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Introduction.

In this paper, we study the behaviour of classical solutions to quasi-
linear wave equations in two space dimensions with small data, as the
following type:

2
(O — g 1 T = Z aag(u')0,05u, (z,t) € R* x (0,00), (1)

e, 0= efia), - Oeules ) =gz, z € R?, (2)
where we denote 9y = 9/0t, 0; = 0/0x; and v = (Oyu, d1u, Ozu). This

equation includes the following equation:

Vu
\/1 + |[Vul?

O') 2
Jyu — div

) =0, (z,t) € R? x (0,00), (3)

where Vu = (9yu, du). This equation describes the vertical motion of a
vibrating membrane.

We assume that f and g are smooth, have compact support and do
not vanish identically. We also assume that any a,g(u’) is smooth and
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ang(u') = O(|u'|?) near v’ = 0. We define lifespan T. of the Cauchy
problem (1) and (2) by the supremum of all 7 for which a C*°(R* x [0, 7])-
solution exists. Our aim is to obtain some estimates of the lifespan. This
paper consists of two parts. In Part I, we obtain a lower bound of the
lifespan and sufficient conditions for the global existence of the solution.
In Part 11, we investigate an upper bound of the lifespan and asymptotic
behaviour of the solution near the blowing up point.
M. Kovalyov proved in [6] that
11{12(1)1{' e~ logl( bk 050 2 1

where C' depends on f, g and a,5. The first aim in Part I is to determine
constant C' explicitly. To realize that, we use Friedlander’s radiation field
F(w, p) which is defined by f and g, see page 7. Moreover we write the

nonlinear term of (1) as

%)
aop(u')0a0gu = Z Z 03605 u05u0,0pu + O(|Ju'|*|u"]).

% DCok=—=1,

Then we define an mmportant quantity;

o A {—C’(——l,w)f)pf(w,/))Oz]:(w,p)},
pER.,wES!

where

9
C'<‘Y) T Z ZQ/BA,“(SJY(_Y*XVﬁJ r"/)(éa X = <‘Y07 )(l §~ r'.l >

a,3,7v,6=0
and C'(—1,w) is defined by setting Xg = —1 and (X, Xo) =w € G O
stands for the unit circle. When H > 0 we prove the following
Theorem A (Theorem 1 in Part I). If H > 0, we have

. 1
. e :Z 5 . > )
hleril(l)lf e“log(l+1T1.) 2 —

This theorem claims that the lifespan goes to infinity as H tends to
0. Thus you may expect that the solution exists globally in time when
H = 0. In fact, we prove




Theorem B (Theorem 2 in Part I). If H = 0. then there exists an
o > 0 such that 1. = +oo for € < &y.

Since we assume that f and g do not vanish identically, the condi-
tion H = 0 is equivalent to the condition C(=1,w) = 0 in S*, which is
called Klainerman’s null-condition. The nonlinear terms satistying null-
condition are represented as linear combinations of the following.

S Copdadpud (9ou)? — (B1)? = (92u)?} + Ol Plu"]).

(4 /‘3 =)

9
Z C'a30auds{(Oou)* — (01u)* — (Bou)?} + O(Ju']?|u"]),

a,3=0

&
Z C'aﬁ@aﬁll;{(?gu i Ofll — (9511} I ()<|u/|:,$|u//|>7

o, 0=0

Z C'0nu{0zud-Osu — O, udz0su} + O(Ju|>|u"']),

a=0

where C\ 3 and C\, are constant. Our method of the proof of Theorem
A and Theorem B is based on the one in F. John [3]. He proved some
reults similar to ours in three space dimensions.

However, these results mention only the lower bound of the lifespan
and thus you may wonder if the estimate in Theorem A is optimal or
‘not. Therefore we have to think about an upper bound of the lifespan.
For some technical reason, however, our solution requires to be spatially
radially symmetric to show the blowing up result. If the solution to the
Cauchy problem (1) and (2) is spatially radially symmetric, it satisfies

. ’ . 1 1
dyu — c*(Dou, Opu)(I7u + =0,u) ==0,uG(dyu, O,u),
/I“' ’I"
(r,t) € (0,00) x (0, 00),

(4)

'U,('I’.,()) - Ef(’f'), 001,1,(’r',()) e 5.(1(7’)7 ¥ E (07 OQ) (

Tt
S—




where r = |z|, x € R* and

c* (B, Optt) =1 + a1 6y u2 s S ae st 4 ()(|00u|3 - 10,,143).
G(0yu, Oru) =0 (|0oul* + |0,-ul?).

From now on 7. stands for the lifespan of the Cauchy problem (4) and
(5). In Part II we prove

Theorem C (Theorem 2.1 in Part II). Ifa; —ay+az # 0. we have

. 1
i supe® logl{l + T )5 —
11511:(1)11) og(l+1;) S 7.

with
Hy'= 111'(1ILX{—((1.1 —as + a3)F' (p)F"(p)},
/)ELM.

where F(p) is Friedlander’s radiation field of f(r) and g(r).

Since the Cauchy problem (4) and (5) is a special case of (1) and
(2), the estimate in Theorem A holds for this problem. One can verity
that C(—1,w) = a; — as + a3 and thus H = Hj. Therefore, combining
Theorem A and Theorem C, we conclude

Theorem D (Corollary in Part I7).

; 1
lim e2log(1 + T2) = = .
lim =~ log(1 +17) 7

The proof of Theorem C goes as follows. At first we construct an
ordinary differential equation with respect to 0°u along the characteristic
curve dr/dt = ¢(Jyu, J,u) in (r,t)-plane by using (4). Then, solving the
ordinary differential equation we obtain an expression of the solution
and find that 0%u goes to infinity as ¢ tends to 7.. This method was
investigated in F. John [2], L. Hormander [4] and S. Alinhac [1] .

The equation of vibrating membrane (3) is rewritten in the form (4)
with a; = a» = 0 and a3 = —3/2, if the solution is radially symmetric.
Since a; — as + az # 0, Theorem C is applicable and it implies that the
second order derivative of the solution develops singularities pointwisely
in finite time. The solution u of (3) stands for the vertical motion of




the vibrating membrane. Thus our blowing up result means that the

curvature of the membrane breaks at some points ,while the difference of

the membrane and the speed of the vibration stay small. When the space

dimension is one, (3) stands for the motion of vibrating string. For this

equation S. Klainerman and A. Majda [5] proved that the solution always
blows up in finite time under the Dirichlet or the Neumann boundary

condition.
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PART 1

The initial value ploblems
for quasi-linear wave equations
in two space dimensions with small data

ABSTRACT. In Part I, we study the lifespan of solutions to quasilinear wave equations
in two space dimensions with small initial data. We shall show a lower bound for the
lifespan T¢;lim 161f e?log(l+ T:) 2 T (H # 0), where H is explicitely represented
by initial data and nonlinearities. From the above estimate, one may indicate that
T. = oo, if H = 0. Indeed, this will be proved in section 3. By virtue of the explicite
form of H, We can decide the form of cubic term of the nonlinearity which satisfy
H = 0. To sum up, Part I says global existence of solutions depends not only on the
power of the nonlinearity but on the form of the top term of it.

1. Introduction and Statement of Results.

We study the lifespan of solutions of quasi-linear wave equations i two space
dimensions, with small initial data, as following type;

Uule, 1) = agplu J0u0stulm; 1), | (21)€ R? x [0, 00), ks

w(z,0) =cf(z), Owu(z,0)=cg(z), =€R. (1.2)
Here aqnp(u') = agqe(u') and we denote 0y = 9/0t, J; = Blody 1 = 12 ) e
O = 02 — 8? — 32. The gradient of u is denoted by u' = (Jou,d1u,dz2u). We use
the swummation convention with subscripts «, - -+ ranging over 0, 1, 2 and ¢, 7, -
over 1,2. Moreover we assume that

f.g ECER(R*). and f@)=gle) =0, Jor |zj2M (1:3)
aqs(p) € C(R?) (1.4a)
dap(p) = O(pl?) (14b)

lags(p)| < 1/2 (1.4¢)

for |p| < 6, where ¢ is a small positive number.

The supremum of all 7 for which C*°(R* x [0, 7))-solution of the Cauchy problem
(1.1), (1.2) exists is called the “lifespan” T,. When T, = oo, we say the Cauchy
problem (1.1), (1.2) has a global solution.

M. Kovalyov has proved in [12] that

liminfe®log(1 + T:) = C, (1.5)

e—0
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where the constant C' depends on f,¢ and aq,g. The first aim is to determine the
constant explicitly by Friedlander radiation field. Let U(x,t) be a solution of linear
wave equation;

OU(z,t) =0, (,t)€ R*x[0,00), (1.6)
Uz, D) = flz), bz, 0)=g(x), 32€ R>. fdoF )

Then we can define the Friedlander radiation field F(w, p) by

Flw.p) = lim r'?U(z,t), z=rw, wE Sl p=r—t 1.8)
F , F

oyt
F is explicitly expressed by

i

Flu, Al = > on

/ (s — p) V2 R,(w,8) — OsRy(w, s)}ds, (1.9)
P
where R, is Radon transform of h € C$°(R?), i.¢.,

Hylw,g) = / h(y)dS,y.
w-y=3s

Note that F satisfies
Flw,p) =0 for p = M, (1.10)

0 F (w, p)l < C(L+|p) /27" (1.11)

For the above facts, see Hormander [3].
We write the non-linear term in (1.1) as

aap(t')0a0su = Zagys(Oyu)(Osu)(0adpu) + O(|u'|*[u"]), (320
where

0 anp(u')
O(0u)0(Fsu) |,y

Z afyé —
Thus we define an important quantity

i = Hiax {—C’(—l,w)apf(w,p)aif(w,p)}, (1.14)

pER,weS!

where

C'()() i ZOB"/(S‘YQ'*Xﬂ*X'y‘X(S? X = (X()v‘X—la)(Q)? (115)

and C'(—1,w) is defined by setting Xy = —1, (X;,X3) = w € S'. By (1.10) and
(1.11), we find that H is well-defined and non-negative.
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Theorem 1.

S ie——h
£ 3

. 1
liminf e? log(1 4+ T:) > —.
1m 11 og(l+ 1) 7

Proof of this theorem is basically owed to the method in F. John [6]. When
ans(u') = O(|u']) in three space dimensions, he proved that

liminf elog(l +T1.) 2

%

e—+{)
where
H*= max {- —1-6'(—1,w)02]-'(w.,))}.
pER,WES? 2 4 :
We next study the interesting case H = 0. The condition is equivalent to the

condition (1) f and ¢ vanish identically or (ii) C(—1,w) = 0 for any w € S, see
Appendix. Under the condition (i), the Cauchy problem (1.1), (1.2) has a trivial
olobal solution u = 0. Under the condition (ii) which is called Klainerman’s null-
condition, we find from (1.15) that C(X) 1s devided by X2 - X? - X3, Hence
anp(t')0a0pu 1s represented as a linear combination of the followings:

C'O‘yg(ao.agu){((701/.)2 — (B1u)? — (Bau)*} + O(u'*|u"]), (1.16a)
Cos(0qu)ds{(Oou)* — (O1u)* — (0,u)?} 4+ O([u'|*|u"]), (1.16b)
Cap(O0au)(Opu)0u + O(|u'*|u"]), (1.16¢)

Co(Oqu){(05u)(0,0su) — (Oyu)(050su)} + Ol P11, - By d =011, 2, (1.16d)
where Cyg and C, are constants.

Theorem 2. If H = 0, there exists an ¢ > 0 such that T, = oo for any 0 < & < &¢.

S. Klainerman [11], L. Hérmander [3], D. Christodoulou [1] and F. John [6]
proved independently that the null-condition implies global existence for small data
in three space dimensions. When the non-linear term is cubic form of u' in two
space dimensions, P. Godin [2] proved the same results by making use o A I Mo
estimates studied in L. Hormander [4] and S. Klainerman [9]. Theorem 2 is obtained
along the same lines as in P. Godin [2].

We will prove Theorem 1 in section 2 and Theorem 2 in section 3.

2. Proof of Theorem 1.

First we introduce the generalized Sobolev space. Denote by I'y, 'y, -+, I'7, the
vector fields

L() = 7‘00 ~t ;1*181 4= ;1'202, Ll‘ — :1:1-00 -+ tai (1 = 1, 2),
1= ‘TlaQ —‘51'72017 00781782:
respectively. These operators satisfy commutation relations
Dy Ol = Tl = By = 201,00, p=1,2,44,7,
[T, T] = =T, [I,8] = Zo.

8




3 stands for finite linear combination with constant coefficients. For o € Z% (Zy is

the set of non-negative integers), we put I'? = I‘;fx F;f:» o TOE S Alien thel psome
lo()llk = D, II070(, 1)l 22 o). (2.2)
lo| <k
()l = Z [IT70 (- 1)l pge (m2)- (2.3)
lo| <k

For convenience, when & = 0, we omit sub-index. Following propositions are very
unportant i proving our theorems.

