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Direct Proof of the Mirror Theorem for Projective
Hypersurfaces up to Degree 3 Rational Curves
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In this paper, we directly derive a generalized mirror transformation of projective hypersurfaces of up to
degree 3, genus 0 Gromov-Witten invariants by comparing the Kontsevich’s localization formula with residue
integral representation of the virtual structure constants. We can easily generalize our method for the rational
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Abstract

curves of arbitrary degree, except under combinatorial complexities.

1 Introduction

e-mail address: jin@math.sci.hokudai.ac.jp

In this paper, we prove a generalized mirror transformation of the genus 0 Gromov-Witten invariants of degree
k hypersurface in CPY 1, (we denote the hypersurface by M%), up to 3 degrees. For this purpose, we introduce

the virtual structure constants of M %, that were first defined in our work with A. Collino [2].

Definition 1 The virtual structure constants LYF4 (d <3, LN 2£0 onlyif 0 <n < N —1— (N —k)d) are
rational numbers defined by the following initial condition and the recursive formula.

k—1 k—1
F Nk ; ;
S MR = ke [[Gut (k- ),
= i=1
Nkl FN+1.k,1
L?} L'fl
FN+1.k2 FN41.k2
l . Ln—l bA 1 R Ln I lii\«"Jrl.k:l s
2 2 2 2 o
i 7 N-+1.k.3 FIN+1,k.3 ¢ F N1k
E_Ln—‘-_’- +§_Lﬂ—1 +EL;‘1+1 .
9 3 9 3 9 3
= N1 k2 N1.Je2
+i . L-n—l . LN+1.R\1 + 1 . I‘n.Jr
9 2 n-+2{N—k) 3 2
6 FN+41LE2
2 L2 sNt1ka
9 9 nE1+2(N—Fk)
FNL1R2
2 TN+ n—1+(N-k) 1 LN+1kL
(R N S e A
= N1,4.2
4 =N LN b
N+1.k,1 ntH(N—k)
g g, igih
1 =N =N ] = NF .
N1 k,1 N+41kL ; N+1.kL
+§ Lk Lo v iy - Lnia(N iy

F N+1.k1
n+(N-—Kk)?

9
T PN+l

nt+2(N—k)

F N41,k.2

n—14+{N—k)

2

(1.1)

(1.2)

(1.3)

(1.4)



In the mirror computation of Gromov-Witten invariants of M, LY%7 is used to denote the B-model analogue
of the 3-point Gromov-Witten invariant.
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In (1.5), b is the hyperplane class of CPN =1, A, ,,(CPN=1, d) represents the moduli space comprised of degree d
stable maps from the genus 0 stable curve to C PN~ with n marked points, ev; : My, (CPN~!, d) - CPN—1is
the evaluation map of the i-th marked point. and 7 : Mo 5(CPN 1. d) = Myo(CPN~1. d) is the forgetful map.
The definition of the virtual structure constants for arbitrary degree d (> 1) is found in [7]. In our previous
paper [9], we conjectured a residue integral representation of L;'f"""‘, which can be interpreted as a result of a
localization computation on the moduli space of the Gauged Sigma Model. In the following, we prepare some
notations to describe the formula we have conjectured. First, we define rational functions in wu, v by:
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Next, we introduce an ordered partition of positive integer d.
Definition 2 Let OFP; be the set of ordered partitions of positive integer d.

eog)
OP; = {og=(dy,d2,++ dyoy)) | > dj=d , dj € N} (1.7)
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We denote an ordered partition oy by (dy.ds. -+, dys,)). In (1.7), we denote the length of the ordered partition
aa by l{oa).

