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Abstract

Fatigue life of fiber reinforced concrete (FRC) is theoretically analyzed with a fracture
mechanics based model. The model accounts for the effect of cycle-dependent crack
bridging properties in FRCs and predicts the number of cycles to failure defined by final
fracture subsequent to stable fatigue crack growth in Mode I. The resulting theoretical S-N
diagram was compared with experimental data reported in literature. The general
agreement supports the validity of the current model, and reveals that cycle-dependent
degradation of crack bridging controls fatigue life of FRCs. S-N diagrams are essential for
material evaluation and structural design, and the model establishes the link between
material structure and S-N diagram in an explicit manner, while the conventional stress-life

approach realizes the link in an empirical manner.



Introduction

Development of high fatigue resistant FRCs can contribute to the successful development
and maintenance of civil infrastructures. FRCs have been applied to civil infrastructure
facilities such as pavements, overlays, bridge deck overlays, railroad sleepers, and
industrial floors 1-5. These facilities have to be maintained in a good service condition,
because of their importance to society in many ways, but these facilities may deteriorate
due to their exposure to fatigue condition: heavy and frequent loads. Deterioration of highly
developed civil infrastructures including these facilities causes serious problems, and
maintenance and rehabilitation costs accumulate as civil infrastructures are further
developed. To avoid uncontrollable deterioration of civil infrastructures, FRCs are required
to be both high in fatigue resistance and low in life-cycle cost so that FRCs can fulfill the
expected service life of facilities in a cost efficient manner. Development of high fatigue
resistant FRCs has to satisfy the requirements, and this is made feasible when based on the
understanding of mechanisms and microstructural parameters that are responsible for

fatigue of FRCs.

The development of high fatigue resistant FRCs has relied mainly on an empirical trial and
error approach, with experimental determination of an S-N diagram being performed on an
FRC beam. S-N diagrams are essential for two reasons: material evaluation and structural
design. With an S-N diagram, a new material can be evaluated in comparison to existing
materials, and a structure can be designed with allowable stress level under given fatigue
life. However, this approach is not efficient due to two disadvantages. First, it requires
time-consuming experimental data collection to obtain an S-N diagram. Second, it takes a
trial and error approach for the development purpose due to the lack of understanding of

mechanisms and microstructural parameters responsible for fatigue of FRCs. These two



disadvantages should be removed so that the efficient development of high fatigue resistant
FRCs can be achieved, while the importance of S-N diagrams is recognized. A theoretical
S-N diagram based on the understanding of mechanisms and microstructural parameters

responsible for fatigue of FRCs would increase the efficiency of the development.

Theoretical S-N diagrams of FRCs can be generated with a fracture mechanics based model
that showed agreement with experimental data in three distinct stages of fatigue crack
growth of an FRC 6. The model predicts the number of cycles to failure which is defined by
final failure subsequent to fatigue crack growth, accounting for the effect of cycle-
dependent crack bridging, and it is expressed explicitly in terms of microstructural
parameters of FRCs (for example, fiber length, fiber diameter, fiber modulus, fiber volume
fraction, and interfacial bond strength). In this paper, the theoretical S-N diagram of four
different FRCs has been obtained with the model presented in Li and Matsumoto 6. It
shows that a simple assumption pertaining to the cycle-dependent degradation of crack
bridging explains a wide range of experimental results reported in the literature and that the

modification of fiber-matrix interface may lead to fatigue life improvement.

Fracture Mechanics Based Fatigue Life Model

The fracture mechanics based fatigue model of randomly distributed discontinuous fiber
composites developed by Li and Matsumoto ¢ is summarized in this section. Details of the
model can be found in Li and Matsumoto ©, Matsumoto and Li 7, and Wu et al. 8. The
fatigue life model is based on fracture mechanics of fatigue crack growth of FRCs. FRCs
fail in fatigue when final unstable fracture takes place subsequent to stable crack growth
under fatigue loading. Thus, fatigue life of FRCs is defined by the number of cycles to final

failure and, in turn, is controlled by fatigue crack growth behavior. Fatigue crack growth is



governed by three factors: matrix fatigue crack growth law, crack bridging, and cycle-
dependent degradation of crack bridging (Figure 1). These three factors are reviewed

below.

Matrix Fatigue Crack Growth Law

Matrix fatigue crack growth law for cementitious materials has been observed to obey a
Paris law type equation 9-13. Paris law presents the relation between crack growth rate and

crack tip stress intensity factor amplitude as

j; C(aK,, ) (1)

where a = crack length, N = number of load cycles, C = Paris constant, AK;, = crack tip
stress intensity factor amplitude, and n = Paris constant !4, Thereby, the current number of

load cycles, N, at a given crack length, a, can be obtained by

} I C(AKnp) (2)

where a; = initial crack length.

