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SUMMARY  

Wehavedevelopedanew，Simplemethodtocalculateelasticwavesscatteredbyzona11y  
distributed cracks，taking account ofmultiple crackinteractions．In this paper，Our  
methodisappliedtoSH－WaVePrOPagationin2－Delasticmedia．Anarrayofcracksis  
representedbyanimperfbctlybondedinterhcewithaspatiallyinhomogeneousstrength．  
Asectionoftheinterfacewithvanishingstrengthrepresentsastress－freecrack，While  
asection with a significantlyhigh elastic sti蝕1eSS aPPrOXimates anintact section．A  
CraCkedzoneistherefbrerepresentedbyamultilayeredzone，Partitionedbymanysuch  
interhces．In this fbrmation，theinteractions among allcracks can be considered  
implicitlyandamixedboundary－Valueproblemcanbecircumvented・  
Inourmethod，theelasticwavesscatteredbyaninterfaceareexpandedintodiscrete  
reflectedandtransmittedplane－WaVeCOmPOnentS．Thewavefieldinacrackedzonecan  
beeasilycalculatedbythewavepropagatormethod orbythereflectionand trans－  
missionoperatormethod，Onthebasisofthisexpansion．Theaccuracyofourmethod  
isshowntobequlteSatisfactoryforsomeexamples．   
The zeroth－Order reflection coe伍cient，Whichis defined as the coemcient for a  
reflected－WaVeCOmPOnentthathasareflectionangleequaltotheincidenceangle，is  
SPeCifically studied fbr some crack arrays，aS an eXamPle ofthe application ofour  
methodofanalysis．  

Key words：CraCks，1ayered media，numericaltechniques，S waves，SCatterlng，WaVe  
PrOPagation．  

（1945）（e．g．Kikuchi1981a，b；Yamashita1990；Kawahara＆  
Yamashita1992）．This approximation neglects crackinter－  
actions，SOitisvalidwhenthedensityofcracksislow．Onthe  
Otherhand，Murai，Kawahara＆Yamashita（1995）rigorously  
treated multiple crack interactions by applying a boundary 
integralequation method（BIEM）to the crack scattering  
PrOblem．Theycouldnot，however，dealwithlargenumbers  
Ofcracks，because they faced the difnculty ofmemory and  
CPU－timelimits，Whichis commonin many traditional  
methods．  

Inthispaper，WePrOPOSeamethodtotreatmultiplecrack  
interactions more e臨ciently．The deformationis assumed  
to be ofSH type fbrsimpliclty．In ourmethod ofanalysIS，  
an array ofcracksis represented by animperfbctly bonded  
interfacewithaspatiallyinhomogeneousstrength．Asection  
Oftheinterfacewithvanishingstrengthrepresentsastress－free  
CraCk，Whileasectionwithasignificantlyhighelasticsti蝕ess  
approximates anintact section．A cracked zoneis therefore  
representedbyamultilayeredzone，Partitionedbymanysuch  
interfaces．Itiseasytointroduceanarbitrarycouplingofcrack  
Surfacesbymeansofthisapproachbecauseeachinterfacecan  

677   

1 INTRODUCTION 

Itis known that the Earth’s crustis permeated bylarge  
numbersofcracks・Inparticular，faultzonesarehighlyfractured  
andthepresenceofdenselydistributedcracksisrevealedby  
televiewerobservationsinboreholes（e．g．Malinetal．1988）．It  
hasalsobeenconfirmed，byobservationsofshear－WaVeSplittlng  
andpolarizationanomaliesofP－WaVefirstmotions，thatthere  
exists a dense distribution ofcracks aligned parallelto the  
fault plane within a fault zone（e．g．Leary，Li＆Aki1987；  
Li，Leary＆Aki1987）・Cracksgenera11ycuSeSCattering  
ofincident elastic waves．The crackinteractlOnS CannOt be  

neglectedintreatlngPrOblemsofscatterlnglnamediumwith  
densely distributed cracks，SuCh asin a fault zone．Some  
authors have glVen theoreticaltreatments of elastic－WaVe  
SCatterlngduetodistributedcracksonthebasisofthemean－  
WaVeformalismandtheapproximationintroducedbyFoldy  

＊Nowat：InstituteofSeismologyandVoIcanology，GraduateSchoolof  
Science，HokkaidoUniversity，N－10W－8，Kita－ku，SapporoO60－0810，  
Japan．E－mail‥murai＠lobs．sci．hokudai．acjp．   
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beassumedtobebondedwithanarbitrarilyinhomogeneous  
Strength．  
Inourmethod，elasticwavesscatteredbyaninterfaceare  
expandedinto discrete renected andtransmitted plane－WaVe  
COmPOnentS．Thewavefieldin themultilayeredzone can be  
CalculatedbythewavepropgatOrmethod（Kennett1983）or  
bythereaectionandtransmlionoperatormethod（Kennett  
1984）．MultiplecrackinteractlOnSCanbetreatedimplicitlyin  
thismethodofanalysis，Whichgreatlysimplifiesthe analysIS  
Ofelastic－WaVe SCatterlng due to densely distributed cracks．  
In addition，1tis advantageous that theintroduction of  
low－Velocity zoneis qulte eaSy，because we have only to  
COnSiderthereflectionandtransmissionofplanewaves（Murai  
1994）．Itis shown below that the accuracy ofour method  
is satisfactoryfbrsomesimpleexampleswhoseanalyticalor  
numericalsolutions areknown．  

Ingeneral，Weintroduceaviscoelasticconstitutiveffiction  
law at each crack on the basis of the followlng丘eld and  
laboratory observations．Water－Saturated cracks are directly  
Observablein theshallowcrust（e．g．Malinetal．1988），and  
theirexistenceinthedeeperpartofthecrustislikely，froma  
geologicalpointofview（e．g．Takeshita＆Karato1989）．Itis  
qultereaSOnabletoassumethatwater－Saturatedcrackscause  
Viscoelasticn－iction at theirsurfaces．In addition，ithasbeen  

Showninlaboratory experiments with rock samples that  
fracture surfaces behave viscoelastically in the transmission 
Of elastic waves even under dry conditions（Yoshioka＆  
Kikuchi1993）．  

2 EXPANSION OF WAVES SCATTEREDI主Y  
A SINGLEINTERFACEINTO DISCRETE  

PLANE－WAVE COMPONENTS  

In this section，We PrOpOSe a method to calculate the  
response ofanimperftctly bondedinterfacewith a spatially  
inhomogeneousstrengthtoanincidentplanewave，Whichis  
fundamentaltothesubsequentanalyses．Weassumeanelastic  
mediumconsistlngOftwohalf－SPaCeSSeParatedbyaninterface，  
and define the coordinate system（x，y）so that the x－aXis  
COincideswiththeinterface（Fig．1）．EachhalfJspaceisassumed  
tohavethesameelasticproperties．Themechanicalcoupling  
at theinterfaceis assumedto becharacterizedbyaspecific  
StifrhessfunctionkT（x）andaspecificviscosityfunctionり＊（x）．  

