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概要

It is a well-known theorem by Chomsky and Schẗzenberger (1963) that every context-

free language can be represented as a homomorphic image of the intersection of a Dyck

language and a regular language. This paper gives a Chomsky-Schẗzenberger-type

characterization for multiple context-free languages, which are a natural extension of

context-free languages, with introducing the notion of multiple Dyck languages, which

also are a generalization of Dyck languages.
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Representation Theorem

• A language L is context-free, if and only if

L = h(D ∩ R)

for a homomorphism h, a Dyck language D and a regular language R.

(Chomsky & Schützenberger 1963)
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Representation Theorem

• A language L is context-free, if and only if

L = h(D ∩ R)

for a homomorphism h, a Dyck language D and a regular language R.

(Chomsky & Schützenberger 1963)

• A language L is multiple context-free, if and only if

L = h(D ∩ R)

for a homomorphism h, a multiple Dyck language D and a regular
language R.

Chomsky-Schützenberger-Type Characterization of MCFLs – p.4/27

 16



Outline

1. Introduction

2. Multiple Context-Free Grammars

3. Multiple Dyck Languages

4. Representation Theorem for CFLs

5. Representation Theorem for MCFLs

Chomsky-Schützenberger-Type Characterization of MCFLs – p.5/27

2. Multiple Context-Free Grammars
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• A → aBC (cf rule):
B

∗
⇒ u and C

∗
⇒ v implies A

∗
⇒ auv.

• A〈axy〉 :− B〈x〉, C〈y〉 (mcf rule notation).

• Each nonterminal generates
� a set of strings (cfg)
� a set of tuples of strings (mcfg)

• D〈bx1, y1cx2〉 :− E〈x1, x2〉, F 〈y1〉,
E

∗
⇒ 〈u1, u2〉 and F

∗
⇒ 〈v1〉 implies D

∗
⇒ 〈bu1, v1cu2〉.
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Multiple Context-Free Grammars

G = 〈Σ, N, P, S〉

• Σ: alphabet of terminal symbols

• N : indexed alphabet of nonterminal symbols (dim(A) ≥ 1)
� A generates dim(A)-tuples of strings

• S ∈ N : distinguished symbol (dim(S) = 1)

• P : production rules
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G = 〈Σ, N, P, S〉

• Σ: alphabet of terminal symbols

• N : indexed alphabet of nonterminal symbols (dim(A) ≥ 1)
� A generates dim(A)-tuples of strings

• S ∈ N : distinguished symbol (dim(S) = 1)

• P : production rules
� Each rule has the form

A〈t1, . . . , tdim(A)〉 :− B1〈x1,1, . . . , x1,dim(B1)〉, . . . , Bn〈xn,1, . . . , xn,dim(Bn)〉

� ti ∈ (Σ ∪ { xi,j | 1 ≤ i ≤ n, 1 ≤ j ≤ dim(Bi) })∗

� each variable xi,j occurs exactly once in t1 . . . tdim(A).
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Example

� S〈x1y1x2y2〉 :− A〈x1, x2〉, B〈y1, y2〉,

� A〈a, c〉 :− , � A〈ax1, cx2〉 :− A〈x1, x2〉,

� B〈b, d〉 :− , � B〈by1, dy2〉 :− B〈y1, y2〉,
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MCFL Hierarchy

• m-MCFG(r): collection of mcfgs such that
� dim(A) ≤ m for all nonterminals A,
� Rules have at most r nonterminals on right,

i.e., A〈�t〉 :− B1〈�x1〉, . . . , Bn〈�xn〉 implies n ≤ r.
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• m-MCFL(r): substitution closed full AFL
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Representation Theorem of MCFL

• A language L is multiple context-free in m-MCFL(r), if and only if

L = h(D ∩ R)

for a homomorphism h, a multiple Dyck language D in m-MCFL(r)

and a regular language R.
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Representation Theorem of MCFL

• A language L is multiple context-free in m-MCFL(r), if and only if

L = h(D ∩ R)

for a homomorphism h, a multiple Dyck language D in m-MCFL(r)

and a regular language R.

