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A remark on the almost global existence theorems of
Keel, Smith and Sogge

Kunio Hidano and Kazuyoshi Yokoyama

Abstract

We shall give a new proof of temporally global existence of small solutions for sys-
tems of semi-linear wave equations. Our proof uses the Klainerman-Sideris inequal-
ity and a space-time L?-estimate. We shall also discuss whether the scale-invariant
version of the space-time L?-estimates can hold, and obtain some related estimates.
Among other things, we prove that the Keel-Smith-Sogge estimate actually holds
in all space dimensions.

Key words: semi-linear wave equation, null condition, global existence, space-time
L?-estimate.
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1 Introduction

We consider the Cauchy problem for a system of semi-linear wave equations
(1.1) Ou = Q(0u) in R

subject to the smooth, compactly supported initial data

(1.2) u(0) = f, dwu(0) = g.



Here and in the rest of this paper we mean by Ou the set of all the first derivatives of
components of vector-valued functions u : R} — R™, m > 2.

In the paper [10] Keel, Smith, and Sogge have devised an intriguing method of the
analysis of the Cauchy problem for quadratic, semi-linear wave equations with small data
in three space dimensions. The feature of their analysis lies in an efficient use of a temporal
integrability estimate of the local energy, and they have given an essentially new proof of
the almost global existence theorems of John and Klainerman [9], Klainerman [12], and
Klainerman and Sideris [16] in the semi-linear case by using only the invariance of the
d’Alembertian under translations and spatial rotations. The purpose of the present paper
is to develop the method found in [10] further. We shall give a new proof of temporally
global existence of small solutions for systems of semi-linear wave equations by working
mainly with the generators of translations and spatial rotations, when the h-th component

of the vector function @) is of the form

Qo= Y Y Qi) h=12....m

1<i<j<m 1<k<I<3

for real constants CZ-’M. Here
(1.3) 7 (u,v) = 'O — Ol O, 1<k <1<3, 1<i<j<m.

When we consider the problem of global existence, some of quadratic nonlinear terms
cause the blow-up of small solutions [8], [22]. It is the null condition of Christodoulou [2]
and Klainerman [13] that saves small, smooth solutions from blowing up in finite time.
Among others, the quadratic term in enjoys the feature that its improved time decay can
been seen in the exterior region |x| > t/2 of the light cone with the help of a decomposition
of the spatial derivatives into angular and radial derivatives (see (6.4) and (6.5) below).

This is the reason why we consider the class of nonlinear terms as in (1.3).



It is noted here that, in the energy method using the generators of translations and
spatial rotations, it is difficult to derive the asymptotic behaviors of solutions over the
inner region |z| < t/2 of the light cone. To overcome this difficulty and prove global
existence, we are hence obliged to make use of the generator of dilation S = t9, + x - V.
The use of the operator S allows the Klainerman-Sideris inequality (3.1) to come into
play in our analysis, and this inequality together with some observations in [3, 4] provides
some additional time decay in the inner region |z| < ¢/2.

Though we use the generators of dilation S, we shall work mainly with the generators
of translations and spatial rotations. For clear explanations of some technical points it
is suitable to give notation used in this paper now. Points in R1™ = (0,00) x R? are
denoted by (2%, 2!, 2% 2%) = (t,z). In addition to the usual partial differential operators
0o = 0/0z* (v = 0,...,3) with the abbreviation 0 = (0o, 01, 02,03) = (0, V), we shall
use the generators of Euclidean rotations = (Qa3, Q31, Q12), Qjx = 270y — 2%9;, and the
generator of dilation S = t0; + x - V. The set of these 8 vector fields is denoted by I' =
(To,T4,...,T7) = (9,9, 9), and we also denote I'\ {S} by I' = (I'g, Ty,...,Ts) = (9, Q).

For multi-indices a = (ay, . ..,a7) and b = (by, ..., bs), we denote
(1.4) r*=rge...1¢, T"=Tk. .. .Tk.

The d’Alembertian, which acts on scalar functions u : R}t — R, is denoted by O =

92 — A. TIf there is no confusion, we also denote by

O = diag(0,...,0)
—_———

the d’Alembertian acting on vector valued functions v : R} — R™. Associated with

this operator, the energy is defined by

(1.5) Ei(u(t)) = ;i /RB(|8tuk(t,m)|2 +|Vuk(t, 2)2)da.
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We also introduce two types of generalized energy such as

(1.6) Ef(u(t)) = > Ei(Mu(t), Eu(t)= 3 Ei["u(t))

la]<l—1 la|]<l—1
a7<1

forl=2,3,....

The auxiliary norm
(1.7) M (u(t)) = Z Z Z YO Touk (t N r2m3),
k=1a|=2[b|<i—

which appears in Lemma 3.1 as well as the Sobolev-type inequality (2.2), will play an
intermediate role in the energy integral argument below. Here and in what follows we
use the notation (A) = /14 |AJ? for a scalar or vector A. We shall simply denote the
L?(R?)-norm by || - ||». Finally, for @ > 0 we mean by [a] the largest integer of all which
are less than or equal to a.

The main theorem is as follows.
Theorem 1.1. Let | be an integer satisfying

l

(1.8) M +3<i-2,
There exists a small constant € > 0 such that if the initial data (1.2) satisfy
(1.9) E?(u(0) < ¢
then the problem (1.1)—(1.3) admits a unique solution u satisfying
(1.10) E2(u(t)) < 2e and E*(u(t)) < E*(0)(1+6)°, 0<t< oo

with a constant C' > 0 independent of €. The solution also satisfies

(1.11) S @) 20T || 2oy xR

lal<i—3
a7<1

< Ce(l+celog(2+T))\/log(2+T), 0<T <0
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with a constant C' independent of <.

Remark. The quantity Ell/ ?(u(0)) depends on the size of the initial data (f, ). Indeed,
for given data (f,g) at t = 0 we can calculate the derivatives of the solution v at t = 0
up to the [-th order by using the equation (1.1). In this way we can determine El1/2(u(0))
explicitly.

It should be mentioned that the number of vector fields S is severely limited to at
most one in the definition (1.6) of the generalized energy Fj(u(t)) which is employed in
the a priori estimate of local solutions. This is in accordance with the thought in another
paper of Keel, Smith and Sogge. In [11] the method of vector fields is shown effective in
the proof of almost global existence of small solutions to initial-boundary value problems
for quasi-linear wave equations in a domain exterior to a star-shaped obstacle with a
compact, smooth boundary if the number of vector fields S is limited to at most one. In
this paper we shall show the global existence of small solutions to the Cauchy problem
for the semi-linear wave equation having the nonlinear term (1.3) by the energy method.
The main point of this paper is that the operators involved in our proof are somewhat
restricted. Namely, we mainly use the generators of translations and spatial rotations
(0,9) and we use the generator of dilation S with only a single power. We hope that our
present analysis based on the vector fields approach will offer some insight into the study
to prove global existence of small solutions to nonlinear wave equations in an exterior
domain.

