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Abstract

A cascade process involving stripe splitting in reactioffitdion systems with isotropically grow-

ing one-dimensional domains is studied. Such cascades, propagating from a smaller domain to
a larger domain, have been proposed as an answer to the criticism that the Turing mechanism
lacks robustness because many stable patterns can coexist on a large domain and, therefore,
the final state is very sensitive to the initial conditions. In contrast, if the system starts with a
small domain, very few stable patterns are possible, which limits the sensitivity to the initial
conditions. In order to show the validity and limitations of this scenario, we clarify the under-
lying mathematical mechanism that drives various types of stripe-splitting via a reduction from
partial diferential equations to ordinaryftBrential equations, as well as investigating global ar-
rangements of the set afmode stripe branches wilh,-symmetry of the stripe locations. The
mathematical simplification above allows us to reveal how eactode stripe branch is destabi-

lized as the domain grows and to characterize the associated eigenprofiles that actually determine
the manner of splitting at the infinitesimal level. We find that all Bhesymmetry-breaking in-
stabilities typically occur simultaneously up to leading order before the saddle-node point of the
n-mode stripe branch is reached. The instability with the largest real part is of the alternate type:
every other peak splits at the infinitesimal level. A symmetry-preserving instability appears at the
saddle-node point, which drives the simultaneous type of splitting, i.e., mode-doubling. Due to
competition between these two types of instabilities, the problem depends subtly on the growth
speed. Alternate splitting typically arises for slow growth and simultaneous splitting for fast
growth. For intermediate growth rates, the manner of splitting becomes mixed and sensitive to
fluctuations.

Keywords: Stripe splitting, Growing domain, Reactionfitision system
2000 MSC35B32, 35K57, 34K17

1. Introduction

The formation of patterns on growing domains is one of the key issues in developmental
biology, and self-organized dynamics combined with genetic control is believed to form the
core part of the underlying mechanism. For instance, the pigment patterns that are present on
growing fish skin [1] represent a remarkable example of the Turing mechanism [2] that can be
observed at a macroscopic level; the manner in which stripe splitting and rearrangement occurs
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has attracted much attention [3, 4, 5, 6]. Stripe splitting on a growing domain corresponds to a
take-df and landing from one stripe branch to another in solution space. The driving force for
this process may originate from instabilities of the solution branches and their global bifurcation
structures. In addition to these factors, the most subtle issue to be considered involves the fact
that the manner of splitting strongly depends on the speed of domain growth. This is because the
strength and type of instability for takefand landing varies with the speed of growth, hence

it is not a priori clear which route the orbit will select among the many possible cascades for a
given targeted size of domain. Hereafter, we refermenaode stripe pattern (solution) as simply
an-stripe pattern (solution).

In this paper we study the cascade processes involved in stripe (pulse) splitting for the
reaction-dffusion system described by (1) in isotropically growing 1D domains. Such cascade
dynamics have a potential to produce robust dynamics against the selection of initial data and
parameters, however the dependency on the growing speed of its dynamics remains open so far.
One of our goals is to clarify the relation between the instability mechanism of each stripe and
the growing speed. As a domain grows, the solution hops several times from one branch to
another, and eventually arrives at a more or less uniquely determined final pattern for the tar-
geted domain. There is a considerable body of literature on this topic. For instance, Crampin
et al. [7] showed that a mode-doubling sequence occurs robustly on an exponentially growing
domain, i.e., all the stripes split simultaneously and hence their number increases proportionally
to 2". Growth-function-dependent pattern formation has been studied [8, 9, 10] and the inter-
action between domain growth and pattern formation has also been discussed [11]. In addition,
biological patterns have been reproduced on growing domains [12, 13, 14]. However, when the
speed of growth is ghiciently low, this mode-doubling splitting sequence breaks down and more
complex sequences are observed [7]. Figure 1 shows typical splitting sequences on linearly and
isotropically growing domains with fierent growth speeds, based on the Gray-Scott model [15]:

u_ Dylyy — UV + A(1 - u),

ot

ov

i DyVyx + UV — (A + K)V, x e [0, Loy(t)], t>0. (1)
dy

at- ¢

Here, Lo is the initial size of the domairg is the growth rate, andlgy(t) is the size of the
domain at timd. It is known that the Gray-Scott model (1) yields a variety of dynamic patterns
including self-replication, as well as the usual pulses and spots on fixed domains [16]. The
derivation of the model system (1) and its normalized version on unit interya] [® given in
Section 2. Three dlierent types of splitting are depicted in Fig. 1. Such a delicate dependence
on the growth rate is observed not only for our model system, but also for a large class of other
reaction-dffusion systems, as discussed in Section 6. We note that asymmetric spot splitting
sequences have been observed on a growing domain in two-dimensional space [17]. éBarrass
al. [18] have clarified how the breakdown of the mode-doubling sequence occurs by computing
a global bifurcation diagram for stripe solutions. However, in the work of [18], as well as in
the other literature cited above, no analysis of the alternate splitting that is typically observed on
slowly growing domains has been carried out, and the general mechanism of symmetry-breaking
splitting dynamics, including the alternate splitting process, remains an open problem.
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Figure 1: Three dierent types of splitting sequences are observed in (1). Type-S: All of the stripes split simultaneously
at the second and the third splitting. Type-A: Every other peak splits at the second and the third splitting. Type-M; Mixed
splitting, i.e., all of the stripes split at the second splitting and every other peak splits at the third splitting. Type-S and
type-A are typically observed for fast and slow growth, respectively, and Type-M for intermediate cases. (a) Typical
splitting sequences on linearly growing domains: type-S (growthcratd.0 x 107°), type-M (c = 6.0x 10°6) and type-

A (c = 50x 107). In this plot and hereafter, the profile of thecomponent is displayed unless otherwise stated. (b)
Schematic depiction of splitting sequences. Here, the parameters of (1) werdsett@2, k = 0.041,D, = 2.0x 103,

Dy = 1.0x 10?, andLq = 400.



It should be emphasized that it is quitéfdiult to predict the behavior of solutions based only
on information concerning eadixeddomain size, as illustrated by Fig.1. This is because the
splitting process also depends heavily on the growth speed. Nevertheless, it is of fundamental im-
portance to understand the existence and stability propertiestape solutions for a given fixed
domain size. Indeed, the manner of the splitting (at least at the onset of the process) is closely
linked to the eigenprofile of the eigenvalue with the largest real part, as discussed in Section 4.
The main goal of our current study is to show analytically the type of instability that exists as
the domain grows fon-stripe solutions under Neumann or periodic boundary conditions. More
precisely, we derive finite-dimensional ordinarffdiential equations (ODESs) for well-separated
stripes near the saddle-node point and we study their stabilities, taking the minimum distance as
a bifurcation parameter. We find thBt,-symmetry-breaking instabilities occur simultaneously
up to leading order on the-stripe branch, followed by a saddle-node bifurcation as the domain
grows. The eigenprofile associated with the eigenvalue of the largest real part alternates in sign.
Therefore, every second hump starts to split at the infinitesimal level for each fixed domain size.
The eigenfunction at the saddle-node point, whicbjssymmetry preserving, triggers simul-
taneous splitting: all humps start to split when the domain size is larger than the position of
the saddle-node point. It should be noted that these results are model-independent because all
information arising from the nonlinearity is embedded in theflicients of the resulting ODEs
(see Section 6.3). We confirm these conclusions numerically for the first few stripe branches of
both our model system (1) and an equivalent normalized system (6) (see Section 2). The above
results explain a number of important observations. For instance, if the growth rate is very slow
then the alternate splitting process can initiate instability and eventually dominate the system. In
contrast, when the growth is rapid (for example with an exponential rate), the instability of the
simultaneous splitting associated with the saddle-node point dominates the system. Noting that
all the unstable symmetry-breaking eigenfunctions are orthogonal to-$képe solution with
Dn-symmetry, it is easily seen that small fluctuations deviating fromPthbranch do not grow
suficiently before reaching the saddle-node point when the growth is appropriately fast, such as
for type-S growth in Fig. 1. Here, a delicate balance between fiierent types of instability,
growth rate, and external fluctuations is clearly observed. If the above factors are of comparable
importance, the resulting dynamics becomes much more complicated; in other words, the win-
ner at the infinitesimal level does not necessarily dominate the dynamics as a whole, and a tiny
fluctuation can change the fate of the pattern completely. That is, although pattern formation on
growing domains is much more robust than usual Turing mechanism, there is a subtle regime in
which it is difficult to control and predict its dynamics. We discuss this issue further in Section
6.

Although we focus on the case of weak interactions in this paper, there are many studies
on the existence, stability and pulse-splitting behavior of spike patterns on fixed domains that
depend on the interaction strength and the feeding rate. For instance, there is an important class
of systems in the semi-strong regime, which has been extensively studied by Doelman, Kaper,
and their collaborators [19, 20, 21, 22, 23, 24]; another class is comprised of systems in the
pulse-splitting regime, investigated primarily by Kolokolnikov, Ward, and Wei [25, 26] (see also
[27, 28, 29, 30]). While the works cited above do not study domain growth problems specifically,
they will play a fundamental role in the extension of growth problems to these other regimes.

This paper is organized as follows. We introduce our model system, the Gray-Scott model,
in the next section. In Section 3, we demonstrate the existence of a parameter regime in which
splitting does not occur for any large domain. This is related to the process of pulse-splitting on a
line [19, 31, 32, 33] (see also [34]); the saddle-node singularity of the single-pulse branch is the

4



point of onset of the splitting. In Section 4, we numerically study the global bifurcation struc-
ture of stripe patterns, where domain size is the bifurcation parameter. In particular, we focus
on how the symmetry-breaking instabilities occur onttkgtripe branch, as well as locating the
saddle-node points. We also compute various types of stripe-splitting associated with these in-
stabilities, including a transition from simultaneous to alternate splitting. In Section 5, we derive

a finite-dimensional system for a genenadtripe pattern from our system of partiafférential
equations (PDEs). We find that the reduced system inherits most of the essential aspects of the
PDE dynamics, and is consistent with the observations made in Section 4. We also show that the
eigenmode with the largest real part is of the alternate type. We discuss several issues arising
from our study in Section 6, including the response to external perturbations and the robustness
of the splitting.

2. Model system

We will derive our model system (1) for a growing domain along the lines proposed by
Crampin et al. [7]. The analysis and results that we obtain are not restricted to the Gray-Scott
model, and are in fact applicable to a much wider class of equations (see Section 6.3 for details).

