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Abstract

We consider the minimization problem of the Allen-Cahn action functional with
an unequal double-well potential. For the stochastic Allen-Cahn equation switching
from one stable state to the other rarely occurs. The probability of switching is deter-
mined by the minimum of the action functional. We give an explicit description of the
minimum and its optimal path in one-dimension.
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1 Introduction

In this paper we consider the minimization problem of the scaled Allen-Cahn action func-
tional with an unequal double-well potential in one-dimension, that is, for ¢ > 0 and
w:[0,L] x [0,T] = R

T pL "(u
SO (u) = ‘11/0 /0 {Veu, + k(—sum + Wi())}2 dxdt, (1.1)

where W, : R — R is a double-well potential whose well-depths differ by order e, namely
We(s) = W(s) + bes (1.2)

where W is an equal double-well potential which has minima at +1 and 8 > 0 is a fixed
constant. The potential W, has two minima which deviate from 41 only slightly when ¢ is
small. We denote by «. and (. the two minimum points close to —1 and +1 respectively.
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This action functional originally comes from the stochastic Allen-Cahn equation. Switch-
ing between two deterministically stable states rarely occurs for the Allen-Cahn equation
driven by white noise (cf.(2.1)). The probability of this rare event is estimated by the
Wentzell-Freidlin theory of large deviations through the minimization problem of the ac-
tion functional.

A mathematical analysis of the equal well case, namely 6 = 0, is found in [8], [9], [12]
and [17]. The I'-convergence of the action functionals in one-dimension has been proved in
[9] and [17] and in higher dimensions (n = 2,3) in [12].

In particular, in one-dimension, if we assume the single multiplicity of the interface
measure, which is a delta-measure on the interfaces between two stable states (for the
exact expression of such measure, see Lemma 5.4), the action functionals SY formally
converges to

& e ¢ [T & 2
S{LIN K+ 1) = N ()| + 2 / ai(t)2dt), (13)
k=1 2 4 Jr, i=1

where {T;}L | is a sequence of times when new interfaces are created, N (k) is the total
number of interfaces at time T}, the constant ¢ := f_ll \/2W (s) ds and g;(t) is the location
of the i'" interface at time ¢.
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From the limit (1.3) we can interpret the action functional as the sum of “the nucleation
cost,” that is, the cost of creating new interfaces which cause jumps in energy levels, which
is the first term of (1.3), and a “propagation cost” which depends on the speed of the
moving interface, which is the second term of (1.3).

We remark that, of course, we have to be very careful about the multiplicity of the
interface measure especially in the weak formulation used geometric measure theory. Ac-
tually in [17] they remove the assumption of the single multiplicity by defining certain class
of measures and admissible functions. In this paper, in order to focus on observing the
effect of the difference of the well-depths, we assume the single multiplicity of the interface
measure (see remark 5.5).

Our problem is what happens when the depth of the wells differs by order . We
can expect that the velocity of the moving interfaces will be affected by the difference
of the well-depths and this effect will appear in the propagation cost. In order to show
such a phenomenon, we analyze the switching problem from the deeper stable state under
the Dirichlet boundary condition by means of studying the limit of the minimum of the
action functional S¢ among all functions u € C*°([0, L] x [0, T];R) with u(x,0) = a. and
u(z,T) = [, as € tends to 0. As our main result we explicitly describe the limit value of
the minimun of the action functional and its optimal switching path.

The analysis of interfaces is deeply related to the free energy in the Van der Waals-
Cahn-Hillard theory of phase transitions, defined by

_ [Pelual? | W(u)
E.(u) = /0 5t — dx. (1.4)

In a stationary problem the basic result by Modica & Mortola and Sternberg shows that for
general dimension n the energy I'-converges to the constant ¢y times the (n—1)-dimensional
Hausdorff measure of the interface between {u = +1} and {u = —1} as ¢ tends to 0, proved
in [14] and [11]. In one-dimension, it implies the number of the jumps between {u = 1}
and {u = —1}. For our potential W. we also define an energy functional E?(u) as

L 2 L
EY(u) ;:/0 5'“; +WEE(“) dm:EE(u)—i—/O Ou dz. (1.5)

For this energy we cannot ignore the contribution of the difference of the well-depths in
the limit. If we fix a time ¢, the energy E? should converge to which is the same I'-limit as
E. added to 0 times the difference of the volumes of the regions {u = 1} and {u = —1}.
We discuss these facts in Section 5.

The action functional Sf can be estimated by the difference of the energy Eg at two



different times, that is, for any 0 < t; < t9, we have

SEG (u) §2=t1

W(w) LA

I 1 2
:4/tl /0 {\/gut—%(—eum—i—i)} + dup(—eugy +

3
I 1
=3, [, (e et

> B (u)]i=t; — B2 (u)]i=1,-

(1.6)

to

d
N2 dadt + / aEg(u) dt

t1

W (w)
€

Thus to study the limit of the energy Eg it is helpful to understand how the action func-
tionals S behave as ¢ tends to 0.