The residue integral representation can now be given as:

L -ty $ deigony e § dan(an) I ey, N
= — - Ay " " @rpl X B Ci(oy) ‘ %
> [ AR H{eg) - d . 4
d k S0P, (2m —])"\-«.)*] HJ;’f d.j Clo Ca
Herg) Hog)—1 Hoa)
1 1 (:'(fif.dj::i':j_l.'fl'j)
"  45i83-1,84) (1.8)
N T . o
jl;-[) (.T!j} E fop | Bimmis -2 1 f?(;’\,(lj,.%jfl,.i/ﬂ
4 3 dj djpq

In (1.8), 5=~ §, dx; represents the operation of taking the residue at z; = 0. We must mention that the
residue integral in (1.8) severely depends on the order of integration. To be more precise, we must take the
residues of all z; in descending or ascending order of subscript j. In the appendix of this paper, we prove the
following theorem.

Theorem 1 (1.8) holds true if d < 3.

We can indeed prove that (1.8) holds true for arbitrary d, but we include only the proof for d < 3 in this paper
mainly due to space concerns. The full proof will appear elsewhere. If N < k. the Gromov-Witten invariant
Oy v -2-nOpn-14v-102Op )o.q and LNk are different. In this case, we can write the former as the weighted
homogeneous polynomial in LY*4" (d' < d). This formula is the generalized mirror transformation in the sense
described in this paper. The main result of this paper is a proof of this transformation up to the case of d = 3,
which was conjectured in [8] as follows.

Theorem 2
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Of course, the above formulas can be derived by using known methods presented in various papers, including
[1],[5],[6],and [11]. In these works, the generalized mirror transformation is derived as the effect of coordinate
changes of B-model deformation parameters into A-model deformation parameters. We feel that this process may
be too sophisticated to capture the geometrical image of the generalized mirror transformation, that is, changing
the moduli space of the Gauged Linear Sigma Model into the moduli space of stable maps. In this paper, we
present an elementary and direct proof of Theorem 2 by using the result of Kontsevich [10] and Theorem 1.
Our strategy is the following. First, we note the explicit formula of (Opw—2-1OQpa—14ivra)a that follows from
Kontsevich’s localization computation. This formula includes summations with combinatorial complications that
have torus action characters A;, (j = 1,---,V), but we can rewrite these summations into residue integrals of
finite complex variables. This process is a generalization of the well-known computation from the Bott residue
theorem, which is available on p.434-435 in [4]. After this operation, we take the non-cquivariant limit A; — 0.
The resulting formula is very close to our residue integral representation of Lf'""f“ in (1.8). With this formula, to
prove Theorem 2, we require an elementary combinatorial decomposition of rational functions in the integrands.

This paper is organized as follows. In Section 2, we explain the process used to reduce the combinatorial
summations in Kontsevich’s localization formula to residue integrals in finite variables. Then we present the
residue integral representation of 2-point Gromov-Witten invariants. This representation can be directly com-
pared with the r.h.s of (1.8) after taking the non-equivariant limit A; — 0. In Section 3. we prove Theorem 2 by
decomposing the rational functions in the integrands. Section 3 presents concluding remarks. In the Appendix,
we prove Theorem 1, which has an important role in the proof of Theorem 2.

Acknowledgment We would like to thank Dr. Brian Forbes for valuable discussions, and we would also like to
thank Mirnke Jinzenji for kind encouragement.



2 Reduction of the Localization Formula to the Residue Integral

We start from the Kontsevich’s localization formulas for 2-point genus 0 Gromov-Witten invariants of M¥,.

the suceinet presentation of these formulas, we introduce the following notation.
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In (2.14), A; (j = 1,---, N) are characters of torus action on C'PV~1:

(Xy:-: Xn) = (@MKo 0 M0 Xy)
Here, we also introduce an elementary equality that will be used later in this paper:

W (21, %2) + Wa(Z2,23) = (202 — 21 — T3)wa(T1, T2, 23) + 2w, (1, 23).
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(2.14)

(2.16)

With this notation, the localization formulas that represent (O Opsdog (a =N —-2—n, b=n—1+ (N — k)d)

are described as follows:

Fact 1 (Kontsevich)
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Remark 1 In (2.17), (2.18) and (2.19). each summand corresponds to a tree graph that represents degeneration-

type of stable maps [10]. The r.h.s. of these equalities are invariant under varietions in the characters of torus
action, but in (2.18) and (2.19), cach summand indeed varies as the characters vary.

