' C R? is called an tachnodal if it is diffeomorphic to the curve given by
{(ur, u2) | uf —uz = 0}

(e) For each € > 0, there exist L*-non-parabolic points u;, us € U such that ||ug—u;|| <
e for i = 1,2, and the tangent de Sitter horospheres to M = X(U) at u; and uy are

equal.

Proof. Since n = 3, ug is an L*-parabolic point if and only if H-corank™ (X, ug) > 1. By the
classification of singularities of function germs, hv(j): has only the Ay or As-type singularities.
We can avoid the case when ug is an L*-flat point, so that H-corank™(X,ug) = 1.

By Theorem 3.6, the conditions of (2) are equivalent. Similarly, the all conditions (a),(b),(c)
and (d) of (3) are also equivalent. Suppose that corresponding Gauss image has swallowtail at
uy. We can observe that there is a self-intersection curve approaching ug. (cf. Figure 2.) On
this curve, there are two distinct points u; and uy such that L (u;) = L*(u,). By Lemma 3.5,
this means that tangent de Sitter horospheres to M = X(U) at u; and uy are the same. On the
other hand, if the Gauss image has cuspidal edge at ug, there are no self-intersection on L*.

(cf. Figure 1.) This means that (3)(a) is equivalent to (3)(e). This completes the proof. O

3.6 Examples of spacelike surfaces in S}

In this section we give some examples using the spacelike Monge form introduced in 3.4 in de

Sitter space.

21



Example 3.12. If f(uy,uz) = su} + jui, then

1, 1 1, 1,
Xp(uy, ug) = —gui’—§u%,— 1+(§u:{’—|—§u%> —ud —ud ug,us |,

and k; = 1,ky = 0. Then we have & (0) = 0, &5 (0) = —1, £, (0) = —2 and &, (0) = —1.
So the origin is not an L~ -parabolic point but an LT-parabolic point. The positive tangent de
Sitter horospherical indicatrix germ is the ordinary cusp {(u1, us) | 2u? = 3u3}. Therefore, the

lightcone Gauss image IL™ is non-singular at the origin and IL* is a cuspidal edge at the origin.

Example 3.13. If f(u1,u2) = fui + Su}, then

1, 1 1, 1.\
X (ug,ug) = —§u4—§uf,— 1+(§u‘f+§u%) —ud —ud ug,u |,

and k1 = 1,ke = 0. By the same reason as in the previous example, the origin is not an
L~-parabolic point but an L*-parabolic point. The positive tangent de Sitter horospherical
indicatrix germ is the tachnodal {(uy,us) | u} = u3}. Therefore, the lightcone Gauss image L™

is non-singular at the origin and L™ is a swallowtail at the origin.

PART Il SPACELIKE SUBMANIFOLDS OF CODIMENSION TWO IN

DE SITTER SPACE

4 Spacelike submanifolds of codim two

4.1 Spacelike submanifolds and lightcone normal frames

Let U be an open subset of R""2 and X : U — ST be an embedding, we say that X is spacelike

in S7 if every non zero vector generated by tangent vectors {X,, (u)}!=7 is always spacelike,

where u € U and X,, = 0X/0u;. We identify M = X(U) with U through the embedding X

and call X and M a spacelike submanifold of codimension two in ST.
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Since (X,X) = 1, we have (X,,,X) =0 for i = 1,---,n — 2. For any p = X(u), the
pseudo-normal space N,M := T,M+ C R}™ is a timelike 3-plane. we can choose a future
directed unit normal section n” (u) € N,M N H?(—1) satisfying (n”(u), X(u)) = 0. Therefore

we can construct a spacelike unit normal section n®(u) € N,M N S by

AXy, (W) A A X, ,(u)
AXy (@) A A Xy, L ()]

S(u) = nT(u)
n”(u) )

~ [In"(u

and we have (n”(u),nT(u)) = -1, (n?(u),n%(u)) = 0, (n®(u),n®(u)) = 1. Therefore vectors
n?(u) £ n%(u) are lightlike. We call (nT,n%) a future directed normal frame along M = X(U).
The system {X(u),n?(u),n%(u),X,, (u), -, X,, ,(u)} is a basis of T,R}*". We have the

following lemma which is analogous to Lemma 3.1 in [8].

Lemma 4.1. ([12]) Let n”(u) and n”(u) € N,M be the future directed unit timelike normal
sections of M then the corresponding lightlike normal sections n” (u)+£n®(u) and n” (u)+n”(u)

are parallel.

Proof. First of all, we show that @i’ (u) 4+ ° (u) is parallel to either n”(u) + n®(u) or n’(u) —
n®(u). By assumption, i (u) + n¥(u) is a lightlike normal at p on M, then there exist real

numbers A and p such that
a’(u) + @°(u) = An”(u) 4 pn®(u).

Since n” (u) + 0°(u) is lightlike, it follows that || = |u|. Therefore we have
a’(u) + 0% (u) = A(n” (u) + on®(u)).

for some o € {£1}. It follows that both lightlike vectors n”(u) + @i®(u) and n” (u) + on”(u)
are future directed, therefore we have A > 0.
Next, we show that ¢ = +1. By definition of n®(u), there exist a positive number a > 0

such that

n’(u) = a (0’ (u) A X(u) A X, () A AX,, ,(u)).
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On the other hand, there are some real number 5 € R such that

n’ (u) = (n°(u) A X(u) A X, (W) A AX,, ,(u)).

In this case we have

mT(u),n’ (W) AX(u)A---AX,, ,(u) = —@°u),n"(u)AXu)A---AX, ,(u)).

So that we have —a = (nT(u), an® (u)) = —(n%(u), An®(u)) = —B and a = 3. Therefore,
n’(u) +n(u) = o (n"(u) + nS(u)) AX(u)AXy, (u) Ao AX,, ,(u).
On the other hand, we obtain a real number o’ > 0 such that

i’ (u) + 0°(u) = o/ (0" (u) + 0%(u)) A X(u) A Xy, () A AX,, ,(u).

n"(w) +8%(uw) = /(87 (u) +5%u) A X(u) A
= O/)\(HT(U_) + JnS(u)) A X(u) A

= a '/ A(n%(u) 4+ on”(u)) (a™a/A > 0).
Since the vector i (u) + fi”(u) is future directed, so that we have o = +1. Therefore
n’ (u) +n°(u) = N (n’ (u) + n(u)),

where X' = a~ta’A > 0. We can show that the lightlike vectors i (u)—n(u) and n?' (u) —n®(u)

are parallel in similar way. In this case, we have

—T — _ 1 T
n' (u) — ns(u) =%V (n (u) — ns(u)) .

We remark that the matrix
N0
0o 1/XN

(N > 0)
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is the matrix of a Lorentzian transformation on the 2-plane spanned by the lightlike normal
frames, with respect to the basis {n”(u) =n°(u)} and {f?(u) £ 0°(u)}.

Under the identification of M and U through X, we have the linear mapping
d,(n” £n°): T,M — T,R}™ = T,M © N, M.

We consider a orthonormal projection «* : T,R}™ — T,,M and define a linear transformation

dp(nT £ 1)t by
dy(n” £n°)" = 7" o d,(n" £ n”).

We call the linear transformation SF(n”,n°) = —d,(n” £ n°)" an (n”,n®)-shape operator of

M =X(U) at p = X(u).
The eigenvalues of S (n”, n%) denoted by {x; (n”,n%)(p)}{= are called the lightcone prin-
cipal curvatures of M with respect to (n”, n®) at p. We also define a lightcone Gauss-Kronecker

curvature of M with respect to (n?, n®) at p by
KEmT, 0)(p) = det S (n, n%).

We say that a point p is an (n”, n®)-umbilic point if all the principal curvatures coincide at p.
In this case we have S (n”, n°) = £¥idg, ) for some k* € R. We say that M is (n”, n®)-totally
umbilic if all points on M are (n”, n¥)-umbilic.

Since X is spacelike submanifolds, we may define a Riemannian metric (or the first fun-
damental form) on M by ds* = Z:‘;:Ql gijdusduj, where gg;(u) = (X, (), Xy, (u)) for any
u € U. We also define a lightcone second fundamental form (or the lightcone second fun-

damental invariant) with respect to the normal vector field (n7,n®) defined by hfj(u) =

—({(n” £ n%),,(u),X,,(u)) for any u € U. We have the following Weingarten-type formula.

Lemma 4.2 ([12]). Let (n”,n®) be a lightlike normal frame on the spacelike submanifold M

of codimension two in de Sitter space, then we have:

n—2
(nT + nS)ui = i( S? nZ)(nT + nS) - Z h;tj(nTu nS)XUj7

J=1
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where (h{*(n?,n%)); = (ki (n?,n%))  (¢")s; and (¢"); = (g;)~". Therefore we have

n—2
7o (n” £n%), = — Z h* (0", n%)X,,.

=1
Therefore we have an explicit expression of the lightcone Gauss-Kronecker curvature in

terms of the lightcone first and second fundamental forms.

det(hE(n”,n%)(u
B ) ) - SR

,ns)-pambolic point if tht(nT,nS)(p) = 0, and M is an

We say that a point p is an (n”

(n”', n%)-flat point if p is (nT, n¥)-umbilic and K;7(n?, n%)(p) = 0.

For a lightlike vector v = (vg, vy, -+ ,v,) we define v .= (1,v1 /v, -+ ,v,/v9). By Lemma
4.1, if we choose another future directed unit timelike normal section i’ (u), then we have
nT(umS(u) = ﬁT(u)/;:/ﬁS(u) € S77'. Therefore we define a lightcone Gauss map L*

U— ST 1 of M =X(U) by

L*(u) = n7(u) £ n(u).
The lightcone Gauss map is analogous to the Minkowski space which is studied in [8]. Under the

identification of U and M we define a linear mapping dL= : T,M — T,Ri*! where p = X(u).

By Lemma 4.2, we have the following normalized lightcone Weingarten formula.

n—2

~ 1 1 ..
oLy = g—i(wt oly)=— Z g—ihiij(nT, n°)X,,,
0 j=1 0
where L*(u) = (¢ (u), -+, ££(u)). We call linear transformation SF = —7' o dﬂj}:} :T,M —

T, M by a normalized lightcone shape operator of M at p. The eigenvalues {%; (p)}i= of §pi are

called normalized lightcone principal curvatures. By the above proposition, we have a relation

FE(p) = k(0T 0%)(p).

The normalized lightcone Gauss-Kronecker curvature of M at p is defined to be K F(u) = det §;t
Therefore we have the following relation between the normalized lightcone Gauss-Kronecker

curvature and the lightcone Gauss-Kronecker curvature:

Riw) = (g—tw) K (07, n%)(u),
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It is clear from the corresponding definitions that the lightcone Gauss map, the normalized
lightcone principal curvatures and the normalized lightcone Gauss-Kronecker curvature are
independent on the choice of the normal frame (n”', n®) of M.

We say that a point u € U or p = X(u) is a lightlike umbilic point if §;,t = %;f (p)idg,a. By
the above proposition, p is a lightlike umbilic point if and only if p is a (n?, n¥)-umbilic point for
any (n”,n%). We say that M is totally lightlike umbilic if all points on M are lightlike umbilic.
We also say that p is a lightlike parabolic point if K gi(u) = 0. Moreover, p is called a lightlike
flat point if p is both lightlike umbilic and lightlike parabolic. The spacelike submanifold M in
ST is called totally lightlike flat if every point in M is lightlike flat.

