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Random Generation and Enumeration
! of Proper Interval Graphs

Toshiki Saitoh (ERATO)

Joint work with
Katsuhisa Yamanaka, Masashi Kiyomi, and Ryuhei Uehara
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* Motivation

Computer experiment

Generate an object

v ) ‘We want suitable test data ...
uniformly at random o

B Enumerate al/ object

Input Output

= Input graphs

= Permutation graphs =Bipartite permutation graphs

= Interval graphs sProper interval graphs (P.I.G)|

Random generation
Enumeration 2

Our Algorithms

= Random Generation
= Input: Natural number n
= Output: Connected P. I. G. of n vertices
= Uniformly at random
= Using a counting algorithm
= O(ntm)time (m: #edges)

= Enumeration
= Input: Natural number »
= Output: All the connected P. I. G. of » vertices
= Without duplication
= Based on reverse search algorithm
= O(1) time/graph

* Interval Graphs

= Have interval representations

* Proper Interval Graphs

= Have [unit interval representations |

Every in Vﬂﬂﬂnglqmeselgﬁti(ins

O O

Definition

m String Representation

= Encodes a unit interval representation by a string

= Sweep the unit interval representation from left to right
Left endpoint — “(” : left parenthesis
Right endpoint — “)” : right parenthesis

i}

&) ((0)0))

String Representation
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Height e # 66(” - # 66)”

* String Representation

= Property of string rep. of P. 1. G. of n vertices
= Number of parentheses: 2n

,,,,,

in Number of

,,,,,

= Number of in

= Non-negative
= Each left parenthesis exists in the left side of its right parenthesis

0000000000 fumh

A1 1 L1141 +1 -1 -1 -1 —

01232123210 ] Height —

PN ~
Each number is non-negative
0 .
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* String Representation

= Property of string rep. of P. I. G. of n vertices
= Number of parentheses: 2n

,,,,

‘n Number of

,,,,

= Number of tn

= Non-negative
= Each left parenthesis exists in the left side of its right parenthesis

Negative height

00000 ¢

0 A-i Not correspond to any interval rep..
8
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* String Representation

= Property of string rep. of P. I. G. of n vertices
= Number of parentheses: 21

,,,,,

in Number of

,,,,,

= Number of in

= Non-negative
= Each left parenthesis exists in the left side of its right parenthesis

Each component corresponds to each area that is

Therg, 3t @RGP A RIS S RRRF SRS AT -

0 l Unit Interval Rep. Graph Rep.

* String Representation

= Observation 1

= String rep. of connected P. L. G.

= Have exactly 2 places whose heights are 0.
The left end and the right end

The string excepted both ends parentheses is non-negative

(CCO))H)CO))))

AN

SO

* String Representation

s Lemma 1. (X. Dell, P. Hell, J. Huang, 1996)
= A connected P. I. G. has only one or two string rep.

This graph has only two string representations.

OO0

l different strings

String Rep.

Proper Interval Graph Unit Interval Rep.

* String Representation

s Lemma 1. (X. Dell, P. Hell, J. Huang, 1996)
= A connected P. I. G. has only one or two string rep.

This graph has only one string representation.

E 3 i OO
Proper Interval Graph Unit Interval Rep. String Rep.
reversible
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Random Generation Algorithm of
* Proper Interval Graphs

* Random Generation Algorithm

= Generate a string rep. uniformly at random

= Using a counting algorithm
= (Generalized) Catalan number

(CCOHYOO)))

String rep. : Path on the area

Al
C(n')y=—o
n'+l

SO

* Adjust the Generation Probability

String rep.

