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Abstract 

We consider the Cauchy problem for the two-dimensional 

vorticity equation. We show that the solution w behaves like a 

constant multiple of the Gauss kernel having the same total 

vorticity as time tends to infinity. No particular structure of 

initial data w = w(x,O) is assumed except the restriction that o 

the Reynolds number R = J1wo1dX/V is small, where v is the 

kinematic viscosity. Applying a time-dependent scale 

transformation, we show a stability of Burgers' vortex, which 

physically implies formation of a concentrated vortex. 

1. Introduction 

This paper studies the large time asymptotic behavior of the 

vortiCity distribution of two-dimensional viscous incompressible 

flow. We consider the two-dimensional vorticity equation 

0) aw at - v6w + (v·V)w = 0, v = K*w 

which is known to be equivalent to the Navier-Stokes equations. 

Here w = w(x,t) and 1 2 v = (v (x,t),v (x,t)) represent the scalar 

vortiCity distribution and the velocity field, respectively v > 
2 

v·V = [ vja/ax. 
j=l J 

o is the kinematic viSCOSity and The second 

equation involving the convolution * is called the Biot-Savart 

law. Its explicit form is 
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v(x,t) = f 2K (x-y)w(y,t)dy , 
IR 

where K is the vector function 

x = 

There is a special solution to (1) called Oseen's vortex [17] 

(2) K ~ = 4nvt exp(- 4vt ) (K real number) , 

where K is the strength of the vortex. Since is a Gauss 

kernel, w*K is regarded as a solution of (1) with the initial 

data w*KCX,O) = KO(X) where o(x) is Dirac's delta function. 

The main goal of this paper is to show that even if we start 

with a general initial vorticity distribution 

of (1) behaves like the above special solution 

W o the solution 

as t -+ 00 

with the total vorticity K = fWodX provided that the Reynolds 

number R = flwoldX/V is sufficiently small. In fact, we prove 

(3) 

W 

for 0 < 0 < 1/2 provided that 

flwplClxl2+l)dX is finite where 

R is sufficiently small and that 

C is a constant independent of 

1I·ll p 

IIw*KllpCt) = CpKcvt)-l+l/ P 

t and denotes the LP-norm in space variables. Since 

, (C :constant dependig only on p), our 
p 

estimate (3) gives an asymptotic expression of W as t -+ 00. No 

particular structure of initial vorticity 
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As an application of (3) we show a stability of Burgers' 

vortex [5], which physically implies formation of a concentrated 

vortex. We consider a three-dimensional viscous incompressible 

flow expressed as a superposition of two flows - an axisymmetric 

irrotational flow and a two-dimensional flow the vorticity of 

which directs to the symmetry axis. The axisymmetric flow is 

assumed to have an inward convection and axially stretching flow 

which is an incompressible flow with constant rate of strain. We 

show that the vorticity field tends to its equilibrium state 

called Burgers' vortex as the time tends to infinity. provided 

that Reynolds number R of the rotational part is sufficiently 

small. In fact the three-dimensional vorticity equations can be 

transformed to (1) by a time-dependent scale transformation due to 

Kambe [11.13] and Lundgren [16]. Such an asymptotic behavior is 

shown by Kambe [12] assuming that initial vorticity is axially 

symmetric but for arbitrary R since the governing equation (1) 

is reduced to the heat equation. Our results extend this because 

no particular structure of initial vorticity is assumed. Although 

we are forced to assume that R is small, we do not restrict the 

speed of the axisymmetric irrotational flow. 

To prove (3) we study the integral form of (1) 

(4) w ( t ) vt6 = e w + B(w,w) t B(w,w) 
o ft v(t-s)6 = - e (v·V)w(s)ds 

where vt6 
U = e w o 

U(x,O) = w o and 

o 

solves the heat equation 

w (t) = we-,t) , Unfortunately, the term B(w,w) 

can not be regarded as a minor term as t ~ ro • unless we use the 
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special structure of B Since w*K defined in (2) is radially 

symmetric, as is easily seen w*K solves (1) with (v·V)w = 0 . 

This implies B(w*K,w*K) = O. Applying this property to (4) we 

rewrite the equation for the difference w = W -

(5 ) w = W + B(w,w) + B(w,w ) + BCw ,w), W 
*K *K 

vttl = e W o 

to obtain 

- W 
*K 

We estimate the right hand side of (5). Based on the decay 

estimate 

(6) IIwlI (t) ~ CRt- 1 + 1/p 
p 

obtained by Giga, Miyakawa and Osada [8], one can regard Bls in 

(5) as perturbation terms provided that R is sufficiently small. 

Thus the estimate for w in (5) is reduced to the estimate for W 

which is easy to derive. As is seen above, our result (3) heavily 

depends on the particular structure of the nonlinear term in (1) 

and the estimate (6). 

It turns out that the estimate (3) is still valid even if we 

allow to choose a finite Radon measure as initial vorticity rather 

than integrable functions. Since w(x,t) is regularized 

instanteneously, this is not a substantial improvement of the 

results. However, all estimates are parallel and there appears no 

extra difficulty. So we rather start with a finite Radon measure 

because the initial value of w*K is KO(X) • which is a typical 

example of a finite Radon measure but not an integrable function. 
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We note that vortex sheets of finite length is another example of 

finite Radon measures. 

There are many works on the large time behavior of solutions 

of the Navier-Stokes equations on n R (cf.(2.10.14.18.20.21.22]) . 

