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Abstract: A new mathematical procedure has been proposed for the determination of crack bridging stresses 

from perturbed Crack Opening Displacements (COD) in fiber composites. The problem is an ill-posed 
inverse problem and the proposed procedure exploited concepts from Functional Analysis and the Theory 

of Inverse Problems. The transformation from crack bridging stress into COD has been linearized, where 

the continuous crack bridging stresses functions of infinite dimensional vector spaces were approximated 

into finite dimensional subspaces. The coordinate representation of functions and the matrix of the 

transformation facilitated a numerical solution to the inverse problem. Self consistent direct and inverse 

problems were solved numerically in context to an example. Results establish that the proposed 

mathematical procedure produces fairly accurate results for engineering application.  

Keywords: crack opening displacements, coordinate representation of vectors, matrix of a transformation, 

inverse problem, crack bridging stresses. 

 

1. Introduction 

The relation between crack bridging stresses and COD is termed as the bridging law of a fiber composite 

and is a material property. Determination of the bridging law for a fiber composite, either theoretically or 

experimentally is fundamental for its engineering application.  Primary theoretical assumptions on the fiber 

bridging characteristics and the fundamental analytical models are available in the pioneering works by Aveston 

et al. [1971], Marshall et al. [1985] and Budiansky et al. [1986]. 

Practical calibrations of the bridging law were performed by a J-based-fracture-testing method [Li et al. 

(1994)] and by simultaneous COD and fiber stress/strain measurements [Carman and Sendeckyi (1995) and 

Studer et al. (2002)]. Theoretically, crack bridging stresses were computed by the evaluation of the R-curve 

[Fett et al. (1996)], by compliance analysis [Ebrahimi et al. (2003)] and by finite element method [Buchanan et 

al. (1997)].  

Theoretical evaluation of crack bridging stresses from perturbed COD data was accomplished by Cox and 

Marshall [1991a] on the analytical models of Cox and Marshall [1991b]. The evaluation consisted of inverse 
analysis by the Tikhonov regularization method.  Those direct and inverse computations were further extended 

by Massabo and Cox [1999] and Massabo et al. [1998].  

The mathematical procedure for the determination of crack bridging stresses from perturbed COD data 

proposed in this paper also stems from the analytical models of Cox and Marshall [1991b]. The contributions of 

the current mathematical procedure include approximation of the bridging stress function in a finite dimensional 

subspace, coordinate representation of the interpolated COD profile function in terms of an orthogonal basis set, 

determination of the numerical equivalent (the matrix) of the transformation between crack bridging stress and 

COD and derivation of the normal equation from the Tikhonov functional within finite dimensional linear 

spaces.  
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2. The Linear Transformation 

The proposed mathematical procedure of estimating crack bridging stresses from perturbed COD 

originated in the analytical model proposed by Cox and Marshall [1991b]. The model relates crack bridging 

stresses   xup with COD  xu by the following integral equation 
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where a is the crack length, w is the specimen dimension (e.g. width),  xa   is the stress that would exist on 

the crack surface in absence of cracking, E is a combination of elastic constants depending on stress state (plane 

stress/plane strain) and material isotropy, and  waxG ,,  is a weight function of the crack geometry. Standard 

forms of  waxG ,,  for a large number of crack geometries are available in the handbooks of stress intensity 

factors [e.g. Tada et al. (1985)].  

The direct problem of Eq. (1) is to determine COD  xu , for a given crack geometry, external load and 

material.  But before that, either a bridging stress – COD relation  up , or a bridging stress – distance relation 

 xp  , is to be known, assumed or evaluated by tests.   

The inverse problem Eq. (1) would evaluate either  up  or  xp  from given COD  xu for a given 

geometry and external load. Theoretical and unperturbed COD data would result in a unique theoretical bridging 

law, which would continuously depend on the data. But real COD data supposedly contain observational errors. 

A small perturbation in the data might generate large errors in the results of the inverse problem of Eq. (1), 

which is constituted by integrations. Thus the inverse problem would be ill-posed.  A proper regularization 
procedure is required to yield a sufficiently accurate solution for engineering purposes.  