Finally we remark that our argument, which is on the basis of the Klainerman-Sideris
inequality and the integrability estimate of the local energy, is general enough to prove
global existence of small solutions to the Cauchy problem for quadratic, quasi-linear wave

equations in space dimensions n > 4 [6].



This paper is organized as follows. In the next section some Sobolev-type inequalities
as well as space-time L2-estimates are presented. Section 3 is devoted to the weighted L>-
estimate of local solutions. In Section 4 we shall carry out the energy integral argument
for the higher-order energy, and essentially the same computations are applied to the proof
of space-time L?-estimates in Section 5. In the final section we shall obtain a temporally
uniform estimate of the lower-order energy and hence complete the proof of the main
theorem. In Appendix we shall carry out two investigations concerning a scale-invariant

form of Lemma 2.2 and a simple proof of that lemma.

2 Preliminaries
In what follows the commutation relations

(2.1) [0, 0] =0, [©;;,00=0, [S,0]=-20,

[, 0k] = —0ki0; + 0k;0;, [S,04] = =00, 0< <3, 1<4,j,k<3
(0;;j = 1if i = j, §;; = 0 otherwise) will be frequently used. We shall need the following
Sobolev-type inequalities.
Lemma 2.1. The following inequalities hold for sufficiently smooth functions u : RY™ —
R™.
(2.2) (Y2t — 1) |du(t, x)| < CEy*(u(t)) + CMs(u(t)),
(2.3) () |du(t, z)| < CE3(u(t)).
The inequality
(24) (r)!Plu(t, 2)| < CE;(u(®))

also holds for sufficiently smooth functions u : R — R™ decaying at the spatial infinity.



Proof. The inequalities (2.3) and (2.4) were shown by Sideris and Tu (see Lemma 6.1
of [24]). The proof of (2.2) starts with the inequality

1/4
(2.5) P12 (/S |v(rg)|4ds> < ||Vl

for any smooth function v decaying at the spatial infinity (see, e.g., (3.16) of Sideris [23]).
Using the Sobolev embedding on the sphere S? and taking the commutation

[2ij, (¢ = 1) 0k] = (¢ = ) [, O] = (t — 1) (=0ki0; + 01 0;)
(by €;;(t —r) =0 and (2.1)) into account, we obtain for all > 0

(2.6) 7’1/2|(t — 1)0u(t, )|
1/4
<CY (/g 0 ((t — r)@au(t,x))\4ds>

[b<1

1/4
<C Y 2 (/ |(t — T)@aQbu(t,x)|4dS>
S2

[b]<1

3 1/4
OS2 (/ (t — ) ojult, x)|4d5)
=1 5

<C YNV = m)0aQuW)l|z: + C DIV ({t = r)dju(t))]]z2

|b]<1 j=1
3
<O 3 1[0590u ()]l
B=0[p|<1
3 3
+C X =100 2u(t)l|2 + X 11— r)0du(t)] o2
[b]<1j=1 ij=1

< CEY*(u(t)) + CMs(u(t)),

where QF = Q5.052Q% for b = (by, by, bs). Let us introduce a cut-off function ® € C5°(R3),

¢ =1 for || <1, ® =0 for |z] > 2. When |z| < 1, we assume without loss of generality
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t > 3. We see

(2.7) [(t — r)Ou(t,x)| < (1+1)|P(z)0ault,z)| < C(1+t)||Psu(t)|| g2

< C(L+1) Y [|02(PDau(t))|] 12

|b]=1

2
< COA+1) D 0au(t)| 2 (feersai<ay + C(L+1) sup [dult, z)|

|b]=1 1<|z|<2
2
<C Z ||(t — T>3z8au(t)||,;2 + sup [{t — r)Oul(t, )|
|b|=1 1<|z|<2

< CEy*(u(t)) + CMs(u(t)),

where we have employed the Poincaré inequality at the third inequality and (2.6) at the
last inequality. The inequality (2.2) follows from (2.6) and (2.7). O
It should be noted here that the boost operators L; := x;0; +t0; are missing from the
set I' of vector fields. This is the main reason why we must refrain from employing the
well-known inequality of Klainerman [13]. Part of this difficulty is overcome by the use of
the weighted L?(R3)-norm M;(u(t)) because time decay can be shown by the Sobolev-type
inequality (2.2). Since we are limiting the power of dilation operator S to at most one in
the definition of the generalized energy, the time decay shown by (2.2) is not enough to
prove the global existence. The key estimate to our result is the space-time L?-estimate
due to Keel, Smith and Sogge [10].
Lemma 2.2. Suppose that u : (0,T) x R> — R solves the wave equation Ou = G,
u(0) = f, Qu(0) = g. Then the estimate

(2.8) (log(2 + 1)) ~""2[|{@) 20ul| L2 ((0.1)xr)
< CUIV Lz +lgllez) + ClIGI L o122 ®3)

holds.



Remark. We explain here that Lemma 2.2 emerges as the critical case of the estimate
of global (in time) integrability of the local energy. Let § > 0. We draw attention to the
fact that, essentially in line with §27 of Mochizuki [20], one can prove by the multiplier
method that the solution v : R x R™ — R of Ou = 0 with data (f,g) at t = 0 satisfies

(2.9) 1)~ V270 0ul |2 rxrmy < OV fllz2 + [lgl]12)

if n =1orn > 3. It is also possible by the Duhamel principle to show that the solution
v: R x R" — R of Ov = G with zero data at ¢t = 0 satisfies

(210) ||<I>_(1/2)_68U| |L2(R><R") S C| |G| |L1(R;L2(R”))

if n=1or n > 3. Actually, as far as 1-D case is concerned, this type of estimate follows

from the classical formula

u(t, ) = flx+t)+ f(z —1t) +1/;:ﬁ€

dy.
5 5 9(y)dy

—t
Since 20,u = f'(x +t) — f'(x — t) + g(x + t) + g(x — t), we have

[|Ocul-, 2)|L2ry < CIV fllz2 + llgllz2),
which yields

1) V2700l 2 @xry = [1{@) ™27 100l 2) 2myllrzwy < CUIV Iz + llgllz2)

as desired. The proof for d,u is the same.
In Proposition 2.8 of [18] Metcalfe has discussed global (in time) integrability of the

local energy by making use of the space-time Fourier transform, and he has proved

1)~ 0ul | 2 rcrny < C([V ]2 + [[g]]122)



for n > 4. The present authors have verified that, with slight modifications, the argument
of Metcalfe is actually valid for the proof of (2.9) for all n > 1. Therefore the estimate
(2.10) is also true for all n > 1 by the Duhamel principle. Slightly modifying some
arguments of Metcalfe [18]-[19], we shall show in Appendix that not only (2.8) but also
a stronger estimate hold for all n > 1 (see Proposition B.1 in Appendix B below).

3 Weighted L*-estimates

Since the weighted L?norm M;(u(t)) appears on the right-hand side of the Sobolev-type
inequality (2.2), it is necessary to bound the weighted norms M;(u(t)) of local solutions
by the generalized energies Ej(u(t)) in order to complete the energy integral argument.
The next inequality is due to Klainerman and Sideris, and it plays a crucial role in our
proof.