The derivation of our model system begins with the conservation law

d [ L] o
d_tj(; u(x,t)dx:fO [—a—xj+F(u)}dx, xe[0,L()], t>0, 2)

whereL(t) : R — R is the domain length at timg u = '(u(x, t), v(x, t)) andF(u) = (-uv® +
A(1-u), uv - (A+Kk)v) are reaction terms, arjd= —Ddu/dx is the flux, whereD = diagDy,, Dy)
is a diagonal matrix. By using the Reynolds transport theorem, the left-hand side of (2) can be
ou 0
o+ oo @

written as
d L(t) J L(t)
— u(x, t)dx =
g, uocvax= [

wherep(x, t) is the flow due to local growth. From (2) and (3), we have

ou 0 d%u
E + a—x(pu) = DW + F(U)

In this article, we consider isotropic growth. The flow is determined by

y(t

¥(t) @
where the dot denotes the derivative with respe¢f &md the domain length(t) = Loy(t) with

v(0) = 1. The derivation of (4) is given in [7].
On transforming to the unit interval while keeping the same notatigh), (



and we obtain

u_ %UXX—UVZ+A(1—U)—UZ,

ot (Loy(1)) Y

v Dy Y

— = — _vy+ul—(A+Kv-vi, xe[0,1], t>0, (5)
T oy ot ATy

dy

a - 1—‘(t)7

where we used the following transformation

u_ o
ot ot X
In the case of linear growth, i.€(t) = ¢ (c > 0), we have
y(t) =1+ct,
and for exponential growth, i.el(t) = c’y(t) (¢’ > 0),

y(t) = €.

The exponential growth function has been used a lot in previous works [7, 10, 17]. In this paper
we mainly focus on the linear growth case which is suitable to seefithet ®f growth speed on
splitting dynamics.

Becausey = ¢’y holds for exponential growth, the dilution termg/y andvy/y becomec’u
andc’v, respectively. Therefore, these terms can be incorporated into the kinetics part. In the
case of linear growth, the dilution terms depend and may &ect the evolution of the system;
however, they do not play an important role in our setting. This is because, firstly, we consider
slowgrowth withy/y in the range fron©(107%) to O(107°), and 0< u,v < 2. Secondly, when
is a solution on th@-mode branch, the dilution terms are orthogonal to the instability directions.
That is,{uy/y, x*)12 = ¥/v{u,x*) 2 = 0 for any symmetry-breaking eigenfunctigti on then-
mode branch, and hence the dilution terms have little influence over the orbital selection among
the cascades of routes (see Remark 1 in Section 4). Indeed, it is confirmed that numerical results
are qualitatively the same whether or not these terms are included in the model systems, even for
delicate case thatis relatively large as shown in type-S in Fig.1.

Therefore, in this article we employ the following model system for analyzing the splitting
phenomena on growing domains:

ou Dy

E = WUXX—U\F'FA(J.—U),

g—t{/ = (L?WVXX +uv — (A+K)v, xe[0,1], t>0. (6)
0

dy

G- T



The system (6) can be written as a two-component reactidasibn system with time-dependent
diffusion codficients [7]. For example, the filision terms ofu and v-component for linear
growth becomé,/L3(1 + ct)? andD,/L3(1 + ct)?, respectively. The parameters in (6) were set
to A=0.22,D, = 2.0x10° D, = 1.0x 10?, andLy = 400. The constarkis a control parameter.
The time step was set it = 0.1 and the spatial mesh size was = 2.0x 10°3. A semi-implicit
scheme was used for the time integrations, and the Neumann boundary condition was imposed.
We note that numerical results similar to those shown in Section 3 and 4 can be observed also for
periodic boundary condition.

In the subsequent numerical simulations, except for those involving path-tracking in Section
4, noise is added to botlhandv at each iteration in order to avoid artifacts arising from the
numerical schemes. The amplitude of the noise was uniformly distributed betvdeer 10~
and 05x 1074, which is sifficiently smaller than the parametéxsndk in the kinetics of (6) and
larger than the dilution terms. The noise was generated by the minimal random number generator
of Park and Miller with Bays-Durham skie and added safeguards [35].

3. Absence of stripe splitting

It is instructive to consider cases where a stripe does not split, even when the domain size
becomes arbitrarily large. As is well known [19, 16, 25, 31, 36], pulse (or spot) splitting can be
observed in the extended system in the absence of domain growth, a phenomenon that is often
referred to as the self-replication of patterns (Fig.2). It has been shown numerically that a saddle-
node bifurcation for a single stripe on the whole line is responsible for this type of splitting [31].

A bifurcation diagram of a 1-stripe solution with respeckttihat was obtained numerically
under the Neumann boundary conditions is shown in Fig.3(a). Although this diagram was ob-
tained for a finite but large system size, a qualitatively similar diagram can be obtained for the
extended case. When the domain length,ishe value of the saddle-node pokatL) for the
1-stripe solution under Neumann or periodic boundary conditions is a monotonically increasing
function of L whenL is suficiently large [32]. Let us denote the location of the saddle-node
point for an infinite domain bk = k.. It is numerically confirmed that, ~ 0.046176. The
criterion for the occurrence of splitting in an extended system is that it occurs (does not occur)
whenk is smaller (larger) that. ([25, 31, 32]). In other words, whekis larger thark;, a
stable stripe exists for any large domain size and it converges to the homaoclinic stripe solution
for the samek as the domain size tends to infinity (see the caption of Fig. 3 for the mechanism
of the stripe-splitting). Therefore, a necessary condition for the occurrence of stripe-splitting on
growing domains is that should be smaller thak.. In fact, if we takek = 0.048 > k. for our
model system, then no splitting occurs for the 1-stripe solution for any large domain as shown
in Fig.4. On the other hand, whén< k. is appropriately chosen and the size of the domain is
small, there exits a stable branch of 1-stripe, but it can be destabilized as domain grows. The
issue in the following sections is to study when and how each stripe is destabilized on growing
domains.

4. Global bifurcation diagram and linearized criterion

In this section we consider how stripe-splitting is driven by the global arrangement of branches
of all relevant stripe patterns and by their stability properties for each fixed size of domain under
Neumann boundary conditions. In the following treatmédht,denotes the stationarymode
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Figure 2: Self-replicating dynamics of (6) wikh= 0.046. The parametdr s fixed to be 3 x 10°.

branch in the product spa¢e € R} x L2(0,1). A global viewpoint is indispensable in order

to predict the manner of splitting. For instance, suppose that-stgpe pattern is destabilized

and that its leading linearized spectrum indicates a deformation from-#tigpe pattern to a
m-stripe patternr{ < m). If there is no stable part of the-stripe branch for the associated
domain size, then this transition does not occur even though the orbit starts to deform infinitesi-
mally in that direction. As will be shown shortly, the solution profile is almost orthogonal to the
unstable eigenspace associated with the largest eigenvalue, so the component projected onto this
eigenspace is very small. Therefore, it takes a rather long time for such a disturbance to grow,
during which period the domain size changes by a finite amount; another instability, arising from

a saddle-node bifurcation, may meanwhile appear in a non-orthogonal direction and eventually
drive the orbit in a dferent direction. A more detailed discussion from the viewpoint of bifur-
cation with D,-symmetry will be given in the next section. Information about the location of

all the stripe patterns, their linearized stabilities, and the connection properties of their unstable
manifolds for eacliixedsize of domain is essential for understanding the dynamics on growing
domains. However, because of the growiieet, this information is not shicient to predict the
behavior of the orbit, even if the initial data are known precisely. There is subtle competition
between the unstable modes and the growth speed before the targeted domain size is reached,
and the local winner in space and time is not always the final winner.

4.1. Geometric arrangement and stability of multi-stripe branches with respect to domain size

Here, we will numerically investigate the geometric arrangement and stability of multi-stripe
patterns using (6), taking the domain sjzas the bifurcation parameter. As mentioned in Section
3, in order to observe splitting on a finite domain under Neumann or periodic boundary condi-
tions, it is necessary that< k.. Letk.(y) be the value of the saddle-node point for the 1-stripe
solution whenL = Lgy. In the case of finite domain sizk(y) is a monotonically increasing
function ofy wheny is suficiently large [32]. In this section, we assume thd#/(0)) < k < ke

8
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Figure 3: (a) Bifurcation diagram of a stationary single-stripe solutioh ferl.5x10°. A saddle-node point exists lat=

ke ~ 0.04618. (b) Profiles of the unstable single stripe on the lower brarick &0466 and ¢, ¢v) denotes the profiles

of the leading unstable eigenfunction. Thheomponentp, has a dent in the middle that drives the splitting. (c),(d)
Response of the unstable single stripe towards negative and positive perturbations of the unstable direction, respectively.
By adding a small, positive, constant multiple of the eigenvector to the unstable solution, the stripe begins to split. For a
negative perturbation, the system settles on the upper, stable branch. Note that the reference profile of the eigenfuction
is depicted in (b) for the sign convention of perturbations. When the model paranmetmoved away from the saddle-

node point, the stripe solution initially behaves in stable fashion and then begins to split, guided by the family of unstable
manifolds of the unstable branch.



Figure 4: Evolution of (6) on linearly growing domain foe= 1.0x 1073 andk = 0.048 > k. , wherek. is the saddle-node
point for an infinite domain. The horizontal axis represents the domairysize

and we take the 1-stripe solution as initial data; wekfix 0.041. Furthermore, in the following
numerical simulations, the Neumann boundary conditions are imposed at both ends.

The continuation of stationary solution branches was performed using the Newton method
and the resulting bifurcation diagram Bf, forn = 1,2,--- ,5 is shown in Fig. 5. In what
follows we do not specify, the value of which will be clear from the context and the relevant
figures. Because the boundary conditions are of the Neumann type Peoreoasts, so dar-
stripe solutions (for arbitrarp) for suficiently large domains. This can be seen by increasing
v and using a reflection argument. The bramhretainsD,-symmetry when regarded as a
solution on the circle [37]. Many asymmetric stationary solutions arise frestripe solutions
via symmetry-breaking bifurcations that are not shown here.

Looking at Fig. 5, eacin-stripe branch has a saddle-node point,S&hd then-stripe solu-
tions (0 > 2) lose stability at thd,-symmetry breaking bifurcation points Bfhat are found
before SN, whereas the 1-stripe solution loses stability only at SNereafter, the-th largest
eigenvalue corresponding Ry between BRand SN is referred to ag!,, and the eigenfunction
corresponding ta!, is referred to ag!,. We show numerically in Section 4.4 how B&nd SN,
affect the dynamics of the stripe-splitting and we study the dependence on growth rate.

4.2. Spectral behavior along the n-stripe branch

The behavior of the eigenvalues of the 2-stripe and 3-stripe solutions near a saddle-node point
are shown in Figs. 5(d) and (e). There are two real eigenvalues near the origin for the 2-stripe
solution. The eigenvalues that cross the imaginary axis aBBE SN correspond to asymmetric
and symmetric instabilities, respectively. Becausg BRaD,-symmetry breaking bifurcation,
the eigenfunction corresponding to BB orthogonal tdP, [37]. That is,(¢3, P2}z = 0, where
(-, )2 denotes th&.? inner product. The eigenfunction that corresponds tg iSMot orthogonal
to Ps.