However. when n = 2 it is usually assumed that initial velocity 

in other words the initial total energy 

is finite. Our assumption does not imply Vo E L2(R2) even if we 

assume So our situation is not included in those 

treated in the literature. In our setting even the existence of 

solution of (1) is recently proved in [8] with a decay estimate 

(6). The decay results in the literature is mostly not for the 

vortiCity but the velocity especially its L2-norm. For more 

detailed comparison with the literature. see Remark 4.4. 

We study in Section 2 the asymptotic behavior of the 

solutions of the heat equation so that we estimate the decay of W 

i n (5). In Section 3 we recall the estimate (6) and prepare 

estimates for B. In Section 4 we state our main results 

including (3). which are proved in Section 5. The final section 

is devoted to an application of our results in Section 3. which is 

mentioned in the third paragraph of Introduction. 

2. The heat equation 

The goal of this section is to prepare various estimates for 

the solution of the heat equation as time t tends to infinity. 

We are especially concerned with estimates for the second term in 

the asymptotic expansion of the solution as t ~ 00 

Let G be the Gauss kernel on ~n defined by 
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G(x, t) = 1 exp(- ~) E IR n t > 0 /2 4t ' x , . 
(41ft)n 

As is well known the function 

U(x,t) = J nGeX-y,t)a(y)dy (= G*a) 
IR 

solves the heat equation 

wi th 

atu - llU = 0 for t > 0 

U(x,O) = lim U(x,t) = a(x) . 
t-HO 

The meaning of the convergence of U(x.t) as t ~ +0 depends on 

a class of functions a we consider. We shall write U by 

etlla. The semigroup e tll is used only for the convenience of 

notation; we shall not use the abstract theory of semigroups in 

this paper. 

We collect various estimates for GC= e tll
6) 

direct calculation shows 

C2.1a) 

(2.1b) 

= (J I G I r dx) 1/ r = 
IRn 

II a . G \I = C t t - 0 ( r ) - 1 / 2 
J r r 
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where Cr and C' 
r 

are constants depending only on n and r . 

When r = 00 , C2.1a) and C2.1b) still hold if we regard IIflloo as 

the superimum of I f I on and 0(00) = n/2. Applying the 

Young inequality. 

(2.2) 

for lip = l/r + l/q -1 , 1 ~ p, q, r ~ 00 with f = G , g = a , 

we see (2.1a,b) yields 

(2.3a) lie t~ all <. C t - C n / q - n / p ) /211 a II t > 0 1 ~ ~ ~ , q p 00 
p q 

t~ C t - ( n / q - n / p ) /2- 1 /211 a II (2.3b) lIa.e all ~ , t ) 0 , 
J p q 

1 ~ q ~ p ~ 00 

where C = max(sup C ,sup C') depends only on n. This gives r r r r 

a decay estimate for et~a as t ~ 00 provided a is in Lq(~n) 

In particular, C2.3a) yields 

(2.4) lIet~all ~ Ct-OCP)lIall t) 0 , 1 ~ p ~ 00 • 
p 1 

This estimate extends to a finite Radon measure a on ~n . 

A finite Radon measure U is a Schwartz distribution which is a 

bounded linear functional on the Banach space BC(~n) of bounded 

continuous functions on ~n. In other words U is an element of 

The norm of is 
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called the total variation of U denoted by lIull! . 

definition is 

II ul1 1 = sup 

<l>EBCClRn ) 
11<1>1100<-1 

Its explicit 

where f<l>CX)UCdX) denotes the canonical duality pairing. 

The estimate (2.4) holds for a E MClR n ) if we regard Ilalll as 

the total variation of a. In fact. (2.2) is valid for a Radon 

measure g by setting q = 1 and p = r . 

We next approximate e t6a by ~G with ~ = fa(X)dX for 

large t. Formally. 

t6 
(e a)(x) = f G(x-y.t)a(y)dy 

IR n 

2 
= G(X)flRnexp(2X'~~IYI )a(y)dy 

_iLl 
= ~G + oct 2 ) as t -+ 00 (pointwise) • 

since 
2 2x·y-y 

exp 4t 
2 

+ 2x·y-y = 1 4t + •••• We give a rigorous 

meaning for this approximation. Since we are interested in 

uniform estimates in x, we lose 

term. 

Lemma 2.1. Assume that 

IRn. Lli 

1 s. p s. 00 

~ = f a(dx) 
IR n 

-9-
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(2 . 5) II e t t-. a - o:G 1\ p ~_ C t - a (p) ( t -1/21\ I x I a 1\ 1 + t -1 111 x I 2 aliI) , t ) 0 , 

.wh.~re O(p) = n(1-1/p)/2 ~J'HI C !l~JL~nd.Q. ~1l1Y !Hl n. 

(2.6) 

Proof. The idea of the proof is standard. Estimates similar to 

those used in the proof often appear in constructing the 

fundamental solutions of parabolic equations (see ego [6,15]). 

However, since the proof is short we give if here for 

completeness. We write the proof pretending that the measure has 

t h d . t· E L1 (IRn ) e enSI y, I.e., a only to use a standard calculus 

notation. The proof is the same for general a E M(lRn ) if we 

modify notation by replacing a(y)dy, la(y)ldy by a(dy) , 

lal(dy) , respectively, since all functions appearing below are 

continuous in each variables for t > 0 . 

Since JGdX = 1 we see 

with 

h(x,y,t) = G(x-y,t) - G(x,t) 

where the integration is over IRn. By the mean value theorem we 

have 

(2.7) = (exp(2x.y- 1yI 2)_I)eXp(_ ~) 
4t 4t 
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where ~ is a number between zero and 2x·y _ lyl2 . 

