. HOKKAIDO UNIVERSITY

Title

Reticular Lagrangian, Legendrian Singularities and their applications

Author (s)

Tsukada, Takaharu; IFH, 24

Degree Grantor biEEKE
Degree Name Bt (EF)
Dissertation Number 5846035
Issue Date 1999-03-25
DOI https://doi.org/10.11501/3151285
Doc URL https://hdl. handle.net/2115/51578
Type doctoral thesis

File Information

000000336475. pdf

kaid
e U"/Le

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




| » b 1 » WP e a:).«." - S - i '-a ,‘N ) cey- ‘vJ . et
Reticula ]f"]f lLéiiglfai.;g,m;::,, wAAPECLULIAE S0 ZULATL

e 2
o PR AR P

e N R L P

- N




Reticular Lagrangian, Legendrian Singularities and

their applications

Takaharu Tsukada

Department of Mathematics, Faculty of Science, Hokkaido University




Contents

1 Introduction

I Reticular Lagrangian Singularities
2 Preliminaries

3 Reticular Lagrangian maps

4 Stability of unfoldings

5 Stability of reticular Lagrangian maps

6 Adjacencies of singularities

7 Classification of function germs

II  Optical stability of caustics with r-corners
8 Optical stability of caustics

9 Optical versality of caustics

IIT Reticular Legendrian Singularities

10 Preliminaries

11 Propagation mechanism of wavefronts

10

22

25

36

42

73

73

77

82

82

85



12 Contact regular r-cubic configurations 87

13 Stability of unfoldings 95
14 Reticular Legendrian maps 98
15 Classification of function germs 109

1 Introduction

In [8] K.Jénich explained the wavefront propagation mechanism on a manifold which is
completely described by a positive and positively homogeneous Hamiltonian function on
the cotangent bundle and investigated the local gradient models given by the ray length
function. Caustics and wavefronts generated by an initial wavefront which is a hypersurface
without boundary in the manifold is investigated as Lagrangian and Legendrian singularities
by V.I.Arnold (cf., [1]). In [13], I.G.Scherbak studied the case when the hypersurface has a
boundary and she explained the caustics and wavefronts generated by the hypersurface with
a boundary corresponds to a generalized notion of caustics and wavefronts respectively (i.e.,
the boundary caustics and boundary fronts).

In this paper we investigate the more general case when the hypersurface has an r-corner.
In this case each light rays incident from each edge of the hypersurface gives a symplectic
regular r-cubic configuration (cf., Section 3) at a point of the cotangent bundle which is a
generalization of the notion of Lagrangian submanifolds and each wavefront incident from
each edge of the hypersurface gives a contact regular r-cubic configuration (cf., Section 12) at

a point of the 1-jet bundle which is a generalization of the notion of Legendrian submanifolds.

The caustic generated by the hypersurface germ with an r-corner is given by the caustic of




the symplectic regular r-cubic configurations (cf., Section 3) which is a generalization of the
notion of quasicaustics given by S.Janeszko (cf., [7]). In complex analytic category, the theory
of symplectic and contact regular r-cubic configurations has been developed by Nguyen Huu
Duc, Nguyen Tien Dai and F.Pham (cf., [3], [6]). But their method does not work well for
C*-category and all contact regular r-cubic configurations in their category are stable. This
paper 1s composed of three parts.

The main purpose of Part I is the investigation of the stability of smooth symplectic
regular r-cubic configurations and the classification of stable caustics given by stable sym-
plectic regular r-cubic configurations in C*-category. In order to realize this purpose we
shall define the notion of reticular Lagrangian maps in Section 3 which is a generalization of
the notion of Lagrangian maps for our situations. We shall also prove that the equivalence
relation among reticular Lagrangian maps is equivalent to a certain equivalence relation of
corresponding generating families. In Section 5 we shall define the notion of stability, homo-
topically stability, infinitesimal stability of reticular Lagrangian maps and prove that these
and the stability of corresponding generating families are all equivalent.

By the above results the classification of stable caustics is reduced to the classifica-
tions of function germs. In section 7 we classify unimodal function germs with respect
to reticular R-equivalence. This gives the classification of stable caustics in manifolds of
dimension< 6. In [14], D.Siersma classified singularities with bundle codimension(=R-
codimension—modality) < 4 under the same equivalence relation. Hence a part of his
classification list is the same as the part of our list. We shall draw the figures of stable

caustics in manifolds of dimension< 4 at the last part of this part. The investigations of this

part are published in [15].




In part I we investigate the optical stability of caustics generated by a light source hy-
persurface germ with an r-corner as an application of Part I, that is the stability of caustics
with respect to perturbations of the hypersurface germ under a fixed Riemannian structure.
More generally, we study the optical stability of caustics with respect to perturbations of the
hypersurface germ under a fixed Hamiltonian system defined in Section 2. The stability of
caustics and the optical stability of caustics are generally not equivalent because the stabil-
ity of caustics means the stability with respect to both of perturbations of the hypersurface
germ and the Hamiltonian system. In this application, we consider the following problems,
extending of the investigations by K.Janich [8] and G.Wassermann [18]: For a fixed Hamil-
tonian system on the cotangent bundle;
(1) Is the optical stability of caustics equivalent to the stability of caustics?
(2) For a given function germs, when does there exist a light source hypersurface germ with
an r-corner which satisfy the following conditions (a)(b)?: a) A generating family of the
corresponding symplectic regular r-cubic configuration is an unfolding of the given function
germ , b) The caustic generated by the hypersurface germ is optically stable.
The answer of (1) is ‘Yes’. This means that stability of caustics and optical stability of
caustics are equivalent.
We give a partial answer to the problem (2). The answer of (2) gives us a method to decide
when the caustic defined by a function germ in the classification list can be realized as an
(optically) stable caustic. The investigations of this part are published in [16].

In Part III, we investigate the two topics. The first topic is the investigation of the relation

between symplectic regular 7-cubic configurations and contact regular r-cubic configurations.

The second topic is the investigation of the stability of smooth contact regular r-cubic




configurations and the classification of stable wavefonts given by stable contact regular r-
cubic configurations in C'*-category. In order to realize this purpose we shall define the
notion of reticular Legendrian maps in Section 14 which is a generalization of the notion of
Legendrian maps for our situations. We shall also prove that the equivalence relation among
reticular Legendrian maps is equivalent to a certain equivalence relation of corresponding
generating families. In this section we shall define the notion of stability, homotopically
stability, infinitesimal stability of reticular Legendrian maps and prove that these and the
stability of corresponding generating families are all equivalent.

By the above results the classification of stable wavefronts is reduced to the classifications
of function germs. In section 7 we classify function germs with respect to reticular K-
equivalence with reticular K-codimension lower than 8 . This gives the classification of
stable wavefonts in manifolds of dimension< 7. At the last of this part, we shall draw the

figure of the wavefront of one of the reticular Legendrian map-germ whose generating family

s a reticular versal unfolding of a function germ in the classification list.




Part 1
Reticular Lagrangian Singularities

2  Preliminaries

The propagation mechanism of light rays incident from a hypersurface germ with an
r-corner in a smooth manifold is described as follows (Cf., [8]): Let M be an n(=r + k+ 1)-
dimensional differentiable manifold and H : T*M\0 — R be a C™-function, called a Hamil-
tonian function, which we suppose to be everywhere positive and positively homogeneous of
degree one, that is H(\{) = AH (&) for all A > 0 and € € T*M\0, where 7 : T*M — M is the
cotangent bundle. Let Xy denote the corresponding Hamiltonian vector field on T MO0,

given locally by the Hamiltonian equations:

0H .  8H
apiDPZ— 8q2)

gi =

where (g, p) are local canonical coordinates of T* M.
We set £ = H~'(1) and consider the following canonical projections 7 : T*M —s M,
e RXE = E, mg : RX E — R. We denote E, the fiber of the spherical cotangent bundle
Tlg at ¢ € M.
Let go € M, t9 > 0, & € E,, and 79 be the image of the phase flow of Xy at (to,&0). Since
the phase flow of Xy preserves values of H, the local phase flow ¥ : (R x T*M\O, (to,&0)) —
(T"M\O,m0) of Xp induces the map ® : (R x E, (t,&)) — (R x E, (to,m0)) given by
®(t,€) = (¢, ¥(¢, £)).
We set exp=mp 0@ : (R X E, (to,&)) = (M, up), exp,, = €TP|Rx B, , €TP” = mp 0 P71 :
(R x E,(to,m)) = (M,q), expy, = exp” [RxE.,, 1 = (T, ezp) : (R x E, (t,&)) — 'L

(M x M, (g0, u0)), p2 = (exp™, mas) : (RX E, (to,m0)) — (M x M, (go,up)), where ug = m(n).
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Then the following diagram is commutative:

$

<RX Ea (t07§0>> )i (RX E: (t07770>)
" exp o1 N\ P2 exp” N\
<A[7 U()) <_7£2_ (]\{ X Aya ((]07 /U/O)) _TL) (‘/\/[7 (IO)

By [8, 2.2] we have the following proposition
Proposition 2.1 If exp,, is reqular then ¢, and ¢ are diffeomorphisms.
Let exp,, be regular, then we can define the smooth function germ
TR Oy T = g © ¢;' : (M x M, (g0, w0)) — (R, tp).

We call 7 the ray length function associated with the regular point (to,&0) of expy,. Set
E=mpodr' i (M x M, (qo,u0)) = (B, &), n=mgo ¢5" (M x M, (go,u)) — (E,n0). By

8, Lemma 2] we have

d7(g,u) = —€(q,u), dut(q,u) =n(g,u) for (q,u) € (M x M, (g0, u)).

Example: Let M be a Riemannian manifold and H be the length of covectors. Then ®

maps each covector in time t a distance ¢ along the geodesic and hence 7(q,u), (g, u) €

(M x M, (qo,u0)), is the length of geodesic which connects ¢ and w. In particular if M be
p

a Euclidean space E™, then ®(¢,¢,p) = (¢ + mt,p) and 7(q,u) = |¢ — u|, where (q,p) are

canonical coordinates of T*E™ and ¢,u € E™.

Let H" = {(21,---,2,) € R"|zy > 0,---,2, > 0} be an r-corner. Let V° be the hyper-
surface germ in (M, qq) satisfying &)‘quvo = 0 with an r-corner defined as the image of an

immersion ¢ : (H"xR*,0) — (M, qo). We parameterize V° by «. Foreach o C I, = R

we define A) by the set of conormal vectors of V? := VO {z, = 0} in (E, &) as the initial

e



rays incident from V9 Then we regard the set L, the image of covectors in A2 by mp o @

around time %o, that is
Ly ={mp o @(t,§) € (E,n0)|(t,€) € (R,t0) x A2},

as the set of rays incident from V(,O around ty. We also regard the union of L, for all o C I,

as the set of rays incident from the hypersurface V° around time #,.
Yy 0

Let C; be the critical values of 7|y, for ¢ C I, and Q,, = n(L, N L,) for o # 7 C I,.

We define the caustic of the light rays incident from V° around ¢, by

b el G

ol TOHT

The meaning of the caustic is the following: For example, consider the case r = 2,k = 0.
Then Vo = {(q1,92,93)|q1 > 0,q2 > 0,3 = 0} for coordinates (q1, go,qs) of (M, q). By the
remark of the definition of the caustic in Section 3 we have UO#T Kor = Qo1UQp2UQ 123U
QQ2,(1,2- The bright points generated by incident rays from V°, V0N {q =0}, VN {g =0}
and VON{q = g2 = 0} are Cy, Cy, Cy and C} 5 respectively. On the other hand the light rays
incident from the boundary of V°, VN {g = 0} and V°N{g, = 0} are Qp UQq 2, Q1,412 and
Q2,41,2y respectively. They appear as the boundary of the shadow defined by the boundary
of light rays incident from V°, V'N{q = 0} and V°N {g, = 0} respectively. This definition

1s a natural extension of quasicaustic defined in [7].

The family of submanifolds {L,},cr. of (T*M\0,n0) is ‘generated’ by the ray length

function 7 as the following:

Proposition 2.2 Let VY be the hypersurface germ in (M, qo) satisfying fOITQOVO = 0 defined

as the image of an immersion ¢ : (H” x R¥,0) — (M, qo). Let L, be the set of rays incident

8




from VO = VON{z, = 0} around time t, for o C I,. Define F := 70 (4 x idy) — tg €

M(r; k+m). Then the following hold:

(1)
O°F
rank a‘@%@ =r+k.

dyou /

Q

LO’ == {(Z’U.F(:l%g/) 'U,) = (T*]\/[\O,’f}o)lﬂ)a T d.’lf],._gF<‘T7y7U’) - dyF<'fE7y7u) = O} fOT & L ]7‘7
where we tdentify (M, uo) and (R",0) by coordinates (uy, -+, un) of (M, u).

Proof. By |8, Sublemma)] we have

dyd, F
d,F

> DM TV e R
1s an 1somorphism. This means (1).

Let 0 C I, and n, € (E,n9). Then n, € L, if and only if n, = 7p o d(t,&,) for some
§ € By and t € (R, ) satisfying ¢ € V? and lr,vo = 0 and this holds if and only if
N = du7(g,u) for some g € V) and u € (M, up) satisfying d,7(q, u)|7,vo = 0 and this holds

if and only if 7, = duF(z,y,u) for some (z,y,u) € (H" x RF™ () satisfying z, = 0 and

dar 2 02, 0 1) = A F Tz, g, u) = &

Let H={(q1,-",qx) € (R*,0)|¢1 >0,-++,¢ > 0,¢pp1 = -+ = q, = 0} be an r-corner
and LY be the conormal bundle of H N {2, = 0} for o C I,. By theorem 3.2(2), proposition
2.2 implies that the family of submanifold {L,},c;. of (T*M\0,7) is a symplectic reqular

r-cubic configuration, that is there exists a symplectomorphism S : (T*R",0) — (T*M\0, 7o)

such that




Hence in Part I we investigate the stability of the caustic under perturbations of the
corresponding symplectomorphism. Generally the stability of the caustic under perturba-
tions of the symplectomorphism is more stronger one of the perturbations of the immersion.
Because a small perturbation of the immersion implies a small perturbation of the symplec-
tomorphism, but for any perturbation of the immersion the corresponding submanifold Lok
is included in E for all o C I.. In order to realize our investigation we shall define reticular

Lagrangian maps 1n a more general situation.

The stability of the caustic under perturbations of the immersion is studied in Part II.
3 Reticular Lagrangian maps
Here we shall define reticular Lagrangian maps, their caustics and equivalence relations.

Let (¢,p) be canonical coordinates of (T*R"0) and 7 : (T*R",0) — (R™0) be the
cotangent bundle equipped with the canonical symplectic structure. Let H = {(q1,-+,qn) €
(R",0)|¢r =2 0,-++,¢- > 0,¢r41 = --* = ¢ = 0} be an r-corner and H, = {(q1," ", qn) €

Hlg, = 0} be an edge of H for o C I,. We define L the conormal bundle of H,, that is
L, = {(g,p) € (T*R™,0)|¢s = pr,s = Gp1 = =+ = g = 0, q1._s > O}

We define a representative of the union of L2 for all o C I, by
L’ = {(¢,p) e "R gup1 =+ = Py = Gry1 =+ = gu = 0,7, > 0}.

Definition 3.1 We call the map germ

(12,002 (TR 0) 25 (7 )




a reticular Lagrangian map 1f there exists a symplectomorphism S on (T*R™,0) such that
i = Slpo. We call 5 an extension of 7 and call {i(L%)},c; the symplectic reqular r-cubic

configuration associated with 7 o q.

Remark: The definition of symplectic regular r-cubic configurations in the complex analytic
category by Nguyen Huu Duc [6, p. 631] is as follows: If there exists a symplectomorphism
S such that L, = S({¢s = pr,—¢ =pry1 =+ =p, = 0}) for o C I, then {Ls}ocr, is called

a symplectic regular r-cubic configuration.

Caustics: Let 7o be a reticular Lagrangian map. Let C, be the caustic of the Lagrangian
map 7 o i|rg for o C I (i.e., the critical value set of 7 0i[;0) and let Q,, = 7 0 i(L2 N L?)

for o # 7 C I,. We define the caustic of 7 o ¢ by

(et L i

o ls gET

We remark that for 7,7 C I, (71 # 72) we have Q,,,, C ®o,0u{i}, Where 0 = 7, N7 and ¢
be any element of (73 — o) U (75 — o). This means that Uysr @o,r is equal to the union of

Qo,r for o C 7 C I, #(7 — o) = 1. For example, in the case r = 2 we have

U Qor = Qo1 UQp2U Q{123 U (2,{1,2)-

LT

Equivalence relations: We call a homeomorphism germ ¢ : (IL°,0) — (L°, 0) a reticular

diffeomorphism if there exists a diffeomorphism ® on (T*R™,0) such that ¢ = ®|po and
¢(LY) = LY for o C I,. We say that reticular Lagrangian maps 7 o 41,7 04y : (L% 0) —
(T*R™,0) — (R™,0) are Lagrangian equivalent if there exist a reticular diffeomorphism ¢

and a Lagrangian equivalence © of 7 such that the following diagram is commutative:

(L°%0) % (T*R*,0) I (R",0)
¢l | &4 g
(L°%0) = (T"R™0) -5 (R",0),

11




where ¢ is the diffeomorphism of the base space of 7 induced from O.
We remark that if reticular Lagrangian maps 7 o4y, 7 04y are Lagrangian equivalent then

all Lagranglan maps m o z’lng,’/'r o igng are Lagrangian equivalent for each o C i

Here we shall define generating families of reticular Lagrangian maps and study the
relations between reticular Lagrangian maps and their generating families. At first, we
define several notations of function germs which are used as generating families of reticular

Lagrangian maps.

Let H" = {(z1,--+,2,) € R"|z1 > 0,---,z, > 0} be an r-corner. Let £(r; 1) be the ring of
smooth function germs on (H" x R!,0) and M(r; 1) = {f € E(r;1)|£(0) = 0} be the maximal
ideal of £(r;l). We denote simply £(1) for £(0;1) and 90(I) for 9(0;{) and denote B(r;l)
the set of diffeomorphism germs on (H" x R', 0) which preserve (H" N {z, = 0}) x R’ for all
o C I;. We remark that a diffeomorphism germ ¢ on (H” x R!,0) is an element of B(r;l) if

and only if ¢ is written in the form:

(/)(I:y) = (mlal(az,y),---,x,.a,r(z,y),bl(x,y),-~-,b[(a:,y)) for (I>y) = (IHT X Rlvo)7

where ay,- -, ar, b1, +,b, € E(r;1) and a;(0) > 0, -, a,(0) > 0.

We say that function germs f,g € 9MM(r;1) are reticular R-equivalent if there exists ¢ €
B(r;l) such that g = f o ¢.

We say that function germs F(z,y,u), G(z,y,u) € M(r; k + n), where z € H", y € R*
and v € R", are reticular R"-equivalent (as n-dimensional unfoldings) if there exist ® €
B(r;k +n) and o € M(n) satisfying the following:

(1) @ = (¢, ), where ¢ : (H" x RF*" 0) — (H” x R¥,0) and 1 : (R*,0) — (R",0).

(2) G(z,y,u) = F(¢(z,y,u), ¥ (u) + a(u) for (z,y,u) € (H" x R 2008

12




We say (P, ) a reticular R*-isomorphism from G to F and if o = 0 we say that F' and G
are reticular R-equivalent.

We say that function germs F'(z,y1, -, yk,,u) € M(r; ky +n) and F(z,y,,-- - Yky, U) €
IM(r; ky + n) are stably reticular R™-equivalent if F and G are reticular R*-equivalent after
additions of non-degenerate quadratic forms in the variables .

A function germ F(z,y,u) € IMM*(r; k + n) is called S-non-degenerate if

_BF  OF 8F  OF
70z’ 0z, Oyr’ Oy

are independent on (H" x R¥*" (), that is

0°F  O*F
rank %E%,J %SCQ%U =7+ k.

dydy Oyou /

We remark that F(z,y,u) € MM*(r; k + n) is S-non-degenerate only if r < n.

Let moi be a reticular Lagrangian map and F(z,y, q) € M(r; k+n)? be a S-non-degenerate
function germ. We call F' a generating family of woi if F|, o is a generating family of ¢(L?)

for o C I, that is

oF OF OF
7 LO — o o g = g == = for o
L( (7) {<Q7 0(] (»L,!j,(j)) & ( R >O)|CE (9:1;1_r_(, ay O} OF W @t I

We also call F' a generating family of {i(L%)},c,.
In the case r = 0, this definition is the same as that of the generating family of a Lagrangian

map(cf., [1]).

Theorem 3.2 (1) For any reticular Lagrangian map 7 o i, there erists a function germ

X

F € M(r; k +n)? which is a generating family of mo 1.

(2) For any S-non-degenerate function germ F ¢ M(r; k + n)?, there exists a reticular

13




Lagrangian map of which F' is a generating family.
(3) Two reticular Lagrangian maps are Lagrangian equivalent if and only if their generating

families are stably reticular R -equivalent.

We remark that there exists an analogous result of this theorem for complex analytic category
in [3, P. 13 Théoréme|. But its proof does not work well for C®-category because F, in
‘Preuve du lemme 1’ may be degenerate for some ¢ € [0,1]. Our proof is also available for
complex analytic and real analytic category.

