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Chapter 1

Introduction

1.1 Motivation

Weakly ionized plasmas have found applications in a number of industrial technologies;
e.g. as plasma sources for manufacturing electronic devices such as solar cells and ULSIs,
lon sources, gas lasers, light sources, plasma displays, ozonizers and pollution control.
Weakly ionized plasmas are also called thermally non-equilibrium discharge plasmas be-
cause the electron temperature, which is usually more than tens of thousands K, is much
higher than those of the other species in the plasmas. It is this fact that enables us to
efficiently utilize the electron energy to induce physical and chemical reactions in indus-
trial applications that would require either prohibitively high gas temperatures or could
not be achieved any other way.

Since plasma-chemical reactions are induced by electrons, it is important to understand
their behavior. Electron behavior in plasmas is subject to some fundamental physical prin-
ciples known as Newton’s equation of motion and Maxwell’s electro-magnetic equations.
However, plasmas contain very large numbers of electrons. This allows the use of statistics
to describe electron behavior macroscopically. The study of electron swarms, or groups
of huge numbers of electrons, has the goal of deriving the macroscopic characteristics of
electrons in plasmas based on the microscopic electron behavior under the action of the
electric field, which is one of the most important basis of the plasma phenomena.

Properties of an electron swarm are described by quantities known as electron swarm
parameters or simply electron transport coefficients. Some are the mean electron energy
or the electron temperature, the ionization frequency and coefficient, the electron at-
tachment frequency and coefficient, the electron drift velocities and the electron diffusion
coefficients. Electron swarm parameters not only represent characteristics of an electron
swarm itself, but can be used to quantify physical phenomena in industrial plasma ap-
plications. Examples of such quantities are the rate coefficients of chemical dissociation
for generating reactive species in plasma processes and the excitation frequencies for pro-
ducing excited species for photon emission in light sources. These physical and chemical
processes of electrons in plasmas depend strongly on the electron energy, and most of
the swarm parameters are derived from the electron energy distribution. Therefore, the
electron energy distribution is one of the most important profiles of electron swarms for
developing and optimizing plasma applications.

Computer simulation is an influential technique for analyzing electron behavior in
plasmas. An advantage of computer simulation is that various experimental conditions
to determine the electron behavior can be easily examined; e.g. kind of gas medium,
the gas pressure, the applied electric field and initial and boundary conditions. Even an
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experimentally difficult condition may be investigated by means of computer simulation.

On the other hand, the computational load required for plasma investigations tends
to increase in some cases. Industrial plasma systems includes much complicated physical
processes such as the effects of space charge, ions, magnetic field and photo-reactions. In
addition, some of them have quite different time scales which may be from the order of
nano seconds to more than the order of a second. In spite of the remarkable develop-
ment of recent computer hardware, computational efficiency is still one of the primary
requirements for plasma simulations as well as their accuracy and generality.

Utilizing parallel processing techniques is a way of obtaining high efficiency. However,
efforts to introduce the parallel processing techniques to plasma analyses have just started,
and their future orientation is still under exploration.

A simulation technique named propagator method (PM) is focused on here. PM is
expected to be suitable for vector processing which is a kind of parallel computing tech-
nique. In the present thesis, basic implementation techniques of a PM are investigated
based on some typical models for electron swarm analyses. Then, advantages of the PM
are demonstrated by performing electron swarm analyses under various conditions which
include severe ones for conventional simulation techniques. The primary objective of the
present work is to obtain new knowledge of properties of electron swarms in order to
contribute the plasma investigation. At the same time, it is considered as a future orien-
tation of the present work to establish a PM as a general plasma analysis method which
can perform accurate and efficient simulations by utilizing vector processing technique as
well.

1.2 Analysis Techniques of Electron Swarms

There are many approaches to categorize techniques of computer simulations for electron
swarm analysis. Some points of view for the categorization are listed in table 1.1. Monte
Carlo simulation, Boltzmann equation analysis, continuity equation analysis and propaga-
tor method, which are typical techniques of electron swarm analysis, can be characterized
as shown in table 1.2. Characteristics of these techniques are mentioned briefly in the
following subsections.

Table 1.1: Approaches for categorization of electron swarm analysis methods.

treatment of medium | particle model / continuum model
occurrence of event stochastic model / deterministic model
description of motion | Eulerian description / Lagrangian description
(spatial description) / (material description)
principle of motion kinetic model / fluid model / hybrid model
field of motion phase space / velocity space / real space

1.2.1 Particle Model

In a particle model simulation, an electron swarm is regarded as a group of discrete elec-
trons. The electrons are assumed to behave more or less individually. Microscopic motion
of each individual particle is treated as free flight under the electric field and collision with
other particles. A Monte Carlo simulation (MCS), introduced by Itoh and Musha (1960)
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Table 1.2: Categories of typical electron swarm analyses. MCS, Monte Carlo simulation; BEq, Boltz-
mann equation analysis; PM, propagator method; ContEq, continuity equation.

method medium event description motion field
MCS particle stochastic =~ Lagrangian kinetic phase space
BEq, PM | continuum deterministic ~ Eulerian  kinetic phase space
ContEq | continuum deterministic ~ Eulerian fluid real space

for electron swarm analyses, is a typical example of a particle model. Random motion of
charged particles is simulated using pseudo-random numbers to determine occurrence and
kind of collision and the scattering angles. Stochastic behavior of charged particles can be
simulated by MCS. Each particle is labeled and traced, thus, a point under observation in
a particle model simulation accompanies with a moving particle. This kind of simulation
methods that trace varying positions of particles is generically called material description
or Lagrangian description.

Particle model simulations have some advantages; microscopic behavior can be simu-
lated individually, boundary conditions can be treated keeping their physical aspect, and
statistical approach is available in case analytical calculation is difficult. However, since
a typical plasma contains a prohibitively large number of charged particles more than
108 em ™3 to 10' ecm™3, it is actually impossible to simulate all of the electrons in the
plasma. Then, statistical sampling technique and a scaling (weighting) method are usu-
ally adopted in MCS. Nonetheless, a large enough number of particle samples are required
in order to avoid statistical fluctuation. This requirement results in increasing calculation
time. Despite several improving techniques for efficient MCS have been proposed (e.g.
Skullerud and Kuhn 1983, Nanbu 1994), the individual random motion of particles is a
bottleneck in the way of vector processing. The problem of calculation time is still a
primary difficulty of MCS.

1.2.2 Continuum Model

In a continuum model (e.g. Graves and Jensen 1986), species constituting a plasma are
treated as continuous mediums. Their homogeneities are assumed in a volume element
which is macroscopically small enough to obtain sufficient resolution and microscopically
large enough so that the atomic-ordered fluctuation of the number density of a plasma
species does not appear (Tanahashi 1991). In case a point under observation is fixed on a
volume defined at a position and motion of the continuum is treated as inflow and outflow
through the volume surface, this kind of treatment is called spatial description or Eulerian
description, which is in dual or complementary relation with Lagrangian description.

Simulation techniques of electron swarms based on continuum model are originally
described by the Boltzmann equation (BEq), which represents flow of charged particles in
six-dimensional phase space in a manner of differential equation. Here, phase space means
the direct product of real space and velocity space. A variety of analysis techniques have
been proposed based on the BEq. These techniques can be classified according to their
mathematical approach and the field of electron motion in which the BEq is described.

Most generally, electron motion is described in phase space, in which the position-
dependent electron energy distribution can be defined. Simulation methods treating phase
space involve “full” information on the electron motion; the position and velocity. Electron
motion is described by kinetics based on the electron velocity distribution.
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A mathematical way of solving the BEq in phase space is series expansion using orthog-
onal systems of function. The BEq is represented as a series of simultaneous differential
equations in this technique. Typically, Legendre’s polynomials (Ginzburg and Gurevich
1960) and Fourier transform (Parker and Lowke 1969, Tagashira et al. 1977, Date et al.
1992) are chosen for expanding the BEq in velocity space and real space, respectively.
Kitamori et al. (1980) proposed a method of “direct estimation of moment”, in which
a series of moment equations representing the relation between electron swarm parame-
ters are derived from the BEq. Kondo and Tagashira (1990, 1993) treated the BEq as
an eigenvalue problem expressed in a matrix form of Burnett function expansion. Other
mathematical approaches to the BEq are “path integral method” (Skullerud 1983, Segur
et al. 1986) and “flight time integral method” (Ikuta and Murakami 1987). These meth-
ods are based on the integral of the dispersion function which represents the propagation
of charged particles in phase space. These methods are oriented to analytic solution. In
contrast, “propagator method” (e.g. Drallos and Wadehra 1989, Sommerer et al. 1989)
is a dynamic numerical calculation method based on Green’s function representing the
electron propagation.

Simulations performed in velocity space misses position-dependent information of elec-
tron energy distribution. However, they still can perform self-consistent calculation based
on kinetics described in velocity space when the physical processes under consideration
are position-independent. All of the simulation methods mentioned in the preceding para-
graph can be modified for calculation in velocity space by integrating the electron energy
distribution with respect to the position. Simulations performed in phase space or velocity
space are called kinetic models.

An example of the simulation methods treating only the spatial electron distribution in
real space, which is no longer the “energy” distribution, is continuity equation (ContEq)
analysis. ContEq analyses are traditionally called fluid models as well. A fluid model
simulation has an advantage that their calculation scheme is simple and traditionally well-
studied. However, it is difficult to perform self-consistent and stand-alone simulations
by itself. Some electron transport coefficients, which is not derived by ContEq, must
be imported from external calculations by another kinetic model in order to quantify
the electron flow in real space. In the simplest cases, the transport coefficients under
drift equilibrium conditions, under which the energy gain and loss of an electron swarm
balance, are applied to ContEq analyses as a function of the electric field or the mean
electron energy. However, the electron energy distribution is not unique for a value of
those variables when the electron swarm is under transient, and most of plasma-chemical
processes have dependence on the electron energy distribution which is missing in ContEq
analyses. Validity of applying the drift equilibrium transport coefficients to a ContEq
analysis must be verified elsewhere. Correspondence between mathematical expressions
of boundary conditions required to solve the ContEq and their physical aspects must be
validated as well.

1.2.3 Hybrid Model

The aim of a simulation based on hybrid model is to combine advantages of different
kinds of simulation models. Combination of these models can be chosen depending on
the purpose of a simulation.

Examples of the hybrid model simulations can be found in Belenguer and Boeuf (1990)
and Sato and Tagashira (1991), in which position-dependent electron behavior is analyzed.
MCS is performed to obtain the local electron energy distribution, and ContEq are com-
bined for calculation of the spatial aspect. Self-consistency of the MCS and calculation
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speed of ContEq are the advantages in this case. Their work also attempted to take
thermally non-equilibrium effects into account of ContEq analysis techniques.

1.3 Requirements for Analysis Techniques

In general, properties required for techniques of plasma analyses would be physical exac-
titude, self-consistency, simplicity of treatment for boundary conditions, statistical and
numerical stability, computational efficiency, generality for extension of simulation mod-
els, and so forth. Although various orders of priority for these properties can be considered
depending on the simulation objectives, the orientation of the development of the analysis
techniques are determined by these requirements.

For physical exactitude, a rigid description for the simulated object is required. Math-
ematical approximation should be chosen as carefully as possible. In case of highly math-
ematical approach, it is important that the correspondence between a mathematical ex-
pression and its physical meaning is always kept clear to verify the physical validity of
the expression. Energy balance (Thomas 1969), a kind of the law of energy conservation,
and conservation of the number of particles are typical examples of items to confirm the
physical validity of simulation results.

Self-consistency is also important for any simulations since it enables stand-alone
performance and proves the validity of the simulation results. Self-consistency will be
guaranteed by considering kinetics of the electrons. A calculation of the electron energy
distribution performed at least in velocity space can be qualified as a stand-alone and
self-consistent simulation.

Statistical instability is a problem for MCS. As long as pseudo-random numbers are
referred to for choosing one of the possible events, it is difficult to completely remove sta-
tistical fluctuation from the sampling in principle. However, some countermeasures such
as particle-in-cell method (e.g. Boswell and Morey 1988, Surendra and Graves 1991) have
been proposed to obtain well-averaged results. On the other hand, in continuum model
simulations which assume homogeneity of the continuum and a large enough number of
real physical particles in a volume, all possible processes under consideration are treated
to occur in proportion to their probabilities deterministically.

The numerical stability of a simulation method including the stability for convergence
of solution depends on its characteristics particular to the mathematical approach. Some
kinds of instabilities in numerical calculation often appears in simulations using differential
operations mainly. Simulation techniques based on integral calculation would be a safer
way to avoid this kinds of instabilities.

For computational efficiency, it would be the most promising and steady way to fully
utilize parallel processing techniques. Continuum models are suitable for vector processing
since most part of the calculation can be described by a common expression form for fluid
equations generalized for each position in phase space. Another advantage of continuum
model is that the computational load is independent of the number of particles under
consideration while the load of MCS is proportional to the number of traced particles.
A simulation technique based on continuum model can obtain statistically stable results
in case of electro-negative conditions under which the number of particles decreases due
to electron attachment, and it can avoid the increase in calculation time even in case of
steeply increasing particle population.
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1.4 Objective of the Present Work

Propagator method (PM), which is focused on in the present work, is one of the contin-
uum model simulations. This technique is expected to have the possibility to satisfy the
requirements mentioned in the preceding section.

PM is originally a general-purpose simulation method for any physical phenomena
including penetration processes which are described by Green’s function (e.g. Hitchon et
al. 1989). When this method is applied to weakly ionized plasma analyses, it is necessary
to modify the PM appropriately based on conditions particular to the plasma phenomena.
An objective of the present work is to establish the basis of the PM as an accurate and
efficient simulation method of the plasma analyses.

In the present work, physical conditions to be concerned with especially in electron
swarm analyses by PM are investigated. Using the PM developed in the present work,
properties of electron swarms are investigated under some conditions, including ones severe
for conventional simulation methods, in order to demonstrate advantages of the PM.

1.5 Synopsis of Each Chapter

This thesis consists of seven chapters.

Chapter 1, this chapter, is the introduction of this thesis. Background and objectives
of the present studies are presented.

In chapter 2, detailed explanations for numerical scheme of the present propagator
method (PM) is presented in a generalized form. This chapter involves definitions of
terminologies, observation principles, physical processes under consideration, and their
numerical treatment.

In chapters 3 through 6, analyses of electron swarm properties are investigated using
the present PM.