Lemma 3.1. Let k > 2 be an integer. Then for any smooth function u : Rf?’ — R™ the
inequality

(3.1) M(u(t)) < CE2(u(t) +C 37 [[(t + )OI u(t)]] 2

la|<k—2
holds when the right-hand side is finite.
Proof. See Lemma 3.1 of Klainerman and Sideris [16] and Lemma 7.1 of Sideris and Tu
[24]. O
Lemma 3.2. Let k > 2 be an integer and u a smooth local solution of (1.1)~(1.3). Set
K =[(k—1)/2] +3. Then for all |a] < Kk —2
(32)  ll(t+n)au)le < CELS ut) B (u(t) + O M (u(t) B (u(h)).

k—1 k—1

Proof. The proof of Lemma 3.2 is contained in [4]. We shall give the proof for the sake of

completeness. We first recall that all the vector fields of I' commute with O. In view of the
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commutation between 2;; and 0 (see (2.1)), we have for h =1,2,...,m and |a| < k — 2

B3t +rolat Ol < >0 > (It + DO Qxu,w)) 12

1<i<j<m 1<k<I<3

< Y>> (I +n)TCE Ot - 0|2 + ([ + ) THCHM O - )| 12)

1<i<j<m 1<k<I<3

<C > > > @t +r)9,ru’ - 9,0 || 2.

1<i<j<m 1<p,q<3 [b|+[c|<|a|
Assuming |b] < [(k — 1)/2] without loss of generality and using an inequality ¢ + r <
|t — 7|+ 2r < (t —r) + 2r, we have by (2.2) and (2.3)
(3.4) |[(t 4+ r)0,T %0 - 9,Tu?|| 2
< ||(t — r)0,T%u" - 9,Tu?|| 2 + 2||rd, T u’ - O, T u? || 12
< O(II(t = )BT || e + [[rd,T 0| e )| 0T 0 |
< O(Bls(ut) + Miyas(u() ) B (u(®))
< C(EV(u(t)) + My (u()) B (u(h))

The proof of Lemma 3.2 has been completed. O
Lemma 3.3. Suppose that an integer | satisfies (1.8). Set p =1 — 2. Suppose that, for
a local smooth solution u of (1.1)~(1.3), the supremum of EY/*(u(t)) on an interval (0,T)
is sufficiently small. Then

(3.5) M,(u(t)) < CEY?(u(t)), 0<t<T
and
(3.6) My(u(t)) < CE(u(t)), 0<t<T
hold.

Remark. This lemma will turn out to be valid if an integer [ satisfies [(1 —1)/2] +3 <
[ — 2. We have assumed (1.8) for the later use.
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Proof. Set

(3.7) gy = oiltlfTE:L/Z(u(t>>
and

, pw—1 , -1
(3.8) © = [2}+31_[2}+3

Recalling (1.8), we see simply but crucially p/ < I' < p < 1. We first employ (3.1) and
(3.2), setting x = p in the notation of Lemmas 3.1 and 3.2

(3.9)  Mu(u(t)) < CE(u(t) +C > [[(t+r)00u(t)]|z

la|<p—2

< CEY?(u(t)) + CEY* (w(t) B\ (u(t)) + C M, (u(t)E,/ (u(t))

pn—1 pn—1

< CEY*(u(t)) + Ceo By (u(t)) + CeoMu (u(t)),
which yields (3.5). Returning to (3.1) and (3.2) and recalling I’ < p, we find
(3.10)  My(u(t)) < CE(u®) +C Y ||(t + r)BT%(t)]| 12
la|<l—2
< CE(u(t)) + CE/* (u(t) B3 (u(t) + C My (u(t) B3 (u(t))
< CE(u(t)) + Ceo B2 (u(t)),

which leads to (3.6). The proof has been completed. O

4 Energy estimates. Higher-order energy

Carrying out estimates of the nonlinear terms carefully, we shall find that the generalized
energy in (1.6), which contains at most one dilation operator S, indeed works well in our
energy integral argument of global existence. In the course of proof, allowing the higher-

order energy to grow polynomially in time but bounding the lower-order energy uniformly
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in time, we shall accomplish our energy integral argument. In the present paper two kinds
of weighted norms M;(u(t)) and ||(z) /20T “ul| 12((01)xr3) Will play intermediate roles.

We shall carry out the energy integral argument for the higher-order energy in this
section and send the estimate of the lower-order energy, which requires more careful
treatment, to Section 8.

Higher-order energy. Suppose that an integer [ satisfies (1.8). For components of the
data (f,g) we assume (f*, g*) € C°(R?) x C*(R?) (k= 1,2,...,m). By the standard
local existence theorem a unique smooth solution exists locally in time. We aim at ob-
taining an estimate of the higher-order energy Ej(u(t)). More precisely, the purpose of
this section is to prove
Proposition 4.1. Suppose that | satisfies (1.8) and set u = | — 2 as before. Assume
Ell/z(u(O)) < ¢ for a sufficiently small € such that 2 < €q (see (3.7) for gp). Suppose
that, for the unique solution u to (1.1)—(1.3), Ty is the supremum of all T > 0 for which

(4.1) E)V?(u(t)) <2, 0<t<T.
Then the solution u satisfies
(4.2) Ey(u(t)) < E(u(0)(1+)%, 0<t<T,

for a constant C' independent of <.

Remark. Suppose Ty < oo. By the continuity of E./2(u(t)) on [0,Tp] as well as the
definition of Ty we see that the maximum of EY/2(u(t)) on the closed interval [0, Tp] is 2¢.
In Section 6 it will be shown that E/i/Z(u(t)) < 2¢ on the interval 0 <t < Ty, which is
the contradiction and hence means that the local solution actually exists for any length
of time.

Proof. In what follows, we assume 0 <t < Tj. By the standard argument we get

d . .
(43)  —E@E)<C > > > X 10,T0u’ - 90U || 12| T *u | 2.

1<p,q<3 1,5,k la|<l—1 [b|+]|c|<]al
a7<1 br+cy<1
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When estimating the right-hand side of (4.3), we may assume |b| < [I/2] without loss of
generality. Here attention is drawn to the fact that the generator of dilation .S is included
in I'* with only a single power. If I'® contains the operator S, then we have, noting

le| <1 —2 in this case,
(4.4) |0, - 0,0 || 2

< () (I1(rapT ) (1 (¢ = )0, Tw)| |z + [[(r) DT’ - 9T |12 )

C{t)~H[{r) oy FbuiHLw(H*@ = 1)L 12 + (10,0 12)

< O By (u(t) (B (u(t) + Miea(u(t))

< C{) T By (u(®) (B (ut) + Mi(u(t)) < O~ By (u(t) B (u(t)),
At the third inequality we have used the Hardy inequality. If I'* does not contain S, then
we get, using (2.2)—(2.3)
(4.5) 10,00’ - 9,0 || L2

< C’(t>_1<||(t — ), T - 9, Tu || g2 + ||(r)9, 0’ - O Tcuj||L2)

Cit) 7 (11t = )AL o + [[(r) DT u oo ) |01 “u || 2

Oy~ (B s (ut) + Mpa(u(t)) Bt (u(t))

O By s () B2 (u(t)) < CO) B (u(t) B (u(t)).
We therefore have from (4.1)

thl( (1)) < Ce(t) ' E(u(t)), 0<t< Ty,

which yields
(4.6) Ey(u(t)) < Bi(u(0))(1+1)%, 0<t <Tp.
The proof has been completed. a
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5 Space-time L’ estimates

Before proceeding to the estimate of the lower-order energy, we note in this section that
the local solution satisfies the following space-time L?-estimate.

