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The BIA (Binary Interaction Approximation) formulation in the presence of neutralizing immovable back-
ground ion is presented for analysis of multiple electron motion. Such a BIA scheme is applied to electrons in
plasmas. A test calculation shows that 1) the plasma oscillation and its frequency are successfully detected, 2) the
CPU time for the BIA are less than 1.5 sec and 1 hour for two and three dimensional analysis, while 127 sec and
13 hours for the direct integration method (DIM) by using a Runge-Kutta-Fehlberg integrator with an absolute
error tolerance of 107'°, and 3) the number of time steps for the DIM, in such a case, are as many as 5.8 X 10*
and 3.6 x 10°, while those for the BIA are only 256 and 512.
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1. Introduction

We have proposed the Binary Interaction Approxima-
tion (BIA) scheme [1-3] to N-body problems. The BIA
scheme views an N-body problem as the superposition of
~C> two-body problems [1]. One of the most fundamental
phenomena occurring in plasmas is the plasma oscillation.
Equation of motion is given as

N
do; Ziez ri—r;
my—t = sz - (1)
dr 47T<90 i |ri — rjl*

For N > 1, itis practically impossible for the large number
of particles, since the number of force calculations on the
right-hand side of Eq. (1) is in proportion to N?. Moreover,
the number of time steps tends to increase with increasing
number of particles N, so the total CPU time should scale
as N23-3.

The efficient, fast algorithms to calculate inter-particle
forces include the tree method [4, 5], the fast multipole
expansion method (FMM), and the particle-mesh Ewalt
(PPPM) method [6]. Efforts have been made to use paral-
lel computers and/or to develop special-purpose hardware
to calculate interparticle forces, e.g., the GRAvity PipE
(GRAPE) project [7].

2. Original BIA Scheme

Let us give a brief review on the original BIA scheme
proposed by the authors [1]. First choose a particle pair
(i, j) from N particles as shown in Fig. 1. There are yC, =
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Fig. 1 An N-body system.

N (N + 1) /2 combinations. The equation of motion for
this case is:

gy _ziZie 2
Hii= gy 4reg rl3j

where r;; = r;—rj, g;; = v; —v;, and ;; is the reduce mass.

Since the exact solution to two-body problem
is known, for any time interval Ar the solution,
r;j (At)and g;; (A?) are easily found from the initial con-
ditions of r;;(0) and ¢;;(0). Once the solutions to all the
two-body systems have been found, changes in position
and velocity of individual particle during given time inter-
val At is calculated as follows:

N
m;Ar; = miv; At + Z/,l,’j (Ar,’j - gijAt)s 3)
T

© 2012 The Japan Society of Plasma
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Fig. 2 Relative motion for particle pair (i, j). Scattering center is
at the origin. The change in position of the particle with
a mass ;; is Ar;;. If no interaction occurs, the change in
position is g;;At during a time interval of Az.

N
m;Av; = ZﬂijAgij' 4
J#i
Equation (4) for the velocity, i.e. momentum changes en-
sures the momentum conservation of the entire system. It
should be noted that, unlike the changes in velocity Av;,
changes in position Ar; due to particle j is not simple sum-
mation over Ar;;. As shown in, and explained in the cap-
tion of Fig. 2, the subtraction by g;;At from total change in
position Ar;; gives change in position due solely to the in-
teraction between the pair (i, j). In the limit At — 0, Eq. (3)
reduces to the definition of velocity, and Eq. (4) reduces to
the original equation of motion, as given in Eq. (1).

3. BIA Formulation for Electrons in
the Presence of Background Ions
Suppose N electrons are in the presence of uniformly

distributed immovable background ions. In such a case,

the electric field and the electrostatic potential due to the
ions are given by

2
noer noper
E()=2—. p(r) ==

b
201

(&)

680 ’

where n( stands for the ion number density. Thus the equa-
tion of motion for i-th electron is as follows:

