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Chapter 1

Introductory remarks

Recently, optical communication and optical measurement have been remarkably de-
veloped by virtue of the invention and the advancement of both the lasers as sources
and the optical fibers as light transmission media.

The laser, which stands for light amplification by stimulated emission of radiation,
was firstly realized in the form of a ruby laser by Maiman in 1960 [1]. Until today, var-
10us types of lasers have been studied and realized: solid-state lasers, liquid lasers, gas
lasers, semiconductor lasers, X-ray lasers, free-running lasers, and so on. In particular,
semiconductor lasers are now used in various fields of our life: optical communication,
compact disk players, laser printers, and so on. Moreover, the semiconductor array
lasers fabricated with many single-mode lasers on a monolithic substrate have been ex-
pected as the sources for optical multiplex communication systems and optical parallel
processing in the future, because of both the ability of supplying these systems with
high-power light and the simplicity of connections with micro-optics components.

On the other hand, optical fibers are the dielectric waveguides composed of the core
surrounded by the cladding, whose refractive index is slightly smaller than that of the
core in order to realize the total internal reflection. Since 1970 [2], the optical fibers
with low transmission loss have been produced on the backgrounds of the clearness
for the cause of the loss and the development of the production technology year after
vear. There are mainly two types of optical fibers: a single-mode type and a multimode

one. For example, the single-mode type is now used in optical communications, and

both types are used in measurement systems, such as an optical fiber interferometer.




Moreover, image fibers with the structure bundling many single-mode fibers have been
developed as transmission media of images and. in particular, they have contributed
to the field of medicine as instruments. such as an endoscopy.

In general, optical systems using a laser light are unavoidable from the speckle noise
(i.e., the random interference effect of coherent optical waves) [3], because the structural
fluctuations larger than the order of the wavelength of light are inherent in the systems.,
and because a laser light is highly coherent in time and space. However, the reduction
of the speckle noise has been needed to realize the optical systems with high accuracy.
The use of a partially coherent light instead of a coherent light in optical systems is
considered as the effective method of achieving the reduction of the speckle noise. In
the present study, the properties of the partially coherent quasi-monochromatic light
are analyzed by using the mutual intensity (MI) and the ambiguity function (AF) in
order to realize advanced optical systems.

The idea of the MI was firstly introduced by Zernike in 1938, as a time-averaged
product of the disturbance at one point with the complex conjugate of the disturbance
at the second point, in quasi-monochromatic optical fields produced from any types of
sources (i.e., coherent, partially coherent and incoherent sources) [4]. In other words,
the MI is equivalent to a quasi-monochromatic approximation form of the mutual
coherence function defined by Wolf [5]-[10].

On the other hand, the idea of the AF was firstly introduced by Woodward in 1953
in the field of radar in order to evaluate the properties of the transmitted waveform
concerning its target resolution, measurement accuracy, ambiguity and response to the
clutter [11]. In practice, the AF was defined mathematically as a Fourier transform with
respect to the time of a product of the signal at one time with the complex conjugate
of the signal at the second time. The physical meaning of the AF corresponds to
the response of a matched filter to the signal for which it is matched as well as to
Doppler-frequency-shifted (mismatched) signals [12]. After about twenty years from

the advent of the Woodward’s AF, this function was firstly applied to coherent optics by

Papoulis in 1974 in order to analyze the width of a coherent beam crossing a random




medium [13]. The AF in coherent optics was defined as a Fourier transform with
respect to the spatial coordinates of a product of the optical field at one point with
the complex conjugate of the optical field at the second point. Moreover, the AF was
applied to partially coherent optics by Dutta et al. in 1977, and the importance of this
function was pointed out for the partially coherent imaging [14]. The AF in partially
coherent optics was defined as a Fourier transform of the MI with respect to the spatial
coordinates. Moreover, the AF is defined as a Fourier transform of the cross-spectral
density (CSD) [3], [7]-[10] with respect to the spatial coordinates under the condition
of a quasi-monochromatic approximation. The AF is useful for analyses of partially
coherent optics, because the propagation law of the AF is given by a simple form in
comparison with that of the MI.

In Chapter 2 [15], the definitions and the propagation properties in the free space of
the MI and the AF are described under a condition of a quasi-monochromatic approx-
imation. In Chapter 3 [16, 17], the spatial coherence properties of the optical field in
the Fraunhofer diffraction region produced from an optical fiber-end source are studied
by using the MI in connection with the V number (i.e., the normalized frequency) of
the fiber [18] and in comparison with those produced from an incoherent source obey-
ing the van Cittert-Zernike theorem [4]-[10], [19]. Moreover, in Chapter 4 [20], the
equi-AF ellipse (i.e., a trajectory of the AF at a constant value) of a Gaussian-Schell
model (GSM) beam [21, 22] in the phase space is studied in connection with the beam
parameters: the depth of the waist region of the beam, and the beam radius and the
wave-front—curvature radius of the GSM beam. The GSM beam is the partially co-
herent light radiating from a GSM source having a Gaussian intensity profile and a
Gaussian complex degree of spatial coherence with stationarity in space. In particular,
the optical field produced from the optical fiber-end source, which is studied in the
previous chapter, corresponds to an example of the GSM beamn.

Next, in Chapter 5 [23], the spatial coherence properties of semiconductor array

lasers are studied in connection with far-field patterns of fluctuating supermodes. Su-

permodes are the optical fields radiated from the array lasers, and they are derived on




the basis of the weakly-coupled mode theory [24]-[29]. In this chapter, the effects of
the integrated intensity and the spatial correlation length of the fluctuating component
of supermodes on the far-field patterns are analyzed by using the MI. Moreover, the
effects of the order of supermodes and the number of emitters in the array laser on
the far-field patterns are investigated simultaneously. In Chapter 6 [30], the Talbot
effect [31, 32] under illumination of the partially coherent light is studied to manifest
the properties of array sources. In this study, the effects of both the spatial coherence
length of the illuminating light and the spatial correlation lengths of amplitude and
phase fluctuations of the Ronchi grating on the Talbot images (i.e., the self-images)
[31, 32] are analyzed by using the propagation law of the AF. In Chapter 7 [33]. an
array generator for the partially coherent light is studied; the method for generation of
many spots with Gaussian intensity distributions from a GSM beam is manifested by
using the propagation law of the AF. Finally, concluding remarks of the present study

are described in Chapter 8.
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Chapter 2

Mutual intensity and ambiguity
function

In this chapter, basic ideas of the mutual intensity (MI) and the ambiguity function
(AF) are introduced simply by referring to several literature [4]-[10], [13, 14], [34]-[37].
In the following, optical fields are assumed to be stationary and quasi-monochromatic.
The quasi-monochromatic assumption means that the spectral bandwidth A f of light
i1s much smaller than the mean frequency f, i.e., Af <« f. Moreover, polarization

effects of light are ignored.

2.1 Mutual intensity and its properties
2.1.1 Definition

Consider the space-dependent complex scalar optical fields, V(&,) and V(€,), at the
two points, P, and P, at the plane (£,7) as shown in Fig.2.1 where the position
coordinates for P, and P, are denoted by the position vectors, &, and &,, respectively.
In general, the statistical properties of the optical field at this plane are investigated

m terms of the MI. The MI for V(§,) and V/(§,) is defined as [4]-[10]

[(€,A8) £ (V (€ + AE/2) V™ (€ — AE/2)), (2.1)

5




Figure 2.1 Optical coordinates for describing the mutual intensity.

where £ is the position vector for the central point P, of P; and P,, and A& is the spatial
difference vector between P, and P, (i.e., £=(&,4+&,)/2 and A€=€,-€,). Moreover, *
and ( ) denote the complex conjugate and the ensemble average, respectively. In
particular, ( ) represents simultaneously the time average under the assumption of
an ergodicity for the optical field V' (&). Furthermore, the MI I'(€, A€) is equivalent
to the cross-spectral density (CSD) W(&, Ag) [5], [7]-[10] under the condition of a
quasi-monochromatic approximation.

In particular, when A¢=o in Eq.(2.1), the average intensity (Al) at the plane (&, n)

1s obtained as

(I(§)) = I(§,A¢=0)

= AWV Ll (2.2)




2.1.2 Propagation of the mutual intensity
Fresnel diffraction regime

Next, consider the optical field V.(x) at the plane (x,y) shown in Fig.2.1 where @ is
the position vector for the central point @, of Q; and @». Then. the optical field at

the Fresnel diffraction plane, a distance z from the plane (£, n), is described by [38]

Vile) = (-\L> exp (12<> /x;(@exp (z/\im " §|‘-’> dt. (2.3)

where 1,(&) 1s the optical field at the plane (&, 7) and A is the mean wavelength of the

partially coherent light used. In this case, the MI for V.(«,) and V.(x,) at the two

points, Q1 and (-, is expressed as

Tear(@, Az) = (Vi(z +Az/2) V(2 — Az/2))

(\L) eV

T

A2

i (Jo + Az /2 - &, = |& - Az/2 - 5212)] d€, dE,. (2.4)

X exp

Moreover, a change of the variables as £=(&,+€,)/2 and A&=£,-£, vields

27
Z_._..
Xz

i e ez ( ! )// 7 APLY et [l ST S ;\@} dEdAE.  (25)

Az

In particular, when Axz=o0 in Eq.(2.5), the AI in the Fresnel diffraction region is

obtained as

<[ncm‘<ic>> - I“116(17‘<33-‘Aa} = O)

== (%)2—//FO(£.A£>0X}) —1’%(w—§)A£ dEdAE. (2.6)

7




Fraunhofer diffraction regime

Finally, the MI of the optical field in the Fraunhofer diffraction region is investigated.
The optical field at the Fraunhofer diffraction plane (i.e., at the plane (x, y) in Fig.2.1),

a distance z from the plane (€. 7). is described by [38]

Vatar) = (—é) exp (1'215> exp < ul |a:| ) /‘ £lexp <——zj\—:m§> d§. (

Therefore, the MI for V.(x,) and V.(,) at the two points, Q1 and @, is expressed as

(N}
=~

Lio(@ Ax) £ (Vi(z+Az/2) V> (z — Az/2))

= (%)Qexp (12iac_lw> //(]5 eV BNV ESY)

21 2
xexp[ z'\—(m+_\.:c/2 €. exp [z\—ﬂ(w—_\az/z . (2.8)

o

Moreover, a change of the variables as £€=(&,+€,)/2 and A&=&,-€, yields

2

1 = 27
e MR e o (—\——> exp (1—\—‘33A33)

//F (&, A&)exp

In particular, when Az=o0 in Eq.(2.9), the Al in the Fraunhofer diffraction region

\ T (Azt +zAE)| dedng.  (2.9)

1S obtained as

<]f(,,.({l3)> = F_fa,‘(.’E.ACC:O)

. ( )/r(,g_\.g 9\1)(—1~——azA£> dedAE. (2.10)




2.2 Ambiguity function and its properties
2.2.1 Definition

The AF is defined as a Fourier transform of the MI with respect to & [14], [34]-[36]:
Al Ap, At) = /F(f._\.ﬁ)oxl)(—Qﬂz'EAv)(lg. (2.11)

where Av=(Ave,Ay,) is the spatial frequency-difference vector and the components
correspond to the spatial frequency differences along the ¢ and n (or the x and y) axes,
respectively. Moreover, I'(€, A&) denotes not only the MI but also the CSD W (&, A&)
under the condition of a quasi-monochromatic approximation.

In particular, the MI I'(§, A€) in the stationary random process can be written
simply as I'(Ag), because it does not depend on £. In this situation, the AF of Eq.(2.11)

becomes

A(Av, AE) = T(AE)6(Av), (2.12)

where 6 denotes the Dirac’s 6 function, and one of the definitions for the é function is

given by

o/

§(Av) = /Oxp(—QmﬁAu)dﬁ. (2.13)

2.2.2 Average intensity and mutual intensity near the opti-
cal axis

An inverse Fourier transform of the AF A(Av, Af) in Eq.(2.11) with respect to Av
vields the MI I'(€, A€) in the form

FLE X8 = /A(AI/,Ag)exl)(Qﬂié_\u)(lAu. (2.14)




Therefore, the Al (I(&)) of the optical field of interest is expressed, in terms of the AF,

as

RN =T Ak =0) = /‘4(_\‘1/.,0) exp(2mi€ Av)dAv.

(&)
'.__A
i

In this way, the Al can be derived from an inverse Fourier transform of A(Av, o) with
respect to Av.

Moreover, the MI near the optical axis ¢ (i.e., £=0) is given by
=008 1= /A(_\V.A.g)(uu. (2.16)

Equation(2.16) indicates that the MI near the optical axis z is obtained by integrating

the AF over Av.

2.2.3 Propagation of the ambiguity function
Fresnel diffraction regime

By substituting Eq.(2.5) into Eq.(2.11), the AF in the Fresnel diffraction region is

obtained as

A Ay, A} = /r,,m,m.Am)exp(-Qmmuwm

< () ffrae el

X exp(—2mixe Av)dxdEdAE

- () [ rie e

X {/cxp [ 2/\71(/\ Av — Az + Aé)x } (I:c} dedAE. (2.17)

2/l

T e A = Aé)]

27
~iTg(Aw - A&)]

\&
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Then, with the help of Eq.(2.13), the integration, involved in Eq.(2.17), with respect

to @ becomes
2T ;
/exp [—iv(/\:_\u e B AS)xJ do = (380 heby = Amk AL).  (2.18)
Therefore, the following equation is obtained:

AvearlAv, Az) = /FO(S.A:L'—/\:Av)cxp(—/':ZWS_\.l/)d{

= A, (Av,Azx — \z:Av). (2.19)

In this way, the AF in the Fresnel diffraction region can be easily derived from that
of the original field, i.e., A,(Av, A&), by changing the argument A€ to Az-\zAv.
This fact means simultaneously that the MI in the Fresnel diffraction region is also
obtained as an inverse Fourier transform of the resultant AF of Eq.(2.19) with respect

to Av.

Fraunhofer diffraction regime

In succession, the AF of the optical field in the Fraunhofer diffraction region is inves-
tigated. An inverse Fourier transform of Eq.(2.9) with respect to @ yields the AF in

the Fraunhofer diffraction region:

Asar(Av, Az) = /Ff(,,.(a:.Aw)exp(—‘Zm'mAI/)da:

(1) fffew (ese) e

27
X exp [—27 (Av + A&/ \z) @] exp <—/’€A$£> ded€EdAE

- (-/\%){//FO(QA&)exp (—Z%Aa}:ﬁ)
X {/exp s

——1;(/\:_\1/ — Az + _\.ﬁ)a:] (]:c} dEdAE. (2.20)

11




By using the result of the integration with respect to @ given by Eq.(2.18), the AF in

the Fraunhofer diffraction region is obtained as

: 27
Ap L OPBP) = / [o(€, Az — AzAv)exp (—ivAaf) d€

= A,(Azx/)\z,Ax — \zAv). (2.21)

In this way, the AF for the optical field in the Fraunhofer diffraction region can be

obtained only by replacing the arguments of 4,(Av, A€) as Av — Az /A\z and A —

Ax-)zAv.




Chapter 3

Spatial coherence properties of
light from optical fibers

3.1 Introduction

Recently, the optical systems using optical fibers have been remarkably developed in
various fields of optical communication, image transmission, optical measurement, and
so on. In particular, the use of ends of the fibers as sources has become popular in
the optical measurement. In this chapter, the spatial coherence properties of light
emerging from optical fibers are studied by using the mutual intensity (MI) [4]-[10].

There are several studies [39]-[42] on the spatial coherence properties of optical
fibers. Pask et al. [39] discussed the degree of coherence [4]-[10] of the optical field
within an optical fiber by applying the concept of the Fraunhofer diffraction, when the
incoherent quasi-monochromatic light was launched from the entrance. The speckle
power spectrum of the optical field at the end of a multimode fiber, to which a coherent
laser beam was launched from the entrance. was studied by Rawson et al. [40] on the
basis of speckle theory [3] under the assumption that the field was space-invariant and
spatially incoherent. Moreover, Imai et al. [41, 42] analyzed the modulus and the phase
of the complex degree of spatial coherence at the exit of a coherently excited optical
fiber. These studies, however, were performed with respect to the spatial coherence
properties of the optical fields inside the fiber and at the end of it.

In this chapter, the spatial coherence properties of the optical field in the Fraunhofer

diffraction region produced from an optical fiber under illumination of the coherent

13




light are studied in connection with the state of light waves propagating within the

fiber. In general, the optical field produced by light emerging from the end of an
optical fiber is observed as a speckle pattern, when a coherent laser beam is launched
from the entrance. In the pattern, one spot appears for a single mode. but many
spots distributed in a random fashion appear with the increasing number of modes.
Moreover, with the increasing number of modes, the size of each spot corresponding
to the speckle size becomes small and the whole extent of the speckle pattern becomes
broad. Therefore, it may be noticed that the spatial coherence properties of light from
the fibers depend strongly on the state of light propagating in them, because the mean
size of speckles corresponds to the spatial coherence length.

An optical field at the end of the fiber, which takes the form of a speckle pattern, is
expressed as an aggregation of the guided modes governed by the boundary conditions
over the whole region in the structure of the fiber. It is, however, impossible to express
exactly the field owing to various uncertain factors, such as random wall fluctuations
at the boundary between the core and the cladding, the microscopic inhomogeneity of
the refractive index, the bending of the fiber, and the mode conversion [43]. There-
fore, the field at the end of the fiber may be expressed as a stochastic process caused
by the uncertain factors mentioned [40, 44, 45], and a mathematical model must be
appropriately chosen to describe the field [10]. In the present study, the optical field
at the end of the fiber is expressed as an aggregation of the independent plane waves
with random directions and phases, corresponding to stochastic guided modes. As a
result, this field is called an optical fiber-end source model.

First, general expressions are given for the MI and the average intensity (Al) of the
optical field in the Fraunhofer diffraction region from an optical fiber-end source. The
analytical solutions for these expressions are obtained in the case where the amplitude
distribution of plane waves at the source is given by a Gaussian profile. Then, the
spatial coherence properties of the optical field are discussed in connection with the V

number (i.e.. the normalized frequency) of the fiber [18]. by which the number of guided

modes can be estimated. Moreover, the numerical analysis is performed in the case




where the amplitude distribution of the plane waves is given by a power-law profile.

The present study indicates that these expressions are applicable to quasi-single-
mode fibers with small V" numbers as well as to multimode fibers with large V" numbers.
In well-excited multimode fibers, the optical field in the Fraunhofer diffraction region
is quasi-homogeneous in a statistical sense [46]-[48]. The resultant quasi-homogeneous
optical field is characterized by the AI whose extent is finite and much larger than the
spatial coherence length. On the other hand, in quasi-single-mode fibers, the optical
field in the diffraction region is governed only by the diffraction pattern of plane waves
emerging from the fiber.

The above optical fiber-end source is apparently different from the completely in-
coherent source consisting of the independent point sources from which optical waves
radiate into space. The van Cittert-Zernike theorem [4]-[10], [19], which is well-known
classically and describes the MI of the optical field from the incoherent source, is not
applicable to the fiber-end source studied. However, it will be shown for well-excited
multimode fibers that the spatial coherence properties of light emerging from the fibers
coincide with those derived from the van Cittert-Zernike theorem. The difference be-
tween the optical fiber-end source and the incoherent source becomes noticeable as the

situation approaches the single-mode fiber.

3.2 Optical fiber-end source model

As shown schematically in Fig.3.1, the end of an optical fiber to which a coherent beam
is launched from the entrance is treated as a secondary source expressed in terms of
the spatial coordinates & of one dimension. In the present study, the source is called
an optical fiber-end source.

On the basis of ray optics, the fiber-end source radiates a number of rays with
various directions to the optical axis (i.e., the z axis) within the angle restricted by
the numerical aperture (NA) of the fiber. In this case, the optical waves propagating

through the fiber are restricted to the guided modes governed by the boundary condi-
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Figure 3.1 Optical coordinates at the optical fiber end and at the observation plane.

tions over the whole region in the structure of the fiber. Therefore, they propagate
through the fiber with directions decided by the wave-number vectors k'={k’, },=1~n of
guided modes. As shown in the figure, the wave-number vector k’,, of the nth mode can
be divided into two components, 3! and &/, along the z and £ axes, respectively. The
magnitudes of @), and k), are given by =k cos @, and !, =k’ sin §’ , respectively, where
¢, is the angle shown in the figure and &'=|k’|=27n;/), n; and A\ being the refractive
index of the core and the wavelength of monochromatic light in air, respectively. Then,
the optical wave emerges from the end of the fiber with the radiation angle 6, given
by sin™'{n;sinf} in virtue of Snell’s law. Therefore, it may be considered that the
source radiates the optical waves with the radiation angles §={6,},-1.x governed by
the wave-number vectors k&’ of guided modes.

