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Department of Physics,
Hokkaido University
Sapporo, Hokkaido 060 Japan

Abstract

We show how to give the expression for periods, Higgs field and its dual of N = 2 su-
persymmetric Yang-Mills theory around the conformal point. This is achieved by evaluating
the integral representation in the weak coupling region explicitly, and by using analytic con-
tinuation to the conformal point. We review our previous results to see how effectively the
technique to evaluate the integral work, and how the analytic continuation to realize the
conformal point. The explicit representation is shown for the SU(2) theory with matter
fields and also for pure SU(N) and pure SO(2N) theory around the conformal point where

the relation to the beta function of the theory is clarified. Similar calculation can be carried

out i the SU(3) theory with matter fields. We also discuss a relation between the fixed

points in the SU(2) theories with massless matter fields and the Landau-Ginzburg point of

2-D N = 2 5CFT.




1 Introduction

Recent years many progress about four dimensional N = 2 supersymmetric Yang-Mills
theories have been made. Seiberg and Witten [1] solved the low energy effective theory in
the SU(2) theory without matter fields exactly, based on the duality and holomorphy by
introducing the elliptic curve. Following this work various generalizations introducing the
matter fields or gauge group being higher than SU(2) have been investigated by many people
2,3,4,5,6,7,8,9, 10]. The exact solution for the prepotential which controls the low energy
effective action, can be obtained from the period integrals on the elliptic curve. Associated
with singularities of the theories coming from the massless states, these curves for various
kinds of N = 2 supersymmetric Yang-Mills theories have been studied extensively[4, 5, 6, 9].
Usual approach to obtain the period is to solve the differential equation which the periods
obey, so called Pichard-Fuchs equation[10, 12], when these equations turns out to be solved
by the well known functions. The N = 2 SU(2) supersymmetric Yang-Mills theories with
massless hypermultiplets[13] and SU(3) super Yang-Mills theory without matters[12] have
been analyzed elegantly by using the method, whereas the method given in Ref.[11] is useful
only for the group SU(2). However, the situation changes drastically when it is difficult to
find out appropriate variables for solving the Picard-Fuchs equation by any special functions.
This situation generally occurs for the theories with massive hypermultiplets or higher rank
gauge groups. In these cases, the solution has been studied in the weak coupling region by
perturbative treatments to obtain the prepotential [14, 15]. The direct tests have been made
by comparison with the instanton method in the case of SU(2) theory with matter fields
[16, 17], and even for the higher rank gauge groups [18], which provide the consistent results.

Apart from the analysis in the weak coupling region, the power of the exact results should
be used in the analysis in the strong coupling region, where one finds truly non-perturbative
results. Among the analysis of the strong coupling region, one of the striking fact is the

existence of the conformal points [19, 20, 21] where the prepotentials have no dependence

of the dynamical mass scale. These theories are classified by scaling behaviors around the




conformal point [21]. It seems interesting to investigate the theories around this points by
deriving the explicit form of fields. which seems to provide us of a more concrete behavior
of the critical theories.

In above cases, we expect that the explicit evaluation of the integral representation of
the solutions is more powerful than finding the solutions of the differential equations. As
a matter of fact, the analytic properties of the functions are studied mostly by using the
integral representations of the functions rather than the differential equations themselves
even in the theory of special functions. In previous works [22, 23] we have evaluated the
integral representation about the period, Higgs field and its dual on such situations. The
results for SU(2) Yang-Mills theory with matter fields [22] can be analytically continued
around the conformal point when the bare masses take the critical values. Another previous
work [23] devoted to investigate how to evaluate effectively the integral representation in the
weak coupling region. In this article, we combine these approach to investigate the expression
around the conformal point. We treat moduli parameters and bare masses as deviations from
the conformal point. After evaluating the integral representation explicitely in the region
where only one parameter is very large but other parameters are near the confomal point,
we perform the analytic continuation of one large parameter to be near the conformal point.
By use of the analytic continuation we can get the expression around the conformal point.
Usually, analytic continuation to the region where the logarithmic singularity exits must be
treated with care because the result may depend on the choice of variables. In other words,
some choice of variable are valid only within some branch. However, when we consider the
analytic continuation to the critical point where there is no such singularity. the confirmation
of such analytic continuation turns out to be easy, as we will see in each cases. As the matter
of fact, this approach can be considered as a generalization of the one given to obtain the
periods for Calabi-Yau systems [24]. Of course, there are a variety of the class of conformal
point [21] so that we cannot exhaust all known cases. In this paper, we will deal with SU(2)
Yang-Mills theory with massive hypermultiplets, and SU(N) and also SO(2N) Yang-Mills

theory without matters. We also provide expressions of Higgs field and its dual around the

conformal point for the pure SU(N) and also SO(2/N) Yang-Mills theories.




This article is organized as follows. In section 2, we will review our previous result
in terms of the SU(2) theory with massive hypermultiplete. and by analytic continuation a
infra-red fixed point of the theory is realized when the mass parameter take critical values. In
section 3, we will review our previous investigation about effective evaluation of the integral
representation in the theory with more higher rank gauge group to represent the Higgs field
and its dual by classical root variables. This method will be generalized in the following
section to evaluate explicitely the integral representation to get the expression with respect
to the moduli parameters and mass parameters. In section 4, we will obtain the expression
of the fields around conformal points in SU(2) theory with matter fields case, and verify
that the result recovers our previous result which was obtained by transformations of the
hypergeometric functions[22] when the deviation of mass parameters from the conformal
point are set to be zero. We will also discuss the relation to 2-D N = 2 SCFT through the
simple correspondence to the deformation of curve on WCP2. This relation was pointed
out recently in the different context in the ref. [25]. In section 5, we will derive the form of
Higgs field and its dual in the pure SU(N) theory around the conformal point, and discuss
the relation to the beta function of theory. In section 6, we will study the pure SO(2N)
theory around the conformal point and discuss the validity of the expression which contains
the unexpected terms. In section 7, we will compare the results obtained by different type of
parameterization in pure SU(3) theory and discuss the relation between them. And we will
obtain the expression of the field around the conformal point in SU(3) theory with massless

and massive matter fields. The last section will be devoted to some discussion.

2 Evaluation of period integrals in the SU(2) theory

with massive hypermultipletes

We begin with reviewing some properties of the low-energy effective action of the N = 2

supersymmetric SU(2) QCD. In N = 1 superfields formulation[l], the theory contains chiral




multiplets ®* and chiral field strength W* (¢ = 1,2.3) both in the adjoint representation of
SU/(2). and chiral superfield Q! in 2 and C:)f (2 =1,---.Ny) in 2 representation of SU(2).
In N = 2 formulation Q' and C;)" are called hypermultiplets. Along the flat direction, the

scalar field ¢ of ® get vacuum expectation values which break SU(2) to U(1), so that the

low-energy effective theory contains U(1) vector multiplets (A, W, ). where A are N = 1
chiral superfields and W, are N = 1 vector superfields. The quantum low-energy effective

theory is characterized by effective Lagrangian £ with the holomorphic function F(A) called

prepotential,

1 e P | o
> =—In / 20d*0—— / —/ %6 VW | . A
: - Im < d“0a 8A4+'2 d}GAQUOU (2.1)

The scalar component of A is denoted by a, and Ap = %5‘ which 1s dual to A by ap. The
pair (ap,a) is a section of SL(2,Z) and is obtained as the period integrals of the elliptic
curve parameterized by u, A and m; (0 < ¢ < Ny), where u =<tr¢* > is a gauge invariant
moduli parameter, A is a dynamical scale and m; are bare masses of hypermultiplets. Once

we know a and ap as a holomorphic function of u, we can calculate the prepotential F(a)

by using the relation

D ay;(la,). (2.2)

General elliptic curves of SU(2) Yang-Mills theories with massive N; < 3 hypermultiplets

are[4]
y* = C*(z) — G(x) (2.3)
Cle) =2 —u, Grlz) = AZ, (Ny=0)
C(z) = 2° — u, G(z) = A°(z + my), (N =1}
C(z) =2* —u+ —j— G(z) = A*(z + my)(z + ma), ( Ny =24
Cle) =2°—u+ %(:1’ + muimedma) - G(z) = Az + mi)(z + m2)(z + m3), (Ny=3)

These curves are formally denoted by

y? = C%z) — Gz) = (2 — e1)(z — &)z — e3)(x — e4), (2:4)




where e; = e4, €9 = e3 in the classical limit.
[n order to calculate the prepotential, we consider @ and ap as the integrals of the

meromorphic differential A over two independent cycles of these curves.

@ = 7{ Ky By = 7{)\. (2.5)
Ja J 3
"

A =——dln ELI)——E
2T Clz)+vy

where a cycle encloses e, and e3, 8 cycle encloses e; and es. A is related to the holomorphic

one-form as

O\ 1 dx .
—(,E—%7+d(*) (2.7)

Since there are poles coming from mass parameters in the integrant of a and ap, we instead

evaluate the period integrals of holomorphic one-form:

da “dx Oa dx
i = e I il (2.8)
Ju a Y du 8 Y

After changing the variable and using the integral representation of hypergeometric function;

['(a)L(b) !
SEE G —(Ici—)(cg /0 das® N1 —8)* M1 — gz} ® (2.9)
where
ccalle o1 0D IS A ['(a+n) % o,
Pt )= _— )y = ————, 2.10
Ra=L Ay PR Gt
we obtain 1,2“: and i—‘fl% as follows:
da /2 fesdx 2 1/2 _1)2 i A ,
_— — — i € o 24 N g — € Rl et L 2.
Ou i =2x Js; Y 2 (e2 = e1) (ed = es) £ (2'2/ s >’ 24
8(1.9 \/§ €3 d'y 2 ~1/? 0
e e b e f e = S )
O 2wl oy 2 ) F<2.2 i ~>' )
where
A (€1 — eq)(e3 — e3) (2.13)




and the normalization is fixed so as to be compatible with the asymptotic behavior of a and

ap in the weak coupling region

2u
e e
2
4 — Ny
(1.1):1—.)—(1‘111(1+---. (2.14)
27
In this expression ap is obtained as a hypergeometric function around z = 1, so we have to

do the analytic continuation which gives the logarithmic asymptotic in the weak coupling
region.

Since elliptic curves are not factorized in general, it is difficult to obtain their roots in
a simple form. Even if we know the form of roots, the variable z in (2.11) and (2.12) is
very complicated in terms of u in these representations. So we will transform the variable
to the symmetric form with respect to roots, by using the identity of the hypergeometric
functions, so that the new variable is given easily from the curve directly without knowing
the form of roots. After the analytic continuation to the weak coupling region to (2.12),
applying so-called quadratic and cubic transformation of the hypergeometric functions to
the expression (2.11) and (2.12) subsequently, we obtain the expression valid in the weak

coupling region as

i, o (2.15)
-

du
e 2 3 by & 27A
S, (= D)4 [)—7_ In12 F (_—) b )

Ou 2
1 1. 9 2L
el <f—.—)_,;1;— ' )J (2.16)

27 12 1.2 1 1)3
where
27TA 272%(1 — 2)? 1
"— = N e;—e;):, D= —(e; — e;)>. 2.17
4D? ~ 4(2 -z + 1)¥ 111( =€) ;2( i) ( )

This variable is completely symmetric with respect to roots e;, so it is easy to write down

2" by using the coefficient of the curve. Though z is not invariant under the modular

transformation of 7, the argument z” is invariant completely. As a matter of fact. this

variable can be written by the absolute invariant form j(7) as z” = 1/j(7r). Therefore it




is quite natural to represent the period in terms of 2. If we consider the case when the
curve is factorized to be a simple form such as Ny = 0 theory and Ny = 2 theory with equal
mass parameters, 1t is not necessary to transform the variable to be a modular invariant
form. In this case, we can transform the variable to be simple enough by using the quadratic
transformation only.

