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fact•@that•@the•@fract•Cal•@has•@no•@charac•Dteristic•@length•D•@The•@scaling•@propert•Dy•@also•@means

that•C•@fractals•@are•@not•@evaluated•@quatititatively•@by•@means•@of•@conventional•@measures•D

To•@charact•Cerize•@the•@fra•Cctal•@objects•@and•@phenomena•@quantitatively•C•@a•@dimensional

analysis•@was•@int•Croduced•@by•@pt•flandelbrot•^•@•m1•n•D•@As•@long•@a•Cs•@the•@definition•@of•@tThe•@topolog•|

ical•@dimension•@is•@concerned•C•@all•@objects•@existing•@in•@a•@Euclidean•@space•@have•@integer

dimensions•D•@However•C•@ace•Cording•@to•@the•@definition•@of•@the•@Hausdorff•@covering•@dimen•|

sion•C•@fractal•@objects•@gelƒ†erally•@have•@non•|integer•@dimensiolƒ†s•C•@while•@ordinary•@objects

st•Cill•@have•@integer•@dimensions•D•@Because•@the•@dimension•@is•@uniquely•@deterinined•@for•@a

pa•Drticular•@fractal•C•@sN•flandelbrot•@nan•ped•@t•Chis•@non•|integer•@dimension•@as•@a•@•efractal•@diˆêˆê

mension•f•@a•Cnd•@regarded•@it•@as•@the•@quantity•@charact•Eerizing•@the•@fract•Cals•D

•@•@•@In•@recent•@years•C•@it•@has•@been•@elucidated•@that•@niany•@physical•@objects•@and•@pheˆêˆê

nomena•C•@•grhich•@are•@compara•Cble•@with•@our•@human•@scale•@are•@fractal•D•@NKv•E•fe•@can•@niention

some•@examples•@of•@fract•^al•@structures•@and•@phenomena•F•@aggregates•C•@polymer•C•@percola•|

tion•@cluster•C•@viscous•@fingering•C•@discharge•@pattern•C•@neuron•C•@blood•@vessels•C•@tree•C•@river•C

coastline•C•@galaxy•C•@lightning•C•@eart•Chquake•C•@turbulent•C•@fiow•C•@Brownian•@motion•C•@Joseph•|

son•@junction•@and•@so•@on•@•m1•|7•n•D•@Because•@fra•Cctals•@exist•@over•@ext•Censive•@world•@and•@scale•C

they•@have•@been•@studied•@in•@many•@fields•@•m8•C•@9•n•D•@Today•C•@the•@concept•@of•@fract•Cal•@plays

an•@import•@ant•@role•@as•@a•@const•C•@ant•@source•@of•@delight•@and•@surprise•@for•@many•@researchers•D

In•@many•@fields•C•@researchers•@use•@this•@concept•@as•@realistic•@and•@flexible•@geometric•@t•Cools

to•@describe•@various•@essential•@phenomena•C•@and•@to•@help•@grasping•@of•@their•@causes•D•@ln

addition•C•@the•@concept•@is•@also•@used•@to•@design•@new•@materials•@and•@systems•C•@Moreover•C

mathematdicians•@include•@shapes•@with•@a•@very•@simple•@definition•C•@but•@a•@devilishly•@com•|

plex•@and•@rich•@st•Cructure•@to•@the•@geometry•C•@which•@had•@been•@suspected•@before•@it•@was

actually•@seen•@on•@the•@computer•@screen•@•m4•n•D•@Their•@studies•@extend•@for•@diverse•@ways•C

including•@met•Chods•@reminiscent•@of•@natural•@history•C

•@•@•@In•@optic•Ds•C•@many•@ret•@earchers•@have•@studied•@fractals•@from•@the•@viewpoint•@of•@an•@inter•|

action•@between•@fractal•@structures•@and•@light•D•@A•@special•@interest•@in•@this•@direction•@ha•Cs

been•@focused•@mainly•@on•@optical•@diffraction•@and•@scattering•@by•@fractal•@object•Cg•D•D•@The

reason•@is•@firstly•@that•@the•@light•@diffracted•@or•@scattered•@by•@fractal•@objects•@has•@informa•|

tion•@about•@the•@fractality•@of•@the•@objects•@and•C•@hence•C•@can•@provide•@ways•@t•Co•@access•@such
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information•@in•@a•@noncontact•@and•@nondestructive•@wa•Cy•D•@Secondly•C•@tihe•@light•@interacted

with•@fract•Cal•@object•Cs•@has•@some•@interesting•@feat•Eures•@which•@are•@not•@observ•Eed•@in•@tdhe•@light

produced•@by•@ordinary•@object•Es•@and•@is•@expected•@to•@provide•@applications•@to•@new•@various

opt•Cical•@ineasurenients•D

•@•@•@There•@are•@many•@studies•@concerned•@wit•Eh•@various•@types•@of•@frac•Ctals•D•@Soine•@main

studies•@of•@them•@are•@described•@briefly•@as•@followings•D

Diffraction•@by•@fractal•@phase•@screens•C•@rough•@surfaces•@and•@turbulence

Jakeman•@etb•@al•D•@•m10•|14•n•@investigated•@diffraction•@by•@sub•|fract•Cal•@phase•@screens•@wit•Ch

fractal•@slopes•C•@They•@revealed•@t•^hatJ•@the•@field•@scattered•@by•@this•@t•Dvpe•@of•@screens•@obeys•@the

non•|Gaussian•@probability•@density•@and•@that•@the•@inttensit•{y•@obeys•@the•@IYˆêˆêdistribution

•m10•C•@11•n•D•@They•@also•@found•@that•@the•@normalized•@momeiits•@of•@intensit•Ey•E•@fluctuations

in•@t•Che•@far•@field•@produced•@by•@a•@diffuser•@show•@a•@power•|law•@behavior•@•m12•n•@and•@give•@a

simple•@method•@for•@meaguring•@fractal•@dimensions•@of•@object•@fractals•D•@Jakeman•@and

his•@colleagues•m15•A16•nalso•@investigated•@experilŽMental•Iy•@the•@fields•@scattered•@by•@fractal

diffusers•D

•@•@•@Berry•@•m17•n•@introduced•@a•@fractal•@model•@for•@a•@phase•@screen•@producing•@a•@specrkle

pattern•D•@He•@argued•@that•@the•@non•|differentiable•@struct•Cure•@of•@the•@fractal•@phase•@screen

obst•Cructs•@the•@focussing•D•@After•@that•C•@Berry•@and•@BlackvLrell•@•m18•n•@investigated•@the•@t•Cem•|

poral•@behavior•@of•@the•@average•@intensity•@of•@a•@quasi•|monochromatic•@pLilse•@echo•@reflected

from•@the•@fractal•@surface•D•@They•@found•@that•@this•@pulse•@echo•@has•@a•@long•@time•@tail•@w•Eith

tdhe•@poxver•|law•@dependent•@upon•@the•@dimension•@of•@the•@fractal•@surfaces•D

•@•@•@Jaggard•@and•@Kim•@•m19•|21•n•@investigated•@fields•@scattered•@by•@fractaJl•@phase•@screens

and•@turbulentd•@layers•@by•@using•@the•@band•|limited•@fractal•@functions•C•@and•@gave•@functional

forms•@of•@t•Che•@scat•Ctered•@fields•D•@They•@argued•@that•@the•@diffraction•@by•@physic•Cally•E•@existing

fract•Cals•@are•@infiuenced•@by•@inner•@and•@outer•@cutoffs•@of•@the•@scale•@of•@fractal•@struct•Cures•@as

well•@as•@the•@fractal•@dimensions•@of•@the•@object•Cs•D•@Jaggard•@and•@Sun•@•m22•|25•n•@investigat•^ed

t•Fhe•@intensity•@scattered•@by•@t•Che•@rough•@surface•@which•@is•@modeled•@by•@a•@deterministic

fractal•@function•@and•@elucidated•@that•@the•@energy•@distribution•@of•@the•@scattered•@field•@is

deter1ŽMined•@by•@the•@object•@fractal•@dimension•D
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Scattering•@by•@mass•@and•^or•@surface•@fractals

Scattering•@by•@mass•@fract•Cals•@such•@as•@fra•Cctal•@aggregates•C•@clusters•C•@and•@porous•@mate•|

rials•@has•@been•@investigated•@b•Dv•@many•@reseai•fchers•C•@and•@sonie•@iniport•Cant•C•@findings•@•grere

made•D•@The•@intensit•Cy•@distribut•Eion•@of•@sniallˆêˆêangle•@forward•@scatttering•@is•@given•@b•Dx•F•@a•C

power•@frmction•@of•@the•@sc•Cattering•@vector•@whose•@exponent•@is•@equal•@to•@the•@objec•Ct•@fractal

dimellsion•@apart•@from•@the•@negative•@sign•m2•CŽi•D•@However•C•@this•@scaling•@region•@is•@lilnited

by•@the•@inner•@and•@outer•@cutoffs•@of•@the•@scale•@of•@fractal•@sttructures•@•m5•C•@26•@ˆê28•n•D

•@•@•@Intensit•Dv•@disttributions•@of•@the•@fields•@scattered•@by•@surface•@fract•Cals•@•gr•Ehose•@inside•@is

filled•@up•@densely•@are•@also•@given•@by•@a•@povvrer•@function•C•@but•@its•@exponent•C•@is•@equal•@to

twice•@the•@Euclidian•@dimellsion•@miŽMls•@the•@fractal•@dimension•@of•@the•@objects•m26•C27•A

29•|33•n•D•@Although•@an•@appearance•@of•@surfa•Cce•@fractals•@resemble•@that•@of•@mass•@fractals•C

their•@features•@of•@scattering•@illtellsities•@are•@very•@different•C•@fronl•@tllose•@of•@IŽMass•@fractals•D

•@•@•@As•@more•@general•@sit•Cuations•C•@a•@scat•Ctering•@by•@a•@mass•@fracta•C1•@bounded•@by•@a•C•@surface

fr•factal•@has•@been•@investigat•Ced•@by•@Sinha•@•m26•n•@and•@N•HVong•@et•@al•D•@•m34•n•D

•@•@•@Berry•@and•@Percival•@•m35•n•@and•@others•@•m36•C•@37•n•@introduced•@the•@multiple•@scat•Ctering

model•@for•@t•Che•@ana•Iysis•@of•@t•Ehe•@sca•Cttdering•@by•@fractals•D•@ln•@tliis•@direction•C•@the•@backscat•|

tering•@enhanc•Dement•@phenomenon•@which•@is•@caused•@by•@the•@weak•@localization•@of•@light

has•@att•Cractied•@an•@extensiNr•Ee•@att•Cent•Cion•@of•@researchers•D•@This•@phenomenon•@was•@observed

in•@the•@backscattering•@from•@surface•@fractals•@•m38•C•@39•n•@and•@fractal•@aggregates•@•m40•C•@41•n•D

Dogariu•@et•@al•D•@•m40•n•@argued•@that•@a•@peak•@of•@t•Che•@enhancement•@due•@to•@fractal•@aggregat•Ces•f

has•@differentd•@feat•Eures•@from•@that•@of•@non•|fractal•@objects•D

Diffraction•@by•@the•@fractal•@apertures

Allain•@and•@Cloit•Cre•@•m42•C•@43•n•@derived•@theoretically•@the•@structure•@factor•@of•@intensity

distributions•@of•@t•Ehe•@fields•@diffracted•@by•@a•@regular•@self•|similar•@fractal•@and•@showed

that•@the•@band•|averaged•@structure•@factor•@decreases•@with•@an•@increase•@of•@the•@spatial

frequency•@and•@obeys•@a•@power•@law•@whose•@exponent•@is•@equal•@to•@the•@fractal•@dimension

of•@the•@object•C•@apart•C•@from•@a•@negative•@sign•D•@The•@self•|similariby•F•@in•@diffraction•@patterns

of•@regu•Iar•@fra•Cctals•@has•@been•@discussed•@for•@other•@t•Cwo•|dimensional•@cases•@of•@the•@Koch
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curve•@•m44•C•@45•n•@and•@Sierpinski•@gasket•@•m46•n•C•@and•@for•@the•@three•|dimensional•@case•@of•@N•D•@lenger

sponge•@•m4•@7•n•@•D

•@•@•@U•ftozumi•@et•@al•C•@•m48•C•@49•n•@ext•Cended•@the•@optical•@analysis•@of•@regular•@fractals•@to•@i•fandom

fract•Cals•@witdh•@statistical•@self•|similarit•Cy•D•@They•@invest•Cigated•@fields•@diffracted•@by•@ran•|

domized•@Koch•@curves•@and•@showed•@that•@the•@self•|similar•@structure•@of•@the•@diffract•^ion

pattern•@is•@very•@sensitive•@to•@the•@irregularity•@added•@to•@t•Ehe•@regular•@fractal•@and•@changes

rapidly•@from•@a•@regula•Cr•@pattern•@to•@a•@speckle•@pattern•@with•@the•@added•@irregularity•C•@Fur•|

thermore•C•@this•@speckle•@has•@a•@peculiar•@feature•@called•@speckle•@clust•Cering•@which•@has•@not

been•@seen•@in•@ordinary•@speckles•D•@Berger•@et•@al•D•@•m50•n•@discussed•@scaling•@properties•@of•@the

fields•@diffracted•@by•@randomized•@Sierpinski•@carpets•@and•@their•@relation•@tTo•@iterating•@steps

of•@simu•Iation•D•@ln•@addit•Cion•C•@Beal•@and•@George•@•m51•n•C•@Kim•@et•@al•D•@•m52•n•@and•@Chabassier•@et

al•D•@•m53•n•@investiga•Cted•@the•@diffraction•@by•@an•@aperture•@w•@itdh•@fractal•@edges•D•@Sakurada•C•@et

al•D•@•m54•C•@55•n•@investigated•@scaling•@propert•Cies•@of•@fields•@in•@the•@Fresnel•@diffraction•@region

of•@fractal•@apertures•@and•@evtaluated•@quantitatively•@the•@self•|similarity•@between•@two•@dif•|

ferent•@planes•@separated•@along•@t•Che•@propagation•@direction•@by•@introducing•@the•@degree

of•@self•|similarit•Cy•@as•@a•@new•@analyzing•@tool•@for•@t•Ehe•@self•|similarjty•D

Fractal•@multilayers

Jaggard•@et•@al•D•@•m56•|58•n•@studied•@optical•@properties•@of•@multila•Cyers•@in•@the•@form•@of•@gen•|

eralized•@Cantror•@bars•@constructed•@by•@a•@recursive•@procedure•@and•@showed•@that•@the

reflect•Cance•@and•@transmittance•@of•@these•@layers•@exhibit•C•@fractal•@behaviors•@against•@the

ineident•@wavelength•D•@Megademini•@•m59•C•@60•n•@and•@Konotop•@•m61•n•@investigated•@details•@of

the•@reflect•Cance•@and•@t•Cransniittance•@of•@t•Che•@pile•@of•@Cant•Eorˆêˆêlike•@layers•@with•@different•C•@di•|

electric•@constants•C•@which•@is•@a•@model•@of•@multilayer•@structures•@of•@dielectric•@mirrors•@and

super•|lat•Ctdices•D•@Konotop•@•m62•n•@also•@invest•Cigat•ped•@multilayers•@described•@by•@the•@NVeier•|

strass•@function•D

Measurement•@of•@fractal•@dimensions

It•E•@is•@an•@important•@problem•@to•@measure•@fractal•@dimensions•@of•@fractal•@objects•@and

phenomena•@and•C•@hence•C•@diverse•@methods•@were•@investigated•@by•@many•@researchers•D

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@5
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Some•@of•@them•@are•@based•@on•@t•Che•@optical•@propert•Eies•@of•@fractals•@mentioned•@above•D•@As•@an

alternat•^ix•fe•@method•C•@Lee•@et•@al•D•@•m63•n•@and•@Dogariu•@et•@al•D•@•m64•C•@65•n•@investigated•@a•@method

using•@optical•@autoeorrelation•C•@ln•@addit•Cion•C•@Pouligny•@et•@al•D•@•m66•|68•n•@demong•D•@trated

that•@optiical•@xsravelet•@analysis•@is•@a•@poxv•Eerfu1•@method•@for•@resolving•@a•@spectrum•@of•@fra•Dcta•C1

dimensions•@of•@inultifractal•@objects•D

•@•@•@Although•@many•@researchers•@have•@investigat•Eed•@various•@t•Cypes•@of•@frac•Ct•Eal•@objects

and•@revealed•@essential•@optical•@properties•@and•@phenomena•C•C•@many•@iinportant•E•@problems

still•@remain•@unsolved•D•@Especially•C•@a•@research•@concerning•@the•@evaluat•Cion•@of•@fractal

dimeng•D•@ions•@of•@the•@fractgal•@objects•@ha•Cs•@att•Eracted•@t•Che•@interest•@of•@researchers•D•@However•C

suflicient•E•@investigation•@has•@not•@been•@made•@on•@this•@subject•@despite•@of•@its•@iniportaBce•C

In•@addition•C•@there•@are•@some•@object•Cs•@whieh•@have•@self•|afline•C•@but•@not•@s•D•@elf•|similar•C•@st•Cruc•|

tures•C•@Nvhet•Cher•@random•@or•@not•E•D•@•D4Llthough•@self•|affine•@objects•@are•@classified•@into•@fract•Eals•C

the•@fractal•@diinension•@cannot•C•@be•@defined•@unique•Iy•@to•@these•@objects•@in•@a•@strictd•@sense•D

Therefore•C•@their•@analysis•@is•@more•@diflicult•@than•@the•@analysis•@of•@self•|similar•@fracttals•D

Self•|affine•@objects•@are•@to•@be•@evaluat•Ced•@by•@a•@quantity•@called•@a•@scaling•@factor•C•@but•@a

rela•Ction•@between•@sc•Daling•@factors•@of•@self•|afline•@objects•@a•Cnd•@their•@diffracted•@fields•@has

not•@been•@investigated•@sufficiently•D

•@•@•@Investigations•@conducted•@so•@far•@on•@an•@optical•@aspect•@of•@fractals•@are•@classified

mainly•@into•@two•@t•Cypes•G•@researches•@on•@an•@evalua•Ction•@of•@the•@fractality•@in•@various•@objec•Cts

and•@phenomena•C•@by•@using•@lightd•@and•@researches•@on•@new•@propert•Ci•fes•@observed•@in•@optical

fields•@diffracted•@or•@scattered•@by•@fractal•@objects•D•@On•@the•@other•@hand•C•@no•@investigations

have•@been•@made•@into•@applicat•Cions•@of•@the•@fractality•@of•@t•Ehe•@light•C•@field•@produeed•@by•@an

interact•Cion•@with•@fractal•@objects•D

•@•@•@The•@main•@purpose•@of•@this•@dissertation•@is•@to•@analyze•@and•@establish•@new•@methods

of•@evalua•Cting•@scaling•@properties•@of•@fractal•@structures•@and•@phenomena•@by•@means•@of

two•@different•C•@approaches•F•@a•@bispectral•@analysis•@as•@a•@computational•@approach•@and•@an

optical•@evaluat•Cion•@as•@a•@physical•@approach•D•@Some•@important•@relations•@of•@the•@scaling

properties•@of•@objects•@to•@properties•@of•@their•@bispectrum•@space•@atnd•@to•@properties•@of•@t•Che

diffra•Ccted•@fields•@are•@revealed•@by•@means•@of•@computer•@simulations•@and•@experiments•C

under•@various•@conditions•@representing•@practical•@situations•@found•@in•@nature•D•@•niN40reover•C
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W•fˆênt•ftuiStu•D•vtˆê•fsw1•F•g•De•Gkl•E•@•CE•E

•æ•ÒŒë•D•f•E•EL•E—Z•×—ä•E•D•D1ˆê•EŽÇ•’Ÿ·ˆê1•E
•D•A•gˆê•At•A•A•D•@•D•C•A•A•D•D•A—…‰T‰T”Ë•D•D

a•@possibilit•Ey•@of•@applying•@the•@fraKrtality•@of•@light•@fields•@is•@suggested•D

le2 Organization

In•@Chapter•@2•C•@some•@import•@ant•@physical•@concepts•@and•@mat•Chematical•@bae•D•@kgrounds•@of

fractal•@and•@bispectrum•@are•@described•@as•@a•@theoretical•@basis•D•@ln•@Section•@2•C1•C•@coneepts

and•@definitiolls•@concerning•@self•|similarity•C•@fractal•@dinƒ†ensioIƒ†•C•@scali119•@property•C•@selfL

affinity•C•@and•@a•@Cantor•@set•C•@which•@are•@ke•Dv•@words•@in•@this•@dissert•Cation•C•@are•@given•D•@Section

2•D2•@is•@devoted•@to•@an•@int•Eroduction•@of•@bispect•Crum•@as•@a•@new•@analyzing•@tool•@of•@fractals•C

and•@its•@inat•Cheniat•Eical•@definition•C•@basic•@properties•C•@and•@applications•@are•@described•D

•@•@•@111Chapter•@3•C•@solŽMe•@fractal•@structures•@are•@analyzed•@by•@nlealls•@of•@the•@bispee•Ctruni•D

In•@Sec•Dtion•@3•D2•C•@an•@analyt•Cical•@expression•@is•@derived•@for•@bispectra•@of•@triadic•@Ca•Cntor•@sets

from•@definitions•@of•@t•Che•@Cant•Cor•@set•@and•@the•@aut•Co•|bispectrum•@presented•@in•@Chapter•@2•C

Tlie•@bispectra•@of•@triadie•@Cantor•@sets•@with•@six•@different•C•@levels•@are•@numericall•„•Cr•@evaluated

and•@represented•@by•@pseudo•|color•@patterns•@to•@show•@s•@elf•|similarity•@and•@scaling•@property

in•@the•@bispec•Ct•Crum•D•@ln•@Sec•Ct•Cion•@3•D3•C•@met•Ehods•@are•@discussed•@t•Co•@derive•@fractal•@dimensions

of•@the•@Cantor•@sets•@from•@t•Eheir•@bispectra•@by•@making•@use•@of•@t•Ewo•@different•@averaging

operations•F•@closed•|line•@and•@band•|averaging•@operat•Cions•D•@lmportant•@relations•@between

tlie•@bispectrum•@a•Cnd•@the•@fractal•@dimension•@of•@tlie•@objects•@are•@revealed•D•@The•@reg•D•@ults

are•@c•Compared•@xv•^ith•@similar•@analyses•@of•@poxver•@spectra•@of•@the•@object•C•D

•@•@•@In•@Chapt•Cer•@4•C•@effects•D•@of•@random•@noises•@on•@the•@scaling•@property•E•@of•@bispectra•@of

fracta•C1•@structures•@are•@investigated•@by•@nieans•@of•@computer•@simulations•C•@atid•@results•@are

compared•@with•@those•@of•@the•@corresponding•@power•@spectra•D•@The•@actual•@procedure•@of

comput•Cer•@simulations•@for•@the•@Cantor•@sets•@with•@various•@random•@noises•@is•@described•@in

Sec•Ction•@4•D2•C•@•D4Ldditive•@and•@multiplicative•@random•@noises•@obeying•@Gaussian•@probability

densities•@with•@different•C•@values•@of•@the•@mean•@and•@the•@standard•@deviat•Cion•@are•@tested•D

In•@Section•@4•D3•C•@results•@of•@t•^hese•@simulat•Cions•@are•@shown•C•@and•@the•@effects•@of•@random

noises•@on•@the•@bispectrum•@and•@t•Che•@power•@spectrum•@are•@discussed•D•@From•@the•@resu•Its•C

it•@is•@elueidated•@that•C•@after•@suitable•@band•|averaging•@operations•C•@the•@bispectra•@are

found•@in•@many•@cases•@to•@give•@a•@better•@estimation•@for•@the•@fractal•@dimension•@of•@objeets
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than•@the•@power•@spectra•D•@ln•@addition•C•@by•@i•fntroducing•@a•@niodified•@band•|ayeraging

operation•C•@the•@bispectrum•@is•@shown•@to•@give•@a•@correct•@fractal•@dimension•@in•@all•@cases

under•@consideration•D•@Finally•C•@some•@importi•@ant•@features•@for•@the•@band•|averaged•@va•Clues

of•@the•@bispectrum•@and•@the•@power•@spectrum•@of•@the•@Cant•Cor•@set•@with•@random•@noise•@are

deseribed•@in•@Section•@4•D4•D

•@•@•@In•@Chapt•Cer•@5•C•@different•@met•Chods•@of•@randomizing•@Cant•Cor•@apertures•@are•@introduced•C•D

and•@scaling•@properties•@of•@t•Che•@field•@diffract•Ced•@b•Dv•@the•@randomized•@Cantor•@aperture•••@are

investigated•@b•Dv•@using•@computer•@simulat•Eions•D•@ln•@Section•@5•D2•C•@a•C•@general•@method•@for

generating•@random•@fractal•@objects•@and•@mat•^hematical•@definitions•@of•@C•Ea•Cntor•@apertures

generated•@in•@four•@different•@wa•„rs•@of•@randomizat•Eion•@are•@described•D•@ln•@Sect•Cion•@5•D3•C•@en•|

semble•@averages•@of•@intensity•@distribut•Cions•@and•@their•@band•|averages•@for•@fields•@diffracted

in•@the•@Fraunhofer•@region•@by•@the•@randomized•@Cantor•@apertures•@are•@c•Dalculated•@numer•|

icall•Dy•D•@These•@results•@are•@shown•@together•@with•@a•@result•@corresponding•@t•Ehe•@regular

apert•Cure•C•@and•@effects•@of•@t•Che•@randomization•@on•@the•@scaling•@property•@of•@int•Censits•Cr•E•@dis•|

tributions•@in•@the•@Fraunhofer•@diffraction•@region•@of•@the•@apertures•@are•@discussed•C•@ln

Sect•@ion•@5•D4•C•@a•@special•@case•@is•@analyzed•@that•@only•@the•@structure•@belonging•@to•@a•@specific

scale•@in•@the•@Cantor•@aperture•@is•@randomized•D•@From•@the•@results•C•@a•@relation•@between

properties•@of•@randomness•@iƒG1•@the•@objects•@and•@the•@diffr•@acted•@intensity•@distribution•@are

elucj•@dat•Ced•D•@On•@this•@basis•C•@some•@methods•@for•@obtaining•@information•@concerning•@t•|he

properties•@of•@fluctuations•@in•@randomized•@Cantor•@apertures•@are•@suggested•D

•@•@•@In•@C•EhaptTer•@6•C•@properties•@of•@the•@Fraunhofer•@diffraction•@by•@the•@grating•@wi•fth•@scaling

fluct•Cuations•@are•@investigated•@by•@means•@of•@computer•@simulations•D•@The•@definit•Cion•@of

the•@grating•@with•@the•@scaling•@fluctuation•@is•@described•@in•@Section•@6•D2•D•@lntensity•@distri•|

butions•@of•@the•@fields•@diffracted•@by•@these•@random•@gratings•@are•@calculat•Ced•@numerically•C

and•@the•@results•@given•@in•@Section•@6•D3•@show•@that•@peak•@values•@of•@the•@ensemble•@aver•|

age•@of•@modified•@int•Censity•@distributions•@of•@light•@diffracted•@by•@the•@grating•@with•@scaling

fiuctuations•@are•@reduced•@in•@height•@wit•Ch•@a•@power•@law•@whose•@exponent•C•@depends•@on•@the

scaling•@property•@of•@the•@fluctuation•D•@The•@results•@are•@compared•@wit•Eh•@those•@for•@the

gratings•@with•@random•@fiuctuations•@having•@no•@scaling•@feature•D•@Finatlly•C•@in•@Section•@6•C4•C

some•@important•C•@properties•@of•@the•@Fraunhofer•@diffraction•@by•@the•@grating•@with•@scaling
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fluetuations•@are•@described•C•@and•@their•@applicat•^ions•@a•Dre•@suggested•D

•@•@•@Chapt•Cer•@7•@is•@devoted•@to•@an•@introduction•@of•@a•Cn•@optical•@inet•Ehod•@using•@arra•Dy•@illu•|

mination•@as•@a•@new•@iiiethod•@of•@evaluating•@the•@scaling•@propert•Cy•@of•@fractal•@surfaees•D

This•@method•@is•@applied•@t•Eo•@several•@fractal•@surfaces•@and•@effect•Civeness•@of•@t•Ehis•@method•@is

inx•festigated•@by•@mea•Dns•@of•@computder•@siniulations•@and•@opticaJ•@e•Dxperinients•D•@The•@prin•|

cipal•@of•fthis•@IŽMethod•@is•@given•@in•@SeCtion•@7•D2•D•@In•@Section•@7•D3•C•@self••af‰v11e•@surfaces•@are

defined•@as•@a•@fra•Ecttal•@surface•@model•@of•@simulations•C•@and•@ensemble•@averages•@of•@modified

poxv•^er•@speet•Era•@of•@grating•@patt•Cerns•@modulated•@by•@tdhe•@surface•@is•@calculated•@numeri•|

cally•C•@Froin•@the•@resu•Its•@obtained•C•@a•@basic•@relation•@between•@the•@scaling•@propert•Dv•^•@of

the•@surface•@and•@the•@ensemble•|avera•Cged•@power•@spectra•@is•@derived•@and•@allows•@us•@t•Co

determine•@the•@scaling•@property•@by•@using•@an•@array•@illumination•D•@ln•@addition•C•@the

slladowillg•@effect•@on•@the•@surface•@is•@discussed•D•@The•@result•@is•@collfirmed•@experime1ƒ†taŽMy

in•@Sec•Dtion•@7•D4•C•@where•@this•@inet•Chod•@is•@applied•@to•@t•Ehree•@different•@actual•@fractal•@surfaces•D

•@•@•@Chapt•Cer•@8•@describes•@an•@optical•@method•@using•@a•@Cantor•@illumination•@t•Eo•@evaluate

more•@precisely•@the•@scaling•@property•@of•@fractal•@surfaces•D•@The•@method•@is•@applied•@to

several•@fractal•@surfaces•@and•@the•@performance•@of•@this•@method•@is•@investigated•@by•E•@means

of•@comput•Eer•@simulations•D•@The•@results•@are•@compared•@with•@those•@for•@the•@metbhod•@using

arra•Dv•@illumination•D•@ln•@Section•@8•C2•C•@ensemble•@averages•@of•@modified•@power•@spectra•@of

the•@modulat•Eed•@Cantor•@set•@patterns•@produced•@by•@the•@self•|aMne•@surfaces•@are•@calculated

numerically•@and•@are•@compared•@with•@those•@for•@array•@illumination•D•@This•@comparison

reveals•@t•Chat•@the•@method•@using•@Cantor•@illumination•@is•@advantageous•@over•@t•Che•@method

using•@array•@illumination•@in•@an•@evaluation•@of•@the•@scaling•@propert•Cy•{•@of•@surfaces•D

•@•@•@Finally•C•@the•@main•@results•@extracted•@from•@the•@whole•@analysis•@in•@this•@dissertation

are•@summarized•@in•@Chapter•@9•@as•@concluding•@remarks•D
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2•D1 M•Hacta1

In•@this•@section•C•@solŽMe•@inlportallt•@pllysical•@concepts•@and•@mathemat•Cical•@definitlions•@co11•|

cerning•@the•@fractal•@are•@described•@briefly•D

2•D1•D1•@Self•|similarity

An•@important•C•@property•@of•@fractal•@objects•@and•@phenomena•@found•@in•@nature•@is•@that•C

the•Dv•@ha•Cve•@no•@chara•Ecteristic•@lengths•@as•@described•@in•@Chapter•@1•D•@Even•@if•@the•@scale•@of

fractals•@is•@expanded•@so•@that•@we•@ean•@recognize•@the•@det•Eail•@of•@t•Eheir•@structures•C•@their

appearanc•Ce•@does•@not•@change•C•@ln•@other•@words•C•@the•@structural•@complexity•@of•@fract•^als

does•@not•@depend•@on•@their•@sca•Cles•C•@Such•@a•@feature•@that•@the•@shape•@of•@a•@pa•Crt•@is•@similar

to•@that•@of•@t•Che•@whole•C•@is•@peculiar•@t•Co•@a•@shape•@ha•Eving•@no•@characteristic•@lengt•Chs•@and•@is

c•falled•@selfˆêˆêsimilarity•@•m1•C•@2•C•@6•n•D•@ln•@fact•C•@Mandelbrot•@•m1•n•@defined•@the•@fractal•@as•@•ea•@shape

made•@of•@parts•@simila•Cr•@to•@the•@whole•@in•@some•@way•D•f

•@•@The•@self•|similarity•@manifests•@itself•@in•@different•@fashions•@for•@regu•Iar•@and•@random

fractals•C•@The•@regular•@fract•Cals•@demonstrate•@geometrical•@self•|similarity•C•@which•@is•@not

continuous•@but•@holds•@for•@a•@discrete•@change•@of•@scale•D•@As•@an•@example•C•@the•@self•Eˆêsimila•Drit•Cy

of•@a•@Koch•@curve•@shown•@in•@fig•D•@2•C1•@is•@examined•@in•@detail•D•@The•@Koch•@curve•@is•@a•@typica•D1

regular•@self•|similar•@fractal•D•@The•@part•@of•@the•@Koch•@curve•@in•@the•@interval•@•iO•C•@g•j•@becomes

exaetly•@jdentical•@to•@the•@whole•@shape•@if•@it•@is•@magnified•@three•@times•D•@The•@same•@can•@be

said•@for•@the•@shapes•@in•@intervals•@•ig•C•@i•j•C•@•i•}•Cg•j•@artd•@•ig•C•@1•j•D•@Furthermore•C•@smaller•@parts

in•@the•@intervals•C•@•iO•C•@ll•j•C•@•iO•C•@iltt•j•C•@and•@so•@on•C•@are•@also•@similar•@to•@the•@whole•@shape•D•@Thus•C
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o
1•^9 2•^9

