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On the spaces of Eisenstein series of Hilbert modular groups

Toshitsune Miyake

Introduction

In [ 3 ], Shimura investigated automorphic eigen forms and
Eisenstein series of Hilbert modular groups with parameter in great
detail. There he proved that in most cases the orthogonal complements
N(o, A, A) of the spases S(o, A, A) of cusp forms in the spaces
A(6, 2, A) of automorphic eigen forms are spanned by special values

of Eisenstein series {and some other forms derived from Eisenstein

series in certain special cases). There he excluded the case when
A is multiple, but he suggested that this fact would be true even in
that case. The purpose of this paper is to prove it following his idea

with some modification.
1. Automorphic eigen forms

Let F be a totally real number field and a the set of all archimedian

primes of F. For each set X, we denote by x? the product of a copies of X

or the set {(xv)v |v € a } . For each element x of Xa, we denote by
X, the v-component of x. For two elements c and x of Ca, we put
X X
- v
c =11 cv
v

whenever each factor is well defined.
Let H be the upper half plane {ze€C]| Im(z)> O} . For each g€
SLZ(R) and z€H , we put

a b

+b . .
ez ) Jj(g,2z)=cz+d if g= [c dJ,

cz+d

g(z)=
By z -» g(z) , SLz(R) acts on H and therefore SLz(R)a acts on H2.

For geSLZ(R)a, z:(zv) e H? and o =( q, )eZa, we put

2.

glz) %=5 <g,z)"=13j (£,.2,



We shall define automorphic forms of integral and half integral weight.

Put u=(1,1,...,1) e r?. A weight will be either an element of z®

(Case I,integral weight) or an element of (1/2)u+Za (Case II, half
integral weight). For each weight ¢, we denote by Go‘ the set of all

pairs (g,1(z)) with gGSLZ(F) and 1l(z) a holomorphic function on 52
such that

1(z)%=t j(g,2)°, tec, |t]=1.
The set Go‘ is a group by the group law defined by

(g,1)(g’,1)=(gg’, 1(g’(z))1’(z) ).
We denote the projection of Go_ to SLZ(F) by pr ,or pr({(g,l))=g.

For a={(g,1(z)) eGo_, we denote 1l(z) by la(z) and put a«a (z)=g(z) for

z € H* and J'ad :jgc . For a function f on H® and a EGO_ , we define the

function f | a by

-1
(£ a)(z)=l{z) "f(a(z)) , z e H®.
For z:(zv) eHa, we put yszm(zv) and y:(yv), and consider y as an

Ra—valued function on ue. Then

-1 .
(1.1) Pl a=1""13

-2p _p
. al y

(peR?, « €G, )

o]

For vea and ¢ eRa, we define differential operators £, 6;7 and LVG

operating on ¢ ® -functions f on H® by

(1.2) e f=-y2 at/ oz,

6 _ _OC c
(1.3 ) & =-v, aly, )/ az,

o _ c’ = -
( 1.4 ) LV -4d‘v g, , o’v’—cyv 2



Let W be the subset of SLZ(F) defined by [ 3 ,(1.10) ] and hg

the holomorphic function on H® for each g €W given in [ 3, Prop.3.2 ].

For each weight ¢, let AU be the injection

AU : SLz(F) —_— (36 (Case I) ,
AU : W —_— GG (Case II).
given by
(2, 375) g €SL,(F)  (Case I),
Ad(g )=
(2 , hy jg"““/z ) g EW (Case II).

Let g be the maximal order of F, éx the unit group of g and d the
different of F. For each integral ideal c of F, we put
F(c)= { a €SL,(F) NM,(g) | a-1ecM,(g) }

and call it a congruence subgroup of SLZ(F). Further we call a subgroup

A of G(y, a congruence subgroup if it satisfies the following two

conditions:
( 1.5 ) A 1is isomorphic to a subgroup of SLZ(F) by pr,
({ 1.6 ) A contains AU( I'{(c)) as a subgroup of finite index for

1

some ¢ (cc8d © in Case II).