Fatigue life, Ny, is defined by final unstable fracture subsequent to fatigue crack growth and
is obtained by calculating the number of load cycles spent for growing the crack from the
initial length, aj, to the final length, ar. This final unstable fracture condition is met when

crack tip stress intensity factor surpasses matrix fracture toughness and is simply given by



Kinax = Ke (3)

where K.y = crack tip stress intensity factor at maximum load level and K, = matrix
fracture toughness. K is a function of body geometry, loading mode, crack bridging, and
crack configuration, so the condition determines the final crack length, ay, at fracture failure

when other variables are given.

Hence, fatigue life can be computed, if AKyj, and Kmay are obtained for a given FRC for a
given body geometry and loading mode. AK;, and Ky can be determined using similar
procedures, and only the steps to obtain AKy;, are summarized below. The crack tip stress
intensity factor amplitude, AKyj,, of FRCs is attributed to external applied loading and crack

bridging, so AKyj, can be decomposed into two parts:

AK, = AK_ + AK, (4)

tip

where AK, = stress intensity factor amplitude due to external applied loading and AK, =
stress intensity factor amplitude due to crack bridging. AK, for a beam in flexural bending

that has a crack on the tension face is given by

AK, =2[ G(x.a, w)Ac, (x)dx (5)

where w = beam depth, Ac,(x)=Ac, (1-2x/w) (linear gradient for bending), Ac, =

applied external flexural stress amplitude, which is the difference between Gmax =

maximum stress level and o,;, = minimum stress level, and x is measured from the tension



face of the beam !5: 16, G(x,a,w) is a weight function that represents the contribution of a
unit force on the crack surface to the crack tip stress intensity factor and is specific to body
geometry and crack configuration 15, 16, Similarly, AK; is a function of the relation
between the crack bridging stress amplitude, Aoy, and the crack opening displacement

amplitude, AJ, (hereafter referred to as the cyclic bridging law) and is given by

AK, = 2| G(x,a,w)Ac, (A8(x))dx (6)

where Ac,(Ad) = cyclic bridging law and Ad(x) = crack opening displacement amplitude at

a point, X, on the crack surface.

The computation of AKy, and Kpac requires a numerical scheme to solve an integral
equation on crack opening displacement amplitude, Ad(x), and crack opening displacement
at maximum load level, 8,..x(X), at a position, X, on the crack surface, respectively. The

integral equation on Ad(x) is given by

%(x) :%J-Xa {Oa'G(x',a’,w)[AGa(x')— A, (AS(X’))}iX'}S(X’,a,W)da’ . (7)

This equation is transformed into a matrix equation on Ad(x(i)) at grid points, (x(i),
i=0,...,m), where the solution is equivalent to that of the original integral equation with the
use of cubic spline integration over the grid points. Details on the numerical scheme can be

found in Cox and Marshall 16,



Cyclic Bridging law
Crack bridging in FRCs is exerted by fibers and aggregates. Thus, the cyclic bridging law,
Ac,(A9), is given by the superposition of crack bridging stress-crack opening displacement

relation due to fibers and aggregates under cyclic loading:
Acy = Acs+ Aoy (8)

where Acy = fiber bridging stress change under cyclic loading and Ac, = aggregate

bridging stress change under cyclic loading.

Cyclic bridging law due to fibers, Ac{Ad), is based on the micromechanics of fiber
bridging under cyclic loading. The expression of Ac{Ad) is summarized in Appendix I, and
more details can be found in Wu et al. 8 and Matsumoto and Li 7. The normalized cyclic
bridging law due to fibers can be represented by

Ac, = function (Aé,ém 5] (9)

ax 2

where Ac, = Ac,/o,, o, :Vfr(Lf/df)/ 2, V¢ = fiber volume fraction, T = interfacial
frictional bond strength, Ly = fiber length, df = fiber diameter, Aé: AS/ (Lf/2) ,
émax =35, /(L.[2), 5 =5 (L,/2)=(21L, Y (Ed,), and E; = fiber modulus. Normalized
curves of fiber bridging stress-crack opening displacement relation for a short fiber
composite with 8 =0.002 are shown in Figures 2 and 3 for pre-peak and post-peak

respectively.



Monotonic bridging law due to fibers, ofJ), is required, since Omax is related to the
maximum fiber bridging stress, Grmax, in the preceding load cycle. The expression of )

is summarized in Appendix I, and more details can be found in Li 17.