It should now be pointed out that guided modes become not deterministic but

stochastic owing to various uncertain factors, such as random wall fluctuations at the
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boundary between the core and the cladding. the microscopic inhomogeneitv of the
o O 5

refractive index. the bending of the fiber, and the mode conversion. This fact implies
that the wave-number vector k', becomes stochastic and, therefore, the radiation angle
f,, of the optical wave emerging from the end of the fiber becomes stochastic. Moreover,
the phase ¢, of the optical wave also becomes stochastic owing to the mode dispersion
and the Goos-Hanchen shift, and it is independent of the radiation angle 6,,.

Thus, the complex amplitude at the source of the actual fiber may be expressed
as an aggregation of the elementary plane waves with random radiation angles and

phases, corresponding to each ray:
V(E) =) en(€)explio,)exp [ik(Esind, + = cosb,)], (3.1)

where Y, denotes a sum of N elementary plane waves from n=1 to N at the source.
These elementary plane waves are characterized by the amplitude distribution e, (&),
the phase ¢,, and the radiation angle #, to the optical axis. In Eq.(3.1), k is the wave
number given by 27/\.

In order to analyze the spatial coherence properties of the optical field in the Fraun-
hofer diffraction region from the fiber-end source, the following conditions are taken

mmto account:

(i) The profile of the amplitude distribution e,(£) is same for all elementary plane

waves.

(ii) The radiation angle 6, to the optical axis is a random variable and obeys a Gaus-

sian distribution having the zero mean with the small standard deviation.

(iii) The random phase ¢, has no correlation between the phases of different elemen-

tary plane waves.

(iv) The radiation angle 6, and the phase ¢, are statistically independent of each

other.




Under the conditions of (i) and (ii) which yvield e,(£)=e,(£). sinf,=0,,, and cosf,, =1,

Eq.(3.1) reduces to
Vo(€) = eo(€) > exp(ion) exp [ik(&6, + 2)] . (3.2)

In Eq.(3.2). it is found that e,(£) is the amplitude distribution of the source as well
as that of each elementary plane wave. As a result, the complex amplitude at the
observation plane of the Fraunhofer diffraction region, a distance R from the fiber-end

source, 1s obtained as

Vig) = /‘;({)exp(—ik;l‘f/l?)df

- oxp(ik:)Z/(JO(E)OXP(J'O,,)oxp([/vﬁnf)oxp(~1’k1’§/R)(1£. (3.3)

This expression contains the random variables of ¢, and €, resulting from various
uncertain factors mentioned previously. Therefore, the intensity I(z)=|V(x)|” at the

observation plane is generally observed as a stochastic process.

3.3 Mutual intensity in the Fraunhofer diffraction
region

In order to analyze the spatial coherence properties of light at the observation plane,
the MI of the complex amplitudes, V(x1) and V(xs), at 21 and x5 at the plane is

introduced and given by

I(z1,22) = (V(z1)V(z3))

= <ZZ/ [ eol€)ex(&) explifon — o)

m

k(116 — 1289)
R

X exp[z‘k(ﬁ,,fl ol 977162)] exp l:_— } (]£J(]£2> ’ (34)
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where * and ( ) denote the complex conjugate and the ensemble average, respectively.

Under the condition of (iv), Eq.(3.4) becomes

['(z1.29) ZZ// (&1)e5(82){expli(On — om)])

n m

X (explik(0,&1 — 0m€2)]) exp [—ik(x1& — 22&)/R] d&1dEs.  (3.5)
Under the conditions of (ii) and (iii), the following two equations hold:

(expli(dn — Om)]) = bnm, (3.6)

. b L, ~
(expliktn(§1 = &)]) = exp | =k (& — &)°(6%)] . (3.7)
respectively, where ¢,,, denotes the Kronecker’s delta and (#*) means the variance of

radiation angles of elementary plane waves emerging from the fiber-end source. With

the use of Eqs.(3.6) and (3.7), Eq.(3.5) reduces to

e \//e (€1)ex(&) exp ——A (€1 — £)2(6%)

X exp [—ik(x1& — x2&)/ R] d& d&s. (3.8)
Finally, by changing the arguments of x; and 25 in Eq.(3.8) into the forms,
T=py At X =282y, (3.9)
Eq.(3.8) becomes (see Sec.3.9)

Nz, 2+ X) (u)E)(u+ X)exp [~‘2(.‘r - 21)2/(12] du, (3.10)

" e B4




where E,(u) is a Fourier transform of the amplitude distribution e,(€) at the source:

Bylu) = /e0<g>exp<—zkug/mdg (3.11)

and

g = 2,/(02)R. (3.12)

As shown in Eq.(3.10), the MI depends on the spatial coordinates x. This implies that
the optical field of interest is not spatially stationary. Moreover, the AT of the optical

field also depends on the spatial coordinates x and is given by

(i re Dln g C/ lEO(u)‘zexp [—‘2(.1’ - 11)2/(12] du, (3.1

where C=N\/4/27(62).

3.4 Analytical solution for a Gaussian amplitude
distribution

Consider the situation that the amplitude distribution of the fiber-end source is given

by a Gaussian profile:

eo(§) = /L exp (=€2/a?) (3.14)

where [, is a constant and a is the effective extent of the source. Then, Eq.(3.11)

becomes

Fila). = \/—ia exp <~112/_\.r2) : (3.15)

where

A Al (3.16)
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Equation(3.15) physically describes the amplitude distribution in the Fraunhofer diffrac-

tion region produced by elementary plane waves emerging from the fiber-end source.

Therefore, the intensity distribution due to these elementary plane waves is given by
D) ) 9 .
fsluy = watlexp (—211 Az ) ; (3.17)

where Ax is the extent of the Fraunhofer diffraction pattern. Moreover, Az indicates
the mean size of speckles appearing in the Fraunhofer diffraction region, when a dif-
fuse object is illuminated by a coherent laser beam whose amplitude distribution is
expressed by Eq.(3.14) [49].

By substituting Eq.(3.15) into Eq.(3.10), the MI at the observation plane is obtained

as
D(z,2+ X) =T(0.0)exp (—X?/2A2%) exp [-2(x + X/2)?/(¢* + Az%)],  (3.18)

where I'(0,0) is a constant. In particular, in the neighborhood of the optical axis (i.e.,

r=0), Eq.(3.18) reduces to

['(0,X) = I(0,0) exp (—X?/2AX2) , (3.19)
where
AX, = £4 | (3.20)
V1+ /{1 + (¢/Ax)?)

AN, indicates the standard deviation of the MI distribution expressed by Eq.(3.19)
and 1t refers to the spatial coherence length in the neighborhood of the optical axis.

Moreover, the Al is obtained from Eq.(3.18) as

(I(x)) = T(z,2) = T(0,0) exp (—222/AQ?) (3.21)
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where

AQ = Azy/1 + (¢/Az)?, (3

|
(A
S

which refers to the spatial extent of the AI distribution.

As aresult, the spatial coherence length and the spatial extent of the AI distribution
given, respectively, by Eqs.(3.20) and (3.22) are characterized by the parameter ¢/Ax.
This parameter is related to the physical properties of optical fibers which will be

discussed in the following sections.

3.5 Relation to the V number of the optical fiber

The propagation properties of guided modes within an optical fiber are decided by the
core radius a and the refractive indices, n; and ns, in the core and cladding materials,
respectively. For example, the maximum radiation angle of optical waves emerging
from the end of the fiber is decided by the NA expressed as n V2A, A being the
relative difference of the refractive indices defined by (n;-ns)/n;. Moreover, the V'
number (i.e., the normalized frequency), by which the number of guided modes can be

estimated, is related to the NA and is given by [18]
V = ka(NA). (3.23)

It may now be assumed that the NA corresponds well with the standard deviation
of the radiation angles 4/(#?) used in the present optical fiber-end source model. Then,

the V" number becomes

V.=ho 04 =4/ A7, (3.24)

where Eqs.(3.12) and (3.16) were used. By using the V' number of Eq.(3.24), the

spatial coherence length AX. and the spatial extent AQ of the AI distribution given,
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respectively, by Eqs.(3.20) and (3.22) are rewritten as

AX, (3.25)

- Ay
JI+1/(1+V2)
AQ = ArVIF12, (3.26)

respectively.

The dependence of AX, and AQ on the V' number is shown in Figs.3.2 and 3.3, re-
spectively. The spatial coherence length AX, takes Ax/v/2 (=0.707Axz) for sufficiently
small V" numbers (i.e., V' < 1). This situation corresponds to quasi-single-mode fibers.
Moreover, AX, increases with the increasing V' number and finally approaches Ax.
This limiting situation corresponds to well-excited multimode fibers. On the other
hand, the extent AQ of the AI distribution takes Ax for V' <« 1, and it increases

steeply with the increasing V' number.
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Figure 3.2 Dependence of the normalized spatial coherence length AX,./Az on the
V' number of the optical fiber for the Gaussian amplitude distribution.
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Figure 3.3 Dependence of the spatial extent AQ of the average intensity distribution
on the V number for the Gaussian amplitude distribution.

From the comparison of Figs.3.2 and 3.3, it is found that, in general, the optical
fields in the Fraunhofer diffraction region produced from the multimode fibers with
large V' numbers are quasi-homogeneous in a statistical sense, because the extent of

the AI distribution is finite and much larger than the spatial coherence length.

3.6 Comparison with the van Cittert-Zernike the-
orem

In this section, the results obtained for a Gaussian amplitude distribution in the previ-
ous sections are compared with those obtained from the van Cittert-Zernike theorem.
This discussion is useful for recognizing the difference between the optical fiber-end

source and the incoherent source obeying the van Cittert-Zernike theorem. In the
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previous discussion, the optical fiber-end source has been described as a source from
which independent plane waves are radiated with random directions. However, the ra-
diation angles of these plane waves are actually restricted to the angle decided by the
V" number of the fiber. This situation is shown in Fig.3.4(a). On the other hand, the
completely incoherent source shown in Fig.3.4(b) is different from the optical fiber-end
source, because it is a source consisting of the independent point sources from which
optical waves are radiated to all over directions.

According to the van Cittert-Zernike theorem, the MI of light in the Fraunhofer
diffraction region produced from the incoherent point sources is given in the form of a

Fourier transform of the intensity distribution I(£) over the source:

(a) et

Figure 3.4 (a) Optical fiber-end source model (independent plane wave model) and
(b) completely incoherent source model (independent point source model)
obeying the van Cittert-Zernike theorem.
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D(z1,29) = /1(5) exp [—ik(z1 — 12)E/R] dE. (3.27)

In particular, for the intensity distribution, resulting from the Gaussian amplitude

distribution of Eq.(3.14), expressed by

I(€) = le,(&)* = L exp (—2€%/a?). (3.28)

the MI becomes

['(z1,29) =T1'(0,0) exp [—(.1‘1 — 1‘2)2/2_3.2'2] : (3.29)

where I'(0.0) is a constant and Ax is given by Eq.(3.16). This result indicates the well-
known fact that the spatial coherence length is related to the extent of the source and
is given by Ax. By comparing this result with that obtained for the optical fiber-end
source in the previous section (i.e., by comparing Azr with AX,), AX, is nearly equal
to Axr when V > 1. This situation is shown in Fig.3.2.

On the other hand, the AI resulting from the van Cittert-Zernike theorem becomes
diz =T e =0 (3.30)

which is a constant. In this case, the spatial extent of the AI distribution is infinite.
This means that the whole region of the optical field in the Fraunhofer diffraction
region from the incoherent source is homogeneous in a statistical sense, and the optical
field is different from the quasi-homogeneous field resulting from the optical fiber-end
source. However, when V" > 1, AQ becomes infinite and there is no difference between
the two sources. This situation is shown in Fig.3.3.

As a result, it is understood that, only when V' > 1. the van Cittert-Zernike
theorem, which is generally applicable to the incoherent source, gives the same result

as the optical fiber-end source. In other words, for well-excited multimode fibers,
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the optical fiber-end source is effectively equivalent to the incoherent source from the

viewpoint of spatial coherence properties.

3.7 Numerical analysis for a power-law amplitude
distribution

In the previous sections, the MI and the Al have been analytically evaluated for the
amplitude distribution given by a Gaussian profile of Eq.(3.14). However, it is gen-
erally impossible to know exactly how the amplitude distribution is expressed for the
optical fiber-end source. One requirement for the fiber-end source is that the amplitude
distribution takes a finite extent, because the size of the fiber end is finite. Therefore,
various functions satisfying this condition are applicable to the amplitude distribution
over the fiber-end source. Here, a power-law profile is also considered as the amplitude

distribution. The profile is described by

1—16/al”, (€] < a).
eo(&) = (3.31)
0, ([€] > a),

where a and G denote the core radius of the fiber and the positive index number,
respectively. By changing G, some different amplitude distributions are obtained and
shown in the left side of Fig.3.5. In these cases, numerical evaluation is employed to
investigate the spatial coherence properties of light resulting from the optical fiber-end
source of Eq.(3.31), because analytical evaluation cannot be found.

In the numerical evaluation, the MI and AI distributions in the Fraunhofer diffrac-
tion region from the source are calculated according to Eqs.(3.10) and (3.13), respec-
tively. Here, consider the MI of the optical field in the neighborhood of the optical axis
(1.e., =0). By changing the variable of v and the argument of X in Eq.(3.10) into the

forms,

uo=uf R and X=X/ R, (3.32)
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respectively, the MI is rewritten as
o, X" =C /E(,(u’)E;(u' + X" exp [~2(u'1?)2/("_&.1‘)2} du’, (3.33)

where V'=Fkay/(6?) given by Eq.(3.24). Further, by changing similarly the variable of

u in Eq.(3.13), the Al is rewritten as
(I(z')) = C/)Eo(u')lzcxp [—2{(2' = ' )RY2/(V A2)?] it (3.34)

where 2'=x/R. To evaluate Eqs.(3.33) and (3.34), a Fourier transform E,(u) of e,(¢)
given by Eq.(3.31) is calculated for some positive index numbers G by performing the

numerical integration.

3.7.1 Evaluation of the mutual intensity

The results of numerical evaluation of the MI distributions are shown in Fig.3.5 for
the amplitude distributions of the source given by G=2, 5, and 100 in Eq.(3.31). The
middle and right sides in the figure show the MI distributions for the cases of V"'=0.1
and 2, respectively. In the figure, the solid lines ( ——— ) show the results given by
Eq.(3.33) for the optical fiber-end source, while the broken lines ( - - - - - ) show the
results given by the van Cittert-Zernike theorem for the incoherent source.

When 1"=0.1, the difference of the distributions between the optical fiber-end source
and the incoherent source becomes small for large G's and, in particular, there is
almost no difference for G=100. Moreover, for all G’s, the extent of the distribution
corresponding to the spatial coherence length is smaller than that of the incoherent
source.

On the other hand, when V'=2, the difference becomes small for all G's in compar-
ison with the case of V"'=0.1. Moreover, for large G’s (i.e., G=5 and 100), the spatial
coherence length is larger than that of the incoherent source. For the amplitude dis-

tribution given by the power-law profile, it is consequently found that the difference of
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Figure 3.5 Mutual intensity distributions for the power-law amplitude distributions.

The left side shows the amplitude distributions at the sources having GG

=2, 5 and 100. The middle and the right sides show the mutual intensity
distributions for V'=0.1 and 2, respectively. ( ——— ) shows the results

for the optical fiber-end source, and ( - - - - - ) shows the results given by

the van Cittert-Zernike theorem.

the MI distributions between the optical fiber-end source and the incoherent source is

dependent strongly on the type of the source characterized by G.

Next, a variation of the spatial coherence length of light resulting from a fiber-end

source of Eq.(3.31) is investigated as a function of the V' number. The results are

shown in Fig.3.6 together with the ones for the Gaussian profile. In the figure, the

vertical axis expresses the normalized spatial coherence length AX,./Ax: it indicates
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the spatial coherence length AX, of the optical fiber-end source normalized by the

spatial coherence length Az which is given by the van Cittert-Zernike theorem. The
case of AX,./Ar=1 means that there is no difference between the two sources. In the
present study, the spatial coherence length is defined as the extent to which the MI
becomes e~1/? times the maximum value.

As a result, the change of AX./Ax for the power-law profile is different from that
for the Gaussian profile. For large G’s (i.e., G=5 and 100), AX,./Ax increases with
the increasing V' number, becomes the maximum value at V=2 to 5, and decreases
beyond V=2 to 5, approaching nearly 1 for V' > 5. On the other hand, for small G’s
(i.e., G=2), AX,./Ax increases with the increasing V" number, finally approaching 1. In
other words, for quasi-single-mode fibers with small IV numbers, the spatial coherence

length from the fiber-end source is smaller than that from the incoherent source. In

| T IIIIIT] I TTTTTTIT T A T ATy
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v

Figure 3.6 Dependence of the normalized spatial coherence length AX,./Az on the
V number of the optical fiber for the power-law amplitude distribution.
(———— ), (-=—=), (--~-~ ) and ( — - — ) denote the results for
Gaussian. and G=2, 5 and 100, respectively.
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particular, the difference between the two is apparent for the Gaussian profile. More-

over, the difference increases as G becomes smaller for the power-law profile. However,
for well-excited multimode fibers with very large V" numbers, the spatial coherence

length coincides with that from the incoherent source.

3.7.2 Ewvaluation of the average intensity

Next, the AT distribution and its spatial extent in the Fraunhofer diffraction region are
quantitatively investigated from the numerical evaluation of Eq.(3.34). The results are
shown in Figs.3.7 and 3.8.

In Fig.3.7, the AT distributions for V=1 to 5 are shown by the solid lines ( ——— )
for the power-law amplitude distributions having G=2, 5 and 100. On the other hand,
the broken lines ( - - - - - ) show the diffraction patterns for the same amplitude distri-
butions. As seen from the figure, there is almost no difference of the Al distributions
among G=2, 5 and 100 for the same V number. However, for all amplitude distri-
butions, the Al distribution is dependent strongly on the V" number: the distribution
becomes wide with the increasing V' number, while it approaches the diffraction pat-
tern with the decreasing V' number. In other words, the optical field in the Fraunhofer
diffraction region becomes a stochastic field distributed widely in space for large Vs,
while it nearly becomes a certain diffraction field for small V'’s.

In Fig.3.8, the spatial extent of the AI distribution is shown as a function of the
V" number. In the figure, the vertical axis AQ/Ax indicates the spatial extent AQ of
the AT distribution normalized by the spatial coherence length Ax which is obtained
from the van Cittert-Zernike theorem. Here, AQ is defined as the extent to which
the AT distribution becomes e~ times the maximum value. As a result. for the quasi-
single-mode fibers with small V" numbers, AQ is equal to Ax for all profiles. However,
for well-excited multimode fibers with large V" numbers, AQ is much larger than Ax.
Moreover, an increasing rate of AQ/Ax for V' becomes almost the same for all profiles,

and the rate slightly becomes large with an increase of G for the power-law profile.
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Figure 3.7 Average intensity distributions ( ——— ) and diffraction patterns
(----- ) for the power-law amplitude distributions.

From the comparison of Figs.3.6 and 3.8, it is found that the optical field in
the Fraunhofer diffraction region from the multimode fiber becomes rapidly quasi-

homogeneous in a statistical sense with the increasing V" number.
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Figure 3.8 Dependence of the spatial extent AQ of the average intensity distribution
on the V number for the power-law amplitude distribution. ( —— ).
(-———= ), (----- ) and ( — - — ) denote the results for Gaussian, and
G=2, 5 and 100, respectively.

3.8 Conclusions

In this chapter, the spatial coherence properties of the optical field in the Fraunhofer
diffraction region produced from an optical fiber have been analyzed by considering
an optical fiber-end source over which the optical field is expressed as an aggregation
of plane waves with random directions and phases. For a Gaussian amplitude distri-
bution at the source, the spatial coherence length and the spatial extent of the Al
distribution have been analytically obtained in connection with the V' number of the
fiber by which the total number of guided modes can be estimated. Moreover, for

some power-law amplitude distributions at the source, the same properties have been
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obtained by performing the numerical analysis.

As a result, the expressions for the spatial coherence properties obtained in the
present study are applicable to quasi-single-mode fibers with small V' numbers as well
as to multimode fibers with large V' numbers. In the multimode fibers, the optical
field in the Fraunhofer diffraction region is quasi-homogeneous in a statistical sense,
because the extent of the AI is finite and much larger than the spatial coherence
length. In particular, for well-excited multimode fibers with very large V' numbers, the
spatial coherence length coincides with that from the incoherent source obeying the
van Cittert-Zernike theorem, and the optical field becomes homogeneous over the wide
region in the neighborhood of the optical axis.

Finally, the generalized van Cittert-Zernike theorem [10] must be referred to. In
general, the quasi-homogeneous optical field in the Fraunhofer diffraction region from
the source is formulated by this theorem. In order to apply this theorem to the fiber-end
source, however, it is necessary to know beforehand the spatial coherence properties of
the optical field at the end of the fiber. Therefore, if the theoretical analysis from the
calculation of (V(&)V*(&)) is started, the generalized van Cittert-Zernike theorem is
applicable to the fiber-end source and the same results obtained in the present study
will also be expected to be found. However, this fact is not so essential for the present
study, where the optical fiber properties as well as the spatial coherence properties of

the optical field in the Fraunhofer diffraction field from the optical fiber are discussed.