4.2 Construction of lightlike hypersurfaces

In this section we define a lightlike hypersurface from the spacelike submanifold of codimension
two in de Sitter space, and introduce the Lorentzian distance squared function in order to study
the singularities of lightlike hypersurfaces.

Let M = X(U) be a spacelike submanifold of codimension two in de Sitter space. We define
a hypersurface LH]\jZ :U xR — ST by

LHF (u, 1) = X(u) 4 pl*(u).

We call LHE the lightlike hypersurface along M. It is analogous to the Minkowski four space
which is studied in [7]. It has been introduced by Izumiya and Fusho [5]. We define a family

of functions G : U x ST — R on a spacelike submanifold M by
G(u’ /\) = <X(U) - )" X(U) - A>7

where p = X(u). We call G by a Lorentzian distance squared function on the spacelike sub-
manifold M. For any fixed point \g € S}, we write g,,(u) = G(u, \y). We have following

proposition.
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Proposition 4.3 ([12]). Let M be a spacelike submanifold of codimension two in de Sitter
space and G : U x S} — R the Lorentzian distance squared function on M. Suppose that

Po = X(ug) # Ao, then we have the following.

(1) gr,(uo) = 9ga,(1g)/Ou; = 0 (i = 1,--- ,n — 2) if and only if N\ = LH3;(ug, 1) for some
p € R\ {0}

(2) gr, (1) = 9gr,(ug)/Ou; =0 (i = 1,--- ,n —2) and det Hess (g,)(ug) = 0 if and only if
Ao = LHﬁ(uo,uo) for some py € R\ {0} and —1/p0 is one of the non-zero normalized

lightcone principal curvatures 7; (po).
Now we apply the arguments in Appendix A.

Proposition 4.4. Let G be the Lorentzian distance squared function on M. For any point

(u,\) € A*G71(0), G is a Morse family of hypersurfaces around (u, \).

Proof. For A = (Ao, -, A\n) € ST, A\ # 0 for some k. Without loss of generality, we as-

sume that A\, > 0 and local coordinates around X in de Sitter space ST is given by A =

(Nos s Ak 5 A1), where A, = /1 + A2 — A2 — -+ — )\, ;. Jacobian of A*G is given by
X, (u)
(_XJ (u) A, )‘J)]O "
B(u, )\) = X (u)
(X]',Uz‘ (u> }\; )\J>j07., n—1
=1, n—2

where X(u) = (Xo(u), -, X,(u)), Xy, = (Xou,(u), -, Xpy,(u)) for (¢ =1,--- ;n—1). On
the other hand, A\, X(u), X, (u),---,X,,_, are linearly independent on (u, \) € A*G~1(0), so

that rank of n x (n — 1) matrix

Mo s W “A
Xow)  -Xi(w) e —Xea(w)  —X.(u)
Xo.u (0) X (@) - X1 (0) — X ()
XO Un—2 (u> _Xl Un—2 (u) T An—1lup_2 (11) Xn Up—2 (11)



is n. We subtract the first row multiplied by X,,(u)/\, from the second row, and then subtract
the first row multiplied by X, ,, (u)/A, from the (2 + k)-th row for k = 1,--- ;n — 2. We have

>\0 _)\l _)\n—l _/\n
0

B(u, \)

0

Therefore rank B(u, \) = n — 1. This completes the proof. O

We consider a point A = (Ag, A\, , A,) € ST, then we have the relation

M= A A e M LA

for some k. So we adopt the coordinate system by (Aq,--- DY JAn) on VE = {\ |
sgn(\;) = +£1}. We consider the local trivialization PT*(VF) = V¥ x PR"™! of PT*(S}).
Since G is a Morse family of hypersurfaces, we have the Legendrian immersion germs EJGE :

(X.(G), (g, Ao)) — PT*(S7) by

oG oG oG
LE(u,\) = (A, W(u,A):---:W(u, ):---:a)\n(u,)\) )

where A = (\°,--+ | \") is a local coordinate V;* around )y € S?. and X.(G) = (A*G)71(0) =
{(w,\) €U x S} | A\ = LH{;(u, ), p € R}. The Lorentzian distance squared function G is a

generating family of the Legendrian immersion Eci; whose wave front set is the image of LH]\?

4.3 Contact with lightcones and spacelike submanifolds

In this section we use the theory of contacts between submanifolds due to Montaldi [16]. Let

Ao € ST, we call a set
LC\, NS ={x € ST | (x— X,z — Ng) =0}

by a de Sitter lightcone with vertex A\g. The following proposition is generalization of Proposition

4.1 in [7].
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Proposition 4.5 ([12]). Let Ay € S} and M be a spacelike submanifold of codimension two
without umbilic points satisfying K, # 0. Then M C LC,, N ST if and only if A\g is an isolated
singular value of the lightlike hypersurface LH3, and LH (U x R) € LCy, N S

Proof. We assume that M C LC(ST),,- By Proposition 4.3, there exists a smooth function
p: U — R such that X(u) = Ao+ g(u) - (n7 4 n)(u). Therefore, LH (U x R) € LC(ST),.

We now show that )\ is isolated singularity. It follows that

+
it n) = (o 7 n%)(w)
OLHY; :
5 (Wt = g (@) +n%)(u) + [+ p(w) (0t +0%), () (@=1,--,n-2)
Then, we have
- OLHY; OLHY; OLHY;
P(u) = X(u)A T (u,t) B, (Wt) A+ A Tus (u,t)

= (t+p)"? - X@) A @ +0%) () A (" +05), (@) A-A @ +05), (a).

ul

On the other hand, X(u) — A\ = p(u) - (n” +n%)(u) # 0 is a lightlike vector and T,M are
spacelike, so that X(u), X(u) — A\, X, (), -, X,,_,(u) are linearly independent. Therefore
we have

0 # X(u)A(X(u) =) AXy,(u)A---AX,, ,(u)

—_ e/~ —_—

= p(w)"" - X(u) A (" +n05)(u) A (" +0%), (@) A A (@ +05), (1)

ul

so that X(u) A(n” +n%)(u)A(n? +n%), (W)A---A(nT +n%),  (u)# 0. Therefore P(u) =0

if and only if ¢ + p(u) = 0. This means that )\ is an isolated singular value of LH;;. The

converse is trivial. O

We now consider the contact of spacelike submanifolds of codimension two with de Sitter
lightcones due to Montaldi’s result [16]. We define a function G : S} x S} — R by G(x,\) =
(x —A,x — \). For a given A\, € S, we denote gx,(x) = G(x, Ag), then we have g3 !(0) =
LC(S})x,- For any uy € U, we take the point AT = X(ug) + 110L*(ug) and have

(g2 ©X)(1) = G o (X X idsy)(ug, Ay) = G(ug, A7) =0,
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where py = X(ug) and o = —1/%F(wg), (i =1,--- ,n —1). We also have

9(g,x © X) 0G

9. (wg) = 3_ui(uo’ Ay) = 0.

It follows that the de Sitter lightcone g;%(O) = LC(S7)x, N ST is tangent to M at py = X(up).
In this case, we call each LCA?} a de Sitter tangent lightcone of M at py.

We denote g;,+ : (U, u;) — (R,0) by gw\?:(u) = Gi(u,\F). Then we have gi’)\?:(u) =
(gmii o X;)(u). By Theorem B.1,

K(Xy(U), Ly ) = K (Xa(U), LOys; A)

if and only if g; AE and g, AE are KC-equivalent.

Let Q* (X, ug) be the local ring of the function germ grx (U, ug) — R defined by

QF (X, w) = Cx(U) /{952 ) oz )

where A\g = LHj; (o, f19) and C2(U) is the local ring of function germs at uo.

By the arguments in Appendix A, we have following theorem.

Theorem 4.6 ([12]). Let X, : (U,u;) — (ST, p;) (i = 1,2) be spacelike submanifold germs of
codimension two in de Sitter space such that the corresponding Legendrian immersion germs

Eli are Legendrian stable. Then the following conditions are equivalent:
(1) Lightlike hypersurface germs LH]\j1 and LlTifj\jfL2 are A-equivalent.
(2) Legendrian immersion germs £ and £3 are Legendrian equivalent.
(3) Lorentzian distance squared function germs G; and Gy are P-K-equivalent.
(4) gljf/\1 and gi\Q are K-equivalent.
(5) K(X1(U),LC\¢;p1) = K(X2(U), LCy#: p2)

(6) Local rings Q*(X;,u;) and Q* (X, uy) are isomorphic as R-algebras.
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Proof. Since LH]\j;’1 and LH]\?2 are Legendrian stable, regular sets of LH]?1 and LH]?2 are
respectively dense, by Proposition A.2, the conditions (1) and (2) are equivalent. Applying
Theorem A.3, the conditions (2) and (3) are equivalent. By the previous arguments from
Theorem B.1, the conditions (4) and (5) are equivalent. If we assume the condition (3), then
P-K-equivalence preserves the K-equivalence, so that the condition (4) holds. Since the local
ring Q* (X, u;) is K-invariant, this means that the condition (6) holds. By Proposition A.4,
the condition (6) implies the condition (2). O

By Appendix C, the assumption of the above theorem is a generic property in the case when

n < 6. In general we have the following proposition.

Proposition 4.7 ([12]). Let X; : (U,u;) — (S}, pi) (for ¢ = 1,2) be spacelike submanifold
germs of codimension two in de Sitter space and regular sets of their lightlike surfaces LHJ\ji

are dense in U. If lightlike hypersurface germs LH]\iL1 and LHJ\jfL2 are A-equivalent, then
K(X,(U), LCys:p1) = K(Xa(U), LOys: o).
In this case, (Xl_l(LC)\li), u;) and (X2_1<LC>\2i>, uy) are diffeomorphic as set germs.

Proof. By Proposition A.2, if LH]\?1 and LH]\jﬁL1 are A-equivalent, then £ and L5 are Legen-
drian equivalent. By Theorem A.3, G; and (G5 are P-K-equivalent, so that 9ipE and gy AE are
KC-equivalent. Applying Theorem B.1, the first assertion holds. On the other hand, g;/\li (0) =
(X, 1(L(]A?E), u;) and K-equivalence preserves the zero level sets, so that (XII(LC/\%), ul) and

(X5 1(LC)\§:), uy) are diffeomorphic as set germs. O

4.4 Lightcone Gauss maps and lightcone height functions

In this section, we define the lightcone height function whose wave front set is the image of
the lightcone Gauss map. We also describe contacts of submanifolds with lightlike cylinders by
applying Montaldi’s theory.

We define a lightcone height function H : U x S%™' — R by H(u,v) = (X(u),v). For

vy € ST we write hy, (1) = H(u,vy) and have following proposition.
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Proposition 4.8 ([12]). Let H be the lightcone height function of spacelike submanifold X of

codimension two in de Sitter space ST, then we have the following:

(1) H(ug,vo) = Hy,(ug,vo) =0fori=1,--- ,n—2if and only if vo = ﬂi(ug).

i

(2) H(ug,vo) = Hy,(ug,vg) = 0 for i = 1,--- ,n — 2 and det Hess (hy,)(ug) if and only if

i

vo = L (1) and K (ug) = 0.