Proof. (1) Let 7 o4 be a reticular Lagrangian map and S an extension of 7. Let Ps be the

canonical relation associated with S, that is
Ps ={(@, P;q,p) € (T'R" x T"R",0)|(¢,p) = S(Q, P)},

where (@), P) is canonical coordinates of the domain. By considering a Lagrangian equiv-
alence of 7 o, we may assume that there exists a generating function T(Q,p) of Pg, that

1S
or
Q,*@

Define F € fm(T;n ti n)Q by F(“C>y’q) == T(a:l)'“)x'ho)'”70;,..1/17“'7yn) s Z?:l Yi4;-

Ps = { ( (Q,p);

_—%%§(627p)>p) }‘

. > ; . 2r
Since T' is a generating function of Ps, rank 2L (0) = r. Hence

Oz 0y
FE. PR o0°T 0
Oxdy 0xdq _ | Oz0y
0’°F  O%F B &*T I
oy* 0Oydq /), 02 e

has rank r + n. This means that F' is S-non-degenerate.

Otherwise, we have

oF oF o0F

{(Q7 5&*(23,’(&/,@))'1‘0 == axh*U = ay o O}

14




0T

. oT
= {{¢,¥)|zs = (2,0,9) = —(z,0,9) + ¢ = 0,27, > 0}

0Ty, o dy
. oT oT
- {((],]))‘CJU = M(Qap) = Qr+l = =Qp= %(Qa]ﬁ +q = 0,(211‘_(, > 0}
o1 o1
B {(MO*P“Q’]))’]))IQU F (DQI,\_(,(Q’]ﬁ =@ry1==Qn=0,Qr,_, > 0}

for o C I,. Hence F' is a generating family of 7 o 1.
(2) Let F' € M(r; k + n)? be a S-non-degenerate function germ. Choose an (n—r1)xk

matrix A and an (n — r) X n matrix B such that

O’F  O*F
dxdy 0Oxz0q
0?’F  O°F
oy?  Oydq
A B

0

is invertible. Let F'(z,y, q) € 9M(r+k+n)? be an extension of F and define G € M(k+n+n)?

b}’ GY(%Iw/L'IaQ) — FI($>Q)Q) 4z ‘rlAyt "+ .’E/B(]t, where Yy = Rk: (xlv ol '7$T7$’13 iy >I;1—r) e R”

8G 8G 8G e
8z 920 oy M€ independent,

and ¢ € R™. Since

9G 8G  8G.  8G

P 1 - 2
1R, s ax,,q,aq)lay 0}

s the canonical relation associated with a symplectomorphism S. Hence F is a generating
family of the reticular Lagrangian map 7 o S|ro.

(3) By using analogous methods of the proof of [1, p.304 Theorem], it is enough to prove
the following assertion:

Let Fo(x,y,q), F1(2,y,q) € M(r; k+n)? be S-non-degenerate function germs. If Fy and F
are generating famalies of the same reticular Lagrangian map, then Fy and Fy are reticular
R-equivalent.

We suppose Lemma 3.3 and Lemma 3.4 and begin to prove this assertion. By using

15




analogous methods of the proof of D.(a) ~ (d) in [1, p.304 Theorem], we may assume that

F(y,(]) = FQ(O,y,Q) :Fl(o)z/7Q>> (1)

O°F,  O°F

W0)—0,m(0):EmJC{1,2,...,71},]]‘:/@_ (2)

We may assume by (1), (2) and Lemma 3.3 that
]'QFO(O) = j*F1(0). (3)

We may assume by (2), (3) and Lemma 3.4 that

- . , O0Fy OF,
27 =35 = X%, b Ba lge =0 for all o C I, () (4)
where £% = { (z,¥,9) € (H" x R**",0) | z, = aa&;—rﬂ, = %—Z = h v

Define the function germ F on (H" x R¥*"*1 0 x [0,1]) by F(z, v, q, t) = (1—t)Fy(z,y,q)+
tFi(z,y,q),t € [0,1] and set Fy, € M(r; k+n)? by Fy(z,y,q) = F(z,y,q,t) for each t € 0, 1].
Since j*Fy(0) = 72F1(0), F; is S-non-degenerate and hence 2% = X7 for all ¢t € [0,1] and
o C I, because X¢ = X% . Hence we have by hypothesis that

0F; 0Fy

(x7y7Q) €Y = ‘—<l,y,Q) s a_
q

5 (z,9,9) (Vt€[0,1] ,Vo C I, ).

We now claim that 2 a 1S written in the form:

t

for some smooth function germs &, -+, &, my,- -+, mp on (H" x R+ 0 x [0, 1]).

Fix o C I, (z,y,9) € 27 and let ¢ : [0,1] — 59, t = (2(t),y(t), ¢(c)), be a smooth path

connects 0 and (z,v,q). Then

1
d
<F1 —F())(CC,Z/,Q) : E(Fl F0>(6<t)>dt
JOo
& O(F, — Fy d:z:] O(F) — Fy) dy; ~ O(F; — Fy) dg,
3 /o (]E[Z_U 37:] dt i 7:21 ay] dt L5} ; 0g; dt L
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Since ();)llw = %]?7 = Qdi==l, Tk 0(%1“0) = 0 on X7 by (4), we have (F} — Fo)(z,y,q) = 0.
Therefore (Fy — Fo)|y, ., v- = 0. This means that % = 0 on the set,
OF OF  OF |
1 30, 5] | xl@r[;l 2 wu :fnra‘r = iy =101
Since £ %, T, g:l—]:, 2 gTF, 37]:, cee % are independent on (H" x RF"+1 {0} x [0,1]), we

obtain the claim. Moreover since anF‘ (0) =0, we have n(0,8) =0 for ¢ € [0, 1].

Since the time dependent vector field

Z&Lz +Z'7y

=1 5y]
vanishes on {z = y = ¢ = 0}, the flow ®;(z,y, q) of X with the initial condition Po(z,y,q) =
(2,y,q) exists for all ¢t € [0,1]. By the uniqueness of the flow, ®, is written in the following
form:
(7,9, 9) = (210, (2,9,9), -, 2,07 (2,9, 9), he(2, Y, 9), 9),

for each ¢ € [0,1]. Then @, defines a reticular right equivalence from Fy to Fy, that is

Fod, = F, &

Lemma 3.3 Let F1,F, € M(r; k + n)? be S-non-degenerate function germs. Suppose that

the following conditions hold:
Ly :=Lp =Lg foro =1, —-{1},---, I, — {r}, 0,

I = Fl’l’:O = FQ‘m:O)

9*F 0*F
S = e R TR,

where {L% Yocr, be the symplectic reqular r-cubic configuration defined by F;. Then there exist

positive numbers ay,---,a, and an r X k-matriz B such that Fs(z,y,q9) = Fy(a1z1, -, ar 2y,

17




e - D T _ ,’2
Y + B, q) satisfies J F1(0) = j*F3(0).
As a result, F; and F3 are generating families of the same reticular Lagrangian map and

the conditions (1) and (2) in the proof of Theorem 3.2 (3) hold for F} and Fj.

2 1. ; .
Proof. Let I = I, — J. We denote %(O) by F;, and denote other notations analogously.
By hypothesis we have

o0F;

OF;
LJ i { <QJ —a?]—(ray>(I)> I LTy = &E]T_g

R %(I,y,Q) = 0},

for o C I, = = 1,2. Therefore for any vector v in TyL,, there exists (al,b?, ¢t) € Rll+k+n

(i=1,2) such that a* > 0,

Gt B BE, ) s
g’r Trl ZTr b'L = O 5
< Fyarr Fy?(: 0) Fyq ct ( )
and
% a % 7 1 ) a
V=c 255’0 =+ (ELHHIIT %“_ngb ‘%<qu63> E;;'o, (6)

where 7 = I, — o and (g, k) are the canonical coordinates of T*R!. Since

Fi Fi
Try Trq
lclllk < Fy2 Fyq > = ”7 l —+ ]C,

we can arbitrarily choose a.
Fix (a7, b, ¢'), (a2,0% ¢*) which define the same vector in T*R™. By comparing the coef-

T b)

ficients of ;%lo, %[0, 8—%\0 of (6), we have

g )




i o2
By (5), we have F, a; + Fyc= F2 _a? + F,,c. Hence

YT+ YT+~

Fpo, 07 = Fyp 7. (9)

By (7)—Fy,4(8), we have
1 1 1 2 2 p 5
T, = Faplgre J0r =BGy — Fy ko oo, (10)

By ( (9)%,(10)* ), we have

)=a?(F2 F2 _F2 F

TryY’ T Trqr Trqy yQ1>' (11)

ol N O

4 TrY) " Trqr Trqy© Yqr

Otherwise, since F; is S-non-degenerate, we have

F F 0 i i
rank < i f . ¢ > = Yank ( oy Farq Fa,q > = |7| + k.

3 0 Fy By
o2 : . , E -F; :
By multiplying the invertible matrix 0 E*‘” on the left hand side of the above,
k

we have

i SR A o 0
e Ty Trqr Trqy* Y4qr e =
rank ( 0 F E, ) = |T| + k.

Hence

TS il e

ZrY) T Trqg Trqy yq]>

= |7]. (12)

Consider the case 7 = {s} and a} = 1. By (11) and (12) we have a? > 0. Therefore if we

denote Fy(aizy,---,a%z,,y,q) instead of Fy, then we have
i 1 i 2
(Fa;ya quI e FI(]JFyq]> > (Fryv Fa:q; = | Fa:qJFy(II)‘ (13>

Hence a' = a®(= a). Set B = F} — F2  and define F3(z,y, q) = Fa(xz,y+xB,q). Then we

xqg r4qJ

need only to check that F,, = F2 , F}, = F2 in order to complete the proof. We have

BEF = g

BIRL PR

zq7 zqy zqy zqj?

By = PR 4 B sl B 1

zqg T4 qJ
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3 P 2 e T 1 R -5 2 2 ; — =
¥, = + B]?y(“ B ﬁI(II w FTQJ EJ(IJ F’L‘qJ qul i (EL‘({] : E/(];) + .k F

2q] zqr qg zqy " Yq1»

e (Fl o EJ(II)+F1 FZ/OIZFI

Tqr zqy zq; zqr
s T e T8
Therefore F,, = I,
Finally repeat this proof between Fy and Fj. In the case o = 0 let (a*, %, ), (a®, b2, ¢?)
R'***" define the same vector. Then we have a' = a®(= a) by (11) and have b! = b3 by (8)

and have (F,, — F;;)a = 0 by (5). Since a is an arbitrary real number, we have FL = F? &

Lemma 3.4 Let Fy, Iy € M(r; k + n)? be S-non-degenerate function germs. Suppose that

the following conditions hold:

L, io=s =18 {(Mee T )

O°F O°F
-2 bt -9 T O — — E J ]7‘ = lg J
PR0) = *R(0), 5700 =0, 52— () = Be (JCF,|7|=F)
Set
. 8 e oF,  OF,
RI{(Q:,Q,(])E(]H XRk+7O>‘$U:a$IT—U: 8y :O},
< OF;
p; 1 X5 — Ly ( (z,9,9) — (g, 57 ) )

for each o C I,. Then there exists G € B(r;k + n) such that G preserves ¢ and G,y =

1|y wgr+n and for each o C I, the following diagram is commutative:

Glz‘}?]
o o
2e F
P~ P8
Lo
As aresult F3 = Fyo(@ is reticular R-equivalent to F and LE =Yg (=X°), %% - % 5o =

0 for each o C I,.

Proof. For each o C I, we set

Gy = (p5) 'op] : 5% S IF.




Since L = L, for each o C I, we have

i o /
Gnﬁ(ﬂ R U‘V‘U mgff = Go’ £ mz%’ (VO’, 7. L [r )
# 1

Since j2F1(0) = j72F5(0) and Fy, F, are S-non-degenerate, there exist function germs wy,

on (H" x R*¥*" 0) such that

711

OF; OF; OF; OF;
58 gy Tom gy b e e s i
’ O, Oz, Oy oy

Io9| y Wy, —p ( ] = 1, 2 )

define coordinates of (H” x R**™ 0). By using analogous methods of 13, lemme i], there
exists a diffeomorphism G on (H" x R¥*" 0) for which the diagrams are commutative. By
2F1(0) = j%2F5(0), we have G,5 = id|r |- wri4n.  We have to modify G such that G

B(r;k + n) and G preserves q.

Since
Z; © G’lez‘z gﬁ:'”:xr%:%:() =T © G’UIEUCIT E%l — O,
z1 0o G can be written in the form:
~ OR OF
G i) 1 bl
i Olr. = Lq» a1+ :LZ 05,
0x; 3y]
where by, .-, by are independent on z;. By G,y = id, we have a!(0) = 1. For each i =
2,++,7, take af, -+, al,b%, -+ bt which have the similar properties. Otherwise since 5
®) = — ) o s s ) o ¢« ..
q; G‘ 621_ :xr%:%‘:() q GlZUC]r EFI qi for 4 1) y TV
each g; o G can be written in the following form:
T
O G rv=m (11 + "I"Z ¥ dj.
Z 83/]
Define G'(z,y, q) = (z1ai,---,zal,y o G',q), then the diagrams are also commutative for

G'and Gy = id, so that G’ € B(r; k 4+ n) and G’ preserves q. L




4 Stability of unfoldings

In order to study the stabilities of reticular Lagrangian maps, we shall prepare the results
of the singularity theory of function germs with respect to reticular R*-equivalence. Basic
techniques for the characterization of the stabilities we use in this part depend heavily on the
results in this section, however the all arguments are the almost parallel along the ordinary

theory of the right-equivalence (cf., [19]), so that we omit the detail.

We denote J!(r + k, 1) the set of I-jets at 0 of germs in M(r; k) and let m : M(r; k) —

J'(r + k,1) be the natural projection. We denote j'f(0) the I-jet of f € S{r: ).

Lemma 4.1 Let f € M(r; k) and OLgx(5'f(0)) be the submanifold of J'(r + k, 1) consist of

the image by m of the orbit of reticular R-equivalence of f. Put z = j'f(0). Then

af of
T,(Orp(2) = ’/Tz(<l‘1a—xl, L 71[3r5;>8(7';k) + DN(r; k)(

o oy
@yl’ :&Uk '

We say that a function germ f € 9(r; k) is reticular R-l-determined if all function germ

which has same [-jet of f is reticular R-equivalent to f.

Lemma 4.2 Let f € M(r; k) and let

of RO f

1.—_ . oo a)r—
0931’ : aCET

L 90y e

M(r; k)1 C M(r; k) ({2 oy’ Dy,

) + D(r; k)(

then f is reticular R-l-determined. Conversely let f € 9(r; k) be reticular R-l-determined,

then

of of of of
9:)’((,]’ k.)H—l C <$15;—I’ - ,3:7-%—>5(7‘;k) S+ M(’I‘; k’)<.87‘/;’ cee _8—:9/;

).

Let F' € M(r;k +ny), G € M(r;k 4+ ny) be unfoldings of f € M(r; k). We say that F

18 reticular RY-f-induced from G if there exist smooth map germs ¢ : (H" x R () —
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(H" X R¥,0), ¢ : (R™,0) — (R™,0) and a € 9(0; ny) satisfying the following conditions:
(1) ¢((H N {z, = 0}) %R+ ¢ (B N {z; =0 xR fora C 1.,

(2) G(z,y,v) = F(¢(z,y,v),%(v)) + a(v) for z € H", y € R* and v € R,

Definition 4.3 Here we define several stabilities of unfoldings. Let f € 9(r;k) and F €
M(r; k + n) be an unfolding of f.

We define a smooth map germ
]iF : (R7~+k+n,0) e (JZ(T 3 /f, 1),]lf(0>)

as follow: Let F: U — Rbea representative of F'. For each (z,y,u) € U, We define Bipmut &
M(r; k) by Floyw(s',y) = Flz +2',y +y',u) — F(z,y,u). Now define j:F(z,y,u) =the
l-jet of Flzy.). JiF depends only on the germ at 0 of F. We say that F is reticular R*-
I-transversal if jiF|.—o is transversal to Ol,(5'f(0)). It is easy to check that F is reticular
R*-l-transversal if and only if

of of of  of

Elr k) = (e oy =2, sy =Yy + Ve + M(r; k)L
( ) < 18331 781177- ayl ayk>5( ik) F, ( ) )
where Ve = (1, %IUZO’ nER %luzohi-

We say that F' is reticular R™-stable if the following condition holds: For any neighbor-

hood U of 0 in R™**" and any representative F & C*®(U,R) of F, there exists a neigh-

borhood Np of F' such that for any element G € Ny the germ 2 IR (0, yo, up) 1is

reticular R*-equivalent to F' for some (0, yo, up) € U.

We say that F'is reticular R"-versal if F is reticular R*-f-induced from all unfolding of

We say that F' is reticular R* -infinitesimal versal if

of of  of

95 e
ox, Oy, Oy

5<T>'IL) = <Ila.fl}'1’

...,:L‘T
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We say that F' is reticular R*-infinitesimal stable if

E(r;k+n)

( OF s oF OF 0F> L OF oF
B Ty Ay Ty e R P S RS e e n)-
B ae, Gy By S Tl G e

We say that F'is reticular R*-homotopically stable if for any smooth path-germ (R,0) —
E(r;k +n),t — Fy with Fy = F, there exists a smooth path-germ (R,0) — B(r; k +
n) x £(n),t = (P4, aq) with (®g,0) = (id,0) such that each (®;,04) is a reticular R*-

isomorphism and Fy = F} o O, + ay.

Theorem 4.4 (Transversality lemma) Let U be a neighborhood of 0 in 0 € RTHE+ th,
the coordinates (Ti, -, Tr, Y1, ", Yk, U1, *,Up) and A be a submanifold of JZ(T—HC, 1). Then
the set

Ta={F € C®°(U,R) | jiF|s=o is transversal to A}

1s dense in C*°(U, R) with respect to C*°-topology, where jiF(x,y,u) is the l-jet of the map

("9 )= Fz+2,y+y,u) at 0.

The transversality we used is a slightly different for the ordinary one [19], however we can

also prove this theorem by the method which is the same as the ordinary method.

Theorem 4.5 Let F' € M(r;k +n) be an unfolding of f € M(r; k). Then the following are
equivalent.

(1) F is reticular R*-stable.

(2) F is reticular R*-versal.

(3) F is reticular R*-infinitesimal versal. P
(4) F is reticular R*-infinitesimal stable.

(5) F is reticular R*-homotopically stable.
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For f € 9M(r; k) we define the reticular R-codimension of f by the R-dimension of the vector

space

of gf a7 of
(T> >/<L1 03:17 7/1’7 0:1:7"7 0(/17 ) ayk>g(’»k)'

By the above theorem if 1,a1,--+,a, € £(r;k) is a representative of a basis of the vector

space, then f +a1v1 + - - ayvn € M(r; k + n) is a reticular R*-stable unfolding of T
5 Stability of reticular Lagrangian maps

In this section we shall define several notions of stabilities for reticular Lagrangian maps
and prove that they and the notion of stabilities for corresponding generating families are

all equivalent.

In order to consider symplectomorphisms and symplectomorphism germs on T*R", we
introduce canonical coordinates (@, P) and (g, p) of T*R", where (Q, P) are the coordinates

of the source and (g, p) are the coordinates of the target.

Stability: For any open set U in T*R"™ we denote S(U,T*R") the space of symplectic
embeddings from U to T*R™ with C*°-topology. We say that a reticular Lagrangian map
moi: (LY 0) — (T*R",0) — (R",0) is stable if the following holds: For any extension S
of 7 and any representative S € S(U,T*R") of S, there exists a neighborhood N of S such
that for any 7 € Ng the reticular Lagrangian maps 7 o (T,mo at xo) and 7w o1 are Lagrangian

equivalent for some zy = (0,---,0;0,---,0, P,QH, g aBeTE O,

Homotopical Stability: Let 7oi : (IL°, 0) — (T*R™,0) — (R™,0) be a reticular Lagrangian

map. A map germ 7 : (L° x R, (0,0)) — (T*R™, 0)((Q, P, t) — ,(Q, P)) is called a reticular

Lagrangian deformation of i if ip = 4 and there exists a one-parameter family of symplecto-




morphisms S : (T*R™ xR, (0,0)) — (T*R",0)((Q, P, t) — Si(Q, P)) such that 4, = Sy|y0 for ¢
around 0. We call S an eztension of i. Let ¢ : (L%, 0) — (I°, 0) be a reticular diffeomorphism.
A map germ ¢ : (L° xR, (0,0)) = (L°0)((Q, P, t) — ¢(Q, P)) is called a one-parameter de-
formation of reticular diffeomorphisms of ¢ if ¢9 = ¢ and there exists a one-parameter family
of diffeomorphisms ® : (T*R™ x R, (0, 0)) = (T*R™,0)((Q, P, t) — ®,(Q, P)) such that ¢, is
a reticular diffeomorphism defined by ¢; = ®;|po for ¢ around 0. We call ® an eztension of .
We say that a reticular Lagrangian map 7oi : (IL°,0) — (T*R™,0) — (R™,0) is homotopically
stable if for any reticular Lagrangian deformation ¢ = {7;} of i there exists a one-parameter
deformation of reticular diffeomorphisms ¢ = {¢¢} of idpo and a one-parameter family of
Lagrangian equivalences O = {©;} with ©g = idp-g» such that i, = ©, 010 ¢; for t around

0.