ThespecificstinleSSisdefinedastheratioofanincrementin  
StreSStOthecorrespondinglnCreaSeinrelativedisplacement．  

Thespecificviscosltydenotestheviscousresistanceperunit  
length oftheinterface to the relative displacement．Such a  
COuPlinghasbeenassumedonacrackfacebymanyresearchers  
（e．g．Schoenberg＆Douma1988；Nagy1992；Pyrak－Nolte＆  
Cook1987；Hudson，Liu＆Crampin1996）・Whatforms 

． 

thatan array ofarbitrarilydistributedcracksis represented  
by a spatially inhomogeneous distribution of the specific 
Sti蝕IeSSin ourstudy：aSeCtionwith kT（x）＝O and71＊（x）＝O  
denotesastress－fteecrack，Whileasectionwithaslgnificantly  
largekT（x）approximatesanintactsection．Ourapproachhas  
an advantage becauseitcan circumvent amixedboundary－  
ValueproblemthathastobesoIvedinthetraditionalapproach  
tothecrackscatterlngPrOblem．   
Thespeci負csti釣1eSSCOntrOIsaslip－Strengtheningbehaviour  
Of the n－aCture Surface．It has been shown bylaboratory  
experiments on stick－Slip h・iction that a slip－Strengthening  

PrOCeSS preCedes an unstable slip failure due to dynamic  
rupturepropagation（Ohnaka，Kuwahara＆Yamamoto1987）．  
Therelativedisplacementoftheinterfacecausedbyanincident  
elastic waveis assumed to be comparatively smalland the  
incidentwavedoesnotcauseadynamicrupturepropagation  
inthisstudy．   
AnincidentplaneSHwaveisassumedinthefbrm  

u。（x，y）＝eXP［ik（xcosp＋ysinp）］，  
（1）  

Whereiisthesquarerootof－1，kisthewavenumberandq，  
istheanglebetweenthex－aXisandthepropagationdirection  
Oftheincidentplanewave．Herethetimefactorexp（－ia）t）is  
Omitted for brevity，Where w＝kβandβis the shear－WaVe  
VelocltyOfthematrix．Thescatteredwavesarerepresentedas  
asuperpositionofplanewavesintheform  

．！、  

．仁  

1  

〃R（ズ，γ）＝  

1  

叫（Ⅹ，y）＝云  

Al（ぶ）exp［i鼠X＋β2（5）γ］故i：krγ＜0，（2）  

A2（s）exp［isx－β2（s）y］ds fbry＞0，（3）  

Where uR（x，y）and uT（x，y）are the reflected and transmitted  
WaVeS，reSpeCtively；Al（s）andA2（s）areunknownfunctions；and  
β2（s）＝（s2－k2）1／2＝－i（k2－S2）1／2．The boundary conditions  

on the interface are 

∂ ∂  
〃㍑T（ズ，カ＝〝［以0（ズ，カ＋祝R恒）］  （4）  

＝［んT（Ⅹ）－iβ旬＊（ズ）］¢（x）brγ＝0，  （5）   

Where¢（x）is the relative displacement at theinterface and  
lLis the rigidity．Eq．（4）is the condition that the stressis  
COntinuous across theinterface and eq．（5）represents the  
COnditionofcouplingattheinterface．   
Fromeqs（1）（3）wecanrewritethecondition（4）as  interface  

去仁  
β2（s）Pl（s）＋A2（s）］elSXds＝－kexp（ikxcosp）sin甲．  

（6）  

AninverseFouriertransfbrmationglVeS  Figurel・Re且ection and transmission at animperftctly bonded  
interface．Thex－aXiscoincideswiththeinterface，and甲istheangle  

between the x－aXis and the propagation direction of theincident  
planewave．  

∂（ぶ－たcos甲）  

Al（5）＋A2（∫）＝一2冗んsin甲   （7）  

β2（5）   

◎1998RAS，G〃134，677－688   
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eq．（15）：  

Ⅳ  
∑ ¢JC卜j＋P～C∫＝5～ brJ＝0，±1，±2，…，±Ⅳ，（16）  

ノ＝－＜■  

j≠0  

Ⅳ  
∑ ejCトJ＋P～C－＝O  
J＝－Ⅳ  

J≠0   

Where∂istheDiracdeltafunction．Uponusingeq．（7），eq．（5）  
yields  

‡［んT（xトiβ姉）］仁A2（5）ei5伽藍仁β2（5）A2（5）ei∫ズdぶ   

＝2［kT（x）－iβkYl＊（x）］exp（ikxcosp）．  
（8）  

ThisintegralequationforA2（s）cannotbesoIvedanalytically  
forarbitraryfunctionskT（x）and71＊（x）．   

WeexpandthefunctionkT（x）－iβkq＊（x）asaFourierseries  

as払1lows：   

Ⅳ  
んT（ズ）－iβ初＊（ズ）＝ ∑ 互jeXp（2画△鼠X），  

J三一〃  
（9）   

WhereNisalargeppsitivenumber・Bysubstitutingeq・（9）  
into eq．（8）and carrylng Out a Fourier transformation with  
respecttox，WeObtain  

払rJ＝±（Ⅳ＋1），±（Ⅳ＋2），…，±門，  

where   

P∫＝2i疋。＋iJJβ2（たcos甲＋2冗仏5）  

brJ＝0，±1，±2，…，±柁，  

eJ＝2i互ノ brノ＝±1，±2，…，±Ⅳ，  

ぶ∫＝4花見‘bり＝0，±1，±2，…，±Ⅳ．  

（17）  

（18）  

Onceeqs（16）and（17）aresoIved，thereflectedandtransmitted  
WaVeSCanbedeterminedh－Omthetruncatedformsofeqs（12）  
and（13）witheq．（14）．  

3 WAVEFIELD IN A MULTILAYERED 

ZONE   

Inthissection，Wefbrmulateamethodtocalculatethewave－  
fieldinamultilayeredzonepartitionedbyNsparallelinterfaces  
imperfectly bonded withinhomogeneous strengths（Fig．2）．  
Eachlayeris assumed to have the same elastic properties．  
ThiszoneisamodelofafaultzoneconsistlngOfdistributed，  
Parallelcracks．Wecanexpandthescatteredwavesintodiscrete  
Plane－WaVeCOmpOnentSandobtaintheplane－WaVereflection  
andtransmissioncoefncientsateachinterface，aSStatedinthe  
precedingsection．Hencethedisplacementfieldineachlayer  
Canberepresentedasthesuperpositionofdiscreteplane－WaVe  
COmPOnentS，anditcanbecalculatedbythewavepropagator  
method（Kennett1983）orbythereflectionandtransmission  
OPeratOrmethod（Kennett1984）．   
Nowwedefinethelocalcoordinatesystem（xj，yj）fixedat  
the jthinterface（j＝1，．．．，Ns）and theglobalcoordinate  