Not easy

Decrease the
generation

probability

Reversible strings
(O())0) ety O—&—O
A generation probability of a graph corresponding to
non-reversible strings is higher than that of reversible one

S, # non-reversible strings

R,: # reversible strings

Adjust the Generation Probability

S, +R, C(n)

String rep.

|_n/2j

Reversible strings

(0(())0) =t O—C&)—O

e

s, fan { (()((5))()) Uniformly at random16

i (2n+i
2n+i\ n

—C(,, )
* Case 1

= Generation of a string uniformly at random
= Generate parentheses from left
= Select “(” or “)”

(CC)HCC)O))) =

P _hk+h2)
p=C(k, h) ( 'p+q V)
=C(k, h,) o ~ = Tine complexity
p+q 2k(h+1)

*String Rep.: O(n)
*Graph Rep. : O(n+m)
m: # edges

k: # remaining parentheses

h: Height

17

Case 2

= Generation of reversible string uniformly at random
= Generate a half of the string
1. Choose the height at the center
2. Generate parentheses from the left end

hi+1 n+l
a1 (n—h)/2

Select “(” or )"

( (

p: complicated!

k: # remaining parentheses

h: Height
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C(n’i):2n+i n
Case 2

= Generation of reversible string uniformly at random

= Generate a half of the string from the center to the right end
1. Choose the height at the center
Generate parentheses from the center
Select “(" or )"

)())))

h+1[ n+l1

—

p hk+h+2)

p=C(k, h) R GN Tprq 2k(heD)
q=C(k, h,) wy .4 _ =hUTFithe complexity

‘) :
pra 2k +-gtring Rep.:O(n)

*Graph Rep.: O(n+m)

k: # remaining parentheses )
m: # edges
h: Height 19

Enumeration Algorithm of
* Proper Interval Graphs

20

Simple Enumeration Algorithm

Has the obtained graph outputted?
21

Reverse Search Algorithm

= Spanning Tree
= Parent-child

= Our algorithm

= Canonical string
A = O(1) time/graph
= O(n) space

Canonical string x= reverse of the x
22

Parent-Child Relation

SN

(C(())))) = Root: ((...())...)

1 = Parent of canonical string x
/-\ (ccoo) = Replace the leftmost “) (” of x with “()”
/ « Parent of x is canonical

= The root is the ancestor of x

,/\-\\ (((OND))

7

/M .1
N QOO
N

1

N\
S . (COMO)) ,

Tree (n=5)

oot (((c0»

child == parent

Enumeration of all the strings by

cO0))) K
traversing the tree from the root
OO
How to find children?
000 (CONO)
((())?())) ((()K())())
OCO)IO) (O)YOOn)
0O000) 24

36




» Parent of canonical string x

= Replace the leftmost “) (" of x with “()”

Candidates of Children

. . Check child: O(1) time
Simply Execution

(@ Check the height
= Child of canonical string y * Neative ctrim
(CCCDIN) | Replace “( )7 of y with *) ( (@) ¢ &
.. The leftmost “( )", or / Non-canonical string
». If the parenthesis after the (OO (((@®))
//-\ (( (T) ) leftmost “) (” is “)” then “( )’ can o Use a doubly linked list
be the candid
¢ fhe pandiduie ((HmO)) CCOmD)H @)
((( y) = Next candidates '] Y
= Neighbors of the replaced (OO0 (@O (@ O0) (OO
parentheses / \
N (( 0))
N 00w (WCO)YO) ((.)!())\
Fi idates: O(1) ti
/ ((() 0) tnd candidates: O(1) time OO (E®OO0) ((ONO)
/ 25 / \ 26
Tree (n=5) * Conclusion and Future Work

root (((cONN child === parent

Find child: O(1) time

«(cOON)
Output only the differences
WO)YO)) Prepostorder manner
000 (((0»0)  Output string: O(1) time
OO OO)YO)
Output PI1.G.: O(1) time
OCO)O) «0O)YOO)
O000) 27

» Random Generation and Enumeration of
Connected Proper Interval Graphs of n vertices
= Random Generation: O(n+m) time
= Enumeration: O(1) time/graph

m 1 vertices = at most » vertices

» Random Generation and Enumeration of
Interval Graphs
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