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Microlocal parametrices and propagation of singularities 

near gliding points for hyperbolic mixed problems II 

By Koji KUBOTA 

§l. Introduction 

1.1 

This work is a continuation of [11] in which we have shown 

the existence of a parametrix and studied the propagation of 

singularities near a glidin~ a mixed (initial boundary value) 
cpoin~ 

problem for a second order hyperbolic equation. In the present 

paper we are concerned with first order symmetric hyperbolic 

systems. We do not repeat here the introductions of [10], [11], 

where the reader can find references and short histrical surveys 

of this problem. 

In the sequel the hypothesis (H 2 ) of [10] will be removed 

and the assumption that the boundary condition is maximally 

dissipative will be relaxed so that (1.3) below holds. Besides, 

using the methods of this paper, one can simplify fairly the 

equation (4.14) of [11] on the boundary and, as a result, remove 

the hypothesis that the subprincipal symbol of P is pure imaginary. 

(See Remark 5.1 below). 

Let P(x,D) be a symmetric hyperbolic system in Rn+1 (n > 2) 
f 

of the form 

P(x,D) 

where x = (xO'xl,···,xn ), Ak are hermitian mxm matrices and 
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1.2 

AO is positive definite. Let us consider the following mixed 

problem in a closed half space X = X'X[O,oo) = {x = (x',x); n 

P(x,D)u = 0 in X, 

( 1.1) B(x)u = f on ax, 

u = 0 in X n {xO « a}. 

We assume P is of constant multiplicity. Then, denoting by 

Pl(x,~) the principal symbol of P with ~ = (~I'~n) the covariable 

of x = (x',x ), one can write 
n 

(1. 2) 

rv 
where Ql ,"" Qr and Q are homogeneous polynomials in ~ which 

have no common zero in ~O' Ql,···,Qr are strictly hyperbolic 

with respect to ~O' and ~ is independent of ~n. (See Matsuura 

£Itt]). Setting 

Q(x,O 

we assume that the boundary ax is noncharacteristic for Q 

and that, for each x E ax and ~' E Rn\O, the multiplicity 

of real roots ~n of the equation Q (x, ~ I , t.: n ) = 0 io at most 

double and there is at most one double real root. Let d+ be 

the number of the positive eigenvalues of A (x) I which is 
n 

independent of x E ax. + We also suppose that B(x) is a d xm 

matrix of maximal rank and that A (x), C(x) and B(x) are smooth 
n 

(i.e. Coo), constant for Ixl large enough. Moreover we assume 

(1. 3) ker An(X) C ker B(x) for x E ax. 

(See e.g. [/2] for what this condition means) . 
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1.3 

Now let (XI,~I) E T*X'\O be a (fixed) gliding point, 

by definition, a point such that for some 1 ~ j ~ r, say j = 1, 

the equation Ql(x"O'~"~n) = 0 has a real double root ~n 

and 

where x = (XI,O) E ax, ~ = (~I'~n) and {,} denotes the Poisson 

bracket on T*X. Then, since Ql(x,~) = (aQl/a~n) (x,~) = 0 

2 2 --and (a Ql/a~n) (x,~) ~ 0, one can write 

(1. 5) 

Q 1 (x, ~) = Q 0 (x , ~ ) Q i (x, 0 with Q i (x, ~ ) ~ 0, 

QO(x,~) = (~n - \(x,~,»2 - ]l(X,~I) 

in a conic neighborhood of (x,~). Here \(X,;I), ]l(X,;I) are 

real valued smooth functions, homogeneous in ;1 of degree 1, 

2 , respectively, such that ]l(X,~I) = 0, \(X,~I) = ~ and 
n 

(1.4) is equivalent to 

(1.4) I 

Since Ql(x,~) is strictly hyperbolic with respect to ~O' 

we have (a]l/a~O) ~ O. From now on we suppose, for definiteness, 

(1. 6) 

Note that, near (x,~), Ql (x,~) = 0 is equivalent to QO(x,~) = 0 

and if ~O > ~O then ]l(X/~O'~") > 0 hence the equation QO(x,;O' 

~"'~n) = 0 with respect to ~n has two simple real roots. Here 

we have set ~I = (~o,~") and;" = (~l'···'~n-l). Besides, for 
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~o » 1, all roots ~n of Ql (X'~O,~lI'~n) = 0 are simple real. 

Bearing these in mind we make the following assumption on the 

polynomial Ql. 

(1. 7) 

with respect to ~ , regarded as single-valued continuous 
n 

1.4 

functions of ~o > ~O I are continued up to ~O < ~O < 00 as simple 

This condition will be used only to essure (2.4) and hence 

the solvability of the transport equation (3.23). 

We also make certain assumptions on the boundary condition. 

To state these let W(X' '~"~n} be a smooth mxml matrix of 

maximal rank, analytic in ~ , whose columns form a basis of 
n 

ker Pl(X'IO/~"~n) when QO(x',O'~'I;n) = 0, where ml is the 

multl.'pll.'cl.'ty of Q l.'n (1 2) Besl.'des, let Wh(x',C') or We(x',C') 1 .. <, <, 

be, respectively, a smooth basis of the root subspace of 

Pl(x',O'~"~n)' corresponding to the simple real roots ~n of 

(Q/QO) (x',O'~"~n) = 0 such that a~n/d~O < 0 or to the nonreal 

roots with positive imaginary parts. Noting that (W,Wh,We ) 

is an mxd+ matrix, we set 

(1. 8) 
B(x',O) (W(x',~' ,t;, ) ,Wh(x',V) ,W (x',~'», n e 

= det ~(x',~',~ ). 
n 
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Moreover let ;~(x";') be the root of QO(x',O';";n} = 0 such 

that d~~/d;O < 0 for ~ > 0, 1m ;~ > 0 for ~ < O. Then 

R(x' ,~' ,;~(X' ,~I}} 

+ is called a Lopatinski determinant. Note that ; (x',~') = n 

1.5 

A(XI,O,~') - ~(x,,0,~,)1/2 for ~ ~ 0 under (1.6). We also say 

that the strong Lopatinski condition is satisfied at (Xl ,~I) if 

(1. 9) 

To the contrary, suppose in what follows 

(1.10) 

Then we assume 

(1.11) ( d R/ d ~ ) (x I , ~ , , ~ ) 'I o. n n 

Set for convenience 

~O(XI,~') = ~(XI/O,~I) , AO(X',~') = A (x 1,0, ~ I ) , 

NO = {(x',~') E T*X'\ 0; ~O(X',~I) = a}, 

N± = {(XI,~I) E T*X ' \ 0; ~O(XI ,~I) > O} < 

and 

(1.12) R A (x I , ~ I) ::: (R/ ( dR/ d ~n) ) (x I , ~ I , A 0 (x I , ~ I ) ) • 

Our main assumption on the boundary condition is concerned 

with the range of the normalized Lopantinski determinant RA, 

restricted to the glancing surface NO. 
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1.6 

(H
l

) There are a positive number 00 ~ n/2 and a conic 

neighborhood LO of (Xl ,~I) such that, for (Xl ,~') E NO n LO' 

arg RA (x' ,~') c [rr/2, (3/2)rr - 00] if ml = 1, 

where ml is the multiplicity of Ql in (1.2). 

It is desirable for (HI) ,to be relaxed, e.g., as 

Unfortunately, when m
l 
~ 2, in the set N+ of hyperbolic 

points we must make an additional assumption on RX or on 

reflection coefficients c
jk 

with j,k = 1,2, ••• ,m
l

. Here, 

for (Xl/~I) E N+, the cjk(x· ,~I) is defined to be the (j,k) entry 

of the following matrix 

(1.13 ) fi(x ' "I ,,+(x' ",»-l~(x' "I "-(Xl "I» ,e, ,e,n'e, ,e, ,e,n ,e, , 

- 1/2 where ~n(x',~') = AO(X·,~I) + ~O(Xl,~') is another root of 

QO(x i ,O,~I l~n) = O. (See [8] ,§6 for an interpretation of 

c jk). Condition (Hl)O implies that, near (Xl ,~I), 

for (Xl,~I) E N+ with I~I I = 1, where C is a positive constant, 

hence~'k(x"~') are well defined for (Xl,~I) E N+. To see 
,/ J 

this we note that 

(1.15) 

for I t; I I 
'( 

= 1 .. Thus (1.14) follows from (Hl)O' 
\ 
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1.7 

~- Cjk(X ' ,~I) are bounded in N+ near (XI,~I), because 

~- = s+ + 2~0 and hence n n 

(1.16 ) c jk = 0jk + O(/~O/ R(X"S"~~» for I~I I = 1. 

Besides, it follows from (1.8), (1.10) and (1.11) that, for 

'V - - -some 1 ~ j ~ ml , the j-th column of R(x',~',sn) is a linear 

combination of the others. ene can assume without loss of 

generality that j = 1. Bearing these in mind we finally impose 

the following condition. 
/- 1'1 • 
J ? 'J'~' I j 

(H 2) 1· Let m
l 

2:, 2. 'V - - -Suppose the first column of R(x',s' '~n) 

is a linear combination of the last d+ - 1 columns. Then 

there is a conic neighborhood Ll of (x',~') such that, in 

N+ n Ll , either 

(1.17) R (x' ,s ' , s~ (x' ,S' » = 0 (~) for I ~ 'I = 1 

or 

(1.18) cik(x I ,~I) = 0 (/~o) for k = 2,,,· ,ml and Is' I = 1. 

Note that, according to (1.15), (1.17) is equivalent to 

(1.19) 

because a~O/asO ~ 0 hence RA can be regarded as a smooth function 

of (Xl ,S",~O). For many classical boundary conditions, either 

(1.19) is satisfied or c lk = O( ~O/R(X',S' ,s~» for k = 

and lSi I = 1, which implies (1.18). 
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1.8 

We are now in a position to state our main results, 

analogous to {II] ,Theorems 1.1, 1.2 and 1.3. We shall keep 

using the notations in the preceding paper, where P2(x,~} is 

replaced by the symbol QO(x,~) in (1.5), unless stated otherwise. 

Since the boundary ax may be now characteristic for P, we 

00 -00 

also need the same function space Hl~c (V) as in [/0], where 

V is a relative open set in X. For a nonnegative integer k 

and a real number s we mean by Hk,s(X) the set of extensible 

distribution u E ~I (X) such that (1 - 6 ) (k - j + s)/2Dj u 
~ Xl n 

E L
2

(X) for j = O,l,···,k. We then denote by H~~~oo(V) the 
• 00 k,sk 

un10n of nk=OH loc (V) for all decreasing sequence {sk}~=O 

of real numbers, where u E H~~~(V) means that ~u E Hk,s(X} 

00 n+l - -
for all ~ E CO(R ) with (supp ~) n XCV. By r(xl,~') we 

also denote the gliding ray (i.e., null bicharacteristics 

of ~O(XI,~I» through (XI,~I). Suppose for simplicity of 

description that x = 0 with Xl = o 

Theorem 1.1 (main theorem). Let f E [I (XI) be a distribution 

with compact support such that WF(f) is contained in a small 

conic neighborhood of r(xl,~') n {xO ~ O}. Assume conditions 

(HI) and (H 2 ) hold in the case of (1.10). Then there exist 

a parametrix E(f) for (1.1) and a positive number T such that 
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1.9 

(1. ~O) 

(1.21) 
00 

E(f) E C (X n {X
O

« a}), 

(1.22) 
00 

PE (f) E C (X
T

) , 

(1. 23) BE(f) Ix =0 - f E COO (XT) , where X, = X' n {xC < T}. 
n T 

Moreover E(f) is smooth up to the boundary at each point 

(x',~') E T*X'\O, with Xo < T, which does not belong to the set 

(1.24) 

Such results have been obtained by Petkov [16], [17] in the 

case of (1.9) and [18] in the case of (1.19). (See also Melrose 

and Taylor [15], [21] when m
l 

= 1). Note that from the above 

theorem one can derive an outer estimate for the wave front set 

of E(f) in the interior of XT ' using results on propagation of 

singularities in the free space (see e.g. Taylor [20], pp.153-l55). 

Next we shall describe the propagation of singularities 

of solutions to (1.1). 

we set 

Noting that A (x) is of constant rank, 
n 

rank An(X) = d for x E X. 

Then, after a change of the unknown, one can assume without 

loss of generality that AO(X) 

(1.25) = [AO(X) An(X) 

= I , m 

where A(x) is a nonsingular matrix of order d, and 
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1.10 

(1. 26) A (x) = [ A + (x) ~ ] 

° A (x) 

where A+(X) , A-(X) are square matrices of order d+, d-, 
\ -

respectivelY.~~ith d+ + d = d, and A+(X), -A-(x) are positive 

definite. Hereafter Ik stands for the unit matrix of order k. 

Note that, under (1.25), condition (1.3) yields 

(1.27) B (x) = (Bl (x) ,0) for x E ax. 

where B1 is a d+xd matrix of maximal rank. We shall assume 

as usual that, under (1.26), the left d+Xd+ block of B1 is 

nonsingular and hence 

(1.28) Bl (x) = (I +' S (x) ) , 
d 

where S is a d+Xd- matrix. This hypothesis is satisfied for 

a wide class of boundary conditions (see [/2] ,§2, in particular, 

Lemmas 2.9 and 2.10). 

Theorem 1.2. Assume (1.28) as well as the hypotheses 

of Theoerm 1.1 holds and let T be such a positive number as 

before. Let u E HO,s(X ) with some s E Rl. 
loc T Suppose that 

00 00 00 

u E C (X n {xo « a}) I Pu E C (XT) , Bulx =0 - fEe (XT) and 
n 

WF(Anulx =0) is contained in a small conic neighborhood of 
n 

r(x',~') n {xO ~ O}. Then u is smooth up to the boundary 

at each such point (x',~') E T*X'\O as described in the preceding 

theorem. 
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loll 

Theorem 1.3. Assume (H l ) and (H 2 ) are satisfied in the 
00 -00 

case of (1.10). Besides, suppose (1.28) holds. Let u E Hl~c (V), 
00 

where V is a neighborhood of x in X. Assume that Pu E C (V), 

WF(Bulx =0) n r(x' ,~') n {-6 < Xo ~ o} = ~ 
n 

with some 6 > 0, and that WF(ulv\ax) intersects no 

null bicharacteristics of (Q/QO) (x,~) which arrive 

incoming 

-1 - -at 1* (x' ,~'). 

Here 1* stands for the pullback of T*xl ax into T*X' induced 

by the natural injection 1 of X' into X such that l(X') = ax. 

Then 

implies 

r(x',~') n {-6 < Xo < O} c WF(ul x =0) 
n 

provided 6 is small. 

Remark. When (1.1) has an appropriate regularity property, 

Theorem 1.2 is a direct consequence of Theorem 1.1. Besides, 
~! ___ Theore~~ 

a global versio~also valid. Indeed, assume (H
l

) and (H 2 ) 

as well as (1.28) are satisfied at each point (x' ,~') E r (x',~') 

Then 

implies 

00 -00 00 

Suppose u E H1 ' (X), Pu E C (X) and oc 

WF(Bul x =0) n r (x' ,~') () {xO < O} = ~. 
n 

r (x' ,~') n {xO < O} c WF(ul x =0)' 
n 
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1.12 

In the preceding paper [11], we have obtained the analogous 

results in the case where P is a scalar differential operator 

of the second order for which the boundary ax is noncharacteristic. 

We have also shown in [8] the existence of a parametrix near a 

diffractive point for such a hyperbolic system as in the present 

article. For the purpose of proving Theorem 1.1 we will combine 

the methods of [11] with those of [8], although some devices 

are required. 

The plan of this paper is as follows. In §2 we first refine 

the construction in [8] of bases of ker Pl(x,~) with QO(x,~) = 0, 

so that the hyperbolicity of the transport equation (3.23) is 

clear. Next we give an extension of Andersson and Melrose [1], 

Proposition 4.16 to the present case. Finally we show that (1.1) 

has a regularity property provided the boundary condition is 

maximally dissipative. In §3 we refine the construction in [8] 

of asymptotic solutions to Pu = O. In §4 we give a summary of 

[II), §3 which is a collection of properties of Airy operators 

appearing in the boundary values of the parametrix E(f). §§S 

through 7 are devoted to study the equation BE(f) lox = f on the 

boundary. In §S we choose appropriately the initial data for 

the transport equation (3.23) and reduce BE(f) lax = f to (S.lO), 

(5.l7) or (S.22). Basic a priori estimates for so~utions of the 

reduced equation are derived in §6, and the singularities of the 

solutions are examined in §7. The proof of Theorem 1.1 is 

completed in §8. Finally, Theorem 1.2 an 1.3 are proved in §9. 
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2.1 

§2. Preliminaries 

2.1. We first refine the basis of ker Pl(x,~) with QO(x,~) 

= 0 which is obtained in [8]. In the case that ax is character-

istic for P, namely, d < m, we write according as (1.25) 

(2.1 ) 

where All' A22 are square matrices of order d, m-d, respectively. 

