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Chapter 1

Introductory Remarks

1.1 Overview

Light will pass through a medium as long as physical properties related with the group
velocity of the wave is uniform in the medium, which are characterized by its permittivity
and permeability.  Whenever there are spatio-temporal discrete variations in the
permittivity and permeability due to the presence of particle or small-scale density
fluctuations, part of the light radiation is scattered in all directions with some frequency
changes. This is the light scattering phenomenon.

The scattering of light exists everywhere around us and is a quite familiar phenomenon.
Hardly ever is light observed directly from its source. Most of the lights we see reach our
eyes in an indirect way. Looking at an object such a tree, or a house, we see diffusely
reflected sunlight. Looking at clouds in the sky, we see scattered sunlight. The blue and
red colors of the sky in the daytime and sunset are caused by the scattering of sunlight by
the air molecules. To give other interesting examples of optical phenomena in the
atmosphere, the rainbow, the glory, the corona, and the halo are due to scattering either by
aerosols, by ice crystals, or by water droplets. The turbidity in liquids or solids results
from the scattering of light in which they are viewed, either by their constituent molecules
or by suspended particles.

The scattering of light is one of the most important and powerful sources to provide
information about the structure and dynamics of a medium. There are two classes of
problems to extract the information from scattered light—the direct scattering problem and
the inverse scattering problem. The direct scattering problem is to calculate theoretically,
to observe experimentally, or to simulate numerically the scattering by a well-defined
system. The inverse scattering problem is to characterize the system from a knowledge of

light scattering obtained by experiment or observation. In the succeeding subsections, we

summarize the development and application of the light scattering along the history of




scattering, classifying the four categories: light scattering formulation by a single particle,

intensity of light scattering, spatial behavior of light scattering, and light propagation and

scattering in random media.

1.1.1  Light scattering by a single particle

The concept of relating light scattering to media dates back to the 19th century when J. B.
Richter reported observations of the phenomenon of light scattering by colloidal gold.
After him, M. Faraday reported an observation of light scattering phenomenon by various
metallic particles in colloidal suspension [1].

The first scientific light scattering experiment was performed by Tyndall in 1869 [2,3],
who observed the natural light scattered by particles whose size was small compared with
the incident wavelength and noticed the appearance of a blush hue in the scattering
radiation. ~ These experimental studies were followed from 1871 onwards by Lord
Rayleigh’s theoretical works [4,5]. He explained the observed color and polarization of
the sunlight scattered in the atmosphere, where he concerned scattering from assemblies of
non-interacting particles sufficiently small compared to the wavelength of light to be
regarded as point-dipole oscillators. In 1881, he also expanded an approximate theory for
particles of any shape and size having a relative refractive index approximately equal to
unity and found that, for non-interacting, non-absorbing, and optically isotropic particles
with sizes very smaller than the wavelength of the incident light, the amount of scattering
should be inversely proportional to the fourth power of the wavelength [6]. The theory of
scattering by particles with sizes very smaller than the wavelength of the incident light is
now known as the Rayleigh scattering after Load Rayleigh’s great contribution. He also
explained the blue color of the sky and the red sunsets as due to the preferential scattering
of blue light by the molecules in the atmosphere [7].

In subsequent papers [8-10], Rayleigh derived the full formula for sphere of arbitrary
size. For these larger particles, there are fixed phase relations between waves scattered
from different points of the same particle, but each scattering element of the particle was

regarded as an independent point-dipole oscillator. Debye made further contributions to

the theory of these large particles and extended the calculations to particles of non-




spherical shape [11]. Gans also contributed to the theory of large particles with the

relative refractive index approximately equal to one [12-14]. The scattering by such a
particle is now referred to as the Rayleigh-Debye scattering or, sometimes, the Rayleigh-
Gans scattering.

The exact solution to the scattering by large particles with the relative refractive index
much larger than one is a formidable and complex problem. There are not only fixed
spatial relations between the scattering elements, there is also a strong dependence of the
electric field amplitude on the position in the particle. Mie [15] and independently Debye
[16] derived the exact solution of this problem only for the case of the sphere on the basis
of the Maxwell’s electromagnetic wave equation. This type of scattering is now referred
to as the Mie scattering.

The scattering theory for a single isolated particle gives a basis of the direct scattering
problem and still opened the way to investigation of scattering for random media. All
above formulae has been well reviewed in major monographs: Light Scattering by small
particles by H. C. van de Hulst [17] and The Scattering of light and Other Electromagnetic
radiation by M. Kerker [18].

History in the subject about light scattering by a single particle was comprehensively

reviewed by Logan [19], Lilienfeld [20], and Kerker [21].

1.1.2  Spatial behavior of the scattered light

In condensed media or whenever the scatterers are close to one another, a detailed
computation of the induced electromagnetic field surrounding a particle becomes very
complex because intermolecular interactions have to be taken into account. The intensity
of scattering by condensed media was less than that predicted by single scattering formula
by more than one order of magnitude. This effect was correctly attributed to the
destructive interference between the wavelets scattered from different molecules.
Smoluchowski [22] and Einstein [23] elegantly overcame this difficulties by considering
the liquid to be a continuous medium and in which thermal fluctuations give rise to local

inhomogeneities and thereby to density and concentration fluctuation, which is known as a

fluctuation theory of light scattering. Moreover, these investigations continue to that on




the temporal behavior of the scattered light though they did not calculate the spectral

profile of the scattered light. ~According to this theory, the intensity of the scattered light
can be calculated from the mean-square magnitude of fluctuations in density on the basis of
the statistical mechanics approach, assumed that the local density fluctuation in
neighboring volume elements could be independent of one another. This theory could
explain the scattering of light from pure liquids and predicted the enormous increase in the
scattered light as the liquid-gas critical point was approach. This theory did not account
for the angular dissymmetry of the strong scattering intensity in opalescent system but it is
remains valid for the scattering angle of forward direction.

Ornstein and Zernike investigated the scattering behavior in opalescent system at the
scattering angles deviated from the forward direction by including the effects of correlation
between fluctuation of neighboring volume elements [24-26]. They showed that the
marked increase of the scattered light in the turbidity of the fluids near the gas-fluid critical
point is a consequence of the fact that the pair-correlation function of the system near its
critical point becomes infinity in the long range. Later, the scattering from a system of
particles whose positions are correlated under a government of the pair-correlation function
was investigated by Zernike and Prins in connection with the theory of X-ray diffraction by
liquids [27].

In foregoing phenomenological theory, no attempt was made to describe the effects of
molecular optical anisotropy on the intensity, angular dependence, and polarization
characteristics of the scattered light. Subsequent works dealt with a molecular theory of
optically anisotropic scatterers [13,14,28]. In 1940s, Debye synthesized the Rayleigh-
Debye scattering and the phenomenological points of view and developed the light
scattering as a method for studying molecular weights, sizes, shapes, and interaction of
molecules in the solution.  This is now known as the molecular light scattering. Today,
light scattering techniques apply successfully in the field of chemist, physics, meteorology,
and biophysics [29].

As one of the interest application of light scattering technique, there is a scattering
phenomenon by fractal aggregates of particles and fractal clusters. The angular intensity

distribution of the small-angle forward scattering from fractal aggregates is given by a

structure factor that is the Fourier transformation of the density-density correlation function




and decreases with an increase of the scattering angle in accordance with a power-law

function, which provides the fractal dimension of the medium [30-32]. Schaefer and
Martin[33] and Weitz et al. [34] measured the dimension of the colloidal aggregates of

small silica particles and the aggregates of gold colloids, respectively.

1.1.3 Temporal behavior of the scattered light

There 1s a development in the studies of the light scattering phenomena in regard to the
influence of the temporal behavior of the thermal fluctuation in the medium. Brillouin
realized that the local density fluctuation in a liquid could be considered as thermally
excited sound waves [35,36]. By retaining the temporal behavior of thermal phonons,
Brillouin reported the first consideration of the spectrum of light scattered from a
condensed medium. The fluctuations that propagated with a velocity give rise to
“doublet” in the frequency distribution of the scattered light that were shifted in frequency
by an amount proportional to the velocity of the fluctuation from the frequency of the
incident light. Mandel’shtam had independently deduced the spectrum of light scattered
by thermal phonons and obtained the frequency shift [37]. This two symmetrical
frequency-shifted components around the unperturbed spectral line (Rayleigh line) are
referred to as the Mondel’shtam-Brillouin doublet.

Gross experimentally observed the Mondel’shtam-Brillouin doublet and the Rayleigh
line in his series of light scattering experiments on liquids [38,39]. Landau and Placzek
theoretically explained the Rayleigh line using the non-propagating local temperature
fluctuation [40]. They also showed that the ratio of the integrated intensity of the central
line to that of the doublet is determined by the heat capacity ratio. A further fine
structural change in the spectrum was founded by Raman in relation to the internal
dynamics of molecules in the scatterers [41]. Though these studies suggest an
applicability of the light scattering to dynamic problems in studying a whole phase of
materials including gases, liquids, and solids, accurate measurements on the spectrum were
quite difficult to be done due to the lack of intense monochromatic light sources and

sufficiently high-resolution spectrometers.

The invention of the laser in early 1960s [42] changed this situation and these




measurements of frequency shift became a major tool for investigating the characteristics

of the medium that contains small particles or small-scale local density fluctuation. In
1964, Pecora showed that the frequency profile of the scattered light was broadened by the
diffusion process of the macromolecules and, under certain conditions, might be used to
study rotational motion and flexing of macromolecules [43]. The half-width at the half-
height of the central peak in the spectral profile is a direct measure of the translational
diffusion coefficient of macromolecules. The first experiment using lasers as the source
of incident light for the investigation of macromolecule solutions was by Cummins, Knable,
and Yeh [44], and that for pure fluids near the critical point was by Ford and Benedek [45].
This method has been used in monitoring the time-dependence of the time-varying
scattered intensity from a medium and measuring the dynamic characteristics of scatterers
from the mid 1970s because of the later successfully determination of molecular weights
and shapes.  This is now referred as to the dynamic light scattering (DLS) [46,47].

The major variation in the DLS occurred in 1971, when Ware and Flygare reported DLS
studies on bovine serum albumin in the static electric field [48,49]. The effect of applied
electric field was to superimpose a constant drift velocity proportional to the
electrophoretic mobility of the species on the random Brownian motion of the charged
particles. The resulting spectrum was composed of peaks that are Doppler-shifted from
the central frequency. This technique is referred to as the Doppler shift spectroscopy
[47].

From an experimental point of view, the new spectroscopic technique called optical-
mixing technique [50,51] contributed to the development of the DLS measurements. The
optical-mixing technique classifies into the heterodyne and the homodyne methods.
These techniques permitted measurements of very small frequency shifts of the scattered
light by macromolecular solutions in diffusion process [44], in fluid flow [52], and pure
fluids near the critical point [45]. Another important technique is the photon correlation
spectroscopy where photons of scattered light are counted to compute the autocorrelation
function, which permits the measurements of the extremely fast phase transition in real
time [53].

The DLS technique has also been used in measurements of the spatial characteristics for

fractal aggregates of particles and fractal clusters. For the fractal aggregates, the first




cumulant of the temporal autocorrelation function becomes a moment of the cluster-size

distribution function and, therefore, DLS can be available to monitoring the time
dependence of the growth process in the aggregation [31,54,55]. Weitz et al. measured
the mean cluster radius of gold colloids with time and found the scaling behavior of it on
time [54]. Feder et al. studied experimentally the aggregation of immunoglobulin

proteins of the IgG type using DLS [55].

1.1.4 Light propagation and scattering in disordered media

The problems of light propagation and scattering in disordered media such as atmosphere,
colloidal suspension, and biological media have become increasingly important in recent
years. These media are, in general, randomly varying in space and time so that the
amplitude and the phase of light may also fluctuate randomly in space and time, thus being
described in the statistical sense. Because of the complexities in the phenomenon of the
light scattering, an exact theoretical analysis of the optical field scattered by random media
does not exist yet. In this section, we summarize the formulations and applications of the
light propagation and scattering in disordered media.

