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Microlocal parametrices and propagation of singularities
near gliding points for hyperbolic mixed problems II

By Koji KUBOTA

§1. Introduction

This work is a continuation of [11] in which we have shown
the existence of a parametrix and studied the propagation of
singularities near a glidiggkggz\a mixed (initial boundary value)

point
problem for a second order hyperbolic equation. In the present
paper we are concerned with first order symmetric hyperbolic
systems. We do not repeat here the introductions of [10], (11},
where the reader can find references and short histrical surveys
of this problem.

In the sequel the hypothesis (Hz) of {10] will be removed
and the assumption that the boundary condition is maximally
dissipative will be relaxed so that (1.3) below holds. Besides,
using the methods of this paper, one can simplify fairly the
equation (4.14) of [11] on the boundary and, as a result, remove
the hypothesis that the subprincipal symbol of P is pure imaginary.
(See Remark 5.1 below).

1

Let P(x,D) be a symmetric hyperbolic system in rR™M (n > 2)

of tﬁe form

P(x,D) = ¢ Ak(x)Dk + C(x), Dk = —ia/Bxk,

n
k=0

where x = (xO,xl,---,xn), Ak are hermitian mxm matrices and



A, is positive definite. Let us consider the following mixed
problem in a closed half space X = X'x[0,®) = {x = (x',xn);
n .
= PR L :
x 20, x' = (x4,%y, X ) € X R} with boundary 98X
P(x,D)u = 0 in X,
(1.1) B(x)u = £ on 93X,

u=0 in X N {x0 << 0}.

We assume P is of constant multiplicity. Then, denoting by

Pl(x,g) the principal symbol of P with & = (g',gn) the covariable
of x = (x',xn), one can write

oy My
(1.2) det P (x,E) = Q (x,£) T+++0_(x,8) "Y(x,8),

where Qyrtctr Q and a are homogeneous polynomials in £ which

r
have no common zero in EO’ Q1,~H,Qr are strictly hyperbolic
with respect to EO' and a is independent of gn' {See Matsuura

[/41). Setting

S
Q(XIE) - Hj=1Qj(XIE)I

we assume that the boundary 03X is noncharacteristic for Q
and that, for each x € 939X and £' € R™M 0, the multiplicity
of real roots gn of the eguation Q(x,g',gn) =0 15 at most
double and there is at most one double real root. Let a* be
the number of the positive eigenvalues of An(x), which is
independent of x € 3X. We also suppose that B(x) is a atxm

matrix of maximal rank and that An(x), C(x) and B(x) are smooth

(i.e. Cc°), constant for |x| large enough. Moreover we assume
(1.3) ker An(x) C ker B(x) for x € 3X.

(See e.g. [r2] for what this condition means).

—2 —



Now let (x',E') € T*X'\0 be a (fixed) gliding point,
by definition, a point such that for some 1 < j < r, say j = 1,

the equation Ql(i',O,E',En) = 0 has a real double root En

and

(1.4) {Qllan/BEn}(xlg) < 0,

where x = (x',0) € 3X, E = (E',En) and {,} denotes the Poisson
bracket on T*X. Then, since Ql(i,z) = (BQl/Sin)(i,g) =0

and (32Ql/3£i)(§,z) # 0, one can write

Ql(X:E) = Qo(xlg)Qi(Xlg) with Qi(;hz) 7£ 0,
(1.5)

Qg (x,8) = (£ = 20,7 - ulx, £

in a conic neighborhood of (x,£). Here A(x,E'), u(x,E') are
real valued smooth functions, homogeneous in £' of degree 1,
2 , respectively, such that p(xX,E') = 0, A (x,E') = En and

(1.4) is equivalent to
(1'4)' {En - AIU}(;(IE) < 0.

Since Q, (x,£) is strictly hyperbolic with respect to g,

we have (Bu/BEO) # 0. From now on we suppose, for definiteness,
(1.6) (3u/3g,) (x,E') > 0.

Note that, near (x,E), Q,(x,£) = 0 is equivalent to Qq(x,8) =0

and if £, > EO then u(§,£O,E") > 0 hence the equation QO(Q,EO,

g",gn) = 0 with respect to En has two simple real roots. Here

we have set §' = (go,g") and g" = (El,---,gn_l). Besides, for



EO >> 1, all roots En of Ql(i,go,é",gn) = 0 are simple real.
Bearing these in mind we make the following assumption on the

polynomial Q-

(1.7) The two roots of the equation Q0(§,50,E",£n) = 0
with respect to En’ regarded as single-valued continuous

functions of £, > EO’ are continued up to 20 < gy < as simple

real roots of Ql(i,go,é",gn) = 0.

This condition will be used only to essure (2.4) and hence
the solvability of the transport equation (3.23).

We also make certain assumptions on the boundary condition.
To state these let W(x',g',ﬁn) be a smooth mXm, matrix of
maximal rank, analytic in En, whose columns form a basis of

ker Pl(x',O,E‘,En) when Qo(x',O,E‘,En) = 0, where my is the
multiplicity of Ql in (1.2). Besides, let Wh(x',i') or We(x',g')

be, respectively, a smooth basis of the root subspace of

Pl(x',O,E',En), corresponding to the simple real roots gn of
(Q/QO)(X',O,E',En) = 0 such that agn/ago < 0 or to the nonreal
roots with positive imaginary parts. Noting that (W'wh’we)

. + .
is an mxd matrix, we set

R(x',E',E )

R(x',E',E )

B(x',0) (W(x',g', & ),W (x',&'),W (x',£')),
(1-8) n h e

det ﬁ(x',&',in).



l.
Moreover let E:(x',g') be the root of Qo(x',O,g',En) = 0 such
that ag;/ago <0 for y > 0, Im g; > 0 for p < 0. Then
1 ] + 1 ]
R(x',& Ign(x £'))

is called a Lopatinski determinant. Note that g;(x',g') =
A(xt,0,8') - u(x',O,g')l/2 for u > 0 under (1.6). We also say

that the strong Lopatinski condition is satisfied at (x',E') if
(1.9) R(x',£',E ) # 0 with £ = A(x',0,E").

To the contrary, suppose in what follows

(1.10) R(x*,E',E ) = 0.

Then we assume

(1.11) (3R/3E ) (x',E',E ) # 0.

Set for convenience

Alx',0,E'),

Mo (x',E") = u(x',0,8"), A (x',E")

NO = {(x.lg') € T*X'\0; UO(X'IE') = 0},
N, = {(x',€") € T*X"\0; py(x',g') 2 0}
and
(1.12) R, (x',£') = (R/(BR/BE_)) (X', €' g (x',E")).

Our main assumption on the boundary condition is concerned
with the range of the normalized Lopantinski determinant RA'

restricted to the glancing surface Ny-



(Hl) There are a positive number 60 < w/2 and a conic
neighborhood I, of (x',E') such that, for (x',§') € Ng N Ty
arg Rx(x',g') Cc [w/2,(3/2)mw - 601 if m = 1,
arg R, (x',g') C [m/2 + §,,(3/2)w - 6,1 if my > 2,

where my is the multiplicity of Q in (1.2).

It is desirable for (Hl).to be relaxed, e.g., as

(H Re RA(x',g') < 0 for (x',£') € N, N L .

1)0 0 0

Unfortunately, when m. > 2, in the set N, of hyperbolic

1

points we must make an additional assumption on Rk or on

reflection coefficients cjk with j,k = l,2,---,ml.

for (x',£') € N+, the cjk(x',g') is defined to be the (j,k) entry

Here,

of the following matrix
(1.13)  Kx,erel e, e T e e (ke

where g;(x',g') = Ao(x',g‘) + uo(x',F,')l/2 is another root of
Qo(x',O,E',En) = 0. (See (81,56 for an interpretation of

c Condition (H,), implies that, near (x',E'),

5%) 10

(119 IR e Rt e | 2 cug(xt, e M2

for (x',£') € N_ with |€'| = 1, where C is a positive constant,

hencg%jk(x',g') are well defined for (x',£') € N, - To see

this we note that

(1.15) R(x',E',E,) = (3R/BE) (x', 6", A)) (Ry = Viiy + Olug))

for |g'| = 1 [Thus (1.14) follows from (H Moreover
}

1)0'

_6__



1.7

& - (x',£') are bounded in N_ near (x',€'), because

cjk
- _ .+
En = En + 2/u0 and hence

(1.16) ey = 8y + OWig/ Rix',E',ED))  for |£'] = 1.

Besides, it follows from (1.8), (1.10) and (1.11l) that, for
some 1 < j < my, the j-th column of ﬁ(i',z',zn) is a linear
combination of the others. One can assume without loss of
generality that j = 1. Bearing these in mind we finally impose

the following condition.

5’;/:"}"¢
(HZ)E Let my

is a linear combination of the last d+ - 1 columns. Then

> 2. Suppose the first column of k(i',ﬁ',zn)

there is a conic neighborhood I, of (x',£') such that, in

N, N Zl’ either

(1.17) R(x',£',E) (x',£')) = OWiTg)  for |£'] =1
or
(1.18)  cp (x',&') = 0(/uy) for k = 2,-++,m; and |E']| = 1.

Note that, according to (1.15), (1.17) is equivalent to
(1.19) RA(X',E') = O(uo) for |€'| = 1 in N, N Zl,

because auo/ago # 0 hence RA can be regarded as a smooth function
of (x',é",uo). For many classical boundary conditions, either

(1.19) is satisfied or c = Of uO/R(x',g',E:)) for k = 2,-°-,ml

1k

and |£'| = 1, which implies (1.18).



We are now in a position to state our main results,
analogous to {//],Theorems 1.1, 1.2 and 1.3. We shall keep
using the notations in the preceding paper, where PZ(X,E) is
replaced by the symbol Qo(x,g) in (1.5), unless stated otherwise.

Since the boundary 93X may be now characteristic for P, we
00’-—00

loc (V) as in [/0], where

also need the same function space H

V is a relative open set in X. For a nonnegative integer k

k,s

and a real number s we mean by H (X) the set of extensible

distribution u € @' (X) such that (1 - AX,)(k -3 s)/zDrjlu

€ L?(x) for j = 0,1,+++,k. We then denote by H . "(V) the
k,s
. (=) k . 00
union of nk=0Hloc (V) for all decreasing sequence {sk}k___0
k,s k,s

(V) means that ¢u € H (X)

of re ers u €
al numb , where Hloc

o _n+l
O(R

also denote the gliding ray (i.e., null bicharacteristics

for all ¢ € C ) with (supp ¢) N X C V. By T(x',E') we

of uy(x',£')) through (x',£'). Suppose for simplicity of
description that X, = 0 with x' = (xo,xl,---,xn_l).
Theorem 1.1 (main theorem). Let f € £'(X') be a distribution

with compact support such that WF(f) is contained in a small
conic neighborhood of T (x',E') N {x0 > 0}. Assume conditions
(Hl) and (Hz) hold in the case of (1.10). Then there exist

a parametrix E(f) for (1.1) and a positive number T such that



1.9

(1.20) E(f) € H)/""(X,), where X, = X N {x, < T}.

(1.21) E(f) € C (X N {x, << 0}),

(1.22) PE(f) € C (Xg),

(1.23) BE(£) |y g = f € c(X4), where X} = X' N {x, < T}.

Moreover E(f) is smooth up to the boundary at each point

(x',E') € T*X'\0, with x, < T, which does not belong to the set

0

+ ©  k
(1.24) WE(£) U Mg(f) U (U _ 0 (WF(f) N N)).

Such results have been obtained by Petkov [16], [17] in the
case of (1.9) and [18] in the case of (1.19). (See also Melrose

and Taylor [15], [21] when m, = 1). Note that from the above

1
theorem one can derive an outer estimate for the wave front set

of E(f) in the interior of X using results on propagation of

Tl

singularities in the free space (see e.g. Taylor [20], pp.153-155).
Next we shall describe the propagation of singularities

of solutions to (1.1). ©Noting that An(x) is of constant rank,

we set

rank An(x) =d for x € X.

Then, after a change of the unknown, one can assume without

’

loss of generality that AO(X) =1,

A(x) O
(1.25) An(x) = ]
0 0

where A(x) is a nonsingular matrix of order d, and



A+(x) 0
(1.26) A(x) = _ '
0 A (x)

- . + -
where A+(x), A (x) are square matrices of order d , 4 ,

\,

respectively;with at + @~ = a4, and AT (x), -A7(x) are positive
definite. Hereafter Ik stands for the unit matrix of order k.

Note that, under (1.25), condition (1.3) vyields

(1.27) B(x) = (Bl(x),O) for x € 3X.

where Bl is a d+Xd matrix of maximal rank. We shall assume
as usual that, under (1.24), the left atxat block of B, is

nonsingular and hence

(1.28) Bl(X) = (I 47 S(x)),

d
where S is a d'xd” matrix. This hypothesis is satisfied for
a wide class of boundary conditions (see [/2],§2, in particular,

Lemmas 2.9 and 2.10).

Theorem 1.2. Assume (1.28) as well as the hypotheses

of Theoerm 1.1 holds and let T be such a positive number as
0,s
loc
u€cC (XN {x; << 0}), Pu€ C (Xg), Bu|

before. Let u € H (XT) with some s € Rl. Suppose that

- o ]
n=0 fecC (XT) and
WF(Anulx _o) 1s contained in a small conic neighborhood of
n
r(x',£') n {xo > 0}. Then u is smooth up to the boundary

at each such point (x',£') € T*X'\0 as described in the preceding

theorem.



1.11

Theorem 1.3. Assume (Hl) and (Hz) are satisfied in the

- 00

case of (1.10). Besides, suppose (1.28) holds. Let u € H !

loc V),

where V is a neighborhood of x in X. Assume that Pu € Cw(V),

< 0} =¢

WF(Bulxn=0) N Tx',E') n {-8 < x4

with some 6 > 0, and that WF(uIV\BX) intersects no incoming

null bicharacteristics of (Q/Q,) (x,£) which arrive at 1*—1(§',E').

Here 1* stands for the pullback of T*XIaX into T*X' induced
by the natural injection i1 of X' into X such that 1(X') = 9X.

Then

implies

r(x',E') N {-8 < xy < 0} C WF(u]__
n

0 0

provided § is small.

Remark. When (1.1) has an appropriate regularity property,

Theorem 1.2 is a direct consequence of Theorem 1.1. Besides,
LQEmTheorggr_\_lJ
a global version'is also valid. Indeed, assume (Hl) and (H,)

~

as well as (1.28) are satisfied at each point (x',§') € r(x',g")

n ©  —c 00
{x, < 0}. Suppose u € H;/""(X), Pu € C (X) and
' T _
WF(Bulxn=0) NT(x',E') 0 {x; <0} =¢.
Then
2t T © k
implies

P(x',E') N {xy < 0} C WF(u|, _)-
n



In the preceding paper [l11], we have obtained the analogous
results in the case where P is a scalar differential operator
of the second order for which the boundary 93X is noncharacteristic.
We have also shown in [8] the existence of a parametrix near a
diffractive point for such a hyperbolic system as in the present
article. For the purpose of proving Theorem 1.1 we will combine
the methods of [11] with those of [8], although some devices
are required.

The plan of this paper is as follows. In §2 we first refine
the construction in [8) of bases of ker Pl(x,g) with Qo(x,g) = 0,
so that the hyperbolicity of the transport equation (3.23) is
clear. Next we give an extension of Andersson and Melrose [1],
Proposition 4.16 to the present case. Finally we show that (1.1)
has a regularity property provided the boundary condition is
maximally dissipative. In §3 we refine the construction in [8]
of asymptotic solutions to Pu = 0. In §4 we give a summary of
[111, §3 which is a collection of properties of Airy operators
appearing in the boundary values of the parametrix E(f). 1§85
through 7 are devoted to study the equation BE(f)lax = f on the
boundary. In §5 we choose appropriately the initial data for
the transport equation (3.23) and reduce BE(f)]ax = f to (5.10),
(5.17) or (5.22). Basic a priori estimates for solutions of the
reduced equation are derived in §6, and the singularities of the
solutions are examined in §7. The proof of Theorem 1.1 is

completed in §8. Finally, Theorem 1.2 an 1.3 are proved in §9.



§2. Preliminaries
2.1, We first refine the basis of ker Pl(x,g) with Qo(x,g)

= 0 which is obtained in [8]. 1In the case that 3X is character-

istic for P, namely, d < m, we write according as (1.25)

I

(2.1) Pl(x,g) =

RGO 0] A GaEn Ay eEn)
0 ol ™

] 1
where All’ A22 are square matrices of order 4, m-d, respectively.

Note that A22(x,£') is nonsingular if and only if B(X,E') # 0,

where B is the polynomial in (1.2). 1In fact, for each (x,£'),

}

E;ddet P (x,£',6 ) = (det A)det A,, + O(E;l) as £+ «,

22

while (1.2) yields

m m _
0, (x,0,1) t+-v0 (x,0,1) “F(x,£) + o(g h

n

-d .
£ Sdet Py (x,E',E )
as En + o,

Therefore we have, modulo a nonzero factor,
(2.2) det A,,(x,E') = §(x,E").

In particular, Azz(i,z') is nonsingular, because Ql and 8 have no
common zero in EO. For (x,£') with B(X,g') # 0 we set

-1 A..ATIa )

M(x,8") = =A "(A)) = RyyRy5By,

and rewrite Pl as

—an n_
(2.3) Pl(x,i) = .

In the case where 3X is noncharacteristic for P, namely, d = m,

|__.__"l — - -
we set M(x,£') = -A All = gnIm An(x)

lPl(x,ﬁ). Such modifica-

tion will be often required throughout this paper. The following

lemma refines [8], Lemma 2.3.