Proof. Let vo = AX(ug) + 770" (ug) + n°n®(uo) + Z;:f & X;(ug) for some A\, n" 7% & € R,
By the assumption, we have A = 0, |nT| = || and H'(ug,vo) = (gi;(u)) &, where H' =
YHyyy oo Hyy o), € = Y&, -+ € g) and (gy;) is the first fundamental form on M. Since
(9i5(up)) is regular, H'(up, vo) = 0 if and only if £ = 0. Therefore we have vy = L*(ug). The

converse of (1) is trivial. By the calculation,

(8331‘ (uo’vo)) N <<X“i“j(u0)vﬂ~—*i(uo)>>.. () (h55(w0))

ij ij

where (£ () is the first component of L*(up) and (hfj(uo)) is the lightcone second funda-
mental form with respect to the lightcone normal frame (n?, n%). Therefore Hess H(uy, vo) is

degenerate if and only if ug is a lightcone parabolic point. This completes the proof. O

By the above proposition, the discriminant set of the lightcone height function is given by

Dy ={ves:!

v =L*u), uEU}.

Therefore Dy is the image of the lightcone Gauss map of M and the singular set of the lightcone

Gauss map is the normalized lightcone parabolic set of M.

Proposition 4.9 ([12]). Let H is the lightcone height function on the spacelike submanifold
M of codimension two in de Sitter space. Then H is a Morse family of hypersurfaces around

(u,v) € A*H~0).

Proof. We denote that X = (Xo, -+ ,X,), Xy, = (Xows s Xnw) and v = (v, ,vp).

Without the loss of generality, we assume that v,, > 0. Therefore we denote a matrix B and C
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1 0 - 0
., £
n_ (- ),y O xm
(Xj,uxu) ) ] X, (u)
=1, ,n—2
X, (1)
Then we have J(A*H) = (*|B) and det B = (—1)""2det C/v,.
On the other hand, determinant of a matrix
10 O -1 -1 R
1 0 0 --- 0

0 1 . 0 o (gij)

equals to —det(g;;) # 0, where (g;;) is the first fundamental form on M. This implies that
both B and C are regular, therefore rank J(A*H) = n — 1. This completes the proof. m

By the above proposition and Proposition A.1, we have the Legendrian immersion ﬁi :

Y. (H) — PT*(S%7") defined by

. B OH . 0H . OH
L3(u,v) = <)\, [a—vl(u,v) ; ~~a—vk(u,v) : a—ﬂﬂ(u,v)])

where v = (vg, vy, -+ ,v,) € ST and B, (H) = {(u,v) € U|v = L*(u), K} (uy) = 0}. The
lightcone height function H is the generating family of the Legendrian immersion £3; whose

wave front set is the image of lightcone Gauss map L*.

4.5 Contact with lightlike cylinders

In this section we describe contacts of submanifolds with lightlike cylinders by applying Mon-
taldi’s theory.
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For any v € ST, we define a lightlike cylinder along v by HP(v,0) N Sy. It is an (n — 1)-
dimensional submanifold in S which is isomorphic to S"~2 x R. We observe that its tangent

space at each point has lightlike directions.

Proposition 4.10 ([12]). Let L* be a lightcone Gauss map of X. Then L* is a constant map

if and only if M is a part of lightlike cylinder HP(v,0) N S} for some v € S"*.

Proof. Necessity is trivial, so we prove sufficient condition. If M C HP(v,0) N S}, then
v = a(u)n’(u) + B(u)n(u) for some functions o, 3 : U — R. Since v is lightlike, we have

a = || > 0. Therefore v = L*(u) for all u € U. This completes the proof. O

We now consider the function H : SP' x S ' — R defined by H(x,v) = (x,v). Given
vo € 8771, we denote by, (x) = H(x,vy), so that we have h;'(0) = HP(vo,0) N S}. For any

uy € U, we take the point vi = L*(u,) and have
(bvo © X)(uo) =Ho (X X idSifl)(u(]?Vi) = H(UO,VE)E) =0,

where pyg = X(up). We also have

I(by+ o X) OH
—au uy) = —(ug, vg) = 0.

(9ui

It follows that the lightcone h~1(0) = LCy, is tangent to M at py = X(up). In this case, we
Vo
call LCV(:)E a tangent lightlike cylinder of M at pg.

From the arguments in Appendix A and 4.5, we have following theorem.

Theorem 4.11 ([12]). X, : (U,u;) — (S7,p:) (i = 1,2) be spacelike submanifold germs and
v, = if(ul) If the corresponding Legendrian immersion germs are Legendrian stable. Then

the following conditions are equivalent:
(1) Lightcone Gauss map germs Iﬁf and IEQi are A-equivalent.
(2) Legendrian immersion germs £ and £3 are Legendrian equivalent.

(3) Lightcone height function germs H; and Hj are P-K-equivalent.
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(4) hi

1v, and h;vz are K-equivalent.
(5) K(X1(U), HP(v1,0) NSt p1) = K(X2(U), HP(v2,0) N SY; p2)
Proof. This proof is similar to the proof of Theorem 3.6. O]
As in the case with the section 4.5, if n < 6 there exists an open subset O C Sp-Emb(U, ST')
(with the Whitney C'*°-topology) such that for any X € O suffices the assumption of the above

theorem.

Proposition 4.12 ([12]). Let X; (for i = 1,2) be spacelike submanifold germs and regular sets
of their lightcone Gauss maps H:jt are dense in U. If lightcone Gauss map germs ]ij and E;t
are A-equivalent, then we have

K(X4(U), HP(vi,0) N ST p1) = K(X2(U), HP(vy,0) N S5 p2)
In this case, (X3 '(HP(v{,0)NSY),u;) and (Xo ' (HP(vi,0)NSP), uy) are diffeomorphic as
set germs.

Therefore we call (X; ' (HP(vF,0) N SY),w;) a tangent lightlike cylindrical indicatriz germ
of M; at py.

4.6 Spacelike surfaces in de Sitter 4-space

In this section we consider the case of n = 4 and classify singularities of lightlike hypersurfaces
and lightcone Gauss maps. We now define K-invariants of spacelike surfaces in de Sitter 4-space.
For open subset U C R? and spacelike submanifold X : U — S}, we define the K-codimension

(or Tyurina number) of the function germs hvg, Irz and corank of hva_u, Irz by

G-corank™

H-ord™(X,up) = dim C3(U)/{hyzx(wo), Ohys (o) /Oui) oge ),
H-corank®™(X,uy) = 2 — rank Hess (hyz(a0)),
G-ord*(X,wp) = dim Oy (U)/(gyx(wo), D9y (wo) /0us) oze ),
(X, o)

= 2 — rank Hess (gAg(uQ)),
where vif = L*(uo) and AT = X (1) + toLL* (uy).
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Figure 5: The list of tangent lightcone indicatrix germs

Theorem 4.13 ([12]). Let Sp-Emb(U, S7') be the set of spacelike submanifolds. We have open
dense subset O C Sp-Emb(U, S7) such that for X € O and A\ = LH{;(ug, ty), AT is a singular
value of LHZ if and only if G-corank™(X,up) = 1 or 2.

(1) If G-corank™ (X, up) = 1 then there are distinct normalized lightcone principal curvatures
ki, &3 such that 75 # 0 and ty = —1/AT. In this case we have G-ord*(X,uy) = k

. . . + . S
=2, k :
(k=2,3 or 4) and the lightlike hypersurface LH3; has A type singularity

("4'2) f(ubu?vu?)) = (3U%,2U?,U1,u2)
(A3) f(U'l? U2, Ug) = (41/;; + 2U1U2, 3u£1l + UQU%, U2, U’3)

(Ag)  fur,ug,uz) = (5uj + ugu? + 2uqus, 4u® + 2ugu® + usu?, ug, us).

(2) If G-corank™(X,ug) = 2 then uy is a non-flat umbilic point and ty = —1/%E. In this case

we have G-ord™(X,up) = 4 and LH3; has D] or Dj type singularity:

(D) fluy,uz,u3) = (2(ui’ + ud) + urugus, 3u? + ugus, 3us + uius, u3)

(Dy)  fluy,uz,uz) = (2(u:{’ — ulu%) + (u% + u%)u;),, ug — 3u§ — 2uyug, Uty — UgUz, Us).

Theorem 4.14 ([12]). There exists an open dense subset O’ C Sp-Emb(U, S}) such that for
any X € O, ug € U is an Zi—parabolic point if and only if H-corank™ (X, uy) = 1. That is, M

has non flat point and K, , '(0) is a regular curve.
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(1) If H-ord*(X, ug) = 2, then L* has the cuspidal edge point at ug, and the tangent lightlike

cylindrical indicatrix germ is an ordinary cusp.

(2) If H-ord*(X,ug) = 3, then L= has the swallowtail point at up, and the tangent lightlike

cylindrical indicatrix germ is a tacnode or a point.

PART III SPACELIKE SUBMANIFOLDS IN DE SITTER SPACE

5 Spacelike canal hypersurfaces

We consider the differential geometry of spacelike submanifolds of codimension at least two in
de Sitter space, which is analogous to [9]. We construct the spacelike canal hypersurfaces from

the spacelike submanifold and observe their geometrical properties.

5.1 Spacelike submanifolds and timelike unit normal vector fields

Let » > 2 be an integer and X : U — ST be an embedding from an open set U C R"™". We
say that X is spacelike in S} if every non zero vector generated by {X,,(u)} =" is spacelike,
where u € U and X,,, = 0X/0u;. We identify M = X(U) with U through the embedding X
and call M a spacelike submanifold of codimension r in de Sitter space. Since (X, X) = 1, so
that (X,,,X) =0 fori=1,...,n—r. The tangent space of M at p = X(u) is spanned by the
vectors X, (u) fori=1,...,n—r.

Let N,M be the normal space of M at p in Rf™ and we define Ny(M) = N,M NT,St.
Let n : U — N;(M) be a timelike unit normal vector field on M. Since (n,n) = —1 and

(X,n) = 0, n,, is pseudo orthogonal to both of X and n for ¢ = 1,...,n — r. Therefore we

have n,,(u) € T,M © N;(M). Consider two pseudo orthonormal projections
m TR — T,M, a7 TR — N, M.
Let dyn be the derivative of n at u, under the identification of M and U through X, we have
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the linear transformations on 7, M

T __ _t N _ _n
d,n —Wpodun, d,n —Wpodun.

We respectively call the linear transformation A,(n) = —d,n” and S,(n) = —(idz,» + dpn”)
an n-shape operator and a de Sitter horospherical n-shape operator of M at p = X(u). We also
call the linear map d,n” a normal connection with respect to the timelike normal n of M.
We denote eigenvalues of A,(n) and S,(n) by x,(n) and &,(n), which we respectively call
an n-principal curvature and a de Sitter horospherical n-principal curvature. The de Sitter

horospherical Gauss-Kronecker curvature with respect to n at p = X(u) is defined to be
Kj(n)(u) = det S,(n).

We say that a point py = X(up) is an n-umbilic point if Sp,(n) = Kp,(n)idg, ar. Since the
eigenvectors of Sy, (n) and A,,(n) are the same, the above condition is equivalent to A, (n) =
Kpo(n)idy, ar. We say that the spacelike submanifold M is totally n-umbilic if every point on
M is n-umbilic. We also say that the timelike unit normal vector field n is parallel at po if
dpyn® = Or, a. The timelike unit normal field n is parallel if n is parallel at any points on M.