When the particle density is tenuous, the single scattering theory is adequate. In the
approximation called the single scattering approximation, it is assumed that the incident
light from the source reaches the detector after encountering very few particles. The
scattered light is assumed to be produced by a single scattering from a particle and the
multiple scattering is assumed to be negligible. The formulation for this case has already
mentioned in the preceding sections [17,18,46,47] and many applications have been done.
The single scattering approximation is also identical to the Born approximation [56].

As the particle density increases, it is no longer possible to assume that the direct light is
identical to the incident light, the attenuation due to the scattering and absorption along
indirect paths has to be taken into account. The scattered light in this approximation is
that the light is scattered once by a particle and attenuated by scattering and absorption
during propagation along the scattering path. This approximation is referred to as first-

order multiple scattering [57-60].

The two approximations mentioned above become inadequate as the particle density




further increases and the coherent intensity becomes comparable to or less than the

incoherent intensity. The multiple scattering becomes dominant in this situation.
Historically, there are two distinct approaches to describe the light propagation and
scattering in dense disordered media. One is the radiative transfer theory of transport
theory and the other is the multiple scattering theory [61-65].

The transport theory deals directly with the transport of energy through a medium
containing particles but not with the wave equation. Even though diffraction and
interference effects are included in the scattering and absorption phenomena by a single
particle, the transport theory ignores these effects. Assuming with this theory, the
scattered light field is assumed to be formed by the incoherent addition of scattered light
rather than coherent addition since there is no correlation between the scattered fields.
The basic differential equation is called the equation of transfer and is equivalent to be
Maxwell-Boltzmann collision equation used in the kinetic theory of gasses [66] and the
neutron transfer theory [67].  Although the transport theory was developed on the basis of
the incoherent addition of the scattered light, it includes both the field correlation and the
polarization effect via a Stokes matrix [68,69].

When the volume fraction becomes much greater than 1%, the diffusion approximation
to the transport theory gives relatively simple and good solutions. It has been successfully
used in the analysis on the optical fiber oximeter of blood on the assumption that the light
scattered by many particles produces the diffuse intensity, the equation of transfer reduces
to the diffusion equation [70-72]. The diffusion approximation holds only the field
formed in the region far from the boundary and source because of the boundary condition.

The application of the diffusion approximation to the temporal behavior of the multiply
scattered light is called the diffusing wave spectroscopy (DWS) [73-78]. This technique
is an extension of DLS to the dense disordered media and uses the diffusive nature of the
transport of photons. In the DWS theory that the trajectory traveled by an individual
photon is described as a random walk and the temporal fluctuation of the scattered light is
caused by displacements of particles due to the Brownian motion. The temporal
autocorrelation function of the multiply scattered light is determined by a Laplace

transformation of a total path-length distribution. The decreasing behavior of the

temporal correlation function depends on the diffusion coefficient of particles and, thereby,




is able to apply to the measurements of the concentration and the size of the particle. An

important feature is that DWS can probe the particle motion over the length scale of the
scattering medium much shorter than the wavelength of light. Furthermore, Wo et al. and
Bicout et al. extend the DWS technique to probe a velocity profile in liquid flow [79,80].

The other approach to formulate the multiple scattering, the multiple scattering theory, is
originated from the basic differential equations such as the Maxwell’s electromagnetic
wave equation and the scalar wave equation. It is based on the differential of integral
equations for statistical quantities such as a variance and a correlation function. Early
studies on the multiple scattering include those by Ryde [81], Ride and Cooper [82], Foldy
[83], Lax [84], and Synder and Scott [85]. Twersky extended these and obtained the
Twersky’s integral equation [68,69,86-90]. The analytic method based on Feynman
diagram leads to the diagram representation of the Dyson equation for the average field and
the Bethe-Salpeter equation for a correlation function as a kernel [91,92]. This is
mathematically rigorous in the sense that in principle all the multiple scattering, diffraction,
and interference effect can be included though, in practical, it is impossible to obtain
analytically a formation which includes all these effects. The simplest and most useful
approximation of this theory is the first order smoothing approximation. The relationship
between the multiple scattering theory and the radiative transfer theory was investigated by
many scientists and showed that they are equivalent to each other under a certain condition
[68].

In mid 1980, Tsang and Ishimaru [93,94], Albada and Lagendijk [95], and Wolf and
Maret [96] experimentally demonstrated the coherent backscattering effect or the weak-
localization of photons which presented not only a deviation from diffusion approximation
of light but also the precursor to the Anderson localization [93-106]. In the coherent
backscattering effect, an intensity peak in the direction of retroreflection appears in the
angular dependence of the backscattered light in contrast with the angular isotropy in the
multiple scattered light under the diffusion approximation. The multiple scattering theory
successfully explains this phenomenon due to the constructive interference between the
light waves propagating along time-forward and -reversed paths. In the meteorological

point of view, the intensity profile of the coherent backscattering contains the statistical

information about the structure of a scattering medium and permits measurements of the




spatial characteristics of particle distribution.

The main purpose of this dissertation is to reveal spatio-temporal properties of the
coherent backscattering of light from dense disordered media and apply it to measurements
of a fractal aggregate of particles at the high concentration. In the dissertation, an angular
intensity distribution and a temporal autocorrelation function of copolarized and cross-
polarized light distributions backscattered multiply from dense disordered media are
discussed. The investigation is conducted with the numerical simulations, experiments,

and theoretical analyses.

1.2 Organization

The dissertation consists of ten chapters. Chapters 1 and 10 describe the Introductory
Remarks and the Concluding Remarks, respectively.

Chapters 2-5 are concerned with spatio-temporal properties of the coherent
backscattering of light from homogeneously disordered media. In Chapter 2, the basic
theory of light scattering is given as preliminary preparations for the studies in the
subsequent chapters. The theories of static light scattering by a single particle are
discussed based on the Rayleigh scattering and Rayleigh-Debye scattering which is a key
theory in our numerical simulation. Moreover, the coherent backscattering of light and
DWS is explained under the diffusion approximation.

Chapter 3 reveals theoretically and experimentally the angular dependence of an
autocorrelation function of the time-varying intensity fluctuation backscattered multiply
from a dense disordered medium. The theory is derived under the framework of a
diffusion approximation by renormalizing the coherent interference effect to the path-
length distribution function. A comparison between the theoretical and experimental
results is carried out by changing the diameter of scattering particles.

In chapter 4, the angular polarization dependence of the autocorrelation function of the
multiply-backscattered intensity fluctuations is investigated by means of a Monte-Carlo
simulation.  The algorithm of the simulation is built on the basis of the Rayleigh-Debye

scattering theory, which enable us to analyze the dependence of temporal statistics on the

polarization and the particle size. A comparison of the numerical results with the




experimental ones and the diffusive transport theory gives qualitative discussions about the

influence of coherent backscattering on temporal features of the multiply backscattered
light. It makes clear the limitations of simulations and the diffusion approximation in the
theory.

Chapters 5-9 are concerned with spatio-temporal properties of coherent backscattering of
light from a fractal aggregate of particles. In Chapter 5, a free path-length distribution
function (FPDF) of the multiply backscattered light is theoretically derived for the fractal

aggregate of particles. An effective mean free path-length ¢ is newly introduced as a

measure of randomness from the analogy of mean free path-length ¢ for the
homogeneously random medium.  The validity of the FPDF is confirmed by
demonstrating agreement between the dimensions of media designed for particle
distributions generated by a random walk following the FPDF and estimated by using a
radius-gyration method. Moreover, the FPDF is applied to Monte Carlo simulations for
the copolarized light backscattered multiply from the fractal aggregate of particles. As a
result, the validity of the fractal model as the spatial structure of the particle aggregation
and the applicability of the derived FPDF to the numerical simulation are confirmed from
the results.

The polarized peak intensity distribution backscattered multiply from the fractal
aggregate of particles is numerically investigated using Monte Carlo simulations in Chapter

6. It is confirmed only for the copolarized intensity component that an effective mean
free path-length 7, defined for a fractal medium has the same physical meaning as a mean

free path-length ¢/ for a homogeneously random medium. The spatial structure in the
polarized peak intensity distribution of coherent backscattering of light is discussed on the
basis of the two-dimensional Fourier transform relation between the peak intensity
distributions in the far-field and the boundary planes. Finally, the empirical formulae of
the decreasing slope in the copolarized and cross-polarized peak intensity distributions of
the backscattering enhancement with relation to the fractal dimension are obtained from the
results of the Monte-Carlo simulations.

In chapter 7, the copolarized and cross-polarized peak intensity distributions

backscattered multiply from aggregated and non-aggregated particles in colloidal




suspension are experimentally studied. The decreasing behavior of the enhanced

backscattering of light is studied by following the aggregation process of particles in the
suspension. The dimensions of media are estimated by applying the decreasing slope of
the peak intensity distributions to the empirical formulae obtained in Chapter 6. The
relation between the estimated dimensions and the spatial structure of the particle
aggregation is discussed to clarify the information that they possess. The dependence of
the decreasing behavior in the intensity distribution on the absorption of suspensions is also
investigated, and shows that these remarkable properties are independent of absorption in
the colloidal suspension. As a result, the spatial properties of the intensity enhancement
phenomenon show the ability to watch the aggregation process of particles and to estimate
the dimension for dense media.

Chapter 8 devotes the investigation on the temporal autocorrelation function of time-
varying intensity fluctuations backscattered multiply from the fractal aggregate of particles
under Brownian motions in absorbent media by means of the Monte-Carlo simulation.
Discussions are given with relation to the scattering-order distribution function to compare
the simulations with the diffusion approximation.  Angular dependence of the

autocorrelation function on the dimension and the absorption of the medium are clarified.

Chapter 9 is concerned with a study on the temporal autocorrelation function of time-
varying intensity fluctuation backscattered multiply from a cluster-cluster structure on the
basis of the results obtained in the preceding chapter. The cluster-cluster structure in the
fractal medium is replaced with a polydisperse random medium by renormalizing clusters
to particles with different sizes. As the particle size-distribution, a simple summation of
particles with two radii, a Gaussian function, and a power law function are used in the
numerical simulations. The investigation is carried out about how the cluster-cluster
structure affects a decreasing rate of the peak intensity distribution and a relaxation time in
the autocorrelation function of the time-varying intensity. As a result, it is concluded that
the temporal autocorrelation function of the time-varying light intensity scattered multiply
from the cluster-cluster structure is applicable to measure the average cluster size of the
particle aggregations.

In Chapter 10, this dissertation concludes by surveying the main results obtained in

every chapter.




Chapter 2

Theoretical Basis

2.1 Single scattering

This section is concerned with the detail descriptions of the Rayleigh and Rayleigh-Debye
scattering theories. The Rayleigh scattering theory contains the important concept of the
radiation from an electric dipole oscillator, which gives the basis of the Rayleigh-Debye
scattering theory. The Rayleigh-Debye scattering theory adopted in the numerical
simulation has advantages in applicability to the light scattering by a particle with arbitrary
shape and in simplicity of description on the polarization though it is restricted in the

relation between the size and the relative refractive index of the particle.

2.1.1 Rayleigh scattering theory

[lluminating by a linearly polarized light, a dielectric particle electrically polarizes due to
the displacements of electrons in the particle. Assumed that the particle is much smaller
than the wavelength of light, the instantaneous electromagnetic field induced by the
incident light is uniform inside the particle and only the electric phenomenon is effective,
thus the particle being simply considered as an electric dipole.