In chapter 3, spatial relaxation processes of the electron energy distribution between
parallel plane electrodes under steady-state Townsend conditions are analyzed. In order to
describe the relation between the position and the energy of an electron under the electric
field, an appropriate numerical treatment of the law of energy conservation is introduced
to the present PM. Position-dependent profiles of the electron energy distribution and
electron swarm parameters are clearly reproduced by the present PM.

In chapter 4, a new calculation technique based on PM for obtaining the drift equilib-
rium electron energy distributions under steady-state Townsend conditions in boundary-
less free space is developed. Such electron energy distributions are, experimentally, ob-
served at a position apart from the electron source since long enough distance for spatial
relaxation processes is needed. The present PM derives drift equilibrium solutions of the
electron energy distribution from calculations for electrons in a slab defined in the drift
equilibrium region. Consideration for the relaxation distance required in conventional PM
1s omitted in the present technique. This calculation technique for steady-state Townsend
conditions is deeply related to one for pulsed Townsend conditions. Correspondence of the
present calculation methods and the observation systems of electron swarms is discussed
compared with the treatment in the Boltzmann equation analyses.

Using this new technique developed in chapter 4, backward diffusion of an electron
swarm toward the upstream region of an electron source is investigated in chapter 5.
Properties of electron swarms particular to the upstream region are presented. An implicit
effect of backward diffusion of electron swarms can be found in behavior of electron swarms
in front of absorbing anode as the influence of the anode to the bulk region of a plasma. It
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is demonstrated that the effect of the absorbing anode can be explained by the diffusion
of electrons toward the upstream direction.

In chapter 6, the centroid drift velocity of an electron swarm is derived from moment
equations and calculated using a PM. The centroid drift velocity is calculated only in
velocity space while this velocity is originally defined based on the motion of the electron
swarm in real space. In the PM developed in this investigation, calculations for the
moment equations are performed simultaneously. This calculation scheme suggests a
possibility of the PM for parallel processing in addition to simple vector processing.

Chapter 7 is the conclusions of the present work. The present investigations and their
results are summarized, and the future orientation of this work is presented.
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Chapter 2

Propagator Method

2.1 Introduction

A term “propagator” means an operator or function that represents the motions of parti-
cles, fluid, wave, heat, or any phenomena which propagates or penetrates through space
and media. Mathematically, propagators are called Green’s function as well. Early ex-
amples of analyses using the propagator technique can be found in wave function studies
for electron-impact excitation and electron scattering (e.g. Kang 1969, Schneider et al.
1969). Historically, early approaches were analytic in nature, since early computational
resources were rather limited.

In the recent decade, Hitchon et al. (1989) described a generalized implementation of
a propagator method (PM) for general transport phenomena calculations. Its numerical
technique is based on iterative calculations of transport phenomena applied to many small
volumes defined in space. In contrast to early analytic approaches, PM is a primitive
calculation technique in a sense. The numerical procedure of the PM is simple iterative
calculations, instead, PM requires large memory storage for spatial resolution. For this
drawback, the PM has just become a practical simulation method in the latest decade due
to the remarkable development in computational technology and the increase in computer
memory capacity.

In analyses of electron swarms, PM is a numerical technique to solve the Boltzmann
equation (BEq) for the electron flow in phase space. Propagator represents the transition
probability of electrons from a set of position and velocity coordinates to another set of
coordinates. The transition can happen via two kinds of processes; free flight under the
influence of an electric field and collisions with gas molecules. Calculation in a PM is
performed based on kinetic continuum model. The electron number density as functions
of the position in phase space is expressed in Eulerian description. Small sections called
cells are defined in phase space and the electron transition between the cells is calculated
by the propagator.

Examples of applications of PM for weakly ionized plasma analyses can be found in
many references. Drallos and Wadehra (1988, 1989) investigated the electron velocity
distribution under a uniform electric field. Sommerer et al. (1989) and Mankelevich et
al. (1991) applied a PM to analyses of cathode fall region of a glow discharge in helium
between parallel plate electrodes. Simulations under time-varying RF (radio frequency;
13.56 MHz) electric fields in processing plasmas were presented by Sommerer et al. (1991)
and Yamanashi et al. (1991). Parker et al. (1993) and Hitchon et al. (1993) verified
the validity of kinetics of PM by comparisons with results obtained by other simulation
methods.
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In the present chapter, description of the electron energy distribution, the physical pro-
cesses of electrons considered in electron swarm analyses, and their schematic treatment
in PM are explained.

2.2 Electron Distribution in Phase Space

The motion of an electron is generally described by the following variables; the position
r = (z,y, 2), the electron velocity v = (vg, vy, v;), and time ¢. These six variables except
for ¢ constitute a six-dimensional coordinate system of (r,v) = (z,¥, 2; vy, vy, V), Which is
called phase space. The position in real space and the vector of the velocity of an electron
are represented as the coordinates in phase space, and the temporal variations of these
values is treated as motion in phase space. Since electrons with different velocities can
be present at the same position, velocity space is defined independently for each position.
Here, three-dimensional real space and three-dimensional velocity space are treated as
independent of each other.

y v Al
X
dv
Vv
A7
r - : 4 dr vx
'
Z
70 X
-
///
s
Figure 2.1: Six-dimensional phase space consisting of real space and velocity space (r,v) =

(.01 % Vs vy, Vz). The coordinates of an electron are represented by the position » and the velocity v.
Different electron behavior can be allowed even at the same position, therefore, velocity space (v, vy, )
is defined for each position in real space (z,y, 2).

The electron distribution function f(r,v,t) is defined as the electron number density
at a position (r,v) in phase space at a moment t. f(r,v,t) represents the probability
density of presence of electrons. The number of electrons dn in a volume element drdwv
at (r,v) is described as

drs = fir v, fidrdy. (2.1)

Electron swarm parameters are derived from f(r,v,t) by integrating dn with appropriate
weighting functions to represent the average values of certain physical quantities. For ex-
ample, the electron energy %ml’v|2 is a weighting function for obtaining the mean electron
energy € as

1 2
¢ Y (2.2)

[dn

f(r,v,t) may be represented in other forms of the electron distribution function such
as f(v,t), f(v,t), and F(e,t). They are the electron number densities as functions of the
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vector electron velocity v, the modules of the electron velocity or the electron speed v,
and the electron energy ¢, respectively. Relations among these distributions are

fo,t) = [ J(rv,0dr 23)
FRU LY = f(v,t)%g‘élwvzf(v,t) (2.4)
Flet) = [0 = — 1) 25)

2, ¢ = zmv?, and m is the mass of an electron. The terms
“the electron energy distribution” and “the electron velocity distribution” are often used
equivalently, and “the electron distribution” implies both of the energy distribution and

the spatial distribution of electrons in this thesis.

where v = |v| = \/v§+v§+v

2.3 The Boltzmann Equation

Electron motion as a fluid in phase space is described by the BEq as

0 1, 0 0
Ef(ra v, t) = {—’U i % —a- 51—) =1 <b_t>cou} f(’T', v, t) (26)
0 0 0 0
V- a—r = ’Ux% +'Uya—y +'Uz£ (27)
a _8_ o i = __8_ 4 .é_ (2 8)
v ov, Vo, ' Zou, '

where a = (a,,ay,a;) is the acceleration due to the applied electric field E. The term
in the left hand side in equation (2.6) represents the temporal variation of the electron
number density at (r,v). The first and second terms in the right hand side are called the
drift terms. They represent the electron inflow and outflow for a cell due to spatial motion
and acceleration of electrons. The drift terms are an alternative Eulerian description of
Newton’s equation of motion for electrons.

The third term in the right hand side is called the collision term. It represents the
electron flow in velocity space due to the change of the electron velocity at collisions with
other particles in a plasma. For the present analyses of electron swarms, only binary
collision with short range forces between an electron and a gas molecule is considered.
It is assumed that there is no magnetic field and that the electron number density is
low enough so that the space charge field is negligibly small compared to E. Mutual
interaction between electrons is also neglected.

Physical processes considered in electron swarm analyses are explained in detail in the
following subsections.

2.3.1 Drift and Acceleration

The drift process of an electron between two succeeding collisions with gas molecules is
a result of free flight between collisions under the acceleration a due to E. The electron
motion during a free flight is treated as a flow in phase space.

The drift terms in equation (2.6) are typical expressions for a flow in vector field
written in Eulerian description:

(%) Ly f(’f',’U,t) i %f(rava t) —a- %f(r7v’t)‘ (29)
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The position-differential and velocity-differential terms represent the inertial motion in
real space due to the electron velocity v and the acceleration motion in velocity space
due to E applied as the external force, respectively. Since there is no magnetic field, the
acceleration a is here simply a function of the position. As an important characteristics of
a flow, the stream lines are continuous and unique for each position in phase space. A locus
of an electron during a free flight appears as a smooth continuous curve in six-dimensional
phase space.

The uniqueness of a stream line can be easily confirmed by considering the motion of
an electron in a Lagrangian description. This motion is represented as Newton’s equations
of motion as

%v(t) = a(r(t),t):%E(r(t),t) (2.10)
%rm — (D (2.11)

where e and m are the charge and mass of an electron. The electron position and velocity
('r(t), v(t), t) during a free flight is deterministically described as a function of the initial

position (r’,v,t’) in phase space as

v(t) = v+ ta(r(t”),t")dt” (2.12)

tl

t
r{t) = o'+ { o )dt". (2.13)
tl
Translating this fact into Eulerian description again, electron motion is treated as the
electron flux. The amount of the electron flow and its direction can be explicitly described
at any position in phase space when the electron distribution function is given.

2.3.2 Collision and Scattering

Collision processes considered in analyses of electron swarms are mainly those with gas
molecules. They are categorized primarily as two kinds according to whether the kinetic
energies of an electron and its collision target particle satisfy the energy conservation or
not (e.g. Sakamoto and Tagashira 1974); elastic and inelastic collisions.

Let us first consider elastic collisions. It is generally assumed that an electron and a gas
molecule undergo a hard sphere collision. Elastic collisions are called momentum transfer
collisions since the direction of the electron is changed by the collision and differential
momentum is transferred to the target particle. The transferred momentum is a function
of the mass ratio between an electron and a gas molecule m/M, which is at most 2x 1073
for the lightest species of a hydrogen atom and is usually less than 10~ for most of the
other species. Although the momentum transfer is small, it affects the electron swarm
behavior when the collisions are frequent.

Typical inelastic collisions include excitation, ionization, dissociation of multi-atomic
molecules, and electron attachment.

At an excitation collision, a part of the electron energy is given to a gas molecule
as the energy to excite an internal electron from a state to another higher energy state.
Other excitation collisions include vibrational and rotational excitations of multi-atomic
molecules. These processes produce high potential energy particles such as excimers and
radicals, which are utilized for industrial applications. Dissociation would work similarly
to excitation for electron swarms in the point of view of the energy loss of electrons,
although their physical and chemical results are quite different.
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Due to ionization collisions, positive ions and secondary electrons are produced by
electron impact. Thus the number of electrons in an electron swarm increases due to
ionization collisions. Ionization has two functions both to trigger and to sustain an electric
discharge through a chain reaction. Ionization collisions may be stepwise or cumulative
ionization of molecules in excited states in addition to direct ionization from those in the
ground state.

Electron attachment is the capture of an electron by an electro-negative gas molecule,
which produces a negative ion. An electron captured by a molecule does not move freely
anymore; therefore, the electron is no longer regarded to be an element of an electron
swarm. The number of electrons in an electron swarm decreases due to electron attach-
ment. Electron attachment includes dissociative attachment of multi-atomic molecules.
Recombination of an electron and a positive ion is a special case of the electron capture.
Recombination may be treated in the same way as attachment, except that a neutral
molecule is produced instead of a negative ion.

In addition to the collisions mentioned above, super-elastic collision can be considered
as a special case, in which an electron obtains the energy from an excited gas molecule.

Super-elastic collision, recombination and stepwise ionization are often neglected in
many cases of electron swarm analyses, since the number densities of ions and excited gas
molecules are usually assumed to be much lower than those in the ground state.

Typical values of the threshold energy for excitation and ionization are listed in table
2.1 together with reaction processes.

Table 2.1: Collision processes considered in electron swarm analyses and typical values or orders of the
energy associated with the reactions.

elastic collision A 4+ e — A + e e X 2m/M
excitation A + eps — AY 4+ egow 5~ 15eV
vibrational excitation A + epse — A' 4+ egow ~ 0.1 eV
rotational excitation A + epd — A+ eyow ~ 0.01 eV
dissociation AB + epe — A* 4+ Bt + egow O~ 10eV
direct ionization A + eps — AT 4+ egow + sow 10~ 20eV
stepwise ionization A* 4+ egow — AT 4+ egow + €gow O~ 10eV
electron attachment A + egow — A

recombination AT el gt =y A

super-elastic collision A* 4+ egow — A  + gt 5~ 15 eV

Electrons are scattered after collisions. The initial velocity of an electron for restarting
free flight, which is the speed and direction, is determined based on the condition assumed
for each collision process. The electron speed is determined by the residual energy after
subtracting the energy loss for inelastic processes. In case of ionization collision, the resid-
ual energy is shared by the primary electron impacting a gas molecule and the secondary
electron to be ejected from the molecule. The probability density function for the division
ratio of the residual energy could be assumed in various ways.

The scattering angle is a function of the injection direction of the impacting electron
and the direction should be defined in the center-of-mass system of colliding two particles.
However, isotropic scattering in laboratory system can be adopted as an approximation for
simplicity in most cases in fundamental studies on electron swarms, when the momentum
transfer between an electron and a gas molecule at a collision is negligibly small.
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Since the electron velocity changes instantly at a collision, the locus of an electron
in velocity space becomes discontinuous at every collision. When an inelastic collision is
observed in velocity space, the electron “jumps” from its original position at the energy
e to a destination position at € — €. Electrons undergoing attachment disappear from
phase space, and new electrons are generated by ionization collisions.

2.4 Cells in Phase Space

In a propagator method (PM), phase space is divided into small sections which are called
cells, and the electron distribution is treated as the number of electrons in each cell. The
electron motion in phase space is treated as a movement of the number of electrons from
a cell to another cell.

The volume of a cell is, generally, represented as ArAv = AzAyAzAv,Av,Av,.
A cell is essentially equivalent to a volume element drdv. The size of a cell must be
macroscopically small enough to obtain sufficient resolution and microscopically large
enough for electrons to be treated as a homogeneous continuum (Tanahashi 1991). The
electron distribution within a cell is usually assumed to be uniform with respect to the
volume element.