Then we have the following result which is analogous to ([9], Proposition 3.1).

Proposition 5.1 ([14]). Let X be a spacelike submanifold of codimension » > 2 in de Sitter
space. Suppose that n is a timelike unit normal parallel vector field and M = X(U) is totally
n-umbilic. Then the principal curvatures x,(n) and K,(n) are constant function x(n) and
(n), and there exists a vector v € R?™ and real number ¢ such that M is a part of some

hyperquadric HP(v,c) NS} in de Sitter space. In this case, we have following classification.
(1) If 1 < |R(n) + 1| = |k(n)| then M is a part of a hyperbolic hyperquadric H P(v,+1).
(2) If 0 < |R(n) + 1| = |k(n)| < 1 then M is a part of an elliptic hyperquadric HP(v,+1).
(3) If K(n) + 1 = k(n) = 0 then M is a part of an elliptic hyperquadric HP(v,0).
(4) If k(n) = 1 (namely £(n) = 0) then M is a part of a de Sitter hyperhorosphere HP(v,+1).
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Proof. By the assumption, we have A,(n) = kpidy, . This means that 7} ony, (1) = £, X, ().
Since n is parallel, we have n,, (u) = £,Xy,(u). So that ny,,, (0) = Ky, pXe, (1) + £, X, (1)
and 1y, (1) = ky, p Xy, (1) + £, Xy 0, (1), It follows that Xy, = Xyju, and Ny, = Ny,
then we have k,; Xy, (1) = Ky, pXy,; (1), Since X;(u) and X;(u) are linearly independent,
Kusp = Ku,p = 0. This means that , and k, are constant x and &.

We now assume that K + 1 = x # 0. By the assumption, we have n,,(u) = —xX,,(u),
so that there exists a constant vector v such that X(u) = v — (1/k)n(u). Then the vector v
satisfies (v, v) =1 —1/k? and (X(u) — v,X(u) — v) = —1/k?, so that (X(u),v) = 1 for any
u € U. This means that M is a part of a hyperquadric in de Sitter space HP(v,+1). Therefore
we have (1), (2) and (4).

On the other hand, if K4+ 1 = x = 0 then there exists a constant timelike vector v such that

n(u) = v for any u € U. So that (X(u),v) = (X(u),n(u)) = 0 for any u € U. This means

that M C HP(v,0) Therefore (3) holds. This completes the proof. O
We now consider the following Weingarten type formula. Since X,,,...,X,, .spans a
spacelike vector subspace, we may induce a Riemannian metric by ds? = > i e Gigdudu,

on M = X(U), where g;; = (X, X,;). We respectively define the second fundamental invari-
ant and de Sitter horospherical second fundamental invariant with respect to the timelike unit

normal vector field n by h;;(n) = —(n,,,X,,) and hy;(n) = —(X,, + n,,, X,,). We have the

j
relation

hij(n) = —gi; + hij(n),

fori,7=1,...,n—r. We also have the following Weingarten-type formula with respect to n,

which is analogous to Proposition 3.2 in [9].

Proposition 5.2 ([14]). Let X be a spacelike submanifold of codimension r» > 2 and n a

timelike unit normal vector field on M = X(U). Then we have:
7' o (X +n), = — Z Bg (n)X,,,
k=1

where (h(n));; = (hix(n))ix(g")x; and (g*) = (giy) L.
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Therefore, the Gauss-Kronecker curvature with respect to n is given by

det(h;
Kh(n) _ € ( k(n))
det(gx;)
Since (X + n, X,;) = 0, the coefficients of the second fundamental invariant with respect

to the timelike parallel unit normal vector field n are expressed by

hij(n) = —(Xy, +ny,Xy;) = —0(X+n,X,,)/0u; + (X +n, Xy,

= (X +4n,Xyy)-

So that the de Sitter horospherical second fundamental invariant at a point pg = X(ug) depends
only on the timelike normal direction ng = n(uy) at pg. Therefore it is independent of the choice
of timelike parallel unit normal vector field n with ny = n(uy).

Let ng be a timelike unit normal vector. We say that a point py = X(uyg) is an ng-parabolic
point (resp. ng-umbilic point) of M if Kj,(n)(ug) = 0 (Sy,(n) = Ky, (n)idz, ar) for some timelike
parallel unit normal vector field n with n(uy) = ng. We also say that py is an ng-de Sitter

horospherical point if it is an ng-parabolic point and an ng-umbilic point.

5.2 Spacelike canal hypersurfaces

In this section we introduce the notion of spacelike canal hypersurfaces from the spacelike
submanifolds. Let X : U — ST be a spacelike submanifolds of codimension 7 > 2 in de Sitter

space and p = X(u). We choose unit orthonormal sections

N,(M) = (X(u),no(u),n;(u),...,n_1(u))g,

where ng(u) is a timelike unit normal vector and n;(u) for i = 1,...,r — 1 are spacelike unit

normal vectors. We define a map e : U x H™™1(=1) — H""!(-1) by

r—1

e(u, /i) = pono(u) + Z ping (),
i=1
where i = (uo,...,ur—1). Let 6 be a fixed real number, we also define a map Xy : U x

H™1(-1) — S} by

Xy(u, i1) = cosh #X(u) + sinh fe(u, j1).
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We remark that for any spacelike submanifold X and point (g, jig) € U x H"~(—1), there are a
real number # # 0 and an open neighborhood V' of (uy, jig) such that Xy is spacelike embedding
on V. We assume that for any (u, i) € V then (u, —ji) € V. We write CM as an image Xy(V)
and call it a spacelike canal hypersurface of M = X(U). Izumiya, Pei, Romero Fuster and

Takahashi [9] introduced the notion of canal surfaces of submanifolds in the hyperbolic space.

5.3 Horospherical hypersurfaces and height functions

We now introduce the notion of de Sitter horospherical hypersurface and de Sitter horospherical
height function on a spacelike submanifold. For a spacelike submanifolds X of codimension r,

we define the family of functions
H:UxLC"—R

by H(u,v) = (X(u),v) — 1, and we call H a de Sitter horospherical height function on M.
For vy € LC* we denote hy,(u) = (X(u), vo) — 1. We have the following proposition which is

analogous to ([9], Proposition 3.4).

Proposition 5.3. ([14]) Let H : U x LC* — R be a de Sitter horospherical height function
of a spacelike submanifold X : U — ST of codimension r. Then H(u,v) = 0H(u,v)/0u; =0

fori=1,...,n—rif and only if v = X(u) + e(u, 1) for some i € H'(-1).

The proof of the above proposition is similar to that of Proposition 3.4 in [9], so it is omitted.

The discriminant set of the de Sitter horospherical height function H is
Dy = {X(u) +e(u,n) | (u,z) € U x H'(-1)}.
We define a map HSx : U x H"}(—=1) — LC* by
HSx(u, i) = X(u) + e(u, ),

which we call a de Sitter horospherical hypersurface of M. We remark that HSx depends on
the choice of the orthonormal frames of N(M). Let {X,ng,...,n,1} and {X,ng,...,n,_,}
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be two orthonormal frames of N(M) with ng,nj € H? '(—1). Then we have n; = Z;;é A n’,

where
. —(n;,n}) ifj=0
Xi(u) = ’
(n;,n%) ifj=1,...,r—1.
Then we have a diffeomorphism ® : U x H""!'(—1) — U x H""'(—1) defined by

O(u, i) = <u, (i M), - z_: )\;_l(u)ui)> :

1
% =0
We also define €/(u, i) = S°1—; umj(u). It follows from the above that e(u, i) = €’ o ®(u, ).

Therefore we have
HSX(u7 ﬂ) = HS;( © CI)(u, ﬂ),

where HS% = X(u)+€'(u, z). This means that HSx is independent to the choice of orthonor-
mal frames of N(M) up to the diffeomorphic parametrization. We have a following proposition

which is analogous to ([9], Proposition 3.5).

Proposition 5.4 ([14]). Let X : U — S} be a spacelike hypersurface of codimension r > 2
in de Sitter space, then HSx(u, i) = X(u) + e(u, 1) is constant map for some smooth map
ji: U — H™1(=1) if and only if M is a part of de Sitter hyperhorosphere HP(v,1) N S}.
By Proposition 5.1, If M is totally e(u, fi(u))-umbilic for some parallel normal vector field
e(u, i(u)) and Kp(e(u, g(u)))(u) = 0, then the above assertion holds.

Proof. Suppose that vy = X(u)+e(u, 1) is a constant vector. Since e(u, f1) is pseudo orthogonal
to X(u), then we have (X(u),vo) = +1 for any u € U. This means that M is a part of a de
Sitter hyperhorosphere HP(vg,1) NS?. On the other hand, if M C HP(vq,1) N ST for some
lightlike vector, then (vq — X(u),X(u)) = 0 for any u € U. Since X(u) is pseudo orthogonal
to X, (u), it follows that (vo — X(u),X,,(u)) = 0. This means that X(u) — vy is a normal

vector of M at p = X(u). We define a function zi(u) by
1

fi(u) = —=(X(u) = vo, np(u))ng(u) + » (X(u) = vo, n;(u))n;(u).
Then we have vo — X (u) = e(u, z). This completes the proof. O

43



Since the image of H Sx is the discriminant set of the de Sitter horospherical height function
H on M, the singular set of HSx corresponds to the null set of the Hessian matrix of the de
Sitter horospherical height function with the fixed parameter v at each point. Therefore we

have the following proposition which is analogous to ([9], Proposition 3.6).

Proposition 5.5 ([14]). The singular set of HSx is given by
S(HSx) = {(u,n) € U x H ' (=1) | Ky(e(u, 1))(u) =0} .

Proof. Let hy(u) be a de Sitter horospherical height function with v € LC*, then we have
Hess hy(u) = (Xy,u,(u),v). Suppose that (u,v) € X,(H), then v = X(u) + e(u, i) for some
L€ H™'(—1). We recall that hy;(v)(u) = (X, (u), X(u) + e(u, 1)), where (hy;(v)(u))
is the de Sitter horospherical second fundamental invariant with respect to the timelike di-
rection e(u, 1). The de Sitter horospherical Gauss-Kronecker curvature is Kj(e(u, i))(u) =
det((Xy,u, (u), X(u) + e(u)))/ det(g;j(u)) = det Hess hy(u)/ det(g;;(u)), where (g;;(u)) is the
first fundamental invariant of M. Therefore Hess hy(u) = 0 if and only if K, (e(u, ))(u) = 0.

This completes the proof. m

The singular set of HSx corresponds to the parabolic set of M with respect to some

timelike parallel normal vector field e(u, ). By the proof of above proposition, we have

rank Hess hy,(ug) = rank (h;;(vo)(uo))ij. Therefore we also have the following proposition

which is analogous to ([9], Proposition 3.7).

Proposition 5.6 ([14]). For any spacelike submanifold X of codimension r > 2 and lightlike

vector vo = X (ug) + e(ug, fip), we have the following assertions.
(1) A point py = X(uy) is an e(uy, fig)-parabolic point if and only if det Hess hy, (1) = 0.
(2) A point py is an e(uy, fip)-de Sitter horospherical point if and only if rank Hess Ay, (ug) = 0.

