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DIVERGENT DIAGRAMS OF SMOOTH MAPPINGS
AND ITS APPLICATIONS

Yasuhiro KUROKAWA

Department of Mathematics, Hokkaido University

0.INTRODUCTION

The divergent diagrams of smooth mappings on smooth manifolds (y, g) :

et i I

appear in several areas in differential topology. For example the envelope theory,
the study of singularities of solutions of first order differential equations, the vision
theory, the web geometry, and the stability of smooth mappings. Two divergent
diagrams (p;,9;) : Nj <« M; — P; (j = 1,2) are said to be equivalent if there
exist diffeomorphisms A : Ny — Ny, o : My — My and ¢ : P, — P, such that
AO iy = fla 0%, $0 g1 = gs 0.

This paper consists of two parts. In Part I, as one of the problems in the vision
theory we study a generic semi-local classification for the singularities of orthogonal
projections of contour lines of surfaces onto planes (i.c., so-called “topography”).
This problem is reduced to the semi-local classification of the divergent diagram
R« M — R?,

In Part II, we give a generic classification of the divergent diagrams of map germs
(R,0) «— (R™1,0) — (R™*1 0) corresponding to a certain class of differential
cquations which are called “Clairaut type”. We also study first order ordinary
differential equations with complete integral.

More precisely let us describe how the divergent diagrams N & M 2 P appear

1 the above several arcas.

Typeset by ApS-TEX




(1) The envelope theory [1, 7, 14, 15, 18, 36] : The study of this subject can
be reduced to the study of divergent diagrams (u,g) and the envelope is defined
as the discriminant set of g, where y is a submersion (furthermore, Thom[36],
Carneiro(7] suppose that ¢ restricted to a fiber of 4 1s injective immersion). In
particular, Arnol’d(1], Dufour(15], Dufour and Jean[18] have classified the diagrams
of map germs (R,0) & (R",0) 2 (R™,0) which are called one-parameter families
of hypersurfaces for n = 2,3. We remark that as the result of classifications, some
normal forms are parametrized by arbitrary functions in n-variable (i.e., so-called
the functional moduli). Hence we need to characterize these functions which appear
as functional moduli for normal forms. Dufour(16] has given a characterization of
the functional moduli for some normal forms in the case n = 2 by investigating
the dynamical systems ¢ — at +--- (a € R — {0,1}) associated with the functional
moduli, however, we can not justify his result if we adopt his characterization.
In Part II we correct the characterization of Dufour and give a generalization for

arbitrary n (cf. Theorems D, E).

(2) The study of singularities for solutions of first order differential‘
equations for one real valued functions [22, 24-27] : As we shall describe
in Part II, a holonomic system of differential equation germs with complete inte-
gral corresponds to the diagram of smooth map germs with some condition, which
1s called a integral diagram: (R,0) &£ (R™,0) 3 (R™,0), where g describes the
discriminant of the equation and the submersion germ 4 represents a complete in-
tegral. Moreover it is shown that the classification of differential equations of this
type under the equivalence relation given by the group of point transformations
in the sense of S. Lie is generically reduced to the classification of integral dia-
grams. In Part II, we give a classification of integral diagrams which correspond
to holonomic systems with classical complete integral (briefly, we call a holonomic
system of Clairaut type) by using the method of Legendrian singularities [1, 9,

10, 12] (Theorem C). As the result of the classification for such integral diagrams,
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we observe that functional moduli appear. We also give a characterization of the
functional moduli which is a generalization of the result of Dufour (cf., Theorems
D, E). We emphasize that Theorem E gives a complete invariant for the generic

classification of holonomic systems of Clairaut type.

By Theorems C, D, E, we have given a complete classification for holonomic
systems of Clairaut type, however, the situation is very complicated for general
holonomic systems with complete integral. For m = 1, that is the case for ordi-
nary differential equations, it has been known a classification under a rather strict
equivalence [22]. It also appears functional moduli in some normal forms. We
also give a characterization of the functional moduli, however, the normal form is
so complicated comparing with the above case, we can not detect the complete

Invariant.

(3) The vision theory [6, 10, 19, 23, 28, 30, 37] : As one of the problems in
this area we study the visions for contour lines of surfaces when one looks at it from
a distant view in some direction d. The study of such a landscape, which is called
a topography with a direction d, is reduced to the study of the divergent diagram
which we call a topographic diagram : R & M % E, where M is a surface, E is
a plane with the normal direction d and the level curves of p give contour lines on
M. In Part I we give a generic semi-local classification of topographic diagrams by

using the classification due to Dufour[15] for one-parameter families of plane curves

(R,0) < (R2,0) Z (R?,0).

In [19] Dufour and Tueno studied the local pattern for photographs of lighted

surfaces. Their formulation is also summed up by the divergent diagram as above.

(4) The web geometry (34,08 517, 32] : An r-web in a manifold P is a
configuration of r foliations with codimension k in general position of P. Thus the

local study of r-web in P is reduced to the study of the following diagram of map
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germs :
(R?,0) —2— (R, 0)
\ ,
(R¥,0)
where f; (i =1,...,r) is a submersion. The diagram of this type is regarded as a

multi germ of a divergent diagram:

(R*,0) ——— (R?,0) —Z— (RP,0)

f o
7
i s
(R*,0) ——— (R®,0)
where (; is a submersion germ and g; is a diffeomorphism germ (L oL

(5) The stability of diagrams of smooth mappings [8, 11-15, 18] : The
theory of stability of smooth mappings due to R. Thom, J. Mather gave rise to
various generalizations and specializations. Particularly it has been known that
for divergent diagrams and cyclic diagrams the Thom-Mather theory does not hold
([12]). Dufour has been studied divergent diagrams in detail from the viewpoint of
stability theory ([11-15]). One of his attractive results is that the topological clas-
sification and the smooth classification of (R,0) & (R%,0) 2 (R?,0) are the same
in generic. This result is deduced from the topological rigidity of the web structure
formed by the curves g(r™(c)), ¢ € (R,0) in (R?,0). Also, by investigating the
web structure formed by the curves g(#~"(c)), in [7] Carneiro has given a charac-
terization of some classes of (u, g) (R,0) < (R™*1,0) % (R 0) (n € N) from a
different viewpoint. These classes coincide with some classes of integral diagrams

of Clairaut type which is described in Part II.

We shall suppose throughout this paper that all mappings, map germs and man-
1folds are of class C* unless otherwise stated. As usual, we denote by &, . the

ring of all smooth function germs on R™ at 0 with a coordinate (Fz,s7x 0 F pnd

denote by M o ps the unique maximal ideal of T
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PART I

SINGULARITIES FOR PROJECTIONS OF
CONTOUR LINES OF SURFACES ONTO PLANES

1. FORMULATIONS AND RESULTS

In Part I we give a generic semi-local classification for the singularities of or-
thogonal projections of contour lines of surfaces onto planes.

Let M be a surface in R® = {(z,y, 2)} and let E,; be a hyperplane in R® with the
normal direction d such that By N M = ¢. We denote by Emb(M,R?) the space
of all embeddings M — R® with the Whitney C*°-topology. Let 7y : R3 — E
be a orthogonal projection along the direction d. Now consider a level set of the
height function z : i(M) — R, that is y(M)N{z=constant} for i« € Emb(M,R?).
We call the set a contour line on i(M). If one looks at a contour line on (M)
from a distant view in some direction d, then one will get mq(i(M) N {z = c}) as
the viewing image. Our subject is a semi-local classification of singularities for one.
parameter families {m4(i(M) N {z = ¢})}.cg which is called a topography of 1(M)
with respect to a direction d.

We now formulate our theorems. Without loss of generality we can suppose that
d = (0,cos¢,sin¢) € $2 n {z = 0} where 0 < ¢ < 5. For a direction d, by the
transformation of 7 — & rotation around z-axis in R, we choose a new coordinate
(z',¥',2"). Then the direction d becomes (0,0,1) and the height function z is
expressed by —y'sin(% — ¢) + 2 cos(5 — &) in the new coordinate. Let 7 : R® — R2
be a projection defined by m(u,v,w) = (u,v). We call the following divergent,

diagram of mappings topographic diagram of 1(M) , which is denoted by (ui, g) :

Rf—L M “g_) R2>

where y; = —1281n60 4 i3cos8 (0 < 6 < SHsE xo .

6




Since our concern is to describe the discriminant set of 7 o i (the outline of
i(M)) and the bifurcation of 7 o i(u;*(c)) along the parameter ¢ € R in semi-
local situation, we introduce the following definitions. Let i € Emb(M, R®) and let
{p1,...,pr} be a subset of M whose elements are all distinct points in M such that
mToi(p1) =--- = woi(p,), where r is a positive integer. Then the multigerm of a

topographic diagram at {pi,...,p,} which is denoted by ,.7}

(R7O> e <R2)O) _qu___+ (R2>O)

g2
(R,0) —**_ (R?,0) 7

gr

(R,0) —— (R?,0)
where i, g are germs of u;,m o4 at py respectively (k = 1,...,7), is called «
topographic multigerm of i. Let .T; and Ty be topographic multigerms. Then ,.7;
and .7y are said to be equivalent if there exist diffeomorphism germs Ay : (R, 0) —
(R,0), ¥ : (R?,0) — (R%,0), where k = 1,... ,r, and ¢ : (R*0) — (RZ%,0) such
that Ay o pr = u'y ok, do gr = g, 0 Yy

We shall state a genericity theorem for topographic multigerms.

Theorem A. There exists a residual subset (hence dense) O in Emb(M, R3)
such that for any i € O the topographic multigerms ,T: (1 <r < 3) ws one of the
following types:

I the caser =1,

(1) p1 1s a submersion and g1 s reqular.

(LI) p1 is a Morse type and g, is reqular.

(III) p11 is a submersion, gy is a fold, py restricted to the singular set of g is
reqular and (p1, g1) : (R?,0) — (R3,0) is regular.

(IV) p1 is a subtnersion, gy s a fold, uy restricted to the singular set of g1 15 «
Morse type and (u1, 91) : (R2, 0) — (R®,0) is regular

(V) 11 s a submersion, g1 s a fold, (p1,91) : (R?,0) — (R3,0) is a Whitney's

umnbrella such that the line of double points of which is transversal at 0 to the




direction {0} x R? in R3.

(VI) p1is a submersion, g1 is a cusp and (p1,91) : (R?, 0) — (R®,0) is regular.