In order to obtain a linear transformation from the integral transform of Eq. (1), the estimated COD  xu  is 

thought to be composed of two effects. First, cracks are opened due to the external load  xa  with the profile

 xua , and second, crack bridging stresses close the crack by  xub  [Cox and Marshall (1991b)]. So,  

     xuxuxu ba  .    (2) 

The direct problem of deducing  xua  
is deterministic for a given crack geometry, external load and 

material. The solution given by 
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does exist, is unique and continuously depend on the input data. Thus the direct problem of Eq. (3) is well-posed.  

Likewise, the direct problem of evaluation of crack closing due to crack bridging stresses given by 
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would also be well-posed, if the bridging law   xup   had been constituted beforehand. However, the inverse 

problem of deducing   xup  from  xub  is stochastic and ill-posed (regularizable or non-regularizable) based 

on the level of perturbation of the input COD. 

The regularization procedure proposed in this paper is relevant to the transformation of Eq. (4). This is a 

product transformation of two Volterra integral equations of the first kind, namely  

      avxdxupwaxGT
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where VWT :1 and UVT :2 for Wp , Vv  and Uub  . The product transformation 

UWTTT  :12  is defined to transform crack bridging stresses   xup  into crack closings  xub  as  

buTp     (7) 

The Volterra transformations and their product mappings are linear [Michael and Herget (1985)]. It is 

assumed that the linear spaces UVW ,,   aC ,0 , where  aC ,0  is the Hilbert space of real-valued 

continuous functions within  a,0 . 

All variables are normalized for further calculations and Eqs. (1), (3) and (4) have been deduced in their 

normalized forms. The definitions of normalized COD U, normalized external load S, normalized crack bridging 

stresses P and normalized crack length C are given by [Cox and Marshall (1991a)] 
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3. Finite Dimensional Approximations of the Bridging Stress Function 

Although the dimension of a function space is generally infinite, the continuous functions of  aC ,0  may 

be approximated within finite dimensional subspaces. This approximation error is generally negligible for large 

dimensions and must be checked. In this paper, the vectors (functions) of the infinite dimensional spaces W, V 

and U are approximated to be contained within l, m and n dimensional linear subspaces, spanned by the basis 

sets   Wee l .,,.........1 ,   Vff m .,,.........1  and   Ugg n .,,.........1  respectively.  

To check this approximation, first, the well accredited bridging stress function [Cox and Marshall (1991a)] 

has been reduced to correspond to a certain continuously aligned fiber composite whose fiber strengths 

distribution falls into a Weibull distribution of modulus 2 as 

  .
5.1UeUUP     (12) 

Next, the function of Eq. (12) is approximated within the subspace W by the coordinates  m .,,.........1  as 

  ,..........11 lleeUP      (13) 

where  UP  and  UP  are the exact and approximated bridging stress functions respectively. Fig. 1 

demonstrates this finite dimensional approximation considering several trial dimensions of the subspace W, 

where ChebyShev polynomials of the second kind have been used as the basis set lee .,,.........1  .  It is observed 

that better convergence is attained for higher values of l, and the error becomes very insignificant for 5l .  
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Fig. 1. A graphical demonstration of finite dimensional approximation relevant to bridging stress 

function of fiber composites. 

4. Coordinate Representation of COD Data 

The input data into the inverse problem are the COD values. COD data should be collected at a grid of 

points along the crack; from the crack mouth to the crack tip. The grid points could be equally or unequally 

spaced, nevertheless, an unequal grid having closely spaced points near the crack tip is suggested as COD values 

vary very fast at these locations. A grid of points located by a sine function is helpful [Cox and Marshall 

(1991a)] 
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The measured COD values at the grid points are 

 qruu r ,........,1,:  .   (15) 

The crack openings due to external load  xua  at the grid points are computed by Eq. (3) as 

 qruu ara ,........,1,:  .   (16) 

The crack closings due to the bridging stresses at the grid points to be determined by Eq. (4) would also be 
computed by Eq. (2) as 

 qruuuu rarbrb ,........,1,:  .   (17) 

The trend line of the data set  rbr xu ,  is approximated by the function  xub . The function, in turn, is 

spanned by a linear combination of scalars and base vectors of finite dimension. This is the coordinate 

representation of a function with respect to the basis; the scalars being called the coordinates. Linear regression 

analyses are followed to obtain the function  xub  with respect to the basis   Ugg n .,,.........1 as 

  Egggxu nnb   ..........2211   (18) 

where E  is the statistical error. The coordinates  n ,,.........1  are the solution to the linear system obtained by 

minimizing the error E as 
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The approximation is checked graphically in Fig. 2, where Legendre and Chebyshev polynomials of the 

first kind (ChebyshevT) yielded perfect fits of  xub  with the data. The approximation is mathematically 

checked by  
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   xuu bb ,    (20) 

where 0 .  