Note that A22(x,~') is nonsingular if and only if Q(X,~I) ~ 0, 

where Q is the polynomial in (1.2). In fact, for each (X,~I), 

while (1.2) yields 

as ~ + 00, 
n 

ml m 1 
= Q 1 (x, 0 , 1) • • • Q r (x , 0 , 1) rQ (x , ~ I) + 0 ( ~ ~ ) 

Therefore we have, modulo a nonzero factor, 

(2. 2) de t A 22 (x, ~ I) = Q (x , ~ I ) • 

as ~ + 00. 
n 

In particular, A22(x,~,) is nonsingular, because Ql and Q have no 

common zero in ~O. For (X,~I) with Q(X,~I) ~ 0 we set 

-1 -1 
M(X,~') = -A (All - A12A22A21) 

and rewrite PI as 

(2 • 3) 

In the case where ax is noncharacteristic for P, namely, d = m, 

we set M(X,~') = -A-1All = ~nIm - An(X)-lP l (x,~). Such modifica­

tion will be often required throughout this paper. The following 

lemma refines [8], Lemma 2.3. 
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Lemma 2.1. There is a nonsingular smooth matrix S(X,~I) 
gh 

2.2 

of order d defined on a conic ne~borhood of (X,~I), analytic and 
'\, 

homogeneous of degree zero in ~I, such that MS = SM, 

and 

MO 

~ = 

0 

M,(X,~') 
J 

0 

M+ 
h 

Mh 
M+ 

e 
M 

Ml 
o 

, M = 
0 

0 
........ 

e 

for l eI I = 1, J' - 1 ••• m 
':> -" l' 

+ Here Mh or Mh is a diagonal matrix whose eigenvalues are simple 

real roots ~n of (Q/QO) (x,~I'~n) = 0 such that a~n/a~O are negative 

or positive, respectively; the imaginary parts of the eigenvalues 

of M+ or M are positive or negative, respectively. Moreover e e 

(2.4) S~A(A - M)S2(x,~,) is positive definite, 

where S2(x,~') = (s2' s4' ••• ,s2m
l

) with Sj the j-th column of S. 
JJ 

['£) II-Th; ~onstruction of the last m-2m
l 

columns of S is as usual. , - - -" \ 
To choose the first 2ml columns sl' •.• , s2m

l 
so that (2.4) also 

is satisfied, we use the following lemma. For (X,~I) with 

~(X,~I) ~ 0 we denote by n(x,~') the eigenprojection for eigen­

values ~~(X,~I) and ~~(X,~I) of M(X,~'), where 

+ - 1/2 
~~(X,~I) = A(X,~I) + ~(X,~I) . 

Then we have 
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2.3 

Lemma 2.2. rr(x,~') is an orhtogonal projection whose 

range is an invariant subspace of the hermitian matrix 

- + - - - -A(x) (~n(x,~') - M(x,t;'». 

Moreover the restriction of the matrix to the range of rr(x,~') 

is of rank ml and all nonzero eigenvalues are positive. 

Proof. For ~O close to ~O we set 

<P(~O) = A(x) (t;~ - M)rr(x,~o,~II). 

+ - -
Since (1.7) implies that ~~(X,t;O,~II) are continued analytically 

up to ~O > ~O' so is <p(~0). Besides, we have 

+ -
lim ~~(i'~O,t;II)/~O = at' 

t;O+oo 

where a± are roots of the equation Ql(x,l,O'~n) = 0 such that 

a+ < 0, a > O. Noting that -l/a± are eigenvalues of A(x) 

-1 
because M(x,l,O) = -A(x) ~ one can assume without loss of 

generality that 

-(l/a+)lm 0 0 
1 

A(X) = 0 -(l/a )1 0 - m 1 

0 0 f3 

where f3 is a nonsingular matrix of order d-2ml whose eigenvalues 

are different from -l/a±. Hence it follows from (1.2) and (2.3) 

that, for ~O » 1, A(x) (t;~ - M) (X'~O,~II) has zero eigenvalue 

of multiplicity ml and ml positive eigenvalues close to (1 - a+/a_}~O' 

while the others are far away from those. 
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2.4 

Now let ~(~O) with ~O » 1 be the orthogonal projection 

for the zero eigenvalue and those close to (1 - a+/a_)~O of 

A(i) (E~ - M) (i,Eo'~"). Since the matrix is hermitian and 

analytic for EO > ~O' ~(~o) can be continued analytically up 

to EO > ~o· (See Kato [ 7], p. 120). Moreover II(i, ~o'~") 

coincides with ~(~o)for EO » 1 hence for EO > ~o by analiticity. 

Thus II(i,~O'~") = ~(fo) by continuity. 

It is now clear that the range of II(i,f') = ~(~o) is an 

invariant subspace of A(i) (~~ - M) (i,~') and ~(~O) has ml 

positive eigenvalues. Moreover we have rank ~(~O) = ml according 

to [g'], Lemma 2.3. Thus we complete the proof. 
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2.5 

Proof of Lemma 2.1. By virtue of Lemma 2.2, the restriction 

of A(x) (A - M) (X,~I) to the range of II(x,~') has ml positive 

eigenvalues, say, a l , ••• ,aml . Let h
l

, ••• ,h
m 

be an orthonormal 
1 

system of eigenvectors of A(X) (A - M) (X,~I) belonging to a l ,···, 

aml~espectivelY' such that h j = II(X'~')hj' For j = l,···,ml 

and (X,~I) near (X,~I), set 

S2j(X,~,) = II(x'~')hj' 

S2j_l(x,~,) = (M(X,~') - A(X,~I»s2j(x,~I). 

Then we shall show that 2ml vectors sl,···,s2m
l 

have the required 

properties. To, this end we need only to prove that (2.4) and 

(2.5) 

hold and that sl' s3' ••• , s2m -1 are linearly independent. 
1 

By [g], Lemma 2. 3 we have 

which implies (2.5). Moreover, since 

we have 

A (x) (A - M) (x, ~ I) h). = a. h . , 
) ) 

= 

which yields (2.4). It is now clear that sl' s3' • •• s , 2m -1 . 1 

are linearly independent, because A(X)s2j_l(x,~,) = -a.h .. 
) ) 

The proof is complete. 
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2.6 

, .-' 

'1'" 
Using the S in Lemma 2.1 'ione can construct a basis W (x, 0 

of ker Pl(x,~) with QO(x,~) = 0 which is very convenient in the 

following analysis. Indeed we define, as in [g), 

W(x.~· '~n) = r _lId ,1 So(x.~· '~n)' 
l-A22A21(X'~ ~ 

(2.6) 

SO(X'~"~n) = Sl(X'~') + (t,;n - A(x,t,;'»I~'I-lS2(X'~')' 

is the j-th column of S. Then (2.3) yields 

(2.7) Pl(x,t.;',t,; )W(x,t,;',t,; ) = [Id- A(t,; - M)SO 
n nOn 

= QO(:'~"~n) 1~'I-l[:~A(X)S2(X'~')' 
because MS I = AS I + ~S2' MS 2 = Sl + AS 2 for I~II = 1. 

Similarly, one can construct bases W~(x'~')' w:(x'~') 

of the root subspaces of Pl(x,~) for the eigenvalues of M~(X't.;')' 

+( /:"1) 'b + + hId' M X,~ . Denotlng y Sh' S t e bocks of S corespon lng to e e 
+ + 

Mh , Me ' respectively, we set 

=[ _~d J(s~' s:). 
-A22A21 

(2.8) 

Note that one can take the restrictions of W, w+ and W+ to 
h e 

Xn = 0 as W, Wh ' We in (1.8). 
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2.7 

2 • 2 • 
.0 

To prove the last ~tatement of Theorem 1.1 we need 

an extension of [1], Proposition 4.16 which gives a connection 

between the regularity of boundary values of extensible distri-

bution and the smoothness up to the boundary. When ~X is 

characteristic for P we also need the following lemma. 

Lemma 2.3. Let (~,~) = (X"Xn'~"~n) E T*Rn+l,O be a point 

such that ~, = 0 and €n = 1. Let ~l(x',D') E OPS~,o(Rn) be a 
~ A 

pseudodifferential operator such that Q(x',x ,~') ~ 0 on 
n 

supp ~l (x' ,~'). 
00 -00 

Let u E Hl~C (V), where V is a neighborhopd 

of x in Rn+l. 
A A 

Then (x,~) % WF(~2u) 

for any pseudodifferential operator ~2(x' ,D') E OPS O (Rn ) 1,0 

such that ~l(x',~') = 1 on a conic neighborhood of supp ~2(X',~'). 

A A 

Proof. By the assumption that (x,~) % WF(~lPu) there is 

a pseudodifferential operator 

00 n+l 

o n+l 
Xl(X,D) E OPSl,O(R ) such that 

Xl~lPu E C (R ) and Xl(x,~) = 1 on a conic neighborhood of 

(x,~). In view of (2.1) we write 

(2.9) P(x,D) rll 
p 
1 ~1 ' u ~ [ :1] and Pu ~ f :~1 ' = 

P2l P22 2 

where Pll is the upper left dxd block of P and ul' fl are the 

upper dxl blocks of u, Pu, respectively. Then, since (2.2) 

implies that P22(x"~n,D') E OPSi,O(Rn) is elliptic on supp ~l(x', 

~'), there is a pseudodifferential operator Q22(x',xn ,D') E 

-1 n A 

OPSl,o(R ), depending smoothly on the parameter xn close to x n ' 

such that 

_00 n 
mod OPSl,O(R ). 
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2.8 

Note that ~lQ22P22u2 = ~lu2' mod COO (R
n

+
l

) . Similarly, there 

is a microlocal parametrix Qll(x,D) E OPS~~o(Rn+l) for Pll -

A A • -1 n+l 
P12Q22P21 at (x,~). We now deflne Q(x,D) E OPSl,O(R } by 

where <D ,> x E OPSi,O(Rn) is the pseudodifferential operator 

with symbol (1 + I~' 12}1/2. Then there is a pseudodifferential 

operator X2 (X,D) E OPS~,o(Rn+l}, elliptic at (~,€), such that 

00 n+l 
Xl{x,~) = 1 on supp X2{x,~} and X2~2QPu = X2~2u, mod C (R ) 

for each ~2(x',D') E OPS O (Rn ) with the properties stated 1,0 

in the lemma. Since X2~2QPu = X2~2QXl~lPu mod COO (R
n

+
l

) , we 

conclude that 
00 n+l A A 

X2~2U E C (R ) and hence (x,~) ~ WF(~2u} . 

Thus we prove the lemma. 

One can now prove the following extension of [1], (4.16) 

to systems. 

A A 

Proposition 2.4. Let (x' ,~') E T*X'\O be a point such 
I\., A A 

that Q{x',O,~') ~ O. 
00 _00 

Let u E Hl~c (V), where V is a neighborhood 
A 

of (x' ,0) in X. 
00 A A 

Suppose Pu E C (V) and (x' ,~') ~ WF(ul x =o}, 

Moreover assume 
n 

that each of null bicharacteristics of Q(x,~} 

through l*-l(x"g,} either immediately enters xn < 0 in at least 

one direction or intersects a point (x,~) E T*X\O such that 

(x,~) ~ WF(u), xn > 0 and x E V. Then u is smooth up to the 
A A 

boumdary at (x' ,~'), namely, there is a pseudodifferential 
o n A A 

operator ~(x',~') E OPSl,O(R ), elliptic at (x',~'), such that 
00 

~u E C (X n {O < xn « I}}. 
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2.9 

Proof. We shall keep using the notations in (2.9). 

Since P22(X',0,~') is elliptic at (~I,gl) according to (2.2), 

one can find a small conic neighborhood E of (~I,gl) such that 

(2.10 ) WF(ul x =0) n E = ~ 
n 

and P22(X',0,~') is elliptic on E. We shall show 

(2.11) 

Set 

WF(D~ulx =0) n E = ~ for all j ~ 0. 
n 

Pil(x,D ' ) = Pll(x,D) - A(X)Dn · 

Then, since fl E Coo(V) and Dnul = A-l(f l - Pilul - P12u2 ), 

it follows from (2.10) that 

(2.12) 

Therefore (2.10) and (2.12) yield (2.11) for j = 1, because 

P 22 (x ' ,0,D ' ) is elliptic on E. Analogously we obtain (2.11) 

for j ~ 2. Thus, as in [1] ,P.210, we can prove the proposition, 

by using (2.11), Lemma 2.3 and results on propagation of singular-

ity in the free space. 
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2.10 

2.3. To prove Theorem 1.2 we will use the following 

regularity of solutions to dissipative boundary value problems 

for P. Note that all roots T (x ~" E;, ) ••• T (x E;," E;, ) of the 1 ,s, n' , m ' , n 

equation det P l (x,E;,O,E;,",E;,n) = ° with respect to E;,O are bounded 

real-valued functions of (x,E;," ,E;,n) E xx{ (E;," ,E;,n) ERn; 1 E;," 12 + 

E;,~ = ll. Let TO be the least upper bound of 1 T k (x, E;," , !;:n) 1 

for such (x,E;,", E;,n) and k = l,···,m. For a point i E X we 

denote by fo(i) the interior of a backward cone with vertex x, 

more precisely, we set 

- ° s -Proposition 2.5. Let x E X and u E Hl~c(fO(x) 

some s E Rl. Suppose Pu E coo(fO(i) n X), Bulx =0 E 
n 

n X) for 

{x =O}) and u 
n 

Moreover assume 

tha~boundary condition Bulx =0 = ° is maximally nonpositive 
00 n 

for P. Then u E C (fO(i) n X). 

Although this proposition seems to be well known in essence, 

we shall give a proof for the sake of completeness of description. 

For an integer k and real numbers s, y with y ~ ° we 

denote by H~'s(X) the set of extensible distributions u E~J (X\aX) 

-yx 
such that e °u E Hk,s(X). (See e.g. [4], p. 51 for the 

space Hk,s(X) with k < 0). 

Lemma 2.6. For each nonnegative integer s, there is a 

Positive number such that 'f E H-l,O(X) d P ys 1 Y ~ ys' u y an 22 u 

E HO,s(X) then u E HO,s(X) Here P 22 is the differential y y. 

operator in (2.9). 
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2.11 

Proof. Since P22 is a symmetric hyperbolic system, there 

is a positive number Y~ such that for each Y ~ Y~ there exists 

a function w E H~'s(X} satisfying P22w = P 22 u if P 22 u E H~'s(X}. 

Therefore it suffices to prove the uniqueness. 

Let u E H~l,O(X} and P22 u = 0 in H~'s(X}. Then we need 

only to show that u = 0 in~' (X\3X), because H-l,O(X} is a 
Y 

subspace of Jj-' (X\ aX). Let g E c~ (Rn+l ) be a test function, 

supported in {xn > O}. Then the equation P~2v = g in Rn+l 

2 0 n+l 
has a unique solution v E H_~ (R ) for Y ~ YO' where P~2 is 

the formal adjoint of P 22 and YO a positive number. Moreover, 

since P22 does not contain On' we observe that supp v(x) C {xn > OJ. 

Hence (u,g) = (P 22 u,v) = O. The proof is complete. 

Lemma 2.7. Suppose the boundary condition Bul x =0 = 0 
n 

is maximally nonpositive for P. Then for each positive 

integer k there is a positive number Yk such that, for any 

Y > Yk and f E H~k,O(X) the following boundary value problem 

Pu = f in X, 
(2.13) 

Bu = 0 on ax 

has a unique solution u E Hk,O (X). Moreover 
Y 

(2.14) u(x) = 0 in fO(X) n X if so is f 

-for each x E X. 
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Proof. By the hypothesis of the lemma one can assume 

the Bl (x) in (1.27) is of the form (1.28). (See [f 2.] ,Lemmas 

2.9 and 2.10). Set 

H (x) = 

1 + -S(x) 
d 

s*(x) 1 
d-

which is a nonsingular matrix of order d. Besides, set ~l = 

2.12 

BIH and ~l = H-lul with the notations in (2.9). Then ~l~l = Blul 

and ~l = (1 + + SS*t 0), where 1 + + SS* is nonsingular. Thus 
d d 

after a change of the unknown u l ' one can assume Bl is of the 

form 

(2.15) Bl (x) = (I +' 0), 
d 

although (1.26) may be not preserved. Moreover we define 

a d-xd matrix Bi(x) by 

(2.16) Bi (x) = (0, I ) A (x) . 
d-

Then the adjoint boundary condition is given by Bivl'x =0 = 0, 
n 

because 

(Pu,v) 2 
L (x) 

00 

for u, v E Co(X), Furthermore the hypothesis of the lemma 

implies that 

(2.17) 
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2.13 

since the boundary condition Biv 1 1X =0 = ° is maximally nonpositive 
n 

for p* (see Lax and Phillips [13]). Therefore we see by a 

standard argument that for each positive integer k there is a 

positive number Yk such that (2.13) has a unique solution u E 

H~,2k(X) for any Y ~ Yk and f E H~,2k(X). 

Now let f E H~,2k-1(X). We shall show there is another 

positive number Y1 ~ Yi such that 

(2.18) 

We keep using the notations in (2.9). As in the proof of 

Proposition 2.4 we then have D
n

U
1 

E H~,2k-1(X) hence u 1 E 

H~,2k-1(X), because u
1 

E H~,2k(X). We also see that P22 D
n

U
2 

E H~,2k-2(X). Since D
n

U
2 

E 

preceding lemma that DnU2 E 

H-l,O(X), it follows from the 
Y 

HO,2k-2(X) hence u
2 

E Hl ,2k-2(X) 
Y Y 

if Y is large enough. Thus there is a positive number Y1 

such that (2.18) holds. Analogously one can find Yk with the 

desired properties. 