Next we consider the periods in the strong coupling region. The quadratic and cubic

transformation are valid if |z”| < 1. The region of z-plane which satisfies this condition

N

consists of three parts; one is around z = 0 , one is around z = 1 and the last is around
z = 00. The region around z = 0 corresponds to the weak coupling region, and the region
around z = 1 corresponds to the strong coupling region where the monopoles condensate
and z = oo is the dyonic point. So we can construct the formula valid in the strong coupling
region by analytic continuation to around z = 1 or z = co and by using the quadratic and
cubic transformation subsequently.

As a example, we consider the theory with a matter hypermultiplet whose curve is given

by
gt (e = WP ), (2.18)
from which A and D is obtained as

A = —A%(256u® — 256u*m? — 288umA® + 256m>A> + 27A°), (2.19)

Dl 8RR L RN (2.20)

Substituting these to (2.15) and (2.16), we can obtain a, ap. by expanding (2.15) and (2.16)
at u = oo and integrating with respect to u. Representing u in terms of a inversely, and
substituting u to ap, and finally integrating ap with respect to a, we can get the prepotencial

in the weak coupling region as

&' a3 2 3 2
f(&):zfg— —1In _(1_? + — e
T |4 % 4

i 2 00
a m S o ¢
=it <K> ﬁ—'_ :Qﬁ([ ’ (221)
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where we introduce a subtracted mass residues from a. These F; agree with the perturbative

result up to the orders cited in [15]. In principle we can calculate F; to arbitrary order in
our formalism. Quite similarly, we can obtain the prepotential in the strong coupling region.

The number of the singularity of the theory is the number of the root of the equation
A = 0 plus one, which is the singularity at u = co. Since A is third order polynomial in
terms of v in Ny = 1 theory, A = 0 must have one double root when the mass takes critical
value. This condition is satisfied if m = 3/4A where the parameters of the periods are given

by

A = —A°(16u + 15A%)(4u — 3A%)%, D = —(4u + 3A)(4u — 3A), (2.2
27  A%(16u + 15A2%) (
4 (4u+ 3A2)3(4u — 3A2)’

Such factorization of A means that theory has a conformal point u = 3A?/4 where the curve

IR % A 3 24 3/\
Yy = (1.+§> (1—7>

DO
Do
Do
S—’

_n

Do
DO
S

become [20, 21]

If we set

gl =2 _ : (2.25)
16u 4+ 15A2
then 2" = —64w’/(w—9)*(w —1). In order to obtain @ and ap we need the quartic transfor-

mation which makes the variable simple enough. We can prove the following transformation

of fourth order:

T -5 G4w® w\ 1/4 s 70k -
AT al :(Li% (yﬂmm%(ﬁfJuv.(r*
125 12 (w—9)3(w—1) 9 3°3

Using this identity and the identity

Do

=

S
Sas

Flaybiejz) =1 = 2) " H(dre = i z/(z = 1), (2.27)
we get g% 355
% T ? <_27‘/\2>%’/1/2F (%% l‘y> (2.28)
a(;f Sl \f (_271\2>% y\/? li(li In ;7: 'zf7r)F (é% 1.y>




where

Yy = 2777 (2.30)
2 F —16u + 12A2° b

Performing the analytic continuation to the region y ~ ~o, i.e., around the conformal point,
and integration with respect to u, we get the expression for the Higgs field a and its dual ap

around the coformal point as

B zf Sty D00 159 11 1
A= 3Ay —Z—W(_U) L R e T,
6F(—§) e 2r o 1500
= ' y) PRy (S S i, 2.31
+7r(§)r<-§)< s e
3/2 e :
ap= B2 sy 8 TG (s p (115211
2 8 5T(H(2) 3736’37 6y
6 I'(—3%) G v g B g =
i - 3 L6 LT (e P Sl .32
71“(%)1“(%)( ) *\3’3’6'3’6 'y Sl

where 3 F, is the generalized hypergeometric function defined as

o0

1
slFs(a,b,e;1,dsy) = Z ) () )ly”. (2.33)

n=0 )

[n this expression, we see that ¢ and ap contain no logarithmic term, and around the
conformal point u ~ % they behave as a ~ ap. This implies that on the conformal point,
prepotential does not depend on the dynamical mass scale and the beta function of the
theory vanishes on this point. Thus we see that the conformal point is a infra-red fixed point
of the theory.

Similar treatment can be done in the SU(2) theory with N; = 2,3 matter fields, and the
results with critical mass value given by the analytic continuation from the weak coupling
region to the region around the conforml point, show that the conformal point of Ny = 2,3

theory is a infra-red fixed point of the theory.

For later use for the comparison to the deformation theory, we list here the expression

for 22 and 222 with critical mass value in the weak coupling region of N; = 2.3 theory as:
du du I () e} f J
I ¢ s % gl AT 2 8A?
Ny =2theory (my=my =5,y = = )
da 2 |
— = f(—\ ok e O <—.,—.,1.,y> (2.34)
du 2 4’ 4




dap 2 2N—1/2. 1/2 (6In4 —im)
e 5 e e S Ry
ou 4

3
il Sopn
o (4 i

| 3
= (T'I‘ 1.,,,>J . (2.36)
N, =3 theory{m; =ms === Y

“

N2 )
—256u+8A2

da V2 _271\2 _ 11/2]7 1 5 :
O Bk BBE % erAsieimy

6 6
dap 2 WA
ou a7 :

N | =

N =

256

AT S s Y A
Bee oL el ot L <_, ).1.,,) (2.38)
flor s 6

j
_’,_17* ('7. =y 1y>] )
2T 6 6

Effective evaluation of the Higgs field in SU(N,),

| O

SO(2N), Sp(N) pure Yang-Mills theories

In this section, we consider N = 2 supersymmetric Yang-Mills theory with higher rank
gauge group. We will first consider SU(/V,) theories without matter hypermultiplets[12] in

detail. The theory has an N. — 1 complex dimensional moduli space of vacua which are

parameterized by the expectation value of the Higgs fields as

Ne
< P >= Z gl = diaglay, ..., an ],
g=

(3.1)
where H; are the generators of the Cartan sub-algebra of U(N.) and

N¢
Z & = b
=1

(3.2)
The fields a%, dual to a; can be defined as

by =

OF (a)

: 3.3
da; gt

where F(a) is the prepotential. The curve describing the space of vacua can be identified as

(3.4)




where e; i1s the value of the classical moduli space with a constraint:

N,
St (3.5)
Tl
[t should be noted that the classical root of y, e; splits into ¢! and ¢; in (3.4).
The meromorphic one form A can be defined as

v b R P S

A= ——[C(z)]. (3.6)
2T Y

The dual pair of fields @ and ap can be written as periods of a meromorphic one form \ on

the curve as

a :% il 8 :7{ \, (3.7)

where o', 3; form a basis of homology cycles on the curve. Therefore, we can compute the
prepotential F(a) once we can evaluate a; and a%, as functions of ¢ and A.
We are going to evaluate a' in the weak coupling region. To begin with, we expand the

. . . . T . .
meromorphic differential with respect to A*e by using an expansion

o 1 A2]\/'C'n
Z ( i S (3.8)
P l = 61)2n+1 (;[ ol 61\7C)2n+1
where (a), is defined as
['(a+n)
il R e e 3.9
9 =~ (3.9)

After the use of a partial integration, we have

N 0O oN
ZI - l ([;1 H by : g ( ) \ en .

- s :3110
P ot 27&72’),7(1 — ey )Zn, oy ( )

)7"1 x ——6A 7 ..(T_GNC)‘Zn

Originally, the a; circle was chosen enclosing the roots of y e, e. In our expression both

of them shrink to the classical value e;. Therefore, we can take the contour enclosing e; as

a' cycle to obtain

RN et e

> 1 ['(2n 4+ my) ( st
;i 61.
L'(2n)0(my +1) !

Mol o NI =00 - ok
mi+--mpy,=2n—1 k#1

B 10 21 = ;
" — e 3.11
n!(2n)! (()(" AII\—L e ( )
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[n the case of the dual fields a},y, we have to use analytic continuation because of the loga-
rithmic singularity. For such purpose, we write the meromorphic one form A by Barnes-type
representation as

Jo pice ids T{=8)T{s + 142} Y e ;
/\ ™ —1 a5 ( 5) (c, + / ) H(I e ("k>—23<_‘\.ﬂ'\c)s. (;12)

i 4 “ico 2L r(l/Z)Zb oy
where the path of integration is taken around the poles at s = 0,1, 2, .... This expression can

be obtained by considering Barnes-type representation for (3.8) and use a partial integration.
Note also that we can obtain the strong coupling expansion of A by taking the poles at
s=-—1/2,-3/2,...

The B;; = B; — B; cycle consists of the circle enclosing the root ejr and e, which can
be written as two times the line integral of A from e} to . When we use the expression
(3.12), these roots shrink to the classical value. If we replace the contour integral to the line
integral from e; to e;, we have to subtract the contribution from the circle around e and
e;, which can be evaluated as the half of the a' and a?. We therefore obtain an expression

of ap as follows;

ap=ap—ap=2] A-— 3((1.,~ — a;). (3.13)
€] &
The a', can be obtained from the procedure
. o ilder oo,
ay = a ap. (3.14)
N. ‘3

Although the method of the expansion for @ in (3.11) is quite different from those of ap
(3.13), these will provide a consistent result. As a matter of fact, we can write a by using

Barnes-type integral representation as

a;; = a; — a;
¢ dr [ ds sin27s'(—s)['(s+1/2) N, e kol s e
:/e] ﬁ?ﬁ/—m omi L(1/2)2s AH:1<"‘ —ep) (=A%), (3.15)

which we can derive by considering the integral enclosing ¢; and e; and by replacing it by

line integral. The equivalence of (3.11) and (3.15) can also be shown by evaluating the poles

of s in (3.15) explicitly.




. - 17 . N . . .
In the expression for ap. the singularities appear as double poles for the integral with
respect to s. which consists of the contribution both from a; and a;. Since a; and a; have
different singularities, it seems not easy to extract these double poles in a concise manner.

We therefore consider the path from zero to e; and define

; 1 "€y 1
iy = — /\—T(li. (3]())

dr =
D :
71 Jo 2

where we have again subtracted the contribution caused by the degeneracy of the roots in

the expression of A in (3.12). In the weak coupling region, a7}, can be written as
ij __ ~i <3 Q17
ap = ap — ap. (3.17)
From the relation (14), we have

- (3.18)

a

i : 1
B = dp ==
N,

Let us evaluate a},. By parameterizing @ = ¢;(1 —t), we have

51;—) _ | 11 | i0o (]q' F( S‘) (8 -+ 1/2 Z / z‘_25+1+2"”‘d1‘
mil'(1/2) J=ico 271 25 A0
F(ZS + '777,k) 25+ 25+1+ka 2N, 1
X E:=Eg g m"el A*e)® — =gz,
kgi ['(2s)[(my, + 1)( 2 i ) 2
- 1 /ioo ds T'(—s)['(s 4+ 1/2) 5 1
 ml(1/2) Joico 27 28 e i —28 + X my +1
F(Q"S <ir 771/\1) 2 23+1+Z mE 2N |
5 (e; — ep) 2 TMke, (—A)® — —aq;. (3.19)
AI]\—‘LI ['(28)(my + 1) 2

Let us evaluate the poles separately. At first, we are going to evaluate the pole at s = 0.
The double pole arises in the case of m; = 0 for all k, and single poles appear when my # 0
for one of k. We next evaluate the contribution from s = 1. The double poles appear in
the case Y"my = 1 in (3.19). Other terms have single poles so that we can evaluate them
without any analytic continuation by going back to the original expression for A for s = 1.