3.9 Appendix: Derivation of Eq.(3.10)

By replacement of a=k%(0?)/2=2(7/)\)?(6*) and 3=1/\R, Eq.(3.8) is rewritten in the

form
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iz, 29} = N // eo(€1)€5(&2) exp[—a(&r — &)7]

X exp[—i273(x1& — 1262)|dE dEs. (3A.1)

Moreover, by changing the arguments as r1=r and rs=r;+.X and by changing the

variables of integration into the forms,
E—& =€ and & =€, (3A.2)
Eq.(3A.1) becomes

Digs - X0 = N / dé_ exp (—(_153) exp[2mif(x + X)E_]

X l/ e(€)es (€ + € ) exp(2miBXE)dE| . (3A.3)
With the use of the Fourier integral for the function e,(¢)
el )= /Eo(u)exp(‘Zmduf)du. (3A.4)
Eq.(3A.3) becomes

Wa x4+ X)) = N / dé_ exp (—afz) exp[2mif(x + X )E_]
% [exl_)(—'Zm,)"’Xf_) /EO(U)E;(U + X)) exp(—2mifué_)dul| .

(3A.5)

Finally, with the change of the order of integrations, Eq.(3A.5) becomes

I'(z,z + X) = Nyr/a /Eo(u)E;(u + X)exp {—7«"232(]’ - 11)2/(1] du, (3A.6)

which is equivalent to Eq.(3.10).




Chapter 4

Equi-ambiguity-function ellipse of
(Gaussian Schell-model beams

4.1 Introduction

A Gaussian Schell-model (GSM) beam [21, 22| is the partially coherent light radiating
from a GSM source having a Gaussian intensity profile and a Gaussian complex degree
of spatial coherence with stationarity in space. In particular, a coherent Gaussian
beam and a Gaussian quasi-homogeneous beam [50] are obtained as the limiting cases
of the GSM beam. The beam radius and the wave-front—curvature radius of the GSM
beam have been investigated in terms of the cross-spectral density (CSD) [3], [7]-[10]
depending on the propagation distance of the beam and the spatial coherence properties
of the source [21, 22].

In addition, the ambiguity function (AF) of the partially coherent light field has
been investigated by many authors [14], [34]-[36]. The AF is a useful tool for analyzing
the partially coherent light field, because one can easily obtain the propagation of the
AF by changing only the argument without changing its functional form in the paraxial
approximation [34]-[36]. However, the AF properties of the GSM beam have not yet
been investigated.

In this chapter, the AF properties of the GSM beam are analyzed by changing the
propagation distance of the beam and the spatial coherence properties of the source.
The behavior of the equi-AF ellipse (i.e., a trajectory of the AF at a constant value)

1s actually investigated in the phase space of the spatial frequency difference and the
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spatial difference between the two points of the GSM beam. In Sec.4.2, the AF’s of

both the GSM source and the GSM beam are derived theoretically. In Sec.4.3. the
behavior of the ellipse is investigated with respect to the rotation angle, and the area
and the extent of the ellipse are also studied in relation to the GSM beam parameters.

As a result, the ellipse inclines for a finite value of the propagation distance and
approaches a canonical form with the increasing propagation distance. Moreover, the
area of the ellipse is constant regardless of the propagation distance, though the area
decreases with the decreasing spatial coherence length of the source. This fact is
explained in connection with the ambiguity (uncertainty) and the homogeneity of the
GSM beam in the phase space. Furthermore, it is shown that the width of the ellipse
on the spatial difference axis corresponds to the extent of the autocorrelation function
of the GSM beam and that the width is also equivalent to the characteristic distance
by which both the beam radius and the wave-front-curvature radius of the GSM beam

are uniquely determined as a function of the propagation distance.

4.2 Theory
4.2.1 Ambiguity function of the GGaussian Schell-model source

The CSD W,(x1,x2) of a GSM source radiating the partially coherent monochromatic

light is given by [21]

Wolr1,22) = \/1«)(3‘1)[o(l’-z)”/oU’Q — 1), (4.1)

where I,(x) and 7,(x) denote the optical intensity distribution and the complex degree

of spatial coherence of the source, respectively, which are given by

I(z) = I, exp (—21‘2/(12) ., (4.2)

YolZ) = exp (—.r'“)/?;rf) ; (4.3)
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respectively. In Eqs.(4.2) and (4.3), I,. a and z, are the central intensity, the effective

extent and the spatial coherence length of the source, respectively.
By substituting Eqs.(4.2) and (4.3) into Eq.(4.1) and by changing the arguments
as r=(r1+x2)/2 and Ar=ro—x; (i.e., the spatial difference between the two points),

Eq.(4.1) 1s rewritten in the form

; 2x° 1/1 1 ..
Wolz,Az) = I, exp <— 1_) > exp [—— (—) + —2> A.z'z} . (4.4)

a? LT e 1

On the other hand, the AF A(Av, Ax) of the CSD W(x, Az) at an arbitrary plane

in space has already been introduced in Eq.(2.11) [14], [34]-[36]:
A(Av, Az) = /Uv'(a'._\..'1‘)exp(-‘27&'1’1&1/)(1;1‘, (4.9)

where Av is the spatial frequency difference. Therefore, by substituting Eq.(4.4) into

Eq.(4.5), the AF for the GSM source is obtained as

TalAv)? 1/1 1 .
Al o 2 el SRR e ] WL P (4.6)
2 AW L
where A4,(0,0) is the constant value given by
A 0,0) = y/w/21,a. (4.7)

4.2.2 Ambiguity function of the Gaussian Schell-model beam

Next, consider the AF A.(Awv, Ar) at the observation plane of the Fresnel diffraction
region, a distance z from the source. A,(Av, Ax) is obtained in a paraxial approxima-

tion by changing only the argument of Eq.(4.6) without changing its functional form
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34]-[36] (see Eq.(2.19)):

A (Av, Az) = A(Av, Ax — AzAv), (4.8)

where X\ is the optical wavelength. Substitution of Eq.(4.6) into Eq.(4.8) vields

i e
A.(Av, Ax) = A,(0,0) exp {— M} . 7
2a2 22

exp [— 71‘) <1 + ”—_)> (Ax — /\:_\1/)2} . (4.9)

With the replacement

Apr= gV, (4.10)
Ny = ALY (4.11)
e 51T, (4.12)
where
e e war [ (4.13)

Eq.(4.9) becomes

1 3 1 :
Az(Ap,Agq) = Ao(0,0) exp S8 {(77_\.]))“ + <1 + —7> (Agq — WZ;\.]))‘H ; (4.14)
U—

where the ratio o of 2, to a, 1.e.,

LR (4.15)

1s used as the normalized spatial coherence length of the source. The limiting cases
of this parameter result in a coherent Gaussian beam for ¢ — oo and a Gaussian

quasi-homogeneous beam for o < 1 [50].
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In this way, Ap and Agq can be regarded as the normalized spatial frequency dif-

ference and the normalized spatial difference, respectively. Moreover, Z indicates the
propagation distance of the beam normalized by z,, which is known as a parameter
designating the waist region of a coherent Gaussian beam [49]. These physical values
will be used in place of the real physical values of Arv, Az and z in order to evaluate

the AF of Eq.(4.9) in the following.

4.2.3 Parameters of the Gaussian Schell-model beam

With reference to the study of Friberg et al. [21], the beam radius w(Z) and the wave-

front—curvature radius R(Z) of the GSM beam are given by
w(Z) =1+ CZ?, (4.16)
RlZ=Z+1[C2Z, (4.17)

respectively, where w(Z) and R(Z) are normalized by « and z,, respectively. Moreover,
the parameter C' is defined as

C=1+1/0 (4.18)

which depends only on the normalized spatial coherence length o of the source.
In Eqs.(4.16) and (4.17), a characteristic distance Z, at which the beam radius
hecomes 2 times that at the source and at which the wave-front—curvature radius

R(Z) of the beam takes the minimum value can be defined as

Z, = 1/V/C
= 1/4/1+1/02 (4.19)

Apparently, Z, may be regarded physically as the distance characterizing the waist

region of the GSM beam by its definition.
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With the characteristic distance Z,, Eqs.(4.16) and (4.17) are rewritten as

w(Z) =1+ (2/2,)". (4.20)

R(Z) = Z{1+(ZO/Z)2}. (4.21)

respectively, which are formally the same as the expressions for the beam radius and
the wave-front—curvature radius of a coherent Gaussian beam.
Thus, the behavior of two parameters, w(Z) and R(Z), as a function of Z is uniquely

determined by the characteristic distance Z, with respect to the GSM beam. In this

Zo

0.0 5.0

Figure 4.1 Dependence of the characteristic distance Z, of the GSM beam on the
normalized spatial coherence length o of the GSM source.
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case, as understood from Eq.(4.19). Z, is related only to the normalized spatial co-

herence length o of the source, and its dependence is shown in Fig.4.1. As seen in
the figure, Z, increases from zero with an increase of ¢ and finally approaches unity
which actually corresponds to the real distance z,. The behavior of Fig.4.1 implies
physically that the waist region of the GSM beam is narrow for small ¢’s (i.e., the case
of low coherence) and becomes wide for large ¢’s (i.e., the case of high coherence). In
the following, the behavior of the equi-AF ellipse (which will be defined in Subsection
4.3.1) concerning the GSM beam will be investigated in detail in connection with the

characteristic distance Z,.

4.3 Properties of the equi-ambiguity-function el-
lipse

4.3.1 Equi-ambiguity-function ellipse

According to Eq.(4.14), the trajectory of the AF in the phase space (Ap, Ag) on which

it takes the value of A4,(0,0)exp(—1/2) becomes an ellipse expressed by
AAp® — BApAg+ CAG = 1. (4.22)
In this equation, the coefficients, A and B, are given by
A=n1+C2Z%, (4.23)
B =250 2, (4.24)

respectively, which depend on the normalized propagation distance Z and the coeffi-

cient C' given by Eq.(4.18).




4.3.2 Rotation of the ellipse

[t is found from Eq.(4.22) that the equi-AF ellipse at the source plane always has a
canonical form, because B=0 at Z=0. In this case, the axial lengths of the ellipse
on the Ap and Ag¢ axes are given by 1/ VA and 1/ VC, respectively. Comparison of
the parameters, A and C', at Z=0 indicates that the location of the major axis of the
ellipse depends on the normalized spatial coherence length o of the source in such a
way that it is on the Ap axis for A < C' which means ¢ < 1/v/72 — 1 and on the Ag
axis for A > C which means ¢ > 1//72 — 1.

The rotation of the ellipse occurs for a finite value of the normalized propagation
distance Z. The behavior of the ellipse accompanied with the rotation is shown in
Fig.4.2 for Z=0, 1.0 and 2.0, when the normalized spatial coherence length o of the
source 1s 1.0, 0.5 or 0.2. As seen in the figure, the ellipse rotates with the change of Z
and the shape of the ellipse elongates noticeably along the major axis with an increase
of o. It is also recognized in Fig.4.2 that the area of the ellipse becomes small with a
decrease of 0.

Such behavior of the ellipse characterizing the AF of the GSM beam is examined by
transformation of the ellipse to a canonical form. In general, the canonical form of the
ellipse given by Eq.(4.22) is obtained by the rotational transformation of coordinates

as

AN? +C'A? =1, (4.25)

where the rotation angle 6 is chosen to be

1
6 = _—Z—tan‘l(s). (4.26)

with the argument s given by
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Figure 4.2 Behavior of the equi-AF ellipse in the coordinate systems of Ap and Aq for
Z=0, 1.0 and, 2.0 (from the left-hand to the right-hand side) and for c=1.0,
0.5 and. 0.2 (from top to bottom).
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The rotation angle # denotes an inclination angle of the ellipse on the basis of the

canonical form for Z=0. From Eqs.(4.26) and (4.27). it is understood that, when Z is
sufficiently large, the value of s approaches zero at which the rotation angle ¢ is zero
or a right angle. This means that the the ellipse also takes a canonical form in the

far-field diffraction plane, being independent of o.

4.3.3 Area of the ellipse

In Eq.(4.25), the coefficients, A" and C’, are given by

Al = %[(AJrC)i\/(A—C)?nLB?J. (4.28)
Rt % [ (A+C)F (A= C) + B ] (4.20)

respectively, where the upper and lower signs on the right-hand side correspond to
the cases of A > C (i.e., the case of ¢ > 1/V/72 —1) and 4 < C (i.e., the case of
o < 1/v72—=1) at Z=0, respectively, because A'=A, C'=C and B=0 at the source
plane.

With the help of Eqs.(4.28) and (4.29), the area S, of the ellipse is obtained as

3, =2 wACY
= 1/V/C

= 1/y/1+ 1/02, (4.30)

where the relation of 4AC — B?=472C is used. Thus, the area S. of the ellipse in
the phase space (Ap, Aq) is numerically equal to the characteristic distance Z, of the
GSM beam given by Eq.(4.19). As a result, the area is independent of the normalized
propagation distance Z and depends only on the normalized spatial coherence length o

of the source. Asseen in Fig.4.1, the area S, of the ellipse increases with an increase of o
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and approaches unity for the completely coherent beam. An increase in the ellipse area

implies that the ambiguity (uncertainty) in the phase space (Ap, Ag) increases with the
increasing spatial coherence length of the source, because the region of homogeneity in

the GSM beam becomes wide.

4.3.4 Extent and width of the ellipse

The extents of the ellipse ( i.e., the maximum values of Ap and Ag shown in Fig.4.3)

are found by the examination of the discriminants of Eq.(4.22), and are given by

FLY; M R o (4.31)

|A(Inm.r| e 7 Z2 i 1/C, (432>

respectively. The extent of the ellipse in the direction of the Ag axis depends on both
the normalized propagation distance Z and the normalized spatial coherence length o
of the source, while the extent in the direction of the Ap axis is fixed to be 1/x.

If the characteristic distance Z, is used in place of C', Eq.(4.32) is rewritten as

| Sghaa| =t ZA L AT 2
= Sk (4.33)
which is proportional to the beam radius w(Z). Moreover, the widths, Ap, and Ag,,

are defined in Fig.4.3 as the points on the ellipse passing across the Ap and Aq axes,

respectively, and are obtained by setting Ag=0 and Ap=0 in Eq.(4.22), respectively:

Apy = 1imw(Z), (4.34)




These results are of particular importance, because two significant quantities. w(Z2)

and Z, of the GSM beam, are described by two widths. Ap,, and Ag,. respectively,
of the equi-AF ellipse. That is, the beam radius w(Z) is given by the inverse value of

TAp,. and the characteristic distance Z, is given by Ag, itself.

Aq

A
qw IA Qmaxl
A pw v . Ap
IA pmaxl

Figure 4.3 Extents, |Apmaz| and |Agmqz|, of the ellipse in the directions of Ap and Ag,
respectively, and widths, Ap,, and Ag,, on the axes of Ap and Agq, respec-
tively.

4.4 Discussion

In order to make clearer the fundamentals of the results of Eqs.(4.34) and (4.35), the
AF of Eq.(4.5) is expressed by using the parameters of Ap in Eq.(4.10) and Agq in

Eq.(4.11):

A(Ap,Ag) = a /U'(q. Aq)exp(—27migAp)dg, (4.36)
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where ¢=x/a. Moreover, the CSD W (¢, Aq) is expressed in terms of the optical field

u(q) and is given by [3], [7]-[10]
Wi(g.Aq) = (ulqg+ Aqg/2)u™ (¢ — Aq/2)), (4.37)

where * and ( ) denote the complex conjugate and the ensemble average, respectively.

Substitution of Eq.(4.37) into Eq.(4.36) yields
A(Ap,Aq) = a / (u(q+ Aq/2)u” (¢ — Agq/2)) exp(—2miqgAp)dy. (4.38)
First, for A¢g=0, Eq.(4.38) reduces to
A(Ap,0) = (1/<]u(q)|2>(éxp(—Qm'qu)(]q, (4.39)

where (Ju(q)|?) indicates the average intensity (I(¢)) of the optical field u(qg). From
Eq.(4.39), it is found that A(Ap,0) denotes the averaged intensity spectrum <f(Ap)>
of u(¢q). This was already pointed out in the Refs.[34] and [35]. Therefore, Ap,
in Eq.(4.34) corresponds to the extent of <I}(Ap)> for the GSM beam located at a
distance Z from the source. For this reason, it is natural that Ap,, should be inversely
proportional to the beam radius w(Z). As a result, Ap, decreases with an increase of
Z and the shape of the equi-AF ellipse becomes thin. |

Next, for Ap=0, Eq.(4.38) becomes
A(0,Aq) = a / (u(qg+ Aq/2)u™ (¢ — Aq/2)) dg, (4.40)

which is the autocorrelation function [36. 51] of u(q). Therefore, Agq, in Eq.(4.35)
corresponds to the extent of the autocorrelation function of the GSM beam located
at a distance Z from the source. As a result, it has been revealed that the extent

Aq, is identical to the characteristic distance Z, and takes a constant value to be
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determined only by the normalized spatial coherence length o of the source, regardless

of the normalized propagation distance Z.
In this way. the propagation properties of the partially coherent light radiating
from the GSM source can be easily known through the behavior of equi-AF ellipses,

for example, as shown in Fig.4.2.

4.5 Conclusions

In this chapter, the behavior of the equi-AF ellipse with respect to a GSM beam
has been investigated in connection with the propagation properties of the partially
coherent light radiating from a GSM source. In this case, the ellipses are formed in
the phase space (Ap, Ag) where the values of both coordinates are normalized by the
effective extent a of the source in such a way that Ap=aAv and A¢g=Ax/a for the real
spatial frequency difference Ar and the real two-point distance Ax, respectively.

It has been found that the shape of the ellipses is determined by the characteristic
distance Z, by which the beam radius w(Z) and the wave-front—curvature radius R(Z2)
of the GSM beam are uniquely specified as a function of the normalized propagation
distance Z of the beam. In this case, the characteristic distance Z, is physically the
depth of the waist region of the beam, and it is determined only by the spatial coherence
length o of the source normalized by a.

As a consequence, several interesting results with respect to the equi-AF ellipse

have been obtained:
(a) The ellipse always passes across the fixed points of (0,7,) and (0,-Z,).

(b) The area of the ellipses is constant, independent of Z, and numerically equivalent

1o L,
(c) The maximum extent in the direction of Ap is fixed to be 1/7.

(d) The maximum extent in the direction of Ag is proportional to the beam radius
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w(Z). Therefore, its extent increases with the increasing normalized propagation

distance Z.

(e) On the basis of the above results, the ellipse elongates toward the direction of the
Agq axis and rotates with an increase of Z and. consequently, the width along the

Ap axis becomes thin.

(f) The point (1/7w(Z),0) lies on the ellipse. In other words, the beam radius w(Z2)

is known from that point.

Among the above results, the first item (a) is of particular importance, because

the fundamental parameter Z, of the GSM beam is firmly connected to the equi-AF

ellipse.




Chapter 5

Far-field analysis of fluctuating
supermodes radiated from
phase-locked array lasers

5.1 Introduction

Semiconductor array lasers are widely expected as the sources for optical multiplex
communication systems and optical parallel processing, because they are fabricated on
a monolithic substrate and connected with micro-optics components. There are mainly
three types of array lasers: the index-guided, gain-guided and surface-emitting ones.
It has been known that the optical fields radiated from such sources are supermodes
under the existing condition of the nearest-neighbor coupling between the emitters. In
general, supermodes are derived from the weakly-coupled mode theory [24]-[29], and
they are expressed as the coherent superposition of the single-transverse mode of each
emitter without coupling. Moreover, the experimental verification has already been
performed [52, 53].

On the other hand, the theoretical studies on far-field patterns of supermodes [24]-
29], [54]-[56] have also been conducted to judge whether or not the array lasers have
the expected characteristics, because the far-field patterns can be easily observed by
simple means. In these studies, it has been assumed that each emitter, which is isolated

from its neighbors, radiates the same deterministic single-transverse mode. In practice,

however, there are many uncertain factors which are physically unavoidable inside the




array lasers: the structural fluctuations of the waveguide of each emitter caused by the

imperfection in the manufacturing process. the inhomogeneity of the gain distribution
between the emitters caused by the instability of the injection current, and so on.
Therefore, it is considered that the mode of each emitter is not deterministic but
stochastic, and that supermodes radiated from the arrayv lasers should be expressed as
a stochastic process.