Proposition 5.1. Under the same assumptions as in Proposition 4.1 the local solution

satisfies
(5.1) (log(2 + T))_1/2 Z ||<x>_1/28fau| |L2((0,T)><R3)
la|<p—1
a7<1

< C(EY*(u(0)) +’log(2+ 1)), T < Ty

with a constant C' > 0 independent of €.
Proof. Taking the commutation relation (2.1) into account, we see by Lemma 2.2 that

it suffices to estimate

(5.2) SN ST 0 - 9,0 | 1o, r2rey)-
1speuss 47

Using the two inequalities EY/2(u(t)) < 2, M,(u(t)) < CEY?(u(t)), 0 < t < Tp (see
(4.1), (3.5)) and repeating essentially the same computations as in (4.4)—(4.5), we can
readily obtain (5.1). We may safely omit the detail. O

6 Lower-order energy

This final section is devoted to the proof of the first inequality in (1.10) for 0 < ¢ < Ty,
which completes the proof of Theorem 1.1 (see the remark below Proposition 4.1). The
starting point is the standard inequality

(6.1) EY(u(t) < B ((0) +C Y [T*QU0u)] 1 osezcae)-

la|]<p—1
a7<1
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We divide the second term on the right-hand side into three pieces. It follows from (2.2),
(3.6) and (4.2) that for any a with |a| < p—1, a7 <1

(6.2) [[T*Q(Ou(7))| 2 ({zerir<r/2p)
<C > > I TR (r) () A (r = )T ()] 1 (ers <o

1<p<g<3 |b|+|c|<p—1
1<i,j<m by<1

<O > 3 DK TR () el |(r) AT — 1) 0T (7)) |

1<p<g<3 |b|+|c|<p—1
1<i,j<m br<1

<C Y Y (DT TR0, ()| 2 By (u(T))

1<p<3 |b|<p—1
1<i<m br<1

<CE1/2 Z Z 1+CaH > 1/28pru"(7)]|L2.

1<p<3 |b|<p—1
1<i<m  by<1

We therefore obtain, using the dyadic decomposition of the interval (1,¢) as in Sogge [25]

(6.3) > / |T*Q(Ou(T))|| L2({wer3r<r/2p)dT
e
2ﬂ+1 .
<0 Y BPuo)(LY L ) g, (7 adr)
|a(|zj§11 i,p j=0
< Ce (Z(2j)(_1/2)+05(€ + e?log(2 + 2771)) (log (2 + 2j+1))1/2)
=0
< Ot

Here we have abused the notation to mean 2¥+! = Tj,.
On the other hand, it is the estimate of ||[T*Q(0u(7))||r2({zer?:r>7/2}) Where the exact
form of Qfl comes into play. Employing the decomposition of spatial derivatives
x x
(64) V == ;8¢ - 7172 N Q, (Q — (ng, le, 912))
as in Klainerman and Sideris [16], Sideris and Tu [24], we observe that

]
65)  |QU(u(r.z),ur,2))] < =

o (V' (7, 2) || (7, 2)| + [Vo! (7, 2)| Q' (7, 2)])
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for |x| > 7/2 with 7 > 1, where it is worthwhile mentioning that the gain of some addi-
tional decay is seen without the generator of dilation S. Making use of the commutation

relations

(6.6) [Qij, Ok] = —0ki0; + 0x;0; and [S, Op] = =0k

(recall (2.1)), we have for any a with |a| <p—1,a7 <1

6.7 [ITQOu(T))l|2((wereir>r/2p)
<C Y Y SO 10 ()T (7)) | 2 (qrersirsr 2y

1<p<3 Ib\+le\<u 1|d|=1
1<i,7<m

HQT ! (1), Tw (7| 12 (a2 )
<C Y () P(EL ) E ) + By u(m) Byl (u(n)

[bl+]c|<p—1

< )P (u(m) By (u(r)), 7> 1.
At the second inequality we have used (2.4). Recalling (4.6), we then obtain

(6) >[I QW) geersrryznds

la]<p—1
a7<1

< CEll/Q(u<0)) /1t<T>_(3/2)+CsEi/2(U(T))dT

< CEll/Q(u(O)) sup E1/2( (t) < Ce?, t < Ty.

t<Tp

Finally, a simple observation yields

(6.9) Z /||ra (Ou(r))||2dr < Ce2,

a|<p—1
a7<1

Combining (6.3), (6.8)—(6.9) with (6.1), we have obtained
(6.10) E(u(t) <e+Ce 0<t<T,
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for a constant C' > 0 independent of £. Since ¢ is sufficiently small, we can conclude
E\/*(u(t)) < 3¢/2 for t € [0,T]. The proof of the first inequality of (1.10) has been
finished.
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7 Appendix A

The authors have received a number of helpful suggestions from the referee. Among them
we are grateful for the suggestion that a scale-invariant form of Lemma 2.2 should be
devised and a simple proof of that lemma should be given. The appendix goes into detail
on these problems. In this section we discuss the problem on the scale-invariant version
of Lemma 2.2.

Let us consider the Cauchy problem Ou = 0 with data (f,g) at ¢ = 0 in three space
dimensions. We start with the two examples which show that the scale-invariant form of

Lemma 2.2 such as

(7.1) 2]~ 20u || 2(0,00)xr3) < CUIV fllL2mey + ||9]|22R2))

is false in general.
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Proposition A.1. (i) Assume that a non-negative and spherically symmetric function
g € C*(R?) satisfies suppg C {xz € R® : |z| < 1} and ||g||i2@ms) = 1. Define g.(x) =
e32g(e7'x) so that ||ge||r2msy = 1 for all e > 0. Let u. be the solution to Ou. = 0 with
(ue(0, ), Opu(0,2)) = (0, g-(z)). The solution u. satisfies

_ 1 1
(72) H ‘l’| 1/28tu5 HLQ((O,l)XB) Z 5 log<1 + 8)

for all0 < e <1, where B:={x e R3 : |z| <2}.

(it) Assume that a non-negative and spherically symmetric g € C?*(R3) satisfies
suppg C {x € R?® : |z| < R} for some R > 0. Let u be the solution to Ou = 0
with (u(0,z), 0wu(0,x)) = (0,g(x)). The solution u satisfies

R+T)

1
(73) el 200 2oy = 519l 108 ( g

for all T > 2, where D :={x € R? : |z| >2}.
Proof. Let us start with the proof of (i). Since g is spherically symmetric, we may
write g(x) as ¥(r) (r := |z]). We also denote . (r) := e=3/2(r /e).