Rewriting equation (2.1) for discrete cells, the number of electrons nar av(t) in a cell
ArAwv at (r,v) is represented as

nArr,m}(t) = f(’l", v, t)A’I‘A’U. (214)

When the electron distribution is calculated in a computer, the number of electrons in
each cell is stored in each corresponding element of an array of computer memory. While
phase space has infinite width, the memory storage of a computer is finite. Therefore, only
a limited part of phase space can be mapped onto the memory array. In case of velocity
space, a physical aspect that f(v) decays exponentially with increase of |v| roughly, thus
finally f(oco) = 0, tells us that even only a limited region around the origin of velocity
space can cover most of electrons under consideration if an observation energy range is
appropriately chosen. For real space division, presence of boundary such as electrodes
and wall may help us to limit the width of real space under consideration.

The way of division for phase space may be chosen depending on geometrical shape of
the simulation model in real space. Symmetry of the simulation model enables us to reduce
the dimension of phase space, that helps us to save memory storage and computational
load. Some typical cell implementation models are listed in table 2.2. In these models,
phase space is divided with appropriate cell widths along the coordinate variables.

Table 2.2: Coordinate systems and cell configurations.

model real space velocity space
pulsed Townsend observation integrated (v, 8)
infinite parallel plane electrodes (x) (v, 8)
spherical symmetry (r) (v,0)
axial symmetry Cxr) (v,0, )

As typical ways of division for velocity space, Cartesian coordinate system (v, vy, v;)
and polar coordinate system (v, 0, ¢) can be considered mainly, where 6 and ¢ are the
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polar and azimuthal angles, and (v, vy, v,) = (vcosf,vsinf cos ¢, vsin O sin @). Cartesian
coordinate system in a PM (e.g. Drallos and Wadehra 1988, 1989) is suitable for treatment
of acceleration process of electrons since the acceleration motion of electrons under a
uniform F is considered to be a parallel shift in velocity space. Polar coordinate system
(e.g. Sommerer et al. 1989) is, on the other hand, suitable for treatment of electron
scattering since it is treated more or less isotropically.

More detailed explanation for the division techniques will be given with practical
model of analyses in each of following chapters.

2.5 Propagator

Formally, the temporal variation of f(r,v,?) is described using a propagator P as

f(r,v,t+ At) = / P(r,v;r v At) f (', v/, t)dr'dv’. (2.15)

rr-l ,vl

The propagator represents the transition probability of an electron from (7', v’) to (r,v)
during At. The temporal variation of the electron energy distribution is succeedingly
derived from that at the preceding time step.

In a practical simulation of a PM, phase space is divided into discrete cells and the
number of electrons in a cell is calculated instead of the electron number density. There-

fore, the propagator is also modified to represent the movement of the number of electrons
from Ar'Av’ to ArAwv as

TLA']",A'U(t 5 ¥ At) = Z P(AT’, A’U, A'r", A’U,)’I’LATI’AU/(t)At. (216)
art.av

The propagator in equation (2.16) can be rewritten as the sum of those for the two
processes as mentioned associated with equation (2.6); the drift and collision processes:

P(Ar, Av; Ar', Av') = Py (Ar, Av; AT, Av') + Pop(Ar, Av; Ar', Av').  (2.17)

Explicit forms of these two kinds of propagators are presented in following subsections.

2.5.1 Drift Propagator

An electron flying under E draws a smooth continuous stream line in phase space. This is
considered as the electron flux I' when the stream line is weighted by the number density
of electrons. The electron flux is defined in each of real space and velocity space:

Lor,v.t) = vof(r,v,t)dv (2.18)
Fylrivt) = alr, i) fir, v, t)dr; (2.19)

Using the electron flux, temporal variation of f(r,v,t) may be written as

f(r,v,t + At)drdv — f(r,v,t)drdv
At

= / Liriv ) nrdsr+/ I',(r,v,t) - nyds, (2.20)

where s, and s, represent the surface elements of a cell Ar’Av’ defined in real space and
velocity space, and n, and m, are the element vectors normal to the surface elements
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respectively. The total outflow of electrons noy a7 a1y At flowing out of a cell Ar’'Av/
through the cell surface during At is evaluated based on the electron flux:

Nout, AT, AV AL = / Ir'.(r',v,t) - nds At + D v 1) inade, Xl <(221)

Sy,out Sy,out

This integration is performed with respect to only the outward flux to avoid double
counting, since the inward flux for a cell is evaluated elsewhere as the outward flux from
other cells. Here, time step At must be short enough so that the total amount of electron
flow out of a cell during At does not exceed the number of electrons nay Aty (t) in the
cell:

At < Marav(®) (2.22)
Nout, AT , AV
This limitation must be satisfied for all cells.

A destination cell ArAw of the outflowing electrons must be at the neighboring down-
stream position of the source cell Ar’Av’. The drift propagator represents the number
of outflowing electrons and the destination cells. The division ratio of the outflowing
electrons among the destination cells is determined based on the intersections between
Ar'Av’ and ArAwv.

Since any F can be regarded to be uniform locally, the electron flux out of a cell can
be observed as a parallel flow in phase space. The numbers of electrons flowing out of a
cell observed in real space and velocity space are given as

Nout r.a1,av (1) AL = S(AT) Iy ar av(t) Al (2.23)
nout,v,AT’,A'U’(t)At i Sv (AU)FV,AT‘,AU (t)At (224)

where S, and S, are the areas of the orthogonal projections of the cell to planes in real
space and velocity space perpendicular to I'y and I’y respectively. Distribution of the
number of electrons to the destination cells are also calculated based on the area of the
orthogonal projection of the intersections between a source cell and the destination cells.

%
A
drift (acceleration)

Figure 2.2: Electron acceleration in velocity space. The acceleration due to uniform electric field E
appears as parallel shift in velocity space. Electrons in Av’ move to the neighboring cell Av through the
intersection S, .

The number ngy a1 av of electrons flowing out of Ar’Av’ is subtracted from the
cell, and ngy, o ary s divided into some fractions for the destination cells ArAwv. The
fractions are displaced and added to the numbers of electrons in the destination cells
respectively.
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2.5.2 Collision Propagator

Similar to the drift propagator, the collision propagator represents the number of electrons
that move from a cell to destination cells. In contrast with that both the position and
velocity of an electron vary continuously in the drift process, only the electron velocity
changes in the collision process. The position of an electron does not change at a collision.
Since the change of the electron velocity occurs instantly, the locus of an electron in
phase space becomes discontinuous at every collision. Due to the “jump” in phase space,
the collision propagator treats electron transition between cells apart from each other in
velocity space.

The number of electrons dng,n with velocity v undergoing a collision with an 2-th
kind of gas molecule during At is given by the collision frequency vy of process k. It is
a function of the cross section gx, the electron velocity v, and the number density N of
target molecules:

dneon ik (1, V) At = v At f(r, v)drdv = N;g; p(|v]) |v|Atf (r, v)drdwv. (2:25)

Hereafter, descriptions for collisions are presented based on the case of a single gas.
In general, the collision term of the BEq can be written as follows (Holstein 1946):

<%> f(r,v,t)drdvdt = =) Ng(|v])|v|f(r, v, t)drdodt (2.26)
coll k

£ [ Na(uhDIh1f (v, ) Zadrdvydt Rueas (Aw)
k k

where v’ is the velocity of a colliding electron, and dw is the solid angle of dv after the
k-th kind of collision viewed relative to the origin of velocity space. Rseart represents the
probability of an electron scattering into Aw. When isotropic scattering is assumed, this
weight is proportional to the solid angle as

dw

Rgcatt = o (2.27)

Zy, 1s the weight of the number of electrons after k-th kind of collisions, which represents
the electron generation and loss at a collision; Z = 2 for single ionization, Z = 0 for
electron attachment (or recombination if considered), and Z = 1 for the conservative
cases. The negative term in equation (2.26) is the outflow term which represents the
electrons flowing out of a volume drdv due to the change of velocity at collisions. The
positive term represents inflow to the volume from other volumes at higher energies. Here,
as well as for the drift process, the time step At is required to be short enough so that
the probability of an electron to undergo two or more collisions during At is negligibly
small:

(vpAt)? = (EVkAt> g (2.28)
k

where vy is the total collision frequency.
The relation between v and v}, for each k is given based on the energy loss at the
collision; for example,

1 1

imlv\z i §m|v:mm]2 for elastic collision (2.29)
1 1

§m|v|2 = im|fu'ex|2 — €ox for excitation (2.30)
1

1

1
—mlv|* = s (—m|vf0n|2 - eion> for ionization (2.31)

2 2
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om> Vs and vl . represent the electron velocity before each collision, and €ex and
€ion are the energies for excitation and ionization. The variable s represents the division
ratio of the residual energy for a pair of primary and secondary electrons after ionization,
where 0 < s < 1. The probability density function Py (s) for s is chosen depending on
the given condition.

The collision propagator for discrete cells can be written as

where v/ .

Pcou,k(A’l“, A’U; A'I"/, A'l)i) - qu(}v;{) IU;;|Zcholll{scatt(Aw) (232)

where the relation between Av and Avj, is the same as shown in equations (2.29) through
(2.31), and Aw is the solid angle of the destination cell viewed relative to the origin of
velocity space. Ar = Ar’ in case of collision. Reo (0 < Reon < 1) is a weight determined
by a relation of the velocity ranges of Av' and Av. When an electron moves from Av’
to Av by an inelastic collision with the energy loss €55, the energy €’ of the colliding
electron satisfies the following conditions (see figure 2.3):

2 / 2 1y
e A, \/ (€ = Clow) € Av. (2.33)
m m
: : : € g
: loss : .o
T el SRS o
M= - =
. —p» - R
: : coll

| " - | §|: s
0 Av Av' v

Figure 2.3: The velocity ranges of source and destination cells. A part of electrons in Av’ move to
Av.

The number of electrons undergoing collisions is subtracted from a source cell, and
distributed to destination cells. The inflow term in equation (2.26) is automatically taken
into account as outflow from other cells similarly to the drift process. Visual aspects of
the electron displacement in velocity space are shown in figure 2.4.

2.6 Computational Scheme

Basic calculation scheme of a PM is as follows.

Firstly, an appropriate coordinate system for phase space based on the geometrical
shape of a simulation model is chosen, and cells are defined by determining the range and
the resolution of phase space. In this phase, geometrical symmetry of the model must be
considered relevantly to reduce the dimension of phase space, that helps us to save the
computational load of memory storage capacity and calculation time.
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Figure 2.4: Electron displacement in velocity space at various kinds of collisions. When electrons
collide in a cell, they move to lower energy region in velocity space due to the energy loss (a, b, c).
However, the energy loss at elastic collisions is negligibly small (a). Scattering after the energy loss is
assumed as isotropic. New electrons are generated by ionization (c), and electrons undergoing attachment
disappear from velocity space (d).
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Secondly, calculation starts with an appropriate initial electron distribution. Two
kinds of propagators, for the drift and collision processes, are alternately applied to
f(r,v,1) to calculate its temporal variation for every At. Here, the physical time passage
for a calculation cycle is At although two propagators corresponding to a common time
step are evaluated sequentially one after the other.

An explicit expression for the processes can be given as

f(r,v,t+ At)drdv
=5 {1 — ) Ngi(Jv — aAt|)|v — aAtlAt} f(r — vAt,v — aAt,t)drdv
k

d
e / N o ([0]) || ALf (r, 0, £)drd
4 Jjv'|=|v|
dw V|
— Ngexr (V' DV |ALSf (7, v, t) —drd’
VS [ n., Veos DI 0,01 drdo
dw 4|v'[*djv|

drdv’. (2.34)

e Ngion (|V' |V |ALf (7,0, :
= /; don [V DIV IALF (V') T — 7

The terms in the right hand side of equation (2.34) correspond to the processes shown
in figures 2.2 and 2.4 respectively. With appropiate intervals, electron swarm parameters
are evaluated based on f(r,v,t) to obtain the temporal profile of relaxation processes
during the iterative calculation.

Finally, the iteration is terminated when an appropriate termination condition is sat-
isfied. The simulation ends after the output of the final results of the calculation.

A feature of a PM is that most part of the calculations consists of simple summation of
products, and calculations for cells are independent of each other. This is a key advantage
to utilize vector processing in the PM. Especially, in case F is static, most of the operands
except for f(r,w,t) are constant values throughout the iteration. Therefore, those values
can be calculated and stored in arrays before the iterative loops start. The computational
load is independent of the number of electrons under consideration, instead, it is propor-
tional to the numbers of cells and iteration cycles. In physical sense, it is an advantage
of the PM that both equilibrium and transitional values can be obtained by calculating
the temporal variation of f(r,v,1).

Concrete simulation configurations will be specified in the following chapters, depend-
ing on each investigation model.

2.7 Chapter Summary

Descriptions of the electron energy distribution function in phase space and propagators
for the electron processes under consideration were presented in a general form and a
basic calculation scheme of the present propagator method was explained.

The electron energy distribution f(r,wv,t) is defined in six-dimensional phase space
(r,v), and phase space is divided into small sections called cells. A cell ArAv at (r,v)
correspond to an element of an array in computer memory storage. The temporal variation
of f(r,v,t) is calculated as that of the number of electrons in each cell.

A propagator is an operator or a function which represents the electron motion in
phase space as displacement of electrons from a cell Ar’Av’ to another cell ArAv. The
drift and collision processes are considered as the electron motion. Propagators for the
drift and collision processes are alternately applied to f(r,v,t) to calculate its temporal
variation successively for every time step At.
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Chapter 3

Spatial Relaxation Processes of
Electron Swarms under
Steady-State Townsend Conditions

3.1 Introduction

A steady-state Townsend (SST) experiment is a fundamental measurement technique for
the ionization coefficient of an electron swarm in gases, which is one of the most important
quantities for both gas discharges and gas insulation. Initial electrons are supplied con-
tinuously from a cathode to the discharge space between parallel plane electrodes under
a uniform electric field E by constantly applying UV (ultra violet) light to the cathode.
Electron multiplication due to ionization is measured as the discharge current. An expo-
nential spatial growth of the electron population is assumed and the ionization coefficient
is obtained from the gradient of a logarithm plotting of the discharge current as a function
of the distance between the electrodes.

Perfect exponential spatial growth of the electron swarm is obtained when the electron
velocity distribution f(v) is in drift equilibrium, where the energy gain and loss of an
electron swarm balance with each other and the normalized f(v) is position-independent.
However, the exponential growth can only be observed in a limited region, because f(v)
of the initial electrons ejected from the cathode is not in drift equilibrium in general and
electron swarms in the vicinity of the electrodes are affected by boundary conditions. It is
important to evaluate the effects of boundary conditions and spatial relaxation processes
in order to perform appropriate experimental measurements.