1•^3
4•^9 5•^9

2•^3
7•^9 8•^9

1

Fig•D•@2•D1•F•@•fll•fiadic•@Koch•@cui•fve•@generated•@on•@a•@line•@initiator•@with•@unit•@length•D

ill•@any•@slnall•@parts•C•@there•@exist•@nlally•@IŽMiniatures•@of•@the•@whole•@witII•@different•@sizes•D

•@•@•@On•@the•@other•@hand•C•@random•@fractals•@are•@self•|similar•@in•@a•@statistical•@sense•D•@That

is•C•@their•@statistics•@are•@self•|similar•D•@For•@example•C•@when•@vLre•@observe•@a•C•@cloud•@through

several•@different•@magnifications•C•@we•@will•@find•@each•@shape•@very•@similar•@to•@t•Che•@other•@not

geometrically•@but•@st•Eatistically•C•@The•@same•@property•@is•@also•@found•@in•@natural•@objects

suc•Dh•@as•@smoke•C•@coagtline•C•@motmtain•C•@ground•@surface•@and•@rock•@structure•C•@and•@t•Che•Fr•@are

known•@as•@typical•@statist•Eically•@self•|similar•@objects•C•@Random•@fractals•@are•@stat•Cistically

self•|similar•@for•@a•@continuous•@change•@of•@scale•D•@For•@a•@shape•@with•@the•@characterist•Cic

lengt•Ch•C•@its•@complexit•Cy•@decreases•@if•@we•@observe•@a•@magnified•@part•@buti•C•@for•@tihe•@shape•@of

a•@cloud•@or•@the•@Koc•Ch•@curve•C•@its•@complexity•@does•@not•@decrease•@at•@all•@since•@apny•@pEu•ft•@is

similar•@to•@the•@whole•D

•@•@•@Self•|similari•fty•@is•@also•@known•@as•@scale•|invariance•C•@because•@self•|similar•@shapes•@do

not•@change•@under•@a•@change•@of•@the•@observat•Cion•@sc•Cale•D•@This•@is•@a•@very•@import•Cant•@sym•|

metry•@and•@gi•fves•@a•@clue•@to•@understanding•@complicated•@shapes•@which•@have•@no•@charac•|

terist•^ic•@lengt•Ch•C•@such•@ag•@t•Che•@Koch•@curve•@or•@clouds•D•@Hence•C•@the•@fractal•@object•Cs•@with•@an

lsotroPlc•@scale•|invariance•@feature•@are•@called•@self•|silŽMilar•@fractals•D

11

‰TŠ™“å•f—Ù•f•E•|•@—…
•@•@•@•@•@•@1•Dˆê•@•@•@•w•@•fŽOâµ•|“å•@•@“å•A

•@•@•@•@•@•@•@•@•@•@•@•@•f‰Ø

•@”X•@•@•@•@•@•@•@•@•@•E
•@ƒg•@•@•@•@•@•@•@•@•@•@

•@•A•D•—–ìŽN
•@•@•@‹^•D•w•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@–Ð•u

•wˆê•C•C•@•@•@“ï•@•@•@•A•D“å

•D‹O

p

”y•@•f



‘@•Eèi•D

L•u•¡•uˆê‚µ

’š•D•×•c•@•@•@‡e—[•w•g•x•|•@r•f•E•@•I•E

7•D•@•Dt•F•@•CK•D•G•F•ELˆê•n•D•f•^t ‡`•A•@•@•é

2•D1•D2•@Fractal•@dimension

•g•fe•@knosv•@empirically•@that•@the•@dimensions•@of•@a•@line•C•@plane•C•@and•@solid•@are•@1•C•@2•C•@and•@3•C

respect•Eively•D•@This•@empirical•@diniension•@takes•@integer•@values•@and•@is•@equal•@t•Eo•@a•@degree

of•@freedom•C•@i•De•D•@the•@number•@of•@independent•E•@variables•@necessary•@for•@describing•@the

structure•D•@Alt•Chough•@the•@din•jension•@defined•@by•@degrees•@of•@freedoin•@looks•@v•Eery•@iiatural•C

it•@is•@not•@perfect•@and•@cont•Eains•@a•@serious•@fiaw•D•@About•@one•@hundred•@years•@ago•C•@Peano

described•@a•@very•@strange•@curve•@vsrhich•@could•@cover•@completely•@a•@square•D•@This•@curve•@is

defined•@b•Dv•@a•@limit•@of•@the•@complicated•@curve•@as•@shown•@in•@fig•D•@2•D2•@and•@called•@a•@Peano

curve•@•m1•C•@2•C•@6•n•D•@This•@figure•@indicates•@thati•@the•@curve•@can•@be•@drawn•@with•@a•@single•@stroke

and•@it•@tends•@to•@cover•@t•Che•@plane•@uniformly•D•@Because•@the•@location•@of•@a•@point•@on•@the

Peano•@curve•@can•@be•@charaeterized•@wit•Ch•@one•@real•@number•C•@we•@can•@describe•@the•@position

of•@any•@point•C•@on•@a•@plane•@with•@only•@one•@real•@nuinber•D•@This•@fact•@represent•Es•@t•^hat•@t•Che

degree•@of•@freedom•@and•@the•@empirical•@dimension•@ma•C•f•@not•@necessa•Crily•@be•@equa•C1•D

•@•@•@In•@order•@to•@overcome•@this•@diMculty•C•@a•@new•@definit•Eion•@of•@a•@dimension•@based•@on

similarity•@xv•Eas•@introduced•D•@A•@line•@segment•@can•@be•@replaced•@by•@tvyro•@similar•@segments

with•@a•@half•@size•D•@In•@the•@same•@manner•C•@a•@square•@and•@a•@cube•@can•@be•@replaced•@by•C

respectively•C•@four•@and•@eight•@similar•@pieces•@with•@a•@half•@size•D•@lt•@is•@noted•@t•Chat•@these

numbers•C•@t•Cwo•C•@four•C•@and•@eight•C•@can•@be•@rewritten•@as•@2i•C•@22•C•@and•@23•C•@respectively•C•@and

the•@exponent•Es•@1•C•@2•C•@and•@3•@coincide•@w•fith•@the•@empirical•@dimension•D•@This•@considerat•Cion

can•@be•@genera•Clized•G•@if•@a•@shape•@is•@composed•@of•@aD•@similar•@shapes•@of•@size•@1•^a•C•@the

exponent•C•@D•@corresponds•@t•Co•@the•@dimension•D•@The•@dimension•@defined•@in•@this•@way•@is

called•@a•@simila•@t•fity•@dimension•D•@The•@similarity•@dimension•@of•@the•@Peano•@curve•@shown•@in

fig•C•@2•D2•@is•@2•@because•@the•@curve•@is•@composed•@of•@4•@figures•@of•@a•@half•@scale•@in•@any•@portion•D

By•E•@using•@the•@similarity•@dimension•C•@we•@can•@overcome•@any•@self•|contradict•Cion•@which

occurs•@in•@t•^he•@dimension•@defined•@by•@degrees•@of•@freedom•D

•@•@Itt•@g•D•@hould•@be•@noted•@that•@values•@of•@trhe•@similarity•@dimension•@are•@not•@rest•Cricted

t•^o•@int•}egers•D•@If•@a•@shape•@is•@composed•@of•@b•@similar•@shapes•@of•@size•@1•^a•C•@the•@similarity

dimension•@D•C•@for•@the•@shape•@is•@given•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@log•@b
•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@Ds•••@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•i2•D1•j
•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@log•@a•f
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For•@example•C•@since•@the•@tdriadic•@Koeh•@curve•@shown•@in•@fig•D•@2•C1•@is•@composed•@of•@four

llliniatures•@of•@size•@1•^3•C•@its•@dilŽMension•@D5•@given•@by•@eq•D•i2•D1•jhas•@a•@fractional•@value

log•@4•^•@log•@3•@•••@1•D2618595•@•D•D•D•D•@lt•@is•@noted•@t•Chat•@this•@value•@1•D2618595•D•D•D•@is•@larger•@tha•Cn•@t•Che

empirical•@dimension•@of•@t•Che•@line•@and•@smaller•@than•@tthat•@of•@the•@Peano•@curve•D•@Therefore•C

we•@may•@regard•@the•@siinilarit•Cy•@diinension•@as•@an•@indey•D•@of•@t•Che•@coniplexity•@of•@shape•D

N•Gamely•C•@we•@expect•E•@thatd•@a•@shape•@with•@a•@high•@dimension•@wi11•@be•@more•@complicat•Ced

than•@t•Che•@other•@shape•@with•@a•@lower•@dimension•D

•@•@•@Although•@the•@similarity•@dimension•@is•@a•C•@natural•@ext•Cension•@of•@the•@empirical•@dimen•|

sion•C•@it•@is•@not•@defined•@for•@shapes•@which•@do•@not•C•@have•@the•@strict•C•@siinilarity•D•@In•@order•@to

conquer•@tthis•@problem•C•@Hausdorff•@•m69•n•@int•Eroduced•@another•@dimension•@which•@is•@appli•|

c•Dable•@to•@all•@shapes•@we•@want•@to•@t•Ereat•C•D•@This•@dimension•@is•@called•@a•@Hausdorff•@dimension

and•@is•@defined•@in•@a•@following•@wa•„r•D

•@•@•@Assume•@that•C•@D•@•r•@O•@and•@cn•@•r•@O•@are•@real•@numbers•D•@Cover•@a•@set•@8•@by•@countable

spheres•@•grhose•@diameters•@are•@all•@smaller•@than•@s•D•@By•@denoting•@the•@radii•@of•@the•@spheres

by•@ri•C•@r2•C•@•D•@•D•@•D•@•C•@rk•C•@the•@D•|dimensional•@Hausdorff•@measure•@rvlD•iS•j•@is•@defined•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@MD•i8•j•••@•Ii•DMo•@•Di•C•h•Df•C•@•„1•@rkD•h•@•i2•f2•j

For•@a•Cny•@given•@set•@S•C•@this•@quantity•@is•@proved•@t•Co•@vary•@from•@infinit•Cy•@t•@o•@zero•@at•@a•@cert•@ain

value•@of•@D•@which•@is•@denoted•@by•@DH•D•@The•@Hausdorff•@dimension•@for•@the•@set•@S•@is

defined•@b•Dv•@DH•D•@This•@dimension•@can•@be•@defined•@for•@any•@shape•@and•@its•@uniqueness

is•@also•@proved•C•@Furthermore•@it•@ca•Cn•@be•@shown•@that•@it•@gives•@t•Che•@same•@resultts•@as•@t•@he

similarity•@dimension•@for•@the•@shapes•@we•@have•@considered•@in•@this•@section•D

•@•@•@There•@is•@another•@definition•@of•@the•@fractional•@dimension•@called•@a•@capacity•@dimen•|

sion•C•@which•@is•@introduced•@by•@Kolmogorov•@•m70•n•@and•@is•@more•@usefu1•@practical•Iy•D•@lt•@is

defined•@as•@follows•D•@Let•@the•@considered•@shape•@be•@a•@bounded•@set•@in•@the•@d•|dimensional

Euclidean•@space•D•@Cover•@the•@set•@by•@d•|dimensional•@spheres•@of•@identical•@radius•@E•D•@The

capacity•@dimension•@D•D•@is•@given•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@D•E’±’Õi•j•C•@•@•@•i2•E3•j

where•@N•ie•j•@stands•@for•@t•Che•@minimal•@number•@of•@spheres•D
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‰TŒœ“å“å“å•f•@“å”X“å“å•E

•@•@•@The•@definit•Eions•@of•@the•@dimensions•@of•@eqs•C•@•i2•D2•j•@aznd•@•i2•D3•j•@are•@ma•CtJhematically

ri•f ‡‚•‚’‚•‚•‚“•D•@However•C•@they•@are•@not•@suitable•@for•@a•@physical•@use•@because•@both•@definitions

inv•Elve•@a•@c•Enditi•E1ƒ†•e ¹1•fwhich•@is•@physically•@imP•Essible•EThe•@scale•@invariance•@feature

breaks•@belovvr•@the•@inner•|lengt•Ch•@scale•@and•@above•@the•@outier•|length•@scale•D•@ln•@addit•Cion•C

there•@niust•E•@be•@liniitations•@in•@the•@scaling•@range•@which•@is•@observ•Eable•@experin•jent•Cally•D

Henee•C•@we•@have•@t•Co•@iinprove•@the•@definit•Eion•@of•@dimension•@further•@t•Co•@inake•@it•@applicable

to•@physical•@shapes•D•@1•fla•Cny•@physically•@feasible•@1nethods•@of•@defining•@t•Che•@diinension

have•@been•@proposed•@•m1•C•@2•C•@5•C•@6•C•@71•n•D•@However•C•@even•@today•C•@t•Chere•@is•@no•@definition•@for

the•@dimension•@which•@is•@applicable•@to•@any•@matt•Cer•D•@Therefore•C•@vL•fe•@have•@tio•@distinguish

dimensions•@defined•@by•@differenti•@methods•@in•@a•@rigid•@sense•D•@Nevertheless•C•@for•@practical

convenience•C•@these•@dimensions•@which•@can•@take•@fractional•@values•@are•@usually•@called•@a•C

fract•Eal•@dimension•@and•@t•Ehe•@most•C•@suitable•@one•@among•@them•@is•@usecl•@in•@eac•Ch•@aspect•C•D

•@•@•@In•@opties•C•@a•@method•@using•@a•C•@power•@spectrum•@is•@employed•@main•Iy•@bec•Dause•@a•@Fourier

transform•@of•@an•@object•C•@function•@is•@easily•@performed•@by•@mea•Cns•@of•@a•@simple•@optical

system•D•@•g•E•fhen•@vLre•@investigate•@a•@statistical•@feature•@of•@a•@spatial•@or•@temporal•@random

process•C•@we•@often•@use•@the•@power•@specttrum•D•@From•@the•@power•@spectrum•C•@we•@can•@judge

whether•@a•@given•@fluctuation•@is•@fractdal•@or•@not•D•@Furthermore•C•@if•@it•@is•@a•@frac•Ctal•C•@we

can•@determine•@its•@fractal•@dimension•@from•@t•Che•@power•@spec•Ct•Crum•D•@Since•@fra•Cctals•@are

invariant•C•@under•@a•@chaiige•@of•@the•@observation•@sca•Cle•C•@the•@poNver•@spectrum•@of•@a•@frac•Ctal

signal•@must•C•@be•@invariant•@under•@a•@change•@of•@the•@cutoff•@frequency•D•@lt•@is•@knoxNrn•@t•Chat•C

only•@t•Che•@power•@function•@S•if•j•@oc•@f•|7•@has•@this•@invariant•@property•@and•@is•@sometimes

called•@a•@power•@law•D•@lf•@the•@power•@spectrum•@of•@a•@signal•@obeys•@the•@power•@law•D•C•@an

import•Cant•@relation•@holds•@between•@t•@he•@exponent•@ty•@and•@the•@fractal•@dimension•@D•@of

the•@graph•@of•@the•@signal•D•@ln•@this•@dissertation•C•@the•@dimension•@obtained•@from•@the•@power

spectrum•@is•@mainly•@used•@to•@evaluate•@the•@fractal•@dimension•@of•@the•@objects•C

2•E1•D3•@Scaling•@property

•eScaling•fis•@a•@concept•@related•@closely•@to•@the•@self•|similarity•D•@This•@concept•@plays•@aŽM

important•@role•@in•@describing•@and•@analyzing•@fractal•@object•Cs•@and•@phenomena•D•@ln•@this

subsect•{ion•C•@the•@scaling•@property•@is•@expressed•@briefly•D
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1•Dtl
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•@•@•@Let•@the•@Koch•@curve•@in•@fig•C•@2•D1•@be•@the•@graph•@of•@a•@ma•Ethematical•@function•@f•it•j•D•@The

graph•@is•@regarded•@as•@a•@set•@of•@point•Cs•@•i•DTi•CxL•j•j•@which•@is•@defined•@in•@t•Ehe•@t•Cwo•@dim•i•Hnsional

Euclideadn•@spa•^c•Ce•@and•@is•@giv•ven•@by•C•@a•@relation•@•iari•C•Fv2•j•@•••••@•it•C•@f•it•j•j•D•@Ac•Ccordingly•D•@the

scale•@invariance•@featdure•@of•@the•@tdriadic•@Koch•@curve•@desc•Eribed•@in•@Subsect•Cion•@2•D1•D1•@is

representded•@mathemat•Cically•E•@by

f•iAt•j•@•••@Aaf•it•j•C •i2•D4•j

with•@the•@scaling•@ratio•@A•@•••@•i1•^3•jn•@for•@7•H•C•@•••@O•C•@1•C•@2•C•@•D•@•D•@•D•@•C•@and•@the•@scaling•@exponent•C•@a•@•••••@1•D

•Dt•gLlthough•@t•^he•@function•@f•it•j•@for•@the•@Koch•@curve•@is•@not•@a•@single•|valued•@function•C•@this

scaling•@relation•@still•@holds•@for•@any•@point•C•@in•@the•@set•^•D•@The•@same•@construction•@ma•p•Cr

be•@used•@for•@specific•@functrions•@defined•@over•@all•@real•@posittive•@numbers•D•@For•@example•C

the•@power•@function•@f•it•j•@•••@6ta•@whose•@importance•@is•@described•@in•@above•@subseetion

sat•@isfies•@t•@he•@scaling•@relat•@ion•@expressed•@by•@eq•D•@•i2•D4•j•C•@for•@all•@positive•@values•@of•@t•Che

scaling•@factor•@A•D•@Functions•@which•@satisfy•@this•@relation•@are•@said•@to•@be•@scaling•D

•@•@Although•@the•@power•@function•@and•@many•@other•@functdions•@which•@have•@scaling•@prop•|

erty•@may•@not•@necessarily•@be•@fractal•C•@most•@of•@fractadls•@have•@the•@scaling•@propert•„•G•@in•@a

definite•@or•@st•Eatist•^ical•@sense•D

2•D1•D4•@Self•|afiinity

The•@self•|similarity•@was•@introduced•@in•@the•@beginning•@of•@this•@section•@as•@a•@property

of•@characterizing•@fract•Cal•@objects•@and•@phenomena•D•@However•C•@some•@of•@complicated

na•Ctural•@objects•@a•Dnd•@phenomena•@which•@attrac•Dt•@our•@interest•@are•@not•@self•|similar•D•@For

example•C•@a•@shape•@of•@the•@graph•@which•@represents•@t•Che•@motion•@of•@a•@Brownian•@particle

with•@the•@time•@has•@usually•@no•@self•|similarity•D•@This•@graph•@represents•@the•@relation•@be•|

t•Eween•@two•@different•C•@physieal•@quantities•F•@position•@of•@t•Che•@particle•@and•@time•D•@ln•@general•C

different•@quant•Cities•@satisfy•@individual•@scaling•@relations•@having•@the•@functional•@form•@of

eq•D•@•i2•D4•j•@with•@different•C•@scaling•@ra•Ctios•D•@ln•@other•@words•C•@the•@graph•@has•@an•@anisotropic

seatle•@invarianc•De•C•@and•@such•@a•@feature•@is•@called•@self•|aflinity•D•@ln•@this•@sub•F•@ection•C•@the

definition•@of•@the•@self•|aMnity•@is•@described•@briefly•D

•@•@An•@afline•@transformation•C•@which•@is•@a•@basis•@of•@the•@self•|aflinity•C•@transforms•@a•@point
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x•@•••@•i•Dri•C•@•Dz•f2•C•@•D•@•D•@•D•@•C•@•Gz•fd•j•@in•@t•Che•@d•|diniiensional•@space•@int•Eo•@new•@points•@x•f•@•••@•iri•Dirri•C•@•fr2•D•ErL•j•C•@•C•@•D•@•D•@•C•@r•Ct•D•Hrd•j•C

xvhere•@the•@scaling•@ratios•@ri•Cr2•C•D•D•D•Crd•@can•@t•Cake•@different•@v•^alues•C•@while•@the•@siinilarity

transformation•@discussed•@in•@above•@subsections•@transforms•@points•@x•@•••••@•i•Gri•C•@•Dz•fgˆê•C•D•D•D•Cxd•j

into•@new•@points•@x•f•@•••@•ir•D•ETi•C•@rar2•C•@•D•@•D•@•D•@•C•@rxd•j•@with•@t•Ihe•@same•@value•@of•@the•@scaling•@ratio•@r•D

On•@the•@basis•@of•@t•Che•@definitiion•@of•@t•Che•@aMne•@transforniation•C•@the•@self•|a•CMnit•Dv•E•@is•@defined

•m1•C•@2•n•C

•@•@•@If•@a•@bounded•@set•C•@S•@is•@the•@union•@of•@N•@non•|overlapped•@subsets•@Si•C•@S2•C•@•D•@•D•@•D•@•C•@SN•C•@ea•i•fh

of•@xvhich•@ig•D•@congruent•@to•@the•@set•@r•iS•j•@calculated•@from•@S•@by•@the•@afline•@transformat•Cion

defined•@by•@a•@ratio•@vect•Cor•@7•f•@•••@•iri•C•@r2•C•D•D•D•Crd•j•C•@a•@set•@S•@is•@self•|affine•@with•@respect•@to•@r•D

In•@this•@definition•C•@c•Congruent•@nieans•@that•@the•@set•@of•@points•@Si•D•@is•@identiical•@to•@the•@set•@of

points•@r•iS•j•@after•@possible•@translations•@and•^or•@rot•^ations•@of•@the•@set•D•@ln•@addition•C•@when

the•@set•@S•@is•@the•@union•@of•@pt•h•@non•|overlapped•@subset•ms•C•@and•@vvrhen•@each•@subset•@is•@sca•Ied

down•@by•@r•@from•@the•@original•@set•@S•@and•@is•@identical•@in•@all•@statistical•@respects•@to•@the

set•E•@r•iS•j•@obtained•@by•@t•Che•@afline•@transformation•C•@the•@set•C•@S•@is•@statistic•Dally•@self•|afiEine•D

•@•@•@For•@more•@details•@on•@the•@selfˆêˆêaflinit•Cy•C•@Ref•D•@•m1•n•@may•@be•@referred•@t•Eo•D

2•D1•D5•@Cantor•@set

In•@this•@subsect•Cion•C•@a•@Cantor•@set•@which•@is•@employed•@in•@this•@dissertation•@as•@a•@model•@of

the•@regular•@fractal•@object•@is•@defined•@mathematically•D

•@•@•@A•@Cantor•@setd•@is•@a•@t•Eypical•@one•|dimensional•@regular•@fracta•C1•D•@ln•@general•C•@t•Che•@op•|

eration•@for•@creating•@one•|dimensional•@regular•@fra•‘•Dtals•@is•@much•@simpler•@t•Chan•@that•@for

two•@or•@t•Chree•|dimensional•@fractals•D•@Because•@of•@this•@simplicity•C•@the•@Cantor•@set•C•@is•@one

of•@the•@most•@popular•@fractals•@and•@particularly•@usefu1•@for•@analyzing•@t•Che•@fractality•@in

the•@frequency•@region•D•@Hence•C•@it•@is•@used•@in•@many•@optical•@studies•@•m42•C•@54•C•@56•|58•C•@61•C

72•|78•n•D

•@•@Triadic•C•@Cantor•@sets•@are•@constructed•@by•@the•@following•@procedure•D•@lt•@is•@assumed

that•@a•@line•@segment•@defined•@by•@an•@interval•@•mO•CL•n•@is•@the•@largest•@structure•@on•@which

the•@Cantor•@set•@is•@generated•D•@This•@line•@segment•@is•@called•@an•@initiator•D•@This•@initiator

is•@divided•@int•Ethree•@bl•Ecks•m0•C•‚•n•C•iL•@2L3•C•@3•j•C•@and•m‹¿•CL•p•Ef•@the•@sŠãme•@length•C•@aŽMd•@the

central•@block•@•ie•C•@2•HteL•@•j•@is•@removed•D•@The•@pattern•@consisting•@of•@the•@two•@remaining•@blocks
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•@•@•@•@•@•@•@•@•@•@•@1nltlator

level•@1

1evel•@2

1evel•@3

1evel•@4

1evel•@5

11•@11

1111•@llll

Fig•D2•D3•F111itiator•@and•@tria•Cdic•@Cantor•@sets•@of•@the‹urst•@five•@levels•D

•‘•¡

‰º‰º

llll•@IIII

18

‹••@•f

“å1•c“å“å“å –f•@•@•@•@•@•@—Ø

“å•D“å‘›‘›



•C”ë•@’Ã•y—£

r

•D–]
1–]4Œê‹d•CŠÍ

•m0•C•‚•nand•m‹¿•CŒÜ•zis•@called•@a•@Cant•Er•@set•Ef•@level•@L•@and•@each•Ef•@the•@b1•Ecks•@is•@called•@a

segment•C•@of•@level•@1•D•@A•@Cant•Eor•@set•@of•@level•@2•@ean•@be•@produced•@by•@applying•@the•@similar

operation•@to•@each•@segment•@of•@level•@1•C•@consisting•@of•@four•@segments•@•mO•C•@e•n•C•@•m21tt•Ci••tL•n•C

•mgSL•C•@1•f•G•ILL•n•@and•@•mgl•f•@LL•CL•n•D•@Repeating•@this•@operation•@N•@times•C•@we•@can•@get•@a•@Cantor•@set•@of

level•@•DIN•f•D•@The•@inittiator•@and•@the•@Cant•Cor•@setts•@of•@first•E•@five•@levels•@are•@shown•@in•@fig•D•@2•C3•C

If•@xve•@c•Continue•@this•@operat•^ion•@infinitely•@•iN•@ˆêˆêˆê•r•@cx•j•j•C•@we•@can•@obtain•@an•@exact•C•@Cantor

set•@in•@a•@mathematical•@sense•D•@This•@exact•C•@set•@constitutes•@a•@true•@fract•Cal•@and•@has•@a

property•@of•@exact•@and•@regular•@self•|siinilarity•C•@by•@which•@the•@similarity•@diinension•@D•D•C

c•Ean•@be•@defined•@as•@a•@frac•Dtal•@dimension•@which•@takes•@the•@value•@of•@D•@•••••@log•@2•^•@log•@3•D•@ln

Physical•@sitl•@uati•@ions•C•@however•C•@there•@are•@no•@exact•@fractals•@defined•@ill•@a•@1ŽMathe1ŽMatical

sense•@and•C•@therefore•C•@Cantor•@sets•@of•@finite•@N•@have•@a•@substantial•@signific•Canc•De•@as•@a•C

model•@of•@practical•@fractals•D

•@•@From•@t•Che•@above•@generat•Cing•@procedure•C•@it•@follows•@that•E•@the•@Cantor•@set•@CAT•iar•j•@of

level•@iNr•@is•@described•@bv
•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@U

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@ON•i•ET•j•••mƒÂ•i‰…•¾•j•{ƒÂ•i•E•Eˆêˆê•‘•j•n

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@Q•@•m6•@•ix•@•{•@ilit•j•@•{6•@•ix•@ˆê•f•@illt•j•n

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@l

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@x•@•m6•@•ix•@•{•@il•Ci7v•j•@•{6•@•i•Gx•@ˆê•@•o•Ft4•j•n

•i8•jEN•ix•j•C •i2•C5•j

where•@6•i•Fv•j•@is•@the•@Dirac•@delta•@function•@and•@X•@st•Cands•@for•@the•@convolution•@operation•C

In•@eq•D•@•i2•D5•j•C•@EN•ia•F•j•@represents•@the•@segment•@of•@level•@N•@which•@is•@expressed•@by

Eiv•ix•j•@••

4 •‘•…
L

•@•@•@•@•@0•@•@š™•„
•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@2•E3N

•|A•Erect
i2•TN‚è•C

2•E3N

•@ŒÜ

where•@A•@is•@an•@amplitude•@of•@the•@Cantor•@set•D

•i2•D6•j
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1“å“å‘pé³“ZiŠ™èièi1“å•IllŠÉ•DL

•@•@•@•@•@•@•@•@•@•@•@•@•@LƒS•w

tJ—H?•dƒVàh•»”P•F—H•E—w•A•D
•D•D•B‹¿•f•E‘”•D

2•D2•@Bispectrum

2•D2•D1•@Definition

The•@bispectrum•@of•@a•C•@spatial•@signal•@1•ix•j•@is•@obtained•@by•@the•@following•@procedure•D•@First•C

consider•@the•@auto•|triple•@correlation•@funct•Eion•@1•i3•j•ixi•Cx2•j•@of•@1•ix•j•D•@lt•@beconies•@a•@two•|

dimensional•@function•@for•@a•@one•|dimensional•@signal•C•@and•@a•@four•|dimensional•@function

for•@a•@t•Cw•Eo•|dimensional•@signa•C1•G•@and•@is•@given•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@I•i3•j•ixi•Cx2•j••fl•ix•j1•ix•{xi•j1•ix•{x2•jdx•C•@•i2•D7•j

Nvhere•@x•@i•@and•@x2•@are•@shifting•@variables•D•@The•@bispectrum•@is•@defined•@as•@a•@Fourier

transform•@of•@the•@auto•|triple•@correlation•@function•@of•@the•@signa•C1•D•@Then•@the•@associa•Dted

bispectrum•@1•i3•j•izei•Cu2•j•@is•@given•@by

•@•@•@•@•@•@•@i•i3•j•izti•C•@u2•j•@•••@ff•@1•i3•j•ixi•C•@x2•j•@exp•mˆê27ri•C•iiLixi•@•{•@zt2x2•j•nclxi•ilx2•C•@•i2•D8•j

where•@ui•@and•@itL•j•@representd•@the•@spatial•@frequencies•D•@After•@substitut•Cing•@eq•C•@•i2•D7•j•@into

eq•C•@•i2•D8•j•C•@eq•C•@•i2•D8•j•@reduces•@to•@a•@simple•@form•C

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@i•i3•j•iui•C•@u2•j•••@i•i•@u•C•@•ji•i•@u•C•@•ji•i•@ˆêu•C•@ˆê•@u•C•j•C•@•i2•D9•j

where•@•v•izt•j•@represents•@the•@Fourier•@t•Cransform•@of•@the•@signal•@1•ix•j•D•@This•@means•@that•C

the•@bispectrum•@of•@the•@signal•@1•ix•j•@is•@described•@by•@a•@triple•@product•C•@of•@the•@Fourier

t•^ransform•@of•@the•@signal•D

2•D2•D2•@Basic•@properties

The•@bispectrum•@has•@3•^4•@redundancy•@due•@to•@two•@inherent•@symmetries•G

•@•@•@•@•@•@•@•@•@•@•@•@i•i3•j•iui•Cu2•j•@•••••@i•i3•j•iu2•Cui•j•@•F•@f•i3•j•iˆêui•@ˆêˆê•@u2•Cul•j•D•@•i2•D10•j

If•@the•@signal•@1•ix•j•@is•@real•C•@both•@of•@the•@Fouri•fer•@transform•@and•@the•@bispectrum•@are

Hermitian•@•G

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@1•iu•j•@•••••@1•–•iˆêˆêu•j•@•i2•D11•j

and

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@i•i3•j•iui•C•@u2•j•••@i•i3•j•f•i•@ˆêˆê•@ui•C•@ˆêu2•j•C•@•i2•C12•j
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‰••c•fŒ²•E•D•E˜XŒ^•EŒpŒp•D•D1•E‹^•c

‹­‹c•A•A
’ª‹]Šð•£ŠÞ

•g•Ehere•@•–•@strands•@for•@a•@complex•@conjugate•D•@Therefore•C•@in•@this•@case•C•@on•Iy•@one•@angular

oct•@an•@t•C•@region•@of•@t•G•@he•@•i•@ui•@•C•@u2•@•j•@dom•@ain•@of•@1•i•@3•j•@•iui•@•C•@u•E2•@•j•@is•@nonˆê•@redundan•@t•C•@•D

•@•@If•@a•C•@system•@actts•@in•@a•C•@linear•@and•@t•Cime•|invariant•@fashion•@upon•@the•@signal•@1•ix•j•C

then•@this•@systrem•@is•@also•@linear•@and•@t•Eime•|invariant•@for•@tthe•@triple•@correlat•Cion•@and•@tihe

bispectrum•D•@•I•@amely•C•@if•@an•@out•Cput•@signa•C1•@1•D•ix•j•@is•@given•@b•Dy•@an•@input•@signal•@li•ix•j•@and

the•@point•@spread•@func•Cttion•@P•ix•j•@of•@the•@system•@in•@a•@form

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@I•D•ix•j•@••Ii•ix•jQ•DP•ix•j•C•@•i2•D13•j

wit•Ch•@the•@spect•Cral•@represent•Cation

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@Io•i•fiL•j•@•••F•@li•i•fu•jP•i•fiL•j•C•@•i2•C14•j

the•@triple•@c•Correlat•Cion•@and•@the•@bispect•Crum•@of•@t•Chese•@signals•@have•@the•@relatiion•G

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@IS3•j•ixi•C•@x2•j•@•••@li•D•E3•j•ixl•C•@x2•j•@•iEl•j•@P•i3•j•ixi•C•@x2•j•@•i2•D15•j

and

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@i•D•i3•j•iui•C•@u2•j•@•••@iE3•j•iui•C•@u2•jP•i3•j•iui•C•@u2•j•D•@•i2•D16•j