For the 3-stripe solutions, three real eigenvalues exist near the origin. Two of these cross the
imaginary axis at BPat almost the same time and the other crosses the axis;ai.8NBR is
a degenerate bifurcation point. In fact, we will show in Section 5 that the bifurcation pojnt BP
of the principal part for the reduced system is degenerata for3. Because BfPcorresponds
to aD3-symmetry breaking bifurcation, the eigenfunctions corresponding §d<,BlRand<p§) are
orthogonal toP;. The eigenfunctiortpg corresponding to SNis not orthogonal tds.

10



We performed similar numerical treatments for the 4-stripe and 5-stripe solutions, and found
eigenvalues and eigenfunctions with the following properties.

(I) The symmetry breaking bifurcation B®ccurs before SN Then — 1 eigenvalues oP,
cross the imaginary axis at almost the same time, and the order of the eigenvalues does not
change between BRind SN.

(1) The eigenfunctions corresponding to BR!, (i = 1,2,...,n - 1), are orthogonal t®,;
the eigenfunction corresponding to SN, is not orthogonal td,,.

(1) The distance between BRNd SN is an increasing function gt

The third property above will become important when we discuss the competition between
unstable modes and growth speed. As this distance increases, there is a greater probability that
splitting of the alternate type will be observed.

4.3. Global connection of stable and unstable manifolds

In order to clarify the behavior of the solution when starting from the neighborhood of an
unstablen-stripe branch, we now numerically investigate the global behavior of the unstable
manifolds that emanate from arstripe branch. In particular, we focus on the cases wheése
between BRand SN, and near SN

The global behavior of the unstable manifolds wheis between BPand SN is calculated
by adding a small perturbation of the eigenfunct@(Fig.G(b)), which corresponds to the
positive eigenvalue. When a negative (positive) perturbation is added, it is observed that the left-
hand (right-hand) stripe splits, and the solutions converge to the degldenfiguration (Figs.

6(c) and (d)). In contrast, a numerical treatmenpi)&t SN confirms that the unstable manifold
emanating from SNis connected to the stabR, solution (Fig. 6(f)). Although two unstable
modes, ¢} and ¢3, exist to the right of SH (see Fig. 5(d)), simultaneous splitting is always
observed, irrespective of the order of the eigenvalues, because the instability correspogz@ing to
grows much faster than that correspondingaicas a result of orthogonality (see property (II) in
Section 4.2).

As mentioned in Section 4.1, there exist two unstable modes for the 3-stripe solp#ion,
andgog (Fig.7(a)). As a result, four ffierent types of splitting behavior can be observed. By
adding small positive and negative perturbationsgog)hnd (pg to P3, we observe the splitting
sequences shown in Figs. 7(b)-(e). For the cases Figs. 7(b), (d) and (e), the transitioRs from
to Ps are observed. On the other hand, for the case Fig. 7(c), the transitiorPgamP, is
observed. However, because the order of the eigenvalues does not change betyaash B
(see property (I) above) and both unstable eigenfunctions are orthogdralee generically
observe the two types of splitting associated vyiil‘(Figs. 7(b) and (c)). As for the case Bf,
simultaneous splitting can be observed to the right of $iNing rise to transient dynamics from
a 3-stripe to a 6-stripe solution as shown in Fig.7(f).

From similar numerical treatment of = 4 andn = 5 systems, we find that alternate split-
ting is typically observed whef is between BR and SN, whereas simultaneous splitting is
observed fory larger than SN That is, we obtain the following prediction for a genangdtripe
configuration:

(IV) The most unstable modg} between BRand SN, is responsible for alternate splitting and
the instabilitye, is responsible for simultaneous splitting.

11
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Figure 5: (a) Global bifurcation diagram &%. Solid (dotted) lines indicate stable (unstable) branches. (b) Magnified
view of (a) near the saddle-node point of the 2-stripe solution. The symmetry-breaking bifurcatigno(@Brs at

vy ~ 2.06 and the saddle-node (symmetry-preserving) bifurcation)®bturs aty ~ 2.062. (c) Magnified view of (a)
near the saddle-node point of the 3-stripe solution. The symmetry-breaking bifurcatigno@rs aty ~ 3.086 and

the saddle-node (symmetry-preserving) bifurcationg()StN‘zcurs aty ~ 3.09. (d),(e) Behavior of the eigenvalueskf
andPs, respectively. 1
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4.4. Stripe splitting on growing domains

When the domain growth rate is small enough and the solutiorflisiemtly close to a stable
n-stripe branch, a linear stability analysis of thetripe solutions investigated in subsections 4.1-
4.3 gives us fundamental information about when splitting instabilities begin and how unstable
n-stripe solutions initially deform. That is, whemis suficiently small, splitting starts when
v(t) reaches Bp and the deformation of the solution can be characterized by the eigenform
corresponding to the most unstable mode of,.BPigure 8(a) shows a solution trajectory for
¢ = 5.0 x 1077 wheny increases dficiently slowly. As predicted from the linear stability
analysis, instabilities of the alternate type occur whdies between BPand SN, and between
BP; and SN (see property (1V)).

When the domain growth rate is comparable to or faster than the time-scale of the splitting
instability, a linear stability criterion is insficient to predict the splitting sequence. When the
domain growth rate increasesde: 4.0x107°, the solution orbit/(t) passes through the unstable
region between BPand SN, before asymmetric splitting occurs, and simultaneous splitting
eventually takes place at the second and third splitting points neaa®NSN, as shown in Fig.

8(d).

It should be noted that, whenis larger than SN the instability associated with SNiomi-
nates the dynamics, irrespective of the order of unstable eigenvalues, becaisarBRstability
of the D,-symmetry-breaking type and orthogonaRg(see property (I1)).

It is apparent that the frequency of alternate splitting increases as the tipspent in the
unstable regions between B&nhd SN increases. Therefore, because of property (lll), the transi-
tion from simultaneous to alternate splitting in the case of linear growth functions tends to occur
more often a® increases, at least at the infinitesimal level. This indicates that a transition from
alternate splitting to simultaneous splitting cannot generally be observed for linearly growing
domains.

Remark 1. Because Ris orthogonal tog), for j = 1,2,...,n— 1, we have thaty/yPn, ¢h) =
¥/¥{Pn, @) = 0 holds for j= 1,2,...,n— 1. This indicates that the dilution terms in (5) have
almost no influence on the symmetry-breaking instabilities when the orbjfisestly close to

the B, branch. That is, the alternate splitting remains dominant at the infinitesimal level between
BP, and SN, regardless of the existence of the advection terms.

In Section 5, we show that the properties (1) to (IV) are valid under appropriate conditions
by applying a reduction method to well-separated 1-stripe solutions. The resulting ODE analysis
can also be extended to cases with periodic boundary conditions.

5. Stripe interaction approach to growing domain problem

We first consider the dynamics of well-separated 1-stripe patterns on an infinite domain near a
saddle-node point such that consideration of the domain size paranigtennecessary, and we
then reduce the PDE dynamics to a problem involving ODEs. Next, we formulate ODEs for well-
separated 1-stripe patterns on &isiently large finite domain, using the Neumann or periodic
boundary conditions. We then study their spectral behavior as the domain size is increased.

Let us consider th-component system of the form.

U = A(U; &), t> 0, xe RY, (7)
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whereu := (Ug, Uy, ..., Un-1) € X := {LARHIM with the norm|| - ||, A(u; k) := Duyy + F(U; &)

andx € R is a bifurcation parameteb := diag(do, di, . . ., du-1) (d; > 0) is anM x M diagonal
matrix. We assume (S1)-(S6) with respect to 1-stripe solution on infinite domain, and derive the
finite dimensional dynamics as shown in (9) and its principal part (10). All the assumptions can
be checked, at least numerically, for the Gray-Scott model (see Remark 2 and [31, 32, 38]).

(S1) u=0=(0,0,...,0) € Xis a stable equilibrium of (7) in a neighbourhoodkot «. (see
(S2) for the definition ok.) . That is,A(0; k) = 0 and all the spectrum of the linearized
operatorA’(0; «) lie to the left of the imaginary axis.

For the Gray-Scott modely(v) = (1, 0) should be shifted to (@). The assumption (S1) is used
in the proof of Proposition 2 in the Appendix (see [38]).

(S2) The system (7) has a family of stationary solutions parametrized tyth a saddle-
node bifurcation point at = x.. The solutionP(x) at x = «. hasZ,-symmetry with
respect to inversiorx — —X, nhamely an even function, and there exists> 0 and
a=(8,3,...,3y_1) € RM such thaP(x) — aeg™?™ (x — +co).

Let L be the linearized operator of (7) at the saddle-node point, tﬁaﬁsﬁ’(P(Q Kc). Leté(x)

be an eigenfuction at the saddle-node point associated with zero eigenvalue, +€), thens
inherits theZ,-symmetry ofP(x) and satisfies the following asymptotic behawj¢x) — be ™

(X = +o0), whereb = (bg, by, ..., bu_1) € RM. Note that there always exists an eigenfunction
P«(x) associated with zero eigenvalue coming from the translation invariance, but it does not
inherit theZ,-symmetry. Next we assume that the above saddle-node bifurcation is primary.

(S3) LetX. be the spectrum df. = consists of two set§, = {0} andX; c {z€ C; Re@ < —po}
for apo > 0, whereX, corresponding to eigenspace consistingPg(fx) and&(x).

We consider (7) in the neighborhood of= «.. Suppose = k. + n (wheren € R is a
suficiently small parameter) and rewrite (7) as

Uy = A(u) + ng(u), (8)

whereA(U) := A(U; ko) = Duyy + F(u), F(u) := F(U; ko) andg(u) = (A(U; ke + 1) — AU))/7.
For (6),u = (u,v) andg(u) = (0, —v).

Let L* be the adjoint operator df, then there exist two adjoint eigenfunctiogs and &*
associated with the zero eigenvalud.of which inherit the same symmetric propertiesgfand
&, i.e.,¢*(£%) is an odd (even) function. They also satisfy

¢*(X) N ie—a\xla*’ f*(X) N e—a\xlb*

asx — +oo, wherea' = (&, &,...,&, ;) € RM andb’ = (b;,b:,....b;,_,) e RM.
LetMo = 22( Da,a" ), Mo = —2a( Da, b* ), My = 2a( Db, a* ), M; = —2a( Db, b* ), and
Mz = —=Mo/Mo ( 9(P),£" )12, then

(S4) Mg, Mo,M31, andM; are positive.

Note that( Py, & Y2 = ( &,¢* )2 = 0 hold because of the symmetry and &, and&* are
uniquely determined by the following nomalizations:
MoM; 2Mo

(Px¢" he=1(&& )2 = M2 (F'(P)§-£,& )2 = Mo
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It turns out that the sign d¥1, determines on which side ef the branches exist (see Section
5.2 for details). For definiteness we assume here that single 1-stripe branches on infinite domain
exist fork > «;, namely

(S5) M2 >0
For the caseM, < 0, the same argument works after change of variables—«.

Remark 2. It has been confirmed numerically that the 1-stripe solution of the Gray-Scott model
satisfies the assumptions (S1)-(S6) in Section 5.2. This also holds for the Gierer- Meinhadt model
as discussed in Section 6.3. In fact, the bifurcation diagram Fig.3(a) shows numerically that (S3)
holds for the Gray-Scott model.