It is known that u,. is represented as

w(t,z) = / " e()dp.

2r r—t|

We easily see for r >t

et ) = oo (4 O +0) + (0 = e = 1)) 2 o= 1l = 1) 20,

which yields

(7.4) [l 20ue |20,y

1 1 2
:/ dt/ |x]_1]8tu5|2d:r:/ dt/ r_1|8tu£]2r2dr/ dsS
0 B 0 0 52

1

9



> /1 dt/gr_1|8tu€|2r2dr/ dsS
/dt/ 222r—t) ttdr [ ds
[ [ t4(p+t)p2w3(p>dp42d5=/o dt/ol(plﬂ)p?w?(p)dp@ds

L dt € 1 1
> - 21,2 d / dsS = = (1 1 -1 A 22:71 1 1
> [ de s fy P [ ds = {01+ gl = flos(1+<7)

for all 0 < e <1 as desired.
Let us turn to the proof of (ii). We again denote ¢ (r) := g(x). Using the inequality

dult z) > 21(7’ -1 >0  (r> 1),

we obtain
(7.5) || |]~ 1ﬂﬁt“HL? ((0,T)x D)
T o)
—/ dt/ |z~ |Opul]? dx—/ dt/2 r_llatu|2r2dr/SQdS
2/ dt/ 7"_1|0tu]27“2dr/2d5
>/ dt/ 222r—t)w2(r—tr2dr/ ds
2 22
~f ] e /ds/df/4+t o) |, 05
R+T
> D = — 2(R3 _
_/2 4(R+t)/0 pr (p)dp/92d5 4HgllL (R)log(R+2>

as desired. The proof has been completed. O

We next intend to give another proof of Lemma 2.2 for spherically symmetric solutions.
This insight will be useful later on. Here and in what follows we mean by H; = Hj(R?)
the homogeneous Sobolev space of order s (see [1] on page 146 for the definition of

homogeneous Sobolev spaces).
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Proposition A.2. Suppose that f and g are spherically symmetric functions with f €
HY(R?), g € L*(R?®). Letu be the solution to Ou = 0 with the initial data (u(0), dyu(0)) =
(f,g) att = 0. Lete be an arbitrary positive number. For a positive constant C. (C. — oo

as € — 0) the estimate

3
(7.6) 1€)== 2 = 20 ryxry + 2 1)~ 2|~ 00wl | 120 1y <o)

a=0

< CAMT)IV fll 2@y + 9]l @)

holds, where
T¢ for T <1,
A(T) =
(log(2+ T)"* for T > 1.

Remark. If u is a spherically symmetric solution to the inhomogeneous equation
Ouw = F with the radial data (f,g) at t = 0 and the forcing term F(¢,x) which is also

spherically symmetric in the spatial variables, then the estimate

3
(7.7) [1(2) % |2 =220 | a0 myxmey + D 1) |2 T2 00l | 20 xm)
a=0

< C.AT)(NIV fllzmsy + N9l 2wsy + ||l L o.r:02m2)))

holds. For the proof we consider the problem Ou. (¢, ) = 0 with data (u. (7, z), Ou,(7,2)) =
(0, F(1,z)) at t = 7. By the Duhamel principle the solution u is written as

u(t,r) = u’(t, z) + /Ot u,(t, z)dr,

where u° satisfies Ou® = 0 with data (f,g) at ¢t = 0. Since Proposition A.2 gives the
estimate of u°, we may focus our attention on the integral term. Using the Minkowski

inequality and noting the fact

t t
(7.8) @Amwwm:A@m@@m
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we have for 0 <t < T

t
(7.9) )<~ [ (2, )drl ooy ne
3 t
£ 30 1) el "0, [ (b, @)drlaoimyr
a=0

T
< [ 1K)l oy s
3. T
£ 3 [ Il Bt 2 iy
a=0
T
< CLA(T) /O (7| 2 (rsy -

We have employed Proposition A.2 at the last inequality.

Proof of Proposition A.2. Without loss of generality we may assume f, g € S(R?).
Since f and ¢ are smooth and spherically symmetric, we may suppose f(z) = ¢(r),
g(x) = ¥(r) (r = |z|) for even functions ¢, ¥ € C*°(R). It is known that the solution

u(t, ), which will be denoted by v(t,r) in what follows, is written as

(7.10) v(t,r) = ;T(oﬂ +1)p(r +1) + (r — t)p(r — 1)) + 21 L pv(p)dp
= 21T /t ttr(ps@(p))'dp + 21T /t t? pY(p)dp.

Inspired by Klainerman and Machedon [15] and Lindblad and Sogge [17], we shall make
use of the boundedness of the Hardy-Littlewood maximal operator (see, e.g., Stein and

Weiss [26] on page 58). Observe first

e 51 t+r
(11 )5 [ (o) dpl oy
1

=c [" [y [ st

T Jt—r
T poo
+C [ [T )l 4 ) — (= )l — )Pdrdt = I+ .
0 t

2
r2drdt

22



In what follows a simple inequality |a + b|* < 2(]a|* + |b]?) will be sometimes used. We
continue the estimate of I, by defining A = ¢+ r. We have

(712) L<C Y // ~22p342¢ |\ (0, ) [Bdrd

*e{+,—}

%) )\*
<c ¥ / ) [T () Pdrat
t T

*x€{+,~}

1
mf“%mas) < CLAX(T)||V flI72(ms)-

Here we have employed a simple inequality |(t £+ r)/r| < 2 for r > t and the Hardy

< CAYT)||ollfamy < C-A*(T)]

inequality.
On the other hand, we shall use the Hardy-Littlewood maximal operator to estimate
I, of (7.11). We get

(713) L < /0 ' /0 "y —1+2€C t )|dp> drdt
< C’/OT<7“ TRepltee /T M((pp)) (t)dtdr
< CEAQ(T)I|/\/l((f190)')||L2 <C AQ( M) 172wy

2
< CANT) (I f||L2<R3>+||Vf||L2(R3) < C:AY DIV A2 ms)-
]

Here, and in what follows, we denote the Hardy-Littlewood maximal operator as

t+,\ 1
M(p)(t) = sup 2)\/ s)|ds

A>0
for p € L*(R).
As for the integral term involving ¢ in (7.10) we proceed, noting that pi(p) is odd in

P, as

(7.14) /OT /OOO<T>—2€7,—3+25

t+r 2
1/15+ pY(p)dp

rJter

r2drdt
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2
drdt

_/ / —2¢, ~142 /ttjrpw(p)
+/ / —2¢, ~142 i/:ttpw(p)

T T 00
<C / B / M (p)?(t)dtdr + /0 (ty- 21t /t M(p)?*(r)drdt
< CAXT)||pl |2y < CoA*(T)|lgl[72moy-