The aggregate bridging law under cyclic and monotonic loading are also required in order
to obtain Aoy, by superposition. The cyclic bridging law, Ac,(Ad), is modeled with a simple
assumption based on a monotonic bridging law, 6,(8) 18. This empirical monotonic
bridging law fits a wide range of experimental data. The cyclic bridging law assumes that
the aggregate bridging stress, om, and the crack opening displacement, 5, decrease to zero
when unloading takes place. The expressions of Acy(Ad) and 6,(d) are summarized in

Appendix II.

Cycle-Dependent Degradation of Crack Bridging

Cycle-dependent degradation of crack bridging is shown to exist by experimental
observations in fiber reinforced ceramic 19-21, fiber reinforced concrete 22, and concrete 23
24, Degradation of fiber- and aggregate-matrix interface bond is the main mechanism when
no fiber or aggregate rupture is observed. Based on this observation, a bilinear degradation

function for fiber bridging is suggested by Matsumoto and Li 7.

As for the degradation of fiber bridging, the fiber-matrix interfacial frictional bond

strength, 1, is assumed to change as follows:

|(1.O+DIZN:A6i(x)

< — max of! - (10)
T

[B+DziA61(x)

i=1



where t; = initial bond strength, D; = degradation coefficient for the early trend (negative
for degradation), Ad; = crack opening displacement change at i-th cycle, B = intercept for
the long trend, and D, = degradation coefficient for the long trend (negative for

degradation). Here, the interfacial bond degradation is measured with

N
Z A8,(x) = accumulated crack opening displacement change at x. (11)

i=l

where x is the position on the crack surface. This parameter takes a value related to the
number of cycles and the crack opening displacement change experienced at each point on
the bridged crack surface. For a growing crack with non-uniform crack profile, the
parameter takes the maximum value near the crack mouth and the minimum at the crack
tip, meaning that crack bridging degradation is the most severe near the crack mouth and

minimal at the crack tip.

Similarly, as for the degradation of aggregate bridging, the current degraded aggregate
bridging stress, G, is scaled to the original undegraded aggregate bridging stress, Gm o,

with the accumulated crack opening displacement change, namely

N
|(1.O+DmIZA81(x)

i=1

= max ofY N (12)
mo [Bm +D,, > AS,(x)
i=l

m

o



where Dy,; = degradation coefficient for the early trend (negative for degradation), By, =
intercept for the long trend, and Dy, = degradation coefficient for the long trend (negative

for degradation).

Total degradation of crack bridging stress is obtained by the superposition of degrading

bridging stress due to fibers and aggregates (Figure 4).

Fatigue Life Analysis of FRCs

Fatigue life of one plain concrete and four different FRCs is simulated with the theoretical
model summarized above and is represented in the form of the S-N diagram. A comparison
of this theoretical diagram with the experimental one provides confidence in the overall
approach of the model. First, the experiment by Zhang and Stang 25 is summarized.
Second, the flow of fatigue life computation is explained. Finally, fatigue crack growth is
compared between plain concrete and FRCs, and the theoretical diagram is shown and

compared with the experimental one.

Experiment

The fatigue study carried out by Zhang and Stang included one plain concrete and four
FRCs (hereafter referred to as PLC, SS1, HS1, HS2, and HYB) 25. The concrete matrix is
made of coarse aggregates of maximum size 8§ mm and fine aggregates of maximum size 4
mm, and fiber volume fraction as shown in Table 1. The beams with depth 100 mm,
thickness 50 mm, and length 350 mm were loaded in three point flexure with a span of 345
mm. In the monotonic flexural loading test, the modulus of rupture (o;) of each of the five
materials was measured (Table 5). In the cyclic flexural loading test, constant amplitude
load was applied, where the maximum load level varied from 75 to 95 % of o, for PLC and

HS2 and from 90 to 95 % for SS1, HS1, and HYB. The minimum load level was always
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20 % of the maximum (R = 0.2). As a result of cyclic tests, the S-N diagram was obtained

for the five materials (Figures 16 and 17).

Flow of Fatigue Life Computation

Flow of the theoretical fatigue life computation consists of two steps and is explained

below (Figure 5).

First, analysis is performed to compute the modulus of rupture of each material under
monotonic loading. The theoretical model can compute the applied stress at which the
crack is about to propagate for a given crack length between the initial flaw size, a,, and the
beam depth. Thus, the relation between the crack propagation stress and the crack length
can be obtained, and this shows the maximum stress sustainable throughout the crack
growth under monotonic flexural loading, which is the modulus of rupture of that material.
The relation is specific to each material, since crack bridging is dependent on the presence,
type, and amount of bridging fibers. The relation also determines the initial size of the
fatigue crack, a;, in (2). For example, fatigue loading at 80 % of o, implies that the crack
has grown at first loading to its corresponding crack length, a;, and continues to grow

throughout the following cyclic loading (Figure 5).

