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It is a well-known theorem by Chomsky and $oénberger (1963) that every context-
free language can be represented as a homomorphic image of the intersection of a Dyck
language and a regular language. This paper gives a Chomskse8bbrger-type
characterization for multiple context-free languages, which are a natural extension of
context-free languages, with introducing the notion of multiple Dyck languages, which
also are a generalization of Dyck languages.
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+ Representation Theorem — this talk

Representation Theorem

o Alanguage L is context-free, if and only if
L=h(DNR)

for a homomorphism h, a Dyck language D and a regular language R.
(Chomsky & Schiitzenberger 1963)

—

Representation Theorem

o Alanguage L is context-free, if and only if
L=h(DNR)

for a homomorphism h, a Dyck language D and a regular language R.
(Chomsky & Schiitzenberger 1963)

o Alanguage L is multiple context-free, if and only if
L=h(DNR)

for a homomorphism h, a multiple Dyck language D and a regular

language R.
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Multiple Context-Free Grammars

o CFrules:
bottom-up recursive definition of the languages of nonterminals

e A — aBC (cfrule):

B = uwand C = vimplies A = auw.
o A(axy) :— B(x), C(y) (mcf rule notation).
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+ aset of tuples of strings (mcfg)

Multiple Context-Free Grammars

e CF rules:
bottom-up recursive definition of the languages of nonterminals

e A — aBC (cfrule):
B = uwand C = v implies A = auwv.
o A(axy) :— B(x), C(y) (mcf rule notation).
e Each nonterminal generates
+ aset of strings (cfg)
+ aset of fuples of strings (mcfg)
o D(bxy,y1cx2) :— E(x1,22), F(y1),
ES (u1,us) and F = (v1) implies D B (buy, vicus).

—
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G=(%,N,P,S)

e X: alphabet of terminal symbols

e N: indexed alphabet of nonterminal symbols (dim(A) > 1)
¢ A generates dim(A)-tuples of strings

e S € N:distinguished symbol (dim(S) = 1)

e P: production rules

—

Multiple Context-Free Grammars

G=(%,N,P,S)

e X: alphabet of terminal symbols

e NN: indexed alphabet of nonterminal symbols (dim(A) > 1)
+ A generates dim(A)-tuples of strings

e S € N: distinguished symbol (dim(S) = 1)

e P: production rules
+ Each rule has the form

At1y ..y taim(a)) i— Bi{T1,15+ -+ s T1,dim(B1))s -+ + » Bn{Tn1y+ - + s Trdim(B,))

vt e (CU{mi; |1<i<n,1<j<dim(B;)})*
+ each variable x; ; occurs exactly once in ty . .. tgim(a)-

—

Example

* S(x1y1T2y2) i— A(T1, 22), B{Y1,Y2),

Example

* S(x1y1®2y2) i— AT, 22), B{Y1,¥2),

* S(Z1y1%2y2) — A(T1,T2), B(y1,¥2),
* Aa,c) :—, * A{az1,cxa) :i— A(x1,T2),

* B(b,d) :—, * B(byi,dyz) :— B(y1,y2),
(a,c) € L(A) = (aa,cc) € L(A)... = (a™,c™) € L(A)

L(A) = {(a™,c™) | m > 0}
L(B) = {{(6",d") | n > 0}

—

* Aa,c) :—, * A{az1,cxa) :i— A(x1,T2), *x Aa,c) :—, x A{axq,cxa) :i— A(x1,T2),
* B(b,d) :—, * B(byi,dyz2) :— B(y1,9y2), * B(b,d) :—, * B(byi,dyz) :— B(y1,92),
(a,c) € L(A) = (aa,cc) € L(A)... = (a™,c™) € L(A)
Example Example

* S(Z1Y1%2Y2) — A(T1,T2), B(y1,¥2),
*x Aa,c) :—, x A{axq,cxa) :i— A(x1,T2),

* B(b,d) :—, * B(byi,dyz) :— B(y1,92),
(a,c) € L(A) = (aa,cc) € L(A)... = (a™,c™) € L(A)

L(A) = {(a™,c™) | m > 0}
L(B) = {{(6",d") | n > 0}

L(G) = {a™b"c™d™ | myn >0}

—
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Example

* S(x1y1T2y2) i— AT, T2), B{Y1,Y2),

Example

* S(x1y1®2y2) i— AT, 22), B{Y1,Y2),

* Aa,c) :—, * A{axq,cxa) :i— A(x1,T2), * Aa,c) :—, x A{az1,cxa) :i— A(x1,T2),
* B(b,d) :—, * B(byi,dyz) :— B(y1,9y2), * B(b,d) :—, * B(byi,dyz) :— B(y1,92),
sl Sl
Al \B[%/ B2 Al Bl Al Bl
a/\A[l] b ¢ A2l 4 a/\A[l] b ¢ A2l 4
a c a c Al2]
Example MCFL Hierarchy

