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Generalized Verma modules induced from characters
of parabolic subalgebras with commutative nilpotent
radical

Akihito WACHI

Department of Mathematics, Faculty of Science,

Hokkaido University, Sapporo 060-0810, Japan

Abstract. On a scalar generalized Verma module M(\) = U(g) Ru(p) Ca, the
contravariant forms deeply relate to its structure. In this thesis, we show intrinsi-
cally that the contravariant forms have b-functions in its factor in the case where g
is simple and the nilpotent radical of p is commutative. As an application we ex-
plain infrinsically why the b-functions control the irreducibility of M()), the orbit
decomposition of n* under the action of the Levi subgroup, and the unitarizability
of the irreducible quotient of M()). In addition, we construct an analogue on M (\)
the Capelli identity using our main theorem.

1 Introduction

Let G be a complex simple Lie group. Let g be the Lie algebra of G and b its Cartan
subalgebra. Let A and A' be the root system and the positive system, respectively.
Let p be a parabolic subalgebra containing b and all the positive root spaces. Then the
pair (g,p) is said to be of commutative parabolic type if the nilpotent radical n* of p is
commutative. In this thesis, we exclusively consider (g, p) of commutative parabolic type.

Let M()) be the scalar generalized Verma module induced from ) € Hom(p, C). Then
M(A) =~ C[n"] as vector spaces. We therefore obtain the representation of U(g) on C[nt],
and denote it by ¥, : U(g) — End C[n*].

Let {X,, H;} be a Chevalley basis of g, where X, € g* for « € A and H; € b.
To give the definition of contravariant forms, we define an anti-involution % on U(g) by
Xa = X _, (@ € A) and to be the identity on h. For a representation (m,V) of g, a

bilinear form (,) on V is called a contravariant form or a m(U(g))-contravariant form if
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it satisfies (7(X)v,w) = (v,7(X)w) for X € g and v,w € V. We study a canonical
U, (U(g))-contravariant form (,)y on M()) ~ C[n*]. The structure of M () is deeply
related to (,)x. For example, M () is irreducible if and only if (,)x is nondegenerate
(Proposition 3.3) and the irreducible quotient of M()) is unitarizable if and only if a
contravariant sesquilinear form (, )} is non-negative definite (Proposition 12.10). We also
study a canonical ad(U([))-contravariant form (,) on M(\) ~ C[n*], where I is the Levi
subalgebra of p containing . In fact, contravariant forms (,)y and (,) coincide up to

constant on each irreducible ad(U(I))-submodule of M()X). We denote the ratio of them

by gx(p) (see §4).

One of main purpose of this thesis is to express gy(x) as a product of b-function bi (1)
(Corollary 8.1). Here b;(u) is a b-function of a relative invariant of a prehomogeneous
vector space (L;, Ad,n;") associated with (g,p) (see Definition 5.6 and Definition 7.4).
Then we can explain why b-function control the properties of M () via the contravariant

forms.

As an application we explain the reason why the b-functions control the irreducibility
of M(A), the orbit decomposition of n* under the action of the Levi subgroup, and the
unitarizability of M(A). In addition, we construct an analogue on M(A) the Capelli

identity using our main theorem.

The contents of this thesis is as follows: In §2 to §5, we give basic definitions such
as a generalized Verma module, a contravariant forms and a b-function. In 86, we state
our main theorem (Theorem 6.1). In §7, we define subalgebras of g and restate the main
theorem. In §8, we derive an important conclusion Corollary 8.1 from the main theorem,
which gives an expression of ¢,(u) as a product of b-functions. In 89, we give another
expression of ¢y (u).

In §10 to §13, we study applications of our main result. In §10, we study the relation
between the irreducibility of M()) and zeros of b-functions. In 8§11, we consider the one-
to-one correspondence between Ad(L)-orbits on n™ and zeros of b-functions. In 8§12, we

study the relation between the unitarizability of the irreducible quotient of M()\) and
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zeros of b-functions. This application is suggested by Professor Shuichi Suga. In §13, we
construct an analogue on M (A) of the Capelli identity.

In §14 and §15, we prove the main theorem using Boe [1, 4.4. Theorem|. Finally, as
an appendix, we give data of commutative parabolic types in §16.

Here we give some (historical) remarks. First, ¢,(u) has already appeared in Wallach
132, Propostion 1.2] and is determined explicitly. Moreover the results of Kostant-Sahi
[19], of Shimura [26], of Rubenthaler-Schiffmann [23] and of Faraut-Koranyi [6] are de-
duced from the explicit formula for ¢,(u). It is, however, not mentioned in Wallach [32]
that gx(u) is a product of b-functions, and it was not known why gx(p) is a product of
them.

