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CHAPTER 1

Introductory Remarks

1.1 Overview

Studies of radiation and propagation of light have long been the subject of great
interest, primarily in conjunction with radiative energy transfer in radiometry. Tra-
ditional treatments of formulating energy transport in optical fields were made em-
pirically on the basis of geometrical optics in which radiant energy is assumed to
be propagated along a geometrical trajectory of light [1]. They have thus been de-
veloped, by neglecting the wave nature of light, around incoherent thermal sources
and had no obvious connection with the Maxwell’s theory of electromagnetic waves.
However, there exists a distinct evidence of exhibiting that the wave nature of light
plays a key role in radiometry. To observe it succinctly, let us consider a simple
example [2].

Suppose that one compares the angular distributions of radiation from a con-
ventional thermal source and from a typical laser. It is known that, under ordinary
circumstances, the thermal source radiates in accordance with the Lambert’s cosine
law ([3], Sec. 4.8.1) in the sense that the radiant intensity of the source is propor-
tional to the function of cos@ in a direction making an angle § with the normal
axis to the radiating surface. In this case, the angular distribution of radiation is
appreciably broad. On the other hand, the light from the laser is largely collected
in a very narrow cone in the forward direction and, hence, it may be expedient to
state that the laser has an apparent directionality in contrast to the thermal source.
These phenomena regarding the energy flow from the source cannot be satisfacto-
rily manifested within the framework of conventional radiometry with incoherent
sources. As is widely recognized, the above sources of two types are different from

each other in coherence which is the statistical properties of light waves: the ther-

mal source is spatially almost incoherent whereas the laser source is spatially highly




coherent. Therefore, this example appears to reveal that there is an intimate re-

lationship between the state of spatial coherence of a source and the behavior of
energy flow from the source. In fact, considerable progress has recently been made
to elucidate the foundations of radiometry from the standpoint of optical coherence
theory.

The pioneering work to incorporate the concept of coherence into the con-
ventional radiometry was conducted by Walther in 1968 [4]. Introducing a planar
source of any state of coherence, he reexamined the radiometric quantities such as
radiance and radiant intensity under the consideration of coherence properties of
the source. A further refinement of his theory was conducted by Marchand and
Wolf [5]. Since the publication of these first papers, a great deal of effort has been
devoted to the investigation of radiometry with partially coherent sources and, as
a result, the profound and significant connection between conventional radiometry
and optical coherence theory has been up to now justified [6-18]. Excellent reviews
in this area are given, though they are equally concerned only with an early stage
of the development, by Baltes [19], Wolf [2], Baltes et al. [20] and Friberg [21]. It
is worth emphasizing here that these researches have also led to some important
developments in coherence theory itself, as well as in radiometry.

In a series of such investigations, there has been a particular interest in the
interrelation between the coherence properties of a source and the angular distribu-
tion of the intensity from the source, i.e., the directionality of a partially coherent
source. The first attempt for elucidating it was conducted by Wolf and Carter
[22], who analyzed the directionality of a statistically homogeneous model source.
Further extensions of this study were subsequently made on the basis of a homoge-
neous bounded model source [23] and a quasi-homogeneous model source [24]. These
fundamental considerations have become a good motivation to yield an interesting
investigation below.

It is believed, in general, that completely spatially coherent sources are required
to produce a highly directional light beam, like a laser beam. This notion holds true
in a sense, as was alluded previously. However, it was demonstrated by Collett and
Wolf [25 - 27] that such is not always the case under certain conditions. They showed

in their equivalence theorem that sources of different states of coherence may produce

identical distributions of intensity throughout the far field and, eventually, arrived




at the conclusion that complete spatial coherence is not an indispensable condition
for the attainment of high directionality. In this connection, it was also predicted
theoretically that certain kinds of sources may give rise to exactly the same far-field
intensity distribution as a fully coherent Gaussian laser. These noticeable predictions
were verified experimentally soon afterwards [28-32]. Subsequent contributions in
this field have been made in parallel with the introduction of model sources of new
types for analysis [33-48] and a wide variety of partially coherent sources have been
thoroughly explored with the close relation to their directionality.

Concurrently with the above studies regarding the directionality, the spatial
coherence properties of the field produced by a source have also been examined for
some selected types of the partially coherent sources (24, 32, 38, 39, 44]. Such in-
formation about the spatial coherence of the radiated field is required typically for
imaging problems with partially coherent light [49] and inverse source problems (20,
50-52] and, thus, is worth investigating especially in considering practical applica-
tions of the partially coherent sources. A striking study with respect to this subject
was made very recently by Shirai and Asakura [49, 53, 54] in association with a
method of controlling the spatial coherence properties of the radiated field using a
spatial filter.

To find further characteristics in radiation from partially coherent sources,
Carter and Wolf [24] introduced a new concept of radiation efficiency. Radiation
efficiency of the source is defined as a ratio of the total energy radiated by the
source to the source-integrated intensity and acts as a measure for quantifying the
feature of radiation from the source. Various types of planar sources [24, 55— 58]
and three-dimensional ones [59—61] have been examined on the basis of radiation
efficiency. Consequently, it has become obvious that radiation efficiency is sensitively
influenced by the behavior of light waves in the source region in comparison with
the other measures, such as the directionality and the coherence properties of the
radiated field. Hence, the results obtained in this analysis are expected to provide
a somewhat new insight into the phenomena of radiation from partially coherent
sources. Actually, the intrinsic difference in radiation between planar sources and

three-dimensional ones, which have never been found before, has been clarified in

both the study posed originally by Friberg [59] and its modification made by Shirai
and Asakura [61].




In the last few years, renewed attention has been paid to the study of radiome-
try with partially coherent sources. This is due to the recent discovery of changes in
the spectrum of radiation induced by the spatial coherence properties of the source
(a brief review of this discovery was given by Wolf [62]). It has generally been taken
for granted that the spectrum of light remains unchanged on propagation through
the free space and, until recently, this belief has never been suspected. Neverthe-
less, Wolf predicted not long ago in his theoretical study [63] that the spectrum of
radiation from a source may change on propagation, even in free space, depending
not only on the source spectrum but also on the coherence properties of the source.
This prediction was verified experimentally shortly after the publication of Wolf [64].
Nowadays this phenomenon of correlation-induced spectral changes is often referred
to as the Wolf effect.

In the successive investigations on this effect, it has been shown theoretically
(65-69] that the spectral changes caused in this way may be such as to yield the
frequency shifts in the spectrum either towards lower frequencies (i.e., red shifts) or
towards higher frequencies (i.e., blue shifts) and, this prediction has also been veri-
fied by some experiments [70-73]. An elegant experiment with acoustical sources,
which also demonstrated the spectral shifts induced by the source correlation, have
been performed by Bocko et al. [74]. In addition to the shifting properties of the
spectrum, it is generally expected that changes in the spectrum may consist of,
for example, narrowing and broadening a spectral line or generating several lines
from a single line. Such changes have been examined theoretically [75, 76], and
confirmed experimentally [77, 78]. As a continuation of these works, numerous
publications both theoretically [79-98] and experimentally [99, 100] dealing with
this phenomenon have appeared hitherto; they are concerned with the related phe-
nomenon observed in a certain optical arrangement, such as an optical fiber [90],
a periodic sequence of lenses [91], a linear time-invariant system [92] and others
[93-96], and the application of this phenomenon to the inverse problems [97, 98].
Because of the well-known analogy that exists between the processes of radiation and
scattering, it has been also demonstrated that similar phenomena may arise when a
polychromatic light is scattered by a medium whose scattering potential fluctuates

in space [101-103] (i.e., static light scattering) and also in time [104-107] (i.e.,

dynamic light scattering).




By taking into account the extensive investigations cited above, the discovery
of the Wolf effect seems to give a conclusive impact on various areas of optics and
other fields which make use of electromagnetic and other types of radiation. As a
matter of fact, the significance of the Wolf effect is just becoming unsuspected in
the fields of communications, metrology and information processing. In particular,
these developments are likely to cause a new evolution for astronomy in relation to
the cosmological redshifts associated with the expansion of a universe [65, 108].

On the other hand, independent of the above studies connected with the energy
transfer in radiometry, there has also been an enormous interest in the studies of
light propagation through a certain kind of medium or even in free space. Among
them, the phenomena that occur on the propagation of light through a periodic
structure have received particular attention not only in the fields of optics but also
in various branches of physics.

From the historical viewpoint, the advent of lasers in 1960’s has raised an
interest in the study of light propagation through a periodic structure. Let us
consider that laser resonators typically consist of two flat or curved mirrors set
up facing each other and that the propagating light in the resonator may bounce
back and forth between the two mirrors [109, 110]. Insofar as such actions of light
are concerned, the laser resonator has many features in common with a periodic
structure like an iterated sequence of apertures and that of lenses. Accordingly,
laser resonator modes have been examined theorétically in accordance with integral
equations which are derived by considering the laser resonator equivalent to the
periodic structure of this type [109-113].

In a similar fashion, the spatial coherence properties of light propagating
through the same structure have also been investigated [114-116]. It was shown
in these studies that the light being initially spatially partially coherent, or even
incoherent, may become completely spatially coherent under certain conditions by
the process of light propagation through the structure. On the basis of such find-
ings, Wolf succeeded in theoretically accounting for the physical origin of the spatial
coherence of laser radiation immediately after the advent of lasers [114]. As a con-
tinuation of Wolf, Streifer [115] and Gori [116] dealt with some specific arrangements

for analysis and examined the rapidity with which the spatial coherence grows up in R

the periodic structure. Very recently, a certain generalization of their treatment of




the problem has been carried out by Shirai and Asakura [117], who introduced a pe-
riodic sequence of uniform apertures separated by lenses and manifested the effect
of successive diffractions by the hard-edged apertures on the behaviors in spatial
coherence of the propagating light.

These works concerning both the modes and the spatial coherence of laser radi-
ation were established under the quasi-monochromatic approximation ([3], Sec. 10.4)
on the basis of the mode theory in the space-time domain. This method of analysis
is entirely adequate because most of the lasers radiate the nearly monochromatic
light. Unfortunately, however, information relevant to the spectral aspect of laser
radiation cannot be extracted from such treatment due to the assumption of the
quasi-monochromaticity. To circumvent this difficulty, the mode theory of laser res-
onators in the space-frequency domain have been established by Wolf and Agarwal
[118] on the basis of the new theory of Wolf [119-121] dealing with the coherent-
mode representation of the fields of any state of coherence in the space-frequency
domain. The development of the mode theory in the space-frequency domain has
led to an interesting investigation attempted by Shirai and Asakura [91] regarding
the spectral aspect of the propagating light in a periodic sequence of lenses under
the consideration of correlation-induced spectral changes (i.e., the Wolf effect).

Irrespective of laser resonators, the practical significance of the periodic struc-
ture have been reencountered, especially in recent years, in the fields of integrated
optics [122] and microoptics [123]. In these ﬁeldé, a wide variety of optical devices
with a certain periodicity have been developed mostly in order to find a new principle
that serves as a means of certain optical processing. The typical configuration may
be a dielectric planar waveguide corrugated along its surface acting, for example, as
a spectral filter, a mode coupler, a lens and others [124, 125]. Recent advances in
optical information processing [126] have broadened the possibility of such devices
and the area of their applications.

So far the spatial coherence properties of the propagating light through the
devices with the periodicity, such as the preceding waveguide, have never been ex-
plored on the ground that the light confined is expected to be highly spatially
coherent due to the tiny structure of such devices. However, the feature of the

spatial coherence play a significant role when considering the multimode structure

as a further generalization of the problem. Although the general structure of the




periodic devices employed for various processings is different in structure from the

periodic structures associated with laser resonators, both structures are considered
to be essentially equivalent at least in the sense that the propagating light suffers
repeated perturbation from the structure. Therefore, it may be reasonable to state
that the early works of Wolf [114], Streifer [115] and Gori [116] provide a certain
insight into the behavior of light in the general structure of devices with the period-
icity: the trends in spatial coherence of light in these different kinds of structures are
expected to bear some similarities. Under such consideration, Shirai and Asakura
have examined the spatial coherence of light propagating through a periodic system
of apertures and lenses [117] and that of spatial filters and lenses [127], which are
also regarded as the direct continuation of those early works.

Throughout this section, extensive studies relating to the radiation and prop-
agation of partially coherent light have been surveyed. Some of them have directly
motivated the investigations collected in this dissertation and others have been the
good tutorials for proceeding the course of the current research activity. Finally, 1t
is important to keep in mind that the core of the research topics cited in this section
is to elucidate the role of intrinsic fluctuations of light waves (i.e., the coherence

properties of light) on the phenomena of interest.

1.2 Organization

The main purpose of this dissertation is to investigate theoretically the features of
radiation and propagation of light, by taking into account the stochastic behaviors of
light wave, on the basis of classical theory of partial coherence. Particular interest in
the whole analyses is on the phenomena resulting from the spatial coherence property
of light, rather than the temporal aspect of coherence. The body of materials in
this dissertation may be divided into two parts: the former part (Chapters 4-7) is
concerned with radiation from various types of partially coherent sources and the
latter one (Chapters 8-10) deals with propagation of the partially coherent light
through a periodic structure. Ten chapters follow the Introductory Remarks.

As a preliminary consideration, Chapters 2 and 3 provide a brief review of

some underlying concepts indispensable for the studies in the subsequent chapters.




Specifically, some basic elements of optical coherence theory are outlined in Chapter
92, while the fundamentals of conventional radiometry with incoherent sources and
those of generalized radiometry with partially coherent sources are summarized in
Chapter 3.
Chapter 4 deals with the radiation properties of spatially partially coherent
planar sources from the standpoint of the radiated field properties. As a model
source for analysis, a Gaussian-correlated Schell-model source occupying a finite
planar region with the uniform intensity distribution is introduced under the quasi-
monochromatic approximation. The intensity distribution and the spatial coherence
property of the radiated field produced in both the Fresnel and the Fraunhofer
regions of the source are examined for the sources with various states of spatial
coherence. In addition to these analyses, a spatial filtering method over the source
using a source filter is discussed with the view of controlling the spatial coherence
of the radiated field. Here, the source filter is a kind of the spatial filter placed just
behind the source and changes the intensity distribution across the source. Two
kinds of the source filter are introduced as simple examples and their effects on the
spatial coherence are demonstrated theoretically.
Chapters 5 and 6 are concerned with radiation efficiency of partially coherent
sources which is defined as a ratio of the radiated energy flux to the source-integrated
intensity. In Chapter 5, a general expression is derived for radiation efficiency of
partially coherent planar sources with arbitrary intensity distributions. To illustrate
some numerical examples, a model source whose spatial coherence is specified by
properly arranged Bessel functions is newly proposed. By making use of such model
sources, radiation efficiencies of the sources with various intensity distributions are
investigated quantitatively as a function of both the coherence condition and the
intensity distribution across the source. This chapter also includes the related anal- ~
ysis for a quasi-homogeneous source as a limiting case of such model sources. In this
context, the quasi-homogeneous source is characterized by the properties that the
spatial variation of the source intensity is sufficiently large in comparison with the %
effective width of the source coherence. It is to be noted here that an exact form of
the source intensity is of no importance as far as the radiation properties from the

quasi-homogeneous source are concerned. Owing to the adequate selection of the

source model, a physical origin of variation in radiation efficiency arising from the




source characteristics is satisfactorily manifested in terms of the spatial frequency

spectrum of the source associated with evanescent waves. On the other hand, in
Chapter 6, the model source for analysis is assumed to be a homogeneous, partially
coherent source localized in a finite three-dimensional region and its spatial coher-
ence is specified by the same functional forms as those adopted in Chapter 5. After
establishing a general expression for determining the radiation efficiency of three-
dimensional sources, a number of representative curves are illustrated as a function
of the coherence condition of the source. The diversity in radiation between the
planar (i.e., two-dimensional) source and the three-dimensional one is also discussed
by comparing the results obtained here with those obtained in the corresponding
analysis of Chapter 5.

Chapter 7 is devoted to the study on the radiation from three-dimensional,
anisotropic Gaussian Schell-model sources. The model source of this kind can rep-
resent, by an appropriate selection of the source parameters, a wide variety of par-
tially coherent sources ranging from planar sources to spherically symmetric three-
dimensional sources. Accordingly, the analysis in this chapter allows us to clarify the
difference in radiation between planar sources and three-dimensional ones as a sup-
plement of the comparison study conducted in Chapter 6. In analysis, expressions
are derived for both the radiant intensity and the far-field spectrum produced by
the source. On the basis of the spectrum expression, the shift of the spectral line on
light propagation is explored with reference to cdrrelation-induced spectral changes
of the Wolf effect. As some numerical examples, the spectral shifts are illustrated in
a polar diagram as a function of the observation angle for various source parameters.

In Chapter 8, the spatial coherence of light passing through a periodic sequence
of lenses separated by apertures with uniform transmittances is studied on the ba-
sis of the mode theory in the space-time domain. The initial light launched into
the periodic structure is assumed to be incoherent under the quasi-monochromatic
approximation. The propagation law of the mutual intensity passing through the
structure 1s formulated in terms of prolate spheroidal wave functions that are the
normal modes of the periodic structure under consideration. On the basis of such
formulation, trends in the behaviors of spatial coherence and intensity distribution

of light resulting from the propagation through the structure are analyzed. In par-

ticular, the variation in spatial coherence is examined physically with relation to




the eigenvalues of the integral equation for determining the normal modes of the

periodic structure.

Chapter 9 deals with the spatial coherence of light passing through a periodic
sequence of confocal lenses separated by Gaussian amplitude filters on the basis
of the mode theory in the space-frequency domain. The initial light incident on
the periodic structure is assumed to be synthesized by a finite superposition of the
Hermite-Gaussian modes that are the normal modes of the periodic structure in
question and, consequently, it is partially coherent. The source of this kind may
provide certain information to deduce some general properties of multimode lasers.
Various characteristics of the source and the field emerging from the structure are
examined, especially from the viewpoint of the homogeneity of the spatial coherence
which serves to characterize the dependence of spatial coherence on positions across
the field.

In Chapter 10, changes in the spectrum of light passing through the same
periodic structure as that introduced in Chapter 9 are investigated theoretically by
making use of the modal expansion of the field within the framework of coherence
theory in the space-frequency domain. The initial light launched into the structure
is assumed to be a polychromatic, spatially incoherent light with a single spectral
line. By considering generally that the initially incoherent light becomes partially
coherent after its propagation through the structure and by referring to the recent
studies on correlation-induced spectral changes. of the Wolf effect, the trends in
spectral modifications due to the light propagation are satisfactorily manifested.
The contribution of each mode in the total spectral changes is also discussed mainly
from the Wolf effect. Representative results of the analysis are illustrated by some
numerical examples.

Finally, the main results extracted from the whole analyses in this dissertation

are summarized in Chapter 11 as Concluding Remarks.




CHAPTER 2

Basic Elements of Optical Coherence Theory

2.1 Introduction

Every optical field observed in nature has certain fluctuations that behave generally
in a stochastic manner. The fluctuations are, however, not directly measurable by
means of the existing detectors due to their enormous rapidity. Instead, the corre-
lations between the fluctuations of light waves can be detected in some experiments
involving interference effects and play an important role in many respects rather than
the fluctuations themselves. Actually, it is known that, in general, a description in
terms of the correlations, most commonly in terms of the second-order correlations,
is entirely adequate for elucidating the practical phenomena encountered in various

experiments.

Optical coherence theory gives basically a foundation for describing the be-
haviors of light waves with the aid of statistical methods, namely, on the basis of
the correlations between the fluctuations of light waves. An attractive feature of
this theory is the fact that it operates with measurable quantities only (i.e., correla-
tion function and time-averaged intensity). This is in contrast with the elementary
theory of optical waves, where the basic quantity is the wave amplitude that is not
measurable because of its great rapidity.

The origins of the modern concept of optical coherence can be found in the late
nineteenth and early twentieth centuries. Among them, the earliest investigations
of coherence appear to be conducted by Verdet [128, 129] who demonstrated that
an extended primary source considered to be incoherent could produce interference
fringes under certain conditions. Subsequently, von Laue {130, 131] first introduced
the quantitative measure of the correlations in the optical field, and Berek [132-135]
studied the image formation in the microscope with relation to the concept of coher-

ence. Further contributions were carried out by van Cittert [136, 137] and Zernike
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[138], who defined independently the degree of coherence of light from an extended

source in a manner that is directly connected with experiment. Shortly after their
works, Hopkins [139, 140] established a sophisticated theory of image formation on
the basis of coherence properties of light. Later researches by Blanc-Lapierre and
Dumontet [141] and Wolf [142 - 144] further generalized the concept of coherence in
order to deal with more complex situations and in order to formulate the theory on
a rigorous basis. It is worth noting that the particular importance of these inves-
tigations was on the introduction of a precise measure of correlations between the
fluctuations of light waves at two points, i.e., the second-order correlations. This
second-order theory provides an unified framework for the treatment of most com-
monly occurring coherence phenomena, as was also mentioned previously. A fuller
historical account for the above survey is given by Born and Wolf ([3], Chap. 10),
Mandel and Wolf [145], and Pefina [146].

In this chapter, some basic elements of optical coherence theory are briefly
summarized as a preliminary for the subsequent chapters where the main subjects
are established in accordance with this theory. Owing to the extensive works by
several authors, there exist a number of sources on the subject of optical coherence
theory. In what follows, we refer frequently to the articles of Born and Wolf ([3],
Chap. 10), Mandel and Wolf [145], Beran and Parrent [147], Pefina [146], Marathay
[148], and Goodman [149]. Attention is focussed here and in the subsequent chapters
on the second-order coherence phenomena without taking into account the coherence

of order higher than 2.

2.2 Definitions of Several Coherence Functions

In order to characterize the field correlationsin the theory of second-order coherence,
three quantities are generally used: mutual coherence function, mutual intensity and

cross-spectral density function. The mutual coherence function I'(r,, 7,; 7) is defined

by ([3], Chap. 10)

T(ry, 1o 7) =< V(1. , t + 7)V¥ (£, 1) > (2.1)




Here, V(7;,t) describes the complex analytic signal representing the scalar field

(assumed here to be stationary and ergodic) at a point specified by a position vector
r; at a time ¢, the angular brackets denote either time average or an ensemble
average, and the asterisk denotes the complex conjugate. By the normalization of

I'(r,,7,;7), we have the complex degree of coherence y(r,,7,;7) as

ir v 7)
(P22 7) = %2
; I )/I(ra) e
where
Itr =T (s 0), (f=12) (2.3)

is the averaged intensity at a position r;. It is shown by making use of the Schwartz
inequality that the absolute value of ¥(7,,r,;7) given by Eq.(2.2) fulfills the in-
equality

0 < y(ry,mas7) £ 1, (2.4)

where the limiting value of zero and unity represents, respectively, the complete
incoherence and the complete coherence. The physical implications of this quan-
tity are mentioned in Section 2.4. The classical theory of second-order coherence
was established originally by means of the mutual coherence function I'(r,, 7,; 7)
or the complex degree (7, 7,;7) of coherence and, consequently, I'(r,, r,; 7) has
been traditionally used in the analysis of all elementary phenomena arising from
interference and diffraction. In particular, under the quasi-monochromatic approx-
imation which implies that the spectral width Av of light is small compared to the
mean frequency ¥ (detailed discussion on this approximation is presented in Section
2.4.2), the mathematical formulation of these phenomena takes a simpler form by

introducing the mutual intensity J(r,,r,) defined by
Jep e Tt B (2.5)

in place of I'(r,, 7,; 7). In this case, the complex degree of coherence defined by
Eq.(2.2) is also independent of the parameter 7 and, hence, we use the abbreviated
notation y(r,,7,) in place of y(r,,7,;7) and call it the complex degree of spatial

coherence. The mutual coherence function I'(r,,7,;7) and the mutual intensity
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J(r,y7,) are the correlation functions in the space-time domain representing the

field correlations.

On the other hand, the correlation function characterizing the field correlations
in the space-frequency domain is the cross-spectral density function W(r,,r,;w)
[150] defined by

W(ry, oy w) =< V(ry,0)V*(rs,w) > . (2.6)

In this equation, V(r,-,w) is the Fourier component of the field vibrations V(r;,t)

given by
o0

V(r,-,w):/ V(r, t)etdt,  (i=1,2) (2.7)

-

and the angular brackets denote an ensemble average. Here, Eq.(2.7) must be un-
derstood in terms of generalized functions [150] because V(7;,¢) is, in general, not
Fourier transformable. In terms of W (r,, 7,;w), we can define the complex degree
of spectral coherence, p(r,,r,;w), (also known as the complex degree of spatial
coherence) given by

s 7ai00) = e L T ) (28)

B \/Iw(rl,w)\/fw("’mw)’

where

Ldr,wy= Wir,row) . (r.=1,2) (2.9)

represents the averaged intensity (also known as the spectral density) at a frequency
w at a position r;. In a fashion similar to Eq.(2.4), the absolute value of Eq.(2.8) is

found to satisfy the following relation
0 < Ju(ryy i) <1 (2.10)

In this case, the value of Eq.(2.10) determines the feature of spatial coherence of
light at one particular frequency w: |p(r,,r,;w)| = 0 and 1 imply the complete
spatial incoherence and the complete spatial coherence, respectively.

From Eqs.(2.6) and (2.7), together with Eq.(2.1), the cross-spectral density

function W(r,, r,;w) can be necessarily described in terms of the mutual coherence




function I'(r,, r,; 7) as follows:

Wr,vaiw) = / L1y, rs; 7)e“7dr. (2.11)
This relationship is an optical analogue of the well-known Wiener-Khintchine theo-

rem for stationary random processes. If the Fourier integral of Eq.(2.11) is performed

inversely, an expression of I'(r,, 7,; 7) in terms of W(r,, r,;w) can also be obtained,

i.e.,
1

L(rsy 12y 7) = 5~

/ W(r,, r,;w)e™“ dw. (2.12)
0

Equations (2.11) and (2.12) reveal that the correlation functions in two domains
provide essentially the same information associated with the field correlations. Nev-
ertheless, the cross-spectral density function seems to have been used extensively in
recent yearsin various studies concerning the second-order coherence phenomena. In
general, the phenomena described by the function in the space-time domain, rather
than those in the space-frequency domain, seem to be well understood, primarily
because the correlation function in the space-time domain is directly measurable
through a simple experiment and, hence, it provides a good intuitive understand-
ing of the phenomena [151]. On the contrary, the spectral treatment based on the
cross-spectral density function can become a powerful tool, in contrast to the de-
scription in the space-time domain, for studying the phenomena having a strong
frequency-dependence, such as the interaction of light with matters and the laser
beam propagation through the atmosphere. To this end, a suitable choice of the
correlation functions is always required by taking into consideration the purpose of

the problem to be analyzed.

2.3 Some Elementary Concepts

Although the coherence properties of the field are uniquely determined in terms
of the mutual coherence function I'(r,, r,; 7) defined by Eq.(2.1) (or, the complex
degree of coherence v(r,, r,; 7) defined by Eq.(2.2)), it is often convenient to divide
coherence effects into two classifications by arranging appropriately the above func-

tion: temporal coherence and spatial coherence. This section is devoted to a brief
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remark on these two effects.

Following the previous section, we consider that V(»,¢) denotes the complex
analytic signal representing the scalar optical field at a point P specified by a posi-
tion vector 7 in space and at an instance ¢ in time. Let A(7,t) be a complex envelop
function associated with V'(7,t). Then, from the elemental theory of Fourier decom-
position, it is readily expected that the amplitude and phase of A(r,t) are varying
at a rate of the order 1/Av with Av being the effective spectral width of V (r,t).
Hence, the value of A(r,t) remains relatively constant during the time interval 7 in
the case of 7 < 1/Av. With the above consideration, suppose now the optical fields
V(r,t) and V(r,t + 7) located at the same position P, but at different instants ¢
and ¢+ 7. When the condition 7 < 1/Av holds, V(r,t) and V(r,t + 7) are said to
be highly correlated in the sense that they fluctuate basically in the same manner
so that the behavior of V'(7,¢) can be deduced from the knowledge of V(r,t + 1)
and vice versa. Conversely, when 7 > 1/Av, V(r,t) and V(r,t + 7) are no longer
correlated in the sense that V(r,t) fluctuates independently of V(r,t + 7). The
term of the temporal coherence is employed to represent the ability of the light to
interfere with a delayed version (but not spatially shifted) of itself. Accordingly, the
above phenomena can be rephrased as follows: V(r,t) and V(r,¢ + 7) are highly
temporally coherent when 7 < 1/Av whereas they are almost temporally incoherent
when 7 3> 1/Av. It follows from the above discussion that the temporal coherence
effects stem strongly from the finiteness of the spéctral width. From the mathemati-
cal viewpoint, they are described in terms of the time-dependent part I'(r, r; ) (or,
v(r,7; 7)) of the mutual coherence function I'(r,, r,; 7).

We next consider the two analytic signals V(r,,t) and V(r,, t) detected at two
space points P; and P, specified by the vectors 7, and r,, respectively, with the zero
relative time delay. When the two points coincide, i.e., P, = P,, the two waves are
necessarily perfectly correlated. However, a certain loss in the degree of correlation
1s generally expected when P; and P, are separated apart. This kind of behaviors in
correlation relevant to the ability of the light to interfere with the spatially shifted
(but not delayed) version of itself is elucidated in terms of the notion of spatial
coherence. This effect is directly related to the source size and, mathematically,
described in terms of the space-dependent part I'(r,, r,; 7 = 0) (or, 7(r,, 7,)) of the

mutual coherence function, i.e., the mutual intensity J(r,, r,).
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As is widely known, these effects of partial coherence are readily demonstrated

in some simple experiments of interference, e.g., the Michelson’s interferometry for
measuring the temporal coherence and the Young’s experiment for measuring the
spatial coherence. However, it is never possible to separate completely the above
two effects since temporal and spatial coherences are mutually connected. Yet, it is
worth stressing from the practical point of view that a partial separation is possible
under certain conditions. Consider a narrow band light, for example. The light field
in this case may be nearly temporally coherent to a large extent and, within this
area, the effect of partial coherence may be ascribed to the spatial coherence rather
than the temporal coherence. More generally, under some assumptions, it may be
shown that the complex degree of coherence, v(7,, 7,; 7), may be expressed, at least
to a good approximation, as the product of two functions, one of which represents the
spatial coherence (i.e., v(r,,7,)), the other the temporal coherence (i.e., y(r,r;7)).
Such fields are said to be cross-spectrally pure and have been investigated by Mandel
(150, 152].

The emphasis is placed throughout this dissertation on the spatial coherence
effects rather than the temporal coherence, as mentioned in Chapter 1. In this
connection, the detailed discussion on the spatial coherence is given in the next

section with relation to the Young’s experiment of interference.

2.4 The Laws of Interference with Partially Coherent Light

2.4.1 General formulation

The physical implication of the correlations between the optical fluctuations is elu-
cidated from some experiments of interference. In this section, the simplest experi-
ment of interference known as a Young’s experiment is outlined to show the concept
of the spatial coherence which plays a significant role in the present dissertation. In
particular, it is demonstrated that the complex degree of coherence, y(r,, r,; 7), is
observable in the Young’s experiment of interference.

Figure 2.1 shows a schematic diagram for an optical arrangement of the Young’s
interference experiment. In this figure, ¥ represents a spatially extended polychro-

matic source of light. The light field from the source falls on an opaque screen A
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Figure 2.1. Young’s interference experiment.

with two tiny pinholes at points P, and P,. An interference pattern, which is formed
by the light passing through P, and P,, is observed at the second screen B located
at some distance behind the screen A. In what follows, a mathematical description
for an interference pattern is derived and some important aspects associated with it
are discussed. To do so, the refractive index of the medium between the two screens
is supposed to be unity. Moreover, we assume a stationary and ergodic optical field
and neglect the polarization effect.
From the Maxwell’s theory of electromagnetic waves, the light field V(r,¢) is
propagated in free space in accord with the scalar wave equation given by
VAV (1) = 3-2-22— V(r,t). (2.13)
gL
Since this is a linear wave equation, the field at the point Q is represented as a

superposition of the contribution from P; and P, i.e.,
V(Q,t) = K1 V(P,t—t) + K V(P t — ty), (2.14)

where t; = r;/c and t; = ry/c with ¢ being the velocity of light in vacuum and K,
and K, are purely imaginary constants depending on both the size of pinholes and
the geometry of the arrangement. In this equation, the positions are specified by the
symbols P;, P, and @ in place of the vector descriptions owing to the simplicity of

the notation. By following the definition of the averaged intensity given by Eq.(2.3)
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(and Eq.(2.1)), the resultant intensity at the point @ is written by

Q) = <V(Q,1)V¥(Q,t) >

= KK <Vt —=t)V*(t —t) > + KoK < Va(t — )V (t — t2) >

+ KK <Vt —t)V, (t—t) > + KoKy < Va(t — )V (t = t1) > . (2.15
Here and in the sequel, the abbreviated notation V;(¢) is employed instead of V(P;, t)

for brevity. When the time difference ¢ — ¢; is replaced by 7 under the assumption

of stationary fields, Eq.(2.15) may be reduced to
Q) = |K1|* I + | Ks|* I + 2 | K1 Ko| Re[T1a(7)], (2.16)
where Re denotes the real part and

L= <OV, (=212 (2.17)

Tia(r) = <Wi(t+7)VE) > (2.18)

with T'jo(7) being the mutual coherence function defined by Eq.(2.1). Evidently, the
term | K, |21, (or, | K2|*Ly) in Eq.(2.16) is the observed intensity at the point Q when
the light passes through only the pinhole at P; (or, P;) under the condition that the
other pinhole P, (or, P;) is closed. Hence, the term |K;|*I; (or, |K3|?L5) is replaced
by the new symbol I((Q) (or, I®(Q)), i.e.,

I9Q) = |Ki|*L,  (1=1,2). (2.19)

In addition, by introducing the complex degree of coherence, v,2(7), defined by
Eq.(2.2), the final expression of the resultant intensity turns out to be written in

the form

1(Q) = IVQ) + IP(Q) + 2\/IM(Q)ID(Q) Re[y1a(7)]. (2.20)

It is to be noted that, in the above equation, the third term represents an interference
effect arising from the two pinholes. Moreover, the quantity Re[y12(7)] and hence
Re[T'12(7)] can be basically determined from the experiment because the intensities

1(Q), IV(Q) and IP(Q) are readily observed using an ordinary detector.
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To make the further progress to obtain the significant nature of the fringe

pattern, let us recall that 4;2(7) can always be written in the form

Y12(7) = |112(7)| exp [j{a12(7) — 2707}], (2.21)

where

a12(7) = 2707 + arg[v12(7)] (2.22)

and 7 stands for a mean frequency of the light. Substitution of Eqs.(2.21) and (2.22)
into Eq.(2.20) produces

1(Q) = IM(Q) + I(Q) + 2/ TO(Q)ID(Q) |ma(r)| coslans(r) — &(7)].  (2.23)

where the time delay 7 and the phase difference 6 are given by

T = TQ:TI——‘tQ—tl, (224)

g L 27r17T=2T7r(r2—-r1) (2.25)

with A being the mean wavelength. If |y;2(7)| has the extreme value of unity, the
intensity observed at @ is equivalent to that obtained when the fields across the two
pinholes are strictly monochromatic with the wavelength X and have the relative
phase difference a9(7). In this case, the fields at P; and P, are said to be coherent.
On the other hand, if 415(7) has the other extreme value of zero, the last term of
Eq.(2.23) disappears. In this condition, any interference effects do not exist and
thus the fields are said to be incoherent. If |y12(7)| takes the value fulfilling the
relation 0 < |y12(7)| < 1, the fields are said to be partially coherent. Rearranging

Eq.(2.23), we find

1@) = Ine()] {IP(@)+IP(Q) + 2y/TO(Q)TB(Q) cosfann() - 6(r)]]
+ {1 = e()H{IOQ) + 1P(@)} (2.26)

It is worth noting from the above equation that the resultant intensity observed at

(@ may be regarded as a mixture of coherent and incoherent superpositions of the
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light from the two pinholes. More precisely, the terms in the first line may originate

from the coherent superposition of two intensities |v12(7)|IM(Q) and |y12(7)|I®(Q)
with the relative phase difference aj2(7) — 6(7), while those in the second line may
originate from the incoherent superposition of two intensities [1 — |y12(7)|]7M(Q)
and [1 = |2(m)[I(Q).

Let us now consider the visibility V' of Michelson for quantifying the fringe

quality, which is defined by

Imaz: Ta Imin

= 2
V Imaz T Imin’ ( 7)

where I,,,, and I, are the maximum and the adjacent minimum intensity of the
fringe, respectively. In the vicinity of zero pathlength difference (ie., 7o — 7, = 0
and hence ajo(7) = 6(7) = 0), it follows from Eq.(2.23) that the maximum and

minimum intensities become

Inez = IO(Q) + ID(Q) + 2/ IV(Q)ID(Q) |yia(7), (2.28)
Inmin = I0(Q) + I®(Q) — 2/ IM(Q)ID(Q) |m1a(7)]. (2.29)

Therefore, substitution of Eqs.(2.28) and (2.29) into Eq.(2.27) yields

L _ 2/10@)IP(@)
" T0(Q) + IA(Q)

[72(7)]. (2.30)
As a special case, we obtain for the fringe visibility the expression

V= |ma(7)], (2.31)

provided that IM(Q) = I®(Q). This formula expresses that the degree of coherence
|712(7)| is equal to the visibility V' of the fringes and is directly measurable. This is
the most important consequence of this section. When the two fields at P, and P,
are mutually incoherent (i.e., |y12(7)| = 0), the fringes vanish (i.e., V = 0). On the
other hand, the fringes become clear (i.e., V' = 1) when the two fields are mutually

coherent (i.e., |112(7)| = 1). For an intermediate condition of the coherence (i.e.,

0 < |712(7)| < 1), the fringes appear to be somewhat blurred (i.e.,, 0 < V < 1).




2.4.2 Quasi-monochromatic approximation

In the formulation of the Young’s interference experiment discussed in the previous
section, the light fleld employed for analysis is polychromatic. In the subsequent
discussion, the preceding theory of interference is reduced to a simple form by in-
troducing the assumption of quasi-monochromaticity.

From the mathematical point of view, the light field is said to be quasi-
monochromatic when its effective spectral width Av is much smaller than its mean
frequency 7, 1.e.,

Av L D, (2.32)

This is the definition of the quasi-monochromatic light. In addition to this con-
straint, we further assume that the coherence time 7, of light (which takes the value
being the same order as 1/Av, see Section 2.3) is much greater than the time delay
7 associated with the maximum pathlength difference encountered in the optical
arrangement of Fig.2.1, i.e.,

_l’”z—ﬁl
T = —
C

& Fa (2.33)

Customarily, such light is said to satisfy the quasi-monochromatic conditions. In

this case, the functions I'1o(7) and 712(7) can be rewritten in the form

(1) =~ Jypexp[—j2mroT], (2.34)
72(T) = m2exp[—j2wDT], (2.35)
where Ji3 = J(7,,7,) is the mutual intensity defined by Eq.(2.5) and 712 = 112(0) =
(7., 7,;0) is the complex degree of spatial coherence. As a result, by substituting

Eq.(2.35) into Eqgs.(2.30) and (2.31), the visibility V' of the interference pattern may

be written in the simple form

[ 2,/I0(Q)ID(Q) ) (2)
V={ INQ)+I®(Q) Il " e (2.36)

L 712 for I(Q) = I(Q)

with V' being independent of 7. Equation (2.36) reveals that the visibility of the

interference pattern is uniquely determined in terms of the spatial coherence |15
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instead of the space-time coherence |y1o(7)| and, thus, it takes a constant value

across the observation region. For this reason, the temporal coherence effects may

be neglected to a good approximation under these conditions, as was mentioned in

Section 2.3.

