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On caustics of submanifolds and canal
hypersurfaces in Euclidean space

Shyuichi Izumiya* and Masatomo Takahashi'

March 2, 2011

Abstract

We investigate a relationship between the caustics of a submanifold of general dimen-
sion and of a canal hypersurface of the submanifold in Euclidean space. As a conse-
quence, these caustics are the same. Moreover, induced Lagrangian immersion germs are
Lagrangian equivalent under a suitable condition. In order to show the results, we use
the theory of Lagrangian singularity and of Legendrian singularity.

1 Introduction

The study of singularities of caustics and wave fronts was the starting point of the theory of
Lagrangian and Legendrian singularities developed by several mathematicians and physicists
[1,2,4,5,6,8,16, 17, 18] etc. Then the significance of Lagrangian and Legendrian submanifolds
of symplectic and respectively contact spaces has been recognised throughout mathematics,
from algebraic geometry to differential equations, optimisation problems and physics. In the
previous paper [12], we have given a relationship of equivalence relations between Lagrangian
submanifolds and big Legendrian submanifolds. As an application of this theory, we give a
relationship between the caustics (the evolutes) of a submanifold of general dimension and of
the canal hypersurface of the submanifold in Euclidean space. The main results are Theorems
1.4 and 1.5. In [12], we have shown that the Lagrangian equivalence among the caustics (the
evolutes) corresponds to the contact type of hypersurfaces with the foliations whose leaves are
the concentric hyperspheres. As an application of the main results, we can investigate the
geometric properties of submanifolds via those of the canal hypersurfaces from the contact
view point. In order to describe our results we give a brief review on the local theory of
Lagrangian singularities due to [1]. We consider the cotangent bundle 7 : T*R" — R" over R".
Let (z,p) = (z1,...,%n,P1,---,Pn) be the canonical coordinate on T*R"™. Then the canonical
symplectic structure on T*R" is given by the canonical two form w = ", dp; A dz;. Let
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i : L — T*R" be an immersion. We say that i is a Lagrangian immersion if dim L and i*w = 0.
In this case, the critical value of 7 o is called the caustic of i : L — T*R™ and it is denoted
by Cp. One of the main results in the theory of Lagrangian singularities is the description of
Lagrangian immersion germs by using families of function germs. Let F': (R x R",0) — (R, 0)
be an n-parameter unfolding of function germs. We say that F'is a Morse family of functions
if the map germ
AF = <8—F8—F> : (RF x R*,0) — (R¥,0)
oqn O

is a non-singular, where (¢, z) = (q1,...,qr, 21, ...,2,) € (R¥ x R*,0). In this case, we have a
smooth n-dimensional submanifold germ C(F) = (AF)1(0) C (R* x R*,0) and a map germ
L(F): (C(F),0) — T*R™ defined by

memz@%ﬁmwg%@@

We can show that L(F') is a Lagrangian immersion germ. Then we have the following funda-
mental result ([1], page 300).

Proposition 1.1 All Lagrangian immersion germs in T*R™ are constructed by the above method.

For an n-parameter unfolding of function germs F : (R* x R, 0) — (R, 0), we call

C(F) = {(a0) € (B x B.0) | 50 (0) = = 5 _(a.) =0},

the catastrophe set of F' and

By = {x € (R*,0) ‘ there exist ¢ € (RF,0) such that (¢, z) € O(F) rank( O (q x)) < k}
Y Y Y Y 8qlaq] Y

the bifurcation set of F.

Let F: (R¥ xR",0) — (R, 0) be a Morse family of functions. We call F' a generating family
of L(F). Let m, : (R* x R",0) — (R",0) be the canonical projection, then we can easily show
that the bifurcation set of a Morse family of functions F' is the critical value set of 7Tn|c(F)-
Hence, the caustic of L(F") coincides with the bifurcation set of F', namely, Cc(py = Bp.

We now define an equivalence relation among Lagrangian immersion germs. Let ¢ : (L, z) —
(T*R™,p) and ¢ : (L',2") — (T*R",p’) be Lagrangian immersion germs. Then we say that i
and 7' are Lagrangian equivalent if there exist a diffeomorphism germ o : (L,z) — (L', 2'),
a symplectic diffecomorphism germ 7 : (T*R",p) — (T*R",p’) and a diffeomorphism germ
7: (R, 7(p)) — (R*,7(p')) such that 7 oi =i oo and 7 o7 = 7 o7, where 7 : (T*R",p) —
(R™, 7w(p)) is the canonical projection and a symplectic diffeomorphism germ is a diffeomorphism
germ which preserves symplectic structure on T*R™. Then the caustic C, is diffeomorphic to
the caustic Cp, by the diffeomorphism germ 7.