* S(x1y1T2y2) i— A(T1, 22), B{Y1,Y2),

* Aa,c) :—, * A{az1,cxa) :i— A(x1,T2),
* B(b,d) :—, * B(byi,dyz2) :— B(y1,9y2),
Sl
A[”\BI%/BM
a Al b c AR d
a c Al

o m-MCFG(r): collection of mcfgs such that
¢ dim(A) < m for all nonterminals A,
+ Rules have at most » nonterminals on right,
i.e., A(t) :— B1(®1),..., Bp(®,) implies n < 7.
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¢ dim(A) < m for all nonterminals A,
+ Rules have at most » nonterminals on right,
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o m-MCFL(7): family of languages corresponding to m-MCFG(r).

—

MCFL Hierarchy

o m-MCFG(r): collection of mcfgs such that
¢ dim(A) < m for all nonterminals A,
+ Rules have at most » nonterminals on right,
i.e., A(t) :— B1(®1),..., Bp(®,) implies n < 7.
o m-MCFL(7): family of languages corresponding to m-MCFG(r).
¢ 1-MCFL(2) = U,.>; 1-MCFL(r): CFL

—
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MCFL Hierarchy

o m-MCFG(r): collection of mcfgs such that
¢ dim(A) < m for all nonterminals A,
+ Rules have at most » nonterminals on right,
i.e., A(t) :— B1(®1),..., Bn(®,) implies n < 7.
o m-MCFL(7): family of languages corresponding to m-MCFG(r).
¢ 1-MCFL(2) = U,.>; 1-MCFL(r): CFL
¢ m-MCFL(r) € m-MCFL(r + 1) form > 2unlessm =r =2
¢+ m-MCFL(r) € (m + 1)-MCFL(r) forr > 1

{aTbTalbl ...a™b" | n >0} € m-MCFL(1) \ (m — 1)-MCFL(1)

o m-MCFL(r): substitution closed full AFL

Representation Theorem of MCFL

o Alanguage L is multiple context-free in m-MCFL(r), if and only if
L=h(DNR)

for a homomorphism h, a multiple Dyck language D in m-MCFL(r)
and a regular language R.

Representation Theorem of MCFL

o Alanguage L is multiple context-free in m-MCFL(r), if and only if
L=h(DNR)

for a homomorphism h, a multiple Dyck language D in m-MCFL(r)
and a regular language R.

“if” part follows from that m-MCFL(r) is a substitution closed full AFL.

—

3. Multiple Dyck Languages

—

Multiple Dyck Languages

o Dyck Grammar on an alphabet A defines a language over A U A
+ Unique nonterminal S,
¢ S —aSawherea c A,ac A ,
¢ S—85]|¢.
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Multiple Dyck Languages

o Dyck Grammar on an alphabet A defines a language over A U A
+ Unique nonterminal S,
+ S(azxa) :— S{x)wherea € A,ac A ,
¢ S{z1x2) :— S{T1), S(x2) ANd S(e) :— .
o Multiple Dyck Grammar in m-MCFG(r) on an indexed alphabet A
such that dim(a) < m for all a € A defines a language over

A={a"a"|1<i<dim(a),acA}

+ Nonterminals: Sy,..., S, where dim(Sy) = k,

o Sp(aMeia, ... aMaeal®) (= Sp(xq,...,x)
where a € A, dim(a) = k,

+ Any terminal-free rules allowed in m-MCFG(r), i.e.,
Sy () = Sk, (T1)s -+ -5 Sk, (Tn)
where t is terminal-free and n < r.

—

Multiple Dyck Languages

o Elements of multiple Dyck language on A are those of a (cf) Dyck
language on { al’l | a € A, 1 < i < dim(a) }

e Occurrences of bracket-pairs are partitioned into groups
o Each consists of (alll,alll),. .., (aldim(a)] gldim(a)ly fora € A

Multiple Dyck Languages

o Elements of multiple Dyck language on A are those of a (cf) Dyck
language on { alll | a € A, 1 < i < dim(a) }
e Occurrences of bracket-pairs are partitioned into groups
o Each consists of (alll,alll),. .., (aldim(a)] gldim(a)ly for q € A
o If a member of a group X occurs inside another Y,
all members of X occur inside Y, too.

(") al2] pl) gl1] glil g2 Gl2] Bl g2l gl izl fl2 glu]
[ T R T e T ey

where dim(a) = dim(b) = 2.