The prepotential at this order can be obtained as

Flal = = (a; — a;)?In (a; — a;)?/A* + 2]\ Z(ai —a;)* + Fi(a), (3.20)

<y €<y

13




where 7y 1s the bare coupling;

To = —(21n2 — 3N.), (3.21)

2w
and the one-instanton contribution Fi(a) is given by
G Ll 1

e 5.2
1(a) 8w A};] [lizr(ar — a;)? | |

Therefore, our method for analytic continuation is consistent with the integrability of the
prepotential at least up to the leading order of the instanton corrections. It should be noted
that the expression (3.22) agrees completely with the known results for G = SU(2) and
SU(3)[12]'. Moreover, it coincides with the result obtained by the direct instanton method
for SU(N.)[18].

Let us consider the theories with other gauge groups. It is straightforward to apply
the method to other groups. We are now going to list the curve and the one instanton
contribution of other classical groups.

For SO(2N + 1), the curve is identified as[5]

N
gy = I—I(l‘2 ST A LSt T (3.239
k=1

From this curve, we can calculate the one instanton contribution as

Ny N |
TR A}; (el = ap (3.24)
For SO(2N), the curve is given by[6]
N
y? = [](2? — €;)* — A*V-1g? (3.25)
k=1

from which the one instanton contribution is obtained as

) N — N
,1“,\4(‘\ 1) af

— v ¢ ‘)
=", ; [Tize(ak —af)* ki)

In the case of SO(4), you can find the decomposition to SU(2) x SU(2).

L7 . . > . &
I'he bare coupling agrees when we correct a misprint in ref.[12].

14




The Weierstrass form of the curve for the groups SP(2N) is given by

e Py o AXNH) p(g). (3.27)
where
N
il = 1'2H<:.172—(i) (3.28)
k=1

The equivalent Riemann surface is[9]

A2(N+1)
f=(=+ %)2 ~4P(z) =10, (3.29)

whose equivalence can be checked by evaluating the periods. The meromorphic one form of

the curve 1s obtained as

dz i ds T{—s)L(s+1/2) ... 2. e * s ,
A = — ; r 2% ;,l,‘,Z o (’32" -5 _[\2(;\—{-1) S. 330
2w J—ico 271 ['(1/2)s }_[:1( 2 )’ L,
where the integration over s takes the poles at s = 0,1,...00. It can be shown that the

classical part of the prepotential agrees with the general form and we find that the one

instanton contribution is given by
Z'A2(N+1) A N
]'_l<a):_ (,\r ) g (331)
dr Tliz; i
Note that all these results agree completely with the one obtained by the direct instanton

method[18].

We have shown how to calculate the effective action of N = 2 supersymmetric Yang-Mills
theories without matter hypermultiplets. At this moment, it is not clear whether our method
of analytic continuation is consistent with the integrability of the prepotential at all orders.
Although we could obtain rather compact expression for «, we have not been able to obtain
the general form of the dual fields ap. Actually the calculation of the next leading order

seems very complicated and requires more simplification of our method.

4 SU(2) Yang-Mills theories with matter fields around

the conformal point




Until last section, we have mainly studied the behavior of the theory in the weak coupling
region. However 1t seems more interesting to investigate the structure of the theory in the
strong coupling region where one finds the truly non-perturbative results. From here to
the end of this article, we will analyze the behavior of the theory in the strong coupling
region, especially around the conformal point. To this end, we use the method discussed in
the last two section, such as analytic continuation and effective evaluation of the integral
representation in the weak coupling region.

[n this section we treat the SU(2) theory with N; matter fields (N; < 3), to verify
that our approach recover the previous results which was obtained by transformations of the
hypergeometric functions as in §2[22].

First of all we consider Ny = 1 case, whose third order curve of Ny = 1 theory is given
from (2.3) by Mobius transformation:

= 2@ — ) + 2mA% — (1)
1 = \T — U =TFL e e e 2 2k
. 4 64 —

In order to calculate the periods:

da % dr  Odap dx (4.2)
du «y  Ou sy’ .
around the conformal point u = '—2—/\2, m = %A where the curve becomes degenerate as

2 < > . s . e %
e %—)3, we introduce the deviations from this conformal point as &t = u — %AQ, =

m— %A. The strategy is that after calculating the period in the weak coupling region % ~ oo,
we analytically continue around the conformal point @ ~ 0. It should be noted that similar
consideration has been used to evaluate periods for Calabi-Yau manifolds [24]. Rescaling
the variable as 2 = i;\Q: the curve becomes

4 /\2 ‘/\2 Bl i 1\2 ; ;
i = (=P ~1)~ (T)Quz“ - (T)zAmz, (4.3)

U

and thus we consider 3

and % as perturbations from the conformal point. Expanding the

period with respect to 1/u we have the expression for the period as follows:

de 1 /1'00 ds i ['(3+s)I(s+1)I(—s)

7 h I'(3)T(s —m + 1)m!

. A%\° /™
xqu1—g%wﬂf““F115 <%>, (4.4)

100 27” m=0

16




where we have introduced Barnes-type integral representation. From this expression we can
da

find that 5* is obtained by picking up poles z = 0 along o cycle in the weak coupling region.

: : 2y o y ) / : :
[n this way, we find 52 in the weak coupling region is of the form

Ou  w/?2r 4= T(n+2+1 G + L)n! m' L6t 8

da- | V3 i [(n+m+: )l (n+3)T'(n+2 ) DEN#R (:\77l>m
s)L(n B
3

3 e PEET A‘f‘ m |
e 1\/£ 2 I(MJ >m( L (, ( f~n> (4.5)
U "am "o ( 5 )1(7+ L)m! \ 8«
I I m+1 m 27 A?
X 31" §.§,§+m 5 —2— —T(){_/

where 3F3 1s the generalized hypergeometric function, which is defined as [26]

, oA 7 B SRR 0 O ['(a 4+ n)
o i llyy oy by o gby_ i) = St ) e 4.6
pEp-1lar, TR p-13 2) ?L:‘O (b1)n - (by_1)n n! (@) ['(a) 2y

D) we have Higgs field a up to mass residue in the weak

5

Integrating with respect to u of (2

coupling region in the following form

oL \/3121/2 i I‘(‘I'n—f— %)F(%)F(%) <Aﬁ?,>m
4 I(ZEDT(Z + 1)m!

m=0 2 2

1
X gf% (;

===

- e ; 1 9m 2TA?
= m{— ,’72-}—1:— tM :
3 g 2 " 16u

The analytic continuation from this expression to around the conformal point can be per-

¢ 7‘,\2 —]/3 (oo}
16w ) Z: {F(

formed to obtain

=
=
g
-t
e
[\
GEEE—
Do

m=0 6 6 T
S (M 5 me . 1 2 11 16u
Lole e §yTTry 727;\?)
2T\ T PNl m~I) (AmyT 15
B ( 16w ) [(—£)D(E)T (m — 3)m! ( 4u > S
X 3k, (—Z——ﬁ—kz —ﬁ—i»gf —m+£.— o )}
' 3 B iy g 6 27A2

If we set /i = 0 we can recover the previous result in §2[22] where a is represented by the
generalized hypergeometric function 5 F5 in terms of .
Next we consider ap. In this case we integrate (2.4) from z = 0 to z = 1 and evaluate

double poles which give the logarithmic terms as in §3[23]. Quite similarly ap in the weak
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coupling region can be written as

dap —1 Z ['(n4+m+ -;—)l (3n 4+ 1) AZ\" <.\,}7>"”
TR T F7 D lﬁ(%)l (n4+1)20(2n +m + 1) \ 4u 47

\2
¥ ll,*(n +m + -;) +3Y@Bn+1)—-2¢¥(n+1)—-2¢2n+m+1)+1n <—>} (4.9)

4u
| . : dTl' (2 / ~ : . ; : 5
where 1(z) 1s defined by - 4(~) = ¥ (z)l'(2). Analytic continuation to the region u ~ 0 and
integration with respect to u give the expression up to mass residue around the conformal

point as follows

—Jrur (21A%2\"° i L'(3)T(3)T(m— -g—) (Am)m
ap = .
PT i \16a = A\ TE)(=2)T(m + Lyl \ 44

m=0
ap (L _m s m 121 160
“(3 B gk R e T 71\2>
. (-374\2)“/3 P~ 1T ~ ) (Am)m e
16 (—DT(2)T(m — 2)m! \ 44 i
X 3% (E_T_+ z__rz -+ %ﬁ —m l:}:— ol )}
: | AN SR o N TR G S 6 2TA?
As the parameter approaching the point 73; — 0, A% — 0, we find ¢ = ap, which implies that

the theory is completely free theory. Therefore the conformal point is certainly the fixed
point where the beta function of the theory vanishes. Since a, ap ~ % near the conformal
point and a, ap are proportional to mass scale of the theory, the conformal dimension of %
i % which has been observed in [20]. This implies that the conformal point is a non-trivial
fixed point where @ has a fractional scaling behavior.

In the Ny = 2 theory, we use the curve of forth order:

£)

&

y’ = (2* —u+ —=)* — A*(z + my)(z + my) (4.11)
AQ ‘ .
= (;r2—u+—q—)2—Az(x2+1\f1$+N), (412

where we introduce symmetrized mass parameters M = my; + my and N = mym,. We shift
. ; i 2 U :
the parameters from the conformal point as © = u — g%_ M=M-A, N=N- ——\, and

rescale z + % — 2%z, we find that the curve can be written as

y* = u*(2* —1)% — 2A [1%(33 z) — A*Mi

wl»——

= NN, (4.13)
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where N' = N — MA/2. As is the case of N; = 1, we evaluate the period in the weak
coupling region by expanding with respect to 1/& and mass parameters, and by picking up

poles at z = 1 along the a cycle to find

da [I_% - F(.Z()l.m F %)r(‘Lgl.m ot l)) ;\4 ;\\12 1 ;\2;\“.', i
8 Z I( : o 2 (111)

du  2r T T+ 1)(m+ DI (dap, + 1) 413 2
s 1 3 . N | | i
7 / — 1 sl W e Rk ') ‘ = ') e e
><4[3 Qlm < i 4~()1.m 3 11+ 2~,*))l.'/71 = 2 2~~Ol.m =+ 2-**0[.777 + l: 7 >

CEOAN LMY 2 | Dora o BT (frn+ 2) AUIZ\ A2\
+2w<~i> ‘3>ZF E 2

e u Wit =0 (l i 1)11(777' i 1)F(4al,m s s ‘1) 4u3 U
D 7 3 5 3 5 A2
. F: Ll m 5 U m —,l -—7'3 o —:—. 2« m ’_’2 (T iy 2:—-._~_ s
X4l'3 | oy, +4a1, +4, +2%1, +2,2, Qy, +2 Ol + 2; u)’

where oy, = 4+ 5, Br;m = 2m + 3l. In the Ny = 2 theory, 5% has a additional part which is

proportional to M and vanishes when M = 0.