2.5 Propagation Laws of Second-Order Coherence

2.5.1 Propagation of mutual coherence function

By considering that the detailed structures of optical waves undergo changes as
the waves propagate through space, it is inferred that the correlations of the waves
also undergo changes on propagation. As will be seen in the following, this is true.
Moreover, it is important to keep in mind that this fact regarding the propagation
of the correlations is the underlying physics for the main subject to be conducted in
the subsequent chapters. In this section, we focus on a derivation of the propagation
law for the mutual coherence function.

Figure 2.2 illustrates a schematic diagram for describing the propagation law
of second-order coherence. In the figure, a fictitious surface A is illuminated by
a polychromatic light from an extended source. Let us consider that the second
fictitious surface B is illuminated by the light across the surface A either directly
or through an optical system. We now show that the mutual coherence function
for all pairs of points on the surface B can be determined in terms of that on the

surface A.

To do so, the propagation equations for the mutual coherence function I'15(7)
are first derived. Taking the laplacian operator V% with respect to the position 7,

directly to the definition of I'15(7) given by Eq.(2.1), we obtain
Vilie(r) =< ViVilt + DV () >, (2.37)

where the operator V? is given by

(2.38)




with r, = (z1,y1,21). From the wave equation of Eq.(2.13), the light field V(¢ + 7)

turns out to obey the following equation:

g by 5 O*Vi(t + 1)
TS ¢ O(t+7)

(2.39)

By substituting Eq.(2.39) into Eq.(2.37) and by using the fundamental relation

O*Vi(t + 1) N, O*Vi(t + 1)

= 2.40
o(t + 7)2 -l 240)
the governing equation for I'j5(7) becomes
3 1 9?
Vlrlg(’r) = 255;3 =4 %(t s )V ( ) P
1 0°
— 52—-5? FIQ(T)' (241)

In a similar fashion, the second equation for I'15(7) is readily obtained and becomes

nglg(T) = —%—-———822 FIQ(T), (242)
c? or
where
0?2 02 H°
V2 = A4
27 bz2 T Oy2 * Oz3 245

with 7, = (22, y2, 22).

These two wave equations (i.e., Eqs.(2.41) and (2.42)) governing the propaga-
tion of a mutual coherence function can be readily solved by making use of standard
techniques, such as the Green’s function method. Let us consider that P; and P,
are two typical points on the surface A, and that @, and ¢, are two points on the
surface B, as illustrated in Fig.2.2. In this figure, the distance between P, and @),
and that between P, and @), are given by R; and R, respectively. Furthermore, 6,
and 6, are the angles that the lines P1@; and P>, make with the normals to the
surface A at P, and P,, respectively. With the above notation, the solution may be

written, if the surface A is plane, in the form

cos 6y cos 92

R%¥ R}

d*P, d* P,

A
F(Pl,Pg;'r—— s e 2)
C

(Ql)Q?a

(2.44)




Figure 2.2. Geometry for propagation of second-order coherence.

where D denotes the differential operator given by

Rl—RQ 0 _Rle 52

YEg-—2! .
2 c or ¢ Ogr®

(2.45)

In deriving Eq.(2.44) it was assumed that the field obeys the Sommerfeld radiation
condition at infinity in the half-space containing the points @; and @,.

Equation (2.44) is the general solution for the mutual coherence function in
a field produced by a plane polychromatic partially coherent source. It describes
explicitly the propagation of the mutual coherence function in the form that the
mutual coherence function at the surface B is determined in terms of the mutual

coherence function at the surface A.

2.5.2 Propagation of mutual intensity

We now introduce the quasi-monochromatic conditions discussed in Section 2.4.2.
In this case, on substituting Eq.(2.34) into Eqs.(2.41) and (2.42), we obtain the

propagation equations for the mutual intensity Jio, l.e.,

V?J12+/—€J12=0
) (2.46)
V% Jig+ k Ji2 =0,

where k = 27/) is the mean wavenumber and V? and V3 are, respectively, given by
Eqgs.(2.38) and (2.43). As is widely known, these are Helmholz equations. Accord-

ingly, by making use of standard mathematical techniques for solving them (e.g.,

25




the Green’s function method, as well as the previous section), it is readily found

that the mutual intensity J(Q;, @) across the surface B is determined in terms of

that J( Py, P;) across the surface A as follows:

1@u Q) = [ | Iy PYK (P, Q1)K* (P2, Q2) Py d2P, (2.47)

where K (P;, ;) is the propagation function characteriiing the optical system to be
located between the surfaces A and B. This is the most basic expression required
in this section for describing the propagation of the mutual intensity. The function
K(P,Q) can be, in general, readily obtained in deriving Eq.(2.47) once the optical

system located between the two surfaces of A and B is given.

2.5.3 Propagation of cross-spectral density function

To obtain the propagation equation for the cross-spectral density function, we begin
by recalling the relationship between the mutual coherence function I'(r,, 7,;7) and
the cross-spectral density function W(r,, r,; w). According to Section 2.2, it is given

by Eq.(2.12), i.e.,

1

T o

Pt / W(ry,r;w)e™“ dw. (2.48)
0
Knowing the propagation equations for I'(r,, r,; 7) from the discussion in Section
2.5.1, we can apply them to Eq.(2.48) and deduce the corresponding equations for
the cross-spectral density function W(r,, r,; w).
Substituting Eq.(2.48) into Eqgs.(2.41) and (2.42), and interchanging the order

of differentiation and integration, we obtain the expressions

oo 1 9 .
2 . —jwTt ey
/o [V1 — C—QW} Wirssre w)e ™" das =1 (2.49)
and
e 2 1 82 —jwr -
/ V2 == 25-8_73 W(T‘l, T'Q;(.U) e dw =10 (200)
0

where V7 and V3 are given by Egs.(2.38) and (2.43), respectively. By applying the
7 derivatives to the exponentials, Eqs.(2.49) and (2.50) become a set of Helmholz
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equations written in the forms

VEW (ry, rayw) + EW(r,, r5w) =0
(2.51)
\73 Wiryrgw)+ kWirraw)=0,

where k = 27 /X = w/c is the wavenumber associated with a particular frequency w,
¢ being the speed of light in vacuum.

Equation (2.51) is essentially equivalent to Eq.(2.46) which represents the prop-
agation law for the mutual intensity. The only difference is the expressions of the
wavenumber in these equations: the mean wavenumber k is employed in Eq.(2.46)
while one-particular value & of the wavenumber is incorporated in Eq.(2.51). Ac-
cordingly, the propagation law for the mutual intensity given by Eq.(2.47) can also
be regarded as that for the cross-spectral density function, provided that the mean
wavenumber k implicitly contained in Eq.(2.47) is replaced by one-particular value
k of the wavenumber. It should be noted, however, that the physical meaning of the
formulations based on these two functions (i.e., mutual intensity and cross-spectral
density) are different from each other, even though each mathematical description

bears a high analogy.

2.5.4 Van Cittert-Zernike theorem

One of the most important theorems in modern optics can be derived from the
propagation law of the mutual intensity discussed in Section 2.5.2. This is the van
Cittert-Zernike theorem which describes the one-to-one correspondence between the
spatial coherence properties of light generated from an incoherent source and the
intensity distribution across the source. The present section is devoted to a brief
discussion on this theorem.

Let us consider that a planar quasi-monochromatic source X of a finite extent
lluminates the plane A located parallel to the source in arbitrary free space, as
illustrated in Fig.2.3. The source is assumed to consist of an extended collection
of independent radiators. As usual, this type of the source is called an incoherent
source. In this case, by recalling its definition, the mutual intensity of the field

across the source may be approximately written in the form ([147], Sec. 4.4)

J(Py, Py) = Io(P,) 6(P, — Py), (2.52)
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Figure 2.3. Illustrating the van Cittert-Zernike theorem.

where I and §(:) imply the intensity distribution across the source and a two-
dimensional Dirac delta function, respectively. When the plane A is located in
the Fresnel diffraction field ([153], Sec. 4.1), the propagation function K(P,Q) in
Eq.(2.47) is known to become

K(P,Q) = == exp [i31P - @FF (2.53)

where z is the distance between the source and the plane A. Substitution of
Egs.(2.52) and (2.53) into Eq.(2.47) yields the required expression for the mutual
intensity J(Q1, @2) across the observation plane.

To obtain an explicit expression for J(@1,@2), we introduce the Cartesian

coordinates given by

P&y and Qu={o ) (e 1.0 (2.54)

and the new variables Az = z, — 21, Ay = y2 — ;. Then, we obtain for J(Q;, @2)

the expression

2T
J(1’31,y1;$2,y2) ([ ]2 / Io f 77 €xXp []/\—(A$§+Ayn)] dédn, (2-55)

where 1 is given by
b= ((=3+83) - (s +4i)]. (2.56)
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Normalization of Eq.(2.55) produces the complex degree of spatial coherence given by

2T

expl—j#] [ To(6,m) exp |55 (Aat + Ayn)| dedn

JJ. o€, m)dedn

where 9 is given by Eq.(2.56). Equation (2.55) and, equivalently, Eq.(2.57) are the

.

S
O
=
N

7($1,y1;:ﬂ2,y2) e

mathematical formulas of accounting for the van Cittert-Zernike theorem.

As is evidently seen in Eqgs.(2.55) and (2.57), the mutual intensity and the
complex degree of spatial coherence are determined, aside from the factor exp(—jv)
and scaling constants, by means of a two-dimensional Fourier transform of the in-
tensity distribution Iy across the source. Such a relationship is referred to as the
van Cittert-Zernike theorem. This theorem leads to the important facts that, in
general, an incoherent field can become a partially coherent field by the process of
propagation and that the feature of the spatial coherence may be changed in ac-
cord with the intensity distribution across the source. The main consequence of this
theorem stated above is quite similar to the relationship between the field across a
coherently illuminated aperture and its diffracted field observed in the Fraunhofer
region: the two-dimensional spatial Fourier transform of the source intensity de-
termines the spatial coherence in the former case while that of the field across the
aperture determines the field distribution across the observation plane in the lat-
ter case. It must be noted, however, that the Fourier transform relationship given
by Egs.(2.55) and (2.57) holds true when the observation plane is located at both
the Fresnel and the Fraunhofer regions, as opposed to the diffraction phenomena.
Moreover, the resultant field produced by the incoherent source is uniform while
that produced by the coherently illuminated aperture has distinct non-uniformity
due to the diffraction effect.

In closing this section, it should be borne in mind that one of the important
applications of the van Cittert-Zernike theorem is a Michelson’s stellar interferometer
for measuring the angular diameter of stars. However, detailed discussion on this

method is not presented here because this has no connection with the main subject

of this dissertation.




CHAPTER 3

Fundamentals of Radiometry

3.1 Introduction

Radiometry is a science concerned with measurements of the light and pertains to
one of the oldest branches of optics. It has undergone extensive developments and
refinements over the last few centuries since the crucial contributions of Bouguer and
Lambert in 1750s (a historical review of the matter is given by Geist [1]). The main
purpose of the studies in this area is to formulate the transport of energy by the
optical radiation. The conventional theory of a so-called radiative energy transfer
was established on the basis of geometrical optics in which the light is regarded
as the flow of luminous energy along the geometrical rays [154]. Attention in the
conventional theory is, thus, only on the behavior of radiated fields produced by
incoherent sources without taking into account the wave nature of light. Therefore,
until recently, radiometry has been far removed from the mainstream of the modern
theories of radiation, i.e., the Maxwell’s electromagnetic theory and the quantum
theory of radiation.

Since the publication of the first papers by Walther [4, 155] and Marchand and
Wolf [5], considerable progress has been made to elucidate the relationship between
the conventional radiometry and the electromagnetic theory of light. Consequently,
it has become obvious that the notion of coherence relevant to the stochastic be-
havior of light waves plays an important role in radiometry. As a basic problem in
a series of such investigations, the radiometric quantities, such as radiance, radiant
emittance, and radiant intensity which are originally defined within the framework
of conventional radiometry, have been generalized by incorporating with the coher-
ence properties of light. Review articles on this subject have been provided by Wolf
2], Baltes et al. [20], Friberg [21], and Marathay ([148], Chap. 7).

In this chapter, some basic concepts of conventional radiometry and its gener-
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alization associated with the coherence theory are briefly summarized as a primarily

consideration for the subsequent investigations in this dissertation. For this pur-
pose, we focus mainly on the definition of the basic radiometric quantities and the
interrelationship among them, in spite of the broad topic of radiometry. To proceed
further, we refer to the above-mentioned review articles.

In the following, after introducing the basic radiometric quantities in conven-
tional radiometry, their generalized forms are presented in a new classification of
radiometry, i.e., radiometry with partially coherent sources. Some important prop-
erties of the generalized quantities are discussed subsequently to enhance the differ-

ence and the analogy between conventional radiometry and generalized radiometry.

3.2 Conventional Radiometry

Let us consider a planar source occupying an area o located in the plane z = 0

and radiating into the half-space z > 0, as illustrated in Fig.3.1. In conventional

/\y

]
o)
Z
7=
Figure 3.1. A planar source o located at the plane z = 0 and radiating into the empty

half-space z > 0.

radiometry, the central quantity of describing the light energy from the source is a

radiance function B, (p,s) at frequency w (also known as the specific intensity in
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the theory of radiative energy transfer [154]). This function is defined through the

relation

dd, = B,(p,s)cos8dQdo (8:1)

where d®, denotes the (time-averaged) amount of energy radiated by the source
element do at a point P(p) specified by the two-dimensional position vector p, into
an element d) of the solid angle around the direction specified by a three-dimensional
unit vector s. Here 8 is the angle which the unit vector s makes with the unit normal

n to the source element do (see Fig.3.2). Thus, the radiance B,(p,s), which, in

d )

Figure 3.2. Illustrating the notation relating to the definition of radiance.

general, depends on both position (p) and direction (s), represents the rate at which
the energy at frequency w is radiated from a source element of unit area at P(p)
into an unit solid angle around the s-direction.

It is important to note that the definition of the radiance B, (p, s) given by
Eq.(3.1) contains implicitly two assumptions: the radiance is necessarily a nonneg-
ative quantity, 1.e.,

B.(p,s) 20 (3.2)

for all possible values of p and s and, vanishes in the source plane outside the source

area o, l.e.,

B.lp.8) =1, when pgo (3.3)




for all possible s-directions. Moreover, recall here that, in conventional radiometry,

the energy from the source in free space is assumed to be propagated along a straight
line due to the initial postulate. It follows from the above fact that the radiance
B{@)(r,s) at a position © = (p, z) in the half space z > 0 is related to the radiance
B.(p, s) in the source plane by the formula

BY(r,s) = B,[p — (2/ cos)s_, s] (3.4)

w

where s = (s;,8y,5;) and s; = (s, sy). Equation (3.4) is essentially equivalent to

the equation of radiative transfer in free space written in the form:

d

— B,(r,s) =0, 3.8
= B.(r,s) (35)
where d/ds denotes the directional derivative with respect to the spatial variable
r in the s-direction. In introducing the expressions of Egs.(3.4) and (3.5), the
original definition of the radiance is slightly generalized in the sense that the radiance

function is defined not only across the source plane but also across a fictitious plane
located in the half space z > 0.

Equation (3.1) is the fundamental relationship in the traditional treatment
of radiative energy transfer and is employed in order to obtain expressions for the

other radiometric quantities ([3], Sec. 4.8.1). To do this, d®,, in Eq.(3.1) should be

decomposed in two different ways:
dy =d b, de = dJ, dil; (3.6)

The above expression enhances the explicit dependence of d®,, on the element df2
of the solid angle and the element do of the source area. Comparing Eq.(3.6) with

Eq.(3.1), we obtain the expressions

dd,
dE., = = B_(p, s)cosfdQ (3.7)
do
and
d
Bdy = o P B.(p, s) cosfdo. (3.8)

dS}




Then, the integral

E.(p)= /(%) B.(p, s) cos8dQ (3.9)

taken over the 27 solid angle formed by all possible s-directions is referred to as the

radiant emittance at the point P(p), and the integral

Ju(s) = cosf / B.(p,s)do (3.10)

taken over the source region o is referred to as the radiant intensity in the s-direction.
Due to these definitions, the radiant emittance denoted by E,(p) represents the
energy at frequency w radiated by the source per unit area around the point P(p)
whereas the radiant intensity denoted by J,(s) represents the energy at frequency
w radiated by the source per unit solid angle around the s-direction.

The three radiometric quantities defined above (i.e., the radiance B, (p, s), the
radiant emittance E,(p), and the radiant intensity J,(s)) describe, in common, rates
of the energy transfer from the source and have certain characteristic properties.
Specifically, not only the radiance (see Eq.(3.2)) but also all of these quantities must
be nonnegative for all possible values of their arguments, and they are regarded as
being measurable in principle. Furthermore, the radiance B,(p, s) and the radiant
emittance E,(p) must have zero values at all points P(p) in the source plane which
lie outside the area occupied by the source (see also Eq.(3.3)).

The total energy radiated by the source is readily obtained from Eq.(3.1) as

o, =/( )dQ/da B.(p, s) cosb, (3.11)
27 o

where the integrations extend over the 27 solid angle formed by all possible s-
direction and over the source region 0. By making use of the expressions (3.9) and

(3.10), Eq.(3.11) may be rewritten in two equivalent forms

o, = /UEw(p) do (3.12)

and

o, = /(2") Jo(s)dS. (3.13)
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It is worth emphasizing here that Eq.(3.11), together with Egs.(3.12) and (3.13),

is derived on the basis of an implicit assumption that the total radiated energy is
obtained by simply adding the contribution from all elements of the source and/or
from all directions. This implies, in other words, that the various contributions are
treated as if they were uncorrelated. Such a treatment of the radiated energy in op-
tical fields is attributed to the initial postulate that conventional radiometry deals
only with incoherent fields. However, by referring to the van Cittert-Zernike theorem
discussed in Section 2.6, the radiation field produced by an incoherent source is no
longer incoherent by the process of light propagation and becomes spatially partially
coherent. Hence, the accuracy and the range of validity of conventional radiometry
is quite ambiguous since the initial postulate itself is questionable. Actually, this
fact motivated the study for connecting the conventional radiometry with the coher-
ence theory, i.e., the study of so-called generalized radiometry or radiometry with
partially coherent sources.

However, it is important to note finally that conventional radiometry has been
successfully employed hitherto especially in astrophysics and in the field of atmo-
spheric propagation, in spite of the fact that there is a certain requirement for

modifying the conventional radiometry as was mentioned just above.

3.3 Radiometry with Partially Coherent Sources

3.3.1 Expressions for radiometric quantities

We consider a statistically stationary fluctuating planar source, either a primary or
a secondary one, occupying a portion ¢ of the plane z = 0 and radiating into the
half-space z > 0 (the geometry is the same as Fig.3.1). Since different temporal
frequency components of a statistically stationary field are uncorrelated [150], it
is sufficient to consider the transport of energy at one particular frequency w of
the field. Then, the statistical properties of the field are conveniently characterized
by the correlation function in the space-frequency domain, i.e., the cross-spectral
density function W(r,,r,;w), rather than that in the space-time domain (i.e., the
mutual coherence function I'(r,, 7,; 7)).

In order to determine the radiometric quantities associated with the partially
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coherent source, we begin by dealing with the energy flow in the far zone of a source.

Such a treatment of proceeding the present analysis is based on the fact that the
energy flow from the source can be unambiguously described in terms of the intensity
(also known as the spectral density) of the field only in the far zone of the source.
In this region, the behavior of the energy flow originated from the partially coherent
source can be readily elucidated with relation to the coherence properties of the
source because the intensity (i.e., the spectral density) of the field produced by the
source is determined, in terms of the source coherence, within the framework of
coherence theory. In the following, the term of the intensity is replaced by that of
the spectral density to distinguish it clearly from the radiometric concept of radiant
intensity. It should be noted here that the spectral density itself is, in general, of
little interest in radiometry since it represents neither an energy flow nor an energy
density in any regions except for the far zone of the source.

Let us consider the energy flux vector F,(7) in the scalar wave field at the point
P(r), which is essentially equivalent to the Poynting vector in the electromagnetic
field ([148], Chap. 7). It is shown [33] that, in the far zone of the source, F,(r)
always points radially outwards from the source and that it is proportional to the
spectral density. Accordingly, there exists a simple relationship between the energy
flux vector F(®)(rs) and the spectral density I (rs) at any points r = rs with a

suitable choice of units:

F®)(rs) = I®)(rs) s, (3.14)

where the superscript (co) indicates far-zone values to be interpreted in the asymp-
totic sense as kr — oo with & = w/c, ¢ being the speed of light in vacuum, and s
is a three-dimensional unit vector. The quantity s- Fffo)(rs) represents the rate at
which the energy is radiated per unit area dS, located in the direction specified by
the unit vector s, of the surface of a large sphere of radius r centered at the origin O.

By recalling the physical meaning of the radiant intensity and by using the relation
48 '& v dfl (3.15)

with dQ) denoting the solid angle subtended by dS at the origin, the radiant intensity

J.(s) is found to be related to the far-zone energy flux vector F*)(rs) by the
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Figure 3.3. Illustration of the notation relating to Eq.(3.18).

formula

Jo(s) =1%s. F{®(rs), (3.16)
Substitution of Eq.(3.14) into Eq.(3.16) yields
Jo(8) = r2 I®)(rs), (3.17)

The far-zone spectral density I(®)(rs) is readily obtained in accord with the prop-

agation law of the cross-spectral density function [156] given in the form

exp[jk(ry — r3)]
172

W(o")('rls“ r98,;w) = (27k)? cos #; cos QQW(O)(ICSI_L, —kS,1;w)
(3.18)

with s,; and s,; being the projections of the unit vectors s, and s,, respectively,
onto the plane of the source and, 8; and 6, being the angle that s, and s, make
with the normal to the source surface (see Fig.3.3). In this formula, W(>) is the
cross-spectral density function in the far zone of the source and W is the four-
dimensional spatial Fourier transform of the cross-spectral density function W in

the source plane defined by

1
(2m)*

WO (F,, farw) =

/[: //_o; WO (p,, pr;w) exp(—j(Fu:py+ f2: pa)] d¥p1 dp2,
(3.19)




where f, and f, are two-dimensional (spatial-frequency) vectors. On setting rs =

18, = T28, in Eq.(3.18) and by taking into account the relation I'®(rs) = W' (rs, rs; w),

we obtain the expression for the far-zone spectral density I(®)(rs):

1
() (rs) = (21k)? cos® § ) WO (ks,, —ksi;w). (3.20)
Therefore, substitution of Eq.(3.20) into Eq.(3.17) yields the important formula for

the radiant intensity, 1.e.,
J.(s8) = (27k)% cos® 8 W (ks , —ks ;w). (3:21)

This formula expresses the radiant intensity in terms of the spatial Fourier trans-
form of the cross-spectral density function of the light across the source and, hence,
establishes a relation between a radiometric quantity and a basic quantity of coher-
ence theory. With the help of this formula (3.21), other radiometric quantities, i.e,
the radiance B,(p,s) and the radiant emittance E,(p), can be readily derived in
connection with the spatial coherence properties of the source.

To obtain the expressions for other radiometric quantities associated with the

partially coherent source, Eq.(3.21) is first rewritten by using Eq.(3.19) in the form

k # o) (%) .
AT AR (-2-7}-> cos? 9//__00 //_oo WO (p,, p;w)expl—jksy - (p, — p.)] d*p1 d*pa.
(3.22)
By changing the variables of integrations from p, and p, to p and p’ with
Pt P2
= p, = P11~ P2 (323)

2 bJ
the expression (3.22) becomes

k ¢ 00 00 ! / :
Jol 8 )= <§;> cosQQ//_oo //_ w© (p-{— %,p— %;w) exp(—jksy - p'|d*pd?*p .

(3.24)
By recalling the implication of the radiance and by comparing Eq.(3.24) with Eq.(3.10),

we may obtain the expression, which was first proposed by Walther in 1968 [4], for




the radiance associated with the partially coherent source (which is often referred

to as the generalized radiance) as follows:

7 2 o ! !
B.(p,s) = (57?) cosé’// w© (p + —pQ—, p— —p2—;w> exp[—jksy - p'| d*p'. (3.25)
In a similar way, the radiant emittance function associated with the partially coher-

ent source (likewise, which is often referred to as the generalized radiant emittance)

may be written, by substituting Eq.(3.25) into Eq.(3.9), in the form [5]

s ! !
Ew(p):// w© (p—{—%,p-—-pz—;w) K. (p") d2%' (3.26)
where
1\ 2
7 v L8 2 Lah gk
K lp )= <27r> /(%)cos § exp(—ksy - p')dQ. (3.27)

The integral on the right-hand side of Eq.(3.27) may be readily evaluated and be-

comes
k* Jspa(klp')
Kol V= 3.28
W (P S
with
2 (sinz
Ja3jo(z) = g( . —cos:c). (3.29)

Up to now, the generalized forms of the conventional radiometric quantities
have been established: the generalized radiance B,(p,s) is given by Eq.(3.25), the
generalized radiant emittance E,(p) by Eq.(3.26), and the generalized radiant inten-
sity J,(s) by Eq.(3.24). All of them are associated with the coherence properties of
the source through the cross-spectral density function W% (p,, p,;w) of light across
the source. However, it is important to note that there exist a number of alterna-
tive expressions for these generalized radiometric quantities. Actually, for example,
Walther further introduced another expression for the generalized radiance in 1973
[155]. Attempts of finding the other candidates for the generalized radiometric quan-
tities are still of great interest due to the current requirement for exploring a new

treatment of radiative energy transfer in partially coherent fields.
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3.3.2 Special cases

As special cases of the generalized radiometric quantities Eqs.(3.24), (3.25) and
(3.26) just derived in the previous section, this section is concerned with the two

limiting cases when the planar source is either completely spatially incoherent or

completely spatially coherent.

We first consider a completely spatially incoherent source. Such a source is

characterized by the cross-spectral density function of the form ([147], Sec. 4.4)

WO(p,, pa;w) = I0(p,) 8(p, — p) (3.30)
where 6(+) is the two-dimensional Dirac delta function and
I0(p) >0 (3.31)

is the spectral density across the source. In this case, the expression (3.25) for the

generalized radiance reduces to

Bipig)= (;) cos 8 IV (p). [3.82)

78

Similarly, the expressions (3.26) and (3.27) become

k, 2
) / 29.dQ i
Be) = (52) 190p) [ co (3.93)
and
kY 00
dolg) = (2—7r> (:0529//_Oo I9(p) d*p. (3.34)

The integral in Eq.(3.33) may be evaluated easily by expressing d{2 in spherical polar
coordinates and takes the values 27 /3. Therefore, Eq.(3.33) becomes

(p)- (3.35)

From Eqs.(3.32) and (3.35), it follows that the radiance B,(p,s) and the radiant

emittance E,(p) take nonnegative values for a spatially completely incoherent source
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and that they have zero values in the source plane outside the source. These results

indicate that the generalized radiometry is not contradicted by the conventional
radiometry in the limit of spatial incoherence as far as the properties of these radio-
metric quantities are concerned. However, the equation of radiative energy transfer
(i.e., Eq.(3.5)) may not be rigorously fulfilled even in this limit.

We next consider a completely spatially coherent source. In this case, it is

known [157, 158] that the cross-spectral density may be factorized in the form
WO (p,, pa;w) = v (p,,w) v (p;,w), (3.36)

where v(%(p, w) represents the amplitude distribution of light across the source and,
thus, v(®(p,w) = 0 when the point p lies outside the source region. In this formula,
the asterisk denotes the complex conjugate. With the cross-spectral density function

of the source given by Eq.(3.36), the generalized radiance given by Eq.(3.25) becomes

l

k\’ 00 !
B.(p,s) = <%> cosH//_oo (®) (p + %,w) p(O* (p - %,w) exp[—jks,-p'] d*p.
(3.37)

The generalized radiant emittance may be determined by substituting Eq.(3.36) into

Eq.(3.26) and becomes

A P P\ Jspa(ElR'])
E.(p) o //_oo” <p+ - ,w) v <p : ,w> Ik d*p'  (3.38)

where Js/(+) is given by Eq.(3.29). Finally, the generalized radiant intensity of the

completely spatially coherent source is written by using Eqs.(3.24) and (3.36) in the

form

Jo(s) = (21k)? cos? 0 |90 (ks , w)|%, (3.39)

where 7(9( f,w) is the two-dimensional spatial Fourier transform of v(0(p,w) defined
by
1

17(0)(f,w) = (27)?

I o, w)expl=if - ol . (3.40)

It is readily shown [5] from Eqs.(3.37) and (3.38) that both the generalized radiance

B,(p, s) and the generalized emittance E,(p) may take negative values in this limit.
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This feature of these quantities suggests that the generalized radiance B, (p,s) and

the generalized radiant emittance E,(p) are, in general, not measurable. In this
respect, the generalized radiometry has no connection with the conventional ra-
diometry in this limit. It is worth stressing, however, that the generalized radiant
intensity Jo,(s) defined by Eq.(3.24) can be shown to be nonnegative in both of these
two limiting cases and is the basic measurable quantity that characterizes some of

the radiation properties of a source of any state of coherence.

3.4 Some Properties of Radiometric Quantities

In conventional radiometry, the basic quantity of formulating the radiative energ
transfer is the radiance function B,(7,s). As mentioned in Section 3.3.1, at least
two different definitions (both of which are due to Walther [4, 155]) have been
given for the radiance in the context of the generalized radiometry. It has been
pointed out in Section 3.3.2, however, that one of the above two functions cannot be
regarded as a true measure for describing the energy flow because it may occasionally
take negative values. Accordingly, we first consider briefly the existence of the
generalized radiance that satisfies all the requirements postulated for the radiance
in conventional radiometry.

From the discussion in the previous two sections, it is readily found that, in
order to possess the conventional radiometric properties, the generalized radiance
B, (r, s) must necessarily fulfill the following four requirements for all possible values

of its arguments r and s:

(1)  Bu(r,s)=L{WO(r,,r,;w)},
(I) ~ Bu(r,s) 20,

(I}  Bulrs)=10 vbeg. ¥ €0,
(IV) cos@/ Bir, slae = 118 nys. opts
where £ denotes a linear transformation. The first requirement expresses a phys-

ically quite natural fact that the cross-spectral density function WO (p,, r,;w) of

light across the source is linearly mapped onto the generalized radiance. The second
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and third requirements are directly attributed to the intrinsic properties of the radi-

ance function in conventional radiometry (see Eqgs.(3.2) and (3.3)): the generalized
radiance should be nonnegative in any cases and have zero values at all points r
across the source plane outside the source region. The fourth requirement expresses
the condition that the radiometric expression (3.10) on the left-hand side should
correctly represent the radiant intensity [Jw(s)]phys, opt. When the radiant intensity
is calculated on the basis of physical optics, i.e., through Eq.(3.21). However, it
has been proved by Friberg [159, 160] that there is no generalized radiance function
that the four requirements (I)-(IV) are simultaneously satisfied for a planar source
of any state of coherence (Friberg’s theorem). Indeed, as discussed in Section 3.3.2,
the generalized radiance function defined by Eq.(3.25) satisfies the requirements (I)
and (IV) whereas it fails to satisfy the requirements (II) and (III).

This result has its root in the fact that the radiance B,(r,s) is a function
of both the position 7 and the direction s, which are essentially Fourier conjugate
variables from each other. More specifically, it is impossible to define rigorously the
generalized radiance function due to the well-known uncertainty principle [161]. In
analogy with quantum mechanics [161], this result also suggests that the generalized
radiance can no longer be regarded as a measurable quantity. In this respect, a few
remarks are succinctly made below in connection with quantum mechanics [2, 21].

Radiometry with partially coherent sources is somewhat similar in its mathe-
matical structure to the phase-space representation of quantum mechanics. To put
it more precisely, the generalized radiance defined by Eq.(3.25) is analogous to the

Wigner function which is the distribution function in phase space [162] given by

o0 l 1 !
fle,p) = /_ p <z; + 53;', L — 52') exp (—j%) dz', (3.41)

where z and p are respectively the position and the momentum variables of a particle
moving in one dimension, p(z,z') is the coordinate representation of the density
operator, and % is the Planck’s constant divided by 27. It is known that the phase-
space distribution functions cannot be considered as true probability densities and
are often called quasi-probabilities, because they do not possess all the attributes of
ordinary probabilities, e.g., they may take negative values. Nevertheless, the phase-

space representation of quantum mechanics has proved a very powerful technique for
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solving quantum-mechanical problems. In view of the formal analogy between the

generalized radiometry and the phase-space representation of quantum mechanics,
the generalized radiance function are also likely to find useful applications even
though they cannot satisfy all the postulates of conventional radiometry.

In conclusion, it has been shown that the generalized radiance B,(r, s) given
by Eq.(3.25) (actually, also the generalized radiant emittance £, (r) in Eq.(3.26))
cannot be regarded as a true measure of the energy flow. Instead, the generalized
radiant intensity J,(s) represents always correctly the energy per unit solid angle
as in conventional radiometry and can be regarded as a measure for specifying the
behavior of energy flow from the source, as was mentioned in Section 3.3.2. It should
be noted here that, although the generalized radiance function may not have the
simple intuitive physical implication, it can be employed successfully in calculat-
ing values of truly measurable quantities, such as the radiant intensity. However,
the present dissertation is concerned only with the problems closely related to the

generalized radiant intensity and does not take into consideration the generalized

radiance, together with the generalized radiant emittance.




CHAPTER 4

Spatial Coherence of Light from
Partially Coherent Planar Sources
and Its Control Using a Source Filter

4.1 Introduction

There has been an enormous interest in spatial coherence of light generated from
partially coherent sources. This is mainly because the concept of spatial coherence
plays a significant role in various areas of optics such as optical metrology, opti-
cal communication and optical information processing. As is widely recognized, a
speckle phenomenon observed in holographic systems occurs due to the highly spa-
tial coherence of light used and, hence, its reduction can be achieved by decreasing
the spatial coherence. The properties of imaging in microscopy or photolithography
depend strongly on the state of spatial coherence of the illuminating light. These
examples suggest that it is possible to change the characteristics of the system by
actively controlling the spatial coherence of light used in the system. In fact, consid-
erable attention has been given to the role of spatial coherence of light in practical
applications.

An early attempt to elucidate the significance of controlling the spatial co-
herence was made by Hopkins in 1950’s [163]. He established the theory of image
formation on the basis of spatial coherence of light and determined the resolution
limit in connection with the numerical aperture of a condenser. After his pioneer-
ing work, several researchers examined the relationship between the resolution and
the intensity distribution across the condenser in imaging systems, and found an
important consequence that the annular condenser was superior to the disc one in
resolution limit {164, 165). In these studies, the spatial coherence of light illumi-
nating the object can be directly evaluated from the knowledge of the intensity

distribution across the condenser by applying the van Cittert-Zernike theorem, due
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to the assumption of the incoherent source as an illumination optics. It follows from

the above consideration that the preceding investigations demonstrate implicitly a
method of changing the imaging characteristics on the basis of the control of spatial
coherence.

In modern optics, the significance of spatial coherence of light appears to have
been recognized with close relation to lasers, as opposed to the early investigations.
Since most of practical lasers tend to oscillate in several transverse modes and their
mixture reduces the spatial coherence, they must be regarded as partially coherent
sources whereas those under a single-mode oscillation provide theoretically the com-
pletely spatial coherent light [109]. Thus, the light generated from a multimode laser
oscillating in many modes is no longer spatially completely coherent and, eventually,
it may be approximately equivalent to the incoherent light provided the number of
superposed modes becomes large enough. On the other hand, when only a few modes
oscillate in the laser and hence the light becomes nearly coherent, non-stationarity
in the sense that the spatial coherence depends on the position across the beam
cannot be ignored at the same time. Completely spatial coherent light is only a
mathematical idealization and cannot be realized at present by use of any practical
lasers.

When using a laser under oscillating in one or a few modes, certain miscella-
neous phenomena arising from its highly spatial coherence are often observed. The
image intensity distribution of an object illumihated by the highly coherent light
shows a ringing or fringing phenomenon and the position of edges appears to shift.
In addition, speckles can be found in various systems, such as holographic systems
and imaging systems, in which the source with the highly spatial coherence is used,
and even in the case of light transmission through an optical fiber. Except for
speckles, the above phenomena have been eliminated conventionally by the process
of filtering over the aperture (it is called apodization). However, the equivalent
consequences may also be achieved by properly controlling the spatial coherence of
light in place of apodization. The control of spatial coherence for the purpose of
changing the system characteristics is considered to be applicable especially when
the apodization has no effect.

It has been observed in the above discussion that the spatial coherence of

light is directly related to a characteristic of the system in various areas of optics.
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In those areas, there are many cases in which the control of spatial coherence is

required to realize the desired system. In principle, it is possible to obtain the
prescribed performance in such systems, provided that the state of spatial coherence
can be changed at will. Under these circumstances, a spatial filtering method over
the source using a source filter is proposed in this chapter to control the spatial
coherence of light generated from a partially coherent planar source. The source
filter is a kind of a spatial filter which is placed just behind the source and changes
the intensity distribution across the source.

From the mathematical point of view, the present analysis is analogous to
the studies on diffraction by an aperture illuminated with the partially coherent
light, which were thoroughly investigated several decades ago by a large number
of researchers [166-179]. However, most of them dealt only with the diffraction
patterns and little attention has been paid to the spatial coherence properties of
light in the diffracted field, except for a few works [176-179]. Also in recent years,
a similar formulation of the problem has been employed in the studies of radiometry
with partially coherent sources (see Chapter 3). These studies have been proceeded
mainly to obtain the radiometric quantities associated with a source of arbitrary
state of spatial coherence and, as a consequence, have given a crucial fact that the
directionality of the light which a source generates is closely related to the state
of its spatial coherence. It has also become evident that the coherence properties
of a source play a key role in determining its radiation characteristics including
the spatial coherence of light in the radiated field. Nevertheless, most researchers
examined only the intensity distribution of the resultant field and few consideration
dealing with the spatial coherence of the field has been made as well as the preceding
works on the diffraction phenomena.

This chapter is concerned with the spatial coherence of light generated from a
partially coherent planar source covered with a source filter, as an extended contin-
uation of the related investigations pertaining to the above two categories, i.e., the
studies on both diffraction of partially coherent light and radiometry with partially
coherent sources. Particular interest in this chapter is placed on the control of the
spatial coherence using a source filter. In analysis, two kinds of the source filter are
taken into consideration as a simple example for verifying the effect of the source

filter. To provide a profound elucidation on the effects, the feature of the radiated
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field from the source with no source filter is also examined in some detail. In the
following, we begin by formulating mathematically the present problem and then

show a number of illustrative examples.

4.2 Theoretical Background

Figure 4.1 shows an optical arrangement for analysis. The partially coherent planar
source is placed at the source plane and provides the light at the observation plane
located in arbitrary free space. In order to characterize the partially coherent field,
the mutual intensity is properly chosen among several correlation functions. Analysis
to be conducted below is formulated in accordance with the propagation law of the
mutual intensity. The justification of this method for analysis (specifically, the
reason for the adoption of the mutual intensity) is discussed in Section 4.2.3.

In what follows, we neglect the polarization effect and hence take the field to
be represented by a complex scaler function. Furthermore, the quantum nature of
light is also ignored since the present analysis is based on the classical theory of

second-order coherence.
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Figure 4.1. Optical arrangement for analysis. Position vectors describing the typical
source points u, and u, are within the source region ¥ and those describing the observation
points , and x, are within the observation plane parallel to the source.