Second, analysis is performed to compute the fatigue life of each material under cyclic
loading. Starting from the initial fatigue crack size, a;, AKy, and K. are computed for a
crack length, a, under a given constant stress amplitude. With AKy;p(a) known, N(a) can be
calculated with the use of (2). Crack bridging degradation effect is considered as described
in the previous section, and this becomes prominent, as the crack becomes longer and the

number of cycles becomes larger. Fatigue life is defined by the number of cycles at which
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the maximum stress intensity factor, K., surpasses the matrix fracture toughness, K.

Physically this means that materials fail when unstable fracture takes place.

Theoretical Analysis

The monotonic analysis is applied to compute the modulus of rupture of the five materials
with microstructural parameters as shown in Tables 1 through 4. The parameters have been
measured independently of this theoretical work, except for matrix fracture toughness and
initial flaw size. For all five materials, the matrix fracture toughness is assumed to be 0.5
MPa\/m26, and the initial flaw size, a,, is assumed to exist with the size of 3 mm on the
tension face of the beam in order to account for the most severe situation of a flexural beam

with a flaw.

Slip-softening relation at the fiber-matrix interface under monotonic loading is used and is

assumed to take the simple form

T, for 8§ <&

T, +2,8 for 5" <§

T(a):{ (13)

where 1, = initial bond strength and a; = slip-softening/hardening coefficient (negative for
softening). The values of t,and a; are shown in Table 4. These values for HS1, HS2, and
HYB are obtained from experimental evaluations on the same concrete mix, and those for

SS1 are chosen based on typically observed values27- 28,

The resulting theoretical relation between the crack propagation stress and the crack length

is shown for all five materials in Figure 6, and the theoretical o, is summarized in Table 5.
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It is shown that o, is improved by the addition of fibers and that the crack length at o,
varies from one to another. For example, the o, of HS2 is exerted at a long crack length
(0.07 m), while the o, of PLC takes place at a short crack length (0.006 m). This is because
the modulus of rupture of HS2 is mainly attributed to the sustainable stress increase due to
crack bridging after first cracking, while the one of PLC relies mainly on the stress increase
before first cracking. Other three FRCs (SS1, HS1, and HYB) show similar results, falling
between PLC and HS2, and no significant effect of additional 1 % of polypropylene fibers
is observed in HYB when compared to the effect of additional 1 % of hooked-end steel
fibers in HS2. In the monotonic analysis, the theoretical values of o, agree well with the

experimentally measured ones.

The cyclic analysis needs some additional parameters. First, Paris law constants are needed.
These constants have not been well determined for cementitious materials, although
experimental investigations have been conducted by four indepedent research groups®-13.
Paris constant, n, varies from 3.12 to 14.0 for concrete?> 12 and from 2.31 to 4.18 for
mortar!3, depending on mixes and loading condtions. The current analysis assumes that
the Paris law constants measured by Baluch et al. ? (Table 6) applies to the matrix of FRCs.
These Paris law constants were measured under R = 0.2 which is the same ratio used in the
fatigue experiment by Zhang and Stang 25, and, with these constants, the cyclic analysis is

performed under R = Gyin/Gmax = 0.2.

Second, the degradation coefficients (D;, D,, and B) and (D1, D2, and By,) are determined
as follows (Tables 7 and 8). For the plain concrete, the set of degradation coefficients (D,
D, and By) shown in Table 7 is estimated to yield a close agreement with the

experimental S-N diagram for plain concrete, and this set of coefficients for aggregate
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bridging is also used for the four FRCs. Thus, two kinds of degrading crack bridging
stresses are superposed in the case of FRCs. For the four different FRCs, only one set of
interfacial bond degradation coefficients (D;, D,, and B) is used to yield a general
agreement with the experimental S-N diagrams of all the FRCs, regardless of the type and
amount of fibers in a material. No attempt is made to estimate a set of degradation
coefficients for each FRC. This is because there is a lack of experimental data for any of
the four FRCs and because, except for the polypropylene fiber, the interface degradation is
considered to be on the same order for the same kind of steel fiber-cement matrix interface

in both of the smooth and hooked-end steel fiber reinforced concrete.

Although typically observed microstructural parameters are used when they are not
available for a given FRC, future experimental investigations are needed for the
determination of those parameters in order to perform fatigue crack growth and fatigue life

analysis in a more consistent manner.

Results

Fatigue crack growth behavior of plain concrete and four FRCs is shown in Figures 7

through 11. A theoretical S-N diagram is shown in Figures 16 and 17.