—
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Multiple Dyck Languages

o Elements of multiple Dyck language on A are those of a (cf) Dyck
language on { al’l | a € A, 1 < i < dim(a) }
e Occurrences of bracket-pairs are partitioned into groups
o Each consists of (alll,alll),. .., (aldim(a)] gldim(a)ly fora € A
o If a member of a group X occurs inside another Y,
all members of X occur inside Y, too.

(") al2 pl) gl1] gl g2 Gl2] Bl g2l gl izl fl2 glu]
- e I T R S iy

(x x) bl @1l g1l 5l gl2] pl2] Gl2lgl2, M gl2] gl2l gll,  pl2] B2l
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Multiple Dyck Languages

o Elements of multiple Dyck language on A are those of a (cf) Dyck
language on { al?l | a € A, 1 < i < dim(a) }

Occurrences of bracket-pairs are partitioned into groups

o Each consists of (alll,alll),.. ., (aldim(a)] gldim(a)ly forq € A
o If a member of a group X occurs inside another Y,

all members of X occur inside Y, too.

("N al2l b1l g1l g1l gl2] gl2] Bl gl2] gl pl2] 2] gl
= [ E— [ E— |

(x x) bl g1l g1l Bl gl2] pl2] Gl2lgl2, M gl2] gl2l gll,  pl2] 2l

where dim(a) = dim(b) = 2.
Ways of aligning brackets are restricted by available means in

m-MCFG(r) I

4. Representation Theorem of CFL

—

Representation Theorem

o Alanguage L over X is context-free, if and only if
L=h(DNR)

for a homomorphism h : (A U A)* — X%,
the Dyck language D on A and
aregular language R C (A U A)*.
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Representation Theorem

o Alanguage L over X is context-free, if and only if
L=h(DNR)

for a homomorphism h : (A U A)* — X%,
the Dyck language D on A and
aregular language R C (A U A)*.
o Elements of A are written as [, for some X and
those of A are | instead of [

—

Example

L=h(DNR)
e Original cfg (L)
w8 —>aA, my: A—bAB, w3: A —¢c, my:B—d
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Example

L=h(DNR)
e Original cfg (L)
w8 —aA, my: A—bAB, w3: A—c, my:B—d
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a A
b A B

Example

L=h(DNR)
e Original cfg (L)
w8 —>aA, my: A—bAB, w3: A—c, mmy:B—d

S

ﬂamﬂm,l
a A
A B

b
L1, L1,
c d

—

Example

L=h(DNR)
e Original cfg (L)
w8 —aA, my: A—bAB, w3: A—c, my:B—d

S

ﬂam]m,l
a A
A B

b
L1, L11.
c d

llalma bloln Llelmn 2 lalalm 2 by € DN R

—

Example

L=h(DNR)
e Original cfg (L)
w8 —>aA, my: A—bAB, w3: A —c, mmy:B—d

S

ﬂamﬂm,l
a A
A B

b
L1, L11a
c d

* lalalma b lolepn e dman L2 L laIs 2 Dy p € DN R

o h(X) = {Z I

if X =[_ withz € {a,b,c,d}
otherwise
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Example

L=h(DNR)

e Original cfg (L)
w8 —aA, my: A—bAB, w3: A —c, mmy:B—d

S

ﬂam]m,l
a A
A B

b
LI1.

Cllalma bloln Ll lmn e lalalm 2 by € DN R

—

Lal1a
d

Example

L=h(DNR)
e Original cfg (L)
w8 —>aA, my: A—bAB, w3: A—c, my:B—d
e Dyck-decorated cfg (D N R)
18 — [[a]]a IIrrl,lA]lﬂ'],l ’
2t A =[], [[m,lA]]m,l [[Wz,ZB]]ﬂ'z,Z ’
i3t A—=[]., ®a:B—[a

Example

L=h(DNR)
e Original cfg (L)
w8 —aA, my: A—bAB, w3: A—c, my:B—d
e Dyck-decorated cfg (D N R)
#1:8 = [o]a Lry 1 ALey 1
gt A — [[b]]b |I7r2,1A]]7r2,1 [[7(2,2B]]1\'2,2 ’
fis: A= []., #a:B—[a
Control right-linear grammar (R)
(m1) § = L] [y 1A T — 15,1 T,
(m2) A — [,], |Lr2,1A7 T— ]]m,l |I1r2,ZB’ T— ]]m,z T,

(m3) A = [I.T, (ma) B— [41.T,

(aux.) T — €.

e A w iff A wlandw € D.
GL Gr

5. Representation Theorem of MCFL

—

MCFL’s Case (naive application)