Ⅳ  
2i∑ 足JA2（∫一2可A5）＋i〝β2（5）A2（ざ）   
ノ＝－Ⅳ  

Ⅳ   
＝4冗 ∑ 足J∂（5－たcos甲一2可△ぶ）．  

ノ＝lヽ■  

Thesolutionofeq．（10）canbewrittenas  

の  
A2（5）＝ ∑ Cm（5）∂（ぶ－たcos甲－2冗∽△5）．  

〝l＝－■00  

（10）  

（11）  

Af［erusingeqs（7）and（11），eqS（2）and（3）arereducedto  

uR（x，y）＝eXP［ik（xcosp－ySinp）］   

一 Cm（たcos打2血）  
m∞  

×eXp［i（たcos甲＋27てm△ぶ）ズ  

＋β2（んcos甲＋2冗m△5）γ］brJ7＜0，  

叫（ズ，γ）＝ 
m∞ 

×eXp［i（たcos甲＋27T椚△5）ズ  

ーβ2（たcos甲＋27て∽A∫）γ］わrJ′＞0．  

（12）  

（13）  

γ  

鹿   
layer〃5＋1  

tayer〟5  

＋1  
乃  Iayerf＋1  

layeり  
皿  

彗  

2  
layer2   

1 
長竹】ayerl  

一方   

Thusthereflectedandtransmittedwavesareexpandedinto  
discreteplane－WaVeCOmPOnentS．Here，Cm（kcosp＋27tmAs）is  
unknown andwerewriteitas  

C，n＝C〝l（たcos甲＋2冗∽△ぶ）  
（14）  

fbrbrevlty．  

If the series（11），（12）and（13）converge，they can be  
truncatedatFmF＝n（≫1）．AfterthetruncatedfbrmOfeq．（11）  
issubstitutedintoeq．（10），Wehave  

Ⅳ〃  
2i∑ ∑ 麒JCm∂［ぶ－んcos甲－2冗（ノ十∽）A∫］   
J＝－Ⅳm＝－〃  

柁   
＋i〝β2（5）∑ Cm∂（∫－たcos甲－2冗椚△ぶ）  

m＝‾‾〃   

Ⅳ   
＝4冗 ∑ 疋J∂（5一んcos甲－2可△ぶ）．  

J＝l∧’  

Figure2．A multilayered medium partitioned by Ns parallel  

imperfectlybondedinterfaceswithinhomogeneousstrengths．Alocal  
COOrdinatesystemisdefinedateachinterface：thesystem（xj，yj）is  
fixedatthejthinterface（j＝1，…，Ns）．Theglobalcoordinatesystem  
（X，Y）isthesameasthelocalcoordinatesystem（xl，yl）．Theorigin  
Ofthelocalcoordinate system（xj，yj）isdenoted by（Xj，羊）inthe  
globalcoordinatesystem；q，istheanglebetweentheX－aXisandthe  
PrOpagationdirectionoftheincidentplanewave．   

（15）  

Irぶ＝んcos甲＋27日A5（J＝0，±1，±2，…，±乃）isassumed，We  
CanObtainthefbllowlngSimultaneousequationsforCmffom   
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SyStem（X，Y）（Fig・2）・The xj－aXis coincides with thejth  
interface and the ongln Of thelocalcoordinate systemis  
located at an arbitrary polnt On theinterface．The global  
COOrdinate system（X，Y）coincideswith thelocalcoordinate  
SyStem（xl，yl）．The origin of thelocalcoordinate system  
（xj，yj）isdenotedby（Xj，羊）intheglobalcoordinatesystem・  
WeassumeaharmonlC，Plane，incidentSHwaveoftheform  

u。（X，Y）＝eXP［ik（Xcos甲＋Ysinq，）］．  （19）  

WedefinethereflectionmatriⅩRjandthetransmissionmatrix  
TjOfthejthinterfaceforupwardincidenceby  

Rj＝（R霊力）触り＝1，…，Ⅳs，  

Tj＝（r崇ノ））bり＝1，…，Ⅳs  （31）  

（m＝－n q，…，n，；l＝－ nq，・・・，n，），and R－j and T－j fbr  
downwardincidenceby  

R－j＝（R㍍j））わrノ＝1，…，Ⅳs－1，  

T－j＝（T㍍月）bり＝1，…，Ⅳs－1  （32）  

（m＝－nq，・・・，n。；l＝－nq，…，nP）・The elements of these  
matrices are reflection and transmission coe伍cients．Upon  

COnSidering re負ection and transmission at thejthinterface  
（j＝1，．．．，Ns－1），WeObtainthefollowingformofthewave  

PrOPagatOr：  

3．1Formulationusingthewavepropagatormethod  

Wedividethedisplacementfieldineachlayerinto ahomo－  

geneous and aninhomogeneous（or evanescent）wave．The  

displacementfieldinthejthlayerisrepresentedas  

好＝岬）＋＋呼）＋，  
（20）  

好＝坤）‾＋呼）‾ （21）  

Where’（h）’and’（e）’denotethehomogeneousandevanescent  
WaVeCOmPOnentS，reSPeCtively，andthesymboIs‘＋’and‘－’  

denotethewavecomponentspropagatlnginthepositiveand  
negative directions ofthe Y－aXis，reSPeCtively．Hereafter・We  
refer to the waves propagating in the positive and negative 

directionsoftheY－aXisastheupgolnganddowngolngWaVeS，  
respectively・   

First，WeCOnSiderthehomogeneouswaves．Thedisplacement  

fieldin eachlayeris written as the superposition ofdiscrete  

Plane－WaVeCOmPOnentSinthefbrms  

Tj－R－jT：IRj FLjT＝3   

一丁＝iRj  T＝J  
）（‡）・（33）  

（  ＝  （  

Aノ  

Bj＋1  

FortheNsthinterface，Weget  

（AH＝（二こs7）（芸），   （34）  

Wherelistheidentityoperator，Sincenointerfaceexistsabove  
the N,th one and no downgoing waves are incident on the 
Nsthinterface．The displacementfieldin eachlayer can be  
Calculatedbyusingeqs（30），（33）and（34）・   