Although some elementary simplification of complicated terms has been achieved, these formulas follow from the
results in [10]. The above formulas include many complicated summations, but we can rewrite these summations
into residue integrals in finite complex variables as follows.

Proposition 1
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proof ) Due to space concerns, we include the proof for d = 1,2. The proof for the case of d = 3 proceeds in a
similar fashion. We start from the case of d = 1. By the elementary residue theorem, we can rewrite the r.h.s.
of (2.17) into the following residue integral.

1 1 " ' e(k, 1z, 2oz — ®2)°
{(OpaOpe)1 = ?g das j{ diry . s (my, m)wy (e, os).
271- vV )) (0.5R) Co,m) Hj\;l ({-Tl - A_;’ ](4172 - /\j))

(2.23)



In (2.23), C(0,a) denotes the circle centered at 0 and with radius a, and R is a sufficiently large positive real
number greater than max.{3|A;| | j = 1.---, N'}. In the case of d = 2, we also have similar equalities:
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In contrast, the following relations easily follow.
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Wa(Ai, Aj) +wa (X, 2205 — X)) = 2wa (X, 225 — X)), (2.26)
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The second equality follows from (2.16). With these relations, the second terms of the r.h.s. of (2.24) and (2.25)
cancel one another. As such, we obtain the following:
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If we look at the r.h.s. of (2.23) and (2.27), we can easily see from the coordinate change z; = - that each
summand is invariant under variations in A;. Therefore, we can take the non-equivariant limit A; —} 0; we can
take the R — 0 limit as well. This operation leads us to the equalities of the proposition.

Remark 2 In Remark 1, we noticed that each summand in (2.18) s not invariant under variations in the
characters. Buf as can be seen in (2.24) and (2.25), we can make it invariant by adding suitable rational functions
of characters. These additional rational functions cancel out after adding up summands that correspond to tree
graphs. The same mechanism also works in the case of d = 3.

3 Proof of Theorem 2

Before moving on to the proof of Theorem 2, we note the following equality.
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This naturally follows from Theorem 1.
Let us start from the case of d = 1. In this case, we apply a trivial equality to the r.h.s of (2.20):

(z1 — 23) 2w, (21, 22)ws (21, 22) = (22 — 28)(zh — 2)) = zlad 4 2wl — 80 — 28 +0, (3.29)
Then the theorem follows from Theorem 1 and (3.28). In the case of d = 2, we apply (3.29) to the first summand
of the r.h.s. of (2.21). To the second summand of (2.21). we apply the following decomposition of the rational
function in the integrand.
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Then the first summand in the r.h.s. of (2.21) and the first term in the decomposition (3.30) sum to the following:
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using (3.28) and Theorem 1. The second and the third terms in the decomposition (3.30) result in the following:
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This completes the proof for the case of d = 2.
Now, we turn to the case of d = 3. As in the case of d = 1,2, we apply (3.29) to the first summand of the
r.h.s. of (2.22). To the second and the third summands, we apply the following decompaositions.
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Lastly, we apply the following decomposition to the fourth summand.
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where | = 209 — @y — ¥3, ry = 223 — x5 — x4. By (3.28) and Theorem 1. the first summand of the r.h.s.
of (2.22), the first terms of (3.34) and (3.33) and the term with denominator rirs in (3.36) together sum to
LE(LYH3 — f’fﬂﬁ-—m’))' The second term of (3.34), the third term of (3.35) and

2aws — wp)wg (@, oz )wy (2, 03)  2(@0 — wg)wy (@2, @q)wy (T2, 24) (3.37)
1 ' T2 ' ’

in (3.36) sum to the following:
Nk (PN I.,_ = N k2 .
—k § L;H : — By (3.38)

by Theorem 1 and the same approach used to derive (3.33). The third term of (3.34), the secand term of (3.35)
and

(w3 — 1’4)’ll’a(41?3-~174)‘lffb(4?'-31174)‘ (w2 — J-I'l)'fi-'ce(-rl«-'3'2)71’t4($11-'172)” (3.30)

T T2

in (3.36) similarly sum to the following:

2(k=N)
1 Nok2 = Nk, 1 Nk o
ke S IR (ENA-INEL o . (3.40)
j:ﬂ

The remaining terms of the decomposition (3.36) and the fifth summand of the r.h.s. of (2.22) are reorganized
as follows.