A Lagrangian immersion germ into 7*R" at a point is said to be Lagrange stable if for every
map with the given germ there is a neighborhood in the space of Lagrangian immersions (in
the Whitney C'*°-topology) and a neighborhood of the original point such that each Lagrangian
immersion belonging to the first neighborhood has in the second neighborhood a point at which
its germ is Lagrangian equivalent to the original germ.



We can interpret the Lagrangian equivalence by using the notion of generating families.
Let &, be the ring of function germs of © = (xy,...,z,) variables at the origin. Let F,G :
(R¥xR™,0) — (R,0) be function germs. We say that F and G are P-R"-equivalent if there exist
a diffeomorphism germ ® : (R* x R*,0) — (RF x R?,0) of the form ®(q,z) = (¢1(q, x), 2(z))
and a function germ h : (R",0) — (R,0) such that G(q,z) = F(®(q,x)) + h(z). For any
Fy: (RF x R*,0) — (R,0) and F, : (R¥ x R*,0) — (R,0), F} and F, are said to be stably
P-R*-equivalent if they become P-RT-equivalent after the addition to the arguments ¢; of
new arguments ¢, and to the functions F; of nondegenerate quadratic forms (Q; in the new
arguments, i.e., F| + Q; and F, + (), are P-R*-equivalent.

Let F : (R* xR",0) — (R,0) be a function germ. We say that F' is a R "-versal deformation
of f = F|Rk><{0} if

oF oOF

R
0 0
5= (gt -

q

where

Then we have the following theorem:

Theorem 1.2 Let F: (RF x R*,0) — (R,0) and G : (R¥ x R*,0) — (R,0) be Morse families
of functions. Then we have the following:

(1) L(F) and L(G) are Lagrangian equivalent if and only if F' and G are stably P-R*-equivalent.
(2) L(F) is a Lagrange stable if and only if F' is a R -versal deformation of f.

For the proof of the above theorem, see [1, page 304 and 325]. The following proposition de-
scribes the well-known relationship between bifurcation sets and equivalence among unfoldings
of function germs:

Proposition 1.3 Let F': (R¥ x R*,0) — (R,0) and G : (R¥ x R*,0) — (R,0) be function
germs. If F' and G are stably P-R*-equivalent, then there exists a diffeomorphism germ ¢ :
(R™,0) — (R™,0) such that ¢(Br) = Bg.

Let € : U — R" be an embedding, where U is an open subset in R". We denote the
codimension of U in R” by s (= n —r). In order to consider the caustics (evolutes), we use the
distance squared function germ of x,

D: (U xR", (ug, v0)) = Ry.; D(u,v) = [|@(u) — v,

where R, is the set of positive real numbers. We consider the case when v does not belong to
the image of x, so that we adopt R, here. We can show that the distance squared function
germ of submanifolds is a Morse family of functions (see, Proposition 3.1), and hence we have
a Lagrangian immersion germ L(D) : (C(D), (uo, vo)) — T*R™.

On the other hand, a canal hypersurface y : U x S*7! — R” of & : U — R" is defined by

s
y(uaula - '7”5) = :B(’LL) +a- Z,uznz(u)a
i=1



where {@,,,..., &y, ,N1,...,n} is a frame field of R* along x(U). Remark that there exists
a positive real number A such that y is a regular hypersurface for 0 < o < A. We write that
e(u, i) = 370, pimi(u).

We also consider the distance squared function germ of y,

5 : (U X Ss_l X Rn,(’LLO,,U,O,’LUO)) - RF; 5(“7#7“’) = ||y(ual~é) —’LU||2.

We have already shown that the distance squared function germ of hypersurfaces is a
Morse family of functions in [8, 12]. We also have a Lagrangian immersion germ L(D) :
(C(D), (ug, 1o, wp)) — T*R™. The main results in this paper is as follows:

Theorem 1.4 Caustics Co(py coincides with CC(B)-

Even if caustics are diffeomorphic, Lagrangian immersion germs are not Lagrangian equiv-
alent. In this case, we give one of such a condition that the converse hold.
Theorem 1.5 If L(D) and L(ﬁ) are Lagrange stable, then induced Lagrangian immersion
germs are Lagrangian equivalent, so that caustics Ccpy and 00(5) are diffeomorphic.