In the caser =2,

<I>I>O :
(#1,91), (12, 92) are both of type (1)
and (10917, a0 ga™") 1 (R%,0) — (R?,0) is regular.
(I) [)1 :
(#1,91), (2, 92) are both of type (I)
and (p1 0917, pe o g2 ') : (R%,0) — (R?,0) is a fold.
(I, [)2 ;
(/*Ll)gl)r (/’LQ)QQ) are both Of type ([)
and (p1 0 g1, pr 0 g2 ™t) 1 (R?,0) — (R%,0) is a cusp.
EEIR LY
(1, 91) 15 of type (II), (u2, g2) is of type (I)
and (p1 0917, pr 0 g ™t) : (R2,0) — (R%,0) 4s a fold.
(II1,1)° -
(11, 91) 15 of type (II1), (p2, g2) 15 of type (I)
and the discriminant set of g; and 92(p51(0)) are transversal.
(II1,1)? :

(41,01) s of type (III), (2, g3) is of type (1)

and the discriminant set of g; and g2(/L2_1(O)) have two point contact.
(Il

(11, 91) 15 of type (IV), (ua, g2) is of type (I)

and the discriminant set of g, and 92(p51(0)) are transversal.
(Wl s

(11, 91) 15 of type (V), (2, ga) is of type (I),

the discriminant set of g1 and 92(151(0)) are transversal.
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(Vo T

(#1,91) 15 of type (VI), (p2,g2) is of type (I)

and the tangent cone of the discriminant set of g; and 92(p31(0)) are transversal.

(III,III):

(#1,91), (B2, 92) are both of type (III)

and the discriminant sets of g1, gy are transversal.

In the case r = 3.

(L I, D)1 0 (k5,95 bk, gr) 95 of type (I, I); for 1< j < k< 3.

(IIL I, IY° = (p1, g91; 12, g2) 35 of type (III, I)° and (2, 92; 13, 93) s of type (I,
I).

(III, III, 1)°0 : (p1,g91; pa, g2) is of type (III, IIT) and (p4, 9;; 43, 93) is of type
(III, I for j =1,2.

Besides the following nine types:

(5.1 D, (I, L B, {0, 1, D0°, (v, 1, ISP, (v, 1, Rt 2 A R
(K1, 915 s gi) is of type (I, 1o, (v, 1),v=I1,..., VI fork = 2,3 and (p2, g2; 13, 93)
15 of type (I, I)o.

L 1,0, aah Do, (IIL, 1, I)(l)’o v Lt ga; H2,92) s of type oty (L, I)2, (1L,

D' and (p2, gao; 43, g3) is of type (I, ).

Remark 1.1. In the case r = 2, the generic condition of (I, I); (resp. (I, I);)

means that g;(u;71(0)) and 92(p271(0)) have second (resp. third) order contact.

Remark 1.2. In the case r > 4 all of generic types are essentially same as the case
r = 3. That is, we can add only type (I) to the each type in the case » = 3 such
that (45, 95; pir, gr) for j = L,...s7 =1 is not'of type (*, Iy, (%, I)2 in the list of
the case 7 = 2. In the same sense for the case 7 = 3, the generic types except three

types (I, I, I); 1, (111, T, )20, (111, H‘I, I)°0 are essentially same as in the case r = 2.

Next we shall give a normal form for each type stated as above.
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Theorem B. The topographic multigerms of each type are equivalent to one of the
following multigerms ,T; = (p1,91; - ; tory Gr) -

In the caser = 1.

(1)

H1 = Y1, g1 = ($1>7J1)-

(11)

/M—‘—iﬁfi?/%’ g1 = (T1,91).
(II1)

m=z1+y1, g1 =(z1,92)
(IV)

m=zi+y1, o1 =(z1,4)
(V)

p1 =1+ T1y1 + 93, o = Tru).

(VI)

By =1 ~aogr, g1 = (Cﬁlayf + T ),

where a € My, 4.

In the case r = 2.

(£, I)o
H1=Y1, g1 = (Z1,91);
K2 = T2, g2 =($2,y2)-
(L, 1)
pr=91,  g1=(z1,%);
Ho =T34+ Y2, g = (z2,12).
(£, 1)

H1 = U1 g1 = (561,‘01);
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fy = Ty + Toys +y2, g2 = (T2,¥2).
(I1,1)
gy = 2 + y? = (w1, )
1 J1 g1 1,Y1);
K2 = Z2, 92:(332,92)-
(11T, )¢
H1 =1 + Y1, 91:(5131,'!}%);
B2 = T2 + 9(-?32,’!/2)) g3 = (332>?/2)>

where 6 € Mg, 4, with%(O) =1,
(LEL Ty

1 =1+, @ = ($1>U%>;

p2 =y2 +0(z2,92), g2 = (x2,¥2),

where § € M2 with 2£(0) 3 0.

To,Ya dxs

(IV, 1)

H1 = ’L% g DR iy (3317?/%);

H2 = Ty + 9($2>Z/2)> = (1'2,!/2>>

where § € Mg, y, with £22(0) = 0.

o

(V. I)
1 =$1+~T1'L/1+ZU%> g1 :(351,’!/%%
B2 = To +9(CC2,?12), g2 = (z2,y2),

where 6 € My, 4, with 22(0) = 0.

(VI,I)
pr=y1+aogr, g1 =(z1,y} +z191);
pe =2 +0(z2,92), g2 = (z2,%2),

where & € My y,0 € My, ,, with 22(0) = 0.
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(III,III)
T
U1 = Y1 +C¥10917 g1 :(1’.1>y1)7
- L 2. .
B2 = Ty + Qg O go, 92——(1‘2»5/2),

where o, g € My o, with %%J-(O) % 0, %%1(0) £,

Remark 1.3. The normal forms of type (I, I, I); 1, (I, I, 1)}°, (111, III, 1)%0 are
the following:

(I, I, I)11 ¢ p1,91; t2, g2 have the same form as the normal form of type (I, I),

ps = Y3 + azs”® + 0(z3,y3), g3 = (z3,Y3)

where a € R — {0,1}, § € M2 with -53%%(0):0.

z3,Y3

0,0
(111, 1, )% .

g1 =1 +Y1, 01= (331,7J12);
K2 = Tg +a(562,y2), ga = (372,.7/2);

p3 =3 + B(z3,93), g3 = (z3,93),

Wh@l‘(—) @ € MQC%UE’Q = MfEsﬂJx Wlth %(O) P _@ﬁ(o) = O> Qﬁ(o) — 2/ (O)

Oz3 a'!j'z a'UB
9« Oa 2 o 4
and 577 (0) — 55 (0) 55,5, (0) # Z5(0) — £2(0)522-(0).

(ITT, IIL, 1)%0 = 4y gy f2, g2 have the same form as the normal form of type (111,
I11),

H3 = T3 +ys + 0(z3,y3), g3 = (z3,y;3) where § € /\/fi:,,yg-
Remark 1.4. The divergent diagram (R,0) < (R?0) — (R?,0) have been studied
by Arnol’d [1], Carneiro [7], Dufour [15] from the viewpoint of envelope, stability
theory. Also, the normal forms of each type stated in Theorem A for » = 1 has been
obtained by Arnol’d [1], Dufour [15].(The classification of Arnol’d is not C*° case
but formal case.) For r = 2, essentially types (I, 1)y (k= 0,1,2), (I1,I) have been

studied by Dufour 1112, 13] from the viewpoint of “bi-stability” and its normal
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forms have been obtained. On the other hand, singularities for certain visual images
have been studied by several authors [6, 10, 19, 28, 37]. In particular, Dufour and
Tueno have investigated in [19] the pattern of illuminance due to a point source of

light which coincide with our Theorem A in the case r = 1.

2. GENERICITY
2.1. Preliminary of proof of Theorem A.

In order to describe the genericity we shall prepare a transversality lemma. Let
MU = Ly oosmata M7 |p; # prforl < j < k < r}, where M7 is the r-fold
product of M and let ,.J'(M,R3) denote the multi jet space from M to R3 of
multiplicity 7 and order I. For a map f : M — R3, denote by M L
~J (M, R®) the multi l-extension of f. Denote by ,J._,(M,R®) the set of all multi
jets of i € Emb(M,R?). Note that ~JL (M, R3) is open in ~JH(M,R3). We suppose
that [ is a positive integer with [ > 3.

Consider the map & : .J! ,(M,R%) — .J!

emb

(M,R3) defined by

F2(iY(p1), ..., ibi(pr) = G Tilm), - .. ,5'Ti(p,)),

where T; = (pu;, 7 0 i) € Emb(M, R3) defined in section 1. We can easily see that

the map . ® is a diffeomorphism.
The following is our transversality lemma. Let S be a smooth submanifold of

r.]émb(JM,R:;). Then by the multi jet transversality theorem we can easily have

Lemma 2.1. If codimS > 2r
Os := {i € Emb(M,R®) | 'T:(M™M)n S = ¢}

15 residual in Emb(M, R®).

Remark 2.2. Any algebraic set A ¢ RY can be decomposed into a finite disjoint
union of analytic manifolds with dimensions less than or equal to dimA (see [5]).

Hence our transversality lemma is valid even if S is an algebraic set in .J'(R? R3).
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More precisely, let S C .JYR? R?) be an algebraic set and let S = U]«S:j be its
decomposition as above. If codimS > 2r, applying Lemma 2.1 to each 5:3' we define

Os :=U;Og . Then this Og also has the same property in Lemma 2.1,

According to Dufour[15], we now define subvariety of J*(2,3) as follows.
e = {7%(1,9)(0)| g is a fold map at 0 and p|s, is degenerate at 0},
%s = {7°(1,9)(0) | g is a fold map at 0 and (g, g) is Whitney’s umbrella
such that the line of double points of which is non — transversal at 0
to the direction {0} x R? in R®},
Se = {3°(,9)(0) | g is a cusp at 0 and (u, g) is singular at 0},
Za = {j°(p,9)(0) | pu is singular and degenerate at 0},
where u: R%2, 0 — R,0,9:R?* 0 — R?,0.

For ¥4, by its definition, ¥, is a subvariety of codimension 3 in FH2. 3.
Lemma 2.3(Dufour[15]). Z,, %, 5. are subvarieties of codimension 3 in BBy
2.2. Proof of Theorem A in the case r = 1.

In the case r = 1, as was shown in [15], by Lemma 2.1 and Lemma 2.3 we obtain

Theorem A.
2.3. Proof of Theorem A in the case r — 2.

Denote by A the diagonal set in fold product of R®. Then ,A is codimension

2r — 2 submanifold of R? x ... x R2 (r-times). Set

2

S, = 2% X RXR XA x Z, x JY2,3),

which is algebraic sets in 2»]l<R2,R3>, where * = a,b,¢,d and I, is as above. By
Lemma 2.3, codimS, > 4. Hence, by Lemma 2.1 a residual subset Oy = 05, U0, U
Os, UOg, in Emb(M,R®) has the following property: for any i € Oy, (u1,91) is
one of the types (I),..., (VI), (p2,g2) is of type ().

Moreover we need the following to see relations between type (I),...,(VI) and

type (I).
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Proposition 2.4. There ezist residual subsets O,y 1 Emb(M,R?) such that for
any 1 € O, 1y, 215 15 of type (v, I), where v =1I,... VI and of type (I, I) means
that of type (I,1)o, (I, I)1,(I,I)2 and similarly of type (II1I,I) means that of type
(II1,1)°, (II1,1).

Progf,; Define 23514 Yoy € .]1(2, 2) by
Yfota = {7'9(0) | g is a fold map at 0},
Seusp = {7'9(0) | g is a cusp map at 0}.
It 1s a well-known fact that Yifotd 18 a codimension 1 subvariety and Loy A8 &

codimension 2 subvariety in .J!(2,2).