One of our main ideas is to use a solution of a certain ODE in the transition profile.
In order to study the evolution of the interface we consider the optimal profile problem for
the energy Eg . While a transition profile is given simply by a hyperbolic tangent in the
equal-well case, we expect that it differs from a hypabolic tangent by the terms of order ¢.
This implies that it is appropriate to use a solution ¢. of the ODE,

Al ==l + Wl(¢:) in R (1.7)

under the boundary condition ¢.(—o0) = a. and ¢.(+00) = [, where A is of order ¢,
which is studied in [1] and [2]. Near one interface, we have u(z,t) ~ ¢-(L(z + %)t), which
implies that the additional speed of the moving interfaces comes from the constant % We
need this discussion for the construction of the upper bound of the action functional in
Section 4.

Organization We state how to relate the action functional to the stochastic Allen-Cahn
equation in next section. In Section 3, we state the mathematical setting and our main
result. In Section 4, we construct the upper bound. In Section 5, we introduce action
measures, prove some required lemmas and show the lower bound.

2 Connection to stochastic Allen-Cahn equation

In this section we briefly state the relationship between the stochastic perturbed PDE and
the action functional. We consider the following Allen-Cahn equation with a white noise,

{ Ut = Ugg — V'(u) + 290 in [0, L] x [0,T] (2.1)
Uz (0,t) = uy(L,t) =0 in [0,77, ‘

where v > 0 is a constant, 1 is a space-time white noise and V : R — R is a double-well
potential. For the deterministic case, there are the two stable states o and 3 corresponding
to the two minima of the potential V. On the other hand, for the stochastic case, the switch



between the deterministically stable states happens with a small probability. Faris and
Jona-Lasinio showed the probablity of this switching is determined by the minimum of the
action functional [6]. The action functional associated with (2.1) is defined by

T L
S(u) = i /0 /O (s — tpe + V' (w)}? dadt, (2.2)

which implies the finite L?-norm of the white noise. The probability P of the switching
from one stable state « to the d-neighborhood Bs(5) := {y € R| |3 —y| < &} of the other
stable state 3, is given by

%iir(l)’ylogP =—05 (2.3)

where 05 is the minimization of this action functional,

0S8 = inf{S(u)|lu € C*([0, L] x [0,T])
ug(0,t) = ug(L,t) =0, (2.4)
u(z,0) =, u(z,T) € Bs(8)}.
The probability of switching to the point 3 is obtained by taking limit as d tends to 0 in
the suitable sense (see [17]).
Therefore our problem is to analyze 6S and its minimizer. We apply the same termi-

nology to an unequal potential W, and consider the suitable scaled problem by rescaling
r — ex and t — €%t

3 Assumptions and Main Result

For € > 0, we consider the action functional defined by

T L 0
SO (u) = i/o /0 (Ve + %)2 dadt, (3.1)

where W, : R — R is a double-well potential whose depths are different given by

We(s) := W(s) + fes with W (s) = %(1 — 5%)? (3.2)

for some constant # > 0. We assume there are exactly three points a. < k. < (. where
W! =0. We set

W) _ W
S o S

0 ._
F; = —cug, +

+0. (3.3)

We consider the following minimization problem,

68¢ = uiéni S9(u), (3.4)
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where
A ={ulu € C>([0, L] x [0,T7])
u(z,0) = ag,u(x,T) = Be (3.5)
uz(0,t) = ugy(L,t) = 0}.

In this setting of the problem, we show the following limiting value of the minimum of the
action functional as € tends to 0.

Theorem 3.1. For the minimization problem (3.4), we have

C()L2 92NT
L .
ANT oL+ Co )

(3.6)

e—0

lim 65 = min(coN
€ NGN( 0LV +
Moreover, the minimal action path is a linear function with respect to t.

Remark 3.2. A description of the action minimum for an equal double-well potential is
given in [9] and [17]. We notice that taking 6 = 0, RHS of (5.6) agrees with the value of
the equal well case which they obtained. The change of the speed up the moving interfaces
appears in the propagation cost due to the effect of the different depth, while the nucleation
cost cgIN doesn’t change.

t
TV? - - -

0 L % EL

Remark 3.3. The number of interfaces N does not depend on the sign of the constant 0
since

We can also show the minimum for the opposite switching from the deeper stable state to
the other,
: : coL? 0°NT

lim 6S? = min(coN — 0L

e—0 ° N€N< oV + 4NT + Co )
by the slight change in our proof. Thus the cost is different but not the configuration for
going up or down between the energy wells.

(3.8)



4 Upper Bounds

In order to prove Theorem 3.1 we estimate the limsup and liminf of the minimal action
functionals. In this section we consider the limsup by constructing the upper bound. We
obtain the following.

Theorem 4.1. For the minimization problem of (3.4), we have

C()L2 92NT
0L
4NT + + Co

). (4.1)

li 659 < min(coN
meup 57 < piglent +

In order to prove it, we explictly construct a function U which converges to the RHS
of (4.1) as € goes to 0. We show the following claim.