Propostion 2.1 (Klainerman’s inequality [10]). For smooth function v(x.t)
(x € R",n =2 2),

"l,v(;z»-.‘/f)‘ <C”(1+|;lf|+f —~{ =1}/ 1+|f—|l|’ —~1/2

v(t)]l[2]+1 (2.4)
where [s] stands for the largest integer not exceeding s.

Proposition 2.2 (generalized energy estimate). If the solution u of (1.1),
(1.2) exists in C>°(R* x [0,T)) and satisfies

sup {'u.'(s)ll_k_ﬂ] <1, sup |u'(s)|<é for O0<t<T, (2.5
0<s<t % 0<s<t

then

ot
[Ju'(#)]]x < Crllu'(0)]]x exp(Ck/ ‘u s [L#](IS), (2.6)
4 >
where ¢ 1s the one in (1.4) and k € N.

We prove Proposition 2.2. Multiplying Lv by Oyv and integrating with respect
9 " ¢ . . s
to v over R, we arrive at the “energy identity” for a scalar v:

/ {(8a4v)(8av) — ago(Fpv)* + + a;;(0;v)(0;v) }dx ~—/ J(t, x)dz,

(H R2

where L = 0O — aqg(u')0,05 and

J = 2(8yv)(Lv) — (8gage + 20;a:9)(Opv)? — 2(0ja;;)(Oyv)(Ov)
+ (Qoai; )(O;v)(95v).

Using assumption (1.4c¢), we get

i
o' ()12 < 310 (0 + 2 / s / 1 (s,2)\d, (2.8)
0 R2

which implies

[u'(#)]]* < 3||u’(0) +C/ lu'(s) ||u s)||zds. (2.9)




Using (1.1) and (2.1), we verify that for |o| < k
ET o == S@(u')(l’&()m 'z/)(F£?80.2 u) - (ng&,qu). (2.10)
where ¢ € C™ in u' is formed from the aqg(u’), and ¢ and the multi-indices §&;

satisty

e b+2 GFIGI -+l Er+ 1 (2.11)

By (2.9) we can assume that

k41

(V)
—
A
~—

Kpl £ [ ] for p = i ( 1

)

Therefore we find from (2.7), (2.10), (2.11), (2.12) and (2.5) that

/LP*" W e il = ()("“/(3)“[2&11]||Ul(5)“2k)-

Applying (2.8) to v = I'u and combining with (2.9), we get
PPpPiying & &

ot
2 v 2 piad A2 7
I ()1 < CulllaO)E + [ 1) g )l )
0 *
Therefore Gronwall’s inequality yields (2.6).
In order to prove Theorem 1, 1t 1s sufficient to show following lemma.

Lemma 2.1. For any k > 9 (k € N), B > H and m > 0, there exist J(B) > 0
and ep(m, B) > 0 such that if

|
7 < min{7T., —1 + exp( B2 )} (2.13)

and s

. i y

|U (f)l[A;-L] < m for 0 < (B T, (214)
then for any 0 < ¢ < gx(m, B)

.];‘,(B)E
il g ¢ B
,U. (f)‘[_l\_-zﬂ] < m for 1E 8 (210)

where H 1s given in (1.14).

We shall prove Theorem 1 by assuming Lemma 2.1. Let U(z,t) be the solution

of (1.6), (1.7). We find from (1.4b) that
Iuli=g = eI Uly=o + O(*) forany o€ Z%. (2.16)

Therefore by (2.16)
H“‘I(O)Hk < e

10




Moreover by k£ = 9 and (2.4)

‘ll,(O)’[i#] < |Ju'(0)|g—2 < Cllu'(0)]|x < Che. (2.17)

Letting m > max{2Jy(B),Cr}, we get for sufficiently small 7

TE

! i ;
I'U (7‘)‘[%}_] < m for 0ty (2.18)
If (2.18) holds for any 7, then T. = co. Hence there exists a 7 (0 < 7 < T.) such
that (2.18) holds and
e B me .
‘U (/ )l[k-é—l] - —(1 _+_-_7-_)1/2 . (219)
1

Suppose that 7 < —1 + exp(—=—), then we can apply Lemma 2.1 and obtain

|’”‘l(1)|[£i1_] % 7
This contradicts (2.19). Therefore we have

T > 717 2 =1+ exp(

Bﬁ'z) for 0 < e <er(m,B).

Since B 1s arbitrary except for condition “B > H”, Theorem 1 follows.
Now we prove Lemma 2.1. First we verify that (2.15) holds for 0 <t < &~!. By
(2.17) we get

H“/(O)Hk S OE,

Then for sufficiently small ¢
')l < 2Ce,

also by (2.4) and £ > 9

JCiE e
| (1) [ragry < LR AT 0,
[ 3 ] (1+f)1/2

for sufficiently small €. Using Proposition 2.2, we find that these inequality will
continue to hold as long as

4C7e*log(1 +t) < log?2.
Therefore if we take ¢ such that
4C/ e log(l + ™) < log 2,

(2.16) holdefor Ui ticie ™,
Moreover we have u(z,t) = 0 for |z| > t + M (see [8], Appendix 1). Therefore
we can restrict ourselves in the region

ek Lt<1, |z|<t+ M. (2.20)

X




In order to show (2.15) in the region (2.20), we introduce “pseudo characteristic
rays’ 1 (r,t)-plane, which is given by solutions of ordinary differential equations;
dr
— = r(r, 1), (2.21)
dt

where w € S is fixed and

1 9
rk(r,t) =1+ SC'(—I.w)(aou)“.

o
Q)
Y

~—

For each point (r,t) with » > 0, e7! <t < 7, there exists such a curve through

this point. Continuing this curve backwards, we arrive at a point (ry,t;) for which
=—1, We call S, the solution of (2.21) with

L&

either ry = 07‘1 > 5_1 or 1 2 ()fl e

7L1 — 1 = )\
Along Sy, we find that
it —r—2A ‘mee*
| B W BER S N (2.23)
dt Lot
02
S (2.24)

)

[t =1 — A€ Cm*e?*log(l + ) 5
), (2.14) and (2.13). We take (m, B) such that

where we have used (2.21), (2.22
ex(m, B) < dm™1, then Proposition 2.2, (2.14) and (2.13) yield
b 0 Dl
! i m C v Ck"]l
|u' (1)]|r < Cre exp(Ch / ds) < Ceexp( &
T Je 148
Therefore by £ > 9 and Proposition 2.1
! 2
Ch.e exp( Eam
seetpl” ) (2.25)

it , ! (
()] g2 S Ju'(B)|k—2 < AT P+t =i

e
)
3]
(@)

N Lt

We set ‘
Cm? 3 ( )
= exp( ——).

P\ B

Ag = I
(2.26) along Sy with A > Aq

Then by (2.24), (2.25) a

| (g eki Qi O
! (#) 2 < ke exp( 75 ,), 2 &t e
(14 )12(1 + exp(Fgr=))t/2 = (L )12

0

This implies that (2.15) 1s valid along Sy with A > A\, then it is sufficient to show
(AR
=l <T.

(2.15) along Sy with —M < A < Ay, ¢
For functions ¢(z,t;¢e),9¥(z,t;¢) we write o = O*(3p), if for any k > 9, B > H

and m > 0, there exist Ji(B) > 0 and e4(m, B) > 0 such that

for < E e B ),

w(z,t;e)| < Jp(B)y(x,t;¢)

%
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as long as (2.13),(2.14) hold, along Sy with —M < A < \g and ¢! <t < 7. Then
our purpose is to prove

' ()|jeg) = O*(e(1+)72). (2.27)

If we take ep(m,B) < /\U_l/]). then we find

A = O*(e™®) for fixed p > 0. (2.28)
1 T
For later we shall assume that p < 2 We find from (2.28) and (2.24) that

t=r+0%e™?), rl=t"140%ePt7?), r? =442 4 0% Pt7Y?). (2.29)

Then it follows from (2.25), (2.29) and (2.28) that

[u! (1)) 4, = OF (' TPE71/2), (2.30)
Since
t+ M
e, T = l = / wiO; I u(sw, t)ds
' t+ M ‘ '
= ()< / |u'(7‘,)l[fﬁ]+2d.s> = O*(e 72471/,
; k+
for |o| < [——]+ 2, we have

[u(t)lgry 10 = o gt o (2.31)

The operator d, can be written as

1 Wy rwWiW; 1 ;
OB e e it S Rerdd Sl Pyl = o .
‘ w O+t ’+f+7- 0 TR 0 1‘2—7~2( 0o — &;L;),

(see [6], Appendix 2 and [7]) and these representations yield

Ou = —woOpv 4+ Ot T o1 ) = —wa8rv + 0@ uly), (2.32)
1
=00 lv]1), (2.33)
£
DaOpv = wewedav + O '|;) = wewgd2v + Ot |v']1), (2.34)
(85 +.0:)v = Ot Mule), (54 8:0%0 =00 %)), (2.35)

where 0, = w;0;.

13
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The operator L can be written in the form
t—r
Hr

Liljv+ —Liv
= +7‘7'

Ly = 271—1/2(00 o h'(?,-)(fl/zaul‘) — (0o + 0r)%v +

(9() (8

0;; — u),'u)]'

—2(k = 1)(9o + 0r)Fpv — —L—

'

e (I()d('ll.,>anad'l.‘ -+ C'(—lw)aj oI
Then by (2.29), (2.33), (2.34), (2.35) and (2.30)

{ ) ST -
%(tl/zaop) = St Lo 4 O (172 u),). (2.36)
dt 2
; . ok 1 :
We apply (2.36) to v =I'u with |o| < [—)——] below. When v = I'u
120,77 u(t) e =1 = ()(e—l/ﬂu’(g“l)“k_“ﬂ]) = O{e). (2.37)
Now we show (2.27) by induction. We first show
lu!(2)| = O*(et™1/?), (2.38)
Let v = u 1n (2.36). Then it follows from (2.31) and Lu = 0 that
d 1/2 T U, O
W(f Ooutp== OF g =P, (2.39)
dt

Integrating (2.39) from ="' to ¢, we find from (2.37) that

-

‘f]/z(?uu(fﬂ S I.S‘l/za()'l/r(ﬁ)l.s:s—" £ ( /

. 5—1

51_21’3_2(%) =L e, (2.40)
which implies
Sou(t) = O*(et~112). (2.41)
Using (2.32), (2.31) and (2.41),
Oiu(t) = —w;Gpu + Ot Hu|)|| = O*(et~1/?) + ()*(51_2”#*3/2) = (Ve )

Next we shall show

l'te)]y = O%et™ 112, (2.42)
We begin the proof of (2.42) by showing
BaOpu(t) = O*(et™1/?). (2.43)

Letting v = dyu in (2.36), it follows from Lu = 0, (1.15), (2.32), (2.34), (2.30) and
(2.31) that
L(Oou) = O(0ou) — aap(u')0a0500u
= (Jyaq a( u' )) O aﬂ u
= ZaBv500{(0u)(95u)}0a0s5u + O(Ju'|?|u" *)
= 20(=1,w)(Fu)2Bou + O(u' Pl + ¢~ fuls|u' )
= 20N W B Dy 4O (P,
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Then we write the differential equation (2.36) as

WU](#) = C(=1,w)t 7 2W1(¢)2Bpu(t) + O* (e} P1~3/2), (2.44)
1
where 7

Wi(t) = t1/202u(t). (2.45)
Notice that by (2.30),

Wi(t) = O*(el™P). (2.46)

The following facts play an important role in our proof.

0U(2,1) = (=1) G, F(w, p)| = O(r*1?), (247)
Ofu(x,e™") — 85U (x,e™1)| = O(?), (248)

with € = 1,2. (2.47) can be proved by using Lemma 2.1.1 in [3]. We prove (2.48)
for ¢ = 1 because another case can be proved in the similar way. By (2.16), the
function u — U satisfies

Liu~ell § = gqplu’ )0,05m, (2.49)
Gou(0) — 0, U(0)]] = O(?). (2.50)

Applying Proposition 2.1 and classical energy estimate to (2.49), (2.50), we find

that :
['(?011.(5_1 ) . ~:a()l’r(5__1 )'

SO +e7) 72 ]|aou(e™) — edolU (e ™))

vE

<Ce'2(]|0pu(0) — e U(0)]| + / |aap(u'(s))0a0su(s)

0

|ds).

Since 0 < s < 71, we find that

; 142
lraa,@cu.'(.s))000,311(»»Il<C( / |U’(<*')'FL;H](]'“) = O(e*s™1/2),

)2
1IN

Therefore we have

D)

<

[Bou(e™) — eQoU(e™")| = O(e™/ +a”2/ e*s™Mds) = O(e®).