•@•@The•@bispectrum•@is•@not•@so•@familiar•@as•@in•@the•@case•@of•@the•@power•@spectrum•D•@There•@are

some•@reasons•@for•@that•F•@bispeet•Cra•@t•@ake•@very•@small•@values•@for•@random•@and•@sinusoidal

signals•C•@require•@the•@large•@storage•@tdo•@comput•Ce•@t•Chem•C•@are•@not•@easy•@to•@be•@obserNr•Eed

ph•Dvsically•C•@and•@are•@very•@complicated•@in•@their•@mathematical•@analysis•D

•@•@One•@might•@suspect•@that•@the•@ensemble•@average•@E•o1•i3•j•ixi•Cx2•j•p•@of•@the•@triple•@cor•|

relation•@of•@the•@st•Cochastic•@process•@signal•@1•ix•j•@is•@almost•@always•@zero•D•@This•@suspicion

might•C•@be•@based•@on•@a•@theorem•@known•@as•@the•@Reed•fs•@or•@Wang•|Uhlenbeck•fs•@theorem•D

According•@to•@this•@theorem•C•@a11•@odd•|order•@correlations•@are•@zero•@in•@a•@sense•@of•@average•C

if•@1•ix•j•@is•@Gaussian•C•@stationary•C•@and•@zero•|mean•D•@The•@Gaussian•@property•@is•@so•@popular

thatT•@one•@might•@be•@tempted•@to•@believe•@that•@all•@signals•@are•@Gaussian•D•@1•@onetheless•C•@the

triple•@correlation•@a•Cnd•@bispectrum•@have•@a•@right•C•@to•@exist•D•@In•@addition•C•@in•@some•@aspect•}s•C

this•@insensitiveness•@to•@the•@Gaussian•@signals•@becomes•@a•@very•@convenient•@feature•@as•@a

signal•@processing•@tool•D•@lf•@a•@non•|Gaussian•@signal•@accompanies•@Gaussian•@noises•C•@we•@can

reduce•@an•@effect•@of•@noise•@on•@the•@signal•@by•@using•@triple•@correlation•@and•^or•@bispectrum

an•@alysis•@•D
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•C‚´

•fã¢•@•D•Ž•—–ª“å“åãpŠ]

ˆêrtt•G•f @•@•u•Ó

ˆê•ELlI•D

•@•@•@Besides•C•@nowadays•C•@we•@have•@very•@high•Eˆêspeed•@comput•Cers•@with•@huge•@storage•C•@which

allows•@us•@to•@calculate•@easily•@the•@t•Criple•@correlation•@and•@the•@bispectrum•@of•@various•@sig•|

nals•@•grit•Ch•@high•@precision•@and•C•@as•@a•@sy•C•@stem•@to•@observe•@physically•@the•@triple•@correlation

and•@the•@bispectrum•@of•@the•@signal•C•@the•@acousto•|optic•@triple•@correlat•Cors•@and•@big•D•@pectral

processors•@are•@investigated•@•m79•|81•n•D

•@•@Furthermore•C•@from•@the•@viewpointi•@of•@an•@inverse•@problem•C•@tThe•@triple•@correlat•Cion•@and

the•@bispectrum•@a•Cre•@preferable•@over•@t•Che•@double•@correlation•@1•i2•j•ixi•j•@and•@the•@power

spectrum•@1•i2•j•izei•j•C•@since•@it•@is•@possible•@to•@deduce•@almost•@uniquely•@the•@original•@sig•|

nal•@1•ix•j•@from•@t•Che•@triple•@correlation•@or•@bispectrum•C•@while•@1•iL•j•j•ixi•j•@and•@1•i2•j•itti•j•@giv•Ee

incomplete•@inforniat•Eion•@for•@1•ix•j•D

•@•@For•@more•@detailed•@properties•@on•@triple•@correlations•@and•@bispectra•C•@Refs•D•m82•|90•n

mav•@be•@referred•@to•D

2•D2•D3•@Applications

In•@recent•@years•C•@bispectrum•@adnalysis•@has•@been•@applied•@to•@different•C•@phenomena•@in

some•@fields•@beeause•@of•@its•@niore•@informative•@properties•@than•@the•@power•@s•@pectra•D•@ln

optFics•C•@there•@are•@also•@many•@studies•@concerned•@witli•@various•@applications•@of•@the•@triple

•i•forrelation•@and•@the•@1•jispectrum•D•@SolŽMe•@main•@studies•@of•@thern•@are•@described•@brie•Ffiy•@ill

the•@following•C

Astronomical•@image•@reconstruction

The•@realm•@of•@the•@most•@energetic•@studies•@is•@concerned•@with•@the•@astronomical•@image

reconstruction•D

•@•@The•@refractive•@index•@variations•@in•@the•@atmosphere•@of•@the•@earth•@restrict•@an•@angu•|

lar•@resolut•Cion•@of•@la•Crge•C•@ground•|based•@telescopes•@to•@about•@O•D5•@arcsec•D•@This•@resolution

limit•@called•@a•@seeing•@liniit•@is•@frustra•Cting•@since•@the•@theoretical•@diffraction•@lin•jit•@of•@a•E

5m•@telescope•@is•@about•@O•D02•@arcsec•@at•@a•@wavelength•@of•@500nm•D•@However•C•@it•@is•@possi•|

ble•@to•@overcome•@atmospheric•@image•@degradation•@by•@various•@interferometric•@methods•D

•e4L•@speckle•@interferometry•@method•@•m91•|99•n•@can•@reconstruct•@the•@diffra•Cction•|limited

aut•Eocorrelation•@of•@astronomical•@objects•C•@but•@cannot•@reconstruct•@the•@true•@images•D
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i•^•D•C•G•@•h•f•Iˆê•hY

—H•¹

True•@images•@with•@tthe•@diffra•Cction•|liinit•Eed•@resolut•Eion•@can•@be•@rec•Construct•Ced•@by•E•@a•@Knox•D•@ˆê

Thompg•D•@on•@metthod•@•m100•C•@101•n•@and•@a•@speckle•@masking•@met•Ehod•@•m102•|110•n•@which•@is

based•@o1•jbispectrum•@or•@triple•@correlation•@processing•@of•@astrono1ŽMical•@speckle•@inter•|

ferograms•C•@Speckle•@masking•@technique•@can•@measure•@the•@so•|called•@closure•@phases

Nvhich•@are•@very•@important•@for•@optical•@long•|baseline•@interferometry•D

General•@image•@reconstruction

According•@t•Co•@the•@great•E•@advant•Cage•@for•@the•@image•@reconst•Cruct•Cion•C•@t•Che•@triple•@correlat•Cion

and•@bispectrum•@analyses•@were•@introduced•@and•@used•@as•@a•@new•@analyzing•@t•Cool•@of•@gen•|

eral•@images•@which•@are•@degraded•@by•@some•@turbulent•@or•@ra•Cndom•@opt•Cical•@pags•@between

objeets•@and•@detect•Cor•C•@and•@they•@have•@exhibited•@their•@informative•@ability•D•@There•@are

ma•Dny•@investigations•@concerning•@the•@general•@image•@reconstruction•F•@e•Dg•D•@Refs•D•@•m111•C

112•n•@and•@t•^he•@phase•@and•@amplitude•@recovery•F•@e•Dg•D•@Refs•C•@•m113•|115•n•D

Other•@applications

The•@t•Criple•@correlation•@and•@bispectrum•@analyses•@were•@used•@not•@only•@for•@the•@image

reconstruct•Cion•C•@but•@also•@for•@various•@problems•@in•@other•@fields•D•@For•@example•C•@in•@opt•Cics•C

Gamo•@•m116•n•@introduced•@t•^he•@triple•@correlation•@function•@as•@a•@spectroscopie•@tool•C•@Sato•@et

al•D•@used•@the•@bispectral•@analysis•@for•@t•Che•@laser•@Doppler•@particle•@meagurement•C•@•m117•n•@and

other•@optical•@problems•@•m118•|121•n•C•@and•@Nliller•@et•@al•D•@•m122•n•@investigated•@the•@bispectral

imaging•@through•@unknown•@det•Eerministic•@aberrations•D

•@•@•@In•@addition•C•@as•@a•@method•@of•@obtaining•@simultalieously•@t•Criple•@correlations•@a•Cnd

bispect•Cra•@of•@signals•C•@Powers•@et•@a•C1•D•@179•C•@80•n•@and•@Sadler•@et•@al•D•@•m81•n•@introduced•@and•@in•|

vestigated•@experiment•Cally•@acousto•|optic•@bispectral•@processors•@and•@t•Criple•@correla•Dtors•D

•@•@•@The•@triple•@correlation•@a•Cnd•@the•@bispectrum•@are•@also•@introduced•@and•@used•@in•@s•@tud•|

ies•@concerning•@t•Ehe•@signal•@processings•@•m123•|128•n•D•@Nowadays•C•@the•@triple•@correlation

func•Ftion•@and•@the•@bispectrum•@become•@indispensable•@tools•@for•@signal•@processings•D

•@•@Many•@other•@applications•@of•@the•@triple•@correlation•@and•@the•@bispectrum•@are•@de•|

seribed•@in•@Ref•C•@•m82•n•@and•@listed•@in•@Ref•D•@•m129•n•D
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•SŒœ

‹•

3•D1 Introduction

In•@resent•@years•C•@optical•@diffra•Cction•@and•@scattering•@by•@fractal•@objects•@are•@rapidly•@inves•|

t•Cigated•@by•E•@many•@researcher•@•m10•C•@17•C•@19•C•@42•C•@44•C•@45•C•@47•C•@49•C•@54•C•@57•C•@130•C•@131•n•@because

of•@t•Cheir•@great•^•@physical•@interest•Cs•D•@ln•@order•@to•@ana•Clyze•@the•@light•@diffracted•@or•@scattered

by•@fractal•@object•Cs•C•@autocorrelations•@and•@power•@spectra•@of•@the•@optical•@fields•@have•@been

widely•@used•C•@mainly•@because•@they•@are•@easily•@construc•Dt•Ced•@by•@optical•@systems•D•@How•Eˆê

ever•C•@we•@cannot•C•@obtain•@all•@the•@information•@about•@the•@object•@and•@the•@interacted•@fields

from•@these•@funct•Cions•D•@For•@example•C•@they•@do•@not•C•@hold•@the•@informat•Cion•@concerning

anti•|symmetrical•@fea•Ctures•@of•@t•Che•@objects•D•@ln•@the•@case•@that•@we•@need•@such•@information•C

we•@have•@to•@introduce•@another•@analyzing•@method•D

•@•@It•@is•@known•@t•{hat•C•@bispectrum•C•@which•@is•@defined•@as•@a•@Fourier•@tra•Cnsform•@of•@t•Che•@auto•|

t•^riple•@correlation•@of•@a•@signal•C•@has•@more•@informatdion•@as•@to•@signals•@tihan•@the•@power

spect•Crum•D•@Because•@of•@t•Ehis•@advantage•C•@tdhe•@bispectrum•@has•@been•@used•@in•@some•@stdudˆêˆê

les•@in•@optic•Ds•@as•@a•@st•Cronger•@analyzing•@tool•@than•@the•@power•@spectrum•@•m82•C•@105•C•@112•n•C

Currently•C•@bispectra•@of•@signals•@are•@obtained•@numerically•@by•@means•@of•@computers•@in

most•@cases•C•@t•Chough•@there•@exist•@several•@at•Ctempt•Cs•@to•@develop•@an•@optical•@bispectrum

analyzer•@•m79•|81•n•D•@lf•@the•@real•|time•@bispectrum•@analyzer•@such•@as•@the•@optical•@bispec•|

trum•@analyzer•@wit•Ch•@sufficient•@performance•@is•@realized•C•@the•@bispectrum•@will•@have•@more

pi•factical•@importance•@in•@many•@information•@processings•D•@From•@this•@context•C•@the•@bisˆê
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s

nŒO•E•Eƒf

pectrun•j•@anal•„•Drsis•@will•@also•@increase•@its•@in•jportanc•Ce•@in•@t•^he•@optical•@n•jeas•D•@ureinent•@of

fractal•@objects•D•@ln•@this•@chapter•C•@therefore•C•@t•Che•@bispectruin•@is•@int•Erodueed•@as•@a•@new

analyzing•@tool•@of•@t•Ehe•@fractal•@objects•@and•C•@then•C•@some•@iniportant•C•@features•@in•@t•Che•@bispec•|

truin•@aiia•Clysis•@of•@fra•irt•Cal•@structiLires•@ai•fe•@shoN•Hv•fi•j•D•@Froiii•@t•{his•@vi•fewpoiiit•C•@it•@is•@ii•jiporta•Cnt•E

to•@clarify•@t•Ehe•@basic•@relation•@between•@fractal•@struct•Eures•@and•@their•@bispectra•C•C•@ln•@order

to•@elueidat•Ee•@t•Ehis•@relat•Cion•C•@bispectra•@of•@the•@fract•Cal•@objects•@are•@evaluated•@theoretical•Iy

and•@numericall•Dy•E•D•@As•@an•@example•@atnd•@for•@tlie•@analytical•@simplicity•C•@the•@t•Criadic•@Can•|

tor•@set•^•@shown•@in•@fig•D•@2•D3•@is•@employed•@as•@a•@fractal•@object•@which•@is•@a•@t•Dypical•@regular

fractal•@exist•Cing•@in•@a•@one•|dimensional•@Euclidean•@space•@and•@having•@t•Che•@geometrical

self•|siinilar•@structure•D

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@E•nN•iz•e•j•@•••@3ˆê•hAL

From•@eqs•D•@•i2•D9•j•C•@•i3•D1•j•C•@and•@•i3•D2•j•C

finally•@expressed•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@OI•D3•j•iiL•C•Czt•C2•j•@•••F•@•iii

3•D2•@Theoretical•@analysis

3•D2•D1•@Bispectrum•@of•@the•@Cantor•@set

In•@order•@to•@obtain•@the•@bispectrum•@of•@a•@Cantor•@set•C•@we•@have•@to•@deriv•Ee•@a•@Fourier

transform•@of•@t•Che•@Cantor•@set•D•@By•@taking•@the•@Fourier•@transform•@of•@eq•C•@•i2•D5•j•C•@it•E•@is

straightforward•@to•@show•m42•ntllat•@the•@Fourier•@traŽMsform•@ON•—•jof•@the•@Cantor•@set•@is

expressed•@by

•@•@•@•@CN•iu•E•j•@•••••@2•@cos•i2T3•|iLu•j•E2cos•i2T3•fˆê2Lu•j•c•@2cos•i2r3•|NLu•j•EEN•iu•j

•@•@•@•@•@•@•@•@•@•@•@•••@2•h•@•mtA•^•Ccos•i2T3•|kLu•j•n•@EN•iu•j•C•@•i3•D1•j

where•@zL•@is•@the•@spatial•@frequency•B•@In•@eq•D•i3•D1•j•CŒÜIN•iu•jstands•@for•@the•@Fourier•@transforln

of•@EN•ix•j•@and•@is•@giv•Een•C•@from•@eq•C•@•i2•D6•j•C•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@ˆê•@tˆêˆêx•@fi•|N•@A•DSill•i7r3ˆêˆêNLIL•j
•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•i3•D2•j

•@•@•@•@•@•@•@•@7r3•|NLu•@•f

the•@bispectrum•@Oiv3•j•iu•Ci•C•@zc2•j•@of•@the•@Cantor•@set•@is

C•Crv•i•gZLi•jCN•i2L2•jCN•iˆêˆêˆêZLi•@ˆêˆêˆê•@Zt2•j

SN•@•iUi•C•@U2•jFN•@•iUi•@•C•@U2•j•C •i3•D3•j
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’™

xvhere

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@ƒh

SN•i•`t1•C•Ezt•E2•j••23N•@rl•@c•Es•i2ƒÎ3ˆê‚½ŒÜzl•@1•jc•Es•i2ƒÎ3•|kLiu2•jc•Es•o2ƒÎ3•|kŒÜ•i•`•f1•{•`•f2•j•p•i3•D4•j

•@•@•@•@•@•@•@•@•@•@•@•@•@‚½••1

and

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•D43•@sin•i7r3•|NLiLi•j•@sin•i•@7r3•h•fNL•Eu2•j•@sin•o7r3•|NL•izLi•@•\•@zt•E2•j•p
•@•@•@•@F•Cv•ize1•C•@zt•C2•j•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•i3•D5•j
•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@7r3ulu2•iul•{U2•j•@•f

S•Cv•iu•Ei•C•@u•C•E2•j•@defined•@by•@eq•D•@•i3•D4•j•@is•@a•@structure•@factor•@of•@the•@bispectrum•@which•@includes

the•@informatiion•@concerning•@the•@self•|similar•@distribution•@of•@the•@segments•@in•@the•@C•Eantor

set•C•@F•Dv•iui•C•@•fu•E2•j•@given•@by•@eq•D•@•i3•D5•j•@is•@a•@form•@factor•@of•@the•@bispectrum•@wThich•@has•@the

information•@about•@a•@shape•@of•@the•@smallest•@segment•@in•@the•@Cantor•@set•D•@The•@bispect•Crum

of•@the•@Cantor•@set•@is•@factorized•@into•@these•@two•@factors•D

3•D2•D2•@Bispectrum•@patterns

To•@perforin•@a•@v•E•@isual•@evaluation•@of•@the•@bispectrum•C•@we•@calculatied•@OX3•j•iu•{i•C•@u2•j•@numer•|

ically•@from•@eqs•D•@•i3•D3•jˆê•i3•D5•j•D•@The•@results•@corresponding•@to•@the•@Cantor•@sets•@with•@t•Ehree

levels•@of•@N•f•@•••@3•C•@4•@and•@5•@are•@shown•@in•@figs•D•@3•D1•|3•D3•C•@respectively•C•@as•@pseudo•|eolor

pat•^t•Cerns•C•@which•@we•@may•@call•@bispectrum•@patterns•D•@The•@square•@areas•@defined

by•@two•@diagonal•@points•@•i27rL2L•@i•C27rLit•C2•j•@•••••@•iˆê940•C•@ˆê940•j•@and•@•i940•C•@940•j•@are•@shown•@in

figs•D•@3•D1•ia•j•C•@3•D2•ia•j•@and•@3•D3•ia•j•C•@while•@figs•D•@3•D1•ib•j•C•@3•D2•ib•j•@and•@3•D3•ib•j•@show•@the•@ma•Cgni•|

fied•@central•@••quare•@areas•@defined•@by•@diagonal•@points•@•i27rLui•C•@27rLzL2•j•@•••@•i•@ˆêˆê313•C•@ˆê313•j

and•@•i313•C313•j•@in•@figs•C•@3•D1•ia•j•C•@3•D2•ia•j•@and•@3•D3•ia•j•C•@respectively•D•@From•@figs•D•@3•D1•|3•D3•C•@it•@is

seen•@t•Chat•@the•@cent•Cral•@area•@of•@each•@bispectrum•@pattern•@has•@the•@self•|similar•@struc•Ctture

•i‰Áctal•@struct•Eure•jhaving•@a•@finite•@number•@of•@discrete•@scaling•@steps•@equal•@to•@the•@level

of•@the•@objec•Dt•@Cantor•@set•D•@For•@example•C•@the•@bispectrum•@pattern•@for•@the•@Cantor•@set•@of

level•@3•@has•@the•@self•|similar•@structure•@of•@three•@steps•D•@This•@means•@that•@tlie•@fract•Cality

of•@the•@original•@object•@is•@preserved•@in•@the•@bispectrum•D•@On•@the•@other•@hand•C•@in•@the

outside•@of•@these•@fractal•@areas•C•@there•@are•@periodic•C•@structures•@extending•@toward•@the

high•@spatial•@frequencies•D•@Namely•C•@the•@bispectrum•@pattern•@of•@the•@Cantor•@set•@of•@a

finitie•@level•@consists•@of•@two•@area•Cs•C•@the•@fractal•@and•@the•@periodic•@areas•C•@the•@latter•@sur•|

rOunding•@t•Che•@former•D•@The•@size•@of•@the•@central•@fractal•@area•@grows•@three•@times•@for•@every
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Fig•E•@3•D1•F•@Pseudo•|color•@bispectrum•@pat•Cterns•@of•@the•@Cantor•@set•@of•@level•@3•@for•@•ia•j•@t•Ehe•@area

defined•@by•@diagonal•@points•@•i2rLui•C2rLiL2•j•@•••••@•iˆêˆê940•Cˆê940•j•@and•@•i940•C940•j•C•@and•@•ib•j•@the

area•@defined•@by•@diagonal•@point•Cs•@•i2TLui•C2rLzL2•j•@•••@•iˆê313•C•@ˆêˆê313•j•@and•@•i313•C313•j•@in•@•ic•j•@the

manner•@of•@correspondence•@bet•Cween•@the•@values•@a•@tid•@the•@colors•D
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3•D3•D2•@Band•@average

The•@band•|averaging•@operation•@for•@bispectra•@is•@an•@averaging•@on•@the•@spat•{ial•@frequenc•Fr

bands•@in•@the•@bispectrum•@domain•D•@For•@the•@similar•@purpose•C•@one•@dimensional•@•m42•n•@and

annular•@•m45•n•@frequency•@bands•@were•@employed•C•@respectively•C•@for•@povv•fer•@spectra•@of•@one•|
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the•@structure•@factor•@given•@by•@eq•D•i3•D4•jand•@the•@spatial•@frequellcy•@bands•@defined•@by
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law•C•@lt•C•@should•@be•@notticed•@t•Chat•@t•Ehe•@exponent•@1•C262•@of•@this•@power•@law•@is•@twiee•@the

value•@of•@the•@fractal•@dimension•@D•@•••••@log•@2•^log•@3•@of•@the•@obj•@ect•^•@Cantor•@set•D•@Therefore•C

it•@is•@derived•@that•@t•Che•@proportional•@coeMcient•E•@C•@tal•qes•@t•{he•@value•@of•@2•D•@9N•Ci•D•@was•@also

evaluated•@for•@several•@Cantdor•@setis•@which•@haxre•@the•@fractal•@dimensions•@of•@log•@2•^•@log•@•fi•f•C

log•@2•^•@log•@4•C•@log•@3•^•@log•@5•C•@log•@4•^•@log•@7•C•@and•@so•@on•D•@As•@a•@result•E•C•@in•@eve•@ry•@case•C•@•i•m•H•@•Cv•Ci•@j•@s

reduc•Ced•@with•@t•Che•@power•@law•@ztt•|or•C•@and•@its•@exponent•@j•@s•@twice•@the•@value•@of•@the•@fractal

dimension•@of•@the•@object•@apart•C•@from•@the•@minus•@sign•D

•@•@•@In•@the•@case•@of•@t•Che•@power•@spectra•@of•@the•@Cantor•@set•C•@t•Che•@similar•@study•@was•@per•|

formed•@by•@•DDtllain•@and•@Cloit•Ere•@•m42•n•D•@They•@found•@the•@relation•@t•Chat•@the•@band•|averaged

structure•@factor•@of•@t•}he•@power•@spectrum•@of•@t•{he•@Cantor•@set•@decreases•@according•@t•Co•@the

power•@lavgr•D•@Uozumi•@et•@al•D•@•m45•n•@showed•@the•@same•@relation•@with•@respect•@to•@the•@Koch

fractals•@ag•@a•@case•@of•@t•Cwo•|dimensional•@fractals•C•@ln•@both•@cases•C•@the•@exponents•@of•@the
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t•Che•@band•|averaged•@structure•@factor•@in•@the•@bispectrum•@decreases•@more•@rapidly•@than

the•@ba•|nd•|averaged•@structure•@factor•@in•@the•@power•@spectrum•D

3e4 Conclusion

Some•@properties•@of•@the•@bispectra•@of•@fractal•@objects•@were•@investigated•D•@As•@the•@frac•Ctal

objects•C•@t•Che•@Ca•|ntor•@sets•@of•@finite•@levels•@•eINr•C•@which•@are•@typical•@one•|dimensional•@regular

fractdals•C•@were•@exploited•D•@The•@expression•@for•@bispect•Cra•@of•@the•@Cantor•@sets•@was•@derived

t•Eheoret•Cicall•Dv•C•@and•@the•@result•@was•@numerically•@evaluatded•@to•@give•@the•@pseudo•|color

patter1ƒ†s•@of•@bispectra•D•@It•@was•@revealed•@that•@the•@bispectruln•@of•@the•@Cantor•@set•@collsists

of•@tawo•@areas•C•@the•@central•@frac•Ctal•@area•@w•E•@hich•@hasˆê•@the•@self•|siinilarit•@yr•@wit•Eh•@respect•C•@to•@the

discrete•@scalin9•C•@and•@the•@periodic•@area•@which•@surrounds•@the•@fractal•@area•D•@This•@meaŽMs

that•I•@the•@fractality•@of•@t•Che•@fractal•@object•@is•@preserved•@in•@its•@bispectrum•@in•@a•@similar

manner•@to•@the•@power•@spectrum•D

•@•@In•@order•@to•@make•@clear•@the•@relation•@between•@the•@bispectra•@and•@t•Ehe•@fractal•@di•|
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average•C•@of•@the•@stbruc•Dt•Eure•@factor•@of•@the•@bispeet•Era•@•g•fere•@considered•D•@An•@absolute•@value

of•@the•@closed•|line•@av•Eerage•@of•@the•@structure•@factor•@has•@inany•@niaxima•@and•@niiniina•C•@and

has•@a•@t•@rend•@decreasing•@according•@tio•@t•^he•@power•@lavv•f•@vL•fith•@an•@increase•@of•@the•@spatial

frequency•D•@The•@corresponding•@band•@average•@shows•@the•@similar•@dependence•@of•@the

power•@law•D•@The•@absolute•@value•@of•@t•Ehe•@exponent•@of•@tliis•@power•@law•@is•@proportional•@to

the•@fractal•@dimension•@of•@the•@object•@fractal•D•@The•@proport•Ciona•C1•@coefficient•@was•@found

to•@take•@the•@value•@of•@2•D•@Thus•@the•@structure•@fact•Eor•@in•@bispectra•@decreases•@more•@rapidl•Dv•E

than•@t•Che•@st•Eruct•Eure•@factor•@in•@power•@spectrra•@as•@the•@spa•Ctial•@frequency•@increases•@wit•Chin

the•@fract•Eal•@area•D

•@•@•@These•@properties•@of•@bispectrum•@are•@nott•@specific•@to•@the•@Cantor•@sets•D•@The•@similar

features•@will•@be•@found•@for•@many•@other•@regular•@self•|similar•@fractals•@suc•Ch•@as•@Koch•@curves

and•@Vi•fcsek•@fract•^als•D•@On•@the•@other•@hand•C•@some•@fractals•C•@Fourier•@transforms•@of•@which

a•Dre•@not•@fractals•C•@such•@as•@the•@W•feierstrass•|MandelbrotJ•@fractal•@funct•Cion•@•m132•n•@are•@known•D

The•@bispectra•C•@of•@such•@fractals•@may•@have•@very•@different•@properties•@from•@those•@of•@t•Che

C•Eantor•@sets•C•@a•Cnd•@it•@vv•fould•@be•@interesting•@to•@explore•@those•@cases•D•@ln•@addition•@to•@the

aboxre•@fea•Ct•Cures•C•@the•@bispectrum•@has•@several•@advantages•@over•@the•@convent•Cional•@power

spectrum•@in•@analyzing•@fractal•@structures•D•@For•@example•C•@the•@bispectrum•@analysis•@is

more•@robust•@against•@the•@noise•@involved•@in•@the•@object•C•D•@This•@aspect•@will•@be•@investigat•Ced

in•@det•Cail•@in•@the•@next•@chapter•D
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4e1 Introduction

In•@the•@study•@of•@fractal•@objects•C•@it•@is•@important•C•@to•@determine•@their•@fractal•@diinension

because•@it•C•@is•@the•@simplestt•@index•@of•@characterizing•@the•@fractal•@struct•Cure•@•m1•n•D•@ln•@opt•Cics•C

for•@this•@reason•C•@some•@methods•@of•@measuring•@the•@fra•Cct•Cal•@dimension•@of•@objects•@were

invest•Eigated•@and•@used•@to•@analyze•@fractal•@objects•@•m12•C•@17•C•@23•C•@42•C•@45•C•@63•C•@64•C•@71•C•@75•C

133•n•D•@Most•@of•@these•@met•Chods•@are•@based•@on•@the•@auto•|correlation•@functions•@and•@povv•fer

spectra•@of•@optical•@fields•@produced•@by•@the•@light•@which•@has•@interacted•@with•@fract•Dal

objects•C•@because•@these•@functions•@are•@easily•@constructed•@by•@ordinary•@opt•Cical•@syst•Cems•D

However•C•@in•@most•@practical•@situations•C•@fractal•@objects•@are•@accompanied•@witth•@noise•D

For•@example•C•@if•@a•C•@photographic•@film•@is•@used•@for•@recording•@a•@fractal•@object•@and•@for•@the

optical•@analysis•C•@random•@noise•@due•@to•@the•@photographic•@grains•@is•@unavoidable•D•@lt•C•@is

known•@that•C•@in•@the•@case•@of•@frac•Dtal•@objects•@including•@random•@noise•C•@these•@functions•|

are•@distorted•@by•@t•Che•@noise•D•@ln•@other•@words•C•@the•@fractal•@dimension•@of•@the•@object•Cs•@is•@not•C

evaluated•@correctly•@by•@these•@functions•@•m64•n•D•@ln•@addition•C•@information•@concerning•@anti•|

symmetrical•@features•@of•@the•@objects•@is•@not•@preserved•@in•@these•@functions•C•@Accordingly•C

if•@we•@need•@such•@information•C•@we•@have•@to•@introduce•@another•@analyzing•@method•C

•@•@Therefore•C•@to•@measure•@correct•Iy•@the•@fractal•@dimension•@of•@the•@objects•@contami•|

nated•@by•@random•@noises•@and•@to•@obtain•@further•@important•@information•@concerning•@the

Objec•Ets•C•@w•Ee•@have•@int•Eroduc•Ded•@a•@bispectrum•@as•@a•@new•@analyzing•@tool•@for•@the•@frac•Dtal•@obˆê
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•E•Et•E•D•DƒR‡d•@•v1’Û•E—E1•@•Eƒ[

jec•Dts•@•m7s•|77•n•D•@ln•@this•@dissertation•C•@soine•@basic•@relations•@between•@Cant•Cor•@sets•@xvithout

noise•@and•@t•Cheir•@bispectra•@have•@been•@elucidat•^ed•@in•@C•Ehapter•@3•D•@ln•@particular•C•@it•@was

shown•@from•@these•@relations•@that•@tthe•@fract•Eal•@diinension•@of•@t•Che•@object•Cs•@is•@derived•@from

their•@bispectdra•@as•@well•@as•@from•@their•@povyrer•@spect•Era•D•@Aftier•@a•@band•|averaging•@opera•|

tion•C•@bot•Ch•@t•Che•@power•@spectrum•@and•@tihe•@bispectrum•@decrease•@according•@to•@power•@la•grs

with•@an•@increase•@of•@t•Ehe•@spatial•@frequency•C•@atnd•@tihe•@moduli•@of•@the•@exponents•@of•@power

laws•@are•@proportional•@to•@the•@fractal•@dimension•@of•@the•@objects•@wit1ƒ†the•@proportional

coeflicients•@of•@1•D0•@and•@2•D0•@for•@the•@power•@spectrum•@and•@the•@bispectrum•C•@respect•Civel•Dv•D

However•C•@when•@the•@fractal•@objectLs•@contain•@random•@noises•C•@some•@differences•@arise•@be•|

tween•@the•@behaviors•@of•@power•@spectrum•@and•@bispectrum•@•m76•C•@77•n•D•@ln•@order•@t•Co•@make

these•@point•Cs•@more•@clear•C•@in•@t•Che•@present•@chapter•C•@the•@effects•@of•@ra•Endom•@noiseg•D•@•C•@espe•|

cially•C•@on•@t•Che•@power•@la•Ews•@of•@tthe•@power•@spectrum•@and•@t•Che•@bispectrum•@are•@investigated

by•@means•@of•@coinputer•@simulations•D•@Here•C•@we•@also•@employ•@a•@triadic•@Cantor•@set•@as•@an

example•@of•@fract•Eal•@objec•Cts•@for•@analytical•@simplicity•D•@ln•@addition•C•@as•@for•@the•@random

noise•C•@addit•Cive•@and•@multiplicative•@random•@noises•@witth•@the•@amplitudes•@dist•Cributdions

obe•Dv•Eing•@Gaussian•@probability•@densit•Ey•@functions•@with•@various•@values•@of•@the•@mean•@and

t•^he•@standard•@deviation•@are•@considered•D

4•D2 Simulations

In•@simulations•C•@as•@a•@fractal•@object•C•@a•@triadic•@Cantor•@set•@C6•ix•j•@of•@level•@6•C•@whos•|e

segments•@had•@a•@rectangular•@shape•@wit•Ch•@unit•@amplitude•C•@was•@employed•C•@This•@set•@is

defined•@b•Dv•@eqs•D•@•i2•D5•j•@and•@•i2•D6•j•C•@and•@similar•@seti•@with•@different•@levels•@are•@shown•@in

fig•D•@2•D3•D•@On•@the•@other•@hand•C•@as•@the•@random•@noise•@accompanying•@the•@fract•^al•@objec•Ct•C•C

the•@addit•Civ•Ee•@random•@noise•@R•D4•ix•j•@and•@the•@niultiplicat•Eive•@random•@noise•@RM•ix•j•C•@whie•Eh

were•@given•@by•@the•@random•@variables•@obeying•@Gaussian•@proba•Cbility•@density•@funct•Eions

with•@various•@mean•@values•@and•@standard•@deviations•@were•@adopted•C•@The•@Cant•Eor•@set•^s

with•@additive•@and•@1ŽM11tiplicative•@random•@noises•@were•@obtained•@by•@calculating•@O6•ix•j•\