Lemma 2.1. There is a nonsiggular smooth matrix S(x,&')
g
of order d defined on a conic neiborhood of (x,E'), analytic and

homogeneous of degree zero in &', such that MS = Sﬁ,

_ ~
MO N 0 r’M O\
M 1
h -— .
ﬁ = M ’ M = .
h + 0 .
Me ) O Mml
0 M ~
e A
and
Ax,E") 1
Mj(X,E') = for |&'| =1, § = L,eeem,.
wix, 8"y  Ar(x,&")

Here M; or MB is a diagonal matrix whose eigenvalues are simple
real roots €n of (Q/QO)(X,E',En) = 0 such that BEH/BEO are negative
or positive, respectively; the imaginary parts of the eigenvalues

of M; or M; are positive or negative, respectively. Moreover
(2.4) SEA (N - M)sz(i,z') is positive definite,

' = o o » 1 3 -
wherj Sz(x,€ ) = (52' Sy 'SZml) with sj the j-th column of S.
s"fhé éonstruction of the last m—-2ml columns of S is as usual.
| e

|

To choose the first 2ml columns Sys ***y Sy, SO that (2.4) also
1

is satisfied, we use the following lemma. For (x,£') with

uix,g")

o
v

0 we denote by N(x,£') the eigenprojection for eigen-

2

+

values £
n

(x,£') and € _(x,E') of M(x,£'), where

T ux, N2,

EX(x,E') = M(x,E") T

Then we have



Lemma 2.2. T(x,£') is an orhtogonal projection whose
range is an invariant subspace of the hermitian matrix
A(X) (£ (%,E) - M(X,E").
Moreover the restriction of the matrix to the range of H(Q,E')

is of rank m, and all nonzero eigenvalues are positive.

1
Proof. For £, close to EO we set

2(£,) = A(R) (£, - MIT(X,E5,E".

Since (1.7) implies that gi(i,go,é") are continued analytically
up to EO > EO' so is @(EO). Besides, we have
R =,
lim gn(xlgolg,)/go = u’t'
€0+oo
where a, are roots of the equation Ql(§,l,0,£n) = 0 such that

a, < 0, o_ > 0. Noting that -1/o0, are eigenvalues of A (x)

because M(x,1,0) = —A(x)_l, one can assume without loss of
generality that
~(l/a+)Im 0 0
1l
A(x) = 0 -(1/a_) 1 0
-"m
1
0 0 8

where B is a nonsingular matrix of order d—2ml whose eigenvalues

are different from —l/ai. Hence it follows from (1.2) and (2.3)

that, for g, >> 1, A(§)(€; - M)(i,&o,z") has zero eigenvalue

of multiplicity my and m, positive eigenvalues close to (1 - a+/a_)£0,

1

while the others are far away from those.



Now let ﬁ(go) with Eo >> 1 be the orthogonal projection
for the zero eigenvalue and those close to (1 - a+/a_)£0 of
A(i)(E; - M)(i,EO,E“). Since the matrix is hermitian and
analytic for EO > EO' ﬁ(éo) can be continued analytically up
to £, > EO’ (See Kato [ 7], p. 120). Moreover I (x, EO,E")
coincides with H(EO)for €, >> 1 hence for g, > EO by analiticity.
Thus H(Q,EO,E“) = ﬁ(éo) by continuity.

It is now clear that the range of N(x,E') = ﬁ(zo) is an
invariant subspace of A(i)(ig - M) (x,E') and @(EO) has m,
positive eigenvalues. Moreover we have rank @(EO) = m according

to [§],Lemma 2.3. Thus we complete the proof.



)

Proof of Lemma 2.1. By virtue of Lemma 2.2, the restriction

of A(X) (A - M) (x,E') to the range of II(x,%') has m, positive

eigenvalues, say, o cee

1’ m, - Let h '-~,hm be an orthonormal

l’
1
system of eigenvectors of A(Xx) (A - M) (x,%') belonging to ayreety
a J?espectively, such that h, = NI(x,£'Yh.. For j = Lyeee, my
my 3 3

and (x,£') near (x,%'), set
Szj(xlg') =H(xl€l)hjl
Szj_l(xlgl) = (M(x,&') - X(X,Q'))Szj(X:E')-

Then we shall show that 2m, vectors SyrtttiSy0 have the required

1
1
properties. To. this end we need only to prove that (2.4) and

(2.5) M(x,g') - X(x,E'))Szj_l(X,E') = u(x,E')Szj(Xli')

hold and that s are linearly independent.

l’ S3' 000’ Szml_l

By [ 8],Lemma 2.3 we have
2 ] 1
M - 2N)"TI(x,8') = ull(x,8"),
which implies (2.5). Moreover, since

A(X) (A - M) (i,E'th = a.h.,

J 3]
we have
* -— bt —' — . o0 * e o &
1 171
Ful
%m

L 1
which yields (2.4). It is now clear that Sys Sgy ---,szml__l
are linearly independent, because A(i)szj_l(i,é') = —ajhj.

The proof is complete.



Using the S in Lemma 2.126ne can construct a basis W(x,E£)
of ker Pl(X,E) with QO(X,E) = 0 which is very convenient in the

following analysis. Indeed we define, as in [§ ],

T4

W(xlg.rg ) = S (Xlg':i Y.
n -1 0 n
-A, ;A (x,8")
(2.6) 22721

S, (%, 6" E ) = 8, (x,8) + (£ = Mx, 8 [E'| T8, (%8N,

where ) = (sys830% " uSop 1) v Sy = (85084077 sSgp ) and sy

is the j-th column of S. Then (2.3) yields

I
(2.7) Py (x,E',E ) W(x,E,E) = | YA, - msg
-1|%a
= Qy(x,8',E ) 8" . A(x)S,(x,£"),
because MS, = AS; + uS,, MS, = §, + AS, for lgv] = 1.

Similarly, one can construct bases W;(x,g‘), W;(x,g')

of the root subspaces of Pl(x,g) for the eigenvalues of M;(x,g'),

M;(x,g'). Denoting by S+, S; the blocks of S coresponding to
M;, Mz , respectively, we set
PR Ta ot
(2.8) (Wh,We)(X,E') = -1 (s, , Se)-
~A.-A
22721

Note that one can take the restrictions of W, W; and W; to

xn = 0 as W, Wh’ We in (1.8).



2.7

2.2. To prove the last étatement of Theorem 1.1 we need
an extension of [1], Proposition 4.16 which gives a connection
between the regularity of boundary values of extensible distri-
bution and the smoothness up to the boundary. When 3X is

characteristic for P we also need the following lemma.

Lemma 2.3. Let (x,£) = (%',% ,8'.E) € r*rR™1\0 be a point
such that 8' = 0 and En = 1. Let wl(x',D') € OPSg 0(Rn) be a
r

pseudodifferential operator such that 5(x',§n,g') # 0 on
00'—

locm(V)’ where V is a neighborhood

supp ¥, (x',€'). Let u € H

of % in RO'L, Suppose (%,£) & WF (y,Pu). Then (Q,E) # WF (yp,u)

for any pseudodifferential operator ¢, (x',D') € OPS0 (Rn)
2 1,0

such that wl(x',g') = 1 on a conic neighborhood of supp wz(x',g').

Proof. By the assumption that (§,§) & WF(wlPu) there is

a pseudodifferential operator Xl(er) € OPS? 0(Rn+l

n+1l

) such that

xlwlPu € Cm(R ) and xl(x,g) = 1 on a conic neighborhood of

(x,£). 1In view of (2.1) we write

P P
(2.9) P(x,D) = 11 12 , u = and Pu =

P P U 2

21 22

11 17 fl are the

upper dx1l blocks of u, Pu, respectively. Then, since (2.2)

1
1,0

£'), there is a pseudodifferential operator Q22(x',xn,D') €

where P is the upper left dxd block of P and u

implies that P22(x',§n,D') € OPS (Rn) is elliptic on supp wl(x',

OPSIlO(Rn), depending smoothly on the parameter x_ close to §n,
1

such that

_ -0 n
¢1Q22P22 = Yy mod OPSl'O(R ) .



2.8

_ o, n+l L.
Note that le22P22u2 = wluz, mod C (R ). Similarly, there
. . . -1 n+l
is a microlocal parametrix Qll(x,D) € OPSl,O(R y for Pll -
A A . -'l +1
P12Q22P21 at (x,£). We now define Q(x,D) € OPSl'O(Rn ) by
o - Q1 0 Ig  ~P129)
= 1 ,
"Q72P21Q11 P> Tng || 0 Py
where <Dx,> € OPS} O(Rn) is the pseudodifferential operator
4

with symbol (1 + ]&'Iz)l/z. Then there is a pseudodifferential

operator xz(x,D) € OPSQ’O(Rn+l), elliptic at (§,§), such that
xl(x,g) = 1 on supp xz(x,i) and Xp¥,QPu = xzwzu, mod Cw(Rn+l)
for each wz(x',D‘) € OPsglo(Rn) with the properties stated
in the lemma. Since Xo¥,QPu = xzwzQxlwlPu mod Cw(Rn+1), we

conclude that Xp¥ou € C°°(Rn+l

) and hence (§,€) 73 WF(wzu).
Thus we prove the lemma.
One can now prove the following extension of [1], (4.16)

to systems.

Proposition 2.4. Let (§-,§') € T*X'"\0 be a point such

oo,-oo . .
loc (V) , where V is a neighborhood

of (x',0) in X. Suppose Pu € C" (V) and (x',£') & WF(u| _).
n

that O(x',0,E') # 0. Let u € H

Moreover assume that each of null bicharacteristics of Q(x,%)
through 1*—l(§',€') either immediately enters X, < 0 in at least
one direction or intersects a point (x,£) € T*X\0 such that
(x,£) & WF(u), X > 0 and x € V. Then u is smooth up to the

boumdary at (x',g'), namely, there is a pseudodifferential

0
1,0

ju € (X N {0 < x << 1}).

operator yY(x',£') € OPS (Rn), elliptic at (§-,E'), such that



2.9

Proof. We shall keep using the notations in (2.9).
Since P22(x',0,£') is elliptic at (§',§') according to (2.2),

one can find a small conic neighborhood I of (§',€') such that

(2.10) WF (u] NL=¢

X =0)
n

and P22(x',0,g') is elliptic on . We shall show
j _ .
(2.11) WF(Dnuan=0) Nny=¢ for all j > 0.

Set
Pil(x,D') = Pll(x,D) - A(x)Dn.

-1

. ®© — - ' -
Then, since fl € C (V) and Dnul = A (fl Pllul Plzuz),
it follows from (2.10) that
(2.12) WF(D u, |, _g) NI =2¢.

n
Next, applying Dn to P22u2 = f2 - PZlul, we have
1 a— - — pu—
P22(X,D )Dnu2 = an2 P,,D uy [Dn, P22]u2 [Dn, P21]u1'

Therefore (2.10) and (2.12) yield (2.11) for j = 1, because
P22(x',O,D‘) is elliptic on I. Analogously we obtain (2.11)

for j > 2. Thus, as in (1],P.210, we can prove the proposition,
by using (2.11), Lemma 2.3 and results on propagation of singular-

ity in the free space.



2.3. To prove Theorem 1.2 we will use the following
regularity of solutions to dissipative boundary value problems
for P. Note that all roots Tl(x,E",En),---,Tm(x,E“,En) of the
equation det Pl(x,EO,E“,én) = 0 with respect to EO are bounded

real-valued functions of (x,&",En) € XX{(E",En) € Rn; |£"|2 +

€i = 1}. Let T, be the least upper bound of |Tk(x,E",En)|

for such (x,E", £ ) and k = 1,**+,m. For a point X € X we
denote by FO(E) the interior of a backward cone with vertex X,

more precisely, we set

FO(E) = {x € Rn+l; TO(§ - xy) > (]x" - §"|2 + |x - inlz)l/z}.

0 n

Proposition 2.5. Let x € X and u € Hgég(FO(ﬁ) N X) for

some s € R'. Suppose Pu € Cw(PO(i) n xy, Bu|X -0 € Cm(I‘O(;E)m
n

{xn=0}) and u € Cm(FO(i) N x N {x, << io}). Moreover assume

0

thaqboundary condition Bulx _q = 0 is maximally nonpositive

0
o _ n
for P. Then u € C (Fo(x) n X).
Although this proposition seems to be well known in essence,

we shall give a proof for the sake of completeness of description.

For an integer k and real numbers s, y with vy # 0 we

denote by Ht’s(x) the set of extensible distributions u € %' (X\3X)
~YXg k,s
such that e u € H''"(X). (See e.g. [4], p. 51 for the
k,s .
space H (X) with k < 0).
Lemma 2.6. For each nonnegative integer s, there is a
positive number y_ such that if y > y_, u € H;l’o(x) and P,,u
e Hsrs(x) then u € Hg's(X). Here Pyy is the differential

operator in (2.9).



Proof. Since P is a symmetric hyperbolic system, there

22
is a positive number Yé such that for each y > yé there exists
. 0,s . . . 0,s
€ ’ = € '
a function w HY (X) satisfying PyoW P,,u if P,ou HY (X) .
Therefore it suffices to prove the uniqueness.
Let u € H;l’O(X) and P22u = 0 in Hg's(x). Then we need
only to show that u = 0 in ®' (X\3X), because H;l'o(x) is a
n+l

) be a test function,
+1

subspace of ' (X\3X). Let g € Cg(R

supported in {xn > 0}. Then the equation P;zv = g in rR"

2,0, _n+l

has a unique solution v € H (R ) for vy > Yo where P§2 is

the formal adjoint of P and Yo @ positive number. Moreover,

22

since P does not contain Dn' we observe that supp vi(x) C {xn > 0}.

22
Hence (u,g) = (P22u,v) = 0. The proof is complete.

Lemma 2.7. Suppose the boundary condition Bulx -0 = 0
is maximally nonpositive for P. Then for each positive
integer k there is a positive number Yy such that,for any
2k,0
& 1
Y2 oYy and f HY

(X) the following boundary value problem

’

Pu = f in X,
(2.13)

Bu = 0 on 3X
has a unique solution u € H?'O(x). Moreover
(2.14) u(x) = 0 in ro(i) N X if so is f

for each x € X.



2.12

Proof. By the hypothesis of the lemma one can assume
the Bl(x) in (1.27) is of the form (1.28). (See [12],Lemmas

2.9 and 2.10). Set

I -S(xﬂ
d+
H(x) = '

S*(x) I _
i da |

which is a nonsingular matrix of order d. Besides, set %l

B.H and 4. = H u

1 1 B,u

171

]

1 with the notations in (2.9). Then %lﬁl

and Bl = (I + + 88*, 0), where I

d d

after a change of the unknown Uy one can assume Bl is of the

+ + 8S8* is nonsingular. Thus

form

(2.15) By(x) = (I ,, 0),

d
although (1.26) may be not preserved. Moreover we define

a d xd matrix B} (x) by

(2.16) Bi(x) = (0, I _)A(x).
d

Then the adjoint boundary condition is given by Bivll 0 = 0,

X=
n
because
(Pu,v) ~ (u,P*v) = i(u, ,Av,)
L2 (x) 12 (x) 12 0%

for u, v € CE(X). Furthermore the hypothesis of the lemma

implies that

. [ ]
(2.17) A(x)vl vl > 0 for vl € ker Bl(x) and X € 23X,



since the boundary condition Biv =0 is maximally nonpositive

l‘xn=0
for P* (see Lax and Phillips {13]). Therefore we see by a
standard argument that for each positive integer k there is a

positive number Yi such that (2.13) has a unique solution u €

HS'Zk(X) for any y 2 yi and f € Hg'zk(x).

Now let f € H$'2k-1(x). We shall show there is another
positive number Yy > yi such that
(2.18) ue H$’2k_2(x) for Y 2 Y-
We keep using the notations in (2.9). As in the proof of
Proposition 2.4 we then have D u, € Hg’Zk—l(X) hence u, €
1,2k-1 0,2k
H (X) , because uy € HY (X). We also see that P22Dnu2
€ H3'2k—2(x). since D _u, € H;l'o(x), it follows from the
preceding lemma that D u, € H$,2k—2(x) hence u, € Hi’Zk_z(X)

if Yy is large enough. Thus there is a positive number Yy
such that (2.18) holds. Analogously one can find Yy with the
desired properties.

Finally we shall prove (2.14). Let v(x) = (vo(x),vl(x),
*++,v (x)) be the outward unit normal to Fo(i) N X at a point X

on the boundary B(Po(i) N X) of Po(i) N X and set

v _on
A (x) = Zk=0vk(x)Ak(x).
For convenience we write
-YX -YX
(e %4, e O 2 _ = (u,v)_,
L, (x) N x) Y
-YX -YX
(e Ou, e Ov) ={u,v)

Lz(a(r0<§) n X)) Y



and IlullY = ((u,u)Y)l/Z. Noting that

A RE
P(e u) = e (Pu + iYAOU),

D DA +C* - C)v,

*y =
P*v Pv + (Zk=0 kP

and setting

n

n,
C(x) = Zk=0

3 * -
aAk(x)/axk + i(C C) (x),
by Green's formula we have
—Zyﬂuﬂi - 2Im (f,u)Y + (u,%u) = <Avu,u> .
Moreover we claim that

(2.19) <AVu,u>Y > 0.

In fact, since Av(x) = —An(x) on 93X, by assumption we have

A¥(x)u-u > 0 for u € ker B(X) and x € 3X.

Furthermore, on the boundary of Fo(i) we have

vx) = (1 + 1) 2 e ),
where (gu,gn) _ ([xu - ;ulz + Ixn _ inlz)—l/z(x" - iu’xn - §n)'
SO

a%(x) = (1 + 1)V a 0 + D E A (X)),

which is positive semidefinite because of the definition of Ty

Thus we obtain (2.19) and hence



2.15

2
2ylul? + 2Im (£, - (u,Cw < o0.

Besides, since e(x) is bounded in X, there is a constant C0

such that l(u,%u)yl <c "u“i. Now let £ = 0 in T (x) 0 X.

0
Then

2
(2y - co)lull < 0,
sou =0 in Fo(i) N X for y > C0/2. Thus we prove the lemma.

Remark 2.8. From the proof we also observe the following.

Suppose to the contrary that Bu|x -0 = 0 is maximally nonnegative
n

for P. Then the conclusion of Lemma 2.7 is still valid provided

£enf%x, uen%x and (X are replaced, respectively,
by f € ka'O(X), u € HE’O(X) and the forward cone
n+l. - < W N 2 - 2,1/2
(x € R™; 1 (xy = Xg) > (Ix" = x|+ |x - % |97/},

Corollary 2.9. Suppose the hypothesis of Lemma 2.7 is

(F0(§) N X) for some s € Rl. Suppose

satisfied. Let u € uo’S
loc

Pu = 0 in Fo(i) N X, Bu = 0 on Fo(i) N 3X and u = 0 in Po(i) N

I

X N {xo << §0}. Then u 0 in cZ)!(I‘O(;i) N {xn > 0}).