Fatigue crack growth has been observed to show three stages: initial decelerated growth,
steady state growth, and final accelerated growth 2%. These three stages are caused by the
changes of the total crack tip stress intensity factor amplitude, AKy,, which is the sum of
the positive term, AK,, and the negative term, AKy, in (4). AKy, decreases when |AKy|
increases due to the initial development of the bridging zone, holds a constant value when

the increase of AK, due to the crack length increase is balanced with the increase of |AKy|,
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and eventually increases as the crack approaches the specimen boundary (due to rapid
increase in AK,). These three changes correspond to the experimentally observed three
stages of fatigue crack growth. Then, final failure takes place by unstable crack
propagation, whenever the crack tip stress intensity factor at the maximum load level, Kyax,
reaches the matrix fracture toughness, K.. Arrows in Figures 7 through 11 represent the

final unstable crack propagation at corresponding final crack length.

Fatigue crack growth behavior of plain concrete is distinct from that of other four FRCs
(Figure 7). From the monotonic analysis, the initial fatigue crack length, aj, is about 3 mm
for all cyclic load amplitudes employed (Syax = Omax/0r and R = Gpin/Omax = 0.2), and, from
the cyclic analysis, the final fatigue crack length, as, ranges between 22 and 54 mm. The
fatigue crack development is limited to below 54 mm, nearly the half of the beam depth,
and the crack growth is prominent in the final acceleration stage and not significant in the
initial deceleration and steady state stage. This is because of the bridging zone size in plain
concrete, which is smaller than that of FRCs, becomes fully developed at a shorter crack
length. The reduction of the total AKy, cannot be expected as the crack continues to
elongate further, leading the crack to transit from decelerated crack growth to accelerated

crack growth.

Fatigue crack growth behavior of FRCs varies depending on the type of fiber reinforcement
and stress level as seen in Figures 8 through 11. However, there are two general trends that
discern FRCs from plain concrete. First, longer fatigue cracks develop over the beam depth.
The initial crack length, a;, ranges between 4 and 35 mm depending on the cracking at
different levels of first loading, and the final crack length, ay, is above 50 mm for all cases.

Second, the initial crack growth deceleration is observed over a large range of initial crack
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length increase. For example, hooked-end steel 2 % FRC has a; ranging between 6 and 35
mm and ar between 63 and 76 mm (Figure 10). The initial crack growth deceleration is
prominent in this FRC. As a result, large fatigue crack development is seen in the initial
10 % of fatigue life. In general, fatigue crack growth curves of FRCs and plain concrete
can be classified into three groups in the same way as crack propagation curves under
monotonic loading. SS1, HS1, and HYB show a similar fatigue crack growth, while PLC
and HS2 show remarkable accelerated and decelerated growth respectively. No significant
difference between 1 % steel FRCs (SS1 and HS1) arises, and, again, no singnificant effect
of additional 1 % of polypropylene fibers is observed in HYB when compared to the effect
of additional 1 % of hooked-end steel fibers in HS2.

The effect of fiber volume fraction increase from 1 to 2 % can be seen in Figures 9 and 10,
and the behavior of fatigue crack growth and crack mouth opening displacement (CMOD)
distinctly changes with this additional 1 % of fiber volume fraction. First, the initial crack
length, aj, which is caused by the first load application and from which the fatigue crack
starts to elongate is significantly long for HS2. The initial crack length of HS2 ranges from
5 to 36 mm, while that of HS1 ranges from 4 to 12 mm. This happens because HS2 is
loaded well above the first cracking load for the maximum load ranging from 50 to 90 % of
o, which is exerted at a long crack length due to the large increase of the sustainable stress
after first cracking (Figure 6). Second, the fatigue cracks grow rather steadily throughout
the fatigue life in HS2, while, in HS1, they propagate rapidly just before the final failure,
and the onset of the final rapid growth can be identified. For example, the fatigue crack
length of HS2 at 10 % of its fatigue life, 0.1 N¢, under each S« ranges from 29 to 50 mm,

while that of HS1 ranges from 13 to 17 mm. This means that HS2 loaded under Spax =

16



90 % grows the crack from 36 to 50 mm during 0.1 N¢ and spends the rest of its life, 0.9 Ny,

with the fatigue crack longer than 50 mm.

The two differences mentioned above are seen also in Figures 12 and 13. When the five
materials are compared in terms of crack length and mouth opening displacement under the
same stress ratio to o; (Smax = 0.9 and R = 0.2), the crack of HS2 starts as the longest and
widest among the five materials and stays so for the most of its fatigue life. However, under
the same stress magnitude for all materials (Gmax = 6.3 MPa = 90 % of plain concrete’s o
and R = 0.2), the crack of HS2 is certainly the shortest and narrowest throughout the
fatigue life, while providing the longest fatigue life (Figures 14 and 15). This comparison
between two different fiber volume fractions implies that high stress ratio application has to
be limited by an acceptable value of CMOD under service conditions, when high strength
FRC:s are utilized for higher loads than plain concrete. This is due to the fact that increased
environmental attacks are expected for a wider crack 30-32, Details of CMOD analysis can

be found elsewhere 33.