Finally we shall prove (2.14). Let v(x) = (VO(x) ,Vl(x) I 

···IVn(x» be the outward unit normal to fO(X) n X at a point x 

on the boundary a(fo(x) n X) of fO(X) n X and set 

For convenience we write 

-yx -yx 

° ° (e u , e v) 2 _ = (u,v)y' 
L (f ° (x) n X) 

-yx -yx 
° ° (e u, e v) 2 _ 

L (a (f ° (x) n X» 
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and lIuli y 
1/2 = «u,u)y) • Noting that 

-yx -yx a a 
P(e u) = e (Pu + iYAOU), 

P*v 

and setting 

by Green's formula we have 

2 ~ 
-2 YUu"y - 21m (f,u)y + (u,cu)y = v <A u,u> . 

Y 

Moreover we claim that 

(2.19) 'J <A u,u> > O. 
Y 

In fact, since A'J(x) = -A (x) on ax, by assumption we have 
n 

'J 
A (x)u·u ~ a for u E ker B(x) and x E ax. 

Furthermore, on the boundary of fO(x) we have 

I - [2 [ - [2 -1/2 = ( XII - XII + X - x) (XII 
n n 

so 

2.14 

which is positive semidefinite because of the definition of TO. 

Thus we obtain (2.19) and hence 
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Besides, since c(x) is bounded in X, there is a constant Co 

such that I (u,cu)yl 

Then 

2 
(2y - CO)UuU y ~ 0, 

Now let f = 0 in rO(x) n X. 

2.15 

so u = 0 in rO(x) n X for y > CO/2. Thus we prove the lemma. 

Remark 2.8. From the proof we also observe the following. 

Suppose to the contrary that Bulx =0 = 0 is maximally nonnegative 
n 

for P. Then the conclusion of Lemma 2.7 is still valid provided 

f E H~k,O(X), u E H~'O(X) and rO(x) are replaced, respectively, 

by f E H2k ,0(X), u E Hk,O(X) and the forward cone 
-y -y 

(x E Rn+l; TO(X
O 

- x
o

) > (Ix" - x"1 2 + IX
n 

- XnI2)1/2}. 

Corollary 2.9. Suppose the hypothesis of Lemma 2.7 is 

satisfied. Let u E HO,s(r (x) n X) for some s E Rl. Suppose 
loc 0 

Pu = 0 in rO(x) n X, Bu = 0 on rO(x) n ax and u = 0 in rO(x) n 

X n {xO «xO}. Then u = 0 in ~ (rO(x) n (xn > O}). 

Proof. In view of (2.16) and (2.17) we see from the 

00 -
preceding remark that, for each y ~ Yl and g E CO(rO(x) n {xn 

> O}), there is a function v E Hl,lsl (X) such that P*v = g in X, 
-y 

Bivllx =0 = 0 and (supp v) n X c rO(x). Hence by Green's 
n 

formula we have (u,g) 2 = 0, which proves the corollary. 
L (X) 
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2.16 

Proof of Proposition 2.5. One can assume without loss 

of generality that u = 0 in ro(x) n X n {xo « x o }. '" Let x 

E rO(x) n X and let k be an arbitrary positive integer such that 

k > s. Then it suffices to prove 

(2.20) 

In view of (2.15) one can also assume Bu = 0 on rO(x) n {xn = a}. 

Let ~ E Coo(Rn+l ) be a cutoff function, suppoted in rO(x), such 

that ~(x) = 1 on ro(~)' and set f = ~Pu. Then f E C~(X), in 

particular, f E H~k,O(X) for all y > O. Hence by Lemma 2.7 

there is a solution v E Hk,O(X) of (2.13) such that v = 0 in y 

X n {xO «XO}. Set w = u - v. Then w E H~~~(ro(~) n X), 

'" '" Pw = 0 in rO(x) n X, Bw = 0 on fO(x) n {xn = O} and w = 0 in 

ro(~) n X n {xO « 

w = 0 in i)_I (r 0 (~) 

'" 
XO}, Therefore by Corallary 2.9 we have 

n {x > O}) and hence (2.20) follows, because n 

H~~~(ro(x) n X) is a subspace of it' (ro(~) n {xn > O}). Thus 

we prove the proposition. 
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3.1 

§3. Construction of a parametrix 

In order to construct the parametrix E(f) we use the 

same phase functions e(x,n'), p(x,n') and Airy functions AO(Z)' 
lwith. 

A±(z) as in un. Recall that 8(x,n'),' p(x,n') , n' = (nO,n") 

= (nO,nl,···,nn-l) are real valued smooth functions defined 

on a conic neighborhood of (x,n') in XX(Rn,O) , homogeneous 

in n' of degree 1, 2/3, respectively, where nO = 0, nil = ~" ~ 0. 

Moreover the functions ~± = 8 ± (2/3)p3/2 solve the eikonal 

+ + + 
equation QO(x,~;) = ° in the following sense, where ~; = a~-/ax 

and QO(x,~) is the function in (1.5). Writing A(X, ex' ± Ippx') 

= A1 ± /PA 2 , ~(x, ex' ± /PPx') = ~1 ± /P~2 for p > 0, where 

A1 , A2 , ~1 and ~2 are even functions of /p, we have for p > 0 

(8
x 

A ) 2 + p(px A ) 2 
~l = 0, 

1 2 
(3.1)+ n n 

2(8 - A 1) (px - A2 ) - ~ x n n 

and, for nO < ° and ° < x « 1, - n 

( 3. 1) 

Furthermore, for x = 0, 
n 

(3.2) det ex'n' 

(3. 3) 

( 3.4 ) 

(3.5) p(x' ,O,n') 

> 0, where e , , 
x n 

I 
II 

1
-1/3 = no n = 

-29-

= ° , 2 

2 
= a e / ax' an' , 

2/3 a I n II I ,where a = 



We also have for x = 0 
n 

( 3 .6) 

( 3. 7) 

= A(x,8 ,) I x 

2 = a(p ) 
x 

n 
for In"l = 1, 

From now on, for xn = 0 we shall extend 8, p, 8
xn 

and 

3.2 

px to RnxRn in such a way that (3.2) through (3.7) are preserved 
n 

for lal < 1 and that e(x',O,n') = x'n' outside a conic neighbor-

hood of (x',n'). Then e(x',O,n') generates a canonical trans­

formation ~l(Y',n') = (x',~') of T*Rn\O into T*X'\O defined by 

(3.8) C' = 8 (x' 0 n') y' = 8 (x' 0 n'). 
S x' ", n" , 

-1 - -Moreover, under ~l ' the gliding ray r(x',~') is mapped (locally) 

- - -1 - -onto the straight line through (y',n') = ~l (X',~I) which is 

parallel to the YO axis, where y' = (Yo,yn) = (YO'Yl'···'Yn-l)' 

and on which YO increases as Xo does. 

Now we shall look for the parametrix E(f) in the same 

form as (6) of [10], namely, 

(3.9) 

t t t t. . h d+ . Here v(y') = (vO' vh ' vel 1S a vector W1t components 1n 

-00 n H (R), and G
h

, G
e 

are essentially the same operators as the 

G(2), G(3) in [8], respectively, while GO is the same one as 

the G
l 

defined by (8) of [10], in other words, we take ql = 1 

and q2 = 0 in the (7). More precisely, we define 
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3.3 

'v" 

(3.10) 
is v v v v -1 = Ie (Ao(p}a - iAO(p)b} (A+(I;;) Xl 

+ AO(I;;}-l(l - X1}}vO(n'}dn ' , 

where 

and VO(yl} is determined later so that (1.23) holds. Here 

AO' A+, I;; and Xl are the same functions as in [Ill ,(2.15). 

(See also (4.1), (4.4) and (4.7) below). 
v v v 

Besides, S, p, a 
v 

and b are almost analytic continuations of S, p, a and b, 

analogous to (2.17) of that paper (see also (3.30) below), 

while the amplitudes a(x,n ' } and b(x,n'} are given in the 

following theorem. 

Theorem 3.1. There exist smooth mxml matrices a(x,n'}, 

- - n b(x,n'} defined on a conic neighborhood of (x,n') in xx(R \o}, 

which have asymptotic expansions 

where ak(x,n'}, bk(x,n') are homogeneous in n' of degree -k, 

-k - 1/3, respectively. Moreover if we write 

(3.11) 

-i8 is e P(x,D} (e (AO(p)a - iAO(p)b» = AO(p}C - iAO(p)d, 

where ck(x,n'}, dk(x,n'} are homogeneous in n' of degree -k, 

-k - 1/3, respectively, then 
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3.4 

(3.12) ( 

0 for p ~ 0, 
c k , d k = 

o (x
oo

) for 0 < x «1, nO < 0 and In'l = 1. n n 

This theorem has been essentially obtained in [8] ,§§3 

and 4. Nevertheless, since the proof given there is somewhat 

inaccessible, we shall give another proof. (See also Petkov [/7). 

Proof of Theorem 3.1. We first seek a k , b k for p > 0 

and then extend them to P ~ o. Using the equation AO(P) = 

-pAO(p) and setting the coefficients of AO(P), -iAO(p) on the 

left hand side of (3.11) equal to c, d, respectively, we have 

for k = -I, 0, I, 2,···, 

where a_I = 0, b_ l = O. 

Let p > O. Then (3.12) is equivalent to 

(3.13) 

where 

Let W(x,~) be the matrix defined by (2.6). Then it follows 

from (2.7) and the eikonal equation (3.1)+ that 

(3.14) Pl(x, e ± /pp )W(x, 8 ± /pp ) = O. x x x x 
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3.5 

Thus, setting 

(3.15) 

we obtain (3.13) for k = -1, where gO(x,n'), hO(x,n') are 

arbitrary smooth mlxml matrices, homogeneous in n' of degree 

0, -1/3, respectively. More preciesly, we define aO' b 0 as 

follows. Setting 

(3.16) 

so that W(x,8 ± /pp ) = W ± /PW2 , we define x x 1 

(3.17) 

Then (3.15) holds and aO(x,n'), bO(x,n') are smooth near (x,n'), 

homogeneous in n' of degree 0, -1/3, respectivly, because so 

are Wl(x,n'), W2 (x,n'). 

Next let k = 0 and In'l = 1. Then (3.13) is equivalent to 

(3.18) 

so we look for a l , b l in the form 

(3.19) 

where ~l ± ~l are special solutions of (3.18) with ao' b O given. 
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We also see, as above, that (3.18) with (3.19) becomes the 

following system of linear equations for ~l ± ~l: 

(3.20) 

which is solvable if and only if 

(3.21) 

Here W* denotes the adjoint matrix of W, so the rows of 

W*(x,8 x ± /PPx) are right null vectors of P l (x,8 x ± /PPx). 

3.6 

Notice that (3.21) with (3.17) is equivalent to the following 

transport equation for go ± /Ph o : 

(3.22) 

where 

+ 
A -. (x, n I ,t) = W* (x, 8 ± tp ) A. (x) W (x, 8 ± tp ), 

J x x J x x 

+ 
c- (x,n l ,t) = iW*(x,8 x ± tp )P(x,D)W(x,8 ± tpx). x x 

In fact, (3.17) yields 

p(x,D)ao ± /PP(X,D)b o = Ej=OAj(X) (Wi ± /PW2 )D j (go ± /ph O) 

+ (P(x,D)Wl ± /PP(x,D)W2 ) (go ± /Ph O) 

± (i/(2/P»)(P l (x,px)Wl + /PP l (x,px)W2)h O· 

Therefore the left hand side of (3.21) coincides with (-i) 

times that of (3.22), because (W! ± /PWi)P l (x,8 x ± /PPx) = O. 
__ J 

IFurthermore, making changes of variables (xl,x ) + (xl,p) 
n 

1, ,-
1 I i-, 
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3.7 

and (x I , p) -+ (x I , t) with t = v'p, and se(t.ti:ng 

+ 
a - (x I , t , n I) = go (x , n I) ± th!O (x, n I ) , 

we see that (3.22) is equivalent to 

(3.23) ± 
+ a ± n-l + a + + 

C- ( I t I) a + <:' C- ( I t I) a C- (I t I) - 0 n x , ,n at ,~o J' x , ,n ax, + n+l x , ,n a = , 
J= J 

where 

C±(xl,t,n ' } = (2t}-lw*(x,8 ± tp }Pl(x,p }W(x,8 ± tp), n x x x x x 

+ 
C->(x l t n') 

J ." 
+ 

= Aj (x, n I , t), j = 0, 1,···, n-l, 

+ + 
C~+l (Xl ,t,n I) = C- (x,n I ,t) . 

We shall show that (3.23)± are hyperbolic with respect 

to dt. Since (3.14) and (3.l6) yield Pl(x,Px}Wl = -P l (x,8 x }W2 

hence WiPl(x,Px) = -W~Pl(x,8x)' we have 

(W* 
1 = -WiP l(x,8 x }Wl + 2tWiPl(x,8x)W2 

+ 0 (t
2

), • 

+ 
Therefore we see that C-(x l ,t,n ' ) 

n 

are smoothly extended to t < 0 and 

(See [8],Lemma 4.1, although the factor 1/2 in (4.9) must 

be replaced by 1). Moreover, since (3.5) and (3.16) imply 

W2 (x,n ' } = Px W~ (x,8x ) + O(p) for xn = 0, 
n n 
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3.8 

we have 

C~(XI,o,n') = +(px (X,n,))2(W~ PIW; ) (X,8 x (x,n ' )). 
n n n 

Besides, (2.3) and (2.6) yield 

Thus we are 

positive definite near (xl,O,n ' ) hence (3.23)± are symmetric 

hyperbolic systems which are really ordinary differential 

equations along bicharacteristic curves of QO. Consequently 

(3.23)± have the unique smooth solutions for arbitrary smooth 

- + data prescribed on t = 0 such that a (x',t,n') = a (x',-t,n'). 

Furhtermore, if we set 

go(x,n ' ) = (a+(XI,/P,n ' ) + a+(x ' ,-/P,n ' ))/2, 

hO(x,n ' ) = (a+(xl,/P,n ' ) - a+(x l ,-/P,nl) )/2/P, 

then go' hO are smooth up to p ~ 0 and (3.21) also holds. 

Now we shall extend the a O' b O given by (3.17) to p < o. 

Since W(x,;) is analytic in; according to (2.6), the WI 

and W2 defined by (3.16) are even functions of /p hence they 

can be extended to p ~ 0 in a natural way. Let go' ho be 

arbitrary smooth extensions to p < O. Then we have (3.12) 

for k = -1 and nO < 0, because P1 (x,8 x )W1 + pP1 (x,Px)W2 and 
00 

P1 (x,8 x )W2 + P1 (x,Px)W
1 

are O(xn ) for In'l = 1 according to 

(2.7) with ~ = 8 ± /pp and (3.1)_. 
x x 
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3.9 

Next we shall construct special solutions ~l' ~l of (3.20) 

so that (3.12) holds for k = O. As in [8] ,pp. 284-285, one 

can extend go' hO to P < 0 so that (3.21) is satisfied to 

infinite order on x = 0 for a < 0, more precisely, so that 
n 

00 

O(xn ) for nO < 0 and 0 < xn «1. Therefore it suffices to 

construct ~l' ~l so that if the left hand sides of (3.20) and 

(3.21) are written as B(l) ± /PB(2) and B(3) ± /PB(4) , respect-

ively, where B(j) (x,n ' ) are smooth, then each element of B(l) 

and B(2) is, mod O(x~), a linear combination of those of B(3) 

and B(4) with smooth coefficients. The procedure below will 

refine the proof of [8] ,Proposition 3.1. 

Introducing an extra variable z in place of ±/p, we set 

~ = e (x, n I) + Z P (x, n I) and x x 

F(x,n',z) = fFI J = -p(x,D)aO(x,n ' ) - ZP(x,D)bO(x,n ' ), 

lFII 

where aI' FI are the upper dxml blocks of a, F, respectively. 

We shall dominate Pl(x,~)a(x,n' ,z) - F(x,n ' ,z) by W*(x,~)F(x,n' ,z) 

+ O(QO)' where a is constructed similarly to the a~l in [8], 

Proposition 3.1. 
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It follows (2.3) that 

Hence, setting 

we need to estimate 

Moreover, putting 

a e 

-1 
A12A22FII) = Fh 

Fe 

we see from Lemma 2.1 that 

3.10 

(~n - MO)a O - FO 

(AS)-l(A(~n - M)aI - FI + A12A;~FII) = (~n - Mh)ah - Fh 

(~n - Me)ae - Fe 

where 

M+ 0 M+ 0 h e 
Mh = M = e 

0 Mh 0 M e 
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Since the eigenvalues of Mh(X,~,), Me(X,~,) are different 

from ~n' we define 

a = (~ - M )-IF . 
e nee 

3.11 

Thus it suffices to construct a O so that elements of (~n - MO)aO 

- F 0 
are linear combinations of those of W*F, mod O(QO)· 

Now, (2.6) yields 

(3.24) W*F = S~(Fr 
-1 

- A12A22Frr) 

FO 

= S*AS Fh 0 

F e 

Noting that S~AS is an mlxd matrix of maximal rank, we set 

and suppose I~I I = 1. Then we shall show that 

(3.2S) 

for j = l,ooo,ml , and 

(3.26) 

Since (2.7) implies A(~n - M)SO = O(QO}' so is S~A(~n - M}S 

= (A(~n - M}SO)*S. Therefore by Lemma 2.1 we have 

S~AS(~n - M) = S~A(~n - M)S 

= O(QO)' 
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which yields (3.26). Moreover, since (T2j_l,T2j) (~n - Mj ) 

= O(QO)' we obtain (3.25). 

