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Ryuhei Uehara
JAIST
uehara@jaist.ac.jp
http://www.jaist.ac.jp/~uehara

or, ask Google with “uehara origami”
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» Ryuhei Uehara: On Stretch Minimization Problem on Unit Strip Paper,

Canada, 2010/8/9-11.
« Ryuhei Uehara: Stretch Minimization Problem of a Strip Paper,

, Singapore, 2010/7/13-17.

« Jean Cardinal, Erik D. Demaine, Martin L. Demaine, Shinji Imahori,
Tsuyoshi Ito, Masashi Kiyomi, Stefan Langerman, Ryuhei Uehara, and
Takeaki Uno: Algorithmic Folding Complexity, ,
accepted, 2010. (ISAAC 2009)
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Background story...

Kawasaki

o At 4% Japan Meeting on Origami in Science, Rose

Mathematics, and Education, 2008/6/22,
= Toshikazu Kawasaki, a mathematician and
designer of Kawasaki rose, said that
“For a mathematician, it is OK if solution exists.”
= A computer &=

how to find
the cost to f|

http://www.jaist.ac.jp/~uehara/etc/origami/

o Alternating foldings of
Mountain and Valley

o Basic tool of Origami
o Many applications

» Extension to General
Patterns and consider
its complexity...

By contrast, mast M/V st
require 9{n/Ig n) simple folds

Quite
Important!!

Erik Demaine@50SME

http://www.jaist.ac.jp/~uehara/etc/origami/

* Complexity of folding(?)

From the viewpoint of Computer Science

o Two resources of a computation model;
1. time: the number of steps of operations

2. space: the number of memory cells required
to compute
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* Complexity of folding(?)

From the viewpoint of Computer Science

o Two resources of Origami model?

1. time...the number of fol/dings (operations)
J. Cardinal, E. D. Demaine, M. L. Demaine, S. Imahori, T.
Ito, M. Kiyomi, S. Langerman, R. Uehara, and T. Uno:
Algorithmic Folding Complexity, Graphs and Combinatorics,
2010.

2. space...minimization of “stretch” that is

. the number of papers between two hinged papers
R. Uehara: On Stretch Minimization Problem on Unit Strip
Paper, CCCG 2010, Canada, 2010/8/9-11.
R. Uehara: Stretch Minimization Problem of a Strip Paper,
50SME, Singapore, 2010/7/13-17.
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New open problem

o Least stretch folding problem
Input: Paper of length »+1 and s€{M, V}”
Output: folded paper according to s
Goal: Find a good folded state with few stretch

At each crease, the number of papers
between the papers hinged at the crease is
stretch.

Two minimization problems;
=  minimize maximum
= minimize total (=average)

)

It seems simple, No!!
... SO easy??
7/33
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New open problem

o Simple non-trivial example
Input: MMVMMVMVVVV

M MV MMV MV V
PR T
LI P |

1<

\ [ T
12 3 ta s T e T g T oo

The number of feasible folded states: 100

Goal: Find a good folded state with few stretch
The unique solution having min. max. value 3

[514|316/7/1]2]8]10]12[11]9] M@

The unique solution having min. total value 11

[514]3]1]2|6]7|8]10|12|11]|9] M@
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New open problem

o Least stretch folding problem

Input: Paper of length »+1 and s€{M, V}”

Output: folded paper according to s

Goal: Find a good folded state with few stretch
Two minimization problems; max/total(average)
A few facts;
= a pattern has a unique folded state iff it is pleats
= solutions of {min max} and {min total} are

different depending on a crease pattern.

= there is a pattern having exponential
combinations

% MVMVMV MV MV MMV MVMVMVMVM

9/33

http://www.jaist.ac.jp/~uehara/etc/origami/

Least stretch folding problem

o Open problem:

= Tractable/Intractable?
NP-hard?
Poly-time solvable by Dynamic Programming?
... up to now, I have no answer to this question ;-)

Then, exhaust search technique, that produces all

possible folding ways, works? I:I

exponential pleats

pattern

No!!

10/33
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Least stretch folding problem

o Partial answers;
1. The number of folding ways for a random
pattern
O(1.65") by experiments
Q(1.53") and O(2”) by theoretical lower/upper bounds
... SO a naive program runs veeeerrrriry slow.

[Note]

These results are based on enumeration & rough
counting, described hereafter-...

11/33
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Least stretch folding problem
1. Average number of folding ways for a
random pattern = f(n)/2", where

fln) = # of folding ways (or folded states) of a paper of
length n+1 (summation for all possible patterns)

@ I give some bounds of f{n):

& "The On-Line Encyclopedia of Integer Sequences”
tells us up to »=28 (by enumeration);

An)~0O(3.3").
e [ have upper/lower bounds;
@ upper bound: f(n)=0(4")
@ lower bound: f{n)=Q(3.07")
12/33
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Least stretch folding problem

= Upper bound f{(n)=0(4") comes from
the Catalan number.