Proof of the case v = III,IV,V. Let g: M — R? and let py, p» € M with g(p1) =
9(p2). Suppose that p; is a fold point of g. We take a local coordinate (z1,y1) of M
around p; and (u,v) of the target space of g such that g(z1,7;) = (z1,%%). Then,
to describe the contact of the discriminant set 91(S4,) and the curve go(u3'(0)),

we define a function germ K : (R,0) — (R, 0) by
K(u) = p2 0 g5 (u, 0).

By direct calculations, we see that {2£(0) = 0}, {dgK (0) = 0} are algebraic sets in

du?

By

Define algebraic sets S(v,ry in 2 JHR?, R3) by

2(2 dK °K
Surrn =R* xR xR x 28 X J'(2,1) X Sfo1q X {717;(0) e Cduz

(0) =0},

0% dK
o, (0) # 0} X Z 014 % { e

2 0
S(IV,I):R2( )XRXRXQAX{(T_);/L—(O):O}Q{ <O>:O}7
1

9
S(V’I):Rz( ) XRXRXZA
X {(u, g) is Whitney’s umbrella such that
the line of double points and {0} x R? are transversal at 0}

dK
X Efold X {FLL—(()) = 0}
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Since codimS(, 1y = 5, by Lemma 2.1 7T} is of type (v,I) for any element i of

the residual set Og, ,,. O

Proof of the case v = VI. Suppose that g; is a cusp map. We take a coordinate
(z1,y1) such that g1 = (z1,¥1° +z1y1). Then the function defined as above Wik) =
p20g5 " (u,0) describe the contact of the tangent cone of the discriminant set g; (.S, )

g1

and the curve ga(p2~*(0)). Define an algebraic set in o.J/(R?,R?) by

1K
Swiny =R xR x R x 34 x JH(2,1) X Seusp X {%——(0) ~0).
LU

Since codimSyr 1y = 5, by Lemma 2.1 the residual set Os, has the required

VI,I)

properties. [

Proof of the case v = I. Suppose that (p1,91), (42, 92) are both of type (I). Let
(u,v) be a coordinate in the target space of g1 and g2. Since pq 0 g7t is a sub-
mersion, we may suppose that Qﬁ’—“—gi‘—_ll(()) # 0. So that consider the coordinate
transformation (u,v) — (u/,v’) = (g0, !, v). Then in the new coordinate (u',v"),

the map germ (u1 0917, pp 09,7 1) : (R2,0) — (R*,0) becomes the following form:
(v, G(u',v")) where G(u',v") = py 0 g2 " Hu(u', v, 0.

Define algebraic sets Vi, V; in J42,8) % JH2, 3} by

oG 8%G FG
Vi =1 i e NIy s = 45
1 (91}’< > 81)/2< ) PWE }
oG 0°G 8°G

By direct caluculations, we see that the codimensions of V1, Vs in JY(2,3) x J*(2, 3)
are both three. As is well-known (jlul(()),jlgl(O),jl/LQ(O),jlgz(O)) € JY2,3) x
(2 8y (V1 U V2) if and only if the map germ (u1 0 g1 7%, 2 0 g2 ) is regular or
a fold or a cusp.

We now define an algebraic set S, by

2

S([’I):RQ()XRXRXQAXVIUVQ.
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Since codimS(r 1y = 5, by Lemma 2.1 the residual set (95(,‘,) has the required

properties. U

Proof of the case v = II. Let (u1,91) is of type (I), and let (ug, g3) is of type (I1).
By the same argument as in the case (I, I), we see that (u; 0 g3~ 1, us o g2~ 1) =
(v, G(u',v")) for some coordinate (u/,v’). Note that by the direct caluculation we

have

Que..  On B % B
E(O) = 5;(0) =0} C {a,U,(O) = 0}.

Define an algebraic set S/ jy in 2 JY(R?,R%) by

S([[’[) - RQ(Q) X R x R x QA
O, Ou B QL7 . o
35 0) = '55(0) =0tnN {%(0) =0}n {av,z (0) # 0}
0w, 0%y 0°
-2 =,
< (G 057(0) - 2550 = 0)

Since codimS(rrry = 5, by Lemma 2.1 the residual set 05(1“) has the required

properties. [O

Thus this completes the proof of Proposition 2.4. O

Next we shall prove the genericity of type (III, III). The following lemma is

obtained by a theorem of Whitney and Lemma 2.1.

Lemma 2.5. There exists a residual set 01 in Emb(M,R>) such that for any
t € Oy, the topographic multigerm o T; is the following type: g1 and gy are both fold

map germs such that the discriminant sets of g1, g» are transversal at 0 each other.

Proposition 2.6. There ezists a residual set O(r11,111) 0 Emb(M,R®) such that

for any 1 € O(r1r,111), 2T 1s of type (III, III).

Proof. Suppose that g1 1s a fold map germ. We can take a coordinate (z,y) such
that g = (z,9?). In this coordinate, pls, is singular at 0, which means that gﬁf—(O) =
0 and (1, g) : (R?,0) — (R®,0) is singular at 0, which means that %(O) =1 So

that we shall define algebraic sets S1, Sy in o JH(R?, R3) as follows.

2 0
S =R «RxRx 2 A X {5—5(0) = 0 T 21 % Brsa,

g




Ss Z:RZ( XRXRXQAX{ )—O}fooldx.]l(Z,l)foold.

0y
Since the codimensions of 51,5 are both five, by Lemma 2.1 O(;r1 111y := Og, N

Os, N Oy has required properties. O

Proof of Theorem A in the caser = 2. Set O = U}//:[I(O v,)NO0)UO 111 111y Then
by Proposition 2.4 and Proposition 2.6, O has required properties in Theorem A.

This completes the proof in the case r = 2. O

2.4. Proof of Theorem A in the case r = 3.

We shall give the proof which is likewise in the case 7 = 2 by using Lemma
2.1. So that we admit only codimS N ({0} x (J4(2,3))%) £ 2 in (J(2,3))°, where

S cR2® x RI x 3A x (J4(2,3))%, because codimsA = 4 in 3J'(R?, R3).

Proposition 2.7. There exist residual sets O, in Emb(M,R®) such that for any
1 € On, the topographic multigerm 3T; 1s one of the following types:

(1) (L, 1, Do, (I, I, D19, (I, I, D14, (I, I, Dogtfn=1;

(2) (I, 1, I)o®, (ML, 1, 3%, (1L, I, D)%P if n = 2;

(3) (11, 111, 1)%0 4f n = 3.

Proof of the case n. = 1. Let (ug, g) be of type (I) and let Fj, = urogr~'. Suppose
that the map germ (F;, F) : (R?,0) — (R?,0) is regular or a fold or a cusp, where
1 £ j <k <3 We may take a coordinate (u,v) of the source space of (Fj, Fy)
such that %%L(O) 7 0. Hence it follows that (F}, F) = (v, G;x(u',v")) for some
coordinate (u',v'), where G; (u',v') = Fi(u(uw',v"),v"). Then define an algebraic

set W;x in (J4(2,3)) by

2
k() = 0} n (2558

Vike = { {0} £0}.

By the direct caluculation, we see that

oG
Wl‘g N I/V1’3 C { @'1)2’,3 (O) = 0}
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Hence codimWy o N W13 N Wy 3 = 2. Therefore we see that combinations of types
(Fj, Fy,) are voided of the following two cases in generic: for any two (F;, F), both

types are cusp; one is a cusp and the other is a fold. This implies the assertion.

Proof of the case n = 2. We use the same notations in the proof of Proposition
2.3 and also in the proof of genericity of type (I, I). Suppose that g; is a fold map
germ. Let us take coordinates (z1,y1), (u,v) such that gi(z1,y1) = (z1,%3). Then

define an algebraic set S(rrrr 1) In 3 JJHR?, R®) by

Sirrnn = RZ® x Rx R xR x 3A

dK dPK
L IO TV Bram % {——-du (0) =0} N s (0) # 0}
oG oG
N {W(O) =0}N {av,z (0) # 0}.

Since codimS(rrr,r.ry = 7, by Lemma 2.1 it follows the assertion.

Proof of the case n = 3. It is clear that the condition for type (III, ITI, I) is generic.

This implies the assertion. [
Clearly the other types in the case r = 3 are also generic. Thus these fact implies
the Theorem A in the case r = 3.

3. NORMAL FORMS

3.1. Proof of Theorem B in the case » = 1.

For the case r = 1, the normal forms have been obtained by Dufour [15] except

type (II). For type (IT), by Morsce’s lemma we immediately obtain the normal form.

3.2. Proof of Theorem B in the case r = 2

In the case r = 2, we shall detect normal forms as follows.

Case of type (I1I,I)°,(ITI,I)*. We can suppose that

H1=2Z1+Y1, 1 = (ffflaylg)§ (12, 92) is of type (I).
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; S . ; e : el
By the coordinate change g, = in the source space of g2 and w2, (p1,91; B2, g2) 18

equivalent to (p1,91: 1h, gy ), where
uh(@h uh) = p2 0 95 (25, 95)s 95(25,y3) = (23, Y3)-

Then in the case (111, 1), the generic condition about transversality means that

9]

=
S

Ou
Pz,

target space of py, (p1, 01; 15, gg) is equivalent to (11,915 B3, g3 ), where

(0))~! which is a scalar multiple in the

t

912 (0) # 0. By the coordinate change (3

oz

W

a0
uh(z,yh) = oy + 0(25,y3), 6 € Mgy 4 With —5——(0) e ().
T3

On the other hand, in the case (I11, I)!, the non—transvorsality condition means

a l:f) * / i > 8y a >
that 7’77(0) = [, Bince ps = fig 092 is a submersion, we have 3 ( ) # 0. Moreover,

8')
from the generic condition of the second order contact, we have 773 ( } s 0. Henes,

. ol =0k A e - s 3 et
by the coordinate change (a—’yr(O)) which is a scalar multiple in the target space

e : 1 / _
of ph, (11, 01; ih, gb) is equivalent to (p1, g1; pa, gs), Where

o (Th, ybh) = ya + 0(x5, v3),

00 06 00
o= = (0 and
o (0) By (0) = 0 anc e

0 € Mgty with

(0) #0.
Thus we obtained normal forms of type (I11,1)°,(I11,1)

Case of type (IV,I),(V,I),(VI,I). By the same argument in the case of type

(I1I1,1)°, we obtain the normal forms in Theorem B.

Case of type (I1I,11I). To detect the normal form of type (/11,I111) , we need the

following lemmas.