A real analytic function f on H® is called an automorphic eigen form

with respect to a congruence subgroup A of G(y, if it satisfies the

following three conditions:

( 1.7 ) fll a=f~f for every a € A ;
( 1.8 ) Lvdf= ,lvf with /‘LVEC for every v €a;
( 1.9 ) for every a E(}G , there exist positive numbers A, B

and C (depending on f and a ) such that

yo /2 | (£ a)(x+iy) | <Ay°Y if yOB.



For A =( ).v) eCa, we denote by A(oc, A, A) the set of all such f and

by A(oc, A) the union of A(¢o, A, A) for all congruence subgroups A of
Go_ . We know A( o, A, A) is finite dimentional and A{ 6, A ) is stable

under the action of ¢« EGO_ . If feA(og, A, A), then it has a Fourier

expansion of the form

f(x+iy) =b(y) + I bh W(hy; o, A )e(hx)
O0O#hemn

with m a lattice of F, b, €C, b(y) a function on r2 ,e(z):exp(Zzisz)

h

for zeCa, and W the Whittaker function defined by [ 3 ,(2.19) and
(2.20)] . We call b(y) the constant term of f and call f a cusp form

if the constant term of f | a vanishes for every a EGO_ . We denote the

the set of all cusp forms in A(o, A2) by S(6, A2) and put S(o6, A, A) =
A(G,l,A)ﬂS(o’,l)-

For two continuous functions f and g satisfying ( 1.7 ), we put
(f,8) = u(ANE* )™H g L FevSadu(z)
A \\H
where d u (z):y_zuH dxvdyv . This does not depend on the choice of A.

vea
We define subspaces N(og, A) and N(o6, A, A) of A(g, 1) by
N(o,A,A)= {g€eA({c,A2,A) | (f,8) =0 for all feS{(o,A,A)}
N(og,2a2)= {geAlo, ) | (f,g) =0 for all feS(o, 1)}
Then N(o,A,A)=N(cg,2)Nn Alo, 2,A).

Let U be a subgroup of gxof finite index. We call 71 =( z;,) erR?® U-

admissible if

( 1.10 ) zT =0 and |a|1T=1 for all a eU.

We call T eRa admissible if it is U-admissible for some U and denote

by T,, the set of all U-admissible 1.

U
Hereafter we fix a weight ¢ and write G:Go_ and A=Ao‘ . We call

2 €C? critical if 4 lv=(1~°{r)2 for all vea, and call A non-critical if

it is not critical.



Proposition 1.1 ([ 3 ,Prop. 3.1])
The constant term b(y) of an element f€A( o, A) has one of the
following forms.

(1) If A is critical then

b(y)=a,y? + azyqlog v

1

where q:(qv) and q, is the multiple root of Xz—(l— O‘V)X+ /'LV=0-

(2) If A is non-critical then b(y) is a linear combination of yp with

p=(pv) eC? satisfying
( 1.11 ) P, is a root of wv(x)=X2-(1— G-v)x.;%

( 1.12 ) p=su-(o6-i7)/2 with s €C and an admissible 7 ( €eR?%).

When A is non-critical, an element peCa is called an exponent
attached to A if it satisfies ( 1.11 ) and ( 1.12 ). We denote by

C(oc, A) the set of all exponents attached to A . For p:(pv) e C®, we put

5:(5v)eca. Then C(c,2)= {p |lpeC(s,A)}) . We note if C(6, A)=¢,

then A(6, A1)=S(06, A). We call A simple either if A is critical or
if A is non-critical and C(6, A ) consists of exactly two elements.
We also call A multiple if C(o6, A ) has more than two elements.

1

Lemma 1.2 Assume A 1is non-critical. For pe€C(¢6, A ), put p’=u-o¢ -p.