Claim
For arbitrary 6 > 0, there exists a g¢ such that if € < ¢¢, then
col? 0>°NT

inf S?(u) < min(coN 0L
Anf Se(u) < min(eoN + 7 + 0L+ —

)+ 6. (4.2)

While the outline of the construction is along the lines of that in [8], we have to use a
different function as a transition profile. The effect of the difference of the well-depths
will appear in the propagation cost which is connected in the speed of the propagating
interfaces.

Transition profile
We use the solution ¢, of the following ODE,

{ Al = =l + W(¢e) in R (4.3)
limg oo () = e, limg i o0 de() = f: .

for the transition profile. We pick up the important facts which we need here. The existence
of a unique pair of (¢¢, A:) is proved in [1]. According to [2], the explicit expression of the
solution is given by

Be — e

be() = e + — , 4.4
)= 0 G (B — a0 (5 + )} 4

where ¢, is chosen as ¢.(0) = k., and

1
)\5 = E(Qﬁg — Qg — 55) (45)
By associating
0 0

aaz—1—§, ﬂgzl—g and k. ~ 0c (4.6)



with (4.5), we notice the relation

2
Ao = % with Ao = lim e 1A, (4.7)
Cp e—0

between A\; and 6 holds in the limit as € goes to 0. For the derivative of ¢, it holds that

o0

lim (¢L(x))2dx = cp. (4.8)

e—0 — o

Suppose that N interfaces are created. We observe one nucleation point. Let z¢ be a
nucleation point. Without loss of generality, we can assume xg = 0. We consider the action
on [—£.0] and [0, £], the neighborhood of the nucleation point. We set

() = {"58(%@1 —x)) ifx>0,

¢e(2(L1 + ) ifz<0. (4.9)

Here L; > 0 is a sufficiently small constant. For simplicity, we set L1 = /. Note that we
need to regularize ® at x = 0 since the derivative of ® is discontinuous.

We briefly state recall the outline of the construction. We divide the interval [0, 7] into
5 parts called stages.

U(zx,t)

Be

Qe

First, at some time Tp, we connect ®(z) to the neighborhood of c, by using the solution
of the time inverse PDE in Stage 2. We expect to obtain the nucleation cost of interfaces



in this stage. Then we linearly interpolate to a. at the initial time in Stage 1. In Stage
3, we propagate the interfaces by using a suitable linear function until it is close to the
Bs. The main idea is in this Stage 3. We have to pay attention to obtain the additional
propagation cost from the effect of the unequal-wells. Then we connect the neighborhood
of 3 by using a solution of PDE similarly to Stage 4 and again interpolate linearly in Stage
5 similarly to Stage 1.

Stage 2

First we observe only one interface on [0, £]. We solve the equation \/zu; — ﬁFg =01in
reverse for time with the initial value ® from some time ¢t = Ty. We set Ty = 0 for a while.
Let u(z,t) = u(x, —t), we obtain

(4.10)

Uy — TUge + 28 =0 in [0, L] x R,
u(z,0) = ®(x) in [0, £

According to Theorem 1 in [3], for sufficiently small & within time ¢ ~ £2|log e| we have

lii — el 20,0) = 0(e). (4.11)

Indeed, applying Theorem 1 in [3] to u, there exist positive constants €1 > 0, 79 > 0 and
My > 0 such that for any ¢ € (0,¢1),

L

a: —e <u(z,t) < f.+¢e for x €0, N}, t > 10e?| logel, (4.12)
u(z, 1oe%|logel) > B —¢  for x € QF (4.13)
u(z, 0% loge|) < ae +¢  for z € Q” (4.14)

where I
Ot ={z €|, N]]@(m) > ke + Moe|logel}, (4.15)

_ L
Q" ={z €0, N]]@(x) < ke — Moe|logel}. (4.16)

By (4.4) we have QF = [0, A.] and Q~ = [B., &] where A. = o(¢) and B: = o(¢). Thus
at t = 1oe2|log e| we obtain

5 A m gk
/ ]ﬁ—aa\deS/ —i—/ —i—/ U — ac|? da
0 0 Ae Be (4.17)
L

< cA; +cB: + 62N = o(e).

Thus (4.11) holds. The proof on [—%,O] is similar.



Let 71 = Ty — 10e?|loge| and wy(x) = @1 (x, Ty). We consider the action cost on this
stage. Since there are IV interfaces, let U; and ®p be functions repeating the above
construction connecting u; and ® N times between [0, L] and let U be a function connecting
Uy and @y using the solution of (4.10) in [T}, Tp)]. Since U is a solution of \/zU; — L F? =0

Ve
in (0, %] x [T1,Tp) we have

1
SLU t °n = / / \[Ut_%Ff) + AU F? dzdt

/ / UF? dzdt (4.18)

EJ(U)|s=1, — EZ(U)|s=1,
= Ef(ch) — E(n).