0

This implies (2.44) with ¢ = 1.
It follows from (2.40), (2.47) and (2.48) that

112 Bgu(t) = (1) Bpule ™) 4 O*E3/?)
(™) 2edU(e™) + 0*(*/?)
(71 = )1 2e8U(e™) + 0%(*2) + O({(e™)/* = (71 = 1) /*}e)

—e0,F (w, —X) + O*(3/?).

I
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On the other hand, by (2.47) and (2.48)

(e 202u(e™1)

(e71)'2eqiU(=™") + O(e™*)

(67 = NM2efU (™) + O(5%) + O({(e71)/2 = (71 — )% }e)
= c0.F(w,—A) + O(*/?).

P

Wi(e™!)

Then by (2.46), (2.51) and (2.52) we rewrite (2.44)

] 5 =D ) T G o S o
%W’]H) = —eC(=1,w)0,F(w, = At T "Wy (1)* +O0* (e 7Pt 73/2 . £7/272p471Y  (2.53)
(

Wi(e™) = e02F(w, =) + O(¥/2). (2.54)
If the solution Wi(t) of (2.53), (2.54) satisfies
Wi(t) = O*(e), (2.55)
then we obtain (2.43). Indeed, using (2.45), we have
Gl = " fet~1%), (2.56)
then (2.34), (2.30) and (2.56) yield (2.43).
We shall show (2.55). Multiplying sgnW; to both sides of (2.53),
- ’
S| € ~e0(~1,0)0,F(w, -V WAL + L0, (257
dt

where -

S O e S T e o !

Note that

N
&y

/' [Glsd|ds = 0P (205, (2.58)

9

Replacing if necessary Wi by —W;, we may assume
S
I/Vl(‘c ) 2 0.

We set

t
B(t) = Wy(e™!) + Ji(B)e®/ —5C'(—1,w)(7/,.7:(w,—/\)/ Wi (s)[2s ™ ds,

JE

then we find that




Inteerating this inequality from e =" to t, we obtain by (2.37)
W ()] € Wi(e™) + O* (%) = 0*(e).

Therefore we assume C(—1,w)d,F(w, —A) < 0. In this case,

d :
—B(t) = —eC(—1,w oS WG
< 4(#) = —eC(~1,)0, F(w, =Nt W (H) e
< —eC(=1,w)8,F(w, =Mt B(1)%.
Now we consider a Cauchy problem;
1 :
fﬁz(f) = eO(=1,w)0,F (w, =Mt ()", (2.60)
d
Z(e™) = Ble™) = Wi (e 1) + Ju(B)e**. (2.61)
Then by (2.59) and (2.60)
1 ., ¥ _
g;(Zuv—xﬂwwwpccw—wa%fu%—A)/_gxsw+ﬂuns1dﬂ}
{ 1 | ey
3 ((]—fzu) 4 ;(];B(f) 0= 1w) 8 F (=Xt (2P = )M}
t
x exp(eC(—1,w)0,F(w, —A) / (Z(s)+ B(s))s™ds) =2 0.
Since Z(e™') = B(e™!), we have
B(t) < Z(1).
Solving (2.60), (2.61) explicitly, we have by (2.13) and (2.45)
VACER
2() = ¥ | Gl
1—eZ(e ) (—-C(-1,w))0,F(w,—A)logt
1 O*(¢e)
[ Bl A O*(e5/4))(=C(—1,w))0,F (w, —A)logt
B O*(¢)
T 1= L{—C(~1,w))0,Flw, = A)02F (w,~A) + O*(e'14)}
O*(e
3 i = e,

e N T

Hence we have

0 < [WA(8)] < B(H) < Z(1) = O*(e),

then (2.55) holds.
Now we prove (2.42). Let v = T'u in (2.36) (I' is an arbitrary one) and set

W(t) = t'/29,Tu(t). (2.62)

1%




It follows from (2.1), (2.32), (2.38), (2.43) and (2.62) that

L(Tw) = Olu — aqpg(u’)0,05Tu
= OTu — T'0Ou + D(agg(u')0x05u) — aqp(u')0a05T u
= COu + (Taas(u'))0a05u + aas(u')(Tadpu — a0l u)
= Cang(t')0s05u + (Dans(u'))0a0su + aap(u')0yOsu
= Ol P + [T |1 "]
= O(|u'|*|u"] + \Oof‘zz‘llulH'u‘”l)
= O(|u'|?|u"| + |8()F'z/,| ! | [u""| 7 ulo Ju'[Ju"])
= O (37312 4 U3 W| 4 £32P5/2)
= (M7 32 R,

Therefore by (2.36) and (2.31)

] : = = 9., ‘
%”"(f) = O*(¥7 + 2T W ()| + 17277,
a1

Inteoratine this equation from 7! to ¢t and using (2.13) and (2.37), we have

t
W ()| < |[W(e™)| + O* (/ (3571 4 2|W(s)|s™ + 51—1)8_2)(].9>

&

't
= 0%(e) + OF (52/ H/V(s)|3_lds>.

Hence Gronwall’s inequality and (2.13) lead to
W (t)| = O*(c exp(e?logt)) = O*(ee'/B) = O*(e),

1.€.,

SoTu(t) = O*(et™'/?). (2.63)

We also find from (2.1), (2.32), (2.31), (2.38) and (2.63) that (2.42) holds.

Finally we prove (2.27). It is sufficient to show that

' (£)|e = O*(et™1/?), (2.64)
under the assumption
! (t)]e—1 = O*(et™1/2), (2.65)
) k + 1 /4 ) 74 oy 4
where 1 < ¢ < [——7———~] Let v = Ty (for ¢ € Z,,T* stands for ) I'?) in (2.36)
4 Lot
and set
W(t) = t1/29, T u(t). (2.66)
18
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Using (2.1), (2.32), (2.38), (2.42) and (2.65), we have

L(T%) = Ortu — adog(u')0, 95T
= T'0u + Z C, I*0u — agz(u')04 95T

<l
== r((ao;d(“,)aa'adu) in Z C'/lrﬂ((l‘nd(“,)00 ad U-) = (1'()‘3(“1)00 ad]._‘[ll
<t
4 ..

= Z ( )(F“”a(,d(u,’))(l“”aaadu) . (1,0,3(1/)F(a(ﬁdu

o\

s Z CpI'*(aap(u)0s0su) — ang(u' )0 0}31’{1/‘

<l

= O([u'[plu'[¢|ule) (1, E<E n+C+HESLH1T)
= O(|u'[o—y + [u'olu]1]u'])

= O 0 Ayl

= O*(373/2 4 232y (1)),

where

V(t) = "2 (t)]e. (2.67)
Therefore by (2.36) and (2.31)
l / : ; .
%I’V(f) = e T S T I A
1

Integrating this equation from £~ to ¢ and using (2.13) and (2.37), we have

(W) <

1
W) + ()*</ (s +*V(s)s™ + 51_2”-;2)(1-*)

—1

t
= 0%(e) + O" (52 / V(.s).s"lds>.

Then by (2.66), (2.1), (2.32), (2.37), (2.65) and (2.31)

t

V(t) = 0*(e) + O*(&? /

SE

V(.s).s_] ds).

Gronwall’s inequality and (2.13) yield
V(t) = O*(cexp(e?logt)) = O*(ee'/P) = O*(e). (2.68)

We find from (2.67) and (2.68) that (2.64) holds and this complete the proof of
Theorem 1.

19
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3. Proof of Theorem 2.

For a function h € C*(R?* x [0.T)), we denote by Ep(h) the solution of the
Cauchy problem:;
OEr(h)(x,t) = h(x,t), (x,t) € R* x [0,T),
Er(h)(2,0) =0, &Er(h)(z,0)=0, 2z &R
Using an L'-L* estimate in Corollary 6.2 in [4] (also see [2], Lemma 4.1). we can
prove;

Proposition 3.1. Suppose that b € R, and hy,hy € C>®(R* x [0,T)) have a
compact support in x for fixed t. then there exists C' > 0 such that

6 6 2
(14 t)|Er(hiha)(,t ( Z / IF ]Zl )( Z / i) h) 1_H1, (Ls)-.
0

16]<1 st ¥V
(31}
foris -t i,
We also need following proposition which is proved in [13].
Proposition 3.2. If functions u and v are smooth and
u(z,t) =v(z,t)=0 for |z|2t+ M,
then we have
@' < Cr 3 Lo [ D) (3.2)

16]=1

Let k be fixed and & = 9. For functions p(z,t;e)andyp(z,t; &), we denote ¢ =
O* (¢ ) 1f for any m > 0, there exist J > 0 and ¢(m) > 0 such that for 0 < ¢ < &(m),

lolz g6} < Jlz, tie)  for 0Kt <7

holds as long as 7 < T. and

e
I’U(?‘)i[&]_}_] 2 m for st <y, (3.3)

By the similar argument in Section 2, it is sufficient to prove;
Lemma 3.1.

I'U(f)’[ﬁ_l

= eI T2

We conclude this section by proving Lemma 3.1. Denote by F the right-hand
side of (1.1). By (2.1) we have

[l R TORDARE (E T 1)

ALo
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Then we can write
[%u =W+ Y CAE(T'F),
ALo

where W7 1s a solution of linear wave equation;

OW(z,t) =0, (z,t)€R*x[0,7),
W (z,0) =T%u(z,0), W (z,0)= I u(z,0), z < R>

Since, as well known,

y (5
(We(x,t)| <

I\W for O<f<7-.

it 1s sufficient to show

k1

I F = 0Mell #4710 fo A€ [

]+ 1. (3.4)
As stated in introduction, we may assume that F' has a form in (1.16a-d). We verify
(3.4) for each case.

Case (1.16a). We have to show

(TN (8a85uQ(u'))) = O (e(1 +1)71/2), (3.5)

E- (T Plu"])) = O*(e(1 + t)71/?), (3.6)

where Q(u') = (Oygu)? — (O1u)* — (Ou)?. It follows from Proposition 2.2 and (3.3)
that

(
lu'(1)]|x < Ceexp(C / I'L/’(.s)lfm](l.s)
JO 2
< Ceexp(Cm*e?log(l + 1))
< Ce(l1+t)P o s <%,

if Cm?e? < p. For later we shall assume that p < 1 Hence we have

@)l = O*(e(1 + ). (3.7)
Now we shall prove (3.5). Using Proposition 3.1 with b = —1, we get
(14 ) |E(TX(0aBpu@Q(u )| S C > L(t)J (3.8)
u+rv=>A
where
1/2
Lielt) = ( / DT 8, 0pu(s)||*(1 + s)~2ds > ,
16]<1
L72
:(Z/HF%‘QU (sDIP(1+ s (]s) :
16]<1
21
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Since k 2 9,0 + |u|+1 < [——} + 3 < k. Therefore, by (3.7) we get

< 1/2
]ﬁU)::O*<< / 5%1—+NVP—%A> ) = 0*(e). (3.9)
J 0

On the other hand, since
Q(u') =t (Loubyu — Liubiu),
D'TYQ(u') is represented as the sum of
DA TN L a5 (0utt)y pH+ntf=84u 6=0,1,2
We can verify in the support of u
TAE T 8 Oy T 5700, (3.10)
Moreover we find that

IT7(Lau()TE(@au(t))]| < C

“(”I[Lgﬂ]||“,(f)|‘f~/ (3.11)

k41

P

] + 3. Indeed, if we set ( =n+ x (|x| =1, T'X = L,), we obtain

where ¢ = |

]\' 1 : ( (} 1
C+E < [2=]4+3=¢. BT 5 1D e e TR i PR Bl T
041, . (+1 ¥ v
e vl J; el el 504 + ] = 1, we have by using Proposition 3.2
ITSu(H)T4Bau(t)]] < C ) [T u(t)] ||Tu' (#)]]
|¢|=1

< C|’Uv(f)|[t§i]||’U-'(t)ufv

P e o b
J=iy

- ]

which implies (3.11). Since k > 9, we get ¢ < k and |
(3.3) and (3.7)

]. Then, by

[[Tu(t)DCOqu(t)]] < C"“'(t)‘[*_-QH]H“/(f)'l’\*

| (3.12)
= a1 + 1PV,
Combining (3.10) and (3.12), we get
ITT Q' ()| = O* (et~ (1 + t~19F¥1)(1 + ¢)2=1/2), (3.13)
On the other hand, as shown in section 2,
ITT*Q(w'(1))|| K Ce for 0<t<1 (3.14)

24
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Hence by (3.13) and (3.14)

Ju(t)

I

|6]1<1” 16]<1

-t | 142
<<Cs + 0" ( / e*(1 % s)z"‘zd\')) = 0"(e).
J 1

Therefore (3.5) follows from (3.9) and (3.15).