Here Hess hy,(up) is a Hessian matrix of hy,(u) at u = uy.
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We now consider the lightcone height function and the lightcone Gauss image of spacelike
canal hypersurface Xy : V. — S with V' C U x H"7'(—1). The lightcone height function

H :V x LC* — R of the spacelike hypersurface Xy is

H((“aﬂ)?‘/) = <X9(u7 ﬂ),V> -1

We denote hy(u) = H((u, ji),v) for any v € LC*. Now we defineamap e : V — H"}(—1) by
é(u, i) = sinh §X(u) + cosh fe(u, ji). Then we have (&(u, ji), Xg(u)) = (e(u, ji), Xg,, (1)) =0
for any (u,z) € Vandi=1,...,n —r. Therefore e is a timelike normal of CM. The positive

lightcone Gauss image Loy, @ V — LC™* is defined by

Loy (u, ) = Xg(u) + e(u, z) = (cosh @ + sinh 0)(X(u) + e(u, i)).

By Proposition 3.3, H((u, 1), v) = Hy,((w, i), v) = H,,((0,f),v) =0for i =1,...,n —r and
j=0,...,r—1if and only if v = Xg(u) + e(u, i) = (X (u) + e(u, £1)). By assumption,

(u, —f1) is also an element of V. Therefore the discriminant set of the lightcone height function

H is
D(H) = {*"(X(u) +e(u, i) | (u, i) € V}.
We now define a diffeomorphism
M. : LC* — LC*

given by M.(v) = cv for a fixed positive real number ¢. Then we have the following lemma,

which is analogous to ([9], Proposition 3.9).

Lemma 5.7 ([14]). Under the above notations, we have
M. o HSX(“? ﬂ) = ]LCM(u> ﬁ)
on V C U x HY(—1), where ¢ = e*.

By the above lemma, the de Sitter horospherical hypersurface H Sx is locally diffeomorphic

to the lightcone Gauss image of the spacelike canal hypersurface Xy.
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5.4 Horospherical hypersurfaces as wave fronts

In this section we naturally interpret the de Sitter horospherical hypersurfaces of M as a wave
front set of the de Sitter horospherical height functions in the theory of Legendrian singularities.

By proceeding arguments in §2, the de Sitter horospherical hypersurface HSx is the dis-
criminant set of the de Sitter horospherical height function H, and the singular point set of
the de Sitter horospherical hypersurface is the de Sitter horospherical point set. We have the

following proposition which is analogous to ([9], Proposition 4.1).

Proposition 5.8 ([14]). Let X : U — S} be a spacelike submanifold of codimension r > 2
and H : U x LC* — R be a de Sitter horospherical height function of M. Then H is a Morse

family:.

Proof. We denote X(u) = (Xo(u),...,X,(u)) and X,,(u) = (Xou(u),..., X, (u)). For

any v = (vg,...,v,) € LC* we have vy # 0. Without loss of generality, we assume that

vo = \/v¥ + -+ v2 > 0, so that we have

H(u,v) = (X(u),v) — 1 = —Xpvg + Zn:Xnvn -1

=1

We now prove a map

A*H:<H OH OH >

Touy” T Oy

is non singular at any (u,v) € X,(H). The Jacobian matrix of A*H is

k| My
@v] Jj=1,..,n
JA*H(u,v) =
0*H
X
(8ui8vj (11, V)> jfll ,,,,, n

We denote an (n — r + 1) x n matrix B by JA*H = (x | B). It is sufficient to show that
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rank B=n—r+1at (u,v) € X.(H). We also denote an (n —r + 3) x (n + 1) matrix C by

Vo U1 e Up,
O XO Xl Ce Xn
XO,u1 X17u1 e Xmul
XO,unfr Xl,unfr e Xn,unfr

We now show that the rank of the matrix C' is equal to n — r 4+ 3. Since v, X(u) and X,, (u)
are linearly independent for all (u,v) € ¥,(H), it is sufficient to show that timelike unit vector
e = (1,0,...,0) can not be written by a linear combination of v, X(u) and X, (u). If that is not
so, there exists some real numbers 7, p, & such that e = pv+upX(u)+wand w = Y[ X, (u).
Then we have (e, e) = u* + (w,w). However, w is a spacelike vector, so that (e, e) would not
be negative, which contradicts our assumption. This means that e, v, X(u) and X, (u) are
linearly independent, therefore we have rank C' =n — r + 3.

We now show rank B = rank C’ — 2. We subtract the second row multiplied by X,/vy from
the third row of the matrix C, and add the second row multiplied by X, (u)/vy from the

(3 + k)-th row for kK =1,...,n —r. Then we have a matrix

UO Ul DRI Un

C'-| o
B

0

Therefore we have rank B = rank C' — 2 = n — r + 1. This completes the proof. O

Since H is a Morse family of hypersurfaces, we have the Legendrian immersion germ Ly :

(5. (H), (w0, vo)) — PT*(LC*) defined by
Lor(u,v) = <v, [a—H(u,V) L (u,v)D |

ouy OUp—y
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We remark that the wave front set of the Legendrian immersion germ Ly is the de Sitter
horospherical hypersurfaces HSx of M. On the other hand, we define a contact diffeomorphism
M, : PT*(LC*) — PT*(LC*) by

where ¢ is a fixed real parameter with ¢ # 0. By definition, we have the following theorem.

Theorem 5.9 ([14]). For a spacelike submanifold X : U — S}, we have
Mo Ly =Ly,

where ¢ = e*? and L5 is a Legendrian lift of the lightcone Gauss image L of the spacelike

canal hypersurface of M.

By the above theorem, the Legendrian lift of the lightcone Gauss image L), is A-equivalent

to the Legendrian lift of the de Sitter horospherical hypersurface HSx of M.

5.5 Contact with de Sitter hyperhorospheres

In this section we use the theory of contacts between the spacelike submanifolds and the de Sitter
hyperhorospheres, We consider the function H : ST x LC* — R defined by H(x,v) = (x,v)—1.
Given vy € LC*, we denote by, (x) = H(x,Vp), so that we have by !(0) = HP(vo,+1) N ST.
Let X : U — R7? be a spacelike submanifold of codimension » > 2. For any ug € U and

jfio € H1(—=1), we take a point vy = X(ug) + e(uy, jig). By Proposition 5.3, we have

(hve © X)(ug) = H o (X x idze+) (19, Vo) = H(ug, vo) = 0.
9(by, 0 X) _OH
(?ui (u()) B (?uz

(w0, X(ug) + e(uy, fio)) = 0.

It follows that the de Sitter hyperhorosphere by '(0) = HP(vo,+1) N S} is tangent to M at
po = X(up). In this case we call HP(vg,+1) N ST a tangent de Sitter hyperhorosphere with
respect to X(ug) + e(uo, fip). In section 3, we have considered the contacts of the spacelike

canal surface CM = X (V) and the de Sitter horospheres.
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We denote h;y, : (U,u;)) — (R,0) (i = 1,2) by hiy,(u) = H;(u,v;). Then we have
hiv,(1) = (hiy, o X;)(u). By Theorem B.1,

K(X1(U),HP(vy,1) N ST p1) = K(Xo(U), HP(v2,1) N ST p2)

if and only if hy+, and hy,, are K-equivalent.
Let Q(X,ug) be the local ring of the de Sitter horospherical height function germ hy, :
(U,uy) — R defined by

QX ug; i) = CH(U)/ (o) g (v

uo

where vo = X(ug) + e(uq, fig), fio € H~'(—1) and C32(U) is the local ring of function germs
at ug with the unique maximal ideal 9. We also denote Q(Xy, (o, jig)) as the local ring
of the lightcone height function germ hy; : (U x H™'(=1), (ug, jig)) — (R,0) of the canal
hypersurface Xy, where v{, = Lea (o, fio).

By the arguments in Appendix A, we have following theorem.

Theorem 5.10 ([14]). Let X; : (Ui, u;) — (ST, p:) (i = 1,2) be spacelike submanifold germs
of codimension at least two in de Sitter space. For ji; € H™'(—1) (i = 1,2), we denote
vi = HS;(w;, i), vi = Lo, (W, 1), hiv, = Hi [uxqvi Bi,v’i = H, lUx{vy and p; = X o, (u, fi;).
If the corresponding Legendrian immersion germs Ly, are Legendrian stable, then the following

conditions are equivalent:
(1) Horospherical hypersurface germs HSx, and HSx, are A-equivalent.
(2) Legendrian immersion germs Ly, and Ly, are Legendrian equivalent.
(3) Horospherical height function germs H; and Hs are P-K-equivalent.
(4) hiy, and hgy, are K-equivalent.
(5) K(X1(U),HP(v1,1)NST;p1) = K(Xo(U), HP(vy,1) N ST; pa).
(6) Q(X1,u1) and Q(Xy, up) are isomorphic as R-algebras.
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(7) Lightcone Gauss image germs Loy, and Loy, are A-equivalent.
egendrian immersion germs Lz and Lg, are Legendrian equivalent.
8) L drian i i Lpg, and Lg, L dri ival
1ghtcone height function germs 1, and H, are P- -equivalent.
9) Ligh height f i H, and H. P-K 1
(10) 7117\,/1 and B2,v’2 are K-equivalent.
(11) K(CMy, HP(Vi,+1) N S7:py) = K(CMa, HP(vh, +1) 1 57; ph),
(12) Q(Xy,, (uy,ji1)) and Q(Xy,, (uz, jiz)) are isomorphic as R-algebras.

In this case (X, '(HP(vi,1) N S}),uy) and (Xo ' (HP(vy,1) N S}), ug) are diffeomorphic as

set germs.

Proof. Since Ly, and Ly, are Legendrian stable, regular sets of HSx, and HSx, are respec-
tively dense, by applying Proposition A.2, the conditions (1) and (2) are equivalent. By The-
orem A.3, the conditions (2) and (3) are equivalent. By the arguments in Theorem B.1, the
conditions (4) and (5) are equivalent. If we assume the condition (3), then the P-K-equivalence
of H; (i = 1,2) preserves the K-equivalence of h;,, so that the condition (4) holds. Since the
local rings Q(X;, u;) are K-invariant, this means that the condition (6) holds. By Proposition
A4, the condition (6) implies the condition (2). Therefore the statements from (1) to (6) are
equivalent.

By Theorem 5.9, (2) and (8) are equivalent. Since Ly, are Legendrian stable, Lz, are also
Legendrian stable. So that we may similarly show the equivalence of the conditions from (7)
0 (12). On the other hand, h;y (0) = (X; ' (HP(v;,1) N S}),u;) and K-equivalence preserves
the zero level sets, so that (X; ' (HP(v;,1)NSP),w;) (i = 1,2) are diffeomorphic as set germs.

This completes the proof. O

We consider generic properties of spacelike submanifolds of codimension r > 2 in S7. Let U
be an open subset of R"~". We consider the space of spacelike embeddings Sp-Emb(U, ST') with
Whitney C*°-topology. By Appendix C, the assumption of Theorem 5.10 is generic conditions

if n <6.
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6 Timelike canal hypersurfaces

We consider timelike canal hypersurfaces of spacelike submanifolds of codimension at least
two in de Sitter space. In §5 we considered geometrical relations between spacelike canal
hypersurfaces and spacelike submanifolds. We can construct the timelike hypersurfaces from the
spacelike submanifolds and find out some geometrical relations between spacelike submanifolds
and timelike hypersurfaces. In [10] the differential geometry of timelike hypersurfaces in de
Sitter space was studied from the viewpoint of singularity theory. Singularities of de Sitter
Gauss image are related to the de Sitter parabolic points, where de Sitter Gauss-Kronecker

curvature is equal to zero.