  

Fig. 2. Approximations of bu by several orthogonal base vectors  

Similar regression analyses would yield coordinate representation of  xv , relevant to data sets  rr xv , . 

Thus the functions  xub ,  xv  and  xp  are expressed in terms of their coordinate representations as  

 nbu  .,,.........: 1
T

bu    (21) 

 mv  .,,.........: 1 T
v    (22) 

 lp  .,,.........: 1 T
p    (23) 

where the superscript T means transpose. 

Convergence is tested in all regression analyses and the best fit is chosen. Legendre polynomials were 

found superior for the spaces U and V and Chebyshev polynomials of the first kind were used for W.  

5. Matrix of the Transformation 

This section approximates the transformations T1 and T2 (Eqs. (5, 6)) by their matrices T1 and T2 

respectively. The entries of the matrices T1 and T2 are computed by applying the relevant transformations to the 

base vectors of the domain of the transformation as [Michael and Herget (1985)] 
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where 1
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Tijt and 2
2

Tjkt . The product T of the conformal matrices T1 and T2 represents the product 

transformation T as  

21TTT   .   (26) 
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The entries of T are  

T


m

j

jkijik ttt

1

21  for li ,......,1 and nk ,......,1   (27) 

6. Ill-posedness of the Inverse Transformation 

The solution to Eq. (7) is given by 

WpUuuTp bb   and,for;1

.
   (28) 

The theoretical crack bridging stresses,  Tp D  would be obtained from the theoretical and unperturbed 

data  Tub R ,  TD and  TR  being the domain and the range of the transformation T. If the transformation 

T was compact and one-to-one, the inverse transformation T-1 would exist and the solution would be unique.  

But real data are perturbed compared to the theoretical predictions due to the observational errors and the 

underlying assumptions in hypothetical modeling. Therefore, instead of a theoretical list  u  predicted in Eq. 

(15), a perturbed list of data  u with an error level 0  is obtained as  

 qruu r ,......,1,:      (29) 

As a consequence, data in Eq. (17) are perturbed as  

 qruu brb ,......,1,:      (30) 

The level of perturbation defined as  

 
brbr uu    (31) 

is helpful to the determination of the regularization parameter [Tikhonov et. al. (1990)].  

Thus Eq. (7) is perturbed with perturbed data as 


b

uTp 
.
   (32) 

Generally speaking,  Tub R
and a unique solution (or even a solution) of Eq. (32) might not exist. Even 

if it exists, it might not depend continuously on the real data, and in case of the worst-case error, a small 

perturbation in data might lead to large variations in results (Kirsch 1996).  Thus the problem is improperly 

posed or ill-posed and warrants for a regularization strategy.  

The objective of the regularization strategy is to construct a bounded linear approximation of the inverse 
transformation. An approximate solution is sought as 

WpUuuTp bbh    and,for;1
  (33) 

The approximation in the transformation, namely Th instead of T in Eq. (33) primarily originates from 

determination of the matrix of the transformation, but further approximations are inevitable based on the choice 

of the regularization parameter.  

7. Solution by the Tikhonov Functional 

The Tikhonov functional is [Tikhonov et al. (1990)] 

   22

, WU
bh pupTpM 


 

,
   (34) 

0  being the regularization parameter. The approximation in the transformation is measured as 

hTT
h

, ,   (35) 
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for 0h  . A family of regularization strategies may be formulated depending on , giving rise to a family of 

transformations WUTh  :1
,  for which 

ppTTh 








1
,

0
lim .   (36) 

The regularization parameter depends on the values of h and  discussed in Eq. (31) and Eq. (35) 

respectively. The minimization of the functional stated in Eq. (34) is converted into the solution to a normal 

equation admissible by the following theorem [Kirsch (1996)]. 

Theorem 7.1: Let UWT : be a linear and bounded operator between Hilbert spaces and 0 . Then 

the Tikhonov functional  pM 
 has a unique minimum Wp  . This minimum is the unique solution to the 

following normal equation 

uTpTTp **      (37) 

where T* is the adjoint of T.  