Proof. 1In view of (2.16) and (2.17) we see from the

preceding remark that, for each vy > y, and g € Co(TA(X) N {x
= '] 0'°0 n

> 0}), there is a function v € Hl’ls|(X) such that P*v = g in X,

Y
Bivllxn=0 = 0 and (supp v) N X C Fo(i). Hence by Green's
formula we have (u,g) 2 = 0, which proves the corollary.

L™ (X)



Proof of Proposition 2.5. One can assume without loss

of generality that u = 0 in Fo(i) nxn {xo << io}. Let X

€ FO(§) N X and let k be an arbitrary positive integer such that

k > s. Then it suffices to prove

(2.20) u € H (F (X) N X).

In view of (2.15) one can also assume Bu = 0 on Fo(x) N {xn = 0}.

n+l

Let ¢ € Cw(R ) be a cutoff function, suppoted in F0(§)' such

that ¢(x) = 1 on F0(§), and set £ = ¢Pu. Then f € C;(X), in

2k, 0

particular, f € HY (X) for all vy > 0. Hence by Lemma 2.7

there is a solution v € Ht’O(X) of (2.13) such that v = 0 in
X N {xo << XO}. Set w=u - v. Then w € H (F (x) n Xy,
Pw = 0 in P0(§) N X, Bw = 0 on Fo(x) N {xn = 0} and w = 0 in

F0(§) nxn {x0 << %X.}. Therefore by Corallary 2.9 we have

0
w =0 in £9J(F0(§) n {xn > 0}) and hence (2.20) follows, because

k 0

loc(r (x) N X) is a subspace of f}'(PO(§) N {xn > 0}). Thus

we prove the proposition.



§3. Construction of a parametrix

In order to construct the parametrix E(f) we use the
same phase functions 6(x,n'), p(x,n') and Airy.functions Ao(z),
A,(z) as in [//]. Recall that e(x,n'{, p(x,ﬁY;Ehﬁ' = (no.n")
= (no,nl,--°,nn_l) are real valued smooth functions defined
on a conic neighborhood of (x,n') in XX(Rn\O), homogeneous
in n' of degree 1, 2/3, respectively, where ﬁo =0, n" = E" # 0.
Moreover the functions ¢i = § = (2/3)p3/2 solve the eikonal
equation Qo(x,¢§) = 0 in the following sense, where ¢i = 8¢i/3x
and QO(X,E) is the function in (1.5). Writing X(x, SR /pr,)

= Al + /BXZ, wix, 0, ¢ /pr,) =y ¢ /Euz for p > 0, where

kl' Az, ¥y and B, are even functions of Vp, we have for p > 0
2 2 -
(3.1)+ n n
n n
and, for Ny < 0 and 0 < X, << 1,
2 2 _ o 12
(exn - A7+ p(pxn - A% = wg = olx In' %),
B 200, - A (o - Ay = m, =o0(x_|n']>"3
X 1) Py 2 2 n )
n n
Furthermore, for xn = 0,
2
(3.2) det ex,n, > 0, where ex,n. = 376/9x'9n"',
(3.3) 6 > 0,
%00
(3.4) px < 0,
n
- 2 "
(3.5) O(X'IOIH') —_ nolnul 1/3 = alnul /3, where o = no/ln l.



We also have for xn = 0

(3.6) exn = )\(Xlexo)l

2 "
(3.7) Hix,8,,) = a(pxn) for |n"| =1,

because Az = U, = o, Al = XA and My = M for x = 0.

From now on, for X, = 0 we shall extend 6, p, GX and
n
Py to R"xR" in such a way that (3.2) through (3.7) are preserved

n

for |a| < 1 and that 6(x',0,n') = x'n' outside a conic neighbor-
hood of (x',n'). Then 6(x',0,n") generates a canonical trans-
formation ¢l(y',n') = (x',E£') of *R™ 0 into T*X'\ 0 defined by
(3.8) g = GX.(X',O,n'), y' = Gn.(X',O:n')-

Moreover, under ¢11, the gliding ray T'(x',£') is mapped (locally)
onto the straight line through (y',n') = ¢il(§',z') which is
parallel to the Yo axis, where y' = (yO,y") = (yolyl,"',Yn_l),

and on which Yo increases as X does.

Now we shall look for the parametrix E(f) in the same

form as (6) of (10], namely,

(3.9) Gv G. v, + G v, + G Vv

00 h'h e e’

. . + .
Here v(y') = t(tvo,tvh,tve) is a vector with d components in

H—m(Rn), and Gh’ Ge are essentially the same operators as the

(2) (3)

G , G in [8], respectively, while G0 is the same one as

the Gl defined by (8) of [10], in other words, we take q, = 1

and q, = 0 in the (7). More precisely, we define



-‘/
(3.10) (Gyvy) () = [ (D - iny (9B a0 THyy
+ 2y (D)7 - x T (Nant,
where
Go(nl) = J'e_ly n Vo(yl)dyl

and vo(y') is determined later so that (1.23) holds. Here
Agr A, T and X, are the same functions as in [!!],(2.15).
(See also (4.1), (4.4) and (4.7) below). Besides, 6, p, a
and E are almost analytic continuations of 6, p, a and b,

analogous to (2.17) of that paper (see also (3.30) below),

while the amplitudes a(x,n') and b(x,n') are given in the

following theorem.

Theorem 3.1. There exist smooth mel matrices a(x,n'),

b(x,n') defined on a conic neighborhood of (x,n') in xx (R™M 0) ,

which have asymptotic exbansions

anv it b ~ b

k=0%k’ Le=0Pk’

where ak(x,n'), bk(x,n') are homogeneous in n' of degree -k,

-k - 1/3, respectively. Moreover if we write

e_ieP(x,D)(eie(Ao(p)a - iAé(p)b)) = Ao(p)c - iAé(p)d,
(3.11)
d

c oI dn~ x

k=-1%k’ k=-1%"

where ck(x,n'), dk(x,n') are homogeneous in n' of degree -k,

-k - 1/3, respectively, then



0 for p > 0,
(3.12) ck, dk = [

O(x:) for 0 < x_ << 1, <0 and |n'| = 1.

n n0

This theorem has been essentially obtained in [ & },§§3
and 4. Nevertheless, since the proof given there is somewhat

inaccessible, we shall give another proof. (See also Petkov [/7]).

Proof of Theorem 3.1. We first seek a, s bk for p > 0
and then extend them to p < 0. Using the equation Aa(p) =
-pAO(p) and setting the coefficients of Ao(p), —iAb(p) on the
left hand side of (3.11) equal to ¢, d, respectively, we have

fork=—-l, O, l, 2,-0.,

Cy Pl(x’ex)ak+l + pPl(X’px)bk+l + P(x,D)ak,

(o7}
I

Pl(x,ex)b + P(x,D)bk,

k+1 TR Kep ),

where a_; =

Let p > 0. Then (3.12) is equivalent to

(3.13) c, % /Edk = 0,

x *
where

c Ypd , = P, (x, 6 * /pr)(a0 + /Bbo).

+
-1 - -1 X

Let W(x,£) be the matrix defined by (2.6). Then it follows

from (2.7) and the eikonal equation (3.1)+ that

(3.14) P,(x, 6, % /pr)W(x, 0, * /Bpx) = 0.



Thus, setting

(3.15) a, * /Bbo = W(x, 6 ¢ /Bpx)(go + /Eho),

we obtain (3.13) for k = -1, where go(x,n'), ho(x,n') are

arbitrary smooth m, Xm matrices, homogeneous in n' of degree

1

0, -1/3, respectively. More preciesly, we define ags bo as

follows. Setting

Wl(x,n') = (W(x, b, + /pr) + W(x, 6 - /pr))/z,
(3.16)

W, (x,n') = (W(x, 8 + /pp,) - W(x, 8 = Vpp ))/(2/p)
so that W(x,eX + /pr) =W, * /sz, we define

a0 = ngo + pwzh0
(3.17)

b, = W.h, + W

0 170 290
Then (3.15) holds and a,(x,n'), b,(x,n') are smooth near (x,n"),
homogeneous in n' of degree 0, ~-1/3, respectivly, because so

are Wy (x,n'), W, (x,n").
Next let k = 0 and |n'| = 1. Then (3.13) is equivalent to

(3.18) P, (x,0  * /Bpx)(al + /Ebl) + P(x,D)a, * /EP(x,D)bO =0,

so we look for a bl in the form

+ pW,h., + g

a; =W oM 17

1 191
(3.19)
+ B

o
il

W,h, + W

1 171 291 1’

are special solutions of (3.18) with agr b0 given.



We also see, as above, that (3.18) with (3.19) becomes the

following system of linear equations for 31 + /5%1:
(3.20) P.(x,6_ + Vpp.) (3, + VpB.) + P(x,D)a, + VpP(x,D)b, = 0
' 177 °x 7 X 1~ 1 ! 0 — ! 0 !

which is solvable if and only if

(3.21) W*(x,eX * /pr)(P(x,D)a0 + /BP(x,D)bO) = 0.
Here W* denotes the adjoint matrix of W, so the rows of
W*(x,ex + /pr) are right null vectors of Pl(x,eX t /pr).

Notice that (3.21) with (3.17) is equivalent to the following

transport equation for g, * /Ehoz

(3.22)

o3

* t 3 * ]
A3 (x,m ,/5)§§;<g0 + Yphy) + C (x,n',/p) (gq * Vohy) =0,

j=0

where

+
+ . N
Aj(x,n , t) W (x,6X + th)Aj(x)W(x,eX + tpx),

+ ,
C (x,n',t) 1W*(x,6X + th)P(x,D)W(x,Gx + tpx).

In fact, (3.17) yields

n

P(x,D)a, * /pP(x,D)b, = =0

Aj(x)(wl + /’p‘wz)oj(g0 + /Bho)
+ (P(x,D)W; + VpP(x,D)W,) (g, * Vphy)

£ {1/ (2VO)(R ) (x,0 )W, § VPP (x,0 )W,)h,.

Moreover from (3.14) and (3.16) we have Pl(x,px)wl = -Pl(x,ex)wz.

Therefore the left hand side of (3.21) coincides with (-1)

I+

times that of (3.22), because (Wi * /Ewg)Pl(x,e /pr) = 0.

X
S
}Furthermore, making changes of variables (x',xn) + (x',p)

LA
! »{}‘}



3.7

and (x',p) - (x',t) with t = /p, and setting
+
a“(x',t,n') =g, (x,n') £ thy(x,n'),

we see that (3.22) is equivalent to

* n-1
+ t * +
(3.23),  Ccplx',em)gE + I Ci(x',en)FE- 4 cp, (xtnat = 0,
x 520 :
where
+ -
Cplx',En") = (28) TWE(x,0, t tp )Py (x,p, ) WX, 0, * o),
+ * .
Cj;(xl»'tln') = Aj(x’n'lt)l j=0, 1,¢+¢,n-1,
+ +
Cn+l(X',t,n') = C (x,n',t).

We shall show that (3.23), are hyperbolic with respect

to dt. Since (3.14) and (3.16) yield Pl(x,px)Wl = -Pl(x,ex)W2

* = =Wk
hence WlPl(x,px) W2Pl(x,ex), we have
— Wk - *
(Wi * twg)Pl(x,px)(Wl * tW2) W2Pl(x,8X)Wl F 2tW2Pl(x,6x)W2

+ o(t?).
Besides Pl(x,ex)wl = O(t2). Therefore we see that Ci(x',t,n')
are smoothly extended to t < 0 and
Co(x',t,n') = TWEP, (x,0 )W, + O(t).
(See [ §],Lemma 4.1, although the factor 1/2 in (4.9) must
be replaced by 1l). Moreover, since (3.5) and (3.16) imply

WZ(X,T]') = P WE (X,ex) + O(p) for Xn = 0,

n n

X



we have

Cp(R',0,") = F(p, (K,i")) % (WE Pyw, ) (X,0, (R,7M).
n n n

Besides, (2.3) and (2.6) yield

W*

2
£ =

P\W, = S% A(E, - M)S,/|E

n n
, (3.6)

Thus we see from (2.4), (3.4)»and (3.§) that :Ci(x',t,n') are
positive definite near (x',0,n') hence (3.23)i are symmetric
hyperbolic systems which are really ordinary differential
equations along bicharacteristic curves of QO' Consequently
(3‘23)i have the unique smooth solutions for arbitrary smooth
data prescribed on t = 0 such that a (x',t,n') = a+(x',—t,n‘).

Furhtermore, if we set

+
gy (x,n") = @ (x',/p,n") +a (x',-/p,n"))/2,
+
hy(x,n') = (at(x',/p,n") - a (x',-/p,n"))/2/p,
then Jo+ h0 are smooth up to p > 0 and (3.21) also holds.

Now we shall extend the a b given by (3.17) to p < 0.

0" -0
Since W(x,{) is analytic in § according to (2.6), the Wl

and W, defined by (3.16) are even functions of Yo hence they

can be extended to p < 0 in a natural way. Let dg- hO be
arbitrary smooth extensions to p < 0. Then we have (3.12)
for k = -1 and ng < 0, because Pl(x,ex)wl + pPl(x,px)W2 and

Py (x,0 )W, + Py (x,p )W, are O(x ) for In'| = 1 according to

1

(2.7) with £ = ex + /pr and (3.1) .



1 Bl of (3.20)

so that (3.12) holds for k = 0. As in [§1,pp. 284-285, one

Next we shall construct special solutions a

can extend Jgr h0 to p < 0 so that (3.21) is satisfied to
infinite order on X, = 0 for o < 0, more precisely, so that

* * * *
both WlP(x,D)a0 + pW2P(x,D)b0 and WlP(x,D)b0 + W2P(x,D)a0 are
O(xz) for o < 0 and 0 < X << 1. Therefore it suffices to
B

construct 2 so that if the left hand sides of (3.20) and

1’ 71
(3.21) are written as B(l) * /EB(Z) and B(3) t /EB(4), respect-

(3) (1)
(3)

ively, where B (x,n') are smooth, then each element of B

(2)
(4)

and B is, mod O(x:), a linear combination of those of B

and B with smooth coefficients. The procedure below will
refine the proof of [ 8 ],Proposition 3.1.

Introducing an extra variable z in place of +/p, we set

g = ex(x,n') + sz(x,n') and

S
a(x,n',z) = I = ?ill(xrn') + Z%l(xrﬂ'):
o171 |
rFI -
F(x,n',z) = = -P(x,D)a,(x,n') - zP (x,D)b,(x,n'),
Fr1
~ A

where a F_. are the upper del blocks of a, F, respectively.

I’ I
We shall dominate Pl(x,g)a(x,n',z) - F(x,n',2) by W*(x,E)F(x,n',2)
+ 0(Q,), where a is constructed similarly to the agl in [§1,

Proposition 3.1.



It follows (2.3) that

-1
o a = A(E, - Ma, + Ayjyh,,(Ryar + ajyarg)
1
Ajyyay * Byjdyq
Hence, setting
a,. = A'l(F - A..a.)
11 22 Fy1 2121/

we need to estimate

A(E - Ma; - Fp + A ATlp

I 127227 11°

Moreover, putting

I
TFO
-1 -1 B

(AS) T(Fp = AjoRyoFyq) =|Fpi o

F
e
-
-1 _
S aI = ah y

a

L e
we see from Lemma 2.1 that

(En - Mo)ao

(AS)_l(A(En - May - Fp + A12A£%FII) =&, - Mpay

where

- F

- F

0

h

(), - Ma, - Fg

3.10



Since the eigenvalues of Mh(Q,E'), Me(i,z') are different

from En, we define

_ IS
ap = (& - M) "Fp,

-1
e) Fe'

a

e (En - M

Thus it suffices to construct a, so that elements of (En - Mo)a0
- FO are linear combinations of those of W*F, mod O(QO).

Now, (2.6) yields

1

(3.24) W*F = Sa(FI - A12A22FII)
Fo
P x
sans| F, | .
F
e

Noting that S*AS is an m,xd matrix of maximal rank, we set

0 1
SHAS = (Ty,==*,Ty)
and suppose |£'| = 1. Then we shall show that
(3.25) Tyy_p = (Ey =M Tpy, (E, = MTys ) = uTyy = 0, mod 0(Qg)
for j = l,---,ml, and
(3.26) Tj = O(QO) for 2ml < 3 < d.

Since (2.7) implies A(F;n - M)S0 = O(QO), so is SaA(En - M)S

= (A(E, - M)S))*S. Therefore by Lemma 2.1 we have

SEAS(E - M) = SFA(E - M)S

0(2,)



which yields (3.26). Moreover, since (sz_l,sz)(En - M.)
= O(QO), we obtain (3.25).

Now, define

- 1
i T
F
1 Fy
0 F,
_ _|F . U
ag = :3 with FO :
. P
0 2my
| 1
FZml—l
Then we have
— N T -
Fy 0
0 F
L 0
(E. - Mj)a,= - (& = A) '
n 0°70 0 n ?3
Fom, -1 0
1
F
0 2ml—l
L _ - i
while (3.24), (3.25) and (3.26) imply that T,, T,6,¢*-,T
2 4 2ml
are linearly independent and
- 1 r.F -
F1 2
L F3 Ty
(Tzl T4r "Iszl) W*F = (En - A) . + : + O(QO)-
¥ F
2ml—l Zml
L -1 L ]
Consequently we see that elements of (En - Mo)aO - F0 are

linear combinatons of those of W*F, mod O(QO).



3.13

Finally we set

(1/2) (a(x,n',z) + a(xr“'l"z))l 2 ’

gl(x,n')
Z =p

n

By (x,n") = (1/(22)) (a(x,n',2) - alx,n',~2))]| ,
Z

=p
Then, since a(x,n',2z) is an analytic function of z, gl(x,n‘)
and %l(x,n') are smooth in (x,n') and have the desired properties.

Analogously one can construct a b, for k > 2 so that (3.12)

k'’ "k
holds. Thus we prove the theorem.