Next，We COnSider the evanescent waves．The evanescent  

WaVeSaretreatedseparatelylnthispapersinceT＝Jdiverges  
numericallyif the evanescent waves areincludedin the  
Calculation ofthewavepropagatorineq．（33）：nOtethatwe  
havetherelationsT慧j）是OandT㍍j）彩Oform5；－nq－lor  
m≧np＋1ineqs（31）and（32）becauseoftheconcentration  
Oftheenergyoftheevanescentwavenearaninterface．   
Thedisplacementfieldnearthejthinterface（j＝1，…，Ns）  
is written asfollows：  

一打q－1  

堆i（ズノ，γj）＝ ∑ A汁1me㌃j）＋  〃e    ∑ A什1桝g㌃J），（35）  
m＝－”e  ，”三”p十1  

一乃q－1  

岬‾（ズノ，γj）＝ ∑ βjme㌃j）＋  〃e    ∑ βJme汀j），   
m＝－”e  m＝〝p＋1  

（36）  

Wherenedeterminesthenumberofdiscreteplane－WaVeCOm－  
ponents・Thecoe伍cientsAj＋lmandBjmareObtainedfromthe  
reflection and transmission coe伍cients for the evanescent  

WaVeSatthejthinterface．Nowweusethesamenotationfor  
the renection and transmission coe瓜cients for the evanescent  

WaVeS aS fbr the homogeneous waves（see Appendix A）．  
When an upgolng WaVe COmPOnent erj）is assumed to be  
incident on thejthinterhce，the reflected evanescent waves  
are expandedinto the downgolng eVaneSCent Plane－WaVe  
COmPOnentS R慧j）ei［j）（m＝－n 。，・・・，－nq－1，nP＋1，…，ne）  

and the transmitted evanescent waves are expanded into 
the upgolng eVaneSCent Plane－WaVe COmPOnentS T㍍j）e㌃j）  
（m＝－ne， …，rnq－1，np＋1，…ミne），WhereRL；j）andT慧j）  
are the reflection and transmission coefficients for the 

evanescentwavesatthejthinterface．ThereflectionandtransL  
missioncoe飽cientsforanincidentdowngolngWaVeCOmPOnent  
aredenotedbyR㍍j）andT㍍DinthesameTay・Eqs（12）and  
（13）suggest that the re鮎ction and transmlSSion coemcients  

◎1998RAS，GJJ134，677－688   

岬十（ズ1，γ1）＝eも‾1），  

〃p  

柑‾（ズ1，γ1）＝ ∑ β1me㌃1），  
m＝‾〃q  

〃p  

呼）＋（ズJ，γJ）＝ ∑ AJ椚e㌃月 払rノ＝1，・‥，Ⅳs，  
m＝‾nq  

〃p  

〟㌢卜（xノー1，γノー1）＝ ∑ βJ刑e㌃（j‾1）】brj＝1 ，…，Ⅳs，  
m＝‾〃q  

np  
e㌃Ⅳs） 視程工1（ズⅣs，γⅣs）＝ ∑ A〃s．1m，  

m＝‾nq  

where  

eたj）＝eXp［i（kcosp＋27TmAs）xj±β2（kcosp＋27TmAs）yj］・  

（27）  

Thewavecomponente崇j）isassumedtorepresentahomor  
geneousplanewaveintherange－nq≦m≦np；itbehavesas  
anevanescentwave outsidethis range・The coe飽cients Ajm  
and Bjm Of the plane－WaVe COmPOnentSin eachlayer are  
obtained h・Om the reflection and transmission coefBcients at  

eachinterhce，aS Shown below．（See Appendix A for the  
notationusedforthere且ectionandtransmissioncoe侃cients．）   

We define the vectors comprlSlng the coe臨cients of the  

Plane－WaVeCOmPOnentSaS  

Aj＝（4一打。…AJO…Aj〝。）T fbrJ＝2，…，Ⅳs＋1，  （28）  

BJ＝（βj一灯‥囁0…βJ〃p）T fbり＝1，…，Ⅳs，  （29）  

Al＝（0…010…0）T．  （30）  
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COmpOnentSineachlayerareobtainedh・Omthere貝ectionand  
transmission coefncients at eachinterface．The reflection and  

transmission coe8icients at eachinterface are derivedin  

AppendixA．WedefinethevectorscomprlSlngthecoe侃cients  
Oftheplane－WaVeCOmPOnentSaS  

Aj＝（Aノー隼・‥4。…A丸）TIbり＝2，‥・，Ⅳs＋1，   （49）  

Bj＝（βJ－n．…斗0…βJ〃．）T fbり＝1，…，Ⅳs，  （50）  

Al＝（0…010‖．0）T，  （51）  

andthereflectionandtransmissionmatricesofthejthinterface，  
Whoseentriesarereflectionandtransmissioncoe臨cients，aS  

fortheevanescentwaves arewrittenin theforms  

R慧j）＝R㍍J）＝一去c崇！，  

1 T慧ノ）＝T㍍カ＝元C崇；  

seeAppendixAfbrthedefinitionofC崇！．   
We define the vectors comprlSlng the coe臨cients of the  
Plane－WaVeCOmPOnentSOftheevanescentwavesas  

Aヂ）＝（4一円e・‥AJ乃－1Aj炉卜Aれ）T foり＝2，…，Ⅳs＋1，  

（39）  

呼＝（Bノー”。…Bノー〃。－1Ⅰ主ノ炉1…B擁）T fbり＝1，…，Ⅳs，  

（40）  

andthere且ectionandtransmissionmatrices，Whoseentriesare  

reflection and transmissioncoefBcientsfbrevanescent waves，  

aS  

呼）＝（現㍗）hrノ＝1，‥リⅣs，  

丁字）＝（T法j））bり＝1，…，Ⅳs  
（41）  

（m＝－n e，…，－nq－1，nP＋1，…，？e；l＝－nq，‥・，np）・Upon  

COnSidering reflection and transmlSSion of thejthinterface  
（j＝1，．．．，Ns－1），We Obtain the fbllowing relations fbr the  

evanescent waves：  

Rj＝（R慧j））bり＝1，…，Ⅳs，  

Tノ＝（T崇j））触り＝1，…，Ⅳs，  

R－ノ＝（R㍍j））bり＝1，…，Ⅳs－1，  

T－ノ＝（r㍍j））brj＝1，‥リⅣs－1  （52）  

（m＝一乃”…，托ー；7＝一円”‖りれー）．   

Now we consider an elastic medium partitioned by two  
imperftctlybondedinterfacesasanexample（Fig．3）．Whenan  
upgolngWaVedenotedbyAlisincidentonthefirstinterface，  
BlandA3Canbewrittenintheform  

Bl＝R12Al，  （53）  

A3＝T12Al，  （54）  

WhereR12andT12arethereflectionandtransmissionmatrices  
OfthesecondlayerforupgolnglnCidentwaves．Weobtainthe  
followlngeXPreSSionsforR12andT12：  