4.2.1 Formulation of the problem

Let us consider a statistically stationary, quasi-monochromatic, partially coherent,
planar source occupying a finite area ¥ at the plane z = 0 and radiating into the
half-space z > 0, as illustrated in Fig.4.1. The spatial coherence properties of light

across the source are characterized by the mutual intensity defined as
Juyw) =< Viu, )V (u,, t) >, (4.1)

where V' (u;, t) describes a complex analytic signal representing the field at a typical
source point specified by a position vectors u; at time ¢, the angular brackets denote
either a time average or an ensemble average, and the asterisk denotes the complex
conjugate. In terms of the complex degree of spatial coherence, v(u,,u,), defined
by

(U, us) = T (4, ) (4.2)

() 1)

the mutual intensity of light across the source can be written in the form:

Ity u,) = T(w )1 (us) 7(u,, ), (4.3)

where

Flang) <5 J 0, 1) (z = 1.7} (4.4)

stands for the averaged intensity.
As a source model for analysis, we consider only a Schell-model source de-

scribed by Eq.(4.3) with the parameters,

Hud = O el =19 (4.5)

ju, — ugq,

(4.6)

2
£
&

I

exp [-—

where Iy and o are positive constants: the intensity distribution across the source is
uniform within the source region ¥ and, in the same region, the complex degree of
spatial coherence for two points takes a Gaussian form depending only on the mutual

difference |u, — wu,|. The parameter o contained in Eq.(4.6) determines the spatial
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coherence condition over the source. The source filter, which plays an important

role in the present analysis, is placed just behind the source to control the spatial
coherence of light generated from the source and changes the intensity distribution
across the source. Using Eqs.(4.3), (4.5) and (4.6), the mutual intensity of light just

behind the source filter becomes

(4.7)

‘ul = u2|2
202 ;

Jof(uyy us) = I S(u,)S(u,) exp [—

where S(u;) implies the amplitude transmittance of the source filter. The source
of this kind may be actually realized by the long propagation of light generated
from an incoherent source having a Gaussian intensity distribution due to the van
Cittert-Zernike theorem, or it is possibly produced by a certain statistically-averaged
multimode laser.

We now describe the mutual intensity of light, J,(z,, z,), at the observation
plane in terms of the mutual intensity, Jy¢(u,,u,), across the source in order to
examine the behavior of the field produced by the source with the source filter.
According to the propagation law of the mutual intensity (see Section 2.5), the
mutual intensity of light at the observation plane in arbitrary free space can be

written in the form
Tl B ) = // // Lo g s s ug)]((ul; azl)K*(uQ, &, ) dudis, (4.8)
VST by

where I{(u;, z;) is a propagation function given by

K(uipz) =~ (i=12). (4.9)

Here, r; is the distance from the source point to the observation point shown in
Fig.4.1, X is the mean wavelength of light used, and k = 27/X = 27/c is the mean
wavenumber, ¢ being the speed of light in vacuum. When the observation plane is

located in Fresnel and Fraunhofer diffraction fields, the propagation function given

by Eq.(4.9) becomes, by applying the approximation of Fresnel and Fraunhofer




regimes,

( m:
exp jz—z lu; — :1:,~|2} :Fresnel diffraction field,
| 1 -
K(u,-, CB,) = }—5\—‘ <
p "
h .
exp |—7—u; - mi] :Fraunhofer diffraction field,
| | Tz

(4.10)
where z indicates the distance from the source to the observation plane (see Fig.4.1).
Substituting Eqgs.(4.7) and (4.10) into Eq.(4.8), we obtain the final expressions for

the mutual intensity at the observation plane

Jalogms ) = (XIS)Q%%S(Ul)S(UQ) exp {_|ul 2—;2“2[2}

& J
X exp|—J—(u, z, —u, x,)
z

X exp pj i (u12 - uf)} exp [Ji (:1:12 - :n,‘,?)} du,du, (4.11)

in the Fresnel diffraction field, and

FCRESIE (XIS)Q JL LSS () exp [—'“12';2“2'2}

k
2

.

X exp [——] (u, -z, —u,- :132)} du,du, (4.12)

in the Fraunhofer diffraction field. By using Eq.(4.11) or Eq.(4.12), the intensity

distribution at the observation plane is given by
Tale) = Jgle, 2 (4.13)

and the complex degree of spatial coherence of light at the observation plane is given
by

Jo L,y T,
7ob(m13 332) = b( ) (414)

(@) Lz,

Equations (4.13) and (4.14) are the basic quantities representing the characteristics

of the resultant field.




Analytical solution for Eqs.(4.11) and (4.12) can be easily obtained if the source

filter whose amplitude transmittance S(u) takes a Gaussian form given by

2

S(u) = exp <— - ) (4.15)

3
dogs

osf being a positive constant is covered with the infinite source. The source of
this kind are called a Gaussian Shell-model source and has been frequently used
in the previous studies of radiometry with partially coherent sources. However,
mathematical difficulties are encountered when the other kind of source filter is
introduced in general. In such a case, there are no analytical solutions for Eqs.(4.11)
and (4.12) and, as a result, numerical evaluations using a computer are required.
For this reason, the algebraic details for the evaluation of Egs.(4.11) and (4.12) are

given for one and two-dimensional cases in the next section.

4.2.2 Preliminaries for computer simulations

In this section, the four-dimensional integrations of Eqgs.(4.11) and (4.12) are re-
duced to the two-dimensional integrations for computer simulations because the
two-dimensional integration can be readily performed numerically using a computer.
Since two-dimensional investigations do not often provide good perspective due to
their complex mathematics, we deal not only with the mathematical derivation in
two-dimensional cases, but also with that in one-dimensional cases. As a source
specified by ¥ in the previous section, for simplicity, slit and circular sources are as-
sumed in one- and two-dimensional analyses, respectively. Furthermore, the source
filter is taken to have a symmetrical transmittance about the optical axis (z-axis in

Fig.4.1).

A. One-dimensional cases
Let us consider a geometry for analyzing in one dimension illustrated in Fig.4.2.
Since the slit source with the width 2a is placed along the v-axis at the source

plane, the diffraction pattern appears in a symmetrical form with respect to the

y-axis at the observation plane.




Source \L,\,«*
plane Observation
plane

Figure 4.2. Geometry for the analysis in one dimension. Slit source with the width 2a
is situated along the v-axis and the observation plane parallel to the source is located in
the Fresnel or the Fraunhofer diffraction field of the source. Two points for measuring the

spatial coherence (whose distance is d) are situated symmetrically about the z-axis.

Rewriting Eq.(4.11) in Cartesian coordinates, we obtain

Job(all,yl;l‘m%) =5

X  exp
X exp
X  exp
X exp

k
_];(ul'xl_u2‘$2) €Xp |—J

(4.16)

Since the feature of the radiated field along the z-axis is only taken into account,

we may set y; =y, = 0 in Eq.(4.16) without loss of generality. Let us now perform

the integration of Eq.(4.16) with respect to v; and v, given by

00 roo PR k
Fhae 5 /_oo /_w exp {—l—lw—a-g—l—] exp []5’;(7}? - v%)} dv,dv,.
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By changing the variables of v; and v, in Eq.(4.17) with the relation of

V] — Vg = V_, V1 + Vg = v, (4.18)

Eq.(4.17) becomes

1 oo foo lv_|?
v =3 [ 2 o0 |-

where the Jacobian associated with a change of the variables is 1/2. The integration

k
} exp [] 55 Y- -v+} dv_d., (4.19)

of Eq.(4.19) can be easily performed as follows:
N T (4.20)

Thus, corresponding to Eq.(4.11) or Eq.(4.16), the resultant mutual intensity pro-

duced by the slit source can be written in the form

Iy re [e L oy vl
Jo(z1,23) = = S(u1)S(uz) exp AR
/\Z —a J—a i 20'2
[k
X exp ——j;(ul-azl—ugwg)

[k b
X exp |jo— (u? — u%)} exp []2—; (:z:f — x%)J duy duy  (4.21)

for the Fresnel diffraction field. Likewise, the mutual intensity corresponding to

Eq.(4.12) is given by

Iy fo o [ Juy — us
Jos(z1,22) = A_i/_ /_ S(u1)S(ua) exp "II—QUQQ—IJ
2 .
X exp [—j; (uy - 21 — ug - )| duy duy (4.22)

for the Fraunhofer diffraction field.

B. Two-dimensional cases

In two-dimensional cases, the circular source with the radius a is assumed in place
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of the slit source in one-dimensional cases. For this purpose, it is convenient to

introduce the polar coordinates as follows:

u; = 1; 08 6; -
U; ==y 8in 9,’, (z = 1’2), ( : a)
o; = R cos;

{ yi = Rising;, (1 =1,2), (4.23b)

Using this relation, Eq.(4.11) becomes

Jos(R1, ¢1; Ra, @2) = (;\Ij)g /OQW/O%/OG /Oa S(r1)S(ra)

'_ r2 + 12 — 21175 cos(6; — 92)}

X exp 52

3
X exp |=j— {Ryrycos(8; — ¢1) — Rory cos(by — ¢2)}]

[k
X exp|j— {(Tf — 1)+ (R} - Rg)}J 7179 drydry dfdf,.(4.24)

Due to the assumption of the circular source and the circular symmetrical source
filter in the analysis, diffraction patterns appear in a symmetrical form with respect
to the normal axis passing through the center of the source. Thus, the angular coor-
dinates ¢, and ¢, are taken as 0 and ¢, respecti{/ely, without the loss of generality.

Here, we define the following symbols for simplicity,

W = <§)2, w=1u-—] (4—;—?) : (4.25)

The integration with respect to 8; in Eq.(4.24) is performed as follows [180]:

2n
Iy, = / exp
0

LB
wcoswl — 82)] exp {——jk ik

o?

cos 91J

= 2ardy (jrl\/C = ]'D) (4.26)

where Jj is the Bessel function of zero order and the symbols C and D are given by

O <T‘2U>2 ];le f
X 4 z ’
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D — ( 21T2u> CcOS 92. (427)

z

Furthermore, integration with respect to r; given by

a w ¢ .
H(rq,0,) = /0 S(r1)exp [—‘S‘Ti?} Jo <]7“1\/C = ]D> ridry, (4.28)

can be performed with the help of the Hankel transforms of zero order [181] if the

transmittance of the source filter is given. As a result, Eq.(4.24) becomes

o2 [ 2% ra
Ja(By,0:Bay6) = = [ [ S(ra)H(ra,60)
Ya] 0 Jo
- k(1
X exp _—57:02_—2} exp {——j; {57“% — Rarq cos(fy — @)}}
k0 2
X  exp L]-2—(1?,1 — R3)| rodre db, (4.29)
z

for the Fresnel diffraction field. In particular, for the source without a source filter
corresponding to the case that transmittance of the source filter is unity within the

source region, the Hankel transform of Eq.(4.28) becomes

w
__az]

4
H(rq,0;) = ) exp | =3

jw
X U (]1: a’®,ja\/C — jD) — jU,(j ——-a 2 jay/C — ]D)} (4.30)

where U; and U, are Lommel’s functions defined by

@)= 21 P el (4.31)

with J,4om(2) being the Bessel function of the (v + 2m)-th order. By inserting
Eq.(4.30) into Eq.(4.29) and by replacing S(r2) contained in Eq.(4.29) by unity, the
mutual intensity at the Fresnel diffraction field arising from the source having no
source filter can be obtained.

When the observation plane is placed in the Fraunhofer diffraction field, the

expression for the mutual intensity of light at the observation plane can be written,

56




corresponding to Eq.(4.29), in the form

']ob(Rla O) R?a ¢)

271'.[ 2t ra
- / / S(TQ) H(T2,92)

0 0
9 -

(%)

-
X exp [—5—0-23] exp {] -Z—Rgrg cos(fy — gb)} Todre dfy, (4.32)

where
" U ) .
H(rg,6;) = /0 S(r1)exp [—grﬂ Jo (]r”/C — ]D) rydry. (4.33)

If the transmittance of the source filter is unity within the range of integration, as

well as Eq.(4.30), Eq.(4.33) can be easily evaluated and becomes

H(ry,8y) = (——> exp

By substituting Eq.(4.34) into Eq.(4.32) and eliminating the function S(r;) in Eq.(4.32),
the mutual intensity in the Fraunhofer diffraction field arising from the source with

no source filter can also be obtained.

4.2.3 Correlation functions in two domains

In this section, the implication for the adoption of the mutual intensity is briefly
discussed to justify the present method of formulating the problem.

Let us recall that the present study is concerned with the field propagation
from a partially coherent source in order to elucidate the effect of the spatial filtering
method over the source, as an extended continuation of the studies of radiometry
with partially coherent sources and the studies of diffraction by an aperture with
the partially coherent light. The main aim of the former studies is to determine
the radiometric quantities associated with a partially coherent source and hence
the behavior of the energy flow in the far field of the source has been examined by
means of the state of spatial coherence across the source. In these studies, the basic
quantity to describe the field correlations and to formulate the theory is the correla-

tion function in the space-frequency domain, i.e., the cross-spectral density function
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W(r,,r,;;w), mainly because the spectral description of radiometric quantities was

often convenient in conventional radiometry ([148], pp. 240-244). On the contrary,
the correlation function in the space-time domain, i.e., the mutual coherence func-
tion ['(r,,7,;7) or the mutual intensity J(r,,r,), was used in the latter studies
concerning diffractions with the partially coherent light. However, even in the for-
mer studies, there was an exceptional problem in which the cross-spectral density
function was inadequate to describe the phenomena. As is well known, transverse
modes of practical multimode lasers oscillate at slightly different frequencies and
their mixture results in the reduction of their spatial coherence [109]. Since the
Fourier component of the field vibrations with different frequencies are mutually
uncorrelated [150], the process of the coherence reduction by mode superposition
cannot be described precisely in terms of the correlation function in the space-
frequency domain. Accordingly, Gori [182] analyzed the relationship between the
Gaussian Shell-model source and the multimode lasers, using the mutual intensity
under the quasi-monochromatic approximation in place of the cross-spectral density
function. After his work, Wolf and Agarwal [118] dealt with the spatial coherence of
laser resonator modes in the space-frequency domain on the basis of the orthogonal
expansion of the cross-spectral density function established by Wolf [120], and they
showed using the cross-spectral density function that the simultaneous excitation of
several transverse modes reduces the spatial coherence. Although the main result of
their analysis has no mathematical inconsistency, it appears to be one step further
removed from the physics of interest because of its mathematical complexity. The
problem of this kind can be well understood by introducing the mutual intensity as
analyzed by Gori, rather than the cross-spectral density function.

In general, the phenomena described by the function in the space-time domain,
rather than that in the space-frequency domain, seem to be well understood, primar-
ily because the correlation function in the space-time domain is directly measurable
through a simple experiment and hence it provides a good intuitive understanding
of the phenomena. Although the spectral treatment of the problem can become a
powerful tool for studying the phenomena having a strong frequency-dependence as
mentioned in Section 2.2, the subject of this chapter does not belong to the category
of this kind. In addition, recall here that the model source employed in this section is

possibly synthesized also by a statistically-averaged multimode laser, as mentioned
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in Section 4.2.1. To this end, the simplest correlation function in the space-time

domain, i.e., the mutual intensity has been adopted under the quasi-monochromatic
approximation, avoiding the mathematical complexity and emphasizing the physics
of concern, in spite of the fact the study of radiometry with a partially coherent
source is developed in the space-frequency domain.

Fortunately, the cross-spectral density function W(r,,7,;w) can be readily
replaced by the mutual intensity J(r,, 7,), and vice versa, in any studies concerning
the propagation of the partially coherent field because both functions propagate
in accord with the same set of Helmholtz equations (see Section 2.5). The only
difference is the expression of the frequency in these equations: mean frequency 7 (or
mean wavelength A) is used in the mutual intensity while one-particular frequency
v (or one-particular wavelength A) is used in the cross-spectral density function.
Hence, the propagation law of the cross-spectral density function formulated, e.g.,
by Marchand and Wolf [156] in the study of radiometry with partially coherent
sources can coincide with the propagation law of the mutual intensity appearing in
many literatures [3, 147-149] provided W(r,, r,;w) is replaced by J(r,,7,) and
that the frequency v (or the wavelength ) is replaced by the mean frequency o (or
the mean wavelength A). However, it should be noted that the physical meanings
of those formulations in two different domains are quite different from each other
even though each mathematical description is the same except for notation. From
the spectral point of view, the mutual intensity is applicable only under the quasi-
monochromatic approximation while the cross-spectral density function has no such
limitation. Therefore, detailed knowledge of the spectral distribution of light used in
the analysis is required to describe the feature of the field when using the correlation

function in the space-frequency domain, i.e., W(r,, r,; w).

4.3 Results and Discussion

In this section, some illustrative results only in the case of one-dimensional analysis
are presented for simplicity. To put it more precisely, the properties of the field
produced by a partially coherent slit source are studied on the basis of Eqgs.(4.21)

and (4.22). From these formulas, the intensity distribution and the complex degree
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of spatial coherence for two points are obtained by

Ii(z) = Ju(,2) (4.35)

S,
o) e SN (4.36)

VIob(z1)y/ Tos(22)

respectively. Since the two points for measuring the spatial coherence are assumed

to be situated symmetrically about the optical axis at the observation plane (see

Fig.4.2), Eq.(4.36) becomes

']o g ']0 y

Yob(Z, —2) = e i G S (4.37)
V(@ In(—2)  Lo(®)

where I;(z) = I(—z) because the resultant field appears in a symmetrical form

with respect to the origin at the observation plane. Equations (4.35) and (4.37) were
evaluated numerically on a computer using a subroutine program of two-dimensional
integration by means of Simpson’s method for various coherence conditions over
the source and for some given source filters. To characterize the spatial coherence

condition over the source, we make use of the normalized values of the coherence

interval across the source defined by
%
= — 4.38
e P (4.38)

where o is a positive constant contained in Eq.(4.6) and a is the half-width of the

slit source. By using Eqs.(4.6) and (4.38), the diagram of the correlation across the
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Figure 4.3. Gaussian form of correlation across the source for various values of oy.
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source for various values of oy is depicted in Fig.4.3. In computations, the mean
wavelength A = 6.0 x 107"[m] and the half-width of the source @ = 1.0 x 107%[m)]

were used.

4.3.1 Radiation properties of the partially coherent planar source

Before investigating the effect of source filters on the spatial coherence of light in the
radiated field, we first deal with the radiation properties of the partially coherent
slit source having uniform intensity distribution, i.e., without the source filter. In
this case, the transmittance of the source filter contained in Eqs.(4.21) and (4.22)
is taken to be unity within the range of integrations.

Figure 4.4 shows the normalized intensity distributions at the observation plane
located in the Fraunhofer diffraction field for various coherence conditions over the

source oy. In drawing these curves, Eq.(4.35) was evaluated using Eq.(4.22). The
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Figure 4.4. Normalized intensity distribution at the observation plane arising from the
source itself (with no source filter). These curves are plotted against the normalized

distance az/(Az) (where z is a real distance) from the z-axis for oy = (a) 0.05, (b) 0.25,
(c) 0.5, (d) 1.0, (e) 2.0 and (f) 5.0.




normalization of the intensity distribution was conducted by dividing the intensity
at each point by the value at the origin. Curves of intensity are drawn in a log-
normal scale against the normalized distance az/(\z) (where z is a real distance)
from the optical axis at the observation plane in order to enhance the higher-order
components of the intensity. It is seen from Fig.4.4 that, as the spatial coherence
across the source increases (i.e., oy increases), the light tends to be collected around
the optical axis at the observation plane. For small values of oy between 0.05 and
0.5, the spread of the intensity distribution varies sensitively by the values of oy as
compared with the case of the values oy beyond 2.0. For large values of oy > 2.0, the
qualitative features of the intensity distribution remain roughly the same for the case
of completely coherent diffraction pattern, i.e., sinc>-form. Since detailed features
of the intensity distribution produced by partially coherent sources of various kinds
have already been studied thoroughly by a large number of researchers in the past
(166 —179], further discussion relating to the intensity is not presented here.

In Fig.4.5, the complex degree of spatial coherence for two points in the Fraun-
hofer diffraction field is plotted against the normalized difference between the two
points ad/(Az) (where d is a real difference) for various values of oy. In this case,
Eq.(4.37) was evaluated using Eq.(4.22). It is obvious from Fig.4.5 that, as the
source approaches the incoherent limit (i.e., values of oy decrease), the curves of
the complex degree of spatial coherence become roughly the same as the curve eval-
uated by applying the van Cittert-Zernike theorem. On the contrary, as the source
approaches the coherent limit (i.e., values of oy increase), the curves tend to ap-
proach unity except for several points along the horizontal axis in these coherence
curves. Curves for oy > 2.0 show that these exceptional points correspond to the
case that the two points for measuring the spatial coherence are situated at the
dark region in the diffraction patterns. The values at these points approach —1.0,
so that their absolute values approach unity at every points with increasing values
of on. From the physical point of view, the negative values of the complex degree
of spatial coherence reveal that the phase of the mutual intensity for the two points
changes with 7. In addition to the behavior of the coherence curve for large oy,
an interesting phenomenon is observed in coherence curves also between the two
coherent (o — o0) and incoherent (o — 0) limits. Though the values of the

complex degree of spatial coherence decrease with oscillations with an increase of
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Figure 4.5. Complex degree of spatial coherence at the observation plane arising from
the source itself (with no source filter). These curves are plotted against the normalized

difference ad/(\z) (where d is a real difference) from the z-axis for oy = (a) 0.05, (b)
0.25, e} 0.5, (d) 1.0,{e)i2:0 anpd {£) 5.0,

the two-point difference if the two points for measuring the spatial coherence are
within the boundary at which the intensity drops about 80 per cent from its maxi-
mum, gradually increasing and oscillating performances appear in coherence curves
as the difference becomes larger. This phenomenon can also be found in the past
work [178] dealing with the far-field diffraction by a circular aperture illuminated
with the partially coherent light. On the other hand, even in a similar study, this
performance in coherence curves has never been observed in the far-field diffraction
of a Gaussian Shell-model source [44]. Both studies were essentially concerned with
the diffraction problem with the partially coherent light. Only the difference in the
formulations in these studies is the intensity distribution across the diffracting aper-
ture: uniform distribution over the aperture was assumed in the former study and
the (infinite) Gaussian distribution was assumed in the latter study (the complex

degree of spatial coherence over the aperture and the source was taken to have a

Gaussian form in both studies). By comparing these two studies, it is understood




that this interesting appearance in coherence curves may be caused by the finite

size of the source. To emphasize the relative variation of these curves as a function
of the coherence interval oy, a set of the curves for the complex degree of spatial

coherence for two points are illustrated against oy in Fig.4.6. It has become obvious
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Figure 4.6. Complex degree of spatial coherence corresponding to Fig.4.5 for (a) small
values of oy (from 0.05 to 1.0) and (b) large values of ox (from 1.0 to 20.0).

from this figure that the coherence properties over the radiated field is also largely
affected by the coherence condition over the source oy.
4.3.2 Propagation of the partially coherent field

The previous section was concerned with the field properties in the Fraunhofer

diffraction field arising from a partially coherent slit source. In practice, however, the
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Fresnel diffraction field should also be investigated because the Fraunhofer diffrac-

tion is hardly realized in a strict sense in most applications of optics. For this
purpose, we deal with in this section the field properties at various observation
planes located especially in the transition region from the Fresnel to the Fraunhofer
diffraction field.

To designate the observation planes, we make use of the propagation parameter

p defined by

s

p=—, (4.39)

Q
(]

where ) is the mean wavelength, a is the half-width of the slit source, and z is the
real longitudinal distance from the source to the observation plane. This parameter
implies also the reciprocal of the Fresnel number.

Equations (4.35) and (4.37) were evaluated by using Eq.(4.21) for six observa-
tion planes, designated by p = 1.0, 2.0, 3.0, 5.0, 7.0, and 9.0. These six observation
planes are indicated by (a)-(f) in Fig.4.7 showing the intensity distribution along the
normal axis to the source (z-axis) in the Fresnel diffraction field by the completely

spatially coherent slit source for a reference purpose.
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Figure 4.7. Axial intensity distribution in the Fresnel diffraction field of a coherent slit

source. In the figure, six observation planes are indicated on which the variation of the
normalized intensity and the complex degree of spatial coherence are investigated.




The normalized intensity distribution and the complex degree of spatial co-
herence at the six observation planes are shown in Figs.4.8-11 for several values of
oy. By taking into account that the intensity distribution extends further out in
the transverse direction at each observation plane with increasing distance from the
source (i.e., the propagation parameter p increases), the intensity at the observation
plane designated by the propagation parameter p is plotted against the modified
normalized distance paz/(Az) (where z is a real distance) from the optical axis at
each plane. Similarly, the complex degree of spatial coherence for two points is plot-
ted against the modified normalized difference for two points pad/(\z) (where p is

a propagation parameter and d is a real difference).
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Figure 4.8. Normalized intensity distribution and the complex degrees of spatial coher-
ence for oy = 0.25 at the observation planes p = (a) 1, (b) 2, (¢) 3, (d) 5, (f) 7, and
(e) 9. These curves are plotted against the modified normalized distance paz/(Az) and

the modified normalized difference pad/(Az) at each observation plane.

As shown in Fig.4.8, both variations in the normalized intensity distribution
and the complex degree of spatial coherence are hardly influenced by the propagation
for small values of oy. On the other hand, it is found from Figs.4.9-11 that not
only the intensity distribution but also the complex degree of spatial coherence are
largely changed by the process of propagation for the values of oy approximately

larger than 1.0. More precisely, the first minimum of the coherence curves decrease
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Figure 4.9. Normalized intensity distribution and the complex degrees of spatial coher-
ence for oy = 1.0 at the observation planes p = (a) 1, (b) 2, (¢) 3, (d) 5, (f) 7, and (e) 9.
These curves are plotted in a similar manner to Fig.4.8.

as the observation plane leaves from the source (i.e., the propagation parameter
p increases) and, at the same time, the first minimum of the curves in intensity
also decreases. At oy = 5.0 shown in Fig.4.11, the appearance of the fringe
pattern becomes evident with increasing values of p. Comparison of these figures
for large values of oy (see Figs.4.9-11) shows that the variations in intensity and
spatial coherence become more remarkable with an increase of oy. In these figures,
however, little variation is observed in intensity for the values of p larger than about
5.0 while the intensity changes gradually with p less than about 5.0. In other
words, the Fraunhofer diffraction patterns are observed at each observation plane
having the parameter p larger than about 5.0 and the behavior of spatial coherence
1s distinguished from each other even at these planes. In the limiting case of the
completely spatially coherent source (o — o0), no variation in spatial coherence
with propagation may be found and the complex degree of spatial coherence is
expected to be kept constant as unity with propagation, though the normalized

intensity distribution is varied by the propagation in the Fresnel diffraction field

near from the source.
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Figure 4.10. Normalized intensity distribution and the complex degrees of spatial coher-
ence for oy = 2.0 at the observation planes p = (a) 1, (b) 2, (c) 3, (d) 5, (f) 7, and (e) 9.

These curves are plotted in a similar manner to Fig.4.8.
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Figure 4.11. Normalized intensity distribution and the complex degrees of spatial coher-
ence for oy = 5.0 at the observation planes p = (a) 1, (b) 2, (c) 3, (d) 5, (f) 7, and (e) 9.
These curves are plotted in a similar manner to Fig.4.8.




4.3.3 Effects of source filters

In this section, some effects of a source filter on the spatial coherence of light in
the Fraunhofer diffraction field are discussed on the basis of Eqgs.(4.35), (4.37) and
(4.22). For this purpose, two kinds of source filters are taken into consideration as

a simple example. Fach transmittance of the source filters is given by

T
1-— (—) ! for |u| < a
Sp(u) = i (4.40)
31, for |u| > «a,
2
<E> , for |u| < a
SC(U) = a (441)
g~ for |u| > a,

where these source filters Sp(u) and Sc(u) are designated by type B and type C,

respectively. The diagrams of these transmittances are illustrated in Fig.4.12.

1Se S

(a) (b)

Figure 4.12. Amplitude transmittances of the source filters of (a) type B and (b) type C.

Figures 4.13 and 4.14 show the normalized intensity distribution and the com-
plex degree of spatial coherence of light at the observation plane arising from the
partially coherent source covered with the source filter of type B. These curves are
also plotted against the normalized distance az/(Az) from the optical axis in the

normalized intensity and the normalized difference ad/(Az) in the complex degree
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Figure 4.13. Normalized intensity distribution at the observation plane arising from
the source covered with the source filter of type B. These curves are plotted against the

normalized distance az/(Az) (where z is a real distance) from the z-axis for oy = (a) 0.05,
(b) 0.25, (c) 0.5, (d) 1.0, (e) 2.0, and (f) 5.0.

of spatial coherence as well as shown in Figs.4.4 and 4.5. The behavior of the nor-
malized intensity distribution shown in Fig.4.13 is mostly similar to that shown in
Fig.4.4 discussed in Section 4.3.1. It is seen from Fig.4.13 that, as the spatial co-
herence increases (i.e., oy increases), the light at the observation plane tends to be
collected around the optical axis. Furthermore, it is also found that, with increasing
values of oy, the intensity distribution varies sensitively for small values of oy while
that for large values of oy remains almost stable in variation. However, detailed
comparison of Figs.4.13 and 4.4 shows that secondary and higher-order maxima in
intensity considerably decrease for large oy by use of the source filter of type B.
This phenomenon implies that the source filter of this kind serves as a means of
apodization even for a partially coherent source, as already pointed out by several
researchers in the past works [168, 169]. On the other hand, the behavior in spatial

coherence illustrated in Fig.4.14 is distinguished from that illustrated in Fig.4.5.

70




ki
o

Degree of coherence
o
o

5. &%
o o

Degree of coherence
D
, 5%

I
—
. .
o
L g T T T

Figure 4.14. Complex degree of spatial coherence at the observation plane arising from
the source covered with the source filter of type B. Those curves are plotted against the

normalized difference ad/(Az) (where d is a real difference) from the z-axis for oy =

(a) 0.05, (b) 0.25, (c) 0.5, (d) 1.0, (e) 2.0, and (f) 5.0.
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Figure 4.15. Complex degrees of spatial coherence of light generated from an incoherent
slit source covered with the source filters of (a) type B and (b) type C. These curves are
calculated by applying the van Cittert-Zernike theorem.




Although the curve of the complex degree of spatial coherence at oy = 0.05 in
Fig.4.14 can be obtained approximately by applying the van Cittert-Zernike theo-
rem (corresponding to Fig.4.15(a)) as mentioned in Section 4.3.1, with increasing
values of oy, the values of the spatial coherence tend to approach unity in a different
manner in comparison to Fig.4.5. At oy = 0.25, the fluctuating behavior in spatial
coherence is considerably suppressed by using the source filter of this kind. The
coherence interval, which is properly defined as the dimension (e.g., for which the
degree of spatial coherence becomes 0.88), in Fig.4.14 is always larger than that in
Fig.4.4 for each oy and, furthermore, minima of the curves of the complex degree of
spatial coherence shown in Fig.4.15 are displaced towards larger values of two-point
difference. To comprehend the variation of spatial coherence against the values oy,
the complex degrees of spatial coherence are plotted in Fig.4.16 as a function of oy

for small values of oy less than 1.0. By comparing Fig.4.14 with Fig.4.5, no distinct
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Figure 4.16. Complex degree of spatial coherence corresponding to Fig.4.14 for small

values of oy (from 0.05 to 1.0).

performance in coherence curves is observed except for the positions of each mini-
mum of the curves for large values of oy larger than 1.0. It has become obvious from
Figs.4.14 and 4.16 that the source filter of type B providing the effect of apodization
has the ability of growing the spatial coherence of light generated from a partially

coherent source having uniform intensity distribution, from the standpoint of the

coherence interval.




Figures 4.17 and 4.18 show the normalized intensity distribution and the com-

plex degree of spatial coherence of light radiated from the source with the source

filter of type C illustrated in Fig.4.12(b).

Figure 4.19 shows a set of the complex de-
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Figure 4.17. Normalized intensity distribution at the observation plane arising from
the source covered with the source filter of type C. These curves are plotted against the

normalized distance az/(Az) (where z is a real distance) from the z-axis for oy = (a) 0.05,
(b) 0.25, (c) 0.5, (d) 1.0, (e) 2.0, and (f) 5.0.

gree of spatial coherence as a function of o . In addition, the spatial coherence curve
calculated by use of the van Cittert-Zernike theorem is illustrated in Fig.4.15(b) for
comparison. It is found in Fig.4.17 that, as the values of oy increase, the light shows
the tendency to be collected around the optical axis at the observation plane and
that the secondary and higher-order maxima in intensity appear. These maxima
grow up with increasing values of oy and, at the same time, the appearance of
fringes resulting from those maxima in the diffraction pattern becomes prominent.
The normalized intensity shown in Fig.4.17, as opposed to that shown in Figs.4.4
and 4.13, varies sensitively with oy not only for small values (e.g., o5 =0.05, 0.25 and

0.5), but for large values (e.g., oy=1.0, 2.0 and 5.0). As is seen from Fig.4.18, the
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Figure 4.18. Complex degree of spatial coherence at the observation plane arising from
the source covered with the source filter of type C. These curves are plotted against the

normalized difference ad/(Az) (where d is a real difference) from the z-axis for oy =
(a) 0.05, (b) 0.25, (c) 0.5, (d) 1.0, (e) 2.0, and (f) 5.0.
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Figure 4.19. Complex degree of spatial coherence corresponding to Fig.4.18 for small

values of oy (from 0.05 to 1.0).




trend in spatial coherence for very small oy (e.g., oy =0.05) is similar to that shown

in Figs.4.5 and 4.14 in the sense that the curve can be approximately evaluated
by applying the van Cittert-Zernike theorem. However, fluctuating performance is
marked in Fig.4.18 as compared with Figs.4.5 and 4.14 for relatively small values
of oy (e.g., oy = 0.25). The coherence interval for each value of oy is diminished
by use of the source filter of this kind. As a consequence, the minima of coherence
curves are displaced towards the smaller values of two-point differences. Hence, it
is understood from the result of Fig.4.18 that the source filter of type C acts as
a method of reducing the spatial coherence of light generated from the partially
coherent source.

To evaluate quantitatively the effect of the source filter of two kinds, the inten-
sity spread and the ratio of the coherence interval to the intensity spread are plotted
in Fig.4.20 against the coherence condition oy over the source for each source filter.

Curves corresponding to the source filters of type B and type C are indicated by
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Figure 4.20. (a) Intensity spread and (b) the ratio of coherence interval to the intensity
spread in the Fraunhofer diffraction field plotted against the coherence condition oy over
the source for the source itself (indicated by A) and the source using the source filters of

type B (indicated by B) and type C (indicated by C).
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B and C in the figure, respectively. For comparison, curves corresponding to the
non-filtered case (i.e., the source itself) are also added in the same figure and indi-
cated by A. In the figure, the intensity spread is defined as the width for which the
intensity decreases 40 per cent from its maximum value and the coherence interval
is defined by the value |z — z;| when the degree of spatial coherence |y(z;, z3)]
comes to 0.5. It is seen from Figs.4.20(a) and (b) that, with an increase in the val-
ues of oy, the intensity spread decreases gradually and, conversely, the ratio of the
coherence interval to the intensity spread increases monotonically. However, curve
C in Fig.4.20(a) shows the tendency of dropping suddenly with oy between 0.6 and
0.7. After that, the values of curve C in intensity spread become the smallest. This
phenomenon implies that the source filter of type C enlarges the intensity spread for
small values of oy less than approximately 0.6 while it reduces the intensity spread
for large values of oy larger than approximately 0.9. However, it should be noted
that, even though such intensity distribution is realized for large oy, secondary and
higher-order maxima appear in the diffraction pattern at the same time, as shown
in Fig.4.17.

It is understood from the above results that the feature of the resultant field
depends strongly not only on the type of the source filters, but also on the spatial
coherence condition over the source oy, though it may be predicted by the van
Cittert-Zernike theorem for very small values of oy such as oy = 0.05. Hence, it
seems feasible that the light having an arbitrary. condition of the spatial coherence
1s realized by an appropriate choice of the source and the source filter. Moreover, if
the spatial coherence condition over the source is given in practice, the light having
desired coherence properties can be obtained by an appropriate choice of the source
filter. Determination of the source filter in accordance with a given purpose will be

performed mathematically by using the calculus of variation.

4.4 Conclusion

In this chapter, a new concept of a source filter has been proposed to control the

spatial coherence of light generated from a partially coherent planar source. As a s

simple example, two kinds of the source filter have been introduced and their perfor-




mances with relation to the spatial coherence of light in the Fraunhofer diffraction

field of the source have been investigated together with the radiation properties
from the source. Detailed formulations for analyzing the present chapter in one-
and two-dimensional cases have also been developed. On the basis of those formula-
tions, some numerical results are presented illustrating the effect of the source filters
on the spatial coherence of the light field. A quantitative evaluation of the spatial
coherence controlled by the source filters has been made by means of the ratio of the
coherence interval to the intensity spread. It has been found from the evaluation
that the ratio tends to be expanded by use of the source filter of type B and, on the
contrary, diminished by use of that of type C for any state of spatial coherence oy
over the source. In addition, it has also been observed that the varying behavior
in coherence curves is strongly influenced by the type of the source filter. As a
consequence, an arbitrary state of the spatial coherence is expected to be realized
by an appropriate selection of the transmittance of the source filter for the given
coherence condition over the source.

Finally, it is concluded throughout the whole analysis that the source filter can
become a powerful tool for controlling the spatial coherence of light from a partially
coherent planar source, with a view of obtaining the required system performance,

in various fields of optics primarily due to its easy realization and secondarily due

to its own ability.




CHAPTER 5

Radiation Efficiency of Partially Coherent
Planar Sources

5.1 Introduction

The topic of the radiation from partially coherent sources has been a subject of
great interest in the last twenty years [2, 19-21, 183]. From the course of such
investigations, it follows that the fields produced by partially coherent sources are
much influenced by the condition of the spatial coherence, together with the intensity
distribution, across the source. In addition, these studies on so-called radiometry
with partially coherent sources receive considerable attention especially in recent
years due to the crucial discovery of a change in the spectrum of light on propagation
induced by the spatial coherence property of the source [62].

Radiation efficiency of the sources to be considered in this chapter is defined
as a ratio of the total radiant flux generated by the source to the source-integrated
intensity, and acts as a measure for quantifying the feature of the radiation from
partially coherent sources [21, 183]. It has been shown [21, 57, 183] that, depending
on the characteristics of the source, radiation efficiency of any planar sources takes
the value ranging from zero (corresponding to the totally non-radiating source) to
unity (corresponding to the most efficient source).

In the past studies concerning radiation efficiency, either a planar Gaussian
Schell-model source [57, 56] or a planar quasi-homogeneous source [24, 55, 56] has
been frequently employed as a source model for analysis and the general relationship
between the radiation efficiency and the spatial coherence condition over the source
has been conclusively presented. However, owing to their adoption of the source
model for analysis, these studies could provide little information about the depen-
dence of the intensity distribution across the source on radiation efficiency. More

specifically, their mathematical formulations of the problem cannot be directly ap-
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plied to the source with an arbitrary intensity distribution. It is important to keep
in mind here that there exist many kinds of the sources that do not satisfy the
condition of quasi-homogeneity or cannot be approximated by the Gaussian Schell-
model source in practical applications. In particular, the practical significance of
such sources, i.e., the sources with various intensity distributions, may be recog-
nized in connection with the spatial filtering method over the source using a source
filter which has been proposed in Chapter 4 to control the spatial coherence of light
produced by partially coherent sources. Therefore, it is necessarily required to take
into account in these studies the variation of the intensity distribution across the
source for a further generalization of the problem under consideration.