Infinitesimal Stability: A vector field v on (T*R",0) is said to be tangent to L° if v|po is

tangent to Ly for all 0 C I,. A function germ H on (T*R", 0) is said to be fiber preserving if
there exist function germs hy, - - -, hy,, on the base of 7 such that H(q, p) = > hi(@)pitho(q)
for (¢,p) € (T*R™,0). We say that a reticular Lagrangian map 7 o1 : (L°,0) — (T*R™,0) —
(R",0) is infinitesimal stable if for any function germ f on (T*R™,0) there exists a fiber
preserving function germ H on (T*R",0) and a vector field v on (T*R™ 0) such that v is
tangent to .Y and Xfro1= Xpygoi+i,w, where X; and Xy are the Hamiltonian vector fields

of f and H respectively and i,v is defined by 2,v = (S,v) o for an extension S of i.

At first we prepare some lemmas to construct continuous maps between mapping spaces.

Let U,V be open sets in R™, R™ respectively. We define

Ni(l,e, K)={ g€ C®(U,V) | |ID%(g— f)s| <eVz € K,|a| <}
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for each f € C®(U,V),l € N,e > 0 and compact set K in U. Then the family of sets

N¢(l,e, K) forms a basis for the C"*°-topology on C>®(U,V).
Lemma 5.1 Let U be an open ball around 0 in R™. Then the map
i 1
/ : C®(U,R) — C®°(U,R) (fw— (z > / f(tz)dt) )
, )
s continuous.

Proof. Let f € C*®°(U,R) and a neighborhood N of [ f be given. We may assume that
N = fo(l, e, ) for some [, e, K. Choose a closed ball K’ around 0 in U such that K CoR!

and set N' = N¢(l,e, K'). Then for any g € N',z € K,

Do /g—/ml = |D%( / (g(tz) — (tz))dt)
2 / (t1 Do (g(tz) - f(ta)))dt
< / el | D (g(tz) — f(t2))|ds

0
1
< / 1“gdi = ¢
0
for any |a| < [. It follows that [(N') C N. Hence [ is continuous. 5

Proposition 5.2 Let U,V be open sets in R™ satisfying0 e U C V andi: U — V be the

inclusion map. Choose € > 0 such that Usc(0) C U and set U; = Us.(0),V; = U.(0). Then
there exists a neighborhood Ny of i in C®°(U, V') such that g|y, is embedding and Vi C g(Uy)
for g € Ny. Moreover

Ny _‘_>COO<V1>U) (f*_—) (g'U1>—1‘V1)

1S Continuous.




Proof. We define the neighborhood Ny of ¢ b
04 ; :
6'9;:1 2"0()l<271 (77&-7>
g€ Ny & detgg( );é()
l9(z) —z| < € for € U,

Let ¢ € Ny and a,b € Uy (a # b) be given, we may assume that a1 — by| > |a; — bi|(i =

9..--,n). Set c(t) = (1 —t)a+tbt € [0,1]. Since U; is convex, we have c([0,1]) c U;.

ok
91(0) — g1(a)| = | agloc@)dtl
J0
n 1891
o 991 b
13, ot ettt o
1
0J1 (9(]1
> | y 0—1100()(61—@1 dt\-Z‘ : 2(t) (bs — a;)dt|
. \bl—am/ 2o dt|—2|b alH/ (t)dt]
: .
> [by =l ~ (0~ Db \1— b 0
1 03] n 1 CL121~'2‘E’]—*O11‘> .

It follows that g|y, is an injective. Hence g|y, is an embedding. It is easy to prove that
V1 C g(Uy) because of the definition of Uy, V; and the fact that |g(z) — z| < €.

Let fo € Ny and a neighborhood N of gy = (fo|ly,) "'y, be given. We may assume
that N = Ny, (l,€', K) for a [,¢', K. Since the l-jet extension of (f|y,) |y, is written as a
continuous map of the [-jet extension of f|y- for each f € Ny, it follows that there exists

e" > 0 such that (f|y,) ', € N for any f € Ny (l,€",U,). s

We have the following lemma as a corollary of Proposition 5.2.

Lemma 5.3 Let U,V be open sets in R™ such that 0 € U and let fy : U — V be a embedding.
Then there exist a neighborhood Uy of 0 in U and an open ball V around fy(0) in V and
a newghborhood Ny of fo in C°(U,V) such that f|y, is embedding and Vi C f(U) for all
/€ Ny. Moreover

Ny — C*(V,U)  (f = (flo) M w)
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is continuous.

Lemma 5.4 For any one-parameter family of Lagrangian equivalences © - (T*R™ x R, (0,0
) = (T*R™,0)((Q, P, t) — ©4(Q, P)) with ©g = id, there exists a fiber preserving func-
tion germ H on (T*R"™, 0) such that Xy = %Itzo. Conversely for any fiber preserv-
ing function germ H on (T*R",0), the flow © = {©;} of Xy with the initial condition

O =1td: (T"R",0) — (T"R",0) is a one-parameter family of Lagrangian equivalences.

Theorem 5.5 Let woi: (L° 0) — (T*R™,0) — (R",0) be a reticular Lagrangian map with
the generating family F'(z,y,q) € M(r; k + n)?. Then the following are equivalent.

(1) F is a reticular R™-stable unfolding of F|,—.

(2) m o1 is homotopically stable.

(3) ™ot is infinitesimal stable.

(4) For any function germ f on (T*R",0), there exists a fiber preserving function germ H
on (T*R™0) such that foi= H oj.

(5) o1 is stable.

Proof. We shall prove (1)< (5), (1)=(2)=(3)=(4)=(1).
(1)=(5). Let Sy be an extension of i and S, € S(U,T*R") be a representative of S;. We
shall construct the map (14) which maps a symplectic embedding around Sy to a function

around a representative of F'. Define

5:U —R™ ((QP)— (Q,p35(Q,P)))

for each S = (¢5,p5) € S(U,T*R™). By taking some Lagrangian equivalence of 7 o ¢ and

Shrinking U if necessary, we may assume that s, is embedding. By Lemma 5.3, there exist
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a neighborhood Ng of So and a neighborhood U; of 0 in U and a convex neighborhood V

of 0 in R?™ with the coordinates (@), p) such that the map
Ng, ~r O™V O} ( 8+ (rgle,) |y = (idg, Pa) )
is well defined and continuous. Let S € Ng, . Then the set

Py ={ (@, P5(Q,p);¢5(Q,p),p) € U x T"R" | (Q,p) € V},

where ¢s(Q,p) = ¢3(@, P3(@,p)) for (Q,p) € V, is a canonical relation associated S.
Therefore there exists a smooth function Hg on V such that Hz(0,0) = 0 and

O0Hg

Ps = { (@, —%(Q ok, “——(Q p), D) }

But

g
H(Q,p) = / & Hy(1Q, tp)dt

)dt

and the maps

OH ;
Qi

OH g

B 00 (7 S
Na =G VR (5% 9,

(: —p%‘)>

(=-d5)) (i=1,-+,n)
are continuous, we have by Lemma 5.1 that the map
Ng — C®(V,R) ( S+ Hg)

s continuous. Let V! = VN { Q1 = - = @, = 0 }. Now we define the following

continuous map

1 Ng — C®(V' xR, R) { S Fglw,pv0) = Hsle, 0p)4+ <9g>). - (14)
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mrxr2e at 0 1s a generating family of 7 o4, we may assume that Fy = Fs is a repre-
2y -

Since FSO

sentative of F. Since F'is a reticular stable unfolding of F'l4=0, there exists a neighborhood

Ny, of Fy such that for any G € Np, the function germ G at (0,4°,¢°) and F are reticular

R*-equivalent for some (0,4°,4¢°) € V' x R™. Set Ng = ¢ (Nz). Let S € Ng . Take
20 20

(0,1° ¢°) € V' x R™ such that the above condition holds for F. If we denote {L5},; the

symplectic regular r-cubic configuration defined by Fpok FS'

each o C [,

: OF: OF%: OF:
LEO: +,—£.’E, + Y, + Lg = = S =
{ (g0 +q 90 (z,% +y,q0 +q))|x s = Ty O, .00 0}
0 H :
= {(@+¢v +y)|z, = = S (z,0;90 + 1) =
oy
OH
3 (z,0;90+y) + 9 +q¢=0,z;,_, > 0}
OH: OH
== e ; i ) <+ ok T E ) =
{ ( o (@590 + D), %0 +p)|Q 6@1,,_U(Q’y°+p>
Q7‘+1 o = Qn = Oanr—a Z O}

where (0;0, ) = S7'(go,yo). This implies the reticular Lagrangian maps 7o (9] 50"t (0:0,B))
and 7 o ¢ are Lagrangian equivalent.

(5)=>(1). Let Sy be an extension of 7. By taking some Lagrangian equivalence of 7 o 4,
we may assume that there exists a generating function Ty(@, p) of the canonical relation Ps,
assoclated with Sy. Then Fy(z,vy,q) = To(z,0;y)+ < y,q >€ M?(r;n + n) is a generating
family of moi. We prove that Fy is reticular R*-stable unfolding of Fy|,—. Let Fy € C°(U, R)
be a representative of Fy. We construct the map (15) which maps a function around Fy

to a symplectic embedding around a representative of S;. The following construction is

summarized in the diagram after the proof.

mrxmr2e at (0,9°, ¢%), then for



By shrinking U if necessary, we may assume that there exist a neighborhood Uy of 0 in
R" with the coordinates ), Uy of 0 in R™ with the coordinates y, Us of 0 in R"™ with the
coordinates ¢ and To(Q,y) € C®(Uy x Uy, R) such that the following conditions hold:

(a) T, is a representative of Ty

(b) The map U = (U1 N{Qry1 =" = Qn =0}) x Uy X Uy

(¢) Uy x Uy x U3 = Uy x Uy x R™ given by (Q,v,q9) — (Q,v, %%Q(Q, Y) +q) is an embedding.

(d) The map U, x Uy — Uy x R™ given by (Q,y) — (@, -%%(Q,y) is an embedding.
Define the representative Fy € C(U, R) of Fy by F(z,y,q) = T(z, 0; y)+(y, q¢) and define

Fy € C®(Uy x Uy x U, R) by Fy(Q,y,9) = T(Q,y) + (y,¢). Since the map
COO(U} R) — COO<U1 X UQ X U3)IR‘) ( F - F(Q)?/’ Q) =5 FO(Q)Z/)Q) =5 (F s FO)(Q’,%(]) )7

where Q' = (@1, -+, Q,), is continuous, the map

C®(U,R) = C®(Uy; x Uy x U3, Uy x Uy x R™) ( F'— ¢5(Q,y,90) = (Q, v, %) )
is also continuous. Since ¢ is embedding by (c), there exist a neighborhood N}ﬁo of Fy and
a neighborhood U’ of 0 in U; x Uy x Us and a open ball V around 0 in U; x Uy x R" such
that

Ni = CO(V, Uy x Uy x Us) (F = (¢alo) v )

1s well defined and continuous. Let Vi = V N (Uy x Uy x {0}). Then

]\711;0 == COO(‘/l,Ul X UQ X U3> ( F = (d)F‘U/)—llVl )

is also continuous. We denote (¢z|vr) ™ v, (@, ) by (Q,v,¢:(Q,y)) for (Q,y) € V4. Then
the map
1 ~ OF
Ng = C*(WM, Ui xR*) (Fr—=9p(Q,y) = (Q,—a—@(Q,y,qF(Q,y)) ))
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is also continuous. Since 1y is embedding by (d), there exists a neighborhood N]%O of Fy in
N;;O and a neighborhood V3 of 0 in ¥} and a neighborhood W of 0 in U; x R™ such that the

map

Ni = CP(W, Vi) (Fr (Y5

) " w)

is well defined and continuous. We denote (¢zly,) |lw(Q, P) by (Q,y5(Q, P)). Then the

map
]\[1%0 = COOU/V? Uy x Uz X U3> ( F ( (Q7P) = (Q,yﬁ(Q,P),(]p(Q,yﬁ(Q,P>)) ) )

is also continuous. Hence the map

2 7 mM*MN # Q oF
Ng = SW,T'R") ( F = Sp(Q, P) = (gz, a—q(Q,yﬁ,qf%) ) ) (15)

is well defined and continuous. Since Sﬁo 1s a representative of Sy, there exists a neighborhood
NIB% of Fy in N]%O such that for any F € Nfﬁo the reticular Lagrangian maps 7TO<§F’]LO at (QO,P0))
and o7 are Lagrangian equivalent for some (Q°, P%) = (0,---,0;0,---,0,P%,,--- , P%) € W.
Let (0,9%¢%) = (0,y(Q°% P%),¢5(Q°%yx(Q° P%))). Since F at (0,3°¢°) is a generating

family of 7 o (5”,3|1Lo at (Q0,P9)), F!]erR‘zn at (0,9% ¢°) and Fy is reticular R*-equivalent.

Uy xUyxUs = Uy x Up x Us Uy x R 5 %
(Q,9,9) (@v.ar) = (@-56(Qu¢) = (@, P)
brl t S 15
(@9, 55) (@,9,0) (97+ 55 (Q: 97, 47))
Uy x Uy x R* 5 v, TR

(1)=(2). Let z : (L° x R,(0,0)) — (T"R™%0)((Q,P,t) — 1(Q,P)) be a reticular
Lagrangian deformation of i. Take a one-parameter family of symplectomorphisms S :

(T"R™ x R,(0,0) ) — (T*R™0)((Q,P,t) = Si(Q,P) = (¢:(Q, P),p:(Q, P))) such that

it = Silpo for ¢t around 0. We may assume that there exists a function germ 7 : (R* X




R, (0,0)) = (R,0)((@,p,t) — Ti(Q, p)) such that T} is a generating function of the canon-
ical relation associated with S; for ¢ around 0. Define F(z,y,q,t) € E(r;n+n + 1) by
F(z,y,q,t) = Fi(z,y, q) = Ti(z,0;9) + (y,q), then F, is a generating family of 7 o i, for all ¢.

By hypothesis, there exists a one-parameter family of reticular R*-equivalences of the form

Ft(ﬂi,y,Q) == F(xlatl(xaya(])) i >:I:7‘(1/Z(‘,E::U7Q)7 ]Lt(I’y7Q)’gt<Q>> oy at(Q)'

Set a one-parameter family of Lagrangian equivalences © = {©,} by ©, = g7 + dtg| rogr
Then we have 4;,(L%) = ©; 0 i(LY) for all o C I,,t around 0. Therefore we may define the
one-parameter family of reticular diffeomorphisms ¢ = {¢;} by ¢; = (Sp)~' o O;* o Silys.
Then we have i; = ©; 01 0 ¢; for ¢t around 0.

(2)=(3). Take an extension S of 7. Let a function germ f on (T*R™,0) be given. Let
S = {S;} be the flow of X; with the initial condition Sy = S. Because i = {i; = S,|p0} is
a reticular Lagrangian deformation of ¢, there exists a one-parameter family of Lagrangian
equivalences © = {O;} with ©y = id and a one-parameter deformation of reticular dif-
feomorphisms ¢ = {¢@;} of id such that 7, = ©, 040 ¢, for ¢t around 0. Let & = {D;} :
(T*R"™ x R, (0,0)) = (T*R™,0) be an extension of ¢. Then we have

v i S dO . AP e S B
/\fOZ:——Jt—ttzolmo:_d—tﬁtzooz_*_(s*d—tttZO)OZZ‘XHOZ+Z*/U'

This implies that 7 o 7 is infinitesimal stable.

(3)=(4). Let a function germ f on (T*R",0) be given. By hypothesis, there exists a fiber
preserving function germ H on (T*R™0) and a vector field v on (T*R",0) such that v is
tangent to L° and X o4 = Xpg o+ 4,0. Set iy = ¢|p0, v, = v|ro for each o C I, then it
is easy to prove that (f — H) o i, = constant because Xf o i, = Xpg 04, + (i5)+Vs. Since
L is connected, we have that (f — H) ot = constant. By replacing H + constant by H if
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necessary, we have foi = H oq,

(4)=(1). Take an extension S = (¢,p) of i. We may assume that there exists a gen-
erating function 7' = T'(Q,p) of the canonical relation associated with S. We define a
generating family F(z,y,q) € M(r;n+n)* of moi by F(z,y, q) =T(z,0;y) + (y,q). Since
(@, P) = (¢(@, P), P) is invertible, there exists I C {1,---,n}(|I| = r) such that ¢: (z,y) —
(q¢1(z,0;),y), ¢ = (21, -+, 2,), is also invertible. Otherwise since (@Q,p) = (Q, P(Q,p)) is

invertible, ¥ : (z,y) = (z, P(z,0;y)) is also invertible. We define S’ = ¢ o 1)~

@Q,p) — (4,p) (z,y) 5 (a,p)
L S ly 28
(Q, P) (z, P)

Let f € £(r; k) be given. Set g(q,y) = fod(qr,y). Since S(z, 0; P)|g,p=..mz. P.—0 Esl s
there exists a fiber preserving function germ H(q,p) = >, hi(¢)p; +ho(q) on (T*R", 0) such

that

go S(z,0; P)’zlplz...zx,,PT:O,xZO = H o S(z,0; P).

Therefore there exist function germs ay,---,a, € £(r;n) such that

goS(z,0; P) = H o 5(z,0; P) + Z:L'ija,j(a:,P) for (z,P) € (H" x R",0).

J=4

Hence
flz,y) = (fop ™ )o(poyp™)oy(z,y)=goS o9(z,v)
= goS(z,0; P(z,0;)) = g(q(z,0,9),v)

= th( (z,0;9))y; + ho(q(z,0;y)) ZCL"J (z,0;y)a;(z, y)

=]
orT (9
= Zh( Gy (0w + ho(=5-(2,0;9) Z% w0y>> i(%,9)
oT oT oT
= (0)y; s ) 0 rin)-
= z_:lll<0)yz e }ZO(O) In0d<llajl,l (CC O y) Ty 81} ($>an)7 ay (.’13, 7y)>5( n)
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, where (1/;'(-737@) = ai(z, P(z,0,y)) for j = 1,--.,r. This implies that F is a reticular R*

infinitesimal versal unfolding of f. v
6 Adjacencies of singularities

We shall study the structure of the caustics of stable symplectic regular r-cubic configu-
rations. Firstly we investigate the adjacencies of singularities classified in Section 7 because
the investigation of caustics means that of adjacencies of corresponding functions germs
under reticular R-equivalence. The following list is the classification list of simple or uni-
modal singularities. 'This includes the classification list of singularities of R-codimension< 7.
Therefore the stable symplectic regular r-cubic configurations in manifolds of dimension< 6

are classified.




The classification list of simple or unimodal singularities under reticular R-equivalence

Lk Normal form rR-codim  Conditions Notation
O /1 e B
T 1 2y £ Iz n W™ Lo
+22 + ’,1/3 4 Fy
+23 + az’y + y° 6 4a> +9 £ 0 Fig
az™t? + xy® + y° n+ 6 a1 Flin
+24 + y? + az’y 8 Fg
'y F 97 aaty” 9 Fy
8 a4ty 10 Fio
+q4 + (1,.'1:g/2 + 72 6 i g K49
:ty’l e .'z';zj2 + ax™ n+ 4 i e LA, B 1 ]Q;n
ey™ + xy? + az™ n 4+ m B gy St = e K
+(z £ %)% + az™y 21 + 3 n> ya >0 ngn_g
+(z £ 9%)* + az™ 2n + 2 . % 2.0 £ 0 K, .
+y4 + 2%y + az® 8 Kg’
+y4 + 2% + ax?y? 9 K
3 2 + (/.:J;jzﬂ 8 K3*
1 2 yiypt ys + Ty + azys §) L= Dy
Yiye & yg_l +azyt 2y nEm+l >0 i, T
Y £ Y; + arys + Ty 8 B
yP + 1y -+ azy; £ Tys 9 E70
y? + s + azy; £ ays 10 Fs
vy £yt + 2y + axy’ 8 Dy
T BT S O O T 1 9 L,
y2ys £ ys + 22 + azyl 8 Dy
2 0 ex?+dx3 4 Bsy"
ex? + ax1zo + 0x3 4 oA, e m=d, 0 ) BE;S’E
ex] + az Ty + 012 4 Cate ngg’a
exy + ax xy + 023 4 gxa,0% 1 B;;S’“
e(xy + 0x9)* + axh n+ 2 n>3a#0 Sgﬁi
ext + ax o + 02 n+m n+m25,a%0 761,,?7’10
e + ax, x5 + 0z 6 B;:g;a
ex? + axizy + 613 6 Bgzg;O iij
2 1 ey + zy+ 0xoy + azl n+m e e R B S Cﬁ:‘;;f
ey + 11y + azgy® + 62 6 555?
ey’ + 2oy + az1y® + 622 6 C32s
In the case L a® + 1 # 0, while in the case Dy a # 0,n > 4,m > 1,n+m > 5. In the

case r =2, e =41, § = +1 and if @ = 0 then @ = 0 and if a # 0 then o is the sign of a




The cases r = 0 and 7 = 1 were already studied as ordinary singularity and boundary
singularity (for example, see 2],(9],[10]). Hence we study the case r = 2. From the view
point of caustics, we must investigate three type of adjacencies of singularities: the first is
the ordinary adjacencies, the second is the adjacency given by forgetting a boundary of the
corner. For example, consider Bsz’“ singularity which is the orbit of :z:ff + azx1zy + a;% €
M(2;0)% If we forget the boundary defined by zo = 0, this function is reticular R-equivalent
toy®+xy € M(1;1). Therefore we regard BZ_.’;“O‘ is adjacent to C5". This adjacency appears
as the union of the caustic Cy and the quasicaustic (p,1 of the symplectic regular r-cubic
configuration defined by a versal unfolding of 3 +azzo+23. The third is the adjacency given
by restriction singularities to z; = 0 or zo = 0. For example, consider C;f’a singularity
which is the orbit of —y° +z,y + 2oy + axs € M(2; 1). If we restrict this to x5 = 0, then this
is equal to —y> + zy € M(1;1). Hence we regard Cg—,;’“ is adjacent to C5 . This adjacency
appears as the union of the caustic Cy and the quasicaustic Q) 1,2} of the symplectic regular
r-cubic configuration defined by a versal unfolding of —y* + z1y + zoy + az?.

