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Two types of local triviality for the structure
of a complex analytic singular foliation

Junya Yoshizaki*

0 Introduction

A singular foliation on a complex manifold M is defined as an integrable coherent
subsheaf E of the tangent sheaf of M. In this paper, we study the problem of local
(analytical and topological) triviality of the singular foliation along (a subset of) its
singular set S(E). In general, S(E) is an analytic variety, so we must stratity it to
consider some triviality along the singular set.

For stratified subsets or stratified maps, the local topological triviality has been
studied by a number of people and it is generally known that if the stratification
satisfies the “Whitney condition” or the “Thom condition”, then we have the local
topological triviality along each stratum (the Isotopy Lemmas of Thom).

We first review and summarize basic definitions and facts about complex analytic
singular foliations in section 1. In the next section, we observe the properties about
the singular set of a singular foilation. In particular, we introduce the fundamental
“Tangency Lemma” (Theorem (2.5)), which says that every vector field defining the
foliation is “tangential” to the singular set S(F). Using this lemma, we prove the
existence of the leaf passing through each point of M (even on S(E)) in section 3. For
the proof we use the method of the “natural Whitney stratification” of the singular
set.

In section 4, we mainly explain and prove the local analytical triviality of £ along
each leaf (Theorem (4.1)). This kind of triviality was studied by P.Baum ([B]) for
the point p such that p is a non-singular point of S(E) and dim, S(E) = dim E(p) =

rank® — 1. D.Cerveau also took up a similar problem from another viewpoint in [C]
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(for the real case, see [N], [Ss] and [St]). We generalize and arrange their theory, and
add new results in this article.

We also give some application and examples of singular foliations in section 4. Un-
der the situation of the last example (4.32), we cannot obtain any information from
theorem (4.1) about the structure of singular foliation F near the singular sets, be-
cause the dimension of the leaf containing each singular point is zero. For the problem
of the triviality along this type of singular set, we consider another kind of triviality
of the singular foliation.

We make preparation for the theorem on the second type of triviality in section
5. As another application of the Tangency Lemma, we prove, for a complex analytic
singular foliation F, the existence of a Whitney stratification of the singular set S(E)
so that F induces a non-singular foliation on each of its strata (Theorem (5.4)).

In the last section, we study the local topological triviality along each stratum of a
stratification of S(F) as given in Theorem (5.4). This kind of triviality argument can
be applied to the case where a stratum consists of (infinitely) many leaves. A.Kabila
studied this problem for the case where the codimension of £ is one and S(F) is
non-singular ([K]). We give, for a general singular foliation, a regularity condition and
prove the local topological triviality under the condition (Theorem (6.10)).

After the preparation of the manuscript, it was informed to me that a result similar
to the last one is indicated in an article of D.Trotman and L.Wilson [TW].

The contents of sections 2, 5 and 6 will be published in [Y] and the contents of
sections 3 and 4 will appear in [MY]. Some of the results and the idea of the proofs
in sections 3 and 4 are originally based on the master’s thesis of Y.Mitera which was
written in Japanese in 1989. I introduced some new methods and supplemented it
with some new results in sections 3 and 4 in this article.

In the process of this work, I received many helpful suggestions and advices, espe-
cially from T.Suwa. I would like to thank him for answering my questions and for
supporting me in various ways. [ also thank J.-P. Brasselet, M.Kwiecinski, T.Ohmoto,

A.Saeki and Y.Mitera for helpful conversations and comments.

1 Complex analytic singular foliations

First of all, we recall some generalities about complex analytic singular foliations

on complex manifolds. The notation in the following is originally due to T.Suwa. For

further details, see [B], [BB] and [Sw].

Let M be a (connected) complex manifold of (complex) dimension n, and let
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Onr, ©Ou and Qs be, respectively, the sheaf of holomorphic functions on M, the tan-
gent sheaf and the cotangent sheaf of M.
Let £ be a coherent subsheaf of ©,,. Note that, in this case, F i1s coherent if and

only if E is locally finitely generated, since Oy is locally free. We set
S(E) = {p e M \ (@y]/E)r, 1s not (Ox\/[)p —free},

and call it the singular set of E. For each point p of S(E), we also say that p is a

singular point of E. If we restrict E to a sufficiently small coordinate neighborhood U

with coordinates (zy,2s,...,2,), we can express E on U explicitly as follows:
_ o = 0 ]
(1.1) Bo= 0 s Vi :Zfij<z)a_~—a 'L m,
1=1 =1 <)

where f;;(z) are holomorphic functions defined on U, and m is a non-negative integer.
Then the singular set S(E) is given on U by

S(EYNU = {p € U | rank(f;;(p)) is not maximal}.

A coherent subsheaf E of ©,, is said to be integrable (or involutive ) if for any point
p of M,
(1.2 By, By) C E,

holds (where [ , ] denotes the Lie bracket of smooth vector fields).

Remark 1.3  This definition is a little different from the one by T.Suwa. According
to his definition, E is integrable if and only if (1.2) holds for any point p of M — S(E).
If we consider only ‘reduced’ case (for the definition, see definition (1.5) below), the

two definitions are equivalent.

We define the rank (we sometimes call it dimension) of E to be the rank of locally
free sheaf E |p—s(g), and denote it rankE. Using the notation in (1.1), we can rewrite
1t as

rankE = max rank (fi;(p)) .

Next we give the definition of a singular foliation on M in terms of vector fields.

Later, we will introduce it again from another viewpoint.

Definition 1.4 A (complex analytic) singular foliation on M is an integrable co-

herent subsheaf E of Opr.




It is clear that a singular foliation £ induces a non-singular foliation on M — S(E).

Definition 1.5  Let E be a coherent subsheaf of ©pr. We say that E is reduced of
v € F(C’, @N{)v UlU—-S(E) & F <Ur == S(E), E) T v E F([[,E)
holds for every open set U in M.

By the preceding two definitions, we can consider “reduced foliations” in natural
sense, i.e., a reduced foliation on M is a coherent subsheaf of ®,, which is integrable
and reduced.

Remark 1.6 ~ We can check the following facts about reduced foliations:

(1) If a singular foliation F is locally free,

E is reduced <= codimS(E) > 2.

(ii) Let E be a reduced coherent subsheaf of ©),. Then E is integrable if (1.2) holds
for every point p € M — S(E).

Next, as stated above, let us represent singular foliations in terms of holomorphic

1-forms. However, it is not so difficult to rewrite it from the viewpoint of its “dual”.
Definition 1.7 Let F be a coherent subsheaf of Qus. Then we set
S(F)={pe M| (Qun/F), is not (On), -free},

and call it the singular set of F. Each point in S(F') is often called a singular point
of F.

Definition 1.8 A coherent subsheaf F of Qs is said to be integrable (orinvolutive)
when

dF, C Q, A F,

holds for every point p € M — S(F). Moreover, the rank of F' is defined to be the rank
of the locally free sheaf F \M—s(F), and denoted rankF .

Definition 1.9 A4 (complex analytic) singular foliation on M is an integrable co-
herent subsheaf F of Q.

Definition 1.10  Let F(C Qpr) be a coherent subsheaf of Qpr. We say that F is

reduced if
w € (U, Qy), wly_srp el (U-5(F), F) = wel(U,F)
holds for every open set U in M.
In the following we discuss the relation between the two definitions, (1.4) and (1.9).
Definition 1.11  For singular foliations E C Oy and F C Qyy, we set
E*={w ey | (vyw) =0 forall veE},

FP={veOy|(v,w)=0 foral weF},

where ( , ) denotes the natural pairing between a vector field and a 1-form. Then
E*(C Qur) and F*(C Oypy) define reduced singular foliations on M. We call E* (resp.
F*) the annihilator of E (resp. F).

Remark 1.12  Note that S(E?) C S(E) and S(F?) C S(F') hold.

Definition 1.13  When E C Op (resp. F C Qu) is a singular foliation on M,
(E*)* (resp. (F*)?) is called the reduction of E (resp. F).

If we use the notations given in (1.11) and (1.13), a singular foliation £ C Oy
(resp. F C Qyy) is reduced if and only if (E*)* = E (resp. (F*)* = F). In this way
we can make any singular foliation reduced by taking its reduction. If we consider
only reduced foliations, then the two definitions of singular foliation stated above are
equivalent, and in this occasion, moreover, there is no difference between the singular

set in terms of vecter fields and that in terms of 1-forms.