If 2x·y - ly/2 ~ 0 , then ~ ~ 2x.y - / y1 2 which yields 

Applying this to (2.7) gives 

we see 

We take B such that 0 < B < 1 and fix B to obtain 

(2.8) Ih(x,y,t)1 ~ k(y,t)G(x-y,yt) , 

k(y,t) = (ABlyI/2tI/2+lyI2/4t)yn/2 y = 1/0-B) , 

provided 2x·y - lyl2 2 o. If 2x·y - lyl2 < 0 , 

we see ~ < o. This time (2.7) yields 
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As is before we obtain 

(2.9) Ih(x,y,t)1 ~ k(y,t)G(x,~t) . 

provided 2 2x·y - Iy/ < 0 . 

The estimates (2.8) and (2.9) yield 

Applying (2.4) and (2.la) gives 

with C depending only on n. This is the same as (2.5), 

The estimate (2.6) for t 2 1 

follows from (2.5), Since lexl ~ lIall l • the estimate (2.6) for 

t ~ 1 follows from (2.la) and (2.3a) with t ~ 1. We thus obtain 

(2.6) . o 

3. The two-dimensional vorticity equation 

The first part of this section reviews the existence of 

solutions to the two-dimensional vorticity equation with measures 

as initial vorticity. We also recall decay estimates for the 

vorticity as time tends to infinity. 

-12-



The second part is devoted to the study of properties of the 

nonlinear term in the vorticity equation which is useful in the 

sequel. 

Existence results mentioned above are not classical because 

the initial velocity may not be locally square summable even if 

initial vorticity is in Ll(~2) The first attack is done by 

Benfatto, Esposito and Pulvirenti [3], where they prove the global 

existence for small initial vorticity consisting of a linear 

combination of 6-functions supported at a point of the plane. 

Recently, Miyakawa, Osada and the first author [8J improve their 

results. Without the smallness assumption they [8] constructed a 

global solution even if initial vorticity is a finite Radon 

measure, and also give decay estimates for the vorticity as time 

tends to infinity. 

We consider the two-dimensional vorticity equation 

(3.1) 

(3.2) 

W - ~w + (v'~)w = 0 
t 

where K is the vector function 

we shall always assume the space dimension n = 2 . 

Here the vorticity W = w(x,t) is scalar since n = 2. The 

convolution operator K* improves differentiability of order one. 

Another expression of this regularizing property of K* is 
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(3.3) 

obtained by the Hardy-Littlewood-Sobolev inequality (see eg.[19, 

p.28]), where IIfllq denotes the norm of f in Lq (1R 2 ) and C 

depends only on q. We consider (3.1) and (3.2) with initial 

condi tion 

(3.4) 

If W 
o 

W(X,O) = lim w(x,t) = 
t-++o 

is a finite Radon measure on 1R2 , i . e. , 

convergence should be understood under the weak topology of 

measures, tha tis, 

lim f 2~(x)w(x,t)dx = fIR2~(X)Wo(dX) 
t-++o IR 

, the 

for every bounded continuous functions on We write 

w(x,t)dx rather than w(dx,t) because the solution w we handle 

is smooth for t > 0 . 

(3.5) IIwllq(t) ~ Ct-1+1/qllwo"l t > 0, 1 ~ q ~ IX) 

(3.6) IIvllp(t) ~ C,t-1/2+1/PliwoIl1 t) O. 2 < p ~ IX) 
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(3.7) k,h = 0,1,2,'" t > 0 

(3.8) 

wit h C = C ( m), C' = C' (m, p ) for II II < w 0 1 -_ m • The estimate 

Proof. This is essentially a combination of Theorems 4.2 and 4.3 

in [8] with initial velocl"ty K* Uo = wo' In fact, Theorem 4.2 in 

[8] asserts that there is a smooth solution u(x,t) for t > 0 

to the Navier-Stokes system 

with initial velocity u o and initial vorticity w 
o 

Taking 

of the first equation shows that w = V x u with v = u solves 

(3.1) for t > O. Since Theorem 4.2 (4.1) in [8] implies lIullr(t) 

< 00 for t > 0 , r > 2 , applying Lemma 2.2(ii) in [8] , we see 

w = Vxu solves (3.2) with v = u. We thus conclude that w = Vxu 

v = u solves (3.1)-(3.2) for t > 0 , where u is in Theorem 4.2 [8] 

The initial condition (3.4) is contained in Theorem 4.2(ii) 

of [8]. The estimate (3.5) is the same as (4.7) of Theorem 4.3 in 

[8]. This together with (3.3) yields (3.6). The estimate (3.7) 

immediately follows from Theorem 4.2(iv) in (8). Theorem 4.3 in 

[8) also gives a representation for w 
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W(X,t) = Jf(X,t;Y.O)WO(d Y) 

with fex.t.y.s) > 0 and Jfex,t.y,S)dX = 1 , where the 

integration is over R2. This yields the conservation of the 

vo r tic i t y e 3 . 8) • (We note that the representation for W 

together with estimates for f yields (3.5». 

Remark 3.2. If point vortex part of initial measure W o is small 

we have the uniqueness of solution in a certain class of functions 

[8]. In particular, if i s small or W 
o 

contains no point 

vortices, one can claim the uniqueness with additional conditions. 

(cf. Theorem 4.5. in [8]). For general initial data in MCR2 ) we 

do not know what conditions guarantee the uniqueness of solutions. 