—_ — -?
Then p’ €eC{o6, A) and p’ #p. Furthermore A is non-critical and p’=p

EC(O‘)I).

Proof. Since p, is a root of z/_:v'(X)zO, 1~ q,-p, is also a root of z/{,(X)zo.
As %(X):O has simple roots for at least one v, we have p’ #p. Further

since p’=(1l-s)u-(c+i7)/2, p’' satisfies also ( 1.12 ). The last

statement is obvious. (Q.E.D.)



2. A bilinear relation of coefficients of constant terms.

The purpose of this section is to generalize [ 3 , Theorem 6.1 ]
to multiple A . Hereafter we assume A 1is non-critical. Let A be a

congruence subgroup of G and put I'=pr(A). Put

- ab
P= | [C 3) esi,

Then P\G,/ A is a finite set. We call classes of WIZ\G/A cusp classes.
ww

Take a complete set of representatives X for P\G,/ A. For each § €X,

1

F) |ec=0 } , vﬁ:{aeGlpr(a)eP}.

we put Qé.:Pnpr( EA £ 7). Let ® be a subgroup of P of the form
©= {[(a)' :—IJ ] anl’ bem} ,

with a fractional ideal m of F and a subgroup U of gx of finite index.

Take U1 and m so that A(®)cC & A 5-1 for all & €X and a>>0 for every
za.eU1 . For 0<r € R, put
Trz{zeHa |yu>r},Mr={zeHa Iyuzr}

Put U= {a.2 | a_eUl} . Then @ \Mr is isomorphic to the product of Ra/m

and { yeRa |yu =r ,y>>»0 } /U up to the difference of orientations

of (_1)n(n-1)/2. For a fixed vea, we put
-2u
w =Y II dx dy s
vEa vV ATy
. -2u,-
CV—(I/Z)}’V dz  1II dx /\dyv
w#V

Since [ 3 , Lemma 6.2 ] holds only when 7 =0, its proper statement
should be the following

Lemma 2.1. For s€C and T ETU, we have
: SSUH TV . ((-1/2) 4 (R¥/m)Ry x5 (7 =0)
v
G\MI‘ 0 (T ¢O),
X

where R =RF g :U{ +£1} ] with the regulator R_ of F and u (R%/m)

U

is the volume of Ra/m.




Let feA(o,2,A) and g€A(6c, A,A). For each ¢ €X, we write

£ 5_1=Z ap’ é_yp + (non-constant terms),
and

gl €_1=Z bi-)’ é_yf’ + (non-constant terms).
where p is taken over the elements of C(o, A ). Let Cl=Cl(6, A) be
a subset of C( o6, A ) such that

C(G,A)=C1(G,A)U {p’ Ipecl(c,l)} (disjoint).

Then we can generalize [ 3 ,Theorem 6.1 ] to the following

Theorem 2.2. We have

2(}') "p’) Z v.(a E'a —a_, b= ) =0,

peclv Véexé P:épyg p’ép’é

-1

where v, = +11} : 1 .

g= L i1} @ (£1) ]
Proof. Take a positive number r so that any two sets 5—1% £\ 5—}Tr)
(c? \Ha y £ €X) have no intersection points. Let J be a union of small

neighbourhoods of elliptic points on T \Ha, which are compact manifolds

with boundary. Inducing a natural orientation into each set, we see that

-1 -1
dK= 2 3 ENE (T )—-2aJ.
£ X Q€ r

Therefore for a [I'-invariant C 2form ¢ on H? of codegree 1, we have

fodg = Z v 6 . £ 5 4,
K £ eX B.£ 8J

where B€ = 5“166\6'1(Mr). We put ¢:f(§, g)P ¢ and ¢’=§(§,f)ya g,
Then

d¢=%§LVGgyGw"(.§—,?)(§,g)yo—’O) (6'=0c-2Vv)
and

d(3-¢’)=%(f LVGg —Lv"f 2)y %w

=3, -1 )fEy % =0

This implies that

§ (8-8")= = v, (g-98") . & L.