We shall draw the pictures of stable caustics in manifolds of dimension< 4 at the last part
of this part. The caustics of By g3, B3 and Cj 5 are diffeomorphic to (the pictures)x (R, 0)

. 5. " . 0,€,
and the caustics of Byy® are diffeomorphic to one of B3,

The adjacencies of unimodal singularities on the 2-corner:

Fe
Bg??j/z’(lw
i/ §
53)62)(1 £€4,02,
Bya  +— Bj3 L %
€2,03,023 €2,03,0 €3,03,Q €4,03,
82,3' ? 32,3 g Bs,3 o B4,3 <
52’6 e 63,(54,0 64)54,0
32,4 ' fire= B3,4 = B4,4 e

T T T




£9,0, /33 52,5,/j
By s Bz,“ s 594 S S
Cvggg,[iz,ﬁ’ ; 053,5 B2 : 6153,5 B3 : Csa 10,84
C?g??’[” 05435 B2 6154,(5 B3 05475 B4
C€516)/32 6755)6[5) 065767,64
5,2 S — 5.4 =
:7
7(5 ’(S b
The adjacencies By — B3%™> and By, B3’ means that
—52,(52,j: 59)_52)
Bz)? B
> >
Bg?’éz’i : B63, B62,62 e B52,63,ﬂ:-
3 5 >6>
The adjacency Bago ¢— Bgé’gﬂ‘3 means that
s 2
By " 2,2
ERety: 4,0 = +3
1—1 y—L3yM3 L —yLHyM3
By «— By, 2,2 — Byy37.
The adjacency B;, < C5% %P2 means that
ERP A il B
By Byy"
- o - sk
22 C3s By e Cg
ot Eoe
;Hr, B )
T +,—,+ = +
Bys " #— ilgg " TRAEE o O A

The adjacencies from singularities on the 2-corner to one on the boundary.

B «+— B +— By +—
T li K3

; : 5
Bg,g,* B§32,(5,a B54, o

|
| By¥® +— Byt «—
& i {

§
B +— B +— B! +— -,




Fe
T/
Ca” G 44— CF + £ +— OF -
pN T T A 3
5 O — O — ot —
4 3 i 1 |
Ci53™ CP' — O — OB — O — ..,
|
Fo

The adjacencies of singularities on the 2-corner given by forgetting a boundary. The adja-

cency "\ is given by forgetting the boundary z; = 0 and < is given by forgetting z, = 0.

Bs
] C3 ct
+,+,£(0) T £
C;y «— B G 4= Bfh Ci «— BpEO
s " -
o Cs C,
&5 i —
T Ay T — = I ——,+,:t
CQ BQ,Q CQ e BQ72 CQ L B2,2 ’
B2,2,n
o
Bj B
—5a :}:)6,0 (—(5)”a :taéya
By ( B33 By, «— By,
Bn,m
£ ea”™
C3 Ct
o 5,6,(1 Sa™ 6,5,a
CB é B'Z,B Cm, e Bn,m>

82,3’ and B3)2/

BS Fy
Y &
Ff +— Byy° B «— By»°
X g Ot
O-a <_I\_ C:t,é,a Cn_z(—é)ma :_ Ci,&,a.
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Ciz1 and O399
el s DR =

CQ_ ) Cvg
6 ¥e

€ €,0,x LS 5
C3 %_ 03’271 CQ <—* Cvg:Q)g'

The adjacencies of singularities on the 2-corner given by restriction to z; = 0 or e =1, “The

adjacency "\ is given by restriction to z, = 0 and « is given by restriction to z; = 0.

By, B; Cs,
. ¥ 27 A
Bn <« B Bj «— By Cs, «— Biim
C.?ETL—H ’\ C§ \ Féf
e
O 7= Lol g Sl Cs +— Co%

7 Classification of function germs
In order to classify function germs we prepare the following lemmas.

Lemma 7.1 Let f € 9M(r; k) be a function germ. If %(O) # 0 then f is reticular R-

equivalent to y; € M(r; k).

Lemma 7.2 Let f € M(r; k) be a function germ satisfying 3—5(0) =0 and [ be the corank of
[- “ Then there ezxist a subset o C I, and a non-degenerate quadratic form Q(y1,:,y—1)
and a function germ g(z',y") € M((r — |a|);1)? such that the following conditions hold:
(1) glor=o € 902(0;1)°
(2) f is reticular R-equivalent to fy € M(r; k) defined by
folz,v) =D £2i+ 9(@r -0, Y1, > 1) + QWis1, -+ Ui).
ico

We say a function germ f(z,y) € M(r; k) (z € H',y € RF) is residual if f € M(r; k)2 and

f’m:() (= m<0, ]\"/)3




Let £(r; k, 1) be the set of smooth map germs (H" x R, 0) — R! and M(r; k, 1) be the set
of map germs (H” x R¥,0) — (R, 0).
O eaC é =) (37161, £ 4 7I7'§1‘> &-—f—l; Sk ,€7~—|-/€) = 973(7“) :Zif, r + ]{,) we deﬁne the 111“1ear map

£s gl kel k) by

6(]() Z zgz _+‘ Z€T+] a

e=3|

To each ¢ € B(r; k) we define the linear map ¢* : £(r;k) — £(r; k) by &*(f) = fo o
We have the following four lemma’s which are analogous to lemma 1.21 ~ corollary 1.23

in [17].

Lemma 7.3 Let A be a real vector subspace of £(r;k). Let [0,1] — M(r;k,r + k), t —
&= (x:&, -z & &+ E1TF) be a smooth homotopy. Suppose that £&(A) C A for all
€[0,1) and f € E(r; k). Let @ : (H"xR*xR,0x[0,1]) = (H"xR*,0), (z,y,t) — ¢:(z,v),

be the solution of the differential equation:

d
Z0u(@,y) = o dilz,y), dolw,y) = (2,y) 55,

Then this solution satisfies the following conditions:
(1) ¢¢ € B(r; k) for all t € [0,1].

(2) 91 (A) C A +M(r; k) for all t € [0,1], I > 0.

Proof. (1) We denote ® = (®1,- -, ®,4x) and ¢, = (¢, -+, ¢, ). Since (§;0¢;); = ¢t-Elogy

for i = 1,... r, by the uniqueness of the solution of (16) we have that ®;|,,—¢ = 0 for

t=1,---,7. This means (1).
(2) Let I > 0 be given. For each t € [0,1] consider the map £(r; k) — £(r; k) given by
f = &(f); this map is linear and since & € 9(r; k,r + k) this map maps M (r; k)" into itself.

Hence this map induces the linear map & : J"'(r +k,1) — J'"1(r+k,1). This map depends
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differentiably on ¢. Similarly, the maps ¢} : £(r; k) — E(r; k), t € [0,1], are linear and map
Mm(r; k)t to itself, so they induce the linear maps d;t* Wia (EA 1) = J=Yr 4+ k, 1) and (/;t*
depends differentiably on ¢.

Now choose a basis ay,---,ap, for m_1(A) C J"Y(r 4 k,1) and extend this to a basis
ay, -+, of J77H(r 4+ k,1). For ¢ € [0,1] let @, be the matrix of £, with respect to the basis
ay, 0, and let C; be the matrix of ¢: . Then because &(A) C A we have that Q, has the

form:
p q—p

p R, St
q—p 0 T; '
If we divide C} into submatrices in the same way it will have some form:
W, X,
Yi. Zv )

What we wish to prove is that ¥; = 0 for all ¢ € [0, 1].

Now let f € £(r; k) be given. Then for ¢ € [0, 1] we have

C@GHO) = FUZA0) = I EO)

Hence we have that d%-(/;f,* = ét* o0& fort € [0, 1]. Therefore

% = CtQt for t € [O, 1]

Because of the form of @, this implies

1V,
%—‘ = Y,R, for t € [0,1].

S R S e U e RN b ;

But Cj is the identity matrix because ¢f = idg(,x) 50 Yo = 0. Hence Y; = 0 forall ¢ € 0,1]. &




Lemma 7.4 Let A be a vector subspace of &(r; k) and [0,1] — E(r; k) (t— f,) be a smooth
homotopy. Suppose that there exists a smooth homotopy [0, 1] — M(r; k, 7+ k), s £
(1€l 2 P ERY satisfying the following conditions:
(1) &(A) C A + M (r; k) for allt € [0,1], I > 0.
(2) U — &(f) € A+ M(r; k) for all t € [0,1], 1 > 0.

Then for any | > 0 there exist ¢ € B(r;k) and h € A + M(r; k) such that (A

M(r; k) C A+ M(r; k) and fo = fiod+ h.

Proof. Let [ > 0 be given. Consider the solution @ : (H" x R* x R,0 x [0,1]) — (H" x

R*,0), (z,y,t) — ¢4(z,y), of the following differential equation:

d
0@, y) = =& 0 6u(2,y), dolz,y) = (z,9).

we denote ¢ = ((I)l’ € r+k> ¢t o (Qt) . T+k) and define H : (HTXRkXR, OX[O, 1]) — R

by H(z,y,t) = f o ¢¢(z,y). Then

OH L —~ Of; 8(151 . dfi dﬁbrﬂ dfy
B R R D T R
8 't, L -1 a t i 0
= (- 6’;:(- o Gy © Pt — af o diéi o ¢y + —iogbt)( Y)
% aft * l
= %F@Uﬂ+zgﬂ%w€¢dA+mmﬂﬂ)by@)

Now by lemma 7.3 (with A 4+ 9(r; k)! for A and —¢&, for & we have
O (A +M(r; k)) C A+ IM(r; k)" for all ¢ € [0,1], (17)

50 %\IZ’RT-MX“} e A+ M(r; k) for all ¢ € [0,1]. Therefore for ty € [0, 1] we have

i

d OH
el 0) = 5N

Ay N S s ARG = A AR R T AR R VI TR e Sy R TS R R N
.'iu:r,ﬂ;gh__ R e VR e L R e T S R P S e S e s AV § s T ;

rtexioy) (0) € Ty (A + 9(rs kYY) = mi_s (A).
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But since m—1(A) is a linear subspace of J*1(r 4 k, 1) we have 5"V (g1 f1 — ¢35 fo) € mi—1(A).

Hence —h := ¢1/1 — fo € A+IM(r; k)', so that fo = f, 0 ¢y + h. -

Lemma 7.5 Let f € E(r;k). Letl > 0 be an integer and set fo = j'f(0) (consider as a
polynomial germ in E(r; k) ). Suppose that there exist h € M(r; k)? for some ¢ > 1+ 1 and
£= (2161, 1 By Gty oy &rik) € MUr; k)P E(r; kv 4+ k), p > g+ 1 such that §(fo) —h €
M(r; k)P

Then there exists hy € IM(r; k)P such that f+h < f+hy (orin other words, 77~ (f+h)(0) €

OR3P £(0))).

Proof. Define the smooth homotopy [0,1] = E(r;k), t = fi= f+ (1 — t)h and define the

smooth homotopy [0, 1] = 9 (r; k)E(r; k,r + k), t — & = —€. Then

%—&(ﬁ) = ~h+&(f + (1= t)h) = —h+E&(fo) + E(f — fo+ (1))

€ IM(r; k)P + M(r; k)P0 = am(r; k).

Hence the hypotheses of lemma 7.4 are fulfilled for A = 9(r; k)?. Therefore there exist
o1 € B(r, k) and ' € A+ DM(r; k)P = M(r; k)P such that fo = fod, +A'. Set hy = b’ 0 p7L.

Then we have foo ¢ = f + hy and hy € M(r; k)P B

Lemma 7.6 Let f € 9M(r; k)" and set fo = j'f(0) (so fy is a homogeneous polynomial of
degree ). Let h be a homogeneous polynomial of degree ¢ > 1+ 1 and suppose h € Jr(fo).
Then there exists hy € 9M(r; k)9 such that f+h b (or in other words, 79(f+h)(0) €

OfR(jlf(O))), where Jir (fo) is the Jacobi ideal of fo defined by

£, oA 18 dfo 9fo dfo
‘]I'R(jo) = <xla—l’1’ >$7‘axr> 8:1]1)

) E(r;k)
3yk> ot o




Proof By h € Jir(fo) there exists £ = (@161, -, e, Gty -, Eri) € (s Ky + k)
such that £(fo) = h. We may assume that £ € M(r; K)TH1E(ri k,r + k) and , for if not
we replace & by &' defined by £ = ¢ — j971€(0). Since Jo 1s homogeneous polynomial of
degree | we have (§ — &')(fo) is a polynomial of degree ¢ — 1 and &'(fy) € M(r; k). Since
h=(¢=&)(fo) +&(fo) € M(r; k)7 we have (€ — £')(f) = 0 and €'(f,) = h.

Hence the conditions of lemma 7.5 are fulfilled with p = ¢ + 1, and the conclusion follows

immediately from lemma 7.5. o

We now start the classification of unimodal residual singularities in 9U(r; k)2 (r > 1) under
reticular R-equivalence. We shall prove that this classification includes the classification of
residual singularities whose reticular R—codimeﬁsion is lower than 8. Firstly we introduce
the following notations: a;,0;,a,b,c, - are real numbers. We say that z € JHr + k,1)
has modality n if the following condition holds: For any neighborhood of z there exists an
element 2’ in this neighborhood and there exists an n-parameter family of I-jets 2/(a) (a in
some neighborhood of 0 in R™) such that 2'(0) = 2’ and 2/(a) & OLx(2'(b)) if a # b. Remark
that for f € 9M(r; k)? if 5'f(0) has modality n then f also has modality n .

Let f € 9(r; k)? be a function germ with reticular R-finite-codimension. In the procedure
of the classification, we adopt the following notations:
‘=" means ‘see’.
R g’ means ‘f is reticular R-equivalent to g’ (g € £(r;k)).

+» 9’ means ‘f " g by lemma 7.6 by the analogous method of (2)’.

¢ )

2 T .

= ¢’ means ‘f 5 ¢ by lemma 7.5 by the analogous method in (6)’.
03 : . )
' ¢’ means ‘f & g because g is (degree of g)-determined by Lemma 4.2’.

A rR . :
— ¢’ means ‘f ~ g by a linear coordinate change’.
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The case r = 1,k = 0. The classification is reduced to V.I.Arnold 2] and V.I.Matov [9].

The case 7 = 2,k = 0. Let j2f(0) = az? + bz, 25 + cz?.
a#0,c#0 (1
b#0,c=0
a=0,b#£0,c#0
a#0,=0,c=0
a=0b=0,¢%0
0=0,b=0,c=0 8)

(1) 72£(0) has the normal form +z? + az,z, + 23 by a linear coordinate change.

=W

o

)
)
)
)
)

R R

(
(
(
(
(

TRl R Sy +a + az129 £ 22
dasded i B )

] ey _ , ;
(2) = E(zf £ 22120 + 23) + D i>3@i%s (Vi st a; #0) @ Let fo = 72£(0). Since .’Elgi—? =

+2(2? £ x,75) and flfgg—i% = £2(£212,+23), we may replace any term of degree > 3 involving
zp in f by terms involving less z1’s and more z5’s and terms of higher degree by lemma, 7.6.
As a result we have the normal form. If a; = 0 for all 7, then we have codimension I = 0o,
Therefore there exists an integer i such that a; # 0. N + (2 £ 22125 + 22) + L
S 2 0);

(3) 5°f(0) has the normal form #a? + z,2, or 2,2, by a linear coordinate change. +»
Zizg ai$§+‘l‘11‘2+zj23 bja:% (7%, 9 56 0 20, bj #0) = gatta,z9+ha] (where g, h are units
in £(2;0) and n > 2,m > 3 be the minimum integer satisfying a, # 0, b,, # 0 respectively)
~ +27 + 2125 + gz (n > 2,m > 3, ¢ :unit) > el guma T ortin 22 = 3 a0
(4) By using the analogous method of (3), we have f R +27 + 2122 + az3 (n > 3,a # 0).
(5) 72£(0) has the normal form +? by a linear coordinate change. Hence j°f(0) has the

normal form 7 + az,z3 + bzl by lemma 7.6.
3

b#0 = +22 + az22 + bad (b #0)
S a2 4 apigsE oy,
=

(6)

b=0
(6) 7% £(0) has the normal form fy = £?+az;z2. Then j°f(0) has modality 2 in J5(2+1; 1):

For any neighborhood of 7°f(0) there exists an element f; in the neighborhood such that




(z) = 422 + bzyzs (b # 0). Then f; has the normal form +27 + 2122 + ex} + dzd by
lemma 7.5 (since xl% = o ewon and IEQS‘Q = +21,23, we may replace any term of
degree > 3 involving x; in f; by terms of higher degree). It is enough to prove that fi
has modality 2. Suppose that f, = 27 + 2123 + 2§ + d'a} € O%(f1). Then there exists
¢ = (2161, T202) € B(2;0) such that f, = f10¢ mod 9MM(2;0)S, where f, and f2 are considered
as polynomial function germs. Let j°¢9(0) = ¢5(0) + ¢o171 + dogy (¢21, P22 € R). By the
coefficient of z7 in fo we have ¢,(0) = 1. By the coefficient of z;22 we have ¢2(0) = 1. By
the coefficient of z,23 we have ¢y = 0. These imply that a = o’ by the coefficient of z3 and
b=V by the coefficient of z;x5.

On the other hand, reticular R-codimension f > 8: It is enough to prove that codimension

of O%(f1) in J°(2+0,1) > 8. Set A = <:L'“f,z%x§,$1$%,a:g>g(2;o). Since m®(2;0) C A and

ngt = £222 + 1103, 2,38 = £23,22 + daz} + 5bz3, we have that 7234 = Tyl =
0z T2 S 2
12 S:J;-l = jp%%‘% = 0 mod A. Therefore

codimension of O%(f1) in J°(2+0,1)

8fl afl . N\6
1a$17$25$2> -{—937(2,0) )

| df1 dfi dfr 28f1
> : e ' °
> dim £(2;0)/({z; gz, 172 6:1:1’125‘332 S o

= dim £(2;0)/A — 4=12—4> 8.

=+ dim £(2; 0}/ ({zx

(7) By using the analogous method of (5), we have f ~ =23 + az?z, + 22 or f has modality
2 and codimension f > 8.

(8) f € M(2;0)%. Hence

of

y L2

81171 33:2

reticular-R-codimension f > dim £(2;0)/((z; Vg + MM(2;0)) >10-2=8.

Ji=g



On the other hand, we can show that _7"3(;“(0) has modality 2 by analogous methods of (6):

In this case, if we consider an element z € m4(9M(2; 0)%) such that the coefficients of e
- zer en z has the normal form 423 - o ; :

are not zero. Then z has the normal form T3 + axizy + bz 72 + 3;3 by a linear coordinate

change. Hence z has modality 2

The cage vy =2 k= Let 72f(0) = azyy + bxoy + cx? + dxyzs + exs.

L.
a#0,0#0 = (9)
srlb=0e0 = 10)
640 b=0,e=0 = (12)
g=0b#40 = 118}
a=0,b=0 = (14)

(9) J 2£(0) has the normal form T1Y £ 29y + az3 by a linear coordinate change B i a;yt +
P 2. R

$1yi$2y+zj22 bixh (%4, 58t a; # 0,b; #0) ~ Ty " +z1ytr2y+azy’ (n > 3,m > 2,a #0)

(here we used the analogous method of (3)).

(10) j£(0) has the normal form 2,y 4 z by a linear coordinate change. Hence 53 f(0) has

the nolmal form ay® + 21y + bxoy? £ 22 by lemma 7.6.
a#0 +—> ay® + 21y + bzoy® £ 22 (a # 0)

St oyt azey? £22 (a € R).
gre=f) = -(11)
11) We can prove that j°f(0) has modality 2 and reticular R-codimension of f > 8 b
Y

analogous methods of (6): Consider an element f, € J°(2 + 1,1) satisfying 73(fo) = z1y +
0oy’ £ 23 (a # 0). Then fo has the normal form ay® + by* + 21y & z9y? + 22 and hence
fo has modality 2. On the other hand, set A = (22 B122, 25, Ty a2 ooyt Ye(2.1). Since

M(2;1)° c A and 116f0 = y,.LQB = koY + 223, A afo = 5ay* + 4by3 + 71 £ 225y, we have

9fg — 9fo

, 2 : .
Uge = oy, = hafo = 0 mod A for g = z1,29,y? and h = z1, 22, 2oy, y>. Hence

codimension of O%;(fo) in J°(2+0,1)

am 3% dfo
+ A

8.1"1 812 (9y> )

Ofy 0o Ofr  Ofo O 0l

a:r?a /QJaSEQ, ayw?aya ay; ay

> dim £(21)/ ({1

= dim £(2;1)/ ({24 R+ A)
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Zodim EEL A - B=14-=6>38

(12) 42f(0) has the normal form z,y by a linear coordinate change EN 1y + h(z9,y) (h €
M(z2,y)°). Set A = (z1y,27,2123) + MM(2;1)*. Then we have £, 2L = .EQ—a'f—Z = mod A.

ox1

Hence

reticular -codimension f

. of of of
> dim £(2;1 z = Ll
> dim &£(2; )/(<$10:1:1 , L28$2, 8y> HIM(2;:1]1°)

oh . Oh  0Oh Bh,> + A)
aya layalQayvyay R

> dimr €(2;1) /A —4=12 4 =38,

> dim (2 1}/ ({

On the other hand, we have j° f(0) has modality 2 by the analogous method of (6): Consider
an element fo € J*(2+1,1) which has the form z1y+h(zs,y) (h is a homogeneous polynomial
of degree 3) and the coefficients of 3 and y* in h are not zero, then f, has the normal form
n1y + 23 + aziy + bzoy? + y® and hence fy has modality 2.