In this chapter, the effects of fluctuations of supermodes radiated from the array
laser on the far-field patterns are studied by using the mutual intensity (MI) [4]-[10].
Expressions for the MI and the average intensity (Al) in the far field produced from
supermodes with fluctuations are derived on the basis of the references [24]-[29], [54]-
[56]. It is assumed that the supermodes are formed by the coherent superposition of the
stochastic mode of each emitter; the stochastic mode is expressed as the summation of
the deterministic and fluctuating components. Moreover, under the assumption that
the fluctuating component of stochastic modes obeys Gaussian statistics, expressions
for the MI and the AI are given in explicit forms. The final expression for the Al
involves two statistical parameters, R and A;. concerning fluctuations of supermodes.
R denotes the ratio of the integrated AI of the fluctuating component to the total
integrated Al of the stochastic mode of each emitter, and A&, denotes the spatial
correlation length for the fluctuating component of the stochastic mode of each emitter.

As a result, the far-field patterns are gradually deformed with increases of R and
A&y in comparison with those produced from supermodes without fluctuations, while
the background intensities increase with an increase of A&;. However, the patterns
approach those produced from supermodes without fluctuations, with the increasing
N number of emitters in the array laser. Furthermore, there is almost no difference

between the results of the effects of R, Ay and N on the far-field patterns for the 1st-

and highest-order supermodes.




5.2 Theory
5.2.1 Supermodes with fluctuations at the emitting plane

The analyzing optical system involving the index-guided array laser as a source is
schematically shown in Fig.5.1(a). In this type of array laser, each emitter is formed
by sandwiching the core (the plane area) between the claddings (the hatching areas),

and only the single-transverse mode is excited. In the figure, the end of the array laser

[ /L]

(b)

Figure 5.1 Index-guided array laser and optical coordinates: (a) the laser without
structural fluctuations and (b) the one with the fluctuations.
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is located at the plane &, and the emitters are placed at intervals of d. the aperture

size of each emitter being 2AQ.
In general, when there exists the nearest-neighbor coupling between the emitters,
the Lth order supermode E () is derived, regardless of types of array lasers, from the

weakly-coupled mode theory and is given by [24]-[29]

3 N +1 .
Fopif)es Zsill(l'zﬁL)eo [{— (71———T> (i} . (9.1
n=1

where NV 1s the number of emitters in the array laser, L is the order of supermodes and
takes the value of an integer from 1 to N, §,=L7n /(N+1), sin(n#;) is the eigenfunction
of supermodes, and e,( ) is the single-transverse mode of each emitter. In the derivation
of Eq.(5.1), it has been assumed that each emitter has the same propagation constant
J and the same coupling coefficient ~. The supermodes have been shown for N=5
in Fig.2 of the reference [26] by Kapon et al., and it is understood that the complex
amplitude distribution for each emitter is enveloped by the eigenfunction sin(néy).

In practice, however, array lasers contain many uncertain factors which are physi-
cally unavoidable, as mentioned previously. As an example, structural fluctuations are
schematically shown in Fig.5.1(b) for the index-guided type, in which the waveguide
of each emitter has the average diameter 2AQ and the interval of d between the near-
est ones. In this figure, structure fluctuations correspond to the disturbances at the
boundary between the core and the cladding, where the refractive indices are different.

It may be considered that, owing to such uncertain factors, the mode of each emitter
is actually different from the ones of the other emitters and that it is not deterministic
but stochastic. However, it may be assumed that the eigenfunction sin(nf;) of super-
modes fluctuates scarcely, because each emitter has the similar propagation constant
3 and the similar coupling coefficient » when the difference between the modes of the

emitters is very small. Therefore, the Lth order supermode E; (&) may be expressed as

EplE) = Z\: sin(n#g e, [{ - <12 - ij—) (I] , (5.2

=1
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where e,( ) is the mode of each emitter involving stochastic factors and may be ex-

pressed as

en(g) = 7“(1))60(5) T 7‘([‘)AP,,<€). <53)

Here, e,(&) denotes the mode of each emitter without fluctuations and is the determin-
istic component of e,(&). This component is assumed to be common in all emitters. On
the other hand, Ae, (&) denotes the fluctuating component of e, (£). Furthermore, r(p,
and r(py are the weighting coefficients of the deterministic and fluctuating components,
respectively, and will be determined in a way that the total integrated Al of the mode
en(§) of an emitter should be constant regardless of the degree of fluctuations. The

actual values of these two parameters are given in the next subsection.

5.2.2 Mutual intensity at the emitting plane

In general, the MI I'f (€, Af) at the two points, & and &, at the emitting plane & is

defined as

Lr(§, A) = (EL (€ + AL/2) ET (§ — Ag/2)), (5.4)

where £=(&4+€2)/2 and AE=&-¢€;. Moreover, * and ( ) denote the complex conjugate
and the ensemble average, respectively. In deriving 'z (&, AE) by substituting Eq.(5.2)

into Eq.(5.4), the following assumptions are proposed:

(1) A )=l

(i)  Ae, (&) and Ae,, (&) for n # m are statistically independent of each other.
(iii)  e,(&) and Ae, (&) are also statistically independent of each other.

Under these assumptions, the MI I'z (&, AE) of Eq.(5.4) is expressed as (see Subsec-

tion 5.9.1 %

' (§,AL) = Tpy(&, AE) + Ty (€, AE), (:

(s
ot




where I'z(p)(§. A§) is the deterministic term given by

N N
e AE = Z Z sin(nd)sin(mé;)
1 ’ i *
(25 {f Fids {(n+m)—(N+1)}d, A — (n — m)d} : (5.6)

and I'p(p) is the fluctuating term given by

Zod (n o \; 1) d, A{} . (5.7)

Al A =77 Zsm (nO)T an

=

Moreover, I',(&, A€) in Eq.(5.6) denotes the MI in the mode e,(&) of each emitter

without fluctuations and is given by

Lo(§, AL) = €0 (§ + AL/2) € (§ — AE/2). (5.8)

When e,(€) is assumed to take a Gaussian form given by

eo(€) = exp (~€7/AQ%) (5.9)

the MI in Eq.(5.8) becomes

[, (6,A8) = exp <—'2§2/AQ2> exp (_Ag'Z/Q_\Q?)

I

to(§)V0(AL), (5.10)

where 7,(€) is the first Gaussian function denoting the intensity and ~,(A¢&) is the second
one denoting the complex degree of spatial coherence of e,(&) at £=0, respectively.
Furthermore, I'a, (&, AE) in the expression Eq.(5.7) denotes the MI of the fluctuat-

ing component Ae,(€) and is defined as

Tan(€,A8) = (Ae, (€ + AE/2) A€l (€ — AE/2)). (5.11)
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For simplicity. it is assumed that T'a, (€. AE) takes the same form as ['a,(€, AE) for all

values of n. Namely,

I‘An(f-Aé> = FAO(SC—Xé-)

= (iao(&))7a0(AS), (5.12)

where it has been assumed that I'a,(&, A€) is given by the product of the AT (ia,(€))
and the complex degree of spatial coherence y4,(AE) with respect to Ae,(€), and that

they are given by

(iaq(6)) = exp (-26°/AQ%), (5.13)

Tao(AE) = exp (—AE/2A87) . (5.14)

respectively, where AQ' is the spatial extent of the AT and A&y is the spatial correlation
length of Ae,(§).

Next, determine the parameters, rpy and rp), included in Eqs.(5.3), (5.6) and
(5.7), by using the total integrated AI P, of the mode e,(&) of an emitter which is
isolated from its neighbors. Under the previous assumptions of (i)—(iii), the AT (i,(&))

of e,(&) is expressed as

Ml == e dlei(e))

B

D)I.()(é‘) e A,"(‘2F)<1.‘A()(§>>

= ripyexp (=267/AQ%) + 1y exp (-267/AQ") (5.15)

where, in the right-hand side, the first and second terms result from the deterministic

component e,(§) and the fluctuating one Ae, (&), respectively. The total integrated Al

(@]
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P, is expressed as follows:

P = /(in(f)ﬂié
G / (ino(€))de

= ripy\/T/2AQ + ripy/7/2AQ"

= Pe(D)+Pf(F)‘ (516)

where P, p) and P p) are the integrated Al's for the deterministic and fluctuating com-
ponents of e, (&), respectively. By assuming that the total integrated Al is conserved
regardless of the magnitude of fluctuations, its value is obtained, for r(py=1 and r =0

(without fluctuations), as

P. = \/7/2AQ. (5.

Ot
—
=~

Here, define a parameter R as
R:P((]“)/P(. (:)18)
which indicates the ratio of the integrated Al of the fluctuating component to the total
integrated Al of e,(£). Then, by using the parameter R, Eq.(5.16) is expressed as

another form

Pe = PF([))+P€(F)

= (1—R)P, +RP.

= (1= R)4y/7/2AQ + R/7/2AQ. (5.19)




Therefore, comparison of Eq.(5.16) with Eq.(5.19) determines the parameters, r(py and

rcr), with the forms of

= \/RAQ/AQ'. (5.21)

respectively.
Finally, by substituting Eqs.(5.20) and (5.21) into Eqs.(5.6) and (5.7), the MI

['p (€, AE) at the emitting plane £ is expressed as

[p(&AL) = T'ipy(§, AL + T'py(€, A)

N N
- R) Z Z sin(né; ) sin(mé;)

i{

XTo &= ={(n+m)—=(N+1)}d, A — (n — m)d]

£ — (n e ;1> d, Aé] (5.22)

© |

N
+ (RAQ/AQ) Z sin?(nf; )T Ao

n=1

5.2.3 Mutual and average intensities in the far field

In the present study, the coordinates in the far field are denoted by the angle # between
the optical axis and the line drawn from an arbitrary point of the far field to an origin

of the plane £. Moreover, the operators of Fy and Fug are defined as

Fy [u( A€)] = / w( AE) exp(—ikAE sin ) dAE, (5.23)

Fp [u(€)] = / w(€) exp(—ik€ sin AB)dE, (5.24)




respectively, where k=27 /A, A being the free-space wavelength. These operators are

useful to transform the MI from the space (&, A€) to the space (6, Af) (see Subsection
5.5.2). Then, the expression for the MI I'; (6, Af) at the two points, €, and 6». is given
in a paraxial approximation by a Fourier transform of I'z (&, AE). Therefore, I'z (6, Af)

is obtained as

Tr(0,A8) = FyFae[Tr(€, AE)]

= FL(D)(&.A6)>+I_‘L(F)(H..v_&9>. (

Ut
(N}
Ut
—

where 6=(6,+6-)/2 and Ab=60>-0,.

In Eq.(5.25), I'p)(6, Af) is the deterministic term given by

Uppy(8,A0) = —f_li(—‘l)LH][B](l — R)i, (sin/\A&) i <Sli\19> : (5.26)

where i,( ) and 7,( ) denote the intensity spectrum and the mutual spectrum, respec-

tively, which are given by

I, (Sin AB/N) = Faglio(€)]

WAL B E T DAY 3
— J1/2AQ exp E—l (/‘AQ“H 0) (5.27)
2 2
Yo (sinb/N) = Fp[y,(AE)]
EAQsing\”
— V2rAQexp {—2 (-M) } | (5.28)

respectively. Moreover, A and B in Eq.(5.26) are given by
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sin [N (Py +61)/2]

pSin [N(Py —61)/2]

A ==

and

. (5.29)

sin [(Py +61)/2] sin [(Py —01)/2]

sin [N(P_ +6r)/2] ;sin [N(P_ —46p)/2] ’

= — ; (5.30)

sin [(P- +61)/2] sin [(P_ —#1)/2]

respectively, where 6, =L7/(N+1) and the abbreviations

Py =hd (SmM +51119> (5.31)
P =kd (““2“\9 % sme> (5.32)

are used.

On the other hand, I'j;

Lrory(0,20) =

| LDI(RAQ/AQ) (iao

(0, Af) in Eq.(5.25) is the fluctuating term given by

( SICHRAQ/AQ) (i20(0)) V2o (E22) (A6 =0),

sin A@ sin 6
= )18 (517 ) s

where (iao( )) and 7a.( ) denote the intensity spectrum and the mutual spectrum,

respectively, which are given by

<z;o(sm ._\e//\)>

Yao (sin@/A)

= FAb‘ [<1A0(§)>]
= /7/2AQ" exp {—% (l\A(gl.;illA(9>~ (5.34)
= FH [A/AO<A§)]
= V2rA&sexp {—‘2 <A~A—£f;lﬂ>—} : (5.35)
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respectively. Moreover, C' and D in Eq.(5.33) are given by

’ sinf; .
_ 25'111(.\'PA9) o vp S [N(Pag+0p)] | sin[N(Pap —6L)] (5.37)
sin Pag sin( Pag + 01) sin(Pag — 0r) . :
respectively, where
kdsin Af (5.38)
= — D

Prg =P (0 =0)=P_(6 =0) 9

Finally, by substituting Eqs.(5.27), (5.28), (5.34) and (5.35) into Eqs.(5.26) and
(5.33), the MI ' (6, Af) in Eq.(5.25) is obtained in the form

FL(HAQ) == _%(_1>L[-’1”B]ﬂ’<1 B R)AQZ

1 (k-_szm _\.f))'z _ (A~_\.(381119>2J
X exp —5 5 g% | = .._—_2
[ YClrRAGAQexp | -2 (2420)T | (a9 =0),
9 _ ! (5.39)
$[DITRAEAQ exp |- (EoQnld) ]
¢ sin 2 '
: exp | -2 (Rapnt)*] (A0 #0).

Moreover, the AI (/;(6)) in the far field is obtained, by setting A#=0 in Eq.(5.39), as

EAQ sin f

e ;_11_[‘40].2?(1 — R)AQ? exp {_2 <—T—>}

1 ) “' 2
+§[C]7TRA§_fAQ exp {—2 (iﬁf;ﬂg) J : (5.40)




where

As = App=o
= (- TP B
_ sin[N(Pp +6;)/2] - rSin [N(Py —61)/2] (5.41)
Slll[(P9+9L /2] Slll[P9-9L>/2] ‘ '
with the definition of
P =Raas="0=Puviti=1) = Edsiny. (a2

5.3 Numerical Analysis

In the previous section, the AI (I;(f)) in the far field, produced from the Lth order
fluctuating supermode, has been derived. Equation(5.40) contains two parameters, R
and A¢;. resulting from fluctuations of supermodes. The parameter R denotes the
ratio of the integrated AI of the fluctuating component to the total integrated Al of
an emitter (see Eq.(5.18)). By definition, R takes a value from 0 to 1 and becomes
large with increasing fluctuations. Moreover, the parameter A¢; denotes the spatial
correlation length of fluctuations of supermodes (see Eq.(5.14)), and the area identified
physically increases with an increase of A&y. In general, it is too complicated to treat
directly the complex amplitude of fluctuations in an analytical form, because there
exist many uncertain factors stemming from fluctuations of the optical field inside the
array lasers, as mentioned previously. Therefore, in the present study, the fluctuations
have been treated as a statistical quantity and, as a result, two statistical parameters,
R and A¢y, have been adopted to evaluate the effects of the fluctuations.

In the following, by changing the values of R and A&;/AQ (normalized by the

aperture radius AQ of an emitter) in Eq.(5.40), the effects of fluctuations of supermodes

63

e s e B S ST S N T 2 S
S e R AT AN CR R Ppt ST LTt 4 = R




on the AI (I;(f)) in the far field (i.e., the far-field patterns) are investigated. In

particular, the analysis is performed under the conditions for the numbers of emitters
with N=5 and 11, and the orders of supermodes with L=1 and N (corresponding to

the 1st- and highest-order supermodes, respectively).

5.3.1 Effects of fluctuations on the far-field patterns for N=5

The 1st-order far-field patterns (I;(#)) with L=1 are shown in Fig.5.2 for Af;/AQ=
(a)0.2 and (b)1.0 in the case of N=5, d=6(um), 2AQ=3(um) (therefore, the array
fills the factor = 2A0Q/d=0.5) and A=0.88(xm). In the figure, the patterns for R=0,
0.2 and 0.5 are denoted by the solid line ( —— ), the broken one ( — — — ) and
the dotted one (- - - - - ). respectively. Similarly, the highest-order far-field patterns
(I5(0)) with L=35 are also shown in Fig.5.3 under the same conditions as in Fig.5.2.
As a result, it is found that, with an increase of R (namely, the fluctuating component
Ae,(€) becomes large), the profiles of (1;(6)) and (I5(#)) are gradually deformed in
a way that the peak values decrease and the backgrounds increase, starting from the
cases without fluctuations (i.e., R=0). Moreover, it is also found that the background
intensity is large for large values of A;/AQ, because the spatial frequency bandwidth
of the fluctuating component Ae,(£) becomes narrow and the background intensity
around #=0 becomes high with an increase of A&y/AQ.

In order to investigate quantitatively the effects of fluctuation parameters, R and
A&r/AQ, on (I1(0)). the profile contrast C'p concerning the main peak is used. The
contrast C'; 1s defined as

<[Lma.r> i <[Lmin >

Cp = :
. <[Lma.r> + <[Lmin>

(5.43)

where (I7,q.) is the average height of the main peak and (Ip,,;,) is the background
level at the point that the far-field pattern I;(f#) without fluctuations takes the first

minimum. By using the contrast €'z, the degree of deformation of (I;(#)) due to fluc-
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Figure 5.2 Far-field patterns (I7(f)) for Ay/AQ=(a)0.2 and (b)1.0. ( — ),
(-—-—-)and (- --- - ) denote those for R=0, 0.2 and 0.5, respective-
ly. N=5, d=6(um), 2AQ=3(um) and A=0.88(um).

tuations of the emitters can be investigated quantitatively.

The contrast €'y of (I;(#)) as a function of the parameter R is shown in Fig.5.4(a)
for A&y FALY= 020 ==}, 0:5( === Fand 1.0(- - v+~ ). As found from this figure, C
decreases with an increase of R and decreases similarly with an increase of A&;/AQ,

in a way that, for example, C'; at the point of R=0.5 becomes 0.92. 0.83 and 0.72 for

A&r/AQ=0.2, 0.5 and 1.0, respectively.




0 (deg)

AEr/AQ=1.0
S —

——————

0 (deg)

Figure 5.3 Far-field patterns (I5(6)) for Ay/AQ=(a)0.2 and (b)1.0. ( —— ),
(-——)and (---- - ) denote those for R=0, 0.2 and 0.5, respective-
ly. N.d, 2AQ and A are the same conditions as Fig.5.2. i

Moreover, the contrast Cs of (I5(6)) is shown in Fig.5.4(b). From this figure, it is
found that the tendency of C5 is almost similar to that of C',. However, the decreasing
rate of C5 is somewhat larger than that of C), because Cj5 at the point of R=0.5
becomes 0.90, 0.78 and 0.64 for A&;/AQ=0.2, 0.5 and 1.0, respectively. This means
that the effects of fluctuations of supermodes on the far-field patterns are a little large

for the highest-order supermode in comparison with the 1st-order one.
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Figure 5.4 Contrast C'p of (I (#)) as a function of R: (a) the result for L=1 and (b)
that for L=5. (—— ), (- == )and (- - - - - ) denote those for A&r/AQ
=0.2. 0.5 and 1.0, respectively. Moreover, N, d, 2AQ and ) are the same
conditions as Figs.5.2 and 5.3.

5.3.2 Effects of fluctuations on the far-field patterns for N=11

Next, the effects of fluctuations of supermodes on the far-field patterns (I;(6)) are

investigated for the large number N of emitters. The Ist-order far-field patterns (I,(6))

for N=11 are shown in Fig.5.5 where the conditions are the same as in Fig.5.2 except
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Figure 5.5 Far-field patterns (I7(6)) for Aéy/AQ=(a)0.2 and (b)1.0 under the con-
ditions of N=11, d=6(um), 2AQ=3(um) and A=0.88(um). ( — ).
(-———)and (- --- - ) denote those for R=0, 0.2 and 0.5, respectively.

for N=5 (i.e., d=6(um), 2AQ=3(m), A=0.88(pum)), and where (a) and (b) correspond
to the patterns for A{y/AQ=0.2 and 1.0, respectively. Moreover, the highest-order far-
field patterns (/;,(#)) with L=11 are also shown in Fig.5.6 under the same conditions
as in Fig.5.5. Comparison of the profiles in Figs.5.5 and 5.6 for N=11 with those in
Figs.5.2 and 5.3 for N=5 indicates that the effects of the fluctuations on (I;(6)) for

N=11 are not so large as those for N=5. In this case, the complex amplitude of the
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Figure 5.6 Far-field patterns (I7;(6)) for A{;/AQ=(2)0.2 and (b)1.0 under the
same conditions of N, d, 2AQ and A as Fig.5.5. (—— ), (- ——)
and (- - - - - ) denote those for R=0, 0.2 and 0.5, respectively.

fluctuating component in the far field is produced by the NV statistically independent
superpositions of the spatial frequency distribution of Ae,(£). Therefore, with an
increase of IV, the effects of the fluctuations become small in a relative sense under the
assumptions of (i) and (ii) in Subsection 5.2.2.