Second, the irreducibility of M () (§10) has been studied in several papers. In Jantzen
[14], the determinant of (), is calculated and the irreducibility criteria are described
concretely. In Shapovalov [25], the determinant is calculated for the Verma module. It
is observed that the values of A which makes M () irreducible, are related to the zeros
of the b-functions. The first published result which relates the irreducibility criteria and
the b-functions, is Suga [27]. The necessary condition for the irreducibility is stated there
in terms of b-functions in the case where g is classical. Gyoja [9] and [10] conjectured an
irreducibility criterion in terms of b-functions in a more general setting, and he proved
this in some special cases including the commutative parabolic cases by a case study.

Third, the one-to-one correspondence between Ad(L)-orbits on n* and zeros of b-
functions (§11) was found in Tanisaki [29, Proposition 2.6] motivated by the study of
hypergeometric systems (Tanisaki [28]) and a quantization of certain prehomogeneous
vector spaces (Kamita-Morita-Tanisaki[16]). The proof of the correspondence was a case
study.

Fourth, the unitarizability of the irreducible quotient of M () has been studied in many
papers (Wallach [31], Parthasarathy [22], Garland-Zuckerman [7], Enright-Howe-Wallach
[4], Enright-Joseph [5], ...). It was known only as a coincidence that the unitarizability

condition was related to zeros of b-functions.




The author would like to express his gratitude to Professor Mutsumi Saito for his
constant encouragement and valuable advice. He also would like to express his thanks to
Professor Akihiko Gyoja for the discussion until midnight containing the refinements of
the proofs, to Professor Shuichi Suga for the suggestion about the application in §12 and
valuable advice, and to Professor Hirofumi Yamada and Professor Hiroshi Yamashita for

their advice on references.

2 Scalar generalized Verma modules

In this section, first we give basic definitions and then we give realizations of a scalar
generalized Verma module as representations on a certain polynomial ring. Lastly we
define several anti-involutions and prove their properties.

Let G be a connected simple algebraic group and g = Lie(G) be its Lie algebra. Let
be a Cartan subalgebra of g. Let A be the root system of g, A™ be the positive system,
{c1,..., .} be the simple system, and {w1,...,@,} be the set of fundamental weights.
Let p be a parabolic subalgebra of g which contains h and all the positive root spaces. Let
n™ be the nilpotent radical of p and [ be the Levi subalgebra of p containing h. Let A
and A}, be the set of roots occurring in [ and n*, respectively. We also use the notation
like A7 or AT Sef T = ZQGA; g%, where g® denotes the a-root space in g. Let L be

the connected closed subgroup of G corresponding to [.

Definition 2.1 For a complex simple Lie algebra g and its parabolic subalgebra p, the
pair (g, p) is said to be of commutative parabolic type or of Hermitian symmetric type, if

the nilpotent radical n* of p is nonzero and commutative.

Throughout this thesis, we assume that the pair (g,p) is of commutative parabolic
type. In this setting, p becomes a maximal parabolic subalgebra of g, and let 7, be the
unique number such that the simple root @j, is not a root of [. We denote a pair (g, p)
also by (g,%). We will always use Bourbaki’s way of simple root numbering [2] for 7,. All

the pairs (g,14) of commutative parabolic type are listed in Figure 1. Empty circles mean
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the simple root «;,. We fix an invariant bilinear form (,) on g, which must be a multiple

of the Killing form on g.

(Bt s e (n>1,1<7r< (n+1)/2)
(Bl O—e—... —e—>e (n > 2)

(Cnsn) s —e &0 (n > 3)

ke B SR

(Dn, 1) g _l_° s )

<E6’1) O—.'—l’—-* ===

ST TR

Figure 1: commutative parabolic type

For (g, p) of commutative parabolic type, and A € Hom(p, C), we set
M(A) = U(g) ®u(p) Ca,

where C, denotes the representation space of A\. Note that Hom(p,C) ~ Cuw;,, since
A € Hom(p,C) must vanish on [p,p] = [[,I] + n*. We have an isomorphism of vector
spaces M(A) >~ U(n~) = S(n~) =~ C[n*], since both n* and n~ are commutative. The
last isomorphism above is obtained by identifying n~ with the dual space (n*)* of n* via
the fixed invariant bilinear form. Then U(g) acts on C[n*]. We denote this representation

by ¥, : U(g) — End C[n"].