(13) By using the analogous method of (10) and (12), we have f ~ £¢3 + 2oy + R AL Ao
or f has modality 2 and codimension f > 8.

(14) 7°f(0) has the form h(z1, z2) + g(z1, T9,y), where h,g are homogeneous polynomials of

degree 2,3 respectively. Hence

reticular R-codimension f

I8 2,98 9y oo 1yt 4 am(2;0)%)
Ozr;  ~Oxzy Oy

o] 0] 0f O Oh 0y 0y g
1633173/281'276'3/, 1Y ) 2ya$27 18@], Qaya ay

3:61
+(2; 1)* + M(2;0)*)

> dim £(2;1)/({x

= dim £(2;1)/({z

> dim £(2;1)/9M(2;1)* —4-8=20—4—-8=38.
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On the other hand, j3f(0) has modality 2 in J3(2 + 1, 1) by analogous method of (6):
1Ader ¢ a% o alra\ 3 ‘-)") 3 SRR i

Consider an element fo € J*(2+1,1) which has the form azt + 01Ty + ezl + ¢ (21, 22, ) (¢

is homogeneous polynomial of degree 3) and all of the coefficients of z3,z2, 4% are not zero

and b # 4&6. Then fo hab the nOIlﬂ(ll fOInl ifL% -+ aAT1T9 -+ "Lé + ’y3 -+ [):L‘]I'rzy a}nd hence has

fo modality 2.

The case r = 2,k > 2. We prove that codimension f > 8 and 7°£(0) has modality 2. To

do this, we only need to prove in the case kK = 2 because codimension f > codimension
flys=-=ye=0 and if fly.—..—y, —o has modality 2 then f also has modality 2.

Set A = 9(2;0)? + 9MN(2; 0)M(0; 2)% + M(2; 2)4. Since f € M(0;2) + M(2; 0)(0; 2) +

M(2;0)? we have that 1132% = xy—gf;lf; = ‘Ty% = 3/2%5- = 0. Hence

reticular R-codimension f

of 0
> dim 5(2;2)/(<xa—£,a—§>+f4>
of of Of

oy 99V By
dim £(2;2)/A — 8

> dim £(2;2)/(( w+ 4)

vV

= dim £(2;0)/9(2;0)* + dim 9M(0;2)/9M(0;2)* +4 -8 =3+9+4—8 =38,

On the other hand, j°f(0) has modality 2 by an analogous method of (6): Consider an
element fo in J?(2 + 2,1) in which all of the coefficients of T1Y1, TaYa, Y3, Ys are not zero.
Then fy has the normal form z;y; + Zoys + 5 + ayiys + by1y2 £ y3 and hence f; has modality
2.

The case r > 3. We only need to prove in the case r = 3,k = 0 that codimension Fi' @

and j%f(0) has modality 2.

reticular R-codimension f

ol




> dim £(3; o>/<<x%> +91(3;0)*)

T
: 0f LOf
> dim &£(3; O)/(QE, :1;28~£>IR + 9M(3;0)%)

> dim £(3;0)/9M(3;0)* —3-9=20-3-9=38,

On the other hand j*f(0) has modality 2 in J*(3 + 0,1) by the analogous method of (6)
Consider an element fy in J°(3 + 0,1) in which all of the coefficients of z7, 22, 22 are not

zero. Then fo has the normal form £z + 23 + 22 + az, 25 + bzoz3 + cz3z; and hence fo has

modality 3 in J*(3 +0,1). -
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Part 11

Optical stability of caustics with
r-corners

8§ Optical stability of caustics

Recall the propagation mechanism of light rays incident from a hypersurface germ with
an r-corner in a smooth manifold M7™**! described in Section 2. It is controlled by the

Hamiltonian function H : T*M\0 — R by the equation:

: oH . OH
e L — )
; op; ; g

where (¢, p) are local canonical coordinates of T*M .
In this section we shall investigate the optical stability of caustic under perturbations of

a light source hypersurface with an r-corner under a fixed Hamiltonian function.

Definition 8.1 Let V° be the hypersurface germ in (M, qq) satisfying §o|Tq0v0 = 0 defined
by an immersion ¢ : (H" x R*,0) — (M, qo). We say that V° produces a stable optical caustic
with an r-corner at time tg if the following condition holds:

For any open neighborhood X of qo in M, U of ug in M, W of 0 in R™**, any representative
7: X x U — R of 7 and any representative immersion 7 : W — X of ¢, there exists an
open neighborhood N; of 7 in the space of immersions from W to X with C'*°-topology such
that for every % € N; the symplectic regular r-cubic configuration associated the light source
hypersurface defined by &|g-«m+ at (0,yo) is Lagrangian equivalent to one associated with

V9 for some (0,70) € W.

We remark that, by Theorem 3.2 (3), the condition defined by changing the part ‘the s
Symplectic regular r-cubic - -- for some (O,y()) e W’ in Definition 8.1 to 4<7~' o (/;3 X idu) o \f
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to) e xre+m &b (0,90, up) is reticular R -equivalent to 7o (1 x id,) — t, for some (0, o, up) €

W x U’ is equivalent to the original.
Now we give the affirmative answer to the problem (1).

Theorem 8.2 Let M be an m(= 7+ k+1)-dimensional differentiable manifold, H : T*M\0
= R a positive and positively homogeneous Hamilton function, qo € M, & € Eosi dg. 28
and 7 the ray length function associated with the reqular point (to, &) of expy,. Let V°
be the hypersurface germ in (M,qy) satisfying Solr,,vo = 0 defined by an immersion o :
(H" x RF,0) = (M, q0). Then V° produces a stable optical caustic with an r-corner at time

to if and only if F:= T o (v X idy) — to 1s a reticular RY-versal unfolding of F|y—y,.

By the above remark, this theorem asserts that the stability of F' with respect to per-
turbations of ¢ is sufficient to one of F' as an m-dimensional unfolding. However generally
these stabilities are not equivalent. Since the stability as an unfolding means the stability
with respect to both of perturbations of the corresponding light source hypersurface and the
Hamiltonian function.

Proof. («=) Let i : W — X be a representative immersion of + and 7 : X X U — R be
a representative of 7. By shrinking X and U if necessary, we may assume that 7|xx, is
submersion for every uw € U. We denote Imm(W, X) the set of immersions from W to X and

define the continuous map

®: Imm(W,X) — C®W xUR)
K =3 TOolRXidy) —To

Set F' = ®(7). Since F is a reticular R*-stable unfolding of f, there exists a neighborhood
N: of F such that, for every function G € Np, the germ Gl xrr+m at (0,90, up) and F are

reticular Rt-equivalent for some (0, yo,uy) € W x U. Then ®~1(Nz) is a neighborhood of ¢
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for which the condition in definition 8.1 holds.
(=) We suppose lemma 8.3. Let // : W' — X be a representative immersion of ¢ and
7 X x U — R be a representative of 7. Choose a relative compact neighborhood W of 0 in

Rr* such that W C W’ and choose a neighborhood N; of [ := V|w for which the condition

in definition 8.1 holds. We define
B, = {k € C®(W', X)|5:(F o (k x idy) — tg)|s=o is transversal to Ol (' f(0))}

for each { € IN, Then By is a residual set in C*° (W', X) by lemma 8.3. Since C°(W', X) is
a Baire space, B 1= [),c Bi is dense.

Set the open set O = {k € C®(W', X)|&|s is an immersion }. Then the map O —
mm(W, X) given by i — &|w is continuous. Therefore the inverse image N of N; by the
above map is open neighborhood of 3

Fix & € N; N B sufficiently close to /' such that (7 o (& x idy) — to)|mrxr-++ at (0,40, ug)
and F are reticular R*-equivalent at (0,70,uy) € W x U. Define G € MM(r;k + m) by
Glz,y,u) = 7(k(z,y + o), u + uy) — to. Then G is reticular R-/-transversal unfolding of
g:= G|uzp for all | € IN. Hence G is a reticular R"-versal unfolding of g. Therefore F'is also

a reticular R*-versal unfolding of f. ®

The following completes the proof the Theorem 8.2.

Lemma 8.3 Let W, X and U be neighborhoods of 0 in R™t¢ R™ and R™ respectively and

we denote their coordinates (T1, ,Try Yts =+ > Yk )y (q1, qm) and (uy, -+, up) respectively.

Let H: X x U — R be a smooth map such that H|xx, i a submersion for allu € U and A

be o submanifold of J'(r + k,1). Then the set

B={f¢€ COO(W,X)!jiH o (f X idy)|e=0 18 transversal to A}
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is residual.
Proof. Let V.= W N {z = 0}. Then the map
7 CPW, X) = C®(V x U, J(r + k,1)) ( f = 51 (H o (g X idy))|s=0 )

is continuous. If K C A is a compact subset, then C' = {F € C®°(V x U, J(r + k, 1))|F is
transversal to A on K} is open. Therefore B = v~1(C) is open.
Choose relatively compact open covering {W;}iew and {W]}icw of W such that W, ¢ W/

for 2 € IN. For each 7 € IN set
B; = {f € C®°(W, X)|5.H o (f x idy)|z=0 is transversal to 4 on W; N {re i

Since B = ﬂieIN B; and each B; is open by an analogous proof of the above, it is enough to
prove that every B; is dense in order to complete the proof.

The proof is analogous to that of ordinary transversal lemma. Fix ¢ € IN and f €
C®(W,X). Let P be the set of all n-tuples of polynomial maps of degree < [ on z,y.
Choose a smooth function p : W — [0, 1] such that p =1 on W; and p =0 on W — W/. Put
P={aeP|(f+p a)W)C X} Since P'={a€ P|(f+p-a)(W) C X} and W, is

compact, P’ is a neighborhood of 0. We define the following maps for o € P":
by : VxU—W xUxP ((y,u) ~ (y,u,) )

w:VxUxP — J(r+k1) ((y,u,a) = j5(Ho ((f+p-a) xidy))(0,y,u)) ).

Let € P'. Then (f+p- @) € By if and only if 75 (H o ((f 4+ p- ) X idy))|z=0 Is transversal to
Aon W; N {z = 0}, and this holds if and only if sz 0 ¢, is transversal to A on W;n{z = 0},
Since p = 1 on W; and H|xx, is a submersion, y is submersion and hence this holds if ¢, is

transversal to A’ := u~!(A). Hence 1, is transversal to 4 at (0,y,u,@) € V x U x P' if and
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only if (0,9,u, @) & A’ or the projection 7 : A" — P’ is regular at (0,y, u, a).

Since the set of critical values of m has measure 0 in P’ by the Sard-Brown theorem, there
exists @ arbitrarily near 0 such that 54 (H o ((f + p- @) x id,))|s=0 is transversal to A on
W.N {z = 0}. This means that there exists g € C*(W, X) arbitrarily close f such that

jH(H o (g X idy))|z=0 s transversal to A on W, N {z = 0}. Hence B; is dense. i ]

9 Optical versality of caustics

In this section we shall investigate our second problem. Recall that 7 : (M x M, (qo, uo)) —
(R,t;) denotes the ray length function. We say that a function germ f € M(r; k) occur as
an organizer of an optical versal caustic at (to, &) if there exists the hypersurface germ 1%
in (M, qo) satisfying &o|r, vo = 0 defined by an immersion ¢; : (H™ x R¥,0) — (M, go) such

that 7 o (15 X id,) — to is a reticular R*-versal unfolding of f.

Lemma 9.1 Let a function germ f € M(r; k)% occur as an organizer of a optical versal
caustic at (to,&). If a function germ g € IN(r; k)? is reticular R-equivalent to f, then g also

does occur as an organizer of a optical versal caustic at (to, &o)-

Proof. By the hypothesis, there exists a hypersurface germ V/ and an immersion ¢ to which
above condition holds. Since f is reticular R-equivalent to g, there exists ¢ € B(r, k) such
that ¢ = f o ¢. Consider the coordinate change (z,y) — ¢ '(z,y) on V7. Let V9 be the

hypersurface germ of (M, qp) parameterized by ¢y

Lot AT g
v pN
M 1 ¢ R
N 7
Lf Vf f




By the above diagram we have

G(z,y,u) == T(g(z,y),u) —to = 7(tp(d(z,y)),u) — to = F(d(z,y),u).

gince F' is reticular R™-versal unfolding of f, G is reticular R*-versal unfolding of G|,—0 =

fqu:g. .

Definition 9.2 [8, 3.2] Let u € M and n € E,. Then we say that the Hamiltonian function
H has rank s at u in direction n if the following condition holds: Let L, be the line in T} M
spanned by n. If we introduce affine coordinates vy, -+, vy, in T M such that T, F, is given
by Uy = 1, the vp,-axis is Ly, and if we represent £ locally at n as vy, = 1+ h(vy, -, Un-1),

then the Hessian of h at n has rank s.

Theorem 9.3 Let M be an m(= r+ k+ 1)-dimensional differentiable manifold, H : T*M\0
5 R a positive and positively homogeneous Hamilton function, qo € M, & € E4, andty 2> 0.
Assume that (tg,&o) is a regular point of expg,, put Uy = €TPg, (to, &) and suppose My € Fy,
be the image of & under the local flow of H at time to. Then each of following conditions
1), (2) is sufficient for f € M(r; k)* to occur as an organizer of a optical versal caustic at
(to, o) *

(1) The reticular R-codimension f < m.

(2) The reticular R-codimension f=m+1, corank f > 1 and the rank s of H at ug n

direction ng > 1.

Proof. Choose coordinates (uy,- -+, um) of M at ug such that, with respect to the cor-
responding fiber coordinates (vi, - ,Um) in To M, H satisfies the conditions in definition
9.2. By a linear coordinate change of (Ug, "+, Um—1), W€ IMay assume that h has the form

W, -5 s = S el 25:1 §;v2,; + a, where &5, 0; = 0 or 41, a € M(r; k) and in the
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case (2) o1 # 0.

Let f € 9M(r; k)? satisfy the condition (1) or (2). By Splitting lemma 7.2, there exists a
function germ fo € 9M(r;1)? such that f is reticular R-equivalent to fo(z1, -, 2, 91, ,y)+
ks yr and folz=o € MM(0;1)>. We may assume that f = f, +yl £+ y? by lemma

9.1. Then we have &(r; k)/(z9L, 9L) = E(r; 1)/ (w8, 2oy,

oz 9y =03 Ay

First, We prove that xy,--+,,,y1, -,y are linearly independent in 5(7“;[)/(:5%9, %fyﬁ>

over R. Let e+ +opz,+Biy1+-+ -+ 08y, =0 € E(r;l)/(a:%ff, %;% for ay, -+, By, -,

6, € R. Since (8,y) =0 in 5(0;5)/<%€,le:0> and fo|z—0 € m3(0;1), we have B = 0. Suppose

that y # 0. Then there exist g, -+, v € M(1;1) such that

dfo

ayl (:Ela 0)y> S 0

of 0
i+ ”70(1131,9)551&%(351,0,9) +’y1(fc1,y)$(a¢1,0,y) + v(z1,y)
]

Therefore we have ;(0) # 0 for some 7 > 1, for xlg%(xl, 0,7y) € M(1;1)?. We may assume

that 2 = 1. Then this means that gﬁ\z:o € (—g-y%lxzo,---,%%\g:o) and contradicts that

dimpg im((), l>/<%lxzo> < OQ.

Consider the case (2). The vector space

dfo 0o

3z 8—y> + (z,y)r + M(r; 1)%)

M(r; 1)/ ((z

must have a positive dimension because if not we have reticular R-codimension f < m.

Therefore we may assume by lemma 9.1 and lemma 9.4 below that

r [
dfy O
bear = ) _ & + Y 6597 # 0 in Mr; Z>/<<x—£, ~a—,£9> + (2, y)r)-
j=1

=1

Now choose byy, -+, b € M(r;1)? and byyq, -, bx € M(r;1)° such that z1, -, Tr, Y15+, Uiy

ey, o+, by, by is & basis of 9 (r; l)/((a:%f;—o, %fg->+£m(7«; D Yoand By 5wl G A UL byt

b1 is a basis of M(r;1)/(z3L2, %L;Q>'




In the case (1), choose bji1, -, bs such that T,y Ty Y1, Yy bist, - -, by generate
8fo Of
mi(ri 1)/ (5%, 42 over R

Now define ¢ € B(r; k) by

¢(Il’“.’x7"yl’.”’yk> = (3:17”'7:1;7“7yl)"'>ylayl+l+bl+1>“'7yk+bk)'

Since exp,, is invertible, the map ¢y : (H" x R¥,0) — (M, q) given by vi(z,y) = expy (
fz,y) + to, (#(x,9), 1 + h o ¢(x,y))) defines a hypersurface germ V; in (M, qy). Then we
have

F<I’y70) R T(Z’f(l‘?y)?uo) =By = (f(x’y) +t0> R f(x>y>7

f(qO,uo)(quvf = —d(zy)(T 0 1£)((0,0),u0) = —d(z)f(0,0) =0,

duF(z,y,0) = dut(tr(z,9),u0) = nles(z,y), u0) = (¢(z,y), 1 + hod(z,y))

= (:Cl)”'7x7‘>y17"'aylayl+l+bl+17"'>yk+bk,b}g+1+CL+1),

where a € MM(r; k)°.

In the case (1), we have

af o
g(r’k)/<x_i’_f> = <17CC17"'>xT)y17°")yl7bl+17"°ab/€>R
oz’ Oy

= <1,.’L'1, s T Y, Y Y e bl—}—l) e i bk>]R-

Hence the proof of the case (1) is completed.

In the case (2). since 1,1, Tr, Y1, Yty big1,*** 5 Oky Oy1 18 a basis of £(r; k)/(m%, g—£>,

there exist ag, o1, -+, ap, B1,+ +, Ber1 € R such that

of of
0= qg+aizy+-- ’+@r$r+ﬁlyl+' . '+ﬁl?/l+,31+1bl+1+' : -+ﬂk+1bk+1 mod 5(7‘;16)/(338—33, 8_y>




Hence
izap+onzi+ o+ + by + -+ By + Brpabig + -+ Biby + Brrabrt
of df
mod &E(r; k) /((x=—, =— &)
(rsk)/ (@5, o) + T K.
Since Ti, "5 Try Y1y "5 Yl bH—la R bt7 bk+1 1s a basis of E<Ir; k)/(<fﬁ%, %5> £ m(fr; k)B)a

O/O:CYIZ"':CYT:ﬁl:"':ﬁt:,Bk+1:O

Hence a € (byy1,- -+, bg)wr in E(r; k)/(m%f;, g-i} This means that

of of
5(7‘, k>/<73—8—;7 —éz/> = <17 L1y 5y Try Y1,y Yy bH—l) e bk; bk+1 . a>lR-
Therefore
of of
E(T? k)/<$—a—;> —8—1&> T <17$17 vaey Lpy Y1yt s Ybs Yt + bl+17 oy Yk = bkybk:—i—l e 1>IR
Hence the proof for the case (2) is completed, supposing Lemma 9.4. o

It remains to show:

Lemma 9.4 Let A = diag(e1, - *,&r, 01, °,0) € M(r+1l,r+R), €1, ,6r, 01, ,0; arE
0or £1 and &, # 0. Then the set F of matrices linearly generated by Dp(0)*AD$(0) for all

o€ B(r;1) is equal to that of symmetric matrices in M(r+1,r+R).
Proof. We denote ¢ = diag(e1, -+, &,) and d = diag(dy, - ,0;). At first we remark that
{B6C € M(s,t;R)|B € M(s,l;R),C € M(l,t;R)} = M(s,t; R)

for any integer s and t. Let ¢ € B(r;l) be given. We denote ¢(z,y) = (z1a1(2,9), -,

5ap(z,y), bi(z,y), -+, bi(z,y)). Then we have by immediately calculation that

Dg(0)*AD¢(0) =




e R Dk, cen OB () —
By considering the case 52(0) = 0 we have

( diag(a2(0)ey, - - -, a7 (0)e,) 0
0 B

> eMr+1lr+;R)|BeM(I,R)}CF.
This means that

0 0
{( L % > eM(r+lr+LR)BeMULLR)}CF

Let &, ¢ € B(r;l) satisfy the conditions that a(0) = a'(0), 92(0) = % (0), where ¢(z,y)
= (Ilal(ma y)a g 7:1/‘7”0'7‘(:1:73/)7 bl(q;)y)’ L bl(a:) y)) and ¢l(l7y) = (mlall(l")y)a s )'CCTCLIr(x)y)v

b (z, y), b;@;)y)). Then

D&(0)!AD$(0) — D¢’ (0)*AD¢'(0)

B 0 2(22(0))!6(2L(0) — 5 (0))
2(2(0) — 52(0))0(5(0) ¥ |

Therefore

{( - ]g ) ¢ M(r+1r+LR)BeMrER}CF.
Similarly we have

{< B0 > c M(T+Z,T+Z;R)\BEM(T,T;]R), Bf A By F.