Lemma 3.1. Let (R2?)0) L9y 2 (R%,0) plh TS, (R2,0) be a bi-germ such that
g1, g2 are both fold map germs and that the discriminant sets of g1, g2 are transversal

at 0 each other. Then we can express the bi-germ for some coordinates as follows:

g1(z1,91) = (-"151-'!/12)~ g2(T2,y2) = (-’1522~'!/2)-

s



Proof. We can choose coordinates (z1,y1) in the source space of g1, (u,v) in the
target space of g1 and g, such that g, (Zy )= 121 y12). Let (z2,y2) be a coordinate
in the source space of gs. By direct caluculations, the transversality condition for

the discriminant sets of g1,g2 means that Q(_'LEQ__< 0) # 0o __(1‘1.9_)(0) # 0. If

?_%39__)(0) #+ 0 (resp. 2 a’;g (0) # 0), then by using the coordinate transformation

in the source space of g2
(z2,92) = (y2,v 0 g2) (resp. (z2,92) — (z2,v0 92)),

we can suppose that

92(372,3/2) = (u 0 g2, ¥2)-

Since gy is a fold map germ, from the Malgrange preparation theorem, &, y, 18

generated by 1,z; as Eup-module via g2*. Thus there exist A, B € Ew.w such that
)
To” = Ao gs+2(B o gs)zo
(*) = A(u o g2,92) + 2B(u 0 g2, y2) 2
By simple caluculations, we see that A(0) = B(0) = 0, %%(O) # 0. Now we can
define coordinate transformations ¢1,, ¢2 by
p1(z1,91) = (Ao g1(z1,91) + B%o 91(5151>1U1)a3/1)>
P(u,v) = (A(u,v) + B(u, v)%, v),
$2(z2,y2) = (z2 — B(u o ga(z2,92),y2), y2)-
By the definitions of i, ¢, it 1s clear that
Yogr =g 0P
Sct ¢z, y2) = (xh,yh), ¥ (u,v) = (v',v"). Then by using (*) we sec that
(z2")" = (2o — B(uo g2, y2))*

= A(uo g2,y2) + B(uo g2, y2)°

/
= U O .

&




Therefore, in these new coordinates preserving g;, we have

(5]

(u' 0 g2) (22 y2") = (z2)", (V' 0 g2)(z2', 42") = 92"

This completes the proof of Lemma 3.1 [

Lemma 3.2. Let ¢ = (z,%%) : (R%,0) — (R%,0) be a fold map germ and let
ABe&,,. IfAog+yBog=0iné&;,, then Aog=Bog=0 in &, ,. That is,

Ezy 15 a free £, ,-module via g*.

Proof. Suppose that Ao g+ yB og = 0. Then, since g is even with respect to
y-variable, we have Ao g —yBog = 0. This means that Aocg=yBog =0. Hence

we have Bog=0. O

Lemma 3.3. Let g = (z,9%) : (R%,0) — (R?*0) be a fold map germ and let
H : (R*0) — (R%0), K : (R%0) — (R2,0) be diffeomorphism germs. Then

go H = K og if and only if H, K have the following forms:

H=(aog,yboyg), K = (a,v8%),

where o, B € &, with a(0) = 0, %(0) £ 0, 8(0) % 0.

Proof. The sufficiency is clear, by direct caluculations. We shall prove the necessity.

Suppose that go H = K og. Set H = (hy,hs),K = (ki1,k2). Then by the

4L

assumption, Ay = k; 0 g and hy® = ky 0 g. On the other hand, using the Malgrange

preparation theorem we have
ha(z,y) = Aog(z,y) +yB o g(z,y)
for some A, B € P T
(A* +vB* — ky) 0o g+ y(2AB) o g = 0.

By Lemma 3.2, we have AB o g = 0. Note that B(0) # 0 and Z(0) # 0, because

H = (kiog, Aog+yBog)is a diffeomorphism germ. Thus Bo g does not vanish on
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(R?,0). Hence Aog =0, and hy = yBog. Consequently a form of H is determined

to

H = (kjog,yBog).

Then by the form of H and the assumption go H = K o g, the form of K is
K(u,v) = (ki (u,v),vB(u,v)?).

These forms of H, K are the required forms. O

Lemma 3.4. Let (R?,0) - R (R2,0) AW, (R%,0) be a bi-germ such that
91(331>Z/1) = (:Elale)a g?(:]:z’y?) = (232273/2)' Let Hl)szK : <R2>O> o <R2~O) be
diffeomorphism germs. Then g1 0 Hy = K o0 gy and g, o Hy = K o g3 1f and only if

Hy,Hy, K have the following forms:
Hy(z1,91) = (10" 0 g1, 518 0 1),
Hy(z2,y2) = (z200 0 g2, 928° 0 g2),
K(u,v) = (ua®,v8?%),
where a, B € &, , with a(0) # 0,6(0) # 0.

Proof. By the same argument as in Lemma 3.3, the following fact holds: gy 0 Hy =

K o gy if and only if
Hy(z2,y2) = (z20x3 0 g2, B2 0 g2), K(u,v) = (’Ma-z?,ﬁz)y

where oy, B2 € &, , with a2(0) # 0,82(0) = 0, %@Uz(m # 0.

Combining this fact and Lemma 3.3, we can deduce Lemma 3.4. [

We are now ready to detect a normal form of type (II11,I1I).

Let (11,915 pa, g2) be of type (II1,III). By Lemma 3.1, we can suppose that
g1(z1,91) = (z1,91°),

g?(.’ﬁ??y?) g ($227y2)'
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Applying the Malgrange preparation theorem, p1, u2 have the following forms:
p1 = A1 0 g1+ y1B1 04,

poa = Ay 0 g2 +x2B3 09>,

where Ag,Br € Euo(k = 1,2). Note that Bi(0) # 0(k = 1,2) because the
map germ (g, gr) 1s non-singular. Thus we can define coordinate transformations
H;,H,,K by
Hi(z1,31) = (z1B3 0 g1,y1B1 0 g1),
Hy(z2,y2) = (z2B2 0 g2,y2B1° 0 ga),
K (u,v) = (uBy?,vB1?).

In the new coordinates by Hy, Ha, K, it follows from Lemma 3.4 that (u1, g1; g2, 92)

is equivalent to (p1', g1; pe2’, g2), where
(**) pr'(z' ) =g o gz, ;") + 41,

le(v@z/:y'z/) = Q2 O 92(1'2/»'02/) + 23
where ay = Ay o K~ e M, ., (k= 1,2).

Since p1'|s, is non-singular, we have %L(O) # 0. Similarly %%1(0) # 0. Con-

versely, for any oy, a; € M, , with %—%(O) .0, %1(0) #+ 0, a germ whose form is

given by (**) is of type (III,III). Therefore we obtain the normal form of type
(TEE ELTY,

Case of (I, I)y, (I, I);, (I, I);. The normal forms of this case have been detected
essentially by Dufour [11, 12, 13], however, we shall give a process of detecting the
normal forms.

Let (41,0152, 92) be a topographic multigerm. If gx (kK = 1,2) is a diffeo-
morphism, then by the coordinate transformation gx ! in the source space of

and gg, (p1,01; pa, g2) is equivalent to (F,97;G,g95), where FF = py 09171, G =
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po 0 g2t g5 = tdr2 (k = 1,2). From now on, we only consider the coordinate
transformations preserving both g; = id and g5 = id. Hence it is sufficiant to
detect normal forms of the following divergent diagrams up to coordinate transfor-
mations: .

(R,0) ——— (R%,0)

Let (z,y) be a coordinate of the source space of F, G. Then we detect the norml

form of each type by using the deformation theory of functions ([2]) as follows.

In the case of type (I, I)g : From the generic condition, (F,G) : (R?,0) — (R?,0)

is a diffeomorphism germ. Hence, clearly we obtain the normal form F' = z, G = y.

In the case of type (I, I); : From the generic condition, G is a submersion. Thus
we may suppose that G(z,y) = y. Then the generic condition such that the map

germ (F,G) : (R?,0) — (R?%,0) is a fold and besides F' is a submersion means that

oF 02 F oOF

(0) # 0.

Namely F'(z,0) has A;-singularity and F is a deformation of F(z, 0). So that let 9 :
(R,0) — (R, 0) be the diffeomorphism germ such that F{a(z),0) = £z%. Then triv-
1ally the diagram (F,y) is equivalent to (F',9y') , where F'(z',y') = £F(¢(z'), 7).
We can easily verify that F’ is an R-infinitessimaly versal (hence R-versal) de-
formation of z’2. On the other hand, z? + y 1s also an R-versal deformation of
z®. Therefore by the uniqueness of the R-versal deformation, the following holds:
there exist a diffeomorphism germ A € My and h € M, with h(z,0) = z such
that the two diagrams (F',y"), (z* + y,y) are equivalent transforming the coordi-
nates in the target space of 4’ by A and in the source space of both F’ and vy’ by

(z,y) = (h(z,y), A(y)). Thus we obtain the normal form of type tL B

In the case of type (I, I)s. We may'suppose that G(z,y) = y. The generic

condition on this type means that

2 s O°F O2F OF
—(0) = —(0)=0, — R . g
5s 0= G @ =0, 550 #0, 55-(0) #£0; 3-(0) # 0.
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Hence F'(z,0) has Aj-singularity. So that let % : (R,0) — (R,0) be the diffeo-
morphism germ such that F(3(z),0) = £z°. Then trivially the diagram (F,y)
is equivalent to (F’,y’) , where F'(z',y’) = £F(¥(z’),y’'). Due to the condition

59;;;(0) # 0, we can easily verify that F' is a R*-infinitessimaly versal (hence

>. On the other hand, z° + zy is also an Rt-versal

R*-versal) deformation of z’
deformation of z°. Therefore by the uniqueness of versal deformation, the diagram
(F',y") is equivalent to

(z° +zy + a(y), )

for some a € M,,. Here we need the following lemma which was shown by Dufour

in [11].
Lemma 3.5. For any a € My, the diagram (z® + zy + a(y),y) is equivalent to
(z° + 2y, y)-

That is, we obtain thé normal form.

In the case of type (II, I): We may suppose that G(z,y) = y. By the generic
condition, since the map germ (F, G) : (R%,0) — (R?,0) is a fold and F is a Morse

germ, we have

oF 0*F oF

Thus F'is an R*-infinitesimally versal (hence R7-versal) deformation of F(z,0)

(0) = 0.

which has A;-singularity. So that we see the diagram (F,y) is equivalent to (F',y'),
where F' is an R*-versal deformation of z'2. On the other hand the trivial de-
formation of z? is also R*-versal. Therefore the diagram (F,y) is equivalent to
(z° + a(y),y), where a € My. Moreover by the generic condition, z? + a(y) must
be a Morse germ. That is

Jo oadle)
‘@(0) =0, —

L L : i 1 )
Hence a(y) = 4(y)? for some coordinate transformation % in y-variable. Conse-

quently by the coordinate transformation (z,y) — (z,%(y)) we obtain the normal

form (22 + y2, ).
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This completes the proof of Theorem B in the case r = 2.
3.3. Normal form in the case r = 3.

We shall detect the normal forms of types (I, I, I); 1, (III, I, I)(lj’o, (111, IiI, 1)%#

stated in Remark 1.3.