: ; 9 ; ; ; :
Next we consider 2. Performing the line integral from z = 0 to z = 1 and evaluating

o
double poles, we have a;f in the weak coupling region as
dap i s o + DI{(Bm + 1) AR\ (AN [ A?\"
du  Ax% ~ DI+ 1)I(m+ 1) (daym + 1) 443 2 u
1m - n m - n [ - n m 4 n 5
X (X +14) ?al’ L 41) (‘_+ 2) (Bl 5 In —;) (4.15)
(5 )alZopy + ol 1 U

1 3 2 1
+'l.‘/)n(a'l,m 85 1) G i l,i/’n(al.m i I) + wn(,‘ljl.m -+ 3)

= 1 , .. e 1 ‘
+?f'h72(l + 3) T U’n(l) 85 7,4971(,_) = 'gy'rz(261'1.7‘r1 3 —) i U"n(zal.m 2 l)jl

% 2 2 '
2! i3 (z;\> A2M > L(2apm + 20 (B + 2) A2\ [ AZN\T
472 \ U o — T+ 1)I'(m + 1)T'(4oym + 4) 443 u?
5 (_:{}i)n (al.m + %)n(al,m = :‘;‘)n(l S %)n(ﬂl,m + %)n lln (_éi)
u (%)n(zal,m o %)n(Qal,m i 2)71 U
5 , 7 - wit H
—*—'Q‘C‘n(al.m 4z _1') - 1;1’7,1(6\'1_771 + I) #+: 'lyi"n (,‘Bl;m + ';)

| o

) T Cf‘ﬂ(l) " e lbﬂ-(;

) e 'z%;‘n(zal.m + 2) i d’n(zal.m -+

DO
Do | O

where ¥, (a) = ¥(n + a).

).

Analytic continuation of % and =L to the region @ ~ 0 gives four kinds of 4F3, and «a

e
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and ap are also represented by 4F35 after integration with respect to @. By defining ® as
0 : ‘ 1 1 :
(I)((§( /)-O—-/") et 4[3 — Q) m +(S‘_”Ol.'m +((7 o 3-01.711 T g THE ; (11())

m 7
s X — il m + P + g, fty — \2 -

and using this function, we find that « around the conformal point can be written in the

form:
VT 5 L\Zz\P)l (&\” i 1
a = = o 3
2 o\ @ ) \2a3) TETm+)rE+1)0v2
Gl ’__2 ~% F(—'r';‘ 3k '}{)F(,ﬁl m Al m 5 4) (l _1— z E i)
M\ [(em + 202 — i m) 44’449

Ij(al.m s %)F % = al.m)F(?Jal.m + %) ______

£>_i— (A:z‘/\j)F(QO[m‘JF )F(—___) (/31771 le+%)®<l 9.9 9 3)}

. (_) <4zﬂy> F(Qoz.rn‘*‘%)r('}é“%)r(ﬁl.m—Oc'l.m+§)q)< 1333 1>

F(,Ql.’m —I" %)F( alm — —)F( O m _+_ _3_)

2

4’4’4’4’ 2
where ¢; = ¢; = ¢3 = ¢4 = 1. We find that the expression for ap is given by changing ¢; as

o =c3 = (=)™, ¢ = ¢4 = —(—=1)". If weset M = N’ = 0 we can recover the previous

result in §2[22]. As in the Ny = 1 theory, we see that the conformal point is the fixed point

of this theory from the relation a ~ ap on this point. Reading the leading power of the

expression (4.17), we see that the conformal dimension of @ is £ [20].

In the Ny = 3 theory, the curve is given by
9 5 ;‘\ T m:- THz ‘\
g = (o ¥ 7° 1Y it m; L) )2 — Az + my) (2 + ma)(z + m3)

12+ =) =A@ + L + Mz + N), (4.18)

= (e = gt

where L = my + mqg + ma, M = mims + moms + msmy, N = mymsyms. We shift the

" k 2 ~ ~ S a2 . 3
parameter from the conformal point as v’ = u——% L=L- A, M= ;’\[—%—, N = —;A—l—)

the curve becomes

. A TA AL A o n Ai
V= (@t 2P =) - 2w - (e f |

)Tl 19)




AL : :
Setting & = u’ — %% and rescaling « + A — 312z we find that the curve can be written as
2 Y 2 S, T A~ 2 ~1 TE
gt =0 (2* =) =2 A% = LG5 — U3 As B, (4.20)

Ar _ AL A2J2 4 ; ; . :
where A = AM — = B = 011 B A? ” — AN. Evaluation of the int egral for the period and
analytic continuation from u ~ oo to u ~ 0 are same as N; = 2 case. In this way, we can
obtain the period in the weak coupling region in the form:

da _u io: I' (30, + %)F(w,,p‘q ax %) Al . A2 (B)
du .)\/—1 (% ' (2x10. + 1)IIm!(2p)! i o 73

LSV

L] B

1 1 3] 1 P
X 4F3 (U[.'p G () s My - E M.p e g-wl,p,q o E (121)
1 1 , 2TA
;5',X1.]).(1 F 5‘,\1.7),(1 sk 1_256& .
= Tt (AA) Z L'(3m, + ’—)F(wlpq & 5) /\f, Z A2\? <B>q
2w N AR ) = TG 2, F S ml(2p + 1) w2 )\
, 5 g 9 5 .
X »1p3 (’]lp+ 6 '}lp+ 6’ ,]lp+_6'7‘l")l,p,q+§ (422)
oo 3 5. 2TA?
3 5- Xl.p.q e :2' Xl.p.q s ; —256& 5
dap U S 3 ORI L g s <AE>[ (A‘Z)*’ (B)q
Ou  Ar% = T(2x1p,4 + 1)IIm!(2p)! U u u?
v i (nl,p + é)n(nl.p -+ %)n("}[.p -+ %)n(wl,p.q + %)n <—271\2>n
n=0 (%)‘n(\l.p.q + %)n(\[.’p.q _*_ 1)72”’! 236&
W Rl O R RIS ST e (4.23)
155 S Yn\Mp = Wn\ M p =2 Pn\M.p e et
2561 et g i g AT it g
i Ty Lo
+@»"71(W'1,P7’1+._))—lf“"”(c)) Ln(\lpq‘*_ .,l \1[>f1+1) (1):|
7 (7) X T T o
% Z (’7 Z’—I_{g) (,]l["*'é)'/l(‘r]['p"l" Z)n L-‘JIpq"+_ ( 27 >
n=0 ('—Q_)ﬂ(v\l-’p.q F )n(\lp q + n‘ 256u
27A?\ 5 7 9
X [ln <— 256&) + ‘l“‘i"'l(‘,]l-[) + 6> + dﬂ(’]l yol + ()) + L n(’][_p + '6)
+1’i/‘n_(u)l,p,q ~+ E) e -‘(L‘n(é‘) - Lf‘""n.(,\”l,;"q -+ '5) = L'n(\ﬁ/ﬂ-q -+ 2) - 'zp,n_(l) 2
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where
L p A Tk [ q
Mp = 3 “+ 3 =t Ip+ 20 Ve = 5 Erd - (4.24)

By analytic continuation and by integration with respect to @, we obtain a around the

conformal point in the form:

- [ 2 I
IXi,p,qt1 ‘ A2\ P q IERTN\ ~M,p
= —21.[% E & \~L 14 (—€> <—Hj() [> i
[1(2p)lg!3mr \ u? 7z 2TA2

l,p,g

¢ ('lr(%>F(%)F(""l,p.q — Nip 3 ?]3')11("71,7_7 . é) (_2567>é N\ (J. 1 1 . r))
Mp) 27A?
2
3

i '" — Mp (% Xlpgq — "71.,7))F((§; T Xipg —

(zl’(——) (3T (Wi, = Mo)Clmp + 3) _256&)5\11 1124,
i) L \Zaya
5

)T
&
L(=11p)T (Xt g = Mp)L (5 + Xipg — Mip)
D (=20 (=T (wipg — Mip — 2)0(myp + 2) <_256a>% ’ <§_ 545 Z)}
(—mp — %)F(Xz,p,q —Mp— )L (Xipg —Mp+3) \ gl

271'\/_\/4 Z ')\I~P‘q+2 AL ! A2 P <B>Q< 256,&>——771'p
o 02p)lg3ma2 \ o ) \@ ) \@ 27TA2

lp.q
AT @iy — iy + DTy + 9)
F(% s ’/l,p)r(é _+_ \1/)(1 TIIP)F('& + ,\l,p.q T 77!,7))
CSF(—%)F(}})F(U’IPQ Mp + %)F(m,p .3 %) (_256&)% N <£ £ E % %)
I'(z —mp)l'(G + Xipg — Mp) TR + Xipg — Mp) \ -

/I_\
DO | DO

36333

ol (=T (=T (Wipq = mp + DD (mp +3) 1 2560\ 3 45
= ol e e e
V00 T Otton — i L ipie — tp T 3) % 204 %3
where
1 1 .
U(a,b;c,d,e) =4F3 <m,p o e 5 Mo = Xipg +b,Mp — Xipg +0+ o (4.26)
2561
e d? Mp — Wipgq T €; _271/\2> ?

and ¢; = --- = ¢ = 1. The expression for ap is given by changing ¢; as ¢; = cot(n, +

é‘)ﬂ', cy = cot(n, + %)W c3 = ¢4 = cot(n, + g)w, cs = cot(n, + %)7’(‘ ce = cot(n, + %)T If

r % ¥ ’ 5 2 3
weseh b= MesN=d e A= B=0and it =ul=u— %2— we can recover the previous

result in §2 [22]. As was the case of N; = 1,2, the relation a ~ ap hold on the conformal

point, therefore we can recognize the conformal point is the fixed point of this theory.




Let us compare our expressions to the ones obtained by the expansion around the different
point from the conformal point. If we consider the massive theory as the generalization from
the massless theory, we would treat the bare mass parameter as the deviation from the
massless theory. In order to see the behavior of the field @ and ap in the weak coupling
region in this case, we expand the meromorphic differential A with respect to A and mass
parameter, and evaluate the integral representation along the corresponding cycle. For
example in the case of Ny =1, A, a and ap are given by

x dx —u .
A= — e ) — {2 = uy
2me y \ 2(x +m)

g == % Age || ap= 7{ A, (4.27)

where we use the curve of forth order. The result of the calculation for the field @ can be

written as

(4.28)

5 1—1) 6I(l—n (I4+3n—1) (m? HE Lo AR

@ = —

29 larnoielie B 1 F - I)F( n)['(3n (1 4 %)nll! U 256u3
3\/— A’m 3 I'(n+ 2)'(n+ %) "(l—n)T({+3n+3) m2\' [ —27A%\"
52\/_ w? ) 42 2n+1)I(n+ 1)I(—n)I'Bn+ )T+ 3)nll! \ u 256u3 )

In the massless limit, this expression reduces to the previous result obtained by solving
the Picard-Fucks equation [13], which is represented by using the Gauss’ hypergeometric
function. The expression (2.29) can be verified by expanding the following expression which
is represented by using the modular invariant form given in §2 [22]:

22 = Dy tR (om0,

du
A = —A%(256u® — 256u’m? — 288umA® 4 256m>A% + 27A°), (4.29)

D = —16u® + 12mA3.

in the weak coupling region, and by comparing two expressions order by order after u in-

tegration. In the Ny = 2,3 case, instead of integrating A to obtain fields @ and ap, we
o Sa . p ! . . mL
can evaluate 5% and 52 by expanding around the massless point in a similar manner. ['he

results are expressed in terms of the following arguments:
j ARy LA
AT S N;: = 2). e TN B TR 4.30
i el e 756 \w ) D=9 )



and appropriate combinations of mass parameters. These are identical to the argument
of the hypergeometric function describing the massless theories [13]. These powers of A
are equivalent to the powers of the instanton term of the curve, and vary as the number
of matters we have introduced. On the contrary, the argument of the expression we have
derived in this section is simple compared to (4.29), which is the argument based of the the
deviation from the conformal point, and the form of these deviations does not depend on the
number of the matters as we have seen in this section. Thus if we use the parameterization
from the conformal point, the theory can be described by using the simple deviation from the
conformal point even in such case that we discuss the weak coupling behavior. Furthermore
the expression around the massless point in the Ny = 1,2 case can be obtained from our
expression for the Ny = 3 case by taking suitable double scaling limit to decouple the
irrelevant mass parameters. These are obvious advantages to observe the behavior of the
theory by using the expression around the conformal point.