The results of the contrasts, ¢} and Cy;, for N=11 are shown in Fig.5.7. By

comparing the behavior of the contrast in Fig.5.7 with that in Fig.5.4, it is found that
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Figure 5.7 Contrast C, of (I (#)) as a function of R for N=11: (a) the result for
L=1 and (b) that for L=11. { —— ), { === ) and (- - =~ » ) denote
those for A{s/AQ=0.2, 0.5 and 1.0, respectively. Moreover, d. 2AQ
and A are the same conditions as Figs.5.5 and 5.6.

the values of ('} and C'y; for N=11 are a little larger than those of C; and C5 for N=5
under the same conditions of R and A¢;/AQ. Moreover, it is also found in Fig.5.7
that the tendency of 'y is almost the same as that of C';. This means that the effects

of fluctuations of supermodes on the far-field patterns are almost the same for the 1st-

and highest-order supermodes.
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5.3.3 Validity for the present results

The present theoretical results are now discussed in comparison with the experimen-
tal far-field patterns reported in the past [57]-[59]. In Figs.4(a) and 6(a) of the
reference [57] by Hadley et al., the near- and far-field patterns were measured for
the highest- and 1st-order supermodes in the gain-guided array laser with N=10,
d=10(pm), 2AQ=6(pm) and A=0.815(um). From these figures, it is understood that
the far-field patterns have the background intensities which are caused by the fluctuat-
ing supermodes as seen in the near-field patterns. Moreover, the experimental far-field
patterns for N=5 and 11 were shown for the gain-guided lasers in the references [58,
59] by Scifres et al. By comparing the pattern at 1.7Ipy in Fig.3 in the reference [58]
with that at 50(mw) (corresponding to 1.617y ) in Fig.3 in the reference [39], it is found
that the background intensity level for N=11 becomes smaller than that for N=5.

In this way, these experimental studies will support, at least qualitatively, the
theoretical results presented here. However, the lasers in the references [58, 59] are not
completely the same in their structure and it may be considered that the observed far-
field patterns are produced by several supermodes and longitudinal modes. Therefore,
the further experimental studies will be required to verify the theoretical ones. For
example, the measurement of the spatial correlation length A, at the output plane of
the laser may also be needed to help the theoretical verification. The traditional method
of this measurement can be done by the Young’s interference experiment, because the
contrast variations of Young’s fringe patterns give the spatial correlation length A& of
light at the plane of double pinholes used [5]. Although it may be extremely difficult to
apply this method in a straight forward way to the tiny area (several pm area) of the

laser exit, the modified method using the double-exposure specklegrams in the plane

of double pinholes will be applicable to such light waves in the small area [60].
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5.4 Conclusions

In this chapter, the effects of fluctuations of supermodes on the far-field patterns have
been theoretically investigated by taking account of many uncertain factors inside the
array lasers. In relation to fluctuations of supermodes on the AT (I(#)) in the far field,
the etfects of two statistical parameters, R and Ay, have been revealed by using the
contrast C'y. Here, R and A&; denote the parameter proportional to the integrated-
intensity fluctuations and the spatial correlation length for the fluctuating component
of supermodes, respectively. Moreover, the effects of fluctuations of supermodes on
the far-field patterns (I;(6)) have also been investigated by changing the number N of
emitters in the array laser and the order L of supermodes.

As a result, it has been found that (I;(#)) is gradually deformed with increases
in fluctuation parameters of R and A&y, in comparison with those produced from
the supermodes without fluctuations. In particular, the background intensity increases
with increasing A&y under the condition that R takes a constant value (# 0). However,
the effects of R and A&y on (I(6)) are more noticeable for small N’s. Furthermore,
there is almost no difference between the results of the effects of A&y, R and N on
(I.(8)) for L=1 and N.

Finally, it is emphasized that the present analysis is applicable to all types of array
lasers satisfying the nearest neighboring coupling inside them, even though the type

becomes different like the index-guided, gain-guided or surface-emitting one.

5.5 Appendices

5.5.1 Derivation of Eq.(5.5)

Substitution of Eqs.(5.2) and (5.3) into Eq.(5.4) vields
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= (Ep(E+AE/2) B} (£ — AE/2))

(D) Z sin(nfy)e,(& — n'd) (D) Z sin(mbp)e, (& —m (I)}

m=1] =1

{ i
+{ (D) Zsm nfr)e §1~nd}
e

&

==l

N
Z sin(nfy)Ae, (& — n'd) { Z sin(mép)e (& — m’d)}
ne=1 =1

{ Z sin(mfp)Ae; (& — m’(])}

Z sin(nfy)Ae, (& — n'd) { Z sin(mlr)Ae; (E2 — m d)}>

n=1 =1,

(5A.1)

where §1=6+AE/2, £,=6-A& /2, n'=n—(N+1)/2 and m'=m—~(N+1)/2.

Under the assumption of (iii), Eq.(5A.1) becomes

Fal&iag)

N N :
= I‘fm Z sin(nfp)sin(mby e, (& — n’d)e;(g2 — m'd) .‘
= lrrn=1
+7(D)T Z sin(nfy ) sin(mlp)e,(& — n'd) (Aer, (& — m'd))
n=1 m=1
N N ,

+reyrpy > Y sin(nfp)sin(mr) (Ae, (& — n'd)) ex (&, — m'd)

n=1 m=1

N N
+rlpy 2 > sin(nfr)sin(mly) (Ae, (& — n'd)Ael, (& —m'd)).  (5A.2)

i
I

Moreover, under the assumptions of (1) and (ii), I'z(€, A€) in Eq.(5A.2) is changed to




N N
Prlist ) = ”ED) Z Z sin(nfy)sin(mby)e,(& — n’d)(»g(g._) — i d)
el 7y e |
¢ ‘\~
+ripy Y sin®(nfp) (Ae, (6 — n'd)Aes (& —n'd)), (5A.3)
n=1

which is Eq.(5.5).

5.5.2 Mutual intensity in the far field

According to Eq.(13) in the reference [37] by Thompson et al., the MI I'(xy,25) at

arbitrary points, r; and 9, in the far field from the plane £ is given by

['(x1,22) = exp [M ot } / ['(&1,&) exp ( Ik'l}&) exp <1A 128 > d&dés,

(5B.1)

where z is the distance between the planes of ¢ and x.
By changing the arguments of 1 and vy as r1=r+Axr/2 and ro=1-Ax/2, respec-
tively, and by changing the variables of & and & as §=6+AE/2 and &=E-AE/2,

respectively, Eq.(5B.1) is rewritten as

LA kA Ex kEA:
Vi, Az rsen <[ l~ l> / [(EAE) exp (—-I ~£1 ) exp (—Mff\r> dA&dE. (5B.2)

A~ A~

Since the arguments x/z and Az /2 in Eq.(5B.2) are nearly equal to sin § and sin Ad,

respectively, and exp(ikrAx/z) ~ 1 in a paraxial approximation, Eq.(5B.2) becomes

(g, A8) = // T(€, A€) exp(—ik A€ sin 8) exp(—ike sin AB)IAELdE

= FyFag[['(§,A8)], (5B.3)

where the operators of Fy and Fay are defined in Eqs.(5.23) and (5.24), respectively.




Chapter 6

Effects of amplitude and phase
fluctuations of the Ronchi grating
on Talbot images under
illumination of the partially
coherent light

6.1 Introduction

Recently, as shown in [32], the Talbot effect has been widely used in image processing,
interferometry, optical metrology, and so on, because of the development of lasers.
When a periodic object, such as a grating, is illuminated by a coherent monochromatic
light, Talbot images (i.e., self-images) of the object appear at the observation planes
with the distances of Z;=2Ld?/)\ from the object, d, A and L being the period of the
object, the wavelength of the illuminating light and a positive integer, respectively.
However, the self-images are not obtained in a perfect form, because the completely
coherent monochromatic light and the periodic objects without amplitude and phase
fluctuations are out of existence in practice.

Various studies have been conducted to investigate more practical cases concerning
Talbot images of periodic objects. For example, the effects of amplitude fluctuations
of the amplitude grating on the Talbot images have been studied [61]-[64]; the studies

[62]-[64] investigated the case that each aperture of the grating had the same amplitude

transmittance while its period had fluctuations obeying Gaussian statistics. Moreover,




the studies [65, 66] were concerned with the effects of the coherence properties of the

illuminating light on the Talbot images. Furthermore, the relationship between the
Talbot and Lau effects have also been studied [67, 68]. However, these studies were
performed under the ideal conditions: the illumination was by the completely coherent
monochromatic light [61]-[64] and the grating was strictly periodic [65]-[68].

In this chapter, the effects of not only amplitude but also phase fluctuations of
the Ronchi grating (i.e., binary amplitude grating) on the Talbot images under illu-
mination of the partially coherent quasi-monochromatic light are studied by using the
propagation law of the ambiguity function (AF). Here, different types of fluctuations
of the grating are treated in comparison with those in the previous studies [62]-[64]:
each aperture of the periodic grating has random complex amplitude transmittance.

First, the general expression is derived in a paraxial approximation by the AF
[14], [34]-[36] in order to reveal the average intensity (AI) of Talbot images of the
Ronchi grating with fluctuations at the Lth Talbot plane. In deriving the equation,

the following conditions are taken into account:

(i) The illuminating light is quasi-monochromatic and its mutual intensity (MI) is

spatially stationary.
(ii) The amplitude and phase fluctuations of the grating are also spatially stationary.

(iii) The amplitude and phase fluctuations are statistically independent of each other.

As a result. it is shown that the AI at the Lth Talbot plane is expressed by the
convolution of the mutual spectrum of the illuminating light, the mutual spectra of
amplitude and phase fluctuations of the grating. and the rectangular grating function.

Next, to investigate the effects of amplitude and phase fluctuations of the grating
on the Talbot images. the contrast of the AI of the images at the first Talbot plane
located at Z;=2d*/\ from the grating is evaluated by analyzing numerically the derived
equation for the AI by the computer. In the analysis, the complex degree of spatial

coherence of the illuminating light and the normalized autocorrelation functions of the
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amplitude and phase fluctuations are assumed to have Gaussian forms. As a result, it

is shown that the contrast of the AI of the Talbot images is dependent on the spatial
coherence length of the illuminating light and the spatial correlation lengths of the
amplitude and phase fluctuations. The effect of the phase fluctuations is found to be

most noticeable.

6.2 Average intensity of Talbot images due to the
Ronchi grating with amplitude and phase fluc-
tuations

Consider the situation that the Ronchi grating having apertures with amplitude and
phase fluctuations is located at the plane £, and it is illuminated by the partially coher-
ent quasi-monochromatic light V;(¢) with the mean wavelength A, as shown in Fig.6.1.
In the present study, the absorption of light by the grating is treated as amplitude
fluctuations. Then, by denoting the amplitude and phase components of the complex
amplitude transmittance of fluctuations of the grating by t,(£) and ¢,(¢), respectively,
and by denoting the amplitude transmittance of the regular grating without fluctua-

tions by t,(£). the optical field V,(£) emerging from the grating is expressed as

Vo(€) = Vi(E)ta(€)tp(E)4(E), (6.1)

where the amplitude and phase components, t,(€) and t,(&), of fluctuations of the grat-
ing are assumed to be statistically independent of each other. Moreover, the amplitude
transmittance of the regular grating ¢,(&§) with the aperture size a of the opening and

the period d is given by

bl = 1‘@("(({/(1)@26({—1‘1(1)

2 Zrect (€ = nd) /da]., (6.2)
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Figure 6.1 Analytical model of the Ronchi grating with amplitude and phase
fluctuations and the optical coordinate systems for investigating

the Talbot images.

where ® denotes the convolution integral, n is an integer in the region extending from

>

T LT F T T

—o0 to oc, and rect( ) denotes the rectangular function described by

0, e ful=4y2),

rect(é/a) =

1, (l¢/al <1/2).

(8




Then, the space-dependent correlation function I',(€. A€) for the optical field V,(€)

emerging from the grating is expressed using Eq.(6.1) as follows:

Fol§,88) = (Vo (€ + AE/2) V' (£ = AL[2))
= (Vil§+AL/2) V" (€ = AL/2)){t. (€ + AE/2) E, (£ — AE/2))
X(tp (& + AL/2) 17 (& — AE[2))(t, (£ + AL/2) 1, (£ — AE/2))
= Li(§, ALT(&, AGT,(E, A§Tg(€, AL), (6.4)
where * and ( ) denote the complex conjugate and the ensemble average, respectively,
and Ag is the space difference between two points. Moreover, T';, I',, I, and Ty in
Eq.(6.4) are the autocorrelation functions for Vi(€), t.(€), t,(€) and t,(€), respectively.
In this point, the following conditions are taken into account:
(i) The illuminating light is the stationary optical field.
(ii) The amplitude and phase components, t,(&) and ¢,(¢), of fluctuations of the grat-
ing are assumed to obey the stationary Gaussian statistics with the zero mean.
Under these conditions, Eq.(6.4) reduces to

[o(€, AL) = Ti( AT (AT (AL 4 (&, AL), (6.5)

because I';(§, AL), I'o(§, AE) and I'y(&, A) are independent of £&. Moreover, the AF
Ao(Ar, AE) for V,(€) is defined as a Fourier transform of Eq.(6.5) with respect to &,
and it is obtained as (see Eq.(2.11))

AfAp, ALY = /Fo(f._\.E)exp(—meAl/)d{

= TUAGTLAGT,AE) [ T, (€, AE) exp(~2migAv)dg

9




= Ty AET(AET,(AE)A (Av, AL), (6.6)

where Av is the spatial frequency difference and A,(Av, A€) is the AF for ¢,(€).
Next, consider the AF of the optical field at the plane z of the Fresnel diffraction
region, a distance Z from the grating (i.e., the £ plane). where the Talbot effect occurs.
The AF in the Fresnel diffraction region is obtained only by changing the argument of
Eq.(6.6) without changing its functional form, and it is given by (see Eq.(2.19))
A D B b= A A, Ap— XZAv)

= Az = AZAv)T (Az — AMZAv)T (Az — AZ Av)

XA (Av, Az — AZAv). (6.7)

Then, the Al in the Fresnel diffraction region is obtained as (see Eq.(2.15))

(I7(x)) FPele, At =0

Il

R /AZ(AZ/., 0)exp(2miz Av)dAv
= FHW(=-XZAv)] ® FUT(=AZAV)] ® FHT,(=AZAv))

QF 1 [A,(Av, —AZAv)], (6.8)
where F~![ ] indicates an inverse Fourier transform. Moreover, the explicit expression
of F7UT(=AZAv)] is written as

PUD(=AZAY)] = / (= AZAv) exp(2rizcAv)dAy

4 (1//\Z)/F(J)pr(—?mﬂlrj’/)\Z)(1.3

= {LIAET L4 /32, (6.9)




where I'(2/AZ) means the mutual spectrum defined by

D(2/\Z) = /F(3)@}(1)(—271';1'3//\2)(U. (6.10)
By using Eq.(6.9), Eq.(6.8) is expressed as
(Iz(x)) = (1/AZ2)°Ti (2/AZ)RT, (z/AZ)®T, (2 /AZ)@ F~\[A,(Av, —AZAv)]. (6.11)

Furthermore, it can be found that the last factor F~'[A,(Av, —AZAv)] in Eq.(6.11)
becomes equal to the grating function ¢,(x) in the case that the observation is conducted

at the planes of Talbot images (see Subsection 6.6.1). Then, Eq.(6.11) reduces to
(I7,(x)) = (LAZL)Y’ Ty (a/AZ21) @ To (2/ANZ1) ® T, (/MZ1) @ ty(z), (6.12)
where Z is the distance to the plane of the Lth Talbot images and is given by
Zp=3Edi oa=1.273...% (6.13)

As a result, it is found that the AI (I, (z)) of Talbot images of the Ronchi grating
with amplitude and phase fluctuations under illumination of the partially coherent
light is expressed by the convolution integral of the four functions, i.e., the mutual
spectrum f,-(.?'//\ZL) of the illuminating light, the mutual spectrum 1"\(1(1'//\21/) of the
amplitude fluctuations, the mutual spectrum fp(af /AZ ) of the phase fluctuations, and

the rectangular grating function t,(2).
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6.3 Mutual spectra relating to the average inten-
sity

To proceed with the discussion on the AI of Eq.(6.12). explicit forms of the mutual

spectra, I';, I', and '), are required.

6.3.1 Mutual spectrum of the illuminating light

Under the assumption of the spatial stationarity for the optical field of the illuminating
light, consider the case that its field correlation (i.e., MI) is given by the following

Gaussian form

T(AE) = I, exp (—A{"/'ZA{?) , (6.14)

where I, is a constant and A¢; is the spatial coherence length of the illuminating light.

Then, with the help of Eq.(6.10), the mutual spectrum is obtained as

T: (2/M\Z1) = LV2T A& exp [—2 (m&-.r//\zl,)z] . (6.15)

6.3.2 Mutual spectrum of the amplitude component of fluc-
tuations

The transmittance of amplitude fluctuations of the grating may be written as
ta(&) = to +1(E), (6.16)

where t, is a constant (i.e., bias component) and r(¢) is the component of random

fluctuations. Then, the autocorrelation function of Eq.(6.16) is written as

Ta(AE) = t2 + o2y (AE), (6.17)
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where the random component r(£) has been assumed to obey the stationary Gaus-

sian statistics with the zero mean [69]. In Eq.(6.17), o, and 7,(A€) are the standard
deviation and the normalized autocorrelation function of the amplitude fluctuations
r(&). respectively. Under the assumption that ~,.(A€) also takes the Gaussian form
of exp(—A&*/2A&?) in which A&, is the spatial correlation length of r(€), the mutual

spectrum resulting from Eq.(6.17) becomes

To(2/AZ1) = 126 (x/AZ1) + V2m02 A, exp [—2 m_xf,,:r/,\z,j—’} . (6.18)

6.3.3 Mutual spectrum of the phase component of fluctua-
tions

The autocorrelation function of the phase component t,(&)=exp[io(€)] of fluctuations
of the grating is given, under the assumption that the phase fluctuations (&) obey the

Gaussian statistics with the zero mean, by
Tp(AE) = exp [—02{1 = 76(A8)}] . (6.19)

where o4 and v,(A¢) are the standard deviation and the normalized autocorrelation
function of the phase fluctuations (), respectively [69]. Unfortunately, the existing
condition for a Fourier transform cannot be satisfied for the function of Eq.(6.19),
because it converges not to zero but to exp(—o2) when |A¢| — oc. This difficulty is

serious for small values of 0. To avoid this problem, the following approximation form

is used in place of Eq.(6.19) [70]:

Fp(AE) = exp (—0;))> 4 [1 — exXp (—05)] exp <—_\£2/2A£g> . (6.20)
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where A&, is the spatial correlation length of o(€). The mutual spectrum resulting

from Eq.(6.20) is expressed as

o)

f,,(.z'//\ZL) = exp <—02)é’((z‘//\ZL)

+V2r |1 — exp (—02)] A&y exp [-2 (rA&x/AZ )] . (6.21)

The AI of Talbot images suffering some fluctuations can be evaluated by using the

mutual spectra of Eqs.(6.15), (6.18) and (6.21) in Eq.(6.12).

6.4 Contrast of the average intensity

In this section, the effects of amplitude and phase fluctuations of the Ronchi grating
on the Talbot images observed at the Talbot planes are investigated. For this purpose,
the contrast of the AI of the Talbot images is used as an evaluation parameter. The

contrast is defined as

<IZL>ma.r i <[ZL>min
<IZL>m(1.1‘ i <IZL>min |

Gig = (6.22)
where (17, )mar and (Iz, )min denote the maximum and minimum values, respectively,
of the AT (I, (x)) in Eq.(6.12). In the following, the evaluation of the image contrast
is conducted to investigate the effects of the amplitude and phase fluctuations under

illumination of the partially coherent light.

6.4.1 Effect of amplitude fluctuations

First, the effect of amplitude fluctuations of the Ronchi grating on the Lth Talbot
images is investigated under the condition of no phase fluctuations. i.e., o,=0. In this
situation, the mutual spectrum of Eq.(6.21) concerning the phase fluctuations becomes

Uo(x/NZp)=6(x/NZ1). By using this equation and Eqs.(6.15) and (6.18), the AI of the
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Talbot images in Eq.(6.12) reduces to (see Subsection 6.6.2)

2 oo T — nd ,
(Ll e {C‘al exp <_Azz*'-’> + Cyo exp <—_\1‘2>} ® Zrect (z < ) : (6.23)

e

where

g e Xl I isEs, (6.24)

Az, = (AZp/m)\J1/AE2 + 1/AE2, (6.25)

and two coefficients, C',; and C\o, are dependent on Z; and fluctuation parameters and

are given by

Cal = CotgAfiw (626>
Caz = Co02AEAE, [JALE + AL2, (6.27)

respectively, where
= AR (6.28)

In the following, a variation of the contrast of the AI (I (z)) at the first Talbot
plane located at Z;=2d*/\ from the grating is evaluated by analyzing numerically
Eq.(6.23) by the computer. In this evaluation, the parameters of A&;/d and A&, /d
normalized by the period d of the grating are used: A¢E;/d is the normalized spatial
coherence length of the illuminating light while A¢,/d is the normalized spatial corre-
lation length of the amplitude fluctuations.