Here the notion of an induced Lagrangian immersion germ is given in §2.

Remark 1.6 For a curve in R?, under the condition that its curvature dose not vanish, caustics
of the curve and of a canal surface of the curve in R are the same by a direct calculation.
However, it is very hard to calculate directly for the case of higher codimensional submanifolds.

Remark 1.7 The analogous results to the above theorems are true in various situations. For
example, submanifolds in Euclidean sphere and submanifolds in hyperbolic space or de-Sitter
space in Minkowski space. In the case of Euclidean sphere, we may consider a height function
as a Morse family of functions. In [9, 10, 11], we consider caustics (evolutes) of hypersurface
in hyperbolic or de-Sitter space by using timelike or spacelike height functions. We can apply
the method in this paper to such situations. Also see remark 3.5 below.

In order to prove the theorem, we consider a family of wave fronts. In [12] we have given
a relationship between caustics and wave front propagations. In §2, we give a brief review
on the theory of graphlike Legendrian unfoldings (cf. [7, 12]) and modify the theory a little.
The graphlike Legendrian unfoldings is a special class of a big Legendrian submanifold in
PT*(R" x R) (cf. [17, 18]). We also give a brief review on the theory of big Legendrian
submanifolds in the appendix. In §3, we shall prove the theorems. Actually, we will show
that the corresponding graphlike wavefronts are S.P*-diffeomorphic. It is known that S.P™-
diffeomorphism send both of caustics and Maxwell sets onto themselves [18].

We shall assume throughout the whole paper that all maps and manifolds are C'*° unless
the contrary is explicitly stated.

Acknowledgements. The authors would like to thank Professor T. Ohmoto for useful dis-
cussions and advice.



2 Graphlike Legendrian unfoldings

A big Legendrian submanifold i : L C PT*(R" x R) is a graphlike Legendrian unfolding if
L c JYR",R). We use notations in the appendix. Since L is a big Legendrian submanifold
in PT*(R" x R), it has a generating family at least locally. In this case, it has a special form
as follows: Let F : (RF x (R® x R),0) — (R,0) be a big Morse family of hypersurfaces. We
say that F is a graphlike Morse family of hypersurfaces if (0F /0t)(0) # 0. It is easy to show
that the corresponding big Legendrian submanifold germ is a graphlike Legendrian unfolding.
Of course, all graphlike Legendrian unfolding germs can be constructed by the above way. We
say that F is a graphlike generating family of Lr(3.(F)).

We remark that the notion of graphlike Legendrian unfoldings and corresponding generating
families have been introduced by the first named author in [7] to describe the perestroikas
of wave fronts given as the level surfaces of the solution for the eikonal equation given by
a general Hamiltonian function. In this case, there is an additional condition, that is, F :
(RF x (R* x R),0) — (R,0) is a generating family if F satisfies the conditions (0F /0t)(0) # 0
and (F, doF)|gkxrn o} i @ submersion germ, where

oF oF

We call such a generating family F a non-degenerate graphlike generating family and corre-
sponding graphlike Legendrian unfolding a non-degenerate graphlike Legendrian unfolding. The
second condition is equivalent to the condition that my, o7 o4 is a submersion at any point p € L.
Our situation is dropping the second condition. We can reduce more strict form of graphlike
generating families as follows: Let F be a graphlike Morse family of hypersurfaces. By the
implicit function theorem, there exists a Morse family of functions F : (R¥ x R*,0) — (R, 0)
such that (F(q,z,t))e, ., = (F(¢,2) —t)e,,.,,- Therefore F(q,z) —t is a graphlike generating

family of L#(X.(F)). In this case,

S.(F) = {(¢, 7, F(g,2)) € (R* x (R xR),0) | (¢,2) € C(F)}
and Lr : (X,(F),0) = J'(R",R) is given by
Lr(q,z,F(q,2)) = (L(F)(q,7), F(q,z)) € JYR",R) = T*R" x R.

Define a map £7 : (C(F),0) — J'(R",R) by

F F
£rla.0) = (0 Fl0) (0o, g (00)).
then we have £p(C(F)) = Lr(X.(F)). We call W(Lp) = T(Lr(C(F))) the graphlike wave
fronts of the graphlike Legendrian unfolding £5. We simply call F' a generating family of the
graphlike Legendrian unfolding £p.