Case of type (I, I, I)1. Let (p1,91; p2, 92; 143, g3) be of type (I, I, I); ;. Set Fj =
peoge ' (k=1,2,3). From the generic condition such that the map germ (Fy, Fy)
is a fold, we may suppose that F; = y, Fy, = y + 2?. Moreover since (Fy, F3) is a
fold, F3 can be written

F3 :y+a:c2+9(:ﬁ,y),

where a # 0, 6 € Mi,y with —C‘;)—i—?,—(()) = 0. Then to see the condition such that
(F3,F3) is a fold, we consider the coordinate transformation (z,y) — (z,F3). In
the new coordinate the map germ (Fj, Fy) has the following form: (G(z,y),y),

where G(z,y) = y —z*+az® 4+ 0(z, y). Thus the condition, (F3, Fy) is a fold, means

that 52(0) = 0, £6(0) # 0. That is, 22(0) = 0, a # 1 since 2£(0) = 0. Therefore

by adding this condition to the above F3, we obtain the normal form.

Case of type (III, I, I)°. Let (1, g1; 2, g2; pa, g3) be of type (IIL, I, ). We may
suppose that (u1,g1) is the normal form of type (III) and that (w2, g2; u3,93) =

AT r 2 1 08 () —
(F2,id ; F3,id), where F, = Zk+0k(ze, i) (k= 1,2), O € M, ,, with il
0. We remark that the generic condition such that (Fy, F3) is a fold is equivalent to
the condition such that £, ! (0) and F3~'(0) have second order contact at 0. Hence

by the direct caluculation we get the condition 6,, 83 so that we obtain the normal

form stated in Remark 1.8,

Case of type (III, IIT, I)°0. Let (#1,91; 12, 92; 13, g3) be of type (III, III, 1)°0. We
may suppose that the form of (uq, ¢y; {2, 92) is the normal form of type (III, III)
and that (u3,g3) = (F3,4d), where Fy = tt3 0 g3~ '. Then by the generic condition,
Fy can be written Fy = az3+bys +6(z,y), wherea 20, b#£ 0, 6 ‘/\/{i,y' Consider

the following six coordinate transformations preserving g;, g» and g3 = id:

2t




(z1,y1) — (az1, Vby1) in the source space of g1,
(z2,v2) — (\/aza, bys) in the source space of g,
(z3,y3) — (azj,bys) in the source space of g3,
(u,v) = (au, bv) in the common target space of gq, go and g3,
Vb, \/a which are scalar multiples in the target spaces of u1, po respectively.

Then in these new coordinates we obtain the normal form.
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4. GEOMETRIC DESCRIPTION OF THE NORMAL FORMS

In order to understand our classification geometrically, let us describe the leve]

curves {ge(se~'(c))} and the discriminant set of ge s LE kS

(D

(I1)

A
CE
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PAarT 11

HOLONOMIC SYSTEMS OF FIRST
ORDER DIFFERENTIAL EQUATIONS

Part II contains two main results. Firstly we give a classification of holonomic
systems of first order differential equations with classical complete solutions, which
are called Clairaut type, studied in [26, 27]. Secondly we characterize functional
moduli which appear in the normal forms for completely integrable first order or-

dinary differential equations, studied in [22].

5. CLASSIFICATION OF CLAIRAUT TYPE

5.1. Geometric formulation for holonomic systems of first order differ-

ential equations.

We shall recall some results which have been developed in [25, 27] about com-
pletely integrable holonomic systems of first order differential equation germs.

Let J'(R™ R) be the 1-jet bundle of n-variables functions which may be con-
sidered as R®"*! with natural coordinates given by (1,...,Zn,Y,01,---,0n). We
have the canonical projection 7 : J'(R*,R) — R™ x R, n(z,y,p) = (z,v). Let 8 be
the canonical contact form on J'(R™ R) which is given by 8 = dy — 5 dn. A&
holonomic system of first order differential equation germ (or, briefly, a holonomic
system) is defined to be an immersion germ f : (R™*! 0) —» JI(R™,R). We also say
that f is completely integrable if there exists a submersion germ p : (R™*! 0) = R
such that (du)e, D (f*)g,, where £, is the ring of smooth function germs on
(R™*1.0). Here, u = (u1,...,Uns1) are canonical coordinates of (R™*! 0). Then
we call the pair (p, f) : (R**1,0) - R x JYR™ R) a holonomic system with
complete integral. We observe that 7 o f(p=1(t)) is the graph of the solution in
R*XR. If 7 o f(1~1(t)) are non-singular map germs for each ¢t € (R, £(0)), then

{mof(u1 (t))}ter is the family of graphs of a (classical) complete solution. We call
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such a system a holonomic system of Clairaut type. Let (p,g) be a pair of a map
germ g : (R**1 0) — (R™ x R,0) and a submersion germ 4 : (R**+10) — (R, 0).
Then the diagram

(R,0) & (R™1,0) & (R™ x R, 0)

or briefly (u,g), is called a (holonomic) integral diagram if there exists a holo-
nomic system f : (R™*! 0) — J}(R™ R) such that (g, f) is an equation germ with
complete integral and 7o f = g, and we say that the integral diagram (u,g) is
induced by f. If f is a system of Clairaut type, then (i, 7o f) is called of Clairaut
type. Furthermore we introduce an equivalence relation among integral diagrams.
Let (1, 9) and (4, ¢') be integral diagrams. Then (u, g) and (4', ¢’) are equivalent

(respectwvely, strictly equivalent) if the diagram

(R,0) —— (R"*!,0) —2— (R" x R, 0)

S ol |+

(R7O) ) (Rn_HrO) P (Rn XR>O>

! g’
commutes for some diffeomorphism germs A, ¥ and ¢ (respectively, A = idR).

In [25] it has been defined an equivalence relation among systems under the
group of point transformations in the sense of S. Lie and shown that two completely
integrable holonomic systems f and f’ are equivalent if and only if induced integral
diagrams (u,7 o f) and (u/,7 o f') are equivalent for generic (g, f) and (4, f').

Under the above formulation it has been given generic classifications of holonomic
integral diagrams by the strictly equivalence in the case n =1 [22], 1 S n < 3 [25].
Particularly we shall give a generic classification of holonomic systems of Clairaut

type by the equivalence (not the strictly equivalence) in the following subsection

9.2.

5.2. Statement of results.

Theorem C. Fora generic holonomuc system of Clairaut type

(g, f) : (R™1,0) - R x J*(R™ R),
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the integral diagram (u, 7o f) is strictly equivalent to on of germs in the following

l1st :
DA ;
= Un41,
g = (’u1,...,‘un+1).
DA, ;
1
K= Unt1 — :Z"Ul,
2L g L2
g (U‘la ceny Un, u’n-{—l)'
DA, (3<2<n+1);
K= Un+1,
£—1 .
g = (ul, v o Wy uf1+1 4 Z UiU;+1)-
=1

mn-}—?
fo = Uny1 +aog for a € Mgy,

n
A g g TR § i
g_<u’17"‘7u‘n>un+1+ u’lu’n-{—l)'
=]

This theorem gives a generic classification of integral diagrams of Clairaut type
under the strict equivalence, however, our purpose is to classify these subjects
under the equivalence. We remark that two germs of types DA, (1 < £ < n+1)
and 574n+2 are not equivalent each other if two types are different. Thus the
problem is reduced to classify germs which are contained in the family J/D\;lnw
under the equivalence. This family is parametrized by function germs « which are

called functional moduli. We shall characterize functional moduli relative to the

equivalence.

For the purpose, we now adopt coordinates (z1,...,Zn,y) of R® x R and define
D= {(@1,...,20,9) € R*x RIF = %I;: i a2 %';f = 0 for some t}, where
Pl = sswy, y) =t"*? 4+ it + - -+ z,t™ —y. Then we have the following char-

acterization theorem.
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Theorem D. Let (pq,g) be an integral diagram of [A);lnm. Then for any «, there
exists a function germ o' : (R™*!0) — (R,0) such that

(1) (Has g) s equivalent to (pqr, g).
(2} o/ | D™ = 0.

This theorem is a generalization of Dufour’s result in [16]. He has also shown
that the uniqueness of functional moduli relative to the equivalence, so that we now

consider a generalization of his uniqueness result. Define

A= {(z1,...,20,9) € R x R|The (n + 2)-degree algebraic equation

Fiz,,...z..)(t) = 0 has (n + 2)-real roots with multiplicity},

W e, . SRt Pt S ol ),

We say that o and o are equivalent as moduli if there exists a € R—{0} such that
BBy Ly s el e s L o 0P BT A for Al (@15 - B i N
We remark that this definition of the equivalence among functional moduli is slightly
different from Dufour’s definition of it in [16]. If we adopt his definition, we cannot

assert the necessity of the condition that functional moduli are equivalent. Then

we correct the definition as the above.

Theorem E. Let (pa,g) and (par,g) be integral diagrams of DA,y such that
e|D™ = o/|D™ = 0. Then (pa,9) and (o, g) are equivalent if and only if o and o

are equivalent as moduls.

We emphasize that this theorem asserts that the equivalence classes of functional
moduli o with /D™ = 0 are the complete invariant for generic classifications of
holonomic systems of Clairaut type under the equivalence relation given by the
group of point transformations.

We define M(D") = {a € M., | a|D™ = 0} and M(DAnia) = M(D™)] ~,
Where ~ denotes the equivalence relation as moduli. The above theorem asserts

that the moduli space for generic holonomic systems of Clairaut type is 9t( DA, 1)
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In 6 we shall prepare basic tools to prove the theorems including quick reviews
of ([24, 25]). We shall give a proof of Theorem C in §7. Theorems D and E will be

proved in §8 by using an analogous method of Dufour[16].

6. PREPARATIONS (INCLUDING QUICK REVIEWS OF [24, 25])

In this section we review some results on completely integrable systems and the
theory of Legendrian unfoldings [24, 25] which will be used in later sections.

Firstly we introduce an equivalence relation among systems under the group
of point transformations of R™ x R. A point transformation ¢ on R™ x R is, by
definition, a diffeomorphism of R™ x R onto itself.

To define a lift of ¢, we give a contact manifold which is a fiberwise compact-
ification of J'(R™ R). Let 7 : PT*(R™ x R) — R™ x R be a projective cotangent
bundle over R™ x R which contains 7 : J}(R",R) — R™ x R as an affine part.
Then we have a canonical contact lift ¢ : PT*(R™ x R) — PT*(R" x R) of ¢. Let
fy g: (R*1,0) — JYR™ R) be equation germs. Following Lie, we say that f and
g are equivalent as equations if there exist a diffeomorphism germ o : (R™*1,0) —
(R**1,0) and a point transformation ¢ : (R™ x R, 7(20)) = (R™ x R, 7(21)) such
that the lift ¢ of ¢ satisfies that (i(zo) — 2, and ¢o f =go1, where z5 = f(0) and

21 =g(0). In [25] it has been shown the following theorem.

Theorem 6.1. Let (u, f) and (¢, ') : (R*1,0) — (R x JY(R™ R),0 x v) be
holonomic system with completeintegral such that the set of critical points of wo f
and wo f' are closed sets without interior pownts. Then the followings are equivalent:
(1) f and f' are equivalent as equations.