An example of analyses for the spatial relaxation processes of an electron swarm be-
tween parallel plane electrodes is seen in Sommerer et al. (1989). This work was presented
to show a technical basis of a propagator method (PM) before applying the PM to anal-
yses of cathode fall region in helium glow discharges. Some electron swarm parameters
were shown as functions of the distance from the cathode, and these results agreed fairly
well with those obtained by a Monte Carlo simulation (MCS). However, some differences
between the results obtained by the PM and the MCS are observable. In particular, the
PM results miss the fine structure in the spatially relaxing swarm parameters obtained
by the MCS. For example, the threshold position of ionization and overshoots and vi-
brations of swarm parameters were drawn as smooth curves (see figure 3.8). Generally,
it is difficult to distinguish such fine structures from statistical fluctuation if an MCS is
performed singly. However, those relaxation processes in the vicinity of the cathode can
be explained as follows.
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It is experimentally possible that the electron energy distribution F'(€) of initial elec-
trons is concentrated within a narrow energy range when the photon energy of the UV
light and the work function of the material of the electrode are appropriately chosen.
Typical values of them would be several eV and close to each other. Electrons with such
an F(€) can be called “coherent” electrons. When coherent initial electrons are ejected
from the cathode, the electron energy € is represented as a function of the position as
€ — € + ez until an inelastic collision process starts, since the sum of the kinetic and
potential energies of an electron moving under a static electric field is conservative while
any energy loss do not occur. The coherence of F'(¢) is strictly kept in such a region.
Thus, a spatial threshold zj,. for an inelastic collision process appears at a position de-
termined by €ini, F, and the threshold energy €inai 8 Tinel = (€inet — €ini)/ (€£). The law of
energy conservation is an important criterion to treat the coherence of an electron swarms
properly.

In this chapter, the fine structures of spatial relaxation processes of electron swarms
in parallel plane electrodes model under an SST condition are investigated using a PM.
Initial electrons ejected from a cathode are given with zero energy. In order to avoid the
discrepancies that appear in the conventional PM, an appropriate way of PM implemen-
tation based on the law of energy conservation is introduced.

3.2 Computational Conditions

3.2.1 Analysis Model

The following conditions are assumed for the present parallel plane electrodes model
under SST conditions. The applied electric field E between the electrodes is uniform and
static. The electron distribution in real space in the direction parallel to the electrodes is
integrated to be one-dimensional, and f(v) is azimuthally symmetric. The number density
of electrons between the electrodes is low enough so that the electric field distortion due
to the space charge can be neglected.

The electron motion in phase space is described by time ¢ and the following three
coordinate variables; the distance from cathode z, the electron speed v, and the angle 0
between the directions of the acceleration due to E and the motion of an electron. For
accurate numerical treatment of the electron energy, polar coordinate system for velocity
space is adopted here since the absolute value of the electron velocity directly related
to the electron energy. The electron velocity distribution is defined in three-dimensional
phase space (z,v,0) as f(z,v,0). Phase space (z,v,0) is divided into the cells C; ; at
(z1,v4,0;) which occupy the volume Az;Av;Af;, where Az;, Av; and Af; represent the
widths of the cell Cp; ;.

The electron number density at each position in phase space is calculated as the
number of electrons n;; ; in Cy;

Ny g = f(ﬂ?l, Vi, Hj)AiElA’UiAHj. (31)

(i ; corresponds to the (1,7, j)-th element of an array in the computer memory storage.

3.2.2 The Law of Energy Conservation

In order to satisfy the law of energy conservation, it is required to exactly treat the
variation of the electron energy accompanying an electron drift.
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=
0 X
i
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Figure 3.1: Variables to describe the electron motion between parallel plane electrodes; the distance
from the cathode z, the electron speed v, and the polar angle € of the electron motion. The electron
distribution in real space in the direction parallel to the electrodes is integrated to be one-dimensional

and azimuthal symmetry in velocity space is assumed.

backward E forward
moving L moving cathode

Figure 3.2:  Cells defined in three-dimensional phase space (z,v,6). Each cell has its particular
direction for electron flow. An electron draws a parabolic trajectory in this three-dimensional phase
space during a free flight. The directions of E in real space and velocity space are originally common.
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Under a uniform electric field E in the direction of z, the kinetic energy €(z) of an
electron satisfies the following relation during a free flight:

d

i
dz

(2} = ek (3.2)

where e is the charge of an electron and = |E|. A relation binding the differentials Ac
and Az of the electron energy and position before and after the free flight is derived as

Ae = eEAz. (3.3)

This relation requires that an electron must obtain the energy corresponding to its drift
distance Az exactly when the electron moves from a cell to another cell. This requirement
is equivalent to the idea of “constant total energy” introduced to an integral method in
Segur et al. (1986), 7.e. the sum of the kinetic energy and potential energy of an electron
is conservative during a free flight. In a PM, the energy of an electron is particular to the
cell in which the electron belongs, therefore, the requirement is applied to the relation
between the source and destination cells of an electron drift.

In order to satisfy this requirement, the cell widths Az; and Awv; in the present PM
are chosen as

A’Uz‘ = Y1 — Yy (34)

1 .
imvf = tAc (3.5)
Ae = eFEAx (3.6)

where Ae and Az are constant values which represent the resolution of f(z,v,0). Velocity
space is divided for every Ae, therefore, the cell width is not uniform in the velocity scale.
This criterion seems trivial, yet it is usually not imposed in conventional PM, in
which Az and Av have been chosen independently of each other. Such a computational
condition for Az and Av may cause a physically unreasonable phenomenon as discussed
in subsection 3.4.3.
Formally again, a cell Cj; ; occupies a region described as

) S &L S | T — lACC, Ly = (l 4 1)AZE (37)
1 1
& <e< €41 = lhe = gmvf, €1 = (@ +1)Ae= QTWU?H (3.8)

3.2.3 Electron Flow in Velocity Space

When axial symmetry of f(v) is assumed for the azimuthal direction, the electron motion
can be described by two variables v and . However, velocity space has three-dimensional
volume originally and the uniformity of the electron distribution within a cell is assumed
for three-dimensional volume element. The electron flux flowing out of a cell in velocity
space must be evaluated based on the three-dimensional shape of the cell as mentioned
in subsection 2.5.1.

Since FE is uniform in the present model, the acceleration of an electron observed in
velocity space appears a parallel shift. The electron outflow is evaluated based on the area
of the projection of a cell to a plane perpendicular to E. In figure 3.4, n. and ny represent
the numbers of electrons which flow out of the cell (j;; to the neighboring cells with
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Figure 3.3: Cells defined in velocity space. The concentric contour lines are determined to be uniform
in the energy scale, thus they appear non-uniform in the velocity scale. In case rotational symmetry is
assumed, electron motion in velocity space is described by two variables v and 6. However, the shape of
a cell must be considered three-dimensionally when the electron flow is evaluated, since the uniformity
of the electron distribution within a cell is assumed for three-dimensional volume element.

g

rotational symmetry

Figure 3.4: The electron flow out of a cell Cy; j. n. and ng represent the numbers of electrons which
move to the neighboring cells through the concentric and radial intersections during At. n. +ng < ny; ;

1s required as a condition for At.
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subscripts ¢ + 1 and j — 1 during At. Considering the area of the orthogonal projection
of the intersections between these cells, ne and ng are given as

My, 2 gk B i g ‘
Neright = 2 - M5, (sin” ;41 — sin” ;) — At (3.10)
Vi 75
Tir i 4 : . ek
Nejets = —-2 .+ mwui(sin® 6; —sin® 8, 1) —Al (3.11)
Vz,i,j m
N5 g Gl
ng = —2.m(vi— v?) sin® 6;— At (3.12)
Vi m

where subscripts “right” and “left” represent whether the cell is in the right hemisphere
of velocity space or the left; “right” for 0 < 6 < 7/2 and “left” for /2 < 6 < 7 here.
Note that the destination cell of n. e has the subscript ¢ — 1, while that of N right has
fon e

Vi.i; is the volume of the cell C; ; defined in three-dimensional velocity space:

Vi1 0541 21 : 92 3 3
Vigs= / / / vsin @ - vd¢dfdv = =7 (v}, ; —v;)(cos O; — cos 0;1) (3.13)
it v=v; J0=0; J¢=0 3

where ¢ is the azimuthal angle as defined in figure 3.4 (Sugawara et al. 1993).

In case source and destination cells of an electron drift are at different energies, the
variation of the electron energy is treated as spatial displacement based on the law of
energy conservation represented as equation (3.6). Therefore, electrons represented by
ne in the right hemisphere move from Cj; ; to Cii1441,5, and those in the left move from

Chij to Ci_1i-14. The subscripts [ and i vary together in the present PM (Sugawara et
al. 1992).

Table 3.1: Electron displacement between source and destination cells.

drift across concentric intersection left hemisphere G — Uilag-17
right hemisphere Loty Lo ey
drift across radiative intersection  entire velocity space Cp;j; — Cpij1

As a condition for the stability of the numerical calculation, n. +mng < my;,; is required
when At is chosen.

3.2.4 Collision and Scattering

The energy loss at an inelastic collision is approximated as a multiple of Ae so that the
coherence of an electron group after an inelastic collision process is kept as well as in
the drift process. This approximation and the uniform cell width for every Ae result in
Reon = 1 in equation (2.32) and figure 2.3 for the treatment of the energy loss at inelastic
collisions.

The probability density function Py, for the division ratio € : €5 = s : 1 —s of residual
energy €, between a pair of primary and secondary electrons at an ionization collision is
assumed to be uniform in the range 0 < s < 1:

o

0<eg<Le)

Pdiv(ep)dep e €r (314)
0 (6 o= Er)
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deg
— < €5 < €
Pdiv (6s)d€s = €r <O = 61) (315)
0 (€5 > €)
where |ds| = |dep/&| = |des/€e]. When both of the primary and secondary electrons

are treated identically, the energy distribution of the electrons after ionization collision
satisfies the following normalization condition:

€y €r 2

/ Hmkﬂf:/‘—de:z (3.16)
0 L

Electrons after ionization in A€y (€4 < € < €y41) are displaced to the cells at Ag; (0 <

i < i’ — €on/A€) with a distribution shown in figure 3.5. The distribution ratios for the

electrons are, approximately, given as

477,' 6‘
ke for Ag; 0% < g ’°n> 3l
20 — /B 1 <—LL Ac SR
2n; €;
ion f A ’ e oof oy 10n> 31

where njo, is the number of electrons undergoing ionization in the source cell. The total
number of the distributed electrons is 2n;on.

= e

e > €

Ag A€ . NE"5

£ 1

Figure 3.5: Destination cells for the electrons after ionization collision in an energy range Ae; and
their distribution ratios.

Isotropic scattering is assumed for the collisions in the present model. The number of
electrons scattered into a cell is proportional to the solid angle of the cell viewed relative
to the origin of velocity space. The probability density function Piea: for the scattering
angle distribution is derived by integrating the azimuthal distribution:

L ) 2m gin0dpdd 1
ACE i e SR L 3.
1 (0) A e i 5 sin ¢ (3.19)

Thus, the distribution ratio Rgea,; for O, ; associated with scattering is given as
0j+1 1 1 :
Rscatt,j = /_ | Fooar 9308 = 5{005 0; —cos b1} = i{cosjAG —cos(j + 1)A0}. (3.20)
k-2
Totally, the variation of n;; ; in the collision process may be represented as

Mg (4 AL) — i 5(t)

At
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— —NqT(@i)@z'm,z‘,j(t)

+ Z Ngmom (@Z)@Lnl,h] (t> + Z qux)k (,l_)'i"f"lex,k)(Di+7nex,klnlai+7nex,kvj (t)

J g,k

= 2
N jon (U Uyt 5 1
e {Q(i'—rnion)ﬂg Gion (V2017151

¥ =i+Mion

2
-
2(1,/ o 1 — mion) + 1

Z N Gion (Vir41) Vi 417, 41,5(1) } }

3
1
X i{cos JAO — cos(j + 1) A} (3.21)
where gr represents the total collision cross section, Mex k and My, are the numbers of

cells jumped over by the electrons undergoing the energy loss at k-th kind excitation and
lonization processes given as

€ex,k

e == 3.22

Mex k 4 (3.22)
€ion

lion — B3

m r ( )

and ; is the representative velocity of Cj; ;, which is the value at the center of the cell.

3.3 Simulation Conditions

3.3.1 Steady-State Townsend Condition

By continuously supplying initial electrons at an electron source, a steady-state electron
flow may be obtained after long enough relaxation distance and time. Here, in order
to compose the steady-state electron swarm, an isolated electron swarm is defined as an
electron swarm generated by a group of initial electrons supplied at a time 7 in an impulse
manner.

The isolated electron swarm drifts toward the anode as developing by ionization and
diffusion. When the isolated electron swarm is observed at a fixed position between the
electrodes, a temporal profile of the electron passage will be obtained. Since isolated
electron swarms are continuously supplied from the cathode in an SST experiment, a
steady-state electron swarm observed at a fixed position is considered to be the superpo-
sition of different parts of all different isolated electron swarms which have been generated
and reached the position before the observation moment (Sakai et al. 1972):

i /_t A A (3.24)

= /Ooo f(z,v,0,t)dt (325

where f(z,v,0,t — 7) represents the electron velocity distribution of an isolated electron
swarm which had been generated at a moment 7. ¢ — 7 represents the passage of time
from the moment when an isolated electron swarm had been generated to the moment
of observation. Here, it is assumed that the electron swarm behavior is identical for any
isolated electron swarm irrespective of the moment of generation. This assumption is valid
when the number density of superposed electrons is low enough to neglect the Coulomb
interaction between isolated electron swarms.
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Two equivalent expressions for observing an electron swarm under an SST condition
are obtained here. Equation (3.24) represents the superposition of continuously supplied
isolated electron swarms. This way is a simple way of realizing a steady state experi-
mentally. On the other hand, equation (3.25) represents the temporal superposition of
an isolated electron swarm. This way would be easier for computational investigation
because convergence of the solution can be judged easily by the number of electrons
remaining between the electrodes. Equation (3.25) is adopted in the present PM for
obtaining fssr(z,v,0).

3.3.2 Gases, Electric Fields, and Other Conditions

In the present analyses, F'(¢) and some electron swarm parameters in helium (He) and
argon (Ar) are investigated.