5.1. Weak interaction of stripes

Here we introduce a new parametevia h;, which now represents the size of the domain
instead ofy. We consider the interaction of stripes near the saddle-node point. Let

N-1
P(x;h) = P(x = X)),
j=0
N-1
Exchr) = ) rEx-xy),
j=0
N-1
S(x; h,r) = [P(x—=Xj) + rjé(x—x;)] = P(x; h) + £&(x, h, ),

o

j

whereh;(t) := x;(t) — xj_1(t), X;(t) 1= Xo(t) + Zijzl hi() (j = 1), h:= (hy,hy, ..., hy_1) € RN-T
andr := (ro,rq,...,rn-1) € RN is the amplitude vector fof. We define the translation operator
E asE(l)u := u(x—1) and define a set a quantity

6(h) := sup|A(P(x; h))|.

xeR1

We note thas(h) = O(e™n Ny by (S2), where mith := min{hy, hy, ..., hy_1}.

We defineq := (0o, ds, - - ., On-1) € RN with gj := x; — (X + jh) (j = 0,...,N — 1), which
measures the deviation from the equally spaced configuration with dlsharﬂm values oh
andx will be given later (see Fig. 9). For convenience, we define exp(- ah) We then obtain
explicit forms of the equations fagyandr.

Theorem 1. Assume that assumptions (S1)-(S4) hold. There existthand r* > 0 such that as
long asmin h(t) > h* andmax|r| < r*, then

G = —=H;(h) = Gj(h. 1) + O@* + |1 + In¥?),
a/Mo

i = 2Mo
J Ml

(r —nM2+M36r +—?{,(q,6)——g (r; 6)) (j= ...,N=1)
+0(d]r]) + OS2 + |r|3 +n1¥?),
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hold for a constant M. Hj, 77,-, G; andg; are represented by

H;(h) := Mo(e ™M+t — e ®M)(1 + O(e™ ™" h))’

T, (h) = Mo(e™™+ + e*M)(L + Oe” ™)),
Gi(h.1) := My(rj.a€ " — &™) (1 + O™ ™" h).
éj"(h, r:= Ml(rj.'.le_ah”l + rj—le_“hl)(l +O(e™ min h))

where iy = hy = 0 andy’ > 0.

In the above theorem, the domain is infinite, therefore we impgse hy = . By taking
hy andhy appropriately, we can describe the dynamicNastripes on the finite interval [Q]
with Neumann or periodic boundary conditions. In fact, we take 2xg andhy = 2(L — Xn-1)
for the Neumann boundary condition ahgl = hy = X; — (Xn-1 — L) for periodic boundary
condition. Hereafter we set to = L/N andx = h/2. As long asgq;| are stficiently small,
e N = goh(1 - a(qj - gj+1)) + O(g/?) hold. Thus, the dynamics of the well-separated stripes
are described by the following equations.

0j = —Hj(0 6) = Gj(r;6) + O” + Ir* + [i®% + (lal + Ir)s™ ),
. M - ,
I’j=a,M—lo<rJ-2—T]M2+Mgél’j—Hj(q;é)—Gj(r;é)) (J:O,l,...,N—l) (9)

+0(3Ir)) + O + 11 + g + (1q] + Ir))s™ ©),
hold. H;, ﬁj! G; andéj are represented by

H;(q;6) := —aMo(Qj:1 — 29; + gj_1)s (j=0,1,...,N 1),
Hj(d; 6) := —2M6 + aMo(gj-1 — gjs1)s  (j=0,1,...,N-1),

Gj(r;6) i= My(rjsa—1j1)s (j=0,1...,N-1),

~ = MM -

Gj(r;0) := %1(r1_1+rj+1)6 (j=0,1,...,N-1),
0

whereM( = Mg + O(6*'/%). We haveq.; = —(o, Gn = —Qn-1, -1 = Fo, @andry = ry_y for
Neumann boundary conditions. For periodic boundary conditions, wethave gn-1, dn = o,
r-1 = rn-1, andry = ro. SinceMyo is positive from (S4)My > 0 for sufficiently smalls. The
proof of Theorem 1 is given in the Appendix.

5.2. Principal part of ODEs

When the difusion ratioD,,/D, increases for a 2-component system such as (1), the tail of
the v-component ofP decays much faster than that of th&eomponent. In such a case, the
interaction between neighboring stripes through the tail of/tbemponent is negligible. In this
subsection, we assume that only one componentugaglecays slower than the others. The
principal part of (9) then has a simpler form and allows us to compute the stability properties in
greater detail. Here, we make the following assumption.
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boundary / — / J J

Figure 9: Definition ohj, h, Xj, andq;. The variableg; measures the deviation from the equally spaced configuration.

(S6) & # 0,&, # 0,bp # 0,b; # 0, andaj = & =b; =b; =0forj=1,2...,M -1 Thus, it
holds that

(Da, a") = dodody,
(Da, b") = doBobg,
(Db, a") = dobo3p,
(Db, b*) = dobob;.

By (S6), we have _ _
Mo/Mo = M1/M;.

We now change variables such that="M1(r; + M35/2)/(aMo) andt = aMpt. LetN; =
aMp/M2, andN, = 2M(/(@Mp), N3 = M2/aMo. From (S4), (S5) and (S6), we note tit, N,
andNj3 are positive constants. Under assumption (S6), the principal parts of (9), after removing
tildes for notational convenience, are given by

{qj = g(qj—l - 20j + Qjs1) + g(rj—l —Tjs1), (10)

Fj = —6(0lj-1 — Oj+1) = 6(j-1 + Tjs1) + Nar? — Nao — Nay.

Then-stripe solutions of (10) are then given by

6_+ \/52 + Nl(Nzé + N37])
Ny ’

g =q(6) =0, rj=F.():= (j=01...,N-1), (11)

and

— = - g— \/52 + Nl(N26+ N37])
= N; s

(j=01,...,N-1). (12

We refer to a branch corresponding ¢g), 1(6)) = (0, 7 (6)) as an upper branch ang(§), r(6)) =
(0,r_(6)) as a lower branch. If < 0, these two branches coalesce at

— = —NaNg+ v/(N2N2)2 — 4NiNgpy
0 =0gN.= 5 .
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We analyze the linear stability of (10) arours,¢;) = (,r) by taking the domain sizéas a
bifurcation parameter with < 0 (x < ).
We make the following definition:

—  NiNp+ /(N1N2)Z + 12N; N3y
Ogp := 5 .

As will be shown in Theorem 2 and 3sy anddg, correspond to SN and BR,, respectively
(Fig. 10). In addition, the bifurcation poiat, of (10) is degenerated &f,. The bifurcation
pointdg, is not treated here becausg, is O(1), i.e., it does not conform to our assumption that
¢ should be small. By the Taylor expansion, we have

= Nasn N32’772 3
SsN= ——r +O(In%),
SN N, NlNg (i)
il N377 3N§7’]2 3
Opp = — + +0 .
BP N> NiN3 (1)

SinceN; > 0 andN, > 0, we see that;,, > dsn.

Theorem 2. Assume that (S1) to (S6) hold apd< 0. Let n,, np and n. be the number of
positive, zero and negative real eigenvalues of the lower branch of (10) under Neumann boundary
conditions. Then

(0,0, 2N), Ogp <0 < Igp
O,N-1,N+1), 0 =0gp,
(.. no.n) = ¢ PO 00 (13)
(N-1,0,N+1), OsN< 0 < Ogp,
(N=-1,1,N), 0 =0snN,

holds. All eigenvalues are distinct exceptoat ogp. Let (G505, .. OF 1,18 T5,- -, T5_y) be
an eigenvector corresponding to the zero eigenvalué ferésn. Then q =0and rls =1( =
0,1,...,N-1). Let (g, df..... O\ 1.5 1. .. Th_y) (N > 2) be eigenvectors corresponding
to the largest eigenvalue fare [6sn, 65p). Thenkandr, , (j = 0,1,...,N - 2) have djferent
signs. All eigenvectors corresponding to positive eigenvalues &f[dsy, 6zp) are orthogonal
to (12). Solutions of the upper branch (11) are unstablefer 5s .

The proof of Theorem 2 is given in the Appendix. From Theorem 2, it is clear that properties
(O, (1) and (1V) in Sections 4.2 and 4.3 hold for af,. Moreover, becaus andr'J.Jr1 have
different signs, the eigenfunction corresponding to the largest eigenvalue drives the alternate
splitting between BpPand SN.

Remark 3. From Theorem 2, we see thatl real eigenvalues of (10) cross the origin simul-
taneously ab = 6gp. That is, the bifurcation poini = égp is degenerate (see property (1) in
Section 4.2) when (S6) is satisfied. Whegy Mo # M1/Mj, the ODE system (10) generally has
n — 1 distinct bifurcation points between BRnd SN.

Property (l11) in Section 4.2 is directly given by the following Corollary.
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Corollary 1. Let LE, and L}, be the domain sizes corresponding to the n-stripe solutions at
0 = dsnandé = dgp, respectively. Then,

n n
Lgy— Lgp e n.

This corollary can be easily proved becadgg andds  are independent of.

Properties (1) to (1V) hold when periodic boundary conditions are imposed. By the following
theorem, it is clear that the eigenfunction corresponding to the largest eigenvalue also drives the
alternate splitting between BRnd SN, for periodic boundary conditions.

Theorem 3. Assume that (S1) to (S6) hold apd< 0. Let n,, np and n. be the number of
positive, zero and negative real eigenvalues of the lower branch of (10) under periodic boundary
conditions. Then

(0,1,2N - 1), 6BP<6<6

BP’
O,N,N), 6 = 0gps

(ny,np,n_) = ( ) BR>
(N—l, 1, N), 53N<5<5BP,
(N-1,2,N-1), 0 =0sn,

holds. If N is even, there exist one distinct positive eigenvalue(ldnd 2)/2 pairs of distinct
positive eigenvalues | fare [63 N BF,) If N is odd, there exiqiN — 1)/2 pairs of distinct positive

eigenvalues fob € [dsn, BP) Let (05,05, ---- O _1.TgF5s---»TR_y) De an elgenvector corre-
sponding to the zero eigenvalue e 6sn. Then q 0 and rS =1(j= ,N-1). Let
t(qo, ql, .. qN_l, rOLrI .. 1) (N>2) be an elgenvector correspondmg to the largest eigen-
value for6 € (9gp> Ogp)- Then if N is even,; rand i1 (j = , N — 2) have djferent signs.

If N is odd, we can take,r= 0, and f; and r'+1 (j= 1 2,. N 2) then have gferent signs. Al

eigenvectors corresponding to the positive elgenvalues éoiés N BF,) are orthogonal tq12).
The solutions of the upper branch (11) are unstablesforss .

The proof of Theorem 3 is given in the Appendix.