2 The tangency lemma for singular foliations

In this section, we recall some basic properties of the singular set of a singular
foliation, and summarize the “tangency lemma” which have been studied by P.Baum,
D.Cerveau, T.Suwa and, for the real case, by T.Nagano, P.Stefan, H.Sussmann, and so
on. In the preceding section we defined singular foliations from two different aspects,
and observed the relations between the two definitions. We have checked that they
produce “almost” the same results, so we often express singular foliations only in terms

of vector fields. Hereafter, we assume F(C ©,) to be a singular foliation on a complex

manifold M and set r = rankF.




Definition 2.1  For each point p i M, we set

E(p) = {v(p) | v € E,},
where v(p) denotes the evaluation of the vector field germ v at p. Note that E(p) is a
sub-vector space of the tangent space T,M.
Definition 2.2  For an integer k with 0 < k < r, we set
LW ={pe M| dimc E(p) = k},

SW ={pe M| dimc E(p) < ¥},

and set L=V = §(=1) — ¢ for convenience. Clearly we have
LH) = §t) _ gle-1) $® = | ) L
Jork=0,1,2.....v.

Proposition 2.3 S®) s gn analytic set and L¥) is q locally analytic set for every
integer k with 0 < k < r.

Proof. If we use the notation in (1.1), S® is locally expressed on a small open set U
in M as follows:

SONU ={z€U| rank(f;(2)) < k}.

All f;; are holomorphic on U, so S® ig analytic. And besides, we come to the conclu-
sion that LF)(= Sk) _ G4y g locally analytic because S®*) is analytic and S(*-1)
1s closed in M.

Q.E.D.

By the proposition stated above, we get the natural filtration which consists of
analytic sets:

S(r) = glr=1) > §(r-2) T 8 R h w5 OLE) > S0 =5 i1}
(2.4) i [ |
M S(E) 0

Theorem 2.5 (TANGENCY LEMMA)  Let k be an integer with 0 Sk riandp e
point in S . Then we have

E(p) C C, 5%,
where C, S®) denotes the tangent cone of S*) at p.

Remark 2.6  Theorem (2.5) was proved by P.Baum under the hypotheses that E
is reduced, £ = r —1 and p is a non-singular point of S (: Sr=1) = 5(E)> (see [B]).
For the case of real singular foliations, see [N], [Ss] and [St].

This theorem is drawn as a corollary of a theorem by D.Cerveau ([C]). In this paper,

let us indicate that we can get a stronger result than (2.5) when F is reduced.

Proposition 2.7 ((STRONG) TANGENCY LEMMA)  Suppose E(C ©yy) is reduced
and p s a point of M. Let v be a germ in E, and let {¢; = exptv} be the local
I-parameter group of transformations induced by v. For all t sufficiently close to 0,
we have

(¢1). Ep = Ey, (),

where (¢¢). denotes the differential map of ;.

The following proof of this proposition is due to T. Suwa. We first prepare two lem-
mas in advance. The first one is a property which is easily drawn from the integrability

of B

Lemma 2.8  Letv be a germ in E, and let L, denote the Lie derivative of v. Then

we have

Lo(Fp) C Fp,

where F is the annihilator of E.
Proof. Take a germ w in F),. For any germ u in E,, we have
(U, Lyw) = v ((u,w)) — (v, u],w).

We have (u,w) = 0 and ([v,u],w) =0, since [v,u] € E, . Hence (u, L,w) = 0 for any
v € £, , and this implies L,w € Epa =¥y

Q.E.D.

Lemma 2.9  Suppose that E, F, v and {p.} are as above. For any germ u in E,

and any germ 1n w in F,, we have

= (et @ (2(p)) = ( (00 Lo (op)
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Proof. Choose a coordinate neighborhood U with coordinates (21,22,...,2,) about p

such that v, v and w have representatives on U/ and that £ and £ have finite numbers
of generators on U/. Considering only for ¢ sufficiently close to 0, we may assume that
@¢(p) stays in UU. Now we write explicitly on U as

- 0
U:Zfl’(:)g? u = Zgz 0*— and w -—Z/l d~z’
=1 i e

where f;, g; and h; are holomorphic functions on [/, Moreover, we set ;(t,z) =
2i 0 p¢(2) and (1, z) = (@1(t,2),...,0(t,2)). Then we have

(2.10) (e (o)) = 3 () 280D, 0,2
and 9
(2.11) 2oMh2) - Flelt,2)

for all z in a small neighborhood around p. Differentialing (2.10) with respect to ¢ and
using (2.11), we obtain

5
ot ( (Pe)ets, w (¢:(2)) )

- 0 it 2) = 0p;(t,z) Oh; (p(t,2)) Opk(t, 2
IO NPT R et
:, @goj (G2} | OF Oh;

= ”ZkZIgz 9 {5; (2(t, 2)) hx (2, 2)) + fi (2(2, 2)) a—zi (@(tyz))}

= ((®1)st, Lyw (pe(2)) ).
Q.E.D.

Proof of (2.7). We take a coordinate neighborhood I/ with coordinates (3 5% g )
about p such that v has a representative on U and that E and F' have finite numbers

of generators on U. In order to prove this proposition, it suffices to show that
(2.12) (e). Ep C By

hold for all ¢ sufficiently close to 0. Once we have (2.12), then (c,ot“l)*Ew(p) —
(¥-t)«Ey, () C E, and thus this proposition.

Now we take two sections u € I'(U, E) and w € ['(U, F) arbitrarily. Using (2.9)

repeatedly, we have

am
) i

((Pe)eu, w(we(p)))| =(u, L, L, w)

t=0 y
m-t1mes

for all non-negative integer m, and the right-hand side of this equation is equal to zero
by (2.8). So we have
((e)<u, w(pe(p))) =0

for all ¢ sufficiently close to 0. This implies
(t)su € th(p) = Eopu(p)

hence we have (2.12).

Q.E.D.

Now let us look back at the tangency lemma (2.5). Take a germ v € E, and set
@ = exp tv. Suppose :(p) &€ S*) for some ¢t. Then we have

dim E(p) < k < dim E(¢((p)),

which contradicts proposition (2.7). So we have o,(p) € S for all ¢ sufficiently close

to 0. Hence ()
| ot ek SEAEEE TreD)
v(p) = lim g .
is in the tangent cone C, S®*) of S*) at p.

Thus, in the case that E is reduced, theorem (2.5) is easily proved as a corollary of

(2.7).

3 Existence of the integral submanifolds

Let E be a singular foliation of rank r on M. In §1, we recalled that E induces a
non-singular foliation on M — S(F). Thus if a point p € M does not belong to S(E),
1t 1s clear that there exists an integral submanifold (of dimension r) passing through p.
The main purpose in this section is to prove that there also exist integral submanifolds
on the singular set S(F), whose dimensions are lower than r.

Since the singular set S(E) is not a smooth submanifold of M in general, we have
to take a stratification of S(F). However we must be careful in the choice of the

stratification, because if we take a stratification too much fine, then the space E(p)




1s not always contained in the tangent space of the stratum at p. We adopt here
the famous method of natural Whitney stratification which is due to H.Whitney. We
introduce just the essence below. (For details, see [W].)

Let A be an analytic set. We denote by Sing(A) the singular set of A and denote

by Reg(A) the set of regular (i.e., non-singular) points of A. Moreover we set
L(A) = Sing(A) U {p € Reg(A) | dim, 4 < dim A},

where dim, A denotes the dimension of A at each point p €Reg(A). For two manifolds

X and Y, we define a subset B(X,Y) of X by

B(X,Y)={p€ X | Y is not Whitney regular over X at p}.
Also for two analytic sets A and A’ we set
(8:1) W(A,A") = Z(A) U B(A—-X(A), A - £(4)).

W(A, A’) is a analytic subset of A whose dimension is lower than dim A.
Using the notation stated above, for an analytic subset A we define a family of
analytic subsets {II'A};—o .. (inductively) as follows:

PP o P A o
IYA = X4
(3.2) ! For each integer ¢ with ¢ > 2,

1—2
il =Cl ( U W(II''4, A — HJ'“A)) :

j=0

\

where Cls( ) denotes the closure in A. Note that II'A = () for sufficiently large <.
Thus we have a sequence of analytic subsets of A:

[1°4 > I'A4 Tl T Y e DH’ADH’“AD ...... O 0.
(3.3) |
A Z(A)

Then we set

(3.4) A={I'A-TI""A(£0)|i=0,1,2,-}.

By the construction of II'A, A is a Whitney stratification of A. This stratification is
called the natural Whitney stratification of A. Note that each stratum of A is not

10

always connected, but if X and Y are connected components of a stratum II' A — [T*+! A

then dim X = dim Y.