By (4.11), for sufficiently small € > 0, we have
L
EY(UY) > E.(UY) +/ OU, dz > —0L + ofc). (4.19)
0

For one interface by scaling back y = % and since W, (®(y)) = ((D/(y)) + We(ae) +
Ae [V (®'(s))ds by (4.3), we have

% 2 L 10012
/0 s(q;z) N ng(fb) gy /LJLV (® (Qy)) W) dy
L (4.20)
e Y
= /LllLV () + We(oe) + )\5/ (®'(s))ds dy.

Since the interface moves by the speed L1 = /e, the third term of (4.20) vanishes as ¢
tends to 0. Indeed, for an arbitrarily small constant n > 0,

/ / (@(s dsdy_/Ll / /L_/ )) dsdy
f{(Ll—i—Qn) / T @ (s) ds + / / ) dsdy).

Let § > 0 be an arbitrary constant and fixed. For sufficiently small ¢ > 0, by (4.7) and
(4.8), we have

(4.21)

L
N e(®,)2  W.(P) 0L
de < cg — —= + 6. 4.22
/0 L L -t (4.22)
Thus we obtain
EX(®n)|[27 < Neo— 0L+ 4. (4.23)
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y (4.19) and (4.23), we obtain the action cost
SUU)g, <OL+ Ny — 0L +6 = Neg + 6. (4.24)

Stage 1
We linearly interpolate from U; to a.. We extend the lemma of Faris and Jona-Lasinio [6]
to the unequal-well case in our scaling.

Lemma 4.2. For bounded functions vi(x) and va(z) such that ||5_%Ff(v1)||Lz(0,L) and

Hs_%Fe(vg)HLz (0,0) are uniformly bounded, we define the linear interpolation v(x,t) =
vi(@)(1 — L) + ve(x)t for 0 < t < 7. Then there exists a constant cp > 0 and a time
0 < tp < T such that the corresponding v satisfies

_1
SE()[iEy < ere™2 |z — villL2(0.1)- (4.25)

Proof. Let tr be fixed (we choose it later).

NiEo = /tp/ fvt+—F9( ))? dadt

tp tp L 1
< / / ev? da:dt+/ / —{Ff(v)}? dzdt
2Jo Jo 2Jo Jo €

For the first term of (4.26), we have

tr tp
/ / Evt drdt < = / / vy — 1) 2 dxdt
(4.27)

< ?HW il 20,1

(4.26)

Next we consider the second term of (4.26). We set tp = {;_—g and L = L. By scaling

(y,s) = (1 — %)ﬁ(y) + iv}(y) with y = £ and s = %, we have

/tp/ LR ()12 dudt = / /{Fe{v 12 dyds. 28)

where F%(v) = —y, + W/(7). Hence there exists a constant ¢ > 0 and a bounded function
p(s) satisfying

/ {F{©)}* dy < HFQ(m)HL2 of) T 179 (@))3, of) P < cr”. (4.29)
Thus we obtain ~ N -
1 /tF /L 0/~ 2 CFQtF C%ﬂtp
B {F"(0)}" dyds < = : (4.30)
2Jo Jo 2 2e2

11



Consequently by (4.27) and (4.30) we obtain

2
0,0\t € 2 CFlF
Se (U)|tio < 2Up |v2 — UlHLQ(O’L) o2 (4.31)
3
Here we choose tp = %va —v1l[z2(0,1), and the claim follows. O

Applying Lemma 4.2 to v1 = a, and vy = Uy, there exist a constant cp > 0 and a time
tr > 0 such that

SUUIE, < epe™2[lae = Uil 2(0,0). (4.32)
By (4.11), for 6 > 0 fixed before, we can choose ¢ small enough to satisfy
1 4]
e 2llae = Utllz20,0) < —- (4.33)
CF

Set Ty = tr + 10e2|log e|. Consequently, we obtain the action cost in Stagel,
SO, <6 (434)

Stage 3
We denote the location of interfaces by @ = 4(L; —e At + H(t)). We solve the variational
problem what H(s) minimizes the action functional later. Let

Ly = Ae ™+ H(®) - >0
'U(x,t): (bﬁ(i( 1 e€ . + ( ) .Z')) r =U, (435)
G(2(L1 — Aee™ 't + H(t) +x)) = <O0.
by using the solution ¢. of ODE (4.3) and set
u(z,t) = v(x,t — Tp). (4.36)
Since
up=v; = (=X +eH' (1)), and gy = vgy = € 2@ (4.37)
and ¢ is a solution of ODE (4.3), we obtain

(Veu + O)? = e (= e +eH ()0 — O + WL (6:)}?

1
—F
Ve © (4.38)
= (H'(t)gl)*.
Let t, > 0 be fixed and we choose it later.

1t - 1 g N

4/0 /_n(\[tJr\/gFE) dwdt
- op/:m'(t))?w;(i(m e U H(t) —a)Y dedt (439)
S RGO eI

12



Here we consider the variational problem of fgp(H '(t))? dt. For arbitrary g € C§°(0,t,)
and [ > 0 we can calculate the first variation

0= gl/op(H'(t) +1g'(t))? dt|i—o

—o [T g @) at (4.40)
0

= —2/0 H"(t)g(t) dt.