2) (4,70 f) and (u'ymo f') are equivalent as integral diagrams.

Secondly, we briefly review the theory of one-parameter Legendrian unfoldings
in [24, 25]. We now consider the 1-jet bundle JY(R x R™ R) and the canonical 1-

form © on the space. Let (¢,z1,...,z,) be the canonical coordinate on R x R™ and

<t«$1,-..,fxn,,y,q,p1, ...,Pn) be the corresponding coordinate on .]1(R x R™ R).
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Then the canonical 1-form is given by © = dy — 3.1, pidz; — qdt = 6 — qdt. We

also have the natural projection
II: J'(RxR™R) - (RxR") xR

defined by II(¢, z,y, q,p) = (t, z,y). We call the above 1-jet bundle an unfolded 1-jet
bundle. Let (i, f) be a holonomic system with complete integral. Then there exists

a unique element h € &, such that £*0 = h - du. Define a map germ

Liupy s (R™10) —» JHR x R™,R)

Lo py(u) = (p(u),z o b(u),y o £(u), h(u),pol(u)).
Then we can easily show that £, ¢y is a Legendrian immersion germ. We call Cin,f)

a complete Legendrian unfolding associated with (u, f). By the aid of the notion

of Legendrian unfoldings, holonomic systems of Clairaut type are characterized as

follows :

Proposition 6.2. [24]. Let (p, f) : (R**!,0) —» R x JY(R™ R) be a holonomic
system with complete integral. Then (u, f) is a holonomic system of Clairaut type

if and only if £, ¢y is Legendrian non-singular.

A complete Legendrian unfolding l(..5) associated with (u, f) is called a Legen-
drian unfolding of Clairaut type if (u.5) 18 a holonomic system of Clairaut type.

Returning to the study of equations with complete integral, we now establish

the notion of the genericity.

Let U C R™! be an open set. We denote by Int(U,R x J'(R™ R)) the set
of systems with complete integral (u, f) : U = R x JHR™,R). We also define
L{U, J}(R x R™,R)) to be the set of complete Legendrian unfoldings £, ) : U —
J'(R x R™,R).

These sets are topological spaces equipped with the Whitney C'°°-topology. A

subset of either spaces 1s sald to be generic if it is an open dense subset in the

Space.
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The genericity of a property of germs are defined as follows. Let P be a property
of equation germs with complete integral (y, f) : (R**1,0) - R x JY(R™,R) (re-
spectively, Legendrian unfoldings £, 5y : (R™*1,0) — J'(R x R™,R)). For an open
set U C R, we define P(U) to be the set of (p, f) € Int(U,R x J}(R",R)) (respec-
tively, £(,.5) € L(U, J*(R x R™,R))) such that the germ at = whose representative
is given by (u, f) (respectively, £, f)) has property P for any z € U.

The property P is said to be generic if for some neighbourhood U of 0 in R",
the set P(U) is a generic subset in Int(U,R x J}(R™,R)) (respectively, L(U, J*(R x
R™ R)).

By the construction, we have a well-defined continuous mapping
(II1)s : LU, J'(R x R*,R)) — Int(U,R x J*'(R*,R))

defined by (II1)«(£(u,p)) = 1 0 4 sy = (4, f), where II; : JY(R x R*,R) —
J'(R™ R) is the canonical projection. Then it has been shown that the follow-

ing fundamental theorem.
Theorem 6.3. [24, 25]. The continuous map

(IT1)« : L(U, J'(R x R™, R)) — Int(U,R x J'(R™, R))
18 a homeomorphism.

On the other hand, since (u.5) 1s a Legendrian immersion germ, then there
exists a generating family of £ by the Arnol’d-Zakalyukin’s theory ([2, 38]). In this
case the generating family is natﬁrally constructed by an one-parameter family of
generating families associated with (,£). Let F : ((R x R™) x R* 0) — (R,0) be

a function germ such that dy F|0 x R™® x R* is non-singular, where d2 F'(t,z, q)

-
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d3F'~1(0) is a smooth (n+1)-manifold germ and 7z : (C(F),0) — R is a submersion

germ, where 7p(t, z,q) = t. We call the submanifold C(F') a catastrophe set of F.
Define

dp: (C(F),0) — J'(R",R)
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g OF
@F(t,(ﬂ,(]) S (',EaF(tv:C’Q)) a—<t‘$>Q>)
T
and
®r: (C(F),0) - J'(R x R*,R)
by
oOF OF
D r(t =(t,z, F(t,xz,q), —(t,: — 3 ;
F(yl‘>Q) (’EF(f,CE(]) at<7r7q)> aqj(t):IJ(J))

Since %5: =0 on C(F), we can easily show that (®z)*8 = 9E\C(F) - dt

CHE =1,
By the definition, ®r is a Legendrian unfolding associated with the Legendrian
family (1, ® 7). By the same method of the theory of Arnol’d-Zakalyukin ([2, 38])

)

we can show the following proposition.

Proposition 6.4. All Legendrian unfolding germs are constructed by the above

method.

Let (4, f) be a holonomic system of Clairaut type. By Proposition 6.2, ¢, 5 is

Legendrian non-singular. Then we can choose a family of function germ
F:(RxR™"0)— (R,0)
such that Image j' Fy = f(u~'(t)) for any ¢t € (R) and
i1F: (R xR™ 0) - JHR"™ R)

s an immersion germ, where Fy(z) = F(t,z) and j1F(t,z) = j1F,(z). The fact
that j{ F' is an immersion leads us to the following equality :

: 2
rzmk(g—lri S8

5% Btdz;)

In this case, we have (C(F),0) = (R x R™,0) and
®r=;'F:(RxR™0) - JY(R xR™,R),

S0 that it is a complete Legendrian unfolding associated with (m._,, j1 F). Thus the

generating family of a Legendrian unfolding of Clairaut type is given by the above

germ.




B —

7. PROOF OF THEOREM C

The main idea of the proof is to define an equivalence relation which can 1g-
nore functional moduli and to do everything in terms of generating families for
Legendrian unfoldings like as those of in [25]. Let (u,g) and (4, ') be holonomic
integral diagrams. Then (u, g) and (¢, ¢’) are R*-equivalent if there exist a diffeo-
morphism germ ¥ : (R x (R™ x R),0) — (R x (R™ x R), 0) of the form \D(i,m,y) =
(t + alz,y),¥(z,y)) and a diffeomorphism germ & : (R**1,0) — (R™*!,0) such
that ¥ o (4, g) = (1, g') o ®. We remark that if (y, g) and (4/, ¢') are R+ -equivalent
by the above diffeomorphisms, then we have p(u) + a o g(u) = 4’ o ®(u) and
pog(u) = g’ o ®(u) for any u € (R™*1,0). Thus the diagram (b+aog,g) is strictly

equivalent to (u/, g’).

We now define the corresponding equivalence relation among Legendrian unfold-
ings. Let £, £y, £er 51y 0 (R™10) = (JH(R xR™,R), 29) be Legendrian unfoldings.
We say that (u,5) and Lty oxe S.P*-Legendrian equiwvalent (respectively, S.P-
Legendrian equivalent) if there exist a contact diffeomorphism germ K : (JHR x
R™,R),z0) — (J'(RxR™,R), 2}), a diffeomorphism germ & : (R**1,0) — (R™+1 0)
and a diffeomorphism germ ¥ : (Rx (R® xR), II(z)) — (Rx (R® xR),II(z})) of the
form W(t,z,y) = (t + oz, y),%(z,y)) (respectively, ¥(t,z,y) = (¢,%(z,y))) such
that [To X' = Woll and KoL = £’ o®. It is clear that if iu,5) and £, gy are S.PT-
Legendrian equivalent (respectively, S.P-Legendrian equivalent), then (u, 7o f) and
(/s o f') are Rt-equivalent (respectively, strictly equivalent). By Theorem 6.1
in [38], the converse is also true for generic (u, f) and (4’ f'). The notion of the
stability of Legendrian unfoldings with respect to S.PT-Legendrian equivalence
(respectively, S.P-Legendrian equivalence) is analogous to the usual notion of the
stability of Legendrian immersion germs with respect to Legendrian equivalence
(cf. Part IIT in [2]).

On the other hand, we can interpret the above equivalence relation in terms

of generating families. For the purpose, we use some notations and results in [2,
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9, 20, 25, 38]. Let F,G : (R x (R™ x R),0) — (R,0) be generating families of
Legendrian unfoldings of Clairaut type. We say that F' and G are P-CT-equivalent
(respectively, P-C-equivalent) if there exists a diffeomorphism germ @ : (R x (R™ x
R),0) — (R x (R™ x R),0) of the form ®(t,z,y) = (¢t + a(z,y), $1(z,y), d2(z,y))

(respectively, ®(t,z,y) = (¢, ¢1(z,y), d2(z,y))) such that (Fo®ig. | . ={G

2,9 g(t,r,y)

where (G)e, , ,, is the ideal generated by G in & ). We also say that F(t, z,y)

is C* (respectively, C)-versal deformation of f = FIR x 0 if

df OF oF
= (=7 — A R x0,1
&t <dt>R+<f>5‘+<a:cl'Rxo’ ol Ll
(respectively,
OF oF
= —|R x 0,..., R x 0,1
0= (£)e + {5 RX 0,0, =R x 0, 1))

By the similar arguments like as those of Theorems 20.8 and 21.4 in [2], we can

show the following :

Theorem 7.1. Let F,G : (R x (R™ x R),0) — (R,0) be generating famalies of
Legendrian unfoldings of Clairaut type ® g, & respectively. Then

(1) @7 and g are S.P+ (respectively, S.P)-Legendrian equivalent if and only if F
and G are P-Ct (respectively, C )-equivalent.

(2) @ is S.PT (respectively, S.P)-Legendrian stable if and only if F is a P-Ct

(respectively, C)-versal deformation of f = FIR x 0.
The following theorem is a corollary of Damon’s general versality theorem in [9].

Theorem 7.2. Let F,G (Rx (R™*xR),0) — (R, 0) be generating families of Leg-
endrian unfoldings of Clairaut type such that ®p, &g are S.P* (respectively, S.P)-
Legendrian stable. Then ® g, ®g are S.P+ (respectively, S.P)-Legendrian equivalent

if and only if f = FIR x 0, g = G|R x 0 are C-equivalent (1.e. (fYe, = (g)e,).

Then the classification theory of function germs by the C-equivalence is quite
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useful for our purpose. For each function germ f : (R,0) — (R, 0), we set

C-cod (f) = dimg&:/(f)e,,

d

C*-cod (£) = dimage/ (F)e, + (e,
d

K-cod (f) = dimg&:/{f)e, + <—C£>gt.

Then we have the following well-known classification (cf. [20]).

Lemma 7.3. Let f: (R,0) — (R,0) be a function germ with K-cod(f) < co. Then

[ 1s C-equivalent to the map germ t*t1 for some ¢ € N.