The internal electric field E generated by applying external electric field E is parallel to
the external electric field and given by

3E, :
b= (2.1
€28,

where £ and & are permittivities of the particle and the external medium, respectively.
Outside the particle, the field is composed of the incident electric field, which an electric

dipole generates. If the particle is assumed to be optically isotropic, the induced electric

dipole in the particle also is parallel to the external electric field and the dipole moment is




given by

P =4re, ok, , (2.2)

where o denotes the polarizability of the particle. For the case of the spherical particle
with the radius a, the polarizability o is expressed as

€ —&, 3

= g . {2.3)

X EF2E,
If the incident light oscillates harmonically at an angular frequency @, the induced
electrical dipole follows synchronously so that
Pe’® =dre.dE ', (2.4)
where ¢ denotes time and exponential factor describes the time-dependent factor. An
oscillating electric dipole radiates electromagnetic wave in all directions as the scattered
light.
According to the electromagnetic theory [107], the electric field of radiation by the

oscillating electric dipole at the origin is given as

E(r):—ex—p@kxkxP (2!
" Are,r

Do
@)}
N

at a position r far away from the origin, where k denotes the wave vector and time
dependence is dropped. By substituting Eq. (2.2) to Eq. (2.5), the relation between

incident and the scattered electric field is obtained as

Eﬁ,(r):-“e—x‘:(’k—r)k xkxE,. (2.6)

The expression in terms of intensities of incident and scattered light, Iy and I, is given by

taking square of both sides in Eq. (2.6) as

K"
I = f8in” v, (e 1)

s 3

where y denotes the angle measured from the scattering direction to the dipole axis.
Moreover, the integration of the scattered light over whole solid angle leads the scattering

Cross section,

C..=—nk'lof. (2.8)

Equation (2.7) shows that the amount of scattering is inversely proportional to the forth




power of wavelength for the case that the single scattering is dominant, which causes the

blue sky or the red sunset. On the other hand, Eq. (2.5) means that the polarization of
scattered light can be simply calculated from the incident polarization and the scattered

direction.
2.1.2 Rayleigh-Debye scattering theory

The Rayleigh-Debye scattering theory is valid for the particles satisfying the assumption:

(a) The relative refractive index, m, is close to 1: | m — 1 E a7
(b) The phase shift is small : 2ka | m—-1] < 1.

Here a is a dimension of the particle. For spherical particle, a denotes the radius. There
is a restriction on the size of particles with a given refractive index and, however, this
restriction is not as severe as that of Rayleigh scattering theory.

The concept of the Rayleigh-Debye scattering is that the each volume element in the
scattering particle gives rise to the Rayleigh scattering independently of the other volume
clement. Because the field inside the particle may be approximated by the incident field
under the conditions (a) and (b), each volume element is illuminated by the incident beam
and the scattered light from it leaves the particle without any scattering by others.
However, the light waves scattered in a given direction by all volume elements interfere
because of different paths that scattered light propagate along.

To show that the mathematical expression of the Rayleigh-Debye scattering theory, the
polarizability o’ =a/V per unit volume is introduced since it is proportional to the
volume of a particle V. The Rayleigh scattering by a volume element dV is expressed as

_aexplikr)

v

E.lr)= kxkxE,dV . (2.9)

Taking the interference effect into account, the Rayleigh-Debye scattering is given as

E. (r):—f o' explikr)explio ©.¢,r)] xkxE,dV, (2.10)
Vv

r

where o (H,Q),r'), 6, ¢ ,and r’denote the relative phase difference, the zenith angle of the

scattered direction, the azimuth angle of the scattered direction, and the position in the




particle, respectively.  This integration over the particle reduces to

_a'Vexplikr)

E (r)= kxkxE, R(6,9) (2.11)

I

by using new function known as a form factor,
] ,
R(6.0)= ;jexp[iﬁ 6.9.r) V. (2.12)
vV

Equation (2.11) demonstrates that the Rayleigh-Debye scattering theory brings an angular
dependence into the Rayleigh scattering theory by the form factor R(6 ,¢ ) and, still, retains
the simplicity in polarization of the scattered light. These are the reason why we adopt
the Rayleigh-Debye scattering theory in our numerical simulator.

Figure 2.1 show a geometry to calculate the form factor, where O and the vector OP
being an arbitrary origin r, respectively. n and m are defined as the unit vectors in the
direction for the incident light and for the scattered light, respectively. The path from the
infinitely distant source to P is longer by r-n than the path to O. The path from P to the
infinitely distant detector is shorter by r-m than the path from O. The phase lag of light
scattered at P over the light scattered at O is found by adding the two effects and multiply
bykand 6 =kr -(m—n).

Fig. 2.1 A geometry of the Rayleigh-Debye scattering. m and n denote the directions of the

incident and scattered light, respectively.




The vector m — n has the length 2sin(6 /2) along the bisectrix of the directions of m and

-n. In Fig. 2.1, the bisectrix of ZAOB is OQ. The plane brought through P

perpendicular to this bisectrix cuts it at Q so that OQ= b. All points in this plane have
same phase shift of 6 =kb2sin(6/2). This suggests an integration by means of slice
perpendicular to the bisectrix. If each slice has an area S(b) and a thickness db, the phase

function reduces to the analytical form as
R(9,¢)=é—J.S(ID)exp[iZklasin(B/2)]a’b. (2.13)

For the spherical particle with the radius a, it is ready to calculate the phase function by

substituting x = ka, b = za, u = 2xsin(0 /2), and d = zu to Eq. (2.13). Then, the slice has a

thickness adz and a radius a+/1—z” so that the phase function is obtained as
! o
R(9,¢): —\/—j exp(izu)?ta“ (l i A )a dz =G(u), (2.14)

where
30 B or )" _
G(u):—Jcoszu~(I—z )a'z:—;(smu—ucosu): el (et (). (2.15)
2 Jo u 2u %

This phase function is used in our simulation to determine the scattered direction of light at

the scattering event.
2.2  Multiple scattering

The light propagation in the disordered medium is dealt with the radiative transfer theory
which regards the propagation of the light wave as the transport of the light energy [108].
When the volume density of the disordered medium is much grater than 1%, the
propagation of light is fully randomized by many scattering events and the transport of the
light energy becomes diffusive as the thermal diffusion. This is known as the diffusion
approximation of light.

Let us consider a specific intensity I(r,§), which is the average power flow density in a

given direction defined by a unit vector § within a unit frequency band centered at

frequency v within a unit solid angle, to be incident to a cylindrical elementary volume
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Fig. 2.2 Propagation of specific intensity upon the volume ds in the direction s and scattering of the

specific intensity upon the volume ds from the direction s” into the direction s.

with a unit cross section and length ds, as shown in Fig. 2.2.  The volume ds contains p ds
particles where p is the number of particles in a unit volume and is called the number
density. Each particle absorbs the power o ,I and scatters the powero I. Therefore,
the specific intensity decreases by

dl(r,§)=—pds(c, +o )I(r.§)=—pdso I(r,5) (2.16)
for the volume ds. At the same time, the specific intensity increases because a portion of
the specific intensity I(r,§") incident to the volume from other directions §” is scattered
into the direction § and added to the specific intensity I(r,§). The scattered specific

intensity in the direction § due to the incident specific intensity 7(r,§) is expressed as

O (5,8 (r,§ Mo’ (2.17)
4r

in terms of a phase function p(s,§’) of a single particle. Summing up the incident
specific intensity from all directions §”, the specific intensity scattered into direction §

by p ds particles in the volume ds is given by

B g f (8,88 e’ (2.18)
4

T
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where the integration over all @’ is taken to include the contributions from all directions

AL

s'. The total contributions of Eq. (2.16) and Eq. (2.18), the equation of transfer, is
obtained as

I(r,$)

div[I(r,§)§]=§-gradI(r,$)= :
1Y

:—pG,[(r,§)+i—(;’ j P88 e’ (2.19)
4

r
In Eq. (2.19), it is assumed that no quantum-mechanical emission occurs.

The total intensity I can be divided into the reduced incident intensity 7, and the
diffusion intensity /;, which are the no-scattered and scattered components, respectively.
The reduced incident intensity decreases due to scattering and absorption and satisfies the
equation

Iri(r"e)

ds

=-po,l (r,§). (2.20)

Since the total intensity I(r,§)=1,(r.8")+1,(r,§’) satisfies Eq. (2.19), the diffuse

intensity satisfies the equation

LS o1, ) 2% [ e, e e, (), 221)
S 47[ 4

where &, (r,§) is the equivalent source function

g (r.8)= ’1 Z J; p($,8) . (r.§ Yo’ (2.22)

generated by the reduced incident intensity.
The integration of Eq. (2.21) over all 4r of solid angle leads to the conservation of
energy
divF,(r)=-po,cU,({r)+ po.cU, (r), (2.23)
where F(r) and U(r) denote the flux density vector and the energy density at a point r

and are given by

F(r)= J.I(r,§)§a'a) (2.24)
and
U(r):lJ'I(r,f)dw, (2.25)
C Jar

respectively. Equation (2.23) physically means that the outflow of the flux of diffuse




intensity per unit volume is equal to the energy of the reduced incident intensity scattered

in unit volume minus the energy of the diffuse intensity absorbed in unit volume.

At this stage, it is assumed that the diffuse intensity encounters many particles so that it
is scattered almost uniformly in all directions and its angular distribution is almost uniform,
which is called the diffusion approximation. However, the angular distribution can not be
constant because 1if it were constant, the flux would be zero and there would be no net
energy propagation. Therefore, the diffuse intensity should have slightly more magnitude

in the direction of the net flux flow than in the backward direction and is approximated by

I,(r.§)=—U,(r)+CF,(r) s, (2.26)

c
4r
where C denotes a constant. The constant C can be determined by noting that

F,(r)=F,(r)§, =J‘ 1,(r.§)5§,do, 227
4 '

where F, (r) and §, denote the magnitude and direction of F, (r). Substituting Eq.

(2.26) into Eq. (2.27), C =3/4r is obtained and, therefore, the diffusion approximation for
the diffuse intensity is given by

I, (r,s):—;;Ud (r)+EF(, (r)-§. (2.28)

Equation (2.28) may be regarded as the first two terms of a Taylor’s expansion of I; in

terms of the powers of §-§f and, therefore, the second term of Eq. (2.28) must be

considerably smaller the first term: cU ,(r)>> \F ? (r )l

Substitution of Eq. (2.28) into Eq. (2.21) leads to the equation of transfer under the

diffusion approximation as

1 ”\ i A A
d(r's): & s-gradU(,+iS'grad(Fd's)
dS 47[ 47[
: ' ' (2.29)
< o} n O ¢C IPO
:_pa,cUd_ P ’Fd~s+£~an+ PO,
A1 4r an e

Frl §pl +81‘i

where p, is given by

5. 2 j Sy B (2.30)
4

T

Equation (2.29) presents the averaged forward scattering minus the averaged backward

scattering of a single particle. In the derivation of Eq. (2.29), it is also assumed that the




phase function p($,§”) is only a function of the angle between § and §”.

The integration of Eq. (2.29) multiplied by § over all 47 solid angle derives a equation

LA S). C 3po 3 e

f ‘—’(—)Sda)_—_—gradU(,(r):— £ (1-p,)F, (r)+—fg,_,(r,s)sda), (2.31)
b LS ar 4r 41 Jar

which is relates to the conservation of momentum because the left side means the average

increase of energy flux density vector over all directions at a point r and

ener
momentum = £y ’

C

The quantity o, (1— p,) presents the cross section of isotropicically scattered component

and 1s called the transport cross section o Physically, Eq. (2.31) means that the

R
momentum of diffuse intensity decreases due to the isotropic scattering and the absorption
and increases the anisotropic scattering of reduced incident intensity.

Equation (2.23) gives div F, in terms of U, and equation (2.31) gives grad Uy in terms of
F,. Therefore, Fy can be eliminated from these two equations by taking F, from Eq.
(2.31) and substituting it into Eq. (2.23). As a result, the differential equation for the
energy density U, of the diffuse intensity is obtained as

DVU,(r)-—U,(r)=S(r) (2.32)

in terms of diffusion coefficient D =/"c/3, the absorption length 7 =1/po, , the free
path-length ¢ =1/po , the transport mean free path-length /" =1/po, , and the source

function due to the reduced incident intensity
S6)=-SU, )+ 0V [e, 8K do. 2.33)
g 4

Equation (2.32) is the fundamental static diffusion equation for the averaged diffuse
intensity and means that the propagation of the diffuse intensity becomes diffusive in a
dense disordered medium similarly to the thermal diffusion.