The construction of Gh' Ge in (3.9) is similar to that
of G(z), 3 in [81. First we take a Fourier integral operator

(on X"
&h\and a pseudodifferential operator ae on X', depending
smoothly on parameter X such that P(x,D)thh € Cm(X),
had - ' ' - [

P(x,D)Gewe € C (X) near x for all wh(x ), we(x ) €EH (X')
with WF(wh), WF(we) contained in a small conic neighborhood

of WF(f), whose boundary values are classical pseudodifferential

operators of the form

(2m) ey (x, e X w, (g ag”,

(G w,) (x',0)
(3.27)

] -n, ix'g’ 1 RV o ' '
(& wy) (x',0) = (2m) et 5w (x', g )X (ED W (1) dE".

it

Here W, (x',£') = W (x',0,E'), W (x',E") = Wl (x',0,€') mod 51%0'
where W;(x,g'), W;(x,g') are the matrices defined by (2.8),

and % is a cutoff function such that %(E') = 1 for (x',£')

in a conic neighborhood of WF(f). The construction of such

%h, Ee is well known (see for example [20], Chap. IX). Next



let &, be a Fourier integral operator, with the canonical

1

transformation ¢l defined by (3.8), whose amplitude is

s X ' '
e1(6 8) (x',0,n") e Sg)_ 0r namely, define
’

- Seie(x',o,n')ei(e - 6) (X':Ol’ﬂ')’\

(3.28) (@lv)(x') v(n')dn'

n). Hereafter é(x',O,n') is extended to

for v(y') € H 7 (R
RnX(Rn\O) in such a way that 5(x',0,n') = f(x',0,n') = x'n'
outside a conic neighborhood of (x',n'). Finally we define

G,» Gg as the compositions

n,
(3.29) G, = G 00, G, = ae°¢l'

To deduce (l1.22) we also use the following lemma. Recall

that the almost analytic continuation g(x,n') of a(x,n') is

defined by
o & o sk -
(3.30) Y(x,n') = 3 2abxnl) (07 o g7k,
- k k! 0 "k
k=0 Bno

where T is a positive number, xo(t) € Cg(Rl) a cutoff function,
supported in |t| < 2, such that xo(t) = 1 for |t| <1, and

{ Nk};;o with N, = 1 is a sequence of positive numbers which
increases fast enough. Applying P(x,D) to each side of (3.10)
and using AB(p) = -QAO(p), we have

= [0, ()T - i (1D @, () ¥

(3.31) P(x,D)GOV 1

0

Ay () 7HL = x )V (n")an’.



3.15

Here, setting

c(x,6,p,a,b) Pl(xlex)a + QPl(X:pX)b + P(x,D)a,
d(x,6,p,a,b) = Pl(x’ex)b + Pl(Xer)a + P(x,D)b,

which coincide with c{x,n') and d(x,n') in (3.11), respectively,

we have
n, V. ow v v
c(x,n') = c(x,98,p,a,b),
a(Xrn') = d(xl\él\él\él\ﬁ)O

Moreover we obtain

Lemma 3.2. Let k be a nonnegative integer and let

In"| > TN . Then
0(|n'|_k) for p > 0,
Sxmy = 0CleIn' 723" I ) + on' | for o < 0,
O(xgln'l) + O(|n'|—k) for ny < 0 and 0 < x <<
The analogous estimate for d also holds with |n'| and |n'|_k
replaced by |n'|2/3 and |n'|—k—l/3, respectively.

Proof. Let ¢(x,n') be the almost analytic continuation

of c¢({x,9,p,a,b). Then, since Xo(NjT‘ﬂ"\_l) = 1 for j < k,

we have ¢ - & = O(ln'l—k) and

k4] —ir) )
=1 2 < (=3i1)

|-k
J=0 9ng J!

+ 0(|n" ).

Hence the desired estimate follows immediately from Theorem 3.1l.



§4, Airy operators
The purpose of this section is to give a summary of
[1)1,83. Let Ai(z) be the Airy function of the first kind,

given by

i3
pi(z) = (2m 1" elZteitT/3g¢,

- 00

We define A_, A, by

0

A, (2) = etT/3n1 (71773,

!

(4.1)

Ay(z) = A, (2z) +A_(z) = Ai(-2).
Then
(4.2) Az(z) + zAi(z) = AB(Z) + zAO(z) =0

and A, have the asymptotic expansions for lz] >> 1 with

-7 * w/3 < arg z < W * 7w/3

_-1/8_2i(2/3)2>/2

A.’t(z) = \Pi(z)l

;1ﬂ/4zw (ii)ka

‘Yi(z)rve k=0

12
where a, are real and a; = i/(2¥/7). Besides, A, (z) # 0 for
Re z > 0, A_(z) # 0 for Im z < 0 and Re A (x) = Re:A_(x) =

Ao(x)/2 for x real.
Throughout the present paper, all functions of (x',n') will

be modified for [n"| < 1 so that they are smooth in RUxR™.

|—1/3

Noting that p(x',0,n') = (ny - it) |n® for |n"| > TN

ll
where T, Nl are the positive numbers in (3.30), we set



4.2

-1/3 _ 2/3

(4.4) t = (ny - it) |n"| (a - iTln“l—l)ln"\

The parameter T will be fixed so large as all a priori estimats
in Propositions 6.1, 6.2, 6.3, Corollaries 6.4 and 6.5 hold.

Moreover we set

K,(n') = _i|n"|"l/3(A;/A+)(c),
(4.5) * s
Kg(n') = -iln"| (ay/R4) (T),
Ln') = (A_/A) (7)),
(4.6)
Ln') = (K, + K L)x; + Ky(l - xl),
(4.7) X;(n') = x(aln"l2/3/t0) = x(noln"l-l/3/t0),
(4.8) X, (") = x(aln"|®) = x(ngIn"]*7h
and
(4.9) v = @2+ 7YY 2 | P e 2

Here t, is a positive number with t, < 1 such that Ao(t) >0

0
hS

0
for t < 3t, and Im A, (t) < 0 for 0 < t < 3t,, and x(t) € c® &b

0 0’

is a real valued function, supported in t > 3/2, such that

x(t) =1 for t > 2 and x'(t) > 0. The € is an arbitrary

(fixed) positive number with e <1/2. Note that Xy € 82/3 0
’ 14

0
€
Xe Sl-€,0

multiplires corresponding to (4.5)through (4.9) by the same

for |o| bounded. We also denote the Fourier

letters. For example, L denotes the Fourier multiplier defined

by



(Lv) (y") = (2m [ V' Lmnvmdn'.

1/3

From now on we suppose |a| < 1 and |n"| >> 1 > 1.

In addition, we denote by Lg(Rn) or Hg(Rn), respectively,

the set of functions v(y') € L2(Rn) or v(y') € 1% (R™) such
that supp G(n') C {]a] < 1}. Here -» < s < ». We also denote
constants independent of t by C, C', Ck and so on, while

O(ln"l_l) etc. may be depend on T.

Lemma 4.1. Let g be a real number. Then

k -k- -2
Ianoaﬁ"Yq| < Cq,x, 8"l k=18l a2k gor x, |g] 2 o.

-q/3

q 0 .
belongs to 81/3,0 if g > 0 and to 81/3'0

In particular, Y

if g < 0.

Lemma 4.2. The functions K x,, K_ and K (1 - x;) belong

0 .
to 81/3'0' More percisely,

"l—k—llel-Zk(l v o(ln"h)

for k, |g]| > 0.

2% 3Bk (n)] < c

" In
Ng N k,B

The analogous estimates also hold for K+ and K0 if o > 0 and

aln"|2/3 < 3t0, respectively, where t0 is the number in (4.7).
Lemma 4.3. The operators K,Xy» K_ and Ko(l - xl) are
bounded on Lg(Rn). More precisely,

2 n)_

2 2 2
IK_vl®™ < Clyvl ™ + O(||v||_l/2) for v € LO(R

The analogous estimates also hold for K+ and KO if supp G(n’)

C {a > 0} and {a]n"|2/3 < 3t0}, respectively.



For the commutators involving Yy, K, and K, we have

Lemma 4.4. Let a(y',n') € 82/3 0 and q be a real number.
14
Then
l-q,.qa -1/2_ ,2 -1/2 ,2
| (v 2y, alv, w)| < Cyl vIZ) s+l wlZy
2 2
+ o(llvll_l/2 + “W"-l/z)'
-1/2 ,2 -1/2 ,2
| (1K_,alv, w) | < chy™Y/ v,y / w? o,
2 2
+ O(Ilvll_l/2 + HwH_l/z)
and
| (K_[xye alv, w < ctiy™202 ey ™22,
2 2
+ O(llvll_l/2 + uwn_l/z)
for v, w € L2(Rn). The analogous estimates also hold for

0

K, and K, if supp G(n') is as in the preceding lemma.

+ 0

For the proofs

see those of [//], Lemmas 3.1 through 3.4.

The following three lemmas will play basic roles in

dealing with the operators L or /.

Lemma 4.5. Let

x >0 and 0 <y << (1 + %) /2. then

A, (x - iy) 12 = 1A, 0 |% ¢ by + 0y (1 + 0P,
artx - iy |2 = |2l |? = boxy + o2 (1 + 0377,
where b, = -/3Ai(0)Ai'(0) > 0. Moreover |A (x)]| = |A+(x)|

and , when x >> 1,



2,00 1% = a2« 20+ o7,
2
0

a0 ]2 = a2x2(1 + o)),

where a, is the positive number in (4.3)

Lemma 4.6. Let a > 0 and set

i(a/3)03/2 ")

2(n') = L(n")e .
Then
t(n') = ie 271 4 0(z732))  for a|n"|?/3 5> 1
and
k .B . k+3]|8] wi—1
lanoan"L(n V| < Cy gY (L +0(|n"|"™)) for k, |B| > 0.

. 0 .
- ]
In particular, (L(1 Xs)xl)(n ) € Se/Z,O and L(Dy:)X8 1s
a Fourier integral operator with singular phase function
ja(yllnl) = ylnl - (4/3)0'3/2‘”--"
0

1~
cutoff functios defined by (4.7) and (4.8), respectively.

with amplitude 2(n')x (n') € S , where x, and y _ are the
£ £,0 1 £

Moreover denote by ¢2 the canonical transformation associated
with LX, which is defined by ¢;l(y',n') = (}%.(y',n'),n').

Then

(4.10) o, (y' ") = (v *+ 243, y* = (/36 Zn"/n"], )

for o > 0.



Lemma 4.7. Let a(y',n'), b(y',n') € st be homogeneous

1—6,0
in n'. Then there exist symbols a(o), b(o) € ST_E 0 and
’
a(l), b1 e S?:i+8 such that, modulo smoothing operators,
’

(a(o)

(Lxy) (B )aly' Dy )%, = +aMy iyt Lm0,

' _ (0) (1) '
b(y ,Dy.)L(Dy.)x (Lxl)(Dy.)(b + b ) (y ,Dy.)xe.

€
Here a(o)(y',n') = a°¢;l(y',n'), b(o)(y',n') = beg,(y',n'"),
a'l? ana b1 are O(In“]m—ly—l), supp 2l ¢ ¢, (supp By,a)
and supp b(l)c ¢51(supp Sy,b). In particular, if a(y',n') > 0
and

a°¢;l(y',n') < aly',n"),

then supp a(]) C supp a for j = 0, 1; if b(y',n') > 0 and

be¢, (y',n') < b(y',n"),

then supp b(J) C supp b for j = 0, 1.

For the proofs see those of [//],Lemmas 3.9, 3.5 and 3.7.

The following lemma is a direct consequence of Lemma 4.5 if

2/3 —1/3.

we set x = a|n"| and y = t|n"|

Lemma 4.8. Let b, be the positive number in [//],Lemma 3.10.

1
Then

Yy 1if 0 < a << T—z,

1 - |Ln")| -1

v

bty - o(|n"|

1~ |L(n")| "1y if o > 6%t7% and 0 < § < 1/2.

v

§ - o(|n"]



Moreover for v € Lg(Rn)
/2, .2 _ 2 _ 2
Re ((1 + Lxl)v, v) > blT“Y leﬂ + I (1 xbvﬂ O("V"—l/z)

if supp v(n') € {o << 172}, and

Re ((1 + Lx,)v, v) 2 8lvl® - o<nvnfl/2)

if supp G(n') c {o > GZT-Z} and 0 < 8§ < 1/2. 1In particular,

2 2 2
(4.11) Lol ® < vl ™ + O("V"—l/Z)

for v € L2(Rn) with supp v(n') c {o < o < 1}.

Note that Lemma 4.3 and (4.11) yield
2 2 2
(4.12) IEwl = < chyvl® + o("vn_l/z)

for v € Lg(Rn).

For the commutators involving Ly, or I we have

Lemma 4.9. Let a(y',n') € SO Then
D — l_EIOQ

I (L, alvi? < clyvl? + o<nvnfl/2)

and

2

2 2 2
+ lywlh®) + O(Ilvll_/12 + "w“—l/2)

(L, alv, w)| < C' (hyvl

for v, w € Lg(Rn).

For the proof see that of [//],Lemma 3.8. The following
a priori estimate for the operator [,will play an essential

role in deriving a basic estimate in this paper which will

be given in Proposition 6.1.



Lemma 4.10. There is a positive number b2 such that

Re (Lv, (1 + Lx;)v) 2 b2T("YleH2 sy 20 - xl)V“El/z)

2

- O(nvﬂ;l/z)

2

for v € Lg(Rn) with supp v(n') € {a << 1 °}.

For the proof see that of [//],Proposition 3.12, The

following lemmas are supplements to the above estimate.

Lemma 4.11. Let 0 < § < /2 and set

Cg = (sin §)inf (1 - x)—l/zAé(x)/AO(x).
x;O

Then Cs is positive and

lyvl? - o(lvi?

id
Re (e YK s _1/2)

oV v) >C

for v € L2(Rn) with supp G(n') c {-1 < a < 0}.

Lemma 4.12. Let a|n"|® > 1 and 0 < € < 1/2. Then

K,(n') = /o + i(4oc|n"|)"l + o(a"l/2|n"|'l).
Lemma 4.13. Let 0 < § < 1/2. Then
2 -1 2 2
Re (Z£v, (1 + Lxl)v) > 8%t Tlvl® - O("V"-l/z)

for v € Lg(Rn) with supp v(n') € {Tzd > 82y

For the proofs see those of [//],Lemmas 3.17, 3.18 and 3.19.



We will also use in §7 the family of pseudodifferential
_ty
operators At with symbols At(j',n') = <np"> O, Here t > 0

is a parameter and
s = arlx(nt D)+ @ )2 - xddnnh)

with the X in (4.7), so that <n"> = |n"| if |n"| > 2. For

T >1and t > 0 we set, as in [//1],

' : " -1/3
Ty = T + tlog <n">, Et = (no - th)<n > / ’
1 ——
Lt(n ) = (A_/A+)(Ct):
(4.13) K, (") = -i<n>"3@r/m) 2,
+, A
I 1 —1/3
KO,t(n') = -i<n"> (Aé/AO)(Ct)r
k
o 3 X (n‘) _3 " k _
(4.14) Xlt(nl) = X lk ( ltlg? <n">) XO(th<nu> llog <n">)
k=0 Bno :
<w
with such Xg* Nkﬁin {3.30), and
.1 = K + K L + K 1 - .
(4.15) L Ky ¢ * Ko (D)X ot X1¢)

Let viy') € H (R") be a function such that v € 1 (R®\K)
for a compact set K and supp v(n') C {]a| < cO<n“?—6} with

some positive numbers Cqyr §. Then we have

(4.16) /\tLXlV = LtXltAtV’ Atziv = j:tAtv

mod Hw(Rn n {yo > T}) for any real number T. Moreover Lemmas
4.2, 4.3, 4.4, 4.9 and 4.11 are still valid even if T and Xl

are replaced by T_ and Xygr respectively. Hereafter we suppose

t

that |oa| < Co<ﬂ">_6 and v is as above. Then we obtain

the following estimates.



Lemma 4.14. Let b, be the positive number in Lemma 4.8.

1
Then
-1
— ' - " 3
1 - |L ("] 2 byr,y - O(<n">"7) if a 20

and

1/2 2 2

Re ((1 + LtXlt)v’ v) > blﬂ(Tty) Xltv" + (1 - Xlt)v"
2 . 2,,n
- O(“Ttv“_l/3) if v € L°(R).

Lemma 4.15. Let b, be the positive number in Lemma 4.10.

Then

Re (l;tv, (1 + thlt)v)

1/2 vl 4 Hri/zy_l/z( 2

2 bz(ll'rt YXq¢ 1l - Xlt)V"—l/Z)

2 . 2, n
- O("Ttvﬂ_l/z) if v € L7(R).

For the proofs see the end of [//], §3. We also see

from Lemmas 4.14 and 4.3 that (4.11) and (4.12) hold for such

v as described above even if L and , [ are replaced by Lt and

th, respectively.



§5. Egquation on the boundary

Our next task is to solve, mod Cm,

(5.1) BGV | = f,

x_ =0
n

where G is the operator defined by (3.9), (3.10) and (3.29).

From now on we suppose that x_ = 0, lof << 1, (x',8") = ¢;(y",E"),
where ¢l is the canonical transformation given by (3.8), and
often abbreviate (x',0) € 93X as x', so ex(x',n') =

(exl(x‘loln')l 6 (x',0,n')) and so on.
n

Let Q_l be an elliptic Fourier integral operator with

canonical transformation ¢11 such that

7' = ¢7%e. = the identity, mod 0PS]",

(5.2) ®,9, 1 9

where @l is the Fourier integral operator defined by (3.28).