R12＝Rl＋T＿1R2（I－R＿1R2）JITl，  （55）  

T12＝T2（I－FLIR2）‾1Tl，  （56）  

Wherewehaveusedtheidentity（Kennett1984）  

（l－X）－1＝l＋X＋X2＋．．．＋Xn（l－X）．1．  （57）  

Theexpressions forA2andB2Canbe obtainedin thesame  
Way，aSfollows：  

A2＝（トR＿1R2）▲1TIAl，  
（58）  

B2＝R2（トR＿1R2）【1TIAl．  
（59）  

Thuswecancalculatethedisplacementfieldanywhereinthe  
medium．In addition，We Can Obtain the expressions for  
thematricesR21andT21fordowngolngincidentwavesinthe  

呼）  

丁字）  ）（£1）  
（42）  

FortheNsthinterface，WeObtain  

（箋1）＝（：芸）AⅣs・   （43）  

BecauseAjandBjareObtainedn－OmeqS（30），（33）and（34），  
Aヂ）andBf）canbecalculatedffomeqs（42）and（43）．   
Thuswe cancalculate thedisplacement丘eld anywherein  

themediumbymeansofeqs（20）－（26），（35）and（36）．  

3．2 Formulationuslngthereflectionandtransmission  
operator method 

ThedisplacementGeldineachlayeriswrittenasasuperposition  
Ofdiscreteplane－WaVeCOmPOnentSintheforms  

材（ズ1，γ1）＝eも‾1），  （44）  

乃r  

吋（xl，γ1）＝ ∑ β1me汀1），  
m＝‾〃r   

（45）  

〃r  

吋（xj，γJ）＝ ∑ Aノme㌃ノ）払rノ＝1，…，Ⅳs，  
m＝‾乃r  

（46）  

乃r  

吋（勺一1，γノー1）＝ ∑ βjm打U‾1）】触り＝1，…，Ⅳs，（47）  
m＝‾〃r   

l】一  

成．1（ⅩⅣs，γⅣs）＝ ∑ AⅣs＋1me㌃〃s），  
〝巨＝‾nr  

（48）   

wheree禁j）isdefinedbyeq．（27）andnrdeterminesthenumber  
Of discrete plane－WaVe COmPOnentS．Note that both the  
homogeneous and the evanescent waves areincludedin eqs  
（45）－（48）・The coe侃cients Ajm and Bjm Ofthe plane－WaVe   
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T2TIAI T2R－1R2TIAIT2（R－1R2）2TIAl  

layer 3 

layer 2 

layer 1 

R2）2TIAl  AI RIAl  T－1R2TIAIT－1R2R－1R2TIAIT－1R2（R．1  

Figure3・Some rays propagatlngln a medium partitioned by two  

imperfectlybondedinterfaces．   
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SameWay．Theexpressionsfbrthesematricesare  

R21＝R＿2＋T2FLl（l－R2FLl）．1T＿2，  

T21＝T＿1（．－R2FLl）‾1T＿2．  

100  

80  

60  

40  

20  

0  

か）  
Whenweconsideramultilayeredzonepartitionedbymany  
imperftctlybondedinterfaces，WeCanCalculatetherenection  
andtransmissionmatricesofanyreglOnandthedisplacement  
fieldinanypositionbytheproceduredescribedabove．  

4 SCATTERING BY A SINGLE ARRAY OF  

CRACKS   

4．1Accuracyofthemethodofsolution  

In this section，We Check the accuracy of the method  
describedinSection2bycomparisonwiththesolutionglVen  
byAchenbach＆Li（1986）fbrscatteringofSHwavesbya  
Periodicarrayofstress－h－eeCraCks．Theseauthorsderivedthe  
SOlution by expanding the relative displacement at a crack  
inChebyshevpolynomialsandtakingadvantageofthegeo－  
metricalperiodicity．We assume a periodic array ofcracks  
asillustratedin Fig．4，Where aishalfthecracklength and  
dis the spaclng between cracks．Achenbach＆Liassumed  
thatthereflectedwavescouldbeexpressed as thefbllowlng  
SuPerPOSitionofplanewaves：  

（：1⊃  

以R（ズ，γ）＝ ∑ ⑳mexp［i（たcos甲＋2冗吋d）ズ  
JIl＝－⊂○  

＋β2（たcos甲＋27一肌／d）γ］brJ′＜0．  （62）  

They calculated only the zeroth－Order reflection coe臨cient  
10。F．Thisis defined as the coefncient ofthe reflected－WaVe  
COmPOnentthathasare且ectionangleequaltotheincidence  
angle・The zeroth－Order reflection coe瓜cientl◎。Iis equal  
toJl－（i／2冗）Colin eq．（12）with C。aS defined by eq．（14）．  
Let us now compare the zeroth－Order reflection coe侃cient  
ObtainedbythemethodofAchenbach＆Liwithoursfbrthe  
CaSeS d＝4．Oa and d＝2．5a and check the accuracy ofour  
method，Whichwerefertoasthediscreteplane－WaVeeXPanSion  
method（DPEM）．The crack distributionin the DPEMis  
representedbyspatialinhomogeneityinthespecific stiffness  
functionasstatedabove，anditisassumedtobeasshownin  
Fig・5．ThestiffhesskT（x）shouldbeinfinitelylargefbranintact  
SeCtion；WearbitrarilyassumekT（x）＝100FL／a．Theassumption  

－8  0  a  

ズ  

Figure5．The specific sti軌essfunction for the periodic array of  
CraCksshowninFig．4．WeassumekT（x）＝100FL／aforanintactsection．  

OfmuchlargervaluesfbrkT（x）causeslittlediffbrenceinthe  
Calculatedresults．WeneedtoassumealargernumberfbrN  

ineq．（9）toapproximateadiscontinuityinkT（x）withhigher  
precision．In Fig．6，We Show the solution Cm as definedin  

eq．（14）atdifftrentwavenumbersfbrthecaseofd＝2．5aand  
q，＝90O，aS an eXamPle・Thisfigure clearly shows the rapid  

attenuationoflCmlwithincreasinglmlforal1assumedvalues  
Of ka．Our experiencewith these calculations shows that  

truncationofthesriesofvaluesofCmatn＝3N／2issufBcient  
（seeFig．6）；therelSlittledi鮎renceinthecalculatedresultsif  

more plane－WaVe COmPOnentS are aSSumedin the truncated  

fbrmsofeqs（12）and（13）．   
Fig．7compares the zeroth－Order reflection coe飽cients R。  
ObtainedbyAchenbach＆Li（1986）withthoseobtainedn・Om  
theDPEMinourstudy，forp＝900（Fig．7a）and450（Fig．7b）．  
The re丑ection coe伍cientis zero fbr anincident wave of  

infinitelylongwavelength．Thisisbecausethedisplacementin  

anSHwaveisindependentofyforka～0，SOthatnorelative  
displacementoccursattheinterface（Seeeq．5）．Thereflection  
COe臨cientincreasesmonotonica11ywithincreasingkauptoa  
Certainvalue，andthenabruptchanges occurat somewave－  

numbers．AccordingtoAchenbach＆Li（1986），SuChabrupt  
Changes occur at those wavenumbers where a higher－Order  

mode（m＝±1，±2，…）ineq．（62）changesfromanevanescent  

mode to a homogeneous one；the abrupt changes occur at  
Valuesofkawhichsatisfythefollowlngequation：  