RA•ix•j•C•@and•@C6•i•er•j•@•~•@R•C•p•Ci•i•DT•j•C•@respectively•D•@•nVlany•@objects•@including•@the•@same•C•@but

Statistica•^11y•@independent•C•@random•@noises•@were•@provided•@for•@each•@set•@of•@several•@mean
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ê•D•D•@•E˜X•D•AƒS•D•E•D•DT

valuesƒÅ•`aƒ†ƒ†d•@sta1ƒ†dard•@deviatiollsƒÐ•D•@From•@these•@objects•C•@subsequently•A•@their•@Power

spectra•@and•@bispectra•@were•@evaluated•@liulnerically•D

•@•@•@When•@a•@Ca1ƒ†tor•@set•@includes•@the•@randoni•@noise•A•@its•@bispectruln•@callnot•@be•@factor•|

ized•@illto•@t•Che•@structure•@and•@forln•@factors•C•@though•@it•@can•@ill•@the•@absellce•@of•@noise•@as

represelƒ†ted•@by•@eqs•D•i3•D3•jˆê•i3•D5•j•D•@The•@same•@situat•C•@ion•@exists•@in•@its•@power•@spectrum•D

In•@siinula•Etions•C•@therefore•A•@the•@deteriorating•@e•vEfect•@of•@the•@forlll•@faCt•@or•@was•@removed•p•jy

anormalization•@process•@of•@the•@Fourier•@transform•@of•@each•@object•@using•@the•@Fourier

transform•@of•@the•@segment•@of•@all•@ideal•@object•D•@The•@modified•@ftmctions•@derived•@corre•|

spond•@to•@the•@structure•@factors•@of•@the•@power•@spectrum•@and•@the•@bispectrum•C•@atld•@may

be•@calle•i1•@as•@modified•@power•@spectrum•@alld•@bispectrum•C•@respect•Cively•D•@The•@Fourier

tl•fallsforIll•@E6•ifu•D•jof•@the•@segnƒ†eIIt•@of•@tlle•@triadic•@Cantor•@set•@of•@leve16is•@represellted•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@E•E•iu•jˆê3•|6ŒÜsi1‹¿šæ•j•E•@•@•i4•D1•j

Si•Fnce•@E6•i•`‚Ìi1ƒ†cludes•@a•@sinc•@function•C•@solne•@zeros•@apPear•@periodically•@in•@it•C•@alld•@tlle

modified•@power•@spectra•@and•@bispectra•@cannot•@be•@calculated•@at•@these•@poillt•Cs•D•@How•B

ever•C•@this•@is•@1ƒ†ot•@a•@serious•@problem•@because•@all•@the•@zeros•@are•@outside•@the•@fractal•@part•C

where•@the•@informatioll•@concerning•@the•@fractal•@dimension•@is•@included•D•@Owing•@to•@the

definitions•@of•@the•@power•@spectrum•@and•@the•@bispectrum•C•@the•@fractal•@parts•@of•@t•Che•@mod•|

ified•@P•Ewer•@spectra“ë2•j•iu•jand•@the•@m•Edified•@bispectra•@•EOr63•j•iu1•C•Au•D2•jare•@expressed•C

respectively•C•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@’wˆê‘äiiŠG1•c’Õ•@•@•i4•E2•j

and

•@•@•@•@•@•@•@•@•@•@•@•@•@•@ƒÉ‰W3•j•iUl•CZL2•jˆêŠí1•E–¶i•”il•E‹E•ßli•G•C•@•i4•E3•j

where•@O6•i‚Ìstallds•@for•@the•@Fourier•@transform•@of•@the•@object•@Cantor•@set•@of•@leve16with

rand•Em•@n•Eise•D•@While“¥2•j•iu•jtakes•@re‘gvalues•C“¥3•j•iul•Cu2•jis•@a•@c•Bmplex•@functi•Bn

whose•@real•@and•@i1ŽMaginary•@parts•@include•@the•@infbrnƒ†ation•@ab•@out•C•@the•@structure•@factor

and•@the•@noise•ESince•@only•@the•@real•@part•@should•@be•@analyzed•@to•@obtain•@the•@informa•Q

•@•@

t1011•@concerning•@the•@object•@fractal•@dimension•C•@the•@ba1ƒ†d•|averaging•@operation•@can•@be

aPPlied•@t•Ethe•@ln•Edified•@p•Ewer•@spectra”ª‘»2•j•iu•j•@and•@the•@real•@part•@Re•m“ë3•j•i–cL•@u2•j•n•Ef

the•@modified•@bispectra•@in•@the•@same•@way•@a•Cs•@in•@the•@case•@of•@the•@structure•@factors•D
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•@•@•@Before•@the•@band•|averaging•C•@a•^n•@ensemble•@average•@operation•@E•o•@•p•@had•@to•@be•@per•|

formed•@for•@the•@niodified•@power•@spectra•@and•@the•@real•@part•C•@of•@the•@inodified•@big•D•@pectra•D•@be•|

cause•@these•@are•@stoc•fhastic•@processes•D•@The•@band•|averaging•@operations•@for•@E•oAr16•i2•j•itt•j•p

and•@E•oRe•mA•G16•i3•j•iit•Ei•C•@tt•C2•j•n•p•@are•@t•^he•@one•|dimensional•@and•@t•Che•@hexagonal•@operation•C•@re•|

spectivel•Dv•D•@The•@one•|diniensional•@band•|averaged•@value•@ll•^6•Ci•@of•@E•oA•nit6•i2•j•izL•j•p•@ig•D•@de•|

scribed•@b•„r

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@U•h6•C•Eiˆê’ÙE•oƒ€—É2•j•i•H‚Ì•pdu•E•E•@•@•i4•E4•j

Nvhere•@B•G•E•@is•@a•@spatial•@frequency•@band•@defined•@by

Blˆê•L•^•i4ŒÜ•j•ƒš£•…3•f•{1•^•i4ŒÜ•j•p•C i•C•@•••@1•C•@2•C•@3•C•@•D•D•D•@•C •i4•Dor•j

a•Cnd•@51•E•@is•@the•@length•@of•@the•@band•@BI•^•D•@On•@the•@other•@hand•C•@the•@he•Dxagonal•@band•|averaged

value•@•i•H6•Di•@of•@E•oRe•mA•G16•i3•j•iui•C•Eu2•j•n•p•@is•@calculat•Ced•@in•@tdhe•@same•@way•@as•@expressed•@by

eqs•D•@•i3•D14•jˆê•i3•D17•j•@and•@fig•D•@3•D7•D

4•D3 Results•@and•@discussion

4•D3•D1•@Cantor•@sets•@with•@additive•@random•@noise

First•C•@C•Ea•Cntor•@sets•@with•@additive•@random•@noises•@are•@analyzed•D•@The•@amplitude•@distri•|

bution•@of•@a•@part•@of•@the•@Cantor•@set•@with•@addit•Cive•@random•@noise•@is•@shown•@in•@fig•D•@4•D1

toget•Cher•@with•@that•@without•@noise•@as•@an•@example•D•@The•@band•|averaged•@values•@llf•fU•Ci•@of

modified•@power•@spect•Cra•@and•@•i•H6•Ci•@of•@the•@real•@parts•@of•@modified•@bispectra•@are•@numeri•|

cally•@ev•E•@aluated•@for•@the•@random•@noise•@with•@the•@zero•@mean•@and•@t•Che•@standard•@devi•fations

of•@a•@•••@O•@•iwithout•@noise•j•C•@O•D1•C•@O•C5•@and•@1•D0•D•@The•@results•@of•@17V•f6•Ci•@are•@normalized•@by•@liVo

which•@is•@the•@value•@of•@W6•Ci•@for•@the•@Cantor•@set•@without•@noise•C•@and•@the•@similar•@normal•|

ization•@by•@qo•@is•@made•@also•@to•@Q6•Ci•D•@These•@normalized•@14•^6•Ci•C•@and•@•i•m•H6•Ci•@are•@show•^n•@by

dots•@in•@figs•C•@4•D2•ia•j•@and•@•ib•j•C•@respectively•C•@as•@a•@function•@of•@i•C•@in•@a•@log•|log•@representj•@ation•D

•@•@In•@fig•D•@4•D2•ia•j•C•@the•@broken•@line•@stands•@for•@the•@power•@function•@corresponding•@to•@zt•|D•C

where•@D•@is•@t•Che•@fractal•@dimension•@of•@the•@object•@Cantor•@set•C•@If•@the•@band•|averaging

OPeration•@expressed•@by•@equations•@•i4•C4•j•@and•@•i4•D5•j•@is•@applied•@to•@this•@power•@function•C

then•@t•Ehe•@result•Cant•@values•@decrease•@along•@the•@broken•@line•@with•@i•D•@The•@lowest•@solid•@line
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Fig•D•@4•D1•F•@Part•@of•@the•@object•@function•@of•@the•@Cantor•@set•E•@•ia•j•@without•@noise•@and•@•ib•j•@wit•Eh

additive•@Gaussian•@random•@noise•@RA•ix•j•@of•@m••O•@and•@a•@•F•@O•D5•C
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connecting•@the•@points•@for•@the•@ease•@of•@no•@noise•@decreases•@in•@parallel•@with•@t•p•je•@broken
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the•@Cantor•@set•@involving•@additive•@random•@noises•@with•@o•@•••@O•D1•@and•@four•@different•@values•@of

m•••@O•C•@O•D1•C•@O•D2•@and•@O•D3•D

53

Š••¥
D

7•A

Š]7

}



“å“å•—“ï•A
•@•@•@•@•@•@•@ƒR•@•@•@•@•@•@•@•@•@•@•@•@ƒR

ƒR˜R—H—H•AŒÝ

”ã

•D•D•D
@”ô•—–••A•§•§

in•i•Ereasing•@mean•@value•@•fm•^•@of•@t•{he•@noise•D•@Therefore•C•@as•@long•@as•D•@the•@standard•@deyiation

o•@of•@the•@noise•@takes•@a•@relatively•E•@sniall•@value•C•@we•@can•@deterinine•@the•@fract•Cal•@din•fiension

of•@objects•@froni•@their•@pow•fer•@spect•Era•D•@On•@the•@other•@hand•C•@with•@a•Dn•@increase•@in•@m•C•@the
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noise•@on•@the•@values•@of•@1•fli•h6•Ci•@and•@q6•Ci•@are•@ver•Dv•@small•@as•@compared•@with•@those•@for•@the

additive•@random•@noise•D•@Figures•@4•D6•ia•j•@and•@•ib•j•@shovgT•@the•@va•vriations•@of•@1•f1•^6•Ci•@and•@•i•H6•Ci

for•@a•@•••@O•C1•@and•@m•@•••@1•D0•C•@1•D1•@and•@1•D2•D•@Even•@for•@n•H•C•@•r•@1•D0•C•@the•@values•@of•@the•@normalized

IIi•f6•Ci•@and•@q6•Ci•@shown•@in•@figs•D•@4•D6•ia•j•@and•@•ib•j•@obey•@the•@same•@power•@law•@as•@in•@the•@case•@of

m•@•••@1•D0•C•@t•{hough•@tiheir•@values•@increase•@as•@a•@whole•D•@From•@these•@observa•Ction•@in•@figs•D•@4•D5

and•@4•D6•C•@we•@could•@conclude•@tha•Ct•@the•@self•|similar•@structures•@of•@tihe•@bispectrum•@a•End•@t•Ehe

power•@spectirum•@of•@the•@Cantor•@set•@suffer•@no•@serious•@dama•Cge•@froii•@t•@the•@mult•Eiplicative
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the•@Cantor•@set•@of•@higher•@level•@occupy•@only•@a•@very•@sma•C11•@region•@of•@the•@object•@space•C

atid•@that•C•@in•@the•@remaining•@much•@larger•@region•C•@the•@object•C•@function•@takes•@value•@of
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100

10•|2

m••1•D0 u••1•D0

•h•fN•D

x •~

a•@••O•D5

•fN
•~ N•C•D

N•D•D
N•D•D•D

a••O•D1

•ic•j

•~ •~ x Without•@noise
N•D•D x •~ •~

1 2 •@•@•@3
•@•@•@•@•@•@•@•@i

•iContinued•j

4 5 6

random•@noise•@whether•@the•@mean•@va•C1ue•@of•@noise•@is•@zero•@or•@11•@ot•D•@However•A•@i1ƒ†case

that•@the•@original•@object•@has•@a•@collstallt•@background•@•ie•D9•D•@the•@object•@represellted

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@ƒoin•@fig•E4•E7•ia•j•j•A•@the•@difference•@arose•@between•@behaviors•@of•@•i•H6•Ci•@aIld•@•i•H6•Ci•@shown•@ill

figs•D4•D8•ib•jand•@4•D11•ic•j•C•@respectively•D•@Although•@the•@power•@laws•@of•i•H6•Ci•@are•@distorted

by•@the•@effect•@of•@multiplicat•Cive•@ra1ƒ†doln•@noise•@as•@described•@in•@the•@above•@subsection•C

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@ƒ€there•@is•@alrnost•@no•@distortion•@in•@the•@power•@law•@of•i•H6•Ci•@except•@the•@case•@of•@large•@values

ƒÐ•DTherefore•C•@under•@the•@colldition•@considered•@in•@this•@section•C•@we•@can•@obtain•@the

i11•@forlll•@at•C•@iOll•@concerIIillg•@the•@fractality•@of•@objects•@from•@the•@bispectrunƒ†•C•@provided•@that

the•@nƒ†odified•@band•|averaging•@operation•@is•@used•D

4•D4 Conclusion

Effects•@of•@t•Che•@random•@noise•@on•@the•@scaling•@property•@of•@the•@bispectrum•@and•@the•@po•g•fer

spectrum•@of•@the•@Cantor•@set•C•@of•@lev•Eel•@6•@were•@elucidat•Ced•@by•@means•@of•@computder•@sim•|

ulations•C•@•D4Ls•@t•Che•@typical•@random•@noise•C•@we•@considered•@additive•@and•@iinultiplicative

random•@noises•D•@Since•@the•@bispectrum•@and•@t•Che•@power•@spectrum•@of•@objects•@involving

the•@random•@noise•@cannot•@be•@factorized•@into•@the•@form•@and•@structure•@factors•C•@we•@calcu•|

lated•@modified•@bispectra•@and•@power•@spectra•@which•@did•@not•@contain•@the•@informattion

Coneerning•@the•@form•@factor•C•@and•@used•@these•@modified•@functions•@for•@determination•@of
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‹Y•B•ú••
•@Y

ˆê•D•D••st
”F•D•E•E1•D‹¸•@‘•Œœ•ˆ•D•B2 ’¦ Š™Œp

liš•

the•@object•^•@fracta•C1•@•ilimension•C•@instead•@of•@the•@st•Cructure•@factor•D•@After•@the•@ensemble

avera•Cging•@proc•Dedure•C•@the•@band•|averaged•@values•@of•@these•@modified•@functions•@were•@eal•|

culated•@and•@compared•@with•@each•@other•D•@These•@values•@for•@the•@modified•@bispectrum

and•@power•@spectrum•@of•@tlie•@Cant•Eor•@set•@wit•Ehout•@the•@noise•@decrease•@w•^it•Ch•@the•@spatial

frequency•@u•C•C•@follow•fing•@tthe•@power•@laws•@of•@zt•|2D•@at•jd•@it•EˆêD•C•@respectively•D•@Since•@D•@in•@the

exponents•@of•@these•@laws•@equals•@t•Eo•@the•@fractal•@dimension•@of•@the•@object•C•@we•@were•@able

to•@det•Cermine•@the•@diniension•@froni•@t•Eheni•D•@However•C•@when•@t•Che•@objeet•@is•@contaniina•Cted

bs•C•f•@the•@random•@noise•C•@t•Ehese•@power•@laws•@are•@affect•Eed•@by•@the•@noise•D

•@•@•@For•@the•@object•@involving•@t•Che•@zero•|mean•@additive•@random•@noise•@vLrith•@any•@st•Candard

deviation•C•@the•@bispec•Ctirum•@is•@more•@adva•Entageous•@to•@determine•@the•@fractal•@dimension

than•@the•@power•@spectrum•C•@since•@the•@power•@law•@of•@tdhe•@bispectrum•@does•@not•E•@suffer

apprec•Cia•Cbl•Dy•@from•@the•@noise•@and•@since•C•@on•@the•@other•@ha•Cnd•C•@the•@power•@law•@of•@the•@power

spectrum•@is•@distort•{ed•@by•@the•@effect•@of•@noise•D•@In•@case•@of•@the•@non•|zero•|mean•@additive

random•@noise•C•@however•C•C•@the•@power•@law•@of•@tthe•@bispectrum•@is•@det•Ceriorat•Eed•@by•@the•@effect

of•@noise•C

•@•@•@On•@the•@ot•Cher•@hand•C•@when•@the•@object•@includes•@the•@multiplicative•@random•@noise•C

almost•@no•@deterioration•@was•@observed•@in•@the•@power•@laws•@of•@the•@bispect•Crum•@and•@t•Che

power•@spectrum•C•@whether•@t•Che•@noise•@is•@zero•|inean•@or•@not•C•@Therefore•C•@under•@this•@con•|

dit•Eion•C•@w•Ee•@can•@obttain•@t•Che•@information•@about•@the•@fractal•@dimension•@from•@either•@the

bispectrum•@or•@the•@power•@spectrum•D•@However•C•@if•@the•@original•@object•@contains•@the

•i•fonstant•C•@background•C•@then•@the•@multdiplicat•Cive•@random•@noise•@gives•@tthe•@serious•@deteri•|

oraition•@to•@the•@power•@laws•@of•@the•@bispect•Crum•@and•@the•@power•@spectrum•C•@and•@prevents

us•@from•@det•Cermining•@accura•Dt•Cely•@the•@frac•Ctal•@dimension•@of•@the•@object•D

•@•@•@These•@results•@implied•@that•@the•@const•Cant•@component•@of•@either•@the•@object•@or•@t•Ehe

random•@noise•@det•Eeriorates•@the•@power•@law•@for•@the•@bispec•Ctrum•D•@This•@fact•@was•@verified

by•@the•@pseudo•|c•Color•@bispectrum•@pat•Cterns•@shoxving•@t•Chat•@the•@effect•@of•@the•@constant•E

component•E•@of•@objects•@and•@the•@noise•@appea•Cred•@on•@t•Che•@spec•Cific•@three•@lines•D•@ln•@order

to•@eliminate•@the•@effect•@of•@the•@constaiit•@component•@and•@to•@avoid•@the•@deterioration•@of

the•@power•@law•@of•@the•@bispectrum•C•@the•@inodified•@band•|averaging•@operation•@was•@intro•|

duc•Eed•D•@Aft•{er•@this•@operation•C•@the•@value•@of•@the•@modified•@bispectrum•@of•@the•@Cantor•@set
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decreased•@with•@tfhe•@power•@lavv•f•@with•@an•@increase•@in•@spatial•@frequency•D•@In•@addition•C•@it

•g•Eas•@eluc•Didated•@that•C•@ev•Een•@if•@the•@object•@Cantor•@set•@included•@the•@non•|zero•|mean•@addi•|

tive•@ra•Cndom•@noise•@or•@the•@multiplic•Eative•@random•@noise•@with•@the•@constant•@background

of•@the•@object•C•@the•@resultant•@povLrer•@law•@was•@not•@deteriorated•@by•E•@them•D•@ptIoreover•C

in•@c•Ease•@of•@the•@zero•|mean•@noise•C•@t•Ehe•@distortion•@of•@the•@power•@law•@which•@derived•@from

the•@modified•@band•|averaging•@operation•@was•@smaller•@t•Chan•@that•@from•@the•@ordinary

band•|averaging•@operation•D

•@•@•@In•@conclusion•C•@even•@if•@a•@fract•Eal•@object•@involves•@the•@random•@noise•C•@we•@can•@ac•|

curatel•Dv•@determine•@the•@fractal•@dimension•@of•@objects•@from•@the•@modified•@bispect•Crum

by•@means•@of•@t•Che•@modified•@band•|averaging•@operation•C•@whetbher•@tbhe•@random•@noise•@is

additive•@or•@multiplicative•C•@and•@whether•@it•@is•@zero•|mean•@or•@non•|zero•|niean•D•@ln•@this

sense•C•@the•@bispect•Crum•@is•@the•@more•@advant•@ageous•@tool•@for•@obtiaining•@t•Ehe•@informatFion

concerning•@the•@fractal•@dimension•@of•@fractal•@objects•@than•@the•@power•@spectrum•@when

the•@object•@is•@contaminated•@by•@tdhe•@random•@noise•D•@ln•@addition•C•@it•@is•@noted•@t•Chat•C•@this

eonclusion•@would•@hold•@for•@self•|similar•@fractals•@in•@general•D

69

‘é•D•Ä”R‰í•Eˆ¯‹ì
Œ••DŒí•A

ŠI•e•D
“­

‚¶

•v

–š•gân



•D‹š“ï•Ç“å
•@‹˜

•˜

•Ò“å
ƒh•h•D

•f“º‹Sˆê

5•D1 1ntroduction

As•@described•@in•@chapter•@1•C•@optical•@diffraction•@by•@fractal•@objects•@has•@attracted•@con•|

siderable•@int•Eerest•E•@wit•Eh•@intensive•@investigations•C•@and•@some•@iniportant•@properties•@of

the•@diffra•Ccted•@fields•@have•@been•@elucidated•D•@Fractals•@dealt•@with•@in•@these•@st•Cudies•@are

classified•@mainly•@into•@t•Cwo•@groups•@of•@regular•@and•@random•@fractals•@•m1•n•D•@Regular•@fractals

are•@generated•@by•@determinist•Cic•@recursive•@proc•Cedures•C•@while•@random•@fract•Cals•@can•@be

generated•@by•@recursive•@procedures•@with•@randomness•D•@Most•@of•@fractals•@actually•@found

ln•@1ƒ†ature•@have•@ran•ilom•@structures•@and•C•@hence•C•@optical•@fields•@diffracted•@by•@randoniized

fract•Cal•@objects•@have•@been•@studied•@by•@many•@researchers•@•m12•C•@17•C•@48•C•@50•|52•n•D•@The•@ran•|

domness•@of•@actual•@random•@fractals•@is•@partly•@due•@to•@randomness•@inherent•@to•@physical

processes•@of•@their•@generat•Cions•@•m2•C•@5•n•@and•@partly•@due•@to•@random•@perturbat•Eions•@a•Cc•Dcom•|

pany•E•@ing•@wit•Ch•@the•@det•Cerministic•@generating•@process•C•@Hence•C•@propert•Cies•@of•@randomness

may•@vary•@with•@the•@fractals•D•@ln•@the•@past•@studies•@•m12•C•@17•C•@48•C•@50•|52•n•C•@however•C•@only•@a

specific•@randomizing•@method•@hag•@been•@employed•@in•@the•@generating•@procedure•@of•@each

frac•Ettal•D•@Namely•C•@a•@single•@probability•@density•@function•@only•@was•@taken•@intdo•@consider•|

ation•@for•@generating•@independent•@random•@variables•@defining•@the•@fluctuations•@in•@each

genera•Eting•@step•C•@Therefore•C•@effects•@of•@the•@difference•@in•@the•@randomizing•@methods

ha•Eve•@not•@been•@studied•@sufficiently•C
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•@•@•@In•@the•@present•@chapter•C•@we•@emplo•Dv•@the•@randoinized•@Cantor•@apertures•@generated

Nvith•@some•@different•@randomizing•@methods•@as•@models•@of•@randomized•@fractal•@objects

and•@investigatte•@b•Dy•@meadns•@of•@computer•@simulations•@the•@light•C•@fields•@diffracted•@by•@these

apertures•C•@Intensit•Dv•@distributions•@of•@the•@light•@diffract•Ced•@in•@the•@Fraunhofer•@diffrac•|

tion•@region•@by•@these•@apertures•@are•@compared•@wi•fth•@those•@by•@the•@deterministie•D•@regular

Calltor•@apertures•D•@FrolŽMthis•@comparison•C•@we•@discuss•@the•@effec•Cts•@of•@changing•@the•@ran•|

domizing•@methods•@on•@the•@diffracted•@fields•D•@ln•@addition•C•@we•@introduce•@band•|av•Eeraged

values•@of•@the•@diffracted•@intensities•@tio•@elucidate•@the•@effect•Cs•@of•@t•Che•@randomizing•@methods

on•@the•@sealing•@propert•Dv•@of•@tihe•@diffract•Ced•@fields•D

5•D2

5•D2•D1

Generation•@of•@randomized•@Cantor•@apertures

General•@theory

In•@generaJ•C•@fractal•@object•{s•@are•@generaited•@by•@a•@procedure•@shown•@in•@a•@fiow•@cha•Crt•@of

fig•D•@5•D1•D•@First•C•@an•@original•@structure•@called•@a•@generator•@is•@determined•D•@Secondl•Dv•C•@ea•irh

segment•@of•@t•@his•@generator•@is•@replaced•@by•@the•@generator•@transformed•@through•@three•@opˆêˆê

eratio1ƒ†s•@of•@rnagnification•C•@rotation•@alld•@translation•C•@and•@the•@resultant•@new•@structure

is•@called•@an•@object•@of•@level•@1•D•@Then•C•@each•@segment•@of•@this•@object•@is•@repla•Cced•@in•@the

same•@way•E•@to•@construct•@an•@object•@of•@level•@2•D•@Similar•@substitution•@is•@repeated•@N•@times

to•@produce•@an•@object•C•@of•@level•@•DIV•D•@ln•@this•@procedure•C•@if•@tthe•@operation•@of•@magnific•Cation•C

rotation•@or•@translation•@includes•@a•@stoc•Chastic•@parameter•C•@a•@resultant•@object•@has•@ran•|

dom•@structures•E•@In•@genera1•C•@the•@three•@operations•@caŽMhave•@ilidependent•@stochastic

parameters•@from•@each•@other•D•@ln•@such•@a•@case•C•@however•C•@a•fgenerated•@obj•@ect•C•@is•@so•@c•Com•|

plicated•@tjhat•@the•@field•@diffracted•@by•@the•@object•@cannot•@be•@easily•@analyzed•D•@Therefore•C

in•@this•@chapter•C•@we•@restrict•@our•@study•@to•@one•|dimensional•@random•@fractals•@whic•Dh•@are

genera•^t•Eed•@without•@t•Che•@operation•@of•@rotation•D•@ln•@addition•C•@if•@the•@operation•@of•@mag•|

iiification•@includes•@a•@random•@parameter•C•@a•@generated•@fractal•@object•@no•@longer•@has•@a

COnstant•@fractal•@dimension•@a•Dnd•@becomes•@a•@multifractal•D•@Although•@it•@is•@interesting

tO•@investtigate•@the•@optical•@fields•@produced•@by•@multifractals•C•@we•@start•@the•@investigation

frOM•@more•@fundamental•@objects•D•@Hence•C•@as•@a•@model•@of•@randomized•@fractal•@objects•@we
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Generator

Magnification•C

Rotation•@and
•@•@•@•@•@•@•@ƒ‰

•@Translation

•qill•@•i•@Randomization

Substitution

E1t•Fasa•@ctal•@o•@bj•@e•@ct

Fig•D•@5•D1•F•@General•@generating•@procedure•@of•@randomized•@fract•Cal•@object•Cs•D
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employ•@a•@randomized•@triadic•@Cantor•@set•E•@generated•@by•@the•@above•|mentioned•@met•@hod

•gr•^ith•@only•@the•@operation•@of•@t•Eranslation•@including•@a•@randoin•@paraniet•Cer•D•@The•@optieal

field•@diffracted•@b•Dv•@an•@aperture•@of•@amplitude•@ttransmittance•@described•@by•@this•@ran•|

domized•@C•Eantor•@set•@is•@a•Enalyzed•@by•@means•@of•@computer•@simulations•C•@Five•@different

t•Cypes•@of•@randomizing•@met•Chods•@are•@introduced•D•@The•@first•@four•@methods•@are•@explained

in•@the•@following•@subsectdions•C•@while•@the•@last•@met•Chod•@is•@discussed•@in•@section•@5•D4•D

5•D2•D2•@Deterministic•@Cantor•@aperture

The•@deterministic•@triadic•@Cantor•@seti•@is•@a•@self•|similar•@fractal•@with•@the•@fracta•C1•@dimen•|

sion•@of•@log•@2•^log•@3•@embedded•@in•@a•@one•|dimensional•@Eiiclidean•@space•C•@a•Cnd•@is•@used•@in

man•Dv•E•@st•Cudies•@in•@fractal•@optics•@bec•Dause•@of•@its•@analytical•@simplicit•Cy•@•m42•C•@54•C•@56•|58•C•@61•C

72•|78•n•D•@The•@Cant•Eor•@set•@C•Hvr•E•i•DT•j•@of•@level•@INV•f•@vv•fith•@the•@total•@width•@L•@defined•@on•@the

•Dr•|axis•@is•@expressed•@by•@eqs•D•@•i2•D5•j•@and•@•i2•D6•j•D

•@•@•@A•@Cantor•@aperture•@associated•@with•@t•Chis•@Cant•{or•@set•@is•@defined•@by•@an•@apert•Cure

hav•Eing•@the•@amplit•Cude•@transmittance•@given•@by•@an•@aperture•@function•@a•FD•i•DT•j•@•••@CAr•E•@•i•Dx•j•C

if•@the•@one•|dimensional•@object•@and•@t•Ehe•@two•|dimensional•@diffraction•@are•@assumed•@for

simplieity•D

5•D2•D3•@Semi•|equilibrated•@randomization

W•fe•@can•@define•@several•@types•@of•@randomized•@Cantor•@apertures•@by•@modifying•@the•@above

definition•@of•@the•@deterministic•@Cantor•@aperture•D•@Those•@apertures•@are•@expressed•@by•E

all•@apertt11•fe•@fullctioll

ƒ¿ƒÖ
÷•cƒSŒs•Bˆ÷•iƒt1•C•Cƒt2•C•c•@•@•C2N•jàÛ2•E•c•EƒuN•j•j•n•@QEN•i2•F•j•E•i5•E1•„

where

•@•@•@•@•i1•i•v•fi•C•@•nb•g•C•@•D•@•D•@•D•@•C•@2•fN•j•@•••@ˆêˆê•@•o•i•@ˆêˆêˆê1•j•v•fi3ˆêˆêi•@•{•@•iˆêˆê•@1•ji23ˆêˆê2•@•{•@•D•@•D•@•D•@•{•@•i•@•Dˆê•@1•j2•fN3•|iV•pL•@•is•D2•j

ls•@ti•@he•@me•@an•@posit•@ion•@of•@a•@cent•C•@er•@of•@each•@ap•@ert•@ure•@segm•@ent•C•@and•@e•i•@7•fi•@•C•@2•f2•@•C•@•E•@•E•@•E•@•C•@2•fN•j•@iS

the•@total•@fluctuat•Cion•@of•@each•@segment•@on•@the•@x•|axis•D

73

•@•@•@•@•@•D‰T“å“å1
•@•@•@•@•@•@•@•@•@•@•@•@•f•E1•—

èiŒœ“å•D–•“å•D•E

“å“å“å•|
“å—H—H•E•D•c“«



’Í
ˆê—ú

•A

—H•D•£

“ï‘è
•ˆ‚è•`•x•@‰«•E‡_•D•@•@•e•A•D•Aˆê•@•@•t•C

ee•Difiiillsee•vigslfiintrebetsittttw•Cec•Cbi

”n

•EƒÄŠÍ1ˆÔ
•Aˆê•Ú•E“A•E•F•F•Eˆê•E

•@•@The•@first•C•@niodel•@is•@dcfined•@by•@an•@aperture•@function•@a•fA•i•Dr•j•@given•@by•@eqs•C•@•i5•D1•j•@and

•i5•C2•j•@togetbher•@witih

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@e•iƒu1•Eƒu2ˆê•E•E•CƒuN•j••ƒÃ1•CƒS•A•{ƒÃ2•Cƒu•C•{•c•{ƒÃN•CƒuN•C•@•@•@•@•i5•D3•j

where•@eˆê•fs•@st•@and•@for•@randomization•@fact•Eors•@in•@the•@operation•@of•@t•Cranslat•Cion•D•@The•@value

of•@each•@s•@js•@given•@by•@an•@independent•@random•@variable•@obeying•@a•@zero•|mea•Cn•@Gaussian

probabilit•Cy•E•@densit•Ey•@function•D•@lt•@follows•@froiit•j•@eqs•D•@•i5•D1•jˆê•i5•D3•j•@t•Chat•@a•E•D•Ci•i•Fr•j•@is•@writ•Cten

as

•@•@•@•@•@•@•@•@•@•@QA•i•@•er•j•@•••@•m6•i•@2r•@•{•@3•|iL•@ˆê•@si•Co•j•@•{•@6•i•@•GT•@ˆê•@3•|iL•@ˆêˆê•@si•Ci•@•j•n

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@x•@•m6•i•Dz•f•@•{•@3•|2L•@ˆêˆê•@e•E2•C0•j•@•{•@6•ix•@ˆê•@3•|2L•@ˆê•@s2•Ci•j•n