1 a—15b—1
F Nk Nk Nk, 1
1+AN(2 ZLWWJHH\L -t
=0 j=0
1 a—1b—1 a—1b—1
Nk Nkl N1 Nk
T3 Z Lyt nLajiag-n T 5 ZZLl+j+k LBt s ny T
F=0 =) i=0 j=0
1 a—1 I)f)
7Nk Nkl Nk = Nk
+2 1+J+A—NL3+;+1(& —N) L2+-t.+j+k—:\-‘L2+2{A-—N}) +
i=0 j=0
1 a— 157)
FNET FN K = Nk = A R
+2 Lyt N L et jran—) _L2+_J'+A’fNL'2+?J+'2(k—N}) +
i=0 }*0



oe—=2 i
Vkl Nk Nkl Nk 1
+ Z Z L jk— \’Lar+h—r+9(k—'\ ) L1+f?+_]+n‘-—1\ L(:—a‘+2(k—:\"}) -

1=0 j=0
a—1b—1 a—1b—1
1 FNkLFNRL FNKL N _
_§ZZ 1+k— .N 1+i—j+k=N ZZ 14i+k—N"1454+—-N | —
i=0 j=0 =0 j=0
a—1 1
— RNk F Nk = N.k,L = Nk = Nk,
= l+.l—”\'( Zz nj— 3 (ke Ny Dt — (k) — L1+j+(ka)L2+i+2(vaN]) +
i=0 j=0
a—1 k=N
Nk1 (F Nk =Nk
+Z Z Ln+1+z nti—2(k—N) L1+j+{ka)} +
i=0 =0
a—1
N.k,1 = Nk, 1 Nk, Nk 3
Z L1+> 1'\’)Ln+j72{kf]\a L —(k— N}Llﬂﬂkﬂ?\f:) +
u—l k—N
Nk Nkl N k1 _
T Z Z L1+I.— L7+?+;+’(A—A\) L1+z+j+ A—\})) =
i=0 j=0
(k—=N)=1
7 N.k.1 FVE Nkl = Nk, 1 = N1
= kLN ( Z Z it —a(h— Ny Lot i —(e=i) — Lt ey L2t traet)
J=
2k—N) k—N
=N k1 ENEL RN
T Z Z Ly -my (Enli = Ly e-ny) +
1=0 J:()
]\‘1
Nk, 1 Nk N.k.1 _
3 3 AL, - Eib ) =
i=0 j=0
2(k—
B Nkl ~Nik3 VAL 42 N k.1 Nk
= kLN O () + k- ( rren PO YD A = L e ) (3.41)
In this derivation, we only use the following conditions.
g =N=2—n, §=n—1=3E—N), L¥0l=FVE (3.42)

This derivation requires the careful treatment of summations. The final formula completes the proof of Theorem
2.

4 Conclusion

Our motivation in this paper is to explicitly understand the difference between the moduli space of the Gauged
Linear Sigma Model and the moduli space of stable maps. Through the proof presented in this paper, we can
see the detailed process of changing the moduli space of the non-linear sigma model into the moduli space of the
linear sigma model for lower instanton numbers. Moreover, we can indeed extend this paper’s method to rational
curves of higher dagrees because we do not use the geometrical simplicity of the moduli space of rational curves
of lower degrees. As can be seen in [9], the generalized mirror transformation for rational curves with d = 4. 5 has
a quite complicated structure, but if we combine the scheme of the generalized mirror transformation proposed
in [6] with our residue integral representation of the virtual structure constants, we can expect the derivation of
a general proof of the mirror theorem.