たα＝±（たαCOS甲＋筈ヰ椚＝1，2，…・  （63）  

We find that our results represent the discontinuous slopes 
SuCCeSSfu11y；these results confirm that the accuracy of our  

methodofanalysISissatisfactory．   

As anotherindependent check，We COmPared the relative  
displacementcalculatedbytheDPEMwiththatcalculatedby  
a boundaryintegralequation method（BIEM）employedby  
Muraiet al．（1995）．While the BIEM faces a difnculty of  

memoryandCPU－timelimitsindealingwithlargenumbers  

Ofcracks，itisawell－developedmethodandMuraietal．（1995）  
COnfirmedtheaccuracyoftheirmethodwithsomeexamples．  
Fig・8showstherelativedisplacementforthecaseofaslngle  
Periodicarrayofcracks，brd＝2．5aandp＝900．Thesolution  
ShownfortheBIEMistherelativedisplacementforacrack  
in the centre of an array of25cracks．Thisfigure shows  
excellent agreement between the results for allvalues ofka  

used．Therelativedisplacementspreadsslightlyintotheintact  
sectionin theDPEM solution．Thisis dueto thefiniteness of  

the specific stinleSSfunctionfbrtheintactsection，Whichis  
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ry 

十d→j  

」←：ak－  ∬   

Figure4．Asingleperiodicarrayofcracks；aishalfthecracklength  
anddisthecrackspaclng．  



凡才祝Jrf〆eざC（托ferfれgげSHwα〃e5あγ血eゆce5 683  

（a）  
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（d）  

Figure6・ThesolutionCmasafunctionofwavenumberforthecased＝2．5aandq，＝900．Thevaluesofkaare（a）0．5，（b）1．0，（c）2．Oand（d）4．0．  
WehavetakenN＝64andn＝96inthiscomputation．  

inevitablein a numericaltreatment．Ifwe assume alarger  
Value of kT（x）fbr theintact sections，We Can reduce this  
SPreadingefftct．Thesesmalldisplacementsintheintactsections  
havebeenshowntocausenegligibleeffbctonthescatteredwaves．  

4．2 Theeffbctofviscous丘ictionactingatthecrack  

Sur払ces  

Inthissection，WenOWmakeashortanalysISOfthee圧tctof  
Viscous n－iction actlngatthecracksurfaces．We assumethat  
eachcrackcontainsaverythincavityfi11edwithaNewtonian  
丑uidwithviscosltyCOefncientTT．Althoughthemeanthickness   
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£OfthecavltylSnegligiblysmall，itsvalueisassumedtoaffbct  
thestrengthoftheviscous丘ictionactlngatthecracksurfaces．  
We employ the specific viscosityfunctionll＊（x）＝り／8＝0’P／β  

forthecrackedsectionsinthecalculation．Theefftctofviscous  

n・ictionisillustratedin Fig．9for normalincidence on the  
CraCk surfaces（甲＝900）；d＝4．Oais assumed here．When  
o・＝0．0，the crack surfaces are stress－h’ee and the reflection  

COe伍cientis the same as thatin Fig．7（a）．Itis observed，  
however，thatthezeroth－Orderre且ectioncoe臨cientissmaller  
forq＝0．5thanforo・＝0．0．Thisisbecausetheviscoush・iction  

tendstosuppressslipalongthecracks，SOthattheamplitude  
ofthe reflectedwavesis smaller．   



684 i：〟〃rαfα柁d T．ib椚αぶぁ行α  

,o o. 5 
ー2  －1  0  1  2  

0  1  2  3  4  5  

ka  

－2  －1  0  1  2  

1¢け）l  

㌔0・5  
－2  －1  0  1  2  

ka   

Figure7．The zeroth－Order re且ection coefBcients R。Of a slngle  
Periodicarrayofcracks．Theincidenceanglesヴ，are（a）90Oand（b）450．  

Thesolidcurves are thesolutiongiven byAchenbach＆Li（1986）  
（reproducedbykindpermissionofEIsevierScience，Amsterdam），While  

thebrokencurvesarethesolutions obtainedftomtheDPEM，With  
Ⅳ＝64and7l＝96．  

－2  －1  
1  2  

0             頭  

Figure8・ComparisnOftherelativedisplacementsQ（x）obtainedby  
themethodofMuraletal．（1995）andbytheDPEMた）rthecaseof  
asingleperiodicarray ofcracks（d＝2．5a）．Normalincidenceto the  
CraCkarray（甲＝90O）isassumed．Thevaluesofkaare（a）0．5，（b）1．0，  

（C）2．Oand（d）4．0．Thesolidcurvesdenotethesolutionobtainedby  
themethodofMuraietal．，Whilethebrokencurvesdenotethesolution  

ObtainedbytheDPEM．ForthemethodofMuraietal・，eaChcrack  
Surfacewasdiscretizedinto50segmentsandthesolutionshownhere  
is the relative displacement ofacrackin the centre ofan array of  
25cracks．  

CraCk arraysin the Y direction．In addition，Wefind that  
the reflection and transmission operatormethod coupledto  
theDPEM alsoglVeSSatisfactoryresultsforthecrackdistri－  
butioninFig・10（a）・Thustheacuracyofthemethodproposed  
inthispaperisshowntobequlteSatisfactory．  

5．2 Thezeroth－Orderreflectioncoefncients   

As stated before，the zeroth－Order reflection coefEcientis  
definedasthecoe抗cientforareflected－WaVeCOmPOnentthat  
hasits reflectionangleequalto theincidence angle，SO that  
the zeroth－Orderreflection coefncientR。isgiven bylBl。Iin  
eq．（23）or eq．（45）in the case of the modelof a double  
CraCkarray．  
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5 SCATTERING BY A DOUBLE ARRAY OF  

CRACKS   

5．1Accuracyofthemethodofsolution  

In this section，We Check the accuracy ofour treatmentfor  
ZOnallydistributedcracks．Asoneofthesimplestexampleswe  
assumeadoublearrayofcracksasshowninFig．10（a）．The  
CraCkspaclngS are4．OaintheXdirectionandO．1ainthe Y  
direction．Noviscousftictionisassumedatthecracksur払ces．  