Now let us prepare a lemma which plays an important role in the proof of the

existence of integral submanifolds.

Lemma 3.5 Let E(C Oy) be a singular foliation on a complex manifold M and S
be an analytic subset of M. Suppose that E(p) C C,S holds for every point p €S
(CpS denotes the tangent cone of S at p, same notation as in §2). Let S be the
natural Whitney stratification of S. Then we have E(p) C T,X for every point peS
where X (€ S) is the stratum containing p.

Proof. It is sufficient to show that
(3.6) E(p) CC,II'S  (for¥pe I's )

holds for every non-negative integer 7. Suppose we have already showed (3.6). For
any point p € 5, take the stratum X € S passing through p. By the definition of the
natural Whitney stratification, X can be expressed as

X = II'S — [I'*' s

for some integer 1. p belongs to II'S — II'*!'S and the singular points of II'S are
contained in II'*1S, hence p is a non-singular point of II'S. Then, by (3.6), we have

E(p) C C,II'S = T,II'S = T, X,

which completes the proof.

In the following let us show (3.6) by the induction for 7 under the assumption of
lemma (3.5). In the case of 7 = 0, (3.6) is nothing but the assumption of Lemma (3.5).
Suppose (3.6) holds for every integer ¢ with 0 < i < [ and take a point p € IS
arbitrarily. Our purpose is to show that

[ 3l O |
In order to do this, it is enough to prove that
(3.7) v(p) € C,II'*1S

holds for any vector field germ v in the stalk of £ at p. If v(p) = 0 then (3.7) is clearly
fulfilled, so let us consider the case of v(p) # 0. Take a coordinate neighborhood U of

11




p with coordinates (zy, z,,

+++5 Zn) on U such that p= (0,0, ..., 0). Since v(p) # 0,

we may assume that the expression of v using the local coordinates (zy, 23, ..., z,) is
given by
| 9,
(3.8) geih
@zl

Next, for each point ¢ € U we set

L(g) = {¢ €U | z(d) = zlq) (fork=2,3,...,n)}.

[t may be assumed that U has been chosen such that all L(q) are connected. Note

that L(q) is the integral curve of v = % passing through ¢. Furthermore, we set

D=1

0

6U’31:O},

and let 7 : U — D be the natural projection from U onto D (i.e. 7(zy, 23, ..., 2z,) =
(O, Ay IR Zn) )
Our purpose was to prove (3.7) under the inductive assumptions. However, in fact,

it suffices to show the following claim:

(3.9) Lig) IS £ 0 =ueble).c S holds fer 320, 1..... &

If we assume that (3.9) is true, then for any point y € II'S we have y € L(y) N II'S,
so (3.9) assures L(y) C II'S. This implies that the structures of II'S N U are trivial
along the z-axis. To be more precise, there exist analytic subsets A* of D such that
7 HAY) = II'SNU (in fact A* coincide with II'S N D). On the other hand, the
way of construction of II'S given in (3.2) tells us that the local structure of II'+1S is
Therefore the
structure of IS N U is also trivial along the z;-axis, i.e., there exists an analytic
subset A"*! of D such that 77'(A"*") = TS N U. Taking (3.8) into consideration,
we obtain (3.7), thus the induction is completed.

determined using only the local structures of II'S for : = 0, 1,..., [.

From the preceding argument, all we have to do is to show (3.9) under the inductive

assumptions. We set

It = A HS), L™= L{g)—1I'S.

Note that L(q) is the disjoint union L* and L~. The inductive assumption implies
that the vector field v is logarithmic for (IS, q), so the flow generated by v preserves
(IT'S, q) (see, for example, [BR] §1). This fact tells us that L* is open in L(g). On

the other hand, L~ is also open in L(q) since II'S is a closed set of M. Then either

12
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L* or L™ must be empty by the connectedness of L(g). In other words if L* is not
empty then L~ is empty, and this is clearly equivalent to (3.9).

Q.E.D.

The following corollary is an immediate consequence from (2.5) and (3.5).

Corollary 3.10  Let E(C ©Ou) be a singular foliation of rank r on a compler mani-
fold M . Let k be an integer with 0 < k < r and S¥) the natural Whitney stratification
of S®). Then for any stratum X € S® and each point p € X we have E(p) C T, X.

Now let us prove the main theorem in this section.

Theorem 3.11 (EXISTENCE OF INTEGRAL SUBMANIFOLDS)
submanifolds (whose dimensions are lower than r) also on S(E). To be more precise,
there is a family L of submanifolds of M such that M = Urec L s a disjoint union
and that any L € L and p € L, we have E(p) = T,L.

There exist integral

Proof. For each point p € M, take the unique integer k such that p € L*) (=
S — §*==1). Let S® be the natural Whitney stratification of S®) and X € S®) the
stratum containing p. Since S*~1 is closed in M, X — S*-1 has the structure of a
complex manifold. Corollary (3.10) implies that £ induces a non-singular foliation on
X — S*-=1) (whose rank must be k). Therefore there exists a family £x which consists
of k-dimensional complex submanifolds of X — S*~1) such that X —S¢*-1 = Urecy L
s a disjoint union and that any L € Lx and ¢ € L, we have E(q) = T,L. Then it is
obvious that

5
£ &) ) Ll =i
k=0  Xes(k)

X-5(k=1)=¢

is the family of submanifolds of M which satisfies the conditions in the theorem.

Q.E.D.
FEach element L in £ is called a leaf of E.

4 The local analytical triviality along the leaves

In the

preceding section we proved the existence of the leaves for a singular foliation £ on

In this section all the foliations we consider are assumed to be reduced.

M. The following theorem says that the structure of a singular foliation £ is locally

analytically trivial along the leaf containing each point p in M.

13
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Theorem 4.1 (LOCAL ANALYTICAL TRIVIALITY) Let E(C ©Oyp) be a reduced fo-
liation of rank r on a complex manifold M. Let k be an integer with 0 < k < r and
p a point in L®) (= S*) — SE=1)  Then there exist a neighborhood D of 0 in C™*,
a singular foliation E' on D with E'(0) = {0}, a neighborhood U, of p in M and a

submersion m:U, — D with w(p) =0 such that
Ely, = (r*(E™))".

Proof. Take a coordinate neighborhood U of p with coordinates (uy, us, ..., u,)
on U such that p = (0, 0, ..., 0). We denote by L, the leaf of E containing each point
g € U (the existence of the leaf has been proved in the preceding section). p € L®*)
implies dim¢ £(p) = k, so L, is a k-dimensional complex submanifold of M. Retaking

the coordinates (uy, ..., u,), we may assume

Lo TVEF S8 Pl = 3i° = == Ty, = Uk

Moreover, since S*~1) is a closed subset of M and L*) = §*) — §(¢=1) e may also
assume that U N S¢*-1 = .
At first, we take holomorphic vector fields +;, ..., 9+ on U which satisfy the fol-
lowing two properties:
J 9,
(4.2) D B
(i1) v(q) € E(q) forall ¢ € U.

on L,NU,

Using these vector fields vy, ..., &, we define a holomorphic vector field V, on U for
each z = (21, ..., 24, 0,...,0) € L,NU as follows:

(4.3) Vo=t zspt- o

Let {¢,: = exptV,} be the local 1-parameter group of transformations induced by
Ve. For € > 0 we set

U(s) == {(ulv'--vun)EU] |ui|<5 (i:1’27""n)}’
L(E) = LPQU(E).

Choosing ¢ > 0 sufficiently small, we may assume that ¢,(q) stays in U for any
€ Ly, €Uy and t € C with [|t| < 2. Moreover we set

z/)r = Pzr1 -

The way of choice of ¢ tells us that 1, <U(5)) C U for any z € L(.), thus we obtain a
family of holomorphic maps {1, : iy = L[}IEL(S)' We set

D:{(“l""v“n)EU|U1=Uz:"'=uk:0}’

then (4.2) and (4.3) assures that i, satisfies the following three properties:

(4.4) for any € Ly, Yelp) =2,
(4.5) for any ¢ € Uy,  ¥p(q) = ¢,
(4.6) for any z € L(.) and ¢ € Uy, Yv.(q) € L, .