By the fundamental lemma of calculus of variations, H”(t) = 0. Thus, H(t) is a linear
function with respect to t. Let t, = T'— 2Tj. Since N interfaces propagate over a length L
in time t,, the velocity of interfaces is

L

+—-. 4.41
= (4.41)

On the other hand, since the location of interface is z = £(Ly — A.e 't + H(t)), therefore

xy = £(=Ae L4+ H'(1)). (4.42)
By (4.41) and (4.42), we obtain
H'(t) = de L + = (4.43)
: i, :

By (4.39) and (4.43), for one interface we obtain

- Veur + —F2)* dxdt
4 /o ,n( e )

1 tp 1 L 5 00
<= et =) dt "(y))? d 4.44
<t [0t gt [ ww? i (149
fti’ -1 i 2/00 / 2
=T g
Since t, =T — 2T} and (4.8), for § > 0 fixed before, we have

1 [te (7 1 T L
Z ZFN2 dadt < = (Mg + —)? 5 4.45
i) (Ve R s <G00+ e+ (4.45)

for sufficiently small € > 0. Let T = Tj + t,,. Since the number of interfaces is N, by (4.7)
we obtain the action cost

NT 2 L
NT 20 + —=)2co + 0. (4.46)

Se Ol < (& + 77

13



Stage 4
We set Us(x) as the function U of Stage 3 at time T5. In a way similar to Stage 2, we
use the solution of \/eus + %Ff = 0 with initial value U,. By applying Theorem 1 in [3]

again, there exists a 7 < 79 satisfying e 3 U2 — Bcll 12(0,1) < 0 within time ¢ = 73e*|log e].
Moreover, the action cost is 0 in this stage since u is the solution of \/eu + %Ff = 0.

Stage 5
We set Us(z) as the function of Stage 4 at time T3 = Ty + 13¢2|loge|. Let U be a linearly
interpolation from Us to B.. We obtain the action cost in Stage 5

SUU)fg, <6 (4.47)

as in Stage 1.

Consequently the upper bound follows from Stage 1-5.

5 Lower Bounds

Next we show the lower bound of the action functional agrees with the upper bound
constructed in Section 4. It is sufficient to consider a sequence {u.} with u. € A, which
has uniformly bounded action.

Theorem 5.1. Let {u:} be a sequence with u. € A; which has uniformly bounded action.

Then ) )
L 0“NT
0¥ oL+

AINT ” ). (5.1)

lim inf S? (u.) > %Gi%(coN +

e—0

5.1 Boundedness of Energies

The upper bound of the action functional easily leads to a bound on the energy Ef and
L?-norm of % The uniform bound of {E.} and {u.} also follows from it. Let {u.} be a

sequence with u. € A, which has uniformly bounded action and let Ay be the upper bound
of the action functional, that is, for sufficiently small £ > 0,

S2(uc) < Ao. (5.2)
By (1.6), for arbitrary time s € [0, 7], we have
ES(UE”t:s - Eg(“f)‘tzo < Sg(ua)' (5.3)

As a. =~ —1— %, the energy at t =0 is

L [0
B (u2)imo = F(0) = /0 Wloe) e = (04 ofe)L. (5.4)

14



Thus we obtain the bound on the energy
E?(u.)]i=s < Ag + (=0 + 0(e)) L < Ag (5.5)
for sufficient small € > 0. Moreover, since

Ag > S%(u.) > / / d dt + E? (uo) =7 — E? (ue)|i=0 (5.6)

and
EY(ue)|e=r = EZ(B:) > 0, EY(uc)|i=0 <0, (5.7)

> / / E2) e (5.8)

By taking liminf with respect to € and using Fatou’s lemma,

T L (072
Ay > i/ lim inf/ ) dxdt. (5.9)
0 0

e—0 IS

we obtain

Thus we can take a subsequence {¢;} for an arbitrary fixed time s € [0, T] satisfying

L F@ 2
0

&
Next we show the uniform bound of the energy {E.} and {u.}.

Lemma 5.2. Let {uc} be a sequence with u. € A, which has a uniformly bounded action.
Then {us} and {Ec(us)} are uniformly bounded for sufficiently small e > 0.

Proof. We restrict to {us > 1}. Since there exists a constant ¢ > 0 such that W(u;) >
c(us —1)2,

12
AOZ/ M—i—@ug d:cZ/ M—G!ué«]da}. (5.11)
{ue>1} € (we>1)y  4€

Since there exists a ¢ = ¢(f) > 0 such that

c(us —1)2

c(us — 1)2 9 ¢ o
— 0 >~ - 0 > 5.12
45 ‘Ua‘ - 45 |u8| - SEU ( )

and (5.11), we obtain the bound on the L% norm of u,.

/ u? dr < %s (5.13)
{ues>1}

Cc

15



We can obtain the estimate of u. by using a composite function. We set

B(s) = /0 \/@dy. (5.14)

We use the estimate of BV-norm of ®.