Before closing this section, we discuss the relation between 4-D SU(2) N = 2 super-
symmetric QCD and 2-D N = 2 SCFT, which has been partially analyzed in our previous
paper [22]. Let us review the Landau-Ginzburg description of 2-D N = 2 superconformal
minimal models with ¢ = 3 which describe the torus. Since the theory with central charge

¢ = 3k/k + 2 corresponds to the Landau-Ginzburg potential z**% we have three type of

description; (k = 1)°, (k =2)% and (k= 1)(k = 4), as

fl - ;1:3 3 yi} _+_ 23.
R e L (4.31)

6 3 2
fa=x"+y° + 2°.

¢ : s L = 2
These are known as the algebraic curve on the (weighted) complex projective space (W)CP
with homogeneous coordinates [z,y, z] describing singular torus, and their typical deforma-
tion in one parameter ¢» are following

P oS O

Es : = % T 1—13— + ”7 — Ygryz =
y 2t gt 2
O 2% - —I - % Vrxyz = 0, (4.32)
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where we have used appropriate normalization. We can evaluate the period W:

i |
W = z/ri(/L (4.33)

on each curve in the region 1» ~ oo by picking up poles of the integrant expanded by 1/4.
Alternative approach to obtain the period is solving the Picard-Fuchs equation corresponding

to these curves

d*W dW 1 1
1 — 2; — =1 — =)W =1, 4.34
" e { y) i Q,( O[)W 0, (4.34)

(I =y)y

where y = ¢~ and o = 3 (Fg), 4 (F7), 6 (Fg). As a result, periods are expressed as linear

combinations of (1,1 — L+ 1;y) and F*(£,1 — L 1;y) around y = 0 where F' is Gauss’
o (04 - X o :

hypergeometric function 5 F;, and F™ is another independent solution corresponding to F'.

Comparing these results to the expression obtained by setting mass deviations zero in the

results we have derived in this section, or the more obvious expression in the last part of

§2[22], we find that periods of Eg, E7 and Eg curves are identical to the periods g% ad(#f of
4-D N = 2 supersymmetric SU(2) QCD with Ny =1, 2 and 3 matter fields respectively in
the weak coupling region @ ~ oo when the theory has the conformal point. In this way, we

can find a simple identification between the moduli parameter of each theory, which is

P — 1, (4.35)

up to irrelevant constant factors, and Landau-Ginzburg point ¢» = 0 of torus corresponds to
the fixed point © = 0 of N=2 supersymmetric SU(2) QCD. This is another confirmation of
our expression around the critical points. It is also interesting that another toric description

of torus:

oo g g I . |
54 +§y — Yzw = 0, 57 —i—Eu, —xy =0, (4.36)
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can be regarded as the curve which corresponds to Ny = 0 curve whose parameter 1° can

be identified by deviation from the dyon point.




5 SU(N) pure Yang-Mills theories around the confor-

mal point

In this section we study pure SU(N) theory around the conformal point. In this case

the curve i1s given by

N
gr={at =3 s’ P = AP, (5.1)

where s; (2 <12 < N) are gauge invariant moduli parameter. We treat meromorphic differ-
ential A directly, and calculate the period of meromorphic differential A, i.e. Higgs field and

its dual, which are defined by

. S ns . T
We consider so called Zy critical point s, = -+ = sy_; = 0, sy = +AY where the curve

becomes [19, 20, 21]
y? = 2N (2N + 2AN). (5.4)

First we evaluate the integral in the region s; ~ 0 (2 <7 < N — 1), sy ~ oo. To this end,

we expand the meromorphic differential A with respect to A?" in the form
it F('Il + 7’1;)(‘\2‘\‘)” N & N—i\—2n =
A= e Z e (e = g TR (5.5)
o M Ml Ly Oy e

1/N

. N —1 /N . . g
Rescaling z = sy z and a; = .sl-sNI/ , and expanding with respect to 1/sy and a;, A becomes

N 00 N\ 7
N AL o+ 5 (A”> (2N _ 1y~

L il (%)7}!‘27‘1 S
o0 A ¢ N-1 e N
2 Elagny + 2n) H 1 <a,~; ’) (5.6)
- _) ' ' 7”',\' - - ).
o ['(2n) e I 1
where {m} = {mq,---,my_1} and apm) = 22\2_21 m;. In order to calculate a;, we pick up

2mik

the poles at ¢ in meromorphic differential along «; cycle. By introducing Barnes-type
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integral representation [23] and multiplying sin 2s7 /7 as in §3. we integrate from z = 0 to

2mik

z=e¢e ~ to pick up the poles as

2ok

1opico ds 20 e’ N T(s4 L) (=1)*T(=s)(agmy + 2s) sin 2s7
Qg = i / A / dz T e
~ico 271 £ J0 [ (5)251 (2s) T

’nz \2\ §

(2N — 1) 25=0(m} ZNagm}=bm) H 7l ) (5.
1 2,

(@D] §
s |
S

\' m . S . . - *
where by,,3 = 315" im,. Therefore we find that a in the region where sy ~ oo is given by

—2mikb’

i {n}r(” e )F<a{’rﬂ} & b/{m}) J\]’rf[l Q"Zr-n‘i A‘ZN i
ar = — il
“= W o TG T DAl (2n — By 4+ W md \ 5% )

=2

where b’{m} = (bgny—1)/N. Note that the phase factor guarantees the constraint Zf\il a; = 1.

In order to continue analytically to the region sy ~ A" and to use various identities, we

-

re-express (5.8) by using the hypergeometric function as

R . —erzk Ly = e :
Z L (agny — bmy) H1 o ikt A (5.9)
“ { F(l ‘—_b{'nz}) g 2 9 2 WS 2 . 3

ap =

Quite generally the expression of a; differs by the choice of the branch, therefore we cannot
perform analytic continuation of the expression beyond the convergence domain. In the
case of SU(2), this process can be justified by comparison to the elliptic singular curve

made for torus. For general hyper-elliptic curve, there is no such guarantee for the process.

. i 2N . P05 . . L .
However in our expression, i;— — 1 is the critical point which is just on the boundary of
. ‘ A A2N . ¢
the convergence domain, there[ore we can obtain expression around “5— = 1. Performing
N
. . . /\21\7 - . . . . N .
analytic continuation to == ~ 1, and using the identity for the hypergeometric function
e
., w =
F(a,bc,w)=(1—w) *F(a,c— b,c,—l), (5.10)
'u} i

and the quadratic transformation [26]

[
—
N—
T—

ot

p—

—_—
o —

1 1
F(2a,2b,a + b+ o z) = F(a,b,a+ b+ 31:(1 — ;

and also using another identity

Fla,be,zy=(1 =2 > "F(c—a,c —b,¢,2), (5.12}




where z = 2 — 5iws we can put ay around the conformal point in the form:
71\_: o0 _,_2"”.1\-‘1‘)/{7”‘ ]i {/ N—-1 my N l)
s 5—'\_'_ Z € . ((’{‘m} T ){'nz}) H () (S\ + .\‘ )_
N o ['(1 — b’{m}) e QAN
e =2 )(\AV+17>””m} 11 |
{m} § SN i < / AT
X F—=,=;b +—;:> (5.13)
{ I (l {){77?}) -S'J.T\f H) 2 { } 2
. : ol M ,
I ({)/{m ol %> AN 4 s\ TF sy = AN 2 “om) /113 /
-i— e lf (—-_——;— _[){ }::> .
L (bmy) SN SN 2’2’2 ™

r 2mik
Next we consider a¥,. In this case we integrate from z = 0 to z = e* ¥ without multiplying

sin 287 as

00 /'j —2mikb 25 —g
L/ 13—22(* " agny = Dngd (= 1)7%000 (5.14)
—i00 4 {m}

( )I ( 5) (a{m} 4 )5)1 ( 28 — (I,{m} -4 1) ]\]i;j[l O.’Z-nl ‘/\21’\7 8
1(%) (2s 4+ 1)I'(— Zs—b’{m}Jrl) ;! 2 ;

= SN

which is defined modulo a; in the weak coupling region. We evaluate double poles of this

integral and also subtract the contribution from z = 0 as discussed in §3[23] to obtain a¥,

oo ,—2mikbl N ;
o ’STQ, i e { }F(a{m}) brmy) <\H1 gz_m'_)

miN i I'(1 — b{m} 0 -y
fo'e) {m} b’{m} 1 aN\ 7
+ 5 /n A
><§: )( Ak ( - ) (5.15)
= (n+ 1)n! S5

A\‘Z:\' b/
X{ln( - )+L( })
5% 2

b
of (I?+ {m}+

L-I

b | —

) —=2¢¥(n+ 1)+ Cot(b’{m}ﬁ)} :

Using the analytic continuation to the region sy ~ A, we have

- —2rikb’ FR e
- 'S/Qi e 2 }\b{m} F(a{'rn} b{qn ) ]\ﬁl a:n; SN + /\[\/ ;
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Around the critical point, the original roots of the curve e, e, which both reduce to

27k o

e for A = 0, become e ~ Ae™~ . e ~ 0. The expression (5.13) and (5.16) show that aj

consists of the contribution from both poles whereas af, consists of the contribution from

e which vanishes at the critical point. Of course. we can find an expression for af, which
. . . S > - y

reduces to a; at the conformal point. i.e., a = a}, + a;, because af, was defined modulo

ar, which cannot be determined by analytic continuation but by the consistency. Therefore.

around the conformal point aj and a%, behave as

N

- ‘,' :
ap ~ a,lb ~ (sy — A‘N) 2N 4+ const.

O
Ot
—
|

SN

From this result, we recognize that the conformal point is certainly the non-trivial fixed

R}

point of the theory, and the conformal dimension of sy is =2 [

We have used the ordinary type of the analytic continuation but the presence of the
factor I'(—bY,,y + 5) shows that this factor has poles and the expression (5.13) and (5.16)
contain the logarithmic terms. To see this, we decompose by, mod N as by = NI+ A
where [ =0,1,2,---and 0 < A < N —1. Noticing that b}, y = (bym) — 1)/N, when N is even
and A =1+ —ZJ- Oy~ 5 becomes integer, thus we find that Bl—t 1) has poles. That is,
around the conformal point of the moduli space of pure SU(2n) theory, there are unstable
directions that a; and a’, have logarithmic terms. However except these directions a; and &
contain no logarithmic term, and since just on the conformal point I'(— ’{m}+%) = F(—%+%)
there is no logarithmic singularity except N = 2, the conformal point is still the fixed point
of the theory. When we set NV = 2. i.e., gauge group (G = SU(2), the point we considered is
a dyon point. Therefore it is natural that a and ap have such logarithmic contribution.