Let h: LyxD — U be amap defined by h(z,y) = ¢.(y) for € L) and y € D.
By the definition of ¥.(y), h is holomorphic. Moreover, if we consider (uy, ..., u)
and (Ug41, ..., Up) as coordinates on L. and D respectively, h can be expressed

explicitly as

R R T B ol PR N Ty DY o PR Ay TR T S

where f;(uy, ..., u,) are holomorphic functions. Then (4.4) implies

BT s By L AR =8 Tt e i D v i)

in other words,

Similarly (4.5) implies
RGO 5L 0), vBpt Y0 ) P SR T Ny S

in other words,

,} {0 (<igh)
(46) fz(()? 707 Uk41 7un) o { u; (k+1§_2_<_7’l,)
05,
(4.7) and (4.8) tell us 5—(0) = 0;; , SO we have
%y




Hence, if we take ¢ > 0 sufficiently small and set Up = h(LyX D) then h: LiyxD —

U, 1s a biholomorphic map. We define new coordinates (21, 5vs, %5} O1 Ul Bt
Ui h! 1<i<k
for any ¢ € o z(q) = u; (pry o h 1(Q)) | (=08 = )
ui(pry o k7 (q))  (k+1<i<n)

where pr; denotes the projection to the j-th component. In other words,

for any z € L.y and y € D, slhloall) = {

Clearly we have

U;) Y= (y)

(4.9) =€k iy R

€L
{gelU, | zi(g) = zi(y) (for i=Fk+1, 5 DS

Il

On the other hand, it follows from (4.6) that

(4.10) VRO

From (4.9) and (4.10) we have

W) W) () € E).

<~k

(4.11)

Next let us construct the submersion 7 : U, — D and the singular foliation E’
on D. We identify D with a neighborhood W of 0 in C™* = {(wgy, ..., wy,)}, and

set © = pr, o h~!'. Note that, by the definition of (21, ..., 2z,), 7 is represented us-

ing the coordinates (zi, ..., z,) on U, and (wiyq, ..., wed on Drastrlag, W02 e
(2k41, -+, 2n). It is clear that 7 is a holomorphic submersion from U, onto D. Fur-
thermore, let w, : TU, — T'D denote the push-forward of the vector fields form Uy
to D. Then :
W(@)-{Oa (<< k)
0z; 0_10_, (k+1§z§n).

Using 7. we define the coherent subsheaf E’ C ©p by (E'), = m.(F,) for each point
y € D. Then we have E'(p) = {0} since E(p) is generated by 5%, e 52;.
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In order to complete the proof, we must show that E’ is integrable and [ 7* B "
p p g

Ely, . Let {vj, ..., vi} be a system of local vector fields on D which generates E'.
P 1 S (@) ?
and set
ol s 0 .
(4.12) e ST N wn)a— (L)< 8},
i=k+1 w;

where each a/; is a holomorphic function on D. By the definition of E’ and (4.11),

it turns out that, for any y = (0, ..., 0, Ysq1, ..., yn) € D, E(y) is spanned by

following k& + s vectors:

9, a 0

C):l(y) az2 (y)v ) ?k(y)

y = 0

o = ), @iyt oo yn) s (y),
(4.13) i=k+1 =

! S a 0

Galg Y Biltfuieys W yn)g(y).

1=k+1 oot

On the other hand, for any = = (zy, ..., 24,0, ..., 0) € L.y we have

[lr/)x(zlv o ey Zn) - (31 i L1y +vey 2k T Ly Zk41y + -+ Zn)a
which implies
9, 0 \ :
(4.14) W) | 5-(0) ) = 5= (¥:(y)) (1 <i<n)

for any y € D. Moreover, proposition (2.7) says that there exists ¢ > 0 such that

(4.15) (%2)« (E(y)) = E (¥a(y))

holds for any z € L) and any y € D. Then it follows from (4.13), (4.14) and (4.15)
that the space E (¥,(y)) is spanned by following k + s vectors:

631 (?L’x(y)) ) a_zz((br(y)) g Wy aZk (¢r(y)) ;

» ('(L’x)* (Dl) = z ali(yk-i-lv ey yn)aﬁy-(d)r(y)) )
(4.16) s 5
= 0

(%2)« (V) = Z @’ (Ykt1s - - - yn)az.(%:(y))-

1%




This means that for every point ¢ € U, a system of generators of the space E(q) is
given by (4.16), therefore FE|y, is generated by the following k + s vector fields:

0 0 0
821 ? 032 X ERE L aZk bl
> ah e
M = Ll gy ey Eg i
(4.17) i=h+1 i
2 9
Uy = Z as'i(z/c-f-l’ “iE #9 :n)a_: .
i=k+1 T

(4.12) and (4.17) tell us that if £ is not integrable then E|y, is not integrable either,
hence E’ is integrable. Similarly, it turns out that E’ is reduced from (4.12), (4.17)

and the reducedness of F.
Now all we have to do to complete the proof is to show that E|y, = <7r*(E’a)>a. We

can easily check that

= ajz-bl- =0
(418) (E/>a — (.d’: Z bi(lu]c+17 sy wn) dwi i;—l il (*)
LG (for 1 <Vj<s)
By the definition of 7 and the coordinates (zy, ..., z,), 7" (dw;) = dz; for all ¢ with

k+1 <1 <n, hence we have

i=k+1

T <(E’)a> = { ™ (W) = i bi(Zkt1y -y 2n) d2Zi | (bkg1,.--, b,) satisfies (x) } ;

In order to calculate (7*((£')*))*, let us consider the condition for a holomorphic
vector field { on U, to belong to (7*((E')*))*. We set £ = Y1, ez, ..., zn)ai,
where ¢; are holomorphic functions on U,. Then we have

(4.19) £ (7r"‘ ((E’)a>)a detk, lg_lbl(zkﬂ, i B LOH Ry ey ) o= 1)

for any (bkt1,..., b,) satisfying (*).

Let

(42000 ™ 8l cas Bt Z hgal"“’o’")(zkﬂ gty M) aeRhow e
(o1,..., ) >(0,...,0)

be the series expansion of ¢; with respect to z;,..., z; (all h,(al"”’a") are holomorphic

functions of zxt1,..., 2z,). Substituting (4.20) to (4.19),

Z ( Z bl hz(al,...,ak)) Zlal o zkak = 0’

I=k+1
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thus we have

(4.21) bl A BRI R e s s
I=k+1
for every (aq,..., o) > (0,...,0). Foreach (ay,..., ay) we define a holomorphic
vector field €01 ) on W by
s 9% oY C '8 G (2 N a
(422) 5( Eits Lk) = Z h[( S k)(w;c+1,.--71071).—-3
I=k<41 d'lU{

A v' | we can express £ k) a9
(423) é(al ..... ok) _ Z fj(ozl,...,ak)(u)k+1 e, wn) ,037
=1

where f;al """ ) are holomorphic functions on W. From (4.22) and (4.23),

= ) O X )

B et o (o1ye.n, ak) s
Zhl k(zk+1)"')zn)_~:z:fjl k(2k+1,...,2n)?)]'
I=k+1 . =1
holds for every (ai,..., ax). Hence we obtain
e 0

. Zc[(zl, s zn)a—Zl-

lil 0 "
= ;CZ;—Z‘F Z C[(Zl,...,zn)aZl

i [=k+1

I=k “l =k+1 ) !
n (’-) A 0
Gz Z Clé—; g Z 21011 2" Z hl(a1 yyyy ak)<zk+17 ) Zn)é'_
ik St el I=k+1 o
et . _6_ . O] o~ Ok : (o1, ak)
. Cla~ ¥ Z <1 <k Z fj (zk+1 ’ ) “n) Y;
=k o (a1,ee.y k) =1
i ¥} k J
O 2 e
= ZCIT‘T +> ( Z f]( a ’ak)(zkﬂa TR Nl tE Ll B (%)
le=s “l 3=1 \(a1,eeey )
Note that each 3", . ak)fj(a‘ """ ak)(z;wrl o ia'y Zn) s 21™ 10 23** appearing in (##) can

represent an arbitrary holomorphic function on U, . This implies

£ € <7r* ((E')a>>a <= ¢ can be express as a linear combination
of 2= ,..., 2 v,...,, like ()
9z 0z )

= ekl

19




thus we have (7= ((E")*))" = E[Up.
Q.E.D.

Remark 4.24 In the above proof, the fact that ElUp is generated by the k£ + s
vector fields of the form (4.17) holds without assuming F is reduced ([C]). The above

gives an independent proof of this in the reduced case (see prop (2.7) and the comments
right before 1t).

As an application of theorem (4.1), we can show the following proposition.
Proposition 4.25 If a singular foliation E(€ Oys) is reduced, then codimS(E) > 2

Remark 4.26  For the converse of this proposition, we have counterexamples. How-
ever, under the assumption that £ is locally free, the converse is also true (cf. re-

mark (1.6)).