In the preceding discussion, it is assumed that the specific intensity, flux density, and

energy density are static, whereas they vary in time in practical cases. In the situation, the

conservation of energy expressed in Eq. (2.23) must be modified and, then, is given by

_dU, (r,1)
ot

divF,(r,t)= —po,cU,(r,t)+po.cU, (r1), (2.34)




where the first term shows a decrease of the energy density of the diffuse intensity at a

point r and a time ¢ due to the variation of the energy density in time. Therefore, the
diffusion equation shown in Eq. (2.32) is also modified as
s

f L S o L
¢ ot

a

DV?U ,(r.t)~ =S(r,1), (2.35)

which is the time-dependent diffusion equation.
Once the energy density is found by solving the diffusion equation under the appropriate
boundary condition, the flux density and the diffuse intensity are calculated from Eq. (2.31)

and Eq. (2.28) as

F, (r,t)=-DVU,(r,1) (2.36)
and
‘ 3
1,(r.8.0)=——U,(r.t)-—DIVU,(r.1)§, (2.37)
4r 4r
respectively.

The boundary condition for the diffuse intensity I, is that there should be no diffuse

intensity at the surface entering the medium from out side:

n

medium

Fig. 2.3 Geometry showing the directions s and i for the boundary condition

I e d)=0 (2.38)




when it is pointed inward, as shown in Fig. 2.3. However, According to the diffusion

approximation, the diffuse intensity has a simple angular distribution given by Eq. (2.28)
and the diffusion approximation is given in terms of a single scalar function U;. Thereby,
the boundary condition can not be satisfied exactly and some approximate boundary
condition must be considered. One such approximation is the condition at a surface the

total diffuse flux directed inward must be zero:

J/d (r.$Xs-A)w =0, (2.39)
2%

T
where 7 is a unit vector normally directed inward and the integration is performed over 27
solid angle in the hemisphere §-7>0. The boundary condition given by Eq. (2.39) can
be expressed in terms of only energy density of the diffuse light as

gyt

%U‘,(r,t) : VU, (1) n=0. (2.40)

2.2.1 Temporal correlation function

The diffusion approximation of light permits the theoretical analysis of the temporal
dependence of intensity fluctuation scattered multiply from dense disordered medium
though it can not apply to the spatial dependence of fluctuation, that is referred to as
speckle.

The temporal fluctuation of the scattered light is characterized by the normalized

temporal autocorrelation function,

(E@)E"(0))

()= (2.41)

(=or)

where E(7) and 7 denote the electric field of the scattered light and the delay time,

respectively. To calculate y(7), a single light path through the medium is first considered

as shown in Fig 2.4. For a given sequence of scattering events at positions r,,...,r, and

with corresponding successive wave vector transfer ¢, =k, —k., , the product of the

scattered electric fields at times 7 and O is given as




E" @)E™ (0)=|E" Ofexpy /) K, -lr (1) —r,(x)]

x|E™ (ojexp{jZk, r., ) —r (0)]} (2.42)

:'E"”(Ofexp qui Ar(7) |,

where Ar, (7)=r,(7)—r,(0) denotes the distance that the i-the particle moves in a time .

Assuming that the fields propagating along different paths are added incoherently, the
average contribution to the normalized autocorrelation function of all paths with the order
nis

(E® (£)E™ (0)) = 1,P(n) Hexp[jq, Ar(0)]). (2.43)

1

In Eq. (2.43), P(n) is the fraction of the total scattered intensity I, in the n-th order paths
and <> denotes the average operation over both the particle displacement Ar(7) and
the distribution of the scattering vector ¢.  Under the assumption that successive scattering

events are uncorrected and particles displace due to Brownian motion, the average over the

particle displacement Ar(7) in Eq. (2.43) yields

N’

Fig. 2.4 A schematic illustration of a path that light propagates along. The positions of scatterers and
wave vectors of the scattered light are labeled as ry, ro,...., r,.1, r, and ky, ko,.... k.1, k,. ko denotes the

wave vector of the incident light.




n

g <Ar3 (T )>
6

<E“”(f)E“”* (O)>:I()P(zz) exp| — (2.44)

g

where < : '>(, denotes the average operation over the distribution of the scattering vector g.

For the simple diffusion,<Ar2(T)>:6DpT, where D, being the diffusion coefficient of
particles. The average over the distribution of the scattering vector g yields

(E” @)E" 0) = 1,P(n)expl-{g*)D,n1] (2.45)

with the first term of the cumulant expansion. In Eq. (2.45), <q2> means the average

over the scattering angle and is given as 2k*//¢" in terms of the mean free path-leneth /
g ang g p g

and transport mean free path-length /. The simple expression for the contribution of

the n-th order scattering path to the autocorrelation function is obtained as

(E®@)E™ (0)) = IoP(n)exp[— TZT: n ] AZ-E)
0

where 7, = l/Dpk2 .

The total field autocorrelation function y(7) is obtained by summing over the scattering

paths of all orders as

T(),

Y(T) = Zp(n)exp[— 21; n]. (2.47)

n=I
Taking the replacement of path-length s=n/ and approximating the sum over n by

integral over s, the temporal autocorrelation function is finally formulated as

’}/(T):J p(s)exp - 2T* s ds, (2.48)
- Lok

where p(s) means the path-length distribution function of light. Eq. (2.48) shows that

the temporal autocorrelation function of the multiply scattered light is described as a

Laplace transform of the path-length distribution function which is obtained from the

solution of the diffusion equation under the appropriate boundary condition.




2.2.2 Coherent backscattering of light

The intensity of light backscattered multiply from dense disordered media does not
distribute uniformly and gives rise to an intensity peak in the direction of retroreflection.
This is known as the coherent backscattering of light or weak localization of photons.  Fig.
2.5 shows intensity distributions of the backscattered light from suspended polystyrene
latex spheres. The radiative transport theory of light can not explain this phenomenon.
The mechanism of coherent backscattering of light and the method to renormalize it into
diffusion approximation are taken into consideration.

Figure 2.6 shows a schematic illustration of two light paths. Both light have the same
frequency. The light along the path A has the electric field A;,. with wave vector ;.-

After n scattering events at positions r,,...,r, and with corresponding successive wave
vector transfer g, =k, —k,_,, the light emerges with electric field A; and wave vector ky;.

The light along the path B with electric field Bj,. and wave vector kg, propagates in the

WWWW

(a) (b)

Fig. 2.5 Typical intensity distributions of multiply backscattered light under the influence of enhanced
backscattering for (a) copolarized component and (b) cross-polarized component. The graphs below
the pictures show the corresponding intensity distributions along the line through the direction of

retroreflection.




inverse order along the same path and emerges with electric field By and wave kg  Then,

the electric fields A and Brare given by

A, = A Guexpd jl K - (r =R+ Ky, - (ry =1, )+ Zk, (r., -r) (2.49)
and

B, =B, G, exp{ jl ky, -(r, = Ry )+ky - (r — 1)+ Z— k-(r-r. )b, (250

respectively, where G4 and Gp denote Green’s functions.

When the coherent plane wave is incident to the medium and the scattered light is
detected in far field, Ay =Binc, Kine= kainc= kpine, and ky= ksr= kps are hold.  Supposing that
Ga = Gp,

A ,
= exp{jlk,, +k,) (r—r’)}, (2.51)

0

-
-
-
- -
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-

Ao

=

Binc

Fig. 2.6 A schematic illustration of two paths, A and B. The positions of scatterers and wave vectors
of the scattered light are labeled as ry, r,...., 1,1, r, and ky, ka,...., k.., k,, respectively. The light
propagating along path A is incident with the electric field A;,. and the wave vector ky;,. and emerges
with the electric field A; and the wave vector k. The light propagating along path B is likewise
incident with the electric field B;,. and the wave vector kg, and emerges with the electric field B, and

the wave vector k.




in terms ofr =r, and r’=r, . Equation (2.51) means that the light waves along the paths

A and B are coherent and interfere with each other in the direction of retroreflection k, =

—kine. Therefore, the intensity of light has to be added coherently and is given as

(4,+B,)A. +B.)=|A| +|B,|' +A,B; + A’B,
=2|A | {1+ Reexplj(k,, +k,)-(r—r)]} (2.52)
= 2‘AU z{1 + cos[(k,.m, +k, ) (r -—r')]}.

Inside the brackets, the first term is equal to the intensity added incoherently and the
second term shows the interference between light waves propagating along time-forward
and —reversed paths, which are referred to as the incoherent component and the coherent
component, respectively. Equation (2.52) demonstrates that the intensity in the direction
of retroreflection is twice compared with the incoherent component and the coherent
component decreases with an increase of the backscattering angle. It is called the
coherent backscattering effect.

The above explanation considers the contributions of only two paths. Taking the all
contributions of the intensity of light wave backscattered from the medium, the probability
density p(r,r”), which the light is incident at position r and emerges at position r”, have to
be calculated because equation (2.52) depends on r —r’. The normalized intensity of the

backscattered light is given by the configuration average as

71— = J.p(r,r'){l +cos|(k, +k, ) (r—r")[drdr’, (2.53)

where ;. denotes the intensity of the incoherent component. Using the diffusion
approximation, p(r,r’) can be obtained from the diffusion equation and the appropriate

boundary condition.

2.3 Numerical analysis of multiple scattering

2.3.1 Method of ray tracing

The light propagating in a medium undergoes successive scattering events from n particles

located at r,,r,,--r,, thus generating the scattered lights with wave vectors k, .k, -k, at
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Scattering coodinate system
X7 Py

Z, 7 K,

Fig. 2.7 Coordinate systems defined in the simulation.

every event. The scattering geometry is shown in Fig.2.7, where two different Cartesian

coordinate systems are defined for the absolute coordinates (X,Y,Z) and the m-th
scattering coordinates (x »Y.-Z, ). The absolute coordinate system is defined in a XY
plane between a scattering medium and surroundings. In this case, an origin is located at

the entrance position of the incident light with the wave vector k, and the polarization P,
and Z and X axes coincide with k, and P, respectively. The scattering coordinate
system is defined with an origin at the m-th scattering point corresponding to the last
and

scattering event. In this system, z,, and x,, axes coincide with the wave vector k

m—1

the polarization P

m—17?

respectively. After undergoing n scattering events, the scattered

light emerges from the medium at the point of r, =(X,,Y,,Z ) with the wave vector k

The Monte Carlo simulations are conducted by tracing all scattering events and paths.
The propagation of the light is simulated by generating the random numbers of the distance
between the successive particles and the scattering angle at the event following a free path-
length distribution function and a Rayleigh-Debye scattering phase function, respectively.
The distance vector r between the successive scattering events is distributed following a

free path-length distribution function as

p(r)-: lexp ——;: (2.54)




In simulations, a random number r, following Eq.(2.54) is generated by means of the

transformation method[109]:

u, = jl;)(r)l'r/ﬁ)(r)lr (2.55)
0 0

where u, 1s a random real number distributed uniformly in [0,1].

A zenith angle 6, and an azimuth angle ¢ of a scattered direction at the m-th

scattering event obey a probability density functions which are given in the Rayleigh-

Debye scattering theory as the phase functions of

p(B)e< (sin qa—qcosqa)z/q(’a(’ (2.56)
and

p(¢)xsin29sin2¢+cosz¢, (2.57)

In simulations, the zenith angle

respectively, where ¢ =2ksin(6/2) and k :’k,( =k, |

6, and the azimuth angle ¢ at the m-th scattering event are generated as random real

m m

numbers distributed in the interval [0,r] and [0,27] using the transformation method

defined as

fp(@ )sin@ d6

0

rp(@ )sin@ d6

0

= (2.58)

and

[p0)as

Ll¢ :T———’ (259)
[ po)ao

0

where u, and U, denote random real numbers distributed uniformly in [0, 1].