As a check of our result and an example, we consider the gauge group G' = SU(3). We

2 : y
set u = 83, v = 83, Ay = u/v3 and agny = m, b’{m} = (2m — 1)/3. In the weak coupling

; ; : > ‘ beS 6
region v ~ 0o, our expression reduces to Appell’s Fy system [26] with argument -t %7

Analytic continuation to the region u ~ oo recovers the result in ref.[12] up to the choice
of branch for the logarithmic term of aj,, which is again represented by Appell’s Iy system.

By analytic continuation to around the conformal point, we can find that our expression

becomes Horn’s H; system [26]. To see this, we set m =3[+ A (I =0,1,2,---, A =0,1,2)




so that ay and af, are decomposed to ay = S°5_,ap, af, = Y3_,a%'. For example, aj can

be written as

L ole EHE-D gin(DAsly oS /0N S < v > > Dl 4 241) _
g = — — e 5.18
y 167L(3)3 v? A% =TS+ A41) )
e AN B :
5 (_\:) s ts l()/+n+2\ lﬁ)“)sin(zzr—j’\~%)7r S BTN
t b i A g 2 +%)5111(%\-+é)7r n! \4AS
2A 5
2(v— A3\ T TE 1 IX 8 {2 T
+ | ——— ['(n i 1y 0 T L R B S .
( v ) (n+3 ) ( i 3 6) n! (v — A3)?
where z = (1 — 3%). Because of a factor sil‘x(z/\;l )m in (5.18), the component for A = 2
disappears, i.e., af = 0. For A = 0,1, the second term can be expressed by Horn’s H;

function as

5—4X 1 1 242\ U’ 1 v _
H~ == . ,—=(1 — — 5.19
( B 22200 3007 2T oA 2( A3)> i (548
where Hz7(a,b,c,d,z,y) is given by [26]
o ., (a’)Zm—n<b)n(C)n m_ mn
H:(a,b,c,d,z,y) = nzn; i iy (5.20)
This means that if we choose the variable 2 = WL“% and y = —2(1 — 3%), Picard-Fuchs

equations of the theory should reduce to differential equations of Hr(a,b,c,d, z,y) system
which is given by [26]
{fz/(l -+ ;1/)05 + 2200, +(a—1—(b+c+1)y)d, — bc} Ha= 1) (5.21)
{;7:(1 —47)8? + 42y8,0, — ;1/25):5 + (d — (4d + 6)x)0, + 2ayd, — a(a + 1 )} Hr=4,

where we have corrected a misprint in ref.[26]. Furthermore, noticing that four independent

solutions of this system can be written as

Hr:(a,b,c,d,x,y)

g g — 22 Ol B

e b alarsnlc Fa)gmin - | 1
-a T m( 2\ L
Y Z (([)m(l -4 a)‘2m+n‘m!n,! vy ) ( y) ( )

a 2d+2 Z b T 2d 2 2)2m+n(c e 2d s 2)7m+rz
( d)m(“ )d+ )7/71—{»-71

m.n

=0

<41y2)m(“‘]/)n~
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first and second term of (5.18) with A = 0.1 correspond to above solutions of this system.
Let us check this point. We start with the Picard-Fuchs equation in this theory for Il = ¢ A

[12]:

il = {(27\6 — 4y’ — 27v%)0° — 12u*v8,0, — 3uvd, — u} [F =0,

i orry 6 < "5 Vo7 e 2 2 [ VA LA L% < < ™ ” )€
Lo11 = {(27A° — 4 — 270%)02 — 36ud,d, — 9vd, — 3} I = 0. (5.23)
By direct change of variables @ = 2,(1“_—/\)2 and y = —1(1— <7 ), and some linear combinations

of these equations, we can check that the Picard-Fuchs equation (5.23) can be written as

z(1 — 42)0°1l, — yl('jjﬂg + 42y0,0,11y + §(1 — 42)0,11y — %y(‘)yﬂo £ 736HD =0,
e T T | " |

y(1+y)0,ly — 220,0,11, + —+(,——"1()y110 + 710 = 0. (5.24)
' g

where I, = y ¢ 11 Comparing this to (5.21), we see that this system is identical to (5.21)
witha= -2, b=c= % d = 2. Substituting these to (5.22), we can find directly that four
solutions of the Picard-Fuchs equation of this theory are identical to four functions of the

expression (5.18) with A = 0, 1, although the first term of (5.18) are not within the Horn’s

list.

6 SO(2N) pure Yang-Mills theories around the con-

formal point

In this section we discuss pure SO(2N) theory whose singular points in the strong cou-

pling region are known in arbitrary N [21].

In pure SO(2N) theory the curve and meromorphic differential are given by




Since the difference from SU(N) theory is only powers of A in the instanton correction term.

the calculation is almost same as SU(N) theory. What we need is the expression around

the point s; = 0(: # N — 1), sy_1 = £A?V =2 where the curve is degenerate as [21]
]/2 2 ;1'2‘“\’“(;1'2‘\'_2 4+ "2‘\2“\'_2), (6.3)

To this end, 1t is convenient to evaluate integral in the region s; ~ 0 (¢ # N — 1), sy_1 ~ oc.
Expanding A with respect to A*™=Y and integrating by part, we can rewrite A in the

following form:

o ds dx I'(s + l)Iﬂ(—) e s y
- (=) (_ putv-1,4) play ’
J—ico 21 2m0 F(%)Zs ( : ) IR i

where we have introduced Barnes-type integral representation as before. Rescaling the vari-

able as
B .s}\(leN"Q’z =uz, s;=ua;(i#N-—1). (6.5)

and expanding with respect to a; and A*M=*/u*N=* we have ) in the form:

ico s T'(s+ 2)[(=s)0(2s + agmy) G i Gl N\ ‘
et I'(3)I(2s+1) i 2, 11 m;! i

.)m_ s
A {m}iEN-I1

: rdZ.ZQ(N—l)a{m}-—‘Zb{m}(Z‘ZN—‘Z _ 1)
27
where {m} = {mq,--- ,my_2,mn} and agny = Z‘};L#“\;_l iy, D} = Z;‘i]_i#i\,—_] im;. In
order to obtain aj. we pick up poles at z = ¢ i (0 <k <N —1)along ay cycle and z =
along ay cycle. First we calculate ap (0 <k < N —1). To pick up poles at z = e7N=7 we

. LTIk, : . . .
integrate from z = 0 to z = €22 multiplying sin 2s7/7 to find that a; can be expressed in

the form:

o ’ io: 6—27‘rikb'{m}F(% A ’IZ) A4N—4 H H < a; >m, F((l{m} = bl{m})
T AN -2 n{m} [T (2n + 1)n! \ utV-1 ! [(=2n = b,y +1)
94, ot Ei—'er;‘A‘bl{m}F(((,{Vm} — b,{m})
r(l A b/-m})
My ,_ )/” ‘JF 1 1\4N_4
X H <—(E—> F {‘m}- it 315

gl ) 9 7 4N —4
i£N—1 T u

i#N-1 T

(6.7)
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where {){,,,} = (A‘\-_’]L) —GN=3)" I'he analytic continuation to the region u N=2 — gy_1 ~ A

and the quadratic transformation show that the result is

—27eb!

2u o~ e F(”’n S {)/ m ) (81 LUt
= SNy 1‘-(1_}/2 ) cE Ty (E‘v)
- i ’rl‘{m} : {m} i£N-1 g

r(% B /),{m}) Q\Z“\'—(Z ——bl{m} 4‘\2/\:_2 i '(.I“'ZN—2 é"b/{’”‘} " 11 ]/ 1
r(l e b/{m}) 1/21\'_2 ;\‘2,\'—2 7 <E E ){m} & E M)
(

M. < b AAN—4 A2N=2 my 1
{IH} 27 i "7—})/ m A y K
Py O ) }<UT> (6.8)
i s AT T
= (359 ~timi®)

2N -2
where z = (1 — 4x=).

Next we consider a§, (1 <k < N —1). In this case we integrate meromorphic differential
2mik 2mik . > b i
A from z = —e2¥-2 to z = e2¥-2 and evaluate double pole of the integrant without multiplied

by sin 2s7, and subtract %(1,,\. [23]. We have af, in the form:

k u Z (i'y—zﬁik(bl{m})[‘((L{M} ~ b/{m}) Sin(b,{7n}7r)2bf{m} o ( Q; >m,'
a = o - O AT o\ T ¢ SO

v 2eh A (2N —2)I'(1)D(n + 1)? g

b’ b’ 1. [ AN-4\"
‘ {m} : {m} % 1 C
xI'(n + > )’L'(n + < g + 2) (——U4N_4> (6.9)
ey Ym) bimy | 1 s :
X |¥(n+ —5 ) + (n + b i 3) —2¢(n+1)+1In I + 2m cot (b )| -

We make use of the analytic continuation of af, around the conformal point to get

—2mikb!

2u S {m} I‘((l.{y,z} == b, S ) o\ M
k v , {m} <__1_>
ap (2N _‘:))- Z L =000 1.7}:,[_1 m;!

& 6 n{m}
/ ——
—b! z’\2"\‘_2 b{m} -
{m} e
u-[\ -2

Pl =i S AR
APN=2 4 2N-2\Yem =2 13
A P (355~ tmiz).

/ 7 : 41\7—4)
F(b{m}) U
As in the pure SU(N) theory, we can claim that a; ~ af, at the critical point. The behavior

o=

x cot(b,,y7)

of a and ap near sy_1 = A2 ;=01 £ N—1)is

| =

2 o R e d M1 y
A ~ a.ﬁ) ~ (sn_1 — ;\2‘\—2) 2N—-2 + const. (6.10)
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Therefore. we see that the confomal dimension of sy_q is 2‘\;2 [21].

As was the case of SU(2n). a; and a', contain the logarithmic terms coming from the
factor I'(3 — by,.1) when N of SO(2N) is even, which vanish at the conformal point.