The collision cross sections are taken from Frost and Phelps (1964), Montague et al.
(1984) and Zetner et al. (1986) for He, and Sakai et al. (1972), Mason and Newell (1937)
and Suzuki et al. (1990) for Ar. He is chosen for a qualitative comparison with the
results of a conventional PM mentioned before. Ar is an example for lower thresholds of
excitation and ionization than those of He.

~ 1E-15
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Figure 3.6: Electron collision cross sections of He (Frost and Phelps 1964, Montague et al. 1984, Zetner
et al. 1986); momentum transfer ¢ om, excitation gex (€ex = 20.96 €V), excitation to the metastable state
ex,meta (€ex,meta = 19.8 €V), and ionization gion (€ion = 24.588 €V).

The reduced electric field E£/N applied between the electrodes is chosen to be 283 Td
(Townsend; 1 Td = 10717 Vem?) for both gases. E = 100 Vem™! and N = 3.54x10"
cm° (gas pressure p = 1.0 Torr at 0 °C) are assumed. The equivalent value of E/py is
100 Vem~'Torr—1,

Initial electrons are assumed to start from the cathode surface with zero energy, and
perfect absorption for the electrons at the electrodes is assumed.

fssr(z,v,60) is obtained based on equation (3.25). Although the time range of the
integral is from zero to infinity, the simulation is terminated at the time when the number
of electrons remaining between the electrodes becomes less than 1/1000 of the number of
the initial electrons ejected from the cathode, since the mathematical probability of the
electron presence between the electrodes does never become zero perfectly.
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Figure 3.7: Electron collision cross sections of Ar (Sakai et al. 1972, Mason and Newell 1987, Suzuki
et al. 1990); momentum transfer ¢mom, excitation gex (€ex = 12.9 V), excitation to the metastable state
Qex,meta (€ex,meta = 11.55 eV), and ionization gion (Cion = 15,76 V),

The energy loss of the inelastic collisions is truncated to be multiples of the unit energy
Ace in order to avoid numerical diffusion at inelastic collisions. The energy resolution Ac
represents the real space resolution Az at the same time using a relation Az = Ae¢/el.
The value of At is chosen to be shorter than the mean free time of electrons. The spacing
between the electrodes is set to be a long enough distance for electron swarm parameters

to reach equilibrium roughly. These values chosen for the present PM are listed in table
5 1.

Table 3.2: Computational parameters for the present PM.

E/N (Td) Ae (eV) Az (cm) At (ps) d(cm)
He 283 0.4 0.004 3.0 2.0
Ar 283 0.2 0.002 4.0 1.0

3.4 Results and Discussion

3.4.1 Swarm Parameters

Swarm parameters obtained by the present PM are shown in figures 3.8 and 3.9 as func-
tions of distance from the cathode together with the results of an MCS performed under
the same conditions; the number of electrons n(z), the electron drift velocity vg(z), the
mean electron energy €(x) and the ionization coefficient a(z). They are obtained from
fSST(IC,’U, 9) as

n(z) = /°° Bio fesr (@, v, 6)dody (3.26)

=0
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valz) = L/Do /W v cos 0 fssr(z, v, 0)dfdv (3:27)
n(z) Jv=0Jo=0
] 00 ™ ]
e(z) = —l—/ / —mv? fegr(z, v, 6)ddv (3.28)
n(z) Jv=0Jo=0 2
d 1 00 us
alz) = / / N gion (V) fssr (2, v, 6)dOdo. (3.29)
vq(z) n(z) Jv=0Jo=0

The denotations for these electron swarm parameters based on discrete expressions in the
MCS and PM are respectively given as follow.
For the MCS,

nlar) = 3l (3.30)

1
valer) = e > " Uy COS Oy (3.31)
F =l o
é(z;)) = o Em 5™ (532

O((le) = 1 Z Ngion('um)vm (333)

1
va(zr) n(zr) 4

where subscript m represents the m-th sample of electrons in a sampling region Ax; in
the MCS. The weight of the residence time to give the fsgr(v,0) in Az; has been taken
into account as the number of samplings.

For the PM,
wl@) = ) mis (3.34)
2
1 |
el = n(xl)zﬂi cos 0ny ; (3.35)
. (Y]
1 1
el = > —muing (3.36)
n(a:l) ij 2 i
1 1
= N Gion(03)Uin 5 5 3.37
X va(zr) n(zy) ; ion D4) %15 3%

where 9; and 0, are the representative velocity and angle of Ci; ;.

The values of these parameters obtained by the present PM agree well with the MCS
values. In the results of the present PM, the fluctuations near the cathode are clearly
shown. In particular the threshold of a(z) appears exactly at = €0,/ €l for both of He
and Ar. These results show that the present PM successfully treats the relation between
the energy and position of the electrons. Agreement between the results of the present
PM and MCS proves that the fluctuation of electron swarm parameters is not a statistical
fluctuation in the MCS but physical processes under relaxation of electron swarms as
discussed in Sakai et al. (1972).

The swarm parameters obtained as average values in the region in which swarm pa-
rameters seem to be constant are listed in table 3.3 together with the values by the MCS
and a two-term approximation of Boltzmann equation analysis (BE2). The values calcu-
lated by the BE2 are ones under an equilibrium condition in free space, where there are
no effects of boundary and relaxation process. Each parameter agrees well in accuracy of
+4%, and these results verify the calculation scheme of the present PM.
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Figure 3.8: Electron swarm parameters in He as functions of the distance from cathode at E/N = 283
Td; the electron number density n, the drift velocity v4, the mean electron energy € and the ionization
coefficient a. The electrode spacing is 2 ecm. Figures in the left; dots, MCS (reference in Sommerer et
al. 1989); curves, a conventional PM (Sommerer et al. 1989). Figures in the right; dots, the present
MCS; curves, the present PM. Only qualitative comparisons are done here since the electron collision
cross sections used in the conventional and present cases may be different.

Table 3.3: Comparison of the equilibrium values of swarm parameters in He and Ar at E/N = 283 Td.
The mean electron energy €, the ionization coefficient a, and the drift velocity vg.

He Ar
(V) a(m) wg (cmus™T) €(eV) a(em ™) wvgq (cps )
BE2  19.92 1.23 43.0 8.19 1.96 17.2
MCS 19.66 .22 42.6 8.16 1.96 el
PM  19.69 1.21 41.3 8.16 1.96 16.8

BE2, two-term approximation of Boltzmann equation analysis;
MCS, Monte Carlo simulation; PM, the present propagator method
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Figure 3.9: Electron swarm parameters in Ar as functions of the distance from cathode at F/N = 283
Td: the electron number density n, the drift velocity vg, the mean electron energy € and the ionization
coefficient a. Dots, MCS; curves, the present PM. The electrode spacing is 1 cm.

3.4.2 Electron Energy Distribution

Figures 3.10 and 3.11 show comparisons of F'(z,€) in He and Ar with the values obtained
by the MCS at the several positions between the electrodes. The drift equilibrium F'(¢)
analyzed by a BE2 are shown together for comparison. F'(z,€) obtained by the present
PM and the MCS agree well with each other at all the positions as do the calculated
swarm parameters.

Spikes in F'(€¢) appear near the cathode due to the coherence of the initial F'(¢). The
spike width in Ar seems relatively wider than that in He because of the differences of
the thickness of the sampling slabs. Since all initial electrons are given with zero energy,
there is no energy loss accompanying inelastic collisions until the coherent electron energy
reaches the lowest threshold. The position-dependent F'(¢) is kept coherent, and this
tendency remains even after excitation collisions. Electrons after ionization collisions are
distributed to a wide energy range determined by the residual energy, thus the coherence
of F(€) is lost mainly due to ionization. The broad low energy bands in F'(¢) at z = 0.4
cm in He and 2 = 0.2 cm in Ar following the rightward-moving spikes represent those
spread electrons, where “rightward” means the increase of the electron energy. It can
be concluded that ionization collisions contribute to the relaxation process by spreading
electrons after ionization over wide energy range.

The spikes become smaller with increasing z. However, F'(z,€) is not in drift equi-
librium completely even at a distance where v4(z), €(z) and a(x) seem to reach their
relaxed values. This result shows that the relaxation distance of the swarm parameters
seem shorter than that of F'(¢), i.e. an integral over F'(e) relaxes faster than F(e).

Nonetheless, F'(€) is close to the drift equilibrium solution at z = 1.6 cm in He and
z = 0.8 cm in Ar. An electron ejected from the cathode with zero energy can obtain at
most 160 eV in He and 80 eV in Ar when the electron reaches the distances under the
given I. These electron energies permit an electron a few cycles of the energy increase
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Figure 3.10: Electron energy distribution F(z, €) in He at E/N = 283 Td as a function of the distance
from the cathode; histogram, MCS; curves, the present PM; broken curve, BE2. Initial electrons are
given at the cathode surface with zero energy. The result of BE2 is for an electron swarm in free space
without the effects of boundary and relaxation processes.
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Figure 3.11: Electron energy distribution F(z, €) in Ar at E/N = 283 Td as a function of the distance
from the cathode; histogram, MCS; curves, the present PM; broken curve, BE2. Initial electrons are
given at the cathode surface with zero energy. The result of BE2 is for an electron swarm in free space
without the effects of boundary and relaxation processes.
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from € = 0 to € = €y (see figures 3.10 and 3.11 for €,;y). It is suggested that a distance
more than a few times as long as €,/ (eF) is required as the relaxation distance in the
present case.

3.4.3 Numerical Diffusion

In drift process, electrons move from a source cell to a destination cell. The ways of choice
of destination cells are compared here between the conventional and the present PM.

! conventional + present
v € s : :
Di D)) il
"—-{> ’ S /D / - , / - /4 / : .
Av ¥ o7 o ' i <
3 Dy : ‘
[ S I L
> i >

Ax X Ax b

Figure 3.12: Electron motions in drift process in a conventional and the present PM. S and D indicate
source and destination cells for electron drift. Cells are defined for every Az and Ae in the present
PM and their values are chosen to satisfy Ae = eFAz. Each dashed line represents an electron drift
trajectory permitted in the present PM. The sum of kinetic and potential energies of an electron which
moves on a line is a constant.

Destination cells in the conventional PM are chosen based on the final position of a
Lagrangian cell after a drift, where a Lagrangian cell is the outline of a source cell which
undergoes a ballistic motion being subject to Newton’s motion equation as if it consists of
electrons (see figure 3.12). The electrons in the source cell are shared by the destination
cells in proportion to the ratio of overlapping area between the Lagrangian cell and a
destination cell.

On the other hand, a restriction on electron movement is introduced in the present
PM in order to satisfy the law of energy conservation. Electron displacement is permitted
only between those cells which locate on the same “characteristic energy” line, where a
characteristic energy represents the sum of kinetic and potential energies.

What may happen in the conventional PM is that the characteristic energy of a des-
tination cell may be higher than that of the source cell. If electrons distributed to such
a destination cell fly back to the same position as the initial source cell due to back-
ward scattering at collisions, some of the electrons may have extra energy. This result
must be distinguished as a numerical diffusion caused by computational treatment in the
conventional PM from physical electron diffusion. The reason why the spatial threshold
for ionization and the aspects of spatial vibration of electron swarm parameters did not
appear in the conventional PM can be evidently attributed to not imposing energy conser-
vation. The fine structure of the position-dependent electron swarm parameters, which
has been explained in terms of coherence of the electron energy, is clearly reproduced
by introducing the appropriate way of cell division and treatment of the drift process
proposed in the present PM.
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3.5 Chapter Summary

Aspects of spatial relaxation of electron swarms between parallel plane electrodes un-
der steady-state Townsend conditions were simulated using a PM. In the present PM, a
relation between the cell widths Ae = eFF Az was introduced for the law of energy con-
servation, and an assumption that the electron distribution within a cell is uniform with
respect to the volume element of velocity space was adopted for accurate evaluation of
the electron flow in velocity space.

Taking into account of these treatments for the present PM, fine structures of spatially
relaxing electron swarm parameters, such as threshold, overshoots and vibration, were
clearly reproduced. These fine structures obtained by the present PM showed excellent
agreement with the results of an MCS. Since PM does not include statistical fluctuation
as appears in MCS due to use of pseudo random numbers, PM can obtain statistically
stable results. It would be difficult to distinguish the fine structures of the electron energy
distribution F'(¢) from statistical fluctuations in case a MCS is performed singly.

It is confirmed that spatial vibration of electron swarm parameters appearing in the
results of a MCS is not statistical fluctuation but a real physical process. The relaxation
distance for an electron swarm parameter is shorter than that of F'(¢). The effect of the
initial electrons, explained in terms of coherence of F'(€) of them, is diluted primarily
by a function of ionization collision to distribute electrons to wide energy range. It was
suggested that the relaxation distance may be estimated by considering the energy range
of the drift equilibrium solution of F'(e).
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Chapter 4

The Electron Energy Distributions
under Steady-State Townsend and
Pulsed Townsend Conditions

4.1 Introduction

The electron velocity distribution f(v) in gases is generally denoted as a function of the
position 7 and time t as f(r,v,t). As discussed by Tagashira et al. (1977), there are
three typical observation methods for electron swarms; time-of-flight (TOF), steady-state
Townsend (SST) and pulsed Townsend (PT). Values of electron swarm parameters have
dependence on these observation methods. Therefore, it is important to strictly define
the electron swarm parameters based on each observation method.

steady-state Townsgld (SST)
J(x,v) = n(0)exp(ox) f(v)

pulsed Townsgld (PT)
fv.1) = n(O)exp(R. 1) f1v)

>
P i
o ot i BT
2 e e
! i b TR

t / time-of-flight (TOF) f(r,v,1)

Figure 4.1: Spatio-temporal electron development and observation systems. The electron distribu-
tions under steady-state Townsend (SST) and pulsed Townsend (PT) conditions are derived from the
time-of-flight (TOF) electron velocity distribution frop(r,v,t) as fssr(r,v) = fti—o() fror(r,v, t)dt and
fer(v,t) = fr fror(r,v,t)dr. Exponential spatial growth and exponential temporal growth are assumed
for electron swarms under SST and PT conditions, respectively.