Next we shall prove (3.6). Using Proposition 3.1 with b = -, we get

SV

(1+)ED M/ P )< C Y L)L),

ptv=A
where
-t 1/2
I,(1) = < Z / DO (Ju'(s))*)]]*(1 + .s')_l/z(]s«’) :
jo1<1 7
t 1/2
Jolt} = ( 3 / DT (fu’ ()] Ju" ()DL + >*/1> .
<1 ”°
k+1
Since |60 + p| < | : ]+ 2 < k, we can verify

—t

HFQFH('UI(S)F)H g Cl'“'(s)][%}u’|’Ul(5)H1~f'
Using (3.3) and (3.7), we get

TOTH(|u'(s)%)]] € Cme*(1 + 8)P1/2 = O*(e(1 + sy,

ot 1/2
Lt S1F << / e 41 = .4)21’_"5/2(1.5) ) w (e
Jo

Similarly we also find that

Then we have

Ju(t) = 0% (e).
Therefore (3.16), (3.17) and (3.18) mmply (3.6).
Case (1.16b). We have to show

E(TM0.ud3Q(u'))) = O*(e(1 + t)71/2).

i f It
(Z/ DT Q(u'(s))]1*(1 + s)ds + Z/ 1\1“"1“"(3((/'(5))\;2(1+.s)(/.§>
J 0 1

)

(3.16)

(3.17)

(3.18)

This can be obtained similarly to (3.5), by using (3.10), (3.11) and Proposition 3.1,

k+1
Sl bl B [—;——] + 4 1n (3.11).

]
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Case (1.16c). We have to show
E_(TH9,ufzulu)) = O*(e(1 + ) B ¥
Using (1.1), we get

F)‘(Oo'uag ) = I‘”\(OQ, u0gu(Oyudsulu + ()(]u'l";]u”\)))
= O(TM(|u'[*|u"])).

Therefore this case can be reduced to (3.6).

Case (1.16d). We have to show
E.(TM(0,u(05ud.,0su — 0,udzdsu))) = O*(e(1 + £ e,
Using (2.32) and (2.34), we have

Oqu(0pud~Osu — 04udgdsu) = ()(f—](l'tl,'|2|‘ll,'\1 + ' ||Ju" | |ulr))
= Ot ! ||ul1|u']1)-

Therefore this case can be verified similarly to (3.5) as @ = ¢~ |u'||u|;, then the
proof of Theorem 2 is complete.

Appendix.

If H =0, we find from the definition of H (1.14) that
; 1 o
C(~1,w)0,F (w, p)BaF (w, p) = 5C(=1,w)0p((8pF(w, p))*) 2 0,

for any w € S! and p € R. For fixed w, if C(—1,w) # 0, then 9,((0,F(w,p))?*)
is of constant sign in p. Using (1.10) and (1.11), we find that 0,F(w,p) = 0 for
any p € R,i.e., F(w,p) = const in p. Therefore (1.10) implies F(w, p) = 0 for any
p € R.
We set
Q= 5"\{w e §'|C(~1,w) = 0 and F(w,p) =0 for any p € R}.

We claim that Q is either the set of w such that C'(—=1,w) = 0, or the set of w such
that F(w,p) = 0 for any p € R. Set

F={we Q| C(-1,w)#0}.
Clearly F is open in . On the other hand, by the above argument we have
F={weQ| Flw,p) =0 for any p € R}.
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Then we find that F is also closed in . Therefore F' is equal to either ¢ or €.
When F = 6, §) is the set of w such that C(—1,w) = 0. When F' = Q, Q is the set
of w such that F(w, p) = 0 for any p € R.
Since
St=QuU{wes ’C'(—‘l,w‘) = 0 and F(w,p) = 0 for any p € R},
either “C(—1,w) = 0 for any w € S'” or “F(w,p) = 0 for any w € St and p € R”,
when H = 0. Moreover if F(w,p) = 0 for any w € S and p € R, then, by (1.9),

T rmgte e o
Flw,p) + F(—w,—p) = \/_37/ (s = p) 2R (w,s)ds = 0,
LYy ,/'}

1 ¥ 17
f(w‘, /)) e .7'—(—UJ~, —[)) = —“—ﬁ / (b Gl [)) 1/203Rf(w,3)(1.5 =il
LT Jp

Usine Tichmarsh’'s Theorem (see [14], p.166), Radon problem (see [5], p.162) and
integrating by parts, we find that f and ¢ vanish identically. Therefore the con-
dition “H = 07 implies either “C(—1,w) = 0 for any w € S'” or “f and ¢ vanish

identically”.
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PART II

The asymptotic behaviour of
the radially symmetric solutions
to quasilinear wave equations
I two space dimensions

ABSTRACT. In Part 11, we study the behaviour of solutions to quasilinear wave
equations in two space dimensions. We obtain blow-up results near the wave front.
More precisely, any radially symmetric solution with small initial data is shown to
develop singularities in the second order derivatives in finite time, while the first order
derivatives and itself remain small. Moreover, we succeed to represent the solution
explicitely near the blowing up point.

1. Introduction.

Part II deals with the initial value problem:

: \ 1 1 , . ,
Upp — (:2('1,/,t./'11,r)(11.,~r + —ur) = —urGug, ur), (r,t) € (0,00) X (e d) (1.1)
I s

u(r,0)=cf(r),  w(r,0)=cg(r), re(0,00) (1.2)

where

(:2(11,1_, ur) =1+ alu,? + agusu, + (13'11.?_ + O([u,|3 =" |‘u,4,.|3),
Glaugyur) =O(fuel? + ur )

near vy = u, = 0 and the initial data are smooth and have compact support. The
equation (1.1) is the radially symmetric form of quasi-linear wave equations in two
space dimensions. In [2], we have shown that the smooth solution to the initial
value problem (1.1) and (1.2) exists almost globally, that is

1
lim e®log(1 4+ Te) 2 —
s deelltife) 2

where

Hy = Irlaﬂg\c(—(al — az + a3)F'(p)F"(p)).
pPER

The quantity 7. stands for the lifespan of the smooth solution to (1.1) and (1.2) and
the function F(p) is the Friedlander radiation field with respect to f and g defined
m below. It has been proved that the smooth solution to (1.1) and (1.2) exists
globally provided ¢®(uy, ur) — 1 = O(Jue]® + lu,|>) by M. Kovalyov [9]. Even in the

Typeset by Aa4S-TEX
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present case, by provided Hy = 0 [2] has proved the smooth solution exists globally.
In other words, null condition guarantees the existence of global solutions.

Our main purpose in this paper is to show that the smooth solution to (1.1) and
(1.2) blows up in finite time if Hy does not vanish. We have two points of view to
study. One 1s to determine the blowing up time of the smooth solution to (1.1) and
(1.2) exactly. We will prove

gii%s?mgu +T.) £ T

in below. The constant Hy is the same as the earlier one, thus we conclude

: 1
lime*log(l 4 T.) = =,
m e” log(1l + T) 7

e—0 0
When the coefficient ¢? of the Laplacian has the form
A(us) = 1 + aus + O(Jue?), a#0

and G(ug,u,) = 0, F. John [3]-[5] and L. Hormander [1] have obtained in three
space dimensions,

1
limhie lop { lide T disehseees 1.3
il e (1.3)
where v
H, = max(=F"
| = max(5F"(p)

and L. Hormander [1] has also shown in two space dimensions,

1

where
H, = max(aF"(p)).
pER ‘

Secondly, we turn our interest to the behaviour of the solution near the blowing
up point. To make our purpose clear, it is worth noting how the blowing up of the
smooth solution occurs. Let wy(r,t) be a directional derivative of u,(r,t), whose
direction intersects orthogonally the pseudo-characteristic curve to the equation
(1.1)in (r,t)-plane. If we denote the value of wy(r,t) along the pseudo-characteristic
curve by wy(t), then w;(t) diverges as t tends to T. for sufficiently small initial data,
while v and the first order derivatives of u are still small. Thus it is natural for you
to wonder about the action of wq(t). We will represent w(#) explicitely near the
blowing up point as a limit when ¢ tends to 0. It has not been studied yet for the
cases of F. John and L. Hormander.

For an application of our results we consider the equation of vibrating membrane:

Vu
Uy — A1V “ =y (z,1) € R? x (0, Lk

V14 [Vul?
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The radially symmetric form of this equation is written in the form of (1.1) with
a;, = a; = 0 and a3 = —3/2. The solution u stands for the vertical motion of
the vibrating membrane, thus our blowing up results imply that the curvature of
the membrane brakes at some points while the difference of the membrane and
the speed of the vibration become small. Further consideration for the vibrationg
membrane will be developed in section 7.

2. Statement of results.

To state our results for the initial value problem (1.1) and (1.2) we set the
asswmption more clearly. We assume ¢, G € C™(R?),

A(ug,ur) =1+ arud + agug, + asu? + O(ugl* + Ju, )
G(ug,uy) :O(lutl2 s ]u‘,‘|2),
near u; = u, = 0 and assume f(|z|), g(|z]) € C§(R?), |f|] + lg| £ 0 and

suppf, suppg C [—M,M]. We also need a; — az + as # 0 so that Hy does not
vanish. We define the Friedlander radiation field F(p) by

Floles 7"%1/‘0(7',1) along p=r—1,
where u”(r,1) is the solution of linear wave equation:
1 ‘ ,
u?t - u?,. s e a0, (r,t) € (0,00) x (0,0), (2.1)
o
W0(r,0) = f(r), w(r,0)=g(r) 1€ (0,00) (2.2)
F(p) 1s strictly expressed as
Fio) === [ (s= o) H(Ryfe) = Ry
AT s — *(R,(s) — R';(s))ds,
: V27 P . % !
where Ry (s) is the Radon transform of h(|z|) € C§(R?), i.c.,
0
En(§)
el s )= dg.

. /€2 — g2

Moreover, F(p) has the properties:

<Cr(1+p)727F for peR,

F(p)=0 for p= M.
(e.¢. L. Hormander [1]). Thus the quantity

Hy = max(~aF'(p)F"(p)) = =aF'(p0) 7" (po)

gl # 0 and
a = a; — ag +as # 0 guarantee that Hy > 0, which is shown in [2]. The lifespan T,
of the solution u to (1.1) and (1.2) means the supremum of 7 such that the solution
exists in C'"*°((0,00) x (0,7))-

At first, we will prove the following

is well-defined for some py and non negative. Our assumption |f| +

b
£
b




Theorem 1.

. 1
limsupe?log(l 4+ T.) £ —.
Combining the result
liminf e log(1 4+ T¢) 2 :
11nf e° log c) 2 —
i g heduga

obtained 1n [2] with Theorem 1. we have
Corollary.

’ 1
lime?log(l +T.) = —.
e—0 0

This blowing up result will be obtained as
wi (t) — o0 as t— T,

for some function wq(t) constructed by the second order derivatives of u. With
regard to wq(t), we will prove

Theorem 2.

. 1 w1 (1) 1
lim e R e o=
e—0, szlog(]—%—t)——.ﬁa(H() b( )) E H

]:”([)()).
0

We define the function w;(t) describing the outline of the proof of Theorem 1
and Theorem 2. First we fix a constant B > Hy. Set p =1 —t, s = e*log(1 + 1)
and consider the Burgers’ equation:

a 5 . 1
lr.s(/)*'9)+g(lfp(/)v'f‘)) =0, (/)7") € R x [Oﬁﬁ]
U(p,0) =F(p), preR

For the solutions U of the above Burgers’ equation and u of the initial value problem
(1.1) and (1.2), we will find that

|8_f.0{"‘fz/,('r’,t%) — 57"_‘7’(—1)""’(9#”’[7(7’ —tg, E)' SCetr™?
1
for r—14 > . and I,m e NU{0} (I+m #0),

where ;) p = exp(1/e?B)—1,i.e., e*log(1+t;,5) = 1/B. Moreover, on character-
istic curves A in (p, s)-plane, we approximate U by the Friedlander radiation field
F for 0 £ s £ 1/B. These give u approximation by F at t = t;,5. These will be
proved in section 3. Next we investigate the behaviour of u after t = ¢, /5 in section
4. Tf we set v(r,t) = r/2u(r,t) and

CUpr — Urt
Ur'l(?“, f) — 2C y
CUppr + Urt
wo(r,t) S e
a—IC
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the following a prior: estimates hold:

3=

lv(r,t)] < Ce?z, lve(r, t)], |vr(r,t)| < Ce,
lwe(r, )| < Ce®

as long as u exists. On the other hand, we define a pseudo-characteristic curve Z :
in (r,t)-plane as a solution of

dr

— ('Q

dt

connected with some A at t = t;,5. We denote (r(t),1) € Z' and set w(t) =
wy(r(t),t), this is the definition of wy(t). Using above a prior: estumates, we con-
struct an ordinary differential equation with respect to wq(t). Solving the ordinary
differential equation, we will find that Theorem 1 and Theorem 2 hold in section 5

and 6.