W (e
/(cp(ug))x dr — /(D/(ug)|uax| dr — (2“ s da
_/a(um)2 n W (u.) i
2 2 (5.15)
[ W) g [,
2 €
< Ag+ P 9y,

Thus the BV-norm of ® is bounded. Since for arbitrary =,y € [0, L],

Y
| @ (ue(2)) = D(ue(y))] < / (@(ue))e dz < 2A,, (5.16)

T

it is sufficient to find a point x¢ € [0, L] where ®(u.(x()) is bounded. Since

/ o] dz < / u? dx < BAL (5.17)
{ue>1} {ue>1} ¢
by (5.13), there exists Ay > 0 and zg € [0, L] such that
|ue(2o)| < A1 (5.18)
By (5.16) and (5.18),
B(u(z)) < D(uc(wo)) + P(A)) < 240 + B(A,). (5.19)

Since

ue ()
/0 ,/Wz(y) dy < 240 + B(Ar) (5.20)

and 4/ W(z 0) is a quadratic function, u.(x) is bounded. Thus E.(u.) is also bounded.
O
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5.2 Definition of Measures and Lemmata

Let {u.} be a sequence with u. € A. which has uniformly bounded action. We define the
action measure by

1 FG 2
dve == Z{s(ugt)Q + (Z)} dxdt. (5.21)
We define the space-time energy measure by
~ Ws 5
dpie 1= dpe + dne = %(um)2 + iu) dxdt, (5.22)
where -
dpe == g(usx)2 + (gua) dxdt and dn. := Qu. dxdt. (5.23)
We also define the energy measure at time ¢ by
djit := dul + dnt = %(um)2 + ngug) dx, (5.24)
where -
dpt = E(usx)2 + Wiue) dr and dn! = Ou. dz. (5.25)

2 €
We state important lemmata required to show the lower bound. We can prove them by
the slight modification of [8] since the order of the additional term which comes from the
difference of the well-depths is €, which is sufficient to show the convergence of measures.
The first lemma states the convergence of the sequence {u.}.

Lemma 5.3. Let {u:} be a sequence with ue € A, which has uniformly bounded action.
Then there is a subsequence {ug,} which converges almost everywhere and in every LP to
a limit ug. Furthermore, ug = £1 almost everywhere in space for every time.

Next lemma implies that the limit energy of il is obtained as the sum of the limit
energy for the equal-well case and the term representing the effect of the different well-
depths, that is, the difference of [{ug = +1}| and [{up = —1}| except at the nucleation
time.

Lemma 5.4. Let {u.} be an arbitrary sequence with u. € A, which has uniformly bounded
action. By the weak star compactness of bounded measures, there exists a subsequence {e;}
satisfying e, — [t and ve, — v in the sense of Radon measure. For this subsequence,
there exists a finite set of singular times Fyng = {T1,T5, -+ ,Ta} such that for all t €
[0, T\ Fiing,

/\11 dpn = //\11 d;f+/\11 dntdt  for all ¥ € C([0,L] x [0,T)) (5.26)
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and

ne, — ' = Oug dx (5.27)
and
M
ph — pt = Z com(x)d(z,y with m(x;) € N (5.28)

=1
as €; — 0, where 5{&:1} is the delta-measure at x;. Furthermore m(x;) and x; are continuous

n time.

Remark 5.5. We assume the “single” multiplicity of the limit interface measure ', namely
|m(z;)| =1 in Lemma 5.4. We need this assumption in (5.49) and (5.62).

Proof. Since the treatment of the part (ue,.) + % of energy measure is essentially

the same as the equal-well case, we only give a short sketch of the proof by following the
discussion of Theorem 1.1 and 1.2 in [9]. Since {i.} is uniformly bounded, {u.} and {n.}
are also bounded measures. We take subsequence fic,, p,, 7, and v, which converge to
measures [, i, 1 and v in the sense of Radon measure respectively. Let S := { fOL dv have
a point mass } C [0,T]. For a dense set {t;}32, C S¢ by the diagonalization argument

for M?, and ng, we can take a subsequence which converges to p' and n%. Then we set
pt = limj oo p¥9 and 7' := lim;_ 7%, which are well-defined for all ¢ € S¢ and we set
pt = ut +nt. Indeed, for ¢ € WH°([0, L]) with ||¢[/j1.c < 1 and for ¢ € S¢ by Lemma
5.3, we have

L L L
/ pdnt, = 0/ Ppug, dr — 0/ uo(x,t)p dx as i — oo. (5.29)
0 0 0

For t,s € S¢ we have

L L L
y/o ¢dn§i—/0 ¢dn§i]—6\/0 (e, (2,1) — e (2, 5)}6 do] (5.30)

/qudu;—/andu;
/¢d /qﬁdug (/L¢dn§i—/L¢dn§i>
<5 [ et [ [t 525

L
0] /0 {1, (2,£) — e, (1, 5)}b diz].

and

(5.31)

18



By letting i — oo and j — oo, the limit measure p! and 7' are uniquely determined.
Moreover from above calculation, u! := lim; ,u;_, nt = lim;_, 0 77;_ are also well-defined
for all t € S¢. We set ' := u' + n'. By Lebesgue’s dominated convergence theorem,
& dp =limi oo [ ¢ dpc, + dne, = limioo [ [ ¢ dpl, +dnt dt = [ [ ¢ dp' + dn'dt. Thus
we obtain (5.26).