Remark 4. If ‘(g d,....dy_,.rh.rh.....ry_,) are eigenvectors associated with the linearized
problem of(10) under penod|c boundary conditions, then an index-rotated eigenvdetgr
YOl gs Oy O -+ - Oy T_10 Ths Ths - -+ Th_,)) IS als0 an eigenvector due to rotational invariance.

6. Discussion

6.1. Control of splitting by external perturbations

Itis clear that the dynamics of stripe splitting is rather subtle and that various types of patterns
are exhibited, depending on the growth rate. However, it is possible to some extent to control the
behavior of stripe splitting based on the results in the previous sections. We will now demonstrate
this by using a typical example in which one particular stripe can be split by adding a specific
perturbation at an appropriate timing.
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In the following setting, a single stripe located on the right-most side can be made to split in
similar fashion to Fig. 7(e), where the secondary instability dominates the dynamics.

Dy
U = muxx— uv® + A(l - u)
L v AR G G xe[0,1], te[otd. (14)
dy
-

Here the perturbation functianconsists of three parts and changes its functional form when the
domain size reaches BR = 1, 2). More precisely,

0 for 0<t<ty,
g(x,t) ;=1 ge(xt) for t,<t<ts,
ga(x,t) for t3<t<t,

where (forn = 2, 3)

_1
10x102  for "= cx<1,
On(X% 1) := n

0, otherwise

Here,t, (n > 2) denotes the time whey(t) reaches BR We note that, because the amplitude
of g, (= O(1072)) is taken to be much larger than the noise@(10-%)), noise does not play an
important role here.

The functiong, is spatially localized and has its support on the right-hand interval; it can
be numerically confirmed that}, g2)12 > 0 and(p3, gs)2 > (¥3, ga)z > O hold. The former
inequality indicates that the right-most stripe is forced to split under the perturlzgtisee Fig.

6(d)). The latter inequality indicates that the secondary instatqbﬁtplominates the dynamics
and that the right-most stripe is again forced to split (see Fig. 7(e)). The numerical simulation
shown in Fig. 11 agrees with this theoretical prediction.

6.2. Robust splitting and symmetry

It is known that under the Neumann conditions, eadtripe solution belongs to a subspace
D, of D, under reflection and rotation when we regard it as a solution on a circle (see [37] and
[39]). The stripe-splitting dynamics starting from a single stripe can be regarded as symmetry-
creating rather than symmetry-breaking if we stop the domain growth and then wait for an infinite
time for relaxation. However, because the relaxation time for real growth problems is not infinite,
such a symmetry-creating process does not occur and each stripe does not bBlpimgatatrict
sense. There always exists some deviation fidfrsymmetry that causes symmetry-breaking
splitting for slow growth rates.

Crampinet al. [7] found numerically that simultaneous splitting is a robust feature on expo-
nentially growing domains. Furthermore, a similarity law for the solutions was derived in this
study by taking appropriate scalings foandt. This was referred to as thmeatching condition
and was used to explain the robustness of the simultaneous splitting. However, the argument of
Crampinet al. is incomplete because it is based on the hypothesis that asymmetric splitting, such
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as splitting from a 2-stripe to a 3-stripe solution, never occurs. In other words, it was supposed
that the solution always belongs to a subspace that is symmetric under reflection and rotation.
In contrast, we have proved in this paper that asymmetric instabilitigseBBt under generic
assumptions, which implies that asymmetric splitting can be observed even on exponentially
growing domains (see Fig. 12(b)). This means that if the asymmetric instabilities can artificially
be suppressed until the domain size reaches the saddle-node point, which is responsible for si-
multaneous splitting, then mode-doubling can robustly be obtained. Otherwise there is always
competition between the instabilities and the winner depends on the growth rate and boundary
conditions.

6.3. Universality

We have employed the Gray-Scott model as being representative of our system, but this does
not mean that the numerical and analytical results obtained in this article are specific to this
model. In fact, qualitatively similar stripe splitting can be observed in a large class of reaction-
diffusion systems.

One such example is the Gierer-Meinhardt model [40], which is described as follows:

po(U?/(1+ p3t?) + p1)

, Y (15)

+ p2.

U = DyUxy — pu +

Ve = DyVxx — KeV + po

1+ pau?

It is numerically confirmed that a stable, single-stripe solution exists when the domaiffi-is su
ciently large and has a saddle-node bifurcation point (Figs. 13(a) and (b)). Furthermore, it is also
numerically confirmed that the stationary, single-stripe solution at the saddle-node bifurcation
point satisfies assumptions (S1) to (S6). For example, as shown in Fig. 13(b), the decay rate of
v is much slower than that af because, is taken to be much larger thdd, (D,/Dy = 40).
Therefore, the signs d¥ly, My, M1, andM; are determined by the asymptotic behavior of the
profile of v. Looking at the profile of the single-stripe solution and the eigenfunctions, we can
easily confirm that all of these constants are positive becayi$g andby are positive amﬁ); is
negative.

Numerical simulations of (15) on growing domains exhibit the same qualitative behavior as
previously: splitting sequences of type-A, type-M, and type-S are observed and depend on the
growth speed (type-A and type-S splitting are shown in Fig. 14).

6.4. Limitations of theoretical predictions by linearized spectra

Finally, we discuss the limitations of our theoretical predictions based on the linearized prin-
ciple. Due to the nature of the linearization, detailed information can be obtained from the spectra
in the vicinity of theP,-branch. However, when the orbit deviates from Badranch and enters
a nonlinear regime, much more subtle competition exists between the growth speed, the moduli
of the associated unstable eigenvalues, and the detailed profiles of the eigenfunctions as well as
nonlinearities. This can be illustrated by the splitting from a 4-stripe to a 5-stripe solution shown
in Fig. 15(b). As predicted by the linear analysis, the profile of the most unstable gjaube-
responds to alternate splitting wheris between BlPand SN. When a positive perturbation of
ga}1 is added td?4, an alternate-type instability grows at the first stage of splitting as in Fig. 15(a).
However, our numerics reveals that only the third stripe from the left eventually splits and the
leftmost one doesn't; that is, a transition from a 4-stripe to a 5-stripe (not 6-stripe) solution is
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Figure 10: Schematic bifurcation diagram of (10) fox 0. BP~ and SN correspond to BPand SNy, respectively.

observed (Fig. 15(a)). Exactly the same breakdown also occurs for the growing domain case, as
shown in Fig. 15(b). The profile of the eigenfunction corresponding to the most unstable mode
is the key to understanding the mechanism of breakdown of the alternate splitting. The ampli-
tude of the eigenfunction is larger in the central region than in the boundary region as in Fig.
15(a). This implies that the speed of deformation in the central region is larger than that in the
boundary region. The fierence in speed is small at the infinitesimal level; however, it increases

in the nonlinear regime and induces the breakdown of alternate splitting. In fact, as shown in
Fig. 15(a), the splitting process involving the third stripe from the left is completed before the
left-most stripe starts to split.
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Appendix
Appendix A. Proofs of Theorems

Proof of Theorem 1
The proof outlined here is similar to those given in [38] and [32].

Proposition 1 (Proposition 3.1 of [32]). Suppose that assumptions (S1)—(S3) hold. There exist
positive constants C and lsuch that forh with minh > h*, the operatorL(h) has2N semi-

as many times as their multiplicities indicate. Other spectra (@f) are located to the left of

Z= —pg for a positive constani.

.....

L*(h) also has & semi-simple eigenvalugs’(h)}j=ox...2v-1 With [1;(h)l < Cé(h). Let E*(h)
be the eigenspace corresponding to eigenvam]féh)}jzo,l
25
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9.0x10%

Figure 11: Splitting sequence of (14) foe 4.0 x 1075,

1.0x10° 14 3.6x10°

¥
(b)

Figure 12: Splitting sequence of (6) on exponentially growing domains. (a) Simultaneous splitt@ig=f@r0 x 107,
(b) Alternate splitting for’ = 5.0x 1077.
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3.0

(b)

Figure 13: (a) Bifurcation diagram of single-stripe solution of (15) wpeis taken as a bifurcation parameter. The
saddle-node point is located at= 1.9988x 1072. (b) Profiles of single-stripe solutioR andv-components of*, ¢
and¢&* at the saddle-node point. The parameters of (15) were 98 te 0.003 Dy = 0.12k; = 0.02p9 = 0.2,p1 =
0.003 p2 = 0.03,p3 = 0.3, andL = 40.

7.0x10° L8 [ox10° 1.8
t t ]
0 0 0 0
5 6
Y

Figure 14: Splitting sequences for (15) wher= 0.018: alternate splitting for = 5.0 x 10~ (left) and simultaneous
splitting for ¢ = 5.0 x 107° (right). The profiles oli are displayed. The parameter valug Dy, ki, po, p1, p2 andpz
are same as in Fig.13.
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, although it is a very small
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2.0x 1078,

aR.éﬁﬁ%ﬁﬁﬁﬁﬁﬁﬁﬁ%_%&é,55.ss.__, =

Figure 15: (a)Perturbation experiments using the Gray-Scott model on a fixed domgis #i1, which lies between
deformation even in the magnified inlet. The profile of the eigenfuczpibnorresponding to the most unstable mode
(i.e., alternate type) shows thef@rence of amplitude in the central and boundary regions. (b) A breakdown of alternate

BP; and SN. The leftmost hump expands and its middle part becomes slightly dented

splitting on growing domain foc



Proposition 2 (Proposition 3.2 of [32]). Suppose that (S1)—(S3) hold.(I (and E'(h)) are
spanned b2N functions{¢;(h)(-)} and{£;(h)(-)} ({¢;(h)(-)} and{&;(h)()}) (j = 0.1,....N - 1)
such that

$;(0)(¥) = Px(x = xj) + O(5(h)),
£i(h)(¥) = &(x=x)) + O(s(h)),
$; (M) = ¢"(x= X)) + O(s(h)),
§1(N)(¥) = & (x = xj) + O(6(h)),
(#i(h). ¢ (h) )2 =0 (j #K),
(pi(h).¢j(h) )= =1

hold, where @s(h)) means thallO(5(h))||42 < Cs(h).

Let the operatoQ(h) be the projection fronX to E(h) and letR(h) := Id — Q(h), where Id is
the identity onX. Note thatQ andR are orthogonal.
Let E*(h) := R(h)X. Note thatE* (h) is characterized by

EX(h) = (ve X; (v, i(h) )iz = (V& ()2 =0 (1= 0,1,...,N- 1))

Let h* := (h*, h*, ..., h), h = (ﬁl, ﬁz,...,ﬁN) e RN with minh > h*. We can then show that
there exists a homeomorphisi(h) from E+(h) to EX(h) for h = (hy, hy, ..., hn) € RN with
h; > h; (see Lemma 4.1 of [38]).

Next, we sejpy > 0 and defineH(h, p1) = (h = (hy, hy, ..., hy); h; < hj < A + p1), and
M = M(ﬁ,pl) = {ES(, h,r);l e RLh € H(ﬁ,pl),|r| < r*}. Then there exists a positive
constantC; that depends only om and is independent dfwith h > h* for sufficiently largeh,
such that for anyn € H(h, p1) the mapll(h) satisfies

ITI(h)|| < Cq, ITT2(h)|| < Cy, <Cy,

0
1)

<C,.