In this chapter, we investigate the radiation efficiency of partially coherent
planar sources with various intensity distributions. As a source model for analysis,
we consider an isotropic circular Schell-model source with uniform intensity distri-
bution and introduce the source filter for changing the intensity distribution across
the source. The coherence condition over the source is assumed to be specified by
means of properly arranged Bessel functions. This chapter deals also with the radi-
ation efficiency of quasi-homogeneous source as a limiting case of the present source
model, though the ultimate purpose here is to evaluate the radiation efficiency of
the source, not satisfying the condition of quasi-homogeneity, as a function of the
source filter. Due to the adequate selection of the source model, a physical origin
of the variation in radiation efficiency resulting. from the source characteristics is
satisfactorily manifested in terms of the spatial frequency spectrum of the source
associated with evanescent waves. In the following, we confine our discussion to the ¥
case of planar sources while more recent studies on radiation efficiency have been
concerned with the three-dimensional primary sources [59, 60]. Radiation efficiency

of the three-dimensional sources are investigated in the next chapter.

5.2 Theory

5.2.1 General formulation of the problem
We consider an isotropic secondary planar Schell-model source occupying a finite
area X at the plane z = 0 and radiating into the free half-space z > 0, as illustrated

e




Figure 5.1. Schematic of the optical arrangement for analysis. The isotropic secondary
Schell-model source is located at the plane z = 0 perpendicular to the z-axis and radiates
into the free half-space z > 0. The symbol s implies the three-dimensional unit vector.

in Fig.5.1. Radiation efficiency R, of the source at frequency w is defined by (21,
57, 183]

T Ay s (5.1)

where @, implies the total flux emitted by the source into the half-space z > 0
and N, indicates the source-integrated intensity. In addition, the total flux &, in
Eq.(5.1) is known to be expressible, in terms of the radiant intensity J,(s), in the

form [2, 21, 183]
o, = /( J.(s)de (5.2)
2r

where the integration extends over the 27 solid angle formed by all s-directions in
the half-space z > 0 (s is the three-dimensional unit vector). It is shown [21, 183, 57|
for any planar sources that the radiation efficiency R, defined by Eq.(5.1) satisfies
the inequality

0< R, <1 (5.3)

and acts as a measure for quantifying the feature of the radiation from the source.
In Eq.(5.1), the source-integrated intensity /N, depends only on the intensity
distribution across the source and can be uniquely determined, irrespective of the

coherence condition over the source, by the intensity distribution across the source.
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On the contrary, the total lux ®, may depend, in view of Eq.(5.2), not only on the

source intensity but also on the source coherence on the ground that the radiant
intensity has been proved, in the past studies on radiometry with partially coherent
sources, to be considerably affected by the spatial coherence condition over the
source including the intensity distribution. It seems reasonable to state, therefore,
that the radiation efficiency given in Eq.(5.1) also varies, satisfying the inequality of
Eq.(5.3), with both the coherence condition and the intensity distribution over the
source.

The main purpose of the present study is to manifest the effect of the intensity
distribution across the source on radiation efficiency, in contrast to the past studies
concerning the radiation efficiency of partially coherent sources. A mathematical
formulation of the problem must be trivially refined here, in comparison with the
past studies, with a view of obtaining the specific expression of radiation efficiency
for the sources with various intensity distributions. In the following analysis, we
begin by characterizing the feature of the spatial coherence across the source in
terms of the cross-spectral density function and, subsequently, establish the general
expression for the radiation efficiency applicable to the partially coherent sources
with arbitrary intensity distributions.

Before proceeding further, a few remarks should be made concerning the math-
ematical treatment for the formulation of the problem. Concurrently with the re-
lated investigations reviewed in Section 5.1 [24, 55-57, 59, 60], the present study is
properly formulated by means of the correlation function in the space-frequency do-
main, i.e., the cross-spectral density, rather than that in the space-time domain, 1.e.,
the mutual coherence function. This is mainly because these studies are essentially
concerned with the behavior of the energy flow at one particular frequency. It should
be borne in mind, however, that there are some cases in which the correlation func-
tion in the space-frequency domain is inadequate to describe the phenomena (see
Section 4.2.3). In addition, it may be expedient to state that the correlation func-
tion in the space-time domain rather than that in the space-frequency domain plays
an essential role with a view of providing the intuitive understanding for the phe-
nomena because all measurements are practically performed only in the space-time
domain [151]. Asis widely known, the hypothesis of quasi-monochromaticity allows

us to reduce the cumbrous difference of physics between these two domains in the
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sense that both approaches (i.e., the formulation in the space-time domain and that

in the space-frequency domain) are equivalent under such a condition. Accordingly,
the adoption of the quasi-monochromatic hypothesis in the present study may also
provide a profound comprehension for the phenomena. However, we do not specify
the source spectrum in the subsequent analysis because the mathematical treatment
of the problem to be stated below is unchanged independent of the spectral aspect
of the source.

We now return to the main subject of the mathematical formulation of the
present study. The cross-spectral density function of light across the isotropic Schell-

model source is known to be expressible in the form:

WO(r,, rw \/I(O) (7w \/I(O (ro;w) g(|ry — 7| w) (5.4)

where

IO(r;w) = WO(r,rpw)  (=1,2) (5.5)

stands for the spectral intensity at a position specified by the two-dimensional vector
r; and g(|r, — 7,|;w) denotes the complex degree of spectral coherence. Here, we
assume the source with uniform intensity distribution and introduce the source filter
for changing the intensity distribution across the source. In general, there exists an
optimum distribution of the source intensity in optical processing, depending on its
own purpose. Thus, it is required to produce the source with various intensity distri-
butions. It is, however, not a straightforward task to change the spatial distribution
of the source intensity at will by controlling the source itself. Instead, as a matter
of fact, the spatial filtering method over the source (i.e., the source filter) is widely
adopted in practical applications of optics. For this reason, the subsequent analysis
is proceeded explicitly in terms of the source filter. By referring to Eq.(5.4), the
cross-spectral density of light just behind the source filter is then proved to be

WeR(r,,ma) = Iy S(r,)S(r3) g(Ir, — 7)), (5.6)

where Iy is a positive constant and S(r;) is the amplitude transmittance of the
source filter. Here and in the subsequent formulation, an explicit dependence on w

In each expression is omitted for brevity.
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It is known that the radiant intensity radiated from the source specified by

Eq.(5.6) is generally given by (19, 20, 23]

Ju(8) =1Io (—;> cos 9// g(|z'|) exp[—jka' - s.]d*2, (5.7)

with
// (a: 4 —:1:) S (a: — %w’) d*z (5.8)

being the autocorrelation function of the amplitude transmittance of the source
filter. In Eq.(5.7), the symbol s; denotes the two-dimensional vector obtained by
projecting the three-dimensional unit vector s onto the source plane and 6 is the
angle between the s direction and the normal to the source plane (see Fig.5.1). Thus,

the position vector s; and the angle 6 are found to be connected by the relation
|s1|* + cos® 6 = 1. (5.9)

Using Eq.(5.9), the element d of the solid angle contained in Eq.(5.2) can be

represented in terms of the vector s; by the expression

dQS_L

\/I_—S'i’

dQ = (5.10)

which is employed just below.
On substituting Eq.(5.7), together with Eqs.(5.9) and (5.10), into Eq.(5.2) and

performing the integration with respect to s, the total flux &, becomes [24, 53]

i Jae(klz]) o ’
e \/_// o(|z I)Wd z' (5.11)
with
J32(z) = % <siz:1; — cos:z:) (5.12)

being the Bessel function of the first kind and order 3/2. In order to reduce Eq.(5.11)

In a simple form, we introduce the polar coordinates in place of the Cartesian ones




and then perform the integration with respect to the angular component. Subse-

quently, by replacing the value k|z'| by x, the reduced expression for the total flux

d,, is obtained as

®, = Io \/—g /OOO SU—;-CI(IIJ)QI(QZ')J;;/Q(IE) dz. (5.13)

This equation has been derived under the condition that the autocorrelation func-
tion C(z') given by Eq.(5.8) depends only on the absolute value of its argument,
i.e.,, C(2') is a function of |z'|. This condition is easily satisfied by assuming the
circular symmetric transmittance of the source filter. It should also be noted that
the functional forms of C'(z) and ¢'(z) contained in Eq.(5.13) are different from
those of C(]z'|) and g(|z'|) contained in Eq.(5.11) because a change of the variable
is conducted in deriving Eq.(5.13) from Eq.(5.11). Differences in these two functions
are presented explicitly in the subsequent analysis.

On the other hand, the source-integrated intensity NV, in Eq.(5.1) can be writ-

ten, in terms of the amplitude transmittance of the source filter, in the form

W=k //:[S(m)ﬁ iz, (5.14)

Finally, substitution of Eqs.(5.13) and (5.14) into Eq.(5.1) leads to the required

expression for radiation efficiency given by

il \/g/owx—%c;v(x)g'(x)J;,/z(z)dx. (5.15)

In the above equation, C(z) stands for the normalized autocorrelation function of

the amplitude transmittance of the source filter given by

PP ot i i
N J[ s e ’

where ¢ and z denote the two-dimensional vector and the scalar quantity, respec-

(5.16)

tively. The wavenumber k appears in Eq.(5.16) since a change of the variable was

conducted in deriving Eq.(5.13) from Eq.(5.11). Aside from the wavenumber k,

84




Eq.(5.16) represents the optical transfer function of an incoherent imaging system

having a circular aperture with symmetric transmittance ([153], Sec. 6.3).
Equation (5.15) is the final expression for radiation efficiency of the source
under consideration. Detailed knowledge for the source and the source filter is
required to proceed further since Eq.(5.15) involves the unknown functions ¢'(z)
and C'(z) associated with, respectively, the spatial coherence and the intensity

distribution across the source. These two functions are specified in the next section.

5.2.2 Source model

In accordance with the preceding formulation of the problem, we assume a partially
coherent circular source with uniform intensity distribution and introduce the source
filter for varying the intensity distribution across the source. In this section, the
source model for analysis including the source filter is treated in some detail.

We first specify the feature of the spatial coherence of light across the source
employed here. As the complex degree of spectral coherence across the source, we

assume the expression given by

_ i Jn/?<klr1 = P'sl/t)
gllpe =By =T (1 o 5) (klry = 7]/ 2a)7/%’ (5.17)

where I'(-) and J,/5(-) denote the Euler’s gamma function and the Bessel function
of the first kind and order n/2, respectively, and k is the wavenumber of light across
the source. Here, n and a can take any positive values (rigorously, n > 0 and
a > 0) and serve as parameters for changing the spatial coherence condition over
the source. More specifically, the coherence interval, which is properly defined as
the spatial distance for which the degree of coherence reaches a certain prescribed
value, becomes larger with an increase of the value n for the fixed value of a.
Similarly, the coherence interval increases with an increase of « for fixed values of
n. In the following analysis, we consider for simplicity that a acts as a parameter
for controlling the spatial coherence condition over the source and that n is fixed.
While Eq.(5.17) is applicable to Eqs.(5.4), (5.6), (5.7) and (5.11), it cannot be

directly substituted into Eqs.(5.13) and (5.15) because a change of the variable is

made in deriving Eq.(5.13) from Eq.(5.11) as discussed in Section 5.2.1. The reduced




expression of Eq.(5.17) applicable to Eqs.(5.13) and (5.15) is given in the form:

g(z) =T (1 + g) %‘% (5.18)

To make clear the behavior in spatial coherence mentioned above, the complex
degrees of spectral coherence are plotted in Fig.5.2 against the mutual difference z/a

for some selected values of n on the basis of Eq.(5.18). In addition, the functional

1.0
0.5

0.0 L5
1 \

i R R
Modified difference [x/ « ]

Degree of coherence

Figure 5.2. Complex degree of spectral coherence across the source. The curves are

plotted against the modified difference z/a for some selected values of n.

forms of Eq.(5.18) corresponding to these curves are summarized in Table 5.1. For
any values of n, the partially coherent source characterized by Eq.(5.18) approaches

a spatially incoherent source for o — 0 in the sense that Eq.(5.18) is reduced to

1 tor =10,

g'(z) = (5.19)
0 for o #£0.

Conversely, it approaches a spatially coherent and cophasal source for @ — oo in

the sense that Eq.(5.18) is reduced to

gzl =1 for all =z. (5.20)
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n g'(z)

0 Jo(z/ )
1 sin(z/a)

z/a

9 2J1(z/a)

z/a

3 3/ J3p0(2/)
4 )

Table 5.1. Functional forms of Eq.(5.18).

As a special case of the present source model, we consider the partially coherent
source characterized by Eq.(5.17) (or Eq.(5.18)) under the condition of & = 1. Such
a source is known as a so-called Bessel-correlated source and it has been favorably
employed in the past studies on radiometry with partially coherent sources [19, 20,
23, 56, 183, 184]. It isimportant to note that the angular distribution of the intensity
radiated from a quasi-homogeneous Bessel-correlated source obeys the cos™ f-law
where 6 is the angle formed between the direction of observation and the normal
axis to the source. Thus the source of this kind is found to represent a lambertian
source in the case of n = 1 and a completely incoherent (delta-correlated) source in
the case of n = 2 [185]. In addition, a further point to be emphasized with regard
to the quasi-homogeneous Bessel-correlated source is its spatial frequency spectrum

defined by [19, 20, 184]

F(f) = oy /) ot)expl-if -ol s (5.21)

where f and @ are the two-dimensional vectors and g(z) is the complex degree of
spectral coherence across the source. It can be readily shown after some algebra

that the quasi-homogeneous Bessel-correlated source has only the spatial frequency
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component less than the wavenumber & (for short, we call it the low-frequency

component). In other words, this reveals that such a source has no evanescent
waves because the spatial frequency component above k (for short, we call it the
high-frequency component) results in the evanescent waves that do not carry energy
into the far field of the source.

The source model specified by Eq.(5.17) (or Eq.(5.18)) has an important pa-
rameter «, as opposed to the conventional Bessel-correlated source mentioned above.
[t is worth emphasizing that, due to the parameter «, the present source model has
a distinct advantage especially in the study on radiation efficiency of the quasi-
homogeneous source, as is the case also in the present study. To illustrate the
significance of the present source model, we consider the spatial frequency spectrum
of the source model in accordance with Eq.(5.21). By substituting Eq.(5.17) into
Eq.(5.18) and performing the proper normalization, the spatial frequency spectrum

of the source is found to be given by

: ; an/2—1
[1-(9‘—” , for 0< f<kla

F(f) x { # (5.22)

0 : for f>k/a

(@)
Do

where f is the absolute value of the two-dimensional vector f,i.e., f = |f|. Equation
(5.22) is plotted in Fig.5.3 as a function of the spatial frequency f for several values
of n. The normalization of the spectrum was conducted by dividing the spectrum at
each point by the value at the origin. This figure exhibits that the spatial frequency
component of the source is influenced by the values of . The source has only the
lou-frequency component of the spatial frequency spectrum, provided the value « is
larger than unity. On the contrary, it involves not only the low-frequency component
but also the high-frequency component, provided the value a is less than unity. Thus
the source of this kind may possibly provide sufficient understanding for the behavior
in radiation efficiency of the partially coherent source in connection with the spatial
frequency.spectrum of the source associated with the evanescent waves. This is a
problem to be considered in Section 5.3.1.

We next determine the amplitude transmittance of a source filter employed

here. As a simple example, we assume a circular source filter with circular symmetric
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Figure 5.3. Normalized spatial frequency spectrum of the quasi-homogeneous source
specified by the complex degree of spectral coherence illustrated in Fig.5.2. The curves
are plotted against the normalized spatial frequency k/a for various values of n, where &

is the wavenumber of light across the source.

amplitude transmittance given by

: l?‘l)2 p
B L=l T e gy for 0<|r|<a
4 ( ( )

a

86 = (5.23)

for |r|>a

\ )

where a represents the source radius and r is the two-dimensional position vector.
The parameter p in Eq.(5.23) takes the values ranging from —2.0 to 2.0 and controls
the appearance of the source filter. In particular, the uniform transmittance within
the source region is realized in the case of p = 0. The amplitude transmittance of
the source filter is illustrated in Fig.5.4 for several values of p. It is well understood
from the figure that, in spite of the simple expression of Eq.(5.23), there exists
a variety of the amplitude transmittance depending on the parameter p. When
Eq.(5.23) is substituted into Eq.(5.16), the normalized autocorrelation function,

which is required to evaluate the radiation efficiency in Eq.(5.15), is obtained and
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Figure 5.4. Amplitude transmittance of the source filter employed in the present analysis.
The curves are plotted against the normalized radius for various values of p. Maximum
values of the transmittance for each value of p, except for p = 0, are permitted to exceed
unity because of the mathematical convenience in the present formulation of the problem.
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(5.24)

In conclusion, determination of both the source model and the source filter

for analysis is made in this section, yielding the complex degree g'(z) of spectral
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coherence in Eq.(5.18) and the normalized autocorrelation function Cl(z) of the

amplitude transmittance of the source filter in Eq.(5.24). Thus, we are now in
a position to perform the analysis concerning the radiation efficiency of partially

coherent planar sources on the basis of Eq.(5.15) derived in the previous section.

5.3 Results and Discussion

5.3.1 Radiation efficiency of quasi-homogeneous sources

Before investigating our main subject on radiation efficiency of the sources with
various intensity distributions, we first examine the radiation efficiency of the sources
satisfying the condition of quasi-homogeneity.

As is widely recognized, the quasi-homogeneous sources are characterized by
the properties that the complex degree of spectral coherence g(r') varies more rapidly
with 7' than a variation of the intensity distribution across the source I(7) with r. In
the present formulation, the intensity distribution across the source is proportional
to a square of the amplitude transmittance of the source filter, [S(7)]?. Under this

circumstance, the cross-spectral density function of light just behind the source filter

r1+r2.
5(=57)

in place of Eq.(5.6) and, therefore, the autocorrelation function defined by Eq.(5.8)

is approximated by [24]

29(|7"1 —rzl) (525)

Wéog(rl, P es da

1s proved to be
C(z') = //_Z[S(m)fd?m s (5.26)

where C is a constant. In particular, the normalized autocorrelation function C)(z)
in Eq.(5.16) becomes unity in view of the relation of Eq.(5.26). As a result, the

radiation efficiency of the quasi-homogeneous source can be written in the form

7 b B
sz\/;/o 2719 (x)J30(2) dz, (5:.27)

in accordance with Eq.(5.15). Equation (5.27) exhibits that an exact form of the
intensity distribution across the source is of no importance in the present context

insofar as the source fulfills the quasi-homogeneous condition.
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Table 5.2. Functional forms of Eq.(5.28).

When Eq.(5.18) is substituted into Eq.(5.27), the radiation efficiency of the
present source model under the quasi-homogeneous approximation is obtained by

([180], 6.574, p. 692)

5
r%a"’F(l,l—g; g@)  fr 0ga<l
— r o
. . g (5.28)
o ML f :
| ()“—2—1 —{*-'5,& )’ OF "1 >

with F being hypergeometric functions. In spite of its cumbersome expression,
Eq.(5.28) can be reduced to simple functional forms for some given values of n
([186], pp. 555-566) and, hence, their typical examples are summarized in Table 5.2.
On the basis of the table, the radiation efficiencies for some values of n are illustrated
in Fig.5.5 as a function of the parameter a. To provide the sufficient understanding
for the behavior of radiation efficiency, it must be recalled here from Section 5.2.2
that the parameter a is closely related to both the coherence condition over the
source and the spatial frequency spectrum of the source. It is clearly seen in Fig.5.5

that all the curves change with the parameter « in a similar fashion: the radiation
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Coherence condition over the source [ « ]

Figure 5.5. Radiation efficiency of the quasi-homogeneous source specified by the com-
plex degree of spectral coherence illustrated in Fig.5.2. The curves are plotted against the
coherence condition over the source « for various values of n.

efficiencies for any values of n rise suddenly from the value zero and, subsequently,
they remain nearly stable just below the value unity with an increase of . The
value of @ = 1.0 appears, except for the case of n = 0, to be a boundary for the two
categories in a variation of the radiation efficiency (i.e., sudden rise part and nearly
stable part in the variation). From the viewpoint of the spatial coherence condition
over the source, Fig.5.5 indicates that the radiation efficiency takes a minimum
value of zero for a spatially incoherent source in the sense of Eq.(5.19) and that it
takes a maximum value of unity for a coherent and cophasal source in the sense of
Eq.(5.20). In addition, the reduction of radiation efficiency is obviously found to be
caused by the reduction of the spatial coherence condition over the source since the
spatial coherence of the source is reduced with a decrease in the value of a as already
stated in Section 5.2.2. These facts are in agreement with the past works [20, 21,
24, 55, 56, 183]. For the reference purpose, the normalized radiant intensity of the
source for n = 2 is illustrated in Fig.5.6 using Eq.(5.7). It is well understood from
the figure that the radiated field tends to be collected around the forward direction

as the value of @ becomes larger, i.e., as the spatial coherence across the source
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increases.

Radiant intensity

Lambert source

Figure 5.6. Radiant intensity distribution of the source corresponding to the case of
n = 2 in the curves of the complex degree of spectral coherence illustrated in Fig.5.2. The
curves are displayed in a polar diagram for various values of a. For the reference purpose,
the dotted line indicates the radiant intensity of the lambertian source.

In order to elucidate further the physics of concern, we now investigate the
behavior of radiation efficiency in connection with the spatial frequency spectrum
of the source. As was discussed in Section 5.2.2, the spatial frequency spectrum of
the present source is given by Eq.(5.22) and was illustrated in Fig.5.3. By recalling
that the so-called high-frequency component of the source is associated with the
evanescent waves, it follows from Fig.5.3 that the source has the evanescent waves
for @« < 1 and has no evanescent waves for a > 1. It seems therefore feasible, at
the first glance, that the existence of evanescent waves results in the reduction of
radiation efficiency, on the ground that a marked variation in radiation efficiency
1s observed in Fig.5.5 for @ < 1. However, detailed analysis of Fig.5.5 leads to the
fact that the radiation efficiency of the source decreases considerably also in the
region « > 1 (there are no evanescent waves in this region) with a decrease of a.

For this reason, it is expedient to state that the radiation efficiency is generally
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reduced with the broadening in the spatial frequency spectrum of the source toward

the higher frequency and that this trend in radiation efficiency is irrespective of the
presence of evanescent waves. Such a behavior in the spatial frequency spectrum
results intuitively in the mixture of many plane waves propagating toward various
directions in the half space z > 0, yielding the wide spread of radiant intensity
(e.g., as illustrated in Fig.5.6), the reduction of spatial coherence over the source
and the reduction of radiation efficiency. It should be stressed here that the physical
explanations for the reduction of radiation efficiency based on both the reduction of
spatial coherence over the source and the broadening of the spatial frequency spec-
trum are essentially equivalent because both quantities (i.e., the spatial coherence
over the source and the spatial frequency distribution of the source) are connected
by the Fourier transform defined in Eq.(5.21). Hence, the preceding statement for
the performance in radiation efficiency associated with the spatial frequency spec-
trum has the consistency with the past works in which the modification in radiation
efficiency is physically explained in terms of the spatial coherence condition over the
source.

A similar consequence has also been recognized in the past studies dealing
with the radiation efficiency of the quasi-homogeneous source [20, 24, 55, 56, 183].
However, such studies could not provide sufficient information about the relation-
ship between the radiation efficiency and the evanescent waves. This is primarily
because these studies have dealt with either the Gaussian-correlated source or the
Bessel-correlated source as a source model for analysis where the former source in-
volves evanescent waves and the latter source does not involve them in any cases.
Accordingly, by virtue of the appropriate selection of the source model as discussed
in Section 5.2.2, the present study is the first attempt to explore quantitatively the

behavior of radiation efficiency in connection with the presence of evanescent waves.

5.3.2 Effect of the intensity distribution across the source

On the basis of the formula (5.15), together with Eqs.(5.18) and (5.24), established in
Section 5.2.1 (and 5.2.2), the radiation efficiency of the sources with various intensity
distributions is quantitatively investigated in this section. In view of Eq.(5.24),
numerical results of Eq.(5.15) are seen to depend not only on the parameter p

governing the intensity distribution across the source (see Fig.5.4), but also on the
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value ka where k = 27 /) is the wavenumber of light across the source and a is a

radius of the source filter (or the source itself). To this end, we introduce a new
parameter § defined by
(5.29)

corresponding to the value ka and refer to it simply as the source size by assuming
the fixed value of the wavelength A. In what follows, we confine our discussion for
simplicity to the case of n = 2 in Eq.(5.18). In this case, the complex degree of

spectral coherence of the source given by Eq.(5.18) reduces to

_ 2J1(z/a)

. (5.30)

g'(z)
according to Table 5.1 in Section 5.2.2 and, thus, the spatial coherence condition
across the source depends only on the parameter a. To illustrate some numerical
results, the integration of Eq.(5.15) was numerically evaluated by using a computer.

As a typical example, the radiation efficiency of the source under the condition
of « = 1 is plotted in Fig.5.7 against the parameter p for various source sizes
g ranging from 25.0 to 1000.0. Here, the range of § is properly determined in
accordance with the framework of physical optics ( [3], Chap. 8; [147], Chap. 3; [153],
Chap. 3) in which the linear dimension of the source is required to be much larger
than the wavelength. In Fig.5.7, the parameter p controls the intensity distribution
across the source as discussed in Section 5.2.2: the positive values of p give rise to
the central dip in intensity across the source and, conversely, the negative values
of p result in the sources having the soft edge (see Fig.5.4). The case of p = 0
corresponds to the circular source with uniform intensity distribution. It is clearly
seen in the figure that the radiation efficiency, for any values of [, is attenuated as
the value p increases. A range of the variation in radiation efficiency is reduced with
an increase in the source size § and finally becomes negligible for the source size 3
being approximately larger than the value 500.0 in this figure.

From the physical point of view, the above behavior of radiation efficiency
can be explained with relation to the spatial frequency spectrum of the source. In
general, the spatial frequency spectrum of the source is known to be given, instead

of Eq.(5.21) which is applicable only to the quasi-homogeneous sources, by the
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Figure 5.7. Radiation efficiency of the sources with various intensity distributions in the
case of o = 1.0. The curves are plotted as a function of the source filter p corresponding
to Fig.5.4 for various source sizes £3.

formula [19]:

1
(27

F(F) = Goye ] Cl@la(@) exsl-iF - ol (5.31)

where g(z) is the complex degree of spectral coherence of light across the source
and C(z) is the autocorrelation function of the amplitude distribution of the source
(i.e., C(z) is proportional to the autocorrelation function of the amplitude trans-
mittance of the source filter in the present formulation). Equation (5.31) indicates
that the spatial frequency spectrum of the source depends generally not only on
the spatial coherence condition over the source, but also on the intensity distribu-
tion across the source. By recalling the performance in radiation efficiency that we
have just discussed, an increase of p and a decrease of 3, which yield essentially a
rapid variation of the intensity distribution across the source, cause the reduction

in radiation efficiency. On the other hand, it can be readily inferred in Eq.(5.31),
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by considering some basic concepts of the standard Fourier analysis [187], that a

rapid variation of the intensity across the source, in comparison with a slow vari-
ation, gives rise to the broad spreading in the spatial frequency spectrum toward
the higher frequency provided the coherence condition across the source is fixed for
brevity. Accordingly, it is reasonable to conclude that the broad spreading in the
spatial frequency spectrum arising not only from the spatial coherence but also from
the intensity distribution induces the reduction in radiation efficiency. As well as
the discussion presented in Section 5.3.1, such a behavior in the spatial frequency
spectrum results in a wide spread of the radiant intensity due to the mixture of
many plane waves propagating toward various directions, producing the reduction
of radiation efficiency. As opposed to the previous section, however, the relationship
between the variation in radiation efficiency and the presence of evanescent waves
cannot be easily manifested here because the numerical evaluation of Eq.(5.31) is
required to examine such a subject.

In order to elucidate further the characteristics in radiation efficiency, the radi-
ation efficiency of the source under the condition of o = 10.0 is illustrated in Fig.5.8
as a function of the parameter p for various values of 8. Evidently, Fig.5.8 bears
a remarkable similarity to Fig.5.7 in the behavior of radiation efficiency. Detailed
comparison of Fig.5.8 with Fig.5.7 reveals, however, that the efficient radiation in
the sense of high radiation efficiency results from the high spatial coherence of the
source (corresponding to the large a in Fig.5.8) rather than the low spatial coherence
of the source (corresponding to the small a in Fig.5.7). Following the discussion pre-
sented in Section 5.3.1, a physical origin of such a tendency in variation of radiation
efficiency is easily proved to be closely related to a variation of the spatial frequency
spectrum stemming from the spatial coherence condition over the source.

In conclusion, it has become quantitatively obvious in this section that the

variation in the spatial frequency spectrum arising from both the source coherence

and the source intensity distribution affects the radiation efficiency.
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Figure 5.8. Radiation efficiency of the sources with various intensity distributions in the
case of @ = 10.0. The curves are plotted as a function of the source filter p corresponding

to Fig.5.4 for various source sizes Q.

5.4 Conclusion

We have established a general formulation for radiation efficiency of the partially
coherent planar sources with various intensity distributions. On the basis of the for-
mulation, we have further investigated quantitatively the radiation efficiency of the
source as a function of both the spatial coherence condition and the intensity distri-
bution across the source. In particular, a physical origin of the variation in radiation
efficiency has been manifested from the standpoint of the spatial frequency spectrum
of the source associated with the evanescent waves. As a consequence, it has be-
come obvious that the broadening in the spatial frequency spectrum of the source
stemming from both the source coherence and the source intensity results in the
reduction in radiation efficiency for the sources with various intensity distributions
including the quasi-homogeneous ones and that this trend in radiation efficiency is

lrrespective of the presence of evanescent waves, at least, for the quasi-homogeneous
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SOurces.

Although numerous investigations on the radiation properties from the par-
tially coherent sources have been made hitherto, little attention has been given to
the sources with various intensity distributions as a source model in their analyses.
It should be kept in mind, however, that the intrinsic significance of the sources with
various intensity distributions is generally recognized in the practical application of
the partially coherent source including the use of the source filter. Therefore, it

may be concluded that some results derived from this chapter serve as a means of

discriminating a certain kind of phenomena occurring in practice.




CHAPTER 6

Radiation Efficiency of Partially Coherent
Three-Dimensional Sources

6.1 Introduction

Numerous attempts have been made to elucidate the intimate relationship between
spatially partially coherent sources and their radiated fields [2, 19-21, 183]. In the
majority of investigations, partially coherent planar (or two-dimensional) sources
have been frequently employed for the theoretical analyses in conjunction with the
practical applications of optics and their radiation properties have been thoroughly
demonstrated hitherto. In recent years, a great deal of attention has also been
devoted to partially coherent three-dimensional (e.g., spherical) sources [38, 39, 59,
60, 84, 188-193], concurrently with planar ones.

Radiation efficiency of sources, which plays an important role in radiometry
with partially coherent sources, was originally introduced as a measure for quan-
tifying the features of radiation from quasi-homogeneous planar sources [24] and
has been applied to various planar sources [55—-57]. Here, radiation efficiency is
defined as the total power radiated from a source normalized to a maximum value
of unity. On the other hand, more recent investigations on radiation efficiency deal
with partially coherent three-dimensional sources [59, 60] and lead to the significant
consequence that the three-dimensional sources are in contrast to the planar ones
in radiation efficiency: the maximum efliciency of radiation results from globally
incoherent sources in the three-dimensional cases while the fully coherent condition
over the source yields the maximum efficiency in the planar cases when the Gaus-
sian Schell-model sources with a sufficiently large extent (in comparison with the
wavelength) are employed for analyses in both cases. However, some characteris-
tics in radiation efficiency of three-dimensional sources still remain obscure, mainly

because emphasis has long been placed on the planar sources rather than the three-
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dimensional ones.

In this chapter, radiation efficiency of three-dimensional sources is explored
theoretically in some detail in order to supplement the preceding investigations. A
partially coherent three-dimensional source to be treated here is assumed to be a
primary one, such as an assembly of radiating atoms, within the formalism for scalar
wavefields. To make the analysis as simple as possible, our discussion is confined
to the homogeneous and isotropic source localized in a finite spherical domain. In
addition, the spatial correlation of the source is assumed to be specified by means
of properly arranged Bessel functions which take the same functional forms as in
Chapter 5. Accordingly, a comparison of this chapter with the previous one (i.e.,
Chapter 5) may provide, in connection with the widely recognized characteristics
of planar sources, comprehensive information about the features of radiation from
partially coherent three-dimensional sources.

In the following, we first specify the source model for analysis and establish
a specific expression for determining the radiation efficiency of the sources. On the
basis of the expression, a number of representative curves of the radiation efficiency
are illustrated as a function of the coherence condition of the sources. Finally, they
are compared with the curves of the radiation efficiency for planar sources derived

in Chapter 5.

0.2 Theoretical Preliminaries

We consider a partially coherent primary scalar source occupying a finite three-
dimensional region. In accordance with the studies on primary sources [38, 39, 194],
the source to be considered here is characterized by a correlation function of the true
source distribution instead of that of the field within the source region. For brevity,
we further consider a statistically homogeneous and isotropic source occupying a
spherical region ¥ of radius @ with the uniform intensity distribution, which is illus-
trated in Fig.6.1. Such a model source appears to have physical inconsistency since
no bounded source can be strictly homogeneous due to its edge effects. However,
the radius a of the source is supposed here to be sufficiently large compared with

the effective width of the source coherence in order that the boundary effects may
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Figure 6.1. Illustration of the geometry for the present analysis. The homogeneous,
isotropic and spherical source of radius a is located at the origin and radiates into the free
whole-space. The symbol s denotes the three-dimensional unit vector.

be negligible [87]. Thus, the model source employed here can represent physically
realizable sources as far as the above constraint holds between the source radius and
the source coherence. The validity of this constraint is discussed in some detail in
the next section.

An ultimate purpose of the present study is to examine the radiation efficiency
(to be defined in the later section) of a three-dimensional source, especially under the
consideration of a planar source. To make a bridge between the three-dimensional
source and the planar one, the spatial coherence condition of the three-dimensional
source employed here is specified by means of properly arranged Bessel functions
that take the same functional form employed in Chapter 5 dealing with the radiation
efficiency of planar sources. Hence, we begin by recalling succinctly the mathemat-
ical description of such sources and then determine the three-dimensional source
model for the present analysis.

We consider a secondary planar Schell-model source occupying a finite area
characterized by the normalized second-order correlation function of the field am-

plitude over the source in the space-frequency domain (i.e., the complex degree of




spectral coherence of the field over the source). It is given by the form

pv(r = mal) =T (1+2) {kfi(k_l_rﬁ/;cj)/iz (6.1)

where I'(-) and J,,/5(+) denote the Euler’s gamma function and the Bessel function of
the first kind and order n/2, respectively, and r, and r, stand for two-dimensional
position vectors. In general, the (unnormalized) correlation function in the space-
frequency domain is referred to as the cross-spectral density function. Thus, it is
also possible to state that Eq.(6.1) is the normalized quantity of the cross-spectral
density function of the field over the source. In the above equation, £ = w/c is
the wavenumber of light across the source (c is the speed of light in vacuum) and
the positive values of n and « (precisely, n > 0 and « > 0) act as parameters for
changing the spatial coherence condition of the field over the source. Specifically,
the spatial coherence of the field over the source grows with an increase in both the
value of « for the fixed value of » and the value of n for the fixed value of . Here
and in the following, the dependence on the frequency w is not shown explicitly
in each argument of equations for simplicity. Due to the initial postulate of the
secondary source, Eq.(6.1) represents the correlation function of the field over the
source region rather than that of the true source distribution.

As is widely known, the planar source whose spatial coherence is characterized
by Eq.(6.1) in the case of @ = 1 has the property that the angular distribution of
the radiant intensity obeys the law of cos™§ where 6 is the angle formed between
the direction of observation and the normal axis to the source when the source
18 homogeneous or quasi-homogeneous [19, 20, 183]. It is also known [195] that
such a source can be characterized by means of the correlation function of the
true source distribution taking a similar form as the correlation function of the
field over the source. However, the source with the parameter of @ > 1 does not
rigorously fulfill the cos™ f-law of the radiant intensity and radiates in a somewhat
different manner (see Fig.5.6 in Chapter 5). By taking into account the relationship
between the source correlation and the field correlation tabulated by Carter [195],

the normalized second-order correlation function of the true source distribution in

the space-frequency domain corresponding to Eq.(6.1) is readily found to be given
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Table 6.1. Explicit forms of Eqgs.(6.1) and (6.2).

Jujrs1(klry — 7a|/c)
(k|r, — 7o|/2a)n/2+1°

n

pllr i) =T (2+2)

(6.2)

provided that the source is homogeneous, where Eqs.(6.1) and (6.2) take the same
form except for the parameter n: Eq.(6.2) becomes Eq.(6.1) when the value of n is
replaced by (n + 2) in Eq.(6.1). In this case, Eq.(6.2) is obviously the normalized
quantity of the cross-spectral density function of the true source distribution [38,
194] and is termed, as is often the case, the complex degree of spectral coherence of
the source. To emphasize the physical implication of these coherence functions, the
explicit forms of Eqs.(6.1) and (6.2) are summarized in Table 6.1 for some selected
values of n, where the argument k|r, — r,| in each equation is replaced by z for
simplicity. It is evident from the table that the coherence functions for & = 1 and
n = 1 characterize a planar thermal source [183, 194] which pertains to an important
class of actual sources.

We now return to the main subject. As mentioned at the beginning of this
section, the present study is formulated by means of the correlation function of

the true source distribution. To conduct a comparison study between the three-
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dimensional source and the planar one, it seems to be expedient to connect the

three-dimensional source to be employed here with the (primary) planar source
specified in terms of the true source correlation. To do this, we assume that the
complex degree of spectral coherence of the source for the present analysis is given,

by referring to Eq.(6.2) rather than Eq.(6.1), in the form

n) Jujr1(k|z, — ,[/a) (6.3)

g gl f = I (2 5
po(lw T,|) + 2) (klz, — z,|/2a)"/2+1"

where z, and z, indicate three-dimensional position vectors. This implies, from
the viewpoint of the source coherence, that an arbitrary cross-section of the three-
dimensional source coincides with the preceding planar source to be employed for
comparison. To make clear the behavior of the spatial coherence given by Eq.(6.3),
the complex degree of spectral coherence of the source is illustrated in Fig.6.2 as

a function of k|z, — @,|/a for some values of n. It is worth noting here that the

1.0

0.5

0.0

Degree of coherence

Difference [klx{—x»l/ a ]

Figure 6.2. Complex degree of spectral coherence of the source.

physical significance of the source in question becomes obvious by considering the
past investigation on the field correlations within a fluctuating homogeneous medium
(which is essentially equivalent to the true source distribution). This connection is

briefly shown below.

.....