The theoretical S-N diagrams in Figures 16 and 17 can be readily constructed with the
number of cycles to failure shown in Figures 7 through 11 and are compared to the

experimental S-N diagrams.

The theoretical results agree well with the experimental ones for two materials: plain
concrete and hooked-end steel 2 % FRC. The theoretical fatigue life for plain concrete
agrees with the experimentally measured life at three of the higher load levels (90, 80, and
70 % of o), with deviation at the lower load levels (60 and 50 %). Similarly, the theoretical

fatigue life for hooked-end steel 2 % FRC agrees with the experimentally measured life at
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two load levels (80 and 75 % of o;), although the theoretical S-N relation deviates from
experimental data for the higher (90 %) and lower (60 and 50 %) load levels. However, the
theoretical S-N relation for other three FRCs (SS1, HS1, and HYB) deviates far from the
correponding experimental data. While the theoretical relation shows the fatigue strength
decline to 50 % of o, at 5~7 10° cycles, experimental data shows that the fatigue strength is

about 90 % of o, at 10° cycles.

Two salient discrepancies are noted in comparison of theoretical results with experimental
data. First, the theoretical S-N relation of plain concrete and hooked-end steel 2 % FRC is
somewhat deviant from the straight line curve fit to experimental data. Second, the

theoretical S-N relation of the other three FRCs does not agree with the curve fitting result.

The first discrepancy may arise because of either one of the following two reasons. First,
the assumption of Paris law for crack growth rate may not be correct near the upper and
lower limit. Crack growth rate is very high near the upper limit of matrix fracture
toughness, K., while it is negligible near the lower limit of fatigue threshold, AKq.
Experimentally, fast crack growth has been observed in plain concrete when the maximum
level of cyclic loading is half of o, and no crack growth at one fourth®. This correction
would decrease the fatigue life at high load level and increase it at low load level, resulting
in a theoretical S-N relation closer to the straight line curve fit to experimental data.
Second, the assumed functions of crack bridging degradation, (10) and (12), may not be
accurate enough for various load levels, since the current function does not take into
account the effect of initial crack opening displacement which is different for a different
load level. This means that there is no distinction between a large number of small opening

changes and a small number of large opening changes, when both cases amount to the same
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accumulated crack opening displacement change. This correction would again increase the
fatigue life at low load level. Despite the fact that these two reasons are plausible, whether
or not the S-N relation is a straight line on a semi log plot remains a question. The S-N
relation has to be determined experimentally with statistically enough number of data

points and with accurate representation in a mathematical form.

The second significant discrepancy may be explained as follows. In the S-N diagram, there
is a lack of experimental data for lower load levels. The experimental fatigue life for the
three FRCs is measured at 90~95 % of o;. As a result, the fatigue life measurement can be
easily distributed over a broad range, since this high load level is within the variability
range of o, (see data on y-axis in Figure 16). This leads to the seemingly high fatigue
strength mentioned above for the three FRCs, which is contrary to the theoretical fatigue
strength. Also, fatigue strength of FRCs has been reported to be within 40~70 % of o, 34-
38 and there is only one report for above 90 % of o, 3%. The two corrections for the first
discrepancy apply here as well, and again the S-N relation needs to be determined for lower
load levels with statistical confidence in order to make fair comparisons. It should be noted
that the current theoretical model applies to any given FRC with friction controlled fiber-
matrix interface, if all the microstructural parameters shown in Tables 1 through 4 and 6
through 8 are available for the model. These microstructural parameters for the five
materials in this study are typically observed values that have been obtained from several
independent measurements by other researchers 9 22. 25, 27, 28 and used in the theoretical

analysis.
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Conclusions

Fatigue crack growth for plain concrete and four different FRCs has been simulated with a
fracture mechanics based model. The four FRCs show that long fatigue cracks develop
over the beam depth at final failure and that their initial crack growth is decelerated over a
large range of initial crack length increase. These two differences discern the behavior of
FRCs from plain concrete. Furthermore, under the same stress ratio, it is shown that,
compared to hooked-end steel 1 % FRC, hooked-end steel 2 % FRC shows a less
catastrophic failure with slower crack growth towards the final failure, but that it develops
a longer and wider fatigue crack in the beginning of the fatigue life. This implies that high
stress ratio application to a high fiber volume FRC should be limited by an acceptable
CMOD value under service conditions in order to minimize environmental damage

resulting due to cracking.