• “if” part follows from that m-MCFL(r) is a substitution closed full AFL.
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3. Multiple Dyck Languages
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Multiple Dyck Languages

• Dyck Grammar on an alphabet Δ defines a language over Δ ∪ Δ

� Unique nonterminal S,

� S → aSā where a ∈ Δ, ā ∈ Δ ,
� S → SS | ε .

Chomsky-Schützenberger-Type Characterization of MCFLs – p.15/27
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• Dyck Grammar on an alphabet Δ defines a language over Δ ∪ Δ

� Unique nonterminal S,

� S〈axā〉 :− S〈x〉 where a ∈ Δ, ā ∈ Δ ,

� S〈x1x2〉 :− S〈x1〉, S〈x2〉 and S〈ε〉 :− .

• Multiple Dyck Grammar in m-MCFG(r) on an indexed alphabet Δ
such that dim(a) ≤ m for all a ∈ Δ defines a language over

Δ̂ = { a[i], ā[i] | 1 ≤ i ≤ dim(a), a ∈ Δ }

� Nonterminals: S1, . . . , Sm where dim(Sk) = k,

� Sk〈a[1]x1ā[1], . . . , a[k]xkā[k]〉 :− Sk〈x1, . . . , xk〉

where a ∈ Δ, dim(a) = k,
� Any terminal-free rules allowed in m-MCFG(r), i.e.,

Sk〈�t〉 :− Sk1
〈�x1〉, . . . , Skn

〈�xn〉

where �t is terminal-free and n ≤ r.
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Multiple Dyck Languages

• Elements of multiple Dyck language on Δ are those of a (cf) Dyck
language on { a[i] | a ∈ Δ, 1 ≤ i ≤ dim(a) }

• Occurrences of bracket-pairs are partitioned into groups

• Each consists of 〈a[1], ā[1]〉, . . . , 〈a[dim(a)], ā[dim(a)]〉 for a ∈ Δ
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language on { a[i] | a ∈ Δ, 1 ≤ i ≤ dim(a) }

• Occurrences of bracket-pairs are partitioned into groups
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• If a member of a group X occurs inside another Y ,
all members of X occur inside Y , too.

(^ ^) a[2] b[1] a[1] ā[1] a[2] ā[2] b̄[1] ā[2] a[1] b[2] b̄[2] ā[1]

where dim(a) = dim(b) = 2.
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Multiple Dyck Languages

• Elements of multiple Dyck language on Δ are those of a (cf) Dyck
language on { a[i] | a ∈ Δ, 1 ≤ i ≤ dim(a) }

• Occurrences of bracket-pairs are partitioned into groups

• Each consists of 〈a[1], ā[1]〉, . . . , 〈a[dim(a)], ā[dim(a)]〉 for a ∈ Δ

• If a member of a group X occurs inside another Y ,
all members of X occur inside Y , too.

(^ ^) a[2] b[1] a[1] ā[1] a[2] ā[2] b̄[1] ā[2] a[1] b[2] b̄[2] ā[1]

(x x) b[1] a[1] ā[1] b̄[1] a[2] b[2] b̄[2]ā[2], a[1] a[2] ā[2] ā[1], b[2] b̄[2]

where dim(a) = dim(b) = 2.

• Ways of aligning brackets are restricted by available means in
m-MCFG(r)
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4. Representation Theorem of CFL
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Representation Theorem

• A language L over Σ is context-free, if and only if

L = h(D ∩ R)

for a homomorphism h : (Δ ∪ Δ)∗ → Σ∗,
the Dyck language D on Δ and
a regular language R ⊆ (Δ ∪ Δ)∗.

Chomsky-Schützenberger-Type Characterization of MCFLs – p.18/27
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Representation Theorem

• A language L over Σ is context-free, if and only if

L = h(D ∩ R)

for a homomorphism h : (Δ ∪ Δ)∗ → Σ∗,
the Dyck language D on Δ and
a regular language R ⊆ (Δ ∪ Δ)∗.