According to Nussenzveig et al. [196], the complex degree py (|z, —z,|) of spec-

tral coherence of the field within the homogeneous and isotropic three-dimensional

source is always given by the expression
pylles = 2,]) = jolkle, — z.]) (6.4)
with z, and z, being three-dimensional position vectors, provided that the quantity
Io= [[| ke Wo(lal) &= (6.5)

takes a non-zero value (i.e., Ig # 0) where

sin 2

jo(z) = : (6.6)

stands for the spherical Bessel function of order zero and Wgy(z) denotes the cross-
spectral density function of the true source distribution for the corresponding three-
dimensional source which depends on the three-dimensional position vectors z, and
z, only through their mutual difference |z| = |z, — z,|. As is widely recognized,
Eq.(6.4) describes the field correlations in a source of thermal (blackbody) radia-
tion [185, 197].

When the model source to be employed 1s strictly statistically homogeneous

(i.e., unbounded), the cross-spectral density function of the source becomes

Wo(z,, @,) = Iy po(lz, — =), (6.7)

where Iy is a positive constant and pg(+) is the complex degree of spectral coherence
of the source given by Eq.(6.3). Substitution of Eq.(6.7), together with Eq.(6.3),
into Eq.(6.5) yields

9 =1
1))613(1—a2>2 # 0 tor Do}
(6.8)

0 for a>1,

for all n being n > 0 ([180], 6.699, p. 747). In the case of o = 1, I takes zero for

n > 1 and non-zero value for 0 < n < 1. It follows from the preceding theory of
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Nussenzveig et al. and Eq.(6.8) that the model source represents a three-dimensional

thermal source, regardless of the values of a for n > 0, as long as the condition
0 < a < 1 is fulfilled where the equality holds for 0 < n < 1. When such a
source is bounded but sufficiently large as is assumed in the subsequent analysis,
it may be regarded approximately (but, not strictly) as a spherical thermal source
in the sense that the spatial correlations of the field within the source is expected
to be approximately given by Eq.(6.4). The fact that all the model sources for this
range of o are equally associated with one source (i.e. the thermal source) may be
intuitively elucidated by considering that they radiate uniformly in the whole space
irrespective of a (although the strength of the radiated field is varied with «), as
will be seen in Eq.(6.23).

Finally, it may be noticed that, in spite of the same functional form for the
complex degrees pg(+) of spectral coherence of the source given by Egs.(6.2) and
(6.3), the corresponding complex degrees py () of spectral coherence of the field
are different from each other (i.e., Egs.(6.1) and (6.4)). However, this result has
no inconsistency. Such a fact stems from the difference of the source appearance:
Eq.(6.2) is employed for the two-dimensional source while Eq.(6.3) is employed for

the three-dimensional one.

6.3 Mathematical Framework for D'eriving the Radiation Effi-

ciency

In this section, we first introduce the concept of radiation efficiency of the three-
dimensional source and then derive a specific expression for the radiation efficiency
of the source.

The radiation efficiency of the three-dimensional source (at frequency w) con-

fined in a finite region is given by [60]

d,
ArDN,’

R, = (6.9)

where

o, = /(“) Jo(s)dQ (6.10)




indicates the total power radiated by the source into the whole space, D is the actual

Nwz//LSQ(m)dg’:v (6.11)

stands for the integrated source intensity. In Eq.(6.10), J,(s) denotes the radiant

source volume, and

intensity at frequency w in the direction specified by an unit (three-dimensional)
vector s and is shown, in terms of the cross-spectral density function Wy (z,, z,) of

the true source distribution, to be given by the general expression [3§]

Jw(s)://A//EWQ(wl,w,)exp[—jks-(a:l—:1:2)] &Pz, P, (6.12)

where k = w/c denotes the wavenumber of light over the source. In Eq.(6.11), So(=)
denotes the spectral intensity of the source at frequency w and can be represented,
in terms of Wo(z,, z,), by

Sola) = Wolz,2). (6.13)

The radiation efficiency defined by Eq.(6.9) is shown to satisfy the inequality
e lts £ 1, (6.14)

for any three-dimensional primary sources of the finite extent [60] and its value
is proportional to the total power radiated by the source due to the definition.
Thus, the radiation efficiency defined by Eq.(6.9) acts satisfactorily as a measure
for quantifying the features of radiation from partially coherent three-dimensional
sources.

Radiation efficiency of the present model source (which was specified in the
previous section) is now evaluated on the basis of Eq.(6.9). To obtain a specific
expression for radiation efficiency of the source, the radiant intensity J,(s) given by
Eq.(6.12) is first dealt with. The cross-spectral density function Wy(z,, z,) to be
considered here is given by Eq.(6.7) within the source region £, as well as for the
strictly homogeneous source. Outside the source region %, the function Wo(z,, z,)
becomes negligible in this case. When Eq.(6.7) is substituted into Eq.(6.12), the

radiant intensity J,,(s) becomes

Ju(s) = Io ././/2 //E uo(lz, — z.|) exp[—jks - (z, — z,)] d’z, ’’z,, (6.15)
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where ug(:) is the complex degree of spectral coherence given by Eq.(6.3). By

changing the variables of integrations from z, and x, to  and ' with

= ;— :1:2’ P =Py (6.16)

€T =

and by assuming that the radius a of the source is much larger than the effective
width Ag of the degree |ug(|z'|)| of spectral coherence to assure the hypothesis of

the homogeneous source, 1.e.,

AQ < a, (6.17)

Eq.(6.15) may be approximately written as

Joi 81 = T //Ed3a) ///_o:o po(|z']) exp|—jks - z'] d*=' (6.18)

with the range of integration ¥ implying the sphere with radius a. Since the inte-
gration with respect to  in Eq.(6.18) results in the actual source volume

4
D gmﬁ, (6.19)

Eq.(6.18) can be reduced to

e ED ///_‘: uo(|#']) expl—jks - 2] d' (6.20)

Equation (6.20) reveals that the radiant intensity J,(s) of the source is given, aside
from the constant factors Iy and D, by means of the three-dimensional spatial Fourier
transform of the complex degree ug(|z'|) of spectral coherence of the source. By in-
troducing the spherical coordinates and by performing the integrations with respect

to the angular variables, Eq.(6.20) can be further reduced to ([187], pp. 251-253)

0 in k
Ju(8)= 4w Iy D /0 po(z) <81z$:c> 2 dz, (6.21)

where z = |2'|. Substitution of Eq.(6.3) into Eq.(6.21) leads to

n © Jojesi(kz/a) [sinkz)
3 =47 - ki L8 !
J(s) =47 I DT(2+2) /O e | g o (6.22)
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yielding ([180], 6.699, p. 747)

( 87%2I,D T'(%+
L3 I*(n_ﬂ

2 n—1
))a3<1—a2)2 for Gl 1

Jabs) = (6.23)

0 for a>1.

Equation (6.23) is essentially the same as Eq.(6.8) except for the factor D although
their physical meanings are different from each other. This fact stems from the
profound relationship in mathematics between Eq.(6.5) (together with Eqs.(6.6) and
(6.7)) and Eq.(6.21). In Eq.(6.23), it is worth noting that the radiant intensity of
the source is independent of the direction s. Therefore, the total power &, radiated

by the source defined by Eq.(6.10) is simply expressible in the form
¢, = 4r J,(s). (6.24)

On the other hand, the integrated source intensity N defined by Eq.(6.11) is easily

shown to become

N,=1I, D (6.25)

with D implying the actual source volume given by Eq.(6.19). From Egs.(6.9),
(6.19), (6.23), (6.24) and (6.25), the radiation efficiency of the source becomes

( n n=1
6\/:; F(2+§)a3(l_a2)2 O<C¥Sl

for
i |3 n+1
(ka) F( 2 (6.26)

0 for a5,

under the localized homogeneous source condition of Eq.(6.17), where a is the radius
of the source and « is a parameter for changing the spatial coherence condition of
the source.

Finally, the inequality of Eq.(6.17) is evaluated on the basis of the formula [198]

o e
/ z°|pno(r)| dz
By o f5 , (6.27)
2
| lne@)da
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implying the power-rms width of the complex degree pg(z) of spectral coherence

given by Eq.(6.3). This formula of determining the effective width of the function
po(z) is appropriately adopted for the present purpose because it takes into account
the behavior of the tail of the function due to its definition. By substituting Eq.(6.3)
into Eq.(6.27), the inequality of Eq.(6.17) becomes ([180], 6.574, p. 692)

(%) \/(n T 1)7(22n D) it b D5 -

and it does not exist for n = 0 due to the diverging property of Ag. In practice, the
validity of the above inequality is questionable for n — 0 (even if n # 0) unless the
value of @ becomes negligible, because the left-hand side of Eq.(6.28) approaches
infinity. In this case, the function pg(z) is expected to have a fluctuating long tail
that hardly converges to zero. These facts seem to suggest that the model source
with small n being nearly zero, regardless of the value a except for an extreme
value being nearly zero, may not be homogeneous in the present sense mentioned in
Section 6.2 if it is bounded in a finite region. Conversely, the source with the other
range of n for any values of @ can become a localized homogeneous one insofar as
the condition of Eq.(6.28) holds.

Equation (6.26) with the above constraint is the final expression for the radi-
ation efficiency of the source under consideration. On the basis of Eq.(6.26), some
characteristics in radiation from the partially coherent three-dimensional source are

investigated in the subsequent sections.

6.4 Radiation Efficiency of the Partially Coherent Three-Dimensional

Source

As was mentioned in Section 6.2, the spatial coherence condition of the source varies
generally with both values of n and « based on the complex degree of spectral co-
herence given by Eq.(6.3). However, we consider for simplicity that « acts as a
parameter for controlling the spatial coherence condition of the source under the
fixed condition of n. By referring to Fig.6.2 under the assumption of the homoge-
neous spherical source, two extremes of & — 0 and oo (in this context, the term oo

1s used as a finite value which is sufficiently larger than the wavelength of light over
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Figure 6.3. Radiation efficiency of the three-dimensional source illustrated in Fig.6.1.
The spatial coherence condition of the source is characterized by Eq.(6.3). The curves are
plotted against the coherence condition of the source « for various values of n.

the source) represent a spatially incoherent source and a locally spatially coherent
cophasal one, respectively, in the sense that the complex degree of spectral coherence

given by Eq.(6.3) is reduced, for any values of n, to

1 for @ =9
po(lz, — z,|) = (6.29)
0 for -, 2 @,
and
po(lz, —z,]) =1 forall z, and z, € §, (6.30)

where S denotes a sufficiently small (but finite) area in comparison with the source
area Y. It is to be noticed, in either case, that the source must be globally spatially
incoherent due to its homogeneous hypothesis given by Eq.(6.28).

On the basis of Eq.(6.26), the radiation efficiencies of the source for some values
of n are illustrated in Fig.6.3 as a function of a. It is clearly seen in the figure that
the radiation efficiency varies depending on the spatial coherence condition of the

source through both values of n and a. In the range of 0 < a < 1 for n > 1, the
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optimal values of @ that maximize the radiation efficiency of the source are reduced

with an increase of n. By making use of the derivative for Eq.(6.26), such an optimal

state is readily found to be realized by satisfying the relation

for n > 1. (6.31)

To emphasize the physical implication of Eq.(6.31), we examine the width of the
complex degree of spectral coherence corresponding to the maximum efficiency of
radiation on the basis of Eqs.(6.3) and (6.31). In this context, the width of the
complex degree of spectral coherence is defined, in contrast to the definition of
Eq.(6.27), as the value |z, — z,| at which the function pg(|z, — z,|) given by
Eq.(6.3) falls off to zero for the first time. The resultant values of the width are

plotted in Fig.6.4 against the positive integer n ranging from 1 to 10. It is apparent
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Figure 6.4. Width of the complex degree of spectral coherence that maximizes the
radiation efficiency for various values of n.

from the figure that the width remains nearly constant at approximately 0.7, with
denoting the wavelength of light of the source, for any values of n. This implies that
the effective width of the source coherence that maximizes the radiation efficiency

1s given by about half a wavelength, in agreement with the past study [59] where
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such a consequence 1s understood in connection with the interference effect in the

source region.

It follows from the above discussion that the radiation efficiency of the homo-
geneous spherical source is controlled by the source correlations (i.e., the values of
a), rather than the field correlations within the source, on the ground that all the
sources with 0 < a < 1 for n > 0 (precisely, including the source with a = 1 for
0 < n < 1) represent equally a thermal source characterized by the field correla-
tion function of Eq.(6.4), as was mentioned in Section 6.2. This is true in a sense,
but more careful inspection is required to elucidate the phenomena: the intensity
distribution (more specifically, the spectral density) of the field within the source
region, rather than the field correlations, is expected to be varied with the source
correlations by inferring from the related investigation [192] concerning the field
properties within a sinc-correlated spherical source. Accordingly, it may be expe-
dient to state, within the present treatment of the problem, that the behavior in
radiation efficiency is determined by the spatial correlations of the source from the
viewpoint of the source characteristics and, similarly, by the intensity distribution
of the field from the standpoint of the field characteristics in the source.

We next inquire into the behavior of the radiation efficiency in the range of
a > 1. In this range, the radiation efficiency R, takes the value of zero as shown in
Fig.6.3. To obtain the sufficient information about such a behavior of the radiation
efficiency, we focus on the relation of R, = 0 for d > 1 from the different viewpoint.

Radiation efficiency of the partially coherent three-dimensional homogeneous source

may be represented from Egs.(6.9), (6.24), (6.25) and (6.20) as

;3 e’}
fed ([ ratbsoiseiér, o

where D denotes the actual source volume in Eq.(6.19), uo(:) denotes the complex
degree of spectral coherence in Eq.(6.3), and s is the three-dimensional unit vector.

Thus, the condition of R, = 0 may be uniquely expressible in the form

fig(K)

. =0 (6.33)




with

oK) = 5 [[[ a(r) expl—sK vl (6.34)

being the three-dimensional spatial Fourier transform of the function pg(-), pro-
vided that the source is confined in a finite region. Equation (6.33) indicates that
the source does not radiate (i.e., R, = 0) if the three-dimensional spatial Fourier
transform fig(K) of its degree of spectral coherence vanishes when |K| = k with
k being the wavelength of light over the source. It is equivalent to the condition
for a localized, statistically stationary, partially coherent, three-dimensional scalar
source to be non-radiating [188]. It follows from the above discussion that the source
characterized by Eq.(6.3) for any values of n in the case of @ > 1 may be regarded
as a realization of the non-radiating source.

Finally, a few remarks should be made on the source for 0 < n < 1. It is found
in Eq.(6.26) that the radiation efficiency of the source for 0 < n < 1 diverges when
a approaches the value of unity within the range of 0 < @ < 1. Such a behavior in
radiation efficiency contradicts the constraint of Eq.(6.14). However, this fact is not
so surprising by considering that there exists no finite source in practice satisfying
rigorously the condition of the homogeneity. The source with a =1for0<n <1
may be only a mathematical idealization and may not exist in practice, as was
also suggested in Section 6.3 using Egs.(6.17), (6.27) and (6.28). Nevertheless, it
1s worth emphasizing that the present analysis serves as a means of exploring, at

least qualitatively, some kinds of practical phenomena concerning the features of

radiation from partially coherent three-dimensional sources.

6.5 Comparison Between the Three-Dimensional Source and the

Planar Source

To find further the characteristics in radiation from the partially coherent three-
dimensional source, we reexamine the results derived in the previous sections from
the comparison with Chapter 5 dealing with the radiation efficiency of the partially

coherent planar source. One of the sources employed in Chapter 5 is a partially

coherent planar quasi-homogeneous source characterized by the complex degree of




spectral coherence given in the form of Eq.(6.1). Moreover, such a planar source is

the same as the cross section of the three-dimensional spherical source that has been
explored in this chapter. As a result, the comparison study may provide an intuitive
understanding about the diversity of radiation between the planar source and the
three-dimensional one, giving a sufficient elucidation on the features of radiation
from the three-dimensional source. We start with recalling the main points of the
previous chapter concerning the radiation efficiency of the planar source.
Radiation efficiency of the planar source at frequency w is defined by

R, = (6.35)

Dy
N,
where &, implies the total power radiated by the source into the free half-space and
N, indicates the integrated source intensity. By comparing Eq.(6.35) with Eq.(6.9),
the physics involved in the radiation efficiency of the planar source is found to be
essentially equivalent to that of the three-dimensional one. Following Chapter 5,
we assume the partially coherent planar source characterized by Eq.(6.1), satisfying
the quasi-homogeneous condition. By making use of the definition in Eq.(6.35),

radiation efficiency of such a source becomes

9
( -gaQF(l,l—g;?a?) | for 0<a<l
R, = n : 1 R < -
1 - _n
F(l,—§;1+§;0‘ ) for a>1

with F' being hypergeometric functions. In Eq.(6.36), n and a act as parameters for
changing the spatial coherence condition over the source. Curves for the radiation
efficiency given by Eq.(6.36) are illustrated in Fig.6.5 for some values of n. It is im-
portant to note that Eq.(6.36) is also valid for the homogeneous source owing to the
mathematical analogy between the homogeneous source and the quasi-homogeneous
one. Equation (6.36) and Fig.6.5 are the significant consequences in Chapter 5 and
will be used in the subsequent analysis. We are now in a position to consider the

subject for finding the difference in radiation between the three-dimensional source

and the planar one.
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Coherence condition over the source [ « ]

Figure 6.5. Radiation efficiency of the quasi-homogeneous source specified by the com-
plex degree of spectral coherence in the form of Eq.(6.1). The curves are plotted against

the coherence condition over the source a for various values of n. (This figure is taken

from Chapter 5.)

When Fig.6.3 is compared with Fig.6.5, we notice a kind of the reciprocal
behavior in radiation efficiency between the three-dimensional source and the planar
one. In the region of @ > 1 for any values of n, the radiation efficiencies of the
planar source approach their maximum possible value of unity though those of the
three-dimensional source vanish. On the contrary, a sudden decrease of the curvesin
radiation efficiency of the planar source is observed with a decrease of « in the range
of 0 < a < 1 for any values of n (rigorously, except for the case of n = 0) while
maximum efficiencies of radiation from the three-dimensional source occur in the
same range of a.. It should be recalled that the parameter « is closely related to the
spatial coherence condition over the source and, at the same time, to the presence
of evanescent waves in the case of the planar source: there exist the evanescent
waves for 0 < a < 1 and no evanescent waves for @ > 1. As is widely known, the
evanescent waves do not carry the energy into the far field of the source. In other
words, it does not radiate. Therefore, it seems reasonable to state that the non-

radiating component of the planar source (i.e., the range of 0 < « < 1) contributes
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to the radiation of the three-dimensional source and, conversely, that the radiating

component of the planar source is closely associated with the non-radiating three-
dimensional source.’

The above statement is true insofar as the model sources specified in Section
6.2 are concerned. On the other hand, its validity still remains obscure for the source
of a different kind. It may, however, be concluded that the reciprocal behavior in
radiation efficiency discussed here holds, at least in the sense of an approximation,
for any pairs of the three-dimensional source and the planar one, because general
trends in radiation efficiency are in good agreement with the past studies [59, 60, 24,
57] in spite of the fact that different source models were adopted for their analyses.
Physically, such performance in radiation efficiency can be well explained in terms

of the interference effect in the source region [59].

6.6 Conclusion

Radiation efficiency of the partially coherent three-dimensional source has been in-
vestigated theoretically. The source model for analysis is assumed to be a primary,
homogeneous, isotropic and spherical source and its spatial coherence property is
specified in terms of properly arranged Bessel functions. It is found that the source
of this kind represents physically either a thermal source or a non-radiating one
by an appropriate selection of the source parameters. A number of representative
curves of the radiation efficiency for the three-dimensional source have been illus-
trated as a function of the spatial coherence condition of the source and they have
led to the fact that the radiation efficiency varies depending strongly on the source
coherence. Specifically, the source radiates for 0 < a < 1 (corresponding to thermal
sources) while it does not radiate for & > 1 (corresponding to non-radiating sources)
where « is a parameter for changing the spatial coherence condition of the source.
The radiation property of the source with @ = 1 depends on the other parameter
n for changing the spatial coherence of the source. The optimal coherence (source
correlation) width that maximizes the radiation efficiency has also been examined

and, as a consequence, its value has been found to be approximately 0.7) in any

cases. In addition, it has become obvious that the trends in variation of radiation




efficiency can be explained consistently not only in terms of the source character-

istics, but also in terms of the field characteristics in the source. To provide an
intuitive understanding about the features of radiation from the three-dimensional
source, curves of the radiation efficiency for the three-dimensional source have been
compared with those for the planar one whose spatial coherence is characterized by
means of the same functional form of the Bessel functions. From the comparison, it
has followed that there exists a kind of the reciprocal behavior in radiation efficiency
between the three-dimensional source and the planar one. A relationship of the sort
derived in the present analysis may serve as a means of exploring the newly devel-

oped (or unknown) three-dimensional source from the knowledge for the planar one

and vice versa.




CHAPTER 7

Radiation from Three-Dimensional, Anisotropic
Gaussian Schell-Model Sources

7.1 Introduction

There has long been an enormous interest in radiation from partially coherent
sources (2, 19-21, 183]. In particular, considerable attention has recently been
given to the subject of changes in spectra of radiation induced by spatial coher-
ence properties of sources, which is often called the Wolf effect [62]. Several kinds
of model sources have been introduced and their radiation properties have been,
both theoretically and experimentally, explored in a series of such investigations.
Gaussian Schell-model (GSM) sources are their typical examples and have played
a significant role especially in the theoretical development of the problem (see, for
example, Refs. [39, 44, 57, 69]). This is mainly because the model sources of this
type represent many actual sources to a good approximation and, moreover, because
they provide a comprehensive insight into the phenomena immediately after some
simple operations in mathematics.

In this chapter, properties of radiation from three-dimensional, anisotropic
Gaussian Schell-model (AGSM) sources are investigated within the framework of
coherence theory established by Carter and Wolf [38]. Such model sources can rep-
resent, by an appropriate selection of source parameters, a wide variety of partially
coherent sources: planar sources, spherically symmetric sources, and other sources
with a certain anisotropy in intensity and/or in spatial coherence. Accordingly, the
analysis to be conducted below enables us to elucidate also the difference in ra-
diation between planar sources and three-dimensional sources, supplementing the
related investigations regarding the radiation efficiency of partially coherent sources
where planar sources have been compared with three-dimensional ones from the

viewpoint of radiation efficiency (see Chapter 6 and Ref.[59]). In addition, it should
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be noted that the present study is also a further extension of the past studies dealing

with radiation from planar AGSM sources [41, 45, 46].

In the following, some theoretical preliminaries for the problem are first dealt
with and, subsequently, specific expressions are derived for the radiant intensity and
the far-field spectrum. On the basis of the spectrum expression, shifts of the spectral
line on light propagation are investigated in some detail in connection with the Wolf
effect. Emphasis is placed through the whole analysis on the phenomena arising

from the three-dimensional anisotropy of the source.

7.2 Theoretical Preliminaries

We consider a primary Schell-model source occupying a finite three-dimensional
region centered at the origin and radiating into the free whole-space, as illustrated

in Fig.7.1. Such a source is characterized by the cross-spectral density function of

Source

Figure 7.1. Illustration of the geometry. The three-dimensional, anisotropic Gaussian
Schell-model (AGSM) source is located at the origin and radiates into the whole space.
The symbol s denotes the three-dimensional unit vector having the components s =
(sin 6 cos ¢, sin @ sin ¢, cos §) in the Cartesian coordinate system and specifies the direction

of the observation.

the true source distribution at frequency w of the form [38, 39]

Wo(r,, ryjw) = \/SQ(TI; w)\/SQ(rg; Wpo(ry, 72y w) (7.1)
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where

So(ri;w) = Wo(ri, ri;w) (2=1,2) (7.2)

stands for the spectral intensity at a position specified by the three-dimensional

vector r; and

/LQ(TU T‘Q;W) T g(rx ri T';,;w) (73)

with the condition of ¢(0;w) = 1 for all w denotes the complex degree of spectral
coherence which depends on 7, and 7, only through the difference r, — r,. For
an AGSM source with the three-dimensional extent, So(7;w) and po(r,,r,;w) in

Eq.(7.1) generally become

i e )2 e
So(r;w) = S (w)exp [— 2t %% — QaE} (7.4)
and
(2?1 ™ 1172)2 (yl iz y2)2 (31 iy 22)2
iu’Q(Tl) 7'2; OJ) = eXp l:— 2b2 Fe 2b32/ £ QbZ (75)

with z;, y;, and z; being the Cartesian components of the vector ;. Here, a,, a,, and
a, are the rms widths of the source intensity along z-, y-, and z-axis, respectively.
Likewise, b,, by, and b, are the rms widths of the spatial correlation over the source
along z-, y-, and z-axis, respectively. These values depend generally on the frequency
w. In Eq.(7.4), the source spectrum S(®(w) is assumed to be the same at all points
in the source region and, hence, it is independent of the position . The model
source characterized by Eq.(7.1), together with Eqgs.(7.4) and (7.5), is a natural
generalization of the planar AGSM source introduced originally by Li and Wolf [41].

In the present treatment of the problem, we confine our discussion to the case
satisfying both conditions of a; = a, (= a,, say) in Eq.(7.4) and b, = b, (= b, say) in
Eq.(7.5), for brevity, under the assumption that the forward direction of the source
coincides with the z-axis. This implies that the source is isotropic, both in intensity
and in spatial correlation, across any cross-section of the source perpendicular to the
z-axis (i.e., parallel to the z-y plane). Thus, the anisotropy of the source is governed
by the following four parameters: the rms width a, of the source intensity in the

transverse directions, the rms width a, of the source intensity along the z-axis, the

123




rms width b; of the spatial correlation over the source in the transverse directions,

and the rms width b, of the spatial correlation over the source along the z-axis,
where these values are assumed to be independent of the frequency w. Specifically,
the source intensity has spherically symmetric distribution for a; = a., rotationally
symmetric ellipsoidal distribution elongated along the z-axis for a; < a,, and that
shortened along the same axis for a; > a,. In a similar fashion, the anisotropy of
the spatial correlation over the source is controlled by the values of b; and b,. On
the other hand, to simplify the subsequent analysis, the source spectrum in Eq.(7.4)

is assumed to have a Gaussian profile of the form

w —wO)QJ

SO (w) = Aexp [—( 5 (7.6)

where A and o take positive constants, and wy denotes the central (angular) fre-
quency of the spectrum. In the above equation, o characterizing the linewidth of
the spectrum is assumed to fulfill the inequality o <« wy. By substituting Eqs.(7.4),
(7.5) and (7.6) into Eq.(7.1), and using the relations a, = ¢y, = q; and b, = b, = b,
the model source employed here is uniquely determined in terms of the cross-spectral

density function of the source expressed by

] (w == w0)2
Wo(r,,mjw) = A - e
alrs ) exp _ 55
% oy | SEEGS W, e
il daj 4a?
[ (mi—z) +(n=w) (21— 2n)
X  exp - 20 BT I b

The subsequent analysis is mathematically developed in accordance with the
theory established by Carter and Wolf [38]. The fundamental equation required

below is the propagation law of the cross-spectral density function given by

= xpljk(r) - w e
Wi e e, = Sl e I wolr,misw)
T1T2 —00 —00

x exp[—jk(s, - v’ — s, 7)) &' d°r!, (7.8)

!
2

where W‘(,oo) and Wy, represent the cross-spectral density function of the far field and

that of the source distribution, respectively. In Eq.(7.8), s; is the three-dimensional
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unit vector specifying the observation direction, r; is the distance between the origin

and the observation point in the far zone, and ¥ = w/c is the wavenumber of light
over the source (c is the speed of light in vacuum). By making use of Eq.(7.8), the

o)

general expressions for the radiant intensity (J,(s) = r2W$ (rs,rs;w)) and the

far-field spectrum (Sg,m)(s;w) &2 ‘(,oo)(rs, rs;w)) can be written in the form
aus) = [[[" [ watrt v expljks - (v, = ) v, (19)
and
S5 si0) = 5 ([ [ Walrt i) explmibs (1! — ) drl ¥, (7.0

respectively. Finally, it is to be noticed that the radiant intensity J,(s) given by
Eq.(7.9) is a function of solely the observation direction s due to its definition (e.g.,
Refs. [2, 21]) while the far-field spectrum Sg’o)(s; w) given by Eq.(7.10) is a function
of both s and w.

7.3 Angular Distribution of Radiant Intensity from the Source

Before investigating the main subject concerning the spectral aspect of the prop-
agating light, the radiant intensity is first treated in this section on the basis of
Eqs.(7.7) and (7.9).

By substituting Eq.(7.7) into Eq.(7.9) and performing the six-dimensional in-
tegration, the radiant intensity J,(s) in the direction specified by a unit vector

s = (sinf cos ¢, sin @ sin ¢, cos #) is obtained as

k.?
J.(8) = (27)25O(w)a2~?a,7, exp —~7(73 sin? 6 + 2 cos? 6) (7.11)
where v, and v, are abbreviations given by
1 1 1 1 1 1
= e — = ey .12
A mEtR TGy R .

The symbol S®(w) is employed in Eq.(7.11) in place of the explicit form of the

source spectrum given by Eq.(7.6) because the frequency w should be regarded as

125




a constant here due to the definition of the radiant intensity. In addition, J,(s) is

replaced by J,(f) in Eq.(7.11) on the grounds that the resultant expression for J,(s)
depends on the direction s only through the angle 8 (see, Fig.7.1). This exhibits,
in other words, that the distribution of the radiant intensity from the source is
rotationally symmetric with respect to the z-axis.

To illustrate conveniently the angular distribution of the radiant intensity,
the normalization of the radiant intensity is conducted by dividing Eq.(7.11) by its
maximum value, i.e., J,(0) for 74 > v, and J,(7/2) for ;4 < <v,. The resultant
expression, which is referred to as the normalized radiant intensity J, y(6), can be

written in the form

( 1
exp <—--2-a2 sin? 9) 7 iy T
T wl)= 1 (7.13)
1
exp <—§a2 cos? 9) forl S <,

with « being
a = kv = 7. (7.14)

The normalized radiant intensity is plotted in Figs.7.2(a) and (b) for several values
of a using Eqgs.(7.13) and (7.14). It is found from these figures that the radiant
intensity from the source is independent of the direction 6 provided @ = 0 (i.e.,
7 = 7:). Namely, the source radiates uniformly into the whole space, yielding the
spherically symmetric radiated field in the far zone. The difference of the values
between ; and «, produces the explicit dependence of the radiant intensity on the
observation angle 6. It is worth emphasizing, however, that the relationship between
the angular distribution of the radiant intensity and the anisotropic properties of
the source remains generally obscure in the sense that, in view of Eqs.(7.13), (7.14)
and (7.12), the same angular dependence of radiation can be realized by various
sources with different anisotropic properties. In particular, the conditions for the
1sotropic source, a; = a, and b, = b,, do not necessarily hold true even when the
source radiates uniformly into the whole space under the condition of 7, = 7,.

Similar consequences have been recognized in the related investigation concerning

the radiation from planar AGSM sources [41].
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Figure 7.2. Angular distribution of the radiant intensity for several values of « in the
cases of (a) v; > 7: and (b) ¢ < v.. The curves are plotted on the basis of Eqs.(7.13) and

(7.14) only for the half-space z > 0.

With a view of obtaining a profound understanding for the phenomena, we
next consider the source fulfilling the condition of the three-dimensional quasi-
homogeneity [39] which implies that the effective widths, a; and a., of the source
intensity are sufficiently large in comparison with the effective widths, b; and b,, of
the spatial correlation over the source (i.e., as, a, > by, b,). Under such circumstance,
the parameters v, and 7, may be replaced by 0; and b,, respectively (see, Eq.(7.12)).
As a result, as opposed to the preceding argument, the angular distribution of the
radiant intensity is uniquely determined by means of the values of b, and b,, rather
than those of v, and 7,. More specifically, the quasi-homogeneous source with the
1sotropic property, b, = b,, of spatial coherence produces the spherically symmetric
radiated field in the far field. On the contrary, the source is always isotropic in the
sense that b, = b, when it radiates uniformly into the whole space. As is clearly seen
in Eqs.(7.13) and (7.14) with b, and b, being, respectively, replaced by 7, and ~,,

the angular distribution of the radiant intensity depends on b, and b, through both
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their mutual difference |b? — b%| and their relative magnitude for a given value of

k. In conclusion, therefore, the angular dependence of the radiant intensity cannot
be directly described in terms of the anisotropic property of the source implying ei-
ther the distortion of the equi-intensity ellipsoid (i.e., the ratio a,/a;) or that of the

equi-correlation one (i.e., the ratio b,/b;) even under the quasi-homogeneous source

approximation.

7.4 Changes in the Spectrum of Light Radiated by the Source

In this section, changes in the spectrum of light radiated by the source are explored
in connection with the Wolf effect.
By substituting Eq.(7.7) into Eq.(7.10) and by performing the six-dimensional

integration, the spectrum Sg,w)(s;w) of light observed in the far field becomes

27)3 i 2 k2
S%,w)(Q; ) = (TLQ)af'yfanzA exp [— _(_%?_)_J exp {——2—(7? sin? § + 4% cos® 6)
o

(7.15)
where 7, and v, are given by Eq.(7.12) and ¥ = w/c. In the above equation, the
symbol Sg/w)(é’; w) appears in place of S$,°°)(s; w) because the angular distribution of
the far-field spectrum depends only on the observation angle # as well as the radiant
intensity treated in the previous section. Rearrdnging Eq.(7.15) with the help of a
product theorem for Gaussian functions (appendix A of Ref. [101]), we obtain the

final expression for S&“)(e;w) as follows:

S&“)(e;w) = Bexp [_Q(U;f 0,2)} exp [— (iz——;%—,-)—?J (7.16)
where
B = (2;)3a?73am‘4, (7.17)
g = - : : (7.18)
\/7? sin®@ + 72 cos2 4
P L (7.19)

\/1 + (0/c)2(7? sin® @ + 42 cos2 6)
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@ Ve (7.20)

1+ (0/c)?(7%sin®6 + y2 cos? 6)

It is obviously seen from the second exponential function on the right-hand side of
Eq.(7.16) that the resultant far-field spectrum takes a Gaussian form centered at the
frequency w' with its rms width being ¢”. The remaining factors on the right-hand
side of Eq.(7.16) which are independent of the frequency w determine the relative
height of the resultant spectrum. In the present discussion, however, such factors
are of no importance since the spectrum is normalized by its maximum value so as
to examine the changes in the spectrum of light on propagation.

The formula (7.16), including Eqgs.(7.19) and (7.20), clearly shows that the
normalized spectrum of the far field generally differs from that of the source. In
particular, the effective width and the central frequency of the resultant spectrum
are varied on propagation with the values of 4, and 7, for given values of both the
effective width o of the source spectrum and the angle §. Here, in view of Eq.(7.12),
the values of v; and «, are strongly influenced by the spatial coherence condition
over the source. Hence, it seems reasonable to state that the phenomena of changes
in the spectrum under consideration pertain to the class of the recent investigations
regarding the correlation-induced spectral changes predicted originally by Wolf [63].

As some typical analyses, we first examine in brief the spectral width of light
on propagation. It is found from Eq.(7.19) that the rms width ¢” of the far-field

spectrum and the rms width o of the source spectrum are connected by the relation

g Lo, (7.21)

where the equality holds only when either ¢ = 0 or 94 = 7, = 0. Physically, this
implies that the spectrum of light radiated by the source is generally narrowed on
propagation except for the case that the source is either monochromatic (¢ = 0) or
completely incoherent (by = b, = 0 in Eq.(7.12), i.e., 7w = 7. = 0). Although the
condition of a; = a, = 0 in Eq.(7.12) also leads to the relation v, = v, = 0, it is not
considered here because it cannot hold true insofar as the source does exist owing
to the definition of the values a; and a, characterizing the effective widths of the
source.

We next deal with the main subject of concern in the present investigation,

namely, the shift of the spectral line on propagation. To specify the relative shift of
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the spectrum, we employ the quantity z defined by

fvem L ol
PO . N o (7.22)
/\0 W

where wg = 2m¢/Ap and w' = 2mc/X are the central (angular) frequency of the source
spectrum and that of the resulting far-field spectrum. Substituting Eq.(7.20) into
Eq.(7.22), we obtain the expression

2
7 =2 <gc_> (77 sin® 6 + 72 cos? ) (7.23)

with the value z satisfying

zz 0 (7.24)

where the equality of Eq.(7.24) holds under the same circumstance as that of
Eq.(7.21) holds. It follows from Egs.(7.20) and (7.23) that the magnitude of the
shift varies with the effective width of the source spectrum (o), the spatial coher-
ence condition over the source (74, 7:), and the observation angle (8). In addition,
Eq.(7.24) indicates that the far-field spectrum is mostly shifted toward lower fre-
quencies (i.e., the red shift). However, the spectral shift produced in this way is
restricted in magnitude to values that are effectively of the order of or smaller than
the effective width o of the source spectrum. It is important to note that the z-
number given by Eq.(7.23) is generally frequency dependent due to the existence of
o in the expression. On the other hand, the z-number for the spectral shift arising
from the Doppler effect is independent of the frequency. Hence, the spectral shift
of light produced by the source under consideration does not imitate the Doppler
effect and is clearly distinguished from such the effect.

To find further properties of the phenomena, we deal with the dependence of
the spectral shift on the direction of observation in some detail. To do this, the
spectral shift z given by Eq.(7.23) is normalized by its maximum value, i.e., =1 P
for v, > v, and z|,_, for 74 < 7.. As a result, the normalized quantity zy(6) of the

spectral shift can be written in the form

sin® @ + R?cos® 6 for 0K R<L1
zy(0) = (7.25)
% sin?8 + cos? 6 (o S - 0 |
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Figure 7.3. Angular distribution of the spectral shift for selected values of R = v, /~;.
The value of R reduces to b,/b; in the quasi-homogeneous limit where b; and b, characterize
the effective width of the spatial coherence over the source.

where R is given by

AT (7.26)
Tt

On the basis of Eqs.(7.25) and (7.26), Fig.7.3 illustrates the magnitude of the spec-
tral shift plotted in a polar diagram for some selected values of R. Evidently, this
figure shows that the angular distribution of the shift depends strongly on the values
of R. In particular, the magnitude of the shift remains constant with the value of
6 in the case of R = 1.0 and, on the other hand, it increases from the value of zero
with an increase of § in the case of R = 0. As was also mentioned in the previous
section, the physical implication of the parameter R given by Eq.(7.26) becomes
apparent especially when the source satisfies the quasi-homogeneous condition. In

this limit, Eq.(7.26) reduces to

et (7.27)




in view of Eq.(7.12). Then, the value of R characterizes the anisotropy of the

source implying the distortion of the equi-correlation ellipsoid and serves to specify
the spatial aspect of the source in the following manner. The sources having the
value of R = 0 are regarded as planar ones in the sense that the effective width
of the source coherence along the z-axis is negligible (i.e.,, b, = 0 and b, # 0).
Conversely, the condition R = 1.0 yields isotropic three-dimensional sources in the
sense that b, = b,. The cases for 0 < R < 1.0 correspond to the anisotropic
sources representing the transition between the above two limits. Therefore, at
least under the quasi-homogeneous source approximation, it is expedient to state
that the angular dependence of the spectral shift is directly connected by the spatial
aspect of the source in that sense, in contrast to the previous discussion concerning
the angular dependence of the radiant intensity where it depends on the difference
b? — b? rather than the ratio b,/b,.

Finally, it 1s worth noting that, from the above discussion, the phenomena of
the spectral shift may be applied to so-called the inverse source problems; the spatial
aspect of the source in that sense can be extracted from measurements of the spectral
shift (rather than the radiant intensity) as long as the source can be represented,
to a good approximation, by a three-dimensional AGSM one. In fact, some related
subjects have been investigated in recent years [97, 98]. However, detailed discussion
on this problem is not presented because it leads to the digression from the main

aim of the present investigation.