However, since our W in Proposition 3.1 has as physically 

reasonble properties like (3.8), by a solution of the vorti~ 

~~g~1j~n, we shall always mean wCx,t) in Proposition 3.1. 

It is convenient to write the equations (3.1),(3.2) and (3.4) 

in its integral form. Formally the system (3.1),(3.2),C3.4) is 

equivalent to 

(3.9) 

(3.10) 

W(t) tll = e W + B(w,w) 
o 

B(w,w) = Jtbt(W,W)(S)dS 
o 

(t-s)ll b t (w 1 ,w 2 )(s) = - ~·e (v 1w2 )(S) 

= - [ a.eCt-S)llviCS) 
j=l J 
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since V·v = 0 implies V·(vw) = (v·V)w and since V commutes 

Here tl.'l e is the solution operator of the heat 

equation defined in section 2, i.e., etl.'lf = G*f , and wet) = 

w (. ,t) . 

Pro p 0 sit ion 3. 3 . .s. \J, PJLO 3). e J tLa t w ( x , t ) il ~ s oJj! ti 0 Dc Q..f 1b e 

w(x,O) = w o 

II b t (w , w) " 1 (s) J~. J.nJ eRLaJtt~ !Ul ( 0, t ) wb_eIJ~. b t il !i~LUH~.g .in 

(3.10). Mor.cover wet) = W(',t) l?QI3.e.~ .the. J.nJ.eKr.~J .e . .cLU_a.JJ_9JJ 

(3.9) . 

Proof. Applying (2.1b) yields 

-1/2 I II II b t (w , w) (s ) 111 ~ C ( t - s ) I vw 1\ 1 . 

The estimates (3.5) and (3.6) now show that IIb t (w,w)(s)11 1 is 

integrable on (O,t). 

It remains to prove that w solves (3.9). By (3.7) a 

classical uniqueness theorem of solutions of the heat equation 

[6] shows that 

(3.11) 

for c) 0 We shall show that for t > 0 
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(3.12) lim (~,e(t-C)6W(c» 
c-+o 

for every bounded continuous function ~, where (~,~) = J~~dX . 

We have 

(e(t-c)6w(C) - et6wo ' ~) 

= «e(t-c)6 _ e t6 )w(c), ~) 

Using (2.4) and (3.5), the first term is estimated as 

Since ec6~ -+ ~ uniformly as c ~ 0 , 11 ~ 0 as c ~ 0 • 

Since w(c) ~ Wo weakly in M(R2 ) as c ~ 0 we see 12 -+ 0 as 

£ -+ 0 We thus obtain (3.12) . Since Ilb
t

(w,W)(s)11 1 is 

integrable on (O,t), (3.12) now yields (3.9) by letting £ ~ 0 

i n ( 3 . 11) . o 

The remaining part of this section is devoted to the study of 

B defined in (3.10). 

b t and B be. _U1~ ltLLLn ~J3,r forms. .d.e_fj n.~g i.n 

( 3 . 1 0) . Ih ~ n (K*f·\1)g = 0 .QQ bt(f,g) = 0 .f\ncl B (f , g) = 0 

QrQY.ld~q lha~ f .f\nd g .f\L~ La:.d.UtLlY 1iYmm~_triG, J{h~re K = 

2 
(-X 2 ,X

1
)/ 2n lxl . 
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Proof. This is elementary and well known. If f is radial, the 

derivative (K*f·V) contains only the angular derivative. If g 

is also radial, this impl ies (K*f·V)g = O. We thus conclude 

bt(f,g) = 0 so B(f,g) = 0 . 

The second property of B we need is the estimate for B 

As we see later, it is convenient to divide the integral in B 

into two parts the region where s is close to t and s is 

close to zero. We write 

(3.13) 

with 

b
t

(W
1

·W
2

)(T) 

so that 

t/2 
= I b

t
(w 1 ,W2 )(T)dT 

o 
t 

= I b
t

(w1 ,W2 )(T)dT 
t/2 

o 

To simplify notation, for a function f on 1R2 x (O.T) we encode 

the decay in t in norms 

(3.14) 1-I/P
II 

II [fJ pT = SUPo<t<Tt f p 

1-I/P+6
11 

II 
[fJ p6T = SUPo<t<Tt f p 

For example [f]pT ~ 1 for all T is equivalent to Ilflip(t) ~ 

I/t 1- 1/p for all t > O. We estimate the decay rate of B by 

using the decay rate of each variables in B. 
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Lemma 3.5. Suppose that 1 ~ s ~ p ~ 00 , 1 < q < 2 , 6 2 0 and 

1 ~ r ~ 00 with lis = 1/q + 1/r - 1/2. There ~ ~ positive 

(3.15) 

wi th 6 < lis - 1/2 an_d JJ1~J 

(3.16) 

.wi th lis < 1/2 + lip. He_r_e. wI _a_oct. w2 llXJ~ iURC_U_90S QI) 1R2 x 

(O,T) ; B1 _and B2 _aL~ ~tefLn~ct. Q'y (3.13). 

Proof. Since vI = K*w 1 • we have by (3.3) 

Iv1"e ~ C1 "W1"q lie = 1/q - 1/2, 1 < q < 2 . 

Using HUlder's inequality, we have 

II vI w 2" s ~ II vI" e II w 2" r ~ C 1" wI" q II w 2" r ' 1 Is = 1 I e + 1 I r ~ 1 . 