aJd £ €X ]%



Now we have the expansions

- -1 i - p+q+v+ o
. - 4 b- e ¢ o 0 0 0 0 0
$ ¢ 2 2 W%, %, &Y Cv * ’
P:q
and
’ -1 i B I_)+C-1+V+O'
. = ~— - - +o-oooono
#1c 2 2 PP, P, g7 v !
P:q
where p and q are taken over C( ¢, A ). Though the unwritten terms also

contain terms which do not contain e(hx), they tend to 0 in our later

process of r-» o by [ 3 , Prop.2.1(2) ] . Applying Lemma 2.1,
we obtain

§ (g-9")

3J

a - —
= u (R7/m)R Z (p,-p)) Z v, (a b-, —a_, b~ R
UPECIV véEX 3 py & p'y € p’, € Py &
where Clzcl( 6, A). Since the unwritten terms tend to 0 when r-» o
as we mentioned above and § (¢-¢’) -0 when J> ¢, we have the
aJ

assertion. (Q.E.D.)
3. Eisenstein series

Let p be an element of c® such that
p=(c~1)/2
with an admissible 7. A cusp class P& A (& €X) is called p -regular
if "
y P | a =y_p for every « efmn £ A 5-1.

We denote by Y( p ) the subset of X that represents all p-regular cusps.
We also denote by «( p) the number of elements of Y( p ). For each
congruence subgroup A, we define its Eisenstein series by

E(z,s; p, A)

b ysu—p | «a if pA is p-regular,
- a €PN A v
0 otherwise .

The series is convergent for Re(s)>1 and can be continued as a meromorphic

function in s to the whole s-plane. If ADA’, we see that



( 3.1) [PN A:PNA’]E(z,s; p,A)
wm wh

= 3 E(z,s; p,A'") L v .
Yy € AN A’

For each cusp class P& A, we put
-
Eg(Z.s;p,A)=E (z,8; p, & A 5-1) I & .

Then we see
{ 3.2 ) E€(z,s;p,A)Ha=%(z,s;p,A) for every a € A.

We denote by E[ p, A ] the complex vector space generated by the
functions Eg (z,8; p,A) for all & €X. Using (3.1), we can prove that

if ADA’, then E[ p,A] CE[ p,A’] and
(3.3) E[p,A]

= { g(z,s) €E[ p,A’] | g} a=g for every a € A} .
Now by [ 3 , Prop.5.2] , we have ,for &, 7 €Y(p),

( 3.4) E | n Tt = 8¢ ”ysu—p tf, ﬂyu_su—p

+ z gg (h,s,y)e(hx).
0#h en

where f and are meromorphic functions in s J is the
& 7 ey P ’ & 7

Kronecker’s delta and n is a lattice in F.

For soeC, we denote by E (so, p,A ] the subspace of E[ p, A ]

consisting of all functions g(z,s) that are holomorphic at Sge We put
E(Soap’A)z { g(z,so)lg EE[SO)p9A] ).

Then by [ 3 ,Prop.7.1 ],
E(so, P sA) C Al , A, A)

with A =()lv ) AV =(SO- pv)(l—so—;v)'
The following lemma is stated in [ 3 , Prop.7.2] under the

assumption that A is simple, but the assertion holds also for multiple

A without any changes of the proof.

Lemma 3.1. (1) dim E[ p,A ] = «(p).
(2) The map g({z,s) ->g(z,so) gives an isomorphism of E [so, p,A] onto

E(So,p,A)°



Conversely for a fixed non-critical A, we express peC(gs, A ) as
=s u—(o-1 2
p=s, ( zb)/
with speC and an admissible TiJ We put pp:( 6 -1 %)/2 and also set
Y(p)=Y( %) and « (p)= « ( %). We note
'=(1-s_)u- and K 'Y= &k
P ( p) R, (p") (p)

by [ 3, Prop.7.5] .