For any Morse family of functions F, we denote that F(q,x,t) = F(q,z) —t. Since F(q,z,1)
is a big Morse family, we can use all the definitions of equivalence relations in the appendix.
Moreover, we can translate the propositions and theorems into corresponding assertions in
terms of graphlike Legendrian unfoldings.

We consider a relationship of the equivalence relations between Lagrangian immersion germs
and induced graphlike Legendrian unfoldings.



Theorem 2.1 ([12]) Suppose that L(F)(C(F)) and L(G)(C(G)) are Lagrange stable. Then
Lagrangian immersion germs L(F) and L(G) are Lagrangian equivalent if and only if graphlike
wave fronts W (Lr) and W (Leg) are S.PT-diffeomorphic.

Here, S.P*-diffeomorphic is defined in the appendix. In order to prove Theorems 1.4 and
1.5, we have to modify the theory of graphlike Legendrian unfoldings.

Let F': (R¥ x R",0) — (R,0) be a Morse family of functions. We consider the following
graphlike generating family F : (RF x (R® x R),0) — (R, 0) given by F(q,z,t) = F(q,z) —o(t),
where ¢ : (R, 0) — (R,0) is a diffeomorphism germ. According to the definition of a graphlike
generating family, F,(q, x,t) = p~'oF(q,x)—t is the same as F (g, x, t). We denote ¢~ oF(q, z)
by F,(q,x). We clarify relationships between the functions F' and F,. By a direct calculation,
we have the following proposition.

Proposition 2.2 Let F : (R¥ x R*,0) — (R,0) be a function germ and ¢ : (R,0) — (R,0) be
a diffeomorphism germ. Then we have

(1) C(F) = C(F,),

(2) BF - BFPJ

(3) F'is a Morse family of functions if and only if F,, is a Morse family of functions.

Suppose that F' is a Morse family of functions and ¢ : (R,0) — (R,0) is a diffeomorphism
germ. Then we can construct two Lagrangian immersion germs L(F') and L(F,) by proposition
2.2. We call L(F,) an induced Lagrangian immersion germ of F' and .

We give a relationship between the functions F' and F}, with respect to versality.

Theorem 2.3 Let F : (R¥ x R*,0) — (R,0) be a function germ and ¢ : (R,0) — (R,0) be
a diffeomorphism germ. F is a R -versal unfolding of f = Flgryoy if and only if F, is a
R*-versal unfolding of f, = Fy|rrxqoy-

Proof. It is enough to show that if F' is a R*-versal unfolding of f, then F, is a R*-
versal unfolding of f,. Since the converse also hold if we may take F, as F and ¢ ! as ¢.
Suppose that F' is a RT-versal unfolding of f. By the versality theorem ([3, 15] or Theorem
3.4 in [14]), a function germ F : (R* x R¥ 0) — (R,0) is a R*-versal unfolding of f if and
only if for any unfolding germ G : (R* x Rf,0) — (R,0) of f, there exist mapping germs
W (R x R, 0) — (R, 0) with U(q,0) = ¢, ¢ : (R, 0) — (R¥,0), and « : (R,0) — (R, 0) such
that G(q,y) = F(¥(q,y),(y)) + a(y). Let H : (RF x R,0) — (R,0) be an unfolding of f,,
that is, H(q,0) = f,(q) = " o f(q). Since p o H(q,0) = f(q), oo H : (R¥ x R*,0) — (R,0)
is an unfolding of f. By the assumption, there exist ¥, ¢ and a as the above such that
po H(q,y) = F(¥(q,y), 8(y)) + a(y). It follows that H(q,y) = F,(¥(q,y), ¢(y)) + ¢~ o a(y).
Therefore, F,, is a R*-versal unfolding of f,. This completes the proof. O

3 Caustics in Euclidean spaces

Let  : U — R" be an embedding, where U is an open subset in R". Then we have the following
result.

Proposition 3.1 The distance squared function germ of &, D : (UXR", (ug,vg)) = Ry ; D(u,v) =
||z (u) — v||%, is a Morse family of functions.



In [8, 12], we have shown the proposition for the hypersurface case (r = n — 1). The proof
for the general case is similar calculation to the hypersurface case, so that we omit the proof
here.