Applying (2.3b) now yields 

(3.17) IIb
t

(W
1

,w
2

)lI
p

(T) ~ C2<t-T)-1/2-1/s+1/Pllv1W2"s(T) 

p 2 s 2 1 

~ -1/2-1/s+1/p -O(q)-O(r)-6 C3M(t-T) T , 

o ~ T ~ T 
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wi th C. is a 
J 

constant depending only on p,q and rand O(q) = 1 - 1/q 

The restrictions on exponents p,q,r so far we use are 

(3.18) 1 ( s ( P < 00, 1 < q < 2. 1 ( r ~ 00 with 

lis = 1/q + 11r - 1/2 . 

Since we see 

t/2 

f -a -B -a-B+1 (t-T) T dT = cCa,B)t 
o 

for B < 1 

(cCa,B) : constant independent of t) 

by setting T = tT , the estimate (3.17) now yields 

(3.19) 
t 

/lBl (W
1

,W
2

)/lP(t) ~ fa I/b t (W 1 ,W2 )/l p CT)dT ~ C4Mt- O(P)-6 

t > 0 

provided that 

O(q) + OCr) + 6 < 1 , 

which is equivalent to 

(3.20) 6 < lis - 1/2 . 
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The estimate (3.19) yields (3.15) under the restrictions (3.18) 

and (3.20). 

It remains to prove (3.16). Since, as is before, 

the estimate (3.17) now yields 

(3.21) 

provided that 

1/2 + lis - lip < 1 , 

which is equivalent to 

(3.22) lis < 1/2 + lip . 

The estimate (3.21) yields (3.16) under (3.18) and (3.22) which 

completes the proof. 

4. Large time asymptotics of the vorticity 

This section states our main results on the large time 

behavior of solutions of the vorticity equation. 

Let w o be a finite Radon measure on 

-22-
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(4.2) 

where v > ° is the kinematic viscosity which is assumed one in 

(3.1). The function 

( 4 • 3 ) 

is a solution of the heat equation 

W t - v6w = ° 

with w(x,O) = KO(X). Since w*K is radially symmetric, Lemma 

3.4 implies that (V*K·V)w*K = ° where v*K = K*w*K 

We thus see W solves the vorticity equation with 
*K v > ° 

(4.4) 

(4.5) 

with initial data KO(X) E M(~2) . To avoid later confusion by s 

solution of (4.4)-(4.5) with (3.4) which satisfies (3.5)-(3.8) 

with W(X,O) = Since one can reduce (4.4)-(4.5) to 
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(3.1)-(3.2) by a normalization, Proposition 3.1 guarantees the 

existence of such a solution for wCx,O) = For a 

solution w, C3.8) implies that the total vorticity is conserved 

for all time, namely 

K = J 2wCx ,t)dx, t ~ 0 
IR 

where K is defined in (4.1). This says that the total vorticity 

is defined independent of time. 

We claim that a solution w of the vorticity equation with 

v behaves like w with the same total vorticity 
*K 

K provided 

the Reynolds number R is small no matter what initial vorticity 

w E MCIR 2 ) is. o 

~nd that w(x, t) j~ _U EQlutLQn JLf Jh~ 'yQLU~Lty ~~H1..~tiQ.n Jeu: 

2 w(x,O) = w E MCIR ) . .EQf ~Y~ry 6 , 0 ( 6 ( 1/2 , ib~re _t~ £:) 
o 

o q~_p~nqing ..9_nLY gIl. 6 E1!Q.O .that j_1 Jhe .R~YnQ..LdE. nl1.mlte.r R In 

C4.6a) 

(4.6b) 

Ilw-w II (t) ~ CNt- 1+1/ P - 6 
*K p 

Ilw-etllw II (t) ~ CNt- 1+1/ P - 6 , t ) 0 , 1 ~ p ~ 00 
a p 

wi 1h .f! Jlniy'~GHLl gQJHLt~nJ c and N = II (I x 12+1 )W o 111 • Wh~Le. K 

j~ Joe. J_Q-tal Y_Q..LtL~jJ_y Q.f w .and w*K j_~ defined in (4.3). 
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We postpone to prove this theorem in the next section. 

Admitting Theorem 4.1, we derive various results. First, we 

observe that Theorem 4.1 gives the large time behavior of a 

solution w(x,t) of the vorticity equation with v > ° just by a 

normalization. In fact - -1 
w(x, t) = v w(x, t/v) is a solution of 

the vorticity equation with v = 1 where W(X,O) 
-1 = \) w(x,O) . 

Using this relation one can rewrite Theorem 4.1 for general v > ° . 

Theorem 4.2 . .sJJ,P....QPJL~ .t.h~J w(x, t) JJi ~ soUJjion Q.f JRe. 

v > ° W(X,O) = 

(4.7a) 

(4.7b) Ilw-evt6w II (t) ~ CN(tV)-l+l/p-o , 
o p 

t>o, l~p~oo 

K 

L~ JJ:l.~ JJ)JJ~.1 y_ox_tLcJ.Jy .!Lf W ~.Ild W *K L~. deJLo_e_Q. Ln (4.3). 

Since Ilw* II (t) = C KctV)-l+l/p by (2.1a) , Theorems 4.1 
K P P 

and 4.2 give an asymptotic expression of a solution as t ~ 00 • 

We at least observe that is the main term in the asymptotics 

as t ~ 00 and that the solution of the linear equation mainly 

describes the behavior as t ~ 00 We now discuss an asymptotic 

expansion of the velocity v = K*w corresponding to 

(4.7a), (4.7b). 
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Theorem 4.3. ~uppose that w(x,t) is ~ SQlutlqQ pi Jhe YQxtlcity 

~qua t 1 on. .wi th v ) 0 Jox. 2 w(x,O) = W E M(~ ) . 
o For. ~yerY 

c. impl ies 

(4.8a) 

(4.8b) 

(4.9a) 

(4.9b) Ilv-evtL\v II (t) ~ C"NCtV)-1/2+1/r-6 t > 0 
o r 

QnlY ~rr r , 2 < r < 00 , ~here 

Proof. Since VK is the Calderon-Zygmund kernel, we have 

by applying the Calderon-Zygmund inequality [9, Chap. 9]. 