2
drdt

Thus we have completed the required estimate of (x)~¢|x|~(*/2*%y in the space-time L2-
norm.
Let us turn to the estimate of the first derivatives. The simple identity

(7.15) Opv = i@r(rv) — 1v

,
is convenient to estimate 9,v. Since the estimate of (r)~r~(1/2+¢(~1y) has been finished,

it is enough to estimate (r)~r=(1/2+2(r=19,(rv)). Observe first
(T16)  8u(rv) = 5 (9lr 1)+ (4 0+ 1) +olr — 1)+ (r = )5 (7 — 1)
+;((r O+ 1) = (r = t)(r — 1))
We get
(7.17) / / e =32 | o £ 1) [2r2drdt

T roo
< / / () (e OPdrde+ [ [ ) T () Pdrat
0 0 0 t

< /0T<r>—2€7~—1+25 </T o(r + t)]2dt> dr + /0T<t>—26t—1+2€ (/too lo(r + t)y%zr) dt

< CAXD)|l¢l72 ) < C-AXD) IV fI[32(ms)-

Similarly, we have for Ay =r +¢

(7.18) > / / )RR O (N, ) |Pridrdt

*€{+,—}
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< [ [ g oord)a

*e{+,—}

b [T [T oo )a
t

*€{+,—}
< CAYD)|[r 2wy < CeAX(TIV flIZ2(ms)-

The estimate of (r+t)y(r+t) and (r —t)y(r —t) can be done in the same way as above.

The estimate of d;v remains to be done. But, making use of the formula

(119)  0w(t,r) = o (ol +0) + (r+ 0/ 1) = plr — 1) = (r = D) (r — 1)

+21T ((r + )0 ) + (r = t)(r — 1)),

we can complete the estimate of d;v in the same way as we have done for 7719, (rv) above.
Therefore the proof of Proposition A.2 has been finished. a
Though the scale-invariant version of Lemma 2.2 does not hold as it is, we can never-
theless obtain the following by devising estimates in the weak L*-space L>*°(R?) which
is strictly larger than L?(R?) (see [1] on page 7 for the definition of weak LP-spaces).
Proposition A.3. Suppose that f and g are spherically symmetric functions with f &
H)(R?), g € LA(R?). Suppose that F € L'(R; L*(R?)) and that F is spherically sym-
metric in the spatial variables. Let u be the solution to Ou = F' with the initial data

(u(0), 0u(0)) = (f,g) at t = 0. The solution satisfies

3
(7.20) || 2|~ 200 ma;r2m)) T Szl 00u 200 ma;22(m))
a=0

< C(IVflleems) + l9ll2®s)) + Ol F || L2 ms))-
Remark. Let F' = 0. The inequality

| |x]_3/2u ||L§‘°°(R3;L3(R)) < CUIVIlews) + 19l 2@ms)
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is actually true even if the solution is not spherically symmetric. See (8.6) below.

The inequality (7.20) is obviously scale-invariant. We shall use the following proposi-
tion in the proof of Proposition A.3.
Proposition A.4. The spherically symmetric solution u described in Proposition A.2
satisfies

3
(7.21) [Jullp2rize (o)) + 2 sup, [2[[|0au(- )| 2y < CUIV fllLems) + 1|9l 2wrs))-
a=07T€

Proof of Proposition A.J. The estimate of u in the L? L>°-norm is exactly what is called the
end-point Strichartz estimate due to Klainerman and Machedon for spherically symmetric

solutions [15]. For readers’ convenience we give the proof here. Let us use the formula

(7.10) to see
1
r2) ( -
(7.22) R \yab 27
< Cll(ee) ey < (I

where we have employed the Hardy inequality again. The estimate of the second term on

/:T(pw(p))'dp)thg /R M((pp(p))2(t)dt
1
|z

2
Fllssg + IV fllzzen ) < CUV Il

the right-hand side of (7.10) can be done in the same way.
Let us turn to the estimate of the first derivatives in (7.21), which is an analogue of

the elementary inequality

1Onul] L2 (rsz2my) T [102tul | oo (riL2(m)) < CU10:u(0)]|L2w) + [|0u(0)|[ L2 (w))

for the one-dimensional wave equation. We start with the estimate of d,v. Recalling
the identity (7.15) and taking the fact L?(R;L°(R?)) C L®(R3; L?(R)) into account,
we may obviously focus our effort on the estimate of 9,(rv) in the L*(R3; LZ(R))-norm.

The formula (7.16) is useful again. We see

1
(7.23) /R lo(r £ )2t = ||l 72y = CHmeiz(RB) < OV fl122ms
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and

(7.24) (/ A2 (A \dt+/ A2ib( A, \dt)

*€{+,—}
= [|r¢’ ||L2(R) + ||7“¢||%2(R) < C(vaH%?(R) + ||9||%2(R))‘

Thus we have obtained the required estimate of 0,v.

The estimate of J;v remains to be shown. Using the formula (7.19), we can show the
required estimate of d;v in the same way as above. Therefore the proof of Proposition
A.4 has been completed. O

Proof of Proposition A.3. The proof is based on the Duhamel principle. We temporar-
ily assume F' = 0. In this case Proposition A.3 is a direct consequence of Proposition A.4
and the fact |x|7%/2 € L>*>(R?).

In the rest of the proof we may therefore suppose that f = g = 0 without loss of
generality. Let u, satisfy Ou, = 0 with (u,(7, ), du.(7,x)) = (0, F(1,z)). The solution
is written as

t
u(t,z) = / u,(t, x)dr.
0
Let w = w(t) € L*(R). We have

(7.25) ’/ / ur(t, x)drw(t )dt‘
_/0 [ 7 Jun(t, 2)@ |dtd¢+/ / luy (¢, ) (t) | dtdr

< C | e ()|l zge

and hence

(7.26)  [[u,2)llzzy < C [Nl sup urls @)l zydr < C [ 1IF(7, ) lpzmodr
R zecR3 R
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Here we have employed the L2L2°-Strichartz estimate. Because of the fact |z|~%/% €
L**(R?) the required estimate of |2|~*/2u in the L>*(R3; L?(R))-norm is a direct con-
sequence of (7.26).
Let us turn to the estimate of the first derivatives. Since u.(t,z) is spherically sym-
metric in the spatial variables, we may denote u,(t,x) by v, (t,7). We get
¢
0
< C’r_l/ r||8rvT(-,r)||L§(R)dT < CT_I/ supr||(9rv7(-,7")||L§(R3)d7'
R R r>0

< crfl/RHF@,.)HLQ(Rg)dT

(7.27) 10, / or (b, 1) 2m)

by using Proposition A.4 at the last inequality. The required estimate of d,v is an imme-
diate consequence of (7.27) and the fact |z|™%/2 € L>*(R3).