In the end of this section, we mention the case of F. John and L. Hormander

(1.3) and (1.4). We also expect

. 1 U’l(f) 1 1"
lim — — g log{l +1 = F'(po),
e—0, slog(]—kt)——,»ﬁ( H]‘ g( )) = Hl ([0)

1 wq (1 1
lim f— =g/t i 1A( ) 52 F"(po)
2 €

e—0, 5\/?-»%

respectively. These would be proved in parallel.

3. Approximation for u by the solution of Burgers’ equation.

[t can be easily seen that the following lemma leads Theorem 1.

Main Lemma. For any A > Hy, there exists an ¢4 > 0 such that for 0 <& < ¢4,

Zlog(l4 T & A

holds.

To prove Main Lemma we consider the following Bergers’ equation:

L s 1
(]3 " 6(00)3 o 07 (pb) & R X [07 E] (31‘1)
Ulp,0) = Fp), p € R, (3.2a)

or
: B e b 1 .
Ups + 5(Up)"Upp =0, (p,5) €R X [O’E]’ (3.1b)
Up(p,0) = F'(p), peR, (3.2b)
30
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where ¢ = a; —as +az, B> Hy, p=r—tand s = c2log(1 +t). We find that the
Cauchy problem (3.1a) and (3.2a) is equivalent to (3.1b) and (3.2b) because there
exists a smooth solution U, to (3.1b) and (3.2b) and integral of U, satisfies (3.1a)
and (3.2a). For the solutions U of (3.1a) and (3.2a) and u of (1.1) and (1.2), we
will prove

[ am o mal+myr/.. 1 1 2 -3
10,0 u(r,tL) —er -(—1)’0p+ "U(r —f%"g)\ S BEIY 3
X 1

3¢

(3.3)

for r—t and [+ m #0,

L
B

where we denote t;,p = exp(1l/Be&?) — 1.

The main task in this section is to prove (3.3). To do this, we introduce the
vector fields used in S. Klainerman [6] and state some results used through this
paper.

LO - fat +-Z1 a;lfl = I?,a;l',g‘, L‘i = :l‘)'I:af. 3 ta.’lfiﬁ for ¢= 1,2,
0;1'1 ) a:l?2 ) a{. )
named Ty, Ty, - - -, I's respectively. These operators satisfy commutation relations:

Ty =T s [T, B205 10 foao gl sl 6,
I ] I I

[, T] =%r, [T,0] =39, (3.4)

») ~ . . . . .
where O = 9? — A and I stands for a finite linear combination with constant
coefficients. For a € Z&(Z4 = N U {0}) we write I'* = rerg? ... I'g® and define
the norms

lo@lk = Y T (H)llzzw2).

| Sk
)k = D [Tz me)-
la| Sk
In [2], we proved that
0 8pul, |[T*0u| & Cq,Be(l + f)—% for 0S1S ty, a¢€ Zi (3.5)

For the solution u® to (2.1), (2.2), we set F(1/r,p) = r1/249(r,t). Then L.
Hormander showed in [1] that

, 1 1
[ am 9 e Ly : =
6L07 F(z,p)| £ Cim(1+ lol) a3 for 0<z= T (3.6)
and
D (@8 (2, p) — e F(p))| S a1 + o) 4(1 + 1)
14 'Q"[)) dpk p)) ==t '(}',’\T,L p) : ) (37)

for r=>Lt and t21.
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Here M > 0 is the radius of support of initial data and L > 0. Furthermore, U(p, s)
satisfies

}010'” (p,s)| S Crom.a(14+|p]) ""5_1_4'” for 0

P8

II/\
Il/\

1
B’
1.

Uip.s) =10 1tor Z M, 085S —,
(p,s) or p= = ik

VAN

which will be proved in Appendix 1.
We choose a cut-off function v € C*(R) equal to 1 in (—o00,1) and 0 in (2, 00),
and define a function w(r,t) by

w(r,t) = ex(et)u’(r,t) — (1 — \(57‘))\(—35/))'1'_%U(/),s).

Using (3.5), (3.6), (3.7) and (3,8), we will prove

Tw(r,t)] £ Cope(L+1)7F(1+[p)77 for 0S¢ty (3.10)
IT*T@)|lo £ Ca,p(e3(1+1)75 +e*(1+1)7") for 05t Sty, (3.11)

where

5
J(r,t) = Ow — (aywf + awyw, + azws 2)Aw.

First we prove (3.10). Since the following decay estimate for u” (showed in L.
Hormander [1]) holds

Tu’(r, 1) S Ca(l+1)72(1+ |p]) 72, (3.12)
we find that the first term of w satisfies (3.10). On the other hand, we get
t+1=S6r S6(t+ M),

in the support of (1 — x(et))x(—3ep)U(p,s). The second term of w satisfies (3.10)
if we prove

A=) £ Cp(1+1)77, (3.13a)
IF" 1 — x(et))| £ Cy, (3.13b)
lFﬁ(x(—Ber)))l < Cy, (3.13¢)

TA(U(p,s))| £ Ca(1+|p]) 7. (3.13d)

Indeed, (3.13h) follows in principle from the inequalities

IZ¥(L - x(e |<ck22ww ') (et)]

a=08 [=0
k
S Z'c"»]f]h’(])(ffﬂ
J=0
Ck o . st o

2
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where the last inequality holds since ¢t < 2, in the support of v (et). (3.13¢)
follows from the inequalities

o A
L (—sep] £ G 30 3 ! L ) =3ep)

=0 =0

<1CA§E:‘WPI\\ —3ep))|

j=0
<O tor. =l 2,
where the last inequality holds since ¢|p| < 2/3 in the support of Y9 (—=3zp). (3.13d)
follows from (3.8) and a similar calculation as above.
Next we show (3.11) by dividing the proof into three cases.
Case 1. 0 £ et £ 1. Since

w(r,t) = eu’(r,t),

we find

: 2
it e —53((1,1'11.? —+—(12u u +(1;u )Au

It follows from (3.12) that

MI'J

VIR e N

_ t+M
/ DI de = 27T/ DT (r,t)[Prdr,
22 0

T (r, )llo = Cae®(1+4)~
< Coe’(l+1)

Since

we get

wl,u

(f+An

N|'—-

where the last inequality follows from the fact
g(l+t)Se+152.

This 1s what we wanted.
Case 2. 1 = et < 2. Since the same estimate holds for nonlinear term —(a;w? +
A W Wy + (lglU )Aw we have only to examine

Cw =e0[(1 — x(et )){\(—35/))7"%U(/)75) —u’(r,1)}]
=e0{(1 — x(et))(x(—3ep) — 1)u’}
1

+e0{(1 — x(et)x(=3ep)r ™ (U(p, s) = F(=, p)))
=J; + Js,
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where F(1/r,p) is the one in (3.6) and the last cqualit\ is the definition of J; and
J,. In the support of 1 — y(—=3zp), we have 6r < 5t. Hence we find

\F“@fﬁ;” B B G mlt k- (3.14)
Since
0,07 {(1 = x(et))(x(=3ep) = D} = Cpme™™

and the support of ©¥ is the same as that of U, it follows from (3.13b), (3.13¢) and
Pl

(3.14) that

Do Ti(r, )] € Ca(®(1+ )7 + (1 +1)77)
O (Lt
T T1(®)]lo < Cof‘(l + f)_
< Coet(l+1)73
On the other hand, in the support of Jy, we have 1+t < 6r = 6(¢ + M) and then 4
obtain (3.13). Moreover we prove that |
ol ! 1 - |
T8, Ulp,s) — 0, (— p))| S Ci(1+ |p| EE e (3.15) i
for U585 1/B, r.2 120} Indeed,
I
8 U(p,s) = 0U(p,0) + 4 Ka; T(p, As)dA :
d! | :
= —F(p) +&* log(1 + 1) / 0L0,U(p, As)dA.
— dp! '
;
By (3.8), (3.13d), et < 2 and the fact ,
TP (clog(1 +1))| £ Cg,
we find that o
k
IT(? log(1 + 1) / 013 U(p,s\)dA)| £ Cole®log(l+1)(1+ |p])~ - P %
Ca(l+ o)1+ 1)

Thus it follows from (3.7) that f
| 1
a o i 3

which implies (3.15). Now, since E

D’ . ,—L 82 02 1 _,-1-,
=" 2( —_ Z7—2)(7 QU)./ z

< SE
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we get

vl'—‘

Jy =er™2 (0 — 0:)(0¢ + 0r){(1 — x(et))x(=3ep)(U — F)}

+erT3(1 = x(et))x(—3ep)(U — F)
sl 4

where the last equality is the definition of .J; and J)'. By (3.6). we have

PJF o) £ Ca(1 +|p))~3. (3.16)

Then it follows from (3.13), (3.16) and 1 + ¢t < 6r that
ToTy| S Coer 3 (1 4+ )71+ |p]) 2.
Since (0 + 0, )p = 0, we obtain

D3] SC(e2r 208y — 0,)(X'(et)x(—3ep)(U — F))}]
+er~T(141)"2(1+ |p|) 3
where we have used (3.13), (3.16), 1 +t < 6r < 6(t + M) and et < 2. Moreover
using (3.13) and (3.15), we find that
IT{(0: — 0r)(X'(et)x(=3ep)(U — F))}|
gcueu +Hi)” Y1+ 1pD)7 + 1+ )7 1+ o)) 77)
ST LRl

-

w|.-4

Thus we get

TS

W=

|FO'J.£| T G
and then we have

1

D] € Caer™ (141721 + |o) 3,
||FQ ]2”0 S Coc(]. ) (100(f+1\f))
(14+14)77

=
t\}|r—4

.:xl.n

at

which implies (3.11) for 1 £ et £ 2.
Clage 302 = gt 5 L‘:f_zl_}_. In this case, we have

o=

w(r,t) =er 2x(=3ep)U(p,s) = 57*—%{](p,3).

We divide J into three parts:

PR 0 Y0+
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where

A~

(21 :FO.(DIU + 25371—%17/)3)-
Q2 =I'*(=2°r"3 Uy — (a1 — a2 + a3)(Up)*U,p),
. 3 0 g A ; ‘
3 :FO(((H — ag + (13)5'37'_3(0/))2("'/)/-) =3 ((1,111‘,“) + QG WiWy + A3 U'i)A“’)'

Thus our purpose is converted to

1Qillo = O(eT(1+ )" % +e4(1+8)1) for i=1,23.

In the support of ;, we have 1+t < 3r £ 3(1+ M) and then we have (3.13). First

we consider Q1. We get

\>|»—-

*Cw(r,t) =I'*(er™2(0; — 0,)(0 + 0, )U(p,s) + ZerIU (p,s))
=R; + R,,

where the last equality is the definition of Ry and R,. Using (3.13) and 1+t < 3r,

we get

|Ry| € Caer™2(1+8)"2(1 + |p|) 3

and then

[

Rzl £ Cac(1 +1)~*(log(t + M))
< Chei(l+4)"1
Since (Jy + 0, )p = 0, we have

o=

Ry = P<y(£.‘37_— (0r — 0:){(1 +7">—lf]$(p%3)}>~

Moreover, by (3.8) and (3.13), we get

Ry +28°T(r ™2 (1 + 1) 72U, (p, 8))| <

3 ~

C
[Ry + 26*T(r =2 Usp(p, )| £ Ca®r™2(1+4)72(1 + |p| =3,
where we have used the fact
IT*(pUsp(ps5))] € Ca(l+|p])77.

Thus we obtain

1Q1llo < ||Ry + D26~ 2 Usp(p, 8))llo + || R2llo
< Cale®(1+1)77 +e4<1+t>-%> (3.17)

1Al

o GTs Th ST A

,::.

Next we consider (3. Using (3.13), we get

wlr*

T80 w(r,t) — er~2(=1)'85™U(p, s))| £ Caymer 2(1+ 1)~
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This estimate yields

Qs3] £ Co®r™2(1+1)7"

and then we get

1Qs]lo £ Coe®(L+1)72(t + M)

< Chet(1+1)1.