7.5 Conclusion

Radiant intensity and spectral changes of light generated from three-dimensional
anisotropic Gaussian Schell-model (AGSM) sources have been investigated. Through
the whole analysis, emphasis has been placed on the shift of the spectral line on
light propagation under the consideration of recent topics regarding the correlation-
induced spectral changes. Numerical examples have demonstrated that the angular
distribution of the magnitude of the spectral shift depends strongly on the three-
dimensional anisotropy of both the source intensity and the source coherence. In

particular, under the quasi-homogeneous source approximation, it has become ob-
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ious th '
vious that such phenomena can be uniquely described in terms of the anisotropy

of the source coherence. Finally, the extraction of the source information about

the anisotropy have been briefly mentioned as a possible application of the spectral

shift.




CHAPTER 8

Spatial Coherence of Light Passing Through
Successive Apertures

8.1 Introduction

The phenomena resulting from wave propagation in periodic structures have been
of great interest in various branches of physics. Among them, the periodic structure
such as an iterated sequence of apertures has received considerable attention primar-
ily with relation to the determination of laser resonator modes since the pioneering
work of Fox and Li [111]. The spatial coherence of light propagating through such
a structure has been, therefore, investigated from the viewpoint of exploring the
spatial coherence of laser light.

The early contribution dealing with the spatial coherence in the laser resonator
was made by Wolf [114] immediately after the paper of Fox and Li. Considering the
periodic sequence of apertures equivalent to the laser resonator, he showed with the
help of the theory of integral equations that the light field with any state of spatial
coherence may become completely spatially coherent after a sufficient number of
transits through the successive apertures. He ascribed this phenomenon to the effect
of propagation and diffraction and succeeded in the theoretical explanation for the
origin of the spatial coherence of light emerging from the laser resonator. On the
basis of the mode theory, some numerical and analytical verifications of this theory
have been conducted by Streifer [115] and Gori [116]. Streifer assumed the periodic
sequence of apertures and that of lenses with small Fresnel numbers as analyzing
models and investigated the rapidity with which the spatial coherence is built up
In the periodic structure. On the other hand, Gori examined the similar subject by
employing the periodic sequence of confocal lenses having Gaussian soft apertures
at each focal plane for mathematical simplicity. As a result, the field characteristics

after propagation through the periodic structure could be described mathematically
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in a simple form and, hence, the quantitative evaluation for this phenomenon was

easily performed.

Independent of these studies for the periodic structures associated with laser
resonators, the significance of optical devices having certain periodicity has been
recognized in recent years. A typical example is a dielectric planar waveguide corru-
gated along its surface by the medium with a slightly different refractive index, i.e.,
a waveguide diffraction grating [125, 124]. It serves in the field of integrated optics
as a multistage beam-splitter, a spectral filter, a mode coupler, lens and so on [125]
and, current interest in integrated optics [122] or microoptics [123] has broadened
further the area of its application. Typical thickness of the planar waveguide is
comparable to the wavelength of light guided and, hence, the light confined in the
structure 1s highly spatially coherent since only few lower-order modes may survive
in the structure. Thus, the study dealing with the spatial coherence of light in such
waveguide may be somewhat meaningless. However, this is always not the case.
When considering the planar waveguide with large thickness in comparison with the
wavelength of light guided, i.e., multimode planar waveguide, for generalization, the
features of spatial coherence of light can be varied due to the modal superposition
and, therefore, they are worth investigating. Such structures as the multimode pla-
nar waveguide are expected to attract much attention due to the recent development
of optical information processing [126] which explores the use of optical devices with
various structures. Still, to the authors’ knowledgé, no study has been conducted on
the spatial coherence properties of light propagating through the waveguides of these
kinds. Though the waveguide with the periodicity is different in structure from the
preceding periodic structure such as a sequence of apertures, both structures may be
considered to be essentially the same at least in the sense that the propagating light
1s perturbed repeatedly by the structure. Therefore, it seems feasible that the study
of Wolf and its continuations give some insights into the feature of spatial coherence
of light propagating through the dielectric waveguide with the periodicity. However,
different treatments must be properly adopted in order to examine rigorously the
features of spatial coherence in the dielectric waveguide in question.

In this chapter, the spatial coherence of light passing through the periodic
sequence of lenses separated by uniform apertures (i.e., successive apertures, as seen

in the title of this chapter) is investigated as a further extension of the studies
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of Streifer [115] and Gori [116]. Some restrictions encountered in their analyses are

eliminated here for the sake of generalization: slit apertures in place of the Gaussian
soft apertures are employed in the periodic structure and, furthermore, the periodic
structure with large Fresnel numbers is also treated as well as that with small Fresnel
numbers. This analysis may elucidate especially the effect of diffraction on the
growing behavior of the spatial coherence because the slit aperture leads favorably
to the diffraction phenomena in contrast to the Gaussian soft aperture. In addition,
it may possibly provide a certain information to comprehend the spatial coherence
properties of light propagating through the other kinds of periodic structures such
as waveguide diffraction gratings, as mentioned above.

In the following, the initial light launched into the successive apertures is as-
sumed to beincoherent with uniform intensity distribution under quasi-monochromatic
approximation. The spatial coherence and the intensity distribution of light after
passing through the structure are examined with the help of the mode theory in
the space-time domain, in accordance with Streifer [115] and Gori [116]. The nor-
mal modes [110] of the present periodic structure are represented by the prolate
spheroidal wave functions which form a complete orthonormal set of functions. As
a result, the initial incoherent light can be decomposed by these normal modes and
the variation of spatial coherence arising from propagation and diffraction of light
through the structure can be written mathematically in a simple form by means
of the normal modes and the corresponding eigenvalues. A method of extending
the theory into the space-frequency domain is presented to complete the theoretical
aspect of this chapter. Subsequently, some illustrative examples are given on the
basis of the mathematical formulations in the space-time domain. Finally, results
obtained in this way are compared with those of Gori [115] in order that the phe-

nomena especially stemming from diffraction by sharp edges of the apertures are

elucidated.




8.2 Theoretical Background

8.2.1 Propagation of the mutual intensity through the successive apertures

The successive apertures for the present analysis are constituted by an iterated

sequence of a basic element illustrated in Fig.8.1(a). Three slit apertures with the

Figure 8.1. (a) Basic element for analysis and (b) its successive arrangement. Cylindrical
lenses with focal lengths f are aligned at distance 2f and slit apertures having the widths
2a and 20 are located at each focal plane.

widths 2a, 2b and 2a are located at each focal plane of two ideal cylindrical lenses
(focal length f) arranged at distance 2f. The N successive arrangement of the

basic elements along the z-axis forms the whole periodic structure, as illustrated in

Fig.8.1(Db).
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Figure 8.1. Cont.

Since the analysis of the main problem discussed here is fundamentally based

on the study of Wolf [114], we begin by recalling briefly the main points of the
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theory. We consider that a quasi-monochromatic spatially partially coherent light

is incident on the first aperture of the sequence from the left. The spatial coherence
properties of light are characterized by the mutual intensity J)(z,, z,), where z,
and z, are the typical coordinates across the first aperture. The mutual intensity of
the light emerging to the right from the final aperture is given, with the help of the

propagation law of mutual intensity, by
JM (&1, &) = /2 /E JO 21, 22) Kn (21, &) K N (22, &) duy da, (8.1)

where ¢; and §; are the typical coordinates at the final aperture, Ky(z,¢) is the
transmission function of the whole sequence, and the asterisk denotes the complex
conjugate. The integration of Eq.(8.1) is performed within the area of the first
aperture ¥. According to the theory of Wolf [114], a steady state satisfying the

relation

JWHI(g, &) o« TM(&, &) (8.2)

may be achieved after a sufficient number of transits. Here, this steady state implies
that the intensity distribution over the final aperture is proportional to that over the
first aperture and that the degrees of spatial coherence of light across both apertures
are also the same. Such a steady state is obtained mathematically from the solutions
of the integral equation given by

a J(ug,uy) :/

by

pa]

/ J(zy, 22) K (21, u1) K™ (29, ug) dzy da,, (8.3)
3

where o is a constant factor and K(z,u) is the transmission function of the basic

element illustrated in Fig.8.1(a). The solution of Eq.(8.3) is given by
J(’Ul,UQ) = V(UI)V*(U,Q), (84)
a0 2 B, (8.5)

where the function V'(+) and the constant factor § are the solutions of the simpler

integral equation given by

BV () =/EV(:E)K(3:,u)d:1:. (8.6)
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Asis widely known, Eq.(8.6) is the integral equation for determining the modes of the

periodic structure. On the basis of the integral equation for the mutual intensity
given by Eq.(8.3) and its solutions given by Egs.(8.4) and (8.5), Wolf explained
theoretically that the spatial coherence of light is gained by the process of light
propagation through a periodic structure.

The main purpose of the present analysis is to examine the spatial coherence
properties of light passing through the successive apertures directly in accordance
with the method of the mode decomposition (in the space-time domain) conducted
by Streifer [115] and Gori [116]. Thus, for a moment, we deal with the modes of
successive apertures employed in the present analysis in some detail.

Suppose that a quasi-monochromatic, spatially coherent light field V; is inci-
dent on the first aperture m; of the basic element from the left (see Fig.8.1(a)). Since
the planes m; and m, are placed at the front and back focal planes of the lens L,
respectively, the light field V2 emerging from the plane 75 can be obtained by means

of a Fourier transform of the light field Vj, aside from multiplicative phase factors,

as.

Va(w') = ﬁ/_z Vi(z') exp (—j—i—f—w'x') dz', (8.7)

where k = 27/ is the mean wavenumber associated with the mean wavelength A
of light. In a similar fashion, the light field V3 emerging to the right from the final

aperture m3 becomes

Va(u') = reCt(if'/ 24 / : Va(w') exp (j%@') dw', (8.8)

where

(8.9)

1 for|z| <2
rect(z) = :
2

0 for|z| >

Here, the Fourier kernel in Eq.(8.8) takes the positive index because of the opposed
arrangement of the u-axis in the basic element. For the sake of generality, we

introduce the normalized coordinates z, w and u defined by

!

! /
T =—, w:%, u:%, (8.10)

Q|8
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where a and b is the half widths of slit apertures located at each focal plane in the

basic element. By substituting of Eq.(8.7) into Eq.(8.8), by integrating with respect
to w', and using the normalized coordinates defined by Eq.(8.10), the light field V4
at the final aperture w3 can be directly described in terms of the initial light field

V; in the form:

V3(u) = rect <g> /_11 Vi(z) sin[%ab(u o x)]dl (8.11)

m(u — z)

As a result, the integral equation for determining the modes of the present periodic

structure, corresponding to Eq.(8.6), becomes

1

An(c) @n(c,u)z/_l &, (c,2)K(c; z,u) de, (8.12)
where
K(cz,u) = Sil;[(ciu_—;)], (8.13)
and
g %ab. (8.14)

Equation (8.12) is a homogeneous Fredholm integral equation of the second kind.
Since the kernel of this equation described in Eq.(8.13) has the properties of being
continuous, symmetric and positive definite, the eigenfunctions ®,(c,7) form a com-
plete orthonormal set of functions and the eigenvalues A,(c) take positive values.
The eigenfunctions ®,(c,n) and the eigenvalues A,(c) represent the modes of the
periodic structure and the loss per transit associated with each mode, respectively,
and they depend strongly on the parameter ¢ given by Eq.(8.14), where the param-
eter ¢ corresponds to the Fresnel number of the present successive apertures. The
integral equation of this kind has been thoroughly studied by Slepian and Pollak

[199] and other researchers in 1960’s, and its solutions have been shown to be

®.(c,m) o< Sonlc,n), (8.15)
Mle) = SR 1P, (5.16)
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where So,(c,n) and R(()i)(c, 1) denote, respectively, the angular and the radial prolate

spheroidal wave functions in accordance with the Flammer’s description [200]. In
the present analysis, it is convenient to normalize the eigenfunctions so as to satisfy

the following orthogonal relation:

1 forn=m

/_1 ®,(c,n)®,,(c,n)dn = { v s e (8.17)

Thus, the eigenfunctions of the integral equation are determined uniquely and can

be written in the form:

SOn(c> 77)
@n C) = ) 8.18
where
4a(e) = [ [Stule,n)%a. (5.19)

It has become clear from the above discussion that the modes of successive apertures
under consideration are characterized by the prolate spheroidal wave functions. In
particular, it is known that these functions can be approximated by the Hermite-
Gauss functions in the case of ¢ — oo [112]. Further properties of the prolate
spheroidal wave functions are briefly reviewed in Section 8.2.3.

By means of the eigenfunctions and the eigenvalues derived above, we now
consider the propagation of mutual intensity thrdugh the successive apertures which
1s the main subject of the present analysis. As an incident light on the structure,
we assume a quasi-monochromatic spatially incoherent light having the uniform
intensity distribution within the aperture. The mutual intensity of such light is

approximately given by ([147], Sec. 4.4)

J Oz, 25) = Iy rect <%> rect (%) 6(z) — zq), (8.20)

where 6(+) stands for the one-dimensional Dirac delta function, Iy is a positive con-
stant and rect(-) is defined by Eq.(8.9). Since the eigenfunctions defined by Eq.(8.18)
form a complete orthonormal set of functions as already mentioned above, Eq.(8.20)
can be described in the form:

J(O)(xl, z,) = Igrect <%> rect (%2—) Z ®.(c, )0 (c, zq). (8.21)

=0
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From the physical point of view, Eq.(8.21) expresses that the completely incoherent

light is realized by the superposition of mutually uncorrelated modes. By substi-
tuting Eq.(8.21) into the right hand side in Eq.(8.3), the mutual intensity of light
emerging from the exit aperture after propagation through the first basic element

becomes

()

JW(uy, ug) = I rect (—%) rect <%) g[An(C)]Q@n(c, u)®F (¢, uy). (8.22)

By repetition of the same procedure, the mutual intensity of light emerging from

the final aperture after passing through the N basic elements takes the form:

(o 0]

P ) & et (521) ocs (%) S (O @ulc, 21)0% (e, 22),  (8.23)
n=0

where A, (c) is the eigenvalues of the structure given by Eq.(8.16) and ®,(c, ) is the
eigenfunctions characterizing the normal modes of the structure given by Eq.(8.18).
Here and in the sequel, spatial coordinates across the exit aperture are specified
by z;, 2 and z. It is known that the values of A,(c) are reduced from the value
unity with an increase of the mode number n and that, finally, they fall off to zero.
As a consequence, Eq.(8.23) reveals that higher order modes contained in initial
incoherent light are diminished, associated with A,(c), with an increase of N. The
reduction of the higher order modes propagating through the successive apertures
results in the emerging light to have the spatially high coherence [109].

To show some numerical results in the following sections, the intensity distri-

bution and the complex degree of spatial coherence given by
IM(z) = JW(z g), (8.24)

J(N) 4
7(N)($1,332) ™ i) (8.25)

VI (21)y /T (2,)’

are evaluated by the use of Eq.(8.23).

8.2.2 Extension of the theory in the space-frequency domain

The present theory has been formulated by means of the mutual intensity which is

the correlation function in the space-time domain. In recent years, however, most
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studies concerning coherence theory tend to be formulated by means of the cross-

spectral density which is the correlation function in the space-frequency domain.
Hence, this section is briefly concerned with the interrelation between two formula-
tions in both domains and, subsequently, it is shown that the preceding theory can
be easily extended in the space-frequency domain.

From the historical point of view, the studies [114-116] based on the modal
expansion of the correlation function has been formulated by means of the mutual
intensity. This is mainly because these studies are closely related to laser resonator
modes. As is well known, transverse modes of practical multimode lasers oscillate
at slightly different frequencies and their superposition yields the reduction of their
spatial coherence [109]. In addition, most of the practical laser light can be assumed
to satisfy the quasi-monochromatic approximation. Accordingly, it appears to have
been taken for granted hitherto that the mutual intensity, rather than the cross-
spectral density, is adequate to describe the process of the coherence reduction
of this kind [182]. In recent years, however, the new theory dealing with modal
expansion of the cross-spectral density across the steady-state sources and fields
was established by Wolf [120, 121] and this has induced us to extend the preceding
studies associated with lasers and the present chapter to be conducted in the space-
frequency domain. On the basis of the new theory of Wolf, the spatial coherence of
laser resonator modes was also formulated in the space-frequency domain [118, 201],
showing theoretically that the simultaneous excitation of several transverse modes
reduces the spatial coherence. These recent works relating to the modal expansion
of the partially coherent field provide the mathematical and physical foundation on
a method of extending the theory into the space-frequency domain.

The mutual intensity can be readily replaced by the cross-spectral density
because both functions propagate in accord with the same set of Helmholtz equations
except for the difference of notations (see, Secs. 2.5 and 4.2.3). More specifically, the
mutual intensity can be directly replaced by the cross-spectral density if the mean
wavelength A (or mean frequency ) of light contained in the description of the
mutual intensity is replaced by the particular wavelength A (or particular frequency
v). In other words, the mutual intensity and the cross-spectral density are the same
aside from the difference of notations although the physical meanings they possess

are different from each other. In particular, two formulations in terms of the mutual
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intensity and the cross-spectral density become essentially equivalent, provided that

the quasi-monochromatic and other suitable approximations are satisfied. As a
consequence, results of the present chapter can be directly applied to the study

described by using the cross-spectral density under these approximations.

8.2.3 Some basic properties of the prolate spheroidal wave functions

In Section 8.2.1, the propagation of mutual intensity through the successive aper-
tures employed here has been formulated by means of the prolate spheroidal wave
functions. Numerical evaluation of these functions required to verify the preceding
theory appears not to be a straightforward task because of their mathematical com-
plexity. Therefore, some basic properties of these functions are briefly reviewed here
and a method is presented for their evaluation adopted through the whole analysis.
In the following, we make use of the mathematical description due to Flammer [200].

The prolate spheroidal wave functions, which characterize the normal modes
of the successive apertures and the corresponding eigenvalues, are governed by the

differential equation in the form:

m2

1—n?

d
dn

=) ]+ ()= e -

U =0. (8.26)

where the above equation is the scalar Helmholz equation in the prolate spheroidal
coordinate system. In Eq.(8.26), xmn(c) indicates the eigenvalues of the differen-
tial equation and the solutions are the angular prolate spheroidal wave functions
Sma(c,n) of the first kind of order m and degree n. As is well known, Eq.(8.26)
reduces to the differential equation for the associated Legendre functions when the
parameter c is equal to zero. In general, the angular functions may be represented

by means of the associated Legendre functions P™, (7) in the form:

m++r

Saalern) Z SR BTk (8.27)

r=0.1

Here, the prime over the summation symbol indicates that the summation is per-
formed only over even values of 7 if (n — m) is even and only over odd values of r
if (n —m) is odd. Since the present theory formulated in Section 8.2.1 is based on

these functions of order zero as described in Eqgs.(8.16) and (8.18), we confine the
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following discussion to the case of m = 0. By substituting Eq.(8.27) into Eq.(8.26),

we obtain the recursion formula for the expansion coefficients d°"(c) in the form:

Ay(r,c) - d5(c) + Ag(r,c) - d27(c) + Aa(r,c) - dy(c) =0,  (r>0), (8.28)

with
(r+2)(r + 1)c?
Ar(r,e) (2r + 3)(2r +5)’ e
AZ('I‘, C) = 7’(7' + 1) = XOn(C) 1 (27"27;(7;;(—217‘)3' 3) (830)
Ag(r,e) = (2TT£T3;(;)~C- il (8.31)

To determine these expansion coefficients uniquely, the normalization condition

Son(c,0) = Py (0) (8.32)

is adopted, where P,(-) stands for the Legendre function. As a result, the orthogonal

relation of the function Sp,(c,n) over the interval (—1,1) is found to be

/ o0 d()n
2 I . )] for n = n'

1
[—1 SOn(C777)SOn’(C17]) d77 = e (833)

! -0 1T -5 W'

P’J

The radial prolate spheroidal wave functions, which correspond to the eigenvalues
of the integral equation derived in the previous section, are also the solutions of
the differential equation (8.26) because they differ from the angular functions by a
real scale factor and hence they are also described generally by means of the series
expansion. However, since only these functions of the first kind and argument n = 1,
Le., Ré?(c, 1), appear in the present chapter as shown in Eq.(8.16), only the specific

relation instead of the general expression is presented here as follows:

j 2
FETLEL 0% e
<2 ?n' 0"(¢) for n: even
RM(c,1) = ¢ (8.34)
OBe Bl [ BB H0n
<2)<2> () for n: odd.
3(n +1)!




In spite of cumbersome mathematics as stated above, the prolate spheroidal

wave functions of order zero have played an important role in a wide variety of
applied problems ([112]; [149], Sec. 6.1; [202]). In particular, the related integral

equation given in the form

%E[Ré?(c,l)]"’Son(c,t) = / s e (8.35)

-1 w(t—3s)

appears in most of such problems. This equation coincides with Eq.(8.12) in the pre-
vious section. The integral equation of this kind has been thoroughly studied by sev-
eral researchers particularly in relation to the eigenvalues A,(c) = (QC/W)[RE)IH)(C, 1))
Consequently, it has become obvious that all the eigenvalues ), (c) take real values
less than unity and that they decrease rapidly with an increase of the value n once
n exceeds (2/7)c for large values of c¢. In addition, according to Slepian [203], these

eigenvalues can be approximated by the formula

Ap = G:T"b) (8.36)

with

v ™
Ny —C+ 3

e
0.2886 + 21n 2 + %lnc’

(8.37)

for both large values of n and c. Rigorous values of the eigenvalues A,(c) were
tabulated by Slepian and Sonnenblick [204], also including the eigenvalues xo,(c) of
the differential equation (8.26). Thus, the eigenvalues A,(c) given by Eq.(8.16) are
readily obtained from either the tables of Slepian and Sonnenblick or the approxi-
mation formula of Eq.(8.36). In practice, rigorous values tabulated by Slepian and
Sonnenblick are applied to illustrate some numerical results in the present chapter.

The remaining problem required to examine the main subject of the present
chapter formulated by Eq.(8.23) is the numerical evaluation of the angular func-
tions defined by Eq.(8.27). By taking into consideration that the associated Legen-
dre functions contained in Eq.(8.27) are easily evaluated by the use of an ordinary
subroutine program in a personal computer, the determination of the expansion
coefficient d2"(c) allows us to calculate the angular functions in question. By com-

paring Eqs.(8.16) and (8.34) with the tables of eigenvalues, the initial values of
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the expansion coefficients dy"(c) and d?(c) are obtained exactly for various values

of c. Subsequently, higher-order coefficients can be determined by calculating the
recursion formula Eq.(8.28) repeatedly using the fact that d"(c) = 0 for 7 < 0. Sub-
stitution of all the coefficients into Eq.(8.27) yields the angular prolate spheroidal
wave functions. In fact, the infinite summation of Eq.(8.27) is reduced to the finite
summation approximately by an appropriate selection of the range for the summa-
tion because d?"(c) gives its largest values when 7 = n and it becomes zero when
r — oo and, as a result, the angular functions are easily calculated insofar as the

eigenvalues are given in the tables.

8.3 Results and Discussion

8.3.1 Spatial coherence properties of light at the exit aperture

On the basis of the formulas (8.23), (8.24) and (8.25) derived in Section 8.2.1,
the intensity distribution and the spatial coherence of light passing through the
successive apertures are investigated in this section. To illustrate some numerical
examples, we assumed through the whole analysis that f = 5.0 x 1072[m] and
A =50 X 10~"[m]. Emphasis is placed here especially on the feature of spatial
coherence rather than that of intensity distribution.

We first examine the variations of the normalized intensity and the complex
degree of spatial coherence of light at the exit aperture for various values of N show-
ing the number of transits through the basic element depicted in Fig.8.1(a). Typical
examples are shown in Figs.8.2(a)-(c) for three values of ¢, where the parameter ¢
characterizes the width of the slit apertures employed in the basic element as de-
fined in Eq.(8.14). In these figures, the normalization of the intensity distribution
1s conducted by dividing the intensity at each point by the value at the origin and
the spatial coherence is evaluated for two points located symmetrically with respect
to the optical axis at the aperture. All the curves are plotted against the normal-
ized distance: the values of 1.0 and —1.0 in intensity correspond to the edges of
the aperture and the value of 2.0 in spatial coherence implies that the two points

for evaluating the spatial coherence are located at the right and the left side of the

edges on the aperture. It is clearly seen in Figs.8.2(a) and (b) that the spread of the
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Figure 8.2. Normalized intensity distribution and the complex degree of spatial coherence
at the exit aperture with ¢ = (a) 4.0, (b) 8.0 and (c) 20.0 for various values of N. The
parameter c is given by ¢ = (k/f)ab and, hence, it characterizes the width of the slit
apertures employed in the present successive apertures. The parameter N corresponds to
the number of transits through the basic element illustrated in Fig.8.1(a).
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normalized intensity distribution is diminished with an increase of the value N and
that, at the same time, the degree of spatial coherence grows with N. In Fig.8.2(a),
the field at the exit aperture becomes fully spatially coherent at least within the
aperture after approximately 30-transits through the basic element although the
initial field incident on the first aperture of the first basic element is completely
spatially incoherent. It is understood from comparison between Figs.8.2(a) and (b)
that the number of transits required to realize the complete spatial coherent field
increases with an increase of the value ¢, namely, roughly speaking, with an increase
of the dimension of apertures. For large values of ¢, however, curves of the degree
of spatial coherence are roughly the same for various values of N as illustrated in
Fig.8.2(c). In other words, this implies that the feature of spatial coherence is hardly
affected by the propagation of light through the successive apertures with large c.
In general, the complex degree of spatial coherence for two points in the field
produced by an incoherent source depends only on the mutual difference and it does
not depend on their position (in other words, it is shift-invariant), as stated by the
van Cittert-Zernike theorem. In the present chapter, however, it is likely that the
spatial coherence across the exit aperture is not shift-invariant even if the initial light
is assumed to be incoherent since the field is successively diffracted by apertures on
propagation. In this case, the spatial coherence of the field should be investigated,
in principle, for all sets of two points in order to find sufficiently the features of
the field. Nevertheless, we chose only the two points situated symmetrically with
respect to the optical axis across the exit aperture for illustrating the curves of the
spatial coherence. This is closely related to the fact that, aside from simplifying
the mathematics, symmetric measurements of the spatial coherence have distinct
advantage in some studies dealing with the partially coherent field. Take the case
of an inverse problem with partially coherent sources [20, 52]. The low-frequency
part of the intensity distribution of the quasi-homogeneous source can be simply
reconstructed from the knowledge of the spatial coherence of light measured for two
points situated symmetrically about the optical axis in the far field [20]. In addition,
another example occurs also in the imaging system [205]. From this point of view,
one may say that the results of the spatial coherence obtained by the method of this
kind play generally an important role as typical quantities for deducing the feature

of the whole field. As a consequence, we made use of symmetric measurements of the &
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Figure 8.3. (a) Intensity spread and (b) coherence interval plotted against the values of

N for various values of c.

spatial coherence to illustrate Fig.8.2 although the present study does not pertain
to the classes of neither the inverse problem nor the imaging system.

In order to elucidate further the characteristics in intensity distribution and
in spatial coherence, the intensity spread and the coherence interval are plotted in
Fig.8.3 as a function of the number N of transits for various values of ¢. In the
figures, the intensity spread is defined as the width for which the intensity decreases
to e71/% of its maximum value and the coherence interval is evaluated as the differ-
ence |z; — x| normalized by the corresponding intensity spread, where the degree
v(z1, z2) of spatial coherence takes the value 0.88. It is seen in Fig.8.3(a) that the
intensity spread for small ¢ drops suddenly and that, subsequently, it remains stable
with an increase of the value N. The sudden variation in the curve of the intensity
spread becomes ambiguous with increasing values of ¢ and, as a consequence, grad-
ually decreasing curves appear for relatively large values of c. On the other hand,
the variation in coherence interval may be classified into two types depending on
the values of ¢: the coherence interval rises rapidly with an increase of N for small
values of ¢ (e.g., ¢ = 4.0 in Fig.8.3(b)) and, conversely, it remains nearly stable with
an increase of NV for large values of ¢ (e.g., ¢ = 8.0 and 10.0 in Fig.8.3(b)). The

curve for ¢ = 5.0 appears to be a boundary dividing into these two categories in
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behavior of the coherence interval. In particular, the trend in the coherence interval
for large values of c appears to be well understood by taking into account the series
of studies dealing with the radiation properties from the quasi-homogeneous planar
sources [21, 24, 33, 195, 206, 207]. The quasi-homogeneous source implies that the
spatial coherence of light across the source depends only on the coordinate difference
and, furthermore, that the source size and its spatial structure is much larger than
the coherence interval (in this case, it is defined as the interval for which the degree
of coherence decreases to a certain value, e.g., 0.88) across the source. Hence, such
sources are always relatively incoherent in the global sense. The radiation properties
from sources of this kind are found to be expressed by means of the source properties
in quite simple manners [24]: the angular distribution of the radiant intensity and
the complex degree of spatial coherence in the far field are, respectively, proportional
to the two-dimensional Fourier transforms of the complex degree of spatial coherence
and the intensity distribution across the source. Due to the reciprocal relationship of
the pairs of the Fourier transform, the angular distribution of the radiant intensity
extends further in comparison with the spread of the coherence function in the far
field and, consequently, the resultant field in the far field is also relatively incoherent
as well as the source itself. In the present study, the light propagation through the

periodic sequence of lenses separated by apertures can be essentially considered as
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an iterated process of the far field propagation due to the effect of the lens. Thus,

the tendency for the coherence interval to be hardly affected on propagation may
be closely associated with the quasi-homogeneity of the field. In fact, the typical
value of the coherence interval for large values of ¢ is very small (e.g., the value is
below 0.1 for ¢ = 10.0) and, therefore, it seems reasonable to suppose that the field
in the structure for large values of c is nearly quasi-homogeneous in spite of the
number N of transits through the basic element of the whole sequence. It should
be noted, however, that considerable growth in spatial coherence is observed for
any values of ¢ stemming from the light propagation through the first basic element
in the sense that the initially spatially incoherent (delta-correlated) light becomes
spatially partially coherent with a certain degree of spatial coherence.

In general, the growth in spatial coherence and the convergence in intensity
resulting from the light propagation through the periodic structure may be ex-
plained physically in association with the eigenvalues of the integral equation for
determining the normal modes of the structure, as also mentioned in Section 8.2.1.
Thus, in connection with the eigenvalues defined by Eq.(8.16), we next deal with
the characteristics of the variation in spatial coherence illustrated in Fig.8.3(b). The
eigenvalues A,(c) are plotted in Fig.8.4 against the mode number n for several values
of ¢ using the tables of Slepian and Sonnenblick [204]. As have already been briefly
discussed in Section 8.2.3, it is clearly seen in the figures that the values of A, (c) for
large values of ¢ are nearly equal to unity for n ‘< 2c/m, while they are attenuated
very rapidly with an increase of n for n > 2¢/n. For small values of ¢, as opposed
to the case for large ¢, gradually decreasing dots are observed with increasing val-
ues of n (see, Fig.8.4(a)). The eigenvalues A,(c) describes the loss of the modes
in the periodic structure under consideration. More precisely, it may be better to
express that each mode contained in the initial field (this is realized by the infinite
mixture of the modes as mentioned in Section 8.2.1) is attenuated in accordance
with the corresponding eigenvalue. It is obviously understood from Fig.8.4(a) that
all the higher-order modes are reduced, corresponding to these eigenvalues, by the
process of light propagation through the periodic structure and that finally only the
lowest-order mode may survive in the structure, giving the highly spatially coherent
field. As the values of ¢ become larger, however, the number of low loss lower-order

modes surviving in the periodic structure increases while the higher-order modes
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corresponding to n > 2¢/m are suppressed immediately after passing through the

first basic element. These lower-order modes remaining in the periodic structure
are hardly affected by the propagation due to their corresponding eigenvalues being
nearly unity. As a result, the superposition of these lower-order modes gives rise to
the reduction of spatial coherence [109] and the degree of spatial coherence keeps
roughly the same for any values of the number N of transits.

In a similar fashion, the variation in intensity spread illustrated in Fig.8.4(a)
may be explained in relation to the eigenvalues. It is well known that the amplitude
distribution of each mode defined in Eq.(8.18) has the tendency of extending further
out in the transverse direction with an increase of the mode number n [199]. Hence,
the intensity spread tends to be reduced as the higher-order modes are suppressed
with an increase of the number N of transits. It is apparent in Fig.8.3(a) that
a number of lower-order modes remaining in the structure broaden the intensity
spread for large ¢ (e.g., ¢ = 8.0 and 10.0) in contrast to the case for small ¢ (e.g.,
¢ = 4.0). Curve of ¢ = 4.0 in Fig.8.3(a) keeps constant for the values of N more
than 20. By taking into consideration the eigenvalues illustrated in Fig.8.4(a), this
constant value of the intensity spread implies the width of the lowest-order mode

defined in Eq.(8.18).

8.3.2 Approximation method for the spatial coherence

All the analyses conducted in the previous section have been based on the rigorous
formulation derived in Section 8.2.1 and, therefore, the sum of the series in Eq.(8.23)
has been numerically evaluated to illustrate Figs.8.2 and 8.3 which play a significant
role in the present study. Direct evaluation of Eq.(8.23) was somewhat cumbrous
due to the prolate spheroidal wave functions which are themselves to be evaluated by
series expansion of Eq.(8.27). In order to eliminate these difficulties of mathematics,
the different treatment is required for the evaluation of Eq.(8.23). An approximation
method which works as a powerful tool to find readily the feature of the spatial
coherence passing through the successive apertures is presented in this section. On
the basis of this method, we provide a quantitative evaluation for the dependence
of the width of apertures (specified by the parameter c) on the variation of spatial
coherence.

The present attempt to obtain the approximation form of Eq.(8.23) is estab-
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lished by the use of the Mercer’s theorem in the theory of integral equations ([208],

Sec. 3.12). Mercer’s theorem states that the symmetric, continuous and positive

definite kernel K'(z,u) of an integral equation may be expressed by
K(z,u) =) A\ @,(z)0X(u), (8.38)
n=0

where A, and @, are the eigenvalue and the eigenfunction of the integral equation,
respectively, and @, forms a complete orthonormal set of functions. By comparing
the right hand sides of Eqs.(8.38) and (8.23), the difference in description is found
to be only the first term in the summation, i.e., the eigenvalues except for the
multiplicative constants Iy and rect(:). As a result, if the parameter ¢’ is determined
satisfying the relation

Au(c) = Pal(e))” (8.39)

for all values of n, Eq.(8.23) may be written, according to the Mercer’s theorem, as

A
(¥) Ne T t(-g:—l) X (2) sin[c'(z1 — z,)] |
FEE(E R Y 0 Tec 5 ) rec : v o (8.40)

where the last term of the right hand side of the above equation is the kernel (which
1s symmetric, continuous and positive definite) of the integral equation given by
Eq.(8.12). Since the values of ¢ satisfying exactly the relation of Eq.(8.39) for all
values of n cannot be determined, we find these values of ¢’ which fulfill approxi-
mately the relation of Eq.(8.39) for all values of n. By taking into account that the
rectangular-like performance of the eigenvalues (see Fig.8.4), the determination of
the approximation values of ¢’ is conducted as follows: the values of ¢’ satisfying
Eq.(8.39) for n = [2¢/n] and for several values of n around [2¢/7] are first calculated
and then they are averaged, where [...] implies the Gauss symbol and the mode
number n = [2¢/7] gives the boundary value for which the eigenvalues drop sud-
denly. All the computations relating to the above procedure were easily performed
because the analytical formula for the eigenvalues given in Eqgs.(8.36) and (8.37)
were utilized in the present approximation. The error resulting from the use of the
formula of Eqs.(8.36) and (8.37) is negligible since it is shown to give the eigenvalues

with high accuracy under a certain condition [204] which is applicable to the present
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analysis. In confirmation of the accuracy for the present approximation, the com-

plex degrees of spatial coherence evaluated by the use of the present approximation

and of the rigorous formula Eq.(8.23) are plotted in Fig.8.5 for two values of ¢. In
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Figure 8.5. Complex degree of spatial coherence at the exit aperture after the first transit
through the basic element for ¢ = (a) 2.0 and (b) 10.0 evaluated on the basis of the present
method for approximation. For comparison purpose, the curves evaluated in accordance
with the rigorous formula Eq.(8.22) are added in these figures.

the figures, the number of transits through the basic element is assumed to be unity,
lLe., N = 1. It is obvious from the figures that the curves calculated on the basis
of the present method are in good agreement with those evaluated by the rigorous

formula of Eq.(8.23).
By setting z; = 25 = z in Eq.(8.40), the intensity distribution is obtained and
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it turns out to be constant over the aperture for each value of ¢’. This reveals that
the present approximation is relevant to the comprehension of the feature in spatial
coherence and that, however, it provides no information to specify the variation of
the intensity distribution.

In accordance with the present approximation, we next examine the depen-
dence of the dimension of apertures on the variation of spatial coherence by the
light passing through the successive apertures. The coherence intervals are plotted

in Fig.8.6 against c for several numbers N of transits. In the figure, the coherence
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Figure 8.6. Coherence interval plotted against the values of ¢ for various values of N
on the basis of the present approximation method. The coherence interval is defined as
the two-point difference which gives the first zero of the degree of spatial coherence. The
value of 2.0 in the coherence interval corresponds to the full-width of the exit aperture.

interval is defined as the two-point difference which gives the first zero of the degree
of spatial coherence for mathematical convenience, as opposed to the preceding defi-
nition of the coherence interval adopted to illustrate Fig.8.3(b). It is well understood
quantitatively from the figure that the coherence interval grows considerably with
an increase of the number NV of transits for relatively small apertures (correspond-
ing to small ¢) and that, conversely, it is hardly affected by the propagation for
relatively large aperture (corresponding to large c¢). Finally, it is worth emphasizing
that the quantitative evaluation of this kind could not be presented unless a drastic

simplification such as the present method for approximation has been conducted.
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8.3.3 Comparison with the study of Gori

In order to find further the characteristics of spatial coherence for light passing
through the successive apertures, main points of the study conducted by Gori [116]
are briefly reviewed in this section and, subsequently, they are compared with results
obtained in this chapter. Emphasis is also placed on the spatial coherence rather
than the intensity distribution.

The periodic structure employed by Gori is constituted by an iterated sequence

of a basic element illustrated in Fig.8.7. Two ideal cylindrical lenses with both focal

S L

|
!
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oA
-
NY

Figure 8.7. Basic element for analysis employed in the study of Gori. Cylindrical lenses
with focal lengths f are aligned at distance 2f and Gaussian amplitude filters are located

at each focal plane.

lengths f are arranged at interval 2 f and one-dimensional Gaussian amplitude filters

are located across each focal plane. The transmittances of these filters are given by

( 2
exp <__:1:_> for m; and m3-planes
202
2
exp (—5-—2-) for m,y-plane,

where o takes a positive constant. Gori derived analytically the mutual intensity
of light passing through the N basic elements with the help of Mercer’s theorem,
giving

I (2, 29) = Ay exp[—an(z® + 22)] exp[—by(z1 — 22)?] (8.42)

with
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In Eq.(8.44), Iy and o are both positive constants and o is specified by Eq.(8.41).
Here, Eq.(8.42) are formulated under the assumption that the first and the last
filters of the iterated sequence of the basic element has the transmittances t(z) =
exp(—z2/20%). By setting z; = z, = z in Eq.(8.42), the intensity distribution

becomes
2

In(z) = Ay exp (— 2"’2 ) (8.46)
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On the other hand, the complex degree of spatial coherence is given by

with
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(8.49)

R

The parameter Ay, gy and s contained in Eqs.(8.46), (8.47) and (8.49) are given
in Eqs.(8.43) and (8.44). In Eq.(8.48), the degree of spatial coherence depends on
positions only through the difference |z, — z,| for any pairs of z; and z,. Mainly
on the basis of Eqs.(8.46) and (8.48), Gori studied thoroughly the spatial coher-
ence of light passing through the iterated sequence of Gaussian filters separated by
cylindrical lenses.