Because thereis no available refbrence fbr comparison，We  
COmParetherelativedisplacementsglVenbytheDPEMwith  
thosgivenbythemethodofMuraietal・（1995），aSin  
SectlOn4．1．Thesamespecificstiffhessfunctionisassumedas  
inFig．5．Therelativedisplacementforthecrackdistribution  
inFig．10（a）isshowninFig．11．Thewavepropagatormethod  
WaSCOuPledtotheDPEMfbrthecalculationofthescattered  
WaVeS．Thisfigure shows excellent agreement between the  
resultsofourmethodandthatofMuraietal．（1995）forall  
Valuesassumedfbrka，insplteOfthenarrowspaclngOfthe  
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tothatforthecaseofanimperfectlybondedinterfacewitha  
spatially homogeneous strength（Schoenberg1980）・Thisis  
because a double array of cracks of the kind shown in 
Fig．10（b）tends to behavelike asingleh．actureforincident  
wavesoflongwavelength．  

〔ど0．5  
6 CONCLUSIONS  

Wehave developed anew，Simple method to treat multiple  
scatterlngOfelasticwavesduetozonallydistributedparallel  
cracks．In our formulation，arbitrarily distributed parallel  
CraCksarerepresentedbyimperfbctlybondedparallelinterfaces  
withspatiallyinhomogeneousstrengths・Asectionwithzero  
strength denotes a stress－free crack，While a section with a  
significantly high elastic stiffness approximates an intact 
section．Inthisformulation，anarrayOfcracksisrepresented  
byaslngleinterfaceandtheinteractionsbetweenallcracks  
areconsideredimplicitly．This approach cancircumventthe  
mixed boundary condition that has to be solved in the 
traditionalapproachtothecrackscatterlngPrOblem・   
The scattered waves are expanded into discrete reflected 
andtransmittedplane－WaVeCOmpOnentSinourmethod・The  
displacementfieldinazonepartitionedbymanylmperftctly  
bondedinterfaces，Whichis amodelfor acrackedzone，Can  
be calculated by the wave propagator method or by the  
reflectionandtransmissionoperatormethodoncethere鮎ction  
and transmission coefBcients of eachinterface have been  

obtained．Ithasbeenshownthattheaccuracyofthismethod  
isqulteSatishctoryfbrSH－WaVeSCatterlngduetoslngleand  
doubleperiodicarraysofcracks・   
The wave propagator method and the re鮎ction and  
transmission operator method each have advantages and  
disadvantages．The wave propagator method calculates the  
upgolnganddowngolngWaVeCOmPOnentStOgether・Therefbre，  
it takesless time for the calculation，butitisimpossible to  
calculateforhighwavenumbersorinthecaseofathicklayer・  
Ontheotherhand，thereflectionandtransmission operator  
method can be usedin any situation becauseit treats the  
upgolngand downgolngWaVeS Separately・However，along  
computationaltimeis generally required（Kennett1983；  
Koketsu＆Takenaka1989）．   
The zeroth－Order re負ection coe伍cient，defined as the  

coe庁icientforareflected－WaVeCOmpOnenthavingareBection  
angle equalto theincidence angle，has been calculated for  
some crack arrays，andits dependence on the crack con－  
figurationandcrackfacecouplinghasbeeninvestlgated・When  
thecracksurfacesaresubjecttoviscousfriction，thereflection  
coe伍cientis smaller thanitisin thecase ofstress－free crack  

surfaces．Thisisbecausetheviscousfrictiontendstosuppress  
slip alongthecracks，SO thattheamplitude ofthereflected  
wavesissmaller．Inthecaseofacloselyspaceddoublearrayof  
cracks，there且ectioncoe伍cienthasawavenumberdependence  
similartothatforaslnglearrayofcracks，WhenonearraylS  
hiddenfrom anincidentplanewavebehindtheotherarray・  
Ontheotherhand，thewavenumberdependenceissimilarto  
thatforanimperftctlybondedinterfacewithspatiallyhomo－  
geneousstrengthwhenthetwoarraysofcracksdonotoverlap・  
Thisisbecauseanoverlapplngdoublearrayofcrackstends  
tobehavelikea 

． 

crackstendstobehavelikeaslngleh’aCture．   

0  1  2  3  4  5  

ko   

Figtlre9．The zeroth－Order re鮎ction coefBcients Ro of a slngle  

Periodic array ofcracks（d＝4．Oa）．Normalincidence to the crack  
array（q，＝90O）is assumed．The crack surfaces are either stress－free  

（q＝0．0）or subject to viscous friction（0．＝0・5）・We have taken  
N＝64andn＝96inthiscomputation．  

ModelA  

ト4．Oa＋  
γ≧0．1a   

γ≧0．0  

（a）  

＋冶⊥－  

Model B 

γ≧0．1a   

γ≧0．0  

（b）  

FigurelO．Twodoubleperiodicarraysofcracks；aishalfthecrack  

length．ThecrackspaclngSare4．OaintheXdirectionandO・1ainthe  
Ydirection．Thetwoarraysofcracks（atY＝Oand Y＝0．1a）overlap  

in（a）（ModelA），Whiletheydonotin（b）（ModelB）・  

VVe assume two models for the distribution of cracks as  

ShowninFig．10．ThecrackspaclngSarethesameinthetwo  
models．The arrays ofcracks at Y＝O and Y＝0．1a overlap  
each otherinFig．10（a），Whiletheydo notin Fig．10（b）；the  
modelsshowninFigslO（a）and（b）arereftrredtohere 

． 

illustratedin Fig．5is assumed，and no viscous frictionis  
assumed at the crack surfaces．The zeroth－Order reflection  

COefncientsforthesemodelsareshowninFig．12fornormal  
incidenceofplanewaves．Weusedthewavepropagatormethod  
inthiscomputation．Theoverallwavenumberdependenceof  
thereflectioncoe臨cientformodelAseemstobequlteSimilar  
tothatfbrthecasOfd＝4・OashowninFig・7（a）・Thisis  
becauseanoverlapplng，doublearrayofcrackstendstobehave  
likeaslnglearrayofcracksforincidentwaveswhosewave－  
lengths are muchlonger than the crack spaclngin the Y  
direction．Thesharpchangein reflectioncoe伍cient observed  
ataroundka＝1．57intheplotsford＝4．OainFig．7（a）and  
formodelAinFig．12islostinthereflectioncoefncientfor  
modelB．ThewavenumberdependenceformodelBissimilar   
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Figurell．Comparisonoftherelativedisplacements4・（x）obtainedbythemethodofMuraietal．（1995）（solidcurve）andbythewavepropagator  

methodcoupledtotheDPEM（brokencurve）forthedoubleperiodicarrayofcracksshowninFig・10（a）・Normalincidencetothecrackaray  