Now, define 

Then we have 

o 
F2m -1 

1 

(~ - M )a = n 0 0 

with FO = 

Fl 

0 

F3 
-

0 

. 
F 2m -1 1 

0 

0 

Fl 

0 
(~ -n 

A) 
F3 . 
0 

F 2m -1 1 

while (3.24) I (3.25) and (3.26) imply that T2 , T4 ,··· ,T
2ml 

are linearly independent and 

Fl F2 

F3 
• 

F4 . 

3.12 

-1 (T2 , T 4' • • • , T 2m) W*F = (~ - A) . + + O(QO)· n , 
1 F F 2m -1 2ml 1 

Consequently we see that elements of (~n - MO)a O - FO are 

linear combinatons of those of W*F, mod O(Qo) . 
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3.13 

Finally we set 

itl(x,n') = (1/2) (a(x,n' ,z) + a(x,n' ,-z» I 2 
z =p 

(1/ (2 z» (a (x, n ' , z) - a (x, n ' ,- z) ) I 2 
z =p 

l51 (x,n') = 

Then, since a(x,n',z) is an analytic function of z, itl(x,n') 

and ~l(x,n') are smooth in (x,n') and have the desired properties. 

Analogously one can construct a k , bk for k ~ 2 so that (3.12) 

holds. 

The 

of G(2), 
(on X') 

~hl and a 

Thus we prove the theorem. 

construction of G
h

, G
e 

in (3.9) is similar to that 

G(3) in [8]. First we take a Fourier integral operator 

pseudodifferential operator ~ on X', depending e 
00 

smoothly on parameter x n ' such that P(x,D)GhWh E C (X), 
00 _ -00 

P(x,D)GeWe E C (X) near x for all wh(x'), we(x') E H (X') 

with WF(Wh ), WF(We ) contained in a small conic neighborhood 

of WF(f), whose boundary values are classical pseudodifferential 

operators of the form 

(3.27) 

+ +-1 
Here Wh(x' ,t.;') = Wh(x ' ,0,f,:1), We(x' ,V) :::: We(x' ,O,f,:') mod Sl,O' 

where W~(X,~,), W:(x,~,) are the matrices defined by (2.8), 

~ ~ 
and X is a cutoff function such that X(f,:') = 1 for (x',~') 

in a conic neighborhood of WF(f). The construction of such 

~h' ~e is well known (see for example [20], Chap. IX). Next 

-41-



let ~l be a Fourier integral operator, with the canonical 

transformation ~l defined by (3.8), whose amplitude is 

v 

e i (8 - 8) (x' ,O,n') E s~,o' namely, define 

(3.28) 

v 
Hereafter 8(x',0,n') is extended to 

RnX(Rn,O) in such a way that 8(x',O,n') = 8(x' ,O,n') = x'n' 

outside a conic neighborhood of (x',n'). Finally we define 

Gh , Ge as the compositions 

(3.29) 

3.14 

To deduce (1.22) we also use the following lemma. Recall 

that the almost analytic continuation a(x,n') of a(x,n') is 

defined by 

(3.30) 
00 

a(x,n') = E 
k=O 

where T is a positive number, XO(t) E C~(Rl) a cutoff function, 

supported in It I < 2, such that XO(t) = 1 for It I < 1, and 

{ Nk}:=O with NO = 1 is a sequence of positive numbers which 

increases fast enough. Applying P(x,D) to each side of (3.10) 

and using AO(P) = -PAO(p), we have 

(3.31) 
,v 

P(X,D)GOVO = fe18 (Ao(p)C - iAo(p)d) (A+(s)-lX
l 

+ 
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3.15 

Here, setting 

which coincide with c{x,n'} and d(x,n'} in (3.11), respectively, 

we have 

'V 
c(x,n'} 

2i(x,n'} 

Moreover we obtain 

v' ." V V 
= c(x,e,p,a,b), 

'v 'V V V = d(x,8,p,a,b}. 

Lemma 3.2. Let k be a nonnegative integer and let 

In"1 ~ TNk • Then 

o(ln'l-k
} for p ~ 0, 

~(x,n') = o«pln'I- 2/ 3 )ooln'l) + o(ln'l-k ) for p < 0, 

The analogous estimate for 2i also holds with In'l and In'l-k 

replaced by In' 1
2

/ 3 and In'l-k - l / 3 , respectively. 

Proof. Let c(x,n') be the almost analytic continuation 

I 1
-1 

of c(x,8,p,a,b). Then, since XO(NjL n" ) 

we have ~ - ~ = o(ln' I-k ) and 

v 
C = ( - ~,T) j + 0 ( In' I - k) • 

J • 

= 1 for j < k, 

Hence the desired estimate follows immediately from Theorem 3.1. 
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§4. Airy operators 

The purpose of this section is to give a summary of 

[11] ,§3. Let Ai(z) be the Airy function of the first kind, 

given by 

We define A±, AO by 

(4.1 ) 
A () +i7T/3A' ( =Fi7T/3 ) ± z = e ~ e Z , 

AO(z) = A+(Z) + A_(Z) = Ai(-z). 

Then 

(4.2) A~ (z) + ZA± (z) = AO (z) + ZAO (z) = 0 

and A± have the asymptotic expansions for Izi » 1 with 

-7T ± 7T/3 < arg Z < 7T ± 7T/3 

(4 .3) 

A±(Z) = Z-1/4 e ±i(2/3)Z3/2'¥±(Z), 

IIJ±(Z) ~ e~i7T/4~oo (+l,}ka z-(3/2)k 
• uk=O - k ' 

where a k are real and a O = i/(2iIT). Besides, A+(Z) ~ 0 for 

Re Z ~ 0, A_(z) ~ 0 for 1m z < 0 and Re A+(X) = Re'A_(x) = 

A
O

(x)/2 for x real. 

Throughout the present paper, all functions of (x' ,nIl 

be modified for In"l < 1 so that they are smooth in RnxRn • 

Noting that p(x' ,O,n') = ( nO - iT) In" 1-1 / 3 for In"l > TN1 , 

where T, Nl are the positive numbers in (3.30), we set 
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will 



4.2 

(4.4) 

The parameter T will be fixed so large as all a priori estimats 

in Propositions 6.1, 6.2, 6.3, Corollaries 6.4 and 6.5 hold. 

Moreover we set 

(4.5) 

(4.6) 

(4.7) 

( 4. 8) 

and 

(4.9) 

K±(n ' ) = -ilnlll-l/3(A~/A±) (r;), 

KO (n I) = -i 1 nil 1-1/
3 

(An/Ao) (r;) , 

L(n') = (A_/A+) (r;), 

)C(n ' ) = (K+ + K_L)X l + KO(l - Xl)' 

xl(n ' ) = x(aln"12/3/to) = x(nolnlll-l/3/to)' 

x£(n ' ) = x(alnlll£) = x(nolnlll£-l) 

y = (a2 + In"I- 4/ 3 )1/4= (n~+ In"12/3)1/4In"l-l/2. 

Here to is a positive number with to < 1 such that AO(t) > 0 

for t < 3tO and 1m A+(t) < 0 for 0 ~ t < 3tO' and X(t) E Coo(Rl) 

is a real valued function, supported in t > 3/2, such that 

x(t) = 1 for t > 2 and Xl (t) > o. The £ is an arbitrary 

o 
(fixed) positive number with £ < 1/2. Note that Xl E sl/3,0, 

X E sO for lal bounded. We also denote the Fourier £ 1-£,0 

multiplires corresponding to (4.5)'through (4.9) by the same 

letters. For example, L denotes the Fourier multiplier defined 

by 
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From now on we suppose lal < 1 and In"l
l

/
3 » T > 1. 

In addition, we denote by L~(Rn) or H~(Rn), respectively, 

the set of functions V(yl) E L2(Rn) or V(yl) E HS(Rn ) such 
A 

4.3 

that supp v (n I) C { I a I < l}. Here -00 < s < 00. We also denote -

constants independent of T by C, C I, Ck 
and so on, while 

o(ln"l- l ) etc. may be depend on T. 

Lemma 4.1. Let q be a real number. Then 

for k, I 131 > O. 

q 0 -q/3 
In particular, y belongs to 51 / 3 ,0 if q > 0 and to 51 / 3 ,0 

if q < o. 

Lemma 4.2. The functions K+Xl' K and KO(l - Xl) belong 

to sO More percisely, 1/3,0. 

lak aSIIK (n') I ~ ck,Qln"l-k-ISlyl-2k(1 + o(ln"l- l ) 
nO n - .., 

for k, 1 131 > O. 

The analogous estimates also hold for K+ and KO if a > 0 and 

aln"1
2

/
3 ~ 3tO' respectively, where to is the number in (4.7). 

Lemma 4.3. The operators K+Xl' K and KO(l - xl) are 

bounded on L~(Rn). More precisely, 

II K vii 2 112 I 2 < Cllyv + O(llvl_l/2) 

The analogous estimates also hold for K+ and KO if supp ~(n') 

C {a > O} and {a\n"\2/3 ~ 3tO}' respectively. 
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4.4 

For the commutators involving y, K± and KO we have 

Lemma 4.4. o 
Let a(y',n') E Sl/3,0 and q be a real number. 

Then 

1 
l-q q 1 -1/2 2 -1/2 2 

(Y [y, a]v, w) < Cq"Y v"-1/2 + Uy wU_ l / 2 

2 2 
+ O(UvU_ l / 2 + UwU_ l / 2), 

-1/2 2 -1/2 2 
< CUy vU_ l / 2 + Uy wU_ l / 2 

and 

1 (K_[Xl' a]v, w) 1 < C'Uy-l/2v ":1/2 + Uy-l/2wU : l / 2 

2 2 
+ O(UvU_ l / 2 + UW"_1/2) 

for v, w E L~(Rn). The analogous estimates also hold for 

K+ and KO if supp ~(n') is as in the preceding lemma. 

For the proofs see those of [11], Lemmas 3.1 through 3.4. 

The following three lemmas will play basic roles in 

dealing with the operators L or~. 

Lemma 4.5. Let x ~ 0 and 0 < y « (l + x)-1/2. Then 

IA±(X - iy) 12 2 O(y2 (1 + x) 1/2) , = 1 A± (x) 1 ± bOY + 

IA~(X - iy) 12 = 1 A~ (x) 12 ± bOxy + O(y2(1 + x) 3/2) , 

where b O = -I3Ai(O)Ai' (0) > O. Moreover IA_(X) 1 = IA+(X) 1 

and, when x » 1, 
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IA+(x) 12 = a~x-1/2(1 + O(x- 3», 

IA~(x) \2 = a~x1/2(1 + O(x- 3», 

where a O is the positive number in (4.3) 

Lemma 4.6. Let a ~ 0 and set 

Q (n') = L(n')e i (4/3)a
3

/
2
In "l. 

Then 

and 

4.5 

l ak as L(n') I < C yk+3l s l (1 + o(ln"I-1 » for k, lsi> O. nO n" = k,S 

o 
In particular, (L(l - X£)X 1 ) (n') E 5£/2,0 and L(Dy')X£ is 

a Fourier integral operator with singular phase function 

lj(y' ,nil = yin' - (4/3)a3/ 2 \n"\, 

o 
with amplitude Q (nl)x£(n ' ) E 5 1 -

E
,0' where Xl and X

E 
are the 

cutoff functios defined by (4.7) and (4.8), respectively. 

Moreover denote by ~2 the canonical transformation associated 

-1 r.., 
with LX£ which is defined by ¢2 (yl,n ' ) = (I

n
, (y',n ' ) ,n l ). 

Then 

(4.10) ¢2(y' ,nil = (yo + 2/Ci, y" - (2/3)a
3

/
2
n"/ln"\, n') 

for a > O. 
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4.6 

Lemma 4.7. Let a(y',n'), b(y',n') E s~_£,O be homogeneous 

in n'. Then there exist symbols a(O) b(O) E Sm and , 1-£,0 

a (l), b(l) E m-1+£ sl-£,O such that, modulo smoothing operators, 

(LX 1) (D ,) a (y' ,D ,) X = (a (0) + a (1) ) (y' D ) L (D ) X 
y Y £ 'y' y' £' 

Here a(O)(Y',n') = ao<p;l(Y',n'), b(O)CY',n') = bO<P2Cy',n'), 

a(l) and b(l) are o(ln"l m- 1y-1), supp a(l) e <P
2

(supp dy,a) 

and supp b(l)e <p;lCsupp dy,b). In particular, if aCyl ,nil ~ 0 

and 

-1 
aO<P2 (y',n') < a(y',n'), 

then supp a(j) c supp a for j = 0, 1; if b(y',n') > 0 and 

bo<P2(y',n')· < b(y',n'), 

then supp b(j) e supp b for j = 0, 1. 

For the proofs see those of [II] ,Lemmas 3.9, 3.5 and 3.7. 

The following lemma is a direct consequence of Lemma 4.5 if 

we set x = aln"1
2

/ 3 and y = Tln"I-1 / 3 . 

Lemma 4.8. Let b 1 be the positive number in [II] ,Lemma 3.10. 

Then 

1 - \L{n') \ > b
1

TY - o(\n,,\-l) if 0 ~ a « T- 2 
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if supp ~(n') C {a « T-
2 }, and 

Re ((1 + LX 1 )V, v) ~ 8nvn
2 

- o(nvn~1/2) 

A 2 -2 
if supp v(n') C {a > 8 T } and 0 < 8 < 1/2. In particular, 

(4.11) 

for v E L2(Rn) with supp ~(n') C {O < a < 1}. 

Note that Lemma 4.3 and (4.11) yield 

(4.12) 

and 

For the commutators involving LX 1 or L we have 

Lemma 4.9. Let a(yl,n') E 8°1_ 0 Then 
£, • 

222 
n [LX1' a]vll < Cnyvll + O(lIvll_1/2) 

For the proof see that of [II] ,Lemma 3.8. The following 

a priori estimate for the operator Lwi11 play an essential 

role in deriving a basic estimate in this paper which will 

be given in Proposition 6.1. 
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4.8 

Lemma 4.10. There is a positive number b 2 such that 

Re ( ~ v , (1 + LX 1 ) v) > b 2 T ( II y X 1 v II 2 + II y -1 / 
2 

(1 - Xl) v II : 1/2 ) 

2 
- O(lI v ll_1 / 2 ) 

2 n A -2 
for v E Lo(R ) with supp v(n') C {a «T }. 

For the proof see that of [I/],proposition 3.12. The 

following lemmas are supplements to the above estimate. 

Lemma 4.11. Let 0 < 0 < n/2 and set 

-1/2 Co = (sin o)inf (1 - x) Ab(x)/AO(X). 
x<O 

Then Co is positive and 

2 n A for vEL (R ) with supp v(n') C {-1 < a < a}. 

Lemma 4.12. Let aln"I E 
> 1 and 0 < E < 1/2. Then 

Lemma 4.13. Let 0 < 0 < 1/2. Then 

For the proofs see those of [II] ,Lemmas 3.17, 3.18 and 3.19. 
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We will also use in §7 the family of pseudodifferential 
-ty 

operators At with symbols At(f,n') = <n"> O. Here t > 0 

is a parameter and 

with the X in (4.7), so that <n"> = In"1 if In"l > 2. For 

T > 1 and t > 0 we set, as in [//], 

(4.13) 

Lt(n') .::: (A_/A+) (St)' 

K±,t(n') = -i<n">-1/3(A~/A±) (St)' 

KO,t(n') = -i<n">-1/3(Ao/Ao) (St)' 

4.9 

(4.14) ( itlog <n"»k -1 - X (N t<n"> log <nil» 
k! 0 k 

a6 
with such XO' N~'in (3.30), and 

(4.15) 

Let v(y') E H-oo(Rn ) be a function such that v E Hoo(Rn\K) 

for a compact set K and supp ;(n') C {Ial < co<n"~-o} with 

some positive numbers cO' O. Then we have 

(4.16) }\tLXl v = LtXltAtv, A Lv = t LtAtv 

00 

(Rn 
{Yo T }) mod H n > for any real number T. Moreover Lemmas 

4 .2, 4.3, 4.4, 4.9 and 4.11 are still valid even if land Xl 

are replaced by It and Xlt , respectively. Hereafter we suppose 

that lal < c <n">-o and v is as above. Then we obtain o 
the following estimates. 
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4.10 

Lemma 4.14. Let b 1 be the positive number in Lemma 4.8. 

Then 

if Ct ~ 0 

and 

1/2 2 2 
> bIll (It Y) Xlt vII + II (l - X1t) vII 

- o(nltVn~I/3) if v E L
2

(R
n
). 

Lemma 4.15. Let b 2 be the positive number in Lemma 4.10. 

Then 

Re C,(" tV, (1 + L t Xl t) v) 

> b2(lIl!/2YXltVIl2 + IIl!/2y-l/2(1 2 
- Xlt )vll_ l / 2 ) 

O ( II 11 2 ) l' f v E L2 (Rn ) . - ltV -1/2 

For the proofs see the end of [II], §3. We also see 

from Lemmas 4.14 and 4.3 that (4.11) and (4.12) hold for such 

v as described above even if L and ~ are replaced by Lt and 

L t , respectively. 
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5.1 

§5. Equation on the boundary 
00 

Our next task is to solve, mod C , 

(5.1 ) BGvl x =0 = f, 
n 

where G is the operator defined by (3.9), (3.10) and (3.29). 