We next deal with the comparison of the main results derived by Gori with
those in the present study. In order to illustrate some numerical examples derived

by the preceding theory of Gori, the parameter F given by Eq.(8.45) is used. The
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value of F' works as an important parameter characterizing the dimension of the

Gaussian filters and corresponds to the Fresnel number of the periodic structure as
well as the parameter c given by Eq.(8.14). By assuming that the width 20 of the
Gaussian amplitude filter placed at the mo-plane is equivalent to the width 2a of the
uniform slit aperture employed here under the condition of a = b, the parameter
F given by Eq.(8.45) can be replaced by the parameter ¢ given by Eq.(8.14). The
schematic of this “equivalent width” of the Gaussian filter is presented in Fig.8.8.

In accordance with Eqs.(8.46) and (8.48), the intensity distribution and the complex

-ai 'a
g A E
/ Liel
Ok 1
Equivalent

width

Figure 8.8. Schematic of the “equivalent width”. The Gaussian amplitude filter whose
transmittance is given by t(z) = exp(—z?/c?) and the slit aperture having the width
2a are the same in the sense of the “equivalent width”, provided that ¢ = a under the

condition of @ = b.

degrees of spatial coherence are illustrated in Fig.8.9 for several values of F. These
figures are associated with Fig.8.2 on the grounds that the widths of the slit aper-
tures and the Gaussian amplitude filters are the same in each pair in the sense of
the “equivalent width”. By comparison in each pair, i.e., Fig.8.9(a) with Fig.8.2(a),
Fig.8.9(b) with Fig.8.2(b) and Fig.8.9(c) with Fig.8.2(c), it is understood that the
complex degree of spatial coherence of light after the first transit (N = 1) is roughly
the same for each pair of figures. However, the difference in variation of the spatial
coherence is marked in each pair of figures as the number N of transits increases.

The light passing through the iterated Gaussian filters may become fully spatially
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Figure 8.9. Normalized intensity distribution and the complex degree of spatial coherence
of light across the output of the periodic structure for various values of N in the cases of

F = (a) 4.0, (b) 8.0 and (c) 20.0.




coherent after a certain number of transits even for large F’ while the spatial coher-

ence of light passing through the successive uniform apertures is hardly influenced
by the process of propagation with an increase of ¢. From the physical point of view,
these trends in spatial coherence may be well understood in terms of the distribution
of the eigenvalues that determine the loss per transit through the basic element, as
discussed for the case of employing the uniform apertures in Section 8.3.1. The

eigenvalues corresponding to the study of Gori are given in the form:

N(F) = (1 n f;TF—) o (5.50)

They are plotted in Fig.8.10 against the mode number n with relation to Fig.8.9.
It is clearly seen in Fig.8.10 that the eigenvalues decrease gradually, in contrast to
those illustrated in Fig.8.4, with an increase of the mode number n for any values
of F'. This exhibits that all the higher-order modes, which are characterized by the
Hermite-Gauss functions, passing through the iterated sequence of Gaussian filters
with any values of F' are suppressed both with an increase of the mode number n
and with an increase of the number IV of transits and that, finally, only the lowest-
order mode may necessarily survive in the structure, yielding the realization of the
completely spatially coherent field. In other words, the behavior of the higher-order
modes for any values of F' in the study of Gori is roughly the same as that for small
values of ¢ in the present study. Therefore, it follows from the above study that the
trend in spatial coherence of light passing through the periodic structure stems from
the behavior of the higher-order modes governed by the eigenvalues.

By recalling Fig.8.9 from the standpoint of the intensity distribution, it is also
apparent that the light tends to be collected around the optical axis for various

values of both F and N in the study of Gori rather than the present study.

8.4 Conclusion

The spatial coherence of light passing through the successive apertures has been
studied in association with the mode theory in the space-time domain. The ini-

tial light incident on the first aperture of the sequence is assumed to be incoherent
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under quasi-monochromatic approximation and it could be represented by the infi-

nite superposition of the normal modes derived for the present successive apertures,
where the normal modes were characterized by the prolate spheroidal wave func-
tions. Hence, the propagation law of the mutual intensity through the successive
aperture was formulated by means of the series expansion of the normal modes. Nu-
merical evaluations were conducted to find some typical features of the variations
in spatial coherence and intensity. As a result, the growth of spatial coherence and
the convergence of intensity distribution were observed, and it has become obvious
that they depend strongly on the dimension of the apertures in the structure. These
behaviors in spatial coherence and intensity were examined physically in terms of
the eigenvalues that determine the loss per transit through the basic element of the
successive apertures. In addition, they were evaluated quantitatively on the basis
of the approximation method for the spatial coherence derived in this chapter. The
results obtained in this chapter were compared with those of Gori and this compar-
ison led to the emphasis on these phenomena in spatial coherence especially arising
from the diffraction by sharp edges of apertures.

Finally, it can be stressed that the study conducted in this chapter may provide
intuitive understanding to predict the feature of spatial coherence of light propa-

gating through the other types of the periodic structure, such as the multimode

waveguide diffraction grating.




CHAPTER 9

Spatial Coherence of Light Passing Through
a Periodic Sequence of Lenses

9.1 Introduction

There has long been a great interest in the physical phenomena that occur on light
propagation in a certain kind of medium or even in free space. Among them, the
spatial coherence of light propagating through a periodic structure, such as an iter-
ated sequence of apertures, has been investigated originally in connection with laser
resonator modes.

The pioneering study was conducted by Wolf [114] in 1960’s. Considering
the periodic sequence of apertures equivalent to the laser cavity, he investigated
theoretically the spatial coherence of laser resonator modes on the basis of an in-
tegral equation for the mutual intensity and showed that the quasi-monochromatic
light that is initially partially coherent, or even incoherent, may become completely
spatially coherent after a sufficient number of transits through the apertures. He as-
cribed this phenomenon to the effect of propagation and successive diffraction and,
consequently, succeeded in the theoretical explanation for the origin of the spatial
coherence of laser radiation. As a continuation of Wolf, the rapidity with which
the spatial coherence builds up in the periodic systems of apertures and those of
confocal lenses was investigated by Streifer [115]. In addition, Gori [116] dealt with
a periodic sequence of confocal lenses separated by amplitude filters with a Gaus-
slan transmittance for the reduction of mathematical difficulties in those studies. It
should be noted that all of the studies mentioned above could not provide any infor-
mation about certain effects arising from the spectral structure of the light since they
were formulated in terms of the mutual intensity under the quasi-monochromatic
approximation. To put it more precisely, modal expansion of the partially coherent

field in the space-time domain was employed in those studies in place of that in the
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space-frequency domain. In recent years, however, further extension of the theory

has been conducted by Wolf and Agarwal [118, 201] in accordance with the new
theory of Wolf [119~121, 201] dealing with the coherent-mode representation of the
fields of any state of coherence in the space-frequency domain and, as a consequence,
the restriction for the spectral structure has been satisfactorily eliminated.

Apart from the work of Wolf, its direct extension made by Streifer and Gori
seems to raise the interest in the study of the periodic structure as a specific ar-
rangement for varying the spatial coherence, rather than the study associated with
lasers. At the same time, the modal approach for the study of the spatial coherence
appears to have received somewhat renewed attention owing to the new theory of
Wolf in recent years, yielding a large number of the studies concerning the modal
expansion of the partially coherent field in the space-frequency domain [9, 10, 42,
43, 86, 209-218].

In practice, the significance of the periodic structure has been recently encoun-
tered especially in the fields of integrated optics [122] and microoptics [123], where
various kinds of the structure have been newly proposed and adopted primarily for
optical information processing. The typical examples are the waveguide diffraction
grating [125] and the stacked planar microlens array [123]. The light confined in such
devices may be expected to be highly spatially coherent due to their tiny structures.
However, by taking into account what is called the “multimode” structures as a
further generalization of the problem, the feature of the spatial coherence plays a
significant role in such devices and they are worth investigating. In addition, al-
though these devices may be quite different in structure from the preceding periodic
structure such as an iterated sequence of apertures, both structures may be con-
sidered to be essentially the same at least in the sense that the propagating light
experiences a repeated perturbation from the structure. As a result, it seems feasible
that the study of Wolf [114] and its extension [115, 116] give a certain insight into
the spatial coherence properties of light propagating through these devices. How-
ever, different treatments must be properly adopted for the rigorous evaluation of
the spatial coherence properties of light in these devices.

In this chapter, the feature of the spatial coherence of light passing through
a periodic structure is investigated in order to elucidate some typical phenomena

arising from the successive propagation and diffraction, on the basis of the mode
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theory in the space-frequency domain [118-121, 201]. As a periodic structure for

analysis, a periodic sequence of confocal lenses separated by Gaussian amplitude fil-
ters is employed in accordance with Gori [116]. Since the initial light to be launched
into the structure is assumed to be produced by a finite mixture of the Hermite-
Gaussian functions which are the modes of the structure, it may be regarded as
certain lasers under multimode oscillations and, therefore, it is spatially partially
coherent [118, 219]. The source of this kind has been encountered in recent studies
of the spatial coherence [86, 220] and it has proved to be well behaved in the dis-
crimination of some effects stemming from the particular modes. This chapter can
also be concerned with certain phenomena arising from the spectral structure of the
light because 1t is formulated in terms of the cross-spectral density. However, we
confine our discussion to the case of quasi-monochromatic light and the phenomena
in relation with the spectral structure are assumed to be negligible for simplicity.
In the following, we examine only the variations of the spatial coherence and
intensity distribution by the process of propagation through the periodic structure.
More specifically, we show the various properties of the resultant field, including
those of the initial field, i.e., source itself, especially in connection with the ho-
mogeneity of the spatial coherence characterizing the dependence of the degree of
spatial coherence on positions across the field of interest. It is important to note
that the present study may provide information to deduce the spatial coherence
properties of light propagating through the other kind of periodic structures such
as above-mentioned optical devices. Detailed study concerning the spectral aspect

of light in the periodic structure is presented in Chapter 10.

9.2 Theory

We consider the periodic structure constituted by perfectly aligned ideal cylindrical
lenses and amplitude filters illustrated in Fig.9.1(a). The focal points of various

lenses coincide since the lens spacing is twice the focal length f and one-dimensional

Gaussian amplitude filters are located across each focal plane. The transmittances




of these filters are given by

o
exp (——— : for m; and 7wy 41 planes

(9.1)

2
exp (— —> - for my, w3, -+ -, ™y planes
\

where o takes a positive constant.

The main aim of the present study is to investigate the feature of the spatial
coherence of light propagating through the periodic structure in accordance with
the modal decomposition of the partially coherent field. Hence, for a moment, we

deal with the modes of the periodic structure under consideration in some detail.

fid

(b)

Figure 9.1. (a) Periodic sequence of confocal lenses constituted by amplitude filters with

Gaussian transmittance and (b) the basic unit for analysis. Across each focal plane the
Gaussian amplitude filters are located.

In order to determine the modes of the structure with the help of the stan-

dard diffraction theory ([153], Sec. 5.2), let us consider a basic unit illustrated in
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Fig.9.1(b), where successive sequence of the basic unit constitutes the whole se-

quence. By supposing that a monochromatic spatially coherent field V()(z) of
wavelength A is incident on the focal plane 7; from the left, the light distribution
V(+D(y) emerging to the right of the focal plane 7, is given, aside from the mul-

tiplicative phase factors, by

2 2 15
p+)(y \/__/ T)exp ( ; 21:: ) exp <—~j?:vu> dz, (9.2)

where k£ = 27/) is the wavenumber. Consequently, the eigenvalue equation for

evaluating the modes of the lens sequence may be written as
\/—/ z) exp[—a(z® + u?)] exp[—jbuz] dz, (9.3)

where

A=—, a=—, b= (94)

and § is a complex number with the magnitude less than unity. The eigenvalue

equation (9.3) has the solutions

D ()= <g£> 5 (2" - n!)"7 H,(zv/2¢) exp(—cz?) (9.5)

with the eigenvalues

:671 :,BO'qn’ (TL:O,I,Q,"',OO) (96)
where
V0% + 4qa? 5 Am _ b (9.7)
C = ——————— — == [ Y e ~
9 y 0 CL+C’ q ]2(G+C>

The functions (9.5) are Hermite-Gaussian polynomials. Thus, the modes of the
structure are termed Hermite-Gaussian modes. They are normalized and orthogonal

among each other forming an orthonormal set:

+00 1, for n.=m
/ &, (2)d* (z) de = { (9.8)

s 0, for n # m.
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Equation (9.3) has an infinite number of solutions, and every arbitrary field that can

exist in the structure is described as a superposition of the solutions of the function
(9.5).

As a source that provides the light incident on the periodic structure, we
assume a partially coherent source synthesized by a finite superposition of equally-
weighted Hermite-Gaussian modes @, (z), which are spatially coherent but mutually
uncorrelated, given by Eq.(9.5). As a result, the cross-spectral density function
across the source, which characterizes the spatial coherence properties of the field

in the space-frequency domain, becomes

WOz, 255 w) = SO(w) i @, (21) 0% (2,), (9.9)
m=0

where 5(O(w) represents the spectrum of light across the source and is assumed to
be independent of positions, and M is a positive integer showing an order of the
highest-order modes contained in the source. Here, it is noteworthy that the modal
expansion specified by Eq.(9.9) can be regarded as a coherent-mode representation
of the partially coherent field established by Wolf [119-121]. In general, each mode
®,(z) contained in Eq.(9.9) also depends on the frequency w of the light (or the
wavelength A = 2mc/w, ¢ being the speed of light in vacuum) as well as the spectrum
S(O)(w). In the present chapter, however, we confine our discussion to the case of
the quasi-monochromatic light for simplicity. Hence, here and in what follows,
we remove the explicit dependence on w from the description of the cross-spectral

density and spectrum S(®(w) is replaced by the constant Iy, yielding
M
WOz, 20) = Iy 3 ®n(21)8X (z,). (9.10)
m=0

The partially coherent source specified by Eq.(9.10) has been encountered in some
recent studies (86, 220] and it has been shown that such a source plays a significant
role in the study dealing with the effect of certain modes in the partially coherent
field. Furthermore, it has also mathematical advantage for the present purpose
because the summation of Eq.(9.10) can be represented in a simple form using
certain mathematical formula as will be seen in Section 9.3.1. By taking account of

these facts, the source of this kind has been necessarily adopted here. It is obvious
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from Eq.(9.10) that the source consists of the mixture of (M 4 1) modes owing to

the summation from 0 to M. If the value M becomes infinity, Eq.(9.10) becomes

the one-dimensional Dirac delta function, i.e.,

Oq)m(xl)q)fn(xg) = §(z1 — z), (9.11)
which represents physically an incoherent source having the uniform intensity dis-
tribution ([147], Sec. 4.4). On the contrary, if the value M is equal to 0, the source
is spatially completely coherent with the Gaussian intensity distribution. This con-
sequence shows that both the spatial coherence and the intensity distribution of the
source are governed by the value of M.

Let us now consider the propagation of light in the periodic structure. The
source specified by Eq.(9.10) is placed just in front of the first focal plane 7 and
provides the quasi-monochromatic, initially partially coherent light. We characterize
the spatial coherence properties of light across the output plane of the n-th basic unit
(i.e., mp41 plane) in terms of the cross-spectral density W(")(m,ng), where 7, and 7,
are typical points across the output plane. According to the propagation law of the
cross-spectral density, the cross-spectral densities W+ (¢, ¢,) and W) (51, m,) are

related by
WO e, &) = A [ WO, m)K (&, m)K* Em) dnidne,  (9.12)

where

K(&n) = exp [—a(€* + 1%)] exp [jben], (9.13)

and the parameters 4, a and b are given in Eq.(9.4). By substituting of Eq.(9.10)
into the right hand side of Eq.(9.12), the light emerging from the second focal plane
T2 becomes

M
WOz, 29) = Ip Y |Bal® @ (1) 0% (22), (9.14)

m=0

where (,, is given in Eq.(9.6) and is an eigenvalue of the integral equation for
determining the modes of the periodic structure. Here and in the sequel, spatial

coordinates across the output plane are assumed to be specified by z;, z, and z.
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By repetition of the same procedure, the cross-spectral density function of light

emerging from the output plane of the N-th basic unit (i.e., (N + 1)-th focal plane

Ty+1) turns out to be

M
W(N)(CL'I,Z'Q) = Io Z lﬁmIZN @m(l‘l)q):(ilig). (915)
m=0

From Egs.(9.10) and (9.15), the intensity distribution and the degree of spatial
coherence, defined by
IM(g) = W)z, z) (9.16)

and
W(N)(-'Ela $2)

\/](N)(;pl)\/I(N)(g;z)

are evaluated for both the source and the resultant field after propagation through

(9.17)

1 (2, 0,) =

the N-th basic unit.

9.3 Results and Discussion

To show some typical results derived from the present study, numerical computations

were carried out under the relations of f = 5.0 x 107?[m] and A = 5.0 x 107 "[m].

9.3.1 Some properties of the incident light

We first examine various properties of the source producing the light incident on the
structure. The spatial coherence of the source is characterized by the cross-spectral
density expressed in Eq.(9.10). On substituting Eq.(9.5) into Eq.(9.10) and using
the mathematical formula ([221], Eq.(11), p. 193), Eq.(9.10) becomes

W(O)(:z: 7 ) e % HM+1(~"31\/2—C)HM($2\/Z) 5 HM(ﬂfl\/%)HAHl(%\/—Q—C)
Lyve2) = = 2““1\/1!(3:1 oL rg)\/Z—c

x exp[—c(z? 4 z3)). (9.18)

In addition, substitution of Eq.(9.18) into Eq.(9.16) and use of another mathematical
formula ([221], Eq.(35), p. 195) yield the intensity distribution across the source

1¢d




A A

(d

[

-10 ey 0 > 10 =14 - 0 2 10
A A
-10 -3 0 5 10 =10 -5 0 ) 10
A A
(c) ®
-10 =5 0 S 10 =10 -9 0 <] 10

Figure 9.2. Normalized intensity distributions across the source for M = 0 (a), 3 (b), 5
(c), 10 (d), 20 (e), and 30 (f).

given by

10(z) = 2_7C_[HM+1($\/Z)] _Qgﬁ(;!/éz)HMH(x\/%) exp(=2cz?),  (9.19)

where the parameter c is expressed in Eq.(9.7). The parameter M contained in
Eqs.(9.18) and (9.19) denotes the maximum order of the modes in the source cor-
responding to the number (M + 1) of the superposed modes, as discussed in the
previous section.

Figure 9.2 shows the variation of the normalized intensity distribution across
the source for various values of M, on the basis of Eq.(9.19). It is clearly seen
in this figure that the normalized intensity distribution extend further out in the
transverse directions with an increase of the value M. This is because the amplitude
distribution of the source consists of superposed Hermite-Gaussian functions whose
spread increases with increasing values of M. The degree of spatial coherence across
the source is plotted in Fig.9.3 for some values of M, where the degrees of spatial
coherence are evaluated for two points situated on the source symmetrically about its

center. The cross-spectral density corresponding to this case is obtained by setting
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Figure 9.3. Degrees of spatial coherence across the source for two points situated sym-
metrically about the center for the cases of M =5 (a) and 20 (b).

T = —29 = ¢ in Eq.(9.18), yielding

2¢ (1) Hy(zv/2c)Hy, V2
I/V(O)(:E,__g;) = ._.C.( )" Huev2e)Hiyr(2v/2¢) exp(—2cz?). (9.20)
T 2M+1 M1 2/2¢

As already mentioned in the previous section, not only the intensity distribution but
also the spatial coherence are varied as a function of M. The coherence interval,
which is defined as the two-point separation |z, — zo| for which the degree u(z, z,)
of spatial coherence becomes the value 0.88, tends to reduce with an increase of the
value M. This behavior in the spatial coherence indicates that multiple Hermite-
Gaussian modes give rise to the reduction in the spatial coherence. However, even
though many modes are superposed on the source, few lower-order modes play a
significant role on the region far from the center across the source in transverse
directions because the lower-order modes are collected around the center. In other

words, the magnitude of the lower-order modes are so small that they are negligible
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on the region. As a result, gradually increasing or gradually decreasing tails of the

coherence curves are observed in Fig.9.3.

In order to find further the properties of the source, we investigate the variation
of the degree of spatial coherence for other sets of two points on the source. To
characterize the spatially coherent fields, the coherence interval is generally employed
in place of the curve of the degree of spatial coherence. We examine thus the
behavior of the coherence interval with respect to the source point P,. Schematic for

this problem is illustrated in Fig.9.4(a). This figure shows the normalized intensity

Normalized
imntensity

-10 =5 0 5 10
L ]
P, P,

(a) (fixed) (variable)

Coherence interval
R

00  -10 20 =30 _ -40 <50
Position of the fixed point P,

(b)

Figure 9.4. (a) Schematic of investigating the dependence of the position for the co-
herence intervals. The normalized intensity distribution having a certain value of M is
shown. The point P; (specified by the position ) is fixed and the point Py (specified by
the position z9) is varied under the condition of z; < z3. (b) Coherence intervals plotted
as a function of the position z; for various values of M.




distribution of the source having a certain value of M. Assume that the point P

(specified by the position z,) is fixed while the point P, (specified by the position
) is varied on the source under the condition of z; < z,. The degree of spatial
coherence decreases with increasing values of z;. When the degree |(z1, z9)| of
spatial coherence becomes 0.88, the coherence interval is given by the value (zq —
z1). In Fig.9.4(b), the coherence intervals, which are normalized by each intensity
spread (which is defined as the width for which the intensity decreases to e~1/? of
1ts maximum value), are plotted as a function of the position z; for various values
of M. It is obvious from this figure that the curves showing the variation of the
coherence intervals remain stable with the position z; for large values of M and that
a gradually increasing way of the curves corresponding to relatively small values of
M becomes rapid as the values of M become smaller. This fact indicates that the
region across the source where the coherence interval is independent of the position
extend further in the transverse directions as many modes are superposed on the
source.

In practice, the source mentioned above may be regarded as a laser constituted
by a confocal resonator [112] oscillating in multimodes. The dominant effect of the
multiple transverse modes appears as the reduction of the spatial coherence. In many
applications including speckle reduction and micrometrology, these partially coher-
ent multimode sources have distinct advantages in comparison with a completely
coherent single-mode source. In a real laser resonator, different transverse modes
tend to oscillate with a wide range of relative intensities which depend on several fac-
tors such as misalignment or imperfections in the laser mirrors [109]. Consequently
1t is very difficult to determine theoretically the mode structure of real multimode
lasers and, the relative modal weights of a laser beam have to be measured through
certain experiments. Probably the present source model thus does not represent
exactly any real lasers. Nevertheless, some predictions relating to the general prop-
erties of multimode lasers may be derived from the present study. On the other
hand, it is also very important to note that the source of this kind pertains to the
class of the quasi-homogeneous sources (21, 24, 33, 206], provided that the number
of superposed modes specified by M is sufficiently large. The quasi-homogeneous
source means that the spatial coherence of light across the source depends only

on the coordinate difference and, furthermore, that the source size and its spatial
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structure 1s much larger than the coherence interval (in this case, it is defined as the

interval for which the degree of coherence decreases to a certain value, e.g., 0.88)
across the source. Thus, such sources are always relatively incoherent in the global
sense. The radiation properties from sources of this kind are found to be expressed
by means of the source properties in quite simple manners [24]: the angular distri-
bution of the radiant intensity and the complex degree of spatial coherence in the
far field are, respectively, proportional to the two-dimensional Fourier transforms
of the complex degree of spatial coherence and the intensity distribution across the
source. Although the above discussion concerning the radiation properties cannot
be directly applied to the present analysis even in the case of large M, it may play

a significant role in another application of the source adopted in the present study.

9.3.2 Propagation of the partially coherent field

In accordance with Eqs.(9.15), (9.16) and (9.17), we next examine the variations of
the normalized intensity distribution and the degree of spatial coherence as a func-
tion of NV corresponding to the number of transits through the basic unit. Typical
examples are illustrated in Figs.9.5 and 9.6 for two values of W; under the condition
of M = 20, where Wy implies the ratio of the width of the Gaussian amplitude
filter located at each focal plane to that of the lowest-order mode (it also takes a
Gaussian form) contained in the source.  From these figures, the spread of the
normalized intensity distribution is seen to decrease and finally approach a constant
with an increase of the value N. This phenomenon implies that the higher-order
modes contained in the source are suppressed by the process of propagation through
the periodic structure and, as a consequence, only the lowest-order mode survives
in the structure. On the other hand, the spatial coherence is improved with an
increase of the value N and the field emerging from the structure becomes fully
spatially coherent after a sufficient number of transits. Comparison of Figs.9.5 and
9.6 reveals that Wy, whose value is practically proportional to the aperture size of
the structure, works as an important parameter to determine the rapidity in the
variation of the normalized intensity distribution and the spatial coherence against
the value of N. In Fig.9.7, the behaviors of the coherence interval and the intensity
spread are shown as a function of N for various values of Wy under the condition

of M = 20. It is understood from this figure that the variation of the intensity
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Figure 9.5. (a) Transmittance of the Gaussian amplitude filter for Wg = 2.5: (b)
Normalized intensity distribution emerging from the periodic structure for various values of
N. (c) Degree of spatial coherence for various values of N. The parameter N corresponds
to the number of transits through the basic unit illustrated in Fig.9.1(b). The case N =0

corresponds to the initial light, i.e., the source.

spread and the coherence interval against N become rapid as the aperture size of
the structure becomes smaller.

In order to characterize the spatial coherence properties of the light field emerg-
ing from the structure, we finally investigate the variation of the coherence interval
of the field with respect to the position z; (see Fig.9.4(a)). The coherence inter-
vals, which are normalized in a similar manner already discussed, are plotted in
Figs.9.8(a) and (b) against the position z; for various values of N. These figures
are distinguished by the values of M: Figs.9.8(a) and (b) correspond to the cases
of M =1 and M = 5, respectively. The normalized intensity distribution relating
to Figs.9.8(a) and (b) are also illustrated in Figs.9.9(a) and (b), respectively, for
various values of V.

The curves of the coherence interval illustrated in Fig.9.8(a) vary as a function

of the position z;, and its variation tend to reduce as the value N become larger.

On the other hand, the curves illustrated in Fig.9.8(b) become constant with the
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Figure 9.6. (a) Transmittance of the Gaussian amplitude filter for W¢ = 5.0. (b)
Normalized intensity distribution emerging from the periodic structure for various values
of N. (c) Degree of spatial coherence for various values of N.

position z; for large values of N. This implies that, even though the initial field
to be launched into the structure is inhomogeneous in the sense that the coherence
interval depends on the position, the field becomes homogeneous in the sense that
the coherence interval is independent of the pbsition after transits and that, in
addition, the number of transits required to reach the homogeneous field in that sense
depends on the number of superposed modes on the source. As the number of modes
contained in the source becomes larger, the homogeneous field in that sense can be
realized by the processes of a small number of the transits. Conversely, it can be
realized only after the sufficient number of transits if the number of modes contained
in the source is extremely small. Therefore, it may be concluded that the existence of
many modes in the source is desired to produce rapidly the homogeneous field from a
multimode laser radiation using the periodic structure. In order to elucidate further
this performance in the variation of the coherence interval, we consider the variation
of the normalized intensity distribution for various values of N, as illustrated in
Figs.9.9(a) and (b). In these figures, the intensity distribution for the values N more

than 10 approximately takes a Gaussian form and, consequently, it is very difficult
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Figure 9.7. (a) Coherence intervals and (b) intensity spread plotted against the values

of N for various values of W in the case of M = 20.
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Figure 9.8. Coherence intervals across the output of the periodic structure plotted against
the position z; for various values of N in the case of M =1 (a) and 5 (b). The parameter
Wy is fixed at the value 5.0.

to distinguish one from the others. However, the curves showing the variation of
the coherence interval illustrated in Fig.9.8(a) are different from those illustrated in
Fig.9.8(b). This fact indicates that the fields after propagation through the structure
exist with the same intensity distribution while the spatial coherence properties of
the flelds are different from each other. In other words, the intensity distribution
alone does not provide sufficient information to determine the spatial coherence
properties of the fleld. This discussion is applicable to actual multimode lasers. The
spatial coherence properties in multimode lasers are much more influenced by their
mode structure than their intensity distribution. As a result, it may be possible to
make such multimode lasers having the same intensity distribution in each output
aperture but with the different spatial coherence properties.

The trends in the spatial coherence and the intensity distribution on propa-
gation mentioned above may be well understood by taking into consideration the
Gaussian Schell-model (GSM) sources [20, 42 -44, 182]. Due to their mathematical
convenient Gaussian distributions of both the intensity and the degree of spatial
coherence, the GSM sources have been frequently adopted and played an important

role in recent studies especially dealing with radiometry [20, 44]. Various properties
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of the sources and their radiated field have been shown in detail including the fact
that the GSM sources can be realized by an infinite superposition of the properly
weighted Hermite-Gaussian functions [42, 43, 118, 182]. In the present study, the
field emerging from the output plane after N-transits through the structure belongs
strictly to the class of the GSM sources, provided that the number of superposed
modes becomes infinity (i.e., the initial light launched into the structure is com-
pletely spatially incoherent). In this case, the behavior in the intensity and the
degree of spatial coherence (both distributions take Gaussian forms with different
widths) can be described mathematically in a simple form [118] and, moreover, it
has been found that the degree of spatial coherence of the light depends always only
on the coordinate difference for any number N of transits. It has become obvious
from the above discussion that higher-order modes contained in the GSM source are
intimately related to the homogeneity of the spatial coherence adopted in the present
investigation. Accordingly, it is also possible to assert that the present analysis is a
further extension of the study conducted by Gori [43] dealing with the effect of the
finite number of the modes in the GSM source.

As regards the latter half discussion of the previous paragraph, it is not surpris-
ing that there exist the partially coherent fields with the same intensity distributions

but with different spatial coherence properties, by taking into account that the GSM
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Figure 9.9. Normalized intensity distribution across the output of the periodic structure
plotted against the position z; for various values of NV in the case of M =1 (a) and 5 (b).
The parameter Wy is fixed at the value 5.0.

sources have also the same characteristics.

9.4 Conclusion

The periodic sequence of confocal lenses separated by Gaussian amplitude filters
are studied in relation to the spatial coherence, on the basis of the mode theory
in the space-frequency domain. Since the source which provides the light incident
on the periodic structure is assumed to be synthesized by a superposition of the
Hermite-Gaussian modes, which are the modes of the present periodic structure,
under the quasi-monochromatic approximation, it can be regarded as a certain prac-
tical laser under multimode oscillations. By adopting this source model for analysis,
the present study may serve to clarify the spatial coherence properties of a certain

kind of multimode lasers.
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It has been found from the whole analysis that the spatial coherence grows and

the intensity distribution approaches the lowest-order mode of the structure by the
processes of light propagation through the periodic structure. The growing rapidity
of spatial coherence and the converging rapidity of the intensity distribution depends
on the aperture size of the structure, i.e., the parameter Wy. The homogeneity of the
fields across the source and emerging from the structure has also been investigated.
As a result, it has become obvious that the homogeneity of the source depends on
the number of the superposed modes and that the homogeneity of the field emerging
from the structure depends on both the number of the superposed mode and the
structure itself. These trends have been manifested in association with the Gaussian
Schell-model sources.

The present chapter has not dealt with the phenomena relating to the spectrum
of light because we confined the analysis to the case of the quasi-monochromatic
light for simplicity. However, the study concerning the spectral changes of light on
propagation has received considerable attention in recent years [62, 63, 65]. More
recently, such phenomena appear to have been manifested especially in connection
with the medium in which light propagates [93, 107, 222]. Therefore, it seems
reasonable to investigate the feature of the spectrum of light propagating through

the present periodic structure. The sequel of the analysis concerning the spectral

aspect is given in the next chapter.




CHAPTER 10

Spectral Aspect of Light Passing Through
a Periodic Sequence of Lenses

10.1 Introduction

The phenomena that occur on the propagation of light through a periodic structure
have long been the subject of great interest. By considering a periodic structure
like an iterated sequence of apertures equivalent to a laser resonator, numerous in-
vestigations have been conducted on the laser resonator modes in parallel with the
advent of lasers [113]. In a similar manner, the physical origin of spatial coherence
in the laser radiation has also been theoretically explored within the framework
of coherence theory in the space-time domain [114-116]. On the other hand, the
practical significance of the periodic structure appears to have been reencountered
in recent years, irrespective of laser resonators, especially in the fields of integrated
optics and microoptics [122, 123]. One of the representative configurations may be a
corrugated periodic waveguide acting, for example, as a lens, a coupler and a spec-
tral filter [125]. Recent advances in optical information processing have broadened
the possibility of the periodic structure and the area of its applications. Although
such devices with certain periodicity are in contrast in their structure with the
periodic system of apertures associated with lasers, both can be considered to be
essentially equivalent at least in the sense that the propagating light in each case
suffers repeated perturbation from the structure.

The previous chapter dealt theoretically with the feature of spatial coherence
of light passing through a periodic sequence of confocal lenses separated by Gaussian
amplitude filters, in connection with both the lasers and the periodic devices to be
employed for certain optical processing. The mathematical treatment of the problem
was, as opposed to the early attempts [114-116], based on the coherence theory in

the space-frequency domain that can directly provide information about the spatial
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coherence properties of light including its spectral aspect. However, the phenomena

relating to the spectrum of light passing through the periodic structure in question
have not yet been investigated. As is widely recognized, the spectrum of light is
generally influenced by the propagation process through a certain kind of medium
or even in free space. Accordingly, the subject about the spectral modification due
to the light propagation may be of considerable interest and worth investigating as
far as a practical application of optics is taken into account where even the quasi-
monochromatic light may not be necessarily available. Moreover, the particular
interest in this problem stems also from the recent works on the correlation-induced
spectral changes which are often called the Wolf effect [62].

This chapter is concerned with the spectral aspect of light passing through a
periodic structure comprised of both lenses and spatial filters with Gaussian trans-
mittances, as a continuation of Chapters 8 and 9 in which emphasis has been placed
on the spatial coherence properties of the propagating light in the structure. Specif-
ically, trends in the spectrum of light passing through the periodic structure are
theoretically investigated by making use of the modal decomposition of the partially
coherent field within the framework of coherence theory in the space-frequency do-
main. The mode employed in the subsequent analysis, which is derived by means of
the conventional method for determining the laser resonator mode, can be regarded
as the coherent mode originally established by Wolf [120, 121] after the theory of
Wolf and Agarwal [118]. The initial light launched into the structure is assumed
to be a polychromatic, spatially incoherent light having a single spectral line with
the Lorentzian profile. It has been shown in Chapters 8 and 9 that, in spite of
the initially incoherent light, the propagating light in the structure becomes spa-
tially partially coherent due to propagation and successive diffraction, its property
of spatial coherence being varied on propagation. This fact enables us to examine
the phenomena concerning the spectral modifications in the propagating light under
the consideration of the Wolf effect. Therefore, the analysis to be conducted here
proceeds mainly from the viewpoint of the Wolf effect.

In the following, preliminary considerations for the present problem are first
dealt with and, subsequently, some mathematical formulas are derived for the spec-
trum of light passing through the periodic structure. On the basis of these formulas,

two types of the reduced arrangements for analysis, which correspond basically to
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the Fourier transform and the imaging geometries, are particularly taken into ac-

count in place of the general configuration for the periodic structure. As illustrative
numerical examples, the shift of the resulting spectrum is given as a function of the
number of transits through the structure for various observation points. Likewise,
the changes in the spectrum of each mode are also examined numerically. These
examples may serve to elucidate the phenomena pertaining to the Wolf effect from
the viewpoint of the coherent-mode representation of the field. The present study
is also motivated by the recent investigation of Gamliel [86] regarding the modal

analysis of the Wolf effect.

10.2 Some Preliminaries

The ultimate purpose of the present analysis is to examine the modifications in
the spectrum of light passing through a periodic structure. As a preliminary con-
sideration, the underlying circumstances required for the subsequent analysis are
summarized.

We first specify an optical arrangement for analysis characterizing the peri-
odic structure. Consider the periodic sequence of lenses separated by spatial filters
illustrated in Fig.10.1(a). The ideal cylindrical lenses of focal length f are perfectly
aligned with separation distance 2f and the spatial filters are located at each focal
plane. The amplitude transmittances of these filters take one-dimensional Gaussian

forms given by
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T (10.1)

42
exp RS for my, w3, -+, ™y planes
\

A%
exp | — , for m; and 7y, planes

where o is a positive constant indicating the effective transverse width of the periodic
structure. For the determination of the modes to be conducted in the next section, it
1s convenient to consider that the periodic structure depicted in Fig.10.1(a) consists
of N successive arrangements of the basic unit depicted in Fig.10.1(b); the basic
unit itself consists of one cylindrical lens and two spatial filters with the same trans-

mittances of ¢(z) = exp(—2z?%/20?). In arranging the whole sequence, the second
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(b)

Figure 10.1. (a) Periodic sequence of cylindrical lenses separated by spatial filters with
one-dimensional Gaussian amplitude transmittances and (b) the basic unit for analysis.

The spatial filters are located at each focal plane.

filter (which is placed at the w4 plane) of the m-th basic unit is attached to the
first filter (which is placed at the 7,41 plane as well) of the (m + 1)-th basic unit so
that the total transmittance across the m,,,; plane becomes t(z) = exp(—z?/c?) for
m=1,2,---, (N —1), whereas the transmittance across the m; and my4; planes is
given by t(z) = exp(—z?/20?). In this structure, the initial light is incident on the
m; plane from the left and, as a consequence, 1t emerges from the my4; plane after
passing through the N sequence of the basic unit. This type of the optical arrange-
ment has frequently been employed in previous studies dealing with the modes of a
laser resonator [113] and the spatial coherence properties of light passing through
a periodic structure [116]. In the present treatment, the model structure depicted
in Fig.10.1(a) is regarded as a typical configuration having certain periodicity [122,

123, 125], together with an example of a laser resonator.
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The initial light launched into the structure is assumed to be a polychro-

matic, spatially incoherent light having an uniform intensity distribution. The cross-
spectral density function of such light is approximately expressible in the form ([147],

Sec. 4.4; [210])
W(O)(:cl,xg;w) — S(O)(w) 6[k(z1 — zo)], (10.2)

where S(9(w) denotes the spectrum of the light (to be specified below) and §(-)
stands for the one-dimensional Dirac delta function. Here, z; and z, imply the
spatial coordinates across the plane just behind the m; plane and ¥ = w/c is the
wavenumber of light. The explicit dependence of the delta function on k, which
originates from a more realistic correlation function for characterizing the incoherent
light [147, 210], plays a significant role in the present subject associated with the
Wolf effect and this connection will be discussed in Section 10.4. As is widely
known, the use of the Dirac delta function for describing the incoherent light leads
to a physical inconsequence of the infinite source intensity. Yet, from Eq.(10.2), the

intensity distribution across the source is assumed to be given by
SO(z;w) = WO (2, 2;w) = SO(w), (10.3)

in accordance with the conventional implication for the delta-correlated light. To
simplify the theoretical development, the source spectrum S(®(w) encountered in
the above equations is assumed to be the same at all points in the source region. In
other words, the source spectrum is independent of the position across the source.
This assumption has already been incorporated in Eqgs.(10.2) and (10.3) and, thus,
S(O)(w) is represented as a function of only the frequency w. In addition, the source
spectrum is assumed to consist of a single spectral line with the Lorentzian profile
given by
Is

(w—wp)? + T¢’

SO(w) = S, (To/we < 1) (10.4)
where wy denotes the central (angular) frequency, I'y takes a positive constant char-
acterizing the linewidth of the spectrum, and Sy is a positive constant. This assump-
tion may serve to provide a clear understanding for the numerical confirmation of
the present analysis to be conducted in Section 10.5. By substituting Eq.(10.4) into
Eq.(10.2), the spatial coherence property of the initial light, including the spectral
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structure, is uniquely determined by means of the cross-spectral density function in
Eq.(10.2).