The resultant effects of the spatial coherence length A&; of the illuminating light

on the contrast C'y of the AI (17 (x)) are shown in Fig.6.2. In the figure, the curved

profiles indicate the AI distributions (I, (2)) for the cases of A& /d =(a)1.0, (b)2.0
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(c) 1.0 ———— Adifd=5.0

<I.(x)>

x/d

Figure 6.2 Average intensity distributions of Talbot images produced by the Ronchi
grating with amplitude fluctuations having the normalized spatial corre-
lation length A¢,./d=1.0. The normalized spatial coherence length of the
illuminating light is varied as A¢;/d=(a)1.0, (b)2.0 and (¢)5.0. The rec-
tangular and the curved lines indicate the average intensity distributions
of Talbot images without and with fluctuations, respectively. These were
obtained for the case of L=1 and o, /t,=0.2.

and (c) 5.0 under the conditions of ¢,/t,=0.2 and AE,/d=1.0. On the other hand,
the rectangular profiles indicate the self-image of the regular grating ¢,(z) under illu-
mination of the coherent light. The contrast C'; becomes 0.16, 0.73 and 0.97 for the

above three cases in order: the contrast C'; increases steeply between AE;/d=1.0 and
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2.0, and 1t becomes nearly equal to 1.0 for A&;/d=5.0 irrespective of the existing am-

plitude fluctuations. Therefore. it is found that the contrast C'; depends strongly on

the normalized spatial coherence length A&;/d of the illuminating light and it increases

with an increase of A¢;/d.
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Figure 6.3 Contrast of the average intensity of Talbot images at the first Talbot plane

as a function of the normalized spatial correlation length A€, /d of ampli-
tude fluctuations whose magnitude is set to take o, /t,=(2)0.2, (b)0.5 and
(¢)1.0. In each figure, the different lines indicate the cases AE;/d=1.0

B

(~=5=- ), 2.0( — - — ), 8.0( = - - ) and oo ———— ) of the normalized
spatial coherence length of the illuminating light.
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By changing the parameters of o,/t, and AE;/d, the effect of the amplitude fluc-

tuations on the contrast ' is investigated in more detail. The contrast C; of the Al
(Iz,(2)) is shown in Fig.6.3 as a function of the normalized spatial correlation length
A&, /d of the amplitude fluctuations. Figures 6.3 (a), (b) and (c¢) correspond to the
results for the cases of 0, /t,=0.2, 0.5 and 1.0, respectively. In the figure, the results for
the different values of the spatial coherence length are depicted by the different lines
as A& /d=1.0( - -~ -- ), 200 —+« — ), 8.0( —~— ) and oco{ ——— ), the last one corre-
sponding to the coherent light. In these figures, the contrast C; is strongly dependent
on A¢&;/d but not so on the amplitude-fluctuation parameters of o, /t, and A€, /d in
the region of A¢,./d > 3.0. On the other hand. in the region of A&,./d=1.0 ~ 3.0, a
decrease in ('} for a decrease in AE,/d increases with an increase of o, /t, under the
same condition with respect to the illuminating light. In the region of A&, /d < 1.0,
the contrast C'; takes a constant value regardless of the variation of A¢,/d, though the

contrast €'y decreases with an increase of o, /t,.

6.4.2 Effect of phase fluctuations

Next, the effect of phase fluctuations of the Ronchi grating on the Talbot images is
investigated under the condition of no amplitude fluctuations, i.e., o,=0. In this case.

the mutual spectrum of Eq.(6.18) becomes

T, (x/XZ5) =26 (2 /22, (6.29)

By using Eqs.(6.15), (6.21) and (6.29), the AI of the Talbot images in Eq.(6.12) reduces

to (see Subsection 6.6.3)

2(.2 22 T — 1 ]
TR [C,,l exp (—A]'ﬂ) + Cpo €xp <~ Alz"—’ﬂ ® > rect (l W) i A6.80)

B “p

where

Az, = (AZp/m)y1/AE + 1/AL, (6.31)
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S Coz‘i exp (—ai) D, (6.32)

Cpr = Cot2 [1 — exp (—02)| AGAL//AE + AL, (6.33)

Ar; and C, are given by Eqs.(6.24) and (6.28), respectively. In the following, the Al
(I7,(2)) is obtained from the numerical analysis of Eq.(6.30) by the computer, and a
variation of the contrast of the Al resulting from the phase fluctuations is evaluated.
The normalized spatial correlation length A&, /d of the phase fluctuations is used here
as a parameter for the evaluation.

The resultant effects of the spatial coherence length A&, of the illuminating light
on the contrast C'; of the AI (I (x)) are shown in Fig.6.4. In the figure, the curved
profiles indicate the AI distributions (I (x)) for the cases of A& /d=(a)1.0, (b)2.0
and (¢)5.0 under the conditions of t,=0.5, 0,=0.27 and A&;/d=1.0. On the other
hand, the rectangular profiles indicate the self-image of the regular grating ¢,(x) under
illumination of the coherent light. The contrast €'y becomes 0.12, 0.54 and 0.71 for the
above three cases in order. As is clear from Fig.6.4, the contrast Cy depends strongly
on the normalized spatial coherence length A¢;/d of the illuminating light in such a
way that it increases with an increase of A&;/d. This result is similar to the case of the
amplitude fluctuations shown in Fig.6.2. However, it is pointed out that. under the
same conditions with respect to the illuminating light, the contrast C; resulting from
the phase fluctuations is lower than that resulting from the amplitude fluctuations.
In other words, an increase in C'; with an increase of A¢;/d for the case of the phase
fluctuations is smaller than that for the case of the amplitude fluctuations.

By changing the parameters of o, and AE;/d, the effect of the phase fluctuations
on the contrast 'y is finally investigated in detail. The contrast C of the AT (I (x))
is shown in Fig.6.5 as a function of the normalized spatial correlation length A&, /d
of the phase fluctuations. Figures 6.5 (a), (b) and (¢) correspond to the results for
the cases of 0,=0.27, 0.57 and 7, respectively. In the figure, the results are shown for

A& /d=1.0( - - - - - )i 2.0{ =+« — J, 5.0{ = —~— } and oo{ ——— ). From these figures,
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Figure 6.4 Average intensity distributions of Talbot images produced by the Ronchi
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grating with phase fluctuations having the normalized spatial correlation
length Afs;/d=1.0. The normalized spatial coherence length of the illumi-
nating light is varied as A&;/d=(a)1.0, (b)2.0 and (¢) 5.0. The rectangular
and the curved lines indicate the average intensity distributions of Talbot %
images without and with fluctuations, respectively. These were obtained -
for the case of L=1, t,=0.5 and 04=0.27. -

it is found that, when o, is 0.27 (Fig.6.5 (a)), the variation of C for A&, /d is regarded
as the same type in comparison with that of the amplitude fluctuations as already
shown in Fig.6.3. On the other hand, with an increase of o, (0.57 or 7), the variation

of 'y for A&, becomes different from that for the amplitude fluctuations. Namely.,
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when ¢4,=0.57 (Fig.6.5(b)), the contrast C; depends strongly not only on A&;/d but
also on A& /d in the region of AE,/d > 3.0. Moreover, when o, =7 (Fig.6.5(c)). the
contrast C'; becomes extremely low in the region of A€, /d < 1.0. This means that the

self-images vanish by the influence of the phase fluctuations. Consequently, it is found
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-
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Figure 6.5 Contrast of the average intensity of Talbot images at the first Talbot plane
as a function of the normalized spatial correlation length A&, /d of phase
fluctuations whose magnitude is set to take os=(a)0.2m, (b)0.57 and (c)r.
In each figure, the different lines indicate the cases A& d==1.0( ~=+ = < ), 2.0

(—-—),8.0(---) and oo ——— ) of the normalized spatial coherence
length of the illuminating light.
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that the phase fluctuations have great influence on the contrast C; in comparison with

the amplitude fluctuations.

6.5 Conclusions

In this chapter, the effects of amplitude and phase fluctuations of the Ronchi grating
on the Talbot images under illumination of the partially coherent quasi-monochromatic
light have been theoretically analyzed. In the analysis, the transmittance of apertures
in the Ronchi grating has been treated as the random complex amplitude. First. the
general expression for the AI of the Lth Talbot images due to the Ronchi grating with
fluctuations has been derived by using the AF. Next, by analyzing numerically this
general expression. the effects of amplitude and phase fluctuations of the grating on
the Talbot images have been investigated, especially from the viewpoint of the contrast
of the Al

As a result, it has been shown that the AI of the Talbot images at the Lth Tal-
bot plane is expressed by the convolution of the mutual spectrum of the illuminating
light, the mutual spectra of amplitude and phase fluctuations of the grating, and the
rectangular grating function. Moreover, it has been shown that the contrast of the
Talbot images depends on the spatial coherence length of the illuminating light and
the spatial correlation lengths of the amplitude and phase fluctuations. In particular,
the effect of the phase fluctuations is most noticeable.

Finally, it is pointed out that these results explain simultaneously Talbot images
of the partially phase-locked array sources in which each emitter has amplitude and

phase fluctuations.
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6.6 Appendices

6.6.1 Derivation of Eq.(6.12)

The amplitude transmittance t,(£) with the period d is expressed in a form

Eallg = ZG(nu(,)exp(anuog), (6A.1)

where v,=1/d is the fundamental spatial frequency and G(nwv,) is a Fourier expansion
component of #,(£). Then, the correlation function I'y(§, —\ZAv) of t,(&) 1s obtained

as

T (. ~AZAv) = <z‘g (E+AZAv/2)t; (€ - /\Z_\1//2)>
= Z Z G(nv,)G™(my,) explin(n + m)AZv,Av]

X exp[2mi(n — m)v,€]. (6A.2)

In this case, the averaging operation is not required, because no random variables are
mvolved. Moreover, the AF A/ is defined as a Fourier transform of Eq.(6A.2) with
respect to £, and it is given by
AR DA / Ty(€6, ~NZAV) exp(—27i€ Av)de
= Z Z G(nv,)G™(mu,) explim(n + Mm)ANZv,Av]

n m

XO[Av — (n — m)v,). (6A.3)
Then, an inverse Fourier transform F~'[4,(Av, —A\ZAv)] with respect to Av becomes

F7A(Av, =AZAv)]

Il

/ A (Av, = AZAv) exp(2mizAv)dAv

2y 54 > G(nv,)G™(mv,) exp [1’7(122 - 7722)/\21/3}

n m
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X exp[27mi(n — m)v,x]. (6A.4)

In particular, in the Lth Talbot plane of Z;=L(2d*/\)=L(2/\v?) (L is a positive

integer), Eq.(6A.4) reduces to

2

o [Ay(Av, = AZAv)] = Z G(nv,) exp(2minyv,x)
= [ty(2)]", (6A.5)

which is equivalent to t,(x) when the amplitude transmittance is given by a binary

profile, such as a Ronchi grating.

6.6.2 Derivation of Eq.(6.23)

By using f,)(.'z'//\ZL):5(1'/)\214) and Eqs.(6.15) and (6.18), Eq.(6.12) becomes

(Iz.(2)) = (YAZ0)’Tix/AZ;) @ Tu(x/AZ1) ® 8(x/NZL) @ ty(2)
= (1/AZ)Ti(a/AZ1) @ Ta(2/NZ1) ® t,(x)
5 {fom_xg,-/(/\ZL>2}exp [—Q(W_\.fi;z'//\ZL)Q]
® {t58(2/AZ1) + V2rol A exp [-2 (1 A& /AZ; )]} © ty(x)
= {LVart2A&/(\Z1)*} exp [-2 (FA&x/AZL)Y] ® 8(x/NZ1) ® ty(x)
= {L,(Qﬂ)afA@Ag,,/(/\ZL)2} exp [—2 (nA&z/AZ)?]
®exp [-2(rA&a/\Z; ] @ ty(2)

= {L.VIREAE/NZ, ) exp [-2 (7A&x/AZ1)"] ® ty()

- {L, V2ro2AGAE, [AZ L\ AE2 + A{E}
x exp |—2(rx/N\Z1)/(1/ A€} + 1/A80)] ®t,(x). (6B.1)
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Therefore, the AI of Talbot images is expressed as

o (2 [Cal exp (—21‘2/_\1'?) + Cag €Xp (-—2.1‘2/AI3)] ® ty(x), (6B.2)

where
Al‘i = /\ZL/’/TA&. (GB3>
Az, = (AZp/m)/1/AE2 +1/A82, (6B.4)

and two coefficients. C,; and Cyo, are dependent on Z; and fluctuation parameters.

and are given by

o= LA A, (6B.5)
Caz = Coo? A&AE, [/ ALE + AL, (6B.6)

respectively, where
Co=1,v2x/AZ;. (6B.7)

6.6.3 Derivation of Eq.(6.30)

By substituting Eq.(6.29) into Eq.(6.12), the following equation is obtained:

By using the property of the ¢ function and Eqs.(6.15) and (6.21), Eq.(6C.1) becomes




(I, (x)) = {IV2rA6/(AZ0) }exp [-2(rA&x/AZ1)°] © 6(x/AZ1)
® {(‘xp (—ag) ox/NZp) + Vor [1 — exp (—03” Nt
X exp {—‘2 (7(’A§OI//\ZL)2]} R ty(x)

— {]O \/Ef;j exp (—Ug) ._X&//\ZL} exp [~2 (FA{,‘.I‘//\ZL>2J ® ty(2)

+{I(27)¢2 11— exp (=02)] AEAE/(AZL) }exp [-2(rA&a/NZ; )?]

® exp [—2 (WA&)I//\ZL)Q} ® ty(x)

= {IV2rt2exp (—02) Ag JAZL}exp [—2 (rA&z/AZ1)°] @ ty()

& {[O\/%z‘z {1 — exp (—05)} AEAL[NZL \/Af;) + Aég}

exp [—2(ra/AZ;)*/(1/AE2 + 1/A8)] ®ty(2).
Therefore, Eq.(6C.2) is rewritten as
{(Izp(z)) = [C,)l exp (—21‘2/AI?) + Cpaexp (—Q.Y?Z/AI‘;)] ® ty(z),

where

Az, = (AZp/m)\/1/ AL +1/AE2,

(T C’Ofi exp (—ag) A&,

Cpo = Cots |1 — exp (—02)] AgiAE,/ VA + AE2

with Ax; and C, given by Eqs.(6B.3) and (6B.7).
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Chapter 7

Realization of multiple images due
to the partially coherent light from
a Gaussian Schell-model source

7.1 Introduction

Array sources are demanded to realize optical multiplex communication systems and
optical parallel processing in the future. As a method of realizing array sources, semi-
conductor array lasers [53, 57, 71] fabricated on a monolithic substrate and connected
with micro-optic components are widely expected. Moreover, array generators (array
illuminators) [72]-[74] are also expected as a simple method of splitting an incoming
beam of light into an array of many light spots. However, these methods are applied
only to the coherent light under which, in general, the optical systems cannot avoid the
speckle noise [3]. Therefore, array sources for the partially coherent light are expected
to achieve the low speckle noise and to supply the high-power light.

In this chapter, a method of realizing the multiple images with the spots similar
to a Gaussian Schell-model (GSM) source [21, 22] is introduced by using the grating
having the apertures of the opening with the Gaussian amplitude transmittance. The
GSM source has a Gaussian intensity profile and a Gaussian complex degree of spatial
coherence with stationarity [5] and radiates the partially coherent light which is called
as a GSM beam [21, 22]. Moreover, a coherent Gaussian laser source and a Gaussian

(uasi-homogeneous source [48] are regarded as the limiting cases of the GSM source.
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In Sec.7.2, the average intensity (AI) at the observation plane of the Fresnel diffrac-
tion region from the GSM source is derived, under illumination of the GSM beam over
the grating with an arbitrary complex amplitude transmittance, by the propagation
law of the ambiguity function (AF) [34]-[36]. The AF is a powerful tool for analyzing
the partially coherent light field, because the propagation of the AF is easily described
only by changing the argument without changing its functional form in the paraxial
approximation [35]-[36]. That is, when the AF A._. (Av, Ax) at the plane of 2=z is
known, A._. (Av, Ax) at the plane of =2, in the Fresnel diffraction region is given

<~

by (see Eq.(2.19))
Areny (AV, Az) = A, [Av, Az — M22 — 21) AV, (7.1)

where A is the wavelength, and Av and Az denote the spatial frequency difference
and the two-point distance, respectively. In addition, the AI (I.(2)) at the z plane is
obtained by an inverse Fourier transform of A.(Av,Ar=0) with respect to Av in the

form (see Eq.(2.15))
Chobe ) o= /A:(_\u, Az = 0) exp(27miAvz)dAv. (7.2)

In Sec.7.3, the condition for the locations of both the grating and the observation
plane to realize the multiple images with the spots similar to the GSM source is consid-
ered. Moreover, for the grating having the apertures of the opening with the Gaussian
amplitude transmittance, the multiple images are evaluated by changing the source
size, the spatial coherence length of the source, and the fill factor (the opening ratio)

of the grating. Finally, conclusions are described in Sec.7.4.

98




7.2 Average intensity at the observation plane

Consider the situation in Fig.7.1 that the grating with an arbitrary complex amplitude
transmittance is illuminated by a GSM beam, i.e., the partially coherent light radiated
from a GSM source, and is placed in the Fresnel diffraction region at a distance z; from
the GSM source. Moreover, the observation plane is placed in the Fresnel diffraction
region at a distance z» from the grating. For simplicity, the coordinates  is commonly
used for the GSM source, the grating, and the observation plane.

In the following. the AI at the observation plane is derived by the propagation law

of the AF which is valid in the paraxial domain.

Gaussian Schell—
model source

grating observation
plane
2 | )
74

Figure 7.1 Optical coordinates at the GSM source, the grating, and the observation
plane.

99




7.2.1 Ambiguity function of the Gaussian Schell-model source

The cross-spectral density (CSD) W, (21, x2) [3], [7]-[10] of a GSM source radiating the

partially coherent monochromatic light is given by [21]

Wol@1,22) = v/ Lo(a1) L(a2)70(22 = 21), (7.3)

where [,(x) and 7,(2) denote the optical intensity distribution and the complex degree
of spatial coherence of the source, respectively. In the present study, I,(x) and ~,(z)

are given by

I(z) = I, exp (—‘2;1’2/(12> . (7.4)

A/o(-z'> = €Xp (—12/215) " (7':))

respectively. In Eqs.(7.4) and (7.5), I,, a and x, are the central intensity, the size,
and the spatial coherence length of the source, respectively. In the following analysis,
the ratio o of x, to a is used as the normalized spatial coherence length of the source

defined by

g =l (7.6)

The limiting cases of this parameter result in a coherent Gaussian laser source for
0 — oo and a Gaussian quasi-homogeneous source [48] for o < 1.
Then, by changing the arguments as v=(x;+x5)/2 and Ar=xo-1; (i.e., the two-

point distance), Eq.(7.3) is rewritten in the form

! 212 1 1 5 s
Wole, &x) = I,exp | —— | exp 3 (1 + —)) A.‘r“} . LE T
i 2a° g=

On the other hand, the AF A(Av, Ax) of the CSD W (x, Az) has already been intro-
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duced in Eq.(2.11) [14], [34]-[36]:
A(Av, Az) = /U’(I._\.1‘)Oxp(—'Zm'.z’._\.l/)(l;r. (7.8)

where Av is the spatial frequency difference. By substituting Eq.(7.7) into Eq.(7.8),

the AF for the GSM source is obtained as

TalAv)? 1 1 .,
A(Av, Az) = A0, 0) exp *(/_(11_/) exp [——9 (1 + —)> _\.;1'2} ., (7.9)
2 e b o=
where A4,(0,0) is the constant value given by
A10.0) = /w21, 0. (7.10)

7.2.2 Ambiguity function just before the grating

Next, consider the AF A.;_(Av, Ax) just before the grating placed in the Fresnel
diffraction region at a distance z; from the source. In this case. by applying Eq.(7.1)

to Eq.(7.9), A,1_(Av, Az) is easily obtained as

Aa-(Av,Az) = A Av, Az — 5 Av)

Talv)?
3 AAQOMM)L15L11}

2

X exp

3

(7.11)

1 5
<L+fJ(AI—AQAUY.
~

a?

The physical meaning of Eq.(7.11) has already been investigated in detail in connection
with the GSM beam parameters (given lately by Eqs.(7.18) and (7.19)), by using the

equi-AF ellipse (i.e.. a trajectory of the AF at a constant value) (see Chapter 4).
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7.2.3 Ambiguity function just behind the grating

In general, the periodic amplitude transmittance t,(x) of a grating can be described

by a Fourier expansion as

Z”n exp (12,( n—> (7.12)
d

where n is an integer in the region extending from -oo to oo. Moreover, a, and d
denote a Fourier expansion coefficient of ¢,(z) and a period of the grating, respectively.