Theoretical S-N diagrams have been made for the five materials and compared with
experimental S-N diagrams. The theoretical results agree well with the experimental ones
for plain concrete and hooked-end steel 2 % FRC, while they do not agree with that for
smooth steel 1 % FRC, hooked-end steel 1 % FRC, and hooked-end 1 % + polypropylene
1 % FRC. The disagreement could be possibly removed by refining the three aspects of
crack bridging degradation function. First, crack bridging degradation could be different
for steel and polypropylene fiber. Steel fibers suffer from interfacial bond degradation,
while polymeric fibers could be subjected to fiber fatigue rupture. Second, among steel
fibers, a different set of degradation coefficients is appropriate depending on the
combination of fiber and matrix. Third, for both of above two aspects, the function of
crack bridging degradation has to be dependent on initial crack opening displacement as

well. An increase in the knowledge on fatigue life of FRCs may be attained with further
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refinement of the theoretical model, in conjunction with more accurate experimental S-N

diagrams.

Crack growth of plain concrete and four FRCs under monotonic loading has been analyzed
in conjuction with fatigue crack growth. The resulting relations between crack propagation
stress and crack length yield a close prediction on the modulus of rupture for five materials,
and it also indicates the crucial role of bridging zone developement in the crack wake under

monotonic and cyclic loading.

The theoretical results show that a single set of degradation parameters explains
qualitatively a wide range of experimental fatigue life data. Further, improvement of
fatigue life of FRCs necessitates a focus on the fiber-matrix interface degradation.
Degradation of crack bridging has to be minimized with the understanding of degradation
mechanisms. Such an experimental study can be executed effectively in conjunction with
the theoretical analysis presented in this paper in order to contribute to the efficient

development of high fatigue resistant FRC.
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Appendix I: Monotonic and Cyclic Fiber Bridging Law

Monotonic fiber bridging law

The monotonic fiber bridging law, o¢ (8), is given in a normalized form derived by Li 17.

For pre-peak part,

N
_(EJI for 0 <5 <35 (I

r
04 {3 -(2 |

where 6, = o,/o,, 6, = V,1u(L,/d,)/2, Vi= fiber volume fraction, t = interfacial frictional
bond strength, Ly = fiber length, ds = fiber diameter, g = 2/ (4 +f )(1 +e™? ), f = snubbing
coefficient, § = §/(L,/2), 5 = 8/ (L,/2) = (21L, Y (E,d,), and E;= fiber modulus.

For post-peak part,

c}f(é)= gﬁ—@—é*)] for 8 <d<1. 12)

Cyclic fiber bridging law
The cyclic fiber bridging law, Acy(AS), was modeled by Matsumoto and Li 40 and is given

in a normalized form by

[ 8fprepeak (orO <5< é]

A
AGf(AS): 1A6f - (for § <d< 1) 4
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where Ac; = Ac,/c, and AS = AS/(L,/2).

For pre-peak part,

1

~N =

) ~ : N
prepeak‘gvﬁ(g—?} @—5max}§—*8 +~/§(§—§j 5*—%(A5)J| (14)

AG,

where émax =0, / (Lf / 2) and Omax = maximum crack opening displacement experienced in

the preceding load cycle.

For post-peak part, there are two stages. When only some fibers are in sliding back into

matrix (B < B,), the bridging law, Ac, is the same as that of pre-peak part and is

postpeak ’

given by (I 4) for <3, where 3 = Aé/ 5 and

max

WF R N N
Lo e

B, =I a15)
| Smax
\ )
When all fibers are in sliding back into matrix, the bridging law, AG, postpeak is given by
AG | spea = gE(l =8 e Xl " Aé)} forBo<B  (16)
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Appendix Il: Monotonic and Cyclic Aggregate Bridging Law

The monotonic aggregate bridging law is given by an empirical equation proposed by
Stang 18. The aggregate bridging stress, oy, as a function of the crack opening

displacement, 9, is given by

5. (8)= —On (1)

6P
0

where o, = maximum aggregate bridging stress at § = 0, 8, = crack opening displacement

which corresponds to the half of ¢, , and p describes the shape of the bridging curve.

The cyclic aggregate bridging law follows a typical formulation where stress and strain

return to the origin upon unloading#!, and this is simply given by

Ao, (A8)= "Sm— AS (I12)

max

where (Omax, Ommax) 1S the point at which unloading occurs.
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Figure Captions

Figure 1 Fatigue damage on material constituents.

Figure 2 Fiber bridging stress-crack opening displacement (COD) relation (bridging law)

for pre-peak. 7

Figure 3 Fiber bridging stress-crack opening displacement (COD) relation (bridging law)

for post-peak. 7

Figure 4 Crack bridging degradation assumed in the current fatigue life analysis.