Next we consider ay and a. Until now the calculation is same as SU(NV) case. However
in order to calculate ay and a%. we have to pick up the pole z ~ 0. To this end we rescale

the variable of the curve as

N —1
: B Vol B SN
P o0y 1B = et f1om - J (6.11)
SN-1 SN SN-1
where s; = —1, and A becomes as
il p, :
Sy 3 /”)O ds Z ['(s %) (—s)I'(2s 4+ ¢fmy) AN S
LN = o . < i -
SN -1 J—ico 21 " | (%) sI’ ()) Sf\r_
N—2 ,3'{er '
% H 1 Z4s—+—21\/6{m}—-2d{m}(22 o 1)—28—6{771}‘ (612)
i) m;! ’

where {m} = {mo,m1, -+, mn_2} and ¢y = S V=2m,, dim)} = YNSHN — i)m;. By

evaluating the line integral from z = 0 to z = 1 and by multiplying sin 2s7 /7 to pick up the

pole at z = 1, we get ay in the region —v—;ﬁ'f_l4 >> 1 in the form:
SRR D(n + 1)0(2n + djmy + 1) b
aN = | —
SN-1/ 5 {m)} F(%)F(Zn ET N = Doy — digi ot %) 9 e\ gl
) SN % F((l{m} i :1):) N-2 ﬁ;nz |
=2|- }:F 3)II o (6.13)
=0 %7

sN-1) fmy P(=m) +dimy +3

x F

([{m} +_1— (]{m 4 3 . e
r 4% .2 4.' .' By

Notice that this hypergeometic function gives logarithmic term by analytic continuation to

4N—4 . .
the region ig-——— ~ 1. To see this, we set the variable as
-1
N . ; T e
A4A\ 4 AQJ\ O SN -1 (6 11)
y=—, z= —— 1
4 \2 ¢ )/ 2\—2 ‘
SN-1 21.\
and perform the analytic continuation to the region 5=y ~ 1 as
1
5 3 N-—-2 QM
SN s | (d{m} + H /dz
any = i E 1 ’
SN-1 {m} F(’i)l ( C{m} i d{m} + St 77Li!
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Next we calculate ay. In the region sy_; ~ oo, aly is given by integrating meromorphic
differential A from z = —1 to z = 1 without multiplying sin 2s7 and subtracting —(1\ and

by evaluating double poles as

1
N N—* QM d’jmt djmt %
(IN = LS N F(d{m} - -1—) 2 </3z > ( 5 -4 ’Llf)n( 5 + %)n?jn
¥ F i 1 ; !
s%_ 2 nmy L@ (—C(m) + dimy +3) 120 \ 17! (n!)?
v (l m 1 / d m {; : >
X [th(n + {() A1 1) + P(n + {9 bog Z) —2¢Y(n+1)+1n y} ; (6.16)
where y = —}E Although this logarithmic term disappears by the analytic continuation
“N-—1
to the region sy_; ~ A*¥ =2 another logarithmic term appears
3 / QM §
= 2 S e b2
D — T 5
29}\ | nAm} F(%)F( C{m} + d{m} gok ) m,Z;!
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M(dm 12 = nl(=dimy + 1
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m} 1

BRI e B
& b d m i d m
I(é——{——i)l (%— {2}>I <([{/n}+l

4 2

1
h(n+ 1)+ ¥(n + dimy + 1) — 29(n + 3) — log(—2z) — (]} .

Thus in SO(2N) theory ay and a}y have the logarighmic terms around this point though
the curve become degenerate multiple. Let us consider what is happening. Near z ~ 0, ay
cycle and By cycle form a small torus, and the curve looks like the curve of pure SU(2)

\9\ 2 SN =

theory. In this case due to our choice of approaching to the point sy_; =
0, this point corresponds to the dyon point for ay and «}, and these have certainly the

logarithmic terms. These logarithmic terms are simply caused by the fact that we consider

a branch where two of the singularity approach to zero before the theory is going to be at




the critical point. This point has been understood in the framework of the SU(3) theory
e S U , . . : N

near u = 0. v = A* [19]. From the expression (4.16) and (4.18), we see that ay ~ apy on the
conformal point. Therefore the existence of logarithmic terms in the expression (4.16) and

(4.18) 1s not harmful.

7 Various expansion in SU(3) theory

7.1 Comparison to other expansion in pure SU(3) theory

Since the analytic continuation of the logarithmic function depends on the choice of the
branch, we have to retain the parameterization used in §4 and §5 in the theory with the
gauge group higher than SU(2), to get the expression around the conformal point by using the
analytic continuation from the weak coupling region. However we need the parameterization
which is based on the deviation from the conformal point, to obtain the expression around the
conformal point of the theory with massive matter multipletes where mass parameters take
non-zero critical values. Unfortunately we have not found the relation between Yang-Mills
theories whose rank of the gauge group being more than 2, and the deformation theory from
the singular curve describing the Riemann surface whose genus being more than 1. So if we
intend to express the behavior of the theory by using the deviation from the conformal point,
we don’t know how to confirm the validity of the result obtained by the analytic continuation.
[n this subsection we will discuss the difference between these two kind of parameterization,
by comparing one expression represented with the reliable parameterization retained in §4.5,
to another expression based on the deviation from the conformal point convenient to describe
the theory with massive matter fields.

To this end, we consider pure SU(3) theory by introducing the parameterization from

the conformal point u = 0, v = A®, such as & = u, © = v — A3, In this case the curve of the




theory can be written as:

Here after we regard u, © as the physical parameters to obtain the expression of Higgs field

and its dual. Setting (,:'(.'1;') = 2” — ux — 0, and expanding 1/y in the weak coupling region
A~ 0 as
O\ dx dr S T(n+3) (2A%\" ,
— = — = .~Z(1 ) -1 (7.2)
ov ! ey T 2t = Tz n ¢
we find that the meromorphic differential A can be written as
de . TPl o) {2438 " i
A e ot S (7.3)
Zasiot iz hin X (O

As in SU(2) theory with massive matter fields, first we evaluate the integral in the region
u ~ 0, v ~ oo, and after that analytically continuation the expression to the conformal
N " . . A8 . ’ = . »
point. Setting the variable as * = v3z, and expanding with respect to 1/0, and introducing

(=]

Barnes-type integral representation we obtain X in this region in the following form:

v3dz pico ds (s 4+ :)'(=s 2A3\° 1 S U EY e 5%
A= / ( % S = Z—(—)(—?> 2™(2° — 1) (7.4)

2wt J—ico 2T Pi=ia v ) = T'(s)m! \%3

First of all, we evaluate a;. In the weak coupling region, the way of the evaluation along the

ay cycle 1s same as in §3. We find the result can be written as

23/305 . 2% 1 ek
P - 55y . Y - . T
U= sin( 3 3) (3(@) (7.5)
i MM+ UIn+2A+ 2 - 1)/ 2A3\" [ &
X o .
2 T N ) (@)
where as before we decompose aj as ap = Y 5_,a; with mod 3. Quite similarly we can

evaluate (i cycle and decompose a5, to a}y (k= 0,1,2)

kX fl7% N 1 U A
ap” = sm(— — =) | —
972 3 3 303
K (A1)

Dn+ DT (n+20+2 — 1)
(n + )n'F(l+ )F(l—#lf;—})

Nl-—
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2;\3 1 _ _/\ ==
x |log = +(;'(/’z,+3)+z;(n+ e 3

, 24 —1
—2Y(n+1)4+7 C()t(—_;———)rr

ey (7.6)

In above expressions, a} and a%' can be represented by using Horn’s H, function [26].
Recalling that Higgs field and its dual form Appell’s Fy system with respect to the original
moduli parameters u, v as mentioned in §5, we see that this result corresponds to the change
of the variables in the weak coupling region by using following identity between F, and H,:
fnthy 1 1 1 L: V16 y*
Hy(a,b,c,2bjz,y) = (1 —=y| Fy -—a—(1+—(b+— _ , W i
2 2 2 2' (2—y)2 ' (2—y)? )’
2 (2-y)*" (2-y)

where Fy and Hy are two functions of 2-parameter generalization of the hypergeometric

function defined as

= ((1')’rz+’rrl(b)n+rn ;
Fyla,b,c.d:z,y) = ‘ ™", 78
4( b, ;Y m;:o (C)m((]) mn! y ( )

; s b
Hyla,b,¢.d; 259) = Z (@)2m+n(b)n T

o]
m,n=0 (C)m( ) 77?,!71!

Performing the analytic continuation to the region © ~ 0, we can obtain a, af, around

the conformal point

0 . Lo Ar B 5N W)
3 <p>zuy—n+%—;wm+ F@+@<_P> e (7.10)
A3 Pidwib(lr ST 52 e

+(2§?_% [(—n—21—24+3(n+20+% -1 ( ﬂyl 7AW
A3 DT (—n— 20— 2 + Hnll([+ 2201+ 2E2) \ A3 203

1 ~ \ ¢ '
: v u 2mik 22 1 22 1
a]}j\ = \,{);L; (3:_3_> 5 (1) sl — §)7r7r cot(T o g)ﬂ

X
e
e
N
o ey
W
Sel b
(]

I()1_77+——"-)F(n+}7)1“(n+%) sam f &3\ i ;
F( )n‘F(l_}. )I‘(l+ +3) < > ( ) Ll

Comparing above expressions to the ones obtained in §5, we find that they are identical ex-
pressions around the conformal point. This indicate that in pure SU(3) theory, the descrip-

tion based on the deviation from the conformal point can be reliable except the ambiguity
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adding ax to af, in the weak coupling region. Note also that in this expression a¥, contains

X . . 2mk _
no contribution from e ~ Ae™ again.

7.2 Direct expansion around the coformal point

Until last subsection we have derived the expression around the conformal point by using
analytic continuation of the one evaluated in the weak coupling region. On this course
we choose the base of homology cycles of the hyperelliptic curve corresponding to ag, @
convenient to deal with in the weak coupling region. However this homology base is not
always useful in the expression around the conformal point through the analytic continuation;
as illustrated in §4 and §5, a; contains the contributions both from ef ~ A and e; ~ 0.
[n this section we take the holomogy base around the conformal point in a way following
the ref.[19], to get the expression directly valid in this region. The hyperelliptic curve which
describes pure SU(3) theory is realized as the Riemann surface of genus 2. Since on the
conformal point the curve become degenerate as y* = 2°(2® — 2A?), the Riemann surface
looks like decoupled to two independent tori near the conformal point. One is a large

2wk

torus consisting of ef ~ Ae™3 (k =1,2,3), and another one is a small torus consisting of

e, ~ 0 (k=1,2,3). In this case we take a;, f; as independent cycles enclosing two of e}
and a;, a}, as corresponding Higgs field and its dual respectively. Similarly we define o, 3
concerning to e, , and a,, aj, as corresponding Higgs field and its dual.

In order to obtain a,, af, around the conformal point directly, we evaluate near 2 ~ 0 ~ 0.
In this case A is large enough comparing to w, © where we certainly use the deviation
parameter from the coformal point. Expanding the meromorphic differential A with respect

to 1/1’\

(%Jrn) ( 1 )" e, el u.h
_—— x° —ur —v)""2, (.12
nl(n + %) 287 (a kil g ( )

: . A : > .
and setting the variable as 2 = v3z, and expanding © where © ~ 0, we find that the curve

can be written as

SV S T A T
V2A32mi oo P3)n!D(n+ 2 —m)m! \ 2A3

2

) 27> — 1)”_m+%(7.13)
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We define a;, af, in the following form

41
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s = / /\\- (/7) = o )\ (711)
J1

Je 3
We can evaluate this line integral easily to get a, in the following form
5 032v/3es M gin 2(- J; )7 ( u >’\
dy = : ' :
: V23Az

il(n+ )1(1—11‘4——33_(3) (5_2)7"< 5 >4,1 3\ !
Ln=0 Bl =) 2A3) \ 27

. . 2me
where we again decompose a, to }3_, @) . The expression for a3} can be given by e kiRl

This expression corresponds to one of the functions obtained by analytic continuation, which
1s represented by using H; function

Next we consider a;, a),. In this case we use formally the expansion valid in the case
A ~ 0, and evaluate near « ~ A by changing the variable as = Az. In this way the
meromorphic differential A 1s given by

v e B = A
Lk s ST (7.16)

2mi = T(3)n!2n

Setting x = Az we evaluate around 2 ~ 1. Expanding A\ with respect to o, we obtain A of

the form:

2

71
p—
S |
N

e Ad:z i ['(n+43$)I'(2n+m+ 1) (z_])l (i)m (23— 1)-2n-iom (
2mi ~ T(2)n!l(2n + 1)I!m! \AZ A3 '

We define q, (110 in a same manner as a;, aj,. We have already known that a; and al
contain no logarithmic term in the suitable limit « — 0, © — 0. therefore we regard the

er f gt btai | in this evaluati . the T, for { Usine the special
power function obtained 1n this evaluation as the expression for a;. ap,. Using the specia

value of the hypergeometric function

['(e)l'(¢c—a—0b)
['(¢c—a)l'(c—1b)

Mlasbedi= (7.18)

we find that a; can be written as

£ - SR 1) a1 N |
ok Ae™ 12/3 < ) sin (23; 13)7* (7.19)
3 N ) sin(%2 + 2
i I?2n+m+ A — H)m > 3 < D >"”
g L o0 b 1 ek = YT (n + 2£2)0(n + 2£2) \ 27 - 4A8 Ak
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The expression for al, is obtained by A ;2%(’\“)(12\. We can see that this expression is
identical to the other function than H; obtained by using the analytic continuation. In this
way it 1s shown that four independent functions of the expression around the conformal point
obtained by analytic continuation, consist of some linear combinations of the contribution
from the large and the small torus.