ITI(M)lleo < Cy, Tl < Ci,

0
—TII(h
g, 1)

00

Here,|| - || is the operator norm with respect to the sup-ngiritk., on RL.

Let A = L(h) and letX® be the space with the norfn ||, defined by the fractional power
of A” [41]. We setw in the interval 34 < w < 1 such thaiX“ is embedded int@U*, where
BUI(RY) is the space consisting of uniformly continuous and bounded functiori®arp to
their j-th order derivatives.

Proposition 3 (Proposition 3.3 of [32]). There exists a neighborhood £ U (h, p1) of M(h, p1)
in X such that anyi € U can be uniquely written in the form of

u = Z0[S(x; h, r) + TI(h)w]

for | € R, h € H(h, p;) andw e E*(h).
We transform equation (8) far to one expressed in terms a¥,(, h, r):

u(t, X) = E()[S(; h, r) + I(h)w]
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forleRY, he H(ﬁ,pl), max|r| < r* andw e E*(ﬁ). Because&'(l) = —:(I)aiX holds, we obtain
u; = IZ(D[S(x; h, r) + II(h)w]

+2(1) (L[S(x; h, r) + TI(h)w](h, ) + H(h)wt)

a(h,r) (A.2)
_ -0 ) 0 ) -
=Z() (—I a—X[S(x, h, r) + II(h)w] + a0 [S(x; h, r) + II(h)w](h, F) + H(h)wt)
and o o
AW) +ng(u) = AEND) + ng(E(0) 2

= E()(A@) + ng(T)),
where( := S(x; h, r) + II(h)w. From (A.1) and (A.2) we can write

0[Sy + T + —a(ﬁ’ SIS06 ) + TCWCh, ©) + TI(h)we = ) + 7). (A3)

By substituting = X and definingP’ (-, h) := E(-X;:)P(; h), £'(;; h, r) := E(=x;1)€(; h, 1),
ST 1= E(-x;:)S(-, h, 1), andv’ := E(-x;:)II(h)w into both sides of (A.3), we obtain

0 v R
ahn [S"(x; h,r) +V'](h, ) + TI(h)w, (A4)

= AST(x; h, r) + V) + g(ST(x; h, r) + V7).

0 .
—a—X[ST(X; h,r) +v1go +

From Lemma 3.1 of [32], we have
IV (91 < O@S(h) + I + Inl). (A.5)
Let £L(X; X) be the set of bounded bilinear operators frano X. BecauseL(X, L(X; X)) is
identified with £(X x X; X), we representR’(S)u)'v e L(X; L(X; X)) (u,ve X) asF”’(S)u-v e
L(X x X; X), and writeF”(S)u - u asF” (S)u? for simplicity.

We then calculate the inner product of (A.4) wgtr(h)(X) := I1(=x;:)¢; (h)(x) andg™ (h)(x) =
H(—xj-«)g}f(h)(x). Next, we expand the expression to obtain

AS(x; h, 1) + V1) +ng(S'(x; h.r) + V)
=AP) + APIE + APW + JF(PIEY +F(PIE v + 5P POY  (ag)

+ng(P") + ng' (P")¢" + %TIQJ”(PT)(fT)2 +ng (PN + O(E" + V' + Iylv'P?).
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Because is even and* is odd, we have

2

SN S
<&S (x; h,r), ¢ >L2 = <&_(—Xﬁ)8( ,hr),¢ >L

N-1
= < [P(X—Xj + Xji) + 1iE(X = X +Xjr)],¢*>
j=0 L2

N-1
= <P(x) +rjié(X) + Z [P(x— Xj + Xji) + (X = Xj + xjf)] ,¢*>

j=0.j#jt L2
= 1+ O(5(h)).
_ (A7)
Similarly, becausej: = Xo + Z};l hj,
9 s Ao -1+0Ety) (72K,
(s n o) ={ S (i" < k. “9
From Proposition 2, (A.7), (A.8), ang’, ¢*).> = 0, we have
(5218 06 )+ + 2t s )+ VIR . 6)
. Uy o (A.9)
= —0o(1 + O(s(h))) + Z hj(1 + O(s(h))) + O(s(h)(lal + [F1))
=1

= =gy + Oa(Idl + 1)),

where we have usex) = (o andZ}Ll hj = —(o + gj+. Taking the inner product of the right-hand
side of (A.4) (or (A.6)) with¢™, we can write

(AT h,r) + V) +ng(ST(x h, 1) + V), ¢" )2
Sthn sy (A.10)
= Hj:(h) + Gj:(h, 1) + O + I + [n*/?).

where .
Hi(h) = Mo(e M — eM)(1+ O™ ™M) (A.11)

for a constany’ > 0. The derivation ofH;(h) has been given in the proof of Theorem 2.3 of
[38]. Similarly, the functiongj(h, r) is given by

Gi(h.1) = My(rj.e ™ — rj_yeM)(1 + O™ ™M), (A12)

Because = 5
e—ahj — e—ah(l _ a’(qj — qj+1)) + O(6|q|2)’

we use (A.9) and (A.10) to obtain

& = O@(|dl + Ir[) + 62 + [7I¥2 + 6. (A.13)
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Sinceh; = h+ gj+1 — Qj, we have
h = O((lg) + Ir)) + 6% + ¥ + dlf).

Next, we consider the inner product of the right-hand side of (A.4) @itiFrom (A.5), we

have

( F//(PT){’:T . VT’é_—* >L2 — O(é_‘(h) + |r|2 + |T]|)rr
s — (A.14)
= M} 61 + o(d|rl) + O(r* + n))),

where Mg € R. From the symmetry of th&l-stripe solution (see (S2)), the left-hand side of
(A.14) has the same value for gll if we takeq; = O andrj =1 # 0 (j = 0,1,...,N - 1).

Therefore,MgT is independent of " and we repIaC(MéT by M3.
From (A.5), we have

(F7 (P2, & )z = O + 1P + ). (A.15)

By taking the inner product of (A.6) witl* and dividing the right-hand side bvlo/Mo, we
have from (A.15)

% (CASTO6 P 1)+ V) + ng(ST(x D 1) + V). € s
0

My Mo . , (A.16)
= ri% —Ma + M3dr i + =—H;:(h) — =G;:(h, 1) + 0(dlr]) + O©* + Ir | + nI¥2),
Mo Mo
whereM3z = MoM}/Mg and
Hyi(h) = Mo(e ™™+ + eM)(2+ O(e™” ™" M), (A.17)
Gir(h,r) = My(rjae M + rj_1e7M)(1 + O(e™ ™" hy). (A.18)

The derivations ofﬁj(h) andéj(h, r) are quite similar to those of (A.11) and (A.12). From the
symmetry of theN-stripe solution, the left-hand side of (A.17) and (A.18) have the same value
for all j if we takeh; =handrj=r"#0(j=0,1,...,N-1).

Next, we consider the inner product of the left-hand side of (A.4) #ithBecaus& and¢&*
are even an®, is odd,

6 . 5 _
<a—xsT(x, h 1), >Lz ~ o(s(hy). (A.19)
<is*(x; h, r),§*> _ o(e(hy). (A.20)
ahk LZ

In similar fashion to (A.9), we use (A.19) and (A.20) to obtain

3
a(h,r)

<—§X[s*(x; h.r) +vgo + [ST(x: h, 1) +V](h, 'r),f*>

T o (A.21)
oMz, = .
= a—l\/lgrﬁ +0(0(1a + [r1)).
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From (A.4), (A.13), (A.16) and (A.21), we can write

. aMg [ 5 — Mo —~ - My~ _
fio=——|[r% + pMz + M3or: + —H;:(Q; 6) — =G (r;6)
VI VIR Mo (A.22)

+0(8Ir) + O +1r° + 7% + (1] + IF)5™¥).

In order to obtain accurate estimatestpfwe substitute (A.13) and (A.22) into the higher
order terms of the right-hand side of (A.9), we obtain

aj = —Hji(h) - Gj:(h, 1) + O(6% + I + In*/?).

Proof of Theorem 2
We define the variableg;(t) = q;(t) — rj(t) andz(t) = q;(t) + rj(t). Then, from (10),
(Yo, 20, Y1, Z1, - - - » YN-1, Zn-1) Satisfies the following equation:
: _ — yj - Zj 2 —
Vi =(2z_1-Y;—-2)0 = Ny[——] + N26 + Naz, .
e (j=01...,N-1). (A23)
zj =&Y -z)o+ Nl(%) — Nod — Nap,

Here,y_1 = -Zy, YN = —Zn-1, Z1 = —Yo, andzy = —yn-1 for Neumann boundary conditions,
whereasy/_; = Yn-1, YN = Yo, Z.1 = Zn-1, @ndzy = z for periodic boundary conditions. The
N-stripe solution, §;,r;) = (g,r), is given by

(Yo, 20, Y1, Z1, - - -, YN-1, Zn-1) = (=1, T, =T, 1, ..., =T, T).

Let Ton be the linearized matrix ofA23) corresponding tg; = 6(5) andrj = r_(g) (j =
0,1,...,N—1). Toy is symmetric tri-diagonal:

a—bo bl
b]_ a b()
b a by
Ton(o) = e T
by a b
bp a b
b1 a-by

Here,a = a(d) := =6 + N1 (), bo = bo(8) := 25, by = by(5) := =5 — N17(5). We note that

a-+ bo +b; =0
holds for alls. For convenience, we defire := -6 + Nif_(6), b} = —6 — Ni7-.(5) and
bI =-0- Nlr__(é)

The properties of the eigenvalues and eigenfunctions of tri-diagonal matrices have been stud-
ied by Wilkinson [42].
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Theorem 4 (see [42] p.300 and p.316).et G, be a symmetric tri-diagonal matrix with non-
zero gf-diagonal elements of the form

ap P1
B a1 B2
Ch= . pi#0.
Pn-2 an2 Pn-1

Pn-1 ana
Then G, has n real, distinct, and simple eigenvalugq0 < i < n-1). The eigenvectox' =
(X, Xp. - - ., Xi,_;) corresponding tol; is given by
%=1 %=1 pd)/BBz...Ac (L<k<n-1)
where p(2) denotes the leading principal minor of order k(@ — Aly) with pp(2) = 1
pi(d) = @—4, (A.24)
pi) = (aj1—DPj-a(d) - B pj2(D) (j=2.3.....n). (A.25)

Theorem 5 (see [42] p.300)Let m(w), p1(u), - - -, pn(u) be evaluated for some valuegaf Then

the number of agreements in sign of successive members of this sequence is the number of eigen-
values of G that are strictly greater tham. In particular, if we assume that; is a maximum
eigenvalue of ¢ then g(4) and p.1(A) have diferent signs for £ 0,1,...,n—- 1.