Figure 5 Flow of monotonic and cyclic analysis.

Figure 6 Monotonic analysis: crack length vs. equilibrium flexural stress.

Figure 7 Fatigue crack growth in plain concrete (PLC).

Figure 8 Fatigue crack growth in smooth steel 1 % FRC (SS1).

Figure 9 Fatigue crack growth in hooked-end steel 1 % FRC (HS1).

Figure 10 Fatigue crack growth in hooked-end steel 2 % FRC (HS2).
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Figure 11 Fatigue crack growth in hooked-end steel 1 % + polypropylene 1 % FRC (HYB).

Figure 12 Fatigue crack growth behavior of plain concrete and four FRCs under Spax =

90 % and R =0.2.

Figure 13 CMOD behavior of plain concrete and four FRCs under S;ax = 90 % and R =0.2.

Figure 14 Fatigue crack growth behavior of plain concrete and four FRCs under Ac = 5.0

MPaand R=0.2.

Figure 15 CMOD behavior of plain concrete and four FRCs under Ac = 5.0 MPa and R =
0.2.

Figure 16 Theoretical S-N diagram and experimental data 25 of plain concrete and four

FRC:s.

Figure 17 Theoretical S-N diagram and curve fit to experimental data 25 of plain concrete

and four FRCs.
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Table 1 Mix compositions. 25

PLC SS1 HSI1 HS2 HYB

Smooth steel V¢(%) 0 1 0 0 0
Hooked-end steel V(%) 0 0 1 2 1
Polypropylene V(%) 0 0 0 0 1

Table 2 Fiber parameters. 25

Fiber df (um) L (mm) E¢ (GPa)
Smooth steel 400 25 210
Hooked-end steel ~ 500 30 210
Polypropylene 48 12 12

Table 3 Matrix parameters. 22 (*: assumed value)

Matrix  E,(GPa) o, (MPa) p 8, (mm) K. (MPaVm)

35 5.4 1.2 0.015 0.5%*
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Table 4 Interface parameters. 27> 28

Interface SS1 HS1 HS2 HYB

1, (MPa) 60 45 45 45+0.8
ay(MPa/mm) 40 20 20  -2.0+0.0
f 08 075 075  0.75+0.0

Table 5 Experimental and theoretical o,.

PLC SS1 HS1 HS2 HYB
Experimental o, 25 (MPa) 6.94 10.15 8.88 12.82 9.46
Theoretical 6, (MPa) 7.02 10.43 8.95 12.9 9.83

Table 6 Paris law constants. ?

Paris constant C n

9.0310°  3.12

Table 7 Degradation coefficients for aggregate bridging.

PLC

Dut (/mm) 0.6
Dum (/fmm) -0.001
B 0.7
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Table 8 Degradation coefficients for interface bond strength.

SS1 HSI1 HS2 HYB
(hooked-end steel,
polypropylene)
D; (/fmm)  -0.003 -0.003 -0.003 -0.003, -0.003

D, (/f/mm)  -0.00003 -0.00003 -0.00003 -0.00003, -0.00003
B 0.8 0.8 0.8 0.8, 0.8
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Figure 1 Fatigue damage on material constituents.
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Figure 4 Crack bridging degradation assumed in the current fatigue life analysis.
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Figure 5 Flow of monotonic and cyclic analysis.
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Figure 6 Monotonic analysis: crack length vs. equilibrium flexural stress.
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Figure 8 Fatigue crack growth in smooth steel 1 % FRC (SS1).
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Figure 9 Fatigue crack growth in hooked-end steel 1 % FRC (HS1).
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Figure 11 Fatigue crack growth in hooked-end steel 1 % + polypropylene 1 % FRC (HYB).
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Figure 12 Fatigue crack growth behavior of plain concrete and four FRCs under Sy =

90 % and R =0.2.
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Figure 13 CMOD behavior of plain concrete and four FRCs under S;.x = 90 % and R =0.2.
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Figure 14 Fatigue crack growth behavior of plain concrete and four FRCs under Ac = 5.0

MPa and R =0.2.
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0.2.

50



—=— PLC THEORY i
—<— S§S1 THEORY
—tH— HS1 THEORY
—O— HS2 THEORY
—&— HYB THEORY

N

PLC EXPT
SS1EXPT
HS1 EXPT 1
HS2 EXPT
HYB EXPT .

0 L Lol L Lo L Lo L Lol L Ll
1 10 100 1000 10* 10° 108
Cycles to Failure (cycles)

Maximum Flexural Stress (MPa)
X0+ &)

Figure 16 Theoretical S-N diagram and experimental data 25 of plain concrete and four

FRC:s.
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