In TOF experiments, the electron energy distribution is observed as a function of the
position and time. fsgr(7,v) and fpr(v,t) are derived from fror(r,v,1) as

fsgr(r,v) = /:; fror(r,v,t)dt (4.1)

40
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fer(v,t) = /rfTOF(T',U,ﬂdT (4.2)

(see figure 4.1). Using the normalized drift equilibrium solutions fssr(v) and fer(v),
exponential growths of electron swarms under SST and PT conditions with respect to the
position and time are respectively represented as

fssr(z,v) = n(z=0)fssr(v) exp(_da:) (4.3)

pr(’U, t) — 7l(t — O)pr(’U) exp(Riont) (44)

where @ and Rjo, are the effective ionization coefficient and frequency, respectively.

fssr(v) and fpr(v) can be obtained using a multi-term approximation of Boltzmann
equation (BEq) analysis assuming the spatial and temporal exponential growths for the
SST and PT conditions respectively (e.g. Thomas 1969). However, it is necessary to
evaluate the influence of neglecting the higher order terms of the Legendre polynomial
expansion on the validity of the solutions, especially in case of the calculation at a high
E/N where anisotropy may not be negligible.

fpr(v,t) can be easily obtained in a Monte Carlo simulation (MCS) by simulating
electron behavior in velocity space. The electron behavior in real space can be omitted
even in a self-consistent simulation. However, to obtain fsgr(v), it has been necessary
to consider spatial relaxation processes of the swarm as demonstrated in the preceding
chapter. One difficulty with an MCS is that the number of electrons decreases due to
electron attachment when @ and R;,, are negative. In this case, the number of electrons
may decay steeply during their relaxation processes before attaining drift equilibrium,
and as a result a huge calculation time is required to compensate the decreasing electron
population.

In the present chapter, a new calculation technique of a propagator method (PM)
is introduced to obtain the drift equilibrium solution of fsgr(v). The present PM can
derive the equilibrium solution by calculating electron behavior in a slab region defined in
real space. Calculations for the spatial relaxation processes and electron behavior on the
outside of the slab are omitted. Analyses for both electro-positive and electro-negative
gases are performed to demonstrate the validity and stability of the present method.
This calculation technique is applicable for PT conditions by modifying a calculation
factor which determines the treatment of spatial and temporal differential operators in
the BEq. The relation between the calculation techniques for SST and PT conditions is
also discussed in order to clarify their correspondence.

4.2 Simulation Model and Conditions

4.2.1 Steady-State Townsend Condition

One-dimensional electron flow under a uniform E under an SST condition is considered.
In the drift equilibrium region, the number density of electrons n(z) at a position z is
denoted as an exponential function (Thomas 1969, Phelps and Pitchford 1985):

n(z) = n(0) exp(az). (4.5)

Here, & (= a — 1) is the effective ionization coefficient, which represents the net effect of
contributions of the ionization coefficient o and the electron attachment coefficient 7. If
f(v) is assumed to be in drift equilibrium, then its normalized value is identical at any
position. f(z,wv) for the drift equilibrium region is represented as

f(z,v) = n(0) exp(az) fssr(v) (4.6)




R ——

Drift Equilibrium Solutions of F'(e¢) under SST and PT Conditions 42

where fsgr(v) is the normalized value of f(v) which satisfies

/ fesr(v)dv = 1. (4.7)
v

Practically, steady-state electron stream may be generated by continuously supplying
initial electrons from an electron source. The SST condition defined here is realized after
long enough spatio-temporal relaxation processes even if the initial value of f(v) is not
in drift equilibrium.

4.2.2 Calculation Model

A thin slab of thickness Az is considered here, which slices the steady-state electron
stream perpendicularly to the z axis as shown in figure 4.2.

+—A4 <A )
I’lb,out/ V nb,m
e

fin ( fout .-

E o _
/3.//[ - n(x) = n(0)exp(owx)

>

Ax

Figure 4.2: Electron stream under an SST condition. Exponential spatial growth of the number
of electrons and identity of the normalized electron velocity distribution at any position are assumed.
Balance of the electron inflow and outflow for the slab is considered.

The increase and decrease of electrons are observed in the slab Az. The components
of the electron increase are the electron generation due to ionization and the inflow from
the outside of the slabs. Similarly, those of the electron decrease are the electron loss due
to attachment and the outflow. Here we define the numbers of electrons which represent
these increase and decrease as listed in table 4.1.

Table 4.1: The numbers of electrons representing the electron increase and decrease in Az during At.

Nion  generation due to ionization 7N eut, Neim  forward outflow / inflow
Nate  10ss due to attachment Nb,out, Mbin backward outflow / inflow

When f(v) in Az is known, njo, and n, can be derived from f(v). ngour and np out
can be derived from the f(v) as well. Furthermore, using n o and npeut, the numbers
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of electrons flowing into Az, ng;, and ny i, are represented as

Nfin — nf_,outexp(_dAx) (48)

Npin — Tlb,out eXp(dA:E).

Note here that the value of @& is unknown at this moment.
The increase and decrease in the number of electrons must balance under an SST
condition. The variation of the number of electrons An in the slab is

A’fl = (nf,in e nf,out) s (nb,in Ear nb,out) =+ (nion G natt)
= niow{exp(—alAz) — 1} + ny ue{exp(@Az) — 1} + (nion — Natr) = 0. (4.10)

The quantity exp(aAz) is obtained from equation (4.10) as

2nf,out

exp(aAzx) =

Tl out 3 Tlp,out — Tlion + Matt 55 \/(nf,out + Tlp,out — Tlion + nat.t)2 i 4nf,outnb,out
(4.11)

In equation (4.11), the positive sign is adopted so that the equation in the case of ny, gy = 0

(that is, when there is no backward flow) agrees with the direct result of equation (4.10),

which is

Tif out

exp(aAz) = : (4.12)
Tf out — Nion + Matt

Transforming equation (4.11), the value of exp(@Az) and its inverse are given as

exp(alAzx)

2
Tif out ~+ Tl out — Tlion + Naty — \/(nf,out ia Tlp,out — Tlion + natt) B 4nf,outnb,out

an,out

(4.13)
exp(—alAx)

Tif out ~ b out — Tlion + Nage + \/Enf,out o Np.out — Mion + natt)2 Cil) 4nf,outnb,out

2nf,out.

(4.14)

Assuming an exponential spatial growth of an SST electron stream and identity of the

normalized f(v), not only nfout and 7y ous but also ngim and np i can be obtained from
f(v) defined in Az.

4.2.3 Calculation Scheme

Since one-dimensional model for real space is taken here, the rotational symmetry for the
azimuthal component of f(v) can be assumed. The electron motion in velocity space can
be described as f(v,#) where v = |v| and 6 is the angle between v and E. Cells are
defined in the slab for every Ae and A6 in the same way as done in the preceding chapter.
The (2, j)-th cell C; ; occupies a region defined as

1 1 .
v; < v < v —2—mvz-2 = 1A, émvfle = (1+ 1)Ae (4.15)

0, <0 <0 0; =jA0, 0= (j+1)A0 (4.16)
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and the number of electrons n, ; in C; ; is represented as

Vi1 J+1 -
ni; = n(z)Az / / (v, 0) —sm 0d0dv (4.17)
V= 9

v;

where %sin 6dfdv is the weight of volume element in v-0 space.

An appropriate set of initial values for f(v,6) is necessary to begin iterative relaxation
calculation. In the present calculation, f(v,6) = é(v = 0) is the initial condition. Nu-
merically, only (o holds the initial electrons. The electron concentration is assumed to
be uniform within a cell with respect to the volume element dwv.

The collision and drift processes are calculated as explained below.

In the collision process, the number of electrons undergoing collision k is evaluated as

g = Z Nay.(9;)0;Atn,; (4.18)

4]

where N is the number density of gas molecules, gy is the collision cross section for collision
k, and ©; is the representative electron velocity of C; ;. Equation (4.18) gives njon and nag
in equation (4.10) at the beginning of a calculation cycle, and they are memorized for
the subsequent calculation of the drift process. Electrons move to the destination cells
depending on their energy loss and scattering angle in the same way as performed in the
preceding chapter.

In the drift process, the total number of electrons flowing out of the slab are evaluated
based on n; ; for each of forward and backward outflows; ngour and np out:

n; el ‘
'n,f’out == Z J SE 1+1,] At (419)
i,j(right) %]
4 el
Nbout — Z V’J ge,i,j At (420)
i,j(left) ' HJ i

where subscripts “right” and “left” represent the right and left hemispheres of velocity
space; an electron in the right hemisphere moves forwards in real space, and another in
the left does backwards. V; ; is the volume of C} ; defined in velocity space:

2 .3

“m(viq —v})(cos 0 — cos j11). (4.21)

Vij = 3

Seij is the area of the projection of the intersection between Cj; and C;_1; to a plane
perpendicular to E:
Seij = mvi(sin®0; —sin® 0, ). (4.22)

The quantity 22 . <2 in equations (4.19) and (4.20) represents the outflowing electron flux,
and its product "with Se.i,jAt is the total number of the outflowing electrons through the
intersection. Since the electron displacement from C; ; to U4 ; represents the change of
the electron energy, those electrons are considered to flow out of the slab spatially. Here,
Ae and Az are chosen to satisfy the relation Ae = eFAxz based on the law of energy
conservation (Sugawara et al. 1992).

Instead of the electrons flowing out of Az, other electrons flow into Az from the
opposite side (see figure 4.3). The numbers of electrons ny iy, ; and np iy ; flowing into
C; j forwards and backwards is evaluated based on equations (4.8) and (4.9) as

Nfinggy — nf,out,i~1,jexp(—“C_YAiE) (423)

Nping,j — Tb,out,i+1,j exp((iA:z:). (4-24)
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Here, the value of @ is given by equation (4.14). nfn,i; and np in 4, are defined for the cells
in the right and left hemispheres in velocity space, respectively. nfout s ; and np ou,q,; are
subtracted from their source cells. These numbers are divided into fractions corresponding
to the destination cells, and the fractions are added to the destination cells.

Ax

A€
LT
o
Lj
X
5
(a) v - O space (b) x - € space

Figure 4.3: Electron motion observed in (a) v-6 space and (b) z-¢ space. Electrons moving across a
concentric intersection between a pair of neighboring cells are accompanied by the change of the electron
energy, which corresponds to the change of the position in real space. Ae = eEAx is assumed for the
law of energy conservation. Under an assumption of exponential spatial growth, the number of electrons
flowing into the cell Cj 4 ; is evaluated as n¢ in i 41,5 = Nf,0ut,i,j €XP(—OAT).

Electrons moving across the concentric intersections between a pair of neighboring
cells appear as if they multiply, if the observation sight is limited within Az.

The total number of electrons in Az, which may vary in the collision process, recovers
its initial value after a cycle of iterative calculations. These calculations are repeated until
the equilibrium solution of f(v) is attained.

4.2.4 Simulation Conditions

The present PM is examined for two kinds of gases; case 1, argon (Ar) at F//N = 1414
Td (a > 0); case 2, an argon (90%) / fluorine (10%) mixture (Ar/F;) at E/N = 57 Td
(@ <0) ~ 141 Td (@ > 0). Case 1 is an example for high /N condition, under which
@ > 0. Case 2 includes electron attachment process and its F//N values are chosen so
that the sign of a changes across zero. Here, the total number density of gas molecules
N-at 1.0 Torr at 0 °C is 3:54x 10" cm™>,

The set of electron collision cross sections for Fy (figure 4.4) used in the present
calculation is taken from Hazi (1981) and Hayashi and Nimura (1983). The cross sections
of Ar are the same as in the preceding chapter (Sakai et al. 1972, Mason and Newell 1987,
Suzuki et al. 1990).

4.3 Results and Discussion

F'(€) calculated by the PM are shown in figures 4.5 and 4.6 together with the results of
MCS and a two-term approximation of BEq analysis (BE2) for comparison. The Legendre




Drift Equilibrium Solutions of F'(€) under SST and PT Conditions 46

Vot 1E-14

= qmom

Y E1s

083 qatt qion
-8 1E'16 = q qex,1

o X,V I q

a2 : ex,

o 1E-17 ool N

O F2 qex,4

O 1E-18 - ‘

IE-1  1E+0 1E+1  1E+2  1E+3
electron energy (eV)

Figure 4.4: Electron collision cross sections of Fy (Hazi 1981, Hayashi and Nimura 1983); momentum
transfer gmom, excitation gex k (€ex,x = 3.16, 4.34, 11.57, 13.08 eV; k = 1, 2, 3, 4), vibrational excitation
Qex,v (€ex,v = 0.11 eV), ionization gion (€ion = 15.69 eV), and attachment gags.

polynomial expansion terms Fy(¢) (n = 0, 1, 2, - --) represent the isotropic (n = 0) and
anisotropic (n > 1) components of F'(¢). F,(¢) are given using Legendre’s polynomials as
1

F(e,0) = Fy(e)Po(cosh) + Fi(e)Pi(cosf) + Fy(e)Pa(cos @) + - -

= iFn(e)Pn(cosﬁ) (4.25)
=)
F(e) = 2”2“ /iF(e,e)Pn(cose)d(cose) (4.26)

where P, is the n-th order Legendre’s polynomial in the series of the spherical harmonic
functions:

; 2n + 1 n
) ="Ta Pl ar = g sl = e zP,(z) — o

The swarm parameters, the mean electron energy €, the effective ionization coefficient
@, the diffusion coefficient Dy, the drift velocity Wy and the diffusion-modified drift velocity
v (= W5 — aDy), are listed in table 4.2.

The results of MCS except for a are sampled in the regions 1.000 cm < z < 1.002 cm
for case 1 and 10.0 cm < z < 10.1 cm for case 2. Since the values of @ are sensitive to
statistical fluctuation, they are determined as the mean values in regions 0.9 cm < x <
1.0 cm for case 1 and 2.0 em < z < 10.0 cm for case 2. In case 2, a distance longer than
that of case 1 is needed to obtain stable results, because electron multiplication in case 2
1s small or effectively negative.

4.3.1 Swarm Parameters in Argon

F(€) obtained by the present PM agrees well with the results of MCS to the higher order
terms of Legendre polynomial expansion. The discrepancies of the swarm parameters
between the PM and the MCS are less than 1%. These results prove that the present
calculation scheme of the PM for the SST condition is properly composed.
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results of the PM overlap with BE2.
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Table 4.2: Comparison of swarm parameters. MCS, Monte Carlo simulation; BE2, Boltzmann equation
analysis of 2-term approximation; PM, propagator method.

gas E/N method 5 o Dy Wi Uq

(Td) eV) (ecm™) (ecm?us™') (cmps™') (cmps™?)