Proof of (4.25). Suppose that E is reduced and codimS(E) = 1. Set dimc M =n
and rankE = r. First we choose a point p € S(E) such that p & Sing(S(E)) and
dim, S(E) = n — 1. Take a sufficiently small neighborhood U of p and coordinates
(41 50505 Za ) ol suche that U O S(EL & 14, =0}F snd. p = s o500 We zet
k = max{dimc E(q) | ¢ € UN S(E)}, then clearly 0 <k <r —1.

Next, choose a point ¢ in U N S(E) such that dimc E(q) = k. We ‘shift’, for
simplicity, the coordinates (21,..., z,) on U so that ¢=(0,...,0). Since Sl
{x € M | dimc E(z) < k—1} is a closed set, we can take a neighborhood U,(C U)
of q so that U, N S%*=1) = (. Then we have U, N S(E) = U, N LW (for the definition
of L), see (2.2)). Applying theorem (4.1) (or (4.17) in the proof), we can retake U,
and (#1 ,4 .52, S0 that E!Uq is generated by the following k + { holomorphic vector

fields: P 5 5

Oz Ozs” L 0Zh
n

J

M = Z ali(zk+11 Py Zn)a% )
(4.27) e
3 5

Y, = @ i\Zk41y - -5 Zn) 7T -

i=k+1 aZi

If s =0 then E gives a non-singular foliation on U, . This contradicts ¢ € S(E), so we
have s > 1. On the other hand, U, N S(E) = U, N L™ implies that dim¢c E(z) =k

holds for every point z € U, N S(E), therefore all a; appearing in (4.27) satisfy

a’i(Zk41, -+« 2n-1,0) =0. For i =k +1,...,n, we represent a!; as
s (o -2 e e = .
a i(xlk_;{_l,...,..on)—,;n 'bi(;k+1,...,;n)
where a; € Z and b; are holomorphic functions such that bilaRii B D,

Note that «; and b; are uniquely determined and a; > 1. We set a = min{c«;}, and
define a holomorphic vector field v; on U, by

n

v e o 1
5 e Z G RO EELY, Ty 3n)a_ﬁ <: _‘U]> :
&4

_ i AR
1=k+1

~n;

Then we have vi|v,-sz) € Elv,~s(z), but v € Ely, since % # 0. This contradicts
that F is reduced.

Q.E.D.

Let us give some examples of singular foliations and its local analytical triviality.
Example 4.28  Let f be the holomorphic function on M = C® defined by
flz,y,2) = 2(2® — y*),
and w the holomorphic 1-form on C?® defined by
w = df = 2zzdz — 2yzdy + (2* — y?)dz.

The coherent subsheaf F'(C Q) generated by w is integrable since dw = ddf = 0, so

I" defines a singular foliation on C°. E = F*(C ©),) is generated by the following two
vector fields:

( v = —Q— —}-:I:g
ans dy
(4.29) 9 9 9
Sl M U It
e +y0y " 0z

\

L is reduced, and rankE =2. By (4.29), S(E) = SW = {22 = yz = 2* — 3% = 0}
={z=y=0}U{z =2>-y? =0} and S = {(0,0,0)}. According to theorem (4.1),
the structure of E is locally analytically trivial along each leaves, in particular along

{t=y=0}-{0}, {z=2-y=0}- {0} and {z=24y=0}- {0}




Example 4.30  Let w be the holomorphic 1-form on C* = {(z,y, z, w)} defined by
w = z(2* — w?)dr — y(2? — w?)dy — 2(2® — y*)dz + w(2? - y*) dw.

It is easy to check that dw = 4(—zzdz Adz + 2wdz Adw + yzdy Adz — ywdy A dw).
The coherent subsheaf F'(C Q) generated by w is integrable since w A dw = 0, so F
defines a singular foliation on C*. E = F*(C @) is generated by the following three
vector fields:

0 0 0 0
v = 10—1: +y5§ +:5; +w%
0 0
(4.31) e R T 5 +‘$a—y
V3 = w2 + 2 :
0z ow

\

SO = 070,00}
Example 4.32  Let w be the holomorphic 1-form on C3 defined by
w=y(z +y)dz —z(z +y)dy + (¢ — y°)dz.

It is easy to check that dw = 3{(—z —y)dz A dy + z2dz A dz — y2dy A dz}. The
coherent subsheaf F'(C Q) generated by w is integrable since wAdw = 0, so F defines

a singular foliation on C°. E = F*(C Oy) is generated by the following two vector
fields:

o T yay
(4.33) 4 , 0 L0 9
Vs = Home +T oy +($+y)$-

22

E is reduced, and rankE=2. By (4.33),

S(E) =S = {y('r +y)=z(z+y)=2>—y3 = 0}
= {x:y:O}U{$+y:;z'3—y3:O}
={z =y =0},
SO ={r=y= g} = S§Y)
In this case, theorem (4.1) means nothing particular about the structure of E along
S(E) = {z =y = 0}, since the leaf passing through each point p € S(E) consists of
only one point. In the following sections, we consider another type of the triviality of
L along the singular set S(E). In general, however, S(E) is not always smooth, so
we must stratify S(E) to discuss the problem of some local triviality of E along the

singular set.

5 Stratifications of the singular set

Let E be a singular foliation on M. Since the singular set S(E) is analytic, we
can construct the “natural Whitney stratification” of S(E) (for the definition of the
natural Whitney stratification, see (3.4) ). However this is not enough to obtain some
local triviality of £ along each stratum, because the dimension of the leaf of E is not
always constant on each stratum.

Example 5.1  Let f be the holomorphic function on M = C? defined by
flz,y,2) = 2% = y*(y + 2°),
and w the holomorphic 1-form on C? defined by
w=df = 2xds — y(3y + 22%)dy — 2’z dz.

The coherent subsheaf F/(C Qyr) generated by w is integrable since dw = ddf = 0, so
I’ defines a singular foliation on C®. E = F*(C ©y) is generated by the following

three vector fields:

( 0 0

1 = : 232 i 2 TR

on y(3y + >a:17 - a:ay
0 9,
(5.2) Vs b5 (3y + )az
Ve = 27._6._ +l"2'

e e g " Oz 0z
23




L is reduced, and rankE = 2. By (5.2), S(E) = SU) = {2 = yz = y(3y + 22?) = 0}
= {z =y = 0} = {z-axis} and SO = {(0,0,0)}. Since S(E) is non-singular,
S(E) = {z-axis} is the only stratum of the natural Whitney stratification of S(E),

but dim E(p) is not constant on the stratum.

In the above example, in order to get a Whitney stratification such that the leaf
dimension is constant on each stratum, we may separate the bad point (0,0,0) from
the z-axis. In this section we prove that there exists a Whitney stratification of S(E)

such that dim E(p) is constant on each stratum.

Definition 5.3  Let E(C Oyy) be a singular foliation of dimension r on M, and let
S be a stratification of M. We say that S is adapted to E when the leaf dimension of
E 1is constant on each stratum X € S, i.e., for any stratum X € S there is an integer
1 with 0 <1 < r such that X c LY,

Theorem 5.4  Let E be a singular foliation of dimension r on M. Then there exists
a Whitney stratification S which satisfies:

(1) S consists of finitely many strata.
(11) S us adapted to E.

Remark 5.5 FEach stratum of the stratification S in (5.4) is not always connected.
If we need to construct a Whitney stratification S’ which satisfies:

(1) each stratum of S’ is connected
(i1) &’ is adapted to E,

it is sufficient to decompose every stratum of S into its connected component. The
number of strata of $’ may be infinite in general, but it is finite in the case that M is
compact.

Proof of (5.4). We proceed by downward induction, i.e., we show that if we have
already defined a Whitney stratification S which satisfies the two conditions in (5.4)
on Uf:kHL(i) then we can extend it on Ul_, L®). At first, ST~ is closed in M,
so L") = M — SU-1 is a submanifold. Hence we obtain a Whitney stratification
S™ = {L™M} of L) which clearly satisfies the two conditions in (5.4).