•i2•p•@•m6•ix•@•{•@3•|NL•@ˆê•@s•Cv•Co•j•@•{•@6•ix•@ˆê•@3•gNL•@ˆê•@s•Dgv•Ci•@•j•n

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@XEN•@•ix•j•D•@•iJr•@•D4•j

The•@sehematic•@representation•@of•@this•@randomization•@is•@shown•@in•@fig•D•@5•D2•ia•j•D•@ln•@this

figure•C•@eight•@solid•@rectangles•@represent•@the•@regular•@Cantor•@aperture•@of•@level•@3•C•@and

eac•Ch•@eA•@means•@a•@random•@displacement•C•@added•@to•@the•@deterministic•@translation•@va•Dlue•@in

eaeh•@generating•@step•D•@For•@example•C•@the•@c•Centra•C1•@position•@C•@ef•@the•@segment•@represented

by•@the•@solid•@arrow•@in•@fig•D•@5•D2•ia•j•@is•@given•@as

•@•@•@•@•@•@•@•@•@•@•@•@C•••@•i3•hL•{•@ei•Ci•j•{•@•iˆê3•|2L•{e•E2•@•Co•j•@•{•iˆêˆê3ˆê•f3L•@•{•@s3•C0•@•j•D•@•i5•D5•j

Therefore•C•@this•@segment•@has•@the•@total•@fluctuation•@e•i1•C0•C0•j•@•••@ei•Ci•@•{s2•C0•@•{s3•C0•E•@X•EVe

can•@recognize•@from•@t•Chis•@figure•@that•@some•@same•@random•@numbers•@are•@repeatedly•@used

in•@the•@randomization•@process•C•@Certain•@regularity•@due•@t•Co•@the•@use•@of•@the•@same•@random

numbers•@in•@each•@generating•@st•Cep•@remains•@in•@the•@structure•@of•@the•@aperture•@produced

by•@tThis•@method•D•@Consequently•C•@this•@randomizing•@method•@cannot•@create•@fully•@ran•|

domized•@fractal•@objects•D•@Even•@if•@the•@recursive•@number•@N•@and•@the•@st•Eandard•@deviation

as•@of•@s•@are•@increased•C•@this•@regularity•@cannot•@be•@removed•D•@We•@call•@this•@process•@a•@semi•|

equilibrated•@randomization•D

•@•@The•@similar•@situations•@are•@found•@in•@mechanical•@errors•@arisen•@systematically•@in•@the

making•@process•@of•@some•@devices•@and•@products•C

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@74
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•ib•j

Fig•F•@5•E21•F•D•gSchematic•@representations•@of•@randoiinized•@Cantor•@apertures•@due•@to•@•ia•j•@uniform

Femi•|equilibrated•C•@•ib•j•@uniform•@non•|equilibrated•C•@•ic•j•@scaling•@semi•|equilibrated•@and•@•id•j•@scal•|

ing•@non•|equilibrated•@randoniizations•D
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5•D2•D4 Non•|equilibrated•@randomization

Next•C•@we•@consider•@tdhe•@second•@randomizing•@method•@which•@can•@produce•@a•@Cantor

aperture•@having•@a•@more•@randoiinized•@structure•D•@The•@apertture•@function•@atB•i•DT•j•@of•@this

Cantor•@aperture•@is•@defined•@by•@eqs•D•@•i5•C1•j•@and•@•i5•D2•j•@together•@wit•Ch

e•iƒm1•Cƒt2•C•c•@•CƒtƒmV•j••ƒÃ•E•CƒS1•{ƒÃ2•CƒS•A•CƒS•A•{•c•{ƒÃN•CƒS1•Cƒu•A•C•c•CƒuN•C

and•C•@hence•C•@is•@writt•Cen•@aE

aB•i•D•Hr•j•@ˆêˆêˆê•@•m6•ix•@•{•@3•|iL•@ˆêˆê•@ei•@•Ch•@•j•@•{•@6•ix•@ˆêˆê•@3nviL•@ˆê•@ei•@•Cj•C•@•j•n

•@•@•@•@•@•@•@•@•@‡M•mƒÂ•i•fzˆê•{3•|2ŒÜˆêƒÃ2ƒS‚ä•j•{ƒÂ•iLlv•|3•|2ŒÜˆêƒÃ2ƒ”1“Å•j•n

•i5•D6•j

Fˆê
‡M•mƒÂ•i•š•{3•pNŒÜˆêƒÃN•C‰Á•A•C•D•D•D•CƒSN•j•{ƒÂ•—ˆê3•|NŒÜ

•ig•jEN•i•vc•j•D

ƒÃ–}‹Ø•cƒ”N•j•n

•i5•D7•j

The•@parameters•@s•fs•@in•@eqs•D•@•i5•D6•j•@and•@•i5•C7•j•@st•Cand•@for•@randomization•@factors•@simila•Cr

apparently•@to•C•@butd•@essentially•@different•@from•C•@those•@in•@eq•D•@•i5•C3•j•D•@ln•@eq•C•@•i5•D3•j•C•@tˆê•@has

only•@t•g•fo•@subscript•Cs•G•@the•@first•@represent•Cs•@the•@generat•ming•@step•@and•@the•@second•@t•Cakes

eit•^her•@value•@of•@O•@and•@1•D•@Hence•C•@there•@are•@only•@two•@independent•@fluctuations•@in•@each

genera•Cting•@st•Cep•D•@On•@the•@other•@hand•C•@6•@in•@eq•D•@•i5•D6•j•@has•@two•@or•@more•@subscripts•C•@the

first•@corresponding•@to•@the•@generating•@step•@and•@the•@other•is•j•@having•@either•@values•@of

O•@and•@1•D•@The•@number•@of•@the•@latter•@subscript•is•j•@is•@equal•@to•@the•@value•@of•@the•@first

subscript•C•D•@That•@is•C•@the•@first•@generating•@step•@includes•@two•@independent•@fluctuations•C

the•@second•@step•@includes•@four•C•@and•@the•@Nth•@step•@have•@2N•@independent•@fluctuations•D

We•@assume•@tha•Ct•@all•@of•@these•@6•fs•@obey•@the•@same•@probability•@density•@function•@which

is•@also•@t•Che•@same•@with•@that•@of•@e•fs•@in•@eq•D•@•i5•D3•j•D•@The•@schematic•@representation•@of

this•@randomization•@is•@shown•@in•@fig•D•@5•D2•ib•j•D•@Since•@this•@randomized•@Carttor•@aperture

has•@no•@equilibrated•@structure•C•@this•@randomizing•@process•@is•@called•@a•@non•|equilibrated

randOIŽMization•C

•@•@The•@randomizing•@method•@used•@in•@some•@studies•@on•@fractal•@optics•@is•@similar•@to•@this

method•D
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s•f•F•^•Ct•C•C•C•@z•f

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@ˆê•@•|•@fi•C•@•D•E•@•fTr•D•F•D•m•D

5•D2•D5 Scaling•@semi•|equilibrated•@randomization

In•@eit•Cher•@of•@the•@above•@t•Cwo•@randomizing•@methods•C•@all•@of•@e•fs•@appearing•@in•@the•@ger•jerat•|

ing•@process•@obe•Dv•@tihe•@same•@probability•@density•@function•D•@ln•@some•@physical•@situations•C

however•C•@the•@operation•@of•@a•@longer•@translation•@tends•@to•@involve•@larger•@fluct•Cuations

in•@cont•^rast•@to•@the•@above•@metahods•D•@Therefore•C•@vvTe•@introduce•@another•@randomizing

metl•jod•@whose•@t•Eranslation•@operation•@cont•Cains•@fluctua•Ctions•@weighted•@in•@a•@scaling•@way

in•@accordance•@wit•Ch•@t•Che•@power•@law•@of•@the•@determinist•Eie•@t•Cranslation•@in•@the•@generat•Cion

of•@the•@Cantor•@apert•Cure•C•@•DAn•@aperture•@function•@a•^Ai•i•mzr•j•@of•@the•@Ca•Cntdor•@aperture•@ran•|

domized•@with•@the•@scaling•@semi•|equilibration•@is•@defined•@in•@a•@way•@similar•@to•@aA•i•D•Hr•j•@b•Dv

eqs•D•@•i5•D1•j•@and•@•i5•D2•j•@together•@with

ƒÆ•iƒu1•Eƒu2•E•c•CƒuN•j••ƒÃ1ƒ”•A•{ƒQ1ƒÃ2•CƒS•A•{•c•{‚è•fˆê•iN•|1•jƒÃNƒ”N•C •ior•D8•j

Namely•D•D•@we•@have

az4•C•i•DT•@•j•@•••@•m6•ix•@•{•@3•|iL•@ˆê•@ei•Co•j•@•{•@6•i•@ar•@ˆêˆê•@3•|iL•@ˆê•@si•Ci•@•j•n

•@•@•@•@•@•@•@•@•@‡M•mƒÂ•ix•{3•|2ŒÜƒC1ƒÃ2•C•E•j•{ƒÂ•ix•|3•|2‚îˆêƒQ1ƒÃ2•C1•j•n

‡M•mƒÂ•ix•{3•|NLƒC•iN•|1•jƒÃŠ¢•E•j•{6•—ˆê3ˆêƒnrŒÜƒCN•|1•jƒÃN•C1•j•n

•C

•i8•jEN•ix•j•D
•i5•D9•j

In•@eqs•C•@•i5•D8•j•@a•Cnd•@•i5•D9•j•C•@•Dc•fs•@are•@the•@same•@with•@those•@in•@eq•D•@•i5•D3•j•@and•@obey•@the•@zero•|

mean•@Gaussian•@probability•@density•@funct•Cion•C•@while•@ty•@indicates•@a•@weighting•@factor

represent•Cing•@the•@scaling•@property•@of•@fluctuations•D•@Here•C•@vv•fe•@assume•@o•C•@•••@3•@in•@accor•|

dance•@with•@the•@scaling•@factor•@3•@of•@the•@triadic•@Cantor•@set•D•@The•@apertures•@and•@the

fluctJuations•@produced•@by•@this•@method•@are•@schematically•@shown•@in•@fig•D•@5•D2•ic•j•D•@This

figure•@illustrat•Ces•@that•@the•@amplitude•@of•@fluctua•Ctions•@decreases•@according•@to•@the•@neg•|

ative•@power•@of•@ty•@with•@the•@generating•@st•Cep•D•@For•@the•@purpose•@of•@discriminating•@from

the•@scaling•@randomization•C•@the•@randomizing•@method•@introduced•@in•@the•@preceding

subsections•@are•@called•@a•@uniform•@randomization•D
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5•D2•D6•@Scaling•@non•|equilibrated•@randomization

In•@t•Chis•@subsection•C•@we•@introduce•@a•@scaling•@non•|equilibrated•@randomizat•Cion•@as•@the

fourth•@model•@of•@a•@ra•Cndomizing•@method•D•@The•@aperture•@function•@a•FB•C•ix•j•@•grit•Ch•@t•Chis

randomizing•@metdhod•@is•@defined•@b•Dv•@eqs•D•@•i5•D1•j•@and•@•i5•D2•j•@together•@with

•@•@•@•@•@•@e•iƒu1•Eƒu21ˆêƒuN•j••ƒÃ•Eƒ”1•{ƒQ1ƒÃ2•CƒS1•Cƒu•A•{•c•{ƒQ•iN•|1•jƒÃN•Cj•A•CƒS•A•C•c•CƒSN•C•@•i5•D10•j

and•@is•@written•@as

a•fB•C•i•D1•f•j

•••@•m6•i•ex•@•{•@3•|iL•@ˆêˆê•@si•Ch•@•j•@•{•@6•ix•@ˆê•@3•|iL•@ˆê•@6i•C•vi•@•j•n

•@•@•@•@‡M•mƒÂ•ix•{3•|2ŒÜˆêty•@1ƒÃ2•C’Û•j•{ƒÂ•i•ET•|3•|2L•|7t•|1ƒÃ2•CƒS•A•CƒS•A•j•n

‡M•mƒÂ•iar•{3•|N‚îˆêƒQ•iN•w1•jƒÃ–}ƒu•E•Ci2•C•cƒ”N•j•{ƒÂ•—ˆê3•|NŒÜˆê•E•Eˆê•iN•|1•jƒÃN—Z•C•c‰¾•j•n

•@•@•@•@•@•@‡MEN•iƒ†‚è•E•@•@•@•@•@•@•@•@•@•@•@•@•@•i5•D11•j

In•@eqs•D•@•i5•D10•j•@and•@•i5•D11•j•C•@s•fs•@are•@tlhe•@same•@with•@those•@in•@eq•D•@•i5•D6•j•C•@and•@the•@weighting

fac•Dtor•@ty•f•@takes•@again•@the•@value•@of•@3•D•@Although•@this•@randomizing•@method•@is•@t•@he•@mosti

complicat•Eed•@one•@among•@the•@four•@methods•C•@many•@natural•@fra•Cctal•@object•Es•@such•@as

branches•@of•@trees•C•@blood•@vessels•@and•@river•@networks•@involve•@fluctuations•@of•@this•@type

in•@their•@struetures•D•@Hence•C•@it•@is•@regarded•@as•@the•@most•@natural•@one•D•@ln•@fig•D•@5•D2•id•j•C•@tihe

schema•Ctic•@representation•@of•@this•@randomization•@is•@shown•D

•@•@The•@Cantor•@apertures•@produced•@by•@these•@four•@kinds•@of•@randomization•@have•@no

longer•@t•Che•@geometrical•@self•|similar•@structures•C•@but•@are•@still•@self•|similar•@in•@a•@g•D•@tatist•Cical

sense•C•@ln•@the•@next•@section•C•@we•@analyze•@the•@Fraunhofer•@diffractions•@produced•@by•@the

Cantor•@apertures•@with•@the•@four•@types•@of•@randomization•C
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5e3 Eraunhofer
tures

diffraction•@by•@the•@Cantor•@aperˆê

5•D3•D1 Intensity•@distribution

Intiensit•Ey•@distribut•Eions•@of•@fields•@diffracted•@in•@the•@Fraunhofer•@region•@by•@the•@Cantor

apertures•@are•@evaluated•@by•@meaiis•@of•@computer•@simulations•D•@ln•@the•@Fraunhofer•@diffrac•|

tion•@region•C•@the•@inttensity•@distribution•@1•izt•C•j•@is•@equal•@to•@the•@power•@spect•Cruin•@of•@the•@field

at•@the•@aperture•@plane•@•m134•n•D•@lf•@the•@regular•@Cantor•@a•Cperture•@is•@illuniinated•@by•@the•@plane

wave•@w•Eith•@the•@aniplitude•@A•C•@1•izL•j•@i•fg•D•@expressed•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@1•iZL•j•••EƒÕ•iu•jƒÕ•–•iz‚Ì•C•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•i5•D12•j

where•@•fuL•C•i•Eu•C•j•@indicates•@the•@complex•@amplitude•@of•@the•@field•@given•@as•@a•@functiion•@of•@tl•ne

spatial•@frequency•@zL•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•|ˆê•Ú“ñAcvD•ix•jeˆê•E•f2•E•f•E•Ed•Dz•f•@•@•i5•C13•j

and•@•–•@mean6•@a•@complex•@c•Donjugate•D•@ln•@eq•D•@•i5•D13•j•C•@AaD•ix•j•@represents•@the•@one•|

dimensional•@amplitude•@distribution•@ofthe•@optical•@field•@at•C•@the•@aperture•@plane•D•@Then•C

1•izL•j•@is•@calculated•@from•@eqs•D•@•i2•D5•j•C•@•i2•D6•j•C•@•i5•D12•j•@and•@•i5•D13•j•@together•@with•@a•@relation

of•@a•@D•ix•j•@•••@CN•ix•j•C•@and•@is•@represented•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@1ƒÖ••S•i•fu•jFƒÖ•C•@•@•@•@•@•i5•D14•j

where

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@S•i•fUJ•jˆê22N•uˆÓ•B•Es2•i2ƒÎ3•|kLu•j•n•@•@•i5•D15•j

and

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@F•iu•jˆêƒg‡jŽ¨•È—«2•E•@•i5•C16•j

•çƒÖconsists•Ef•@the•@tw•Efact•Ers•@S•iu•jand•@FƒÖ•EThe•@fact•Er•@3•izL•jgiven•@by•@eq•D•i5•D15•j

1s•@called•@a•@structure•@fact•Er•Ef•@the•@intensity•@and•@includes•@the•@inf•Brmati•Bn•@ab•But•@the

self•fsimilar•@distributi•En•Ef•@the•@segments•@in•@t•Che•@Cemit•Er•@aperture•D•@The•@fact•Br•@F•i•A‚Ì

•@ƒR91ven•@by•@eq•E•i5•E16•jis•@called•@a‘ñrm•@fact•Er•Ef•@the•@intensity•@and•@has•@the•@informati•Bn

ab•Eut•@the•@shape•Efthe•@segment•Efthe•@Cant•Er•@aperture•D•@lt•@is•@n•Bted•Athat•@the•@inf•Brma•D

tlon•@concerning•@the•@self•|similarity•Ef•@the•@aperture•@is•@c•Entained•Enly•@in•@the•@structure

80

’D
•O•w •Ú

•@•w•@•C1•A•A1



•§•C

’u

‹r—J

factor•D•@On•@the•@other•@hand•C•@the•@form•@factor•@does•@not•@hold•@the•@inforinat•^ion•@about

the•@fractalit•Cy•@and•C•@moreover•C•@it•@has•@a•@det•Ceriorating•@effect•@on•@tdhe•@fra•Cctaality•@of•@t•Che

structure•@factor•D•@To•@avoid•@this•@det•Ceriorat•Cion•C•@the•@ratio•@1•iu•C•j•^F•i•Ezt•j•@of•@the•@int•Censity

distribut•Eion•@1•itL•j•@to•@the•@forn•@t•@factor•@F•izt•C•j•C•@x•Hvhich•@is•@called•@a•@nitodified•@intensitv•@dis•|

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@v

tribution•C•@is•@evaluated•D•@For•@the•@regular•@aperture•C•@it•@is•@equal•@to•@S•iu•j•C•@while•C•@in•@case

of•@tlle•@randonƒ†ized•@aperture•C•@the•@IŽModified•@intensity•@distributioll•@S•f•iu•jis•@calculated

from•@the•@intensit•C•Dv•@distribution•@1•f•iiL•j•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@I•f•i‚Ì
•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@S•f•i•Eu•j•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•i5•D17•j
•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@F•iu•j•f

where•@the•@form•@factor•@F•izt•E•j•@is•@the•@same•@with•@that•@given•@by•@eq•D•@•i5•D16•j•D

•@•@•@In•@comput•Cer•@simulations•C•@t•Che•@plane•@wa•Cve•@wit•^h•@an•@unit•@amplitude•@is•@assumed•@as

the•@incident•@wave•C•@and•@waNres•@diffracted•@by•E•@the•@Cantor•@apertures•@of•@level•@6•@with

four•@different•C•@randomizations•@are•@evaluated•@in•@the•@Fraunhofer•@diffra•Ect•Eion•@regi•Eon•D•@By

using•@t•Chis•@simulation•@model•C•@we•@provided•@a•@set•@of•@data•@having•@200•@dat•Ca•@of•@modified

intensity•@distributions•@S•f•iu•j•@for•@each•@randomizing•@method•C•@under•@the•@condition•@that

the•@standard•@deviation•@aT•@of•@the•@tottal•@fluctuation•@e•i2•fi•C2•f2•C•D•D•D•C2•fAr•j•@is•@equal•@tto•@5•D0•@•~

10•|3L•@where•@L•@is•@the•@total•@width•@of•@the•@aperture•D•@From•@these•@sets•@of•@dat•Ca•C•@an

ellseml•j1e•@average•@E•oS•f•iz‚Ì•pof•@the•@lnodified•@intensity•@distributions•@is•@calculated•C•@and

the•@results•@normalized•@b•Dv•@the•@central•@peak•@value•@S•iO•j•@of•@the•@structure•@faet•Cor•@for•@the

regular•@Cantdor•@aperture•@are•@shown•@in•@figs•D•@5•D3•ia•jˆê•id•j•@as•@a•@function•@of•@the•@spatial

frequency•@u•E•@for•@•iˆê35uo•C35zto•j•D•@Here•C

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@3

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•hu•E••ŒÝ•E•@•@•@•@•@•@•i5ƒ†8•j

is•@the•@spatial•@frequency•@giving•@the•@first•@zero•@of•@the•@Fourier•@transform•@of•@the•@rectdangu•|

lar•@funct•Cion•@of•@the•@vsridth•@L•D•@ln•@general•C•@it•@is•@known•@that•@the•@int•Censit•Ey•@dist•Eribution•@of

the•@light•@diffracted•@by•@the•@regular•@fractal•@object•C•@is•@divided•@into•@two•@distincti•@regions

of•@fracttal•@and•@periodie•@areas•D•@ln•@the•@fractal•@area•C•@the•@intensity•@distribution•@is•@self•|

similar•@while•C•@in•@the•@periodic•@area•C•@periodic•@structures•@are•@observed•D•@ln•@the•@present

simulati•En•@m•Edel•C•@the•@b•Erder•@frequenciesŽmzLb•Ef•@these•@tw•Eareas•@are•@equal•@t•E•}35•@u•E•B•D

Tlle•@values•@E•oSƒm•iu•j•p•^S•i0•jshowll•@in•@figs•D5•D3•ia•jˆê•id•jcorrespond•@to•@the•@randomized
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Fig•D•@5•D3•F•@Ensemble•@averages•@of•@modified•@intensity•@distributions•@produced•@by•@t•Che•@Cantor

apgrtui•fes•@of•@level•@6•@with•@•ia•j•@uniform•@semi•|equilibrated•C•@•ib•j•@uniform•@non•|equilibrat•Ced•C•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•ic•j

scaling•@semi•|equilibrated•@and•@•id•j•@scaling•@non•|equilibrated•@randomizations•@viith•@their•@stdnL

da•Ed•@deviati•EnƒÐT•Efthe•@t•EtalŠŽuctuati•En•Eequal•Et•E5•E0•~10•|3ƒ€and•ie•jthat•@by•@the•@regula•E

Cantor•@aperture•D•@The•@results•@are•@normalized•@by•@the•@central•@peak•@va•fŒ‚”‚‰‚?•@of•@•ie•jV•D
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1•A•ß˜D

Cantor•@apertures•@denot•Eed•@b•Dv•@atA•i•Gz•f•j•C•@afB•i•Dr•j•C•@a•i4•i•Dzr•j•@and•@a•fB•i•Dr•j•C•@respectively•D•@•D4y•@modi•|

fied•@intensit•E•Dv•E•@dist•Eribution•@produced•@by•@the•@regular•@CantJor•@aperture•@is•@also•@presented

in•@fig•D•@5•D3•ie•j•@for•@comparison•C•@ln•@the•@low•@spatial•@frequency•@region•C•@ever•Dv•@distribu•|

tion•@retains•@the•@self•|siinilar•@structure•D•@On•@the•@other•@hand•C•@in•@the•@high•@frequenc•„•C•f

region•C•@t•^he•@intdensity•@distributions•@in•@figs•D•@5•D3•ia•j•@and•@•ib•j•@have•@no•@longer•@the•@self•|

similar•@st•Cructure•D•@Although•@there•@remain•@sniall•@peaks•@in•@the•@pattern•@of•@fig•D•@5•D3•ia•j•C

they•@a•Cre•@almost•@disordered•D•@The•@pattern•@of•@fig•D•@5•D3•ib•j•@is•@almost•@flat•@in•@this•@region•C

However•C•@the•@patterns•@shown•@in•@figs•C•@5•D3•ic•j•@and•@•id•j•C•@which•@c•Dorrespond•@to•@the•@scaling

randomizat•Cion•C•@still•@have•@some•@peaks•@at•@the•@sa•Cme•@positions•@witih•@the•@major•@peaks

of•@tdhe•@patt•Eern•@of•@fig•D•@5•D3•ie•j•D•@The•@functions•@E•oS•f•i•Ett•j•p•^S•iO•j•@are•@calculated•@also•@for

the•@higher•@standard•@deviation•@aT•@of•@6•C0•@•~•@10ˆê•f2L•@in•@every•@randomizing•@method•C•@and

are•@shown•@in•@figs•D•@5•D4•ia•jˆê•id•j•@together•@with•@the•@result•@of•@fig•D•@5•D4•ie•j•@for•@the•@regular

case•D•@The•@patterns•@in•@figs•D•@5•D4•ia•jˆê•id•j•@are•@to•@be•@compared•@with•@the•@corresponding

pat•Ct•Cerns•@in•@figs•D•@5•C3•ia•jˆê•id•j•D•@ln•@figs•D•@5•D4•ia•jˆê•id•j•C•@intensity•@distributions•@retain•@an•@oi•fig•|

inal•@shape•@onl•Dv•@in•@the•@central•@region•D•@ln•@t•Che•@other•@region•C•@the•@intensity•@distributions

for•@t•Che•@uniform•@randomizations•@shown•@in•@figs•D•@5•D4•ia•j•@and•@•ib•j•@are•@almost•@const•@ant•C

apart•@from•@a•@small•@rugged•@pattern•@in•@fig•C•@5•D4•ia•j•C•@This•@rugged•@pattern•@is•@due•@to•@the

incomplet•Ee•@regularjty•@remaining•@in•@the•@semi•|equilibrated•@randomiza•Ction•D•@The•@inten•|

sity•@distributions•@shown•@in•@figs•D•@5•D4•ic•j•@and•@•id•j•@for•@the•@two•@scaling•@randomizations

still•@keep•@some•@peaks•C•@though•@they•@are•@no•@more•@sharp•@in•@comparison•@writh•@the•@peaks

of‹u9•E5•E4•ie•j•EIfƒÐT•@is•@increased•@further•C•@intensity•@distributions•@for•@the•@unifor1ŽMran•|

domizat•Cions•@are•@expected•@to•@have•@a•@sharp•@peak•@only•@at•@the•@center•C•@and•@those•@for•@the

scaling•@randomizat•Cions•@will•@have•@gentle•@peaks•@as•@a•@whole•@unless•@aT•@takes•@a•@very•@high

value•@and•@unless•@•jt•@approaches•@1•D0•C•@These•@features•@are•@interpreted•@by•@the•@effects•@of

flue•Ctuations•D•@Since•@the•@geometrical•@scaling•@propert•Cy•@of•@the•@diffracted•@fields•@depends

on•@the•@regularity•@of•@the•@self•|similar•@structures•@of•@the•@apertures•@and•@atre•@dest•Cro•Dved

by•@t•Che•@fluctuation•@of•@the•@aperture•@position•C•@the•@sharp•@peaks•@vanish•@gradually•@from

the•@intensity•@distributions•@with•@an•@increase•@of•@aT•D•@However•C•@in•@the•@cases•@of•@s•‘aling

ra•Endomizations•C•@the•@fluctuations•@have•@a•@scaling•@property•@in•@the•@statistical•@sense•C•@and

this•@st•@atistical•@scaling•@propert•Cy•@is•@not•@destroyed•@with•@an•@increase•@of•@aT•D•@Therefore•C
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Fig•D•@5•D4•F•@Ensemble•@averages•@of•@modified•@intensity•@distributions•@produced•@by•@the•@Cantor

ape•Drtures•@of•@level•@6•@wit•Ch•@•ia•j•@uniform•@semi•|equilibrated•C•@•ib•j•@uniform•@non•|equilibrated•C•@•ic•j

scaling•@senii•|eqUilibraŽµed•@and•id•jscaling•@non•|equilibrated•@ralldomizations•@with•@their•@8ta11•|

da•Ed•@deviat•Ei•EnƒÐT•Ef•@the•@t•Eta1äwctuati•En•Equal•Et•C•E6•E0•~10•|2ŒÜ•C•@and•ie•jthatl•Eby•Ethe•Eegula•E

Cantor•@aperture•D•@The•@results•@are•@normalized•@by•@the•@central•@peak•@value•@of•@•ie•jL
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JS•f•@•E•D•Di•@t•h•v‚­w5•E•E D•D•A•c•C•E•DƒgF•A–Q‘ËŽTL•Ê•@•C•ú

the•@gent•@le•@peaks•@re•@lll•@aill•@ill•@the•@illtellsity•i1istribu•@t•^•@ions•@fbr•@the•@scaling•@ralldolŽMizatiolls

ex•fen•@if•@aT•@t•@akes•@a•@large•@value•D

•@•@•@To•@inake•@obv•Eious•@this•@sca•Cling•@property•C•@logarithmi•i•fal•@plot•Cs•@of•@t•^he•@functions

E•oS•f•i‚Ì•p•^S•i0•jgiven•@in•@figs•E5•D3•ia•jˆê•ie•jand•@5•D4•ia•jˆê•ie•jare•@show1ƒ†ill•@figs•D5•D5•ia•jˆê

•ie•j•@and•@5•D6•ia•^•jˆê•ie•j•C•@respectivel•pr•C•@for•@the•@spatial•@frequenc•Ey•@range•@of•@•iu•Do•C35zto•j•D•@From

figs•D•@5•D5•ia•j•@and•@•ib•j•@for•@the•@cases•@of•@uniform•@randomizations•@of•@aT•@•••@5•D0•@•~•@10•f3L•C

it•C•@is•@recognized•@tihat•C•@t•Chough•@the•@functions•@have•@many•@maxima•C•@and•@inininia•C•@t•Cheir

envelopes•@decrease•@with•@zL•@aceording•@to•@the•@power•@law•@•fu•CˆêD•@in•@the•@low•@and•@middle

spat•Cial•@frequency•@regions•@where•@D•@•••@log•@2•^•@log•@3•@is•@the•@fractal•@dimension•@of•@tdhe•@regu•|

lar•@t•Criadic•@Cant•Cor•@apert•Cure•D•@ln•@the•@high•@frequency•@region•C•@however•C•@t•Che•@curves•@ha•Cve

a•Clmost•@constant•@v•Ealues•D•@On•@the•@other•@hand•C•@the•@functions•@shown•@in•@figs•D•@5•D5•ic•j•@and

•id•j•C•@which•@correspond•@to•@the•@cases•@of•@sc•Caling•@randomizations•@of•@aT•@ˆêˆêˆê•@5•D0•@•~•@10•|3L•C

deerease•@with•@it•@according•@to•@t•Ehe•@power•@law•@•fu•CˆêD•@in•@all•@the•@frequency•@regions•@shoxvn•@in

these•@figures•D•@The•@gray•@lines•@in•@these•@figures•@indicate•@a•@slope•@of•@ˆê•@log•@2•^log•@3•D•@The

difference•@between•@the•@fea•Ctures•@of•@the•@intensit•Cy•@distributions•@for•@t•Che•@uniforin•@and

scaling•@randomizations•@becomes•@more•@obvious•@in•@figs•D•@5•D6•ia•jˆê•ie•j•@which•@show•@the•@ease

of•@aT•@•••@6•D0•@•~•@10•|2L•D•@For•@t•Ehe•@uniform•@randomizations•C•@the•@intensity•@distribut•Cions

take•@practically•@eonstantt•@values•@except•@for•@the•@low•@frequency•@regions•D•@Therefore•C

it•@can•@be•@concluded•@that•C•@in•@these•@cases•C•@the•@scaling•@Property•@a11ŽMost•@vanishes•@llot

only•@in•@the•@geometrical•@sense•@but•@also•@in•@the•@st•Catistical•@sence•D•@On•@the•@other•@hand•C

in•@the•@cases•@of•@scaling•@randomizations•C•@the•@functions•@still•@have•@gentle•@peaks•@whose

envelopes•@decrease•@with•@u•@according•@to•@the•@power•@law•@as•@a•@whole•C•@though•@the•@peaks

are•@no•@longer•@sharp•C•@ln•@addition•C•@these•@curves•@oscillat•Ce•@periodically•@on•@the•@log•@scale•C

and•@the•@two•@lines•@which•@are•@ta•Cngent•@to•@t•nhe•@tops•@of•@peaks•@and•@the•@botttoms•@of•@v•Ea•C11eys

are•@almost•@parallel•@and•@decrease•@with•@the•@power•@lavLr•C•@lf•@t•@he•@value•@of•@•fy•@is•@changed

from•@3•@to•@anot•Cher•@value•C•@the•@line•@tangent•@to•@the•@tops•@of•@peaks•@remains•@uncha•Cnged•C

while•@the•@line•@touching•@the•@bottoms•@obeys•@a•@different•@povvrer•@law•@with•@an•@exponent•E

depending•@upon•@or•D•@Consequently•@the•@two•@lines•@are•@no•@longer•@parallel•D•@Hence•C•@it•@is
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Thus•C•@in•@the•@case•@of•@fig•D•@5•D9•if•j•C•@the•@distribut•Cion•@is•@almost•C•@the•@same•@with•@that•@for•@t•Che

regu•Iar•@•irase•@exceptt•@for•@slight•@differences•@in•@t•Che•@height•{s•@of•@some•@peaks•C•@Finall•Dv•C•@in

the•@case•@of•@l•@•••@6•C•@no•@effect•@of•@randomization•@is•@found•@in•@the•@region•@shown•D•@Thus•C•@it

is•@eoncluded•@that•@this•@randomization•@gives•@rise•@to•@a•@smoothing•@of•@the•@intensity•@dis•|

t•Cribut•Cion•@outside•@a•@specific•@border•@w•Ehich•@moves•@froin•@the•@low•@to•@the•@high•@frequency

with•@an•@increase•@of•@1•D

•@•@•@The•@intensitiy•@dist•Cribut•Eions•@of•@figs•D•@5•D9•ia•jˆê•ig•j•@are•@re•|plotted•@logarithmically•@in

figs•D•@5•D10•ia•jˆê•ig•j•@for•@the•@range•@of•@•iuo•C•@35•Euo•j•D•@ln•@case•@of•@the•@regular•@aperture•C•@E•oS•f•i•Eu•j•p

has•@the•@scaling•@property•@of•@factor•@3•@and•C•@hence•C•@is•@periodic•@in•@the•@logarithmic•@rep•|

resentation•D•@lt•@is•@noted•@that•@this•@periodic•@distribution•@has•@a•@single•@peak•@in•@the•@first

spa•Ctial•@frequency•@region•@of•@•iuo•C•@3iuo•j•C•@three•@peaks•@in•@the•@second•@region•@of•@•i3iu•Co•C•@32zLo•j•C

and•@3–m1•@pea•Fks•@in•@the•@nth•@region•@of•i3i–mizLo•C3n•@ILo•j•C•@for•@allƒÅbelow•@2V•|1•D•@Namely•C

in•@tlie•@c•Dase•@of•@the•@Cant•Cor•@apert•Cure•@of•@level•@6•C•@this•@rule•@is•@applied•@to•@the•@first•@five

regions•D•@However•C•@in•@the•@case•@of•@l•••@1•@shown•@in•@fig•D•@5•D10•ib•j•C•@this•@rule•@starts•@from•@t•@he

second•@region•D•@ln•@the•@case•@of•@l•@•••@2•@shown•@in•@fig•D•@5•D10•ic•j•C•@though•@the•@curve•@has•@the

similar•@feature•@to•@that•@of•@fig•D•@5•D10•ia•j•@in•@the•@first•@and•@second•@regions•C•@the•@third•@region

has•@only•@one•@peak•C•@and•@an•@increase•@in•@the•@number•@of•@peaks•@restarts•@from•@this•@region•D