Ar 1414 MCS 15.75 10.14 2.120 79.67 58.18

BE2 16.24  10.56 2.103 81.64 59.43

PM 1878~ 10112 2.118 79.32 57.89

Ar/F,  56.6 MCS  5.795 -0.3608 1475 5.018 5.9a91

(90:10) BE2 5.776  -0.3651 1.475 9.021 5.560

PM 5.780 -0.3575 1.475 5.024 9.902

84.8 MCS  6.331 -0.0993 1.462 6.986 ek |

BE2 6.337 -0.1041 1.461 T.012 7.164

PM 6.336 -0.0956 1.462 7.016 7.156

113.1 MCS 6.703 0.1668 1.457 9.017 8.774

BE2 6.710 0.1609 1.457 8.991 8. TO(

PM 06.702 0.1661 1.457 8.989 8.747

141.4 MCS 7.005 0.4407 1.457 11.00 10.35

BE2 7.008 0.4339 1.456 10.95 10.32

PM 6.993 0.4350 1.457 10.93 10.30

The results of the BE2 slightly deviate from those of the PM and MCS. The large
values of Fy(e) and F3(€) obtained by the PM and MCS, which are neglected in BEZ2,
suggest that the two-term approximation in BE2 is no longer valid at such a high F/N
value.

4.3.2 Swarm Parameters in Argon / Fluorine Mixture

In case 2, F'(€) given by the MCS, BE2 and PM agree well with each other for both
positive and negative & around zero as shown in figure 4.6. The swarm parameters except
for @ also agree very well among the three methods with discrepancies less than 1%.
The relative difference of @ may appear larger than those of the other swarm parameters
because of its small absolute values since & changes across zero. At these low /N values,
the BE2 is indicated to be valid by a fact that Fy(¢€) is much less than Fj(e) and Fj(e).

At lower values of F//N, longer drift distances may be required in MCS for obtaining
the equilibrium values. However, in case a < 0, the farther the electrons drift, the less
the number of electrons becomes. That may cause larger statistical fluctuation in MCS.
Although it is necessary to know the exact value of the relaxation distance for electron
swarms in order to obtain the equilibrium solution by MCS accurately and efficiently, it
Is not easy to evaluate it quantitatively.

4.3.3 Features of the Present Propagator Method

The calculation in the present PM is performed within only one slab. The cells are
defined only in the slab and calculation for the spatial relaxation processes can be omitted.
Behavior of electrons outside of the slab is considered in terms of @ and identity of the
normalized f(v). The present PM skillfully utilizes the definition of the SST condition,
exponential spatial growth of the electron swarm.
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For the same resolution of Ae and A6, the number of cells required in the present
calculation for obtaining the drift equilibrium solution is 1/500 of the number required in
the preceding chapter. This feature directly leads to saving the computational load such
as the capacity of memory storage and calculation time, that is an advantage for efficient
analyses of Fggr(€).

The present PM for Fsgr(€) is based on an integral calculation manner. Therefore, the
PM is free from numerical instability, which may be caused by differential calculations such
as in BEq analyses. For every case examined in this chapter, f(v) converged steadily even
though the calculations started with one of the most special initial conditions, ¢ function
gt =10,

Throughout the calculation scheme of the present PM, the number of electrons in the
slab is kept constant for any values of @. That may represent the possibility of the present
PM to stably calculate Fsgr(€) under extremely large or small a.

4.4 Observation-System-Dependent Configurations

As shown in the beginning of this chapter, fsgr (7, v) and fpr(v,t) are given by integrating
fror(r, v, t) with respect to time and position respectively. In a multi-term approximation
of BEq analysis performed in velocity space, fsgr(v) and fpr(v) are derived assuming
exponential spatial growth and exponential temporal growth of electron swarms under
SST and PT conditions respectively. In mathematical descriptions of the BEq analysis,
the spatial and temporal effects are represented as differential operators 0/0x and 9/0t
(Thomas 1969, Tagashira 1982). The condition of the exponential growths allows us
replacing the operators 8/0z and /6t appropriately with & and R, or zero, when a
drift equilibrium solution is assumed.

Table 4.3: Replacement rule for differential operators in Boltzmann equation analyses in velocity space.

observation condition spatial aspect temporal aspect
SST 0/0x = & 0/ot =0
(exponential spatial growth) (steady state)
PE 0/0z =0 0/6t = Rion
(spatial integration) (exponential temporal growth)

0/0x = & and 0/0t = 0 are assumed for an SST condition. These conditions directly
represent the exponential spatial growth quantified by the effective ionization coefficient
a and a steady state of an electron swarm. On the other hand, 0/0x = 0 and 0/0t = 1
are assumed for a PT condition. /0t = Rj., represents the exponential temporal growth
of an electron swarm. 0/0x = 0 may represent that f(z,wv,t) is integrated spatially to
give f(v,t) of the whole electron swarm, because the integral of the differential term
(0/0z) f (z,v,t) throughout = becomes zero when f(z = 0o, v,t) = 0 can be assumed as
a boundary condition. This condition is equivalent to a model that f(r,v,?) is spatially

uniform.

Similarly to the case of BEq analyses, the calculation scheme of the present PM
introduced in this chapter gives the drift equilibrium solution under a P'T' condition when
a = 0 is forcedly assumed in the calculation scheme. In this case, the number of electrons

in the slab varies every calculation cycle, and its tendency is described as exp(Riont).
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Figure 4.7: Correspondence between the evaluation factors for the electron flow around a slab and
the spatial density gradient of electrons under steady-state Townsend (SST') and pulsed Townsend (PT)
conditions. The relations between ng i, ;4+1,; and ns out,s,; are given as nfini+1,5 = Nf,out,i,j exp(—alAz)
for SST conditions and 7 in i+1.; = 7f out,i,; for PT conditions.

As an example of a P'T solution, F'(¢) in Ar is shown in figure 4.8, which is calculated
at the same F//N value as examined for case 1 of the SST conditions. The results of the
present PM agree well with that of an MCS as well. Stability of the calculation scheme of
the PT-PM, especially in cases of R, < 0, is expected similarly to the cases under SST
conditions.

The only difference between the PT and SST calculation schemes based on the PM is
the following point. The relaxation processes observed in a P'T' simulation is real physical
processes corresponding to the temporal development of an electron swarm. On the other
hand, the iterative calculation performed in an SST simulation is simply a numerical
relaxation.

4.5 Chapter Summary

A new calculation technique for obtaining F'(e) of electron swarms in gases under SST
condition was introduced based on a PM. The present PM can give the drift equilibrium
solution from calculations performed in only one slab in real space. In contrast, MCS
and conventional PM require calculations for the spatial relaxation processes of electron
swarms.

The results of the present PM agreed well with those obtained by MCS and BE2. For
both electro-positive and electro-negative gases, the present PM gave accurate solutions
stably.

The calculation scheme for SST conditions can be modified for PT conditions with
a minor change of evaluation factor for the electron flow. The calculation results under
a PT condition obtained by the modified PM also showed excellent agreement with the
results of an MCS. Correspondence between the computational treatments for SST and
PT conditions was discussed.
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Figure 4.8: The electron energy distribution F'(¢) in Ar under the PT condition at E/N = 1414 Td.
F, (n=0,1,2,3) is the n-th term of Legendre polynomial expansion. Full curves, PM; broken curves, BE2;
histograms, MCS. The distributions have longer tails at high energies than that under the SST condition
shown in figure 4.5.
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Chapter 5

Properties of Electron Swarms in
the Upstream Region of an Electron
Source

5.1 Introduction

A steady-state electron swarm is formed by continuously supplying initial electrons from a
point source in gases in the presence of an electric field EZ. These electrons drift toward —FE
direction from the electron source. Here, this direction, usually considered to be forward
direction, is defined as the downstream direction. Under a steady-state Townsend (SST)
condition, exponential spatial growth of the number of electrons is assumed.

Because of scattering at collisions with gas molecules, electrons may move backward
against F£. When initial electrons have high enough energies, electrons may be observed
not only in the downstream region (DSR) but also in the upstream region (USR) relative
to the electron source due to backward diffusion of electrons as has been demonstrated
by a Monte Carlo simulation (Braglia and Lowke 1979), for example. Here, backward
diffusion is defined as being the mechanism by which electrons penetrate the USR. Such
an aspect would be realized by adopting a mesh cathode as the electron source in an
experimental observation.

Although most of the literature on electron swarms has dealt with those in the DSR,
a number of investigators have addressed electron behavior in the USR. Exponential
spatial growth of electron swarms under SST conditions has been predicted not only in
the DSR but also in the USR due to backward diffusion. Tagashira (1985, 1991) obtained
two solutions of the ionization coefficient a by solving the continuity equation assuming
exponentially varying electron population in real space, and suggested that these two
solutions correspond to the coefficients of the relative density gradient in the USR and
DSR. Standish (1989) solved a kinetic equation for the steady-state spatial distributions
of charged particles using eigenfunctions for particle transport. This analysis showed the
exponential spatial dependence of the charged particle number density in both the USR
and DSR. Standish (1989), Kondo and Tagashira (1990) and Robson (1991) concluded
that the two solutions of a are the real roots of the 0-th order dispersion relation for
electron transport and they correspond to the USR and DSR.

It is known that effects of the backward-diffusing electrons on the spatial electron
distribution are implicitly included in phenomena related to boundary conditions. An
example of such phenomena is the decay in the electron number density in front of an
absorbing anode, which can be found in the results of analyses for electron swarms between
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parallel plane electrodes investigated in chapter 3. Chantry (1982) investigated the decay
in the electron number density in front of an absorbing anode in terms of complementarity
theorem. The principal idea of the theorem is that the decay is considered to be vacancies
missing backward-diffusing electrons which have been absorbed at the anode. The vacancy
might be filled up if the absorbed electrons could continue their flight even after the
absorption in the same way as in discharge space.

A simulation technique of a propagator method (PM) was introduced in the preceding
chapter for obtaining the drift equilibrium solution of the electron velocity distribution
fegr(v) under an SST condition. In the present chapter, this technique is modified for
the USR and applied to investigations of electron swarm properties in the USR. Relations
among swarm parameters in the USR are deduced, and the electron energy distribution
F(€) in some gases are calculated by the PM. Particular features of the relations among
swarm parameters and F'(¢) in the USR are presented.

5.2 Analysis Model

As shown in figure 5.1, three regions can be defined relative to the electron source position;
the near-source region, the downstream region (USR) and the upstream region (DSR).
The near-source region is a region of non-equilibrium relaxation. The DSR and USR
are regions in drift equilibrium. Here, the DSR is defined as being the direction of the
acceleration for an electron due to E. The USR is simply the opposite direction.

non—equilibriumI relaxation region

—D;
upstream region . z(x). downstream region
i A ] e,
—':-D C- o
: n,exp(ox)
e E
—>C
D>
electron source i

Figure 5.1: The regions around an electron source. The “downstream” and “upstream” directions are
defined based on the direction of the acceleration for an electron due to E along z axis. Exponential
spatial distribution of electrons is assumed for the steady-state electron stream in both upstream region
(USR) and downstream region (DSR).

In an SST condition, it is assumed that the number of electrons exponentially increases
due to ionization or decreases due to attachment in the DSR with the increase in the
distance from the source, and fsgr(v) in drift equilibrium in each of the USR and DSR
Is particular to each region.

The electron number density n(z) and fssr(z,v) at position z are described using the
effective ionization coefficient @ as follow (Thomas 1969, Phelps and Pitchford 1985):

n(z) = mngexp(az) A1)
f(z,v) = fssr(v)n(z) (5.2)
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where fsgr(v) is the normalized electron velocity distribution in drift equilibrium. In
addition to the exponential spatial growth of electron swarms, identity of the electron
velocity distribution is assumed here.

5.3 Relations among Swarm Parameters

5.3.1 Relative Density Gradient Coefficient

The continuity equation for electrons under SST conditions may be described using SST
swarm parameters as follows (Thomas 1969, Tagashira et al. 1977, Blevin and Fletcher
1984):

0 0?

Rionsn(x) — Wsézn(r) + Ds;()?n(a:) =) (6.3

where Rions, Ws and Dy are the effective ionization frequency, the electron drift velocity
and the electron diffusion coefficient for SST conditions, respectively. The SST param-
eters were defined by rearranging all the higher order parameters for the time-of-flight
experiment.

When an exponential solution n(z) = ngexp(az) is assumed, the operator 0/0x may
be replaced by a to give

Rionsno — aWsng + & Dgng = 0. (5.4)

Two solutions for a are obtained as

W & /W2 — 4Ricn s Ds
20, |

(5.5)

0=

Tagashira (1985) inferred that these solutions correspond respectively to the USR
(z < 0) and the DSR (2 > 0) of an electron source (z = 0). For the DSR, the negative
sign is adopted for & so that @ — 0 when Rions — 0. In contrast, the exponent in
equation (5.1) should always satisfy az < 0 for the USR so that n(z) always decays in
the upstream direction irrespective of the sign of Rjons. In this case, & simply represents
the relative gradient of n(x).

As shown by Standish (1989), Kondo and Tagashira (1990) and Robson (1991), there
are two different eigenvalues for a representing the exponential growths in the USR and
DSR. Two solutions of fsgr(v) for the USR and DSR are determined by different eigen-
values, t.e. @, thus they must be different from each other. Therefore, electron swarm
parameters such as W, Dy and Rios Will have different values for the USR and DSR,
although the formulations to deduce them are identical for both USR and DSR (Tagashira
et al. 1977, section 3.3; Blevin and Fletcher 1984, section 3(b)).

Hereafter, the primed swarm parameters indicate those obtained from fsgr(v) in the
USR while the unprimed ones indicate those in the DSR as follow:

Ws = \/W52 e 4]‘)«ion,sl)s .
& = 5D (DSR; downstream region) (5.6)

W, + /W2 — 4R, D

ion,s*’s

& &= (USR; upstream region). (5.7)

2D/
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5.3.2 Drift Velocity

When an exponential distribution for the electrons, ngexp(@’z), is assumed in the USR
(Standish, 1989), the total number of electrons N.(z’) on the upstream side of a position
2'(< 0) has a finite value and can be written as

@ n
Nof'] = / ngexp(a’z)dzr = ,—(: exp(a’z’). (5.8)
— 00 Y
Since N, (z') is constant under a steady state, the electron generation per unit time R; | ¢ x
Ne(z') in this region must be equal to the electron outflow across the position z = 2
towards the DSR per unit time. Equating the generation rate to the outflow, which is the
flux denoted as ngexp(a’z’) x v}, the following relation is obtained.

o /

Fone = exp(a’z’) = ngexp(a'z’) - vy.