[Proof] If the paper of length n+1 is folded,

the crease points should be nested.

Combination of n/2

= pairs of ()=
<:| OO Catalan Number C,,
X
Combination of /2
<:| “(000)(() | pairs of )=
Catalan Number C,,
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Least stretch folding problem

o Lower bound fin)=Q(3.07").

[Proof] we consider “folding of the last k+1 unit papers”;
k+1

L

* fin): the number of folding ways of length n+1
* g(k): the number of folding ways of length 4+1 s.t.
the leftmost endpoint is not covered

Then, we have f(n)Z(g(k))ﬁ = (g0 )

14/33
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Least stretch folding problem

o Lower bound fin)=Q(3.07").
[Proof] we consider “folding of the last 4+1 unit papers”;

g(k): the number of folding ways of length i+1 s.t.
the leftmost endpoint is not covered
= “the number of ways a semi-infinite directed curve
can cross a straight line & times”,
A000682 in “The On-Line Encyclopedia of Integer Sequences”.
From that site, we have g(43)=830776205506531894760.
Thus, by s ) ‘o
S = (g =(g(k)" ™) °

we have the lower bound. @
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Open problem and Future work

O Least stretch folding problem:

= Tractable/Intractable?
NP-hard?

Poly-time solvable by Dynamic Programming?
Fixed parameter tractable for “stretch=k"?

= What is the most complex pattern of M/V that
has the most feasible folded states?

o Extension to...
= non-unit length (operation-restricted linkage)
= 2D (a kind of map folding)

o What “space complexity” of Origami is?
= area for folding?

16/33
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Open problem and Future work

o Ext. of Least stretch folding problem:

= non-unit length
First of all, there is a pattern that cannot be folded;
MM

= revisit unit length paper...

For any pattern, can it be folded?

= “Yes”; by repeating “end-fold”

For any “folded state” of length 1, can it be folded?

= If you allow any folding, it is “Yes” by
unlocked linkage in 2D ... reverse of bloom
universal theorem ... adding many creases

= Is it “Yes” under simpler/reasonable model????

17/33

http://www.jaist.ac.jp/~uehara/etc/origami/

Universal theorem:

o Universal theorem of unit length folding in
a simple folding model;
= Input: a folded state of a paper strip of length
n+1 to unit length
= Question: Is it foldable on a suitable set of
operations? .

= Simple folding model S (a)
4

—lo=— ®

(from flat state)

|

pick up a point _ O — ©

valley fold most inner =

layers |

to flat state X T =29
18/33
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Universal theorem of linkage. ..

o Universal theorem of unit length folding in a
simple folding model;

Any flat folded state of unit length can be made by a
sequence of simple foldings of length at most 2n.

o Related results;
= Any M/V pattern can be flat folded by repeating
“end-folding”
= If the creases are not
unit-length, some folded state —
cannot be folded by simple foldings:

= If “any folding” is allowed, “Yes” even in non-unit
length
o comes from “no locked linkage in 2D"!!

http://www.jaist.ac.jp/~uehara/etc/origami/

Universal theorem of linkage. ..

[Theorem] For a strip of paper, any unit-length flat
folded state can be made by a sequence of
simple foldings

[Proof]

Key idea 1: P can be folded from a strip paper iff
P can be unfolded to flat strip paper by reversing.
So we show that any folded state P can be
unfolded to flat by at most 2» simple unfoldings.
[Phase 1] unveil the endpoint

= unveil the covered endpoint and make it appear

[Phase 2] peal the paper from the endpoint

= unfold and extend the last flat part

19/33 20/33
http://www.jaist.ac.jp/~uehara/etc/origami/ http://www.jaist.ac.jp/~uehara/etc/origami/
Universal theorem of linkage. .. Universal theorem of linkage. ..
[Proof] Open:
[Phasg 1] unveil the covered endgomt o The number of unfolding can be n?
= while we cannot see the endpoint, unfold the paper to
expose the covered paper close to the endpoint.
= after at most » unfoldings, we can see the endpoint. o Characterization of “non-unfoldable”
[Phase 2] peal the paper from the endpoint (non'un_'t |ength) origami by S|mp|e
= unfold and extend the last flat part that contains the (Un)f0|d|ng .
endpoint.
= after at most » unfoldings, we obtain the flat paper. i .
o In simple folding model, no locked flat
[Note] At Phase 1, some new creases can be made by an tree in 2D if edges are unit Iength?
“unfolding”. Hence the total number of “unfolding”
cannot be bounded by n.
21/33 22/33
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[ Let’s turn to

the folding complexity of pleat folding

M A G A Z |1 N E
350

“*n Repeating of mountain
and valley foldings

o Basic operation in some
origami

o Many applications

= okyo Monorail [ERCRCI N LY
Fhttp: //kl’l’l sewing. seest/artlcle/60694279 23/33
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Pleat folding

o Pleat folding (|n 1D)
NS, @)

» We have to fold at least log » times to make n creases

* More efficient ways...?
* General MountalnNaIIey pattern?