6 , 

The estimate (4.7a,b) now yields (4.8a,b). Estimate (4.9a,b) for 

2 < r < 00 follows directly from (4.7a,b) and (3.3). 

It remains to prove (4.9a,b) for r = 00. Applying the 

Gagliardo-Nirenberg inequality (see ego [7, p.24]) Ilglloo ~ 

for p > 2 to g = v - v*K or 
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we see (4.8a,b) and (4.9a,b) for 2 < r < 00 yield (4.9a,b) for r 

= 00 • 0 

Remark 4.4. There are several results [2,10,14,18,20,21,22] on 

the decay of the velocity v for the n-dimensional Navier-Stokes 

equations assuming that the initial velocity 

When n = 2, their main results read: 

and 

1 i m II v II 2 ( t) = 0 
t~oo 

v o is in some 

(4.10) IlvI1
2

<t) <- Ct-l/q+1/2 , IIv- etllvoIl2(t) <- Ct-l/q+1/2-<5 , 

v E L2(~2) n Lq(~2) , <5 = l/q-1/2 , 1 <- q < 2 
o 

[10,20,21,22] • 

where the viscosity v is assumed one. The estimates (4.10) 

gives an asymptotic expansion. Since our assumptions do not in 

general imply 

(4.10), Also, (4.10) is not included in (4.9b) since r = 2 is 

excluded in (4.9b). Among them Kato [14] studied the decay of 

IIvllr(t) , r > 2 other than energy. His results yield 

IIvllr(t) < Ct-1/2+1/r 2 < r ~ 00 

II \]v II (t) < C t -1 + 1 I q 2 ~ q < 00 q --

provided Vo E L2(~2) . Our results (4.8a) (4.9a) claims the 

faster decay if K = IWo(dX) = 0 . 
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5. Proof of Theorem 4.1 

We study the integral equation (3.9) 

w(t) tll = e w + B(w,w) . o 

A naive idea to prove (4.6b) would be to estimate B(w.w) . If we 

were successful to prove IIBcw.w)11 (t) < Ct- 1+ 1/ P- 6 , we would p -

obtain (4.6b) and using the estimate for linear part (2.6), (4.6b) 

would yield C4.6a). Unfortunately this idea appears not to work. 

In fact the optimal decay rate estimate for IIwllp(t) is t- 1+ 1/ p 

even if w decays rapidly at infinity unless the total vorticity o 

K = 0 the simplest example is where 

Using Lemma 3.5, all we can derive from the estimate of IIwllp is 

IIBcw,w)lI p (t) ~ Ct- 1
+

1 /
p in general, which is too weak to derive 

(4.6b). To overcome this difficulty we rather study the 

difference where i n ( 4 .3) • 

Pr 0 p 0 s i ti 0 n 5. 1. .sJrnJ~ O~_§. Jl1 at w (x. t ) lJi 11 sol u t.i on Q1. 1he. 

C 5.1) w = W + B(w,w) + B(w,w*) + BCw*.w) 

tll W = e w - w 
o * 

K expC- JJ:U..:) 
4nt 4t 
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Proof. By Proposition 3.3 we may assume w solves (3.9). Since 

B is bilinear, plugging w = w + w* yields 

Since w* is radial, Lemma 3.4 implies that the last term 

vanishes identically. We thus obtain (5.1). 

We shall prove (4.6a) by estimating Wand B in (5.1). 

o 

Roughly speaking, we appeal to a perturbation method. We estimate 

[W]p6T by using the right hand side of (5.1). Here [W]p6T is 

defined by (3.14) and is finite since T < 00 and (3.5) holds 

this is why we take T < 00 rather than T = 00 • 

We eventually have 

constant) 

where R is the Reynolds number. If R is small enough, one get 

C' > 1 . 

Since [WJ p6T is bounded independent of T by (2.6), we conclude 

the desired estimate. Unfortunately, since there are 

restrictions of exponents in Lemma 3.5 such idea only works for 

p, 1 < p < 2. After we prove (4.6a) for 1 < p < 2 , we shall 

prove it for p = 00 and p = 1 and interpolate these results. 
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Even if we are interested only in the case p = 00 or p = 1 , we 

should check the result for 1 < p < 2 . 

Proposi tion 5.2. ..s.Uppp~~ _th~t w(x, t) Ls. ~ ~QIJLlLQn Q.f 1he. 

W(X,O) 1 < p < 2 . 

(5.2) 

w = W - W W = 
*' * 

K 

YQrticUy ; K = IWo(dX) • 

Proof. We may assume N < 00 otherwise the result is trivial. 

Since 1 < p < ? .. , one can handle and simultaneously 

and estimates look like symmetric for both variables in B In 

fact, we take s = 1 in (3.15) so that 6 < 1/2. Since 1 < p < 

2 implies lis = 1 < 1/2 + lip, we can also apply (3.16). 