Regarding the signs & andbs, we can formulate the following series of lemmas under
assumptions (S4), (S5) and (S6) witk: 0.

Lemma 1. Assume that (S4), (S5) and (S6) hold, and 0. The signs of aand Ig are deter-
mined as follows.

a (5)<0, for 6>dsn
a (5)=0, for &=0dsn
bi(6) <0, for &= dsn.
bi(6) >0, for 6gp<d < SEp,
by(6) =0, for ¢ =dgp,
b (6) <0, for dsn<6<dgp

First, we focus on the eigenvalues and eigenfunctions that correspond to the lower branch.
The eigenvalues for the 1-stripe solutidd € 1) can be obtained by simple calculation. Thus,
we obtain the following lemma.

Lemma 2. The eigenvalues of,Tcorresponding to the lower branch are?bo(5) and2a~(6).
From Lemmas 1 and 2, we have

(n+’ no’ n*) = (Oa 07 2) for g> 6_5 N»
(ny,ng,n2) =(0,1,1) for 5= 55 N-
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Next, we consider thal-stripe (N > 2) eigenvalues.

Lemma 3. If N > 2, Toy corresponding to the lower branch has zero eigenvalues of multiplicity
N -1até = 65, and one zero eigenvalue & n. There is no zero eigenvalue @€ (dsn, 6gp) U

(a0

Proof. From Lemma 1b; = 0 for 6 = 65,. Thus, we have
ITon(0p) — Alonl

~46gp — A 0

0 2655 -1 265
-26g,  —20gp—1 O

0 —25g,-1 —205

2055  —26gp—4 0
0 —455,— A
(A.26)
—4Sgp-A 0 B
0 ASgp— A 265,
0 -1 0
- (A.27)
0 —dogpo—1 ~205p
0 -1 0
0 —455,-4

/lN_l(_46_éP _ A)N+1'

Here, in order to obtain (A.27), we add the 1-th column of (A.26) to the@-th column of (A.26)
and then subtract threth row of (A.26) from then+1-th row of (A.26) forn = 2,4,--- ,2(N-1).
Thus, the eigenvalues dbn(65p) are zero with multiplicityN — 1 and—465, with multiplicity
N+ 1.

Let us consider the number of 0 eigenvalue at 6sn. Becausea = 0 ats = gy from
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Lemma 1, we have

[Tan(Bsn) — Alon]
-bp-1 by
by -1
bo

—bp—-by -2
b0+b1+/l
—bo-by -4

b0+b1+/l
—bg—by -2
bo+b1+/1
-2 by

0 bp-2
0 bo-b

by
—by
by
b —A1
by — b

o0 -

o

Il
|
o~

b1
—by
by

bo

bo
-1 b
by -1 by
bp -1
by
by
-1 by
bp -1 by
by -4
bo
bo
-1 b
by -1 by
bg -4
by
-1 b
b1 -1 bg
bp -1
by

by
—-bg—A4

by
—-bg—4

by
—bo -2

(A.28)

(A.29)

(A.30)

Here in order to obtain (A.29), we subtract theh column of (A.28) from the 1-st column of
(A.28) forn = 2,4,...,2N, and add thex + 1-th column of (A.28) to the 1-st column of (A.28)
forn = 24,...,2(N - 1). In order to obtain (A.30), we add the 1-st row to tiéh row for
n=24,...,2N, and subtract the 1-st row from thme+ 1-th row forn = 2,4,...,2(N - 1).
ThereforeT (6sn) has 0 eigenvalue @t= dsn. Sinceby # 0 andb; # 0 até = dgn from Lemma
1, itis proved thafl (6sn) has distinct eigenvalues from Theorem 4; thafis, 6sy has only one

eigenvalue.

Assume thal 2y has a zero eigenvalue 6 (Js n, 05p)U(0gp 01ip)- LEtX = (Ko, %1, . . ., Kon-1) #
0 be an eigenvector corresponding to the zero eigenvalug.#f0, we can takeg = 1 without
loss of generality. Therefore, because= —bg — by andToyX = 0, we obtain the followingN
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equations.

. 2bo . 2bo
_ = =g = A.31
IR b %o b (A.31)
b
fo-f = (u-%)=2 (A.32)
o
.~ by,. . 2b
=% = p(R-%)=1o (A33)
1 1
Xon-2 — ¥on-3 = b_::)()?ZN—ZS — ¥on-4) = 2, (A.34)
- - bo .. . 2b,
Xon-1 — Kon-2 = b_?(XZN—Z — Xon-3) = b—,o, (A.35)
1 1
- o —2bg .
fon-1-Fen-2 = o 0 Son-1, (A.36)
1

where we notd, # 0 andb; # 0 from Lemma 1. Equations (A.35) and (A.36) yiedgl,"1 = - 1.
We also obtain;n-1 = (2N -1)+(2N)bo/b; by summing equations (A.31) to (A.35). Therefore,

2N - 1+2Nb—(_) =-1
by
That is,bg/b; = —1 foré € (6sn, 0gp) U (0gp 05p), Which indicates thaa = by + b} +a = 0.
However this is a contradiction, sinee# 0 for 6 € (dsn, dgp) U (0gp: 0gp) from Lemma 1.
If Xo = 0, we havexj = 0 for j = 1,2,...,N — 1 from (A.31) to (A.36), a contradiction.
Therefore,Toy has no zero eigenvalue fére (6sn, 5gp) U (6gp, Op)- ]

From Lemmas 1 and 3, we can conclude that 2a(o) is the eigenvalue of .y correspond-
ing to the saddle-node bifurcation, becaaé® = a~ = 0 ats = dsn.
By using Theorem 5, Lemma 1 and Lemma 3, we obtain the following lemma.

Lemma 4. Assume that (S4), (S5) and (S6) hold, ane: 0. If N > 2, T,y corresponding
to the lower branch has N 1 distinct positive eigenvalues fore [dsn, dgp), and no positive
eigenvalues fob € [gp, 05p)-

Proof. Becauséy > 0 andb; < 0for ¢ € [65p, 65p) from Lemma 1,
(X TonX) = —Do[2% + (X1 — %2)? + - + (%on-3 — Kon-2)* + 2%y _4]
— by[(% — %)% + -+ + (Ron-2 — Kon-1)?] <O,

which implies that the maximum eigenvalue of the symmetric mdiix(N > 2) is not positive
for § € [0gp, 05p)- _

_ From Lemma 32 = 2a(¢) is an eigenvalue Of oy that is equal to O at the saddle-node point
6 = sn. The sequences @k, the leading principal minor of ordérof (T, — Aly) with fp(2) = 1,
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given by (A.24) and (A.25) fob = S5, Yield

Pn(0) = O,
Poir1(0) = —(bo)’P2-2(0) (j=1.2...,N-1)
Poi(0) = —(by)?P2-2(0) (j=12...,N-1),
pr(0) = —ho.

Therefore, the signs qii are determined:

Po(0) = 1> 0,

P1(0) = —bo < 0,

P2i(0) >0, (jisevenand <N-1)
P2j(0) <0, (jisoddandj <N - 1)
P2j-1(0) > 0, (jis even and < N)
P2j-1(0) < 0, (jis odd andj < N)
fn(0) = 0.

Thus, from Theorem 5 there exist - 1 positive eigenvaluesy negative eigenvalues and one
zero eigenvalue at = ds . _ o _

From Lemma 3,T>n(6) has no zero eigenvalue fogn < 6 < dzp and Ton(0) has a zero
eigenvalue with multiplicityN -1 atég, which implies that there exi®t -1 positive eigenvalues
foro e [55 N> 5éP) [l

From Lemmas 2 to 4, we obtain (13). The following Lemma 5, regarding the eigenfunctions
corresponding to the saddle-node bifurcation, can be proved easily.

Lemma 5. The eigenfunction of 5§ corresponding tal = 2a~ is given by(ﬁ = O,rjs =1
(j=0,1,...,N=-1).

The signs of'j are given by the following lemma.

Lemma 6. Assume that (S4), (S5) and (S6) hold, and0. For 6 € [6sn, 65p), ! and | have
different signsfor £ 0,1,...,N-2.

Proof. From Theorem 4, the eigenvectors correspondingftr 5+ ggp are given by

P2;j (1) —Prjsa(d) .
Vi (b (o))" Zj IR (j=0,1,...,N=-1). (A.37)
From Theorem 5, the signs @()) and pi.1(A1) (k = 0,1,...,2N — 2) are diferent foré e
(dsn.0gp). Becaused; is negative fors € [dsn, dgp) from Lemma 1, we can conclude from
(A.37) thatr'j = (y'j - z]ﬂ)/z andr'j+1 = (y'j+l - z'j+1)/2 have diferent signs. O
The orthogonality between the eigenvectors corresponding {@B#N stripes is guaranteed
by the following Lemma.

Lemma 7. LetX = (%o, X1, . . ., %on-1) be an eigenvector ofsf; corresponding to the eigenvalue
A # 2a(6). Thenk and (Yo, 20, Y1, Z, - - - » YN-1, Zv—1) are orthogonal.
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Proof. Becauséo,nX = A%, we have

2N-1 2N-1

2 D@-bo—b)% =1 ) (-1)%.
i=0 i=0

Becausea + by + b; = 0, it follows that

2N-1

(2a-2) Z (-1)'% = 0.
i=0

Therefore,X and (o, 20,Y1, 21, ..., Yn-1,Zn-1) = —(1,-1,1,-1,...,1,-1) are orthogonal when
A#2a _

From Lemma 3, the eigenvector corresponding to2a(o) is responsible for the saddle-node
bifurcation, hence Lemma 7 yields the result that the unstable eigenvectars {6g n, 65p) are
orthogonal to (12). |

Finally, we have the following Lemma 8 concerning the stability of the upper branch.

Lemma 8. Assume that (S4), (S5) and (S6) hold, gnd 0. The solution of equatiolL1) is
unstable for > osn.

Proof. ForN > 2, becausd,y is a symmetric matrix, the minimum eigenvalagand the
maximum eigenvalug, satisfy s < ( X, TonX ) /lIX|I> < A;. For the upper branchy, = bi is

negative by Lemma 1. Thus, by takisig= (%, ..., %n-1) = Y(0,1,...,1,0), we obtain

(X, Ton&) = —bo[2%3 + (Xq — %2)? + -+ + (on-3 — Fon-2)? + 2%y 4]
—by[(% — %1)7 + -+ + (Fon-2 — Kon-1)’]
= —2b1 > 0,
which shows that the maximum eigenvalue is positive. |

Thus, Theorem 2 is proved.