We now consider a diffeomorphism germ ¢ : (R, #5) — (R, ,#;) which is given by ¢(¢) = ¢*.
Remark that we will consider ¢, = #{,+« later, since we consider a relationship between caustics
of a submanifold and of a canal hypersurface of the submanifold.

We consider function germs D : (U x R™, (ug,vp)) = (Ry,t1), Dy : (U x R, (ug,vy)) —
(Ry,tp) and D, : (U x R* x Ry, (ug, vo,t9)) — (Ry,0). By a straightforward calculation, we
have the following proposition.

Proposition 3.2 D, (u,v,t) = (0D,/0u;)(u,v,t) = 0,(i = 1,...,7) if and only if there exist
real numbers Ay, -+, As such that v = x(u) — A\ny(u) — - — Asng(u) and t = /A2 + -+ \2.

On the other hand, a canal hypersurface y : UxS*~! — R of x is given by y(u, y1, . . ., its) =
x(u)+ - e(u, p), where e(u, 1) = e(u, i, ..., ps) = >, in;(u), see in §1. Then the normal
of the canal hypersurface at y(u, 1) is given by e(u, ). Let D : (U x S5~ x R™, (uq, p10, o)) —

(R4, ;) be the distance squared function germ of y and ¢ : (R, ¢;) — (R, #}) be a diffeomor-
phism germ which is given by ¢ (t) = 2.

We also consider function germs Dy, : (U x S5~ x R™, (ug, po, wo)) — (R, ) and B¢ :
(U x S*71 x R" x Ry, (ug, o, wo, ty)) — (R, ,0). Then we have the following proposition.

Proposition 3.3 Dy (u, 1, w,t') = (0Dy/du;)(u, i, w, ') = (0Dy/dp;)(u, pyw, ') = 0, (i =

,...,rj=1,...,s = 1) if and only if there exists a real number a such that w = x(u) + (o —
a)e(u, u) and t' = Va?.

Here we take a local coordinate (1, ..., us_1) of S*~1. We may suppose that o« —a > «, i.e.,
a <0.

Proposition 3.4 Under the above notations, graphlike wave front germs W (D,,) and W(Bw)
are S.P*-diffeomorphism.

Proof. We can construct a S.P*-diffecomorphism germ ® : (R x Ry, (wy,t;)) — (R* x
Ry, (wy, tp)). In fact, we define &(w,t') = (w,t + «). It follows from Propositions 3.2 and 3.3

that ®(W (Dy)) = W(D,). O

Proof of Theorem 1.4. Since the S.PT-diffeomorphism germ send both of caustics and
Maxwell sets onto themselves (cf. [18]) and the form of the S.P*-diffeomorphism germ & in
Proposition 3.4, caustics Bp, coincides with Bf’w' It follows from Proposition 2.2 that Bp
coincides with Bj. O

Proof of Theorem 1.5. By Theorem 2.3, if L(D) and L(D) are Lagrange stable, then L(D,,)
and L(D,) are also. Under this condition, it follows from Theorem 2.1 and Proposition 3.4
that the induced Lagrangian immersion germs L(D,) and L(D,) are Lagrangian equivalent.

By Theorem 1.2, D, and 151/, are stably P-R*-equivalent. By Propositions 1.3 and 2.2, Bp,
and B B, are diffeomorphic, and hence Bp and Bj are also diffeomorphic. O

Remark 3.5 For submanifolds in Euclidean sphere, we may take the local diffeomorphism
germ (t) = cost. Besides, for submanifolds in hyperbolic space or de-Sitter space in Minkowski
space, we may take the local diffeomorphism germs ¢(¢) = cosht or sinh¢.



A Big Legendrian submanifolds and wave front propa-
gations

In this appendix, we give a brief review on the theory of big Legendrian submanifolds and wave
front propagations.

We consider the projective cotangent bundle 7 : PT*(R" x R) — R" x R over R* x R.
Let IT : TPT*(R* x R) — PT*(R" x R) be the tangent bundle over PT*(R" x R) and d7 :
TPT*(R" x R) — T(R" x R) the differential map of 7.

For any X € TPT*(R" x R), there exists an element o € T(;, (R" x R) such that II(.X) =
[a]. For an element V' € T, ,(R* x R), the property a(V) = 0 does not depend on the
choice of representative of the class [a]. Thus we can define the canonical contact structure on
PT*(R" x R) by

K={XeTPT*"(R" xR) | II(X)(d7(X)) = 0}.