N
dv; npe* &2 ri—r;
m— = ———Fr; + . (6)
" dr 3o | 4meg 3
JEi |ri - rj|

In this case, let us regard the background ions as the zero-
th particle with infinite mass, then the relative system be-
tween i-th electron and the bulk of the background ions
becomes

dzri + I’loez
dr? RIZITEN

ri = 0, (7)

since pjp == m; X co/(m; + c0) = m; and g = v; — 0 = v;.
Thus, the original BIA scheme, given in Egs. (3) and (4),
becomes as

m;Ar; = myAryy + ZN:,u,‘j (Ar,‘j - gijA[), (8)
f,i:
N

m;Av; = miAgio + ZﬂijAgij' ©)
i

The first terms, both in Eq. (8) and Eq. (9), represent the re-
spective changes due to plasma oscillation with an electron

plasma frequency IT = /nge? / 3ggm, given by

in I[TA¢
Ar; = ri(cosIIAr — 1) + v; smH s

Av; = v; (cosTIAt — 1) — riITsin T1A¢t,

during a time interval of Ar.

4. Test Calculation

In this test calculation section, we will adopt the nor-
malization system, as in Ref. [1], where lengths are nor-
malized by an average interparticle separation Al = n 13,
and velocities by a relative thermal speed between elec-

trons, i.e. gy = 2T /tee = \/Evfh.

4.1 Two dimensional analysis

Two-dimensional analysis is made with the BIA
scheme for the number of particles is 122, 121 of which
are electrons. An immovable background ion is centered
at the origin; the initial electron distribution is uniform in
the phase space (r,v).

The trajectories, in configuration and velocity spaces,
of an electron are shown in Figs.3 and 4, in which blue
points are obtained by the BIA scheme, while a red line by
the DIM (RKF65). Note that, in Fig.4, there are several
DIM line segments in red, on which only one or two BIA
points are depicted. Since the time interval for adjacent
BIA points is constant, the electron under consideration
feels a strong force, i.e. the impulse, due to other electrons
along the line segments.

The CPU time for the BIA in this calculation is less
than 1.5 sec, while 127 sec for the DIM by using a Runge-
Kutta-Fehlberg integrator [8] with an absolute error toler-
ance of 107!, It should be noted that the number of time
steps for the DIM, in this case, is as many as 1.1 millions,
while that for the BIA is only 256. In spite of much smaller
number of time steps, as typically shown in Fig. 4, the com-
plicated change in velocity with time, or the acceleration,
is typically reproduced well with the BIA scheme.

Figure 5 depicts the time evolution of energy of the
system: kinetic energy K in red, potential energy U in
green, and the total energy £ = K + U in blue of the en-
tire system. This figure shows the energy conservation,
E = K + U = const, and the normalized period for en-
ergy K and U is around 280.0, twice of which gives the
560.0. The corresponding theoretical plasma oscillation in
this case is

2401101-2
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Fig. 3 Two-dimensional electron trajectory initially at rest in the
configuration space for a 122-body system. A red line
represents that by using the direct integration method:
DIM. Blue circles indicate the trajectory obtained by us-
ing the BIA scheme.
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Fig. 4 Two-dimensional electron trajectory in the velocity space
for a 122-body system. A red line represents that by using
the direct integration method: DIM. Blue circles indicate
the trajectory obtained by using the BIA scheme.

T = 2711 = 560.5, (10)

which is close to that obtained by using the BIA analysis.

4.2 Three dimensional analysis

Similar calculation in three dimensions is made for
the number of particles is 344, 343 of which are electrons.
An immovable neutralizing positive point charge (ion), in
this case, is at the origin. The electrons are randomly dis-
tributed around the positive charge initially with an average
interparticle separation Al = na]/ 3 and velocity distribu-
tion is also uniform around their thermal speed.

Figure 6 depicts the time evolution of x-coordinate of
an electron, in which green points are obtained by the BIA
scheme, while a red line by the DIM, i.e. RKF65. The
position of the electron by using the BIA begins to deviate
from that by the DIM after around the normalized time of
3.8, until then the agreement is excellent.

1 —

80 Kol) =1

Energy

0 100 200 300 400 500 600
Nondimensional Time

Fig.5 Time dependent energy for a two N-body system, calcu-
lated by using the BIA scheme. K and U stand for the
kinetic and potential energy of the system, respectively.
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Fig. 6 Comparison of the time-dependent x-coordinate of an
electron in the configuration space for a 344-body sys-
tem in three-dimensions. A red line represents that by
using the direct integration method: DIM. Green points
indicate that obtained by using the BIA scheme.