Adjoint operators in matrix representations are easily determined by the transpose. It is seen from Eq. (37) 

that the inverse approximate operator is obtained depending on  as 
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and a family of solutions 
p  can be found by  
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
.   (39) 

In case of perturbed data, this regularization strategy is further supported by the following theorem [Kirsch 

(1996)] 

Theorem 7.2: Let UWT : be a linear, compact operator and 0 . Then the operator  ,
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At this stage, the following matrix equation is needed to be solved 

buBp     (41) 

where p and ub are defined in Eqs. (21) and (23), and the matrix B is given by 

  TT
TTTIB 

1
    (42) 

where I is the identity matrix. 

8. An Example 

This section presents a set of self-consistent direct and inverse problems solution to a single edge notched 

fracture specimen while under a uniform remote loading  ( ), as shown in Figure 3a. The weight function for 

this geometry given by Cox and Marshall (1991b) and Tada et al. (1985) is  
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where    ,//,/ axswaaxs   is given by 
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A direct solution to Eq. (1) involving numerical integration on a finely discretized grid for the crack 

geometry shown in Fig. 3a yields the COD profile shown as solid lines in Fig. 3b. The solution procedure 

requires a bridging law function, assumed in Eq. (12) and graphed in Fig. 1, which entails a predetermined COD 

profile. The difficulty is overcome by an iterative procedure. First, a tentative COD profile is obtained by 

following Eq. (3), and second Eq. (12) is applied to get a relevant bridging law. This bridging law is used in Eq. 
(1) to evaluate a more accurate COD profile. Consistent theoretical COD profiles shown in Fig. 3b are obtained 

after several iterations that fit exactly to Eq. (1) and Eq. (12).  

To simulate a set of perturbed COD data, first, a set of random numbers having a normal distribution with 

zero mean and a certain standard deviation, μ, has been generated as 

 qrr ,......,1,:       (49) 

These random numbers are added to the theoretical COD values (ur) to make them perturbed shown by the 
diamond markers and dotted lines in Fig. 3b.  
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     (50) 

The error level, δ, is independent of the number of grid points as it is defined in terms of a Euclidean 

metric suggested by Eq. (31) as 
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Given a crack geometry and loading, the inverse problem with the set of perturbed COD should work out 
an approximated bridging stress function of Eq. (12) and Fig. 1, which has been entered into the direct problem.  

    

Fig. 3. Single edge notched specimen (a) geometry with uniform external load, (b) COD profiles. 
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Data points from the perturbed COD of Fig. 3b are entered into the inverse problem along with the crack 
geometry of Fig. 3a. Eq. (41) is solved for the vector p with the vector ub from Eq. (21) formed by the perturbed 


bu . The matrix B is obtained by Eq. (42) with T matrix defined in Eq. (27), again using the perturbed 

transformation ,hT . Values of 0  are determined by the generalized discrepancy principle [Tikhonov et al. 

(1990)] and checked by trial. Solutions to the inverse problem are shown in Fig. 4.  

 

 

Fig. 4a shows the bridging law retrieved from the inverse problem. A quick comparison with Fig. 1 

demonstrates the effectiveness and accuracy of the mathematical procedure proposed in this paper. It is 

observed that despite all the approximations in numerical procedures (linearization of the transformation, 

coordinate representations of vectors, transformation converted into matrix) the theoretical COD as well as COD 

with 10% perturbation retrieved the bridging law with sufficient accuracy. A more refined grid, particularly near 
the crack tip would be required for a better convergence in case of S = 2, where bridging stresses are 

concentrated very near to the crack tip, as is evident from Fig. 4b.  

A data-set having more than 10% perturbation works out a more approximate solution. However, recent 

measuring techniques of image analysis, scanning electron microscope, laser interferrometric displacement 

gauge are able to assess COD up to 5% errors. Any regularization strategy must be applied with knowledge of 

the error level in data collection as has been successfully demonstrated with real data by Nazmul and 

Matsumoto (2008) and Massabo et al. (1998).  

9. Conclusion  

A mathematical procedure based on the theory of inverse problems and functional analysis has been 

established to determine crack bridging stresses from COD in fiber composites. All functions are approximated 

by coordinate representation within finite dimensional basis sets. The transformation between the crack bridging 
stresses and the COD is also approximated numerically by its matrix. The Tikhonov method of regularization 

has been applied to solve the ill-posed inverse problem in case of perturbed COD data. An example 

demonstrated the pertinence of the proposed mathematical procedure.  
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