Because of the trivialization PT*(R" x R) = (R x R) x P(R" x R)*, we call

(1, oy t), [E1 0 2 & o 7))

a homogeneous coordinate, where [§; @ --- : &, : 7] is the homogeneous coordinate of the
dual projective space P(R* x R)*. It is easy to show that X € K, if and only if
Yory i + AT =0, where dT(X) = > | 11;(0/0x;) + A(0/01).

We remark that PT*(R" x R) is a fiberwise compactification of the 1-jet space J'(R",R)
as follows: We consider an affine open subset U, = {((x,t), [£ : 7])|7 # 0} of PT*(R™ x R). For
any ((z,t),[¢: 7]) € Uy, we have

(1, .oy t), (&0 2 & 7)) = (X1, ooy t), [— (& /7)o oo 0 = (& /T) = —1]),

so that we may adopt the corresponding affine coordinates ((x1,..., 2y, t), (p1,-.-,pn)), where
p; = —&/7. On U, we can easily show that 0~ (0) = K|U,, where § = dt — " p;dx;. This
means that U, may be identified with the 1-jet space J'(R",R). We call the above coordinate
a system of canonical coordinates. Throughout this paper, we use this identification so that we
have J'(R",R) C PT*(R" x R).

A submanifold i : L C PT*(R" x R) is a Legendrian submanifold if dim L and di,(1,L) C
K for any p € L. We say that a point p € L is a Legendrian singular point if rank d(7oi), < n.

For a Legendrian submanifold 7 : L C PT*(R" x R), Toi(L) = W (L) is called a big wave
front. We have a family of small fronts:

Wi(L) = m(my () NW(L)) (tE€R),

where 7 : R* X R — R® and m : R* x R — R are the canonical projections which gives
71 (z,t) = x and 7o (x,t) = t respectively. In this sense, we call L a big Legendrian submanifold.
The discriminant of the family Wy(L) is defined as the image of singular points of 71 |W(L). In
the general case, the discriminant consists of three components: the caustics Cr,, the projection
of the set of singular points of W (L), the Mazwell stratum M, the projection of self intersection
points of W (L); and also of the envelope of the family of small fronts A (for more detail, see
11, 18)).

For any Legendrian submanifold germ i : (L, py) C (PT*(R™ x R),py), there exists a gener-
ating family of 7 by the theory of Legendrian singularity [1]. Let F' : (R* x (R* x R),0) — (R, 0)
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be a function germ such that (F,dyF) : (R* x (R* x R),0) — (R x R¥ 0) is a non-singular,
where

oF oF
dyF(q,x,t) = <a—ql(q,x,t), i ..,a—qk(q,x,t)> )

In this case, we call F a big Morse family of hypersurfaces. Then ¥, (F) = (F,dyF)~'(0) is a
smooth n-dimensional submanifold germ. Define

Ly (5.(F),0) — PT*(R" x R)

by
oF or
Lr(q,x,t) = <x,t, [%(q,x,t) : a(q,x,t)]) ,
where
oF oF oF oF or

It is easy to show that Lp(X.(F)) is a Legendrian submanifold germ. One of main result in
the theory of Legendrian singularity (cf. [1]), we can show the following proposition:

Proposition A.1 All big Legendrian submanifold germs are constructed by the above method.

For a function germ F : (RF x (R* x R),0) — (R,0), we call
D(F) = {(x,t) € (R" x R, 0) | there exists ¢ € (R*,0) such that (q,z,%) € E*(F)},

the discriminant set of F.

Let F : (R* x (R* x R),0) — (R,0) be a big Morse family of hypersurfaces. We call F' a
generating family of Lr. In this case, the big wave front coincides with the discriminant set of
F, namely, W(Lp(X.(F))) = D(F).

We now consider an equivalence relation among Legendrian submanifolds which preserves
both the qualitative pictures of bifurcations and the discriminant of families of small fronts.

Let i : (L,py) C (PT*(R* x R),py) and ¢’ : (L',py) C (PT*(R" x R),p;) be Legendrian
submanifold germs. We say that i and ' are strictly parametrized™ Legendrian equivalent (or,
briefly S.P*-Legendrian equivalent) if there exist diffeomorphism germs @ : (R" x R, 7(py)) —
(R* x R,7(py)) of the form ®(x,t) = (¢1(2),t + a(x)) and ¥ : (L,py) — (L', p;) such that
Doi=ioW, where ®: (PT*(R" x R),py) — (PT*(R" x R), p},) is the unique contact lift of .