In addition, when ¢,(z) is deterministic, the CSD W, (z, Az) of ty(7) is written as

Wolz,Az) = t,(z+ Az/2)t (z — Az/2)
T+ Ax/2 x—Ax/2
= > anexp |i27n e Z a,, exXp —2727('177(1 t/2)
n (] m ([
A T
= Z Z Gl EXD [zr(n +m) 1[} exp [1’27('(11, — m)ﬂ . (1S
n m ¢ i

Then, with the help of Eq.(7.8), the AF A ,(Av, Ax) of the grating is obtained as

A.,, : il
AAAT A e S D [z’rr(n+77z)7l}b<_&1/—n '”). (7.14)

n m (]

The AF A.;, (Av, Ax) just behind the grating is obtained by performing the con-

volution integral of A.;_(Awv,Ax) and A,(Av, Az) (see Chapter 6), and it is given

by

Aa(Av,Az) = A _(Av,Az) ® Ay (Av, Az)

Fy

d

= A,(0,0)) Y a,a}, exp [m(n +m)

n m

[ 2

(ra)* ( 72—777)2
Xp | — Ay —
X exp e v y

[ 1 1 — m\)?2
X exp (1+ ) {_\..z‘—/\:l <_\.1/— - m)} A e10)
] " 2q2 g- d
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where ® denotes the convolution integral.

7.2.4 Average intensity at the observation plane

Finally, the AF A.(Av, Ax) is derived at the observation plane of the Fresnel diffraction

region, a distance z(=z;+25) from the source. Use of Eq.(7.1) in Eq.(7.15) vields

A (Av,Az) = A..(Av, Az — Az2Av)

Ax — A:-)A
- ‘40(0_0)22(1”(1\; exp [iﬁ(}l +m) 1 . 9 1/}

n m

[ (7wa)? < n—m>'2
X exp |— Av —
exp - Y 5

o d

[ 1 1 1 —m\ 2
o | (1 + —> (A.z' = A e ’”) J (7.16)

Successively, by substituting Eq.(7.16) into Eq.(7.2), the AI (I.(z)) is obtained as

(see Subsection 7.6.1)

Lt = /A:(Az/. Axr = 0)exp(2riAva)dAv

oY 2 1
= Eif Z Zanaj‘n exp [——.—, {—2(71 — m)d} (1 + ——;)J
n m ll‘; :T 0-—
= 2 2
KERD fro— {1* — —2(77 + m)d} ]
| ws 2
g ’.2 n—m (R:—:Qﬂ
exp 127
: e d Tty
[ : o 20 (R, — 2
X exp |—i2m(n? — 772‘2)—2 <~—2>} , (7.17)
- T R:

where w, and R. are the beam radius and the wave-front—curvature radius of the

GSM beam at the observation plane, a distance z from the source in the free-space
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propagation. These are given, as a function of z, by [21]

2
AZX 1 i s
vo=a1+ (25) (14 3). 15)
wa- =

1 —
R:::{1+(/\:'/7(12)2(1+1/02)}' i)

respectively. Moreover, z¢ in Eq.(7.17) is the Talbot distance resulting from the grating

and is given by [32]

P (7.20)

In Eq.(7.17), I.(0) is the constant value given by

LA = Liafw,. (.20

7.3 Multiple images with spots similar to the GSM
source

7.3.1 Conditions

In Eq.(7.17), consider the condition of

2o R: 2o o = . ~ ¢
—:< ) =N (N=1,23:). (7.22)
T R:

where N is a positive integer. This condition is the same as that to realize Talbot
images (i.e., self-images) [75] of the periodic object under illumination of a coherent
Gaussian laser beam except that the left term is multiplied by 1/2 (compare Eq.(7.22)

with Eq.(25) in Ref.[75]). The difference is caused by the fact that the Al is treated here
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while the amplitude is treated in Ref.[75]. Further, impose on Eq.(7.17) the condition
of

2= Mzp, (M=N+1,N+2,.---.2N), (7.23)
where M is a positive integer between N+1 and 2N (see Subsection 7.6.2). In partic-

ular, for the case of M=2N, z; and 2, are obtained from Eqs.(7.22) and (7.23) as (see

Subsection 7.6.2)

respectively.

In Eq.(7.24), a/d denotes the ratio of the source size a to the period d of the grating.
The necessary condition for the existence of z; with respect to a/d is decided by the
condition that the content of the root in Eq.(7.24) must take a value of 0 or more.
The severest case of this condition is o=0c and N=1 in Eq.(7.24). In this case, the

allowable range of a/d is obtained as

0<afd<y/4/7. (7.26)

It i1s easily understood in Eq.(7.24) that small values of a/d result in 2; ~ 2Nz,
irrespective of V and o. For example, z; becomes 1.96 Nz, for the case of a [d=0.5,
=00 and N=1. In this way, 21 ® 2Nzp in 0 < a/d < 0.5 (i.e., the source size a is less
than one half of the grating period d) for any values of ¢ and N.

Under these conditions, the AI (I.(x)) of Eq.(7.17) becomes

(I.(x)) = I.(0) Z Z GO, CXD {—-u% {2(n — 77’1)‘\'(]}2 (1 2 %>J

n m g

2 . — Y
X eXp {—7 {2 —2n+ nz)‘\'(l}z} exp (z‘zm " : /") . (7.27)
Us C
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In Eq.(7.27), w. is defined as

under the condition of z; &~ 2Nzp for 0 < a/d < 0.5.

7.3.2 Multiple images due to the grating with the Gaussian
amplitude transmittance

In the case that each aperture of the grating has the opening with the Gaussian am-

plitude transmittance, the amplitude transmittance t,(z) is expressed as

bl =0 <—.z'2/(13) ® Z o(r — nd), (7.29)

where a, is each aperture size of the grating. In particular, when the fill factor (the

opening ratio) f of the grating defined by
§ = 20,4 (7.30)

takes a small value (for example, 0 < f < 0.5), a Fourier expansion coefficient a, of

the grating is obtained as

1 7d/2

ok 2 (8
2 ) . ¢ L
By = - exp (—I” (1") exp (—127(-11—) dx
d J-d/> /4 d

by o e . J.‘
q /_OC exp <_3_-2/(L§> exp (—1‘27('7'25) dx

(\/ﬁ_f/Q) exp [~ (nrf/2)?] . (7.31)

Q
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By substituting Eq.(7.31) into Eq.(7.27), the normalized AI (i.(x)) is obtained. after

tedious calculations, as (see Subsection 7.6.3)

(i.(x)) = exp <— zz‘fz‘; ) {exp (— 221- ) ® Z o(xr + ‘212(1)} . (7.32)

env t spot n

where w,,, and wg,,; denote the extent of an envelop and the spot size of the multiple

1mages, respectively, which are given by

8Nd |14+1/c%2 1
Wenp = ) o SR
T (a/d)? Je

2ay = .
Waepor = 04/ 1 + < 3 ) .‘ (7.34)

respectively.

As aresult, Eq.(7.32) implies that the spots with the Gaussian intensity distribution
are realized at the period of 2d at the observation plane. That is, (i.(x)) represents
the multiple images with the spots similar to the GSM source. It is understood from
Eq.(7.33) that the extent w,,, of the multiple images is proportional to N given by
Eq.(7.22) and increases with decreases in a/d, o and f. On the other hand, the spot
S1z€ Wypor given by Eq.(7.34) is dependent only on a,/a, in such a way that it approaches

the source size a with a decrease of a,/a.

7.4 Evaluation of multiple images

In this section, the multiple images (i.(x)) expressed by Eq.(7.32) are evaluated quanti-
tatively by changing the parameters a/d, o and f, under the conditions of 0 < a/d < 0.5
and 0 < f < 0.5. In this evaluation, N is fixed to 1. because the effect of N on the
extent we,, of the envelop over the multiple images is apparent as mentioned previ-

ously. Furthermore, the number of the spots involved within w.,, is introduced as the
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parameter N. Such spots are specified to have the maximum values being exp(—2) or

more.

7.4.1 Effect of the source size

First, the effect of the source size a on the multiple images (i.(x)) was investigated by

changing a/d. The Al distributions (i.(x)) of the multiple images are shown in Fig.7.2

(a)

N\
e
NaJ
=
V
1.0
N\ :
/\ :
2
X |
\Vj £
0.0
(c)
A 1.0 j ;n; .
s i\ ]
e : .'
- : -
V :
0.0 1 1 1 1 1 1 1
—6 0 6
x/d
Figure 7.2 Multiple images (i.(z)) ( ——— ) for the case of 0=0.5, f=0.3 and N=1.

(a). (b) and (c) correspond to the results for a/d=0.1, 0.3 and 0.5, respec-

tively. Moreover, (

) denotes the normalized intensity distributions

of GSM sources placed at intervals of 2d.
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by the solid lines ( ——— ) for the case of 0=0.5, f=0.3 and N=1. Figures 7.2(a). (b)
and (c) correspond to the results for a/d=(a)0.1, (b)0.3 and (¢)0.5, respectively. It can
be understood from the figure that the extent of the envelop over the multiple images
becomes narrow with an increase of a/d. In the figure, the broken lines ( - - - - - )
denote the normalized intensity distributions of GSM sources placed at intervals of 2d.
By comparing the solid lines with the broken ones, as understood from Eq.(7.34), the
spot size of the multiple images approaches the source size with an increase of a/d.
For each case, the number N, of the spots in the multiple images was obtained
numerically as Ny=(a)58, (b)21 and (c)15, respectively. In Fig.7.3, the values of N,
are shown by the dots (e e e e) at intervals of 0.01 in 0 < a/d < 0.5, for the case of
0=0.5, f=0.3 and N=1. From this figure, it is understood that N, gradually increases
with decreasing source size a. This comes from the fact that the area illuminating the

grating with the GSM beam steeply increases with decreasing source size, for a given
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Figure 7.3 Dependence of N, (e o e ) on a/d at intervals of 0.01 in 0 < a/d < 0.5,
for the case of 0=0.5, f=0.3 and N=1.
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spatial coherence length of the source.

As a result, it was shown for the source size being small that the spots of the
multiple images are distributed in a wide region and that the spot size is larger than
the source size. On the contrary, for the source size being large, the distribution of the
spots becomes narrow but the spot size approaches the source size. In this way, the
distribution of the spots and the spot size of the multiple images are controllable by

changing the source size.

7.4.2 Effect of the spatial coherence length

Next, the effect of the spatial coherence length of the source on the multiple images
(i:(x)) was investigated. The AT distributions (i.(x)) of the multiple images are shown
by the solid lines ( ——— ) for the case of a/d=0.3, f=0.3 and N=1. Figures 7.4
| (a), (b), (¢) and (d) correspond to the results for o=(a)0.2, (b)0.5, (¢)1.0 and (d)oo,
| respectively. In the figure, the broken lines ( - - - - - ) denote the normalized intensity
| distributions of GSM sources placed at intervals of 2d. This figure shows that the extent
of the envelop over the multiple images becomes narrow with the increasing normalized
spatial coherence length o of the source. However, comparison of the solid lines with
the broken ones indicates that the spot size of the multiple images is unchanged by a
change in the normalized spatial coherence length o of the source. This is owing to the

fact that the spot size is independent of o, as understood from Eq.(7.34).
For each case, the parameter N, was obtained as (a)45, (b)21, (¢)15 and (d)13,
respectively. In Fig.7.5, the behavior of N, analyzed numerically is shown by the dots
| (o o o) in 0.01 <o <100, for the case of a/d=0.3, f=0.3 and N=1. This figure
| indicates that Ny is independent of ¢ in the range of ¢ > 1.0. However, it becomes
extremely large with decreasing ¢ in the range of ¢ < 1.0. This comes from the fact
that the area illuminating the grating with the GSM beam steeply increases with the

decreasing spatial coherence length of the source.
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Figure 7.4 Multiple images (i.(z)) (——— ) for the case of a/d=0.3, f=0.3 and N = 1.

(a). (b). (¢) and (d) correspond to the results for ¢=0.2. 0.5. 1.0 and oc.

respectively. Moreover, (

) denotes the normalized intensity distribu-

tions of GSM sources placed at intervals of 24.

As a result, the distribution of the spots in the multiple images due to the GSM
beam becomes wider as the source approaches a spatially incoherent state. On the

contrary, it becomes narrower as the source approaches a coherent state.
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Figure 7.5 Dependence of N, (e e e @) on o in 0.01 < ¢ < 100, for the case of
a/d=0.8; f=0.3 and N=1.

7.4.3 Effect of the fill factor of the grating

Finally, the effect of the fill factor f of the grating on the multiple images (i.(2)) was
investigated, and the results are shown in Fig.7.6 by the solid lines ( ——— ) for the
case of a/d=0.3, 0=0.5 and N=1. Figures 7.6 (a), (b) and (c¢) correspond to the results
for f=(a)0.1, (b)0.3 and (c)0.5, respectively. In the figure, the normalized intensity
distributions of GSM sources placed at intervals of 2d are also shown by the broken
lines ( - ---- ). It 1s seem from the figure that the extent of the envelop in the multiple
images becomes narrow with increasing f. On the other hand, it is understood by
comparing the solid lines with the broken ones that, with an increase of f, the the spot
size of the multiple images becomes larger than the source size.

In Fig.7.7, the behavior of the parameter N as a function of the fill factor f of the
grating is shown by the dots (e e e e) at intervals of 0.01 in 0 < f < 0.5, for the case

of a/d=0.3, 0=0.5 and N=1. From this figure, N is found to increase gradually with
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Figure 7.6 Multiple images (i.(z)) (——— ) for the case of a/d=0.3, 0=0.5 and N = 1.
(a). (b) and (¢) correspond to the results for f=0.1, 0.3 and 0.5, respectively.
Moreover, ( - - - - - ) denotes the normalized intensity distributions of GSM

sources placed at intervals of 2d.

[ decreasing approximately up to f=0.1, and then to increase steeply. This stems
from the fact that the light passing through the grating consisting of small apertures is
diffracted to wide directions, irrespective of the spatial coherence length of the source.

As a result, for the case of the fill factor of the grating being small, the spots of
the multiple images are distributed in a wide region and the spot size becomes almost
equal to the source size. However, the ratio of energy in the resultant multiple images

to that in the original GSM source becomes very low under the condition of the fill fac-
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Figure 7.7 Dependence of N, (e e e o) on f at intervals of 0.01 in 0 < f < 0.5,
for the case of a/d=0.3, 0=0.5 and N=1.

tor being very small, because the absorption of energy caused by the grating becomes
very large. This problem may be solved by a suitable phase grating instead of an

amplitude one.

7.5 Conclusions

In this chapter, the formation of the multiple images due to the grating under illumi-
nation of a GSM beam has been investigated. In the analysis, the grating consisting
of the apertures with the Gaussian amplitude transmittance and with the period of d
is used. The analysis is based on the propagation law of the AF, which is valid in the
paraxial approximation and from which the AI is derived.

As a result, the multiple images with the spots similar to the GSM source are

realized with the period of 2d at the observation plane of the Fresnel diffraction region
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at a distance 4N zp (N: a positive integer, 27: Talbot distance=2d?/\) from the GSM
source, when the grating is placed in the middle between the GSM source and the
observation plane. Moreover, by evaluating numerically the multiple images. it has
been revealed that the distribution of the spots in the multiple images becomes wide
with decreases in the source size, the spatial coherence length of the source, and the
fill factor of the grating.

The multiple images presented here should not be confused with those resulting
from the Talbot effect and the Lau effect [7], because the present multiple images are
realized under illumination of the partially coherent light. (The Talbot effect and the
Lau effect are realized by the completely coherent light and the completely incoherent
one, respectively.) Moreover, in the present case, the source is located to be a finite
distance from the grating, but this condition is not needed in the Talbot effect and the
Lau effect.

In this way, the present method of realizing the multiple images with the spots
similar to the GSM source can be applied to the the optical elements such as partially
coherent array lasers and array generators (array illuminators) for the partially coherent
light. Moreover, in another standpoint, our method can be applied to the method of
imaging a mask, for example, in the field of optical lithography.

Finally, it is pointed out that the results obtained in this chapter will also be
obtained by performing the analysis using the Wigner distribution function [35] which

has become popular in optics in recent years.

7.6 Appendices

7.6.1 Derivation of Eq.(7.17)

By substituting Eq.(7.16) into Eq.(7.2), the AI (I.(x)) is obtained as

<




LAz )y = Ah0.0) ZZ(z,)nm /(‘\p{

m

X exp ( > ( ){_\.z/—ml—(—]m)}zJ

i Azo(n + m
X exp 127 Av {.z’ — 2<_ )H dAv

— 4,(0,0) Z Z 1, /exp [—A(_\.z/ = B)Q}

X exXD [—C(Au 2 D)Q] exp [i2rAv(z — E)] dAv, (7A.1)
where
e
A “;’) (TA.2)
g n-m (7A.3)
d
1/ A2\ 1
e o R Gl e TA .4
j 2((1><+0—’> P
D (n—m) (TA.5)
2d
and
Azo(n + m) _
E=— : A.6
2d AR
Then, a part of the integral in Eq.(7A.1) is calculated analytically as
s e AR~ D) aiie {n(z — F)}? ¥ )[.2 % E)AB—FCD
XD | — Xp | — exp |127(r — F)————
Al A+C : AF0 : A+C
(TA.7)

116




Therefore. substitution of Eqs.(7A.2) to (7TA.6) into Eq.(7A.7) yields

2 1 2 25 2 1 2 <9 2
N el exp [““_-) { 4 (n.— m)d} (1 + —;)} exp {——; {1‘ -~ —=(n+ m)(i} }
T W, ws 2 a“ w2 Zr

. o290 (R, — 2 __
—1'277(122—172“)72—( - 2>] ,(7A.8)

where w.. R. and zp are given by Eqs.(7.18), (7.19) and (7.20), respectively.

Finally, Eq.(7.17) is derived by substituting Eq.(7A.8) into Eq.(7A.1).

7.6.2 Condition for M in Eq.(7.23) and derivation of Eq.(7.24)

By substituting Eq.(7.23) into Eq.(7.22), the following equation is obtained:

Hevz M 2 N
e sy ) (7B.1)
R. M

Since the left side part of Eq.(7B.1) takes a value between 0 and 1, M must take a
value of N+1 or more:

M>N4+1, (7B.2)

by which the lower limit of M is decided.

On the other hand, by using the parameters of z, and C' defined by

2o = WA TA, (7B.3)
1 -
(las bl e ol (7B.4)
-

=1
o
R




Moreover, since :=z1425 and zo=Mz7 in Eq.(7.23), Eq.(7B.5) becomes

]

1 2
o s ) K B ) . 7B.6

W RT (C) s
Then, substitution of Eq.(7B.6) into Eq.(7B.1) produces

(M — N)YC?27 + M(M = 2N)C?2p21 + {(.\1 — N)z2 — C%\[‘-’.\'.:I;i} =0. TB.T

and z; is calculated analytically as

~

2 = - 2 =+
J Sl 2AM — N)C

& SN M2 5 )2 — 2‘\[_‘\-:02
M(M —2N) | /(M2Czr)2 — {2 2 o

In order for at least one positive real solution to exist, the following two conditions

must be satisfied simultaneously:

M I £ (7B.9)
and
A\[.’) CZT
o 7B.10
M—-N 22, = P

Equation(7B.9) corresponds to the condition that the axial equation concerning the
quadratic function of the left side part in Eq.(7B.7) must become 0 or more, and
Eq.(7B.10) corresponds to the condition that the discriminant for Eq.(7B.7) must be-
come 0 or more.

Therefore, from Eqs.(7B.2) and (7B.9). the condition for M is obtained as

N 1M <IN, (b1t )
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In particular, under the condition of

M=2N,

z1 (> 0) becomes a simple form of

(7B.12)

J1 = 2.\'3'[‘ \/1 = (

o 2
Q.VCZT) .

(7B.13)

Finally, Eq.(7.24) is obtained by substituting Eqs.(7.20), (7B.3) and (7B.4) into a part

of the root in Eq.(7B.13).

7.6.3 Derivation of Eq.(7.32)

Substitution of Eq.(7.31) into Eq.(7.27) yields

e =D (—ii)

m

where
2
Tf\"
(&
8N d
f=-—tg
w?
and

. ANd
" \w,o

. e
> exp <—c17712) exp(Bm) exp (—127‘”1“-——)

‘ | : n
X Y exp (—a 712> exp[(3 + ym)n] exp (1277;1,'——) :

2d

¥ (7C.1)

¥+1 (20
(e

(7C.4)

In general, the periodic function ¢(x) with the period d is expressed by the following
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two forms

) = Alp)e Z o(x — nd) (7C.5a)
= ) apexp <z’2mz£) : (7C.5Db)
- d

where n is an integer in the region extending from —oo to 0o, ® denotes the convolution
integral, 6 denotes the Dirac’s delta function, and A(x) denotes the complex amplitude
distribution in the range of n — d/2 ~ n + d/2. Moreover, a, is a Fourier expansion

component of the periodic function t(x) defined by

1 [d/2 . g
y, = — A(x) exp <~12mz— dx
@ =dls d
1 foo , 2 .
Y -—/ A(x)exp | —i2mn— | dx, (7C.6)
0 O d

where the approximate expression may be applied in the case that the extent of A(x)
is smaller than d/4 (for example, see Eq.(7.31)). Then, it is understood that a form
of Eq.(7C.5b) is rewritten as that of Eq.(7C.5a), by performing an inverse Fourier
transform of @, with respect to n/d.