In the Rayleigh-Debye scattering theory, the scattering produces a sequence of rotation




of the polarization vector. When the last scattered wave with the polarization P, , is

incident to the m-th particle, the polarization P, radiated from the m-th scattering event is

given by

‘Pm - _km X (km X Pnhl ) S(km )P

m-—1"*

I

(2.60)

After undergoing n scattering events, the scattered light emerges from the medium at the

location of r, with the wave vector k,. The final polarization vectors P, is obtained

as
Pﬂ,f :Sﬂ]’Pi:HSiPi’ (2'61)
i=l

where the scattering matrix for the final polarization with the n-th scattering order is

defined as

SXXn SXYn SXZn
S = S S Sz (2.62)
S ZXn SZYH Z7n

In Eq.(2.62), Syv denotes an amplitude component whose polarization is transformed from
the positive-V direction to the positive-U direction. In simulations, the direction and the
polarization of the scattered wave at each event are determined in the scattering coordinate
system. On the other hand, a product of polarization matrices is estimated in the absolute

coordinate system after taking the transform of the coordinates.

2.3.2 Coherent backscattering of light

The intensity is detected by changing the detecting position on the X axis of the
observation plane, thus the intensity distribution as a function of the backscattering angle
being obtained. In addition, the copolarized and cross-polarized components of the light

intensity scattered along the path with the nth scattering order are observed through an

analyzer placed in parallel with and perpendicular to direction of the polarization of light




incident onto the medium, respectively. Under such a consideration, the copolarized and

cross-polarized components of the scattered light are formulated as

I
nXf nXr (’I =t 1)
= Ian i 1'1)'/
Im'u e I 4T (263)
M'-(1 +T, cos® ) (n#1)
I)IXf e In)_’/‘
and
o ol
Loy =——"(1+T,, cos®, ), (2.64)
Ian' + ]n Yf

respectively, where @ = k60X denotes the phase difference due to the distance X between

the incident and emerging points. Two pair of the two intensities of I, and I, and

I, and I, are obtained by
Lo =(S,y cosf+S,, sin@);’ (2.65)
I, =(S,, cos@+S,,sinf)
and
L 8
{ nYf (SYX )2 ; (266)
InYr o= (SXY )

respectively, and the total intensity propagating in the forward direction is defined by
[n_f = SanX * SnzYX i (267)

In Egs. (2.63) and (2.64), I, and I, indicate degrees of the correlation between the

waves propagating in time-forward and -reversed directions and are defined as

S T
- nXf © nX (268)

IﬂnX 3
Ian tH 1)1Xr

and




.4

nYf = nYr

e 209
; , (2.69)

nY
nYf Vi ]n Yr

respectively.
The total intensities of the multiply backscattered light are given by adding contributions
of all paths with all scattering orders as

oo

Z (I.). (2.70)

n=I1

and

oo

F o O Fam 2.71)

n=l

respectively, where <>“ stands for the ensemble average over the distribution of the

emerging positions from the medium.

2.3.3 Temporal autocorrelation function

The statistical properties of a time-varying amplitude E(T,G) scattered multiply in the
direction of the backscattering angle 6 from the disordered medium are described by a

temporal autocorrelation function as

©0 n

r(e6)=(E@O)E 00)= Y (£ 00)) ([Jexelia, an,@)N) . @72

n=1 m=1 q.Ar

where ¢, =k, —k, , and Ar, (t)=r,(t)-r,(0) denote the scattering vector at the m-th

m—1

scattering event and the displacement of the m-th particle motion in time 7, respectively.

E. (0,9) is a contribution of the amplitude scattered along a path of n scattering events to

the total scattered field, and < : > stands for the ensemble average over the distribution of

ex

the exit positions from the medium. The second term of Eq. (2.72) is a contribution of the




total phase change due to the displacement of all n scattering particles, <>q ., standing

for the ensemble average over both the distributions of the scattering vector ¢, and the
particle displacement Ar, (T) By assuming that the displacements of all particles are
produced by Brownian motions, Ar, (T) obeys the zero-mean Gaussian statistics.
Therefore, the ensemble average of the second term with respect to the displacement

Ar, (1) yields

r(r,e):z<]En(o,9)12>m exp _ﬂzsin292"' : (2.73)

n=I TO m=I

q

whete ¢, = (D,,kf )* is an order of the single scattering relaxation time in a homodyne

autocorrelation function and ¢, =2k, sinf, /2 has been used in the derivation, D

m P

standing for the diffusion constant of particles depending on the particle size and the

notations of ¢q,, :‘qm} and k, —:‘k,l: k, | being used. Furthermore in Eq. (2.73), the

ensemble average of the second term may be reduced to that over the distribution of the
scattering angle at each scattering event.  To investigate the dependence of the temporal
autocorrelation function on the backscattering angle 6, the normalized autocorrelation

function is finally obtained as

n

) F(T,G) - = 4T a3 6/;1 :
y(t,0)= r(06) = z p(n.0X exp ——HZmn s ; (2.74)

n=1 m=1 P

m

where p(n,0) denotes a fraction of the total intensity leaving in the direction of the

backscattering angle 6 after scattering along a path of n scattering events and is defined

by




17(”,9)=<\En (0’912>(,\/i<15” (0’912>m

n=I

<1 ,“.{,>m / Z<1 'w>m- (co— polarized case) - (2.75)

n=I

<1 ”"“-"-">z',x / E <1 ”""”»"5>e,x (cross — polarized case)

n=I1

Equations (2.72) and (2.75) are evaluated by using the results of Monte Carlo
simulations. The scattering order n, all the scattering angles 6 (m=1,---,n) at all
scattering events, the coordinates (X,Y,Z) of the position where the wave leaves from the

for the

nr?

medium, and the nth order amplitudes of the scattering wave, P, and P

incidence of a single photon are obtained numerically in the simulations. By changing a

¢ . : !
seed of the random generator, 10° data for a given scattering order n were obtained.




Chapter 3

Theoretical Analysis under

the Diffusive Transport Theory of Photons

3.1 Introduction

A phenomenon of the coherent backscattering from a highly disordered medium has
attracted much attention in the research fields of light scattering and mesoscopic physics.
One of the characteristic spatial features is that the multiply backscattered light produces an
intensity peak in the direction of retroreflection, which is called an enhanced backscattering
in the medium [93,96]. This phenomenon results from the constructive interference
between the scattered lights traveling along the time-forward and -reversed paths in the
medium.  Thus, the wave nature of the scattered light plays an important role in
generating the enhanced backscattering phenomenon [97-99]. By increasing the fraction
of the scattering medium, the propagation of light can be regarded as a diffusive transport
of photons because of many scattering events. The diffusive transport theory of photons
simplifies greatly the theoretical analyses. Therefore, the theory established under the
framework of a diffusion approximation has succeeded in describing the spatial features of
enhanced backscattering phenomena by renormalizing the coherent interference effect to
the path-length distribution function [100].

On the other hand, the scattered field varies in time due to the Brownian motion of
scattering particles [101]. It is theoretically shown under the framework of a diffusion
approximation that a temporal correlation function of the multiply-scattered light field can
be expressed as a Laplace transform of the path-length distribution function. The studies
based on the diffusive transport theory of photons have been developed to the Diffusion
Wave Spectroscopy [73-75]. Since the wave nature of the scattered light plays an

important role in the temporal properties of dynamic multiple scattering, it can be expected

that there exists the angular dependence of temporal features under the influence of the




constructive interference between the scattered lights traveling along the time-forward and

reversed paths. The angular dependence of the temporal correlation of multiply-scattered
intensity fluctuations was discussed quantitatively [101], demonstrated experimentally
[76], and connected with that of the path-length distribution function [77].

So far, there has not been an analytical form of the temporal autocorrelation function in
which the coherent interference effect in the enhanced backscattering is taken into
consideration. 'The purpose of this chapter is to reveal theoretically and experimentally
the angular correlation dependence of time-varying fluctuations of light scattered multiply
from a dense disordered medium. The theory is derived under the framework of a
diffusion approximation by renormalizing the coherent interference effect to the path-
length distribution function following an analogy with the theoretical derivation in the
spatial feature. A comparison between the theory and experiments is conducted by

changing the diameter of scattering particles.

3.2 Theory

The light enters a scattering medium at a given location, undergoes a large number of
scattering events, and exits at a certain location from the medium. For a large number of
scattering events, the propagation of light in a dense disordered medium can be described
as a diffusion process of the photons. The theory of diffusing wave spectroscopy gives an
autocorrelation function of the scattered amplitude which is related with a Laplace
transform of the path-length distribution function. However, it fails to describe how the
coherent backscattering effect influences an angular dependence of the autocorrelation
function of time-varying light fluctuations of light scattered multiply from the medium.
We analyze the coherent backscattering effect on the temporal autocorrelation function of
multiply-backscattered light fluctuations on the basis of a photon diffusion approximation.
To consider the coherent backscattering effect, the incident and exit directions of
scattered waves which interfere constructively need to be introduced to the path-length

distribution function. Then, the autocorrelation function of multiply-scattered light

fluctuations is rewritten on the amplitude by




2T
e (3.1)
7ol

vtk k, ):J Pls, k. k, Jexp| -
0

2 9 -1
where ¢ and 7, = (D l)k“> denote a transport mean free path-length and an order of the

single scattering relaxation time in a homodyne autocorrelation function, respectively, in
which D/, indicates a diffusion constant. In Eq. (3.1), P(As*,ki,kf) denotes the path-

length distribution function and is defined by [78]
I(s,k,,,k_, )

P(s,ki Ay )c/s |
0 »

where I(s,k,. ,k, ) is the fraction of photons which are incident to the medium with a wave

Pls,k, .k, )= (3.2)

vector k,, travel along the path s, and leave from the medium with a wave vector k.
At this stage, the derivation of the autocorrelation function is reduced to that of the path-

length distribution function P(s,k,. K ) given by Eq. (3.2).

The fraction of the photons backscattered multiply from the medium is given by

I(k,.,k‘,.,s): ij(r,r',r)[1+cos(kj +5, ) (r —r')]dr” ; (3.3)

where r’and r denote the position vectors where the photon is incident to and leaves
from the medium, respectively, and ry =r —r’ is the projection of their difference to the
boundary plane. In addition, ¢ is the time for the photon to propagate from the incidence
to the exit and, therefore, s=cr is the path-length, ¢ being the velocity of light in the
medium. In the integrand of Eq. (3.3), the cosine term indicates the effect of constructive
interference between the scattered wave and its time-reversed counterpart and the first term
I comes from the contribution of incoherent components propagating along the different

paths. P(r,r’,t) denotes a Green function at the location r at a time ¢ when a unit

pulse is incident to the medium at a location r” atatime r=0. Since the propagation of

light in the medium is approximated by a diffusion process, P(r,r’,t) is given as a

solution of the time-dependent diffusion equation:

(sz +g~r—]F(r,r',t)=5(r—r')5(t), G.4)




where D=/("c/3. ltis actually obtained by the method of images as

Ply.r't)="Pler'5)

3 3(z ¢ 3] (3.5)
o O R N | L
As! YA 450

In Eq. (3.5), z, 1s the distance along the z axis from the boundary plane to the virtual

diffusive light source placed inside the medium and C is called an extrapolation length

which is defined by the boundary condition at z =0 and is given by

20°(1+ R)
et (3.6)
3(1-R)

R being the reflection coefficient at the boundary surface.

By substituting Eq. (3.2) into Eq. (3.1) together with Egs. (3.3) and (3.5) and by

considering the limits of the small delayed time and the small backscattering angle, the

normalized autocorrelation function of multiply-backscattered light fluctuations is obtained

on the amplitude basis by

Pt L (z,0) ' exp(—A 67/1())+exp[-A\/61/T0 +(kﬁ*9)b} -
7 T,(0,0) 1 +exp|—Ak('0)] ¥

where 6 denotes the backscattering angle between the incident and exit wave vectors of
—k, and k, ,and A= (zo + C)/é* . Since the relaxation time is an important parameter
in studying the temporal properties of random waves scattered from the disordered

medium, the relaxation time of Eq. (3.7) is defined by

r 7, 1+ (14K A8 )expl- ke A6)
»6)= J}(T’Q)(M 34 l+expl-k¢AQ) g

where ]k,.] — ‘k ,.} = k has been assumed in the above derivation.