By the direct calculation, we have

Ceeod (£ = L 41,

CT-cod (t**1) = £

Thus we can easily determine C (respectively, C*)-versal deformations of the above
germs by the usual method as follows :

The C-versal deformation
¢
et Z Wit
g=()

The Ct-versal deformation -

e—1
t£+1 -Jr E 'U,z'+1tl.
' =0
We are now ready to prove Theorem C.

Proof of Theorem C. Let (u, f) be a holonomic system of Clairaut type such that
the corresponding Legendrian unfolding £, ¢y is S.PT-Legendrian stable. By the
assumption, the generating family F(t,z,y) of .5y is CT-versal deformation of
f=F|R x 0. By Theorem 7.2 and Lemma 7.3, F(t,z,y) is P-Ct-equivalent to one
of germs in the following list :

DAp(1<t<n+1); ¢+ ot + PRt =,
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We now detect the corresponding normal forms of integral diagrams as follows :

DA, (1 <2< n+1); We can choose

n

e—1
b4 :t‘q—i—z.riti%—z.?:j
2=1 7

.

as a generalized phase family, so that

£—1 n
Pp = (t).rl, on ol +¢ - Z%’iti -+ Z.’L‘j,
=1 i

£—1

HEE T ey g e gttt ng o),
=1

Then we can easily calculate that the corresponding integral diagram is strictly

equivalent to

K= Uny1,
£—1
14 o
g=(u1,...,Un,Upyq + g Uity 11 )-
g=1

This is the normal form in the case of 3 SL<n+l. 0fL=2 we have

I 'U'n+17
, oy 2 il
e LT ST Upy1 + U1Unt1).

We now define a transformation by
. | i
UL' = (’L:l,...,

then (1, g) is strictly equivalent to

1
e (ula coey Up, ('U,3L+1 - ZUE))

We also apply a transformation which is defined by

1
Ap=its = 1 g0 1Y ik ZT%
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then we have the normal form.

l/)\flnﬁ ; In this case the generalized phase family is given by

R e e e Z 6,

g=]
By the same calculations as those of the case when / < n+1, we can show that

the corresponding integral diagram is R*-equivalent to

K= Un41,

n
n+2 P
g =5 (ul,...,un,:l:un+1 + E Uil ).
=1

Since the generalized phase family is C*-versal and not C-versal, then the integral
diagram is strictly equivalent to the normal form. This completes the proof of

Theorem C.

8. PROOF OF THEOREMS D AND E

For the proof of Theorem D, we now introduce another equivalence relation
among integral diagrams. Let (1, g) and (#',9") be holonomic integral diagrams.
Then (p,g) and (i, ¢') are weak equivalent if there exist a diffeomorphism germ
¥: (Rx(R*xR),0) — (Rx (R™xR),0) of the form ¥ (¢, z,y) = (1t z,9), Y2 (z,y))
and a diffeomorphism germ & : (R™*+! 0) — (R™*10) such that ¥ o (u,g) =
(', g") o ®. By the definition, if either (u,g) and (u,¢’) are equivalent or R*-
equivalent, then these are weak equiﬂmlent.

There also exists the corresponding equivalence relation among Legendrian un-
foldings. Let Clu.p)s L gy + (R, 0) - (J1(R x R™,R), 29) be Legendrian un-
foldings. We say that .5y and £ 1y are P-Legendrian equivalent if there exist
a contact diffeomorphism germ K : (J}(R x R™,R), z5) — (JY(R x R™ R), zp),
a diffeomorphism germ & (R**1,0) — (R™*1,0) and a diffeomorphism germ
(R x (R® x R),TI(z)) — (R x (R™ x R),II(25)) of the form ¥(t,z,y) =
(1(¢t, z, y), Y2(z,y)) such that To K = oIl and Ko £ = £/ 0 ®. It is clear that
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if £, 5y and i 5y are P-Legendrian equivalent, then (u, 7o f) and (p/, 7o i) are
weak equivalent. By Theorem 1.1 in [38], the converse is also true for generic (u, f)
and (1, f'). We can also define the notion of the stability of Legendrian unfoldings
with respect to P-Legendrian equivalence exactly the same way as in the previous
section. The corresponding equivalence relation among generating families are also
given as follows : Let F G (R x (R™ x R),0) — (R,0) be generating families of
Legendrian unfoldings of Clairaut type. We say that F' and G are P-K-equivalent if
there exists a diffeomorphism germ & - (Rx (R™xR),0) = (R x (R™ xR),0) of the
form ®(t,z,y) = (¢, (t,z,9), d2(z,y), d3(z,y)) such that (Fo Drgs | (e ay
We also say that F(t, z,y) is K-versal deformation of f = FIR x 0 if

d oF OF
AN +{5IR %0,

p7e IR X O,1>R.

X o3
T

By the similar arguments like as those of Theorems 7.1 and 7.2, we can show the

following :

Theorem 8.1. Let F, G - (R x (R™ x R),0) — (R,0) be generating families of
Legendrian unfoldings of Clairaut type ® g, B respectively. Then

(1) ®p and ®s are P-Legendrian equivalent if and only if F and G are P-K-
equivalent.

(2) ®p is P-Legendrian stable if and only if F is a P-K-versal deformation of
f=FRx0.

(3) Suppose that F,G be generating families of P-Legendrian stable Legendrian
unfoldings ® g, &g of Clairaut type. Then ®p, &g are P-Legendrian equivalent of

and only if f = FIRx 0, g = GIR x 0 are K-equivalent.

Since f = F|R x 0 is a function germ of one-variable, we have (Z)g + (f)e, =
(gé, f)e.s so that F is-a C*-versal deformation of f if and only if it is a KC-versal
deformation. By Theorems 7.1 and 8.1, a Legendrian unfolding of Clairaut type is

S.P*-Legendrian stable if and only if it is P-Legendrian stable. Then the following

lemma is a corollary of Theorem C.
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Lemma 8.2. Let (4, ¢') be an integral diagram of Clairaut type which is equivalent
to (e, g) for some a € Mz.y). Then there exists o’ € Mz,y) such that (u', ") and

(Bary9) are strictly equivalent.

The main idea of the proofis a generalization of methods studied by Dufour [16].

Let (1,g) be an integral diagram which is equivalent to (uq, g) for some « € Mg .

Define
n—+2
Sp={(c1,...,cny2)|All of ¢;, ., Cn+2 are different and ﬂ g(p™(cy)) # 0}
j=1

We call it the Carneiro hypersurface of (1, 9). We can detect a defining equation of

the closure of the Carneiro hypersurface of £ )

Proposition 8.3. The closure Sue Of the Carneiro surface of (piga,g) in R™+2 s

defined by

where

{‘I:l ..... L}}C{l ..... TL+2}

for b e o st ol

k-1

Tn4+2—k :Zbisk_isi (A, = 2,...,TL+1)
=0
n+1

y = E 575 ST M
2=0

for some real numbers b; which depend on n, k.

Proof. Let t1,...,tp4o with t; < ... < tnt2 be the (n+2)-real roots of Fi, ,(¢) = 0

for each (z,y) € A. We define map germs ¢;: A — (R, 0) by ¢;(z,y) = t; + oz, y),

where j = 1,...,n+2. Then we set.C = (c1,...,¢nt2): A — (R™2 0). Moreover let

symmetric polynomial of degree j. By the relation between roots and coefficients
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we have

t1+"’+tn+2 =0
% ity = (1) Tagk (k=2,...,041)
RS TS (—1>n+2(—?])-

Putting s o C(z,y) = (s1,..., Sn+2), we have

=7
n+1
Snt2 = (=1 (=y) + 3 (~1)'enszia(z,9)"2 7 + afa, )™,
=2

where -k =2 . "l (m) denotes the binomial coefficient and we presumably
I

use <Ton> 4

From these formulae and by direct calculations we can inductively show that
Tnt2—k, Y are uniquely expressed as in the statement of this proposition. Further-
more we can show that S, = Uses, . Image (co(1), .- -, Co(ns2)), Where G, 45 is the

symmetric group of degree n+2. It follows that S, 1s included by the hypersurface

which is defined by the equation s; = (n+2)a(z,y), where (z,y) is the preimage of

(81,...,Snt2) by the map ger soC and s; is the elementary symmetric polynomial
of degree j with respect to ¢y, ... , Cn+2. Therefore we obtain a defining equation of

Spe- This completes the proof. [
By Proposition 8.3 we can easily have

Lemma 8.4. Under the same hypothesis as in Proposition 8.8, a|D™ = 0 if and

only if

£ B yCny2) €S,
= c1 = —(n+ 1)cpys.

) =+ = Cnan
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We are now ready to prove Theorem D.

Proof of Theorem D. By Proposition 8.3 and the implicit function theorem, there
exists a function germ h: (RR, 0) — (R, 0) whose form is given by hic) = —(n+1)c+

o(|c|) such that

N

po N {<61302)"'7cn+2)’62 & MaldlT = CTH-Z}

= {(h(cn+2),02, e .,Cn.Jr_Q)‘CQ = v = Cn+2}.

Applying a linearization theorem of Sternberg [34], there exists a diffeomorphism
germ A : (R,0) — (R,0) such that X o A o A7) = —(n 4 1)c. Thus we have
Mer) + M)+ -+ Ace) = 0 for any (c1,¢,...,¢) € S, . By this relation and the
fact that the (n + 2)-fold product of A sends S, onto Sxop, We can show that if
Co PRRIE  Eas St WL e Cnt2 then ¢; = —(n 4 1)c,42. Furthermore,

by Lemma 8.2 there exists o/ € M y such that the following diagram commutes

(R,0) <22 (Rn+1 ) — 2, (R™ x R, 0)

lf Ly L

(R,0) —— (R™*1,0) — (R™ x R, 0).

Hoot g

The commutativity of the diagram implies that LRI Sy, Thus by Lemma 8.4

we have o/|D™ = 0. This completes the proof of Theorem D. O

Proof of Theorem E. Firstly we prove the necessity of the condition that functional
moduli are equivalent. Assume that (a,9) and (par,g) are equivalent, where
Gl = oD% = B Lab vs sesine that 5 Pa=la 0% and ¢ o g = g ot for some
diffeomorphism germs \: (R,0) — (R,0),%: (R**! 0) — (R**1,0) and ¢: (R™ x
R,0) — (R™ x R, 0).

We determine the form of \. Since (A B, )= S,.., and by Lemma, 8.4

we have A\(—(n 4+ 1)c) = —(n + 1)A(c), so that we inductively have

(—(n+ D)7

AMce) = (=(n + 1))PA(

)




for all integers p. By the same arguments as those of Dufour ([15] p.466, [16] p.231,
[17] p.274) we can show that the form of ) is given by A(c) = ac (a # 0). Also we
determine the form of ¢|A. Let C be the map germ as in Proposition 8.3. By the
assumption we have (Ax - x \)oC = (Co(1)s- -+ Co(nt2)) © G| A for some o € Saas
We recall the fact that s o C is invertible and the inverse map germ is given as
in Proposition 8.3. Thus we have $(z,y) = (@™ 1z, a"2s,..., 0%z, a2 an IN.
where a € R — {0} such that A(c) = ac. Now for each (z,y) € A write bl ) =
g Cnt2). Then by Proposition 8.3 we have ¢y + - - ‘+cny2 = (n+2)a(z, y) and
aci+- - +acnt2 = (n+2)a’(¢(z,y)). Hence ac(z,y) = o/'(¢(z,y)) on A. Therefore
we obtain the necessity.