• Elements of Δ are written as [[X for some X and
those of Δ are ]]X instead of [[X
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Example

L = h(D ∩ R)

• Original cfg (L)
π1 : S → aA, π2 : A → bAB, π3 : A → c, π4 : B → d
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Example

L = h(D ∩ R)

• Original cfg (L)
π1 : S → aA, π2 : A → bAB, π3 : A → c, π4 : B → d

S

a A

b A B

c d
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Example

L = h(D ∩ R)

• Original cfg (L)
π1 : S → aA, π2 : A → bAB, π3 : A → c, π4 : B → d

S

a A

b A B

c d

[[a ]]a [[π1,1 ]]π1,1

[[b ]]b [[π2,1 ]]π2,1 [[π2,2 ]]π2,2

[[c ]]c [[d ]]d
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Example

L = h(D ∩ R)

• Original cfg (L)
π1 : S → aA, π2 : A → bAB, π3 : A → c, π4 : B → d

S

a A

b A B

c d

[[a ]]a [[π1,1 ]]π1,1

[[b ]]b [[π2,1 ]]π2,1 [[π2,2 ]]π2,2

[[c ]]c [[d ]]d

• [[a ]]a [[π1,1 [[b ]]b [[π2,1 [[c ]]c ]]π2,1 [[π2,2 [[d ]]d ]]π2,2 ]]π1,1 ∈ D ∩ R
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Example

L = h(D ∩ R)

• Original cfg (L)
π1 : S → aA, π2 : A → bAB, π3 : A → c, π4 : B → d

S

a A

b A B

c d

[[a ]]a [[π1,1 ]]π1,1

[[b ]]b [[π2,1 ]]π2,1 [[π2,2 ]]π2,2

[[c ]]c [[d ]]d

• [[a ]]a [[π1,1 [[b ]]b [[π2,1 [[c ]]c ]]π2,1 [[π2,2 [[d ]]d ]]π2,2 ]]π1,1 ∈ D ∩ R

• h(X) =

{
z if X = [[z with z ∈ {a, b, c, d}

ε otherwise

Chomsky-Schützenberger-Type Characterization of MCFLs – p.19/27
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Example

L = h(D ∩ R)

• Original cfg (L)
π1 : S → aA, π2 : A → bAB, π3 : A → c, π4 : B → d

S

a A

b A B

c d

[[a ]]a [[π1,1 ]]π1,1

[[b ]]b [[π2,1 ]]π2,1 [[π2,2 ]]π2,2

[[c ]]c [[d ]]d

• [[a ]]a [[π1,1 [[b ]]b [[π2,1 [[c ]]c ]]π2,1 [[π2,2 [[d ]]d ]]π2,2 ]]π1,1 ∈ D ∩ R
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Example

L = h(D ∩ R)

• Original cfg (L)
π1 : S → aA, π2 : A → bAB, π3 : A → c, π4 : B → d

• Dyck-decorated cfg (D ∩ R)
π̂1 : S → [[a]]a [[π1,1A]]π1,1 ,
π̂2 : A → [[b]]b [[π2,1A]]π2,1 [[π2,2B]]π2,2 ,
π̂3 : A → [[c]]c , π̂4 : B → [[d]]d
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Example

L = h(D ∩ R)

• Original cfg (L)
π1 : S → aA, π2 : A → bAB, π3 : A → c, π4 : B → d

• Dyck-decorated cfg (D ∩ R)
π̂1 : S → [[a]]a [[π1,1A]]π1,1 ,
π̂2 : A → [[b]]b [[π2,1A]]π2,1 [[π2,2B]]π2,2 ,
π̂3 : A → [[c]]c , π̂4 : B → [[d]]d

• Control right-linear grammar (R)
(π1) S → [[a]]a [[π1,1A, T → ]]π1,1 T ,
(π2) A → [[b]]b [[π2,1A, T → ]]π2,1 [[π2,2B, T → ]]π2,2 T ,
(π3) A → [[c]]cT , (π4) B → [[d]]dT ,
(aux.) T → ε .