Since W/(s) = W”(s) > k for |s| > 3, by a slight modification of Theorem 2.1 in [9], we

obtain a uniform bound on the discrepancy |§ (ue,z)? — @| Since a = —1 + o(e) and

B. = 1+0(e), using an argument similar to Lemmas 2.1, 2.2'in [9], on the set {|uc,| > 1—s}
for a suitable s, which implies on the set {|u,| > 1 — s} is far from transition layers, the
energy E(u,) is very small. Thus by separating the energy on the set from that on or
near the transition layers and by the continuity in time, we obtain (5.28). The choice of a
singular set from S is similar to proof of Theorem 1.2 in [9]. O

We need the following lemma to estimate the propagation cost in the proof.

Lemma 5.6. Let {u.} be an arbitrary sequence with u., € A, which have uniformly
bounded action. Then there exists a constant ¢ > 0 such that for any time t, s for which
e, () — up(-,t) and ue,(-,8) — up(-,s) in L, we have

I(t;r,2) — I(si7,2)| < cft — 5|2 (5.32)
for ,
T+r
I(tir,2) = /m (uop — %)(-,t) dz. (5.33)

5.3 Proof of Theorem 5.1

In this section we give the lower bound of the action functional. Since we consider the
nucleation cost and the propagation cost of interfaces separately, we divide [0, 7] into two
parts, the neighborhood of nucleation points and the rest.

Proof. S%(u.) converges to a constant with a limit defined to be Sf. By Lemma 5.4 and
Lemma 5.3, we choose a subsequence of {¢;} satisfying fi., — p as Radon measure and
ue, — ug a.e. and in L3[0, L] for all ¢ € [0, T.

Let Fying = {T1,T>, -+ ,Ta} be a set of singular times in Lemma 5.4 with 77 = 0 and
Ty=T.

We consider the §-neighborhood of Fi;,,4 and later let 6 tend to 0. We choose 0 satisfying
0 < ming; |Tj — Tj| and

M
As = JUT; - 6,1+ 8] N [0,T)). (5.34)
j=1
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We set

FH
59,9 = / / 252 dadt 5.35
nuc. €; uéz A uEz \/a) & ( )
and
9, 9 Fg‘ )2 dxd (5.36)
Srrop. e (Ue;) / / VeEilue, )t + —=)° dxdt. .
prop. i\ i 0,77\ A €i \/a

Formally the next calculation follows,
S8 = .lim Se_ (ue,)

- hIIl {Szui € (uEz) + Szrgp € (UEZ)}

i—o0 (5.37)
> lim inf $% 9 o, (ue;) + hm mf Sgrgp e, (te;)
1—00
= Stiie. + Sprap.

Let 4 tend to 0,

0
+ SPTOP

S8 > hm(59 0 468%0 ) =439

nuc. prop. nuc.

(5.38)

(Nucleatlon cost) First we consider the nucleation cost. On [T} — 6,7} + 6] for j # 1 and
j # M, by Lemma 5.4 we have

lim {,76 °([0, L))  fiey’ 5([0,L])}

imom (5.39)
pli([0, L]) — 1 70([0, L]) + 0" ([0, L]) — 97 ([0, L]).
For j =1, (that is t = 0) since
lim . ([0, L)) = lim ’ Wei(0z) dx = —0L, (5.40)
1—00 =00 Jo &g
we obtain
T {E8(0.1) - 50(0.LD } = (0.2 + P(0.L) + 0L (5.41)

Let (T,Ty+1) be an interval where u!([0, L]) attains its maximum. Under the assumption
of the single multiplicity of u!([0, L]) in Remark 5.5 we can set

to, L) = to, L)) := N 5.42
ehax ([0,L]) e ([0,L]) :==co (5.42)

for some N € N. Since p
Uz = 6,75+ 610 [0,T]) C 4 (5.43)

j=1
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and the action functional is positive on an arbitrary interval of time, we obtain

t 2
=2 lim o / I T~ 8T +5)n[0, T]/ (Veilue)e + \/67) dhelt
(5.44)
> lim 3 {0, £) = (0, L)) } + im {72 (10, £)) = ([0, L)) }
j=2
By (5.39) and (5.41), we obtain
J
0,6 Tj+6 T;—6 T;+6 _Tj—6
Sl = Z{ (0.2) = p 2O, LD + a5 0. L) =B 02D}

+ 1[0, L]) +1°([0, L]) + L.
Since p!([0, L)) is a constant for ¢ € (T}, Tj+1) according to Lemma 5.4,

569 > [ Ti+([0, ) +Z{ Ti+o [U,L])_nTj_é([O’L])} (5.46)
=2 |

+ ([0, Z]) +n°([0, L]) + 6L

Let 0 tend to 0 in (5.46). Since

J
> { b —77°([o, L])} — 0, (5.47)
j=2
p([0,L]) =0 and  °([0,L]) — —6L (5.48)

as d goes to 0, by (5.42) we obtain the nucleation cost
519

nuc.