Taking q = p or r = p in (3.15) and (3.16) yields 

with 3/2 = 1/9 + lip. Applying this to (5.1) to get 

(5.3) 
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Since T < 00 , we note [wl p6T is finite. By (2.1a) we have 

(5.4) 1 ~ r ~ 00 

where c j (j = 1,2··) is a universal constant. Since w = w - w* ' 

for fixed m > 0 the estimates (3.5) and (5.4) yield 

( 5 . 5 ) 

where may depend on m. ApplYing (5.4) and (5.5) to (5.3) 

now yields 

( 5 • 6 ) 

with C' = 2C(3c
1 

+ C
2

) depending only on p and 6. We take 

E sufficiently small, say, 

(5.7) o < E = E(p,6) = min (1/2C',1) • 

If R < E , then (5.6) gives 

The estimate (5.2) now follows from (2.6). 
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If p is large, one cannot take s = 1 in (3.16) so we 

should split the integral in B into two parts, Bl and B2 

We next prove (5.2) for p = 00 . 

Propos it i on 5.3. .SUP:ROs~ the. $~me. s i t:tI.& t i 90 ~Q. in P[nPQS Lt LQn. 

5.2. Fpr 6. 0 < 6 < 1/2 • ihe.~e. lQ. ~ ~Qnsl~nj £00) 0 Au~h 

t hat R < £ 00 j m p-l i e. s 

(5. B) 

Proof. We take s = 1 and r = q = 4/3 in (3.15), which gives 

q = 4/3 
(5.9) 

where 6 < 1/2. To estimate B2 ' we take s = 4 in (3.16) so 

that lis < 1/2 ~ 1/2 + lip. Applying (3.16) with q = 4/3 and 

r = 00 yields 

(5.10) 

[B2 (w,w)]006T ~ C[W]q6T[W]ooT 

[B2 (w,w*)]006T ~ C[W]q6T[w*]ooT 

[B2 (w*,w)]006T ~ C[w*]qT[w]006T q = 4/3 . 

We apply (5.9) and (5.10) to (5.1) and use (5.4) and (5.5). 

Similarly to (5.6), we obtain 
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(5.11) 

If R < Coo ' the estimate (5.11) together with (5.2) now yields 

Applying (2.6), we now obtain 

which is the same as (5.8) by replacing 2c by c. 

Unfortunately we are forced to treat the case p = 1 

separately because one cannot take s = 4 in (3.16) which 

requires p 2 s = 4 . 

Proposition 5.4. SQP~o~~ iQ~ S~me sit~ation as in Proposition 

5.2. FOL 6, 0 < 6 < 1/2 , _there lJi S! consta_nt c 1 > 0 such 

thl:\l R < c 1 i.mpLLes 

(5.12) [wJ 16T ~ cN 
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Proof. We observe that (5.9) holds even for p = 1. However, we 

need modification to (5.10). We take s = 1 and r = q = 4/3 in 

(3.16) which yields the estimate (5.9) where B1 is replaced by 

B2 . Similarly to deriving (5.6), one get 

Applying (5.2) with (2.6), we observe 

provided R ( £1' This is the same as (5.12) by replacing 2c 

by c. o 

We now obtain similar estimates like (5.2) for all 1 ~ p ~ 00 

just by an interpolation. 

Pro p 0 sit ion 5. 5 . !i1!P..P. Q !H~. JJ:l.e. sam e s i t u a t ion. as i n Pro p 0 sit ion 

5.2. EQr. 6 

(5.13) [wJ r6T ~ cN, 1 ~ r ~ 00 • 
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Proof. The Riesz-Thorin interpolation (see ego [4]) yields 

Interpolating (5.8) and (5.12) now shows that twJ
roT 

~ cN 

provided R < £ = min(£l'£oo) . 

Proof of Theorem 4.1. Since c is independent of T, (5.13) 

yields (4.6a) by the definition of the norm (3.14). 

It remains to prove (4.6b). Since 

t6 w - e w = w - w - W = w - W 
o * 

(4.6b) follows immediately from (4.6a) and (2.6). 

6. Stability of Burgers' vortex - Formation of a concentrated 

vortex 

This section is devoted to an application of our large time 

asymptotic expression for the vorticity (Theorem 4.2). We 

consider a three-dimensional viscous incompressible flow written 

o 

as a superposition of an aXisymmetric irrotational flow and a two-

dimensional flow whose vorticity vector directs to the symmetry 

axis. We study the large time behavior of such a flow when the 

axisymmetric flow is a inward convection-axially constant 
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stretching flow. We shall show the vorticity tends to Burgers' 

vortex [1,5] as the time tends to infinity provided the Reynolds 

number of two-dimensional flow is small. No particular structure 

of initial vorticity is assumed. There are no assumptions on the 

speed of the axisymmetric flow. Our asymptotic results physically 

imply formation of a concentrated vortex. 

We consider the Navier-Stokes equations in the three 

dimensional space R3 : 

( 6 . 1 ) au aT - v~u + (u·V)u + Vp = 0, V·u = 0 , 

where u = U(y,T) , P = p(y,T) , y = (Y1'Y2'Y3) 

our velocity field u is expressed as 

Suppose that 

( 6 . 2 ) u = U + V 

U an axisymmetric irrotational divergence-free 

velocity field 

V a two-dimensional rotational velocity field, 

where the vorticity of u(or V) directs to the symmetry axis. To 

fix the idea, we take y-axis 3 
as the symmetry axis. 

vector field U is assumed to have the form 

( 6 . 3 ) 
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which evidently satisfies V·U = 0 and V x U = 0 . If ex is a 

positive constant, U is a steady inward convection-axially 

stretching flow. The vector field Y has the form 

(6.4) 

so that the vorticity is 

(6.5) 

where Q = V x Y = (8/8Y1)y2 - (8Id y
2

)yl 

vorticity equation for Q. 