Proof of Theorem 3

Let Uan(6) be a N x 2N linearized matrix of (A.23) with periodic boundary conditions for
y; = q(6) + r(6) = r(6) andz; = q(6) — r(6) = —r(6). Thatis,

a by bo
b, a bo
bo a b]_
Uan(0) = S
bh a b
b a b
bo 1 a

The eigenvalues dfi,y (5) can be calculated using the following lemma.
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Lemma 9. Let U;,(é_) and LrN(E) be Nx N matrices such that

aibo b]_
by a b)
bp a by
U () = (N : even)
bl a bo
bp a o]
bl aibo
a+b0 b]_
by a by
B b a b
UR(6) = KNS ,
bo a b
bl a tb
bo a+b1
a-bhy by
bo a bl
b1 a bo
Un () := (N : odd)
bl a bo
bo a by
by a—bo

The eigenvalues of 4 are calculated by solving the equation
UL — AnlUg = Ayl =0,
where | is the Nx N identity matrix.

Proof.
= U@ =Aln - By(o)
Uon(8) — Al N = N
| ZN( ) 2N| B;\,l(é) U'/\i(é)_/“N
U() + By(0) - Al [U{(6) - BY() - Aln| (A.39)
JUN(6) — AUINIUN(S) — Alnl,

(A.38)
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whereU/,, U7, By, By, By, andB, are defined as follows.
Case I)N is even.

a b
bp a b
bo a b]_
U () = Ugi(6) = -
b
0
Bu(6) = BY(6) = -
0O 0 O
0O 0 O
bg O
bp O
0O 0 O
0O 0 O
BL(9) = B{(6) = -
0
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Case I)N is odd.

a by a b
b]_ a bO b0 a bl
bp a b by a b
Uy () = . UR@) = ' )
bp a b b a by
b1 a bo bO a bl
bo a b, a
0 bo 0 bl
0O 0 O 0O 0 O
0O 0 O 0O 0 O
Bn(6) = . Bu(o) = T :
0O 0 O 0O 0 O
0O 0 O 0O 0 O
bl 0 bo 0
bp O by O
0O 0 O 0O 0 O
0O 0 O 0O 0 O
By (0) = S . Bi©) = S
0O 0 O 0O 0 O
0O 0 O 0O 0 O
0 b 0 by

In order to obtain (A.39), we add theN2- n + 1)-th column of (A.38) to tha-th column of
(A.38)forn=1,...,N. Then we subtract theth row of (A.38) from the (A — n+ 1)-th row of
(A.38)forn=1,...,N. ([l

First, we perform a linear stability analysis of the solutions of the lower branch. The stability

of 1-stripe solutions can be proved in a similar way to Lemma 1. Thus, we omit proofs of
Lemmas 10 and 11.

Lemma 10. The eigenvalues of {torresponding to the lower branch ageand?2a-.

From Lemmas 1 and 10, it is proved that, for= 1, the eigenvalues of the lower branch consist
of one zero eigenvalue and one negative eigenvalue.

The number of zero eigenvalues corresponding to the lower brandh $02 is given by the
following Lemma.

Lemma 11. If N > 2, Upy corresponding to the lower branch has zero eigenvalues of multi-
plicity N até = 6, zero eigenvalues of multipliciB/at 6 = dsn, and one zero eigenvalue for
5 € (s Ogp) U (0gps Ofp)-

From Lemma 11, we see that= 2a(s) is the eigenvalue dfJ,y corresponding to the saddle-
node bifurcation becausgs) = 0 for 6 = s from Lemma 1.
Next, we consider the number of positive eigenvalueBdbr the lower branch.

42



Lemma 12. If N > 2, Upy corresponding to the lower branch has-N positive eigenvalues for
6 € [0sn 65p) and no positive eigenvalues fore [65p, 675,)-

Proof. Uy is a symmetric matrix and

(% UK /IKIE = [~bo((% — %) + (%3 — %a)® + - + (Fon-1 — %0)?)
—b1((%0 — %)% + (%o — Ka)? + - -+ + (Ron-2 — Kon-1)I)]/IIXII2

holds forx = I(xo, X1,...,%nN-1). Becausdy andb; are positive by Lemma X, X, UonX ) <
0 holds fors € [6gp, 5% ) Therefore,Uyy with respect toqj,r;) = (0,r_) has no positive
eigenvalue fob € [6gp, 65p)-

In a manner similar to the proof of Lemma 4, we can prove the followinil i§ even,U3
hasN/2 - 1 positive eigenvalues arld,, hasN/2 positive eigenvalues faf = osy; if N is
odd,Uf andUy have (N - 1)/2 positive eigenvalues faf = dsn. Therefore,Uoy hasN - 1
posmve e|genvalues faf = 6sn. BecausdJoy has no zero eigenvalue except for that arising
from rotational invariance,zy hasN - 1 positive eigenvalues f@r € [6sn, 5gp)- O

Lemma 13. Assume that N 2ands € [dsn, dgp)- If N is even, the positive eigenvalues gfU
corresponding to the lower branch consist of one distinct maximum eigenvalugNan@),/2
pairs of distinct eigenvalues. If N is odd, the positive eigenvaluesefddrresponding to the
lower branch consist dfN — 1)/2 pairs of distinct eigenvalues.

Proof From Lemma 1 and Theorem 4, it is apparent that the symmetric tri-diagonal matrices
(6) and Uy (5) have distinct eigenvalues. Therefore, from Lemma 9, the multiplicity of posi-
t|ve elgenvalues oo (6) for 6 € [6sn, 5gp) iS at most 2.

Casel)Niseven. . A 5
Leto! == Yy, % Y1- 20 - - - Y10 Zy_y) De eigenvectors corresponding to the eigenvalue
of U (6). We define

@ = t(yiN—l’ziN—l’yiN—Z’ziN—Z""’yiO’ fb) .

Then,
o= "o’ @) (=0....N-1)
are eigenvectors d,n(5) corresponding ta. C o ’
From the condition of rotational invariance; = '(Yy_1.2 1.Yp 2. -- - Yn_os 2 J)isan

eigenvector otJoy corresponding ta;. If ¢; andy] are linearly dependent i.ep + bgoI
for & 0 andb # 0, then ¢&/b)N = 1 holds. We define

00= 0oWA - M) V=-124=-1

o1= oYz Vv A Y = (D 7= (1) (A.40)
0= V5B VE Ao YR R Y = (D = (1)

¢3= "G BYLE - Wv R Vi=-LZ=1

Now, ¢; (j = 0,1,2,3) are eigenvectors correspondmg to the eigenvalges 0, 1; = -2by,
Ay = —2by, and/lg = 2a~. From Lemma 11; > 0, 1 < 0, and/lg <0fors e (65N, BP)
From Theorem 4; (i = 0,1,2,3) are distinct fos € (65 N Ogp)- [N addition, g, andgol are
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linearly independent except for the above four eigenvectors, and they have the same eigenvalue.
Therefore, the positive eigenvalues fore (65 n» 0gp)_consist of N — 2)/2 pairs of distinct
eigenvalues and one distinct eigenvalue. In additibnis the maximum eigenvalue far €

[0sn. Ogp), because X, UonX ) /|IXI1? is maximum fork = ¢;.

Casell)Nisodd.

Lety' = tN(y'O, Z.¥.2,.. y'(N 1y/2-1° z'(N 12 ly'(N 1)/2) be an eigenvector corresponding to
the eigenvalug; of U}, and defingp;” := (y'(N 12 2(N 12 1),y'(N 210 21 yi. 2. Yh). Then _
¢ = '('¢f, 'g) is an eigenvector correspondmg&ﬁolfgoI andy! = t(y'N D2 Y Zy YN 2y o)
are linearly dependent, i.eap; + B(p’ = 0ford+ 0andb # 0, then ¢&/b)N = 1 holds. Thus we
define

t(yo’zg’y0722,-..,y%71’2%71)’ yJO: _
V- Z0:Y1- 45 Y I Y =

Now, ¢; (j = 0,1) are eigenvectors correspondinglio wheredo = 0 andl; = 2a~ < 0. By

a similar argument to that used in the case whiis even, we can conclude that the positive

eigenvalues ob),y consist of N — 1)/2 pairs. O
We obtain the following lemma directly from the rotational invariance ofNhstripe solu-

tions.

Yo
$1

Lemma 14. If t(qo, ql, e qN 1 r' r' .. 1) is an eigenvector of10) with perlodlc bound-
ary conditions, then the index- rotated elgenvect@q‘N 1O O e O T Ths T TR )
is an eigenvector afL0).

The signs of' andr! . are given by the following lemma.

j+1

Lemma 15. If N is even, | and r‘.+l have different signs fob € [55 N 3§P). If N is odd, there
exist two linearly independent eigenfunctions corresponding to the maximum eigenvalues, which
are given by
©,rhrh,...,rh)
and
(rhs O rh T )

where ¢ and r‘j+1 (j =12,...,N - 1) have djferent signs.

Proof.
Case )N is even.

As shown in the proof of Lemma 13| is the maximum eigenvalue ang is given by
(A.40). Therefore’| andr;, have diferent signs foj = 0,1,...,N - 2, andrg andr, _, have
different signs.

Case II)N is odd.

From Lemma 13, there exist two maximum eigenvalues. From Lemma 4, the eigenvectors
corresponding to the maximum eigenvalyeof U,y for (g;,r;) = (0,r_) satisfy the following
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conditions:

— pT(;l') P _p}r+1(/~ll) o ~ B
ylj - (bO)J(bI)J > T (bo)j(bi)]url? (J =01,... ,(N 1)/2 :|_)7
R
yj - Z']- - (bO)j(bI)j , (1=(N=1)/2),

Y =214 =Yy (=(N-1)/2+1(N-1)/2+2...,N-1)

From Theorem 5p; (1) andpj () have diferent signs fos € [dsn, 6p) because, by Lemma 1,
by is negative fol € [6sn, dgp). Therefore, by using Lemma 14 inductively, Lemma 15 holds.
O
The properties of the eigenvectors are obtained in a similar way in the case of Neumann
boundary conditions.

Lemma 16. The eigenfunction of &} corresponding to eigenvalug = 2a" is given by ‘? =
0,r3=1
]

The following lemma can be proved in a parallel manner to the proof of Lemma 7. Therefore,
we omit it here.

Lemma 17. LetX = (Xo, X1, . .., Xon_1) be an eigenvector of 4 corresponding to an eigenvalue
A # 2a. Thenk and (Yo, 20, Y1, Z1, - - . » Yn-1, Zn—1) @re orthogonal.

Finally, we have the following Lemma 18 concerning the stability of the upper branch.
Lemma 18. The stationary solutioiil1) is unstable fob > sy .

E’roof. BecausdJ,y is a symmetric matrix, the maximum eigenvaﬁads bounded{ %, Uon% ) /IIXI? <
A, where

(%, Uon& ) /IIKI? = [~bo((% — %)% + (R — Xa)® + -+ + (Ron-1 — %0)?)
— by ((Ro — %)% + (%o — %)% + -+ + (Fon-2 — Son-1)D)]/IXII,

for X = (%, % ...,%n-1). Becauseb] is negative fors > sy by Lemma 1,( X, UxnX )

attains a positive value fot = '(-1,1,1,-1,...), which shows that the maximum eigenvalue is

positive. Therefore, the upper branch is unstablefards n. O
Theorem 3 follows from Lemmas 10 to 18.
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