Accordingly•C•@in•@this•@case•C•@t•Che•@border•@where•@the•@rule•@restarts•@is•@located•@betvsTeen•@the
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Fig•D•@5•D9•F•@Ensemble•@averages•@of•@modified•@intensity•@distribut•Cions•@produced•@by•@•ia•j•@the

regular•@Cantor•@aperture•@and•@•ib•jˆê•ig•j•@the•@raridom•@Cantor•@apertures•@of•@level•@6•@with•@scaling

non•|equilibrated•@randomization•@in•@which•@only•@t•Ehe•@lth•@generat•Cing•@step•@involves•@fluctuat•Cions•F

1•@•••@•ib•j1•C•@•ic•j2•C•@•id•j3•C•@•ie•j4•C•@•if•j5•C•@and•@•ig•j6•D•@Each•@fuiiction•@is•@normalized•@by•@a•@central•@peak

value•@of•@the•@distribution•@in•@•ia•j•D
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•f•••••E•••E•G•E•F•E•G•I•G•F•E•G•E•F•E•F•E••1•C1

•iƒÂ•j•@•@•••@ˆê’wˆêˆê
•g•••f•F•f•G•f—Õ•••f•••f1•o•f•••EŠ¹•c•F•E•E•c•C•E•C•E•F•D•A•D•F•D•C•A•D•A•A7

@•@•@•@•@•@•@•@•f•c•f•••f•G•G•C•f•F•f1•f•à•c•F•E•F•E•F•F•c•p•••E•E•D•A•AP

3i•@uo 33uo 35uo

Fig•D•@5•D10•F•@Log•|log•@representations•@of•@fig•D5•D9•ia•jˆê•ig•j•@for•@the•@spatial•@frequency•@range•@of

•iuo•C3t•hiLo•j•C•@The•@gray•@lines•@represent•@the•@power•@funct•Cien•@iL•|iOg•@2•^iOg•@3•C•@and•@the•@downward

arrow•@at•@upper•@part•@of•@each•@graph•@represents•@the•@border•@on•@which•@the•@scaling•@feature•@is

changed•D
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—Ù“ï
•@•@•@•@ˆê“¼1

‘ŸŽ¯•E•EŒí—Õ•C•E
‚Ä•o•‘‰z•ú

•F“å•h

seeond•@and•@third•@regi•fons•D•@The•@border•@is•@indicated•@b•Dy•@a•@downward•@arrow•@in•@an•@upper

part•@in•@each•@of•@figs•D•@5•D10•ib•jˆê•ig•j•C•@Theg•D•@e•@figures•@clearl•Dv•@show•@that•@the•@border•@g•D•@hift••

from•@the•@low•@to•@the•@high•@fi•fequency•@with•@an•@increase•@of•@1•D•@This•@allows•@us•@t•Eo•@deter•|

mine•@from•@the•@dist•Cribution•@of•@E•oS•f•i•Ezt•C•j•p•@the•@generation•@step•@where•@the•@single•|scale

fiuctuation•@is•@involved•D

•@•@•@The•@band•@averages•@IV6•Ci•C•@of•@E•oS•f•iu•j•p•@were•@also•@evaluat•Ced•@for•@tihe•@ease•@of•@1•@••

1•C•D•D•D•C6•@and•@for•@the•@regular•@object•D•@The•@results•@norn•jalized•@by•@1•ETi6•Ci•@for•@tahe•@regular

C•Eantor•@aperture•@are•@shown•@in•@fig•D•@5•D11•ia•j•D•@This•@figure•@indicates•@that•C•@t•Ehis•@type•@of

ralldomizatioll•@gi•A•Žs•@almost•@no•@effects•@on•@the•@band•|avera•Aged•@values•@of•@E•oS•C•i•fz‚Ì•p•D

To•@illustrate•@tlle•@feature•@of•@E•oSƒm•iz•o•j•pin•@a•@simpler•@formƒ‰we•@calculated•@standard

deviat•@ions•@ai•Ev•Ci•@of•@1•fV6•Ci•D•@The•@new•@quantit•Cy•@avv•D•Ci•@is•@defined•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@ˆê•m•€•‘•iW6•CˆêŒ^‚ñ•j2•n1•^2•C•@•i5•E23•j

where•@II•G6•Di•Dk•@stands•@for•@a•@band•@average•@of•@the•@kth•@dat•Ca•@in•@t•Che•@dat•@a•@set•@of•@size•@ls•h

employed•@for•@t•Che•@ensemble•@average•D•@In•@the•@present•@simulation•C•@ls•f•@•••@200•@vNTas•@used•D

•AVe•@calculatedƒÐ”ùf•@fbr•@each•@of•@l••1•c•@6and•@the•@result•@normalized•@by•@I•E1ƒm‰³•CƒÃis•@shown

in•@fig•D•@5•D11•ib•j•@as•@a•@function•@of•@•fi•@by•E•@the•@same•@s•„rmbol•@ag•@the•@one•@used•@in•@fig•D•@5•D11•ia•j•D

These•@result•Es•@indicate•@that•E•@t•Ehis•@quantity•@has•@a•@maximum•@at•@the•@spatial•@frequency

band•@of•@i•C•@•F•@1ˆê•@1•D•@For•@example•C•@the•@peak•@for•@l•@•••••@3•@is•@located•@at•@the•@band•@of

•H•f

@•••@2•C•@and•@that•@for•@l•••@5•@appears•@at•@i•••@4•D•@Namely•C•@the•@frequency•@band•@Bi•C•@where

crvv•Ci•^lrl•^6•f•Ci•C•@becomes•@maximum•@shifts•@linearly•@from•@the•@low•@to•@the•@high•@frequenc•Dy•@with

l•D•@ln•@addition•C•@the•@maximum•@value•@decreases•@with•@an•@increase•@of•@1•D•@Therefore•C•@we

can•@determine•@the•@step•C•@which•@involves•@the•@fluctuation•@in•@the•@generation•C•@from•@t•Che

Nrariat•@ion•@of•@aw•Ci•^VV•f6•Ci•@as•@a•@function•@of•@i•D

5•D5 Conclusion

First•C•@four•@different•@randomizing•@methods•@of•@Cantor•@apertures•F•@uniform•@senii•|

equilibrated•C•@uniform•@non•|equilibrated•C•@scaling•@semi•|equilibrated•C•@and•@scaling•@non•|

equilibrated•@randomizations•@were•@described•D•@Ensemble•@averages•@of•@the•@modified

int•Censit•Cy•@distributions•@in•@the•@Fraunhofer•@diffractfion•@region•@are•@calculated•@by•@means
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Fig•D•@5•D11•F•@•ia•j•@Band•@averages•@of•@the•@ensemble•@averages•@of•@tlie•@modified•@intensity•@dist•Cri•|

but•Cions•@produced•@by•@t•Che•@Cantor•@apertures•@of•@level•@6•@with•@scaling•@non•|equilibrat•Ced•@ran•|

domization•@in•@which•@only•@the•@lth•@generating•@step•@involves•@fluctuations•@and•@the•@ot•Cher•@not•C•D

The•@results•@are•@norinalized•@by•@a•@value•@of•@the•@band•@Bi•@for•@the•@regular•@case•D•@•ib•j•@Standard

deviation•@of•@the•@band•@averages•@of•@modified•@intensities•@for•@200•@samples•@of•@the•@randomized

Cantor•@apertures•@employed•@in•@the•@calculation•@of•@•ia•j•D•@The•@results•@are•@normalized•@by•@W6•Ci

and•@represented•@as•@the•@semi•|log•@plot•C
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ˆê

of•@computer•@simulations•@from•@a•@set•@of•@data•@having•@200•@data•@for•@eaeh•@randomization

inethod•D•@Froin•@t•Chese•@result•Cs•C•@it•F•@was•@found•@t•Chat•@t•Ehe•@inodified•@intensity•@dist•Eributions

for•@the•@uniform•@semi•|equilibrated•@ra•Cndomization•@has•@small•@peaks•@and•@xralleys•C•@even

if•@the•@sti•@andard•@deviation•@aT•@of•@the•@total•@fiuetuation•@is•@relatively•@large•@and•@that•C•@on

the•@ot•Cher•@ha•Cnd•C•@t•Che•@intensity•@for•@t•Che•@uniforin•@non•|equilibrated•@randoniization•@has

a•@fla•Ct•@variation•D•@The•@former•@feature•@comes•@froni•@a•@weak•@regularity•@rerriaining•@s•D•@till

after•@t•Ehe•@randoinization•@process•D•@lt•C•@follows•@that•@the•@niodified•@inteng•D•@ity•@distribut•^ions

due•@to•@these•@t•Ewo•@randomizations•@have•@no•@longer•@a•@scaling•@property•@•ifractalit•Cy•j•@svhen

the•@case•@of•@aT•@is•@large•D•@On•@the•@other•@hand•C•@intensity•@distributions•@due•@to•@the•@t•Cwo

scaling•@randomizatiions•@st•Cill•@have•@a•@scaling•@property•@that•@c•Comes•@froin•@t•Ehe•@fractality•E

of•@the•@apertures•C•@Furt•Chermore•C•@the•@scaling•@property•@for•@this•@type•@of•@fluctiuations•@also

appears•@in•@its•@int•Censity•@dist•Cribution•D•@Nainely•C•@t•Che•@scaling•@randoiniza•Ction•@does•@not

destro•Fr•@seriously•@the•@statistica•C1•@scaling•@property•@of•@the•@fra•Cct•Cal•@aperture•@regardless

of•@the•@value•@1•f•@which•@determines•@a•@scaling•@property•@of•@the•@fiuctuation•D•@At•@the•@same

time•C•@this•@randomization•@adds•@the•@information•@about•@its•@o•gTn•@scaling•@propertdy•@to•@the

information•@of•@an•@original•@regular•@fractal•@aperture•D

•@•@•@Secondly•D•C•@fields•@diffracted•@by•@Cantor•@apertures•@which•@a•Cre•@randomized•@onl•Fr•@in

a•@part•Cicular•@st•Cep•@of•@their•@generation•@were•@analyzed•C•@This•@analysis•@revealed•@that

this•@ra•Cndomizat•}ion•@gives•@an•@effect•@on•@a•@specific•@frequency•@region•@of•@the•@intensity

distribution•@and•@on•@t•Che•@normalized•@st•Eandard•@deviation•@of•@its•@band•@average•C•@but•@not

on•@the•@batid•@average•@it•Cself•D•@The•@frequency•@regions•@affected•@by•@this•@randomization

were•@found•@to•@shift•@linearly•@from•@the•@low•@to•@the•@high•@frequency•@with•@an•@increase•@of

the•@step•@involving•@the•@fiuctuation•@in•@the•@generation•@of•@a•@fractal•@apert•Cure•D

•@•@•@From•@these•@analyses•C•@it•@was•@elucidated•@that•@the•@feat•Cures•@of•@the•@randomizing

method•@of•@a•@fractal•@aperture•@can•@be•@est•Eimated•@from•@the•@fields•@diffracted•@by•@the

aperture•D111•@additioƒG1•A•@this•@result•@suggests•@the•@possibility•@of•@measuring•@the•@properties

of•@random•@structures•@and•@phenomena•@by•@using•@the•@regular•@fractal•@illumination•D•@This

aspect•@will•@be•@investigated•@in•@detail•@in•@Chapter•@8•D
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6•D1 Introduction

As•@described•@in•@Chapt•Cers•@1•@and•@2•C•@since•@the•@advent•@of•@the•@concept•@of•@•efractal•h•@•m1•n•C

characteristic•@properties•@of•@light•@diffract•Ced•@or•@scattered•@by•@random•@fractal•@ob•Cjects

have•@been•@investigated•@by•@many•@researchers•D•@ln•@these•@studies•C•@mainly•@two•@t•Dypes

of•@random•@fractal•@objects•@were•@taken•@into•@consideration•@as•@objects•@int•{eracting•@wit•Ch

light•D•@One•@type•@includes•@objects•@produced•@by•@natural•@random•@processes•C•@such•@as

DL•D4t•C•@colloid•@clusters•C•@branches•@of•@trees•C•@blood•@vessels•C•@and•@river•@networks•@•m2•C•@5•n•D

This•@type•@of•@objects•@possesses•@spatially•@random•@structures•@which•@have•@the•@fract•Cal•|

ity•@in•@a•@stat•Eistical•@sense•C•@and•@deserves•@to•@be•@investigated•@because•@of•@t•Cheir•@reality•D

However•C•@it•@is•@unfortunately•@difficult•@to•@control•@their•@fractality•@such•@as•@fractal•@di•|

inension•@and•@lacunarity•@for•@physical•@analyses•D•@The•@other•@type•@of•@object•Cs•@ig•D•@obtained

by•@giving•@random•@fluctuations•@to•@generating•@processes•@of•@geometrical•@regula•Cr•@frac•|

tal•@objects•@such•@as•@random•@Koch•@curves•@and•@random•@Sierpinski•@carpets•@•m48•|50•n•D

Regular•@fractal•@objects•@are•@generated•@by•@recursive•@procedures•@consisting•@of•@opera•|

tions•@of•@magnification•C•@rotat•Cion•C•@translation•C•@and•@substit•Cution•D•@lf•@these•@operations

involve•@random•@fiuct•Cuations•C•@generat•Eed•@object•Es•@have•@random•@fractal•@structures•D•@ln

addition•C•@since•@these•@operations•@are•@defined•@mathemat•Cically•C•@it•@is•@possible•@to•@control

ctuantitatively•@the•@fractality•@of•@the•@objects•D•@Hence•C•@thig•D•@type•@of•@objects•@is•@usefu1•@for
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analyzing•@quantitatively•@optica•C1•@diffraction•@and•@scattering•@b•„r•@randoni•@fractal•@obje•i•Fts

b•Dv•E•@changing•@the•@parameters•@governing•@the•@fractality•@of•@the•@object•Es•D•@The•@fractality

of•@objects•@of•@the•@lat•Eter•@type•@originates•@from•@tlie•@arrangement•@and•@size•@of•@each•@seg•|

ments•@of•@t•Che•@regular•@frac•Ctal•C•@but•@not•@from•@the•@fluctuations•@added•@to•@the•@generation

process•C•@Therefore•C•@t•Che•@structure•@reduces•@to•@the•@regular•@fract•{al•@with•@a•@decreage•@in

the•@magnitude•@of•@tdhe•@fiuctuat•Cions•D

•@•@•@On•@t•Dhe•@other•@hand•C•@t•Ihere•@is•@the•@interesting•@t•Dhird•@t•Cype•@of•@fractal•@stJructures•@whose

effect•@on•@optical•@diffraetiion•@and•@sc•Datt•Cering•@has•@not•@been•@investigated•@•grell•D•@Namel•Fr•C

the•@fractal•@struct•Eures•@are•@ctonstruct•Ced•@by•@adding•@spat•Cial•@randoin•@fluct•Cuations•@with
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possibility•@of•@detecting•@the•@scaling•@fluctuations•@superposed•@on•@the•@posit•Cions•@of•@t•Che

element•Cal•@apertures•@of•@the•@regular•@grating•D

•@•@•@In•@addition•@to•@the•@determination•@of•@the•@ratio•@k•^ty•D•C•@we•@can•@determine•@the•@ab•|

solute•@values•@of•@•g2•E•D•@and•@K•@by•@observing•@in•@detail•@the•@behavior•@of•@E•oS•f•iu•C•j•p•^S•iO•j•D

In•@fig•D•@6•D5•ia•jˆê•ic•j•C•@it•@is•@observed•@that•C•@with•@an•@increase•@of•@u•C•@the•@number•@of•@minor

maxima•C•@between•@two•@adj•@acentd•@maj•@or•@maxima•@decreases•@and•@reduces•@to•@individual

asymptotic•@values•D•@ln•@the•@case•@of•@K•h•@•fˆêˆê•fˆê•fˆê•@2•@shown•@in•@fig•D•@6•D5•ia•j•C•@there•@is•@no•@minor

peak•@left•@and•@only•@a•@single•@valley•@remains•@between•@two•@adj•@acent•@major•@maxima•@as

u•C•@increases•D•@ln•@the•@case•@of•@k•@•hˆêˆê•f•@3•@shown•@in•@fig•D•@6•D5•ib•j•C•@however•C•@there•@is•@an•@appre•|

ciable•@minor•@peak•@as•@an•@asymptotic•@behavior•@between•@two•@main•@peaks•D•@ln•@the•@case

of•@k•@ˆêˆêˆêˆêˆê•@4•@shown•@in•@fig•D•@6•C5•ic•j•C•@vv•fe•@can•@recognize•@two•@minor•@peaks•@remaining•@bet•Cween

t•{wi•@o•@adj•@acent•@major•@peaks•@for•@a•@suflicienttly•@large•@value•@of•@u•D•@Hence•@it•@is•@clear•@that

112

Œ®1

•@•@•@•@•@•C•@•@•@•Ú

•w•D“å

•f‘Ë

wŒ›



“ï

tlle•@functioll•@E•oSƒm•iƒ¿•j•p•^S•i0•j11as•@k•|2millor•@maxima•@betweell•@two•@adjacellt•@major

niaxin•pa•@as•@an•@as•„riiiptotic•@behavior•D•@Accordingly•C•@the•@exponent•@in•@the•@power•@lo•gr•@of

the•@nlajor•@peaks•@and•@the•@asylllptotic•@nulŽMber•@of•@lllillor•@peaks•@between•@two•@adjacent

major•@peaks•@of•@the•@funct•Cion•@E•oS•f•iu•j•p•^S•iO•j•@allow•@us•@t•Co•@determine•@the•@values•@of•@the

ainplitude•@fg•@caling•@factor•@•g•E•E•D•@and•@t•Che•@dividing•@pa•Crameter•@k•E•D

•@•@•@Finall•Dy•C•@the•@function•@E•oS•f•i•Ett•C•j•p•^S•iO•j•@for•@t•Che•@field•@produced•@by•@the•@randomized

grating•@having•@fluctuations•@with•@no•@scaling•@fea•Cture•@vgras•@calculated•@for•@comparison

Nvith•@the•@present•@results•D•@An•@object•@employ•^ed•@is•@a•@randomized•@grating•@consisting

of•@26•@slit•@apertures•@expressed•@by•@eq•C•@•i6•D1•j•D•@This•@randomized•@grating•@G•f•ix•j•@has•@the

same•@grating•@constant•@d•@xvith•@t•Che•@randomized•@grating•@G•fk•C•Div•ia•f•j•@of•@eq•D•@•i6•D6•j•@N•Hvith•@the

parameters•@k•E•@•••@2•@and•@N•@•••@6•D•@The•@random•@fluctuations•@of•@this•@gratiing•@is•@given•@by

independent•E•@random•@variables•@b•|j•@obeying•@a•@zero•|mean•@Gaussian•@probabilitdy•C•@densit•Dv

function•D•@The•@funct•Cion•@E•oS•f•i•Eu•C•j•p•^S•iO•j•@vL•fas•@calculat•^ed•@for•@eight•@cases•@of•@the•@standard

deviat•Eion•@of•@cˆê•C•E•C•@a•@•••@O•DOOId•C•@O•D003d•C•@O•DOld•C•@O•C03d•C•@O•Dld•C•@O•D3d•C•@d•C•@and•@3d•C•@and•@the•@results

are•@sho•gmu•@in•@figs•D•@6•D6•ia•jˆê•ih•j•C•@respectively•C•@as•@a•@funct•nion•@of•@the•@spatial•@frequency•@zt•@for

•iO•C4zt•@o•C•@10•fuo•j•@in•@a•@log•|log•@representation•C•@ln•@t•Chese•@figures•C•@each•@curve•@also•@has•@major

peaks•@at•@every•@•Ezto•C•@a•Cnd•@these•@iinajor•@peaks•@are•@reduced•@in•@height•@with•@an•@increage•@of•@the

spatial•@frequency•@u•C•D•@ln•@addition•C•@the•@average•@heightt•@of•@peaks•@in•@each•@curve•@decreages

with•@the•@standard•@deviation•@a•@of•@fiuctuations•D•@These•@feat•^ures•@are•@t•Che•@same•@witJh•@t•Ehose

for•@t•Che•@gratings•@with•@scaling•@fluctuations•D•@However•C•@we•@cannot•@find•@any•@power•@low•@in

these•@curves•D•@Moreover•C•@though•@each•@elemental•@aperture•@of•@the•@randomized•@gratings

corresponding•@to•@figs•D•@6•D6•ie•jˆê•ih•j•@has•@tthe•@fluctua•{tions•@whose•@standard•@deviat•Cions•@are

equal•@to•@t•Chose•@of•@t•Che•@randomized•@gratings•@corresponding•@to•@figs•D•@6•D2•ia•jˆê•id•j•@and

6•E3•ia•jˆê•id•j•Crespectively•C•@the•@curves•@in•@figs•E6•E6•ie•jˆê•ih•jhave•@a11ŽMost•@no•@peaks•@except

for•@small•@major•@peaks•@in•@fig•D•@6•D6•ie•j•@in•@contrast•@to•@the•@curves•@in•@figs•D•@6•D2•ia•jˆê•id•j•@and

6•D3•ia•jˆê•id•j•D•@Since•@an•@autocorrelation•@function•@is•@given•@by•@a•@Fourier•@t•Cransform•@of

t•Che•@power•@spectrum•@which•@is•@equal•@to•@the•@intensity•@distribution•C•@we•@can•@conclude

that•@the•@randomized•@gratings•@corresponding•@to•@figs•D•@6•D6•ie•jˆê•ih•j•@have•@a•@very•@small

spat•Cial•@correlation•@in•@t•Che•@x•|direction•@ag•@compared•@with•@the•@gratings•@wit•Ch•@scaling

fluctuations•@corresponding•@to•@figs•D•@6•D2•ia•jˆê•id•j•@and•@6•D3•ia•jˆê•id•j•@which•@have•@a•@long•@and
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ÐT••0•A03d

uo 10uo

Fig•D•@6•D6•F•@Log•|log•@representation•@of•@ensemble•@averages•@of•@modified•@intensit•Cy•@dig•D•@tributions

produced•@by•@the•@gratings•@which•@consist•@of•@64•@slit•@apertures•@wit•Ch•@a•@grating•@constant•@d

and•@involve•@t•Che•@non•|scaling•@fluctuations•@with•@eight•@different•@values•@of•@crT•@•••@•ia•jO•DOOId•C

•ib•j0•D003•ii•C•ic•j0•D014•C•id•j0•D03d•C•ie•j0•E1d•C•if•j0•E3•it•C•i9•jd•C•@and•@•ih•j3d•@for•@a•@spatia1‹uequency

range•@of•@•iO•D4uo•C•@10zeo•j•D•@The•@results•@are•@norinalized•@by•@the•@central•@peak•@value•@of•@a•@modified

int•Eensity•@distribut•Cion•@for•@the•@regular•@grat•Cing•D
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periodic•@spatial•@correlat•Cion•D•@From•@this•@feature•C•@it•C•@is•@clear•@tthat•@t•^he•@correlation•@length

in•@t•Ehe•@Lr•|direct•^ion•@of•@the•@grating•@with•@sealing•@fiuctuations•@is•@reduced•@slowl•„•Cr•@Nvith

an•@increase•@in•@the•@standard•@deviation•@of•@fluctuat•Cions•@as•@conipared•@witdh•@that•@of•@the

grat•^ing•@vvrith•@non•|scaling•@fluctuations•D•@In•@addition•C•@in•@the•@case•@of•@scaling•@fluctuations•C

the•@redttction•@of•@correlation•@wjth•@the•@st•Candard•@deviation•@becomes•@more•@slow•@w•E•@irh•@an

increase•@of•@ty•D•@and•@KNrit•Ch•@a•@decrease•@of•@K•f•C

6•D4 Conclusion

Some•@propert•^ies•@of•@intensity•@distributions•@in•@the•@Fraunhofer•@diffraction•@region•@due

to•@grat•^ings•@•grith•@scaling•@fluctuations•@were•@investigated•@by•@nieans•@of•@coinputer•@sini•|

ulat•Cions•D•@To•@express•@mathematically•@t•Che•@scaling•@fiucttuations•@of•@the•@grating•C•@a•@new

definit•^ion•@for•@a•@regular•@grating•@in•@terms•@of•@a•@convolution•@operation•@was•@introduced•D

By•@using•@this•@defi1ƒ†itio11•A•@a•@sin•julation•@model•@was•@colƒ†structed•@for•@the•@grating•@colƒ†sist•|

ing•@of•@slit•@apertures•@with•@their•@central•@positions•@shifted•@by•@the•@scaling•@fluctuations

where•@the•@fluctuations•@are•@defined•@as•@a•@sum•@of•@some•@random•@variables•@obeying•@zero•|

mean•@Gaussian•@probability•@density•@functions•@with•@t•Che•@standard•@deviations•@weightded

by•@a•@power•@functioii•D

•@•@•@Ensemble•@averages•@of•@the•@modified•@intensity•@distributions•@in•@the•@Fraunhofer

diffraction•@region•@due•@to•@gratings•@with•@scaling•@fluct•Cuations•@were•@calculated•@for•@var•|

ious•@values•@of•@parameters•D•@The•@results•@were•@shown•@in•@a•@log•|log•@representat•Cion•@as•@a

ftmct•Cion•@of•@the•@spatial•@frequency•@u•@with•@the•@forms•@normalized•@by•@t•Che•@central•@value

of•@an•@intensit•C•Dv•@distribution•@for•@the•@regular•@grating•D•@From•@these•@results•C•@it•C•@w•E•@aig•@found

that•@the•@modified•@intensity•@distributions•@have•@a•@major•@maximum•@at•@ever•F•@it•Co•@and

that•@t•Che•@logarithmical•@value•@of•@tthe•@major•@maximum•@decreases•@linearly•@with•@log•@u•C

Namely•C•@the•@major•@peaks•@are•@reduced•@in•@heightd•@with•@a•@power•@la•gr•@as•@u•@increases•D•@lt•C

is•@also•@found•@that•C•@though•@the•@height•@of•@each•@major•@peak•@diiininishes•@progressively

w•Eith•@an•@inerease•@of•@aT•C•@its•@decreasing•@rate•@with•@respect•@to•@u•@is•@unchanged•@for•@a

constantd•@amplitude•@scaling•@factor•@tya•@of•@t•Ehe•@fiuctuation•D•@In•@addition•C•@evaluations

of•@the•@modified•@int•Censity•@distribut•Eions•@for•@four•@values•@of•@•f•r•f•D•@and•@for•@three•@values•@of
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•f•e

t•Che•@diN•fiding•@parameter•@k•h•C•@revealed•@t•Cha•Ct•@the•@absolute•@va•Elue•@of•@the•@exponent•@of•@the

power•@laxv•@is•@proportional•@t•Co•@k•C•@and•@inversel•Dv•E•@proportional•@to•@•f7a•D•@This•@means•D•@that

the•@inajor•@maxiina•C•@of•@the•@modified•@intensit•Cy•@distribution•@obey•@the•@power•@function•@of

u•Cˆêk•^7a•D•@lt•@was•@also•@inade•@clear•@from•@t•Che•@same•@evaluation•@that•@tihe•@modified•@intens•|it•^v
•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@U

distribution•@has•@k•C•@ˆêˆêˆê•@2•@minor•@n•jaJxima•@bet•Cween•@two•@adj•@acenti•@major•@niaxinia•^•@as•@an

asymptotic•@behavior•@for•@a•@sufiiciently•@la•Crge•@value•@of•@•Ett•D•@This•@atllows•@us•@to•@determine

the•@values•@of•@two•@import•Cant•@parameters•C•@ty•D•@and•@K•h•C•@of•@the•@scaling•@flucttuations•@in•@the

randomized•@grat•Cing•@by•@a•@form•@of•@the•@estima•Cted•@value•@of•@K•h•^7a•D

•@•@•@By•@comparing•@the•@modified•@intensibyT•@distributions•@for•@the•@gratings•@with•@sealing

and•@non•|scaling•@fluctuations•C•@it•@was•@elucidated•@that•@the•@gratings•@with•@scaling•@fluc•Cˆê

tuatiolls•@have•@a•@long•@a1ƒ†d•@periodic•@spatial•@correlation•@in•@the•D2T•|directio1ƒ†while•@the

gratings•@•g•fit•Eh•@non•|scaling•@fluctuations•@have•@a•@small•@spatiial•@correlation•C•@under•@the

condition•@that•n•@they•@hav•Ee•@t•Ehe•@same•@standard•@deviations•D•@ln•@addition•C•@the•@correla•|

tions•@of•@gratings•@with•@scaling•@fluctuations•@are•@reduced•@slowly•@with•@an•@increase•@in

the•@st•@andard•@deviat•Cion•@of•@fiuctuations•C•@as•@compared•@with•@those•@of•@the•@grating•@vsrith

non•|scaling•@fiuctuations•D•@This•@reduction•@becomes•@more•@slow•@with•@an•@increase•@of•@ty•f•C

atid•@xvith•@a•@decrease•@of•@Krt•D

•@•@•@The•@results•@obtained•@in•@this•@chapter•@suggest•@tdhe•@possibility•@for•@quantitatiK•Ere•@mea•|

surements•@of•@the•@sca•Cling•@properties•@and•@fractality•@of•@fluctuattions•@in•@random•@objects

by•@means•@of•@an•@optiical•@system•D•@This•@aspect•@will•@be•@investiga•Cted•@in•@detail•@in•@the•@next

chapter•C
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7e1 Introduction

In•@general•C•@the•@most•@suitable•@quantity•@for•@characterizing•@rough•@surfaces•@has•@been

considered•@t•Co•@be•@t•Che•@roughness•D•@ln•@partdic•Cular•C•@RMS•|roughness•@has•@been•@used•@most•E

frequently•@in•@optics•@mainly•@because•@of•@the•@convenience•@for•@theoretic•Dal•@t•^reatdment•D•@ln

recent•@years•C•@ho•gr•Eever•C•@it•@has•@beeome•@clear•@that•E•@a•@certain•@class•@of•@act•Cual•@surfaces

has•@complica•Eted•@structures•@vLrith•@scale•|invariant•@features•C•@and•@is•@not•@characterized

effec•Ctively•@by•@a•@RMS•|roughness•@on•Iy•@since•@such•@struct•Cures•@do•@not•@have•@characterist•Cic

lengths•@•m1•n•D•@lt•@follows•@on•@this•@basis•@that•@the•@scale•|invariant•@features•@of•@rough•@surfaces

has•@attracted•@great•@interest•@ill•@maŽMy•@fields•m2•|5•C9•n•D•@The•@rough•@surfaces•@with•@scale•|

invariantJ•@fea•Ctures•@are•@called•@fract•@al•@surfaces•D

•@•@•@To•@evaluat•Ce•@fractal•@surfaces•@in•@a•@noncontact•@and•@nondestruct•Cive•@wa•Dv•C•@an•@optiical

lnethod•@has•@been•@introduced•@and•@investigated•@by•@IŽMany•@researchers•m10•C17•C23•C32•C

38•C•@64•C•@•hi•f1•C•@135•C•@136•n•C•@ln•@these•@studies•C•@the•@fractality•@of•@fractal•@surfaces•@is•@evaluated

mainly•@by•@a•Cnalyzing•@fields•@diffracted•@or•@scattered•@coherently•@by•@fract•Cal•@surfaces•C

However•C•@ana•Clysis•@of•@fractal•@surfaces•@by•@these•@methods•@have•@some•@problems•@men•|

tioned•@in•@the•@follovsring•D•@The•@power•@law•C•@which•@is•@the•@simplest•@feature•@reflecting

fractality•@of•@objects•C•@may•@not•C•@certainly•@appear•@in•@the•@diffracted•@or•@scattered•@field•@if

the•@objeet•@is•@fractal•@surface•D•@Even•@if•@the•@power•@law•@appears•@in•@the•@field•C•@it•@is•@not
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a11 easy practically•@to detect•@precisely•@the power 1aw because•@the•@stro119alld 10w•C

alld•@weak•@alld•@hig1ƒ†spatial frequellcy•@colnponellts coexistillg•@in•@the•F•kield require a

detector with•@very•@widedynalnic•@range•@to detect•@tlle power•@law•D•@Furthermore•Aif•@the