Theorem 3.2. Suppose A is non-critical and E [ % yA)] =E [s_, p,A]

andE[Io;) y A ] =E[§p,%,A] for any peC (0o, 2). Then

N(G,A,A)=p%0 Ep(sp,%,A) (C;=C(c,2))-

1
Proof. It is easy to see that the right-hand side is a direct sum and
is contained in N(g, A, A) by [ 3 , Prop.7.1] . Therefore we have
dim(N(o,2,A)2 2 «{(p). For each peC let Y'(p) be the set of

b
pEC1 1

all & €X such that Nl;g A is é)—regular. Then the number of elements

of Y’(p) is «(p) by [ 3 ,Prop.7.5] . For feA(o,A,A) and § €X ,

write

— 2
fi & = > ( yp ) + (non-constant terms).

peC1

Then the map ¥: f —>((ap

apyéy p'y &

) )

édpecy, £ ev(p)’ P, £)pecy, £ e ()

gives an injection of A(s,A1,A)/S(6, A2, A) into 02”(y= z «k(p) ).
peC
1

, - -
For each peCl, take vea so that P, #P,: Let geE(sp, pp’ A) and

-1

£ €Y'(p). Denote the Fourier expansion of g | £ be

_1_ _
gl &€ = bp’gy

Then using Theorem 2.2, we have a linear relation

— ~
Py bf)’ £ yp 4+ (non-constant terms).
]

£ oyip € e e T P, g%, 60 70

among (ap £’ ap, 5) for each g. Since these linear relations are
? ’

independent if p’s are different, we have at least u independent
linear relations. This implies the dimension of the image of ¥ is at

most x and therefore is equal to ux. (Q.E.D.)



If X is non-critical, by [ 3 ,Remark 7.4 (1),(2) ] ,we can take
the set Cl( 6, A) and Sp for each ;)GCHK 65 A) so that they satisfy the

the conditions of Theorem 3.2 , except for the case when A =0, ¢=0 (p=u,

p’:O,sp:l) in Case I and the case when <%—1/2 is either an even

non-negative integers or an odd negative integer for every v e€a
(p=3/4-(1/2) 6 ,p'=1/4-(1/2) 5, sp:=3/4) in Case II. To discuss these

cases, we denote by E*[so, p>A ] the set of elements of E[ p, A ]
that have at most a simple pole at s , and by E*(so, p, A) the set of

residues of all elements of E*[so, prsA T . The following theorem is

a generalization of [ 3 , Theorem 7.9] , which can be proved similarly

as [ 3 , Theorem 7.9 ] together with the modification used in Theorem 3.2.

Theorem 3.3. Suppose A is real and non-critical. Suppose also

y A ] and a cusp class of A

b 4
for all peCl(o',/‘L), E[;ri> y A ] =E[sp,%

is pp—regular if and only if it is ;;;)-regular. Then N( o, A, A) has

dimension ¥ 4k (p) and is the direct sum

1)€C1
X
p(?CI(E(sp,%,A) @ E (sp0 Ry A)) (C;=Ci(6,2) ).
Using Theorem 3.2 and Theorem 3.3 , we obtain the following
Theorem 3.4. If A is non-critical, then N(og, A, A) is generated

by special values and the residues of Eisenstein series and has dimension
T «k(p) (C,=C,(c,A) ).
1771
;)ECl
Proof. This is a direct result of Theorem 3.2 and Theorem 3.3
together with [ 3 , Remark 7.10] . The only thing we would like to

mention here is that in Theorem 3.3, we have assumed a cusp class

of A is pp—regular if and only if it is %—regular for all peC,.



To avoid this restriction, take a subgroup A’ of A of finite index
so small that any cusp class of A’ is %—regular and also Zp-regular

for all peC Then by ( 3.3 ), we have the result. (Q.E.D.)