6.1 Review of timelike hypersurfaces

We briefly review the differential geometry of timelike hypersurfaces in de Sitter space studied
in [10]. Let U be an open subset of Euclidean (n — 1)-space and u = (uy,- -+ ,u,—1) € U. We
say that an embedding map X : U — ST is a timelike hypersurface if tangent space of X is
timelike hyperplane at any point, and we denote M = X(U).

We define a de Sitter Gauss image of the timelike hypersurface by

Xu) AXy, (u) A AX,,  (u)

x?: U — 57, x%(u) =
1 IXu) A ... A Xy, (w)]|

We also define a de Sitter shape operator by Ag = —duyx? : T,M — T,M, a de Sitter
Gauss-Kronecker curvature Ky(u) by determinant of the de Sitter shape operator and de Sitter
principal curvatures {rkq;(1)}; by eigenvalues of the de Sitter shape operator. We call a point
with K4(u) = 0 by a de Sitter parabolic point and a point with Az = Kq - idp,n by a de Sitter

umbilic point.

Proposition 6.1. ([10]) Suppose that the timelike hypersurface M is totally umbilic, then
the de Sitter principal curvatures k4;(u) are constant x4 and M is a part of some hyperbolic

hyperquadric HP(v,c) N ST.

o1



(1) If kg # 0 then M is a part of some non-flat hyperbolic hyperquadric with

1
v=—-— (kX)) +x%u)) and c = ——=—
(X () + x(w) -

Rd
< vl
(2) If kg = 0 then M is a part of some flat timelike hyperquadric. In this case, we have

v = x%(u) and ¢ = 0.

We now consider Weingarten-type formula of the timelike hypersurfaces. We define a de
Sitter first fundamental form by ds* = Z?J_:ll gijdu;duj, where gi; = (Xy,,X,,;). Since the
tangent space of M is always timelike, so ds? is a Lorentzian metric of index one. We also
define coefficients of de Sitter second fundamental form by h;; = —(Xui,xﬁj). We have the

following Weingarten-type formula.

Proposition 6.2 ([10]). Let X be a timelike hypersurface, the differential map of the de Sitter

Gauss image x¢ is given by
n—1

j=1
where (h!) = (hik)(gi)".
We define a de Sitter height function H? : U x S — R by

H'(u,v) = (X(u),v),

and denote h¢ (u) = H%(u,vy). The discriminant set of the de Sitter height function is the
image of de Sitter Gauss image of the timelike hypersurfaces in de Sitter space, and the singular
point of de Sitter Gauss image corresponds to the de Sitter parabolic point on the timelike

hypersurface.
Proposition 6.3 ([10]). The de Sitter height function H¢ is a Morse families of hypersurfaces.

Therefore a Legendrian immersion germ Lya : (X.(H?), (g, vo)) — PT*(ST) is defined

» QH OHA
Lya(u,v) = (v, {a—vl(u,v) o a—Un(u,v>D ,
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The wave front set of the Legendrian immersion germ Lya is the de Sitter Gauss image germ
x¢,

We now consider the contacts of timelike hypersurfaces and flat timelike hyperquadrics.
Let vo = x%(up). Since X(u) is immersion and hy,(x) = (x, Vo) is submersion, a flat timelike
hyperquadric h,!(0) = HP(vo,0) N ST is tangent to the timelike hypersurface M = X(U) at
po = X(up). By Montaldi’s theory, the contact type of submanifolds K (M, HP(vq,0) N.ST;po)

corresponds to the K-equivalence class of the de Sitter height function germs hfl,o at po = X(up).

We call a germ ((he,)71(0),uo) a tangent flat timelike hyperquadric indicatriz germ.

Proposition 6.4 ([10]). Let X; (i = 1,2) be timelike hypersurfaces germs at u; € U such
that their de Sitter parabolic sets have no interior points as subspaces of U. Then x¢ and
x4 are A-equivalent if and only if the contact types K (M, HP(vio,+1) N SY;pi) (i = 1,2) are
equivalent. Under this condition, the tangent flat timelike hyperquadric indicatrix germ h;;O(O)

are diffeomorphic as the set germs.

6.2 Spacelike submanifolds and spacelike unit normal vector fields

We now back to the spacelike submanifolds. Let X : U — ST be a spacelike submanifold of
codimension r > 2 in de Sitter space. We take a spacelike unit normal vector fieldn : U — ST
with n(u) L X(u) and X, (u) for i = 1,...,n —r and u € U. Let 7}, : T,R{™" — T,M
be an orthonormal projection to the tangent space. We define a spacelike shape operator with
respect to n by Sp(n) = —7/(d,n). We also define spacelike principal curvatures ;(n)(u) for
i=1,...,n—r and a spacelike Gauss-Kronecker curvature K(n)(u) with respect to n.

We now consider the totally umbilic case of spacelike submanifolds. We say that the space-
like unit normal vector field n is parallel if n,,,(u) € Tx@yM foranyu e Uandi=1,...,n—r.

We have following proposition.

Proposition 6.5. Suppose that the spacelike unit normal vector field n is parallel and the
spacelike submanifold M is totally umbilic with respect to n, then the principal curvatures

k(n)(u) are constant value x(n) and M is a part of some hyperbolic hyperquadric HP(v,c) N
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St ={x € S| (x,v) = c}. Moreover we have the following cases:

_ _ k@) _ 1
(1) If k(n) # 0 then ¢ = T and v HQ(H)H(/ﬁ:(n)X(u) +n(u)),

(2) If kK(n) = 0 then v =n(u) and ¢ = 0.

Proof. We will show that the principal curvatures are constant. By assumption, we have
dyn = —k(n)(u)idg,as. This means that n,, (u) = —k(n)(u)X,,(u) fori =1,...,n—r, so that
we have

nui“j (u) - _K;<n)uj (u)XUZ(u) - Ii(Il) (u)XUiuj (11)

It follows that s(n),,(n)X,,(n) = k(n),,(1)X,,(u). Since X, (u) and X,;(u) are linearly
independent, k(n),, (u) = 0 for all 4,5 and u € U. Therefore kx(n)(u) = x(n) for some real
constant value x(n).

We now assume that x(n) # 0. We have n,,(u) = —r(n)X,,(u), so that there exists a
constant vector v such that X(u) = v — (1/k(n))n(u). Then (v,v) = 1 + (1/x(n))? and
(X(u) —v,X(u)—v) = (1/k(n))2. So that (X(u),v) = 1. Therefore the spacelike submanifold
M is a part of a hyperbolic hyperquadric HP(v,+1) NS} and v is a spacelike vector.

If k(n) = 0, then we have n,,(u) = 0. There exists a constant vector v such that n(u) = v.
So that (X (u),v) = 0 for any u € U. This means that M is a part of a hyperbolic hyperquadric
HP(v,0)N Sy and v is spacelike. This completes the proof. ]

Let gij = (X, Xuy;) be a coefficient of first fundamental quantity and h;;(n) = —(n,,, Xy;)
be that of second fundamental quantity. We have a Weingarten-type formula with respect to

the spacelike normal vector field n of spacelike submanifolds.

n—r

mhom,,(w) = — 3 (hy(0)(w) (g (u) X, (w),

k=1
where 7! is an orthogonal projection 7! : T,R{*! — T,M. Therefore we have the following

expression of the spacelike Gauss-Kronecker curvature.
K(n)(u) = det(hi;(n)(u))/ det(gi;(a)).
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If n and n’ are parallel spacelike unit normal vector fields with n(uy) = n’(ug) = ny,
then the corresponding second fundamental forms are coincide. This means that the spacelike
Gauss-Kronecker curvature and spacelike principal curvatures are determined by the spacelike
normal direction ng at each point on the spacelike submanifolds M, so we may write K,,(ny)

and K (no) .

6.3 Timelike canal hypersurfaces

We now consider timelike canal hypersurfaces. We assume that there exists an unit parallel

orthonormal frame of the spacelike submanifold M denoted by

{X(u),ng(u),n;(u),...,n,_q(u)},

where ng(u) is a timelike unit normal section and others are spacelike unit normal section. Let

0 ¢ (/2)Z be a fixed real number, we define a map X : U x S]~! — S? by

X} (u, ji) = cos X (u) + sin fe(u, i),

where e(u, i) = 37— um,(u) is a spacelike unit normal. We call X} a timelike canal hyper-
surface of the spacelike submanifold M and denote its image by C'M}. We remark that X} is

not always an embedding map.

Proposition 6.6. An element (u, 1) € U x S{ ! is a singular point of the map X if and only if
a value cot # is one of the corresponding spacelike principal curvatures of spacelike submanifold

M with respect to the spacelike unit normal direction e(u, f1).

Proof. Let (w, 1) = (U1,...,Un_r,flo,---,fr_1) € U x S77', without loss of generality, we

assume that p,_; > 0 and write p,_; = \/1 + i — 22;21 w2, then (ug, ..., Up—p, floy- -, fr—2)

is a local coordinate on U x Sj~'. Partial derivatives of X} are

(X})u; (0, i) = cosfX,,(u) + sinfe,, (u, i) € T,M,

(X§)y, (w, 1) = sinfe,, (u, i) € N,M,

55



where N,M is an orthonormal space of M at p = X(u). Since ng,---,n,_; are linearly

independent and sin 6 # 0, so that the vectors

_ 14
e, (u, i) = n;j(u) + —
Mr—1

n,(u) (j=0,...,7r—2)

are also linearly independent for any (u, ). By the Weingarten-type formula for the spacelike

submanifolds, we have

(X5)us X,

= (cos oF,, — sin Hﬂe(u,ﬁ)]_1> : ,
(X5 Xoner
where F, is an identity matrix and I, o,z are the first and second fundamental quantity
matrices (g;;)(u) and (h;;(e(u, 2)))(u) of the spacelike submanifold M. Since X is an embedding
map, the partial derivatives (X}),, for i = 1,...,n — r are linearly dependent if and only if
cot @ # 0 is one of the eigenvalues of the matrix fe(y z)1 —1 this means that the value cotd is a
principal curvature of the spacelike submanifold M with respect to the spacelike unit normal

direction e(u, ). This completes the proof. ]

We use the notion of de Sitter height functions and de Sitter Gauss images introduced in
[10]. Let V C U x S77! be a regular part of timelike canal hypersurface X%, and we denote
CM} := XE(V). The de Sitter height function Hg : V x S — R of timelike canal hypersurface
is given by

Hy((u, 1), v) = (X5(u, i), v).

For any vo € S}, we denote h? (u, i) = Hg((u, 1), vo).
By calculation, the de Sitter Gauss image )‘chMé : V. — ST of timelike canal hypersurface
is given by

idCMg (u, 1) = sin X (u) — cosbe(u, 1).