L=h(DNR)
e Original mcfg (L):
p i S(z122) i— A(z1, 22),
7+ A(ziay1x2, a) :— B(x1,z2), C{y1)

MCFL’s Case (naive application)

L=h(DNR)
e Original mcfg (L):
p: S(z122) i— A(z1, 22),
7+ A(ziay1x2, a) :— B(xy,z2), C({y1)
sl

/\

All]v Al2]

a

—

Bl a cl B2
[ E
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MCEFL’s Case (naive application)

L=h(DNR)
e Original mcfg (L):
p: S(z122) i— A(z1, 22),
7 A(ziay1x2, a) :— B(xy,z2), C{y1)
sl

1 1 2 2
mmﬂm

A[ll\// Al2]

L. 508, 2, laf1a
cl Bl2l a

' ]

MCEFEL’s Case (naive application)

L=h(DNR)
o Original mefg (L € m-MCFL(r)):
7 A(ziay1x2, a) :— B(x1,z2), C{y1)

—

MCFL’s Case (naive application)

L=h(DNR)
o Original mefg (L € m-MCFL(r)):
7 A{ziay1x2, a) :— B(x1,z2), C{y1)
o Multiple Dyck decoration (D N R € m-MCFL(r)):
w:AC Bhe ] Ll DL wn 10h 17 2218
i— B(x1,22), C(y1)
+ Simulated by the multiple Dyck grammar in m-MCFL(r)

L.

—

MCEL’s Case (naive application)

L=h(DNR)
o Original mefg (L € m-MCFL(r)):
7 A(ziay1x2, a) :— B(x1,z2), C{y1)
o Multiple Dyck decoration (D N R € m-MCFL(r)):
w:AC Rhaa D) Ll R o 10, (8 2210
i— B(x1,22), C(y1)
o Control right linear grammar (R):
¢ T — ¢,
. Al II‘E\'l,]l B,
T— ]]Erl,]z HE?,]I B[Z],
o AR S [ ].T,

T — 1Y L1, [, cm,
T — ]]E?,]l T,

lJ.

—

MCFL’s Case (naive application)

L=h(DNR)
o Original mcfg (L € m-MCFL(r)):
7+ A{ziay1x2, a) :— B(x1,z2), C{y1)
o Multiple Dyck decoration (D N R € m-MCFL(r)):
s A 2 10 Lo 18 w0 005 12) 2202010, (200080
i— B(x1,%2), C(y1)
o Control right linear grammar (R):
¢ T — g,
o Al 00, B0, T — 10 1. 2, o,
T— ]]E:,]z HE,]I BB, T — ]]‘E?,]I]E:]Tv

o AR S B P,

. [E:],]EJ], [f],}f] must co-occur in the multiple Dyck language D I

MCEFEL’s Case (right decoration)

o p: S(w1,@z) = Az, 22),
71 A(y1az1y2, a) :— B{x1,x2),C(y1)

sl

Al

B a chl B2l
| |
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MCEFL’s Case (right decoration)

o 0 S(@r,m) - Az, ),
7+ A(y1az1y2, a) :— B(z1,x2),C(y1),
7+ A(yi1bz1y2, b) :— B(z1,x2), C{y1)

Results

o Representation Theorem

L € m-MCFL(r) if and only if

for some index alphabet A with dim(A) = m,
aregular language R over A,

a homomorphism h : A* — %,

where D is the multiple Dyck language on A of rank r.

L =h(DNR)

—

Results

o Representation Theorem

L € m-MCFL(r) ifandonlyif L =h(DNR)

for some index alphabet A with dim(A) = m,
a regular language R over A,
a homomorphism h : A* — %,
where D is the multiple Dyck language on A of rank r.
e Generator Theorem
Forany m,r > 1and X,
there is an indexed alphabet Ay and a homomorphism hq such that

L € m-MCFL(r) ifandonlyif L = ho(DoN R)

for some regular language R,
where Dy is the multiple Dyck language on A of rank r. I

Proof

e CFLs:
¢ Ao={[[}U{l,laex}
v A={[;li=1,...,p}U{[,|lae X},
¢ = I[---[I

——
i-times

Proof

e CFLs:
¢ Ao={[[}V{l,laex}
v A={[;li=1,...,p}U{[,|lae X},
o L=l
e MCFLs:
¢ Ao ={[p11<k<m}U{[,laeT}
with dim([,,) = dim([[,,) = k and dim([,) = 1,
¢ A={[li=lyep 1<k <m}U{[, [a€S}
with dim([,, ;) = k.
R HE] — ﬂ[j] [[j] [E] |Il[c]]
i ... .

i-times

—

Thank you

26