The estimate of J,u remains to be proven. Since
t
Ou(t,z) = / O, (t,r)dr
0

as in (7.8), the required estimate of d,u can be obtained in the same way as we have done
for 0,u. Thus the proof has been finished. O

Limiting our interest to radial solutions, we have so far discussed the problem how to
obtain scale-invariant version of Lemma 2.2 by using the classical formula (7.10) and the
boundedness of the Hardy-Littlewood maximal operator. One of the key points was to
replace L*(R?) with a strictly larger space L>*(R3). We next discuss the same problem
mainly by working with the space-time Fourier transform. In what follows the spatial
Fourier transform of v(x) is denoted by ©(§) and the space-time Fourier transform of
v(t,x) by 9(7,£). The spaces of functions we shall employ are defined as follows. We
know that there exists a function ® € S(R) such that supp® C {7 : 1/2 < |7| < 2},

28



®(7) >0 for 1/2 < |7| < 2 and

S (/=1 (r#0)

k=—o00

(see, e.g., [1] on pages 135-136). For such a function ® we denote ®(7/2%) by ®.(7). We

recall the definition of norms of the homogeneous Besov spaces Bip(R‘g):

ol o = sup( [ @2(EDIEPI0(©)e)

p/2\ 1/P
lollay, e = (3 ([, @20DIEPI(OPA)"™) " (1< p < o0).

k=—0o0

Making use of this dyadic decomposition, we also define B, := {v € S'(R'*?)
|[v][, < oo} (1 <p < o0o) where

129 ol =sup( [ (sup( [ o ar) ) ag)

JEZ

(7.29)  [olls, = sug( / v(kio( JRAGI 5),2dr)p/2)2/pd£)1/2 e

J€ D;

D ={¢&ecR?: 2 <|¢ <2t} j=0,%1,42,.... We see that B, C B,, for
1 < p1 < py < 00 because [Pt C [P2.
Using the space-time Fourier transform, we shall show

Proposition A.5. Suppose 1 < p < oo. For any spherically symmetric f € Béﬁp(RS) the

estimate
(7.30) [ 7252 F 15, < ClIf gy re
holds.
Remark. We note that B} ,(R?®) = H}(R®) and B}, (R®) C B}, (R®) (1 <p; <ps <

00). Because 2|72 € B} _(R?), the estimate (7.30) is valid for a class of free, self-similar

radial solutions.
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Proof of Proposition A.5. It suffices to deal with the operator V=2 only. We denote

|—3/2

x by w(x). By direct computation we see for 7 > 0
y y

(7.31) (we™ B FY (7€)
= [ (e =matr = n)fnydn = C [ 16 = 7¢I f(r)ras
= 0/52 |€ - 7'C|_3/2dSF(|T|)7'2 (dS _ dSC, C c 5«2>

for a suitable F' which depends only on |7], because f is also spherically symmetric. Note
that the last integral over S? depends only on 7 and [£]. Using the polar coordinate
¢ = (singsinf, singpcosf, cosp) (0 < 6 < 27w, 0 < ¢ < m) and taking £ = (0,0, ||

without loss of generality, we see for 7 > 0
(7.32) & — 7¢|73%dS
SQ

2m ™
:/ d@/ (J€* = 2/€|7 cos o + 72) 73/ sin dp
0 0

= [ (el - 2lefrs + ) a5 = (il + 7 - el = 1)

€l
clel+7— gl =70

C
S e (Vi + i) e

Note that (we™=2f) =0 if 7 < 0. Hence we get by (7.31) and (7.32)

(7.33) (/R (I)i(T)l(weitmf)N(@ f)\2d7> 1/2

< Cll2 ([ @mIF(r)rPar)” = g2 ([ @R (ubinP1f ) Pdn) "

Taking the [P-norm of both the sides, we obtain

(7.34) sup( [ B3 (we™ A1) (7, O)Pdr) " < ClE 1 sy

keZ
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and

o0 ) ~ p/2 1/p
135) (X ([ amIwe™ 3 (. oPdr)") < CE I gy

k=—0o0

Since .
20+ g
[ ogreepas=c [ = Clog2
Dj 2]‘71 T
for a constant independent of j, the inequality (7.30) is a direct consequence of (7.34) and

(7.35). O

8 Appendix B

It has been suggested by the referee that a simple proof of Lemma 2.2 should be found.
The authors regret to say that they could not find any proof which is essentially simpler
than that due to Keel, Smith and Sogge. But they can instead strengthen and sharpen
Lemma 2.2. Inspired by a series of papers of Metcalfe [18]-[19] as well as Proposition A.2,
we prove the following.

Proposition B.1. Letn > 1, (f,g) € S(R") x S(R"™) and € > 0. Suppose that u solves
the Cauchy problem Du = 0 with the data (u(0),0u(0)) = (f,g). Then this solution
satisfies

n

(8.1) > @) =l =22 00ul| 2o,y xrmy < C-AT)(IV Iz + Ngllz2),

a=0

where A(T) is the same as in Proposition A.2 and the positive constant C. grows to infinity

as € — 0. If n > 3 in addition, the estimate
(8.2) 1) =22 12 o,y xmmy < CAT) (V2 + 191 22),

also holds.
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Remarks. (1) Let F' € L*((0,T); L*(R™)). Suppose that u solves the Cauchy problem

Ou = F with zero data at ¢ = 0. Because the estimate (8.1) obviously remains true for

the data (0, ¢) with g € L*(R"), we can obtain by the Duhamel principle
L T
S ) |2 YD F 0 ul | a0 ryxreny < C€A<T)/O [E (7, )| L2y dT
a=0

(see the remark below Proposition A.2).

(2) It follows from the radial identity of Morawetz [21] (see also [27] on page 11) that
(8.3) 2]l 20,000 xrmy < OV fllz2 + llgllz2)
when n > 4. For n = 3 that identity yields
(8.4) |t @yt < OV A + llgllz)
(see LEMMA of [21] on page 292), which immediately leads to
(8:5) [1(2) a2 ul | 20,00y xre) = )™l =2 Jul, 2) | 20,0022

< CI[ )™z~ oy (1Y f ]2 + [lgll22) < CUIV 2 + |lgll2)

fore, ¢’ > 0and C = C(e,&') (C— oo ase — 0ore — 0), and
(8.6) 12l 2u || 2o m3,2200,000) < CUIV S22 + llgll22)-

Our estimate (8.2) for n = 3 is therefore regarded as the critical (i.e., e’ = 0) case of (8.5).
Our estimate (8.2) for n > 4 is weaker than (8.3) because the latter is scale-invariant
and global in time. We finally note that our proof of (8.2) remains valid for that of (8.5)

without any essential modification.