Finally we estimate Q. When y(—3&p) i1s equal to 1 or 0, we find )2 = 0 by (3.1h).
Thus we can assume 1 < —3zp £ 2, d.e., (1 4+ |p])™' £ 3¢. Using (3.8), (3.12) and
1+t < 3r, we have

3

Q: 36'054'_'171%—7‘\_11—{— T2,
Q2| = K ( i (14 Ipl) -
|@2]0 = Cac™(1+1)7".

and then that is valid for 0 £ ¢ < t1/B-
To finish the poof of (3.3), we need the following propositions.

o, 9 . p .
Proposition 3.1. Let v € C'* satisfy a wave equation:

Tu(z,t) = Y yap(e,)3adpv(z,t) + h(z,1),  (x,t) € R? x [0, 0),

og={)

where 0y = 0; and

:
i)
YOl = > has®lo <5 for 05t<T
a,B3=0

Assume that for any fixed t, v vanishes for large |x|. Then we have for 0 St < T

t

1Du(®)l]o < 3(/|Du(0)lo + / ) i eas / (R,

where
2

Dv = (Oyv,01v,02v) and |Dy(7)|o = Z 95Yas(7)lo-

a,B,6=0

Proposition 3.2. For a smooth function v(x,t) radially symmetric with respect

o ) 2
=2l

(@, 1) S Cu(1+ |2] + )77 (L + |t = [2]) 72 |0l 2141

holds where [s] stands for the largest integer not exceeding s.

Proposition 3.1 1s obtained by integration by parts and Gronwall’s inequality.

Proposition 3.2 1s so-called Klainerman’s inequality which has proved in S. Klain-
erman [7] and F. John [5].
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If we show that
T D(u(r,t) —w(r,t))]]o S Cq. pei  for any o€ Z%, (3.20)

we find that (3.3) is valid. Indeed, it follows from (3.20) and Proposition 3.2 that

[ =

Iafafm(u(lf) T ’lU(’I',f))I § 01.111.35%7'— 0 § t é f%
for any [ and m. Moreover when t 2 2/e and r—t 2 —1/3¢, w(r,t) = er~1/2U(p, s).
Then
1 3
OLOMw(r,t) = er"2(=1)"0, T U(p, s) + O(er™?)

holds. By combining above inequality and equality, the desired estimate is obtained.

Thus we have only to prove (3.20). If we set v(r,t) = u(r,t) — w(r,t), by (2.1) t
satisfies

: ; ; 1
Ov =(ayus + agustiy + agu’ + O(|Dul*)) Au + =u,G(uys, uy) — J(r,t)
b
— (a1w? + aqwew, + agw?)Aw

(3.21)
2 1
=(ayus + agusu, + azu?)Av + O(|Dul*|Au]) + =1, G(uy, 1)
pe
+ {ay (uy + w)ve + as(uv, + wpve) + az(uy + wy vy Y Aw — J(r,t).
By (3.5), we have for sufficiently small ¢ > 0
3 1
a1 uZ(t) 4+ agus(t)uns(t) + asus(t)]p ik
Thus we can apply Proposition 3.1 to (3.21). Since v(r,0) = 0, we obtain for
Gt ST
== B
|1Do(t)[lo =C / | ([Du(7)| + |[Dw(r)])|Do(7)] - [Aw(r)] + [T (7)]
+ | Dul*| D*u| + |upr G(7)| ||odT
t
X exp(C / |Du(7)| - |D*u(r)|dr).
Jo
It follows from (3.5), (3.10), (3.11) and &*log(1 + t1/p) = 1/B that
c A 5 5 ‘
| Dv(t)||o §C’e§/ {es(1+t)" 2 +e* (1 +8)7 + 21 + )7 |Do(1)]|o }dr
0
5 H e
SCet + C’/ e*(1 + 7)"Y|Dv(7)|]odr.
0

Gronwall’s inequality vields
1

-1

|| Du(t |l0§C—4(\p(C/ (A4t tdr) £ Ce

0

EN
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This implies that (3.20) is valid for « = 0. To prove (3.20) by induction, we assume
that (3.20) holds for |a| = s — 1. For any a with |o| = s, (3.3) admits

El*e == Z F'J(D'v) + I'*{(a, u,? + agut, + azul)Av)
18]<|«|
+ I'“{(a1(u + we)vy + az(uev, + wpvy) + az(uy + we v, ) Aw}

, 1 ‘
+ O(| Dul*| Aul) + =ur Gy, w) — T*J
r
=(ayu; + agusu, + azur) AT + O((|Du| + |Dwl|)|Aw| - | DI v
4 |T*=! Dw|(|T¢ Dul?* + [FSHU’} )+ (T2 JT| + [I"‘”‘D‘UPII’”AM

e
L \F'”(;'lz,,~G('z.z,.,u,t))‘).

where Df = (0 f, 0.f) and I = Z I'*. By Proposition 3.1, we get for 0 S ¢ S
IA|=s f

t1/B
D000l C [ 11 (D) + D)l dw(r)] - D7) |
:
+ |T*=' Do(7)|(|T° Du(7)|* 4 |T* T Dw(r)|?) + [T J(7)] :
IT* Du(7) |40 Au(r)| + |T°° (—u G(m))| ||odr
L= W“‘
x exp(C / |Du(7)| - |D*u(r)|dr).
JO ib
Proceeding as above, by (3.5), (3.10), (3.11), e*log(1 + tiy/p) = 1/B and the as- i
sumption, we have g
i 5 5 [:
|| DT %v(%)]]o §C’/ {et(1+7)" 7+ 1+t + 20 +t)7 Y| DT (7)]|o }dr %
0 |
e + C'/ e*(1 4+ 7)Y | DI *v(7)||odT.
= i
Gronwall’s inequality yields §
|IDT %0 (t)|]y £ Cetex (C'/ ELLrEr ey ST
0 i
Again using (3.4) and the assumption, we obtain ff(
IT® Do(t)||o < Cef, &
for any o with || = 5. This completes the proof of (3.20). 4
At the end of this section, we investigate the value of the solution U = U(p, s) &‘

at 3= B et = t1/p. We assume that the maximum in the definition of H is
attained at p = py, t.e.,

H() = —(I,]:l([)())fn(p()). (322)
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In (p, s)-plane, we consider a characteristic curve A (¢ € R) which is defined by the
solution of the following differential equation:

{ ‘ :
(]—[) = g(l’,,(p.s))z for, s 28, peg for s=0
ds 2

If we denote a point on A, by (p(s),s), then we find

ik
U,,(/)(—Bg)-, E) = F'(po) (3.23)
1 1 1
; - T =5 — —. (3.24)
——("]__(./)O)Cpp(p(ﬁ)vﬁ) Hy, B
Indeed, by (3.1b) and (3.2b), we have along A,
' Y By i 5w gk
Z@Amgﬁ>:0m+§awYQm=o 0SsS =
Hence we have
7 T 1 1=
D/)(/)(S)'/S) 5 Z:/[J(/)O*,O) g f/(./)()) 0 § S § Ev (320)

which implies (3.23). Similarly, it follows from (3.1b) and (3.25) that

d a

EU/;/;(/)(-F‘)R) ==l ol pUS 8T + §<U/’(/)(‘S)"5))2U/)/)p(/)(-*')~,3)
= —aU,(p(5), 5)(Upp(p(5),5))"

== (I,fl(po)(l]pp(p(é')v 8))2'

Solving this equation , we obtain by (3.2b) and (3.22)

Dr/)p(/)(h 0)

U ple)s)l = —
polP(s),5) L+ aF'(po)U,,(po,0)s
1.€..
1 +aF (po)
= aF'(po)s,
Upp(p(s),5) — F"(po) i
1.€..

1 1
~aF' (po)Upp(p(s),s)  Ho
for 0 = s = 1/B. Thus (3.24) follows from this equality.

4. A prior: estimates.

From now on, we investigate the behaviour of u after t = #, /8- Hweset v(r,t) =

=

rzu(r,t), the equation (1.1) can be written as

1
Ve — ¢ (uy, Uy )(Vyy + Zr_QU,.) = 7’_%'u,rG('u/t, o b (4.1)
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Moreover we define functions wy(r,t), wo(r,t) by
f) Llipy = Upt £21'r‘
wi(r,t) =———— = —
17,2, 2¢ 2
CUpp +0pt  Ly0p
welr,t) = = ;
2¢ Ze

where £y = 0 + ¢0,, L2 = 0y — 0. We find that w; and w, satisfy

Wy e Wo = Upps C(U"Q = 'U«’l) = Upt,

and these imply

o 1l _=
S gl "
Uy :1'_%(101 + wy) — 1 _%v, + Zr“fv (4.2)
1 _3
Upe =Cr Z2(Wy —wy ) — 57' 2 0y,
Then using (4.2), we obtain the equalities:
Liw; ={claius + %iu.,.) - %21/., — asu, + ()(’|Du|3)}7'_%u>f

+ O({r~2|Du| - |wy| + r~7|Dv| - |Du| + =% |Dul - |o|}|w,| (4.3)

+ 7% ws| - [Dul - Jo| + 7 fwa] - |Dul - |Do| + 77| Do] + o)

Lywy =O({r~ % |wa| - | Dul + 72| Dul - [Do| + 17| Dul - [v]}us |
+ 77| Dul - |wy[* +r~% | Dul - |Do| - [wy| + r~%|Duwg| - |Dul - o] (4.4)
+ 172 Dof + 172 o)).

In what follows, we assume that there exists a T (tiyp < T < ty,4) such that the
Cauchy problem (1.1), (1.2) has a solution u(r,t) for 0 < ¢ < T. In (r,t)-plane,
we consider pseudo-characteristic curves Z3 and Z fl which are given by solutions of
differential equations:

dr

A . N o of g
Z/\.(H_c(u,f,u.,.) for t:t%, 7_/\+7‘% for f-—t_zl?,
5 dr .,
G Sl e Up, Uy Tor T2 7‘%, P —traaip BF i 1‘%.

We set
B ip g 7‘% 45 T imtre Z;\, ~-N=SAE M},

D, =DN{(r,t) |ty St <t}

where the constant N is sufficiently greater than |pg|. Moreover we define the
functions

T‘Q(T)
I{t) = max / |wy (7, 7)|dr,

,%§T§t’- '1(7‘)
Vit = max lwlryril.
()= mox |o(r,7)]

V(t)= max (Jo.(r,7 velror i,
&7 s ULt o S e

W5(t) = max |wa(r,7)
(T-T)GDr

5
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where (r1(7),7) € Z1 y and (r2(7),7) € Z;;. Then the purpose of this section is
following.

There exists a constant C' > 0 independent of A and an ¢4 > 0 such that

- A 144 (4.5)
Vit < Cs, Waltl < Ce, 7> ——;L—

for (r,t)e D and 0 < e < e4.

To obtain (4.5) we just have to show:

(1) (4.5) holds at t =ty p,

(2) If (4.5) holds for t; ;5 =t < t;, (4.5) also holds at t = #.
At first we prove (1). If (r,t1,B) € Zy N D, it follows that

r=ty+)  —NZASM, (4.6)

then we find that
1
B

If we take & sufficiently small as

1 2 B SR
b= exp( BEQ) — 1> max(M —2,2N + 1),
then we obtain
1+ f713_ ..
s r(ta) <2(1+t1). (4.7)

For (r,t1) € Z1. it follows from (3.5), (4.6) and (4.7) that

_/r a(u(/\,t%))(]/\

Slty + M —r| - fur(ts)lo
SCe(1+ty)72[A+ M|
SCO(M 4+ N)e(1+t1)72
<V2C0(M + N)er™% = Cyer™3,

l'u,(r.ngﬂ =

which implies V(t;,p) < Coct/?. Tt follows from (3.4), (4.7) and V(tiB) < Cyell?
that for (r,t,,5) € D,

| 1 ), o
[or(r,t )] =lr2un(r,ty) + =t Yo(r,t))

a

T Pt

R i




If we take ¢ sufficiently small, we obtain

1

(1+14)7" = (exp(55) 7" <€ i
Thus we find )
1
.L,(? IL-};)I b —2—‘:

Similarly we have

Therefore we obtain V(T‘l/B) < Cqe. Using (3.5), (4.8), V(f.l/B) e C'oc‘l/z, 1‘;(1‘1/3)
< Cie and an equality

1 s e
8y + 8 = ——(Lo + = L1 + —La),
t+7r r r

we have for (r,ty/p) € D,

Vip == CUpp

2¢

\11,72(7',7‘% e |

Wi ‘Urf + ‘Ur"r‘\

2 + O((Jore| + |‘Ur-r|)|D’U-|2)

:()((711f T ")—1 "’-"r'(f% )Il 3 (lv'r‘t(f—ll?)lU e lrl»"‘r'r(f%)lO)lD“(f
SOe(l4 g ) AP %20 )
=0t

This implies Wa(ty/) < Cye%. Finally we consider I(t;,p). It follows from (3.5),
(4.8) V(t1/B) < Cocl/? and Xf”(itl/B) <-Ce that for(r,t;5) € D,

Tpp = Clpyp
s

)

on(rty )] =

< IIUT‘tl ‘+— IUT‘T“
¥ 9

5 + O((|vre| + |vre])| Dul?)

<C"(e+e¥(141t4)7)
<C'e.

I

On the other hand, it follows from (r1(t1/B),t1/B) € Z! i (ro(tyys)itiys) € B
and (4.6) that

ra(ty) = ra(eg)l = [ty + M —ty + Ni =M+ N.