Next let £ be an integer with 0 < k < r — 1, and suppose we have already defined a
Whitney stratification S*+1) of Ui—k+1 LY which satisfies the two conditions in (5.4).
Let [ denote the dimension of L) as an analytic set. We define a family of analytic

subsets {V;}_i<i<; (inductively) as follows:

V, = LK)

qucmm(LJ thm>

X eS(k+1)
For each integer with —1 <1 <[ -2,
Viet (if dmViy;<i+1)

=2
Vi=< Clyw K U W(Vis1, Viga — V}'+1)) U ( U W(ViH’X)>
Sy

XeS(k+1)

(if dimViga=i+1),

\ \

where Clpx)( ) denotes the closure in L), (For the definition of W( , ), see
(3.1).) The family {V;}_1<i<: is well-defined since

(5.7) dimV; <

holds for each integer 7 with —1 < ¢ <[ by the definition of V;, and all V; are analytic

since S**1) has only a finite number of strata. Note that we also have V_i=10by
(5.7). For each integer ¢ with —1 <7 < [ — 1, moreover, we have Vi C Viy1 because

Vi1 is closed in L*¥). Thus we obtain a sequence of locally analytic subsets of L(*):

Vo Vet D VWoa T sidacs >V D2 Ve Vi
(5.8) | |
L) 0

Ut

By (5.8),

!
L) = (Vi = Vi)

=0

turns out to be a disjoint union, so we define a partition of |JI_, L) by
(5.9) S® = SED Y Vi= Ve |0 i <1, W =Vl £ 0},

This partition, in fact, gives a Whitney stratification of U_, L) with our two condi-
tions in (5.4). Obviously S®*) satisfies the two conditions in (5.4) by the definition of
S®) in (5.9), so all we have to do is to show that S®*) is a Whitney stratification.
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First, let us check that each V; — Vi_;(# 0) is a submanifold of M. By (3.1) and
(5.6) we have V;_; D X(V;), hence

Vo = Vieg Vo= 2(VW)

holds. Since V; — X(V) is a submanifold of M and V;_; is closed in V;, V; — Vi_, is
also a submanifold.
Next we check the Whitney regularity of S). Take two strata X, Y € S® (X + 4

(Case 1) If X, Y € S®*1 | the Whitney regularity between X and Y holds by the
inductive assumption.

(Case ) TEX ¢ 8% and ¥ ¢ SEH).  x = V- Vi—1 holds for an integer
1 (0 <7 <1). X is a subset of S®* since X is contained in L% and S® is closed in
M, so we have Cly(X) C S®. On the other hand Y € S*+1 implies Y ¢ M — S*)
hence we have Cly(X)NY = 0. Therefore there is no problem about the Whitney

regularity of X over Y.
Next, let p be an arbitrary point in X = V; — V;_;. Then we have

(5.10) p & W(V,Y)
by p € Vi, p € Vi_1 and the definition of V;_;. (3.1) and (5.10) imply

(5.11) p & 5(V3),

(5.12) pg B(Vi-X(Vi),Y).
We can rewrite (5.11) as

(5.13) p €V — (W),

so it turns out that ¥ is Whitney regular at p over V; — X(V;) by (5.12) and (5.13).
Since V; — Vi_; is a submanifold of V; — £(V;), we also find Y to be Whitney regular
at p over V; — V,_1(= X). This implies the Whitney regularity of ¥ over X.

(Case 3) If X, Y & S*+D we can take two integers i, j (0 < 4,7 < 1) such that
X=Vi=Vioyand Y =V, - V;_;. We may assume i < j. First, Y is Whitney regular
over X because (5.6) says that V;_; contains all points in V; at which ¥ (= V;=V;_1) 1s
not Whitney regular over V; — X(V;), so those points cannot remain on V; — V;_; (= X).
In order to check the Whitney regularity of X over Y, it suffices to show

(5.14) CUFCERY a0
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Since V; is closed in L®) by (5.6), we have
CIL(/:)()() C CIL(/:)(VZ') — Vj_l.
Moreover using ¥ = V; — V;_; and ¥ C L®) yields

Clw(X)NY =0,

kSeli (M - L“")) NY =90

b

and on the other hand we can rewrite Clp(X) as
| Clar(X) = (Cla(X)n LW U (Cly(X) N (M — L®))
(5.16)

= Clyw(X) U (Cly(X) n (M - L®)) .

Then (5.14) is an immediate consequence of (5.15) and (5.16).

Q.E.D.

Now we give some examples of singular foliations and observe the stratifications we
mentioned in theorem (5.4).

Example 5.17  Let f be the holomorphic function on M = C? defined by
flz,y,2) = 2(a* - ¢°),
and w the holomorphic 1-form on C® defined by
w =df =2zzdz — 3y’2dy + (2* — y3)dz.

The coherent subsheaf F'(C Q) generated by w is integrable since dw = ddf = 0, so
I defines a singular foliation on C3. E = F%(C ©,,) is generated by the following two
vector fields:

0
Vy = 3y2——— +2a:-a—
oz dy
(5.18) < 9 5
v = 3r— +2y— —6z2— .
* Oz dy 2

\

E 1s reduced, and rankE = 2. By (5.18), =
{z=y=0U{z=2"-3°=0} and S© = {(0,0,0)}. In this case, a Whitney
stratification S of M defined by

S ={M-S(E), X;, X, {0}} ( Xy = i?: =y =0} - {0} )

z=a?-y% =0} — {0}

meets the requirements in theorem (5.4).
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The following example tells us that a Whitney stratification on M which satisfies
(5.4) cannot generally be obtained by adding some strata to the natural Whitney

stratification of S(®.
Example 5.19  Let w be a holomorphic 1-form on M = C? defined by
w=2zz’dzr — 2yzdy + y2dz,

and F'(C ) a coherent subsheaf generated by w. E = F*(C ©p) is generated by

the following two vector fields:

) 0

V1 = y@' +23—~

5.20 g
(5.20) o 5 +$~a
ity e " Oy

E is integrable since [v1,v2] = vy, so F defines a singular foliation on C2. E is reduced,
and rankE = 2. By (5.20), S(E) = SW = {y = zz = 0} = {z-axis} U {z-axis} and
S© = {y = 2 = 0} = {z-axis}. In this situation, a stratification S’ of M defined by

§'={M - 5(E), S(E)-5©, 5}

satisfies the two conditions in theorem (5.4), but this is not a Whitney stratification
(and E is not trivial along S®). A Whitney stratification S of M which meets the

requirements in theorem (5.4) i1s given by

S={M-S(E), X1, X, {0}}

( X = {z-axis} — {0} )
X; = {z-axis} — {0} |

6 Local topological triviality of singular foliations

In this section we examine the local topological triviality of a singular foliation
along its singular set. Let E be a singular foliation on M and S a stratification of
M. For the topological triviality of £ along each stratum in S, it is necessary that
S 1s adapted to E as stated in the preceding section. We consider only stratifications
which is adapted to E hereafter. Note that theorem (5.4) assures that there always
exists a stratification adapted to £ with a stronger condition (Whitney regularity).

To tell the consequence at first, £ is topologically locally trivial along each stratum
in S if § satisfies the “foliated Verdier condition” which will be mentioned later. We
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begin this section by recalling basic concepts to give the precise definition of the local

topological triviality for singular foliations. For more details, see, for example, [GWPL]
pp 41-50.

Definition 6.1  Let X be a submanifold of M. A tubular neighborhood of X is a
triple (T', 7™, p) which satisfies:

(1) T is a neighborhood of X in M.

(1) 7 : T — X is a submersion (with 7|y = idy).

(1) p: T — R is a C*®°-function.

(iv) Let mx : Ny — X denote the normal bundle of X in M, and let Z denote the
image of the zero section of Nx. Then there exist a neighborhood D of Z in Ny
and a diffeomorphism o : D — T such that

D A T

Tx l\D\ /

X

commutes.

(v) Let 7 : Ny — R denote the distance function to Z which is determined by a
Riemannian metric induced on Ny. Then

D foe i 2
Tlx%
R

commutes.

Definition 6.2  Let M be a differentiable manifold of dimension n and A a subset

of M. For a Whitney stratification A of A, we set

A= | ) X (0gign)
XeA
dim X =1




i.e., A' is the union of all strata of dimension i. Each A*(# 0) is an t-dimensional sub-
manifold in M since A is a Whitney stratification. A family of a tubular neighborhood
of each A'(# )

T — {(Ti’ Fi’ pi)}
1s called a tubular neighborhood system of A. A tubular neighborhood system T =
{((T*, =, p')} of A is said to be controlled if for all integers i, j (2 < 7) there exist a
neighborhood U* of A* in T* and a neighborhood U of A7 in T? such that

0<i<n

6.3) on! =7

(6.4) pi om! = pi
hold on U'NU7.

It 1s generally known that every Whitney stratification admits a controlled tubular

neighborhood system.

Now we give the definition of the local topological triviality for singular foliations.

In the following we shall fix a Riemannian metric of M.