Surface 11as•@several•@differellt kind•@of•@fractality•@i11 all•@illunlinated•@area•C•@it is•@almost

i111possible•@to•@detect•@each fractality•@separately•D

II1 this•@chapter•A•@1 illtroduce•@a•@lnethod usi119
an•@array

illumillatiOI1 asa 1ŽMore

reliable 111ethod•@whic11ca11 evaluate•@the•@fractality of surfaces•@by•@avoidi119 the•@above•D

rne1ƒ†tiolled•@problenls•D This 111ethod•@is•@apPlied•@actually to some•@fractal•@surfaces alld

its

7•D2

effectiveness•@is•@verified by•@Ineans•@of•@colllputer simulation•@and•@experilneIIt•D

•@•@•@•@•@•@•@Theory

she•@principle•@of•@this•@11ƒ†ethod is•@illustrated schematically ill•@fig•D7•D1•D•@IIƒ†this method•A

SOURCE DETECTOR COMPUTER
G1 Šž•t•f•D

`1 G2

•@•@•I•@1
Æ1iiƒÆ2•@•@1•@1•@•@•F•@1

•¸iƒˆ100

Àa‚ÌƒÂ10•|3•†
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G•@•G
P•@•G

oƒ¶•D
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•@•@ŒûO

rpatial•@Frequency
10ƒÐo

Fractal•@Surface

Fig•D 7•D1•F•@Sche111atic representation•@of•@the measuring system•@for•@fractal•@surfŠãcesƒ‰ alld

calculated•@power•@spectrum•D

an array illumination which is•@a•@periodic illtellsity•@distribution•@like•@a grati119
is

assumedas•@light•@irlcidellt on•@the•@Surface•D The fracta1 surface•@is•@illulllillat•@ed by

this•@illcident•@light•@with an incident•@angle ƒÆ1as•@show11in ŠŽ9•D7•D1•Cso•@that a regular

alld periodic•@gratin9 pattern GI•@is•@formedon•@the surface•D However•C•@if•@weob6erve

a11 image of•@this•@pattern fornƒ†ed•@in•@another
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7•D4•@Experiment

7•E4•D1•@System•@and•@material

An•@opt•^ic•Eal•@s•Dvstem•@used•@in•@this•@study•@is•@presented•@in•@upper•@part•@of•@fig•D•@7•C5•D•@ln•@the

He•|Ne•@Laser•@LE•F

1L

ND•@Filter

2L 3L

•@•@100pm

ˆê•w–mˆê

2
ƒÆ

Œ¿•^

Object

•@•^

1•D8mm

L4

Frame
Memory

Pulse•@Stage

Computer

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@lllumination•@Pattern

Fig•D•@7•D5•F•@The•@optical•@measurement•@system•@•iupper•@part•j•@and•@t•Che•@array•@illumination•@pat•|

t•Eern•@•ilower•@part•E•j•D

experiment•C•@the•@a•Crray•@illumination•@is•@effectively•@realized•@by•@a•@sc•Danning•@of•@a•@single

spot•D•@A•@spot•@is•@produced•@by•@a•@Gaussian•@beam•@incident•@normally•@upon•@a•@surface

from•@a•@He•|Ne•@laser•D•@An•@image•@of•@the•@spot•@is•@detected•@by•@CCD•@camera•@with•@the

detecting•@angle•@of•@02•@•fˆêˆê•@300•@and•@is•@recorded•@on•@a•@frame•@memory•D•@The•@position•@of

this•@spot•@image•@includes•@the•@information•@concerning•@the•@height•@of•@the•@object•@surface

at•@the•@illuminating•@point•D•@In•@the•@same•@way•C•@the•@next•@spot•@image•@is•@recorded•@on•@the

frame•@memory•C•@after•@a•@suitable•@lateral•@shift•@of•@the•@object•D•@When•@the•@whole•@surface•@is

scanned•@in•@this•@way•C•@the•@recorded•@spot•@images•@are•@superposed•@in•@a•@computer•@and•@give

t•Che•@modulat•Ced•@grating•@pattern•D•@A•@sequence•@of•@these•@operations•@are•@controlled•@and

carried•@out•@automatically•@by•@the•@computer•D•@An•@array•@illumination•@pattern•@composed
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7•D4•D2 Experimental•@results

For•@each•@surface•@material•C•@modulated•@grating•@patterns•@were•@measured•@to•@proxride

a•C•@set•@of•@data•@having•@50•@data•D•@From•@these•@data•C•@the•@ensemble•@average•@E•oS•f•iu•j•p

of•@the•@modified•@power•@spectra•@of•@the•@modulated•@grating•@patterns•@was•@calculated•C

and•@normalized•@by•@the•@centdral•@peak•@value•@S•iO•j•@of•@a•D•@modified•@power•@spectrum•@for•@the

grating•@wit•Chout•@fluetuation•D•@The•@results•@are•@shown•@loga•Crithmically•@in•@figs•D•@7•D7•ia•jˆê•ic•j

as•@func•Dtions•@of•@spatial•@frequency•@•fzL•@for•@•iO•D4tLo•C10zt•vo•j•D•@Here•C•@the•@spatial•@frequency•@ˆêzt•Co

is•@calculat•@ed•@by•@eq•D•@•i7•D5•j•@and•@takes•@a•@value•@of•@641•D5mˆêˆêi•D•@The•@results•@in•@figs•C•@7•D7•ia•jˆê
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Fig•D•@7•D7•F•@Log•|log•@representation•@of•@ensen•pble•@averages•@of•@the•@modified•@power•@spectra•@of

the•@modulated•@grating•@patterns•@produced•@experimentally•@on•@corrugated•@surfaces•@made•@of
•ia•j•@15•@pain•@t•Chick•@aluniinuin•@foil•C•@•ib•j•@t•Ehin•@paper•C•@and•@•ic•j•@vinyl•|coat•Ced•@paper•@for•@the•@spat•Cial

frequency•@range•@of•@•iO•D4zLo•C•@10•fuo•j•C•@under•@the•@condition•@that•@incident•@angle•@ei•@•••••@OO•@and

detecbing•@angle•@e2•@•••@300•D•@The•@results•@are•@iiormalized•@by•@the•@cent•Cral•@peak•@value•@of•@a

modified•@power•@spectmim•@for•@the•@regular•@grating•D

•ic•j•@correspond•@to•@the•@rough•@surfaces•@of•@the•@atluminum•@foil•C•@thin•@paper•C•@and•@vinyl•|

c•Coated•@paper•C•@respectively•D•@These•@figures•@show•@that•C•@in•@each•@case•C•@t•Che•@function

E•oS•f•iu•C•j•p•^S•iO•j•@has•@major•@maxima•E•@at•@every•@uo•@and•@that•@the•@logarithmical•@values•@of

major•@maxima•@decrease•@linearly•@with•@log•@•fu•D•@lt•@is•@clear•@t•Chat•@these•@results•@agree•@wit•Ch

those•@of•@the•@simula•Ction•@given•@in•@figs•@7•D3•ia•jˆê•id•j•D•@However•C•@it•@is•@difficult•@to•@determine

the•@height•@of•@peaks•@because•@of•@many•@rugged•@small•@peaks•@on•@these•@curves•@due•@to
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Fig•D•@7•D8•F•@Log•|log•@representat•Eion•@of•@running•|averaged•@values•@of•@t•Che•@curves•@shown•@in

‹u9•E•E7•E7•ia•jˆê•i•E•j•EThe•@g•Eay•@line•Erepresent•@p•Ewe‹™n•Eti•Ens•ia•jƒ[1•E1•C•ib•jƒ[1•E•E•C•@and•i•C•jƒ[•E•E8•D

insuMcienc•Dv•@of•@number•@of•@data•D

•@•@•@To•@have•@reliable•@values•@of•@t•Che•@peaks•@and•C•@henc•De•C•@of•@the•@decreasing•@ra•Ct•Cio•@of•@the

major•@peaks•C•@running•|average•@is•@performed•@for•@the•@function•@E•oS•f•iu•j•p•^S•iO•j•C•@and

results•@are•@shovvrn•@in•@figs•C•@7•D8•ia•jˆê•id•j•C•@These•@results•@allows•@us•@to•@determine•@correctlv

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@v

trhe•@decreasing•@ratio•@of•@major•@maxima•@of•@the•@function•@corresponding•@to•@each•@rough

surface•EAs•@a•@resu1‚¢1ƒ†e•@decreash•Eg•@rati•Ef•Er•@tlƒ†e•@aluminum•@foil•@was•@the•@largest•E

among•@the•@three•@cases•C•@while•@that•@for•@the•@vinyl•|coated•@paper•@was•@the•@smallest•D•@lt

follows•@from•@the•@result•@elucidated•@by•@the•@simula•^tion•@and•@from•@the•@comparison•@of
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figs•D•@7•D3•ia•jˆê•id•j•@and•@7•D8•ia•jˆê•ic•j•@that•^•@the•@rough•@surfac•De•@made•@of•@aluniinuin•@foil•@has•@the

slnallest•@vertical•@scalillg•@factor•fƒÁt•C•@ill•@the•@three•@IŽMaterials•C•@while•j•hv•@of•@the•@tllill•@paper

and•@the•@vinyl•|coated•@paper•@are•@middle•@and•@largest•C•@respectively•E•D•@On•@t•Che•@ot•Cher•@hand•C

the•@horizont•@al•@scaling•@factors•@tyh•@of•@these•@three•@rough•@surfaces•@are•@almostT•@the•@same•D

iN•Clore•@precise•@values•@of•@•f•r•Eh•@w•Eill•@be•@given•@by•@employing•@other•@array•f•@illuminat•Cion•@wit•Ch

shorter•@period•@and•@smaller•@spot•D•@ln•@geiieral•C•@it•@is•@known•@that•@self•|affine•@surfaces•@w•@ith

small•@vertic•Dal•@scaling•@factor•@Ax•D•@has•@surface•@fluctuat•Cion•@with•@acute•@shapes•@and•@large

amplit•Cride•C•@while•@those•@Niv•fith•@large•@•h•r•E•D•@has•@the•@fiuct•Criation•@with•@ol•m•jtuse•@shapes•@and

small•@amplitude•@•m2•n•D•@ln•@addition•C•@vsre•@know•@that•@the•@rough•@surface•@made•@of•@aluminum

foil•@has•@sharp•@shape•C•@while•@that•E•@made•@of•@vinyl•|coated•@paper•@has•@obtbuse•@shape•C•@as

shown•@in•@fig•D•@7•D6•D•@Therefore•C•@it•@is•@clear•@that•@the•@experimental•@results•@are•@conformable

to•@the•@features•@of•@the•@rough•@surfaces•D•@Hence•C•@we•@cati•@conclude•@that•@the•@experimental

result•Es•@agree•@with•@t•Che•@results•@of•@simulation•@and•@represent•@well•@the•@features•@of•@object

surfaces•D

7•D5 Conclusion

To•@evaluat•Ce•@t•Che•@sc•Caling•@property•@of•@fractal•@surfaces•C•@an•@optic•Cal•@method•@using•@array

illuininat•^ion•@was•@introduced•@as•@a•@nevKr•@evaluating•@met•^hod•D•@This•@rnethod•@was•@applied

t•Eo•@several•@fractal•@surfaces•@and•@the•@effectiveness•@of•@this•@met•Ehod•@was•@invest•Cigatsed•@by

ineans•@of•@coniputer•@siniulation•@and•@optical•@experin•jent•C•D

•@•@•@In•@tFhe•@computer•@simulat•Cion•C•@selfˆêˆêafline•@surfaces•@were•@employed•@as•@a•@fractal•@surfa•Ece

model•D•@By•@using•@this•@simulation•@model•C•@a•@set•@of•@data•@having•@200•@data•@of•@modulated

grating•@patt•Cerns•@was•@provided•@for•@each•@of•@several•@surfac•Des•@with•@different•@values•@of

the•@vertical•@scaling•@factor•@7•f•D•C•@the•@horizontal•@scaling•@factor•@7•fh•C•@the•@level•@of•@scaling

feature•@tTNT•C•@and•@tl•je•@sta•Cndard•@deviation•@of•@the•@surface•@fluctuation•@aT•@and•@for•@tdhe

detecting•@angle•@e•E2•D•@From•@these•@dat•Ea•C•@an•@ensemble•@axrerage•@of•@modified•@power•@spect•Cra

of•@the•@modulated•@grating•@patterns•@was•@ca•Clculat•Ced•@and•C•@the•@results•@normalized•@by•@t•Ehe

cent•^ral•@peak•@value•@of•@a•@modified•@power•@specttrum•@for•@the•@grating•@without•C•@fluctua•Ct•^ion

are•@shown•@as•@functions•@of•@spatial•@frequency•@in•@a•@log•|log•@representation•D
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•@•@•@From•@these•@results•C•@it•@was•@found•@that•@the•@ensemble•|averaged•@power•@spectra•@have

a•@major•@maximum•@at•D•@ever•Dv•@uo•@and•@that•@t•Che•@value•@of•@the•@major•@maximum•@deereases

xvit•^h•@tihe•@po•g•fer•@law•@of•@u•Cˆê7h•^frv•D•@lt•@was•@also•@made•@clear•@from•@the•@sa•Cme•@eva•Cluation

t•Chat•C•@these•@ensemble•|averaged•@power•@spectra•@have•@ty•fh•@ˆêˆê•@2•@minor•@maxima•@bet•Eween•@t•gro

adj•@acent•@maj•@or•@maxima•@as•@an•@asymptotic•@beha•Cvior•@for•@a•@sufficient•Cly•@large•@value•@of

spatial•@frequencies•D•@These•@results•@allows•@us•@to•@determine•@the•@values•@of•@two•@import•CaƒGit

paramet•Eers•C•@•g•C•D•@and•@ty•fh•C•@of•@t•Che•@self•|a•}ffine•@surfaces•D•@These•@results•@agree•@wj•@tl•p•@the•@results

of•@the•@analysis•@given•@in•@Chapt•Cer•@6•D

•@•@•@In•@addition•C•@t•Che•@shadowing•@effect•@on•@the•@surface•@was•@discussed•D•@To•@obtain•@eorrect

values•@of•@•hy•C•@and•@t7h•C•@we•@need•@to•@choose•@an•@optimum•@detecting•@angle•D

•@•@•@The•@results•@of•@the•@simulations•@were•@verified•@by•@experiments•D•@ln•@the•@opt•Eical•@experi•|

inent•C•@a•@sc•Canning•@niethod•@was•@eniployed•@to•@realize•@the•@array•@illuniination•D•@•DNlodulated

grating•@patterns•@were•@generatted•@by•@shifting•@and•@superposing•@spot•E•@images•@produced

on•@t•^he•@surface•@of•@the•@object•C•@Three•@different•@corrugated•@sheet•}•@materials•@made•@of•@cor•|

rugated•@15•@Ltm•@thick•@aluminum•@foil•C•@thin•@paper•C•@and•@vinyl•|coa•Cted•@paper•@were•@used•@as

samples•D•@A•@set•@of•@data•@having•@50•@da•Cta•@of•@modulated•@grating•@patterns•@was•@produced

experimentally•@for•@each•@surface•C•@From•@each•@set•@of•@data•C•@the•@ensemble•|average•@of

t•Che•@modified•@power•@spectra•@of•@the•@modulated•@grating•@patterns•@was•@calculated•C•@and

the•@results•@normalized•@by•@the•@cent•Cral•@peak•@value•@of•@a•@modified•@power•@spectrum•@for

the•@grat•Cing•@w•EithoutL•@fluctuation•@were•@sho•g7n•@logari•fthmically•@as•@functions•@of•@spatial

frequency•D

•@•@•@From•@t•Che•@experimental•@results•C•@it•@was•@elucidated•@that•C•@in•@each•@ca•Cse•C•@t•Che•@function

has•@major•@maxima•@at•E•@every•@uo•@and•@that•@values•@of•@maj•@or•@maxima•@decrease•@with•@power

lavNT•@as•@the•@same•@manner•@with•@tihat•@of•@simulation•D•@To•@determine•@correctly•@the•@value

of•@exponent•C•@t•Che•@running•|averaged•@value•@of•@the•@funct•Cion•@wad•@calculated•D•@From•@thig•D

results•C•@t•Che•@decreasing•@ratio•@of•@the•@major•@maxima•@of•@the•@function•@for•@ea•Cch•@rough

surface•@was•@determined•C•@from•@which•@the•@vert•Cical•@scaling•@factors•@vv7as•@evaluated•D•@The•D

evaluated•@scaling•@fact•Eors•@agreed•@well•@with•@the•@feature•@of•@the•@random•@surfaces•D

•@•@•@In•@this•@study•C•@the•@scanning•@method•@was•@employed•@to•@realize•@effect•Cively•@the•@ar•|

ray•C•@illumination•C•@For•@practical•@application•@of•@the•@method•C•@however•C•@a•@real•@arra•Dv
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illuniination•@without•C•@inoving•@operations•@nia•Dy•@be•@inore•@favorable•D•@lt•@is•@not•^ed•@t•@hat

the•@present•C•@niethod•@is•@siniilar•@to•@the•@optic•Cal•@cutiting•@inethod•C•@in•@which•@a•@cont•Cinuous

scan•@of•@t•^he•@surface•@is•@made•@and•@the•@data•@may•@be•@subsequently•@sampled•@tio•@analyze

digitally•D•@However•C•@the•@present•@method•@has•@soine•@merits•G•@it•@gives•@more•@st•C•@able•@mear

srireinent•E•@of•@the•@objec•Ct•C•@due•@to•@the•@ver•Dy•@siinple•@systein•@and•@the•@illuniination•@pattern

can•@be•@changed•@a•Crbitrarily•C•@the•@latt•Eer•@merit•@being•@the•@basis•@of•@the•@opt•^ical•@ex•faluation

using•@fractal•@illumination•D•@This•@aspect•@will•@be•@investigated•@in•@det•Cail•@in•@Chapter•@8•D
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Surfaces•@Using•@Fl•Hactal

8el Introduction

In•@Chapt•^er•@7•C•@the•@niet•Chod•@using•@array•@illumination•@vgras•@introduced•@t•Eo•@evalua•Ct•Ce•@the

scaling•@properties•@of•@fractal•@surfaces•@and•@was•@applied•@t•Co•@some•@frac•Dtal•@surfaees•D•@The

effect•Civeness•@of•@this•@met•Ehod•@was•@investigated•@by•@nieans•@of•@computer•@simulations•@and

experiinentrs•D•@As•@a•@result•C•@it•@vL7as•@elucidated•@t•Chat•@the•@vertic•Fal•@and•@horizontal•@sealing

fac•Ctors•@of•@the•@frac•Dtal•@surface•@can•@be•@determined•@by•@two•@quantities•@measural•jle•@by

the•@experiinent•F•@t•Che•@exponent•C•@in•@the•@power•@law•@of•@the•@major•@peaks•@ii•j•@t•Che•@ensemble•|

averages•@of•@the•@modified•@power•@spectra•@of•@grating•@patterns•@modulated•@by•@t•Che•@rough

surface•C•@and•@the•@asymptotic•@number•@of•@minor•@peaks•@between•@two•@adj•@acent•^•@niajor

peaks•@of•@the•@modified•@povvrer•@spectra•D•@However•C•@this•@method•@has•@a•@problem•G•@although

the•@exponent•@in•@the•@power•@law•@depends•@upon•@the•@v•Eertical•@and•@horizontal•@scaling

fa•Cct•Cors•@of•@the•@surface•C•@the•@changing•@rate•@with•@an•@increase•@or•@a•@decrease•@of•@t•Chese•@faetor•F

is•@not•@sufficiently•@large•@and•@is•@not•@stationary•D•@Therefore•C•@to•@evaluate•@more•@precisely

the•@scaling•@property•@of•@surfaces•C•@a•@1•lƒ†ethod•@using•@fractal•@illumination•@is•@introduce•il•@ill

this•@chapter•@and•@is•@applied•@to•@the•@fractal•@surfaces•@employed•@in•@Chapter•@7•C•@A•@fractal

illumination•@is•@realized•@by•@making•@the•@incident•@lightt•@have•@an•@intensity•@distribution

of•@the•@form•@of•@a•@triadic•@Cantor•@set•@of•@level•@6•C•@which•@is•@expressed•@by•@eqs•D•@•i2•D5•j•@and

•i2•D6•j•@and•@shown•@in•@fig•D•@2•D3•C•@The•@effectiveness•@of•@this•@novel•@method•@is•@investigated•@by
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111eans•@of•@col•j•jput•^el•f•@silllula•Dt•Ciolls•D

8•D2 Simulation

The•@optical•@systein•@and•@the•@surface•@inodel•@assunied•@in•@this•@siniulation•@are•@the•@saine

Nvith•@those•@of•@Chapter•@7•C•@apart•@froni•@the•@pat•Et•^ern•@of•@inc•Cident•@light•C•C•@and•@are•@shoxvn•@in

fig•D•@7•D1•@and•@eqs•D•@•i7•D2•j•@and•@•i7•D3•j•C•@respectively•D•@A•@portion•@of•@the•@Cantor•@illuniination

pa•Ettern•@used•@in•@this•@siniulat•Cion•@is•@shown•@in•@the•@lower•@part•@of•@fig•D•@8•D1•@for•@coniparison

with•@the•@array•@illumina•Ct•Cion•@shown•@in•@the•@upper•@part•@of•@fig•D•@8•C1•C•@On•@the•@basis•@of

Array•@lllumination

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@Cantor•@lllumination

Fig•D•@8•D1•F•@A•@portion•@of•@the•@a•@rray•@illumination•@patt•Cern•@•iupper•@part•j•@and•@t•Che•@Cantor•@illu•|

mination•@pattern•@•ilower•@part•j•D

this•@simulat•Cion•@model•C•@200•@da•Et•@a•@of•@tlie•@Cantor•@set•@pa•Ctterns•@modulated•@randomly•@by

t•Che•@rough•@surface•@are•@calculated•@for•@each•@of•@several•@surfaces•@with•@different•@values

of•@v•Eertical•@sca•Cling•@fact•^or•@or•D•C•@horizontal•@scaling•@factor•@tyh•C•@standard•@deviation•@aT•@of
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fiuctuations•@on•@the•@surface•C•@level•@Ai•@of•@the•@scaling•@property•@and•@det•^ecting•@angle

ƒÆ2•D•@Subsequently•A•@the•@ensemble•@average•@E•oS•f•@•i•@ZL•j•pof•@the•@modified•@power•@spectra

S•f•itt•j•@•••@P•iu•j•^F•itt•C•j•@of•@t•Che•@modulated•@Cant•Cor•@set•@patterns•@is•@calculated•C•@and•@several

results•@normalized•@by•E•@the•@central•@peak•@value•@S•iO•j•@of•@a•@modified•@power•@spectrum

for•@the•@Cantor•@set•@patt•Eern•@wit•Chout•@fluctuat•Cion•@are•@slio•grn•@in•@figs•D•@8•D2•ia•jˆê•id•j•@as•@a

funetions•@of•@the•@spatial•@frequency•@zt•C•@for•@•izt•Co•C36zLo•j•@in•@a•@logˆêˆêlog•@represent•Cation•D•@Here•C

P•itt•C•j•@stands•@for•@the•@power•@spectrum•@of•@the•@pattern•C•@F•izL•j•@is•@the•@Fourier•@transform

of•@the•@a•@shape•@of•@an•@element•@of•@t•Che•@pattern•C•@and•@uo•@is•@the•@spat•Cial•@frequency•@given•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@3

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•C•@•i8•D1•j•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@ILO•@••
•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@4•v‰³cosƒÆ2

where•@L•@is•@the•@whole•@width•@of•@the•@incident•@Cantor•@illuinination•D

•@•@•@Results•@of•@the•@present•@simulation•@show•@quite•@different•@features•@from•@those•@for

the•@arra•Dy•@illumination•C•@ln•@particular•C•@when•@the•@scaling•@fact•Cor•@of•@the•@Cantor•@set

ma•Ctches•@the•@horizontal•@scaling•@factor•@of•@the•@surface•C•@namely•C•@in•@the•@case•@of•@tyh•@•••@3•C

the•@calculat•Ced•@funct•Cions•@show•@very•@interesting•@feat•Eures•D•@Figures•@8•D2•ia•C•jˆê•id•j•@show•@the

results•@for•@the•@self•|affine•@surfaces•@with•@tyh•@•••@3•C•@N•@•••••@6•C•@and•@four•@different•^•@values

of‚Á•A•C•••ia•j1•D5•C•ib•j2•C•ic•j3•C•@and•id•j4•C•@aŽMd•@withƒÆ1••0••aŽMdƒÆ2•E••30•B•D•@It•@is•@seen

in•@these•@figures•@that•C•@in•@each•@case•C•@the•@function•@E•oS•f•izL•j•p•^S•i0•j•@has•@maxima•@and

ininima•@periodicall•Dv•@on•@the•@log•@scale•C•@and•@that•@the•@logarithniical•@values•@of•@these

ma•Cxima•@and•@minima•@depend•@linearly•@on•@log•@u•C•D•@The•@phenomenon•@of•@an•@abrupt•C•@raig•D•@e

of•@the•@curves•@in•@tlhe•@region•@exceeding•@36zt•Co•C•@is•@due•@to•@a•@zero•@of•@F•i2i•C•j•C•@and•@is•@nott•@an

essential•@phenomenon•C•@as•@mentioned•@in•@Chapters•@6•@and•@7•D•@ln•@these•@figuref•@•C•@broken

lines•@touching•@maxima•@of•@curves•@represent•@a•@power•@function•@u•fDc•D•@Here•C•@D•C•@is•@the

fractal•@dimension•@of•@the•@triadic•@Cantor•@set•@and•@takes•@a•@value•@of•@log•@2•^log•@3•D•@On

the•@other•@ha•Cnd•C•@gray•C•@lines•@touching•@minima•@of•@curves•@represent•@power•@functions•@of

•ia•juO•E5Dc•C•@•ib•j2t•CODDc•C•@•ic•ju•|i•|ODe•C•@and•@•id•ju•|2•fODc•C•@respectively•D•@Therefore•C•@it•E•@is•@clear

t•Chat•@the•@minima•@obey•@the•@power•@law•@whose•@exponent•@depends•@upon•@the•@vert•Cical

scaling•@factor•@•gx•C•@of•@the•@surface•@while•@the•@maxima•@decreage•@with•@a•@po•grer•@law•@u•C•fDc

in•@all•@cases•D•@Furt•Chermore•C•@the•@exponent•@in•@the•@power•@law•@of•@minima•@t•Cakes•@a•@value•@of

•i2•@ˆêˆê•@ot•C•jD•C•C•@lt•@follows•@from•@this•@result•E•@that•@we•@can•@determine•@t•Che•@value•@of•@ft•f•D•@of•@the
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u
Fig•D•@8•D2•F•@Log•|log•@representation•@of•@ensemble•@averages•@of•@modified•@power•@spect•Cra•@of•@mod•|

ulated•@Cantor•@set•@patterns•@calculated•@for•@surfaces•@with•@tyh•@•••@3•C•@IV•@•••@6•C•@and•@four•@different

values•@of•@7•D•@•••@•ia•j1•D5•C•@•ib•j2•C•@•ic•j3•C•@and•@•id•j4•@for•@the•@spatial•@frequency•@rat•jge•@of•@•ii•Cto•C•@362eo•j•C

under•@the•@condition•@that•@incident•@angle•@ei•@•••@OO•@and•@detecting•@angle•@e2•@•••@300•D•@The•@resL•@ult•Cs

are•@normalized•@by•@t•Ehe•@central•@peak•@value•@of•@a•@modified•@power•@spectrum•@for•@the•@regular
Cantor•@set•@pattern•D•@The•@broken•@lines•@represent•@a•@powei•f•@fuiiction•@u•|Dc•@and•@the•@gray•@lines

represent•@power•@functions•@•ia•juO•f5Dc•C•@•ib•jztO•EODc•C•@•ic•ju•|i•EODc•C•@and•@•id•ju•f2•EODc•D
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1

scaling•@fluctuations•@in•@the•@self•|affine•@surface•@from•@the•@observation•@of•@the•@minima•@of

tlle•@fullctiOll•@E•oS•f•i‚Ì•p•^S•i0•j•D

•@•@•@A•@comparison•@of•@figs•D•@8•D2•ia•jˆê•id•j•@with•@7•D3•ia•jˆê•id•j•@indicates•@tshat•@the•@changing•@rate

of•@t•Che•@exponent•@r•@in•@t•Che•@power•@law•@for•@the•@Cantdor•@illumination•@Nvith•@an•@increase•@of•@t•Che

vert•Eical•@scaling•@fact70r•@ty•C•@seems•@to•@take•@differenti•@from•@t•Chat•@for•@t•Che•@array•@illuminat•^ion•D

T•Emake•@this•@p•Eint•@nƒ†•Ere•@clear•C•@we•@calculate•@the•@abs•E1ute•@values•@l•‘i•Ef•@partial

differential•@coeflicients•@of•@the•@exponent•@r•@with•@respec•Dt•C•@tto•@t•Che•@vert•Cical•@scaling•@fa•Cc•F•@t•Cor•@•fy•D•D

Sinee•@the•@exponent•@7•f•@in•@the•@power•@law•@of•@the•@major•@maxima•@of•@the•@ensemble•@average

of•@the•@nƒ†odified•@power•@spectra•@produced•@by•@the•@array•@illu•@inin•@at•@ion•@is•@represented

by•@ˆêˆê•Z•Eh•^ftt•C•C•@it•@s•@pa•Ertial•@derivat•Civ•Ee•@is•@given•@by•@tyh•^ty•C2•D•C•D•@On•@the•@other•@hand•C•@in•@case•@of

•gi•Eh•@•••@3•C•@the•@expoi•pent•@r•@in•@the•@power•@law•@of•@the•@minima•@of•@the•@enseinble•@ax•ferage

of•@inodified•@po•gr•Eer•@spectra•@produc•Ced•@by•@the•@Cant•Cor•@illuinina•Ctdion•@is•@represent•Eed•@by

•i2•@ˆê•@3•C•jD•C•@and•@hence•@it•Cs•@part•Cial•@derixrat•Cive•@xNri•fth•@respect•@to•@•pi•C•@is•@given•@by•@ˆêD•C•D•@The

above•@t•g•fo•@derivatives•@witTh•@tyh•@•••@3•@and•@D•D•@•••••@log•@2•^log•@3•@are•@plotted•@in•@fig•D•@8•D3•@as•@a

function•@of•@•gt•Ev•@for•@the•@range•@of•i1•D0•C•@5•C0•j•D•@Froni•@t•Chis•@figui•fe•C•@it•@is•@clear•@that•@the•@function

corresponding•@to•@the•@array•@illumination•@decreases•@rapidly•@and•@nonlinearly•@w•Eith•@an

increase•@of•@ty•D•@while•@the•@function•@corresponding•@to•@the•@Cantor•@illuminat•Cion•@takes•@a

consta•Cnt•@value•@oNrer•@the•@range•D•@Therefore•C•@the•@Cantor•@illumination•@prov•Eides•@a•@linear

sensitiv•Eity•@with•@the•@value•@of•@7•D•C•@while•@the•@array•@illuniination•@provides•@a•@nonlinear

sellsitivit•Ey•D

•@•@•@In•@addition•C•@the•@two•@functions•@cross•@at•@ty•D•@•••@Vt•@YX7bZ•@fks•@2•Dls•D•@Therefore•C•@in•@case

of•@2•D18•@•q•@ty•C•C•C•@the•@method•@using•@the•@Cantor•@illumination•@is•@more•@sensitive•@than•@the

method•@using•@the•@arra•Cy•@illumination•@while•C•@in•@case•@of•@ty•D•@•q•@2•D18•C•@the•@method•@using

t•Che•@array•@illuinina•Ction•@is•@more•@sensit•Eive•@thadn•@the•@ot•Cher•D•@lt•C•@is•@noted•@that•C•@in•@case

of•@Af•C•@•q•@1•D00•C•@the•@surface•@has•@a•@very•@unusual•@shape•D•@Therefore•C•@the•@surface•@model

cannot•C•@be•@effective•@as•@a•@model•@of•@practical•@surfaces•D•@Hence•C•@in•@most•@eases•@of•@ty•D•C

the•@Cantor•@illumination•@is•@advantageous•@over•@the•@array•@illumination•D•@For•@the•@larger

fractal•@dimension•@D•D•C•@the•@Catitor•@illumination•@is•@advantageous•@in•@a•@wider•@range•@of

•h•„tv•@•D

•@•@•@The•@Cantor•@illumination•@has•@another•@advantage•C•@Since•@the•@minima•@of•@functions
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1•@•D0 2•C18 3•D0 5•D0