It may be worthwhile to make clear the relation between the normalized autocorrelation
functions given by Eq. (3.7) and obtained in the past work. In the limit of 6 — o and in
the direction of retroreflection 8=0, Eq. (3.7) is reduced to the normalized

autocorrelation function:

y(7)= exp(—A 67/7, ) (3.9)




which was derived without considering the interference effect [75]. Especially, it should

be pointed out that, regardless of whether the theoretical derivation includes the coherent
interference effect or not, the normalized autocorrelation function in the direction of

retroreflection coincides exactly with that obtained in the past work.

3.3 Experimental setup

Figure 3.1 shows an experimental setup by which the intensity distribution and the
normalized autocorrelation function of time-varying intensity fluctuations of light
backscattered multiply from a dense disordered medium are measured. The linearly-
polarized light emitted from a He-Ne laser with the wavelength of 0.633um illuminates an
aqueous suspension of polystyrene latex beads. In the solution, the refractive indices of
the water as a solvent and the latex bead as a solute are 1.33 and 1.59, respectively. As
samples, the four solutions with the volume fraction of 10% were prepared with the

particles of diameters ¢=0.09, 0.30, 0.46 and 0.60 pm listed in Table 3.1. In Table 3.1,

Polaﬁrlzer Beam splitter Late)f
: solution

e laser

Photomultiplier

Photon correlator
(ALV5000/E)

Fig. 3.1 Schematic diagram of the experimental setup for measuring the intensity distribution of
the enhanced backscattering and the normalized autocorrelation function of time-varying intensity

fluctuations of light scattered multiply from a dense disordered medium.




the transport mean free path-lengths ¢" calculated from the Mie theory, the elastic mean

free path-lengths 7, and the order 7, of the relaxation time obtained from the homodyne

amplitude autocorrelation function of the single scattering are presented. The sample is
contained in a 10x10 mm?® standard spectrometer glass cell. The thickness of the cell
and the beam diameter of 3 mm are much larger than the elastic mean free path-length of
the solution as shown in Table 3.1. The backscattered light from the sample forms an
angular intensity distribution in the focal plane of a lens with the focal length of

f=200mm. To pass only the light backscattered from the inside of the medium, a

circular aperture placed in front of the lens blocks the lights reflected from the outer
surface of the glass cell and the inner surface of the beam splitter by rotating slightly the
glass cell and beam splitter around their centers.

The copolarized intensity is detected by a photomultiplier with the pinhole of 50 um
through an analyzer whose axis is parallel with that of a polarizer. The photomultiplier is
set on a movable stage which is driven by a stepping motor with the accuracy of 0.1 um in
the observation plane. The angular accuracy in the observation plane 1s determined by the
size of the pinhole attached to the photomultiplier because the diameter of the pinhole and
the minimum stepped distance of the stage correspond to the angular accuracies of 0.25
mrad and 0.5 mrad, respectively. A photocurrent signal from the photomultiplier 1s firstly
amplified by a pulse amplifier and next fed into a discriminator. Both the intensity and

the normalized autocorrelation function of time-varying intensity fluctuations at a given

a [um] (" [um] / [um] 7y [msec]
0.090 133 e I:21
0.300 25.8 8.94 4.02
0.460 230 4.80 6.16
0.600 24.9 3.60 8.04

Table 3.1 Transport mean free path-lengths ¢* calculated from the Mie scattering theory, the
elastic mean free path-lengths 7, and the order T, of the relaxation time obtained from the

homodyne amplitude autocorrelation function of the single scattering the for four different particles of

diameters a =0.09, 0.30, 0.46 and 0.60 um.




position of the observation plane are simultaneously measured by a photon correlator

(ALV5000/E) under control of a microcomputer. By changing the illuminating position
over the sample and by repeating the measurements, fifteen intensity distributions and
autocorrelation functions are measured from which the ensemble-averaged intensity
distribution and the autocorrelation function are obtained. Finally, the normalized
autocorrelation function of light fluctuations on the intensity basis is transformed to that on
the amplitude basis by calculating numerically its square root under the assumption that the
amplitude variation obeys the Gaussian statistics.

To confirm experimentally the analytical solution of the normalized autocorrelation
function of multiply scattered light given by Eq. (3.7), we compare the relaxation times
calculated from Eq. (3.8) with the experimental results. For estimating the relaxation
time from the experimental data, a sort of averaging operation is really required because of
a very subtle variation in the angular dependence of the autocorrelation function.
Therefore, we examined two methods of the averaging operation. One is an integration
method in which the normalized autocorrelation function obtained experimentally is
directly integrated with respect to the delayed time from zero to infinity. This method
gives the true relaxation time if the autocorrelation function decreases steeply to zero. In
experiments, however, the normalized autocorrelation function usually takes a long tail for
a long range of the delayed time and, therefore, the time interval of the integration had to
be selected for every autocorrelation function. The other is a fitting method in which the
experimental data are approximated to a model function by means of a fitting algorithm
based on the least squared method. Since an accuracy of estimations depends on the
selection of the model function, we adopted the normalized autocorrelation function of Eq.

(3.9) which is redefined as
y(r)zexp(—Bﬁ) (3.10)
by setting B= A,/6/T,. The integration of Eq. (3.10) from zero to infinity gives the

relaxation time as 7, = 2/ B’ . The autocorrelation function obtained experimentally was

approximated to Eq. (3.10) by means of the Levenberg-Marquard method [109], thus the

relaxation time being determined. This method gave a relatively good approximation

without the influence of finite data on the autocorrelation function. As a result of




repeated comparisons between two methods, we finally adopted the latter fitting method in

this study. The variations of the relaxation times obtained experimentally as a function of
the backscattering angle were compared with the numerical results obtained from the
analytical solution of Eq. (3.8), in which all the parameters were estimated theoretically

from the Mie scattering theory.
3.4 Results and discussion

We investigate the dependence of the intensity enhancement and the normalized
autocorrelation function on the backscattering angle by comparing the experimental results
with the theoretical ones for 10% solutions with the particles of four different diameters

listed in Table 3.1. As a common notation of the figures, the four different marks of @,
O, a and A in experimental results and the four different curves of solid, broken, dotted
and chain lines in theoretical results correspond to the four different particles of diameters,
0.09, 0.30, 0.46 and 0.60 um, respectively.

Fig. 3.2 (a) shows the normalized autocorrelation functions of backscattered light
fluctuations on the amplitude basis which were experimentally and theoretically obtained at
the backscattering angle of 6 =30 mrad. The solid line denotes the autocorrelation
functions which were approximated to the model function of Eq. (3.10) by using the
nonlinear fitting based on the Levenberg-Marquard method. On the other hand, Fig. 3.2
(b) shows the theoretical autocorrelation functions which were calculated numerically from

exp(— 5%/3) + exp[—S\/()T/TO + (kf”‘@)2 /3]

0) = e ; 3.11
v(z.6) 1+ exp|—5k('6/3] i

where the approximations of z, = ¢* and C=2/¢"/3 have been taken for the refractive

indices of the water and the latex beads used in experiments. In Figs. 3.2 (a) and (b), the

vertical and horizontal axes stand for the normalized autocorrelation function in a

logarithmic scale and the square root of the delayed time, respectively.
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Fig. 3.2 Normalized autocorrelation functions of the multiply-scattered light fluctuations on the
amplitude basis obtained in (a) the experiments using the experimental setup of Fig. 3.1 and (b) the
theory calculated from Eq. (3.11).  The vertical and horizontal axes stand for the correlation function
in a logarithmic scale and the square root of the delayed time, respectively. The four different marks

of @, O, A and A in the experimental results and the four different lines (solid, broken, dotted

and chain lines) in the theoretical results correspond to the results obtained for the particles of diameters

0.09, 0.30, 0.46 and 0.60 um, respectively.




As seen from the figures, the autocorrelation function decreases linearly with an increase in

the square root of the delayed time JT and its decreasing rate increases with a decrease of
the particle size. The relaxation times of the experimental results were quantitatively
estimated to be 0.15, 0.5, 0.75 and 0.9 msec for the four particles of diameters 0.09, 0.30,
0.46 and 0.60 pum, respectively. Furthermore, the comparison of Fig. 3.2 (a) with Fig. 3.2
(b) shows that the decreasing rate obtained in experiments is larger than that in the theory
though they agree in the decreasing behavior and in the dependence on the particle size.

As a function of the backscattering angle, Fig. 3.3 shows the copolarized intensity
distributions of light scattered multiply from dense disordered media. The backscattered
intensity distributions indicate the intensity enhancement due to the interference effect
between the scattered wave and its time-reversed counterpart.  As shown in the figure, the
peak width spreads roughly in the order of /l/(?* with an increase of the particle size. In
this respect, the theory agrees approximately with the experimental results. On the other
hand, the peak intensity obtained experimentally increases with the particle size and
approximately takes the constant intensity of 1.8 for the large particle size while the
theoretical result takes 2.0 independently of the particle size. This discrepancy comes
from the fact: in experiments, the single scattering contributes to forming the incoherent
intensity component and degrades the peak intensity while it is assumed in the theory based
on the diffusion approximation that all the scattered waves (including even the single
scattering) possess the time-reversed counterpart and that they interferes constructively
with each other. This influence becomes more remarkable for the particles of smaller size
because the contribution of the single scattering increases with a decrease of the particle
size [99].

Fig. 3.4 shows the relaxation times of the normalized autocorrelation functions for the
copolarized backscattered light fluctuations on the amplitude basis as a function of the
backscattering angle. In the temporal behavior of the multiply backscattered light under
the interference effect between the scattered wave and its time-reversed counterpart, the
relaxation time has one dip in the exact direction of retroreflection, increases up to two

peaks at both sides of it, and decreases gradually from the peaks to the relaxation time of

the incoherent light fluctuations with an increase of the backscattering angle.
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Fig. 3.3 Experimental and theoretical angular dependences of the intensity distributions produced by
the enhanced backscatterings from 10% solutions of the latex beads. The vertical axis denotes the

intensity normalized by the incoherent intensity component [,_. The four different marks of @, O,
A and A in the experimental results and the four different lines (solid, broken, dotted and chain lines)

in the theoretical results correspond to the results obtained for the particles of diameters 0.09, 0.30, 0.46

and 0.60 pm, respectively.
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Fig. 3.4 Angular dependence of the relaxation time in the normalized autocorrelation functions under

the influence of the constructive interference between the scattered wave and its time-reversed

counterpart.  The four different marks of @, O, & and A in the experimental results and the four

different lines (solid, broken, dotted and chain lines) in the theoretical results correspond to the results

obtained for the particles of diameters 0.09, 0.30, 0.46 and 0.60 pm, respectively.
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With an increase of the particle size, this variation of the relaxation time depending on the
backscattering angle becomes more outstanding and the absolute value of the relaxation
time increases. However, the ratio of the relaxation time at the peak to that at the bottom
keeps a constant independent of the particle size. Furthermore, the figure shows that the
theory agrees fairly well with the experimental results regardless of the small discrepancy.
To investigate quantitatively the dependence of the normalized autocorrelation function
on the size of particles, the relaxation times obtained at the three different scattering angles
of 6 =0, 3 and 15 mrad are plotted in Fig. 3.5 as a function of the particle size. These
scattering angles of 6 =0, 3 and 15 mrad were selected as the angles corresponding to the
retroreflection, the peak relaxation time, and approximately the case of 0 — oo,
respectively.  In the figure, the three different marks of M, @ and O obtained
experimentally and the three different lines (solid, broken and dotted lines) calculated from

Eq. (3.11) correspond to the results obtained at the three different scattering angles of
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Fig. 3.5 Relaxation times of the normalized autocorrelation functions obtained at the scattering angles

of @ =0, 3 and 15 mrad as a function of the particle diameter. The three different marks of I, O

and @ in the experimental results and the three different lines (solid, dotted and broken lines) in the

theoretical results correspond to the results obtained for the backscattering angles of 0, 15 and 3 mrad,

respectively.