We also consider the notion of stability of Legendrian submanifold germs with respect to
S.P*-Legendrian equivalence is analogous to the stability of Lagrangian submanifold germs
with respect to Lagrangian equivalence in §1 (cf. [1, Part III)).

We study the S.P*-Legendrian equivalence by using the notion of generating families of
Legendrian submanifold germs.

Let f,g: (RF xR,0) — (R, 0) be function germs. We say that f and g are S.P-K-equivalent
(or, strictly P-K-equivalent) if there exists a diffeomorphism germ @ : (RF x R, 0) — (R* x R, 0)
of the form ®(g,t) = (¢(q,1),t) such that (f o @)e, = (9)e, -

Let F,G : (RF x (R* xR),0) — (R, 0) be function germs. We say that F' and G are z-S.P*-
K-equivalent if there exists a diffeomorphism germ @ : (RF x (R* x R),0) — (R* x (R" x R),0)

of the form ®(q,z,t) = (4(q, z,t), $1(x),t + a(x)) such that (F o ®) = (G)

Ege,t) Eqat)’
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The notion of S.PT-K-versal deformation plays an important role for our purpose. We
define the extended tangent space of f : (R x R 0) — (R,0) relative to S.P*-K by

_/of of of
TSP = (G > (%),

Then we say that I is S.P"-K-versal deformation of f = F|ge, 0y«r if it satisfies

F F
Eny = T(S.PT-K)(f) + a—|1R’c x {0} xR,..., 0 IR* x {0} xR
’ a.ﬁUl axn

R

Theorem A.2 Let F': (RF x (R* x R),0) — (R,0) and G : (R¥ x (R* x R),0) — (R,0) be
big Morse families of hypersurfaces. Then
(1) Lr(C(F)) and L(C(G)) are S.P*-Legendrian equivalent if and only if F' and G are stably
x-S.PT-K-equivalent.
(2) Lp(C(F)) is S.PT-Legendre stable if and only if F' is a S.P*-K-versal deformation of
f= F|R’°><{O}><R-

Here, F' and G are said to be stably x-S.P*-K-equivalent if they become x:-S.P*-K-equivalent
after the addition of non-degenerate quadratic forms in additional variables ¢'.

Since the big Legendrian submanifold germ i : (L,py) C (PT*(R" x R),pp) is uniquely
determined on the regular part of the big wave front W (L), we have the following simple but
significant property of Legendrian submanifold germs:

Proposition A.3 Leti: (L,py) C (PT*(R* X R),py) and i’ : (L', py) C (PT*(R" X R),py) be
big Legendrian submanifold germs such that reqular sets of ™o i, o i’ are dense respectively.

Then (L,po) = (L', po) if and only if (W (L), 7T (po)) = (W (L"), 7(po))-

This result has been firstly pointed out by Zakalyukin [17]. Also see [13]. The assumption
in the above proposition is a generic condition for 4,4'. Specially, if i and " are S.PT-Legendre
stable, then these satisfy the assumption.

Concerning the discriminant and the bifurcation of small fronts, we define the following
equivalence relation among big wave front germs. Let i : (L,py) C (PT*(R" x R),py) and
i' o (L, py) C (PT*(R™ x R), p,) be big Legendrian submanifold germs. We say that W (L) and
W (L") are S.P"-diffeomorphic if there exists a diffecomorphism germ ® : (R" x R, 7(py)) —
(R™ x R, 7(p,)) of the form ®(z,t) = (¢1(x),t + a(z)) such that ®(W (L)) = W(L'). Remark
that the SP*-diffeomorphism among big wave front germs preserves both the diffeomorphism
types of bifurcations for families of small fronts and discriminants [18].

By Proposition A.3, we have the following proposition.

Proposition A.4 Leti: (L,py) C (PT*(R" x R),py) and ' : (L', p}) C (PT*(R" x R), p},) be
big Legendrian submanifold germs such that reqular sets of ™o i, oi' are dense respectively.
Then i and i' are S.P*-Legendrian equivalent if and only if (W (L), T (po)) and (W (L"), 7(py))
are S.P*-diffeomorphic.
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