Definition 6.5  Let M be a complex manifold of dimension n and E(C Oyp) a
singular foliation on M. Also, let X be a submanifold in M and set | = dimc X.
Suppose X C L® | i.e., the leaf dimension of E is constant on X. E is said to be
topologically locally trivial along X when for any point p € X there exist

(T, m, p) : a tubular neighborhood of X,
U, : a sufficiently small neighborhood of p in M,
D : a small neighborhood around 0 in C™~*,
E' : a singular foliation on D,

h : a homeomorphism from U, onto (X NU,) x D

such that
(i) h(z) = (z, 0) holds for any v € X N U,.

(1) hly,—x transforms the leaves defined by E into the product of X NU, and the
leaves defined by E'.

(iii) Let pry: (X NU,) x D — X denote the natural projection to the first compo-

nent, then

h
U, — (XNU,) xD
W‘k A 1
X

commutes.

Remark 6.6  In this paper we consider only complex analytic foliations, so the
trivialization A : U, — (X NU,) x D is in practice a diffeomorphism.

Next, let us introduce the foliated Verdier condition for a stratification of S(E).
In order to define the condition, it is necessary to refer to the notion of the distance
between two vector subspaces. The distance is generally defined by measuring the
angle between V and W.

Definition 6.7  Let V, W be two vector subspaces of a finite-dimensional inner
product space. We define the distance between V and W by

S(W,V) = sup M, )|
weW L —{0} ]| - [v]]
veV—{0}

where || - || denotes the norm induced by the inner product L o

Note that 6(W, V') is not always equal to §(V, W). Clearly we have S(W,V) e [0,1],

and we can also express §(W, V) as follows:

(W, V)= su inf  sin{{v, w)),
WV)= sup ot sinfo,u)

where ((v,w)) denotes the angle between v and w.
Remark 6.8 It is easy to check that §(W, V) satisfies the following properties.
(i} S(W V=0 "= VEW.

(i) dmV=dimW = §V,W)=6§W,V).
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(1) 6(W,V)=1 <= there exists a non-zero vector v € V such that
(v,w) =0 for all w e W

= VW4 100}

(iv) dimW <dimV = §W,V)=1.

Now, we are ready to define the foliated Verdier condition for a stratification adapted
to £. In the following we identify tangent spaces of nearby points by parallel transla-

tion determined by the Riemannian metric.

Definition 6.9  Let E(C Oy) be a singular foliation on M and let X be a sub-
manifold in M such that X C L i.e., the leaf dimension of £ is constant on X.
Let p be a point in X. We say E satisfies the foliated Verdier condition at p over X
when there exist a tubular neighborhood (T, 7, p) of X, a neighborhood U, around p

contained in T', and a real number X\ > 0 such that
S(E(y), T,X) < A-p(y)

hold for all y € U, — X. If E satisfies the foliated Verdier condition over X at every
point p € X, then E 1is simply said to satisfy the foliated Verdier condition over X .
Moreover, a stratification S adapted to E s called a foliated Verdier stratification if
E satisfies the foliated Verdier condition over all strata X € S.

We have the following “isotopy lemma” for singular foliations.

Theorem 6.10  Let E(C Oy) be a singular foliation of dimension r on M. Suppose
S is a foliated Verdier stratification. Then E is topologically locally trivial along each
stratum X € S.

We introduce here a lemma for the proof of theorem (6.10). This lemma, which is
the most essential part in the proof of (6.10), says that the foliated Verdier condition
assures that any continuous vector field on a stratum X can be “lifted” onto each

stratum sufficiently close to X.

Lemma 6.11  Let E(C Oy) be a singular foliation of dimension r on M and let S
be a foliated Verdier stratification. Let X, Y be two strata of S such that X NY # 0.
Given a real continuous vector field v : X — TX such that v(z) # 0 for allz € X.
Then for any tubular neighborhood (T, w, p) of X, we can construct a continuous
extension £ of v on UNY (where U is a sufficiently small neighborhood of X ) so that
the following conditions are fulfilled:

i
i
i
i
|
it

(i) 7e0é =vorm holdsonUNY.

(1) &(y) € E(y) hold for all y e UNY, i.e., € is tangent to the leaves defined by E
at all pointy in UNY.

(iii) Let {¢; = expt€} be the local I-parameter group of transformations induced by
§. Then for all t sufficiently close to 0 and all point y € U N Y, we have
p(wi(y)) >0, ie., the (local) integral curve containing y does not meet X.

In the proof of this lemma, we use some basic facts about linear algebra. Let V be
a finite-dimensional vector space with an inner product ( |, ), and let V, W be two
vector subspaces of V. Weset K = W N V! and J = WnN K+, and we denote by

prv : V — V the orthogonal projection to V. Then we have the following properties.
(i) prv|; :J — V is injective.
(ii) prvl;:J — V is surjective < V N W+ = {0}.
(1) (W, V) =46(J,V).

Proof of (6.11). Set dimgpX = 2I. We will give below how to determine £(y) for all

point y € Y around a fixed point p € X. Since we may only consider y sufficiently
close to X', we may discuss under the following situation:

U, : a coordinate neighborhood around p |,
(21,...,22:) @ real coordinates on U, such that z(p) = (0,0,...,0)
and X NU, = {Ty41 = T4 = -+ = 29, = 0},
w3 U, — X
(T15 T2y 005 Ton) — (21, @250 .. 5291, 0, 0,..., 0),
e (i — R
(Z1, @3, o0, Tgq) = \/51?21+12 L UG el .
For any point y € U,, the vectors {(%)y (%)y, LB (8;‘92”)1,} form an orthonormal

basis of 7, M. We may also assume that there exists A > 0 such that
(6.12) 6 (E(y), T,X) < A p(y)

hold for all y € U, N Y. For the sake of simplicity, we put ¢ = 7(y).




Let ¢, be the linear map from T, X to T, M defined by

0 d
¢y ((a%z>q) (ami)y (" 17 ) ) Z)a

1.e., ¥y(u) is the parallel displacement of u. Then the vector field n on U, N Y de-
termined by n(y) = ¥,(v(q)) is clearly a continuous extension of v and satisfies the
first and third conditions in (6.11), but does not meet the requirement of the second

condition. So we will modify 7 so that n(y) is tangent to the leaf defined by E at each
Y.
We also define two sub-vector spaces of T,M by
K(y) = Bly)Nker(mlgy) (= E@) 0 (@(T,X))")
J(y) = E(y)nK(y)*.

By (6.12), we have
1
(6.13) §(E(), T,X) < 3
for all y sufficiently close to X, so we may assume (6.13) hold for all y € L T B
Then we have T,X N E(y)* = {0} from (6.8), thus Tuly + J(y) — T,X is a

linear isomorphism. We define here a linear map L, : T,X — T, M, which gives the

modification for 7, by !
Ly = (mly)  —
Then we have
§(E(y), T,X) = 6(J(y), T,X)
= 0(TX, Jly))

su inf  sin{(w, u
weJ(y)p—{O} u€T X —{0} << >>

Il

sup  sin((w, m.(w)))

| weJ(y)—{0}
(6.14) = sup tan{(w, m.(w))) - cos((w, Te(w)))
weJ(y)—{0}
== ey I = by (mu(w)) - cos{(w, m.(w
"ol Ty )
L, (m.(w
=  sup H Sl ))“ - cos((w, m.(w))).

wed(y)—{o}  ||ma(w)]]

Now we define the vector field £(y), which we are asking for, by

) = B (@) + L0(@) (= (mulsy) ™ ((0)))

for all y € U, NY. It is clear that ¢ satisfies (i) and (1) in (6.11), so let us check (iii)
and that £ is a continuous extension of v.

Take a sufficiently small ¢ > 0 and set I = (—¢, &). Suppose that there exists
y € Uy NY such that p(wp:(y)) = 0 for some t € I. Since pleo(y)) = ply) > 0,
we can take a real number #5 # 0 such that p(p:(y)) > 0 for all ¢ € (—1tol, |tol)
and p(@4(y)) = 0. We may assume ¢, > 0. For the sake of simplicity, we put
£(t) = p(u(y)).

Set ©i(y) = (y1(t), y2(2),. .., y2n(t)). Since o, = exp té, we have

2n a
() = Y (1) =—.

Then for all ¢t € (0, ty) we obtain
2n ap

fli dy;

dt(t)! = ; oo 7)) - — (t)(
- yi(t) /
= Y t)
i:%’zl \/.1,/21+1('t)2 Vel yzn(t)2 1

A =4 yZ(t) i
(6.15) " igil o(pi(y) Q

2n yz(t) 2 : 2n y 2
3 \, i:;q (p(sot(y))> \J iz%l 58!