• A
∗

⇒
GL

w iff A
∗

⇒
GR

wT and w ∈ D.
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5. Representation Theorem of MCFL
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MCFL’s Case (naive application)

L = h(D ∩ R)

• Original mcfg (L):
ρ : S〈z1z2〉 :− A〈z1, z2〉,
π : A〈x1ay1x2, a〉 :− B〈x1, x2〉, C〈y1〉

Chomsky-Schützenberger-Type Characterization of MCFLs – p.22/27

MCFL’s Case (naive application)

L = h(D ∩ R)

• Original mcfg (L):
ρ : S〈z1z2〉 :− A〈z1, z2〉,
π : A〈x1ay1x2, a〉 :− B〈x1, x2〉, C〈y1〉

S[1]

A[1] A[2]

B[1] a C[1] B[2] a

Chomsky-Schützenberger-Type Characterization of MCFLs – p.22/27
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MCFL’s Case (naive application)

L = h(D ∩ R)

• Original mcfg (L):
ρ : S〈z1z2〉 :− A〈z1, z2〉,
π : A〈x1ay1x2, a〉 :− B〈x1, x2〉, C〈y1〉

S[1]

A[1] A[2]

B[1] a C[1] B[2] a

[[[1]ρ,1 ]][1]ρ,1 [[[2]ρ,1 ]][2]ρ,1

[[[1]π,1 ]][1]π,1
[[a ]]a [[[1]π,2 ]][1]π,2 [[[2]π,1 ]][2]π,1

[[a ]]a
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MCFL’s Case (naive application)

L = h(D ∩ R)

• Original mcfg (L ∈ m-MCFL(r)):
π : A〈x1ay1x2, a〉 :− B〈x1, x2〉, C〈y1〉
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MCFL’s Case (naive application)

L = h(D ∩ R)

• Original mcfg (L ∈ m-MCFL(r)):
π : A〈x1ay1x2, a〉 :− B〈x1, x2〉, C〈y1〉

• Multiple Dyck decoration (D ∩ R ∈ m-MCFL(r)):
π̂ : A〈 [[

[1]
π,1 x1 ]]

[1]
π,1 [[a]]a [[

[1]
π,2 y1 ]]

[1]
π,2 [[

[2]
π,1 x2 ]]

[2]
π,1 , [[a]]a 〉

π : A〈x1ay1x2, a〉 :− B〈x1, x2〉, C〈y1〉

� Simulated by the multiple Dyck grammar in m-MCFL(r)
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MCFL’s Case (naive application)

L = h(D ∩ R)

• Original mcfg (L ∈ m-MCFL(r)):
π : A〈x1ay1x2, a〉 :− B〈x1, x2〉, C〈y1〉

• Multiple Dyck decoration (D ∩ R ∈ m-MCFL(r)):
π̂ : A〈 [[

[1]
π,1 x1 ]]

[1]
π,1 [[a]]a [[

[1]
π,2 y1 ]]

[1]
π,2 [[

[2]
π,1 x2 ]]

[2]
π,1 , [[a]]a 〉

π : A〈x1ay1x2, a〉 :− B〈x1, x2〉, C〈y1〉

• Control right linear grammar (R):
� T → ε,

� A[1] → [[[1]π,1 B[1], [[1]π T → ]][1]π,1 [[a]]a [[[2]π,2 C[1],

T → ]]
[1]
π,2 [[

[2]
π,1 B[2], T → ]]

[2]
π,1 T ,

� A[2] → [[a]]aT ,
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MCFL’s Case (naive application)

L = h(D ∩ R)

• Original mcfg (L ∈ m-MCFL(r)):
π : A〈x1ay1x2, a〉 :− B〈x1, x2〉, C〈y1〉

• Multiple Dyck decoration (D ∩ R ∈ m-MCFL(r)):
π̂ : A〈[

[1]
π [[

[1]
π,1 x1 ]]

[1]
π,1 [[a]]a [[

[1]
π,2 y1 ]]

[1]
π,2 [[

[2]
π,1 x2 ]]

[2]
π,1 ]

[1]
π , [

[2]
π [[a]]a]

[2]
π 〉

π : A〈x1ay1x2, a〉 :− B〈x1, x2〉, C〈y1〉

• Control right linear grammar (R):
� T → ε,

� A[1] → [[1]π [[[1]π,1 B[1], T → ]][1]π,1 [[a]]a [[[2]π,2 C[1],

T → ]]
[1]
π,2 [[

[2]
π,1 B[2], T → ]]