Finally, a few remarks are made on the Wolf effect since the analysis of the

present problem proceeds from the standpoint of the Wolf effect. It has been shown
theoretically and experimentally that the spectrum of light radiated from a partially
coherent source is generally varied on propagation, depending not only on the source
spectrum but also on the spatial coherence condition over the source [62]. This phe-
nomenon was predicted originally by Wolf [63, 65] and, hence, it is often called the
Wolf effect. Due to the intensive investigations on this phenomenon, the effect that
occurs on the propagation of light in free space and in a weakly scattering medium
seems to have been thoroughly elucidated hitherto. In recent years, considerable at-
tention has been devoted to the related effect arising from the propagation of light
through a certain kind of medium, such as an optical fiber [90], a strong scattering
medium [103], and a dielectric slab [93]. As a further extension of a series of such
investigations, the main problem of this chapter may be the first attempt to consider

the spectral aspect of light in the periodic structure on the basis of the Wolf effect.

10.3 Mathematical Formulation of the Problem

We consider that the incoherent light specified in the previous section is incident
on the m; plane of the periodic structure illustrated in Fig.10.1(a). In this section,
some mathematical expressions for the spectrum of light after passing through the
periodic structure are derived mainly in accordance with the previous study [116]
and Chapter 9.

To obtain the specific expression for the spectrum of light across the my4q
plane for an arbitrary N, we consider the propagation of a cross-spectral density
function through the structure. To do this, the basic unit depicted in Fig.10.1(b),
rather than the whole sequence depicted in Fig.10.1(a), is first taken into account.
By making use of the propagation law of the cross-spectral density function, the

function WM+ (¢, &;w) of light across the 7,41 plane at frequency w can be

190




written, in terms of W (™) (n,, n9; w) across the 7, plane, in the form:

W/(m-H)(fl, Es: w) = A//_ W(m)(nl, n2; w)]{(gl,nl,w)]\’*(&z, M2; w) d7]1 d?]g (105)

where
K(& mw) = exp [—a(§2 -+ 772)] exp (—jbén) (10.6)
and
w 1 w
_ A 10.
& 2ncf’ “= 207 : cf L)

with ¢ being the velocity of light in vacuum. Hence, the eigenvalue equation for

determining the modes of the periodic structure becomes [201]
BO(§w) = \/Z[_ ®(n; w) K (€, m;w)dn, (10.8)

where £ is a complex value with the magnitude less than unity and the parameter A
and the function K(€,n;w) are given in Eq.(10.7). It is known that the eigenvalue

equation (10.8) has the solutions

Ba(6w) = (2_@) "2 ) E B (6V24) exp(—de?) (10.9)

7if

with the eigenvalues

Bu=Fo- " (10.10)

V4a? + b? Am o Rl
g R T el LR (10.11)
2 a+d 2(a + d)

and n takes non-negative integer values. Equation (10.9) indicates that the modes of

where

the structure in question are represented by means of Hermite-Gaussian functions
and, hence, are termed Hermite-Gaussian modes. These functions are known to

fulfill the orthonormal relation:

; forn=m

[ NGRLAGELE { (10.12)

0, forn #m




and form a complete basis. Such properties of Hermite-Gaussian functions serve to

develop the subsequent analysis concerning the modal expansion of the initial light.

From a mathematical point of view, the modes given by Eq.(10.9) are de-
rived by making use of the conventional method for determining the laser resonator
modes, namely, on the basis of the integral equation given by Eq.(10.8). On first
inspection, thus, the modes introduced here seem to be distinct from the recent
concept of coherent-modes established by Wolf [120, 121]. This is not true, however.
It has been shown in the theory of Wolf and Agarwal [118] that both modes are
strictly equivalent. Therefore, the modes employed here are considered as coherent
modes and will be used throughout the analysis. The particular significance of the
coherent-mode representation has become evident in numerous investigations (see,
for example, Refs. [9, 10, 42, 43, 86, 209-218]).

Here, we recall that the cross-spectral density function of the initial light
launched into the structure is given by Eq.(10.2). By making use of both the prop-
erty of the delta function ([187], p. 76) and the equality k¥ = w/c, Eq.(10.2) may

also be written in the form
WO gy, m50) = SOw) (-) Sl e 2 (10.13)

As a result, it becomes
W(O)(:z;l,:z;g;w) = ( )Z@ Ty W $2, w), (10.14)

due to the complete orthonormality of the Hermite-Gaussian functions where @, (z; w)
is given by Eq.(10.9). Equation (10.14) implies physically that the spatially in-
coherent light with the uniform intensity distribution is produced by the infinite
superposition of equally-weighted Hermite-Gaussian modes.

By substituting Eq.(10.14) into the right hand side of Eq.(10.5) and by using

Eq.(10.8), the light emerging from the m, plane becomes

I"V(l)(:z:l,a:g; L) = (0) ( )ZIBHP (z1;w) 0} (z4; w) (10.15)

where 8, is given by Eq.(10.10). By repetition of the same procedure, the cross-

spectral density function of light across the my,; plane after passing through the N
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basic units takes the form

c o
WO e, 2010) = SO(W) () X 18" Balari )23 (). (10.16)
n=0

In the above equations and in the following, spatial coordinates across the exit plane
are specified by z;, z, and z. From Eq.(10.16), the spectrum of light across the 7y,

plane is given by

S Y e S5 BF  an 1), (10.17)
n=0
where
S (z; w) = SOW)MPM) (z;w) (10.18)
and
MM (g w) = (E> 18,2V | @, ()2, (10.19)
W

The function M{Y¥)(z;w) in Eqgs.(10.18) and (10.19) characterizes the contribution
of each mode to the spectral change by the process of propagation and, accordingly,
we refer it as an “elemental modifier” of the spectrum. It is known from a previous
study [116] that the values of |3, are reduced from the value unity with an increase
of the mode number n and, eventually, become negligible. As a result, it is seen in
Eqs.(10.17), (10.18) and (10.19) that higher-ordér modes which are initially equally
weighted are diminished and that, finally, only the lowest-order mode survives in
the structure with an increase of N. Obviously, such behavior of the modes in the
structure results in the emerging light having the spatially high coherence, as was
pointed out previously [114-116]. In other words, the spatial coherence properties
of light are determined by means of the relative strength of each mode, i.e., the
distribution of the eigenvalues |3,[*".

Equation (10.17), together with Eqs.(10.18) and (10.19), is one of the required
expressions for the spectrum of light across the my4; plane. On the other hand,
the resulting spectrum can also be reduced to a simple closed form in place of the

infinite summation of the modes given by Eq.(10.17). This will be shown next.

For mathematical simplicity in the subsequent analysis, we introduce the new
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parameter F,, defined by

wo? b

R .
e (10.20)

where a and b are given in Eq.(10.7). The value of F, is proportional to the Fresnel
number encountered in the theory of a laser resonator, provided that f and o are
regarded as the longitudinal length and the transverse width of a resonator, respec-
tively. By making use of F,, all the parameters given in Eq.(10.11) can be rewritten

in the form

1/2
e F F.
4 =8 1+F3, ﬁo = - 3 q:—] = (1021
1+ ,/1+ F2 1+ /1+ F2 )
and, moreover, |3,|*" contained in Eqs.(10.16) and (10.19) becomes

RPE i (10.22)

with

P 2N
qn = o ; (10.23)
(1 4 411 + Fg)

By substituting Eqs.(10.9) and (10.22) into Eq.(10.16) and by using the generating
function for Hermite polynomials H,(z) given by ([221], Eq.(22), p. 194)

R s 1 2ryz — (2% + y?)2?
o Bz, ) » = x} [ 1(_ > ) , (10.24)
n=0

2%l T
we obtain, in place of the modal representation in Eq.(10.16), the expression

d
W(N)(:vl, To;w) = Ay exp [—1 P {(1 + Q?v)(lf i x%) 2 4‘1N331-”32}} , (10.25)
— 4N

Ay = SOw) (5) ’/w—(%%{)' (10.26)

By using Eqs.(10.25) and (10.26), the spectrum of light across the my4; plane can

where

be written in the simple form

SM(z;w) = SO(W)MW)(z;w) (10.27)
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with

2dgn 1 —gn
MW (z:w) = (-E) —_— —2d p .
(z; w) oS R exp =r qN:L , (10.28)

where we refer to M ") (z;w), corresponding to Eq.(10.19), as a “total modifier” of
the spectrum. It is clearly seen in Eqs.(10.27) and (10.28) that the spatial distribu-

tion of the spectrum takes a Gaussian form whose rms width is given by

114w
d1l—gy

1
oM (w) = 5 (10.29)

It should be noted here that Eq.(10.28) is related to Eq.(10.19) through the formula
MW (z;0) = 5" M) (z;w0) (10.30)
n=0

because Eq.(10.17) is essentially equivalent to Eq.(10.27) aside from the difference
of parameters encountered in each expression. Equation (10.27), together with
Eq.(10.28), is the main expression required in the subsequent analysis dealing with
the spectral modification of light passing through the periodic structure, as well as

Eqs.(10.17), (10.18) and (10.19).

We next consider the complex degree of spectral coherence of light across the

Ty+1 plane given by

_ W) (2, 24; w)
\/S(N)(xl;w)\/S(N)(xg;w).

(10.31)

:u’(N)(:Ela T2, (4))

By substituting Eqs.(10.25) and (10.27) into Eq.(10.31) and by using Eqs.(10.26)
and (10.28), Eq.(10.31) becomes

[.L(N)(ZEI,IEQ;Q)) = exp [—Qd L = ( Ty xg)QJ ' (10.32)
1—qy
where u(¥)(z, z5;w) takes a Gaussian form, as in the case of the spatial distribu-

tion of the spectrum given in Eqs.(10.27) and (10.28), and depends on the spatial

coordinates z; and z5 only through their mutual difference |z; — z5|. The rms width
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of the spatial coherence is given by

1 |11—4¢3

b oA Py - 10.3
o (w) g (10.33)
As a measure for characterizing the spatial coherence condition of light across the

my+1 plane, we introduce the global coherence defined by

oM(w
o\ (w) = ;-E‘N—)Ew—i (10.34)

Substitution of Eqgs.(10.29) and (10.33) into Eq.(10.34) yields

o\M(w) = IJ%N (10.35)
where ¢y is given by Eq.(10.23). The global coherence given by Eq.(10.35) plays an
important role in examining a physical origin of the spectral changes on the light
propagation through the periodic structure in connection with the Wolf effect.

Finally, it is worth noting that the light across the my,; plane, with NV being
an arbitrary value, is exactly the same as a Gaussian Schell-model (GSM) source
[183] due to the Gaussian forms of both the intensity distribution and the spatial
coherence. Accordingly, the modal decomposition of the field across each plane
characterized by Eq.(10.16), together with Egs.(10.17), (10.18) and (10.19), is also

the coherent-mode representation of the GSM source [42].

10.4 Special Cases

We now consider two special cases where the periodic structure consists of either
one basic unit (i.e., N = 1) or two basic units (i.e., N = 2).

We first deal with the simplest arrangement corresponding to the case of
N = 1, namely, the basic unit itself illustrated in Fig.10.1(b). In this case, the
initial light is launched on the 7; plane and emerges from the 7, plane after passing
through one cylindrical lens. This is basically an one-dimensional Fourier trans-

forming configuration. The spectrum of the emerging light can be readily obtained
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by referring to Eqs.(10.27) and (10.28) in the previous section and is expressed by

SW(z;w) = SO(W)MV(z;w), (10.36)
where the total modifier given by Eq.(10.28) reduces to the simple form

MY (z;w) (—2az?) (10.37)

1

= m exp
using Egs.(10.7), (10.20), (10.21) and (10.23). It follows from Eqs.(10.36) and
(10.37) that the normalized spectrum across the exit m, plane is the same as the
normalized initial spectrum across the m; plane since the total modifier of Eq.(10.37)
is independent of the frequency w, where the normalization of the spectrum is made
by the formula:

__ Sw)

- /Ooo S(w) dar

(10.38)

In other words, the normalized spectrum remains unchanged by the propagation of
light through one basic unit. To elucidate further the phenomenon, such a behavior
in the spectrum is examined under the consideration of the pioneering work by Wolf
[63] concerning the conditions for the invariance of the spectrum on propagation.
According to Wolf [63], the normalized spectrum of light radiated by a planar quasi-
homogeneous secondary source remains invariant on propagation provided that the

degree of spatial coherence obeys a scaling law in the sense
pO(zy, zg;w) = hlk(zy — 21)], (ke =wie) (10.39)

with A(-) being an arbitrary function and that the source spectrum is independent
of the position across the source. In the present analysis, the above conditions
are all satisfied if the m; plane is regarded as a secondary source. For this reason,
the phenomenon in question is satisfactorily explained in terms of the Wolf theory.
We next consider the spatial coherence properties of the resultant field. By setting
N = 1in Eq.(10.32) and by using Eqs.(10.7), (10.20), (10.21) and (10.23), the degree

of spatial coherence across the m plane becomes

e
pN(zq, z9; w) = exp [—— 8a1f2 (—C—> (z — 1'2)2} . (10.40)
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It is clearly seen from the above equation that the spatial coherence property of

light across the 7, plane obeys the scaling law in the sense of Eq.(10.39). This fact
allows us to manifest the changes in the spectrum of light across the x3 plane on
the basis of the Wolf theory. It is to be noted here, however, that the light across
the my41 plane does not generally satisfy, except for N = 1, the scaling law.

In view of the above discussion about some properties of light across the m,
plane, we now consider the second case of the light propagation through the two
basic units. This arrangement exhibits essentially an imaging geometry, provided
that the amplitude filters located at each focal plane are removed. In a similar

fashion, the spectrum of light across the 73 plane is given by
S (z;w) = SO(W)M?(z;w) (10.41)

with

ke [ a 1+ F?
2 3 2 w 2
M@ (g:w) = 5 (;) e _——W(Q ) exp (-—4a 2+ F? % ) , (10.42)

and the corresponding degree of spatial coherence is obtained by

B
R (z; — xQ)QJ . (10.43)

w

13 (zy, Ty, w) = exp [—
As opposed to the preceding case, the normalized spectrum of light across the 3
plane is different from that across the m, plane since Eq.(10.42) is no longer inde-
pendent of the frequency w. In other words, the spectrum of light is changed on
propagation through the second basic unit. From the Wolf theory, this variation of
the spectrum appears to stem from the violation of quasi-homogeneity across the m,
plane, by considering that the spatial coherence of light across the 7, plane obeys the
scaling law (see, Eq.(10.40)) and that the normalized spectrum of light across the
T, plane in the sense of Eq.(10.38) is independent of the position (see, Egs.(10.36)
and (10.37)). In fact, when the global coherence ag)(w) across the m, plane defined
by Eq.(10.35) is sufficiently small in comparison to unity, i.e.,

D) <1, (10.44)
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(roughly speaking, this corresponds to the limit of F, — o), the light across the

7o plane can be approximated by a quasi-homogeneous source and, as a result, the

total modifier given by Eq.(10.42) reduces to

1
if /ra

M (z;w) = exp(—4az?). (10.45)
Obviously, Eq.(10.45) is independent of the frequency w and, hence, the normalized
spectrum turns out to keep invariant on propagation in this limit.

[t is interesting to note that the optical arrangements treated in this section are
similar to those for realizing the secondary sources with controlled spatial coherence

proposed for experimental verification of the Wolf effect [64].

10.5 Numerical Examples

As some numerical examples, the spectral modifications of light passing through
the periodic structure are quantitatively investigated chiefly on the basis of the
two formulas derived in Section 10.3: the modal description of the spectrum given
by Eqs.(10.18) and (10.19), and the resultant total spectrum in terms of a simple
closed form given by Eqgs.(10.27) and (10.28). In general, the spectrum of light may
be distorted and shifted by the process of propagation through a certain kind of
medium, like the periodic structure in question. As a measure for evaluating the
spectral modifications, however, we consider only the shift of the peak spectrum

defined by

I —
AL (10.46)

Wo

where wy and w’ are the peak frequencies of the initial spectrum (given by Eq.(10.4))
and the resultant spectrum, respectively. Thus, the distortion of the spectrum is not
taken into account for simplicity in the subsequent analysis. For convenience, the
change in the spectrum is termed the blue shift when the peak spectrum of the resul-
tant light is shifted toward higher frequencies (i.e., Aw > 0 in Eq.(10.46)) and, con-
versely, the opposite change is termed the red shift (i.e., Aw < 0 in Eq.(10.46)). In
the numerical evaluation of Eq.(10.46), the full width at the half maximum (FWHM)
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of the initial spectrum is assumed throughout the analysis to have a fixed value of

0.1wg by setting I'g/wy = 0.05 in Eq.(10.4).

We first examine the behavior of the spectrum observed on the optical axis
across the my4+1 plane. In this case, a functional form of the spectrum is obtained
by substituting Eqs.(10.4) and (10.28) into Eq.(10.27) under the condition z =
0. On the basis of the expression for the spectrum and by using Eq.(10.46), the
spectral shift of light across the my4; plane is numerically evaluated and illustrated

in Fig.10.2 as a function of N for some values of Fy, where the parameter Fg, which

x10% [ ' '
FWHM=0.1 w,
6.0}
=
3 40 Fy=5.0
e
g
Q
8 20 Fy=20.0 |
N
0.0t E

AR T Sk SR | Gl T
Number of transits, N

Figure 10.2. Spectral shift of light across the 741 plane, observed at the on-axis point,
as a function of the number N of transits for several values of F;. The value of Fj
characterizes the effective width of the spatial filter located at each focal plane.

is obtained by setting w = wy in Eq.(10.20), characterizes the effective width of
the Gaussian amplitude filter situated at each focal plane and is independent of the
frequency w. In a similar fashion, the global coherence of light across the my 4, plane
is plotted in Fig.10.3 against N using Eq.(10.35). In Figs.10.2 and 10.3, the value
of N specifying the observation plane indicates the number of transits through the
basic unit experienced by the propagating light because the light across the my4
plane is detected after passing through the N sequence of the basic unit. It is found
in Fig.10.2 that the spectral line observed at the my,; plane is always, except for

the case of N = 1, shifted toward the blue side. For N = 1 (i.e., across the
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Figure 10.3. Global coherence of light across the mx4+1 plane as a function of the number
N of transits for several values of Fj.

plane), no shift of the spectral line is observed due to the scaling-law form of the
initial light, as was mentioned previously. The value of Fj controls the rapidity with
which the spectrum is shifted with the number N of transits. For a fixed value
of Fy, the magnitude of the shift increases with an increase of N. Compared with
Fig.10.3, such a behavior in the spectral shift appears to be independent of the
spatial coherence properties of the propagating light. A monotonically increasing
manner of the spectral shift remains unchanged with an increase of N although
the spatial coherence condition is varied with the value of V. Similar behaviors
of the spectrum have been reported in past studies concerning the Wolf effect [68,
69, 80]. More specifically, it has been shown in these studies that the spectrum
of light radiated by a partially coherent planar source, when observed at an on-
axis point, shifts generally towards the blue side and that the magnitude of the
shift is irrespective of the spatial coherence condition of the source. This kind of
behavior in the spectrum has been proven, e.g., in the study of Dacic and Wolf
[68], to be originated from the frequency-dependent factor (1/A = w/2mc) in front
of the standard diffraction integral formulated on the basis of the Huygens-Fresnel
principle. This implication is still true in the present phenomena concerning the

on-axis spectrum of light passing through the periodic structure because the present
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study 1s basically established by means of the above diffraction formula, as well as

in all the studies on the Wolf effect.

We next consider the spectrum of light observed at an off-axis point. To

designate the observation point, a relative measure p is employed to characterize

the departure from the optical axis defined by
p=—, (10.47)

where z is the real position coordinate and o is the effective width of the spatial
filters introduced in Section 10.2. From the above definition, the case of p = 0
implies the observation point along the optical axis.

Figures 10.4(a) and (b) show the spectral shift of light across the my; plane
as a function of N for some observation points p in the cases of Fy = 5.0 and 10.0,

respectively. It is seen from these figures that the spectra observed at the off-axis

x10°1 [’ ‘ ' : :
| FWHM=0.1 w, p=0.0
5.0t Fo=5.0
i .
= "
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N !
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Number of transits, N

(a)

Figure 10.4. Spectral shift of light across the my4+; plane, observed at the on-axis
and the off-axis point, as a function of the number N of transits for several observation
points p under the conditions of Fy = 5.0 (a) and 10.0 (b). The value of p indicates the

distance between the observation point and the optical axis and, hence, the case of p =0
corresponds to the on-axis observation point.

points, as opposed to the case for the on-axis observation, are first shifted toward
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Figure 10.4. Cont.

the red side and, then, tend to be shifted toward the blue side. By referring to
Fig.10.3, such trends in the off-axis spectrum appear to be closely related with the
spatial coherence condition over each 7wy plane and, hence, the phenomena under
consideration pertain to the Wolf effect. In order to find further properties for
the phenomena, the modal contribution of the spectral shift is briefly investigated
by using Eqs.(10.18) and (10.19). It is evident from Eq.(10.17) that each mode
contributes independently to the total spectrum without any cross-terms. Here, the
modes are represented by the Hermite-Gaussian functions of Eq.(10.9). As typical
~ examples, the spectral shift of each mode is plotted in Figs.10.5(a)-(d) against N for
some observation points p. In these figures, the curves are not plotted for p = 0
in Figs.10.5(b) and (d) because the spectra of odd-order modes are always zero at
the observation point p = 0 due to the property of Hermite polynomials. It is clearly
seen in Figs.10.5(a)-(d) that all the curves change with the number IV of transits in a
similar fashion: the magnitude of the shift increases with an increase of N. However,
the absolute value of the magnitude depends strongly on the order n, the observation
point p, and the number N of transits. It is to be noticed here that the spectral shift
occurring for a single mode results simply from the effect of diffraction because each

mode is spatially completely coherent, but mutually uncorrelated [86]. By recalling
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Figure 10.5. Spectral shift of each mode across the my4+; plane as a function of the
number N of transits for several observation points p in the cases of the mode number,
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the mathematical formulation of the problem in Section 10.3, the higher-order modes

are attenuated on propagation (i.e., with an increase of N) according to the value
of |8,]*" characterizing the modal strength and, finally, the lowest-order mode (i.e.,
n = 0) becomes dominant after a sufficient number of transits. For this reason, the
contribution of higher-order modes to the spectral shift can also be less dominant,
in comparison with the lowest-order mode, for large values of N. In fact, gradually
increasing curves of the spectral shift for any observation points p in the case of large
N (e.g., N > 10in Fig.10.4(a)) arise only from the lowest-order mode and, therefore,
all of the higher-order modes are negligibly small in this region. For the reference
2N

purposes, the modal strength [3,|*" is illustrated in Fig.10.6 for various values of

N in the case of Fy = 10.0 using Eqs.(10.22) and (10.23). It becomes quantitatively
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Figure 10.6. Modal strength as a function of the mode number n for some values of the
number /N of transits in the case of Fy = 10.0. Each value of the modal strength, which is

calculated from |3, |?" given in Eqgs.(10.22) and (10.23), is normalized by the value for the
lowest-order mode n = 0. The values inside the parentheses are the corresponding global
coherence evaluated on the basis of Eq.(10.35).

obvious from this figure that the higher-order modes are diminished on propagation,
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l.e., with an increase of the value N and that, at the same time, the light becomes
more coherent due to the reduction of higher-order modes. In addition, this figure
clearly exhibits that the coherence properties of light are uniquely determined by
the distribution of the modal strength, as was also pointed out in Section 10.3. In
this connection, it is worth emphasizing that the spectral shift connected with the
Wolf effect should be examined in terms of the modal aspect rather than the spatial

coherence properties of the light.

10.6 Conclusion

General formulas have been derived for the spectrum of light passing through a
periodic sequence of lenses separated by Gaussian amplitude filters by making use
of the modal expansion of the field within the framework of coherence theory in
the space-frequency domain. Here, the initial light incident on the structure is
assumed to be a polychromatic, spatially completely incoherent light having a single
spectral line with the Lorentzian profile. On the basis of the formulas, spectral
modifications of the propagating light have been examined mainly by referring to
the recent investigations on the correlation-induced spectral changes of the Wolf
effect. To illustrate some typical results, the shift of the peak spectrum has been
introduced as a measure for evaluating the spectral modifications. As a consequence,
1t has become obvious that the spectrum of light observed at an on-axis point is
shifted only toward the higher frequencies (the blue shift) irrespective of the spatial
coherence properties of the propagating light. On the contrary, the spectral shift of
light has been found to be varied depending on both the observation point and the
spatial coherence condition of the propagating light, provided that the observation
point is located in the off-axis area. The trends in the spectral modifications of
this kind have been satisfactorily elucidated under the consideration of the Wolf
effect. In addition, the spectral aspect of each mode on propagation has also been
illustrated by some numerical examples. It follows from the present theory that
the resulting spectrum, together with the feature of spatial coherence, is completely
determined by the distribution of the relative strength of modes involved. To this

end, curves for the distribution of the modal strength plotted for reference purposes
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have served to manifest the contribution of each mode to the total spectral changes

in connection with the Wolf effect.
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CHAPTER 11

Concluding Remarks

The present dissertation has been concerned theoretically with radiation and prop-
agation of the partially coherent light within the framework of optical coherence
theory. Attention throughout this dissertation has been focussed mainly on the
phenomena bearing the close relation to the spatial coherence properties of light.
More specifically, the properties of radiation from a wide variety of spatially partially
coherent sources have been dealt with in the former half part (Chapters 4-7) of this
dissertation. In the latter half part (Chapters 8-10), the propagation characteristics
of light in a periodic structure have been explored through the analysis of the spatial
coherence properties of the propagating light. Results obtained in these investiga-
tions have been deeply examined so as to provide us with the practical discernment
on the theoretical findings.

In Chapter 2, some basic elements of optical coherence theory were briefly re-
viewed in order to establish the theoretical foundations of the present dissertation.
The physical importance of the correlations between the fluctuations of light waves
was first put forward. Then, three kinds of coherence functions were introduced to
characterize the correlations and their physical implications were summarized. The
basic notion of the spatial coherence, together with that of the temporal coherence,
was succinctly discussed although particular interest in this dissertation was the phe-
nomena associated with the spatial coherence rather than the temporal coherence.
Further elucidation on the concept of spatial coherence was made by considering the
simplest geometry for an interference experiment, known as a Young’s interference
experiment. The analysis demonstrated that the spatial coherence of light (more
precisely, the complex degree of spatial coherence) can be readily observed in such
an experiment. It is known that, in general, not only the spatial coherence but also
the temporal coherence can be measured in some simple experiments and that, thus,

the optical coherence theory is established on the basis of the measurable quanti-
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ties only. This is an attractive feature of this theory and is in contrast with the

elementary theory of optics, where the basic quantity is the light amplitude that
i1s not measurable in practice due to its rapid oscillation. The remainder of this
chapter afforded a basis on the propagation laws of the second-order coherence that
became a nucleus of all the analyses carried out in the subsequent chapters. It was
shown that all the coherence functions introduced in this chapter obey a pair of
wave equations. Explicit formulas for describing the propagation of such functions
were also presented.

Chapter 3 was devoted to the fundamentals of conventional radiometry and
those of generalized radiometry, as a preliminary consideration for the subsequent
analyses conducted especially in the former half part of this dissertation. Here, ra-
diometry is a science concerning the detection of light and has been developed over
the past few centuries. In an early stage of the studies, the transport of energy by
optical radiation was formulated on the basis of geometrical optics (conventional
radiometry). On the other hand, in recent years, the same has been reformulated
on the basis of optical coherence theory (generalized radiometry). Such a modern
treatment of the problem was intimately related to the central subjects of this dis-
sertation and thus served to proceed the subsequent investigations. In this brief
chapter, the basic radiometric quantities and their interrelationships were focussed
on in the context of both conventional and generalized radiometries. Consequently,
1t was stated that some generalized radiometrié quantities do not possess all the
attributes of the conventional radiometric quantities. In other words, this implies
that such generalized quantities have physically no meanings. It was shown that,
nevertheless, not only they play a significant role in the generalized radiometry, but
also they provide a great deal of insight into the behavior of energy from partially
coherent sources.

In Chapter 4, the features of radiation from spatially partially coherent planar
sources were investigated. As a source model for analysis, we introduced a quasi-
monochromatic, Gaussian-correlated source occupying a finite planar domain with
an uniform intensity distribution. In analysis, the spatial coherence properties of
the radiated field were explored in some detail, rather than the resultant filed in-
tensity. Curves of the complex degree of spatial coherence, including those of the

intensity distribution, were systematically presented as a function of both the source
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coherence and the propagation distance. As a result, it was observed in these fig-

ures that, under certain circumstances, the spatial correlations between the fields
at two points in the radiated filed are rather high when the two points are located
at a relatively large distance, in comparison with the case when the two points are
located at a relatively short distance. By the close examination, such an extraor-
dinary phenomenon was shown to be due to the sharp boundary (i.e., the edge) of
the source. In conjunction with the above analyses, a spatial filtering method over
the source using a source filter was also discussed with a view of controlling the
spatial coherence of the radiated field. Here, the source filter is a kind of the spatial
filter placed just behind the source and changes the intensity distribution across the
source. To verify its effect, two kinds of the source filter were introduced as simple
examples. It was demonstrated in the analysis that the spatial coherence properties
of the radiated filed are varied, depending strongly on the amplitude transmittances
of the source filters. As a result, it was concluded that an arbitrary state of the
spatial coherence may be realized by an appropriate selection of the transmittance
of the source filter.

Chapters 5 and 6 were devoted to the studies on radiation efficiency of spatially
partially coherent sources. Radiation efficiency is defined as the total power radiated
from a source normalized to a maximum value of unity, and works as a measure
for quantifying the features of radiation from a source. As a source model for
analysis, Chapter 5 adopted partially Coherent‘ planar (two-dimensional) sources
while Chapter 6 adopted partially coherent three-dimensional sources. The spatial
coherence properties of the source were characterized, in both cases, by properly
arranged Bessel functions. In analysis of Chapter 5, the radiation efficiency of the
source was examined quantitatively as a function of both the spatial coherence
condition and the intensity distribution over the source. As a limiting case of the
present model source, the source under the quasi-homogeneous condition was also
examined from the viewpoint of radiation efficiency. Then, a physical origin of the
variation in radiation efficiency was analyzed by introducing the spatial frequency
spectrum of the source that has the close connection with the evanescent waves.
Consequently it was found that the broadening in the spatial frequency spectrum
arising from both the source coherence and the source intensity causes the reduction

in radiation efficiency and that such a behavior is rather independent of the presence
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of the evanescent waves in the source region.

On the other hand, in Chapter 6, the radiation efficiency of three-dimensional
sources was examined quantitatively as a function of the spatial coherence condition
over the source. Since this chapter was focussed only on the specific source model
that fulfills the (localized) homogeneous condition, the intensity distribution over
the source had no importance in this analysis. In addition to the general trends
in radiation efficiency, the optimal width of the source coherence that maximizes
the radiation efficiency was evaluated. As a result, its value was found to be ap-
proximately 0.7A in any cases (with A being the wavelength of light), and such a
consequence was shown to be satisfactorily elucidated by means of the interference
effect of the light waves in the source region. To obtain an intuitive understand-
ing about the features of radiation from the three-dimensional source, curves of the
radiation efficiency for the three-dimensional source derived in this chapter were
compared with those for the planar source derived in Chapter 5. It followed from
such comparison that there exists a kind of the reciprocal behavior in radiation effi-
ciency between the three-dimensional source and the planar one. It should be noted
here that the model sources employed in Chapters 5 and 6 were newly proposed in
the course of the present investigation and were shown to serve to study the diversity
of radiation from various kinds of partially coherent sources.

Chapter 7 was concerned with the radiation from three-dimensional, anisotropic
Gaussian Schell-model sources. By a proper adoption of the source parameters,
such sources can represent a wide variety of partially coherent sources, e.g., pla-
nar sources, spherically symmetric sources, and other types of sources with a cer-
tain anisotropy in intensity and/or in spatial coherence. Thus, the analysis of this
chapter served to elucidate the difference in radiation between planar sources and
three-dimensional sources, supplementing the comparison study conducted in a part
of Chapter 6. In analysis, the radiant intensity and the far-field spectrum of light
radiated by the source were investigated for various source parameters. As one of
the representative results, it was found that the isotropic source both in intensity
and in spatial coherence radiates uniformly in the whole space. It was also shown,
however, that the isotropic condition over the source is only the necessary condi-
tion, but is not the sufficient condition for the source radiating uniformly. In other

words, the isotropic radiation can be produced by a certain source with anisotropy.
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This led to an important consequence that sufficient information about the source

cannot be extracted from measurements of the radiant intensity. On the other hand,
changes in the spectrum of light produced by the source were examined in connec-
tion with the correlation-induced spectral changes which are often referred to as the
Wolf effect. Consequently, it was proved that the shift of the spectral line on light
propagation is described exactly by the source parameters. Detailed examination of
this phenomenon revealed that the angular distribution of the spectral shift is de-
termined uniquely by the source appearance. Accordingly, it became clear that, in
contrast to the case of the radiant intensity, the source information can be extracted
satisfactorily from measurements of the spectral shift.

Chapter 8 dealt with the spatial coherence of light passing through the suc-
cessive apertures with uniform transmittances separated by lenses on the basis of
the mode theory in the space-time domain. In this context, the system of succes-
sive apertures mimics not only the essential aspect of the laser resonator, but also
the typical structure with certain periodicity encountered recently in the fields of
integrated optics and microoptics (e.g., the waveguide diffraction grating). Various
features of spatial coherence and intensity distribution of the propagating light were
examined under the condition that the initial light launched into the structure was
quasi-monochromatic and completely spatially incoherent. As a result, the growth
in spatial coherence and the convergence in intensity were observed and these be-
haviors were proved to be influenced strongly by the width of the aperture employed
in the structure. Moreover, the variation in spatial coherence was examined phys-
ically with relation to the eigenvalues of the integral equation for determining the
modes of the periodic structure, yielding a consequence that the trendsin the spatial
coherence of the propagating light are likely to be affected by the behavior of the
higher-order modes whose strengths are governed by the eigenvalues. The results
obtained in this chapter were also compared with those obtained in the previous in-
vestigation of Gori, and this analysis made clear the phenomena in spatial coherence
especially arising from the diffraction by sharp edges of apertures.

In Chapter 9, the spatial coherence properties of the propagating light through
the periodic sequence of confocal lenses separated by Gaussian amplitude filters
were investigated on the basis of the mode theory in the space-frequency domain.

As was in the case of the previous chapter, the periodic structure introduced here
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was associated with both the laser resonator and the optical device with certain

periodicity. However, as opposed to the previous treatment, the initial light incident
on the structure was assumed to be synthesized by a finite superposition of the
modes of the periodic structure and thus it was spatially partially coherent. Due to
the model source of this kind, this chapter made clear also the spatial coherence
properties of a certain kind of multimode lasers and, furthermore, gave certain
insight into the effects of the multimode incidence on the periodic devices with
periodicity. Various characteristics of the source itself and those of the propagating
light were analyzed mainly by introducing a new measure of the homogeneity of
the field that characterizes the dependence of the spatial coherence condition on
positions across the field. As a result, it was found that the homogeneity of the source
depends strongly on the number of the superposed modes and that the homogeneity
of the propagating light depends on both the number of the superposed mode and
the structure itself. In particular, it was shown that the propagating light can
readily become the homogeneous field by the process of light propagation through the
periodic structure even though it is initially inhomogeneous, provided the number
of superposed modes are large enough. In contrast, it was also shown that the
inhomogeneous field may not be easily refined by the light propagation through the
periodic structure when the number of superposed modes are sufficiently small.

In Chapter 10, changes in the spectrum of light passing through the same peri-
odic structure as in Chapter 9 were investigated 6n the basis of the modal expansion
of the field in the space-frequency domain. The initial light incident on the structure
was assumed to be a polychromatic, spatially incoherent light with a single spectral
line. By taking into account the results obtained in Chapters 8 and 9, the trends in
spectral changes due to the light propagation in the periodic structure turned out
to be satisfactorily manifested from the standpoint of correlation-induced spectral
changes (i.e., the Wolf effect). In addition, it was demonstrated that the propagat-
ing light in the structure is exactly the same as a Gaussian Schell-model source and
that, thus, the mathematical treatment of the problem in this chapter can also be
regarded as the coherent-mode representation of the Gaussian Schell-model source.
[lustrative examples were presented for the shift of the peak spectrum. They showed
that the spectrum of light observed at an on-axis point is shifted only toward the

higher frequencies, irrespective of the spatial coherence properties of the propagat-
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ing light. On the other hand, the spectral shift of light was varied, depending on

both the observation point and the spatial coherence condition of the propagating
light, provided that the observation point was located in the off-axis area. Effects
of each mode on the spectral changes were also examined. Consequently, it followed
that the modal aspect rather than the spatial coherence properties of light plays an
important role to understand the trends in the shift of the spectrum arising from
the propagation through the periodic structure.

Throughout the present dissertation, various phenomena that occur in radia-
tion and propagation of light waves have been investigated theoretically. All of the
above analyses have been proceeded to elucidate the intimate relationship that may
exist between the physical origin of such phenomena and the intrinsic fluctuations of
light waves, i.e., coherence properties of light. Indeed, this dissertation has proved
that the concept of spatial coherence plays a key role in a wide class of optical
problems associated with radiation and propagation of light waves.

In recent years, there have been major advances in optics, especially in the
fields of what is called engineering optics. This is mainly responsible for the advent
of lasers in 1960’s. Recent development of laser technology, together with that of
low-loss optical fibers, semiconductor optical devices and other fabrication technolo-
gies, enables us to introduce optical processing in a wide range of engineering such as
metrology, communications and information processing. In these fields, vast amount
of its capabilities has been offered: nondestructive optical sensings, high-bandwidth
optical fiber transmissions, high-speed and high-density optical memories, sophis-
ticated operations using a simple optical element such as Fourier transforms and
correlations, and other novel techniques. At the present time, in order to exploit
further potentials of the technology towards new generations of engineering optics,
it 1s desirable to understand profoundly the behaviors of light waves in various cir-
cumstances and, eventually, to actively control them at will. In this connection, we
are convinced that the present dissertation gives some new insights into these fields
of current research interest, i.e., engineering optics, even though it deals only with
fairly basic problems regarding radiation and propagation of light waves. Finally, it
1s worth noting that the concept of spatial coherence will make a significant contri-
bution even to these modern fields of optics since it governs almost all the behaviors

of light waves in any cases as seen in the course of the present dissertation.
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