Then (5.1) is equivalent to

(5.3) s-1BG v

-1 _
1 oVo + @l B(Gh, Ge) = o.7f,

\'4
e

where (3.27) and (3.29) imply that @IlB(Gh, G,) is a classical
pseudodifferential operator with principal symbol B(x')(Wh, we)(x',g').
Moreover, since {(x',n') = ¢ for |n"| >> 1, it follows from

(4.1), (4.5) and (4.6) that, mod C (X'),

(BGyvy) (x) = [ FT M BTt nt) (1 + 1x) () (0 an'

: X [ ] ] ~
+ fele(x al )B(x')g(X',n')ln"ll/31;(”')vo(”')dn"



Therefore, applying @ll to each side, we have

-1 v
(5.4) (8]7BGyv,) (y') = (1 + Lyq)vg + ZXLVO,
n 0 -1

where ¢, 3 € OPSl,0 and, mod Sl,O’

Y ] L o 1 ) 1

c(y',n') = B(x )ao(x ')y

" 1

dy',n") = BBy (x' 0" 0"

with ags b0 the symbols given by (3.17). Note that (2.6),

(3.5), (3.6) and (3.16) yield

ag(x' ') =W(x',E', A(x',£))gy(x" /")

2/3 ! ' t ' ' '
| Py (XTI (', E Yhy(x',n')

(5.5) + aln"

bo(X',n') = W(x',g"', )\(X',E'))hO(X',n')

+ 0y (X',n')WE

n n

(X',E;')go(X'.n') '

because WE is independent of En'
n

We shall here specify the initial data on t = 0 for the

transport equation (3.23),. First suppose (1.9) holds. Let

0
1,0

whose symbol is the matrix ﬁ(x',g',gn) given by (1.8) with

E(t',Dy,) € OPS be an elliptic pseudodifferential operator

En = A(x',£'). Applying a parametrix E—1 for E to each side

of (5.3), one can write

v
B.,,v,., + B ( h = F
11°0 12 1’
v
(5.6) | €]
v
B,.v,., + B h = F
2170 22 v 2
e



Here Bll' B22 are square matrices of order ml, d+ - ml,
respectively; By,, B,, € OPS(])_’0 and, mod Si%o, By, (y',n') =0,
B22(y',n') =14 _ g - Hence, setting
+ 1
Vi -1
v |~ By2(Fy = By1Vg)s

we see from (5.4) and (5.5) that (5.6) becomes

v n _ _ -1
(5.7) (619, + Syhg) (L + Lixy) v +(81h0+ Hzgo)z;vb = F; - By,B,5F,,
N 0 n, 1/3 N
(S ' ' -
where Cqe 32 OPSl,O’ 81, c, € OPSl,0 and cl(y ') Iml + O(a)
- v wil/3 = 1/3
mod 8770, 8,y ") = olaln" M), iyt nh = (1, + 0t 0’| /
-2/3
mod S 1,0°
We shall now take go(x, n'), ho(x,n') for p = 0 in such
a way that 99 is elliptic and, for X, = 0,
" 1/3 — -
(5.8) hyln"| + d,9, = 0(a), mod 570
In fact, setting t = 0 in (3.23)+, we have
n-1 g
+ 1 ' 0 + ' ' - _ + 1 1
Therefore, if we define h, = —82g0|n"]'1/3 for t = 0, the
above equation becomes a symmetric hyperbolic system for
go(x, n')lp=0, because C;(x',o,n') is positive definite.
Thus (5.9) has a unique solution with initial data 9y = 1
on x, = 0. Consequently, 9 is elliptic and, by (3.5), (5.8) holds.



N
+ c,h,. to each side

Finally, applying a parametrix for glgO 2hg

of (5.7), we arrive at

(5.10) (1 + Lxl)v0 + bz;vo = fO,
where b(y',n') = 0(a) mod SZ o+ and
’
v " -1 -1
£y = (€399 + cyhg) T(Fy - ByyByyFo).

Next suppose (1.10) and (1.11) hold. For convenience

we denote by ﬁjk(x',g',gn), 3, k = l,---,ml, the matrix

ﬁ(x',g',gn) with the j-th column of W(x',g',gn) replaced by

- | ] L1} _

the k-th column of Wgn(x JEY) |n"| and set Rjk det kjk'
Then (1.11) means

my o

[ ] ]
Hereafter we suppose for definiteness that Rll(i',z',gn) £ 0.
Let El € OPS? 0 be an elliptic pseudoidfferential operator
¥

with symbol ﬁll(x',g',x(x',g')). Applying a parametrix Eil

for E; to each side of(5.3)Jwe obtain an equation of the

same form as (5.6), where B B are as before. Set

127 722

h|] _ -1
(5.11) y = B22(F2 B21V0)
e
with
F
1o Eilailf.
P
2

Then (5.3) is equivalent to



-1 _ -1

(5.12) (By; = ByyBypBpp)vg = Fy = ByyByoFy

the left hand side of which is of the same form as that of (5.7).
-1 1

] e - *+ (] .
Since B12B22 OPSl,O’ it suffices to examine Bll only.
Write
B
R TS Lx;) + dr L.

Ba1

Then, mod S%

4 l,O'

&' (y',n') = E]'Bg, + O(a),
[ [ [ — -1 -1 " 1/3
d'(y',n") = (E] BWh, + Py E1 ngngo)ln | =77,
where W = W({x',E', A(x',E")), Wg = WE (x',£'). Therefore,
n n
setting
€11 77 elml“1
(5.13) Ezl(y',n')B(x')W(X',g', Alx',EY)) =] ¢ : (y'/n"),
e * o 0 e
d+l d+ml
e have, mod S_1
v ’ 1,0’

ey, = R/RID (x,E, AxLEN T+ o),

I e 1 v 1 ] s
(5.14) ejl (le/Rll)(X N A(XY,E'Y)) + O0(a) for 2 < § < my .,
ejk = ij + O(a) for 1 < j < ml, 2 <k < ml.
We shall now take the initial data qo(x,n') and ho(x,n')
on p = 0 for (3.23)+ as follows. In the case of m, = 1, we

1

_ 5‘8_



define ho(x,n') = 0 for p = 0 and then solve (5.9) with initial

data 9y = 1 on Xy = 0, so that g, is elliptic and , by (3.5),
we have
(5.15) hy (x' /') = o(a|n"| 713,

Moreover (5.12) can be written as
n 1
c

n
(1 + Lx;) + dL = F, - By,B35F,,

-1
where, mod Sl,O’

Qce

(y',n') = ellgo(y',n') + O(a),

-2/3

poe

+ O(a).

(y',n') = gy&x",n") o, (x',n")|n"|

n

" v
Since d € Sg 0 is elliptic, applying a parametrix 8‘1 to each
’

side, we arrive at
(5.16) Bvo = f0

-1 -1
with £, = d (F, - B),B,,F,) and

(5.17) 23 = a(l + Lyxy) +Z.

0 -1
Here a € OPSl,0 and, mod Sl,O’
(5.18)  aly',n') = R, (x',£)/(p, (x',n")[n"|*/?) + ota),

n

so that condition (Hl) and (3.4) yield

arg a(y',n'") ¢ [-n/2, ©/2 - 60] for o = 0.



In the case of m > 2, we take

1 0
~-e
(5.19) go(x,n‘)lp=0 = 2
_é Iml—l
mll
L J

and define ho(x,n')lp=0 so that (5.9) holds. Then (5.12)
becomes

'\li r"| — —- —l
(5.20) a'(l + Lxl)v0 + b 1Lv0 =F, B12B22F2,

1

0 -
and, mod Sl,O’

where a', B' € OPS

-

Moreover, denoting by gik(y.,n-) the (1,k) entry of B'(y',n").
we see from (5.13), (5.14) and (5.19) that, mod 51%0'

m: [ ] ml ] ] ] ] _2/3
Bl (') = (B R /Ryy) (18T KT ED oy (]

+ O0(eyy) + Ofa)

and, for 2 < k < m,

n 1/3
Biy (v'on") = (Ryy/Ryy) ('8 MG E)py [0 /3 4 0(ey) + Ola)

because the (1,k) entry of E'l'lBWEn is equal to le/Rll' mod
for k > 2. (See the proof of [8], (5.25)).

O(ell)’



Now let E, be an elliptic pseudodifferential operator

2
whose symbol is equal to Im with the (1,1) entry replaced
1
. !
by %il(y‘,n'). Applying a parametrix;to each side of (5.20),
we arrive at a Eglf
(5.21) Bvo = £,
with £. = E.1(F, - B,.B.1F.) and
0 2 1l 1272272
(5.22) B =a@+ Lxy) + bl
where a, b € OPS? 0° Moreover, setting
’
a a b b v f1
(5.23) a = 11 12 b = 11 12 , vy = 1 , fO - ,
a1 222 Pr1 P22 P £
where ayqr bll’ Vi fl are scalar, and ayq7 b22 square
matrices of order m; - 1, we have, mod SIlo,
Rx(x',g') RA
] ] —
(5.24) all(y N ) = . : . 1/3(1 + O( R 1/3)) + O(a)l
P, (x',n')|n"]| Py In"|
n n
(5.25) alz(y',n') = 0(a), azl(y',n') = 0O(a),
(5.26) a22(y',n') = Iml—l + O(a),
1 1 —
and
-1
(5.28) b,,(y',/n") = Rgn(Rlz,---,lel)(x',g', a(x',8'))

+ O(all) + O(a).

Here le are the functions described above (5.11).



Finally we modify /3 for Yq << §0 as follows. Since
WF(f) is contained in a small conic neighborhood of T'(x',E') N
{x0 > 0}, one can assume there is a positive number 61 such

that
[0 ] n -
(5.29) f, € H (R N {yo <Yy - 61}).

Let ql(yo), qz(yo) € Cw(Rl) be cutoff functions such that

1
qj(yo) > 0 and

ql(yo) =1 for Yo ;0 - 261, supp q; C (§0 - 361, ©) ,
(5.30)

q2(y0) =1 for Yo > Yo ~ 461, supp d, c (yO - 561, ®) .,

Then we set

(5.31) Leaqe - Ny B = agb.
3,= g(l + Lxl) + %Z;,
so that
B for y, > §0 - 28,
~§ ) (1 + Lxy) + bl  for Yo > §0 - 484,
e Lxl)Iml + BIL for y, < ¥, - 38,
{ (1 + Lxl)Iml for y, < §0 - 561t

In the sequel we will find a solution A € H—w(Rn) of

_ o N =
£3v0 = £, such that vy € H (R" N {y; < yy - §,;1) and hence

&y
O<
|

= £,, mod 1 (R™) .



5.10

Remark 5.1. Adopting such a modification as (5.31), one

can simplify fairly the procedure in [11]. 1In the rest of this
remark we shall use the notations in the preceding paper except
for q, and dy and restrict ourselves to the case of (1.7).

First we replace (2.13) by Gv = G,v, so that (4.15) becomes (5.10).
(The (2.12),(4.8) and (4.13) are unnecessary). Next we modify

JBO for Y << §0 analogously to (5.31) of the present article.
Denote the modified operator by B . Then (5.5) is replaced by

-ié

S = qg{(l + LXy) + /Te OYXEl} + (1 - a3)v(1 - a5),

Lpn supp q3./
where q, is a cutoff function such that a; = 1 on supp a, Eﬁa‘qz = 1f

(The (5.2), (5.3), (5.4) and Lemma 5.8 are unnecessary). Besides,
in the proof of Lemma 6.8 or 6.9 one can assume that B = 1 + LX,
or i? =1 + Lxl + qzjl, respectively. (See the proof of Lemma 7.5
below) .

Remark 5.2. It should be pointed out that, in the case

where (x',E') is a diffractive point, the equation (5.21) can

be replaced by (a + bK_)v0 = f0 with T = 0 in (4.5). Since

0
ay5 T byK €5y ,3

reduced to a single equation for v

is elliptic, the system of m, equations is

1
1 only, namely, to (5.28) of
[8]. Therefore, using Theorem B.l of Eskin [5] in the references
of [11] (Comm. in P. D. E., Vol. 10 (1985), pp. 1117-1212),

one can relax the hypothesis (iv) of [8] so that arg Rx(x',E')

is contained in the closed interval [50, (3/2)ym - 60] for (x',&")

c A . ,
NO ZO, where 60, NO and 20 are the notations in (Hl).



§6. A priori estimates for the equation on the boundary

In the rest of this paper we deal with the more difficult
case where (1.10) holds, unless stated otherwise. (For the
case of (1.9) see Remarks 6.11 and 7.10 below).

The main purpose of the present section is to derive
a priori estimates for solutions of z?vo = fo and jBVO = fO
which will be stated in Propositions 6.1 and 6.3, respectively.
Here B is the operator defined by (5.17) when m, = 1 and

by (5.22) when m, > 2, and E; the modified operator given by

1

(5.31), where b = 1 if my, = 1. From now on we assume the

symbols a(y',n'), b(y',n') are homogeneous in n' for [n'| > 1.
First suppose m, = 1. Then
B =a( + Lxl) + L
is a scalar operator, where L, L and X, are the Fourier
multipliers given by (4.6), (4.7). Moreover, by (5.18), the

condition (Hl) implies that

(6.1) arg a(y',n') € [-n/2, ©/2 - 60] for o = 0,
in particular,

(6.1)0 Re a(y',n'") > 0 for a = 0.

Next suppose my > 2. Then, according to (5.24) and (Hl)’

one can assume without loss of generality that

(6.2) arg all(y’,n') c [-n/2, /2 - 60] for o = 0,
in particular,

(6.2)0 Re all(y',n') > 0 for a = 0.



LV

In order to state a basic a priori estimate for B we now

introduce an auxiliary bounded operator S on L2(Rn), defined by

S,v
(6.3)  svy=qa’| "M+ - ava - av,

52V
with

“18y 2
(6.4) Sl = (1 + Lxl) + 62Te YX_q v
(6.5) S,vy = (1 + Lxl)v2 + yv, + (bleLvl + bzzi,vz),
: — — — ' — —_n!

where if m;, = 1 then v, = vy and S,v, = 0. Here x_l(n ) = Xl( n'),

Y is the Fourier multiplier given by (4.7), T the parameter

in (4.4) and 62 a small positive number. Moreover gq = q(yo)

€ Cm(Rl) is a cutoff function such that qly,) = 1 for y, > §0 - 38,

and supp g € (y, - 48;, =). Note that (5.30) yields qq; = q;
and qq, = 4.

The following a priori estimate for B will play a basic

role in the following analysis.

Proposition 6.1. Assume (6.1) or (6.2) holds in the case

of m, = 1l or m, > 2, respectively. Then there are positive
numbers Ty Cl and 62 such that
(6.6) Re (Bv., §v.) > Citlyval? = o(lv 12, )

: or ®Vo! = 51TV 0 -1/2

for T > 1, and v, € Lz(Rn) with supp Go(n') c {y < 1 and
a << T_2}.



Note that (6.6) yields
(6.7) T“‘YV ll2 < C! lly BV || +C "Y—lv I
. T,8 0 s-1

for any real number s and Y_lvo € HS(Rn) with supp GO as above,

in particular,

(6.8) v 12 < C'Hz;v 12 +c lv.1?
- 0s - 1/3 = "1 0's +1/3 T, 0 s - 2/3

if v, e St l/3(Rn), where Ci is a constant independent of T, s.

For the purpose of showing that there exists a solution

of Zjvo = fO' we need also the following a priori estimate

for S.

Proposition 6.2. There are positive numbers T, and Cos

independent of 62, such that

2

172 1 - @v

2 1/2
(6.9) Re (Svy, vy) 2 C,(thy 2quyt? + 1yt/2¢

- oty 22 )

for t > T, and such vy € Lz(Rn) as in the preceding proposition.

To study the propagation of singularities in the region

a|n"|® >> 1 we use the following a priori estimate for JB .

Proposition 6.3. Assume that (6.1)0 holds in the case

of my, = 1 and that (Hl), (H2) hold in the case of m, > 2.

Then there are positive numbers Ty C3 and 63 such that,



if pl(y',n') € Sg 0 is homogeneous in n', 0 < p(y',n') £ 1

r

and p°¢2(y',n') < ply'.n")., ¢2 being the canonical transformation

given by (4.10), then

2 2 2 2 2 2
(6.10) thy vaH < C3(Hp23voﬂ + HpLxelgvoﬂ ) + Oo(lly VOH-EO)
for t > Ty and v, € L2(Rn) with supp Go(n') c {zlﬂ"l—e <a <
63T_2}. Here €, = 1/2 - (3/4)e with € the number in (4.8),
and Tar C3 and 63 are independent of p.

We also need an analogue to (6.6) for B . Denoting by

S0 the operator S defined by (6.3) with g = 1, we have

Corollary 6.4. Assume (6.1) or (6.2) holds in the case

of my = 1 or my 2 2, respectively. Then there are positive
numbers Tyr C4 and 62 such that
2
[ v |

(6.11) Re (Bvy, Syv,) 2 C, tlyvy, O(lvol_y /)
for © 2 1, and such vy € L2(Rn) as in Proposition 6.1.

Corollary 6.5. There are positive numbers Te C5 such
that

1/2 2 -1/2 2

(6.12) Re (SOVO, VO) > CSTHY VOH o(hy VO"—l/Z)

for T 2 tg and such v, € L2(Rn) as above.



The rest of this section will be devoted to the proofs

of the above estimates. From now on we suppose v, € L2(Rn),

1

supp Go(n') C{y <t ~, -1 < a << T-z}, and denote constants

independent of 1 by C,, C and so on.

k

Proof of Proposition 6.1 in the case of m,_= l. Write

(E?VO, Svo) = (qE;vo, q(l + Lxl)vo)
ié8

+ s.t(e g% 2 vy 5 (1 -aF (1-q) v,.)
,Tle TaPvy, avxiyv, QAP vy Y(l-a) v,

i

I + I,.

+ 62T12 3

1
. - n . .
Then, since g J§ = qa(l + Lxl) + g7 and (6.1)O implies that
n
Re a(y',n') > 0 for o = 0,

we obtain, analogously to [/)], Lemma 5.5,

2 + Hy_l/

2 2
{6.13) Re Il > bZT(“YquVO“ (1 - Xl)qu“—l/Z)

2 2
- Clyvyl® = ollvghZ, o),

where b2 is the positive number in Lemma 4.10. We also have,

analogously to [//], Lemma 5.6,

2 3/2 2
(6.14) Re 12 2 CGOHYX-quOH - Cly X_quOH
ey 20 2y v ? —oUiva?, )
X1'Vo' -1/2 0'-1/2""
where Cs is the positive number in Lemma 4.11 with § = 80.
0

Finally consider I Since

3*

1-@F = (1-a@+Ix) + (1-aayL,



one can write

I, = ((1 + Lxl)(l - q)vo, Yy{(1 - q)vo)

+ ([1 = g, Ixy1vy, Y = @)vy) + (1 - adgy, Lvgr v(1 = @)vy).