> ¢oN. (5.49)

(Propagation cost) Next we consider the propagation cost. We use the functional

Iis4(u // ug (1 — u?) dadt. (5.50)

L
: 5
L Ty sy -6 () :/o {uo — w ) bdal 2y = 3Am§7 (5.51)

‘We use the fact that

where

Amg =07 {n=175([0, L)) = (0, L)) | (5.52)
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‘We note that

M-1

li = ¢ —2L. :

lim Am? Z Am = 2L (5.53)
j=1

By Hoélder’s inequality, we obtain

Ity w5154 -01 (ue,)

Tj41-6
/ / Ug;(1 — u ) dzdt
Tj+ (5.54)

1
+1—0 L +1—0 L 2
<2 /] / si(ueit)Q dxdt /] / dedt
T 0 T; 0 &

We use the action functional to estimate the first bracket of the RHS of (5.54) and control
the second bracket of (5.54) by the energy. For the first bracket, we obtain

Tjy1—6 pL
/ / ai(ugit)Q dxdt
T+

j+1—0 V+1—6
= 452 (u, It7}1+§2/T / U FY dmdt/T / F)* . (555)

4
:4531-( el)ltj}lﬂs (I) (H

Let the second term of (5.55) be (I) and the third term be (II). We can estimate (I) by the
energy. By integrating by parts,

j+1—0 W/ ( )
= / / Ug;t(—Eilg, 0 + ———) dadt
Tj+

-0 2
. / g+ 8 51(“& ) + WEZ' (uel)) dl‘dt (556)
T+ 0

- 2 &g

-4 ~ T +(5
=2 {7 (o, ) — i ([0, L)) |
Since p'([0, L)) is a constant for ¢ € (T}, Tj4+1), by letting &; tend to 0 in (5.56) we obtain

tim (1) = 2 {5+ =([0, L]) — 5[0, L]) } = 20Am]. (5.57)
Next we consider (II). For fixed ¢ € (Tj + 6, Tj+1 — 0)

L Lo ei(ues)?  We,(ue,)
7] o — _ S\ Mgz gi\%e;
/0 F7 e dT ; 7830( 5 + - ) dz

} (5.58)
_? (Wgz (/881) - Wai (aai))'
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By the definition of L?-norm,

/L (PP o U e da)?
0

€i fo £iUg,z)? dr

(5.59)

We set AT, = Tj11—Tj. Since p*([0, L]) is a constant for ¢ € (T}, Tj41), by (5.42) we obtain

Tj41—6 « 2
lim (IT) > / " liminf ~e(WaBe) = Weiloe)) dt
i—o0 T;+6 i—00 fo gi(ue;z)? do
—20N)? 40°N
> 2N Ay — 25) = 22N (A — 20,
Co Co
By (5.55), (5.57) and (5.60), we obtain
Tj1—6 L
lim / si(ugit)Q dxdt
=00 JTy 45
46°N
=4 lim 8 (ue) |75 — 208m5 — (AT} — 26).

1—00 o

For the second bracket of (5.54), by (5.42), we obtain

Tjy1—6
lim / L“) dadt = ST ([0, L])(AT; — 26)

1C()]VAT

[\)

Together with (5.54), (5.61) and (5.62),
2 s .
gAmj = llim I[T-+6 Tj11—6] (ue;)
j+1—6 L j4+1—0 W(
< lim 2( / / ei(ue,)? dadt)? ( / / W) dt)?
i—oo )4 0 T+

2 2
§2{4S"ytﬂ+Tl+§—29A g _ 40 NATj—25} {CONAT}

€o

Here by letting ¢ tend to 0 we obtain

46°N N
fAm < 2{48°|75 — 20Am? — o AT} {CO AT}z,
Taking the square of the both sides of (5.64),

1 (Am%)?2 ¢ 02N
T s = 27707 L9 Am —AT
24, = 1800 NAT; *3 i+

23
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(5.63)
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Thus by taking sum with respect to j, we obtain

M-1
6 0 Tj+1
Sprop. - Z S t:Tj
7j=1

] ML (Am%)?2 ¢ M-1 g2 N M1 (5.66)
> J — Am? + — AT,
> e 2 AT, 2 BTN 2.8
Jj=1 j=1 j=1
By Jensen’s inequality and (5.53),
E(amd)? (i AmD)? 42
AT > Sy =7 (5.67)
j=1 J > =1 AT
By (5.53) and (5.67), we obtain
2 L? 0>NT
S > ——— 4 4L : 5.68
pTOP'_QCQNT+ + Co ( )
Since ¢y = %, the constant is 9% = . Thus we obtain
0
2 2
0 COL 0 NT
> L . .
Sprap. Z 7 T 0L+ o (5.69)
Consequently Theorem 5.1 follows from (5.49) and (5.69). O
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