Using FFT analysis on the electrostatic potential ¢(rp)
at a point ry, a spectrum peak is found at a normalized pe-
riod of 1.28, which is close to the period for the normalized
plasma frequency of 1.35, as marked with a red square in
Fig. 7. It should be noted that, these calculations take the
CPU time of 13 hours for the DIM and only 1 hour for the
BIA.

5. Summary

The BIA (Binary Interaction Approximation) formu-
lation, in the presence of neutralizing immovable back-
ground ion, is presented for analysis of multiple electron
motion. Such a BIA scheme is applied to electrons in plas-
mas. The plasma oscillation and its frequency are success-
fully detected with much less CPU time than a conven-
tional method, i.e. a Runge-Kutta-Fehlberg method with
an absolute error tolerance of 107'°,

Test calculations show, for two- and three-
dimensional cases, that 1) the normalized period of

2401101-3
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Fig. 7 FFT analysis on a scalar potential ¢(ry) at a point ry
for the same case shown in Fig.5. A spectrum peak is
found at a normalized frequency 1.28, as indicated by red
square, close to the normalized plasma frequency of 1.35
as marked with a red square.

the plasma oscillation for two-/three-dimensional cases
are successfully detected to be 560.0/1.28 when its
theoretical value is 560.5/1.31, 2) test calculations for
twoj/three dimensional case show that the CPU time for the
BIA is less than 1.5 sec/1 hour, while 127 sec/13 hours for
the DIM by using a Runge-Kutta-Fehlberg integrator with
an absolute error tolerance of 1071°, and 3) the number
of time steps for the DIM, in such a case, is as many as
around 5.8 x 10%/3.6 x 10%, while that for the BIA is only
256/512.
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Appendix A. Derivation of BIA Scheme
Since the force terms in Eq. (1) are the summation of
those in Eq. (2), we have

N
fi=> firor)). (A1)

J#i

The exact change m;Av; in momentum of the particle-i dur-
ing a time-interval Az is formally given as

t+At

fi(ri @, r; () de

miAvi =

N (A2)

t+At
=Z f fij ("i (t),r,,-(t))dt

J#EL
Since, in the framework of the BIA via Eq. (2), the relative
force f;;(t) changes the relative momentum ; g;; (1),

N N

m;Av; = Z/,l,’j [gij (t+ Ar) — gij ([)] = Zy[jAgij, (A.3)
JEI JEI

which is Eq. (4).

Similarly, the exact change Ar; in position of the
particle-i during At is formally given by

t+At 1+Af
Ari = f V; ([/) dl, = f [vi (t) + Avi (t,)] dr
t t

t+At t ”
do;(¢

=Ui(l)At+f dt'f o) 4y
‘ " dt//

from which, with the BIA scheme, we have

t+At d
dgi; (") )
m;Ar; = m;v; () At +f f E Mi
, J dr’

! J#i

(A4)

t+At
= mv; (1) At +f dr Zﬂt} gij (t) gij (t)] (A.5)

J#I

N
= my; (1) A[+Z/,l,'j [Ar,‘j —g[j(l) A[] ,

J#I

which is Eq. (3).

[1] S. Oikawa and H. Funasaka, Plasma Fusion Res. 5, S1051
(2010).

[2] S.Oikawa, K. Higashi and H. Funasaka, Plasma Fusion Res.
5, 51048 (2010).

[3] S. Oikawa and H. Funasaka, Plasma Fusion Res. 3, S1073
(2008).

[4] A.W. Appel, SIAM J. Sci. Stat. Comput. 6, 85 (1985).

[5] J.E. Barnes and P. Hutt, Nature 324, 446 (1986).

[6] P.P. Brieu, F.J. Summers and J.P. Ostriker, APJ 453, 566
(1995).

[7] J. Makino, M. Taiji, T. Ebisuzaki and D. Sugimoto, APJ 480,
432 (1997).

[8] E. Fehlberg, “Low-order classical Runge-Kutta formulas
with step size control and their application to some heat
transfer problems,” NASA Technical Report 315 (1969).

2401101-4