From now on we suppose that xn = 0, lal « 1, (x',~') = ~l(Y"~')' 

where ~l is the canonical transformation given by (3.8), and 

often abbreviate (x',O) E ax as x', so 8x (x' ,n') = 

(e ,(x' ,O,n'), e (x' ,O,n')} and so on. x x 
n 

Let ~-l be an elliptic Fourier integral operator with 

-1 canonical transformation ~l such that 

(5.2 ) 
-1 -1 _00 

~l~l = ~l ~l = the identity, mod OPS1,0' 

where ~l is the Fourier integral operator defined by (3.28). 

Then (5.1) is equivalent to 

(5. 3) lilBGoVo + lilB1Gh' Gel[:j - lilf. 

-1 
where (3.27) and (3.29) imply that ~l B(Gh , Ge ) is a classical 

pseudodifferential operator with principal symbol B(x'} (Wh , We) (x',~'). 

Moreover/ since p(x' ,n') = s for In"l » 1, it follows from 
00 

(4.1), (4.5) and (4.6) that, mod C (X'), 

v-
ie (x' n') v A = Je 'B(x')a(x' ,n') (1 + LX 1 ) (n')vO(n'}dn' 

v 

+ Je i8 (x' ,n'}B(X')b(x',n') In"ll/3 L(n')~o(n')dn'. 
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-1 
Therefore, applying ~l to each side, we have 

(S. 4) 

~ ~ ° -1 where c, d E OPS1,0 and, mod Sl,O' 

~ 
c (y' ,n') = B (x') a

O 
(x' ,n') , 

~ 1/3 
d(y',n') = B(x')bO(x',n') Inlll 

with ao' b O the symbols given by (3.17). Note that (2.6), 

(3.S), (3.6) and (3.16) yield 

ao(x',n') =W(x',E;', >,,(x',E;'))go(x',n') 

(S.S) + aln ll 1
2

/ 3
Px (x',n')WE; (x',E;')ho(x',n') 

n n 

+ Px (x' ,n')WE; (x' ,E;')go(x' ,n'), 
n n 

because WE; 
n 

is independent of E; . 
n 

We shall here specify the initial data on t = ° for the 

transport equation (3.23)±. First suppose (1.9) holds. Let 

° E(t' ,Dy ') E OPS1,0 be an elliptic pseudodifferential operator 

whose symbol is the matrix ~(x, ,~' ,E; ) given by (1.8) with 
n 

E;n = >.. (x' ,E;'). 
-1 

Applying a parametrix E for E to each side 

of (S.3), one can write 

BllvO + B12[::] 
= F

l
, 

(S .6) 

B2lV a + B22[::1 = F 2 · 
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5.3 

Here Bll , B22 are square matrices of order ml , d+ - ml , 

° -1 respectively; B12 , B22 E OPSl,O and, mod Sl,O' B12 (Y',n') = 0, 

- m 
1 

Hence, setting 

we see from (5.4) and (5.5) that (5.6) becomes 

(5.7) 

where ~l' ~2 E OPS~,o' ~l' ~2 

mod 

mod 

-1 
Sl,O' 

-2/3 
S 1,0. 

1/3 'V 
E OPS and c (y',n') = I + O(a) 1,0 1 ml 

+ O(a» In"ll/3 

We shall now take go(x, n'), hO(x,n') for p = ° in such 

a way that go is elliptic and, for xn = 0, 

(5.8) 

In fact, setting t = ° in (3.23)+, we have 

(5.9) 
n-l + ago 

E C. (x' ,O,n')-a- + C~+l (x' ,O,n')go = -C~(x' ,O,n')ho · 
j=o J Xj 

Therefore, if we define hO = -~2golnlll-l/3 for t = 0, the 

above equation becomes a symmetric hyperbolic system for 

gO(x, n') Ip=o' because C~(x"O,n') is positive definite. 

Thus (5.9) has a unique solution with initial data go = 1 

on Xo = 0. Consequently, go is elliptic and, by (3.5), (5.8) holds. 
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'" '" Finally, applying a parametrix for clgO + c2hO to each side 

of (5.7), we arrive at 

(5.10) 

where b(y',n') = o(a) mod si~o' and 

Next suppose (1.10) and (1.11) hold. For convenience 

we denote by ~jk(X"~"~n)' j, k = l,···,ml , the matrix 

~(x',~',~ ) with the j-th column of W(x' ,~',~ ) replaced by 
n n 

the k-th column of W~ (x' ,~') In"l and set Rjk = det ~jk. 
n 

Then (1.11) means 

Hereafter we suppose for definiteness that Rll(x"~"~n) i O. 

Let El E oPS~,o be an elliptic pseudoidfferential operator 

~ . -1 
with symbol Hll(x',~' ,A(X',~'». Applying a parametrlx El 

for El to each side of (5.3) , Iwe obtain an equation of the 

same form as (5.6), where B12 , B22 are as before. Set 

(5.11) 
[::] = 

with 

[:~J = Ei1$i1f. 

Then (5.3) is equivalent to 
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5.5 

(5.12 ) 

the left hand side of which is of the same form as that of (5.7). 

-1 -1 
Since B12B22 E OPS1 ,o' it suffices to examine B11 only. 

Write 

-1 
Then, mod 51 ,0' 

tV -1 c I (y I , n I) = E 1 BWg 0 + 0 (a) , 

ill (yl ,n I) = (E~lBWhO + Px E~lBWi; gO) 'nil ,1/3, 
n n 

where W = W (x I , i; I, A (x I , i; I ) ) , Wi; 
n 

setting 

= Wi; (x',i;'). 
n 

(5.13) -1 E1 (y',n')B(x')W(x',i;', >..(x',i;')) = 

-1 
we have, mod 51 ,0' 

Therefore, 

e d 1··· 
+ 

ell = (R/R11 ) (x I , i; I, A (x I , t,; I ) ) I n II I -1 + 0 (a) , 

(yl ,nl), 

(5.14) e j1 = -(Rj1/R11 ) (x',i;',>,,(X',V)) + 0(0.) for 2,:S j < m1 , 

e jk = 0jk + 0(0.) for 1 ,:S j < m1 , 2 ,:S k < m1 · 

We shall now take the initial data gO(x,n ' ) and hO(x,n ' ) 

on P = 0 for (3.23)± as follows. In the case of m1 = 1, we 

-58-



S.6 

define hO(x,n') = 0 for P = 0 and then solve (S.9) with initial 

data go = 1 on Xo = 0, so that go is elliptic and, by (3.S), 

we have 

(S .1S) 

Moreover (S.12) can be written as 

-1 
where, mod Sl,O' 

'" 
21(y',n') = gO(x',n')p

x 
(x',n')ln U I-2/ 3 + O(a). 

n 

'" "'_1 
Since d E SO is elliptic, applying a parametrix d to each 1,0 

side, we arrive at 

(S .16) 

with fO = 

(S.17) 

Here a E 

(S.18) 

B vo = fO 

'" 21- 1 (F - -1 and B12B22F2) 1 

13 = a(l + LX1) +1-. 

0 
OPS1,0 and, mod -1 

Sl,O' 

a(y' ,n') = RA (x' ,~')/(px (x' ,n') In ull/3) + O(a), 
n 

so that condition (H l ) and (3.4) yield 

arg a(y' ,n') C [-n/2, n/2 - 00] for a = O. 
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In the case of m
l 

> 2, we take 

1 

(5.19) go(x,n') Ip=o = 
I 

o 

m -1 
1 

and define hO(x,n') Ip=o so that (5.9) holds. Then (5.12) 

becomes 

(5.20) 

where "", a , ~'E 0 -1 
u OPS l ,O and, mod Sl,O' 

~I(yl,n') =[e
ll 

0 1 
o I m _l 

1 

+ o(a). 

5.7 

Moreover, denoting by ~ik(Y' ,n') the (l,k) entry of ~'(y' 'n'), 

-1 
we see from (5.13), (5.14) and (5.19) that, mod Sl,O' 

and, for 2 ~ k ~ ml , 

-1 because the (l,k) entry of El BW~ is equal to Rlk/Rll, mod 
n 

o(ell ) , for k > 2. (See the proof of [8], (5.25». 
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Now let E2 be an elliptic pseudodifferential operator 

whose symbol is equal to I with the (1,1) entry replaced ml 
'\J ii, by ~ll(Y ,n ). Applying a parametrixhto each side of (5.20), 

we arrive at 

(5.21) 

with fO 

(5.22) 

-1-­E . 
2 -

° where a, b E OPS1,0. Moreover, setting 

(5.23) 

where all' b ll , v l ' fl are scalar, and a 22 , b 22 square 

-1 
matrices of order ml - 1, we have, mod Sl,O' 

(5.24) 
RA(X',~') R 

all (y' ,n ' ) = 1/3(1 + 0 ( A » 
Px (x',n'}ln"l Px 

In"ll/3 
n n 

(5.25) a 12 (y',n') = 0(0.) , a 21 (y' ,n') 0(0.) , 

(5.26) a 22 (y',n') = I + 0 (a) , m -1 1 

(5.27) bll(y',n') = 1 

and 

(5.28) b ( ' I) = R- l (R R) ( I ~ I \ (x I , ~ I ) ) 12 Y ,n ~n 12'···' lm
l 

x 's '/,- S 

Here Rlk are the functions described above (5.11). 
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5.9 

Finally we modify 15 for Yo « yO as follows. Since 

WF(f} is contained in a small conic neighborhood of r(x' ,~'} n 

{xo ~ o}, one can assume there is a positive number 01 such 

that 

(5.29) 

Let ql (yO) , q2 (yO) E COO (Rl) be cutoff functions such that 

qj (yO) ~ 0 and 

ql (yO) 1 -
2°1' (yo 3°1' = for yo > yo - supp ql C -

(5.30 ) -
(yo q2(YO) = 1 for yo > y - 4°1' supp q2 C - 5°1' 0 

Then we set 

(5.31) 

'\J 
a = ql a + (l - }5 = 

'ff = ci:(l + LXI) 

so that 

;

8 for yo > 

'\J = ~(l + LXI) + b~ 
13 

for yo > yo - 401' 

-

l
\ (1 

(1 

for yo < yo - 301' 

-
for yo < yo - 501· 

In the sequel we will find a solution vo 
rv 

/3 00 n -
Vo = fo such that Vo E H (R n {yo < yo 0l}) and hence 

EvO = fO' mod Hoo(R
n
). 
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5.10 

Remark 5.1. Adopting such a modification as (5.31), one 

can simplify fairly the procedure in [11]. In the rest of this 

remark we shall use the notations in the preceding paper except 

for ql and q2' and restrict ourselves to the case of (1.7). 

First we replace (2.13) by Gv = Glv, so that (4.15) becomes (5.10). 

(The (2.12) ,(4.8) and (4.13) are unnecessary). Next we modify 

~O for Yo « YO analogously to (5.31) of the present article. 

Denote the modified operator by B. Then (5.5) is replaced by 

2 -i o
O 2 

S = q3{(1 + LX1 ) + lTe YX_ l } + (1 - q3)Y(1 - q3)' 

Lon supp q3·,,1 

where q3 is a cutoff function such that q3 = 1 on supp ql and q2 ~ l( 

(The (5.2), (5.3), (5.4) and Lemma 5.8 are unnecessary). Besides, 

in the proof of Lemma 6.8 or 6.9 one can assume thatB = 1 + LX l 

or 11 = 1 + LX l + q2~' respectively. (See the proof of Lemma 7.5 

below) . 

Remark 5.2. It should be pointed out that, in the case 

where (x' ,~') is a diffractive point, the equation (5.21) can 

be replaced by (a + bK_)VO = fo with T = 0 in (4.5). Since 

o a 22 + b 22K_ E Sl/3,0 is elliptic, the system of ml equations is 

reduced to a single equation for vI only, namely, to (5.28) of 

[8]. Therefore, using Theorem B.l of Eskin [5] in the references 

of [11] (Comm. in P. D. E., Vol. 10 (1985), pp. 1117-1212), 

one can relax the hypothesis (iv) of [8] so that arg RA(X',;') 

is contained in the closed interval [0 0 , (3/2)n - 00 ] for (x',;') 

E NO n La, where 00 , NO and La are the notations in (H l ). 
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6.1 

§6. A priori estimates for the equation on the boundary 

In the rest of this paper we deal with the more difficult 

case where (1.10) holds, unless stated otherwise. (For the 

case of (1.9) see Remarks 6.11 and 7.10 below). 

The main purpose of the present section is to derive 

'" a priori estimates for solutions of B v 0 = fO and Bv 0 = fO 

which will be stated in Propositions 6.1 and 6.3, respectively. 

Here B is the operator defined by (5.17) when ml = 1 and 
,....... 

by (5.22) when m
l 

> 2, and B the modified operator given by 

(5.31), where b = 1 if m
l 

= 1. From now on we assume the 

symbols a(y',n'), b(y' ,nil are homogeneous in n' for In'l > 1. 

First suppose ml = 1. Then 

is a scalar operator, where L, ~ and Xl are the Fourier 

multipliers given by (4.6), (4.7). Moreover, by (5.18), the 

condition (H
l

) implies that 

(6.1 ) arg a(y',n') C [-n/2, n/2 - 00] for a = 0, 

in particular, 

Re a(y',n') > 0 for a = O. 

Next suppose ml ~ 2. Then, according to (5.24) and (HI)' 

one can assume without loss of generality that 

(6.2) arg alley' ,nil C [-n/2, n/2 - 00] for a = 0, 

in particular, 

(6.2)0 Re all(y',n') ~ 0 for a = o. 
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6.2 

r-v 

In order to state a basic a priori estimate for B we now 

2 n introduce an auxiliary bounded operator S on L (R ), defined by 

(6.3) 

with 

(6.4) 

(6.5) 

where if ml = 1 then Vo = v l and S2 v O = O. Here X_l(n') = Xl(-n'), 

y is the Fourier multiplier given by (4.7), T the parameter 

in (4 .4) and °2 a small positive number. Moreover q = q(yO) 

-E COO (Rl) is a cutoff function such that q (YO) = 1 for yo > yo 

and supp q c (yo - 4°1' 00) • Note that (5.30) yields qql = ql 

and qq2 = q. 

The following a priori estimate for B will play a basic 

role in the following analysis. 

Proposition 6.1. Assume (6.1) or (6.2) holds in the case 

of ml = 1 or ml ~ 2, respectively. Then there are positive 

numbers Tl , Cl and 02 such that 

(6.6) 

for T ~ Tl and Vo E L2(Rn) with supp ~o(n') c {y < T- l and 

ex « T- 2 }. 
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6.3 

Note that (6.6) yields 

(6.7) 

-1 s n A 

for any real number sand y Vo E H (R ) with supp Vo as above, 

in particular, 

(6. 8) 
2 

1/3 + C IIvOIl + L,S s - 2/3 

if Vo E HS + 1/3 (Rn) , where Ci is a constant independent of L, s. 

For the purpose of showing that there exists a solution 
r.../ 

of B Vo = fO' we need also the following a priori estimate 

for S. 

Proposition 6.2. There are positive numbers L2 and C2 , 

independent of 02' such that 

(6 • 9) 

-1/2 2 
- O(lIy vOIl-l/2) 

f d h 2( n) 'h d' , , or L ~ L2 an suc Vo E L R as ln t e prece lng proposltlon. 

To study the propagation of singularities in the region 

a\n"\£ » 1 we use the following a priori estimate for g . 

Proposition 6.3. Assume that (6.1)0 holds in the case 

of ml = 1 and that (HI)' (H 2 ) hold in the case of ml ~ 2. 

Then there are positive numbers L3 , C3 and 03 such that, 
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6.4 

if p(yl,n ' ) E S~,O is homogeneous in n ' , 0 ~ p(yl ,n ' ) < 1 

and pO~2(Y',n') ~ p(yl,n l ), ~2 being the canonical transformation 

given by (4.10), then 

(6.10) 

for T ~ T3 and Vo E L2(Rn) with supp ~o(n') c {2In"I- E < a < 

-2 03T }. Here EO = 1/2 - (3/4)E with E the number in (4.8), 

and T3 , C3 and 03 are independent of p. 

We also need an analogue to (6.6) for B. Denoting by 

So the operator S defined by (6.3) with q = 1, we have 

Corollary 6.4. Assume (6.1) or (6.2) holds in the case 

of ml = 1 or ml ~ 2, respectively. Then there are positive 

numbers T4 , C4 and 02 such that 

(6.11) 

f d h 2( n), 't' 6 1 or T ~ T4 an sue Vo E L R as ln Proposl lon .. 

Corollary 6.S. There are positive numbers TS' Cs such 

that 

(6.12 ) 

2 n for T > TS and such Vo E L (R ) as above. 
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The rest of this section will be devoted to the proofs 

of the above estimates. From now on we suppose Vo E L2 (Rn ), 
A 

{Y 
-1 -2 supp v 0 (n I) C < T , -1 < a « T }, and denote constants 

independent of T by C
k

, C and so on. 