L L
B B

Then we have

era(ty )
A / v |w1(7‘,1‘,_}3_)|d7' < C'(M + N)e < Cse.

1(171?_)

L
B
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If we take C' > 0
C > max{Cy,C1,Cs,Cs},

(4.5) 1s valid at t = t, 5 for sufficiently small . Thus we have proved (1).

To prove (2) we assume that for fixed #;, (4.5) holds for #;/p St <ity., The
smoothness of the solution u guarantees that the inequalities which are altered <
by < in (4.5) hold at t = #;. First we show r > (1 +11)/2if ¢ < £4. By (4.5) and

the assumption e?log(1l + T) < 1/A, we obtain for (r(t),t) € Z1, t;,8 St S ¢
1 S ! A /

i("'_H—_f) = ¢ ] =0 Dul) = 01 $1)™),
L

t
Ir(t) —t = Al §C’/ e2(15 7)) tdr

ta

y:]
<Ce’log(l + 1) (4.9)
<&
—A
This leads to ¢ ¢ e
¢ ; .
'(fl)zfl+/\_zzfl_le_z> 2l,

provided t;,p > 2M 42C/A+1, which is attained for 0 < & < ¢ 4 if € 4 is sufficiently
small. Next we estimate v(r,t;). By (4.5) and (4.9), we obtain for 0 < ¢ < &4,

t1+M
lo(r,ty)| = —/ (A, 1 )dA

<Celty + M — 7|
gé'(—qﬁ + M+ N
<CA/'5%,

if 64 < (C/A+ M+ N)% Thus V(t;) < C's? holds.
To prove I(ty) < C'e, we consider exterior derivatives of differential forms wydr —
cwidt and wodr + cwqdt:

Jdc
d(wy(dr — cdt)) = —(Liw; + O_(U)l )dr A dt, (4.10)
3

| Jc
d(wa(dr + cdt)) = —(Lowy — —a—cwz)dr A dt. (4.11)
=
We set

/\ == {(7f1> - Dtl |’U)1(7‘,t1> > 0},
K= h).€ Dy hwilrdy) < 0%

Since these are open sets in R, K and K’ are the unions of at most denumerable
families {I;} and {K[} of open intervals, no two of which have common points.
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Assume that K = {(r,t;)|r1(#1) £ » < r2(#1)}. Then, integrating (4.10) over Dy,
and using Green’s formula, we obtain

// (L1 +—u])(h(/f
5 %
7)(1‘_11;_ b
:/ wydr +/ wq (dr — cdt) — / wydr — / wy (dr — cdt).
-‘7'1({]1;) 'Zl JK 2 Zl—j\'

N
Since

/ wildr —edt) =0 forany A,
Zl

. ’>(11 )
/ widr S / lwq |dr + //
N3 Jri(ty) Dy,
T

we have

Jc
Liw; + f‘)_wl drdt.

Furthermore, assume that X' = {(r,t1)|r1(t1) £ r < ro(t1)}. Then, the same

argument gives

. 2(t 1)
~/ widr < / |wq |dr + //
JK! Jri(ty) Dy,
;2

Summing up such inequalities corresponding to I; and K, we obtain

To(t) (‘1
/ w1 |dr §/ lwy |dr + //
. ‘I‘I(tl) (['1 Df
:[(f_l_) -+ /
B Dy,

It follows from (4.2), (4.3) and (4.5) that

Jdc
Liwy + —a~w1 drdt.

Jdc
Liwy + E)_wl drdt

8,
Liwy + —('wl drdt.
or

(9; 3 5
Liwy + a—(w = L™ |Du| jwa| + r72|Dv| - [Dul 4+ r~2|Du| - |v|}|w]
"
1“::5[1112] - |Dul - Jv| + 7'_%’“’2‘ - |Du| - |Dv| 4+ r~*|Dv| + r~*|v|)
=0((e*(14+t) 7" + (L 4+ ) )|wy| + (1 +)72).

Note that, from (4.9), we have
r1(t) =2 Slr(t) =t + N+ [t —ro(t) + M|+ M + N

!

26€
gT + M + N.

Then it follows from (4.5), (4.8) and the assumption &2 log(1+7T) < 1/A that

-~ ‘ 7
// ,Ll‘uvl -+ —Cwl
Wk Drl 07"

ey ‘ T2 (1) t T2 (1)
:()(/ (e (14 BT S T ) ") dt / lwy |dr +/ g1 1) 2 dt / dr)
J 19 T

drdt

. T‘l(t) f‘ﬁ_ . ‘l(f.)
5 )C‘ —1
=0z 100(1+7‘1)+(T+\[+ \/)5(1+f%) )
o= + (% 4 1+ vy
T (I+(T+l + N)et).

SR M




Thus we obtain

I(t, )<C;p+()(5)<C“

for ¢ < 4 if €4 is sufficiently small.
Next we estimate v,.. We fix a point (r,t;) € Dy, then there exist Ay and

such that (r,#;) € Z;‘O N Zﬁo. Integrating the following equality
L1V, = Uyt + CUpp = 2wy,

’ : s % e
along Z, from t,,p to t;, we find

t
| d
vp(r,t1) — ve( Ao + 7‘_]1?7‘%) = f E(l’,(l (t),1))dt

0

o1
\ = [ Lurit). i |

iy
B §
vt
s cwq(r(t),t)dt 4
b4 ‘
B g
t |
:()(/ lwo (r(t),1)|dt),
where (r(t),t) € Z /1\0‘ To estimate the last integral in the above equality, we set j
E'={{riiePallrit) €20 Zi, Mo S A and pu S el
By the same argument to obtain (4.12), we get from (4.11)
B
/ lwa |(dr + edt) < / |wo |dr + [,211)2 — —uvg drdt. '
Z} Erfi=t 3 } P
It follows from (4.5) and (4.6) that ’
/ lws |dr £ / [wa|dr £ Wa(ta)|ri(te) —ro(ta)| = O(e?). {
En{t=t  } B 4 5 %
7
The same argument to estimate the integral of |£ywy + (9¢/0r)w;| over Dy, gives ;«[

drdt = O(e?).

ik

On the other hand, we find

5
Lowg — — w9
or

drdt < //
Lol D

| b | d
/ lwo |(dr + cdt) = / lwq (r(t),1)|( ]7 + ¢)dt
JZy J "

£2 0 e 1172
or

dt
F :
:2/ clwq(r(t),t)|dt
s Jt g {,ft\‘
| B ke
tq [
z/ s (r(2), )],
t 3
y:1
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for sufficiently small . These imply

t1 !
/ lwa (r(t),1)|dt = O(?). (4.13)
. f'b‘
Thus we obtain
vp(r,t) = vp( Ao +tg,t1) + O(e*), (4.14)
and E
C ; C
v, (r,1)] < __7lg+()(:~> % =g,

Similarly we have

e (@2, (4.15)
and

loe(r, )] <
Thus V(t;) < C= holds. More precisely, we have for (r(t),t) € Zl (1/B)’

LM u(r(t),t) = (=1)™er~ 2 F'(po) + O(cir~2) for l+m=1, (4.16)

where p(1/B)1s the one in (3.23) or (3.24). Indeed, if we write ri/B=p (1/B) +t1/8,
(3.3) and (3.23) imply

[ am 1 <P m 1 1 A%
0L u(ry  ty) =e(~1)"Up(p(5), ) + OeH) 1

=(—=1)"eF (po) + ()(54 &

When m = 1 and [ = 0, using (4.15) with Ay = p(1/B) and (4.17) we obtain for
(r(t),t) € Z 1 /gy

N]..a VI»—‘

rEud(r(t) ) =2 wilry,ty) + O(e)

fr 5]:'(/)0) 4 ()(62).

The other case shall be obtained by using (4.14) and (4. 1().
Fially we estimate wy(r,t;). We fix a point (r, 1‘1) D, and take a constant

rosuch that (r,ty) € Z,Ql- Then, 1t follows from (4.4), (4.8) and the assumption
g”log(l +T) < 1/A that for (r(t),t) € Z?

o
- | - “ d‘ ;
wa(r,ty) —wa(p—t1,t1) = : ;ﬁwg(z(f),f)(,f
21
B
8}
_/ Doty
‘f_b
o
= (/ e T el 8% et b frlE), ) 1 dE)
.{_L
B

o / i (r(2), £)1d2).

3
B
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By the same argument to obtain (4.13), we have

vtq
/ [wi(r(t),)]dt = O(e) for (r(t),1) € Zﬁ.
I 4

B

This inmplies

261353 = ()(54 )
<Ce®,

for ¢ < e4 if 4 is sufficiently small. Thus we have finished proving (2) and then

(4.5). d
* ?
5. Proof of the Main Lemma.

The following lemma play an important role in the proof of Main Lemma. It
will be proved in Appendix 2. ;
B
Lemma. Let w be a solution in [ty,T] of the ordinary differential equation: |
dw 5
TP ao(t)w(t)” + ar(H)w(t) + aq(t), ;
dt :
T T R TL :
where «; are continuous and «g 2 0. Let i

i T b
K:/ }az(fﬂ(ltexp(/ lavr ()] dt).

v o J 1o

If w(ty) > K, w(t) must satisfy

1 : -/. i N
ur(‘f)(%xp(—/ ap(T)dr) 2 wito) — K

J g 1 — (w(ty) — IX) /{fo ao(T) exp(ftz aq(€)dE)dr g

and

R 4 G B S

(1) exp / ao(r)dr) < Lo
w(t)exp(— | «ap(7)dr) S ) - _ 4
VER 1—(w(ty) + K) -/tto oo (7) exp( [to o (€)dE)dE 8

ey

for te <4 = 0

R

By (4.3) and (4.5), we find that wy(t) = wq(r(t),t) satisfies

{ .
—(];u.'](f) = ao(t)wy (t)? + ag(t)wy(t) + ag(t) for f,% L
v

1VAN

JERRRE
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. g (7 - N
along Z/J(l/B)' where

a a: _1
ag(t) ={clajus + _—72—11,‘) - 721/, — asu,pyro 2,

a(t) =0(e* (L + )1 + (1 +8)7%),
as(t) =0(e(1 +1)7%).

It follows from (4.5), (4.9) and (4.16) that

ao(t) = — aeF (po)r™ + O(cir™)

L. = =g :% e .];__.__1 =
= —acF'(po)(1+1)7 +0(c3(1+1) +(r 1“)«,)
sl pe B e L £ SR R0 4 1)

Since Hy = —aF'(po)F"(po) > 0, we can assume without loss of generality that
—aF'(py) > 0 and F"(po) > 0. This assumption guarantees ao(t) > 0 for suffi-
ciently small . Moreover we find that

¥ t
cxp(i/ aq(T)dr :exp(()(/ et (1 4 7)1 d7)))
.4 t 4
B 7
= exp(O(et log(1 + 1)) + O(* log(1 + ta )))
= exp(0(¢))

=14+ 0(¢) for 18t

HA

T,

L
B

i t
K:/ [ag(t)lexp(—/ oy (7)dr)dt

Jit t1
B B

g6
=D L 52)5/ (8 )

=0(e(1+t1)7 )+ 0(e(1+T)7")
=0(e?),

0
B

/t:_ QO(T)GXP(/T aq(§)dE)dr

:(1+0(5))(—(1-57:,(/)0)+0(6%))/ (147 dr

t 3
B

s o

=(—acF'(po) + O(e¥))(log(1 + 1) — log(1 + t1))
fOI' lej_ _S__ t é T‘,
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if ¢ <e4(< A). On the other hand, by (3.5) and (4.5)

Cl’v,vr(f_l_) == (’,.,(fL)
) G e o
1 . .
:§‘l’rr(f_l%) = re(t L)+ O(|D*v||Dul*)
i gt £ & 1 -4 g
:57%1/,,(7‘%) e 57;_3(/,,(7‘,731_) ot 57% u,.(f%) - 17% uf(fF;)
ibs g 8 ,
+ =7, 2u+0(e°)
S B
L 4 oo 8 | 1
257'(; “r'r(f%) — :-'2"7"%“#(#%) s ()(: )

where ry /g = t;,5 + p(1/B). Using (3.2b), we obtain

’ i g 5
“’l(f%) e 50/}/)(P(§)~, E) iliE® ),

.
v

By (3.24), we have U,,(p(1/B),1/B) > 0 and therefore w;(t;,5) > K. Thus,

applying (5.1) to w = wy with t9 = t; /5, we find that w; must satisfy

(14 Ce)wq(t)

where U,,(1/B) =U,,(p(1/B),1/B) and C is a constant depending only on B. f.
g. po. a and M and 1t varies from line to line. By (3.24), we get

w1 (t) > (1 - Ce) U,,p(%) — (Clex

1 — (=aF"(po)Upp(5) — Cet)(e?log(l + 1) — %)
Uyl }) = Cct
o € lo-g-lilj—_tﬁ—% 3 C("l"‘ 9 %)5_‘1; (04)
H, B %
1 i il vy 4
F' (%) — Cc*
= — o (5) =dor 4p st T,
T e?log(l+1)+ Ces .

if e <ez4(<(1/A—=1/B)™®). Since the right term of (5.3) is positive, the follwing
must hold

. 1 : i
eflog(1+T) < —I:I—O—+Ce8.