[2]
π,1 ]

[1]
π T ,

� A[2] → [[2]π [[a]]a][2]π T ,

• [
[1]
π , ]

[1]
π , [

[2]
π , ]

[2]
π must co-occur in the multiple Dyck language D
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MCFL’s Case (right decoration)

• ρ : S〈x1, x2〉 :− A〈z1, z2〉,
π : A〈y1az1y2, a〉 :− B〈x1, x2〉, C〈y1〉

S[1]

A[1] A[2]

B[1] a C[1] B[2] a

[[[1]ρ,1 ]][1]ρ,1

[[1]ρ ][1]ρ

[[[2]ρ,1 ]][2]ρ,1

[[[1]π,1 ]][1]π,1

[
[1]
π ]

[1]
π

[[a ]]a [[[1]π,2 ]][1]π,2 [[[2]π,1 ]][2]π,1
[[a ]]a

[
[2]
π ]

[2]
π

Chomsky-Schützenberger-Type Characterization of MCFLs – p.24/27
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MCFL’s Case (right decoration)

• ρ : S〈x1, x2〉 :− A〈z1, z2〉,
π : A〈y1az1y2, a〉 :− B〈x1, x2〉, C〈y1〉,
π′ : A〈y1bz1y2, b〉 :− B〈x1, x2〉, C〈y1〉

S[1]

A[1] A[2]

B[1] a C[1] B[2] a

[[[1]ρ,1 ]][1]ρ,1

[[1]ρ ][1]ρ

[[[2]ρ,1 ]][2]ρ,1

[[[1]π,1 ]][1]π,1

[
[1]
π ]

[1]
π

[[a ]]a [[[1]π,2 ]][1]π,2 [[[2]π,1 ]][2]π,1
[[a ]]a

[
[2]
π ]

[2]
π
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Results

• Representation Theorem

L ∈ m-MCFL(r) if and only if L = h(D ∩ R)

for some index alphabet Δ with dim(Δ) = m,
a regular language R over Δ̂,
a homomorphism h : Δ̂∗ → Σ∗,
where D is the multiple Dyck language on Δ of rank r.
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Results

• Representation Theorem

L ∈ m-MCFL(r) if and only if L = h(D ∩ R)

for some index alphabet Δ with dim(Δ) = m,
a regular language R over Δ̂,
a homomorphism h : Δ̂∗ → Σ∗,
where D is the multiple Dyck language on Δ of rank r.

• Generator Theorem
For any m, r ≥ 1 and Σ,
there is an indexed alphabet Δ0 and a homomorphism h0 such that

L ∈ m-MCFL(r) if and only if L = h0(D0 ∩ R)

for some regular language R,
where D0 is the multiple Dyck language on Δ0 of rank r.
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Proof

• CFLs:
� Δ0 = { [, [[ } ∪ { [[a | a ∈ Σ },
� Δ = { [[i | i = 1, . . . , p } ∪ { [[a | a ∈ Σ },
� [[i �→ [[ [ . . . [︸ ︷︷ ︸

i-times

[[.
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Proof

• CFLs:
� Δ0 = { [, [[ } ∪ { [[a | a ∈ Σ },
� Δ = { [[i | i = 1, . . . , p } ∪ { [[a | a ∈ Σ },
� [[i �→ [[ [ . . . [︸ ︷︷ ︸

i-times

[[.

• MCFLs:
� Δ0 = { [k, [[k | 1 ≤ k ≤ m } ∪ { [[a | a ∈ Σ }

with dim([k) = dim([[k) = k and dim([[a) = 1,
� Δ = { [[k,i | i = 1, . . . , pk, 1 ≤ k ≤ m } ∪ { [[a | a ∈ Σ }

with dim([[k,i) = k,

� [[
[j]
k,i �→ [[

[j]
k [

[j]
k . . . [

[j]
k︸ ︷︷ ︸

i-times

[[
[j]
k .
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Thank you
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