Proof of ProEosition 6.1 in the case of ml = 1. Write 

r-- 'V 
Then, since q B = qa(l + LX1) + q~ and (6.1)0 implies that 

'V 
Re a(yl ,nl) > 0 for a = 0, 

we obtain, analogously to [Ijl, Lemma 5.5, 

(6.13) 2 -1/2 2 
Re 11 ! b 2T("YX l qvO" +"y (1 - x1 )qvO"-1/2) 

2 2 
- C\lyvO" - o("voll_1/2)' 

6.S 

where b 2 is the positive number in Lemma 4.10. We also have, 

analogously to [If], Lemma 5.6, 

(6.14) 

where Co is the positive number in Lemma 4.11 with 0 = 00. 
o 

Finally consider 1 3 . Since 
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) ~ 
6.6 

one can write 

13= «1+LX1)(1-q)VO' y(1-q)vO) 

+ ([1 - q, LX1]VO' y(1 - q)vO) + «1 - q)q2j"vO' y(1 - q)vO). 

Therefore, by virtue of Lemmas 4.8, 4.9 and (4.12), we obtain 

(6.15 ) Re 13 ~ blT"YXl(l - q)VO"2 + "yl/2(1 - Xl) (1 - q)VO"2 

2 2 
- C"yvO" - O("vO"_1/2)' 

where b l is the positive number in Lemma 4.8. Now (6.6) follows 

from (6.13), (6.14) and (6.15), if we take 02 small relatively 

2 
to b l , b 2 and 1. In fact, mod O("vO"_1/2)' 

and 

Therefore we obtain (6.6) for T » 1 and complete the proof. 
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6.7 

To prove Proposition 6.1 in the case of ml ~ 2 we represent 

the ~, ~ in (5.31) analogously to (5.23). Then, in view of 

(5.25) and (5.26), one can assume without loss of generality 

that 

'\, 

<-1] 
'V all 
a = 

0 

For convenience set 

so that 

(6.16) 

(6.17) f:2 = 

We also write 

(6.18) (lfvo' SVO) = (qf: l , q(l + LXl)vl ) 

iOO 2 
+ 02 T (e qf: l , qyX_lvl ) + (qf: 2 , qS2vO) 

,.-......; 
+ «l-q).BvO' y(l-q)vO)· 

Lemma 6.6. Suppose (6.2)0 holds. Then 

(6.19) Re (qf: l , q(l + LXl)vl) 

2 -1/2 2 
> b 2 T("YX l qvl " +"y (1 - Xl)qvl "-1/2) 

222 
- (1/2)" (l + LX l )qv2" - C6 "yvO" - O("vO"_1/2). 

Here b 2 is the positive number in Lemma 4.10. 
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Proof. As we derived (6.13), it follows from (6.2)0 

and (5.27) that 

> Re (b12~qv2' (1 + LX1)qv1) 

+ b 2T("YX1qV1 "2 + "y-1
/

2
(1 - Xl)qVl"~1/2) -

2 
C" yv 0" 

2 
- O("vO"_1/2)· 

Hence we need only to prove 

(6.20) I (b 12 L qv 2' (1 + LX 1 ) qv 1) I 
222 

< (1/2)" (1 + LX 1 )qv2 " + C'"YvO" + O("vO"_1/2). 

By (4.6) one can write 

Besides, Lemma 4.3 yields 
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6.9 

Moreover, writing 

we have 

1121 < (1/4) /I (1 + LX1)*qV2"2 + Clyvo "
2 

+ O(IIV1 ": l / 2 ). 

2 2 Since II (1 + LX
1

)*qv2 U = U (1 + Lx l )qv2 U , we thus obtain (6.20) 

and complete the proof. 

Lemma 6.7. Suppose (6.2) holds. Then 

(6.21) 
ioo 2 

Re (e q~l' qyX_lvl ) 

2 2 
> (1/2)C o IIYX_ l q v l " - C7"YX_lqv2" 

o 

- C~"y-l/2(1 - Xl )Vo ": l / 2 - C~lIy3/2X_lqVl"2 - O(IIVOII:1/2)' 

where Co is the positive number in Lemma 4.11. 
o 

Proof. Since it follows from (6.16) and (4.6) that, 

mod H
oo 

(Rn ) , 

we have, analogously to (6.14), 

iOo 2 
Re (e q~l' qyX_lvl ) 

> CooIYX_lqVl"2 - C"y3/2X_lqVl"2 - C'lIy-
l

/
2

(1 - Xl )VO": l / 2 
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6.10 

Besides, by Lemma 4.3, the last term is estimate from below by 

-(1/2)C R lIyX qv 112 - C"lIyX qv 112 - O(IVO"_21/2). 
l!0 ·-1 1 ·-1 2 

Therefore we obtain (6.21). 

Lemma 6.8. We have 

(6.22) Re (qf: 2 , qS2vO) 

> b1T"YX1qv2"2 + IIy1/2(1 - X1 )qV2
U2 

_ C I U y-1/2 II 2 
8 Vo -1/2 

2 
- O(lI vO Il_1/ 2) . 

Proof. It follows from (6.5) and (6.17) that 

Re ( q f: 2' q S 2 v 0 ) 

> IIq(l + LX 1)v2" 2 + Re (q(l + L\1)v2 , qyV 2) 

+ 2Re (q(l + LX 1)v2 , q(b22 /.,-v 2 + b21Lv1)) - C ' IYVo"2 

2 
- O(lI vo "_ 1 / 2)' 

Applying Lemma 4.8 to the second term on the right hand side, 

from (4.12), Lemmas 4.4 and 4.9 we have therefore 

Re ( q f: 2' q S 2 v 0 ) 

> b TllyX qv 112 + lIy1/2(1 - X )qv 112 + (1 - o)lIq(l + LX )v 112 
11 2 1 2 1 2 

for 0 > O. Besides, 
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6.11 

Hence we obtain (6.22) 

Proof of Proposition 6.1 in the case of ml ~ 2. Since 

the last term of (6.18) is estimated similarly to (6.15). 

Therefore (6.6) follows from (6.19), (6.21) and (6.22), as 

in the case of ml = 1. Thus we prove the proposition. 
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Proof of Proposition 6.2. Write 

(Svo ' vo) = (q(l + LX1)vO' qvo ) + (y(l - q)vo ' (1 - q)vo ) 

-ioo 2 
+ 02 Te (qyX_1Vl , qvl ) 

+ (q(y + b22~)v2 + qb2l~vl' qv2) 

By virtue of Lemma 4.8 together with Lemmas 4.1 and 4.9 we have 

Clearly 

It is also not hard to show that 

Besides, 

Thus, noting that 

we complete the proof. 
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6.13 

We shall now proceed to the proof of Proposition 6.3. 

Lemma 6.9. Let ml ~ 2. Assume (HI) and (1.18) hold. 

Then there is a positive constant C such that 

(6.23) Ib12 (Y',n') I ~ C(Re all(Y',n') + Ia) for ° < a « 1, 

where all' b 12 are the symbols in (5.23). 

Proof. In view of (5.28) it suffices to prove (6.23) 

with b 12 replaced by Rlk(x' ,~',AO(X' ,~'» for 2 ~ k ~ ml , 

where (x',~') = ¢l(Y' ,nIl and Rlk is the notation described 

above (5.11), because (HI) and (5.24) together with (3.4) 

-1 
imply that lall (y',n') I ~ CRe all(y' ,nIl for a = 0, mod Sl,O' 

Hereafter we omit the variables except s , so R(~ ) stands 
n n 

for R(x' ,~',~ ) and so on. 
n 

We first show 

(6.24) 

Set 

W ~ = (Vi,···, V ~ ) , 
n 1 

so that 

Then by (1.13) we have 
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6.14 

Since ~~ = ~~ + 2~ and Vk is independet of ~n' we also see that 

Therefore we obtain (6.24). (3.4) and) 

Now, since ~~ = 1.0 - IllO and, by)i3.7) :---;~o = fflPx In"ll/3, 
n 

we have from (1.12) 

R(~~) = R~ (1. 0 ) (RA + fflP x I nil 11/3) + O(a) , 
n n 

so (6.24) yields 

Consequently we deduce from (1.18), (5.24) and (Hl ) that 

Rlk(AO)/(Re all + ffl) is bounded. Thus we prove the lemma. 
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6.15 

Now, by Lemma 4.8 there is a positive number 03 such that 

(6.25) 2 -1 -2 
1 - IL(n') I ~ b l TY - o(ln"l ) for ° < ex < 03 T • 

Suppose Vo is as in (6.10) with the above 03. Then (4.6) 

and (4.7) imply that LX1VO = LVO and ~vO = (K+ + K_L)VO. 

Hence by Lemma 4.12 and (4.9) we have 

(6.26) 

We also see from Lemma 4.7 that there are pseudodifferential 

(0) (1) operators p , p such that, modulo a smoothing operator, 

PLv = LX p(O)v + LX p(l)v ° £ ° £ 0' 

where p(O) (yi ,nIl = pO¢2(y' ,nIl with the canonical transformation 

(1) -1+£ 
¢2 given by (4.10), and p (y' ,nIl E Sl-£,O. Hereafter L(n') 

is modified outside supp ~o in such a way that L(n') (1 - x£(n')) 

° E S£/2,0. 

Lemma 6.10. ° Let p E oPS 1_£,0 be as in Proposition 6.3 

and let q,s be real numbers. Then for v E HS(Rn ) with 

s upp ~ (n ') c {I n" I - E: < ex < 1} we have 

(6.27) lIyqp(O)vll; ~ lIyqpvll 2 
s + 0 (II yq vll 2 

s + (-1+£) /2) , 

(6.28) lIyqpLvll 2 
< II Lyqpvll 2 + 0 (II yqvll 2 (-1+£) /2) , s = s s + 

(6.29) lIyqpLvll 2 
< lIyqpvll 2 + 0 (II yqvll 2 (-1+£) /2) . = s s + 
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Proof. The first estimate can be proved analogously 
s = 

6.16 

to [//1, (5.16). To derive (6.28) one can assume q = 0, because 

the symbol of the commutator [yq, p] is o(yqln"l- l +£) on supp ~. 

Now we have 

IIpLvll
2 = IILp(0)v Il2 + O(lIvll~_1+E:)/2)· 

° Since Lemma 4.6 implies that IL(n') I E Sl-£,O' we denote by 

ILl the pseudodifferential operator with symbol IL(n') I. 

Then, noting that IILp(0)vIl 2 = II ILlp(0)vIl 2 and [ILl, p(O)] E 

oPs- l +£ we get 
1-£,0' 

II Lp (0) vii 2 II (0) I I II 2 0 (II II 2 ) = P L v + v (-1+£) . 

Therefore by (6.27) we obtain (6.28), which yields (6.29), 

because of (4.11). 
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6.17 

Proof of Proposition 6.3. Since the case of ml = 1 can 

be handled analogously to [II], Proposition 5.3, we suppose 

that ml ~ 2 and Vo is as in (6.10). In view of (6.26), we 

may also replace B by 

210 = a(l + L) + by(l - L). 

Moreover by (5.25), (5.26) and (5.27) one can assume that 

a(y',n') 

b (y' , n ' ) 

and 

all(y',n') = all(y',O,n"). 

Now set 

so that 

(6.30 ) 

(6.3l) 

First suppose (1.19) holds. Then (5.24) implies all 

= O(a). Hence one can assume 
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6.18 

We shall prove 

(6.32) 222 2 2 2 b 1Tlly pVOIl < IIpf1 11 + IIpLf1 11 + C(lIypf 2 11 + lIypLf 2 11 ) 

2 2 2 2 + C' II y pv 0 II + 0 ( II y v 0 II _ c ), 
o 

where b 1 is the positive number ih Lemma 4.8 and C, C' are 

independent of T. Let us apply 1 + L to each side of (6.30)0. 

Since Lemma 4.7 implies that Lb12 = b12L + bi2L, where bi2 E 

o -l+c 
OPS1_ c ,0 and bi2(y',n') = O(y) mod Sl-c,O' we have 

Moreover (6.31) yields 

Hence by (6.28) and (6.29) we get 

2 2 
2 I (py (1 - L ) v l' Y pv 1) I 

2 2 2 222 
< IIpf1 11 + IIpLf1 11 + C(lIypf2 11 + lIypLf 2 11 ) + C'lIy pVOIl 

2 2 
+ O(lIy voil (-1+£)/2)' 

while 

2 2 3/2 2 3/2 2 2Re (yp(l - L )v1 ' y pv1 ) ~ lIy pv1
11 - liLy pv111 

3/2 2 
- O(lIy v1 11 (-1+£)/2). 
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6.19 

Therefore by (6.25) we obtain 

222 2 2 2 
blTlly pvlll < IIpf

l
ll + IIpLf l ll + C(lIypf2 11 + lIypLf 2 11 ) 

,2 2 3/2 2 
+ C lIy pVoll + O(lIy voll (-1+E}/2). 

Similarly, (6.31) yields 

(6.33) 

Thus we obtain (6.32), because 

3/2 2 
II y voll (-l+E) /2 = 

Next suppose (6.2)0 and (6.23) hold. Then we shall rewrite 

(6.30) as 

and prove 

(6.34) 
222 222 

blTlly pVoll ~ IIpf l ll + lIypf 2
11 + clly pVOIl 

2 2 
+ O(lIy VO"-E ), 

o 
where C is independent of T. For convenience we modify y 

A 
A 

outside supp Vo as 

'V 'V 0 
with XE given by (4.8), so that yvo = yvO and y E Sl-E,O. 

Since Re all(Y',n') ~ 0, there is a parametrix ~ E S~~~'E/2 
'V 'V -1 

for all + y such that ~(y' ,n') = (all(y' ,n') + y) ,mod 

S~=E:E~~. Applying ~p to each side of (6.30), we have 
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6.20 

(6.35) '" pV l + ~(all - y)pLVl = ~pfl - ~b12YP(l - L)V 2 

-2 
+ O(lIy vOIl_l). 

'" 0 NOw, since ~(all - y) E OPS 1 _£,£/2 and 

'" -1 '" I I (all (y' ,n') + y) (all (y' ,n') - y) < 1, 

we have 

'" 3/2 2 1I~(all - y)y PLvlll 

~ lIy3/2pLVlll2 + O(lIy3/2pLV11I~1/2 + (3/4)£) 

and hence by (6.28) and (6.25) we obtain 

'" 3 2Re (pvl + ~(all - y)pLV1 , y pv l ) 

2 2 2 2 
> blTlly pvlll - Clly pvlll_l/2 + £ 

o 
On the other hand we see from (6.23) that ~b12 E OPS 1_£,£/2. 

Therefore by (6.35) we have 

I '" 3 I 2 (pv l + ~(all - y)pLV1 , y pvl ) 

< II p f l ll
2 

+ C'lIy2pVo ll
2 

+ O(lIy2VolI~_1+£)/2)' 

because ~*y E s~_£,£/2. Thus we get 

By this and (6.33) we obtain (6.34) and hence (6.10) if T » 1. 

The proof is complete. 
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6.21 

Remark 6.1l. Suppose (1.9) holds. Set B = (1 + LXI) + bL 
r---- 0 

and B = (1 + LXI) + Q2 b..(" where b E OPS 1 ,0 is the 

pseudodifferential operator in (5.10) and Q2 the cutoff function 

in (5.31). Then, using Lemma 4.8 and (4.12), we obtain easily 

(6.36 ) 

for such T and vo as in (6.6), in particular, 

(6.37) 
2 r-v 2 -1 2 

Tllyvo"s < C'" Bvo"s + CT,s"y v O"s-l 

1 s n A 

for s E Rand Vo E H (R ) with supp vO(n') as before. Here 

C, C' are positive constants independent of T, sand vO. 

Moreover, by virtue of (6.25), (6.26) and (6.28) we have 

(6.38) T II ypv 0 II 2 ~ C" II P b v 0 II 2 + 0 ( " yv 0" : £ ) 
o 

for such p, T and Vo as in (6.10). Here £0 is the same number 

as before and C" a constant independent of p, T and vO. 
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7.1 

§7. Singularities on the boundary 

In this section we study the propagation of singularities 

of solutions to (5.16) for m
1 

= 1 and (5.21) for m1 ~ 2. 

From now on we shall fix the parameter T in (4.4) and choose 

a positive number 04 in such a way that (6.6), (6.9), (6.11) 

2 n A I I and (6.12) hold for Vo E L (R ) with supp vo(nl) C {a < 20 4 } 

and that (6.10) holds for Vo E L2(Rn) with supp ~o(nl) C 

{2In"I-£ < a < 20
4

}. For convenience we rewrite (6.7), (6.8) as 

(7.1 ) 

1 -1 s n A I I for s E Rand y Vo E H (R ) with supp vo(nl) C {a < 20 4 }, 

in particular, 

~ 

(7.2) "vo"s - 1/3 < C1"S vo"s + 1/3 + Cs"vo"s - 2/3 

if Vo E HS + 1/3 (Rn) • The analogous estimates for B also 

follows from (6.11). Moreover (6.10) implies that 

(7.3) 2 2 
"y pvO II s ~ Co (" pB Vo \I s + \I pLX B v O" ) + C II y Vo II 

£ S p,s s-£O 

o 1 s n A 

for such p E OPS1,0' s E Rand Vo E H (R ) with supp vo(nl) 

C {2In"I-£ < a < 20 4 }, where Co is independent of p, s. One 

can also assume without loss of generality that 

( 7 .4) 

-85-



For the existence of solutions we have 

Proposition 7.1. Assume (6.6) and (6.9) hold. Suppose 

fO E HS + 1/3(Rn) for some s E R1 and (7.4) holds. Then there 

is a solution Vo E HS - 1/3(Rn) of lrvo = fO mod Hoo(Rn ) such 

that WF(VO) C {Ial < 04}' supp vO(n ' ) C {Ial < 20 4 } and 

~ 

where B is the modified operator, given by (5.31). Besides, 

00 n -00 n 
the solution is unique mod H (R ) in the set {va E H (R); 

A "'-' 

supp vo(n ' ) C {Ial < 20 4 }}. The analogous result with B 
replaced by 8 is also valid, provided (6.11) and (6.12) are 

satisfied instead of (6.6) and (6.9). 