If we take ¢4 such that 1/Hy + Ce'/® < 1 /A for e < g4, we have

: 1
e<log( 1T < i for Ehee
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This completes the proof of the Main Lemma.

6. The asymptotic behaviour of the solution near the blow up point
As we stated in section 2, we study the behavior of w;(#). Note that since wy is
defined by the solution u, w; does not always exist.

Theorem 2*. For any ¢ > 0 there exists an s > 0 such that w;(t) is well-defined
intypStStyy,—s. if ¢ <es and at the point t = t o8

1 11
F(po)

I (— — 52 log(1 + 1)) H
0

1 wy(t)

holds. Here we use the notation £%log(1 + tiya,—s) =1/ Hy = 6.

As a corollary to this theorem we obtain Theorem 2 in section 2. In [2], we have
proved that there exists an £1(6) > 0 such that for ¢ < ¢;(¢) the Cauchy problem
(1.1), (1.2) has a smooth solution in t;,p N t1/Ho—s and therefore wi(t) is
well-defined n the same interval. Thus we have only to prove that for any n > 0
there exists an £¢(6,7) > 0 such that for ¢ < g¢(6,n)

wy (t 1
i~ log(L4 ) — L) <

holds at ¢ = t;,5,_s. As we stated in above, for ¢ < £1(8) since wy(t) is well-
defined, the ordinary differential equation (5.3) make sense in t, /B STy S Hot
Thus we obtain (5.4) with T' = #;,y,_s. Notice that we are able to change gl{f
with '/ in (5.4) because of 1/Hy — 6 < 1/Hy. If we take t =ty 5,5 in (5.4),

1 5 w1 (t) - # — e*log(1 + t)
baeg® lopll 4 1) 2 (M g Cex) : 1
H() e H() 7}5—5210g(1+t)—{—€5?
1 § Cées
= —}—”(PO> T !
Hy O+ Ce 0+ Cea
1 Cei Coei
e _]'—”(PO) = ooy TR (A e AT,
Hy §+Ced  E4Cet

holds. There exists an 5(6,n7) > 0 such that for ¢ < £,(6,n)

Cei Céci
i TP <A
6+ Cei 64 Cex
1.€..
. | . wa (t 1
(E—Ezlog(l—l—t)) 1:( ) ~H0f"(po)>—'r]

o

rETT T T T,
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holds. Similarly, using (5.2) we find that there exists an e3(6,n7) > 0 such that for
e < ez(o,m)

1 5 w1 (1) 1
— —¢”log(1 +¢ e <
(= S logt a2 e () <
holds. Thus if we take ¢¢(0.n) = min(e1(6),¢2(0,7),c3(0,7n)), we get for ¢ < £¢(0,7)
1 : w1 (1) 1
\(H—0—521<~)g(1+7‘)) £ A HO}—"(PO)\ <1,

which implies that Theorem 2* holds.

7. Application.

The vertical motion of nonlinear vibrating membrane is governed by the equa-
tion:

v
Ugs — div ’ =0, (z,8)eQx(0,T). (6.1)

V14 |[Vul?

The total energy E(t) at time t has a form

E(t) = /(u‘,2 + v/ 1+ |[Vu|?)dz,
JQ

where  is a bounded domain in R* with smooth boundary 9. Let a solution u
to (6.1) satisfy initial condition and Diriclet or Nuemann boundary condition,

ul ey 0 =8 fla ) mile)=c9(2); z € (D, (6.2)

=10 or n-Yu =10, (z,t) € 2 x (0,T), (6.3)

where n stands for the outer unit normal vector to 0€2. Then the conservation law
of the energy holds:

For the equation of nonlinear vibrating string corresponding to one space dimension,
S. Klainerman and A. Majda [8] have proved that smooth solutions with small initial
data and with Diriclet or Neumann boundary condition always develop singularities
in the second order derivatives in finite time.

For our problem when € is a ball in R? with radius R, radially symmetric
solutions to the initial-boundary value problem (6.1), (6.2) and (6.3) blow up in
finite time, though we can not determine the radius R in advance. In fact, if we
write r = |@| the equation (6.1) 1s rewritten as

1 7

Uy — (U )(Upy + 7—’(1,) = —G(u,)
: 7

with

Sl —Z—ui + O(lur?),  Glu,)=0(|u]*) near u, = 0.
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Thus applying Theorem 1 to the initial value problem (6.1) and (6.2), we obtain

: 1
lill(l) tlogll + 1) =
where :
H, = max(3F(0)7"(p)).

This fact implies that if we take T > 1/H,, then for sufficiently small £ we have

| N

T LB ) = L\

(el &)

(@)

If we take the radius R greater than exp(7T/e?) — 1 + M, the solution s blow up
before the distervances reach the boundary. Thus the solution to (6.1) and (6.2) 1s
also the solution to (6.1), (6.2) and (6.3) which blows up in finite time.

Appendix 1.

It remains to prove

1

la/[)ainlj([)\s)l g C’vl.m,B(l - |p|)-%—l—4m for 0 Ev

VAN
HA

S

(3.8)

L 8 =0 for p2 M, (3.9)

for the solution U(p, s) of the initial value problem (3.1a), (3.2a). Along the same
argument to obtain (3.23) we get for (p(s),s) € A,

1
Un(p(s).5) = U(q.0) = F/(q) for 0SsS—. (A1)
Hence, by the definition of characteristic curves Ay, p(s) can be written as
a 2 1 ;
p(s) =q+ 77-(]: (¢))°’s for 0= s S B (A.2)
On the other hand, it has been known that F satisfies
d* ~ —1—k
d—pkf(/)) S Ce(l+|p))727" for  peR, (A.3)
Floj=10 for p2= M (A4)
c.g. L. Hormander [1]. Then we have
a | ](1|512 Py s
§(f'(Q))2> S 55 =0

T W
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where the last inequality is the definition of C]. At first we prove (3.8) for [ = 1
and m = 0. When |p(s)] £ 2C], we find that for (p(s),s) € A,

Up(p(s),8) =IFp(@)] £ C1 £ Cr(1 +2C1)2(1+2C)) >
LC L 2O s (a5,
When |p(s)] 2 2C7 , it follows from (A.2) that
Ol i Y. o 1
Thus we obtain
U, (p(s),8)| = |F'(q)] £ Cr(1 + |g]) ™% £ 2v2C1 (1 + |p]) 2.

Therefore 1f we take Cy g p = 6'1 (14 2C] i R 2\/25 1, we find that (3.8) 1s valid
for ] =1and m = 0. When [ =0 and m = 0, (3.1a) and (3.2a) imply that for any
(p,s) € R x[0,1/B]

S 0
Up,s)=U(p,0)+ —U(p, s)ds
JO Js
a &’ , ;
=B )~ g/ (Up(p,s))';(ls.
Jo
Thus we obtain
1 |a _o
U (p, s )|§ (14 |p|)2 _C1031+|P’ :

wlv—*

| [ A
E(C(HL |C130 B) 14 |pl)”

This implies that (3.8) is valid for [ = 0 and m = 0 if we take

lal
—=C10,8

G C
0,0,B = Co + 0B

Next we prove (3.8) for general [ 2 2 and m = 0. Let s (0 £ s £ 1/B) be fixed
s), there exist a smooth curve ¢ = ¢4(p) such
1)

[
arbitrarily. Then for any point (p,
(A.1) with respect to p, we find that for [ =2 2

that (p,s) € A,. Differentiating

dq 9%q =iz -
5) Z FU+1)( Z g mm) 1\ ma(j) | L ymi—1(3)
/) (1 C711(7) (ap_ ) (ap[__l ) : 9

(A.5)

where

X ={m(5) € Z ma(j) + ma(y) + - - + mua(j) = 4,
mi(y) +2mg(f) + -+ (1= 1)mi-1(y) = I =1}
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On the other hand, differentiating d¢/0p = (9p/dq)~! with respect to p. we find
that for £ = 2

al;q k aq . 82(1 e ak—lq ’
E N1(J) Na(z) . .. Nr-1(7)

where

Y ={N( )GZ/L llz\ (3) + No(§) 4+ -4+ Npa(g) = 7 + 1,
Ni(7)+2Na(g)+ -+ (k= 1)Np—1(j) = b+ 1}.

Moreover by (A.2), (A.3) and the same argument in the case [ = 1 and m = 0, we

obtain 3
_/) § Cvl-/
dq y
ok (A.7)
SOl for k23
aq*
Using (A.7), we get
S
dp| — '
el | » (A.8)
W SCr(1+p)™°7"% for k22
Thus 1t follows from (A.5) and (A.8) that
= ot
lal Ulp,s)| = Ci g Z(l + |p))"2 77 H(l + |p|)(—E-3)mi )
1=2 k=2
4
<Cup ) (1+ Ip)) "2 I (1 4 |p]) ™ Zrma (k= Dme () =4 Tih ma(5)
J=1

Since

ma(7)+2ms(g)+ -+ (1 —=2)m—1(j) =1—j — 1,
ma(J)+ms(j)+ - +my_1(y) 20,

we have S :
95U (p, 5)| £ Cro,(1 + |p|) "2 I 71—+

< Cro(1+p))727"
Next we assume that (3.8) holds for any [ and 0 £ m < k — 1. Differentiating the

equation (3.1a), we have

o' orU analal+31U( ')3320;+H2U(p,3)82“0;*33(]([),5),

p-s
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where

1 + a9 + Q3 — ] a-lld ,,“31 + /3'2 + ‘7)3 == ;‘ - 1

Thus we have

3

10,05 (i, 8)} £ Cialal1lid: [pyra 2131
S Crep(l+ |/)|)_%_“"”“"’.

This completes the proof of (3.8).

Finally we prove (3.9). If p 2 M and (p,s) € A,. we find ¢ 2 M because of the

uniqueness of A,. It follows from (A.2) and (A.4) that

1
UlpaV=Flgl=0 for s M 05s5 3
Thus we have :
o8l =0 for g, =g B

which implies (3.9).

Appendix 2.

Here we prove Lemma in section 5. At first we consider the case «;(t) = 0. Let
Wi(t) be a solution of

W) = ao(t)(Wi(t) — K)?, (A.9)
I/I/l(fo) = ’ll](to) (A].O)

and set

t
‘/I/Q(f) :/ |Cl’2(7')!d7'.
to
Since ay(t) 2 0, we find that

Wi(t) 2 w(ty) > K = Wa(T) > Wa(t)

and that

(Wi(t) = Wa (1)) =ao(t)(Wi(t) — K)* — |aa(t)]
Sag(t)(Wi(t) — Wa(1)* + aa(t),
I/Vl(t()) — LI;Q('IL,O) :'LU(Q).

Thus the usual comparison theorem leads to
Wi(t) — Wa(t) S w(t). (A.11)
By solving (A.9) and (A.10), Wi(t) is represented by

w(ty) — I¥
1 — (w(to) — K) [, ao(r)dr

Wi(t) = K +
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Substituting this equality in (A.11), we have

w(ty) — I
1 — (w(ty) — I) flto ao(7)dT
w(ty) — IV
1 —(w(ty) — K) ftto Q‘U(T)(]T.

w(t) 2 K +

— Wa(t)

1AV

This 1mplies (5.1) for ay(#) = 0. On the other hand, if we let W5(#) be a solution

of
Wi(t) = oo (2)(Ws(t) + K)2,
Wa(to) = w(to), ;
then we find ”
(Ws(t) + Wa (1) =ao(t)(Ws(t) + K)* + |aa(t)] |
Zao()(Ws(t) + Wa(1))” + |aa(t). ;é;;
Wi(to) + Walto) =w(ty). E
Since Wi(t) 1s represented by
w(t 7.4 E:
Wsi(t) = —K + w( 0)—{— xf | ]
1~ ('w(to)—{—lx)fto ao(7)dr Ei
we obtain ;E
w(t K |
w(t) £ —K + cl 0)+ &t + Wy(t) :
1 —(w(ty) + K) '—[fo ao(T)dr f”
2 w(ty) + I i
1= (w(ty) + K) ftto ao(7)dr g
this implies (5.2) for «(t) = 0. For the general case, setting ;g

Wit = w(t)exp(—/‘al(r)(]T)

to

and applying the results just proved to W(t), we would obtain the inequalities
which we wanted.
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