' « Naive algorithm: » time folding is a trivial solution o

« proposed at Open Problem Session
on CCCG 2008 by R. Uehara.

« T. Ito, M. Kiyomi, S. Imahori, and
R. Uehara: “Complexity of pleats folding”,
EuroCG 2009...

24/33
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* Complexity of Pleat Fol
=
i. The answer is “No”!
o Any pattern can be made by |_n/2J+|—logn—| foldings

2. Can we make a pleat folding in o(n) foldings?
o Yes!! ..it can be folded in O(log? n) foldings.

3. Lower bound; logn
= Q(log? n/loglog n) lower bound for pleat folding!!

25/33
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* Complexity of Pleat Folding

o Any pattern can be made by |"/2]+1%g"] foldings
1. Upper bound:
Any M/V pattern can be folded by (4+£)L+0 o foldings
logn  \logn

2. Lower bound:

Almost all mountain/valley patterns require foldings

"
3+logn

[Note] Ordinary pleat folding is exceptionally easy pattern!

26/33
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*D

Input: Paper of length »+1 and a string s in {M, V'}"

Output: Well-creased paper according to s at regular
intervals.

Basic operations
1. Flat {mountain/valley} fold {all/some} papers at an
integer point (= simple folding)
2. Unfold {all/rewind/any} crease points (= reverse of
simple foldings)
Rules
1. Each crease point remembers the last folded direction
2. Paper is rigid except those crease points

Goal: Minimize the number of folding operations

Note: We ignore the cost of unfoldings
27/33
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* Upper bound of Unit FP (1)

o Any pattern can be made by |#/2|+[logn| foldings
1. M/V fold at center point according to the assignment

2. Check the center point of the folded paper, and count the
number of Ms and Vs (we have to take care that odd depth
papers are reversed)

3. M/V fold at center point taking majority
4. Repeat steps 2 and 3

5. Unfold all (cf. on any model)

6. Fix all incorrect crease points one by one

EE e

28/33
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Upper bound of Pleat Folding(1)

The following strategy works;

= Make f(n/2) mountain foldings at odd points;
= Reverse the paper;

= Make f(n/2) mountain foldings at even points.

29/33
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Mountain folding in log? # foldings

Step 1; %

1. Fold in half until it becomes of length [vvv] (logn-2 foldings)
2. Mountain fold 3 times and obtain [MMM]

3. Unfold; vMMMvvvvvMMMvvvvwvMMMyvvvvvMMMyvvvy...
Step 2; [MvvvvvM]
1. Fold in half until all “vvvvv”s are piled up (log »-3 foldings)

2. Mountain fold 5 times [MMMMMMM], and unfold
3. vVMvYMMMMMMMvMvvvvvMVMMMMMMMyVMvvvvVMVM
Step 3; Repeat step 2 until just one “vvvvv” remains
vMvMMMvMMMVYMMMMMMMVYMMMVYMMMVMvvvVVMVM

Step 4; Mountain fold all irregular vs step by step.

« #iterations of Steps 2~3; logn

« #valleys at step 4; log n [ #foldings in total~ (logn? |

30/33
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* Lower bound of Unit FP

[Thm] Almost all patterns but 0o(2”) exceptions require
Q(n/log n) foldings.

[Proof] A simple counting argument: !

= # patterns with n creases > 2"/4'= 22

= # patterns after & foldings <

2Xn) X (nt])X(2Xn) X (ntl)X ... X(nt+1) X (2Xn)
- N

[}

= We cannot fold most patterns after at most & foldings if
k

<@n(nt1))*

> @n(n+1) < @n(n+1)+1) <27

= Letting =
n>2k= O(LJ we have (2n(n+1)+1)" =0(2")
logn

O
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Any pattern can be folded in cn/log n foldings

relim,  |_sesmangons. |

Split into chunks of size b;
1. Each chunk is small and

AR
want to fold —"s

easy to fold |:_| pile —s
2. #kinds of different bs are
not so big
. OK NOK OK
Main alg.

Half chunks are done!

Fold NOK —s again

For each possible b

1. pile the chunks of pattern
b and mountain fold them

2. fix the reverse chunks

3. fix the boundaries R el Gl

Analysis is omitted

32/33
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Open Problems

O Pleat foldings

= Make upper bound O(log? n) and lower bound Q(log? n /loglog n)
closer

O “Almost all patterns are difficult”, but...

= No explicit M/V pattern that requires (cn/log n) foldings
O When “unfolding cost” is counted in...

= Minimize #foldings + #unfoldings

33/33

73