For the proof see that of [II], Proposition 6.1. 

To examine the singularities of the solution we divide 

it into two parts, as in the preceding paper. Set 

X (n') = x(aln"l£ - 1) 
£ 

7.2 

with the X 
~ 0 ~ 

in (4.8), so that X£ E 5 1-£,0 and X
E 

= 1 on supp X£' 

Proposition 7.2. Let vOl E H-oo(Rn ) be a solution of 

BVOl = X£f o mod Hoo(R
n

) such that supp ~Ol(n') C {Ial < 20 4}. 

Suppose (7.1) with B replaced by B holds. Then 

(7.5) 

for any cutoff function x 2 (n ' ) E S~_£,o' like X£' such that 
~ 

X2 = 1 on supp X£' Furthermore assume (5.29) and (7.3) hold. 
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7.3 

Then 

(7 • 6) 

and 

(7.7) 

where 

'" 
NO = {(y' ,n') E T*Rn\Oi a = O}, 

"'+ '" 
MO (f 0) = {( y 0 + t, Y ", n') E No i (y', n ') E WF (f 0)' t > a}. 

Proof. The proofs of (7.5) and (7.6) are analogous to 

those of [II], (6.12) and (6.14), respectively. To prove (7.7) 

~ ~ '" ~ ~ "'+ ~ 
let (y' ,n') be a point in NO such that (y' ,n') 1- MO(XEf O) and 

~ ~ ~ ~ ~ 
set y' = (yo' y"). Then it suffices to show that (yo' y", n') 

~ 

1- WF(V01 ) for yo - °1 ~ yo ~ yO· 

As in the proof of [/}], Proposition 6.4, one can find 

a sequence of cutoff functions Pk(Y', n') E s~,o (k = 1,2,···) 

~ 00 n ~ ~ I~ I ~ 
such that PkXEfO EH (R ), Pk(YO' y", n'l n' ) = 1 for YO ~ YO' 

Pk(Y', n') for a > O. Moreover Lemma 4.7 yields that, mod 

00 n 
H (R ), PkBPk+1VOl = PkBvOl and PkLXEBPk+lvOl = pkLxEBvOl . 

2 S+NEO n 
Therefore by virtue of (7.3) we have Y PlvOl E H (R ) 

for each positive integer N provided y
2VOl E HS(Rn ), and hence 

we deduce that PlvOl E Hoo(Rn ). Thus we conclude that 

~ ~ ~ 

(yo' y", n') 1- WF(V01 ) for YO ~ YO' which completes the proof. 
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7.4 

proposition 7.3. 
-00 n 

Let vOl E H (R) be a solution of 

BVOl = XEfO mod Hoo(R
n

) satisfying (7.5) and (7.6). Suppose 

(6.1)0 or (6.2)0 holds in the case of ml = 1 or ml ~ 2, 

respectively. Then 

(7. 8) 

where ¢2 is the canonical transformation given by (4.10) and 

" N+ = {(yl, nl) E T*Rn\Oi a > O}. 

Proof. Since the case of ml = 1 can be handled analogously 

to [II], Proposition 6.5, we assume ml ~ 2. Then (5.22), 

(4.6) and (7.5) imply 

where 

c = (a + K+1 )X + (1 - X )1 m £ em' 1 ~ 1 

d = a + K I - ml 

Therefore, in view of the proof of the proposition cited above, 

-1 it suffices to show that there is a left parametrix c E 

E/2 
Sl _ (3/2) E, E/2 for c. 

Setting, as (5.23), 
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7.S 

o we see from (S.26) and Lemma 4.12 that c 22 E Sl_£,O is elliptic. 

Let -1 E sO be a 
c 22 1-£,0 

1 

o 

where 

parametrix for c 22 . Then we have 

I 

o 

m -1 
1 

-00 

, mod OPS 

Moreover (6.2)0 and(S.2S) imply that there is a parametrix 

-1 £/2 
P E Sl-(3/2)£,£/2 for p (see the proof of [II], Proposition 6.S). 

Therefore, setting 

-1 
c = 

we have c-lc = I mod OPS ml 

-eo 

0 

I m -1 1 

The 
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7.6 

For the purpose of studying the propagation of singularities 

the solution vo to JJ 'V 
we first take a solution of v = (1 - XE)f O' 0 

rv 'V 
v 02 of the modified equation 13 v 02 == (1 - X ) f and then show 

£ 0 

that WF (v 02) {Yo 
- 20

1
} (5.31) yields 

~ c > yO - hence B v 02 = 

00 n B v 02 mod H (R ). 

Proposition 7.4. 
-00 n 

Let v
02 

E H (R) be a solution of 

Hoo(Rn ) such that supp ~02(n') c {lal < 20 4}· 

Suppose (7.1) holds. Then 

(7.9) 

o 
for any cutoff function X3 E Sl-£,O' like 1 - X£' such that 

x 3 (n') = 1 - x(aln"l£ - t) with 2 < t < 3, so x 3 (n') = 0 for 

aln"IE > 2 + t and x
3

(n') = 1 for aln"IE < 1 + t. In particular 
/\ 

WF (v02 ) () N = cp • Moreover + 
A 

(7.10) WF (v 02) () N C WF(fo)' 

A A 

(7.11) WF (v 02) () NO C MO (f 0) , 

where 

N = {(y', n') E T*Rn\O; a < a}, 

A A 

MO (f 0) = {( y 0 + t, Y ", n') E NO; (y', n') E WF ( f 0)' -00 < t < oo}. 

Proof. The proof of (7.9) is analogous to that of (7.5). 

Besides, (7.10) is a direct consequence of (7.1). To prove (7.11) 

let (~O' ~", ~') E ~o be a point such that (~O' ~", ~') i AO(fO)· 

Then (yo' ~", ~') tic WF(f o ) for all yo E Rl. Moreover one can 
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7.7 

find a conic neighborhood E of (~", ~I) such that (yo' y", nl) 

1 
~ WF(f O) for all YO E Rand (y", nl) E E. o 

Let p(y", nl) E Sl,O 

be a symbol, independent of YO' such that supp peE. Then 

rv 00 n . 
P]v02 E H (R ) and lt follows from (4.7), Lemmas 4.1 and 4.2 

-1 
that the commutators [p, Xl]' [p, X3] and y [p, y ] belong 

-1 
to OPS 1/ 3 ,0' and the symbols of [p, K+X l ], [p, K_] and 

[p, KO(l - Xl)] are o(yln"l- l ). Furthermore, by Lemma 4.6, 

21 l- s / 2 the symbol of [p, LX 1 X3 ] is O(y n" ). Therefore by (7.1) 

we deduce that YPv
02 

E Hs +s / 2 (Rn ) if YV02 E HS(Rn ). Thus 

we obtain (7.11). 

-00 n "v' 
Lemma 7.5. Let v02 E H (R) be a solution of B v 02 = 

(l -
'V 

H
oo 

(Rn ) , satisfying (7.9), (7.11) and v 02 (n l ) Xs)fO' mod supp 

c { 1 ex 1 < 20 4 }· Suppose (5.29) and (7 .1) hold. Then 

Proof. We first show that v 02 is smooth for YO « YO, 

more precisely, 

(7.13) 

00 1 
Let p(yO) E C (R ) be a cutoff function such that p(yO) = 1 

for YO < YO - 50 1 + 0 and p (y 0) = 0 for YO> YO - 50 1 + 20 

with small 0 > O. Then from (5.30) and (5.31) we have 

PlY = p(l + LX 1 ). Hence we obtain (7.13) similarly to [II], 

Lemma 6.B. 
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7.8 

Now, the proof of (7.12) is also similar to that of Lemma 6.9 

in the paper cited above. Note that by virtue of 

(7.1) and (7.9) one can assume 

(7.14) supp (~O 2) (n') C {' a' < 5' n" ,-£} / 

r-... 
because B X-2 

= X (-a' n" I £) • 

rvB ] E OPS-l+£ if x_
2

(n') 
1-£,0 

be a cutoff function, 

supported in a small neighborhood of [Yo - 501' YO - 30 1 ], such 

that p = 1 on a smaller one. Then we have 

with 

so that g E Hoo(Rn n {yo < Yo - 30 1 }) and (5.31) together with 

(5.30) implies 

Moreover (4.16) yields 

for any cutoff function p(yo) E C~(Rl) such that p = 1 on 

supp PO. Here 
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7.9 

where Lt' Xlt and oLt are the Fourier multipliers defined by 

(4.13), (4.14) and (4.15), respectively, and ~t ~ -1+0 = D mod OPS1,O 

for any ° > O. Therefore, applying pASAt to each side of 

(7.15) 

where AS is the pseudodifferential operator with symbol <n">s 

and 

Furthermore by virtue of Lemma 4.14 and so on we obtain 

for t ~ 1 and s E Rl, where C
l 

is a positive constant independent 

of t,s. 
00 n -

Thus one can deduce that POv 02 E H (R n {Yo < yO - 30 1 }), 

which yields (7.12). 

-~-



We are now in a position to prove an analogue to (7.7). 

Proposition 7.6. Let v
02 

E H-oo(Rn ) be a solution of 

lfv02 = (1 - Xe)fO with (5.29) such that supp ~02(n') c 

{\a\ < 20 4}. Assume the hypotheses of proposition 6.1 are 

satisfied. Then 

(7.16 ) 

00 n - ~ 

In particular, v 02 E H (R n {Yo < yO - all) so that BV02 

= BV02 mod Hoo(Rn ). 

Proof. 
~ ~ A ~ ~ 

Let (y', n') E NO be a point such that (y', n') 

o 
Let q(y", n') E Sl,O be a symbol independent of yo' 

supported in a small conic neighborhood of (yll, n'), such that 

7.10 

-00 n 
q(y", n') = 1 on a smaller one. Let Wl ' w2 E H (R) be solutions 

/V ~ r-....- ~ 

of BWl = q(l - Xe)fo ' BW2 = (1 - q) (1 - Xe)fO such that 

wj(n ' ) c {\a\ < 20 4 }, j = 1,2, respectively. Then we have 

(Y',~n') ~ WF(W2 ) analogously to (7.11). Thus it suffices 

~ "-
to prove(y', n') ~ WF(Wl ). To do it one can assume that wl 

satisfies (7.12) and (7.14), so (5.30) and (5.31) imply 

M . ( ~II ~n ') ti (f) f ~ th . oreover, s~nce yo' y , ~ WF 0 or yo < yo' ere ~s 

a positive number T such that 

provided supp q(y", n') is sufficiently small. 
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7.11 

Let PO(yO) E C~(Rl) be ~ cutoff function, supported in a small 

neighborhood of [YO -301' YO + 2T], such that PO = 1 on a 

smaller one. Then, setting v t = AtPOw l , we have an analogue 

to (7.15): 

(7.17) 

for any cutoff function p(yO) E C~(Rl) such that p = 1 on 

supp PO' where 

~ ~ ~ -1 
at(y', n') = a(y', n') + (dn1a(y', n')) (-itlog <nil», mod Sl,O 

o 
~ 

and b t also has the property analogous to at. Furhtermore 

one can derive 

(7.18) 

for t > 1 and s E Rl, where Co is a constant independent of t,s. 
= 

To prove this one can assume 

r--.--
it(l 13 t, s = + LtXlt ) + bL t · 

Therefore, analogously to (6.6), we obtain 
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7.12 

for t > 1 and s E Rl , where C
l 

is a positive constant independent 

of t, s. Here St is the operator defined by (6.3) with q = 1, 

in which T, Xl' L and ~ are replaced by Tt , Xlt , Lt and ~t' 

respectively. Moreover in the proof we use Lemmas 4.14 and 

4.15 in place of Lemmas 4.8 and 4.10, respectively. Thus 

we obtain (7.18). 

Note that (7.17) and (7.18) imply 

"A s - 1/3 " < C "As +1/3A "+ O("As-2/3+0Vt") v t = 0 p t g 

for any ° > 0, say, 0 = 1/6. Hence we have 

for each t > 1 and s E Rl, where B = YO + T - (yo - 3° 1). 
-

Now suppose wl E HS(Rn ) for some s E Rl. Then for each t > 1, 

- ~ s-1/3 taking s = s - 1/3 + (Yo + T)t, we see that "A v t " is 

finite) because wl satisfies (7.12). Consequently we have 

in particular, (YO' yll, ~I) ~ WF(Wl ). Since v 02 = wl + w2 
00 n 

mod H (R ), we thus prove the proposition. 
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7.13 

Now, we shall return to (5.3), restricted to the case 

f (1 1 ) f ~ -1 ~ . f' o . a. Set £ = ~lX£~l f, where X£ 1S the cutoff unct10n 

described above Proposition 7.2. We also define vhl ' vel 

by (5.11) with va and f replaced by vOl and f£, respectively, 

and v h2 ' ve2 analogously with Vo and f replaced by v 02 and 

f - f£, respectively. Finally set 

v Oj 

(7.19) v (j) = vhj j = 1,2. 

v ej 

Then from the results of this section we have easily 

Proposition 7.7. Suppose the hypotheses of Proposition 

7.2 and 7.3 are fulfilled. Then (7.5), (7.7) and (7.8) hold 

with vOland fO replaved by 
(1) and 

-1 respectively. v ~l f, In 

WF(v(l» 
A 

particular, n N = rp. 

Proposition 7.8. Suppose the hypotheses of Proposition 

7.4 and 7.6 are fulfilled. Then (7.9), (7.10) and (7.16) hold 

(2) -1 
with v 02 nad fO replaced by v and ~l f, respectively. In 

particular, WF(v(2» n N+ = rp. 
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From these we obtain 

Corollary 7.9. Suppose the hypotheses of Theorem 1.1 

are satisfied. Let v(l), v(2) be given by (7.19) and set 

v = Then 

00 

BGvlx =0 - f E C (XI), 
n 

7.14 

where G is the operator defined by (3.9), (3.10) and (3.29). 

Moreover for xn = 0 we have WF(Gv(l)) n N_ = ~, WF(Gv(2)) n N+ 

=~, WF(Gv(2)) nNe WF(f), WF(GV(j)) n NO c M~(f) for j = 1,2 

and 

The proof is analogous to that of [11], Corollary 6.10. 
rv 

Remark 7.10. Suppose (1.9) holds and let B, B be as 
rv 

Remark 6.11. Then the existence of solutions to B v 0 = fO 

follows as usual from (6.36). Moreover the conclusions of 

Propositions 7.2, 7.3, 7.4 and 7.6 are still valid, because 

of (6.37) and (6.38). Hence those of Propositions 7.7, 7.8 

and Corollary 7.9 are also true. 
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8.1 

§8. Proof of Theorem 1.1 

In this section we will complete the proof of Theorem 1.1, 

by showing that E(f) = Gv has the required properties. Here 

Gv is the same function as in Corollary 7.9. 

Let 0 , V C X' and E C Rn\O be, respectively, a positive 
n 

number, a neighborhood of x' and a conic neighborhood of n' 
such that, for (x', x ) E vx[O, 0 ) and n' E E, the phase 

n n 

functions e(x, n'), p(x, n') and the amplitudes a(x, n'), 

b(x, n') have the properties stated in §3. In what follows 

we take 0 , V and E small if necessary, and often write 
n 

Un = vx[O, on). Then by virtue of (3.4) one can assume 

( 8 .1) 

where c is a positive number. 
n 

00 -00 

Now, that Gv E HI' (U) is a consequence of the following. oc n 

Proposition 8.1. Suppose v(l) , v(2) E H5 (Rn ) with some 

s E Rl. Then DkGv(j) E HIO,Sk(U ) for each integer k __ > ° and 
n oc n 

j = 1,2, where sk is the minimum of ° and 3(5 - k) 2n - 2. 

Proof. From (7.5) and (7.7) through (7.11) we see 

k analogously to the proof of [11], Proposition 7.4 that DnGOV
Oj 

E HO,S-k(U ). 
loc n (See e.g. Chap. 10, §2 of Kumano-go [14] in the 

references of [11]). The proof is complete. 
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On the singular support of Gv we have 

Proposition 8.2. There are compact sets Kl , K2 C X and 

a positive number T such that K
j 

n {xC < T} C Un and Gv(j) E 

00 

C (U \K.), j = 1,2. 
n J 

Proof. Set 

K02 = {(x' ,0) E Xi x' E sing supp ~lv02}. 

8.2 

Then from Propositions 7.4 and 7.6 we see analogously to [11], 

00 • 

proposition 7.6 that GOv 02 E C (Un \K02 ) provlded 01 and 04 are 

small. One can also deduce as usual that G v 2 is smooth outside e e 

{(x' ,0) E Xi x' E sing supp ~lve2} and that Gh Vh2 is smooth 

except the union of all outgoing bicharacteristic curves of 

(Q/QO) (x,~) starting from 1*-1(WF(~lVh2)). Therefore it follows 

from Proposition 7.8 that there is a compact set K2 C X which 

has the required properties provided T > ° is small. Similarly 

~~ one can find a compact set Kl C X. Thus we prove the proposition. 