1°
4., Remarks on multiple 2

In [ 3 , Remark 5.5] , Shimura gave an example of multiple A, when
the field F is a quadratic field. We explain it in a slightly more
general situation, because it seems the only case when multiple A appears.
Let F be a totally real number field of degree 2n containing a quadratic
field L as a subfield. Denote by { v, w } the set of archimedian

primes of L and by a= { vl,....vn,wl,...,wn} the set of archimedian
primes of F of which vl,...,vn are lying over v and wl,...,wn are over wW.

Let U1 be a sugroup of the unit group of L of finite index and take 6

so that TU =726 . Let U be a subgroup of the unit group of F of finite
1

index such that { NF/L( )] € €U } cU,. Let 7 be an element of R®

such that

1;7.-_—.% R 1;4:0 for any 1 (1 £ign).
i i

Then | ¢ f’T | NF/L( g) |l 9='1 for any & €U. Put for integers m,n

(m#n),
p=(1+ing)u-(oc-2mi7)/2 ,

gq=(1+im ev)u— (og-2niT)/2 .

Then p,p,q,q are all distinct and are exponents belonging to C( ¢, 1)

with A:(JLV,...,)LV ”lw""’x'w } given by
1 n 1 n
2 2,2 2 2 .2
4).Vi=(1-avl) + (m#n) " g ’ 41Vi=(1-q,i) +(m-n)"~ 6" .

Therefore A is multiple.

Now we return to the general situation and assume A is multiple.
Then by [ 3, Prop. 3.2 ], A is real and X2—(1—¢%)X+‘1v=0 has either

a multiple root or two simple roots which are complex conjugate.



Therefore if p is an exponent attached to A, then p’zp and for any
other exponent qe€C(¢o6, A ), we see that a, is either p, or 5v for all

ve€a. The following proposition suggests that even for multiple A,

C{oc, A) cannot contain so many exponents.

Proposition 4.1. Let F be a totally real number field of degree n.
Assume A is multiple. Let p:(pl,....,pn) (pizpvifor vi.eaJ be an
exponent attached to A . Assume f)i;tpi and put q:(pl,..,ﬁi,..,pn).

Then q is not an exponent attached to A.
Proof. We may assume i=1 by changing the indic¢es. Assume g is also

an exponent attached to A and put

p=su-(oc-i7)/2 , p=s’u-(o-iT’)/2
with admissible 7 and 7 ’'. Since Re(s)zRe(s’')=1/2, we can write
szl1/2+it s s'=1/2+it’
with t,t’ € R. Then we see
H s I s .
t+'cl—(t+tl) s t+1:j t+1:j (25 j£n)

Therefore we see f}- %’:t’-t for all j (2£j<n). Putting a=t-t’, we

obtain
n n
,-1’'=-( T7- X 7')=(n-1)a.
1 1 . .
Jj=2 Jj=2
This implies
T — T’=—auf(na,0,...,0).

Take a subgroup of the unit group of F of finite index such that 7, 7’

are U~admissible. Then we see for any ¢ €U,

. _ , .
1= & |1( T ') = l1na

i .

Since the rank of U is n-1, we see a=0 if n2 3. This implies t=t’, 7=7"'

and therefore p1=f>1 ,which is a contradiction. (Q.E.D.)

It is an interesting problem to determine whether all multiple 2
can be obtained as Shimura’s example mentioned in the beginning of
this section or not. It seems a problem solely on the structure of the

unit group of number fields.



Corollary 4.2. If [ F:Q ] =3, then there exists no mutiple 21

for any weight ¢ .

Proof. Assume 2 is a multiple eigenvalue and let p be an exponent
attached to A . Then p is also an exponent. If q is an exponent attached

to A, then q is obtained by changing p or p at only one prime v. But
this is not allowed by Prop. 4.1. (Q.E.D.)
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