We denote the de Sitter Gauss-Kronecker curvature by Kg(u, i) and de Sitter principal curva-

tures by Rq;(u, f1).
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We also observe the shape of the spacelike canal surface. Following proposition gives a

reason that idc At 15 analogous notion of the canal surfaces introduced in Euclidean space.
0

Proposition 6.7. The timelike canal hypersurface SchMg has r — 1 principal directions 0/0dp;

of the same principal curvature cot 6 at each point p.

Proof. Let (uq,...,Un—p, flo,---,r—2) be a local coordinate introduced in the proof of the

Proposition 6.6. The partial derivatives of Scdc My ATe

(%ars)u (W) = sinfX,,(u) - cosfe, (u, 1),

(idCMg)Hj(uhu') = —cosfe, (u,ji).

The differential map of the de Sitter Gauss image )‘(Cé M is the de Sitter shape operator Ag of
the spacelike canal hypersurface X!. By Proposition 6.2, a representation matrix of A:ff with

respect to the basis {9/0u;} is given by (hi;)(gi;) ", where (g;;) and (h;;) are the de Sitter first

and second fundamental forms. Since (idCMé)ui, (X s> (Xf)y, € T,M and (X, M;) u; € NpyM for
any = 1,...,n—rand j =0,...,7 — 2, so that we have
[ = [ KD (XD (X)) [ ] 0
— \Yij - _ _ _ _ - )
(X5 (X8} | (X5 (XD, 0| (sin?0ley e,,));

0] ‘ (sinfcosf(e,,,eu;))i;
Therefore we have

"

O ‘ cot OF, 4

A:

14 )

where F,_; is an identity matrix of » — 1 raws and columns. Therefore the de Sitter shape
operator A, has an eigenvalue cot § with multiplicity at least » — 1, and each vector 0/0u; for

7 =0,...,7 — 2 1is the principal direction. This completes the proof. O

On the other hand, the other n — r principal curvatures are not always constant. We also
have a following proposition which implies the relations between the spacelike submanifolds

and the corresponding timelike canal hypersurfaces.
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Proposition 6.8. Let i‘é My be the de Sitter Gauss image of timelike canal hypersurface X
and k;(v) be principal curvatures of spacelike submanifold M with respect to the spacelike

normal direction v at X(u), then we have
rankd(um)—(dCMé =(n—1)—t{i| ki(v)(u) =tand} > r — 1.

Proof. Let (1, ..., Un—p, flos - - -, fir—2) be a local coordinate of the regular part V C U x Sj .
Since (X%, Mg) u,; (u, i) are linearly independent and orthogonal to (idCMé)ui foralli=1,...,n—r
and j = 0,...,7 — 2, so that the de Sitter Gauss image is degenerate if and only if (X%Mg)ui
for © = 1,...,n — r are linearly dependent. Using a similar argument in the Proposition 6.6,
this condition is equivalent to that the value tanf is a principal curvature of the spacelike

submanifold M with respect to the spacelike unit normal direction e(u, f1). This completes the

proof. O

Corollary 6.9. Let p = X4(u, ji) and p = X(u), then the following conditions are equivalent:

d

(1) pis a singular point of the de Sitter Gauss image x¢, M-

(2) pis a de Sitter parabolic point of )‘(‘éMg(V), that is K4(u, 1) = 0.

(3) tan® # 0 is one of the spacelike principal curvatures of spacelike submanifold M at p

with respect to the spacelike normal direction X, Mé(u’ ).

Therefore each singularity of the de Sitter Gauss image relates to some timelike principal
curvature of the spacelike submanifold, which corresponds to the de Sitter parabolic points of
the timelike canal hypersurface.

We now back to the spacelike submanifolds and define de Sitter #-height functions and
O-hypersurfaces. Let 6 ¢ (7/2)Z be a real number, we define a map Hy : U x S} — R by

Hy(u,v) = (X(u),v) —sinf

and hypy(u) = Hp(u,v). We call Hy by a de Sitter 6-height function of M. We also define a de

Sitter 0-hypersurface el : U x S;~* — ST of spacelike submanifold by

el(u, i) = sin 6X (u) — cos fe(u, ji).

58



We remark that )‘(‘é 2t 18 a restriction map of el onV.
6

Proposition 6.10. Let X be a spacelike submanifold in de Sitter space. The discriminant set

of the de Sitter height function Hy is the image of de Sitter #-hypersurface ed(u, ji).

Proof. The discriminant set is given by Dy, = {v € ST | Hp(u,v) = Hy,,(u,v) = 0 Vi}. Let

v is an element of Dp,. Since X(u), X,,(u),n;(u) are basis of R},

n—r r—1
v=aX(u)+ Y 8X;(u) + > ym;(u),
i=0 Jj=0

for some «, 3;,7; € R. By calculation, v is an element of Dy, if and only if & = sin¢ and 8; = 0

r—1

for all i. The condition (v,v) = 1 implies —5 +>_"_

v; = cos” 0. Let i = (pto, ..., pir—1) be
p; = ~y;/sinf for j = 0,...,7 — 1, then we have i € S;" and v = sin X (u) + cos fe(u, ji).
Conversely, let v = sin #X(u) + cosfe(u, i) for some p, then we can check that v suffices the

condition to be an element of the discriminant set of the de Sitter 6-height function. This

completes the proof. O

Let (ug, jig) € V and v = ef(uy, jig), then
Hess hg.v, (1) = cos 0 (u)(tan @ idz, n — Iy, (1o)I " (uy)),

where I(up) is the first fundamental quantity matrix of M at ug € U and I, (uy) is the second
fundamental quantity matrix of M with respect to the spacelike normal direction vy.

We now review the theory of Montaldi to describe the contacts between the spacelike
submanifolds and the non-flat hyperbolic hyperquadrics. Let vy = el(uy, fig) be a space-
like vector, we consider an immersion germ ¢ : (U,ug) — (S}, po) and a submersion germ
fove + (ST,p0) — (R,0) defined by g(u) = X(u) and fyv,(x) = (x,vp) — sinf. We have
fove © g(u) = (X(u),vy) — sinf = hy,(u) and h9_,i0<0) = HP(vy,sinf) N ST is a non-flat
hyperbolic hyperquadric. Moreover

ho .~
he,vo(uo)zﬁaz‘o(uo)zo fori=1,...,n—r,
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so that the non-flat hyperbolic hyperquadric HP(vg,sinf) N S} is tangent to the spacelike
submanifold M at py = X(ug). Therefore we call HP(vo,sinf) N ST by a tangent non-flat
hyperbolic hyperquadric of M at pq.

By the theory of Montaldi, the contact type between the spacelike submanifold M and the
tangent non-flat hyperbolic hyperquadric H P(vg,sin ) N S} is correspond to the KC-equivalent
class of the de Sitter 6-height function germs hy,. Moreover this K-equivalent class preserves
the diffeomorphic type class of the zero level set germs h;‘l,o(O), so we call h;jo(O) by tangent
non-flat hyperbolic hyperquadric indicatriz germ.

We also have following proposition.

Proposition 6.11. Let X be a spacelike submanifolds in de Sitter space, then the de Sitter

f-height function Hy is a Morse family of hypersurface.

Proof. Let v be an element of discriminant set of Hy, it is sufficient to show that A*Hy =

(Hg, Hyuys - - -, Hoy, ) is regular at (u,v). Let X(u) = (Xo(u),...,X,(u)) and (xq,...,x,) €

ST, without loss of generality, we may assume that v, > 0, then v, = \/ 1+ 02— 30— v2. The

Jacobian of A*Hy is given by

0H
X “(u,v)
dv; §=0,....,n—1
JA*Hy =
0?H,
k 9
8u,8vj (11, V) j=0,...,n—1
i=1,..., n—r
By calculation, we have
( Vo L.
O H, —Xo(u) + Xn(u)v— itj=0
T(u’ v) = v
Y Xj(u) - X, (w2 ifj=1,....n—1
\ n
( Vo .. .
8H9 —X()’ui(ll) + Xn7ul(u)v_ if J = 0
ou.0 (u,v) = v;"
Ui0U; Xjw(0) — Xy p,(0)=L ifj=1,...,n—1.
\ vn

We denote an (n —r + 1) x n matrix B by JA*Hy = (% | B).
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On the other hand, v, X(u), Xy, (u),...,X,, , (u) are linearly independent and a transfor-
mation

T:R" — R T(xo,x1,...,xn) —> T(—x0,21,...,T5)

is regular, so that T'v, TX(u), TX,, (u),...,TX,, . (u) are also linearly independent. Therefore

the rank of a matrix

_UO Ul . .. /l)n
_XO Xl Ce Xn
C = _XO,ul Xl,ul e Xn,ul
_Xoaunf'r leunfr e Xnvunfr

is equal to n — r 4+ 2. We now show that we obtain the matrix B from C by operating raws of
the matrices. We subtract the first row multiplied by X,,(u)/\, from the second row, and then
subtract the first row multiplied by X,, ., (a)/A, from the (2 + k)-th row for k=1,--- ,n —2,

then we have

—UVp V1 *+* Up—1| Up

B

Since rank of this matrix is n — r + 2, so that rank of the matrix B is n — r + 1. Therefore

rank JA*Hy is n —r + 1 at (u,v). This completes the proof. O

Therefore we may construct a Legendrian immersion germ

_ o 8H9 _ . . 8H9 _
Ly, (u,fi,v) = (V, [a—vl(u,u,v) e (u,,u,v)}) ,

where X,(Hp) = {(u,[i,v) | v = ef(u, i) for some ji € S]~'}. The generating family of Ly, is
Hy and the wave front set of the Legendrian immersion germ Ly, is the de Sitter 6-hypersurface
germ eg.

On the other hand, we already considered another Legendrian immersion germ Ly related

to a timelike canal hypersurfaces. The generating family of Lz4 is a de Sitter height function
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H¢? of the timelike canal hypersurface. Since the de Sitter Gauss image of C' M, and de Sitter 6-
hypersurface coincide as map germs, we have a following relation with the Legendrian immersion

germs.

Proposition 6.12. Let (u,i) € V be a regular point of Xy and v = x&,, (u, 1) = ef(u, fz).

Then the Legendrian immersion germs coincide Lz4 = Lp, as map germs at (u, fi, v).

Proof. Let X = (Xo,...,X,,) and e = (ey,...,e,), without loss of generality, we assume that
v, > 0 for v = (vg,...,v,) € ST Since (u, i) is a parameter of the timelike canal hypersurface,

so that Lga is given by

H? H?
Lga(u, i, v) = (v, [%To(u,ﬂ,v) U (98%1 (u, i, v)]) ,
where v = X&,, (u, 1) coincides ej(u, ji). By calculation, we have
oHY _ _
a_vo(uv M V) = _Xn(u)eo(u7 N) + Xo(u)en(uv :u)v
oHY _ _ :
Ov. (ua 2 V) = Xn(u)ej(ua M) - Xj<u)en(uv lu) (.] = 1a s, 1)
j
On the other hand, fiber components of Ly, at v € ST is given by
0H
aTj(u7 H, V) = COS 9(—Xn(u)e0(u, ﬁ) + Xo(u)en(u, ﬂ))?
OHy, _ _ .
W(ua 22 V) = COSQ<Xn(u)ej(u7 N) o Xj(u)en(u, #))7 (] =1,...,n— 1)
J

so that [0H?/Ovy,...,0H/Ov, 1] = [0Hg/Ovy,...,0Hg/Ov, 1]. Therefore Lga(u,ji,v) =
Ly, (u, fi,v). This completes the proof. H

Therefore, for (u, 1) € V the Legendrian immersion germ £ q is Legendre stable if and only

if L, is Legendre stable.