That (1.22) holds is a consequence of the following. 

Proposition 8.3. PGv(j) E COO (Un) , j = 1,2. 

The proof is analogous to that of [11], Proposition 7.5, 

if we use Lemma 3.2. 
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8.3 

End of Proof of Theorem 1.1. By virtue of Proposition 8.2 

one can cut off Gv(j) outside K U K modulo smooth errors 
1 2 

and extend them to X
T

. Then Gv = Gv(l) + Gv(2) satisfies 

(1.20), (1.21) and (1.22). Moreover (1.23) is a direct 

consequence of Corollary 7.9. To derive the last conclusion 
A A 

of the theorem, let (x',~') E T*X'\O be a point, with Xo < T, 

which does not belong to the set (1.24). First suppose 
'V A A 

Q(x' ,O,~') ~ O. Then it follows from Proposition 2.4 and 
A A 

Corollary 7.9 that Gv is smooth up to the boundary at (x' ,~'). 
'V A A 

Next suppose Q(x',O,~') = O. In virtue of Proposition 8.2 
A A 

one can also assume x' is close to x'. Then we see that ~' is 
A A 

far away from ex' (x',O,~') and hence from ~kx' (x,n') provided 

x = (x' ,xn ) is close to (x' ,0) and (en' (x' ,O,n'), n') E WF(VO). 

Here ~k(x,n') are the phase functions in [11], Lemma 7.2. 

Therefore by a standard integration by parts method we find 
A A 

that GOVO is smooth up to the boundary at (x',~'). (See e.g. 

Hormander [5], §1.2). Similarly it follows that so are GhVh 

and G v. In view of Remark 7.10 we thus prove the theorem. e e 
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§9. Proofs of Theorems 1.2 and 1.3 

The proof of Theorem 1.2 is similar to that of [II], 
Theorem 1.2, if we use, instead of the Dirichlet problem, 

the following auxiliary mixed problem 

P(x, D)u = 0 in X, 

(9.1 ) BO(X)U = g on ax, 

u = 0 in X n {xc « O}. 

Here BO(x) is the d+xm matrix defined by (1.27) and (1.2r) 

with S(x) = O. Note that the boundary condition Boul x =0 = 0 
n 

is strictly dissipative, namely, it is not only maximally 

nonpositive for P but also 

An(X)UoU < 0 for u E ker BO(X)\O and x E ax. 

Therefore (1.9) with B = Bo holds (see Georgiev [2]). 

Proof of Theorem 1.2. Let E(f) be as in Theorem 1.1 

and set w = u - E(f). Then 

(9 .2) 

(9.3) 

(9. 4) 

and 

(9.5) 

W E HO,s' (X) for some s' E Rl, 
loc T 

00 

wEe (X n {xc « O}), 

00 

Bwl x =0 E C (XT)· 
n 
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9.2 

t<---- In a special case 

where the boundary condition Bwlx =0 = 0 is maximally dissipative, 
n 

00 

we see by virtue of Proposition 2.5 that wEe (XT). Thus 

it suffices to prove 

(9 .6) 

In virtue of Theorem 1.1 applied to (9.1) with g = Bowl x =0' 
n 

there is a parametrix Gv E 

with some TO > 0 such that 

00 

00 -00 00 

H
l

' (X
T

) n c (x n {x
O 

« a}) 
oc 0 

00 

PGv E C (XT ) and 
o 

BoGvlx =0 -
n 

C (XT ). We also see from Remark 7.10 that v E H-
oo 

(Rn ) 
o 

(9 .7) 

g E 

and 

For simplicity we rewrite the minimum of T and TO as T. Then 

(9.2), (9.3) and (9.4) yield that Gv - w E H~~~(XT) n coo(X n 

{xo « O}) for some s E Rl, p(Gv - w) E COO (XT) and BO(GV - w) Ix =0 
n 

00 

E C (XT). Therefore by virtue of Proposition 2.5 we have 

Hence we need only to prove 

which is analogous to [/ f], (8.6). 
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Set 

f = BGVl x =0. 
n 

• 00 

Then (9.5) and (9.8) lmply f E C (XT). Moreover by virtue of 

00 n -
(9.7) one can assume v(y') E H (R n {Yo < YO - 01})' where 

01 is the positive number in (5.29). We also have EvO = fO' 

where ~ is an operator defined by one of (5.10), (5.17) and 

(5.22), and fO also defined as before. Therefore similarly 

to Corollary 7.9 we obtain Gvlx =0 - f E Coo(xt) which yields 
n 

(9.9). Thus we prove the theorem. 
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9.4 

We shall proceed to the proof of Theorem 1.3. Since 

WF(ul x =0) is a closed set in T*X'\O, the theorem is a consequence 
n 

of the following together with Proposition 2.4. 

Pr0position 9.1. Suppose the hypotheses of Theorem 1.3 

" " are fulfilled. Let (x', ~') E r (x', ~') be a point such that 

-0 < Xo < O. Assume WF(ul x =0) n r (x', ~') n {~O - 0' < Xo 
n 

< x O} = ~ for some 0' with 0 < 0' ~ Xo + o. Then (x', ~') 

Proof. One can assume without loss of genelality that 

(x', ~') = (x', ~') and 0' = 0, taking 0 small. We shall 

reduce the proposition to Theorem 1.2. Since r (x', ~') can 

be parametrized by x o' we write a point on it as (xO' XII (xO) , 

Let ~l(x', D') E OPS~,o be a pseudodifferential operator, 

wi th symbol ~l (x', E;') homogeneous in ~' for IE;' I > 1, such that 

supp ~l(x', ~') is contained in a small conic neighborhood 

of r (x, ~') n {-0/3 ~ Xo ~ a}, 

and ~l(x', ~') = 0 when IXol + 

it suffices to prove 

~ (x', ~') = 1 on a smaller one, 
1 

I XII - XII (xO) I ~ 20/3. Then 

(9. r 0) WF(~lulx =0) n r (x', ~') n {x O < O} =~. 
n 
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9.S 

Set 

(9.11) fl = f(x', ~') n {-20/3 < Xo < -0/3}. 

By assumption we have WF(ul x =0) n fl =~. Therefore by virtue 
n 

of Proposition 2.4 there ar~ositive number El and a pseudo-

differential operator ~2(x', D') E OPs~,o' with symbol ~2(x', ~') 

homogeneous in ~' for I~' I > 1, such that 

(9.12.) < x = n 

and ~2(x', ~') = 1 on a small conic neighborhood of fl' Let 

00 1 
E > 0 and XE(xn ) E CO(R ) be a cutoff function, supported in 

-E < X < E, such that X (x ) = 1 for Ix I < E/2. Then from 
n E n n 

(9.12) we have 

(9.13) 

for 0 < E < El /2. From now on we suppose 0 < E < El/2 and 

0, El are small. For convenience we set 

P' (x, D') = P(x, D) - A (x)D , 
n n 

which does not contain D. Then we have 
n 

= A (D X ) ~l + X ([A , ~l] D + [P', ~l])' nnE E n n 

-106-



to x 
n 

Now let Fl be the zero extension of An(DnX€)~l(l - ~2)u 

00 -00 n+l 
< O. Note that Fl E H' (R ) and Fl(X) = 0 when 

xn < €/2 or Xo < -28/3. Next set 

(9.14-) 

and let Ef2 be a Seeley extension of f2 to xn < 0 (see [/9]). 

Then, since f2 E Hoo,-oo(X), we see that Ef2 E Hoo,-oo(Rn + l ) . 

Finally, setting 

(9,1)) 

we have 

Let us consider the following Cauchy problem with zero 

initial data 

(9.17) , 
J 

Pv = F j 

v(x) = 0 

Then we obtain 

l'n Rn+l, J' - 1 2 - , , 

for Xo < -28/3. 

9.6 

Lemma 9.2. For each j = 1, 2, the Cauchy problem (9.17) , 
J 

00 -00 

has a solution Vj such that Vj E Hl~c (~T) for any T > 0, 

where ~T = {x E Rn+l; Xo < T}. 
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Proof. FO~Onnegative integer k and real numbers s, y 

k s with y > 0, we denote by H I the set of distributions u in 
y 

-yx 
Rn+l such that e °u E Hk,s(Rn+l ). Let j = 1 or 2, and for 

simplicity drop the subscripts. Then, since F E Hoo,-oo(Rn+l ) 

and F(x) = 0 for Xo < -28/3, there is 

{sk}~=O of real numbers such that F E 

a decreasing sequence 

k,sk 
Hy for any integer 

k > 0 and y > O. Hence, for each integer k ~ 0, there is a 

positive number Yk such that (9.D) has a unique solution 

k,sk 
v E Hy if y ~ Yk. Let k be an arbitrary positive integer. 

Then it follows from the uniqueness of the solution that v is 

independent of k = 0, 1,···, k if y is large according as k. 
00 -00 

Hence v E Hl~c (QT) for any T > O. Thus we prove the lemma. 

Now let v,
' 

j = 1,2, be such solutions of (9.17). as 
J J 

in Lemma 9.2. For small T > 0 we take a cutoff function 

~ 00 1 ~ 
XT(xO) E C (R ), supported in Xo < T, such that XT(x O) = 1 

for Xo < T/2, and set 

(9.18 ) 

We shall prove 

(9.19 ) (x', ~') rt- WF(wl x =0). 
n 
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9.8 

To this end we use Theorem 1.2. 

00 00 c (X n {xo « o}). Moreover (9.16) yields Pw E C (X
T

/ 2 ). Set 

f = Bwl x =0· 
n 

If we show that 

WF(f) n r 2 6{' ,~') = cp, 

where 

and that WF(wl x =0) is contained in a small conic neighborhood 
n 

of (x' ,~'), then (9.19) follows. Thus it suffices to prove the 

following two lemmas. 

Lemma 9.3. There is a positive number T such that 

tV 
WF(XT(vl + v 2 ) Ix =0) is contained in a small conic neighborhood 

n 

Lemma 9.4. WF(V j l x =0) n r 2 = cp for j = 1,2. 
n 

Proof of Lemma 9.3. Set v = v l + v 2 ' F = Fl + F2 and 

VT = (sing supp v) n {xO ~ T}). Then, since WF(F) is contained 

-1 - -in a small conic neighborhood of 1* (x', s'), we see that 

VT is a compact subset of Rn + l for each T > 0 and it is small 

if so are 0, E and T. In what follows we fix T small and 

restrict ourselves to a small neighborhood of V
T 

in Rn+l. 

Let ~l(x', D') E OPS~,o be a pseudodifferential operator 

such that supp ¢l(x', Sf) is away from the union of supp ~l (x', Sf) 

and the set 

LO = {(x', Sf) E T*X'\Oi (i(x', 0, Sf) = 
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Then it follows from Lemma 2.3 and results on propagation 

of singularities in the free space that WF(¢lv) is contained 

in the union of null bichacteristics through WF(F). Bearing 

9.9 

this in mind, we take pseudodifferential operators ¢2(x', D'), 

¢3(x', D') E OPs~,o such that supp ¢2(x', ~') and supp ¢3(x', ~') 

are contained, respectively, in small conic neighborhoods 

of supp ~l(x', ~') and LO' and ¢j(x', ~') = 1 on smaller ones, 

j = 2, 3. Divide v as v = v(l) + v(2) + v(3) , where 

v (l) = (l - ¢ 3) (1 - ¢ 2 ) v, v ( 2 ) = ¢ 2 v and v ( 3 ) = ¢ 3 (1 - ¢ 2 ) v. 

Then we see from the above observation and [5"], Theorem 2.5.11' 

that WF(X v(l) I ) is contained in a small conic neighborhood T x =0 
n 

of (x', ~') provided 0, £ and T are small, Clearly so is 

WF(v(2) Ix =0) also. Finally we shall show that v(3) E Coo(Rn+l ) 
n 

n {xO < T}) for some T > o. Since supp ¢3(x', ~') can be 

assumed to be far away from supp ¢2(x', ~'), we have 

v(3) = ¢ v hence 
3 

for such ¢l(x', D') as described above. Therefore we see that 

so is Pv (3) • Thus 

v(3) E Coo(Rn+l n {x
O 

< T}) for small T > O. The proof is 

complete. 
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9.10 

A A A A 

Proof of Lemma 9.4. Let (x', ~') E f2 and set x = (x', 0). 

Then it suffices to show that 

A 

(9.20) . 
J 

(x, C, ~n) ¢ WF(qjv j ) 

for (~', ~n) = (0, 1) and some pseudodifferential operators 

o A A 

qj(x', D') E OPS1,0 which are elliptic at (x', ~'), and 

A A A 

(9.21). 
J 

(x, ~', ~n) ¢ WF(V j ) 

A A A 

for each root ~n of Q(x, ~', ~n) = O. (See [5], Theorem 

2.5.11') . 
(for x < £/2, ) 
r .. n 

Since Q (x', 0, ~') t- 0 for (x', ~') E f 2 and F 1 (x) = 0 \ 

by virtue of Lemma 2.3 there is a pseudodifferential operator 

ql(x', D'), elliptic on f 2 , such that (9.20)1 holds. Next, 

since 

(9.2,2.) f2 n (supp grad ~l) n (supp 1 - ~2) = ¢, 

it follows from (9.1'~ that ~3f2E Coo(X) for some ~3 (x', D') 

° 00 n+l E OPS1,o' elliptic on f 2 . Hence (9.15) yields ~3F2 E C (R ), 

because ~3 and the extension operator E commute. Thus, as 

above, there is a pseudodifferential operator q2(x', D'), 

elliptic on f2' such that (9.2D)2 holds. 
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9.11 

Now we shall prove (9.21).. Let ~+ (x, ~') or ~- (x, ~') 
J n n 

be one of simple real roots of (Q/QO) (x, ~', ~n) = 0 such that 

a~~/a~o < 0 or a~~/a~o > 0, respectively. If ~n = ~~(~, ~') 
A A A 

or ~n = A(X, ~'), then (9.21)1 follows from (9.1'1)1' because 

A A A 

WF(F l ) and the bicharacteristics of Q(x, ~) through (x, ~', ~n) 

A A 

do not intersect for xn ~ O. Let ~n = ~~(x, ~'). If Xo < 0, 

A A 

then (x', ~') ¢ WF(ul x =0) by assumption hence it follows 
n 

from Proposition 2.4 that WF(u) does not intersect the bicha-
A A A 

racteristics through (x, ~', ~ ) for small x > O. The same 
n n 

is true by assumption also when Xo = O. Thus WF(F
l

) and the 

bicharacteristics do not intersect for x > 0 provided E is small. 
n 

Hence we obtain (9.21)1. 

Next we shall prove (9.21)2. + 
Let ~n = ~n(x, ~') or 

A A 

~n = ~~(x, ~'). Then the projection on T*X' of a segment, 

with Ix I « 1, of the bicharacteristics of Q(x, ~) through n 
A A A 

(x, ~', ~n) is contained in a small conic neighborhood of r 2 . 

Therefore, by (9.15) and (9.2~), there is a positive number 
A 

E 2 , independent of (x', ~') E r
2

, such that WF(F 2 ) does not 

intersect the bicharacteristics if 0 < E < E 2 . Thus (9.21)2 

follows. 

-1l2-



9.12 

" " " 
Finally let ~n = A (x I , ~ I ) • Denote by (x(t), ~ (t» the 

" " 
bicharacteristics of -QO(x, ~) through (x, ~ I , ~n) , where the 

parameter t is taken in such a way that dxO(t)/dt > 0 and 

" " " " A 

(x(O), ~(O» = (x, ~I, ~). 
n 

Let to be a small positive number 

such that 

A " 

(Xl (t), ~ I (t» ~ (supp grad 1jJl) () (supp 1 - 1jJ2) 

A A 

for -to < t ~ 0 and (Xl, ~I) E r 2 . Then, analogously to the 

proof of [Ill, Lemma 8.3, we find a positive number £3' 

" " 
independent of (Xl, ~I) E r 2 , such that if -£3 < xn(t) < 0 

A A 

and t < 0 then -to < t. Let 0 < £ < £3. Then (x(t), ~(t» 
A A 

~ WF(F 2 ) for t < 0 and (Xl, ~I) E r 2 . Hence (9.21)2 follows. 

Thus, taking £ < £2 and £ < £3' we complete the proof. 

End of proof of Proposition 9.1. It follows from (9.1~), 

(9.11) and Lemma 9.4 that (Xl, ~I) ~ WF(1jJ I U\x =0). Since 
n 

1jJl is elliptic at (Xl, ~I), we have (Xl, ~I)~ WF(U\x =0). 
n 

The proof is complete. 

Proof of Theorem 1.3. Assume the hypotheses of the theorem 

are fulfilled. If (Xl, ~I) ~ WF(U\x =0)' we see from Proposition 
n 

2.4 that u is smooth up to the boundary at (Xl, ~I), in particular, 

A 

If there is a point (Xl, ~I) E r (Xl, ~I) () {-a < Xo < o} such 
A A 

that (Xl, ~I) ~ WF(U\x =0)' we observe from Proposition 9.1 
n 

that (Xl, ~I) ~ WF(U\x =0). Thus we prove the theorem. 
n 
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