We first derive the 

Proposition 6.1. Lh~ ~~~~tiQns (6.1) with (6.2) - (6.5) are 

(6.6) 

(6.7) 

JJ1LtI:LLrr . 

Proof. This is very similar to the proof of the equivalence of 

the vorticity equation and the Navier-Stokes equation. Plugging 

u = U + Y in (6.1) and noting 

(U·V)U = VP , 222 2 
P = ex (Y1 + Y2 + 4Y3)/2 
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(Y·V)U = - aY , (u,V)Y = - a(y·V)Y , 

we obtain 

(6.8) av 
aT - v6V - a(y·V)V - aY + (Y·V)Y + V(P+p) = 0 , v·y = 0 . 

Taking Vx of (6.8) yields (6.6) since 

VX«y·V)Y) = (y·V)2 + 2 . 

Since V·y = 0 and Y decays at \y\ = 00 , we have (6.7). This 

shows that (6.1) with (6.2) - (6.5) yields (6.6) and (6.7). Since 

the above calculation shows that (6.6) implies that aU/aT - v6u + 

(u·V)u is irrotational, (6.1) now follows from (6.7). o 

Our main goal is to study the large time asymptotic behavior 

of the vorticity 2 of (6.6)-(6.7) with arbitrary initial data 

2(y,O) = 2 
o 

? 
E M(IR'"') If a = 0 , Theorem 4.2 already gives an 

answer, since (6.6)-(6.7) is nothing but (4.4)-(4.5). The 

vorticity Q(y,T) is asymptotically equivalent to w*K in (4.3) 

called the diffused vortex filament of Oseen [17] with the total 

vorticity K provided that the Reynolds number R is 

sufficiently small. We shall always assume that a is a positive 

constant unless otherwise claimed. As is before, we define the 

Reynolds number R and the total vorticity K by 

(6.9) 
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We observe that (6.6)-(6.7) has a special steady (circular 

symmetric) solution called Burgers' vortex [1,5] 

(6.10) 

We shall claim below that Q in (6.6)-(6.7) converges to Q
K 

as 

T ~ 00 provided the Reynolds number R is small. 

Theorem 6.2. 

FQX _eY~TY 0 , 0 < 0 < 1/2 , JbJtL~ J-.P. Co ) 0 

o:,p J:I.J)q T) 13 llJ!O JJH~.~ 

(6.11) 

where 1 ~ p ~ 00 , provided 

(6.12) 

Proof. We first observe that (6.6)-(6.7) can be reduced to (4.4)-

(4.5) by a time-dependent scaling transformation which is 

introduced by Lundgren [16] and by Kambe [11,13) for axially 

symmetric case. We introduce x, t, w(x,t) such that 
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(6.13) 

Since 

x = ACT)Y, t = JT
A2 Cd)dd, wCx,t) = 

a 
d A' = dTACT) = exA, A(O) = 1 . 

2 dt = A (T)dT , dx = A(T)dy , we have 

6w (x. t) 

(v·V)w 

-2 -? = A 0T(Q(x/A(T),T)·A~) 

= A- 4 (o Q - A'A- 1 (y,V)Q - 2A'A- 1Q) 
T 

= A- 46 Q 
y 

= A- 4 (V.V)Q with v = V/A(T) . 
y 

Observing A' = exA , we see w solves (4.4). By a dilation of 

the variable of the integration, we obtain (4.5) by putting v = 
V/ACT). (The transformation (6.13) reduces (6.6)-(6.7) to (4.4)-

(4.5) even if ex is time dependent.) 

Suppose that w(x,t) is a solution of the vorticity 

equation with v whose existence is proved in Proposition 3.1 

with an appropriate scaling. Since A(O) = 1 implies w = o 

Wo(x.O) = Qo(x,O) = Qo(Y'O) , our asymptotic result (4.7a) yields 

say, R < £0 where £ = £0 is the same as in Theorem 4.2. 

Using original variables Y.T,Q in (6.13), this estimate yields 
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where 

(6.14) K 
----~~-----exp(-

JT.Q.2(1-e- 20:T) 

since t = (e 20:T - 1 )/20:. A = eO:T 

1 i m A(T)2/ vt = 4/.Q. 2 

T-+OO 

we have 

lim sup e 20:6T IIQ - Q*Kllp(T) ~ )leN • 
T-+OO 

In particular • 

(6.15) 

Since 

as T -+ 00. As is pointed out by Kambe [12]. 

lim Q*K(y.t) = QK(y) 
T-+OO 

where QK is Burgers' vortex in (6.10). More precisely. a direct 

calculation to (6.14) shows that 

(6.16) II Q - Q II = O(e -20:T) as T -+ 00 
*K K P 

The estimates (6.15) and (6.16) now yield (6.11). 

It remains to prove (6.12). Since 
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(3.8) now yields (6.12). o 

Remark 6.3. For radial initial data 20 the estimate (6.11) is 

pointed out by Kambe [12] at least for p = 00 without the 

assumption on the Reynolds number. In this case by Lemma 3.4, 

(V·V)2 in (6.6) vanishes so the problem is reduced to the heat 

equation. For the heat equation (2.6) shows that <4.7a) holds 

even for large R. Parallelly to the above proof, we see (6.11) 

holds without the assumption on R which extends results in [12]. 
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