6 =0, 3 and 5 mrad, respectively. As shown in Fig. 3.5, the relaxation time of the
autocorrelation function increases in direct proportion to the particle diameter. The
autocorrelation functions at 6 =0 and 15 mrad are reduced to Eq. (3.9) and take the
minimum relaxation time though the small discrepancy exists between the data obtained
for 6 =0 and 15 mrad. On the other hand, the relaxation times take a maximum
approximately at 6 = 3 mrad for all particle sizes and the peak time increases linearly with

the particle size.

3.5 Conclusions

This chapter has been concerned with the temporal correlation behavior of time-varying
light fluctuations of light backscattered multiply from a dense disordered medium. The
investigations were conducted with relation to the spatial properties of the backscattering
enhancement produced from the interference effect between the scattered wave and its
time-reversed counterpart. The temporal autocorrelation function was theoretically
derived under the framework of a photon diffusion process by renormalizing the
interference effect to a path-length distribution function. The theory enabled us to study
the characteristic dependence of the relaxation time of multiply-scattered light fluctuations
on the backscattering angle. Therefore, it is considered that the theory can describe the
temporal behavior of the multiply backscattered light under the phenomenon of the
enhanced backscattering though there appear small discrepancies between the experimental
and theoretical results. The discrepancies between the theory and the experiments may be

inherent in the theory used to approximate the wave scattering phenomenon on the basis of

the diffusive transport theory of photons.




Chapter 4

Angular Polarization Properties of

Spatio-Temporal Properties

4.1 Introduction

Temporal statistics of the time-varying light intensity scattered multiply from a disordered
dense medium have been an interesting research subject in metrology using the dynamic
light scattering. The studies on the temporal features of the dynamic multiply scattered
light have been conducted under the framework of a diffusion approximation and
developed to Diffuse Wave Spectroscopy (DWS) [73-75,101].

As another side view for the properties of the multiply scattered light, the coherent
backscattering of light gives rise to an intensity enhancement [93,96-100,102,103], which
results from a constructive interference between the scattered lights propagating along the
time-forward and -reversed paths. It can be expected that the coherent backscattering
affects its temporal feature depending on the polarization and the particle size. Qu and
Dainty [76] experimentally showed different angular dependences of the relaxation time
for the copolarized and cross-polarized intensities of the multiply backscattered light.
Iwai and Dainty [77] experimentally connected an angular behavior of the relaxation time
for the copolarized intensity with that of the path-length distribution function. Ishii et al.
[104] investigated theoretically and experimentally such influences on the temporal
autocorrelation function of the multiply backscattered light by means of the diffusive
transport theory of photons.

In this chapter, we investigate the dependence of angular polarization features of the
temporal autocorrelation function of the multiply backscattered light on the size of particles
smaller than the wavelength of light. An approximation to the diffusive transport theory

of photons breaks down because the low-order scattering is dominant for such a particle

size. In addition, the polarization properties of the angular natures of the relaxation time




result from the coherent interference between the waves along the time-forward and -
reversed paths.  Therefore, we investigate wave-optically temporal autocorrelation
functions of the multiply backscattered light by means of the Monte-Carlo simulations
based on the Rayleigh-Debye scattering theory, which enables us to discuss the dependence
of temporal properties not only on the polarization but also on the size of scattering
particles.  As a result, we demonstrate numerically and experimentally the angular
dependence of the temporal autocorrelation functions of copolarized and cross-polarized
components of the multiply backscattered light. Furthermore, the angular polarization
behaviors of the time-varying light backscattered multiply from the dense random medium
are interpreted clearly by revealing the contributions of the coherent components to the
copolarized and cross-polarized intensity variations depending on the scattering angle, the
scattering order, and the particle size. The quantitative comparisons between the
simulated and the experimental results give a measure of the validity on the present
simulation algorithm to simulate the phenomena of the time-varying coherent

backscattering enhancement of light.

4.2 Numerical simulations

The simulations are based on the practical experiments shown in Fig. 4.1. The linearly-
polarized laser light enters a disordered dense medium, undergoes successive scattering
events by many particles, leaves from the medium in the backward direction, and forms an
intensity pattern in the far field. Due to the Brownian motion of particles, an intensity
varies in time and is detected by changing the detecting position in the direction parallel
with the incident polarization of light. The copolarized and cross-polarized intensity
variations of the light are observed through an analyzer which is set to be parallel with and
normal to the direction of the incident polarization, respectively.

The temporal properties of the time-varying light scattered multiply in the direction of
the backscattering angle 6 from the disordered medium are described by a temporal

autocorrelation function in a statistical sense. With the assumption that the displacements

of all particles produced by Brownian motions obey the zero-mean Gaussian statistics, an
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Fig. 4.1 Experimental setup assumed for the Monte Carlo simulations and used for practical
measurements of the normalized autocorrelation function of the time-varying intensity variation
backscattered multiply from disordered dense media. In experiments, 10 vol% aqueous suspensions of
the polystyrene latex beads were used as disordered media. The photomultiplier is set on a movable
stage which is driven by a stepping motor. The normalized autocorrelation function on the intensity
basis obtained in experiments is transformed to that on the amplitude basis by calculating numerically

its square root under the assumption that the amplitude variation obeys Gaussian statistics.

ensemble average with respect to the displacements yields a normalized autocorrelation
function as

}/(T,Q):Zp(n,@ exp —i—:ESinz%”— c (4.1)

n=1 m=1 0

m

where 0 is the scattering angle at the m-th scattering event and <>9 means an

ensemble average over the distribution of the scattering angle. 7, = (pk?) " is an order of
the single scattering relaxation time in a homodyne autocorrelation function, D and k,

standing for a diffusion coefficient of the particles and a wave number of the incident light,

respectively. In addition, p(n,@) denotes a fraction of the total intensity left in the

direction of the backscattering angle 6 after a sequence of n scattering events. By

taking the depolarization effect into consideration, pX(n,Q) and py(n,, 9) for the

copolarized and cross-polarized components are defined by
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pe08)=(1,)../ 3 (1), (4.22)

n=l|

and

p,(n0)=(1,,) / Z<1,,,, i (4.2b)

respectively, where <>\ stands for an ensemble average over the distribution of the exit

position from the medium. In Eq.(4.2), I, and I, denote the n-th scattering order
intensity components in the copolarized and cross-polarized intensity variations detected by

scanning in the direction parallel to the incident polarization and are given by

p(l) p(1)+ 22 p(n)F”X f=]

IIIX = - = (43'(1)
21’(’7)an (1 +cos®, )/ | p(1)+ 22 p(n)F . n#l

and
1, =p@m)F,Q1+T, cos D, /2 p(n)F , n#l, (4.3b)

respectively. In the equations, the subscripts X and Y stand for the directions of the axes
of the analyzer and correspond to the detections of copolarized and cross-polarized

intensities, respectively. p(n) and @, =k6 (X, — X,) denote a fraction of the total

intensity left in the backward direction after a sequence of n scattering events and a phase

difference at the exit position of X = X, along the X axis, respectively. T', denotes the

correlation between the waves depolarized from the X polarization to the Y polarization and

vice versa. F,, and F,, are the ratios of the copolarized and cross-polarized components

to the total of the scattered intensity components with the n-th scattering order.

In the simulations, 10" scattering angles 6, and intensities, /,, and [, , for a given

scattering order n  were obtained, from which the ensemble-averaged

exp _4T/T()ZSin29m /2 and the copolarized and cross-polarized intensity

m=1 )

m

variations, <1nx> and <1ny>”, were obtained. By substituting <I”X >“ and <1”y>” to

ex




Eq. (4.1) together with Eq. (4.2), the normalized autocorrelation functions are finally
evaluated for the copolarized and cross-polarized components of the time-varying light
amplitude backscattered multiply from the disordered dense medium. It should finally be
noted that the autocorrelation function given by Eq. (4.1) contains exactly the waves with
the low scattering order from the single scattering. This is an important advantage of
using the Monte Carlo simulations to analyze the dependence of the multiple light

scattering phenomena on the size of particles smaller than the wavelength of light.

4.3 Results and discussion

Figures 4.2 and 4.3 show the normalized autocorrelation functions of the copolarized and
cross-polarized backscattered lights on the amplitude basis obtained at the backscattering
angle of 6=3 mrad. The simulations were conducted for the particles with seven
different diameters listed in Table 4.1, in which the corresponding mean free path-length

¢ and an order of the single scattering relaxation time 7, are shown. In the experimental

results, the solid lines were obtained by the nonlinear fitting [109] of experimental data to

the normalized autocorrelation function of
7(7) = exp(- AVT) (4.4)

which was derived under a diffusion approximation [75].

Particle diameter [nm] / [wm] To [msec]
100 91.9 0.167
200 18.3 L1333
300 9.3 0.502
400 6.56 0.670
460 5.38 0.768
500 4.80 0.837
600 3.83 1.004

Table 4.1 Mean free path-lengths ¢ and orders of the single scattering relaxation time T, for 10 vol%

aqueous suspensions of the polystyrene latex beads with seven different diameters of 100, 200, 300, 400,

460, 500 and 600 nm which were assumed in simulations.
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Fig. 4.2 Normalized temporal autocorrelation functions of the copolarized backscattering lights on the
amplitude basis obtained at the backscattering angle of 6 = 3 mrad. (a) and (b) correspond to the

results obtained in simulations and experiments, respectively.  The vertical and horizontal axes stand

for the normalized autocorrelation functions in a logarithmic scale, log[y(‘c)], and the square root of

the delayed time, \/? respectively.
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Fig. 43 Normalized temporal autocorrelation functions of the cross-polarized backscattering lights
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The normalized autocorrelation function decreases monotonically with an increase of the
delayed time and its decreasing rate increases with a decrease of the particle size.
However, there appear curved decreasing behaviors in the regions of short and long

delayed times against the diffusive transport theory, in which the autocorrelation function
decreases rectilinearly in proportion to an increase of JT. These discrepancies can be
clearly understood by taking account of the angle-averaged relaxation time after a sequence

of n scattering events, T =7T,/n(l—(cos@)), where (cos@) denotes the cosine of the
g n 0

scattering angle averaged over the distribution of the scattering angle for a single
scattering. In the simulations, the maximum number of scatterings 1s set to be 300 to save
the computational time. Therefore, the simulations are expected to fail for the delayed
time 7 shorter than that corresponding to n = 300, and the curved variation in the short
delayed time may come from the restriction in the simulations. On the other hand, since
the diffusive transport theory fails to express the autocorrelation function in the range of

T > 17,, the discrepancy between the simulations and Eq. (4.4) in the range of the long

delayed time may be attributed to the theory based on the diffusion approximation. These
considerations are confirmed experimentally in Figs. 4.2 (b) and 4.3 (b). The comparison
of the experimental data with the diffusive transform theory of Eq. (4.4) shows that there
appear larger discrepancies in the range of the long delayed time rather than the short
delayed time, in the copolarized case rather than in the cross-polarized case, and for the
particles with the smaller size. This is because the contribution of the scattered light with
the low scattering order gives rise to an error from the diffusive transport theory and
increases in the range of the longer delayed time, for the smaller particle size and in the
copolarized case. As a matter of fact, it was confirmed fairly well in the experiment that
the temporal autocorrelation function decays in proportion to — T at the delayed time

smaller than a few microsecond in agreement with the diffusive transport theory [105].