Therefore, by virtue of Lemmas 4.8, 4.9 and (4.12), we obtain

2 1/2 2
(6.15) Re I, > bytlyx; (1 - @)vl? + Iy /2y - xy) (1 = Qv
2 2
- CHYVOH - O("vou_l/z),
where bl is the positive number in Lemma 4.8. Now (6.6) follows
from (6.13), (6.14) and (6.15), if we take 62 small relatively
2
to bl’ b2 and 1. In fact, mod O(“voﬂ_l/z),
3/2 2 -1 2
iy X_lqvoﬂ < T ny_lqvoﬂ ,
-1/2,, _ _ 2 -1, 1/2,. _ _ 2
Iy (1 - xy) (1 q)voll_l/2 <t “ly (1 - x) (1 - @v,l”,

“‘Yl/z(l —_ X]_) (1 - q)von2 2 T"‘Y(l - Xl) (1 - q)v0||2

and

1/2

2 - 2
Ty (1 - Xy = X_l)qvoﬂ < Cly (1 - Xl)qvoﬂ_l/z.

Therefore we obtain (6.6) for T >> 1 and complete the proof.



To prove Proposition 6.1 in the case of my 2 2 we represent
the 3, B in (5.31) analogously to (5.23). Then, in view of

(5.25) and (5.26), one can assume without loss of generality

that
N,
a 0
Yo 11 ]
0 I
ml-l
For convenience set
N ¥
_ 1
BVO— ?‘:, Y
2
so that
(6.16) o=+ X)) + By, + B, LV,
(6.17) t, = 1+ Lxv, + By vy + By,

We also write

(6.18) (Bvyr svy) = (q¥y, a(l + Lxv))

is
0 2
+ 62T(e q%l, qyx_lvl) + (q%z, quvo)

+ (1 - B vy Y1 - @vy).

Lemma 6.6. Suppose (6.2)0 holds. Then

(6.19) Re (q%l, q(l + Lxy)vy)
2 -1/2 2
> sz(llyxqulll + ly (1 - Xl)qvl"—-l/2)

12

2 2
- (/211 + Lyxpau,l® - cellyvgl® - olvyl?, o).

Here b2 is the positive number in Lemma 4.10.



Proof. As we derived (6.13), it follows from (6.2)O

and (5.27) that

Re (q%l, g(l + Lxl)vl)

v

Re (blzl}qVZ' (1 + Lxl)qvl)

12 4+ 1y

2 2 2
+ sz("yxlqvl (1 - Xl)qvl“—l/z) - C"YVO"

2

- ollvgiZ, o).

Hence we need only to prove

(6.20) l(blzg:qu, (1 + Lxl)qvl)l

2 /2t Lxl)quuz * C'"Y"o"2 + 0(“Vo"31/2).

By (4.6) one can write
L =xr_(1+ Lxy) + K,

where K = K.xq * Ko(l - Xl) - K_, hence

(by,f.avy, (1 + LX;)qvy)
= ((1 + LXy)av,, K*¥bjy, (1 + LX;)qvy)

ik
+ (qv2, K blz(l + Lxl)qvl)

Besides, Lemma 4.3 yields

12

2
1 I

T, < (/&)1 (1 + Lxl)qu"2 + Clyv +ollvyZy /o).

1|



6.9

Moreover, writing

I, = ((1 + Lxl)*qu, K*bizqvl) + (qu, K*[biz, Lxl]qvl),
we have
|1, < (1/8)1 (1 + Lx)) *qu 12

2 2
S8+ clywgt? +ovily .
Since I (1 + Lxl)*qv2112 = 1(1 + Lxl)quﬂz, we thus obtain (6.20)
and complete the proof.

Lemma 6.7. Suppose (6.2) holds.
ié

2
Re (e Oq%l, qyx_lvl)

Then

(6.21)

2 (1/2)C50"YX—1qV1"2 - C7"YX_qu2"2

_ Ao Ll/2 _ 2 3/2 2 2
C7ﬂy (1 Xl)voﬂ_ Iy I

172 = —1/2) 0

X-19V1 - O(HVOH
where CG is

the positive number in Lemma 4.11.
0

Proof. Since it follows from (6.16) and

(4.6) that,
mod H (RY),

AV
X—lq¥l = X_19(ag1vy + by Kpvy + by oKgvy)y

we have, analogously to (6.14),
ié
0 2
Re (e q%l, qYX_lvl)
>

2 3/2
> CG ﬂyx_lqvlﬂ - Ccly X

2 g l/2 2
. _lqvl“ c'hy

(1= xvehZ)
- O(“v0"2

172) + Re (by,KoX_1avys ¥YX_19Y5) -



Besides, by Lemma 4.3, the last term is estimate from below by

2 2 2
- I 1< - ¢cnl 14 - o(lv, I
(1/2)c(SO YX_19vy crlyx_av, o(tvylZy /o)

Therefore we obtain (6.21).

Lemma 6.8. We have

(6.22) Re (q%z, as,v,)
2 byelyxgavyt? + 12 - xg)au,
+ (3/4)0 (1 + Lxl)qv2n2 - C8“YV0“2 - Cé"Y—l/ZVOHEl/z
- o(lv u21/2

Proof. It follows from (6.5) and (6.17) that

Re (q%z, quv )
2
> lg(1 + Lxl)vzﬂ + Re (gl + Lxl)vz, quz)
~ ~ 2
- ¢l 1
+ 2Re (g(1l + Lxl)vz, q(bzzl;vz + bzll,vl)) ctivv,

2
- o(nv ll 1/2)

Applying Lemma 4.8 to the second term on the right hand side,

from (4.12), Lemmas 4.4 and 4.9 we have therefore

Re (q% r 9S,vg)
2 1/2 2 2
[ [ I - I - [ I
> blT YX19V, + (1 xl)qv2 + (1 S)lg(1 + Lxl)v2
2 -1/2. 42 2
- i < - ¢l 1 - Iy |
Cs' o ety 2 vl Zy 5 = 0vel 2y /o)

for § > 0. Besides,



lq(1 + Lxl)vzﬂz > (1 - 8§)h(L + Lxl)quﬂz - Céﬂyvzﬂz
2
- O('"VZH—l/Z) .

Hence we obtain (6.22)

Proof of Proposition 6.1 in the case of m, > 2. Since

1-@F =1 -a9@+1y) + 1@ -aBL,

the last term of (6.18) is estimated similarly to (6.15).
Therefore (6.6) follows from (6.19), (6.21) and (6.22), as

in the case of my = 1. Thus we prove the proposition.



Proof of Proposition 6.2. Write

(SVO, VO) = (g(1 + Lxl)vo, qvo) + (y(1 - q)vo, (1 - q)vo)

-18, 2
+ 62Te (qYX~1Vl’ qvl)

-+

(@ly + by L)v, + gby) L vy, avy)
= I, 4 I, + I+ I,.

By virtue of Lemma 4.8 together with Lemmas 4.1 and 4.9 we have

1/2 2 _ 2 1/2, 1/2 2
Re Il > blrﬂy quvoﬂ + (1 xl)quH T Iy quH
_ -1/2, 1/2 2 -1/2 2
CT Iy VO“ o(lly VO"—l/Z)’
Clearly
_ 1/2 _ 2
12 = Ny (1 q)voﬂ .
It is also not hard to show that
_ 1/2 2 -1/2 2
Re I3 = 62T(cos GO)HY X—lqvl" + o(ly Vl“—l/Z)'
Besides,
1/2 2 v1..3/2 2 -1/2 2
|I4| < Cly qu" +C'lly VO" + O(lly vO"—1/2)°

Thus,; noting that

2

V200 - xpavgh? + olvgt?, ),

(1 - Xl)qV0"2 > Thy

we complete the proof.



We shall now proceed to the proof of Proposition 6.3.

Lemma 6.9. Let my > 2. Assume (Hl) and (1.18) hold.

Then there is a positive constant C such that
(6.23) Iblz(y',n')l < C(Re aj (y',n") + ya) for 0 < a << 1,

where ayqr bl2 are the symbols in (5.23).

Proof. 1In view of (5.28) it suffices to prove (6.23)
3 ' ' 1 1
with b12 replaced by le(x ' & ,Ao(x 1£')) for 2 < k £ my
where (x',£') = ¢l(y',n') and Rip is the notation described

above (5.11), because (Hl) and (5.24) together with (3.4)

1

. ' [} [ _ -
imply that Iall(y ,n')| < CRe all(y ,n') for a = 0, mod Sl,O'

Hereafter we omit the variables except En’ so R(En) stands
for R(x',&',in) and so on.

We first show

(6.24) 2V/u~R

+, _ +
0 1k(En) = clkR(gn) for Mg > 0 and 2 < k < m, .

Set

W(EY) = (V3 (Ep) o oe ¥y (E)),

WEn = (Vi,°°°,V$l),
so that
R(E ) = (Vo (E ), »=+,V_ (E ), W, W).
n 1'°n ' m, °n h
Then by (1.13) we have

- + + _



Since E; = 5; + 2/u0 and Vﬁ is independet of En, we also see that

-— _ + '
Vk(En) = vk(gn) + 2/ﬁgvk.

Therefore we obtain (6.24). (3.4) and )

Now, since E; = AO - /uo and, by373-7):W;VU0 = /apx ln"ll/3,
n

we have from (1.12)

1/3

R(ET) = R, (A (R, + Yap, [n"|/7) + 0(a),

n n

g

so (6.24) yields

2/u R, (A

MRy (Ag) ln"ll/3) + O(a).

= c Ry (Ag) (Ry + Yop

1k™g X

n n
Consequently we deduce from (1.18), (5.24) and (Hl) that

Ry (Ag)/(Re ay; + Yo) is bounded. Thus we prove the lemma.



Now, by Lemma 4.8 there is a positive number 63 such that

(6.25) 1 - | ]? 2 by - offn"|™h for 0 < o < 8,17,
Suppose v, is as in (6.10) with the above 63. Then (4.6)
and (4.7) imply that Lx,Vy = Lvg and JLVO = (K, + K_L)vo.

Hence by Lemma 4.12 and (4.9) we have

(6.26) LV =YL - Livy + oy 2yl _

ol-1) -

We also see from Lemma 4.7 that there are pseudodifferential

(0) p(l)

operators p ' such that, modulo a smoothing operator,

0 1
va0 = Lxep( )VO + Lxgp( )VO,

where p(o)(y',n') = po¢2(y',n') with the canonical transformation

¢, given by (4.10), and p(l)(y',n') € SEEZEO' Hereafter L(n')
7
is modified outside supp GO in such a way that L(n') (1 - Xe(n'))

0

€ S./2,0°

0
1-¢,0

and let gq,s be real numbers. Then for v € Hs(Rn) with

Lemma 6.10. Let p € OPS be as in Proposition 6.3

—€

supp v(n') € {|n"] < a < 1} we have

q (0)_,2 q_ .2 a2
(6.27) Iy P V"S < Iy pV"S + O(ly V“S + (—l+€)/2) ’
(6.28) Iy va"S < oy pvlls + O(lly V"s + (-l+€)/2)'
q 2 a2 dg 2
(6.29) Iy*pLvl ® < Iy pvl o+ oly=vly 1,y /2) -



Proof. The first estimate can be proved analogously
S=

to [/)), (5.16). To derive (6.28) one can assume g = 0, because

~1+¢

the symbol of the commutator [v%, pl is o(y%|n"| ) on supp V.

Now we have

(0)

tprvl? = 1Lp @12 + o(ivi

2 )
(=1+e) /2’ °

Since Lemma 4.6 implies that |L(n")| € Sg_e or we denote by

|L| the pseudodifferential operator with symbol [L(n')].

Then, noting that 11p @ w12 = 1]n|p @ vi? ana [|L], p'®1 €
-1l+e
OPSl—e,O' we get
(0) 2 (0) 2 2
1zp (O vi? = 1p® njvi? + oavi? L ).

Therefore by (6.27) we obtain (6.28), which yields (6.29),

because of (4.11).



Proof of Proposition 6.3. Since the case of my, = 1 can

be handled analogously to [/]/], Proposition 5.3, we suppose

that m, > 2 and Vo

may also replace B by

is as in (6.10). In view of (6.26), we

290 = a(l + L) + by(l - L).

Moreover by (5.25), (5.26) and (5.27) one can assume that

a 0
a(y',ﬂ') = 11 ’
0 Iml-l
1 b
b(y',n') = 12
by1 Py
and
all(Y',n') = all(y'loln“)‘
Now set
£
Bovo = o
£,
so that
(6.30) fl = all(l + L)vl + y(L - L)vl + blzy(l - L)V2,
(6.31) f2 = (1 + L)v2 + b21Y(l - L)v1 + b22y(l - L)v2.

First suppose (1.19) holds. Then (5.24) implies ayq

= O(a). Hence one can assume

(6.30)0 fl = y(1 - L)vl + ble(l - L)v,.



We shall prove

2 2 2 2 2 2
(6.32) blT"Y pvoﬂ < prlﬂ + "pol" + C(Hypfzn + Hprfzﬂ )
2 2 2 2
)
+ C'ly pvoﬂ + O(ly VOH—EO)'
where bl is the positive number in Lemma 4.8 and C, C' are

independent of 1. Let us apply 1 + L to each side of (6.30)0.

. . . _ .
Since Lemma 4.7 implies that Lb12 = blZL + b12
0

. . oo -1l+e
OPSl_elo and blz(y (n') = 0(y) mod sl_E’

L}
L, where b12 S

0’ we have

Y1 - LHv, = (L + L)E, - b,y(1 = L) (1 + L)v, -bl,yL(1 - L)v,.

12Y 1

Moreover (6.31) yields

blzy(l - L) (1 + L)v2

= b;,y(1 - L)f, - b12Y(l - L){bzly(l - Livy + b22Y(l - L)V2}°
Hence by (6.28) and (6.29) we get

2 2
2] (py(1 - L )vye Yopvy) |

2 2 2 2 2 2
< prlﬂ + "pol" + C("Ypfzﬂ + Hprfzﬂ )y + C'lly pVOH
2 2
+ O(ly VO"(—1+€)/2)’
while
2Re (yp (1l - L2)vl, szvl) > Hy3/2pvl“2 - HLy3/2ple2

3/2. 42
- oy vy hey y2)



Therefore by (6.25) we obtain

2 2 2 2 2 2
blT"Y pvlﬂ < "pfl" + "pol" + C("ypfzﬂ -+NYpo2H )
2 2 3/2 2
+ C'lly pVOH + o(lly VO"(—1+e)/2)'
Similarly, (6.31) yields
2 2 2 2 2 3/2 2
(6.33) blTuY pvzﬂ < Hypfzu + Cly pVO“ + O(ly VOH(—1+€)/2)°

Thus we obtain (6.32), because

3/2 2 _ 2 2
Iy VO“(—1+E)/2 = 0(ly VO“—EO)'

Next suppose (6.2)0 and (6.23) hold. Then we shall rewrite

(6.30) as

(a11 + y)vy + (all - y)Lvl = £, - blzy(l - L)v,
and prove

(6.34) b, iy pv, )2 2 v 112

2
< Ipf1° + Bypf, 1% + cly pv,

2
0“-80)'

where C is independent of 1. For convenience we modify vy

A

outside supp v

+ O("sz

Oas

2)~€/4

Y = X + (1 + In"| (L - x.)

€

0

l-¢,0°
e/2
l-e,e/2

for a;, + ? such that &®(y',n') = (all(y',n') + ?)_l, mod

with Xe given by (4.8), so that Yy = vvo and v € S

Since Re all(y',n') > 0, there is a parametrix & € S

1£€+€§§' Applying ¢p to each side of (6.30), we have



n,
(6.35) pv, + <I>(all - Y)pLVl = ¢pf, - @blzyp(l - L)v,
-2
+ o(ly voﬂ_l).
N i o(a,, - Y) € ops’ d
ow, since all Y 1—8,6/2 an

l(ag, (g*on") + V) Hag vt =N <1,

we have

N 3/2 2
Il<I>(all - Y)Yy / pLVlH

"Y3/2 2 3/2

A

pLv, 1% + o(lly

2
1 PLv 121 /2 4+ (3/4) ¢

and hence by (6.28) and (6.25) we obtain

" 3
2Re (pvl + <I>(all - Y)val, Y pvl)

2 2 _ o372

12 pv, |
1'-1/2 + ¢

fv

2
blT"Y pvy - cly

0

On the other hand we see from (6.23) that @blz € OPSl—e,e/2'

Therefore by (6.35) we have

W 3
2] (pvy + ®(ay; = Y)pLvy, Y pvy)|

2 o2 2 2 2
< prlu + Cc'ly pvoﬂ + Oo(ly VO"(—l+g)/2)’
0
*
because o*y & Sl_€,€/2. Thus we get
2 2 2 2 2 2 2

|

blT|Y pvl" < "pfl" + Cly pvoﬂ + O(lhy VOH_EO).

v. 12 )
1 (-1l+e) /2" °

By this and (6.33) we obtain (6.34) and hence (6.10) if T >> 1.

The proof is complete.



Remark 6.11. Suppose (1.9) holds. Set B = (1 + Lxy) + b/

Y4
— 0 .
and § = (1 + Lx,) + qzbl/, where b € OPSl’0 is the

pseudodifferential operator in (5.10) and q, the cutoff function

in (5.31). Then, using Lemma 4.8 and (4.12), we obtain easily

~ 2 2
(6.36) Re (Bvg, Yvg) 2 Ctlyvyl® — o(lvylZ )

for such 1 and vy as in (6.6), in particular,

2
2 R 2 -1
(6.37) thyvgls < C'EBv iy + CT,S“Y vols-1
for s € Rl and vy € #°(R") with supp Go(n') as before. Here
C, C' are positive constants independent of T, s and Ve

Moreover, by virtue of (6.25), (6.26) and (6.28) we have

2

2 " 2
(6.38) thypvgl? < chippv 1 + 0(“Y"o"—eo)

for such p, 1t and vy as in (6.10). Here €9 is the same number

as before and C" a constant independent of p, T and Vo



§7. Singularities on the boundary

In this section we study the propagation of singularities

of solutions to (5.16) for my, = 1 and (5.21) for my > 2.