0 0
#
Part 111
Reticular Legendrian Singularities
10 Preliminaries
Here we shall define several notations and recall basic facts. Let H = {5y, M o

Rz, > 0, % 2 0} be an r-corner. Let £(r;1) be the ring of smooth function germ at 0
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o H' x ]R,l for ’I",l € N and frn(r7 Z) = {f = 5(7‘, Z)\ f(O) = O} be the maximal ideal of 5(7', l)
Let B(r;1) the set of diffeomorphism germs on (H" x R',0) preserving H" N {z, = 0} x R’

prall o © =1, 0k

A function germ F(-7517 T UL, Yk ALy s Angt) € M(r;k+n+1) is called C-non-
degenerate if %S(O) =) %%(O) =0 and

_ OF OF OF OF
:I:l)‘..7x7')F7 7...7—)——7'..’———
0x oz, 0y Oy

are independent on (H” x R*™*1 0), that is

(oF oF )

0y oA
rank Fr K =r4+k+1
O0zdy Oz B '

0’F  O°F

\ 3ydy dyor /
We remark that F(z,y, \) € MM(r; k + n+ 1) is C-non-degenerate only if r < n.

Let # - PT*R™! — R™! be the projective cotangent bundle equipped with the contact

structure defined in [1, p.310]. By the trivialization

PT*Rn—H o IRTH—I X P(RTH—I)
Bl Py odbis ik Eni1dAni1)n] (A1, e, Mok s ety o T AN

we call (A, [€]) a homogeneous coordinate, where A is coordinates of the base space of 7.

Let 7 : JHR™, R) — R"((g, z;p) = (g, 2)) be the canonical Legendrian bundle equipped
with the contact structure defined by the canonical 1-form a = dz — pdgq, where (G3y 5 Gz 25
P, ,pn) are canonical coordinates of JHR™ R).

We fix [€°] € PT*R™**. Choose coordinates (q1," " qn, 2) Of R™t! (the base space of 7 and

#) such that [€°] = (0, [0;---;0;1]). Set the offine chart of PT*R™L:U, = {((q1,"**+8n:2);

)

€55+ ;& m))|m # 0}. Then




is a Legendrian equivalence. We define
pR™ — R” ((g,2) = q),

p~1 : Jl(IRn>IR> =3 TR ( (quvp> = <Qap> )
Then the following diagram is commutative:

U, % J(R"R) 2 TR
T4 T 7
Re+t 24 Ret By Re

We say that function germs F(z,y,u), G(z,y,u) € M(r; k+1), wherez € H', y € R* and
v€ RL are reticular K-equivalent (as I-dimensional unfoldings) if there exist ® € B(r; k +1)
and a unit a € £(r; k + 1) satisfying the following:

(1) @ = (¢,9), where ¢ : (H" X R¥H 0) — (H” x R*,0) and 9 : (R}, 0) — (R, 0).

(2) G(z,y,u) = a(z,y,u) - F(¢(z,y,u), v (u)) for (z,y,u) € (H" X R+ 0).

Lemma 10.1 Let F(z,y,q,2) € M(r; k+n+1) be a C-non-degenerate function germ. Then

F is reticular K -equivalent to —z + F(x,y,q), where F' € M?(r; k +n) is S-non-degenerate.

Proof. By taking some coordinate change of (g, z), we may assume that %I;;(O) =4 %—5(0) #£ 0.
By implicit function theorem, there exists F' € M(r; k + n) such that Flayyg, Flz,10) =
0.It is easy to check that F € M%(r; k + n). Since Fli—zyr=0y = 0, there exists a €

E(r;k +mn + 1) such that F = a- (-2 + F). Since %—5(0) — —a(0), a is an unit. By
Proposition 12.5, F' is S-non-degenerate. &

By [1, p.313 Proposition and p.323 Proposition] and [20], we obtain the following Lemma.

Lemma 10.2 Let C™ be the set of Legendrian submanifolds of (JH(R™,R),0) and S™ be the

set of Lagrangian submanifolds of (T*R",0). Then C" and S™ have the following relations:
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(1) p1 Gives a bijection from C" to S™.
(2) Let F(y,q,2) = —2+F(y,q) € E(k+n+1)(F € M*(k+n)) and L € C*. Then F is a

generating family of L if and only if F is a generating family of p, (L).

Indeed let L be a Legendrian submanifold germ of (PT*R™*!, [£°]) and F(y,q,2) = —z +

Fly,q1," *»qn) EE(k+n+ 1)(F € M*(k + n))be a generating family of L. Then

oOF OF oF
s - oOF OF .  OF
I 8 4 ST | - CRWROC L S o =

Y. (L) {(a1 an 5 aqn) 5 0},

- OF  OF . OF
L:])1<L) o {<Q1>"'7QH>8—(]1:"',%->—@:O}'

L e {(qla"'u(huza[

Under these fact, we identify (PT*R™! [¢°]) and (J'(R™ R),0) and identify Legendrian

submanifold of (PT*R™*1,[£°]) and that of (J*(R™, R),0) respectively.
11 Propagation mechanism of wavefronts

Recall the propagation mechanism of wavefronts incident from a hypersurface germ with
an r-corner in a smooth manifold introduced in Section 2.
Let 7 be the ray length function associated with the regular point (to, &o) of expg,. Then

the following diagram is commutative:

(R x E, (to, &)) R (R X E, (to, )

\/ (WIR,GQT])) ¢l \l \/ ¢2 (Wﬂi)emp—) \
(R x M, (to-uo)) (‘T)’@ (M x M, (g0, o)) (ﬂ) (R x M, (to, q0))

Let V be the hypersurface germ in (M, o) satisfying éolr,,vo =0 with an r-corner defined
as the image of an immersion ¢ : (H" x R¥,0) — (M, ¢o). We parameterize V° by ¢. For each

0C I, ={1,--,r} we define AJ by the set of conormal vectors of VO :=V°n{z, = 0} in

(E,&) as the lift of the initial wavefront incident from V. Then we regard the set L, the
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image of covectors in Ay by ¢ around time ¢y, that is

L, = {®(t,€) € (R x E, (to,n0))(t,€) € (R, o) x A},

2s the set of the lift of the wavefronts incident from V) around time t,. We also regard the

mion of L, for all o C I, as the set of the lift of wavefront incident from the hypersurface
170 around time to. We define the wavefront incident from V° by

U (WR, 7T]V[)<[:O')'

a5 @
The family of submanifolds {Lo}ocr, of (R x E, (to,m0)) is ‘generated’ by the ray length

function 7 as the following:

Proposition 11.1 Let V° be the hypersurface germ in (M, qo) satisfying &ol1,,vo = 0 which
is the image of an immersion ¢ : (H™ x R*,0) — (M, q). Let L, be the set of the lift
of the wavefronts incident from Vy := V°® N {z, = 0} around time to for o C I.. Define
Fz,y,u,t) == —t+ 70 (uz,y),u) € E(r;k +m+1). Then the following hold:

(1) F is C-non-degenerate, that s %;——(O) = %—1;(0) =0 and

(or oF
0y Ou.
rank oo =r+k+1.
Ozdy Oxdu
#F PF

\ aydy Oydu /

L, ={(t d,F(z,y,u)) € (R X T* M\O, (to,m0))|

= dmlr_aF(a:,y,u) = dyF(a:,y,u) = F = 0}

for o C I, where we identify (M, uo) and (R™,0) by coordinates (ug; vo ,Un) OF (M, Ug) -
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Proof. This 18 immediately followed by Proposition 2.2.

By Theorem 12.6 (2), Proposition 11.1 means that {Lo}sci, is a contact regular r-cubic
configuration of (R X T*M\O, (to, 0)) with the contact structure defined by the canonical
{-form dt — pdu, where p are the fiber coordinates corresponding to u. Hence there exists a

contact diffeomorphism C : (J*(R™,R),0) — (R x T*M\0, (to,70)) such that
L, = C(L§) for a'c Iy,

where L(o)r = {((I7Z?p) € (JI(IRH’R>7O>lQU =Py R Qg TS T A 0,91, -0 = 0} (Cf.,

Section 12).

Small perturbations of the immersion ¢ implies small perturbations of contact diffeomor-
phism C. Therefore we investigate the stabilities of contact regular 7-cubic configurations

with respect to perturbations of corresponding contact diffeomorphisms in a more general

situation in Section 14.

12 Contact regular 7-cubic configurations

In this section we shall define Contact reqular 7-cubic configurations and investigate the

relations between symplectic and contact regular r-cubic configurations.

Let (g1, 14ns 2 P1," . py) be canonical coordinates of J*(R™ R). Set Eg = a2

e (JH(R%R),0)|gs =Pr,~0 =G+ = "= = 7 =0,q._o > 0} for each o C 1,

Definition 12.1 Let {L:,}JC[T, be a family of 2" Legendrian submanifold germs of (JHR",
R),0). Then {L}}adr is called a contact reqular r-cubic configuration if there exists a contact

diffeomorphism C on (JHR™R), 0) such that Fones C(Eg) for all o C Ir.
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Two contact regular r-cubic configurations {L1}ocr. and {L2},c;. are said to be Legen-

drian equivalent if there exist Legendrian equivalence © of 7( or 7) such that LN?T =0 L
for all o C 1.

Remark: The definition of contact regular r-cubic configuration by Nguyen Huu Duc [6,
D. 631] is that there exists a contact diffeomorphism C such that L, = C({¢s = P1r,—0 =

byl = =Gp = B = 0}) for all o C I.. Then {Ly}ocr, is called a contact regular r-cubic

configuration.

Definition 12.2 Let {L,},cs, be a contact regular r-cubic configuration in (J'(R",R),0).
Then F'(z,vy,q,2) € M(r; k+n+ 1) is called a generating famaly of {Ed}gclr if the following
conditions hold:

(1) F is C-non-degenerate.

(2) For each o C I, F|;,—o is a generating family of L,, that is

* OF OF OF OF .
L™ dq /( 0z = L = dy e

We now consider contact diffeomorphisms and contact diffeomorphism germs on J HR™R)
and (J*(R" R),0) respectively. Let (Q, Z, P) be canonical coordinates on the source and
(q,2,p) be canonical coordinates of the target. We define the following notations:

v (JYRY,R)N{Z = 0},0) = (JY(R™,R),0) be the inclusion map on the domain.

Tes PR R 0= (J1(R",R),0)|C : contact diffeomorphism}

Il

C(JYR",R),0)

Il

c*(J'(R™",R),0) {C e C(J(R",R),0)| C preserves the canonical 1-form }
C,(JH(R" R),0) = {Cot[C €O RYR),0)

Cce(JHR™ R),0) = {Coz IC € ce(JHR™ R),0)}
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Let U be an open set in J'(R™, R) and V = UN{Z = 0}. Let i : V — U be the inclusion
map-
C(U T (R RY) = {(C:U - JYR",R)|C : contact embedding }
Bt TR B {C e C(U,J(R",R)) | C preserves the canonical 1-form }
Cz(V,J'(R",R)) = {Coi|Ce€ (U J(R"R))}
oV, J'R™,R)) = {Coi|CeC*U,J' (R R))}
Lemma 12.3 Let {L,}scr. be a contact regular r-cubic configuration in (J*(R",R),0) de-
fined by C € C(J*(R™,R),0). Then there exists C' € C*(JH(R™R),0) that also defines
{EU}UCIT'

Proof. Let C = (gc,2c,pc). Define the function a on C(JY(R",R),0) by the relation

C*(dz — pdq) = a(dZ — PdQ). Define

6: (JAR™R)N{Z =0},0) 3 (J'(R"R)N{Z =0},0) ((@,P)+ (Q,a04(Q,P)P) ),

¢ :(J' (R R),0)> . (J'(R™,R),0) _ ’
(Q,2,P) —(goor0¢7HQ,P),Z+200106¢7(Q,F),pcore ¢~1(Q, P))-

Then
C'*(dz —pdq) = dZ + ((C o) oqb‘l)*(dz —pdq) = dZ — (gb”l)*(aoz(Q, PYPdOy=dd' = PdQ.

Therefore ' € C*(J*(R™,R),0). Since C'(Q,0,a(Q, P)P) = C(Q,0,P), C' also defines
{Lo}oct,-

Lemma 12.4 Let S(T*R™,0) be the set of symplectic diffeomorphism germs on (T*R",0).
We define the following maps:

cg(JY(R™ R),0) — S(T*R™,0)
C-= (qc,zc,pc) 2 ( 5 (Q,P) s (QC,pC)(Q»P) )
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S(T*R™,0) — C%(J'(R™,R),0)
S=(gs,ps) = (C°:(Q,P)w (gs,f°,ps)(Q; F) ),

shere f2(Q, P) is uniquely defined by the relation that S*(pdq) — PdQ = df$, £5(0,0) = 0.

Then these maps are well defined and inverse to each other(that s SC° = 8. C5° = Q).

Proof. Let C € C%(J'(R™ R),0) be given. Take C € C*(J*(R™, R),0) such that Co1=0C.
gince S¢ = (q¢,pc), we have
(SC)*(dp Adg) = C*(dpAdg)=C(—d(dz—pdg)) = —d((C 01)"(dz — pdg))
— —d(1*(dZ — PdQ)) = —d(—PdQ) = dP N dQ
Hence S¢ € S(T*R",0).

Conversely let S = (gs,ps) € S(T*R",0) be given . We define the diffeomorphism C* on

(J/(R",R),0) by C5(Q, Z, P) = (¢5(Q, P), Z + 5(Q, P),ps(Q, P)). Then C¥ 012 =C" and
(CS)*(dz — pdg) = dZ + df* — S"(pdg) = dZ + (S*(pdq) — PdQ) — 5*(pdg) = dZ — PdQ.

Hence CS € C2(J*(R™, R),0). On the other hand, by definition, we have

'

4 e, c
SC° = (qus,pos) = (gs,ps) » C° il B oo b (gt BN

Since fsc and zc satisfy the equation of 2(Q, P) that dz = pedqe — PdQ and 2[00} =0,

we have that fsc = el i

Proposition 12.5 Let C}' be the set of contact regular r-cubic configurations in LERE,

R),0) and ST be the set of symplectic reqular r-cubic configurations in (T*R", 0). We define
T i 00 s S7 ({C(ED ac, = {800} ocr, ), where € € CE(I' (R, F).0)

T S L8 L T e b 7 (C5(L0)}ocy, ), where S € S(T*R",0)
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Then (1) Ts and Tc are well defined and inverse to each other.

(2) A function germ F(x,y,q) € M*(r; k +n) is S-non-degenerate if and only if —z + F is
(-non-degenerate.

(3) A function germ F(z,y,q) € M*(r; k +n) is a generating family of a symplectic regular
rcubic configuration if and only if —z+F is a generating family of the corresponding contact

reqular T-cubic configuration.

Proof.(1) Let C = (q¢, 2¢,Pc) € Cg(JY(R"™ R),0) and S € S(T*R",0) satisfy that S = e
(hence C = C?). Since § = (ge, pc), we have S(LY) = p1(C(L2)) for all o C I,.. Since S(Lj)
and C(Eg) are uniquely determined by each other under p; by Lemma 10.2, we have (1).

(2) Let F(z,y,q9) € M2(r;k +n). If we define F e Mr;k+n+1) by F(z,y,¢,2) =

24 Flz,y,q)- Then %’;(O) =2£(0) =0, %15—(0) ke %—5-(0) =0 and

oF  9F  OF 8F  OF 1

oy aq 0z ay aq

*F 0*F 9*F o O*F 0*F 0
dz0y Ozdg 0z0z i 0zdy Ozoq

9*F  9*F  8°F LE, (B .y
dydy 0Oydq 0Oydz 0 oydy  0yoq 0

This implies (2).

(3) By (2),we have
F = —z + F is a generating family of {C(LY)Yocr,
& Fis C-non-degenerate and F'|;,—o generates C(L%) for all o C I,
& Fis S-non-degenerate and F'|;,=o generates S(L%) for all o C I,
&  Fis a generating family of {S(LY)}ocr, -
&

The relation between contact and symplectic regular r-cubic configurations is given in the
following diagram:
D s -
(JRY,R)N{Z=0},0) °=F (F®R%R),0 {Lokecr 7 e
p1lz=0 4 } D1 Oi Tyt da
—a
(T*]Rn, 0) S:_5> (T*IR”, 0) {LU}O'CIT =% {LU}UCL

We say that function germs i o Uk, U) € M (r; k1 + m) and Bl g il RN
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m(r; ko + m) are stably reticular K-equivalent if F' and G are reticular K-equivalent after

.dditions of non-degenerate quadratic forms in the variables y.

The relations between contact regular r-cubic configurations and their generating families

are given in the following theorem.

Theorem 12.6 (1) For any contact regular r-cubic configuration {Lg}ocr, in (JH(R™ R),
0), there ezists a function germ F € M(r; k+n+1) which is a generating famaly o B bt

(2) For any C-non-degenerate function F € M(r;k +n+ 1), there exists a contact reqular

"

r-cubic configuration in (PT*R 10, [2

|

(0)])) (or in (J'(R™,R),0)) of which F is a gen-

o5}
>

erating famaly.

(3) Two contact reqular r-cubic configurations are Legendrian equivalent if and only if their

generating families are stably reticular K-equivalent.

Proof. (1) Let a contact regular r-cubic configuration {Ls}ecr, in (J* (R™,R),0) be given.
Set {Lo}ocr, = Te({Ls}ocr,) and let F € M2(r; k + n) be a generating family of { Ly }ocr, -
Then —z + F € M(r; k +n+ 1) is a generating family of {Lq}ocr, by Proposition 12.5 (3).
(2) Let a C-non-degenerate function F' € M(r;k + n + 1) be given. By Lemma 10.1 and
(3)a, we may assume that F has the form F(z,y,q,2) = =2+ F(z,y,q)(F € M(r; k + n)).
Then F is a generating family of a symplectic regular r-cubic configuration {L¢}oc1, 1D
(T*R™,0) by Proposition 12.5 (2) and Theorem 3.2 (2). Hence [ is a generating family of
Te({Ls}oct.) by Proposition 12.5 (3):

(3) We suppose the assertions (3)a, (3)b, (3)¢, (3)d and prove (3). Let {L1}scr, and (L2 Tei:
be contact regular r-cubic configurations in (PT*R™, (0, [m])) and (PT*R"™*, (0, [m2])) Te-

spectively and F' € MM(r;kr + 10+ 1) and G € M(r;kp + 71 + 1) be generating families of

{L1},cr, and {L2} ¢, respectively.




(<) Let F and G are stably reticular K-equivalent. By (3)b, we may assume that k; = k.
Hence by (3)a, {L}},c1, and {L2},c;. are Legendrian equivalent.

(=) Let {L1}oc1, and {L2},c1, be Legendrian equivalent. By (3)c, we may assume that F
.nd G are generating families of the same contact regular r-cubic configuration. By Lemma
10.1, we may assume that F and G are written in the form: F=-2z2+4+FG=-2+0G,
where F € M2(r;ky +n),G € 9N (r; ko + n). Hence by (3)d, F and G are stably reticular
K-equivalent.

a Let F € M(r;k+n+1) be a generating family of a contact reqular T-cubic configuration

S

{L }oct, of (PT*R™, (0,[%5(0)])) and suppose that F and G € M(r; k +n + 1) are retic-
war K-equivalent. Then G is a generating family of a contact reqular r-cubic configuration

{L2},c1, to which {LL}scr, is Legendrian equivalent.

We write the reticular K-equivalence between F and G by

C—;(ﬂ:,y, /\) = OK(LU, Y, /\>F($lal($>y7 )\)) Tk 7$Ta’7"($)y> )\)7 h(.fl?,y, A))g()\))

: . g 2 8G aF o -
Since %%(O) = a(0) (% + %—g%’;)(@) =0, ?9‘5(0) = a(O)(égg%)(O) = 0 and
%, 8 t
] " / 1 =l - a\ ) ’
oG 9G > oF  oF
82G 2 .
0xdy  OzTOA i &(O> 0 o 0 dxdy  OxOA ( (;J Qg) )
392G 892G A%F 9% F oA 0
Bydy  9yor / o & b o ayoy  0yox / o
\ 0 oz ay / 0

G is C-non-degenerate. Set

("E’)yla)‘/) = H(a:,y, )‘> = ($1a1(337y,/\)7 S ,xrar(m,y,k),h(x,y,)\), g(/\)) Then

— " - k — —
G - B = o OF da; oF oh; OF
AR s s _____Z e H g e + Tt 0 H - Q
aIl a-'ElF o a<; &m i al’l 4 ]5_'__:1 Byj - Ba:l c%l l)
(l = 17 y ,7"),
. k 2 3

oG  da - " OF da; OF Oh;

—_— e ——— Pt H X TP -+ et Y H . ___——)

oY (9yzF EE a(z‘:1 I i = oY ]z::l Byj oy
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(1:15 "ak>>
a6 “Oo LS T Oa. kK OF 5k n 7
L ik N - g T Ohy, OF 09i,
a/\l (9/\[ (;51‘110 xla)\l +;5%OH 8/\l +,_18/\¢30H'8/\l>
e ko ,n). Therefore for o C I, we have
oG oG oG o
A}-——— ‘U:———-:——: B
(5D |z =go =50 =G=0}
Ty dg;
=0 )\ / I/l 2
(ulad 55X G300 |
/ aF ! / / aF ! ! / i
IU:@I (1’73/7/\)——_——(‘ray7)\):F(‘Elayla/\/):0}
3 L ar 09
et 1 / I3 B0 N . (] —1 /
! aF / / / 8F ! i / ' / i !
S o g P ,/\):F(az,y,/\)—()}
0L
= g¢*(L})

(r = I, — 0). It follows that G is a generating family of {g*(LY)}ocr,-

b. Let F(z,y,A) € M(r;k+n+ 1) be a generating family of a contact reqular r-cubic con-
figuration {L¢}ocr, in (RPRRM AT, [%g(())])) If F and G are stably equivalent, then G 1s
also a generating family of s Yeats

c. Let {L:}sc1, and {L%*},c1, be contact reqular r-cubic configurations in (PT*R™, [m])
and (PT*R™, [1n2]) respectively and let FecMmrk+n+1) bea generating family of
{L},}gclr. If these configurations are Legendrian equivalent, then there exists a generating

family G of {L2}scr, to which F is reticular K-equivalent.