I “ L () (U(W(sot(y)))) “
= | Lo (0(a))]

where ¢; = m(¢4(y)). On the other hand, (6.14) tells us that for all ¥ we have

L, (v ~1
(616)  S(EG).T.X) > | Hv(((](;“))” o <<(7r*|J(y)) (v(q)), v(q)>>,

and the foliated Verdier condition implies

((7el) @), v(@) ) — 0 (as o) —0).
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Moreover we may assume U, is relatively compact, thus

My, = sup |jv(z)|]| < +o0.
reXnU,

Hence (6.16) implies that

lo(o)]
cos {{ (1)) " (0(0)), (@)
2M, - §(E(y), T,X)
< 2AMo - p(y)

|2, (v(0))] < 8(E(y), T,X) -

(6.17)

(VAN

hold for all y € U, NY. By (6.15) and (6.17), we obtain

4

dt(t) < 2AMo - p(pe(y)) = Ao - f(2)

for all ¢ € (0, to). Thus we have —Xg - f(t) < %(t). Integrating the both sides from 0
to ¢, it turns out that

ply) - e < f(2)
hold for all ¢ € (0, ¢o). This contradicts f(to) = 0, thus (iii) in (6.11) holds.

Next let us check the continuity of ¢ constructed above. E induces a non-singular
foliation on Y because S is adapted to E. Hence it is clear that ¢ 1s continuous on
Y by the way of construction. The fact that ¢ is a continuous extension of v is an

immediate consequence of (6.17).

Q.E.D.

Proof of (6.10). Let S be a foliated Verdier stratification. Look upon all strata in S
as real differentiable submanifolds and take a controlled tubular neighborhood system
T = {(T?%, 7%, p*)} of S. Recall that M? denotes the union of all strata of dimension
2t and each (T'%, 7%, p*)is a tubular neighborhood of M?%. Choose a stratum X € S
arbitrarily, and set dimg X = 21.

By the definition of the local topological triviality, it suffices to show that for every
point p € X E is trivial along X on a sufficiently small neighborhood U of p. This is

a local assertion at p, so we may assume

U : a coordinate neighborhood of p contained in 7%,

(Z1,...,Z2,) : real coordinates on U such that z(p) = (0.0 . 8)
and X N = {.’172[+1 =T2l42 = " =Ty = 0}
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Hereafter we argue only on U. By shrinking all 7% (I £ < n), we can take (sufficiently
small) closed disk bundles F'% C T% so that

(6.18) Cly(F*)~F* c |J (M¥%nuU).

I<i<in-1

In order to get a local trivialization A : U — (UNX) x D, it is sufficient to Integrate

continuous vector fields &), &,,..., £y on U such that for every 7 (1 < j < 2l) we have

: 0 .
(1) <7er> g€ = —a—-owy holds on U.

jeit)

(i) &(y) € E(y) hold for all y € U — X, iee., £; 1s tangent to the

6.19 ; :
( ) leaves defined by E at all point y in U — X.
(iii) For any point y € U, the integral curve of §; passing through y
stays in the stratum including y.

We do this work by constructing d%), fgw, ;s 55?” on each M* N U successively for
b 4, ol b art

We define ¢ ¢ . &) on M*NU (=XNU={zap1 =Ta2=-+ =13, =
0}) to be %, 5%, ol a—i—l respectively. It is clear that 591), 55‘"’”, o g §§121) satisfy the

three conditions in (6.19).

Suppose we have already constructed all §§2i), §§2i), - ééfi) which satisfy (i)-(iii) in
(6.19) on each M* N U for I <4 < a—1. In order to define £**), 67, ..., €89 op
M?*NU, we construct them on each T N M2 N[/ (l £2<a—1) and glue the pieces
together by means of a partition of unity on M2 N U.

We may assume that each 7% (| < { < a — 1) is so small that we could apply
lemma (6.11) to M* NU and T% N U. Note that fj(?i) # 0 on M*NU for all 1 with
[ <+ < a-1andfor all j with 1 < j < 2/ because (), o fj(zi) = 5% o 7% holds
on M* N U by the inductive assumption. Thus, applying lemma (6.11), we obtain
continuous extensions 77 of 5](%) on T% N M* N U which satisfy (i)-(iii) in (6.11) for
all 2, jwithl<i1<a—-1,1<75 <2l

Now we define €§2a) on M** NU as follows. First, we set

Q2(a~—1) . T?(a—l) N A/['Za N U,

a—1
Q¥ = (T”— UCIU(FQT”)) NM*NU (fori=a—2,a-3,...,1+1, ).

m=1+1
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Note that {Q* }icica—1 Is an open covering of M?* N U by (6.18). Then glue all n? on
# together by means of a partition of unity on M?* N U subordinate to {Q%} and
define fj to be the resulting vecter field. Let us check below that f ) meets the
three requirements in (6.19) for each ;.

At first, we will show that all n?* (I < k < a—1) satisfy (i). The following equation
holds on Q?%*:

o 2% . 1.2l 2k 2k _ 21 2k 2k 21 (2k) 2k
(%), onf* = (#on™) onf* = (¥) o(x™) onf* = (*) 0&Mon

thus 72* fulfills (i). It is obvious that all n3* satisfy (ii). For (iii), it suffices to show
that if y € Int(F*) N M2 N U then the integral curve of 51(-2‘1) containing y does
not meet M* N U (for every integer 7 with | < i < a — 1). Since F* does not
intersect Q% with I < k <i—1 by the definition of Q%*, f(ga) has been determined
on Int(F%) N M?* N U using only 77 kwith : < k< a—1. Let {(d)%) = exptn; -
and {(apg%))t = gRD tf( } denote the local 1-parameter groups of transformations
respectively. By the construction of 77]» g (l/)f’)t( ) does not meet M?. For each integer
k with 1 < k < a — 1, we have p* = p% o 7% by (6.4). Hence

p¥ o (Y1), (y) = p* o™ o (¥3F),(y) = p¥ o (o) (y) > 0

hold for all ¢ sufficiently close to 0 by the inductive assumption. This implies that
(wf-k)t(y) does not meet M?* for all ¢ sufficiently close to 0, thus (iii) holds.
This completes the induction and the proof of this theorem.

Q.E.D.

Let us close this paper by giving some examples about foliated Verdier stratifications.

Example 6.20  Let vy, v; be holomorphic vector fields on M = C? defined by

i 3 8 . i)
(6.21) J L i T
I G, , 0 9
\ Vp = 2-8_:; — 5; +$y252— ;

Let E(C ©pr) be the coherent subsheaf generated by vy, v;. E is integrable since
[v1, va] = zyv; + T2V, so E defines a singular foliation on C®. The rank of £ is one,

and by (6.21), S(E) = 8 = {y = 2z = 0} = {z-axis}. Set X = {z-axis} and
Y = C° — {z-axis}, then S = {X,Y} gives a foliated Verdier stratification of C3.
Therefore E is topologically locally trivial along X by (6.10).

Example 6.22  Let vy, vz, v3 be holomorphic vector fields on M = C3 defined by

! 0 9,
= 3y*— 2r—
3 Y bz & xay
) 9, J
(6.23) e (i gy nggio
Oy z
0
vz = (2° = y°)=— ——‘23:37(?— :
\ Oz 2

Let E(C Op) be the coherent subsheaf generated by vy, vy, v3. We can easily check
that E is integrable, so £ defines a singular foliation on C3. The rank of E is two, and
by (6.23), S(E)=8W ={az=y2=22—y?=0}={c=y=0}Uu{z =22 —¢3 = 0}
and S© = {z =y = 0}. Set Xi={z=y=0}-{0} and X3 = {z = 22 — 3 =
0} — {0}, then S = {C?> - S(E), X;, X,, {0}} gives a foliated Verdier stratification
of C°. Therefore E is topologically locally trivial along each stratum of S by (6.10).

Example 6.24  Let us recall the singular foliation £ on C® given in (5.19). If
we take the stratification &’ = {C3 - S(E), S(E) - SO, S(O)}, the structure of F
is not trivial at 0 along the strarum S©®. So it is neccesary to separate the bad
point 0 from S© to obtain the local triviality along each stratum. The stratification
§ = {C°-S5(E), X1, X5, {0}} is adapted to E, but this is not a foliated Verdier
stratification (£ does not satisfy the foliated Verdier condition at p = (2,0,0) (z #0)
over X; = {z-axis}—{0}. See the directions of the leaves passing through (2,0,2) € C°
for z € C sufficiently close to 0). We cannot take a foliated Verdier stratification for
this type of singular foliations.
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