From now on we shall fix the parameter 1T in (4.4) and choose
a positive number 64 in such a way that (6.6), (6.9), (6.11)

and (6.12) hold for v, € L*(R") with supp ¥,(n') € {|a| < 25,}

0

and that (6.10) holds for v, € L2(Rn) with supp Qo(n‘) -

0
{ZIH"I_E <o < 264}. For convenience we rewrite (6.7), (6.8) as
(7.1) Iyvl . < c Iy P B vl + o ly™ v
: 0 s="1 0 s ] s-1

for s € R® and Y_lv € H°(R™) with supp Go(n') c {|a] < 28,1,

0

in particular,

(7.2) I v + C_lv
s

o's - 13 S GV 8V s 4 13 olls - 2/3

s + 1/3

if v, € H (Rn). The analogous estimates for B also

0
follows from (6.11). Moreover (6.10) implies that

2

2
(7.3) ey PV, < CO(“p‘BVO“S + |1pLX€B VO\ls) + Cp,SnY VO“s—e

!
s

0
1,0’ 0

c -(_.'Z|T]"|_'E < a < 264}, where C, is independent of p, s. One

s € Rl and v

for such p € OPS e 8% (R™) with supp Go(n')

can also assume without loss of generality that

(7.4) WE(£,) © {]a] < §,3.

0



For the existence of solutions we have

Proposition 7.1. Assume (6.6) and (6.9) hold. Suppose
s +1/3

f. €H (Rn) for some s € Riand (7.4) holds. Then there

is a solution v, € gS = /3 @RY of E;vo = £, mod H(R™) such

that WF(v,) € {|e] < 8,1, supp Go(n') c {la] < 26,1} and

-1 -1
Iyvgly < C 0y e T+ ey vl o,

a vl
where B is the modified operator, given by (5.31). Besides,

the solution is unique mod H™(R") in the set {vy € H O(RM ;

N (4
supp v, (n') C {]a] < 28,}}. The analogous result with B
replaced by 3 1is also valid, provided (6.11) and (6.12) are

satisfied instead of (6.6) and (6.9).

For the proof see that of [//], Proposition 6.1.
To examine the singularities of the solution we divide

it into two parts, as in the preceding paper. Set

N
X (n') = x(a|n"|® - 1)
with the in (4.8) o that ¥_ € S0 and =1 X
X . r S X8 1-8,0 XE - on supp XE.
Proposition 7.2. Let v., € H (R") be a solution of

01
A" =) n N
é}vOl = Xefo mod H (R) such that supp VOl(“') c {la] < 254}.

Suppose (7.1) with Efreplaced by z} holds. Then

(7.5) v = X,V mod H (R™)
01 2701’ !

0

S1-¢,0’
Xy = 1 on supp %e' Furthermore assume (5.29) and (7.3) hold.

for any cutoff function xz(n') € like Xer such that



Then
e} n -
(7.6) vgy € H (RT N {yo <y - 81})
and
A A+

(7.7) WF (vy,) NNy © My(£,),
where

N, = {(y',n') € T*R™\0; a = 0},

l\+ N

My (£,) = {(y0 +t, y", n') € Nyi (y'/n'") € WE(£,), t 2 0}.

Proof. The proofs of (7.5) and (7.6) are analogous to

those of [//]1, (6.12) and (6.14), respectively. To prove (7.7)

let (;',%')be apoint in N, such that (;’,ﬁ') 4 MS(%efO) and

0
set y' = (?O, ¥"). Then it suffices to show that (Yqr §", n)

- n,
¢ WF(vy,) for ¥, - 8, £y, < ¥,

As in the proof of [//], Proposition 6.4, one can find
a sequence of cutoff functions pk(y', n') € Sg 0 (k = 1,2,¢+°)
!
A"} © n '\J' ny v n
such that pkxefOEEH (R7), pk(Y0, y", n'/|n']) =1 for Yo £ Yoo

Perp (¥'r ') =1 onsupp pp, 0 < py <1 and pped,(y', n') <
pk(y', n') for a > 0. Moreover Lemma 4.7 yields that, mod

©, n —

H(RD), Py BPry1Vo1 = Pk BVoy @nd PyIX B PryiVgr = PelXe B V-
2 s+Neo n

Therefore by virtue of (7.3) we have ¥y P1Vyy € H (R7)

for each positive integer N provided szOl € Hs(Rn), and hence

we deduce that P1Vg1 € H (R™). Thus we conclude that

Y

(yo, v", ﬁ') & WF(vOl) for Yo £ ?O, which completes the proof.



Proposition 7.3. Let v, € 15 °(R™) be a solution of

23v01 = %efo mod H o (R™) satisfying (7.5) and (7.6). Suppose

(6.1), or (6.2)0 holds in the case of m; = 1 or m, > 2,

respectively. Then

~
(o0}

k ~
(7.8) WF(vy) NN, C U _ 05 (WF(£) N N,

where ¢2 is the canonical transformation given by (4.10) and
N, = {(y', n') € T*R"\0; a > 0}.

Proof. Since the case of my, = 1 can be handled analogously
to [//], Proposition 6.5, we assume my 2 2. Then (5.22),

(4.6) and (7.5) imply

n ©, N
cvyp dLXeVOl = Xefo’ mod H (R7),
where
c = (a + K+Im )X€ + (1 - Xe)Im ’
1 1
d = a + K_Im .
1

Therefore, in view of the proof of the proposition cited above,

1

it suffices to show that there is a left parametrix ¢ ~ €&

€/2

51-(3/2) €,e/2 TOT ©

Setting, as (5.23),



0

we see from (5.26) and Lemma 4.12 that Cyy € Sl—e 0 is elliptic.
r
-1 0 .

Let c,; € Sl—e,O be a parametrix for c,,. Then we have

1 eppennlenn epg] | @ 0 —oo

- , mod OPS ,
0 S, c c cote I
22 21 22 22721 ml-l

where

_ _ =1
P = CS11 7 C12%22%a-
Moreover (6.2)O and(5.25) imply that there is a parametrix
-1 e/2 oy
p € Sl—(3/2)e,e/2 for p (see the proof of [/[/], Proposition 6.5).

Therefore, setting

-1 -1
1 p 0 L =C15%3;
c =
-1 -1 -1 '
~CppCy P Iml—l 0 53

we have ¢ ‘¢ = I~ mod ops~”. The proof is complete.



For the purpose of studying the propagation of singularities

of the solution v, to jB Ve = (1 - %e)fo, we first take a solution

0

Y4
of the modified equation B v

v (1 - ')\(E)f0 and then show

02 02
—-— . . —_
that WF(VOZ) C {yO > ¥y 261} hence (5.31) yields [ Vgy =

JBVOZ mod Hm(Rn).

Proposition 7.4. Let v, € 2 "(R") be a solution of

E?V = (1 - ¥ )f. mod H (R™) such that su v.(n') C {la] < 28,1
02 Xe!to IS VAL 4’

Suppose (7.1l) holds. Then

(7.9) v = X3Vgy mod Hw(Rn),

02

for any cutoff function x, € SO , like 1 - x _, such that
3 1-¢,0 €

Xy(n') =1 - x(a|n"|® - £) with 2 < t < 3, so X3(n') = 0 for
ajn"|® > 2 + t and X3(n') =1 for a|n"|® < 1 + t. In particular
WF(V02) N N, = ¢ . Moreover
(7.10) WF(v,) N N_ C WF(£,),
(7.11) WE(vy,) 0Ny © My (),
where

N_ = {(y', n') € T*"R™0; o < 0},

Mo(fo) = {(y0 +t, y", n') € NO; (y', n') € WF(fO), —o < t < o},

Proof. The proof of (7.9) is analogous to that of (7.5).

Besides, (7.10) is a direct consequence of (7.1). To prove (7.11)

YUy

let (?0, ¥", §') € N, be a point such that (?0, ¥R £ ﬁo(fo).

0

Then (yo, ?", H') & WF(fO) for all YO € Rl. Moreover one can



find a conic neighborhood I of (;", %') such that (yo, yv", n")
& WF(fO) for all Yo € Rl and (y", n') € L. Let p(y", n') € Sg 0
14

be a symbol, independent of Yo such that supp p € I. Then
pi?voz € H (R") and it follows from (4.7), Lemmas 4.1 and 4.2
that the commutators |[p, Xl]’ [p, X3] and Y—l[p, Y 1 belong

1
[P, Ky(l - x;)1 are O(Y|n"|_l). Furthermore, by Lemma 4.6,

-1
to OPS 73,0" and the symbols of [p, K+Xl]’ [p, K_] and

the symbol of [p, Lyx,X,] is O(y2 n" ~€/2y | Therefore by (7.1)
143

we deduce that YPVjo € HS+€/2

we obtain (7.11).

(R™) if Yoy € 75 (R™) . Thus

Lemma 7.5. Let v € H—w(Rn) be a solution of Efvoz =

02
(L - %e)fo, mod Hm(Rn), satisfying (7.9), (7.11) and supp voz(n')

c {|a] < 28,}. Suppose (5.29) and (7.1) hold. Then

©, n -
(7.12) Vg, € H (RN {yO < vy - 361}).

Proof. We first show that v is smooth for Yo << Yq

02

more precisely,

(7.13) e g ((R" n {yg < ¥g - 58,1

Vo2 0

Let p(yo) € Cm(Rl) be a cutoff function such that p(yO) =1

for y, < ¥, - 58, +8and ply,) = 0 for y, > yq = 58, + 28

1
with small 8§ > 0. Then from (5.30) and (5.31) we have
px = p(l + Lx,) . Hence we obtain (7.13) similarly to (7/1,

Lemma 6.8.



Now, the proof of (7.12) is also similar to that of Lemma 6.9
in the paper cited above. Note that by virtue of

(7.1) and (7.9) one can assume

(7.14) supp (’\‘roz)m') c {|a] < SIn"I—E}/

0 -l+e ., '
1-¢,0 1-¢,0 +f x_p(n")

= X(—dln"le). Let po(yo) € C:(Rn) be a cutoff function,

N %
because Z3X-2 € OPS and [x_z, B 1 € 0Ops

supported in a small neighborhood of [y, - 568., y, - 38,1, such
0 1 0 1

that p = 1 on a smaller one. Then we have
N —
B PgVo2 = 9
with
/\J r~
g=P0(l_ XE)fO - [polglvozl

so that g € H (R" N {yo <y - 361}) and (5.31) together with

0
(5.30) implies

~ _ ~ <] n
B PoVo2 = (1 + LXl)pOVOZ + blpyvy,, mod H (R) .
Moreover (4.16) yields

o~ o~ ©,  n
PA BPoVpa = B ¢APoVgpr mod H (R,

[0}

for any cutoff function p(yo) € CO(Rl) such that p = 1 on

supp po. Here

-~ n,
Be= (1 +Lixgy) + b Ly



where Lt' X1t and ‘Lt are the Fourier multipliers defined by

(4.13), (4.14) and (4.15), respectively, and Bt = P mod OPSilz;(S
’

for any § > 0. Therefore, applying pASAt to each side of

a4

B PoVpa = 9 and setting Ve = Atp0V02’ we arrive at

(7.15) B MV = pA®A g, mod TR,

14
where A° is the pseudodifferential operator with symbol <n">S

and
[ Shngd _ o (3 oy -
Bt,s = (1 + LtXlt) + (bt + [A7, bt]A )Lt.

Furthermore by virtue of Lemma 4.14 and so on we obtain

g s s 1/2_,s 2 S 2
Re (Z;t’SA Ve YA vt) > Cl“Tt YA vtﬂ - O(“TtA vtu_l/z)

for t > 1 and s € Rl, where C1 is a positive constant independent
00 n -
of t,s. Thus one can deduce that p,v,, € H (R N {yo < Yo - 361}),

which yields (7.12).



We are now in a position to prove an analogue to (7.7).

Proposition 7.6. Let V42 € H ~(R") be a solution of
n, . ~
?;VOZ = (1 - Xc) £, with (5.29) such that supp vy (n') <
{la] < 26,}. RAssume the hypotheses of Proposition 6.1 are

satisfied. Then

~ /\+
(7.16) WF(VOZ) N N0 - Mo(fo).

. © n - ~
In particular, vy, € H (R* N {yO <¥g - 61}) so that Bv.,
= Bv02 mod H™(R").

Proof. Let (;', ﬁ') € NO be a point such that (;', %')
& M;(fo). Let g(y", n') € Sg 0 be a symbol independent of Yo
supported in a small conic neighborhood of (;", %'), such that
aly", n') =1 on a smaller one. Let w;, w, € 5 7(R™) be solutions
N ny [y n

of Bwl = gq(l - Xg)fo’ sz = (1 - q) (1 - )(e)f0 such that
Qj(n‘) c {|a] < 28,}, j = 1,2, respectively. Then we have

(y',mn') & WF(wZ) analogously to (7.11). Thus it suffices

to prove(y', n') ¢ WF(wl). To do it one can assume that wq

satisfies (7.12) and (7.14), so (5.30) and (5.31) imply
~no

pwy = (2 (1 + Lxy) + bL)wl.

Moreover, since (yo, ?", ) & WF(fO) for Yo £ ;O, there is

a positive number T such that
A" oo n ~
all - X )f, € H (R° 0 {y, <y, + 2T})

provided supp gq(y", n') is sufficiently small.



Let po(yo) € Cz(Rl) be a cutoff function, supported in a small

neighborhood of [{;O -38,, ¥, + 2T], such that p; = 1 on a

smaller one. Then, setting Ve = Atpowl, we have an analogue
to (7.15):

g s _ s © n
(7.17) B‘t gMvy = pA Atg, mod H (R),

’

for any cutoff function p(yo) € C?(Rl) such that p = 1 on

SUpp P/ where
ny ~
g = poq(l - XE) fo - [POIB ]wll

so that g € B (R" N {yO < § + 2T}). Here

0

B o= B+ 1% ZI075 0 + nxg) + by + 105, b a2,

(y', n') = S(y', n') + (3 'X(y', n")) (-itlog <n">), mod STt
t Ng 1,0

Furhtermore

and bt also has the property analogous to gt‘

one can derive

-1/2 -1% s
o' T Y T B, !

3/2
t

1/2 ,s
(7.18) “Tt YA th <C

+ o/ 2y hSv 1))

for t > 1 and s € Rl, where C, is a constant independent of t,s.

0

To prove this one can assume

ny
Bt < = a(l + thlt) + b,-(,t.

Therefore, analogously to (6.6), we obtain



Y s s 1/2 2
Re (F MAve, S Av) 2 Cplity

14

\

s ] 2
YA Vt" - O("TtA vt"-l/Z)

for t > 1 and s € Rl, where Cl is a positive constant independent

of t, s. Here St is the operator defined by (6.3) with g = 1,
in which T, Xq7 L and L are replaced by Ter Xqgr Lt and l:t’
respectively. Moreover in the proof we use Lemmas 4.14 and
4.15 in place of Lemmas 4.8 and 4.10, respectively. Thus

we obtain (7.18).

Note that (7.17) and (7.18) imply

" 5—1/3
A Vt" <cC .

IpA Agl + o(lA )

0
for any § > 0, say, § = 1/6. Hence we have

s+l/3A

185723y 1 < 2c IpA NISEN

tgll + C £

0 t,

for each t > 1 and s € RY, where B = ?0 + T - (§0 - 38,).

e HS(R™) for some 5 € R'. Then for each t > 1,

s-1/3 .
vtn is

—

Now suppose wy

taking s = s - 1/3 + (;0 + T)t, we see that A

finite, because w, satisfies (7.12). Consequently we have

1
oo n n,
Pow; € H (RT N {yo <y, t T}),

in particular, (;0, ;“, 1)) & WF(wl). Since Voo W ot W,

mod Hm(Rn), we thus prove the proposition.



Now, we shall return to (5.3), restricted to the case
of (1.10). Set f8 = ®1%€®11f, where %e is the cutoff function

described above Proposition 7.2. We also define v \'

hl’ “el
by (5.11) with Vo and f replaced by Vo1 and fe’ respectively,

and v

n2' Ve2 analogously with Vo and f replaced by v and

02
f - fe' respectively. Finally set

(7.19) 3

v .
|
Then from the results of this section we have easily

Proposition 7.7. Suppose the hypotheses of Proposition

7.2 and 7.3 are fulfilled. Then (7.5), (7.7) and (7.8) hold
(1)

and o_1f, respectively. In

with vOland fO replaved by v 1

particular, WF(v(l)) N ﬁ_ = ¢.

Proposition 7.8. Suppose the hypotheses of Proposition

7.4 and 7.6 are fulfilled. Then (7.9), (7.10) and (7.16) hold

(2) and Q-lf, respectively. In

with V02 nad f 1

0 replaced by v

particular, WF(V(Z)) N ﬁ+ = ¢.



From these we obtain

Corollary 7.9. Suppose the hypotheses of Theorem 1.1

are satisfied. Let v(l),v(z) be given by (7.19) and set
v = V(l) + v(z). Then
BGV| _, - £ € CT(X"),
n
where G is the operator defined by (3.9), (3.10) and (3.29).
Moreover for X = 0 we have WF(Gv(l)) NN_=¢, WF(GV(Z)) N N,

=9, wrev®) nw_cwr(e), wriev'?) n g cwl(f) for 3 = 1,2

0
and
(1) o0 k
WF (Gv y N N+ C Uk=0¢+(WF(f) N N+).

The proof is analogous to that of [11l], Corollary 6.10.

s

Remark 7.10. Suppose (1.9) holds and let B, B be as

Remark 6.11. Then the existence of solutions to E;VO = £,
follows as usual from (6.36). Moreover the conclusions of
Propositions 7.2, 7.3, 7.4 and 7.6 are still valid, because
of (6.37) and (6.38). Hence those of Propositions 7.7, 7.8

and Corollary 7.9 are also true.



§8. Proof of Theorem 1.1

In this section we will complete the proof of Theorem 1.1,
by showing that E(f) = Gv has the required properties. Here
Gv is the same function as in Corollary 7.9.

Let Gn, V € X' and £ € R™MO be, respectively, a positive
number, a neighborhood of X' and a conic neighborhood of n'
such that, for (x', xn) € vx[o0, an) and n' € I, the phase
functions 6(x, n'), p(x, n') and the amplitudes a(x, n'),

b(x, n') have the properties stated in §3. 1In what follows
we take Gn’ V and % small if necessary, and often write

U, = vx [0, 6n). Then by virtue of (3.4) one can assume

(8.1) p(x, n') < (a-CX)lﬂ"|2/3

]
a*n for (x, n') € UnXZ,

where ch is a positive number.

o0}

Now, that Gv € H;é; (Un) is a consequence of the following.
Proposition 8.1. Suppose v(l), v(z) € HS(Rn) with some
. 0,s
- 1 k.. (3) "k .
€ . €
s € R Then D_Gv Hioe (U,) for each integer k > 0 and
i = 1,2, where Sy is the minimum of 0 and 3(s - k) - 2n - 2.