One of the main features of this paper involve the translation of combinatorial summations in Kontsevich’s
localization formula into residue integrals, which enables us to directly compare the Gromov-Witten invariants
with the virtual structure constants. This translation can be applied to various examples. At the very least, we
can use this residue integral to prove the mirror theorem of O(1) & O(=3) — P [3]. We also can apply the
residue integral representation to prove the mirror theorem at higher genus. Regardless, we must enhance the
combinatorial sophistication of our method.



A  Appendix: Proof of Theorem 1

We prove Theorem 1 by showing that the r.h.s. of (1.8) satisfies the initial condition and the recursive formulas
(1.1), (1.2), (1.3) and (1.4). For this purpose, we note here the following relation between the rational functions
that appear in the residue integrals.

l{oa) Hog)—1 leg)

1 (Bydgsmsi,m5)
1_‘[ (TJ)’\ H }i‘.‘lij(mjm]_l e ) ey T(Ar,dj;.fj,l,flf)

i T oy
d; djt+1

l(oa) oa}—1 Hag) :
— ﬁ 1 Uf[ 1 ﬁ E(k,djlil-'j_lﬁ;l'j) «
= 1l = oo non AN L dey 0, 0)
j=0 =t kz; 2=+ ’,j* j=1 s
. o dijia

log)d;—

iy = .
X(.EOEH -lhcrf H H (rrJ Jus (( ) L ). lA.-l?l)

i=1 i=1

For the case of d = 1, the r.h.s of (1.8) becomes the following:

L N—2—n_n—14+N—k &k, L; 20, 21)

1 % da ; dag L
—- 21 T I % =
[RNCTVASTER A ST 0 ! adal’
1 ' ' (o + (k= &)
- k—)j{é daxy jlé dza [ (A.44)
(27“ V _1)_ Co Co g+l i

Hence, (1.1) and (1.2) hold true.
(A.43) tells us that the recursive formulas for d = 2, 3 follow from the adequate decomposition of

Hog)dj—

m +(d; —i
(mﬂ:l‘l"'ml(a‘d) H i—1 ( ) J)_

g2 41

The decompositions are explicitly given as follows.

d=2 case
Ty = (2) i Tl %0 ;3-1 §
xo + X 1 .
o2 =(L,1): xox1&2 = ol . 5 2 + 5?‘;1‘@;@, (r =21 —xq — x2). (A.45)
d=3 case
20 + 1y 1o + 21 2, 5 -
o3 =(3): @y (3 12 3 L = Iugl'l(aﬂra + 5.'1:0.1:1 + 5:{!{),
To + ¢ 2 5] 2 4 1 2
g3 =(2,1):  zox1T0 ! = . ;ng.zo(gro + = 9 zor) + g.rg —0—1*1(61:9 + 3% + 53'-_))),
T —
(ry = il 5 L — 29),
b 2 2 1 4
o3 =(1,2): wpxqi2 . -; ¥ ;1:0.1'2( 10 + 9 Tots + = 9 +1r-g(§wg . g:rl + 5;1.‘2)).
-
(rg =1 — o+ — 5 23,
2 5 2 2 1 4
=(1,1,1): zoziT2w3 = :1'.0;17-;(9.1“0 + gJ:n T3+ 93?‘5, + T’;g(g;ﬂn 4 g‘l‘l o §;u3) +
+1 (hL +11 +2J )+1r ry)
ra{ =g+ =Ea + =2 —rarg).
1{g%a+ T2 + 523 37374);
(rg =221 — 29 — T2, T4 = 220 — 11 — T3). (A.46)

With these decompositions, the same argument with respect to residue integrals as that used in the proof of
Theorem 2 leads us to the desired recursive formulas. We can prove the recursive formulas for higher degrees by
extending this approach.
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