To compare quantitatively the angular polarization behaviors of the autocorrelation

function of the multiply backscattered light, the relaxation time is defined by

T = J:;/(r)dr =2/A?, (4.5)




where Eq. (4.4) was used in the derivation. In the experiments, the relaxation time is
estimated by substituting the parameter A obtained in the nonlinear fitting of
experimental data to Eq. (4.4) while, in the simulations, it is obtained by integrating
directly the obtained autocorrelation function following the definition of Eq. (4.5). Figs.
4.4 and 4.5 show the relaxation times of the normalized autocorrelation functions for the
copolarized and cross-polarized components as a function of the backscattering angle,
respectively. As seen from these figures, the angular dependence of the relaxation time
for the copolarized light shows twin peaks at both sides of the direction of retroreflection
but for the cross-polarized light a single peak in that direction. Such a temporal behavior
was firstly observed by Qu and Dainty [76] and gave the phenomenological explanation on
the basis that the longer path-length produces the shorter relaxation time. The figures also
show that the angular dependence becomes more outstanding and a value of the relaxation
time increases consistently with the larger particle size. As a result from the detailed
numerical simulations, both the ratio of the relaxation time at the peak to that at the dip for
the copolarized component and the ratio of the relaxation time at the peak to that at the
large backscattering angle for the cross-polarized component take constant values for the
large particle size, which agree with the results from the diffusive transport theory of
photons [104]. By decreasing the size of particles, the ratio for the copolarized
component decreases due to an increase in the contributions of the low-order scattered
light. As a result, the dip and peak of the relaxation time disappear in experimental data.
Furthermore, the width between the peaks for the copolarized component and the width of
the peak for the cross-polarized component are inversely proportional to the transport mean
free path-length.

The above space-time feature of the autocorrelation function is a peculiar property in the
time-varying light backscattered multiply from the Brownian dynamics of the particles
suspended in a disordered dense medium. Figs. 4.6 and 4.7 show the contributions of the

coherent component in the copolarized and cross-polarized light variations for the particle

sizes of 100 nm and 300 nm, respectively.
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Fig. 44 Relaxation time of the normalized temporal autocorrelation function of the copolarized light

on the amplitude basis as a function of the backscattering angle. (a) and (b) correspond to the results

obtained in simulations and experiments, respectively.
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Fig. 4.5 Relaxation time of the normalized temporal autocorrelation function of the cross-polarized

light on the amplitude basis as a function of the backscattering angle, respectively.

correspond to the results obtained in simulations and experiments, respectively.

59

(a) and (b)



Coherent component

(b)

Coherent component

Fig. 4.6 Coherent components of the scattered light obtained for the particle diameter of 100 nm in
simulations as a function of the backscattered angle and the scattered order. (a) and (b) correspond to

the results for copolarized and cross-polarized intensity variations, respectively.
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Coherent component

(b)

Coherent component

Fig. 4.7 Coherent components of the scattered light obtained for the particle diameter of 300 nm in
simulations as a function of the backscattered angle and the scattered order. (a) and (b) correspond to

the results for copolarized and cross-polarized intensity variations, respectively.
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In the copolarized case, the coherent component with the low scattering order contributes
widely over the scattering angle and, with an increase of the scattering order, the coherent
component is localized drastically within an extremely narrow region of the scattering
angle around the direction of retroreflection retaining the approximately perfect coherence
over all the scattering orders. Therefore, the relaxation time takes a minimum in the exact
direction of retroreflection, following the principle that the higher-order scattering light
gives rise to the shorter relaxation time. As a matter of fact, the relaxation time at the
exact retroreflection becomes slightly smaller than that produced only by the incoherent
component at the large scattering angle. With an increase of the backscattering angle
from the direction of retroreflection, the contribution of the coherent component with the
high scattering order suddenly decreases, consequently the relaxation time increasing from
the minimum relaxation time up to the peaks. With a further increase of the scattering
angle, the relaxation time decreases due to a decrease of the coherent component in the low
scattering orders. In the cross-polarized case, the contribution of the coherent component
is not perfectly coherent even in the low-order scattered light and decreases greatly with an
increase in the scattering order. This comes from the correlation factor I', in Eq. (4.3b)
between the copolarized and cross-polarized components occurred in the n-th scattering
event. As a result, a dip of the correlation time never appears but only a peak 1s observed
in the direction of retroreflection as shown in Fig. 4.5. With an increase of the particle
size from 100 nm to 300 nm, the contribution of the low-order scattering coherent
component decreases and is localized within a broader region around the direction of
retroreflection, consequently the spatial dependence of the relaxation time on the scattering
angle becoming more enhanced in both the copolarized and cross-polarized components.
Figs. 4.8 (a) and (b) show the relaxation times of the copolarized and cross-polarized
components as a function of the particle diameter, respectively. The scattering angles of
0, 3 and 15 mrad correspond to the direction of retroreflection, and the directions where the
relaxation time takes a peak for the copolarized light and where only the incoherent lights
contribute to the intensity distribution. In the region of the large scattering angle, the
relaxation time is proportional to the particle size via a diffusion constant because the
temporal autocorrelation function of the time-varying scattered light coincides with that

obtained theoretically from the diffusive transport of photons.
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However, as seen from the figures, the relaxation times for the copolarized case do not

increase linearly with the size of particles in the region of small particle sizes though a
variation of the relaxation time for the cross-polarized agrees with the prediction. It may
be considered that a nonlinear variation of the relaxation time for the copolarized
component is caused by the non-diffusive single and low-order scatterings whose
relaxation times are much longer than the relaxation time of the diffusive light. On the
other hand, for the cross-polarized case, the single and low-order scatterings do not
contribute dominantly to the backscattered light because the cross-polarized component is
generated by the depolarization [106]. Therefore, the nonlinear variation does not appear
for the cross-polarized case.

Finally, we compare quantitatively the simulated results with the experimental ones.
Figures 4.8 (a) and (b) show that the experimental data agree with the simulations for the
size of particles smaller than 300 nm but the experimental data are smaller than the
simulations for the size of particles larger than 300 nm. These discrepancies for the size
of particles larger than 300 nm are due to the breakdown of a small phase shift of the
scattered light assumed in the Rayleigh-Debye scattering theory [18]. Nevertheless, the
present simulation algorithm is effective for analyzing the space-time polarization
properties of the time-varying light backscattered multiply from a disordered dense
medium with the size of particles smaller than the wavelength of light where the non-

i diffusive light with the low-order scattering is dominant rather than the diffusive one.

4.4 Conclusions

| This chapter has investigated the dependence of the angular polarization properties of the
temporal autocorrelation function of the time-varying light scattered multiply from the
| Brownian dynamics of scattering particles, on the size of particles smaller than the
wavelength of light.  Since the low-order scattering is dominant for such a particle size, an
approximation in the diffusive transport theory of photons breaks down to express the
phenomena of multiple backscatterings. Therefore, we have investigated temporal
autocorrelation functions by means of the Monte-Carlo simulations based on the Rayleigh-

Debye scattering theory. The simulations demonstrated successfully the polarization
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properties of a variation in the relaxation time as a function of the scattering angle obtained
experimentally by Qu and Dainty [76]. In addition, we demonstrated the dependence of
the angular polarization properties of the relaxation time on the size of scattering particles
by means of the simulations and confirmed experimentally the simulated results.
Especially, the simulations revealed that the angular polarization behaviors can be clearly
interpreted by displaying the dependence of the contribution of the coherent component to
the copolarized and cross-polarized intensity variations depending on the scattering angle,
the scattering order, and the particle size. Finally, the quantitative comparisons between
the simulated and the experimental data gave a criterion in the validity of the present

simulation algorithm based on the Rayleigh-Debye scattering theory with respect to the

relation between the size of particles and the wavelength of light.




Chapter 5

Free Path-Length Distribution Function in
Fractal Aggregates of Particles

5.1 Introduction

The light scattering techniques have been a powerful way of studying fractal structures of
particle aggregates [33,100,110-115]. The dimension of a tenuous fractal medium with
|<D<3 has been measured successfully by means of a small-angle-scattering method
[33,110-112] and a second-order-scattering method [113]. For a dense fractal medium, a
copolarized intensity peak of the enhanced-backscattering light was investigated
experimentally because the light can hardly transmit through such a dense medium
[114,115]. The theory of light scattering phenomena from the dense fractal medium has
not yet been established though the theoretical analysis was conceptually given for a
percolation system [100]. An experimental study for the dense fractal medium is usually
quite difficult because the control of the fractal dimension requires much skill and
experience. Therefore, the usefulness of Monte Carlo simulations increases in the study
| on the multiple scattering of light from the fractal aggregate of particles.

| Monte Carlo simulations have been a powerful tool for analyzing phenomelogically and
quantitatively the propagation properties of light scattered multiply from a dense random
medium [99,103,116-118]. In simulations, the free path-length distribution function
(FPDF) is a key function, which is a probability density function of the distance between
the successive particles and specifies the spatial structure of a scattering medium. It is
| well known that the scattering particles are distributed negative-exponentially in the three-

dimensional space of a homogeneously random medium and that an averaged distance is
given by a mean free path-length /.
In this chapter, we derive theoretically a FPDF of the fractal aggregate of particles and

an effective mean free path-length 7, is introduced as a measure of randomness from the

analogy of the homogeneously random medium. The derived FPDF is examined




numerically by generating the particles distributed in the three dimensional space and
estimating the dimension using the radius-gyration method. As an example of the
application of the FPDF, the Monte Carlo simulations are conducted for a copolarized
intensity peak of the light backscattered multiply from the fractal aggregates of particles to
compare with the experimental result obtained by Dogariu et al [114]. The resultant

intensity peak has an order of A/¢, in angular width and decreases in accordance with

6°” as a function of the scattering angle. These properties are corresponding to those of

homogenous random media with D=3, which have an order of the angular width A// and

decrease in accordance with 6~'. As a result, the validity and applicability of the model

in the fractal structure and the derived FPDF are confirmed from the numerical results.

5.2 Properties of aggregates of particles

Colloidal particles are classified as lyophobic or lyophilic. Lyophobic particles have little
affinity for the solvent and their stability is governed only by their charges, whereas
lyphilic particles have a strong affinity for the solvent and the stability of these systems is
governed by their charge and solvation properties. Thereby, lyophobic particles may
aggregate by addition of a small amount of electrolyte though lyophilic scarcely aggregate.
Examples of lyophobic colloids are dispersed paint and gold and sliver iodide sols. The
colloidal suspension of polystyrene latex particles in deionized water, that we use in our
experiments, also belongs to lyophobic colloids and the particles disperses stably in the
suspension because of their high charge density. Fig. 5.1 (a) shows a picture of particles
in the colloidal suspension, which was taken by an optical microscope after enough
dilution by deionized water. However, the particles aggregates and generates clusters by
addition of electrolyte, as shown in Fig. 5.1 (b).

The dispersion and aggregation of colloidal particles have quantitatively been explained
in the Derjaguin-Landau-Verwey-Overbeek (DLVO) theory. According to the DLVO
theory, Repulsion due to electric double layer and an attractive force due to London-van
der Waals interaction are exerted between the particles in the colloidal suspension. The
total potential energy V(s) between two particles in colloidal suspension is obtained by the

sum of the repulsive electric potential energy Vi(s) and the London-van der Waals

potential energy V,(s):




Fig. 5.1 Distributions of particles in the colloidal suspension (a) without and (b) with aggregation,

which were taken by a CCD camera mounted on an optical microscope.

homogeneously in 3D space and form clusters as shown in (a) and (b), respectively.

Particles disperse




V(s)=V,.(s)+V,(s), (5.1)
where s stands for the separation distance between two particles.

First, let us consider the electric interaction between two particles in colloidal
suspension. The particles generate electric double layer because the surface of a particle
is charged with electricity and attracts counter ions around it. In this case, the electric
potential of a particle i1s not expressed by the simple Coulomb interaction but by the
Poisson-Boltzmann equation. The repulsion arises from an increase of concentration of
counter 10ns between two particles as they approach to each other and is characterized by

the Debye-Huckel screening length 1/x defined as

, 4me’ )
Ko Hodes 5 (.2)
8/(BTZ
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