Proof. From (7.5) and (7.7) through (7.11) we see

analogously to the proof of [11], Proposition 7.4 that D];GovOj
0rsy x K

€ HlOC (Un). One can also show as usual that DnGhvhj’ DnGevej

€ Hgéz_k(Un). (See e.g. Chap. 10, §2 of Kumano-go [14] in the

references of [11]). The proof is complete.



8.2

On the singular support of Gv we have

Proposition 8.2. There are compact sets Kl’ K2 C X and
(3) <

a positive number T such that Kj N {xo < T} C U, and Gv

c”(un\Kj), 3 = 1,2.
Proof. Set
Kgp = {(x',0) € X; x' € sing supp V5,1t

Then from Propositions 7.4 and 7.6 we see analogously to [11],

Proposition 7.6 that GOV02 € C (Un\KOZ) provided 61 and 64 are

small. One can also deduce as usual that GeVeZ is smooth outside
. oot . .

{(x',0) € X; x' € sing supp @lvez} and that G,v,, is smooth

except the union of all outgoing bicharacteristic curves of

(Q/QO)(x,E) starting from 1*_1(WF(¢lvh2)). Therefore it follows

from Proposition 7.8 that there is a compact set K, C X which

has the required properties provided T > 0 is small. Similarly

csuch)
one can find'a compact set K, C X. Thus we prove the proposition.

1
That (1.22) holds is a consequence of the following.

Proposition 8.3. PGv(j) € Cw(Un), j=1,2.

The proof is analogous to that of {11}, Proposition 7.5,

if we use Lemma 3.2.
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End of Proof of Theorem 1.1l. By virtue of Proposition 8.2

(3)

outside Kl U K2 modulo smooth errors

(1)

one can cut off Gv
and extend them to XT. Then Gv = Gv + Gv(z) satisfies
(1.20), (1.21) and (1.22). Moreover (1.23) is a direct
consequence of Corollary 7.9. To derive the last conclusion
of the theorem, let (;',g') € T*X'\0 be a point, with ;O < T,
which does not belong to the set (1.24). First suppose
8(;',0,8') # 0. Then it follows from Proposition 2.4 and
Corollary 7.9 that Gv is smooth up to the boundary at (§',E').
Next suppose 8(;',0,2') = 0. In virtue of Proposition 8.2

one can also assume ;' is close to x'. Then we see that E' is
far away from ex,(Q',o,g') and hence from wkx,(x,n') provided
X = (x',xn) is close to (;',0) and (en,(x’,O,n'), n') € WF(VO).
Here wk(x,n') are the phase functions in [l1l1], Lemma 7.2.
Therefore by a standard integration by parts method we find
that GOV0 is smooth up to the boundary at (;',g'). (See e.q.
Hormander [F], 8§1.2). Similarly it follows that so are Ghvh

and Geve' In view of Remark 7.10 we thus prove the theorem.
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§9. Proofs of Theorems 1.2 and 1.3

The proof of Theorem 1.2 is similar to that of ([//],
Theorem 1.2, if we use, instead of the Dirichlet problem,

the following auxiliary mixed problem

P(x, D)u =0 in X,
(9.1) Bo(x)u = g on 23X,

u=0 in X N {x0 << 0}.

Here Bo(x) is the d xm matrix defined by (1.27) and (1.2§)
with S(x) = 0. Note that the boundary condition B0u|X g =0
is strictly dissipative, namely, it is not only maximally
nonpositive for P but also

An(x)u-u < 0 for u € ker Bo(x)\O and x € ?X.

Therefore (1.9) with B = B, holds (see Georgiev [2]).

Proof of Theorem 1.2. Let E(f) be as in Theorem 1.1

and set w = u - E(f). Then

0,s' 1
(9.2) w € Hloc (XT) for some s' € R,
(9.3) weEC(Xn {x, << 0}),
(9.4) Pw € cw(xT)
and
© [ ]
(9.5) Bw]Xn=0 € C (Xp).
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& ———— In a special case
where the boundary condition BwlX -0 = 0 is maximally dissipative,
n

we see by virtue of Proposition 2.5 that w € Cw(XT). Thus

it suffices to prove

@ T
(9.6) wl, _o € C (Xp)
n
o 1
so that Byw| _, € C (Xg).
n
In virtue of Theorem 1.1 applied to (9.1) with g = B0w|x Y
n
. . 00,—00 n o0 n
there is a parametrix Gv € Hloc (XTO) C (X {xo << 0}
with some T, > 0 such that PGv € C (XTO) and BOGv[Xn=0 - g €
Cm(X% ) . We also see from Remark 7.10 that v € Huw(Rn) and
0
-1 cp =1 o Kk -1 o
N
(9.7) WF(v) C WF(<I>l g) Y MO(<I>l g) U (Uk=l¢2(WF(®l g) N+)).

For simplicity we rewrite the minimum of T and T, as T. Then

0
(9.2), (9.3) and (9.4) yield that Gv - w € HO/S(x) n c™(x N
{x, << 0}) for some s € Rl, P(Gv - w) € Cm(x ) and B, (Gv - w)[ _
0 T 0 xn—O
€ Cw(X%). Therefore by virtue of Proposition 2.5 we have
(9.8) Gv - w € C (X) .

T
Hence we need only to prove
o]
(

(9.9) Gv]| € C

L]
x_=0 XT)’
n

which is analogous to [/[], (8.6).
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Set

f = BGv]Xn=0.
Then (9.5) and (9.8) imply f € Cm(X&). Moreover by virtue of
(9.7) one can assume v(y') € o (RD N {yo < §0 - 61}), where
61 is the positive number in (5.29). We also have 23v0 = fO’
where JB is an operator defined by one of (5.10), (5.17) and
(5.22), and fo also defined as before. Therefore similarly

to Corollary 7.9 we obtain Gv| _, - f € Cm(X&J which yields
n

(9.9). Thus we prove the theorem.
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We shall proceed to the proof of Theorem 1.3. Since
WF(u]X =O) is a closed set in T*X'\0, the theorem is a consequence

n
of the following together with Proposition 2.4.

Proposition 9.1. Suppose the hypotheses of Theorem 1.3

are fulfilled. Let (x', E') € T(x', £') be a point such that

-§ < X, < 0. Assume WF(u[X =0) " r(x', € n {§O - 8" < x,
n

A ~

= ¢ for some §' with 0 < §' < X + 8§. Then (x', &')

# el o)

Proof. One can assume without loss of genelality that

(x', £€') = (x', £') and 8' = §, taking § small. We shall
reduce the proposition to Theorem 1.2. Since I'(x', £') can
be parametrized by Xy, We write a point on it as (xo, x"(xo),
E'(XO)).

0
1,0

with symbol ¥ (x', £') homogeneous in &' for |£'| >1, such that

Let ﬂﬁjx', D') € OPS be a pseudodifferential operator,

supp wl(x', £') is contained in a small conic neighborhood
of T'(x, £') n {-6&/3 < %Xy < 0}, wl(X', £') = 1 on a smaller one,
and y,(x', £') = 0 when |x0[ + |x" - x"(xO)I > 28/3. Then

it suffices to prove

(9.10) WF(q)lulxn=0) nNr(x', €'y n {xo <0} =¢.
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Set
(9.11) r,=rx', &) n {-28/3 < x; < -8/3}.
By assumption we have WF(u[X =0) N Fl = ¢. Therefore by virtue
n
of Proposition 2.4 there argWPositive number €9 and a pseudo-
a
0

differential operator wz(x', D') € OPSl 0 with symbol wz(x’, E")
14

homogeneous in £' for |&'| > 1, such that
e o0
(9.12) pou € C (XN {0<x <el)

and wz(x', £') = 1 on a small conic neighborhood of Plf Let

g > 0 and Xe(xn) € Cg(Rl) be a cutoff function, supported in

-e < x_ < g, such that ¥ _(x_ ) = 1 for |x_| < ¢/2. Then from
n €' n n

(9.12) we have

(9.13) Px ¥ u = [P, ngl](l = ¥,)u, mod C (X)

for 0 < g < 81/2. From now on we suppose 0 < g < el/z and

§, e, are small. TFor convenience we set

P'(x, D') = P(x, D) - An(x)Dn,

which does not contain Dn' Then we have

[PI ngl] = An(DnXe)wl + X€<[An’ wl]Dn + [P'I Wl])-
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Now let F, be the zero extension of An(DnXE)wl(l - wz)u

1
to X < 0. Note that Fl € Hw’_m(Rn+l) and Fl(x) = 0 when

X < g/2 or x, < =-28/3. ©Next set

0

(9.1%) £, = ([A_ , ¥;ID_+ [P', ;1) (1 - wz)xglu

and let Ef2 be a Seeley extension of f2 to x < 0 (see [/9]).

€ B°'"(X), we see that Ef. € ™' ~° (R,

Then, since f 2

2
Finally, setting

(9,15) F, = X.Ef,,
we have
(9.16) Pxewlu = F, + F,, mod C (X).

Let us consider the following Cauchy problem with zero

initial data

pv = F, in R™TY, 5 =1, 2,

3
(9.17)

vix) = 0 for X < -28/3.

Then we obtain

Lemma 9.2. For each j = 1, 2, the Cauchy problem (9.19)

has a solution vy such that vy e 1 ' "7

1o ) for any T > 0,

T

where QT = {x € Rn+l; Xy < T}.
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a
Proof. FoéVgﬁnnegative integer k and real numbers s, ¥

k,s

with vy > 0, we denote by HY the set of distributions u in

n+1 Y&y k,s, . n+l

R such that e u € H (R ). Let j =1 or 2, and for
simplicity drop the subscripts. Then, since F € Hw’-w(Rn+l)

and F(x) = 0 for Xq < =-28/3, there is a decreasing sequence
[ k,Sk

{Sk}k=0 of real numbers such that F € HY for any integer

k > 0 and vy > 0. Hence, for each integer k > 0, there is a

positive number Yy such that (9.17) has a unique solution
k,sk

v € HY if v 2 Yy * Let k be an arbitrary positive integer.

Then it follows from the uniqueness of the solution that v is
independent of k = 0, 1,+++, k if vy is large according as k.

- 00

00,
Hence v € H

Lo (QT) for any T > 0. Thus we prove the lemma.

Now let Vj’ 5 =1, 2, be such solutions of (9.1'7)j as
in Lemma 9.2. For small T > 0 we take a cutoff function

%T(XO) € Cm(Rl), supported in x, < T, such that %T(xo) =1

0

for X, < T/2, and set

8 = - %
(9.18) wo= X Pgu = Xplvy + v2)|x.
We shall prove

(9.19) (x', €') & WF(lenzo).
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To this end we use Theorem 1.2. Clearly w € H.' (X.) N
Y loc T
c?(x n {x0 << 0}). Moreover (9.16) yields Pw € Cw(XT/z). Set
£ = Bwl, _,-

n

If we show that

WF(f)rWrz(i',EW = ¢,
where
T

=T (x',E') n {-26/3 < 0},

A
o]
A

2
and that WF(le =O) is contained in a small conic neighborhood
of (x',£'), then (9.19) follows. Thus it suffices to prove the

following two lemmas.

Lemma 9.3. There is a positive number T such that

WF(I)\(’T(Vl + v2)| =0) is contained in a small conic neighborhood

X
n

of (x',E').

Lemma 9.4. WF(vj|Xn=0) nNT, =¢ for j = 1,2.

Proof of Lemma 9.3. Set v = vl + Vor F = Fl + F2 and
Vp = (sing supp v) N {XO < T}). Then, since WF(F) is contained
in a small conic neighborhood of 1*_l(§', £'), we see that
Vi is a compact subset of Rn+l for each T > 0 and it is small
if so are 8§, € and T. In what follows we fix T small and

restrict ourselves to a small neighborhood of VT in Rn+l.

0
1,0

such that supp ¢l(x', £') is away from the union of supp ¢l(x', £")

Let ¢l(x‘, D') € OPS be a pseudodifferential operator

and the set

Ig = {(x', g') € T*X'\0; §(x', 0, £') = 0 for some x }-
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Then it follows from Lemma 2.3 and results on propagation
of singularities in the free space that WF(¢lv) is contained
in the union of null bichacteristics through WF(F). Bearing
this in mind, we take pseudodifferential operators ¢2(x', D'),
0
) 1
¢3(x , D') € OPSl,O

are contained, respectively, in small conic neighborhoods

such that supp ¢2(x‘, £') and supp ¢3(x', E')

of supp wl(x', £') and ZO’ and ¢j(x', £'Yy = 1 on smaller ones,

(3)

+ v , Where

1), (2

3 =2, 3. Divide v as v = v

(1) (2)

v = (1 - ¢3)(l - ¢2)V, v = ¢,V and v(3)

= ¢53(1 = ¢,)v.
Then we see from the above observation and [5'], Theorem 2.5.11'

that WF(XT (1)[ ) is contained in a small conic neighborhood

X —0

of (x', E') prov1ded 8§, € and T are small, Clearly so is

WF(V(Z)I _o) also. Finally we shall show that v3) e Cw(Rn+l)

N {xo < T}) for some T > 0. Since supp ¢5(x', £') can be

assumed to be far away from supp ¢2(x', £'), we have
v(3) = ¢3v hence
Pv(3) = ¢3PV + [P, ¢ v, mod C (Rn+l)

n+l

Note that ¢,Pv = ¢,F € c”(R™Y) . Moreover

n+l

[P, ¢,31v = [p, ¢31¢;v, mod C”(R™T),

for such ¢l(x', D') as described above. Therefore we see that

n+1l (3)

[P, ¢3]V € c”(R N {x, < T}) hence so is Pv .  Thus

0

v(3) € Cm(Rn+l N {xO < T}) for small T > 0. The proof is

complete.
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Proof of Lemma 9.4. Let (x', g') € r, and set x = (x', 0).

Then it suffices to show that

(9-20)3 (x, E', En) ¢ WF(q]v:])

for (&', €n) = (0, 1) and some pseudodifferential operators

A

qj(x', D') € OPS0 which are elliptic at (x', &'), and

1,0
(9.21)j (x, €', gn) & WF(vj)

for each root g of Q(x, &', gn) = 0. (See [5], Theorem

2.5.11").
ffor X, < e/2ﬁ)

Since 8(x', 0, €'Yy # 0 for (x', &') € r, and Fl(x) =0\

by virtue of Lemma 2.3 there is a pseudodifferential operator

ql(x', D'), elliptic on F2, such that (9.20)l holds. Next,

since
(9.22) F2 N (supp grad wl) N (supp 1 - wz) = ¢,

it follows from (9.14) that w3f2€ c®(x) for some ws(x', D')

¢] n+1

l,O, )l

€ OPS elliptic on I',. Hence (9.15) yields VoF, € c” (R

because ¢3 and the extension operator E commute. Thus, as
above, there is a pseudodifferential operator qz(x', D'),

elliptic on F2’ such that (9.20)2 holds.
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Now we shall prove (9.21)j. Let S;(x, E') or g;(x, E')

0 such that

be one of simple real roots of (Q/Q,) (x, &', £)

A ~N

9E1/3E, < 0 or JE_/AE, > 0, respectively. If £ = EL(x, £')

or En = A(x, £'), then (9.21)l follows from (9.17)1, because

A

WF(Fl) and the bicharacteristics of Q(x, &) through (x, &', En)

A A

. _ — ~ '
do not intersect for X, < 0. Let En = gn(x, E'Yy. If X, < 0,

then (x', £') & WF(u!X =0) by assumption hence it follows
n

from Proposition 2.4 that WF(u) does not intersect the bicha-
racteristics through (x, &', gn) for small x> 0. The same

A

is true by assumption also when Xy = 0. Thus WF(Fl) and the

bicharacteristics do not intersect for x 20 provided € is small.

Hence we obtain (9.21)1.

Next we shall prove (9.21)2. Let ¢ = E;(X. g£') or

A

£y = E;(x, £'). Then the projection on T*X' of a segment,

with |xn| << 1, of the bicharacteristics of Q(x, &) through

A

(x, &', én) is contained in a small conic neighborhood of F2.

Therefore, by (9.15) and (9.22), there is a positive number

€y independent of (x', £') €T such that WF(F2) does not

2'

intersect the bicharacteristics if 0 < g < €y- Thus (9.21)2

follows.
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Finally let & = XA(x', &'). Denote by (x(t), £(t)) the
n

bicharacteristics of —Qo(x, ¢g) through (x, &', gn), where the

parameter t is taken in such a way that dxo(t)/dt > 0 and

~ ~

(x(0), £(0)) = (x, &', En). Let t, be a small positive number

0
such that

N

(X' (t), E'(t)) ¥ (supp grad ¥y) N (supp 1 = ¥,)

A A

for —t0 <t <0 and (x', £') € Pz.

proof of [//], Lemma 8.3, we find a positive number €3

Then, analogously to the

~

independent of (x', &') €T such that if -e, < xn(t) < 0

27 3
and t < 0 then —to < t. Let 0 < g < €q- Then (x(t), &£(t))
& WF(FZ) for t < 0 and (x', &') € F2. Hence (9.21)2 follows.

Thus, taking € < ¢, and € < 53, we complete the proof.

2

End of proof of Proposition 9.1. It follows from (9.1%),

(9.1¢) and Lemma 9.4 that (x', £') & WF(lplulx _o)- Since
n

¥, is elliptic at (x', £'), we have (x', £')¢ WF(uIX —o)
n

The proof is complete.

Proof of Theorem 1.3. Assume the hypotheses of the theorem

are fulfilled. 1If (x', E') € WF(u|X _g)+ we see from Proposition

2.4 that u is smooth up to the boundary at (x', £'), in particular,

<! ' e k
(x', £') & Y _, WF(Dnu|xn=O).

~

If there is a point (x', £') € T'(x', £') n {-8§ < x. < 0} such

0
that (x', &') & WF(u|X =0), we observe from Proposition 9.1
n

that (x', E') € WF(uIX _g)- Thus we prove the theorem.
n
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