Fig•D•@8•D3•F•@Absolute•@values•@of•@partial•@differential•@coefficients•@of•@exponents•@in•@the•@two•@power

laws•F•@the•@power•@law•@of•@major•@maxima•@of•@modified•@power•@spectra•@produced•@by•@array•@illu•|

mination•@•igray•@curve•j•C•@and•@the•@power•@law•@of•@minima•@of•@modified•@power•@spectra•@produced

by•@Cantor•@illuminat•Cion•@•iblack•@line•j•D•@Tlie•@horizontal•@scaling•@factor•@7h•@of•@the•@surface•@is•@set

to•@3•D
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•Jˆñ—Ùˆê

tle•g11hb•|bL

in•@figs•D•@8•D2•ia•jˆê•id•j•@are•@periodic•@in•@log•@tt•E•C•@we•@can•@deter1nine•@the•@decreasing•@rat•Cio•@of•@the

millimai•@froln•@the•@same•@nuIŽMber•@of•@data•@of•@the•@nlini111a•@for•@different•fu•C•D•@In•@case•@of•@the

arra•py•@illumination•C•@however•C•@t•^he•@int•Cerval•@of•@the•@major•@niaxiina•@of•@the•@funct•Cions•@in

figs•D•@7•D3•ia•jˆê•id•j•@is•@reduced•@Nvith•@an•@increase•@of•@the•@spatial•@frequency•D•@•C•@and•@the•@number

of•@dat•Ca•@of•@the•@major•@maxima•@used•@to•@determine•@the•@decreag•D•@ing•@ra•Ct•Cio•@varies•@depending

on•@the•@spatial•@frequency•@region•D

•@•@•@This•@adv•Eantage•@of•@the•@Cantor•@illumination•@is•@a•@consequence•@of•@the•@scaling•@prop•|

erty•@of•@the•@illuniina•Ction•@pattern•@whieh•@fits•@•gri•fth•@that•@of•@fiuctuations•@in•@t•Che•@surfa•Cce•C

The•@Cantor•@set•@is•@regarded•@as•@the•@multi•|scale•@grating•C•@Namely•C•@the•@structure•@of•@each

scale•@in•@t•Che•@Cantor•@illumina•Ction•@can•@fit•@with•@the•@fluctuations•@of•@the•@sarne•@scale•@on

the•@rough•@surface•C•@causing•@t•Che•@la•Crge•@variation•@of•@the•@power•@spectrum•@of•@t•Che•@pattern•C

8e3 Conclusion

To•@evaƒ†uate•@the•@scaling•@property•@of•@fractaƒ†surfaces•C•@an•@optical•@method•@usillg•@the

Cant•Eor•@illuminatdion•@w•Eas•@introduced•D•@lt•@was•@applied•@to•@sev•Eeral•@fract•Cal•@surfac•Ces•@and

the•@propert•Cy•@of•@tahis•@method•@was•@investigated•@by•@means•@of•@computer•@simulatioiis•D

Results•@w•Eere•@compared•@with•@those•@for•@the•@method•@using•@the•@array•@illumination•D

•@•@•@In•@simulat•Cions•C•@self•|affine•@surfaces•@were•@employed•@as•@a•@fractal•@surface•@model•C•@and

a•@set•@of•@data•@having•@200•@data•@of•@modulated•@Cantor•@set•@pattderns•@was•@provided•@for•@eaeh

of•@several•@surfaces•@with•@different•@values•@of•@the•@vertical•@scaling•@factor•@A•^i•D•C•@the•@horizontal

scaling•@fact•Cor•@7•Eh•C•@t•Ehe•@standard•@deviat•Cion•@aT•@of•@the•@surface•@fiuctuations•C•@and•@the•@level

•FN7•@of•@scaling•@feature•@and•@for•@the•@detecting•@angle•@e2•@by•@using•@t•Chis•@simulation•@model•D

In•@each•@case•C•@t•Che•@ensemble•@average•@of•@the•@modified•@power•@spectra•@of•@the•@modulated

Cantor•@set•@pat•Eterns•@was•@calculated•@numerically•@and•@several•@results•@normalized•@by•@the

central•@peak•@value•@of•@a•@modified•@power•@spectrum•@for•@the•@pattern•@without•@fiuctuations

were•@shown•@logarithinically•@as•@a•@function•@of•@the•@spatial•@frequency•D•@These•@result•Cs•@were

compared•@wit•Eh•@t•{hose•@for•@the•@array•@illuminations•D

•@•@•@From•@these•@results•C•@it•@was•@elucidated•@that•@the•@ensemble•|averaged•@functions•@have

maxima•@and•@minima•@periodically•@on•@the•@log•@scale•C•@and•@that•@the•@logarit•Chmical•@values
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1Œ®”Õ•Dli

of•@t•@hese•@extreina•@vary•@linearly•@•g•fit•Ch•@log•@it•D•@The•@height•@of•@ininiina•@x•faries•@with•@a

po•gˆêer•@la•gt•@of•@zt•i2ˆêˆêi•fv•jDc•C•@while•@t•Che•@height•C•@of•@inaxin•pa•@decreases•@with•@a•@power•@laxv

of•@u•|Dc•C•@where•@D•C•@is•@a•@fractal•@dimension•@of•@the•@triadic•@Cant•^or•@set•@and•@takes•@a•@value

of•@log•@2•^•@log•@3•D•@This•@result•@allows•@tis•@to•@determine•@the•@values•@of•@the•@scaling•@factor•@Ai•C

of•@self•|aMne•@surfaces•C

•@•@•@To•@c•Dompare•@the•@sensit•Eixrity•@of•@the•@slope•@t•Co•@a•@change•@of•@the•@scaling•@factor•C•@abso•|

lute•@values•@of•@partial•@different•Cial•@coefficient•Es•@of•@the•@exponents•@in•@the•@povsrer•@laws•@for

the•@two•@illuminat•Cion•@methods•@were•@calculated•D•@Consequently•C•@it•@is•@elucida•Cted•@that

the•@coeflicient•@for•@the•@array•@illumination•@decreases•@rapidly•@and•@nonlinearly•E•@with•@an

increase•@of•@O•Ev•C•@while•@the•@coeflicient•@for•@the•@Cantor•@illumi1ƒ†ation•@is•@constant•D•@Namely•A

t•^he•@arra•Dv•@and•@C•Eantor•@illuminations•@show•@nonlinear•@and•@linear•@sensitivities•C•@respee•|

tively•D111•@additio11•A•@it•@is•@IŽMade•@clear•@that•@a•@higher•@sensitivity•@is•@provided•@by•@the•@array

illumination•@for•@ot•C•@•q•@Vo•fh•^D•D•@atid•@by•@the•@Cant•Cor•@illumination•@for•@VAxh•^D•C•@•q•@•gx•f•C•C•D

Besides•@these•@features•C•@it•@is•@clear•@t•{hat•C•@since•@minima•@of•@the•@function•@for•@the•@Cant•Cor

illumination•@appear•@periodically•@in•@log•@u•C•@we•@can•@determine•@the•@decreasing•@ratio•@of

minima•@from•@the•@same•@number•@of•@data•@of•@minima•@in•@any•@frequency•@regions•D•@On

the•@other•@hand•C•@in•@case•@of•@the•@array•@illumination•C•@since•@tihe•@intberval•@of•@t•Che•@major

maxima•C•@is•@reduced•@with•@an•@increase•@of•@log•@u•C•C•@t•Che•@number•@of•@data•@of•@maj•@or•@maxima

used•@t•Co•@determine•@the•@decreasing•@ratio•@varies•@depending•@on•@t•Che•@spatial•@frequency

region•D•@From•@this•@viewpoint•C•@the•@Cantor•@illumination•@is•@more•@favorable•@than•@t•Che•@ar•|

ray•@illumination•D•@As•@a•@consequence•C•@if•@we•@can•@provide•@a•@fractal•@illuinination•@patttern

whose•@scaling•@factor•@fits•@with•@that•@of•@rough•@surfaces•C•@the•@method•@using•@the•@fractal

illumination•@is•@more•@advant•Cageous•@than•@the•@method•@using•@the•@array•@illuminat•Cion•D

•@•@•@In•@this•@study•C•@the•@scanning•@method•@was•@assumed•@to•@realize•@the•@array•@illumination

because•@of•@convenience•@for•@designing•@various•@types•@of•@illumination•@patt•Cerns•D•@For•@more

precise•@evaluat•Eion•C•@hovs7ever•C•@a•@method•@wit•Chout•C•@moving•@operations•@may•@be•@favorable•D
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The•@presellt•@dissert•@a•Ct•C•@ion•@discussed•@the•@properties•@of•@bispectraƒ†analysis•@of•@fi•Eactal

structiures•C•@the•@properties•@of•@optical•@fields•@produced•@by•@apertures•@with•@frac•Cta•Clity•@in

their•@struc•Ctures•@a•Cnd•@fluct•Cuations•C•@and•@the•@opt•Cical•@evaluat•Cion•@of•@fract•Eal•@surfaces•@using

arra•Cy•@and•@fractal•@illuniinations•D•@The•@first•@part•@of•@t•^his•@dissert•Eat•Eion•@was•@devoted•@to•@an

investigat•Eion•@of•@t•Che•@relat•Cion•@between•@the•@fra•Eetal•@dimension•@of•@the•@fractal•@structure

and•@the•@sc•Daling•@property•@of•@its•@bispectrum•@from•@the•@theoret•Cical•@anal•Dysis•@and•@the

computer•@simulat•Cion•D•@The•@second•@part•@dealt•@with•@new•@properties•@of•@optical•@fields

diffracted•@by•@apertures•@wit•Ch•@scaling•@structures•@and•@scaling•@fluctuations•@by•@means•D

of•@comput•Cer•@simulations•D•@The•@third•@part•@vv•fas•@addicted•@to•@an•@investigation•@of•@the

llewƒGŽMethods•@of•@an•@oPtical•@evaluation•@using•@array•@and•@Cantor•@illu1ŽMin•iltiol•js•@for•@tlle

scaling•@propert•^y•@of•@random•@fractal•@surfaces•@by•@means•@of•@computer•@simulations•@and

opt•Cical•@experiments•D

•@•@•@Chapt•Cer•@2•@was•@devoted•@to•@the•@funda•Cmentals•@of•@physical•@concepts•@and•@mathemat•|

ical•@backgrounds•@of•@fractal•@and•@bispectrum•D•@The•@concepts•@and•@definitions•@of•@self•|

similarit•Ey•C•@fractal•@dimension•C•@scaling•@property•C•@self•|affinitty•C•@and•@Cantor•@set•C•@w•^hich

are•@key•@words•@in•@this•@dissert•@at•@ion•C•@were•@expressed•D•@Tlle•@description•@co1ƒ†cerning•@the

mathematical•@definition•C•@bagic•@properties•C•@and•@applications•@are•@given•@for•@the•@bispec•|

t•Crum•C•@which•@wag•@introduced•@in•@this•@dissertat•Cion•@as•@a•@new•@analyzing•@tool•@for•@fract•Cals•D

•@•@•@In•@Chapter•@3•C•@some•@properties•@of•@the•@bispectra•@of•@fractal•@objects•@were•@invest•Cigated•D

As•@the•@fractal•@objectts•C•@the•@Cantor•@sets•@of•@finite•@levels•@N•C•@vv•fhich•@a•Cre•@t•Cypical•@one•|

dimensional•@regular•@fractals•C•@vv•fere•@exploited•D•@The•@expression•@for•@bispect•Cra•@of•@the
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Cantor•@sets•@was•@derived•@theoretically•@and•@the•@resu•It•@was•@numerically•@evaluated•@to

gi•fve•@the•@pseudo•|color•@patterns•@of•@bispectra•D•@lt•E•@was•@revealed•@that•@the•@bispectrum

of•@the•@Cantor•@set•@cronsist•Cs•@of•@two•@areas•C•@the•@cent•}ral•@fractal•@area•@vyThich•@has•@t•^he•@s•@elf•|

sin•pilarity•@xvith•@respect•@to•@the•@discrete•@scaling•C•@and•@t•Ehe•@periodic•@ai•fea•@•g•fhieh•@surrounds

the•@fractal•@area•D•@This•@means•@that•@the•@fractality•@of•@the•@fractal•@object•@is•@preserved•@in

it•Es•@bispectrum•@in•@a•@similar•@manner•@to•@the•@power•@spectrum•D•@ln•@order•@to•@make•@clear

t•Ehe•@relation•@between•@the•@bispectra•@and•@the•@fractal•@dimension•@of•@object•@fractals•C•@t•^wo

averaging•@operations•C•@closed•|line•@average•@and•@band•@average•C•@of•@the•@st•@ructure•@fact•Cor

of•@tihe•@bispectra•@were•@considered•D•@An•@absolut•{e•@value•@of•@the•@closed•|line•@average•@of•@the

struc•Cture•@faetor•@has•@many•@maxima•@and•@minima•C•@and•@has•@a•@trend•@decreasing•@according

to•@the•@power•@law•@with•@a•Cn•@increase•@of•@the•@spatial•@frequency•D•@The•@corresponding•@band

a•CNrerage•@shows•@the•@similar•@dependence•@of•@t•Che•@power•@law•D•@The•@absolute•@value•@of•@the

exponent•C•@of•@this•@power•@la•Cw•@is•@proportional•@to•@the•@fractal•@dimension•@of•@the•@object•C

fraetal•D•@The•@proport•^ional•@coefficient•@was•@found•@to•@take•@the•@value•@of•@2•D•@Thus•@the

structure•@factor•@in•@bispectra•@decreases•@more•@rapidly•@tihan•@the•@struct•Cure•@fac•Dtor•@in

power•@spectra•@as•@t•Che•@spatial•@frequency•@increases•@within•@the•@fractal•@area•D

•@•@•@In•@Chapter•@4•C•@effects•@of•@the•@random•@noise•@on•@the•@scaling•@property•@of•@the•@bispec•|

trum•@and•@t•Che•@power•@spectrum•@of•@the•@Cantor•@set•@of•@level•@6•@were•@elucidat•ned•@by•@means

of•@computer•@simulations•D•@As•@the•@typical•@random•@noise•C•@additive•@a•Cnd•@multiplicative

random•@noises•@were•@considered•D•@Since•@the•@bispectrum•@and•@t•Che•@power•@spectrum•@of

objects•@involving•@the•@random•@noise•@cannot•@be•@factorized•@into•@the•@form•@and•@struc•|

ture•@far•Dtors•C•@the•@modified•@bispectra•@and•@power•@spectra•@which•@do•@not•@c•Dontain•@the

informattion•@concerning•@the•@form•@factor•@were•@calculated•@and•@used•@for•@determinat•Cion

of•@the•@object•@fractal•@dimension•C•@instead•@of•@the•@structure•@factor•D•@Aft•Cer•@the•@ensemble

averaging•@procedure•C•@t•Ehe•@band•|averaged•@values•@of•@t•Chese•@modified•@functions•@were•@cal•|

culated•@a•Cnd•@compared•@with•@each•@other•D•@These•@values•@for•@t•Che•@modified•@bispect•Crum

and•@pow•Eer•@spectrum•@of•@the•@Cantor•@set•C•@without•@the•@noise•@decrease•@with•@t•Ehe•@spat•Eial

frequency•@u•C•C•@following•@the•@power•@laws•@of•@uˆêˆê2D•@and•@u•|D•C•@respectively•D•@Since•@D•@in

the•@exponent•Eg•D•@of•@these•@laws•@equals•@the•@fractal•@dimension•@of•@the•@object•C•@we•@are•@able

t•Co•@determine•@the•@dimension•@from•@them•D•@However•C•@when•@the•@object•@is•@contaminated
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by•@the•@random•@noise•C•@these•@power•@laws•@are•@affect•{ed•@by•@t•Che•@noise•D•@For•@the•@object

involving•@the•@zero•|mean•@additive•@random•@noise•@wit•Ch•@any•@standard•@devi•fations•C•@the

bispectrum•@is•@more•@advatit•Cageous•@to•@det•Cermine•@the•@fractal•@dimension•@than•@the•@power

spectirum•C•@since•@t•Che•@power•@law•@of•@tlie•@bispectrum•@does•@not•@suffer•@appreciably•@from

the•@noise•@and•@since•C•@on•@the•@other•@hand•C•@t•^he•@power•@law•@of•@the•@povv•fer•@spectrum•@is

dist•Cort•Eed•@by•@the•@effect•@of•@iioise•D•@ln•@case•@of•@the•@non•|zero•|mean•@additive•@random•@noise•C

however•C•@the•@poNver•@law•@of•@the•@bispect•Crum•@is•@deteriorated•@by•@the•@effect•C•@of•@noise•D•@On

the•@ot•Eher•@hand•C•@when•@the•@object•@includes•@the•@multiplicative•@random•@noise•C•@almost

no•@detberioratioi•j•@was•@observed•@in•@the•@power•@laws•@of•@the•@bispectrum•@and•@the•@power

spec•Dtrum•C•@whether•@the•@noise•@is•@zero•|mean•@or•@not•D•@Therefore•C•@under•@this•@condit•Cion•C

we•@c•Can•@obtain•@the•@information•@about•@tlie•@fractal•@dimension•@from•@either•@the•@bispec•|

trum•@or•@the•@power•@spectrum•D•@HovvTever•C•@if•@the•@original•@object•@contains•@the•@ctonst•@ant

background•C•@thell•@the•@IŽMultiplicative•@randoln•@noise•@gives•@serious•@deterioration•@to•@the

power•@laws•@of•@the•@bispectrum•@atid•@the•@power•@spectrum•C•@and•@prevent•Cs•@us•@from•@deter•|

mining•@accurately•@the•@fractal•@dimension•@of•@the•@object•D•@These•@results•@implied•@tliat

the•@consta•Cnt•@component•@of•@either•@the•@object•@or•@the•@random•@noise•@deteriorat•Ces•@t•Che

power•@law•@for•@the•@bispectrum•D•@This•@fact•@was•@verified•@by•@the•@pseudo•|color•@big•D•@peetrum

patt•Cerns•C•@which•@show•@that•{•@the•@effect•@of•@t•Che•@constant•@component•@of•@objects•@and•@the

noise•@appeared•@on•@the•@specific•C•@three•@lines•D•@To•@eliminate•@the•@effect•@of•@the•@conf•@tant

component•@and•@to•@a•^void•@t•}he•@deterioration•@of•@the•@power•@law•@of•@the•@bispec•Ct•^rum•C•@t•Che

modified•@band•|averaging•@operation•@was•@introduced•D•@After•@this•@operation•C•@the•@va•Clue

of•@the•@modified•@bispectrum•@of•@the•@Cantor•@set•@decreases•@with•@the•@power•@law•f•@vLrit•Ch•@an

increase•@in•@spatial•@frequency•D•@ln•@addition•C•@it•C•@vLras•@elucidat•Ced•@thatL•C•@even•@if•@the•@ob•Cject

Cant•Cor•@set•@includes•@the•@non•|zero•|mean•@additive•@random•@noise•@or•@the•@mult•Ciplicat•Cive

random•@noise•@with•@the•@cons•@tant•@baekground•@of•@the•@object•C•@the•@resultant•@povv•fer•@law

is•@not•@deteriorated•@by•@thein•D•@Moreover•C•@in•@case•@of•@the•@zero•|mean•@noise•C•@the•@dist•Cor•|

t•Cion•@of•@the•@power•@law•@which•@derived•@from•@the•@modified•@band•|averaging•@operation

was•@smaller•@than•@that•@from•@the•@ordinary•@band•|averaging•@operation•D•@ln•@conclusion•C

even•@if•@a•@fractal•@obj•@ect•@involves•@the•@random•@noise•C•@we•@can•@accurately•@det•Cermine•@the

frac•Etal•@dimension•@of•@objects•@from•@the•@modified•@bispectrum•@by•@means•@of•@the•@modified
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bandˆêˆêaveraging•@operat•Cion•C•@whether•@the•@raiidom•@noise•@is•@additive•@or•@multiplieative•C

and•@•grhether•@it•C•@is•@zero•|mea•Cn•@or•@non•|zero•|inea•Cn•D•@ln•@this•@sense•C•@the•@bispectruni•@is•@t•Ehe

more•@advant•Cageous•@t•Cool•@for•@obtaining•@t•Che•@information•@concerning•@t•Che•@fract•Cal•@dimen•|

sion•@of•@fractal•@objects•@tha1ƒ†the•@power•@spectrum•@whell•@tlƒ†e•@object•@is•@coIlt•Camillated•@by

t•Che•@randoin•@noise•D

•@•@•@In•@Chapter•@5•C•@four•@different•@randomizing•@methods•@of•@Cantor•@apertures•@were

first•Iy•@described•F•@uniform•@semi•|equilibrated•C•@uniform•@non•|equilibrated•C•@scaling•@semi•|

equilibrated•C•@and•@sca•Cling•@non•|equilibrated•@randomizations•D•@Ensemble•@averages•@of

the•@modified•@intensity•@dist•Cributions•@in•@the•@Fraunhofer•@diffrac•Ction•@region•@were•@cal•|

culated•@b•F•@means•@of•@computer•@simulations•@for•@each•@randomization•@method•C•@From

these•@results•C•@it•@•gras•@found•@that•@t•Che•@modified•@int•Censity•@dist•Cributions•@for•@t•{he•@uniform

semi•|equilibrated•@randomizat•Cion•@has•@small•@peaks•@a•Cnd•@valleys•C•@even•@if•@tlie•@standard

devia•Ction•@aT•@of•@the•@t•Cot•Eal•@fluctuation•@is•@relatively•@large•@and•@that•C•@on•@the•@other•@hand•C

the•@intensity•@for•@the•@uniform•@non•|equilibrat•Ced•@randomization•@has•@a•@fiat•@variation•D

The•@former•@feature•@comes•@from•@a•@weak•@regularity•@still•@remaining•@after•@the•@random•|

ization•@process•D•@lt•@follows•@that•@the•@modified•@intensity•@distributions•@due•@to•@these•@two

randomizatiions•@have•@no•@longer•@the•@scaling•@property•@when•@the•@case•@of•@crT•@is•@large•D•@On

the•@ot•Cher•@hand•C•@intdensity•@distributions•@due•@to•@the•@two•@scaling•@randomizations•@still

hav•Ee•@the•@scaling•@property•@that•@comes•@from•@the•@fractalit•Cy•@of•@the•@apertures•D•@Furt•Cher•|

more•C•@the•@scaling•@property•@of•@tihis•@type•@of•@fiuctuations•@also•@appears•@in•@it•Es•@int•Censity

dis•@tribution•D•@Nainely•C•@the•@scaling•@randomizations•@does•@not•@dest•}roy•@seriously•@t•Che•@sta•|

tistical•@scaling•@property•@of•@the•@fractal•@apert•Cure•@regardless•@of•@the•@value•@of•@t•„r•@vvrhich

det•Eermines•@tthe•@scaling•@propert•{y•@of•@the•@fluctuation•C•@At•C•@the•@same•@time•C•@this•@random•|

ization•@adds•@the•@information•@about•@its•@own•@scaling•@property•@to•@the•@information•@of

t•Che•@original•@regular•@fractal•@aperture•D•@Secondly•C•@fields•@diffracted•@by•@Cant•^or•@apertures

vLrhich•@are•@randomized•@only•@in•@a•@particu•Iar•@step•@of•@their•@generation•@were•@analyzed•D

This•@ana•Cly•Esis•@revea•Cled•@that•@this•@randomization•@gives•@an•@effect•@to•@a•@specific•@frequency

region•@of•@the•@illtellsity•@distribution•@and•@to•@the•@nornƒ†alized•@standard•@deviation•@of•@itls

band•@average•C•@but•@not•@to•@the•@band•@average•@itself•D•@The•@frequency•@regions•@affected•@by

this•@randomizat•Cion•@were•@foui•jd•@to•@shift•@linearly•@from•@the•@low•@to•@the•@high•@frequene•Dy•E
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xvith•@an•@increase•@of•@the•@step•@involving•@the•@fluctuation•@in•@the•@generation•@of•@the•@fractal

aperture•D•@From•@these•@analyses•C•@it•@was•@elucidated•@thatl•@the•@features•@of•@the•@ra1ƒ†domiz•|

ing•@method•@of•@a•C•@fractal•@aperture•@c•Can•@be•@estimat•Eed•@from•@the•@fields•@diffra•Ccted•@by•@the

aperture•D•@ln•@addittion•C•@this•@resulti•@suggests•@a•@possibility•@of•@measuring•@the•@properties

of•@random•@st•@ruc•Dtures•@and•@phenomena•@by•@using•@the•@regular•@fract•Cal•@illuminat•Cion•D

•@•@•@Chapter•@6•@wag•@devoted•@to•@an•@invest•Cigation•@concerning•@the•@properties•@of•@inten•|

sit•Ey•@disttributions•@in•@the•@Fraunhofer•@diffra•Cction•@region•@due•@t•Co•@grat•Cings•@wit•{h•@scaling

fluctua•Ctions•D•@To•@express•@mathematically•@the•@scaling•@fluct•Euations•@of•@the•@grating•C•@a•C

new•@definition•@for•@a•@regular•@grat•Eing•@in•@terms•@of•@a•@convolution•@opera•Ction•@was•@intro•|

duced•D•@By•@using•@t•Chis•@definition•C•@a•@simulation•@model•@was•@constructed•@for•@the•@grat•Cing

consis•{ting•@of•@slit•@apert•Cures•@with•@their•@cent•Cral•@positions•@shift•Ced•@by•@the•@scaling•@fiuc•|

tuations•@where•@the•@fluctuations•@w•Eere•@defined•@ag•@a•@sum•@of•@some•@random•@va•Drjables

obeying•@zero•|mean•@Gaussian•@probability•D•@density•@functions•@wit•Ch•@the•@standard•@devi•|

ations•@weighted•@by•@a•@power•@function•D•@Ensemble•@averages•@of•@the•@modified•@int•Censit•Cy

distributions•@in•@the•@Fraunhofer•@diffraction•@region•@due•@to•@gratings•@with•@scaling•@fluc•|

tuat•@ions•@were•@calculated•@for•@various•@values•@of•@parameters•D•@The•@results•@were•@shown

in•@a•@log•|log•@representation•@as•@a•@function•@of•@the•@spatial•@frequency•@u•C•@with•@the•@forms

normalized•@by•@the•@central•@value•@of•@an•@intensity•@distribution•@for•@the•@regu•Iar•@grating•D

From•@these•@resultls•C•@it•@was•@found•@t•Ehat•@the•@modified•@intensity•@distribut•Cions•@have•@a•@ma•|

jor•@maximum•@ati•@every•@ztio•@and•@that•@the•@logarithmical•@value•@of•@the•@major•@maximum

decreases•@linearly•@with•@log•Eu•{•D•@Namely•C•@the•@major•@peaks•@are•@reduced•@in•@height•@with

a•@power•@law•@as•@•Eu•C•@increases•C•@lt•C•@is•@also•@found•@that•C•@though•@the•@height•@of•@each•@major

peak•@diminishes•@progressively•f•@with•@an•@increase•@of•@aT•C•@its•@decreasing•@rate•@with•@re•|

spect•@to•@zt•C•@is•@unchanged•@for•@a•@constant•@amplitude•@scaJing•@factsor•@ty•D•@of•@the•@fluctuation•D

In•@addition•C•@evaluations•@of•@the•@modified•@intensit•Cy•@distributions•@for•@four•@values•@of•@ty•D

and•@for•@three•@values•@of•@the•@dividing•@parameter•@k•@revealed•@that•@t•Che•@absolute•@value

of•@the•@exponent•@of•@the•@power•@law•@is•@proportional•@to•@k•@and•@inversely•@proportional•@to

o•f•D•D•@This•@means•@that•@the•@major•@maxima•@of•@the•@modified•@intensity•@distribution•@obey

the•@power•@function•@of•@u•Cˆêk•^tya•C•@lt•@was•@also•@made•@clear•@from•@the•@same•@evaluat•{ion•@that

the•@modified•@intensit•Cy•@distribution•@has•@k•@ˆêˆê•@2•@minor•@maxima•@between•@two•@adj•@acent
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niajor•@maxiina•@as•@an•@as•Dx•D•fniptotic•@behavior•@for•@a•@sufficiently•@large•@value•@of•@•Ezt•C•@Thig•C

alloNvs•@us•@to•@determine•@the•@values•@of•@two•@import•^ant•@parameters•C•@•gx•fa•@and•@k•C•@of•@the

scaling•@fluc•Ctuations•@in•@the•@randomized•@grating•@by•@a•@form•@of•@the•@estiinated•@value•@of

k•C•^•gt•D•C•@By•@comparing•@t•Che•@niodified•@intensity•@distributions•@for•@the•@gratings•@•gith•@scal•|

ing•@a•Cnd•@non•|scaling•@fluctuat•Cions•C•@it•@was•@elucidat•Ced•@that•@the•@gratings•@with•@scaling

fiuctuations•@have•@a•@long•@and•@periodic•@spatial•@correlation•@in•@the•@x•|direc•Dtion•@xvhile•@the

grat•Cings•@with•@non•|scaling•@fluctuations•@have•@a•@sn•jall•@spatial•@correla•Ction•C•@under•@the

condition•@t•Chat•@t•Chey•@hav•Ee•@the•@same•@standard•@deviations•D•@ln•@addition•C•@the•@correla•|

tiolls•@of•@gratings•@with•@scalin9•Ffluctuat•Cions•@are•@reduced•@slowly•@with•@alƒ†increase•@in

the•@standard•@deviation•@of•@fluct•Cuations•C•@as•@compared•@with•@those•@of•@the•@grating•@xv•Eit•Ch

non•|scaling•@fluct•Cuat•Cions•D•@This•@reduction•@becomes•@more•@slow•@with•@an•@increase•@of•@a•f•D

and•@with•@a•@decrease•@of•@k•C•D•@ln•@addition•C•@this•@result•@suggests•@a•@possibilit•Cy•E•@of•@meftguring

t•{he•@properties•@of•@random•@structdures•@and•@phenomena•@by•@using•@the•@array•@illumination•D

•@•@•@In•@Chapter•@7•C•@to•@evaluate•@the•@scaling•@property•@of•@fractal•@surface•C•@the•@optical

method•@using•@the•@array•@illumination•@was•@introduced•@as•@a•@nevv•f•@evaluat•Cing•@met•Chod•D

This•@method•@was•@applied•@to•@several•@fractal•@surfaces•@and•@the•@effectiveness•@of•@this

method•@was•@investigated•@by•@means•@of•@computer•@simulations•@and•@optical•@experi•|

ments•D•@ln•@c•Fomputer•@simulations•C•@self•|aMne•@surfaces•@were•@employed•@as•@a•@fractal

surface•@model•D•@By•@using•@this•@simulation•@model•C•@the•@ensemble•@average•@of•@modified

power•@spectra•@of•@modulated•@gratding•@patterns•@produced•@on•@self•|affine•@surfaces•@w•Eas

calculatted•@and•C•@several•@result•Cs•@normalized•@by•@the•@cent•Eral•@peak•@value•@of•@a•@modified

power•@spect•nrum•@for•@t•Che•@grating•@without•@fluctuations•@are•@shown•@as•@a•@function•@of•@the

spatial•@frequenc•Cy•@in•@a•@log•|log•@representation•D•@From•@these•@results•C•@it•E•@was•@found•@that•{

tthese•@ensemble•|averaged•@power•@spectra•@have•@a•@major•@maximum•@at•@ever•Dv•C•@u•Co•@and•@that

the•@value•@of•@t•Che•@ma•Cjor•@maximum•@decreases•@with•@the•@power•@law•@of•@u•|7h•E•^tyv•C•@where•@ty•D•C

and•@•gxh•@are•@vertical•@and•@horizont•@al•@scaling•@factors•@of•@the•@surface•C•@respectively•C•@lt•@vgras

also•@made•@clear•@from•@the•@same•@evaluation•@that•@these•@ensemble•|averaged•@power•@spec•|

tra•@hax•fe•@tyh•@ˆê2•@minor•@maxima•@between•@two•@adjacent•@major•@maxima•@as•@an•@asymptotic

behavior•@for•@a•@sufliciently•D•@large•@value•@of•@the•@spa•Ctial•@frequenc•Cy•D•@These•@results•@a•C110w

us•@to•@determine•@t•Che•@values•@of•@two•@important•@parameters•C•@7•D•@and•@orh•C•@of•@the•@self•|aMne
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surfaces•D•@These•@results•@agree•@xvitl•p•@the•@result•{s•@of•@the•@ana•Dlysis•@in•@Chapter•@6•D•@ln•@addi•|

t•Cion•C•@the•@shadoxving•@effectt•@on•@t•Ehe•@surface•@was•@discussed•D•@To•@obtain•@corre•‘•Ct•@values•@of

At•C•C•@and•@Ath•C•@we•@need•@to•@choose•@an•@opttimum•@detecting•@angle•C•@The•@results•@of•@simulationg•D

w•^ere•@verified•@by•@optical•@experiments•D•@ln•@experiments•C•@three•@differenti•@rough•@surfaees

were•@used•@as•@actual•@fracta1•@surfaces•@and•C•@a•@scanning•@method•@was•@employed•@to•@realize

effec•Ctivel•pr•@t•{he•@array•@illumination•D•@The•@evaluat•{ed•@scaling•@facttors•@described•@well•@t•@he

feature•@of•@the•@random•@surfa•Eces•@employed•C

•@•@•@In•@Chapt•Cer•@8•C•@to•@evaluate•@the•@scaling•@property•@of•@fractal•@surface•C•@the•@optical

method•@using•@the•@Cantor•@illumination•@was•@introduced•D•@lt•C•@was•@applied•@t•Co•@several

frac•Dtal•@surfaces•@and•@their•@properties•@were•@investigat•Ced•@by•@means•@of•@computer•@simu•|

lations•D•@The•@simulation•@model•@Nvas•@the•@same•@with•@that•@in•@Chapter•@7•D•@The•@results•@were

compared•@witih•@those•@for•@the•@method•@using•@t•Che•@arra•Cy•@illumination•D•@ln•@simu•Iations•C

the•@ensemble•@average•@of•@inodified•@power•@spect•Cra•@of•@Catitor•@set•@pat•Eterns•@modulat•@ed

by•E•@self•|afline•@surfaces•@was•@calculated•C•@and•@several•@results•@normalized•@bv•@the•@cent•^ral
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