Conversely suppose that T s SRR O B A oo L baigl. a e

on A for some a € R — {0}. Then we have the following commutative diagram

(R,0) —=— g71(a) —2— A

(R,0) —— g7(4) A,
Fo g
where
Ale) =0,
WAL o i s B o= ARy SOR Y RO Alp+1),
et B & i 2 T R L il

The proof is based on the following result of Carneiro [7].

Theorem 8.5. Let (ugy,q) and (Lot g) be two integral diagrams of DA,yo. Then

(Lay g) and (Lary g) are equivalent of and only if there exists a diffeomorphism germ

A (R,0) — (R,0) such that (A x --- X AfDy =8

We remark that the commutativity of the above diagram implies that the (n+2)-
fold product of \ sends S, onto S,._,. Thus it follows from Theorem 8.5 that (e, 9)

and (pqr, g) are equivalent. This completes the proof of Theorem E.




9. FUNCTIONAL MODULI FOR FIRST ORDER

ORDINARY DIFFERENTIAL EQUATIONS

Under the same formulation in subsection 5.1, in [22] it has been studied a generic
classification of completely integrable holonomic systems in the case n = 1, that is
the case of ordinary differential equations. They showed that any generic integral

diagram in the case n = 1, (&, g) is strictly equivalent to one of the following germs:

(0 S e

(2) p=v—3ud g = (u?v)

3) p=v—ju,g=(u,?)

(4) = 30§00k 0 0 = (08 40, 9) or @ € Mg with 25(0) = 1.
(5) ha =v+aog,g= (4, v° + wv) for @ € My,

(6) tho = %vg +aog,g9=(u,v®+uv?) for a € My, with %%(0) — L

A function germ o which appear in the normal forms (4), (5), (6) is called a
functional modulus of each normal form.

Our concern is to classify generic integral diagrams by the equivalence (not the
strict equivalence). We remark that the germs (1) to (6) are not equivalent each
other. Hence we shall classify the families of the germs (4), (5), (6) by the equiv-
alence. On the other hand, the normal form (5) is one of the normal forms for
generic divergent diagrams studied by Dufour [15] and also one of the normal forms
for Clairaut type in the case n = 1 as was described in 85. Thus we shall classify
the normal forms (4), (6) by the equivalence, which is an analogy of Dufour’s result,
for (5).

Denote by A, (resp. A) as the set of functional moduli of (4) (resp. (6)).

We now state our results.

Theorem F. Let (puq,g) be an integral diagram of (4)- Then, for any o € A,

there exists an o € A, such that

(i) (tta 9) 5 equivalent to (g, g),
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(ii) &'(0,y) = g—(O, 0)y + %Xayz for all y < 0,

o
Y

where xo = 22?(0, 0).

¢

<

Theorem Gj;. (j=1,2) Let (La, g) be an integral diagram of (6). Then, for any
a € Ay there exists an of € A, such that

(1) (Kasg) s equivalent to (Lary g),

(ii) o' = 6z + %XQLCQ on D,

where — 0%a
where Xo = 55

(0,0), 6 ==£1, Dy = {(2,y)ly = 0} and Dy = {(z,y)|27y = 42%}.

Dufour also has shown uniqueness of functional modulus. However the germs
(4), (6) are so complicated that we can not obtain the uniqueness result in this

paper.

10. PROOF OF THEOREM F

The proof is based on the following two propositions.

Proposition 10.1.(Takens[35]). Let ¢: R,0 — R,0 be a diffeomorphism such
that ¥* has the form V¥ (z) = z + 2 F(z) with F(0)#£0 and k > 2. Then there
1S an orientation preserving arffeomorphism A: R,0 — R,0 such that, in some

neighbourhood of 0 € R,
AoyporT (z) = £z + 62F + yz?* !

where 6 = +1 and x € R.
The following is implicitly proved in [22].

Proposition 10.2. Let (4, g9') be an integral diagram which is equivalent to (Lhas )
of (4) (resp. (6)) for some a € Ay (resp. Az). Then (', g’) s strictly equivalent
to (tar,g) of (4) (resp. (6)) for some o' € Ay TrEsptiA s k.

2

For each case F, Gy, Gy we will define a map germ v.: (R,0) — (R*,0), as
follows. In the case F : Put A = {(z,y)]27z* + 4y® < 0}. Note that A =

Uz 9)H(97 (=, 9)) = 3}. Let (w1,y), (uz,) and (us, y) be the preimages of (z, ) by
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g for each (z,y) € A near (0,0), where u; = u;(z,y) (j = 1,2, 3) are three real roots
of the equation U3 4+ yU —z = 0 and ordered by u; < uy < u3. For each a € A, set
ci(z,y) = paluj,y). We see clearly ¢1(0,y) = ¢3(0,y) = ;lgyz el e 0, y) =
a(0,y) for any (0,y) € A. We set v, (y) = (a(0,9), 3y* + (0, y)) for each o € Ay

In the case Gy (resp. G;): Note that §(g~1(z,y)) = 2 for any (z,y) € D
(resp. Ds). Let (z,v;), (z,v2) be the preimages by g for each (z,y) € D; (resp.
D3), where v; = v;(z,y) (j = 1,2) are three real roots of V3 + zV?2 — y =0 (v
1s the multiple root). For any (z,y) € Dy (resp. D,), set e T P e

2

We see clearly ci(z,y) = a(z,y), Cal B ) = %332 + a(z,y) (resp. c1(z,y) = 2% +

Ol

a(z,y), ca(z,y) = Fr¥+a(z,y)). Weset y4(z) = (c1(z, 0), c2(z,0)) (resp. v4(z) =
)

(c1(z, 552°), ca(x, s=z°)) for each o € A;.
Lemma 10.3. Let 4 : (R, 0) — R be a function germ such that
(10.1) (0) = 9/(0) = 6”(0) = 9" (0) = 0.

In the case E for any o € Ay there ezists an o' € A, such that
(1) (Ha»g) and (par, g) are equivalent,
(i) =32+ /(0,9)" = xa/(0,9)° + 8(c/(0,9)) = 0 for all y < 0,

where xq = %(O 0).
In the case Fy (resp. Fy) for any o € A, there ezists an o' € A, such that
(1) (Hasg) and (por,g) are equivalent,
(i) —2® + /(2,0) - xad/(z,0)° + 6(c/(z,0)) = 0 on D;
(resp. —z? + ¢ — (5 +Xa)® +60(c) =0 on D,)
1 4

where ¢ = s32° + o(z, w2 ), w4 = —gTQ—(O, 0).

Proof. Since any o € A, (resp. Az) verifies the condition 3—3(0}0) sz ho(resp.
2—2(0,0) = =£1), by the implicit function theorem, there exists the function-germ
Yo : (R,0) — (R,0) such that Imy, = graphi, in each case. By direct calcula-

tions, we see respectively in the case F, G1, Go

Yalc) = c + Zc‘ =3 IXQCS + O(]c[s),




—

1 1 15 e |
Va(e) = e+ 56" = =xac® +o([e]’), dalc) = c+ ¢ — 55 T xa)e® +o(lc[).

In the case F, Gy, Gy respectively, define the function germ %, : (R, 0) — (R, 0)
by

s 1 1 1
Yalc) =c+ ch - ZXQCB - Z@(c),

1 s TS
5Xac® + 50(0), Palc) = ¢+ =¢ -

== Sehai

wa(c):c—}-§c (%%—Xa)c:‘%—gﬁ(c).

1
6 6
Then by Proposition 10.1 there exists an orientation preserving diffeomorphism-
germ A: (R,0) — (R,0) such that ¥, = Ao, 0 A~} in each case. Since (Ao
La, g) 1S equivalent to (ta, g), by Proposition 10.2 there exists a functional modulus

a' € Ay (resp. A;) in the case F (resp. Gi, G,) such that the following diagram

commute, hence (14, g) and (o, ) are equivalent:

(R,0) o (B%,0) —— (R,0)
g | |
(R,0) —— (B%,0) —— (R,0)

l! Ls i

(R,0) «—— (R%,0) —— (R2,0) .

P g

In the case F since the set {(0,y) | y < 0} is preserved by % and since ) is

orientation preserving, the above commutative diagram implies

(10.2) ) /\<Im7a’y§0> = graphip, N {6c < 0} = Im(ya y<0)

where § = %%(O, 0). In the case Gy (resp. Gg) since a discriminant set D; (resp. Ds)

1s preserved by h, from the commutativity of the above diagram we see that A x
AImya) = graphis = Im~yq . Therefore by the definitions of ¥, and v, we have

the equation in Lemma 10.3.(ii) in each case. This completes the proof. O

Remark 10.4. In the case F, by (10.2) if § = 1, then ¢ = &/(0,y) < 0, thus

%(0.’0) = 1. Similarly, if § = —1 then 0_(07()) = —1. That is C?—(0,0) = %(00)

o’ o
Oy 9y

09
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The functional moduli ¢’ in Lemma 10.3 depends on 6 and «. Now, by means of
special choice of 6, we normalize o’ such that /(0,y) (resp. o/(z,0), o'(z, 5=2°))
is the polynomial as low degree as possible in the case F (resp. Gi, G2). Note
that the degree of the normalization is not zero for the condition of the functional
moduli %;—(0,0) = =1 [resp. %L;-(OO) = #1). In the case of xo, = 0, we have
the normalization to degree one. In the case of xo # 0, we can not have the
normalization to degree one because of the condition (10.1) for #, thus we consider

the normalization to degree two. In fact, it is possible as follows: For any x € R

we define the function germ 6,: (R,0) — (R,0) by

{0 it =i
| QX: ;
o R e, 2

where £(t) = —1+Vx1+2lt’ a(t) = 2x*t* + S %3t + %X4t6.

Then the 8, satisfy the condition (10.1) in Lemma 10.3. Moreover we define the
function germ h,: (R X R, (0,0)) — (R, 0) by hy(t,c) = 12+ ¢? — x3 + 60,(c) for
any x¥ € R. By the definition of , it can be directly shown that h,(+t,¢+ 22%2) ="{)

for all ¢t € (R,0). Hence we can casily have

Lemma 10.5. If (t,¢) € hX_I(O), then ¢ = +t + £t* for any x € R.

For any a € A, (resp. Az),set x = Q:;Q(O 0) (resp. x = -a—f'-(O 0), %+g;“(00))

T

Then, by Lemma 10.3, Lemma 10.5 (and Remark 10.4 in the case F), we obtain
Theorem F, Gi, Go.

Remark 10.6. Y, is an invariant of (4), (6) relative to the equivalence because we
can sce that by the direct calculation the third coefficient of the Taylor expansion
at the origin for 1), is invariant under the conjugate 1, = A7 oy o X for a

diffeomorphism germ A.
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