Our sharp estimates (8.1)—(8.2) have good application to some nonlinear problems
(see [5], [7]). Let us return to the proof of Proposition B.1. For the proof the result due
to Metcalfe is essential (see Corollary 2.7 of [18]).
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Proposition B.2. Let R > 0. The solution u described in Proposition B.1 satisfies

(8.7) 112172 || L2(((tay0<t e, Rejai<2my) < CUIV fllz2 + lgll22)

forn >3 and

(8.8) Szl 200 || 2 ayo<t<os, Relai<2ry) < CUIV flIz2 + 119l r2)
a=0

formn > 1, where C' > 0 is a constant independent of R.
Admitting Proposition B.2 temporarily, we enter into the proof of Proposition B.1.
Proof of Proposition B.1. For any T" > 0 we divide R" into {z : |z| < T} and
{x : |z| > T'}. For the former we separate two cases ' < 1l or T > 1. If T" < 1, we use
(8.8) with R = 277! to obtain

(8.9) () =%~ H 0,0 ‘%2({(t,x):0<t<T, 0<|a|<T})

—[|(tog T)/(log 2)|
27 —1/2 2
<C Z (29)¥] || / Do ||L2({(t,x):0<t<T,2j*1<|m|<2j})

j==o0

< C.T*(||V e + lgllz2)?

for a constant C. > 0 (C. — oo as ¢ — 0) independent of 7. Similarly, we obtain for

n>3

e 2
(810)  [[{a) ||~ * ulLa(apostenoctaicry < CTEIVF Iz + [lgllz2)”.
On the other hand, if 7" > 1, then we first note that

(8.11) ||<x>_€|x|_(1/2)+€@au||%2({(t,x):0<t<T, 0<|z|<T})

< ||<x>_6|x|_(1/2)+680¢u||%2({(t,x):0<t<T,0<|w|<1})

+||<$>_€|x|_(1/2)+€aau||%2({(t,x):0<t<T,1<\;v|<T}) =hL+ L.
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We get Iy < C-(||Vf||z2 + ||g]|z2)? in the same way as in (8.9). For I, we use (8.8) with
R =2"1%o0 get
[(logT)/(logZ)]-l-l

(8.12) I < > || 2]~ 200w || 72 ()02t 261 <l <2}
j=1

< C(log(2 + T) IV fllz2 + llgll =)

The estimate of

‘]<x>_8|$’_(3/2)+5U"L2({(t,x):0<t<T, 0<|z|<T}) (n=>3)

can be carried out in the same way as in (8.11)-(8.12).

We turn to the set {z : |z| > T }. We easily obtain

(8.13) 1) =% e YD B0l | 2002, > )
< T_1/2||aocu| |L2({ (t,z):0<t<T,z€R"})

< s [[Gault, iz < CUNVfllzz + [lgllz2)-

For the estimate of u itself over {z : |z| > T}, we may use the Hardy inequality by the

assumption n > 3. We obtain

(8.14) ()~ ||~ B2 | o ayociar, o> T
< T 1/2H| ’uHL2 {(t,z):0<t<T,z€R"})
< CT 72| Vul| 2(eayoct<r,zerny) < CIVFllL2 + llgll22)-
The proof of Proposition B.1 has been finished. a
Proposition B.2 remains to be proven. It should be noted that this proposition has

been essentially shown by Metcalfe [18]. For clarity of the exposition we give its complete

proof here. We first prove the following two propositions.
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Proposition B.3. Let n > 3 and f € S(R™). The inequality

(8.15) sup I6F [ 1B(E =)ot = i < €7

holds for all T > 0.
Proposition B.4. Let n > 1 and 3 € S(R™). The inequality
(8.16) sup | |3 = n)[d(r = [nl)dn < C
¢eRm /R
holds for all T > 0.
Proof of Proposition B.3. We closely follow Metcalfe [19]. Using the polar coordinates,

we see

©11) [ 13— mIo — lal)ay
—/Sn / (€ = rO)|5(r — r)r™tdrdS = 7! /S 13(€ = 7¢)[dS.

¢
We separate two cases: || > 27 or |£| < 27. Let us start with the former. Since

B € S(R™), we may suppose

N C C
8.18 B —T10)] < < , > 271.
&1 Pe=TOls e = ar e
We hence find
(8.19) sup [€2 [ |B(€—n)|d(r — [n)dn

[&|>27 Ry

2 n—3 2
<ot sup 715‘ < Cr? sup S Y <l < 07'2,
gl>2r (14 [€)! g)>2r (14 [€])"

as desired. Note that the assumption n > 3 has played a role here.
We turn our attention to the case || < 27. We may suppose

C
(J1+ie—mcp)"
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(8.20) 186 —7¢)| <




Using the trace theorem, we get

7_n—l

dS
7 (Y1l — )"

<ON(T+1E=B) " llwam < AT B) " llemn < €

where B, := {z € R" : |z| < 7} and we mean by W!(B,) the standard Sobolev space

(821) 1 /sw B¢ — r¢)|dS < C

over B, whose members and their weak derivatives of the first order are lying in L'(B,).

It hence follows from (8.17) that

(8.22) sup [¢[2 [ 13(¢ = mla(r — Inl)dn < € sup |¢f? = 72,
lgl<27 Ry lgl<2r
as desired. The proof has been finished. O

Proof of Proposition B.4. We have only to modify the argument in the proof of
Proposition B.3 properly. We should mention that it is possible to get the inequality

(8.16) for all n > 1. We may omit the details. O
Proposition B.5. Let § € S(R"). (1) If n > 3, then the inequality

(8.23) /R 1BC)E ™ 2Ry oyt < ClIAI Gy

holds. (2) Suppose that n > 1. The inequality

(8.24) L BOE R gt < Ol

holds.

Proof. Obviously, we have only to deal with Se®™~=2h. Let us start with the proof
of (8.23). We follow Metcalfe [18]. Note that (Ge™Y=2h)(r,&) = 0 if 7 < 0. Using the

space-time Fourier transform, we have by the Plancherel theorem

(5.25) S NBCY B 3y g

=C [ f, e

[ Be —myatr — )| dedr.
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Using the Schwarz inequality in 1 and then applying Proposition B.3, we estimate the
right-hand side of (8.25) as

(5.26) 20 [T [ 167 (196 = wiot — nhn)

X(/R 36l ~ o) Pl

n

< C g g 19(€ = MIBGOPfdde = CllbIE oy

We have therefore finished the proof of (8.23).
For the proof of (8.24) we have only to apply Proposition B.4 instead of Proposition
B.3. We may omit the details. a
We are ready to prove Proposition B.2. In what follows we assume g € C§°(R"). For

n > 3 we have by applying the Poincaré inequality to (8.23)

(8.27) JNBOEEY BB Fagdt < Clbl By
which yields

(8.28) |BullL2@xrry < CUIV L2 + lgllz2).

On the other hand, it immediately follows from (8.24) that for n > 1

(8.29) > 180ul |2 @xrey < (IIVfll2 + [lgllz2)-
=0

Choosing # € C§°(R") so that § =1 for |z| < 2, we get from (8.28)—(8.29)

(8.30) ullzo({ (ta) : ter, 1<tel<2 ) < CUIV fllz2 + [|gl]z2)

for n > 3 and

(8.31) > 10atul 2 (t0) :ter, 1<10)<2) < CUIV 22 + 19ll22)
a=0

for n > 1. By scaling, the proof of (8.7) and that of (8.8) are reduced to (8.30) and (8.31),
respectively. We have therefore finished the proof of Proposition B.2. a
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