From this relation, a part of ), in Eq.(7C.1) is rewritten as

2 exp i exp 5 m|e R
vie = exXpl|—lexp|—m]lexp|—m*°
* 1 4a 1 2a 1 4a

i 34 m :
Xp | ————— | exp | 20— il 3 :
X [Z {e\p [ 0(2(1/7‘_)2} exp <z v )} ® o(x + 272(1)} ,

n

(7C.7)

where a constant value is omitted. Then, by substituting Eq.(7C.7) into Eq.(7C.1),

(i.(x)) becomes
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Moreover, by using again the relation of Eqs.(7C.5a) and (7C.5b), a part of

m

Eq.(7C.8) is rewritten as

5 il 3?20 + 7)
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where a constant value is omitted. Then, by substituting Eq.(7C.9) into Eq.(7C.8),

Jon(2
-

(d/m)? 2(1 o+

(i.(x)) becomes

(A 5= exp(

X Z > exp

m

{I + (n — m)(l}zJ
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i

200 —
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Furthermore, by substituting Eqs.(7.28), (7C.2), (7C.3) and (7C.4) into Eq.(7C.10),




(i.(x)) becomes

(i.(x)) = exp <—— Qi‘l— ) ZZexp [— _)2 {r+(n-— 172)(1}2}

n o m spot
Z
f?+ (a/d)?c2/(1 + 02?)

X exp | —

(n+ 771)2}

[
X exp 127 (n + m

i 1
)4.\'(/ {f/(a/d)}2(1+1/02) + 1

J A OMEY

where we,, and w,, are given by Eqs.(7.33) and (7.34), respectively.

In particular, the third term of exp( ) in Eq.(7C.11) is regarded as a constant
weighting term for the second term of exp( ) (i.e., the spots of the multiple lmages).
However, the contribution of the third term is very small for arbitrary values of n and
m except n+m=0. (Under the condition of n+m=0. the third term becomes 1 for
any values of a/d, o and f. However, under the condition of |[n+m|=1, the maximum
value of the third term becomes exp(—4) & 2x 1072, for the case of a/d=0.5, c=0c and
f=0.5. Furthermore, under the condition of |[n+m|=2, the maximum value of the third
term becomes exp(—16) = 1077, for the case of a/d=0.5, c=00 and f=0.5.) Therefore,

by substituting n+m=0 into Eq.(7C.11), (i.(z)) is finally given by Eq.(7.32).
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Chapter 8

Concluding remarks

In the present study, the properties of the partially coherent quasi-monochromatic light
have been studied by using the mutual intensity (MI) and the ambiguity function (AF).

In Chapter 3, the spatial coherence properties of the optical field in the Fraunhofer
diffraction region produced from an optical fiber-end source have been studied by using
the MI. As a result, the optical fiber-end source radiating the independent plane waves
with random directions and phases is apparently different from the incoherent source
consisting of independent point sources. Moreover, the spatial coherence properties of
light from the optical fiber-end source are dependent strongly on the number of guided
modes of the optical fiber and, in particular, approaches those from the incoherent
source with the increasing number of guided modes. Therefore, it has been found
that optical fiber-end sources are the partially coherent sources by which the spatial
coherence properties can be controlled.

In Chapter 4, the equi-AF ellipse of a GSM beam in the phase space has been
studied in connection with the beam parameters. As a result, the area of the ellipse
1s constant regardless of the propagation distance of the beam, and it increases with
the increasing spatial coherence length of the GSM source. An increase in area means
an increase in uncertainty of the beam in the phase space. Moreover, the width of the
ellipse on the spatial difference axis is equivalent to the extent of the autocorrelation
of the beam, and it is also equivalent to the depth of the waist region of the beam.
Theretore, it has been found that the unknown spatial coherence length of the source

can be measured from the equi-AF ellipse, and this fact has suggested a new method
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of measurements of the spatial coherence length.

In Chapter 5, the spatial coherence properties of semiconductor array lasers have
been studied by using the MI in connection with far-field patterns of fluctuating super-
modes. As a result, the contrast of the far-field patterns becomes low with increases in
the integrated intensity and the spatial correlation length of the fluctuating component
of supermodes. Moreover, the contrast is independent of the order of supermodes. and
it becomes high with the increasing number of emitters in the array laser. From this
study, the coherence properties of array lasers have been clearly related to far-field
patterns of supermodes.

In Chapter 6, the Talbot effect under illumination of the partially coherent light has
been studied by using the propagation law of the AF. As a result, the contrast of the
Talbot images becomes low with decreases in parameters: the spatial coherence length
of the illuminating light, and the spatial correlation lengths of amplitude and phase
fluctuations of the Ronchi grating. In particular, the effect of the spatial correlation
length of the phase fluctuations on the contrast is most noticeable. These results have
explained Talbot images of the partially phase-locked array sources where each emitter
has amplitude and phase fluctuations.

In Chapter 7, an array generator for the partially coherent light has been studied
by using the propagation law of the AF. As a result, multiple images with Gaussian
intensity spots are realized at the observation plane, a distance 4Nzp (N: a positive
mteger, zp: Talbot distance) from a GSM source, when the grating of the aperture
with a Gaussian amplitude transmittance is placed in the middle between the GSM
source and the observation plane. In particular, the number of spots of the multiple
images increases with decreases in the source size, the spatial coherence length of the
source, and the aperture size of the grating.

In conclusion, it is expected to apply the results of the present study to the optical

systems using the partially coherent light in the future.

124




Acknowledgments

[ would like to express my sincere appreciation to Prof. T. Asakura for his continuous
guidance and encouragement throughout the whole course of the present work, without
which this dissertation would not have been possible. I would like to express my thanks
to Prof. N. Takai at Hokkai-Gakuen University for his useful discussions and advice
on the present work. I wish to thank Profs. Y. Ogawa, Y. Ohtsuka, R. Ohba and 1.
Suemune for their suggestions and guidance. T am also grateful to my wife for her full

understanding and support.

125




Bibliography

[1] T. H. Maiman: “Stimulated optical radiation in ruby,” Nature 187, 493-494 (1960).

2] F. P. Kapron, D. B. Keck and R. D. Maurer: “Radiation losses in glass optical

waveguides,” Appl. Phys. Lett. 17, 423-425 (1970).

[3] J. W. Goodman: “Statistical Properties of Laser Speckle Patterns,” in Laser Speckle
and Related Phenomena, edited by J. C. Dainty, pp. 9-76 (Springer-Verlag. Berlin,

1975).

[4] F. Zernike: “The concept of degree of coherence and its application to optical prob-

lems,” Physica 5, 785-795 (1938).

[5] M. Born and E. Wolf: Principles of Optics, 6th edition, pp. 491-555 (Pergamon.
Oxford, 1980).

6] E. Wolf: “A macroscopic theory of interference and diffraction of light from finite
sources II. Fields with a spectral range of arbitrary width,” Proc. Roy. Soc. Lon-

don (A) 230, 246-265 (1955).

[7] M. J. Beran and G. B. Parrent, Jr.: Theory of Partial Coherence, pp. 1-44 (Prentice-
Hall, New Jersey, 1964).

8] J. Perina: Coherence of Light, pp. 1-46 (Van Nostrand Reinhold, London, 1972).

[9] A. S. Marathay: Elements of Optical Coherence Theory, pp. 27-181 (John Wiley
& Sons, New York, 1982).

[10] J. W. Goodman: Statistical Optics, pp. 157-236 (John Wiley & Sons, New York,




1985).
[11] P. M. Woodward: Probability and Information Theory with Applications to Radar,

pp. 115-125 (Pergamon, London, 1953).

[12] M. L. Skolnik: Introduction to Radar Systems. 2nd edition. pp. 411-420 (McGraw-

Hill, Singapore. 1980).

[13] A. Papoulis: “Ambiguity function in Fourier optics,” J. Opt. Soc. Am. 64, 779-788
(1974).

[14] K. Dutta and J. W. Goodman: “Reconstructions of images of partially coherent ob-

jects from samples of mutual intensity,” J. Opt. Soc. Am. 67, 796-803 (1977).

[15] N. Takai, H. Yoshimura and T. Asakura: “Propagation of ambiguity function of
partially coherent light emerging from quasi-homogeneous sources,” Bull. Fac. Eng.

Hokkai-Gakuen Univ. 20, 187-202 (1993).

[16] N. Takai, H. Yoshimura and T. Asakura: “Spatial coherence properties of light from
optical fibers,” Proc. SPIE 976, 143-149 (1988).

[17] H. Yoshimura, N. Takai and T. Asakura: “Spatial coherence properties of light from
optical fibres,” Opt. Quantum Electron. 24, 631-646 (1992).

[18] D. Marcuse: Principles of Optical Fiber Measurements, pp. 1-10 (Academic, New

York, 1981).

[19] P. H. van Cittert: “Die wahrscheinliche schwingungsverteilung in einer von einer
lichtquelle direkt oder mittels einer linse beleuchteten ebene,” Physica 1, 201-210

(1934).

[20] H. Yoshimura, N. Takai and T. Asakura: “Equi-ambiguity-function ellipse of Gauss-

1an-Schell model beams,” J. Opt. Soc. Am. A 11, No.3 (1994) (to be published).

[21] A. T. Friberg and R. J. Sudol: “Propagation parameters of Gaussian Schell-model

beams,” Opt. Commun. 41, 383-387 (1982).

127




[22] A. T. Friberg and R. J. Sudol: “The spatial coherence properties of Gaussian Schell-

model beams,” Opt. Acta 30, 1075-1097 (1983).

(23] H. Yoshimura, N. Takai and T. Asakura: “Far-field analysis of fluctuating super-

[24]

25]

modes radiated from phase-locked array lasers,” IEEE J. Quantum Electron. 30,

No.2 (1994) (to be published).

J. K. Butler, D. E. Ackley and D. Botez: “Coupled-mode analysis of phase-locked

injection laser arrays,” Appl. Phys. Lett. 44, 293-295 (1984).

J. K. Butler, D. E. Ackley and D. Botez: “Coupled-mode analysis of phase-locked

injection laser arrays — Erratum,” Appl. Phys. Lett. 44, 935 (1984).

[26] E. Kapon. J. Katz and A. Yariv: “Supermode analysis of phase-locked arrays of

semiconductor lasers,” Opt. Lett. 10, 125-127 (1984).

[27] E. Kapon, J. Katz and A. Yariv: “Supermode analysis of phase-locked arrays of

[28]

semiconductor lasers — Erratum,” Opt. Lett. 10, 318 (1984).

J. K. Butler, D. E. Ackley and M. Ettenberg: “Coupled-mode analysis of gain and

wavelength oscillation characteristics of diode laser phased arrays,” IEEE J. Quan-

tum Electron. QE-21, 458-464 (1985).

[29] H. -J. Yoo. J. R. Hayes, E. G. Paek, A. Scherer and Y. -S. Kwon: “Array mode

analysis of two-dimensional phased arrays of vertical cavity surface emitting lasers,”

IEEE J. Quantum Electron. 26, 1039-1051 (1990).

[30] H. Yoshimura, N. Takai and T. Asakura: “Effects of amplitude and phase fluctua-

tions of the Ronchi grating on Talbot images under illumination of the partially

coherent light,” J. Mod. Opt. 40, 825-839 (1993).

[31] H. F. Talbot: “Facts relating to optical science. No.IV,” Phil. Mag. 9, 401-407

(1836).

[32] K. Patorski: “The self-imaging phenomenon and its applications.” in Progress in

128




Optics, vol. XXVII, edited by E. Wolf, pp. 1-108 (Elsevier, Amsterdam, 1989).

[33] H. Yoshimura, N. Takai and T. Asakura: “Realization of multiple images due to
the partially coherent light from a Gaussian-Schell model source,” J. Opt. Soc.

Am. A 11 (1994) (to be published).

[34] J. -P. Guigay: “The ambiguity function in diffraction and isoplanatic imaging by

partially coherent beams,” Opt. Commun. 26, 136-138 (1978).

[35] K. -H. Brenner and J. Ojeda-Castanieda: “Ambiguity function and Wigner distri-
bution function applied to partially coherent imagery,” Opt. Acta 31, 213-223
(1984).

[36] R. H. Clarke: “Ambiguity function for time-varying random diffracted fields,” J.

Opt. Soc. Am. A 3, 1224-1226 (1986).

[37] B. J. Thompson and C. Roychoudhuri: “On the propagation of coherent and par-

tially coherent light,” Opt. Acta 26, 21-34 (1979).

- —

[38] J. W. Goodman: Introduction to Fourier Optics, pp. 57-76 (McGraw-Hill, San

Francisco, 1968).

[39] C. Pask and A. W. Snyder: “The van Cittert-Zernike theorem for optical fibres,”

Opt. Commun. 9, 95-97 (1973).

[40] E. G. Rawson, J. W. Goodman and R. E. Norton: “Frequency dependence of modal

noise in multimode optical fibers,” J. Opt. Soc. Am. 70, 968-976 (1980).

[41] M. Imai. S. Satoh and Y. Ohtsuka: “Complex degree of spatial coherence in an opti-

cal fiber: theory and experiment,” J. Opt. Soc. Am. A 3, 86-93 (1986).

[42] M. Imai, Y. Ohtsuka and S. Satoh: “Spatial coherence analysis of light propagation
in optical fibers by interferometric methods,” J. Opt. Soc. Am. A 3, 1059-1064

(1986).

[43] D. Marcuse: Light Transmission Optics, 2nd edition, pp. 348-414 (Van Nostrand

129




Reinhold, New York, 1982).
[44] R. E. Epworth: “Modal noise — causes and cures,” Laser Focus 17, 109-115 (1981).

[45] J. W. Goodman and E. G. Rawson: “Statistics of modal noise in fibers: a case of

constrained speckle,” Opt. Lett. 6, 324-326 (1981).

[46] N. Takai and T. Asakura: “Statistical properties of laser speckles produced under
illumination from a multimode optical fiber,” J. Opt. Soc. Am. A 2, 1282-1290

(1985).

[47] N. Takai and T. Asakura: “Laser speckles produced by a diffuse object under illu-
mination from a multimode optical fiber: an experimental study,” Appl. Opt. 27,

297-562 (1988).

[48] W. H. Carter and E. Wolf: “Coherence and radiometry with quasihomogeneous pla-

nar sources,” J. Opt. Soc. Am. 67, 785-796 (1977).

[49] T. Asakura and N. Takai: “Dynamic laser speckles and their application to velocity

measurements of the diffuse objects,” Appl. Phys. 25, 179-194 (1981).

[50] E. Collett and E. Wolf: “Beams generated by Gaussian quasi-homogeneous sources,”

Opt. Commun. 32, 27-31 (1980).

[51] J. A. Ratcliffe: “Some aspects of diffraction theory and their application to the
ionosphere,” Rep. Prog. Phys. 19, 188-267 (1956).
[52] T. L. Paoli, W. Streifer and R. D. Burnham: “Observation of supermodes in a

phase-locked diode laser array,” Appl. Phys. Lett. 45, 217-219 (1984).

[53] P. L. Gourley, M. E. Warren, G. R. Hadley, G. A. Vawter, T. M. Brennan and B.
E. Hammons: “Coherent beams from high efficiency two-dimensional surface-emit-

ting semiconductor laser arrays,” Appl. Phys. Lett. 58, 890-892 (1991).

[54] D. Botez: “Array-mode far-field patterns for phase-locked diode-laser arrays:

coupled-mode theory versus simple diffraction theory,” IEEE J. Quantum Electron.

130




QE-21, 1752-1755 (1985).
[55] D. Botez: “Author’s reply,” IEEE J. Quantum Electron. QE-22, 376 (1986).

[56] D. E. Novoseller and D. Botez: “Phase-locked laser array far-field normalization,”

IEEE J. Quantum Electron. 25, 1179-1181 (1989).

[57] G. R. Hadley. J. P. Hohimer and A. Owyoung: “Free-running modes for gain-guided

diode laser arrays,” IEEE J. Quantum Electron. QE-23, 765-774 (1987).

[58] D. R. Scifres, R. D. Burnham and W. Streifer: “Phase-locked semiconductor laser

array,” Appl. Phys. Lett. 33, 1015-1017 (1978).

[59] D. R. Scifres, R. D. Burnham, W. Streifer and M. Bernstein: “Lateral beam colli-
mation of a phased array semiconductor laser,” Appl. Phyvs. Lett. 41, 614-616

(1982).

[60] N. Takai, H. Ambar and T. Asakura: “Spatial coherence measurements of quasi-
monochromatic thermal light using double-exposure specklegrams,” Opt. Commun.

60, 123-127 (1986).

[61] B. Smoliniska and A. Kalestyiiski: “Autoidolon of quasi-periodic optical objects.”

Opt. Acta 25, 257-263 (1978).

[62] A. P. Smirnov and A. D. Galpern: “Effect of errors of a periodic transparency on
Fresnel images,” Opt. Spektrosk. 48, 589-592 (Opt. Spectrosc. 48, 324-326)
(1980).

[63] R. Uma Maheswari, N. Takai and T. Asakura: “Talbot images by a spatially fluc-

tuating grating,” Opt. Commun. 81, 259-266 (1991).

[64] R. Uma Maheswari, T. Asakura and N. Takai: “Talbot images by a spatially ran-

domized array of dots,” Optik 87, 163-169 (1991).

[65] H. Fujiwara: “Effects of spatial coherence on Fourier imaging of a periodic object,”

Opt. Acta 21, 861-869 (1974).

131




[66] A. P. Smirnov: “Effect of partial spatial coherence on the contrast of self-repro-
duced images of periodic transparencies,” Opt. Spektrosk. 61, 618-623 (Opt. Spec-

trosc. 61, 386-389) (1986).

[67] R. Sudol and B. J. Thompson: “Lau effect: theory and experiment.” Appl. Opt.

20, 1107-1116 (1981).

[68] L. Liu: “Partially coherent diffraction effect between Lau and Talbot effects.” J.

Opt. Soc. Am. A 5, 1709-1716 (1988).

[69] J. W. Goodman: Statistical Optics, pp. 361-384 (John Wiley & Sons, New York
1985).

[70] N. Takai: “Relation between statistical properties of surface roughness and the av-
eraged speckle intensity in the diffraction field,” Opt. Commun. 14, 24-29 (1975).

[71] D. Botez: “High-power monolithic phase-locked arrays of antiguided semiconductor
diode lasers,” IEE Proc. J 139, 14-23 (1992).

[72] N. Streibl: “Beam shaping with optical array generators,” J. Mod. Opt. 36, 1559-
1573 (1989).

[73] P. Szwaykowski and V. Arrizon: “Talbot array illuminator with multilevel phase

gratings,” Appl. Opt. 32, 1109-1114 (1993).

[74] M. T. Gale, M. Rossi, H. Schiitz, P. Ehbets, H. P. Herzig and D. Prongué: “Continu-
ous-relief diffractive optical elements for two-dimensional array generation,” Appl.

Opt. 32, 2526-2533 (1993).

[75] S. Szapiel and K. Patorski: “Fresnel diffraction 1mages of periodic objects under

gaussian beam illumination,” Opt. Acta 26, 439-446 (1979).

132




List of papers by the author

1. N. Takai, H. Yoshimura and T. Asakura: “Spatial coherence properties of light from

optical fibers,” Proc. SPIE 976, 143-149 (1988).

2. H. Yoshimura, N. Takai and T. Asakura: “Spatial coherence properties of light from

optical fibres,” Opt. Quantum Electron. 24, 631-646 (1992).

3. N. Takai, H. Yoshimura and T. Asakura: “Propagation of ambiguity function of
partially coherent light emerging from quasi-homogeneous sources,” Bull. Fac. Eng.

Hokkai-Gakuen Univ. 20, 187-202 (1993).

4. H. Yoshimura, N. Takai and T. Asakura: “Effects of amplitude and phase fluctua-
tions of the Ronchi grating on Talbot images under illumination of the partially

coherent light,” J. Mod. Opt. 40, 825-839 (1993).

9. H. Yoshimura, N. Takai and T. Asakura: “Far-field analysis of fluctuating super-
modes radiated from phase-locked array lasers.” IEEE J. Quantum Electron. 30,

No.2 (1994) (to be published).

6. H. Yoshimura, N. Takai and T. Asakura: “Equi-ambiguity-function ellipse of Gauss-

ian-Schell model beams,” J. Opt. Soc. Am. A 11, No.3 (1994) (to be published).

7. H. Yoshimura, N. Takai and T. Asakura: “Realization of multiple images due to
the partially coherent light from a Gaussian-Schell model source,” J. Opt. Soc.

Am. A 11 (1994) (to be published).

133