Although it is possible to write down the expression around the conformal point directly
as we have derived, the way of evaluation in terms of large torus is not so reliable that we
prefer to use the analytic continuation from the weak coupling region. In the weak coupling
region, we have to add a; to a}, to be consistent after analytic continuation around the
conformal point. After the change of the homology base with Sp(4;Z) transformation it is
natural to arise the picture that on the conformal point mutually non-local charged 3 dyons
are massless, which correspond to the massless state a,, a3y, a, + a3, [19].

On the contrary, concerning with the weak coupling behavior the convenient base around
the conformal point is certainly not so good. As a matter of fact, if we analytically continue
ai, a', a,, a$ derived above, to the weak coupling region, there appear the logarithmic
terms in every expressions. Thus we have to combine these expression properly to be a; to

show the correct asymptotic behavior in the weak coupling region.

7.3 SU(3) theory with N; =2 matter fields

In this subsection we consider SU(3) theory with Ny = 2 hypermultipletes whose curve is

given by
& N 1 o il 2 D : - ; b7 €
y* =0{(z) — Glz) = (g° —uz —v)" — Az + my )z + my). (7.20)

When the mass parameters take the equal value m; = my = mg, the conformal point of the

theory seems to be located at

5 h ed1l]
u=+A? v==+A*m,, (7.21)
and on this point the curve become degenerate in the following form:
2 : 5k g 7 6)¢
y? = 22(2® F 20%z F 2A°%my). (7.22)
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Thus we expect that the infra-red fixed point is realized with the arbitrary value of mg, and
the theory has a conformal line parameterized with mgy. Furthermore if we set mg = 0, the

degeneracy of the curve becomes forth order:

[f we consider the case with m; # ms,, there exists a conformal point of fifth order certainly.

However the expansion at hand and analytic continuation reliable in terms of the logarithmic
function are only ones for the massless case. So we treat the conformal point realized at
mg = 0. This situation can happen generally in SU(N.) theory with N; = 2 hypermultiplete,

and SO(2N + 1) theory with Ny = 1 hypermultiplete whose curves are defined as

SU(NY vy =1z’ = Z sz o) — APNe=2(z 4 m)(z 4+ m), (7.24)
1=2
SO@N +1) : y* = (2N Z gaveRs e ARG S R, (7.25)

=1
Let us turn to the SU(3) theory with N; = 2 matter fields. The meromorphic differential
A of this theory is given by

pdx [} (x)
271y 2G(z)

Aas ey} (7.26)

What we need is the expression at weak coupling region u ~ oo, A ~ 0 as before. To this

end, we expand A around u ~ oo and integrate by parts to give the curve of the form as:

X b n ;
uTds 2o Pl DT (2n +m A B , ‘ Bt T g el o
S o, O — Z 1(1 '2;)‘)(’ , ') — < }_) :—m(:z s 1)—-2/1——m (‘2‘)
2t o Tl ol ov 4 1t "k u u?
M _u%d: ([.S i r(b + ) ( )( ) ()S + 771) i\:i g (_ﬁ_)m ‘7—771(72 - 1)—2.9——'/77.
Do 2w 4 I F(%)I (25 4+ 1)m! e wz/ .'
where we set = u'/?z. In order to obtain a; (k = 1,2), we pick up poles at z = 1, —1

along ay, ay cycle and z = 0 along a3 cycle. First we calculate a; by picking up the poles
at z = 1 in a same way as before. But in order to get rid of the logarithmic singularity at
z = 0, we integrate from z = —1 to z = 1 multiplying the phase factor sin27s/m. Secondly

we evaluate as near z ~ 0 by suitably re-expanding the expression for A, and after that from
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the consistency

g = —a1 — ds,

(7.28)

we can determine the rest component of Higgs field a,. First of all, we can evaluate a; in
the following form:

3
U2

1 fds sin2rs & T(s 4+ 3)T(=s)(—=1)*T(2s +m) [A*\" / v \"
=R / 2T T Z < )

=0 F( >r()8 + )’n’! “_2
=83 5)1 (—2s —m +1)
X

aomrn LD

1 F('n -+ l)F(‘)n - 3] — %) /\4 n 102 l
= U2 B v .
nl=0 F(%)IO”WL””'F()HLI) (1+%) 22 u3

(7.29)

u

Next x

we calculate ap,. We replace sin 27s/7 in (7.28) to =, and evaluate double poles coming

from the line integral to get aj, in the following form

1
i u? g =t

o iS5 (s + 3)T(=s)(=1)°T'(25s + m) ( A* <f’
07 Tom ) i = C(3)D(2s + 1)m! w?) \ui

(-2 +3)I'(- 25—m+1

l —m
: [(—2s—2+3 ( + )
- us i I'(n+ 3)T'(2n + 31 — 3) b (7.30)
2w e DT @u 4+ in!l20+ T + z) 112 u? :
31

v [L/,(n+7_I)+L’r(n+7+1) 2¢p(n 4+ 1) + log ( (1“)}

Applying the usual analytic continuation to the expression for a;, aj, to get the expression
around u ~ A%, we find that a,

., ap, both contain the logarithmic terms. However using

the degree of freedom to add a; to ap, in the weak coupling region, we can claim that afte

analytic continuation the relation a; ~ a}, holds near the critical point as follows:

i i F(Bl = ‘1)') l’2 .
=), Ty e 3) (ﬁ
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—3l+1 31-2
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) + log 4
30 1 3 1 1
/) —_— — ‘ —_— - c— Y —

4 2% A it BT g ’ .
where y = % and z = % [his situation is same as SO(2N) theory.

Next we want to obtain as, a7, by evaluating around z ~ 0. In this case, we instead take

the variable as x = —2z, and expand A around u ~ oo to give the following form:

o z»dz' ’(l.s" i ['(s+3) 1( s)(—=1)°T'(2s + m) A_4 y (-i)m (7.33)
T R s B F(E)F(ZS’ + 1)m! &

U2

Uu

Using the effective evaluation of the cycle ag by integrating from z = 0 to z = 1 multiplying

the factor sin 2s7 /7, we can calculate az quite similarly

| I / ds sin2sw I'(s + = )F( s}l PERs o) L AS G ( v )m
SHE G F(%) (25 + 1)m! w2 e
(2s

F s+ 3m + DI(—2s —m+ 1)
['(2m + 2)(—1)2stm

v i ['(n+ %)F('Zn Eob o L e e T
il ['(3)T'(2n + 1)n!l(2m +2) \ u? Vi
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T

Ll

In order to obtain the expression for a3,, we replace sin27s/m in (1.13) to

double poles. The result can be written as:

oy v / ds F( ) ( )(-1)SF(2-S+']77,) _\_i s (%)771
A umi J 2m F( ['(2s + 1)m! i3 5

l

2
['(2s + 3m + DI'(—2s—m+1) (7.
X =
['(2m + 2)(—1)2stm

~]
(F%)
o
)

14




e Z)U: ['(n + .1 "(2n +3m +1) A" (2™
u2m n;m:()r(%)l()n_k 1)’1'1()771+ ) u? u3

3m 1 3m A%
X z;”(l’z/+7+3)+z(n+———-+1) 2ptn LR dogil =—— it

u-

Performing the analytic continuation to the region u ~ A%, we find that these expressions

for as, a7, contain no logarithmic term

v }i‘: (3m + 1) o B
dz = — e
ey )m + 2)m! \ u?
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and we can claim that the relation az ~ a5 holds near the conformal point by setting
a3 = az + a3,. Therefore on the massless conformal point of SU(3) theory with two hyper-
multipletes, the behavior of Higgs fields and dual fields obtained by the analytic continuation
from the weak coupling region is similar to pure SO(2N) theory. If we retain the parame-
terization . © based on the deviation from the conformal point. and evaluate the integral
in the region u ~ oo, v ~ 0 and analytically continue to the region u ~ 0, we can obtain the
same result around the conformal point as was the case of pure SU(3) theory. Notice that
above treatments in this subsection for the massless conformal point can be easily general-
ized to the cases of SU(N,) theory with two hypermultiplets and SO(2N + 1) theory with

one hypermultiplet.

8 Discussion




We have derived the expression for the periods and Higgs fields and its dual around
the conformal point of SU(2) Yang-Mills theory with matter fields, pure SU(N) and pure
SO(2N) Yang-Mills theory. In the SU(2) theory with matter fields and the pure SU(N)
theory, we have directly recognized the structure of the theories near the conformal points.
We find a simple correspondence between the fixed point of 4-D N = 2 SU(2) Yang-Mills
theory with matter fields and Landau-Ginzburg description of 2-D N = 2 SCF'T with ¢ = 3.
For SU(N) and SO(2N) theories we could show a verification of the analytic continuation
due to the well known formula of the hypergeometric functions. Especially for SU(3) theory
we have compared various expressions with respect to the different parameterization. For
SU(3) theory with two massless matter fields, we could show a verification even in the case
where the theory contain the matter field.

[t seems interesting that we could obtain the explicit expression of fields around the
conformal point even for the theories with higher rank gauge groups. But the examples we
treated in this paper is elementary compared to more complicated varieties of critical points
as was shown in [21]. For a non-trivial example there is a conformal point in the SU(V,)

with (2N, — 2) hypermultipletes. Indeed looking at the curve of this theory

2

Nc , .
yz - :ITNC 0 Z&INC_Z + fo(fLHmi) . A?f\/c—Nf(l. o ,m>Nf’
§=2

: O N¢—Ng 4
A2Ne—Nj 74 Nf!m]“

T e el BN, — k)

k=0

f\/}—N};—l

and comparing the coefficient of the curve when Ny = 2N, — 2, we can find the conformal

point
o
m = —A—IC.,
AN N2N.-2)! (N, — DYk +1)
Sk+2 = <—) N 7 + ‘ TN
N, 4(2N. —2 = k)'k! (K 4+2)(N. =2 — k)!

where the curve become degenerate in the form as

1\ 2 )’\'YC -1 2 A\T s l
y? = 45 = edebd W K.
4 <1 % N) (L N, >

C

Although it is interesting to obtain the explicit form of the fields in this case, an important
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question is the verification of the validity of the analytic continuation for these cases. which

require further investigation.
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