Take a diffeomorphism g on the base of 7 such that L? = g*(L;) for all o C I.. Define

G(z,y, \) = F(z,y,9(})). Then we can prove that G is a generating family of {I2}sc1, DY

the same method of (3)a.

d. Let F(z,y',q,2) = =2+ F(z,y',q) ond Gz,92,0,7) = —2+G(2,9%,9) (F € M (r; by +
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n),G = 93?2(7“; ke +n)) are two generating families of the same contact regular r-cubic con-
ﬁgumtion. Then F and G are stably reticular K-equivalent.

By Proposition 12.5, F and G are generating families of the same symplectic regular 7-
cubic configuration. Therefore [ and G are stably reticular R-equivalent by the remark after

Theorem 3.2. Hence F' and G are stably reticular K-equivalent. w

13 Stability of unfoldings

In order to investigate the stabilities of smooth contact regular r-cubic configurations, we
shall prepare the results of the singularity theory of function germs with respect to reticular
K-equivalence. Basic techniques for the characterization of the stabilities we use in this part
depend heavily on the results in this section, however the all arguments are almost parallel

along the ordinary theory of the right-equivalence (cf., [19]), so that we omit the detail.

We say f,g € 9(r;l) are reticular K-equivalent if there exists ¢ € B(k;1) such that

g o],

Lemma 13.1 Let f € M(r; k) and O% (7' f(0)) be the submanifold of J*(r + k, 1) consist of

the image by m of the orbit of reticular K-equivalence of f. Put z = 3'£(0). Then

of af

af af
TZ(OﬁK(z» :Wl(<f>x1—a‘a:7"'a$ra ==

B T(r k) (=——, ", _
>5(’I ,k?) + (,7 )<ay1 8y/g>)

e o

 §

We say that a function germ f € M(r; k) is reticular K-l-determined if all function germ

which has same [-jet of f is reticular K-equivalent to f.

Lemma 13.2 Let f € M(r; k) and let

0 0 2
M(r; k) C 93?(7‘;k)(<f,x1—§gj,-'~,x7-~a%[—> +fm(7‘3k)<_’f‘ v_’f‘>) + M(r; k)2,




then f 48 reticular K-l-determined. Conversely let f € M(r; k) be reticular K-I-determined

then

(s K C (Faror, ngf

of .. of,
5y1 ’5’yk .

>g(r;€ + M(r; k) (=

Let F € M(r;k +mn1), G € M(r; k + ny) be unfoldings of f € M(r; k). We say that
F is reticular K-f-induced from G if there exist smooth map germs ¢ : (H* x B¥™,0) —
(H™ % RF,0), ¢ : (R™,0) — (R™,0) and « € £(0;n) satistying the following conditions:
(1) o((H" N {ze = 0}) x RFm2) c (H" N {z, = 0}) X R” for o C Ly,

2) G(=z,y,v) = a(z,y,v) - F(¢(z,y,v),¥(v)) for € H", y € R* and v € R™.

Definition 13.3 Here we give several definitions of the stabilities of unfoldings. Let f €
M(r; k) and F € M(r; k + n) be an unfolding of f.
We say that F' is reticular K-l-transversal it jtF|y—p is transversal to Ok (j'f(0)). It is

easy to check that F' 1s reticular K-I-transversal if and only if

of At B .. o

TR e, o L of, ys S
(Ta ) <f> Iy 81‘17 ) aﬂfr 5y1 ) ayk>5( ik) + I/VF =+ Dﬁ(r, k’) )

where Wp = <aullu 05 "’au | u=0)R-

We say that F is reticular K-stable if the following condition holds: For any neighborhood

U of 0 in R7T**" and any representative [ € C®°(U,R) of F, there exists a neighborhood

HrxRE+n Al (0, yo, up) is reticular

N: of F such that for any element G € Nj the germ G

K-equivalent to F for some (0, wo,uin) € U.

We say that F' is reticular K-versal if F' is reticular K- f-induced from all unfolding of f.

We say that F'is reticular K-infinitesimal versal if

af af Bf | 0f
2 e S e ) We.
( > <f :El y Iy 3:1:7.’ ayl’ ) ayk>5( k) F




We say that F' is reticular K-infinitesimal stable if

E(rik +n)

OF OF OF  OF 9F  OF

— F,CCI—_—',"',LC'—_,'—"' Al ST
< 8:61 Taxr ay‘l’ 7ayk>5(7‘;k+n)+<au1, ',8—U;L_>5(n).

We say that F' is reticular K-homotopically stable if for any smooth path-germ (R,0) —
E(rik +n),t — Fy with Fo = F, there exists a smooth path-germ (R,0) — B(r;k +n) x
E(n), t — (P4, ay) with (@, ap) = (id, 1) such that each (®;, a) is a reticular K-isomorphism

and Fp = a; - Fy o @4

Theorem 13.4 Let F € 9M(r;k + n) be an unfolding of f € M(r; k). Then the following
are equivalent.

(1) F is reticular K-stable.

(2) F is reticular K-versal.

(3) F is reticular K-infinitesimal versal.

(4) F 1is reticular K-infinitesimal stable.

(5) F 1is reticular K-homotopically stable.

For f € M(r; k) we define the reticular K-codimension of f by the R-dimension of the
vector space
of of of .. 9f
5(7" k)/<f7 L1 a$17 y Ly aﬂ')r, ayl’ ) ayk>5(7‘;k)-

By the above theorem if a1, "+, an € £(r; k) is a representative of a basis of the vector space,

then f -+ ayvy + - antn € M(rs kb + n) is a reticular K-stable unfolding of f.




14 Reticular Legendrian maps

Our purpose in this section is to investigate the stabilities of smooth contact regular r-
cubic configurations. At first, we define the reticular Legendrian maps and their equivalence

relation.

Let L0 = {(¢,2,p) € 'R R)|gipr =+ = ¢Pr = g1 =+ = gn = 2 =0,q1, > 0} be

2 representative of the union of L0 for all o C I,. We call the map germ
(L0,0) — (J*(R", R),0) = (R" x R, 0)

2 reticular Legendrian map if there exists a contact diffeomorphism C on (J*(R™,R), 0)
such that i = C|p,. C is called an estension of 4. We call {i(L9)},cr, the contact regular
r-cubic configuration associated with 7 o . We call F' a generating family of T o1 if F' 1s a
generating family of {i(L%)}scr,- A homeomorphism germ ¢ ¢ (L9,0) — (LY, 0) is called
2 reticular diffeomorphism if there exists a diffeomorphism ® on (J*(R",R),0) such that
¢ = ®| and ¢(E2) = Eg for all o C I.. Two reticular Legendrian maps 7 © i1, O 1y :
(L°,0) — (J*(R™ R),0) — (R" X R,0) are called Legendrian equivalent if there exists a

reticular diffeomorphism ¢ and a Legendrian equivalence © on 7 such that the following

diagram is commutative:

(0,0) % (J*(R™R),0) *, (R" xR,0)
¢4 O] g4

T

(f0,0) % (J'(R"R),0) — (R"xR,0)
where ¢ is the diffeomorphism of the base of 7 induced from ©.

Under this equivalence relation, we have the following theorem as a corollary of Theorem

12.6.




Theorem 14.1 (1) For any reticular Legendrian map T o4, there exists a function germ
FeM(r;k +n+ 1) which is a generating family of 7 o i.

2) For any C-non-degenerate function germ F € M(r;k +n+ 1), there exists a reticular
Legendrian map of which F' is a generating family.

(3) Two reticular Legendrian maps are Legendrian equivalent if and only if their generating

families are stably reticular K-equivalent.

Here we give several definitions of the stabilities of reticular Legendrian maps.

Stability: Let 7o : (L2, 0) — (J*(R™ R),0) — (R* X R,0) be a reticular Legendrian map.

= i is called stable if the following condition holds: For any extension Cy € C(J*(R", R),0)
of i and any representative Co € C(U, JH(R™, R)), there exists a neighborhood N, of Cp in
C>-topology such that for all e Ng, To Clio at 2, and T o1 are Legendrian equivalent for

some xoz(O;O;O,--~,0,P79+1,~--,P,?) e U.

Let 7 o4 is a reticular Legendrian map. By Lemma 12.3, we may assume that there
exists an extension C € C*(J*(R™,R),0) of 4. T herefore we may consider the following
other definitions of stabilities of reticular Legendrian maps: (1) The definition given by
replacing C(J(R™, R),0) and C(U, JHR", R)) to C*(J'(R", R), 0) and C*(U, J*(R", R)) of
the original definition respectively. (2) The definition given by replacing to Cz(J*(R™,R),0)
and C(V, J'(R™, R)) respectively. (3) The definition given by replacing to Cg(J*(R™R),0)

and C2(V, J'(R", R)) respectively.

Lemma 14.2 The original definition and these definitions of stabilities of reticular Legen-

drian maps are all equivalent.

Proof. (original):;>(1). Let Cy € Ca(Jl(IR“,IR),O) be an extension of g and Cy € CU,
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| J{R™ R)) be a representative of Cy. Take a neighborhood N of Co in C(U, J*(R*,R))
for which the hypothesis of the original definition holds. Set Né,o = Ng, NC*(U, J*(R™, R)).
Then the hypothesis of the definition of (1) holds for Néo.

(1)=>(3). Let Cy € C%(JY(R"™ R),0) be an extension of ig and Cy € C(V, J*H(R", R)) be
3 representative of Cp. We construct the continuous map Cg(V,JH(R*,R)) — C*(V x
R JH(R™R)) (C — C") by the following: Let C = (za,95,pe) € C3(V,JH(R™, R)). Then
(' is defined by C'(Q, Z, P) = (qa(Q, P), Z + 25(Q, P),pe(Q, P)). Then C™*(dz — pdg) =
dZ + é*(dz — pdq) = dZ — PdQ. Hence this map is well defined. Take a neighborhood Néo'
of Gy in C(V xR, JY(R™, R)) for which the hypothesis of the definition of (1) holds. Let Néo
be the inverse image of Néo’ by the preceding map. Then the hypothesis of the definition of
(3) holds for Nléo'

(3)=(2). Let Cy € Cz(J'(R",R),0) be an extension of ig and Cy € Cz(V, JH(R™, R)) be a

representative of Cp. Define
Cy(V, JM R, R)) = C=(V, JHR™ R) N {Z = 0}) (C= 6 : (@, P) = (@, feP) ),

where f¢ € C*(V,R) is defined by C*(dz — pdg) = — f€PdQ. Then this map is continuous
: = ~ 0z 4 Otz "=

because f¢P; = (fC(PdQ))(—é%:) = —(dz ——pdq)(C*—a—%—i) = —35 +pé'8%§:_ (i=1,---,n). We

may assume @g, 1S embedding by shrinking V' if necessary. By Lemma 5.3 there exists a

neighborhood Ng, of Cy and a neighborhood V; of 0in V and a neighborhood W of 0 in

JYR™ R) N {Z = 0} such that
Ng, — Emb(W,V) (C'— (Balv) " Hw )
is well defined and continuous. Therefore we may define the following continuous map:

Ng, = C3(W, J'(R", R)) (G~ Co(dglv) Iw)-
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Take a neighborhood N of o (d)éolvl)_1|w for which the hypothesis of the definition of (3)
holds. Let N&O be the inverse image of N by the preceding map. Then the hypothesis of the
definition of (2) holds for N’C;O.

(2)=>(original). Let Cp € C(J'(R™ R),0) be an extension of i and Cy € C(U, J{(R™, R)) be
a representative of Cy. Let V. =UN{Z =0} and C’ol = Cy|z=0. Take a neighborhood N
of CO’ in Cz(V, JY{R™ R)) for which the hypothesis of the definition of (2) holds. Because
c(U,JH(R*,R)) = Cz(V, JHR™, R)) (C’ — C|z—0) is continuous, if we set Né/;o the inverse
| image of N, by the preceding map then the hypothesis of the original definition holds for

Tl
NC"O. .

Homotopical Stability: Let 7oz : (L°,0) = (JY(R™,R),0) = (R™ x R,0) be a reticular

Legendrian map. A map germ i : (LOxR,0) — (J1(R™ R),0)((Q, P,t) = i:(Q, P)) (10 = 1) is
called a reticular Legendrian deformation of 4 if there exists a one-parameter family of contact
difeomorphisms C : (J'(R™,R) x R,0) — (J*(R™,R),0)((Q, Z, P,t) — C,(Q, Z, P)) such
that 7, = C¢| o for t near 0. We call C an eztensionofi. Let ¢ : (L°,0) — (L, 0) be a reticular
diffeomorphism. A map germ o : (]L~0 x R,0) — (I[:O,O)((Q,P, t) 6:(Q, P))(¢o = ¢) is
called a one-parameter deformation of reticular diffeomorphisms of ¢ if there exists a one-
parameter family of diffeomorphisms 3 : (JHR™,R) xR,0) = (JH(R™ R),0)((Q, Z, P, t) —
®,(Q, Z, P)) such that D @t\m—o for t near 0 and each ¢; is a reticular diffeomorphism. We
call ® an extension of ¢. A reticular Legendrian map 7 oi : (L°,0) — (JYR™ R),0) —
(R" x R, 0) is called homotopically stable if for any reticular Legendrian deformation i = {1}
of 7 there exist a one-parameter deformation of reticular diffeomorphisms é = {¢s} of id(]ﬁO,O)
and a one-parameter family of Legendrian equivalences © = {O¢} with O = 1dJ1 (B R),0)

such that 7, = ©; 010 o, for t near 0.
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' Infinitesimal Stability: A vector field v on (J*(R™ R),0) is called tangent to (IL~0 0) if

U‘L'g is tangent to [:8. for all o C I,. A function germ H on (J*(R™ R),0) is called fiber
preserving if there exists function germs hg, - -, h, on the base of 7 such that H(q,z,p) =
Saon hi(q, 2)pi+ho(q, z). A reticular Legendrian map 7os : (H:O, 0) — (J*(R™,R),0) = (R"x
R,0) is called infinitesimal stable if for any function germ f on (J*(R",IR),0) there exists
2 fiber preserving function germ H on (J'(R™,R),0) and a vector field v on (J*'(R",R),0)
such that v is tangent to (II:O, 0) and Xfoi = Xpgoi+i.w, where X; and Xy are the contact
hamiltonian vector field of f and H respectively and i,v is defined by 4,v = (C,v) o4 for an

| extension C € C(J'(R™, R),0) of 4.

Lemma 14.3 For any one-parameter family of Legendrian equivalences © : (JH(R™,R) x
R,0) — (J'(R™R),0) with O, = id, there exists a fiber preserving function germ H on
(JH(R", R),0) such that Xg = @d%ltzo. Conversely for any fiber preserving function germ H
on (JL(R™,R),0), the flow O of Xy with the initial condition Oy = id 18 a one-parameter

family of Legendrian equivalences.

Theorem 14.4 Let 7 oi : (L?,0) = (JY(R™", R),0) — (R* x R, 0) be a reticular Legendrian
map with the generating family F(z,y,q,2) € M(r; k+n+ 1). Let f = Fl{g=z=0}- Then the
following are equivalent.

(1) F is a reticular K-stable unfolding of f.

(2) 7 o4 is homotopically stable.

(3) 7 o is infinitesimal stable.

(4) For any function germ f on (JHR™ R), 0), there ezists a fiber preserving function germ
Hon (JYR™ R),0) such that foi= Hoi.

(5) T o1 is stable.
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proof. We shall prove (1)&(5), (1)=(2)=(3)=(4)=(1).

| (1)=(5). Let Co € C%(J*(R™ R),0) be an extension of iy and Cy = (¢5., 25, ps.) € C3(U
0? 0? ’0 )

JYR™ R)) be a representative of Cp. We shall construct the map (18) which maps a contact

| embedding near Cy to a function near a representative of F'.

For each C € C%(U, JH(R", R)) we define
Pz ={(Q,P;q,2,p) € U x J'(BR", R) |(2,4,p) = C(Q, P)}

re U= R2 ((Q,P) = (@,p5(@, P)).

By taking some Legendrian equivalence of 77 o and shrinking U if necessary, we may assume
TG, 1 embedding. By Lemma 5.3 there exists a neighborhood N of C, and a neighborhood
U; of 0 in U and a convex neighborhood V of 0 in R?" such that

Ng, = Emb(V,U) (G (melu,) " v )

is well defined and continuous. Let = Ng,. Since dz — pdg = —PdQ on P, there exists

Hy € C=(V, R) (Hz(0,0) = 0) such that

0H O0H g 0Hg
. = —— C— Hs— (——= .
Polemev = 1@ =55 (@p)i—5, (@p)He = (=5, (@, p),p),p)}
Since Hx(Q,p) = z — (¢,p) on Pg, the map
Ng, — C=(V,R) (C + Hg)
4 contimpousa Let V! = Vi = e s Q, = 0}. Now we consider the continuous map

¢: Ng, — @ § Rt R) (C’ — Fé(:v,y,q,z) = S A Uy (v,q)), (18)

where £ = (z1," %),y = (Y1, Un) = (g1, qn). This map maps 2 contact em-

bedding near Cy to a function near s Féo' We may assume that Fp is a representa-

tive of F. Since F is stable by hypothesis, there exists a neighborhood Ng of Fy such
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that for any G € Np Glurxrentr at (0,1°,¢% 2%) and F are reticular K-equivalent for
0 0 ,0 /i nt1 x =

some (0,4°,¢%,2°) € V' x R™. Set N5 = ¢7'(Np). Let C € Nj be given. Take

(O,yo,qO,zO) € V' x R™?! such that the preceding condition holds for Fy. If we de-

note {LC},cr, the contact regular r-cubic configuration defined by Fjz = Fs

Hr xR2n+1 atb

- (0,4°,¢°,2°), then for each o C I,

% OF;
LY = {(qwq,zwz’ﬁ(ﬂf,y”y,qo+q,z°+Z))\
OF;  0OF
fl:cr:———‘—"":———: e
axlr-a 3!/ FC 0}
= {(qo+ ¢ Ha(2,0;90+ ) + (Yo + 9,9 + ), % + )|
_ 0H; _ 0Hg
Ly = 8$Ir—g‘ —_a‘—y +QQ+(]—O}
0H, OH, OH,
Ml s 5 A o o BHE S A\
{( 5y i (Yo + ¥, 3 ) Yo +Y)|To axlr_a(m,O,yoer%O}
OH, OH,
= (=€ Hs— (yo+p, =5
{( ap y 440 <y0 }_pa 5]) >’y0+p>\
OH ~
Qa: anc (Q;y0+p):Qr+1:"°:Qn:07er—aZO}

— (L, at (0;0, P%),

where (00, P%) = G~(qo, 20,%0) and Ly = {(@, 2, P) € J'B"R)|Qo = Pr—r = Qrs1 =
e 0 32 B SR Gl i T 0}. Since Fy and Fy are reticular K-equivalent, this implies that
70 Clio gt (0p0,p0) a0 T 01 are Legendrian equivalent.

(5)=(1). Let a reticular Legendrian map # 07 be given and Cj be an extension of 7. Then we
may assume that Co € Cg(J'(R™ R),0) by Lemma 14.2. By considering some Legendrian

equivalence of 7 o4, we may assume that there exists a function germ To € M?(2n) such that

0T dTy

5TO
{(Q’PaCO(Q?P»} = {(Qv —"_a_Q_(va); —EE(QJDLTD(QJ)) e’ <5§(Qap)7p>vp)}

Define a generating family Fo(z, ¥, q,2) € M(r;n+n+ 1) of o1 by Fo(z,y,q,2) = =2+

T(z,0;y)+{y, q). It is enough to prove that Fj is a reticular K-stable unfolding of Fo|{g=2=0}-
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Let Fy € C*(U,R) be a representative of Fy. By shrinking U if necessary, we may assume
that there exist neighborhood Uy, Us, U; of 0 in (R™; @), (R™;y), (R™!; (¢, z)) respectively
and To(Q,y) € C=(U; x Uy, R) such that the following conditions hold:

(a) T, is a representative of Tp,

(b) g (Ul m{QT—{—l el Qn - O}) X U2 X U3 and FO(:C)y) q, Z) = —Z+T0(.’ZI, O7y) + <y>Q>7
| (c) The map U; X Uz x Us — Uy x Uy x R** ((Q,y,¢,2) — (Q,y,%}(@,y) +q, —z +
T(Q,v) + (y,q))) is an embedding,

(d) The map U; x Uz = Uy X R” (Q,y) — (@, —%(Q,y)) is an embedding.