(5.9)

Here, v} is the average electron velocity (= flux / density, Robson 1991), which is identical
with the diffusion-modified drift velocity (= W!— &' D%, Tagashira et al. 1977) under SST
conditions. This velocity represents the average of the velocity component parallel to E
throughout the electrons at a position. Equation (5.9) can be simplified to

His =0 (5.10)
which is similar to a relation among swarm parameters in the DSR:
Rion,s = ’UdC_Y. (511)

An equivalent discussion may be presented by using a differential form of the continuity
equation of electrons for one-dimensional SST conditions:

g—tn(x) = —v4(z)divn(z) — a(z)divug(z) + Rions(z)n(x) (5.12)
where a is the acceleration due to E. Putting %n(x) and divvq(z) to be zero based on the
assumption of steady state, and substituting a for divn(z), the same result as equation
(5.10) is obtained.

Since vy > 0 is always satisfied in the DSR, the same sign is shared by Riou,s and a.
The relative electron density gradient a of n(z) = ngexp(az) directly represents elec-
tron multiplication due to ionization (Rions, @ > 0) or decay due to electron attachment
(Rions, @ < 0). On the other hand, @ > 0 in the USR is always satisfied, Rgon,s and v}
must share the same sign. Therefore, the sign of average velocity v}; as well as that of R;on,s
indicates whether the gas is effectively electro-positive (Rj,, vy > 0) or electro-negative
(Ri,on,s7 U(,i i O)

In the special case that the number of electrons is conservative, z.e. the gain of
electrons due to ionization exactly balances the loss due to attachment, v becomes zero
since Ri,, ; = 0. Under this condition, the following relation is deduced by giving Rion,s = 0
to equation (5.4) as

W! = a'D.. (5.13)

This relation represents a balance between drift due to E and backward diffusion caused

by the density gradient, in contrast that equation (5.4) becomes trivial when Rions = 0
and @ = 0 in the DSR.
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5.4 Calculation for the Electron Velocity Distribu-
tion

In the preceding section, it was shown that equation (5.10) in the USR is exactly analogous
to that in the DSR. The validity of equation (5.10) is demonstrated in this section by a
simulation based on a PM. The PM for fsgr(v) introduced in the preceding chapter is
modified here for analyses in the USR.

5.4.1 Computational Configuration for the Upstream Region

fssr(v) is calculated in a thin slab Az normal to the electron stream in the same manner
as in the preceding chapter. Most part of the computational scheme for the USR is
analogous to that for the DSR. Rotational symmetry for fssp(v) is assumed under a
uniform E. Electron motion in velocity space is described by the electron speed v and
the angle 6 between v and E. Velocity space is divided into cells for every Ae and A6,
fssr(v) is calculated as the numbers of electrons in the cells. The acceleration due to E
and scattering at collisions with gas molecules are calculated based on the propagators
for the drift and collision processes alternately.

The only difference of the present computational scheme for USR from that for DSR
is the treatment for the sign in the roots of the quadratic equation to determine the
quantities exp(a’Azx).

The value exp(@’Az) was determined based on the following conservation equation for
the number of electrons in Axz:

npout{eXp(@’Az) — 1} + np oue{exp(—a’'Az) — 1} + (nijon — Nare) = 0. (5.14)

Here, 1 out, b out, Mion and 7, are the changes of the number of electrons in a time step
due to forward and backward outflows, ionization, and attachment, respectively. Equation
(5.14) has two solutions:

2
Tt out e Tp.out — Tlion + Natt 4= \/(nf,out + Tp,out — Tlion 3 natt) i 4nf,outnb,out

an,out

exp(a@'Az) =
(5.15)

The sign of the solution is chosen in the same way as discussed in the preceding section;
the positive sign is adopted for &' so that it always has a positive value in the USR. Note
that the choice of the negative sign was shown to be valid for determining the electron
velocity distributions and electron swarm parameters in the DSR in the preceding chapter:

Tt out R Np,out — Mion + Nage + \/(nf,out + Ny out — Tlion 5 natt)2 Gt 4’n/f,out'n'b,out

exp(a/Az) = e
(5.16)
¥ Nfout + Mbout — Nion T Natt — \/ (g 0ut =+ M out — Mion T Mats )2 = 405 o0t out
exp(aAzx) = o :
(517

The calculation starts with an appropriate initial f(v) in Az and iterative relaxation
process is repeated until fegp(v) is attained. In the USR, some of the electrons must have
high enough energies so that they can diffuse backwards against E. Therefore, a high
enough maximum velocity vmax and appropriate values for f(vmax) Were chosen for the
present calculation as boundary conditions.
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Table 5.1: Conditions for USR analyses.

case 1 Ar E/N=1414Td Ry, >0
case 2 ramp model gas FE/N =283 Td R, =0
case 3 SFg E/N=141Td H,, <0

5.4.2 Gases and Electric Fields

Three kinds of gases listed in table 5.1 are chosen to confirm equation (5.10); argon (Ar),
a ramp model gas and sulphur-hexafluoride (SFg). The sets of cross sections used in the
present calculations are taken from Reid (1979) for the ramp model gas, and Itoh et al.
(1988, 1993) for SFg. The cross sections of argon (Mason and Newell 1987, Sakai et al.

1972, Suzuki et al. 1990) is the same as used in preceding chapters.

1E-17
1E-18
1E-19

1E-20
1E-1 1E+0 YE+1] 1E+2 1E+3

electron energy (eV)

Cross section

Figure 5.2: Electron collision cross sections of sulphur-hexafluoride (Itoh et al. 1988); momentum
transfer gmom, excitation gex (€ex = 9.8 €V), vibrational excitation gey v (€ex,v = 0.095 V), ionization gjon
(€ion = 15.8 €V), and electron attachment g.¢. gae is the total attachment cross section to form o} o
SFy, SF;, F~ and F;.

For case 1, a high E/N is chosen so that R;,, , is large enough to give a significant value

of v3. On the other hand, a low E/N is chosen for case 3 so that Rf,, ; becomes a large
negative value. They are chosen to emphasize the ionization in case 1 and attachment in
case 3. The number density of gas molecules N is assumed to be 3.53x10'® cm ™3, which
is the value at 1.0 Torr at 0 °C.

The following energy balance equation (Thomas 1969) has been examined for all the
drift equilibrium solutions obtained by the present PM for the USR in order to confirm

their validity:

Y Rl r€exk + Rions€ion + Boye + & (W, — &' D) = (W, — &' D))E (5.18)
k

where R’ and € are the collision frequency and the inelastic energy loss for each kind
of collision. The tildes represent the energy-weighted electron swarm parameters. The

L]
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Figure 5.3: Electron collision cross sections of a ramp model gas (Reid 1979); momentum transfer
Jmom and excitation gey. Neither ionization nor attachment is present.

right hand side and left hand side of this equation represent the energy gain and loss of
an electron swarm associated with E. They must be equal to each other when in drift

equilibrium. The balance was confirmed for each result with the relative difference less
than 1%.

5.5 Results and Discussion

5.5.1 Electron Energy Distribution

Fy(€) and F(€) are shown in figure 5.4, which are the isotropic and anisotropic components
of the Legendre polynomial expansion terms of the electron energy distribution F'(e).

There are two important differences between F'(¢) in the USR and DSR. In contrast
to the DSR, the electron energies in the USR are in general lower and the high energy
electrons move backwards on the average.

Electrons diffuse backwards into the USR because of large @’. In this case, only high
energy electrons can diffuse backwards since diffusion against F results in rapid energy
decay.

Some electrons lose part of their energies by inelastic collisions during their stay in a
region z < z’, where 2’ is a position in the USR. After the energy loss, they drift towards
the DSR. All of them pass the position z = 2/ again towards the DSR eventually unless
they disappear in the USR by attachment. At that time, electrons that have undergone
backward diffusion will necessarily have a lower energies than their previous energies
before undergoing backward diffusion. Therefore, Fi(¢) > 0 for low energy electrons as
shown in figure 5.4 for Ar and the model gas in the USR. In the electro-negative gas,
the number of electrons decreases due to attachment while they diffuse backwards. As a
result, Fy(e) < 0 for all € for the conditions in case of SFg in the USR.

As expected, shift in Fy(e) towards higher energies with increasing F//N was observed
even in the USR. This is similar to what occurs in the DSR. At a high E/N, low energy
electrons are prevented from diffusing backwards. The total number of electrons pene-
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Figure 5.4: Comparisons of electron energy distributions in the upstream region (USR) and down-
stream region (DSR) in argon (Ar) at /N = 1414 Td, the ramp model gas at /N = 283 Td, and
sulphur-hexafluoride (SF¢) at £/N = 141 Td.
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Table 5.2: List of swarm parameters in the upstream region (USR) and the downstream region (DSR).
— indicates that Rj.n /@ is undefined since & = 0.

gas region. B/N € Ry, a’ Hi ol & v}
€ Rion,s o} Rion,s/@ Uq
(Td) (V) (us) (em™) (cmps™!) (cmps™)

Ar Uel ldid,. 537 JIF3 138 0.126 0.125
(case 1) DSR 1414 15.7 590 10.1 58.2 57.9
model gas USR 283 (.54 0.0 270 0.0 -0.004
(case 2) DSR. 283 213 0.0 0.0 o 13.3
SFg USR 141 271 -112 33.6 -3.33 -3.30
(case 3) DSR 141 5.62 -30.1 -2.4 12.3 12.3

trating into the USR, which is represented in equation (5.8), decreases since a’ increases
with increasing F//N. An exponential spatial distribution at a high E/N is formed by
backward diffusion of electrons with commensurately large energies.

5.5.2 Electron Swarm Parameters

The tendencies in F(€) presented in figure 5.4 significantly affect the swarm parameters.
The mean electron energy €, the effective ionization frequency Ri,, 6, the relative gradient
of the electron number density @/, the quantity R, /@', and the drift velocity v} in the
USR are listed in table 5.2 along with those values in the DSR at the same E/N for
comparison. A comparison between vg and R{, ;/@ confirms equation (5.10). Here, v/ is

given as )
1 o0
= §/ v1vef1(€)de (5.19)
5 Jo

where v; is the electron speed associated with 1 eV. The values of it
found to agree well with each other.

Typically, an electron swarm under SST conditions can be regarded as the integral of
an isolated swarm with respect to the time at a fixed position (Sakai et al. 1977). In a
preceding section, the fact that vj = 0 when R, ; = 0 is explained using a macroscopic
approach. This conclusion can also be attained with a microscopic approach, i.e. by
focusing on the behavior of an individual electron. Following Sakai et al. (1977), the
contribution of an individual electron to the drift velocity v/ is the electron velocity com-
ponent parallel to the electric filed weighted by its residence time in a small interval in
space with a thickness Az. If there is no production and loss of electrons, an electron that
passes across Az at a position in the USR toward the upstream direction must eventually
return across Az towards the DSR, 7.e. the number of crossings by an individual electron
across Az is necessarily even (see figure 5.5). Since the residence time is inversely pro-
portional to the velocity component parallel to the electric field and the velocity changes
sign with each crossing, the net contribution to the drift velocity is zero. In contrast,
the number of crossings is odd in the DSR. The difference in the parity of the number of
crossings in the two regions is the key difference between the drift velocities for the USR
and DSR.

/&' and v} are
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Figure 5.5: The parity of the number of crossings. When the number of electrons is conservative, the
positive and negative contributions of an electron crossing a position in the upstream region cancel each
other, while the positive contribution exceeds the negative in the downstream region.

5.6 A Practical Example of Backward Diffusion
5.6.1 Effect of Absorbing Anode

A practical example of backward diffusion in the USR, as previously discussed, is seen in
an SST experiment between parallel plane electrodes. The decay in the electron number
density in front of an absorbing anode may be regarded as the appearance of vacancies
due to the absorption of electrons at the anode. Here, the vacancies can be defined as
being missing electrons.

Chantry (1982) discussed the effect of an absorbing anode on the SST electron swarm
using a concept of complementarity. The complementarity theorem of Chantry (1982) is
as follows. As shown in figure 5.6, if a plane which is perpendicular to the electric field is
placed in the region where the electron swarm is in equilibrium, electrons near the plane
are a mixture of those electrons which are diffusing forwards and backwards across the
plane. When we regard the plane as an absorbing anode, electron swarm parameters on
the upstream side near the plane would vary spatially corresponding to the contribution
of backward-diffusing electrons to the electron distribution, since these electrons would
be lost by absorption.
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Figure 5.6: Concept of complementarity theorem (Chantry 1982). Arrows represent random motion of
electrons. The absorbed electrons represented by white arrows appear as vacancies in front of the anode.

It those electrons absorbed at the anode could move freely as if they were in free
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space under the electric field even after absorption, they could diffuse backwards and
fill the vacancies. Here, the velocity distribution of backward-diffusing electrons f,(z, v)
necessary to fill the vacancies is defined as

fu(z,v) = fa(z,v) — fa(z, V) (5.20)

where fq(v) and f,(z,v) are the electron velocity distribution in drift equilibrium in the
DSR and that affected by the absorbing anode as shown in figure 5.7. Here, fy(z,v) is
expected to show a similar profile to the electron distribution f,(z,v) in the USR.
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Figure 5.7:  Model of steady-state electron swarm in front of the anode. The electron distribution
fa(z,v) in front of the anode may be described as fi(z,v) = fa(z,v) — f,(x,v) where f4(z,v) and
fv(z,v) are the electron distribution in the upstream region (USR) and the downstream region (DSR),
respectively. f,(x,v) is expected to be similar to f,(z,v).

5.6.2 Monte Carlo Simulation

To examine the concept of backward diffusion of vacancies as defined by equation (5.20),
a Monte Carlo simulation (MCS) was performed to obtain f,(z,v). It is assumed that
the initial electrons are supplied at a plane source and they drift and diffuse downstream.
Those electrons which arrive at the position of an imaginary anode are labeled to indicate
that they have been absorbed at least once. Then they are permitted to continue their
propagation under the influence of the electric field. The electrons which return across
the anode are sampled yielding f,(z,v) of electrons diffusing backwards from the anode.
In this case, the anode becomes a source of the labeled electrons; the region in front of the
anode and the region “inside” the anode correspond to the USR and DSR respectively.

As a benchmark case, a simulation for the ramp model gas used in the preceding section
is performed at the same [//N value. The initial electrons are given with a uniform energy
distribution between 0 eV and 10 eV. The distance between the electron source and the
anode is 5 mm, which is a long enough distance for the electrons to reach drift equilibrium
under the condition.

The results of the MCS are shown in figures 5.8 and 5.9.

In figure 5.8, the energy distributions of the vacancies, Fy(z,¢), are presented as a
function of the distance from the anode. An important profile is that t<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>