6.4 Generic properties for the spacelike submanifolds

We now consider the generic condition of the spacelike submanifolds. Let U C R™™" be open,
We define the space of spacelike embeddings Sp-Emb(U, ST') with Whitney C*°-topology. By

the arguments in Appendix A, we have the following theorem.
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Theorem 6.13. Let i = 1,2 and 6; ¢ (7/2)Z be a real number. (X;,w;), (X}, (w;,i;)) be

spacelike submanifold germs and corresponding regular timelike canal hypersurface germs for

i)

© = 1,2. Suppose that the corresponding Legendrian immersion germs Ly, are Legendrian

stable, then the following conditions are equivalent.
(1) Legendrian immersion germs Ly, are Legendrian equivalent.
2) de Sitter #;-hypersurfaces e, are A-equivalent.
0,i
(3) Contact types K (X;(U), DH(v;, sind;); p;) are equivalent.
(4) de Sitter 6;-height functions H; g, are P-K-equivalent.
(5) hig, v, are K-equivalent.
(6) Q(hip,v,) are isomorphic as R-algebras.
(7) Legendrian immersion germs L4 are Legendrian equivalent.
e oitter Gauss 1mages X are A-equivalent.
8) de Si G i . A-equival
ontact types Xt . , v;,0) N .ST; p;) are equivalent.
9) C K(X§, ;(V), HP(v;,0) N 5§ 1
(10) de Sitter height functions H? are P-K-equivalent.
(11) h{; are K-equivalent.
(12) Q(hy,) are isomorphic as R-algebras.

Where p; = w;, v; = €f ;(u;) and ¥v; = X&), (u;, ;). In this case, the corresponding tangent flat
timelike hyperquadric indicatrix germs ((h{,,)"(0),u;) are diffeomorphic to each other, and
the corresponding tangent non-flat hyperbolic hyperquadric indicatrix germs ((h; g, v,)”(0), u;)

are also diffeomorphic to each other.

Proof. Suppose that Lp, are Legendrian stable, by similar arguments in the proof of the

Theorem 5.10, conditions (1) to (6) are equivalent. By Proposition 6.12, the corresponding
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Legendrian immersion germs coincide Lga = Ly, for ¢ = 1,2 and Lza are also Legendrian
stables, so that (1) and (7) are equivalent. Moreover, conditions (7) to (12) are also equivalent.

This completes the proof. O

PART IV APPENDIX

A Theory of Legendrian singularities

In this appendix, we review a theory of Legendrian singularities. Let k be an integer n — 1
or n and N be an k-dimensional smooth manifold. We consider NV to be one of the sets ST,
LC% or S77'. Let m : PT*N — N be the projective tangent bundles with the canonical
structures. Consider the tangent bundle 7 : T(PT*N) — PT*N and the differential map
dr : T(PT*N) — TN of n. For any X € T(PT*N), there exists an element o« € T*N such
that 7(X) = [a] € PT*N. For any x € N and V € T, N, the property a(V) = 0 does not
depend on the choice of representative element «. So that we can define a canonical contact

structure on PT*N by
K={XeT(PT*N) | 7(X)(dr(X)) =0}.

On the other hand, for a local coordinate (U, v) on N, where v = (vy,...,v). We consider
the local trivialization PT*(U) = U x P(R¥) and we call (vy,..., v, [£1, - ,&]) by homoge-
neous coordinates, where [{; : - -+ : &] are the homogeneous coordinates of the dual projective
space PR*. Tt is easy to show that X, € K if and only if Zle wi& = 0, where @ = (v, [¢]) and
dr¥(X.)) = S8 11:0/0v; € T,N. An immersion i : L — PT*(N) is said to be a Legendrian
immersion if dim L = k — 1 and diy(T;L) C Kjq) for any ¢ € L. The map 7 o4 is also called
the Legendrian map and the image W (i) = Im(w 0 i), the wave front of i. Moreover, i (or the
image of i) is called the Legendrian lift of W (7).

Let F: (R"! x R¥ (ug,vg)) — (R,0) be a function germ. We say that F is a Morse

family of hypersurfaces if the map germ A*F : (R™! x R* (ug,vg)) — (R",0) defined by
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A*F = (F,0F/0uy,--- ,0F /0u,_1) is non singular. In this case, we have a smooth (k — 1)-
dimensional smooth submanifold, ¥,(F) = {(u,v) € (R x R* (ug,vy)) | A*F(u,v) = 0},
and the Legendrian immersion germ Lr : (3.(F), (ug, vo)) — PT*R* defined by

OF oF
Lp(u,v) = (V, [8—m(u,v) Dol a—y}g(u,v)]) :
Then we have the following fundamental theorem of Arnold and Zakalyukin [1, 20].

Proposition A.1 ([1, 20]). All Legendrian submanifold germs in PT*R¥ are constructed by

the above method.

We call F' a generating family of Lr(2,(F')). The wave front is

OF OF
Ju € R""" such that F(u,v) = o (u,v) Ja (u,v) 0} .

W(Lp) = {v € R*

We call it the discriminant set of F.

We say that Legendrian immersion germs £; : (U;, w;) — (PT*R* p;) (i = 1,2) are Legen-
drian equivalent if there exists a contact diffeomorphism germ H : (PT*R* p;) — (PT*RF, ps)
such that H preserves fibers of 7 and H(U;) = U,. A Legendrian immersion germ at a point is
said to be Legendrian stable if for every map with the given germ there are a neighborhood in
the space of Legendrian immersions with the Whitney C'*°-topology and a neighborhood of the
original point such that each Legendrian map belonging to the first neighborhood has a point

in the second neighborhood, at which its germ is Legendrian equivalent to the original germ.

Proposition A.2 (Zakalyukin [21]). Let £4,Ls be Legendrian immersion germs such that
regular sets of o £ and 7o L5 are respectively dense. Then L, Lo are Legendrian equivalent

if and only if corresponding wave front sets W (L) and W (Ls) are diffeomorphic as set germs.

Let F; : (R x R* (a;,b;)) — (R,0) (i = 1,2) be k-parameter unfoldings of function germs
fi: (R",a;) — (R,0). We say F} and F, are P-K-equivalent if there exists a diffeomorphism
germ ® : (R" x R¥, (a;, b)) — (R™ x R¥, (ay, by)) of the form ®(a,b) = (¢1(a, b), #2(b)) for
(a,b) € R" x R* and a function germ X : (R" x R*, (a;, b;)) — R such that A(a;, b;) # 0 and
Fi(a,b) = \(a,b) - (Fy 0 ®)(a,b).
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Theorem A.3 (Arnold, Zakalyukin [1, 20]). Let F,G : (R" x R*,0) — (R,0) be Morse

families and denote their Legendrian immersion by Lg, L&. Then
(1) Lp and L are Legendrian equivalent if and only if F' and G are P-K-equivalent.
(2) Lp is Legendrian stable if and only if F' is IC-versal deformation of f = F' |gnxoy-

Let g : (R, a;) — (R¥, by) (for i = 1,2) be map germs. We say g; and g, are A-equivalent
if and only if there exist diffeomorphism germs ¢ : (R",a;) — (R",a3) and @ : (R¥ b)) —
(R*, by) such that ® o g; = g5 0 ¢.

Let Q(f) be the local ring of a function germ f : (R",ug) — (R, 0) defined by

Q(f) = Cou(R") /{f) e mmy,
where C° (R™) is the set of local ring of function germs at up € R™.

Proposition A.4. Let F,G : (R" x R*,0) — (R,0) be Morse families. Suppose that Leg-
endrian immersion germs Lp and L are Legendrian stable, then the following conditions are

equivalent:
(1) (W(Lp),\) and (W(Lg),\') are diffeomorphic as set germs.
(2) Lr and L are Legendrian equivalent.

(3) Q(f) and Q(g) are isomorphic as R-algebras, where f = F' |gny o1 and g = G |gnxyo}-

B Contacts of submanifolds

In this appendix we review the theory of contact due to Montaldi [16] to study the contacts of
submanifolds.

Let X; and Y; (for i« = 1,2) be submanifolds of R” with dim X; = dim X, and dimY; =
dim Y. We say that the contact of X; and Y; at y; is the same type as the contact of X,
and Y, at yo if there is a diffeomorphism germ & : (R",y;) — (R",y2) such that ®(X;) =
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Xy and ®(Y]) = Y2, In this case we write K(X1,Y1;y1) = K(X3,Ys;y2). Function germs
91,92 - (R"a;)) — (R,0) for i = 1,2 are K-equivalent if there are a diffeomorphism germ
¢ : (R",a;) — (R",a2) and a function germ A : (R",a;) — R with A(a;) # 0 such that
fi=X-(g20®). In [16] Montaldi has shown the following theorem.

Theorem B.1 (Montaldi [16]). Let X; and Y; (for ¢ = 1,2) be submanifolds of R™ with
dim X; = dim X, and dimY; = dim Y. Let ¢; : (X1,%x1) — (R",y;) be immersion germs and
fi: (R y;) — (R, 0) be submersion germs with (Y, yi) = (f;'(0),y:). Then K(X1,Y1;y1) =

K(X,,Ys;y9) if and only if f; 0 g; and f5 o go are K-equivalent.

We only consider the case of p =1 and apply this theorem to the contacts submanifolds in

de Sitter space.

C (Generic properties

In this appendix, we review the generic properties of spacelike hypersurfaces and spacelike
submanifolds in de Sitter space. Let n,r be integers with n — r > 1 and U be a open subset
of R"7". We consider the space of spacelike embeddings Sp-Emb(U, S7") with Whitney C>°-
topology. We define a function F : S} x S} — R and denote f,(x) = F(x,v). We assume
that fy is a submersion. For any spacelike submanifolds X € Sp-Emb(U, S7"), we have F' =
F o (X xidgp). We also have the (-jet extension j{F : U x S} — JY(U,R) defined by
JiF(x,v) = j°fy(u). We consider the trivialization JY(U,R) = U x R x J(n — 1,1). For
any submanifold Q C J*(n — 1,1), we denote Q=U x {0} x @. Then we have the following

proposition as a corollary of Lemma 6 due to Wassermann [19].

Proposition C.1. Let Q be a submanifold of J*(n — 1,1). Then the set
Ty = {X € Sp-Emb(U, 57) | j*G is transversal to Q}

is a residual subset of Sp-Emb(U, S7). If @ is a closed subset, then Ty is open.
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We remark that if the function F\, is ¢-determined relative to K, then F' is a K-versal

deformation if and only if j¢F is transversal to IEfC,VO, where I%?vO is the K-orbit through

3% fv,(0) € J*(n — 1,1). Applying Theorem A.3, this condition is equivalent to the condition

that the corresponding Legendrian immersion germ is Legendrian stable. Moreover, we have

the following theorem. (See [1] and Appendix of [7].)

Theorem C.2. if n < 6, there exists an open subset O C Sp-Emb(U, S7') such that for any

X € O, the corresponding Legendrian immersion germ L is Legendrian stable.
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