Define Fy € C%° (U, x Uy x U3, R) by Fo(Q,¥,¢,2) = —2+T(Q,y) + (y,q). Since the map
COO(Ua R) = COO<U1 XUQ X U3aR) ( F = F(Qaya(LZ) = FO(Qay7Q>Z>+(F—FO)(Q,7y7Q7Z) )

(@ = (Q1,"+,Qr41)) is continuous, the map

00 o0 n I aF [
C (Ua]R)—_)'C <U1XU2XU3,U1XUQXR+1)(FH¢F(Q,y,q,2):(Q,y,‘5’J,F>)

is also continuous. Since ¢ is embedding by (c), there exist a neighborhood N}O of Fy and

a neighborhood U’ of 0 in Uy x Us X U, and an open ball V around 0 in U; x Uy x R™* such

that

NE — Emb(V, Uy x Us x Us) ( F e (¢plo) " v )
is well defined and continuous. Let V; =V N (U x Uz X {0}). Then the map
Nk — Bmb(V3, Uy x Uz x Us) ( Fs ($plv) " w)
is also continuous. We denote (¢zv7) " 1w (@, y) by (Q,y, 17, y), 27(Q,)). Then the map

. OF
Nk — C®(Vi, U x RY) (F—9p(@y) = (Q,'—g—Q(Q,y,%(Q,y),zﬁ(Q,y))) )
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is also continuous. Since 1y 1s embedding by (d), there exist a neighborhood NZ of F, and
Fo

a neighborhood V5 of 0 in V; and an open ball W around 0 in U; x R" such that

Nt — Emb(W, V1) ( F — (¥

) Hw )

is well defined and continuous. We denote (zlv,) ! w (@, P) by (Q,yz(Q,P)). Then the

map
Ng = Emb(W, Uy x Up x Us) ( F = ((Q,P) = (Q,ys(Q, P), 45(Q,y5), 2:(@y7)) )

is also continuous. Hence the map

« n I = aF
N% — C¢(W, JHR™ R)) (F— Cp(Q, P) = (¢, 25 —a—(;(Q,yp,Qﬁ,Zp)) ) (19)

Fo

is well defined and continuous. This map maps a function near Fy to a contact em-
bedding near a representative CF—O of Cy. Hence by hypothesis, there exists a neighbor-
hood N;’;O of F, such that for any F € N;’:O T o (éﬁlmo ¥ (QO,PO)) and 7 o 1 are Legen-
drian equivalent for some (Q°, P°) = (0;0,- .,0,P%,,-++,P) € W. Therefore if we set

QP 1%4", 2% )= (Q°, y5(Q°, P%), q5(Q°%, yp), 27(Q°,yp)) then F at (0,9°,¢% 2°) and Fp are

reticular K-equivalent. |
The construction of (19) is summarized in the following diagram:
U, x Uy x Us =U; x Uy x Us l_]lle” = %%
(@,9,9,2) (Q,y,4577) —(Q—55(Q Y, 47 25)) = (@7P)
brl 1 s LG
(Q)yv%gaF) (Q,y,O,O) wﬁ‘ (QF)ZFa%(QayﬁquZF))
JYR™ R)

Uy xUp x R* D W X {0}
(1)=>(2). Let s : (Lo x R, 0) — (JYR™,R),0)((@, P, t) > (@, P)) be a reticular Legendrian

deformation of i. Take a one-parameter family of contact diffeomorphisms C': (JH(R™, R) X

R,0) = (JHR"™ R),0)((Q, Z, P, t) = Ci(@Q, Z, P)) such that 3, = Cy|yo for ¢ near 0. By using

106

2




analogous methods of the proof of Lemma 12.3, we may assume that C; € C*(J*(R", R),0)

for t near 0. Moreover we may assume th: tata ~ - ;
ay e that there exists a smooth function germ T : (R*™ x

R,0) = (R,0)((Q,p,t) = T:(Q,p)) such that

A aTt (9Tt [
{(Q P;CQ,0, P)it)} = {{@ —55(@:p) =5 -(@p); T/(Q,p) — <;;(Q,p),p>,p;t)}-
Define F(z,y,q,2,t) € E(rin+n+1+1) by F(z,y,9,2,t) = Fi(z,9,¢,2) = =2 +

T,(z,0;9) + (y,¢). Then F; is a generating family of 1; for t near 0. By hypothesis there
exists a one-parameter family of reticular K-equivalences {(at, ¥;)} such that Fy = ay- Foo Wy
for ¢ near 0. If U, is written in the form Wy(z,y,q,2) = (%, %, 9;(q,2), .+, g¥ (g, )) then we
can prove that Et(LNO) =g oio(LY) for all o C I, by the same method of the proof of theorem
12.6-(3)a. Define the one-parameter deformation of reticular diffeomorphisms ¢ = {¢:} by
Hre 00—1 ogito Ci|po. Then we have 1, = §; 019 © ¢, for t near 0.

(2)=(3). Let a function germ f on (JY(R™R),0) be given. Take an extension C' €
C(JY(R™ R), 0) of i. Let Xy be the contact hamiltonian vector field of f on (J'(R" R),0)
and C' = {C;} be the flow of X with the initial condition Co = C. Since 1 = {1 = Clyo}
is a reticular Legendrian deformation of i, there exists a one-parameter family of Legen-
drian equivalences O = {O;} with Op = id(s1(®"R),0) and a one-parameter deformation of
reticular diffeomorphisms b = {q—ﬁt} of id(]ﬁo,O) such that 4, = ©; 0140 ¢, for t near 0. Let
o : (JYR"R) x R,0) — (JY(R™, R),0)((Q, Z, P, 1) = 3,(Q, Z, P)) be an extension of ¢

d(I)t

and set v = £2t|,—o. Then v is tangent to (IL°,0) and by Lemma 14.3 there exists a fiber

preserving function germ H on (JY(R™, R),0) such that d—%ltzo = Xyg. Then

dC . de dd M ¥
Xfoz—-—c—l—lto o dtltOOZ+(C‘E£t‘tO)OZ—XHOZ+Z*U-

This implies that 7 o1 1s infinitesimal stable.
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(3)=>(4). Let a function germ f on (J'(R™ R),0) be given. By hypothesis, there exists a
fiber preserving function germ H on (J'(R™, R),0) and a vector field v on (J'(R"™, R),0)
such that v is tangent to Lo and Xfo1 = Xpg ot 490, Setiy= ilﬂg,vg = U|L~g for each
o C I,.. Then it is easy to prove that (f — H) o i, = 0 because X o1, = Xg 01y + (ig)sVs-
Therefore foi = H ou1.

(4)=>(1)Take an extension C' = (g, z,p) € C%(J'(R™ R),0) of ;. We may assume that there

exists a function germ T(Q,p) on (R**,0) such that

0
(@, P;C(Q, P))} = {(@, 7%(@,@; —%(@,m,ﬂ@,p) g %(Q,m,pm}

Define a generating family F(z,y,¢,2) € E(r;n+n+1) of T o1 by F(z,y,q,2) = —z +
T(z,0;y)+(y,q). Since (@Q,p) — (q(Q,p),p) is invertible, there exists I C {1,---,n}({I] =1)
such that ¢ : (z,y) — (qr(z,0;y),y) is also invertible. On the other hand since (Q,p) —
(Q, P(Q,p)) is invertible, 9 : (z,y) = (z, P(z,0;y)) is also invertible. Set £ ="dgoait
Let f := Fl=z=0- Set g(q,2,y) = ¢'(¢,y) == fo ¢~ '(qr,y). Since C(,0; P)|z,py==z,P,=0 =

i(z,0; P), there exists a fiber preserving function germ H (g, z,p) = Y iy hilg, 2)pi + ho(g, 2)

such that
g0 C(z,0; P)|gypr=rms,p=0 = H 0 C(,0; P).
Therefore there exist ai, - -, a, € E(r;n) such that
g6 C{z, 03 P) = Ho Ulz b P)+ i:a:ijaj(:z:, g
j=1
Hence
f(z,y)

= (f0<b‘1)0(¢ow‘l)ow:g’oC’owzgoC(rr,O;P(:v,O;y))
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= Zh¢<q(:v,0;y),2(w,0;'y))yi+ho< q(z,0;y), 2(z,0; y) +Zx1 (z,0;y)a;(z, y)

= oT oT aT :
= R P L3 or
4 ( 5y’ <ay,y>>(1 0; 4)ys + ho(— 5 T — <a, ) (z,0;7)
E Q (z,0;9))aj(x, y)
B oT oT orT
= hi O i / B e 9 —_— :
E— ( )y = L0<0) IIlOd< aJ (‘E O Z/) (T <ayay>)(x70> y),ﬂf 8.7 (IaOa y>>£(r;n),

& , o, oT
Z hi(o)yi + h0<0> mOd<T(Ia O) y)) 11355(1', 07 y)) a—y'(m707 y)>5(r;n)7

il

where a,fj-(x,();y) =g, 4 ——g—g(m,O;y)) (j = 1,-++,r). This implies that F' is a reticular

K-infinitesimal versal unfolding of f. Hence F' is a reticular K-stable unfolding of f. =

15 Classification of function germs

We now start the classification of function germs with reticular K-codimension lower than 8
with respect to reticular K-equivalence. By Lemma 7.1 and Lemma 7.2 in Section 7, we have
only to classify residual singularities, that s function germs in M (r; k)? whose restriction to
r = 0 is an element of M(0;k)°. Jye .6 f(0) ~ g denotes quasihomogeneous equivalence of
jets and f &~ g means f is reticular K-equivalent to g and => means ‘see’ or ‘implies’.

Let f € M(r; k)* be a residual singularity with the reticular K-codimension lower than
8. We set ¢(y) = £(0,y) € M(0; k)°.

The case r=1,k=0. f 2™ (n=2,,7).

The case r = 1,k = 1. One of the five:

2f(0)~zy+z°orzy = &y ey” (et =1,n =3, s
jys.e2 f(0) & y® + z° = [+
Jy3,22 f(0) = g = Ll
Jys 2 f(0) = y° = (17),
]ys’xzf(O) R4 = (19)

(15) 5,342 f(0) = x* = one of the five:
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G fOymy* tavy 222 (@® £4) = fa y* + azy? + 1%(a? # 4)

Jyta2 f(0) = (y* £ 2)° = R+ (P £ a) or yf 4 (1 £ 2)?
]acyz,:z:zf(o) G l‘yQ o 3:2 = f ~ y5 53 :UUQ < 'rQ |
jys,xzf(o) y5 g 24 = f ~ y5 s l‘ly3 -+ 562,

Jys z2 f(0) ~ ~ z2 or ( = {16), |

(16) jys .2 f(0) is adjacent to Y% + azy® £ 2%(a? # +4) and hence

the codimension of f >dim&(1;1)/((x 2L, &L 2Ly, + (2, 22y, 2y, Y Vey) 2 12— 3 = 0.

Loz 3y Yoy /R

(17) J,2.22f(0) = y* = one of the five:

POy sy +azy+ 2 a#~3) > [ry fur’y+20(as-3),

72 £(0) = y° + zy? = =y’ +ay’ a2 or y’ +ay® £ 20,
7£(0) = y° + 2%y = [y +z%y,

jys,mzxf(()) ~ y3 + z* = [= y3 - $3y ;5 3347

Jysat f(0) = y° = (18).

(18) f is adjacent to y* £ z*y + 2° and this has codimension 9.

(19) jy3,.2f(0) = 0 = one of the four:

PBrO) oy = fayre’Ldor P Loyt o°
72 £(0) = zy? e oyt dr,

72 £(0) = =%y = SRy

P f0) 2z or 0 = (20).

(20) j3f(0) = 2® or 0 = f is adjacent to y* + y* & 2° and this has codimension 8.

The case r = 1,k = 2 One of the two:

Pe#0 = (21),
e, =" {36)
(21). j3¢ # 0 = on of the four:
peDy = (22),
@ - D5 => (26),
Q5 e Dg = (30),
O € Ee = (33)
(22). ¢ = y?ys = y5 = one of the four:
jy%yz,y%,xyzf(o) ~ y%yQ < y% + zY1 + axY2,
2+1£0 = f=yipty;+on+azy,
jylyz y) wyzf(0> - y%y2 <= yg = Y2 = (23)
jylyz Y3 s 2 f(0) = yiy2 £ ys + z° = (24),
jylyz e ¥ (O) ~ y%y.? o= yg = (25)
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. " = 2/ 3 L
(23) Jizvaadanaf (0) = 2 £ 93 £ 2ys = [ & ylys £ 45 + xys + 297 or ylys £ 43  zyn + 2y,
(24). jy‘fyz,yg,m2f(0) =yt +2t = fayly+ ys + x2 & zy2.

(25) f € 9M°(1;2). Therefore the codimension of f > £(1;2)/((2L, 2L)\p + 9M3(1;2)) >

Oy1’ Oy

10 — 2 =8.
(26). ¢ = yiys + y5 = one of the three:

Yy +ys Ty = (27),
Yiya +ys +xy1 = (28),
Yiye + Ys =2 v 29

jyfyz,y«}‘,my-zf(o)
].yfyz,yé,a:yl f(O)
]y%yz,yé‘,l‘ylf( )

(27). Jyryantanef (0) = YTy2 + 3 T2y = f = yiye +ys £ xy2 + Ty1 OF Yiy2 + Yy T TY2 + 7Y

Q QX

(@)

(28) Jy2gs i f(0) = ¥y +y5 +2y1 = f 2 ylva +y; + 3y £ y;.
(29) jy'lzyz,yg,mylf(()) = 42y, +y3. Then f is adjacent to y2ys +yas +ex? +xys(a+0ys) (a* # 4e)
and this has codimension 9.

(30) ¢ = yiy, £ y5 = one of the two:

2y, £ xys = (31),

jyfyz,yé,wyzfm)
Y2 Yo = (32).

jyfyz,yé,myzf(o)

R

(31). Gyryaatannf(0) = Ule Loy = f & yiya £ 3 +ays + TU1.

AR (e y2y,. Then f is adjacent to yiys + eys + xy1 + zy3(a + 6y2) (0 # —¢)
and this has codimension 10

(33). ¢ =42 + y5. = one of the two:

o ryitay = (34),

]y?»yg,fyzf(o)
| =13+ = (35).

jyf’,yg,zyg f(O)

€ &

(34) jy%,yg,zyzf(o) = y:f -+ @/3 2 TY2 = f ~ @/% y% =l Y1 =f3 ZY2
(35). jy-;ﬁ,yg,xyzf(O) = ¢3 +y5. Then f is adjacent to yd +ys £y zy2 and this has
codimension 8.

(36) Since ¢ € M*(0;2), we have the codimension of ¢ = £(0;2)/((2, 5 )m +I(0:2)) 2
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10 — 2 = 8. Therefore f has codimension > 9.

The case r =1,k > 3. We need only to prove that the codimension of f > 8 in the case
r =1,k = 3. Since the codimension of ¢ > £(0;3)/((2%, 22 22y, 4 93(0:3)) > 10—-3 =7

Oy1’ Bya’ Oys

Therefore the codimension of f > 7+ 1 = 8.

The case r = 2, k = 0. One of the five:

]zj(O) ~ Tt + az17s zita? 3 44)
72F(0) = (21 £ 22)°
72£(0) ~ 2 £ z125 or £312 + T5 Or T 12y

[ oy pébamize £ wila® £ 4,
f% <3§1:J:.’E2>2:}:$721(n:37---76),
gl £ oy £ab

a2 2, 5 <nd-me LB,

44 d

72f(0) = x% or z3 = (37),
' =

(37) We investigate only the case j2f(0) = x}. But the case j°f(0) = =} is calculated
analogously.

One of the two:

et o
2
1

X

Jaz2,23f(0) = frzitazltadoraltal,
Jo2,23.f(0) = (38

R

S’

(38) One of the three:

Jo2,23f(0) ~ 22 +azlrz,toy = froltariny ot 173,
Jo2,08f(0) = 71 £ T2 Ty = fryut aine T,
Ju2,01f(0) = = (39).

(39) Ju2,04f(0) = z2 = f is adjacent to £3 + 2,25 + x5 and this has codimension 8.
(40) j2f(0) = 0 = Since [ € IM3(2,0), the codimension of f > 5(2,0)/(<m1%,12%)m +
M4 (2;0)) > 10 — 2 =8.

The case r = 2,k = 1. One of the five:

ij(O)%atlyinyimQ or 1y £ TaYy = f%y”:i:aclyixgy+$%
(n23,m22,m+n§8),

§2£(0) & z1y + 22 or Tay + T} = '(41),

72£(0) = 1y or Tay = (43),

Jo2 a2y f(0) & 22 + aryzy £ 23(a® £ 24) = [R Y + exdy + 71 + T2 + 65
(a? # 46),

others = (44).
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41) We investigate only the c: 72 el 2 ' 4
(41) & nly the case j°f(0) = z1y + 2. But the case 72f(0) = 2oy + 22 is

calculated analogously.

One of the four:

[y’ Loy + o3

y* + azqy? + x1y + 22
Bot £y & 22
+z,y + x5

jy :Z,‘1y$ (

)f fry’ oy £ z0y® + 52,
]y Z1Y,T5 f(O)

)

)

fry*+ azoy? + 27%@/ i PR o x%,
yS j: 332@/2 :t 1y 4 IL‘%,
(42).

Jy rly$2f<0 s
Jy .Ilylir) (0

¢4 4l

Q

(42) Jys 219,03 f(0) = £21y+25 = f is adjacent to y°+a,y° £21y+22 and this has codimension
8.

(43) 72(0) = z1y = [ is adjacent to y° + azdy + 2z} + 23y* + z1y(a # —3) and this has
codimension 8.

72f(0) = zoy = f is adjacent to y® + azty + 223 + iy + zoy(a # —3) and this has
codimension 8.

(44) 52£(0) is adjacent to fo = (z1 £ 23)* or 12 4 7179 Or £2129 + 25 = f is adjacent to

fo+ v + azdy + 2z3(a # —3) and this has codimension 8.
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The classification list of singularities with reticular K-codimension lower than 8

I

k  Normal form codim Conditions Notation

I n =2, v o B

1 zy+ey™ n gl et =G T G
y3 A I2 4 FZ
yt + azy? + z° 6 a? # +4 Kp
yf + (5 £ ) 6 B
¥ + e(y” + 03)? 7 K
y® + 293 + o 7 Kiét
y® + ax’y + 22° 6 a# —3 F{"O
B+ zy? £ ot 6 FE
y® + oy? £ 2° 7 F7
y® + z%y 6 Fioi
y® + iy + 2 7 B
y! 4 exy? + 0z° 6 K3
y® + zy? + 6 K;%Q
R T 7 KF,
y* + exy? + oz 7 Kfiﬁ
y* + zy? + 2Py 7 Ky

2 Py £y3+ay +azyy 6 @’ £1#0 Dy
Yiye + eYs + 0TY2 + Ty? 6 Di’,g
y2ys +eys + 0zys + 3y 7 Dy
Y2y, + ey + 0zys + 2> T 3
y2ys + Y3 + TY1 £ TY2 6 By
y2ys + ys + exyi + 0Ty T Dgig
vy + s Hop oy 7 D'
Yiye + gys +xyr +o0xy2 7 Dg(i
yi + Yp £ TY1 + TY2 f Be

where £ = £l.0==x1
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P=12

T B3 Sk a“ # 14 BT9

2.2

(il‘l +€5132)2 +5SE§L n+1 n=38 0 BEd
" + ex1To + 02y 1 = i

%) 122 2 (o 0 s nmz2 5<n+m<8 B
12 + ex123 + 075 5 T pged
2,3/

22 + exlzy + 073 5 B
2 3 3,2/

el o 7 6 +

g B3
s ot e 27 6 Bi’ i
9 3,2,0
1?4 azzy + €Ty + 61175 7 Boi
13 + az173 + ex] + 0}Ty 7 BEde
12 + exizy + 013 7 B,
3 + ex1x5 + 023 7 B,
1 Y +exy + 0x2y + 23 n+t+m—1 n>3m>2 m+n<38 szj?n

3 e 2] £,0
y° + ex1y + 0T2y* + X5 5 ey
y® + oy + 631y® + 77 D C3a2
yt + axoy?® + exdy + zy + 0y 7 G
vt + azy? +exiy + T2y + oz2 T Ci:g’E
Y5 + ex9y? + 021y + 5 ¥ Cea
y5 + ex1y? + 6Ty + T3 7 ey
v+ exdy + 12 + azyzo + 025 7 a® # 46 i

where € = =+1,0 ==,
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Here, we draw the figure of the wavefront of one of the reticular Legendrian map-germ
whose generating family is a reticular versal unfolding of B, 3" -singularity in the classification
list, that is £2 — 1% — T3 + (175 + 22 + ¢321 + ¢4. The wavefront given by this generating
family is a subset in (qi, g2, 3, qs)-space around 0. Hence we draw the sections of this

wavefront in (qz, g3, qs4)-space given by cutting at ¢; <0,¢; =0,¢, > 0 respectively.
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