（甲＝90O）is assumed・Thevaluesofkaare（a）0．5，（b）1．0，（c）2．Oand（d）4．0．Ineachpartofthefigure，thetopandbottomshowtherelatlVe  
displacementsatthecracksatY＝0．1aandY＝0，reSPeCtively．ForthemethodofMuraietal．，eaChcracksurfacewasdiscretizedinto50segments  
andthesolutionshownhereistherelativedisplacement ofacrackinthecentreofanarrayofllcracks oneachoftheplanes Y＝0．1aand  

Y＝0・WehavetakenN＝64andn＝96intheDPEM，andne＝96incomputlngtheevanescentwaves；npandnqweredeterminedsothat  
exp［‾0・1aβ2（kcos甲＋2冗mAs）］≧0・1and－nq≦m≦npwerヲSatisfiedforeachwavenumberincomputingthewavepropagator・Thefactor  
exp［－β2（kcos甲＋21UnAs）（ち－ち）］occursintherepresentatlOnOfthereflectionandtransmissioncoefBcientsinAppendixA．  
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APPENDIX A： REPRESENTATION OF THE  

REFLECTION AND TRANSMISSION  

COEFFICIENTS   

VVedefineherethenotationforthereflectionandtransmission  
COefncients at eachinterface．See eq．（27）fbr the definition  
ofe禁j）．AnupgolngPlane－WaVeCOmpOnente！‾j）isassumed  
to beincident on the jthinterface．The re且ected waves  
are expandedinto the downgolng Plane－WaVe COmPOnentS  
R霊ノ）打U‾1）】（触り＝2，…，Ⅳs）or R法1）打1）（bり＝1）and  

the transmitted waves are expanded into the upgoing 
plane－WaVeCOmPOnentST崇j）eL：（j＋1）】（forj＝1，‥．，Ns－1）or  

T崇Ns）e㌃Ns）（forj＝Ns），WhereR崇j）andT慧j）arethereflection  

andtransmissioncoefncients，reSPeCtively，atthejthinterface．  
The reflection andtransmission coe臨cientsfbradowngolng  
incident plane－WaVe COmPOnent are denoted by R㍍j）and  
T㍍j）in a similar way．These reflection and transmission  
COe且cients are derived h・Om the solution Cm definedin  
eq．（14）．WerewritetheCmofthejthinterfacefbranincident  
plane－WaVeCOmPOnente‡▲j）as c崇き．Thenthereflectionand   

0  1  2  二う  4  5  

k（コ   

Figure12．Thezeroth－OrderreaectioncoefBcientsR。Ofthedouble  
Periodicarrays ofcracksshowninFig．10．Normalincidenceto the  

CraCkarray（甲＝90O）isassumed．Thevaluesoftheparametersinthis  
COmputationwerethesameasinFig．11．   

Themethodproposedinthispaperhastheadvantagesthat  
multipleelasticwavescatteringduetolargenumbersofdensely  
distributedcracksiseasilytreatedandthatarbitrarycoupling  
Ofcrack surfacesis easilylntrOduced．Theintroduction ofa  
low－VelocltyZOneisalsoeasylnOurmethodbecausewehave  
Onlytoconsidertherenectionandtransmissionofplanewaves  
（Murai1994）・Therefbre，Our method ofanalysis can be a  
usefulmathematicaltoolto analyse wave propagationin a  
ZOnePermeatedbylargenumbersofdenselydistributedcracks．  
Infuturepapers，（Y・Murai，inpreparation）ewi11modela  
fault zone as a cracked zone and calculate its response to 
incidentelasticwavesbythemethodproposedinthispaper．  
Moreover，We Willtryto estimatecracklengthsin thefault  
ZOne Ofthe1992Landers，California，earthquake h・Om the  
trappedwavesobservedbyLietal．（1994）．  
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transmission coe抗cients are obtained explicitly as follows．  
Whenノ＝1，  

1 Tiij）＝云Cg！exp［i（kcosp＋2nmAs）（Xj・1－Xj）  

－β2（たcos甲＋2冗∽△5）（考＋1－ち）］，  （A9）  1 現霊）＝トC監 
云，  

1 R慧1）＝一義C崇？br椚≠J，  
1 T慧1）＝元C崇Iexp［i（kcosp＋2冗m△s）（X2－Xl）  

－β2（んcos甲＋2冗机△ざ）（ち一ち）］，  

R㍊ヰー去c沈）  
exp［i（kcosq）＋2nmAs）（Xj＋1－Xj）  

ーβ2（んcos甲＋2冗mA5）（考＋1一考）］，  （AlO）  

1 R㍍j）＝一元 C離ⅩP［i（kcosp＋2冗mAs）（Xj・1－Xj）  

－β2（んcos甲＋2冗m△5）（ち十1一箪）］br〝l≠J，（All）  

1  

r㍍j）＝C崇桓p［－i（たcos甲＋2珊△ぶ）（ズノーズノー1）  

－β2（たcos甲＋2冗∽△5）（芳一芳一1）］・  （A12）  

Whenノ＝Ⅳs，  

（A3）  

R£）＝（ト去c監）  
exp［i（んcos甲＋2冗∽△5）（g2一方1）  

－β2（たcos甲＋27t椚△5）（ち一ち）］，   

1  

Ri；1）＝一C崇？exp［i（kcosp＋2冗mAs）（X2－Xl）   

（A4）  

R∬s）＝（1一去c激））  exp［－i（たcos甲＋27こ∽△5）  －β2（たcos甲＋2冗m△5）（ち－ち）］brm≠7， （A5）  

1 T㍍1）＝云C崇ト  

Whenノ＝2，．．リⅣs－1，  

（A6）  ×（ズⅣs一方〃s1トβ2（たcos甲＋2冗m△∫）（‰s－‰s－1）］，  

（A13）  

R慧Ⅳs）＝一c慧s）expトi（たcos甲＋2冗血）（ズⅣs一方〃s－1）  

－β2（kcos甲＋27TmAs）（‰sr‰s－1）］form≠l，  

（A14）  

R㍊）＝（1一去c沈）   
exp［－i（kcos甲＋27Tm△s）（Xj－Xj－1）  

一β2（んcos甲＋2冗m△ざ）（ち－ち一1）］，  （A7）  

R慧j）＝一cs3exp［－i（kcosp・2冗mAs）（Xj－Xj－1）  

－β2（たcos甲＋2冗m△5）（芳一考－1）］br机≠J，（A8）  
T慧Ⅳs）＝去c慧s）・  

（A15）  
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