Lemma 2.2 Let {F}} be a basis of n~. Then we have

AhR e AR Paan)




(2) TA(X) = ad(X)+ A(X)
= ;[X, Fk}a—OF—k +AX) (X e,

; 1 Jd 0 0
(3) ¥A(X) = 5;[[X’Fk]’FlJ5ﬁ0_F,+Zk:)‘([X’FkD8—Fk

1 0
= - Wor(| X, Fi|) — >4 4
s L WX B (Xew)
Here in the case X € n~, the operator U5(X) = X € n~ ~ (n*)* C C[n*] is just a
multiplying operator in C[n*]. On the most right hand side in the case X n*, there is

no conflict to use Wy, since (X, Fy] € [

Proof. The linear isomorphism M(\) ~ C[n™] is by identifying f ® 1 € M()X) with
f € C[n"]. Thus for X € n~ ¢ C[n*], we have UA(X)f =~ Xf®1~Xf e C[nt], where
>~ means the identification. Thus (1) is proved.

For X € land f € C[n*] we have

i Xlf = Xfgl
= (fX+adX)f)®1

= fRAX)l+ad(X)f®]1

1

A(X)f + ad(X)f.

Thus we proved (2), since it is easy to show that ad(X) = >, [X, F;]0/0F,.
For X' € n*, the second equality follows from (2). We check the first equality. We may

assume that f is a monic monomial in F}, without loss of generality. Set f = Fy --- F},.

Then we have

(X)f ~ Xfel

= fX®1l+adX)f®1

= ZFM"'{X:FM“'FM@’I

= ZFkl...Fkt—l{Fkh}—l..‘de[X?Fkt}+HX’FktJ’Fkt+l...de]}®1

1<t<u<d

Y XX, Fu))Fy, -+ Fy, - Fy,
t

£

1 T —_—
‘+‘§ EHX, Fkg]aFkuJFkl : "Fkt ’ "Fku . "de.

t#£u
On the other hand, it is easily checked that
1 o0 0 0
(5 > I, Fk],ma—ﬂgﬁ + ) A(X, Fk])ﬁ) (f)
k

kl

b 1 e
e Z/\([X’ Fo D Fy o B, -+ By + é‘ZHXaFkt]»FkJFkl S SN R 0
L

tu
Thus (3) is proved. u|
Next we fix a Chevalley basis of g. Let {X, | € AYU{H, |i=1,... ,n} be a
Chevalley basis of g such that X, € g* and H; € § is the coroot of the simple root «;.
Namely, it satisfies (1) w;(H,) = 0y, (2) [Xa, X_o] is equal to the coroot of o for o € A*,
and (3) if we define constants cag by [Xa, Xs] = CapXaig, then €l i = —Cuk Since
Definition 2.3 (1) and (3) depend on a choice of a Chevalley basis, we fix this Chevalley

basis once and for all.

. We compute (X,, X _,) for later use. We have 2K owk _a) i il e X X e
I X el o [y e L Ve (2a/(e, @), 2a/ (o, @) = 4/(c, @), where (,) is the

bilinear form on h* induced from the fixed invariant bilinear form (,). Thus we have

2

(2.1) (KX o) = e
Here we define three anti-involutions. First one is on U(g), and the rest are on D, +,
the ring of polynomial coefficient differential operators on n*. Naturally D,+ is identified
with C[n"] ® S(n*). Indeed, S(n*) is identified with the ring of constant coefficient

differential operators on n* as follows: For P & S(n™), we define a constant coefficient

differential operator P(8) on n* as an operator such that

(2.2) P(0) exp(z,y) = P(y)exp(z,y) (zent,ye no).
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Here P(y) on the right hand side is a polynomial function on n~ by the identification
S(n*) =~ C[n7] via the fixed invariant bilinear form (,). In particular, for F € n~ and
Pent

(2.3) P(8)(F) = (P, F).

Definition 2.3 Let D, + denote the ring of polynomial coefficient differential operator on

nt.

(1) Define an anti-involution * on U(g) by

2, g AR 5
tHi:Hi (26{1,,72,}),

where X, and H; are the elements of the fixed Chevalley basis. These formulas de-
fine an anti-automorphism of the Lie algebra g, and we extend it to U(g) as an anti-

homomorphism of a ring.

(2) Define an anti-involution ¢ on D,+ by

T
CABF )T BE

where {F}} is a basis of n™. It is obvious that o does not depend on a choice of a basis.

(3) Define an anti-involution 7 on D+ by

T<X—a) e XC,(B),

T(Xa(9)) = X,

for « € A},. Here {X.} is a part of the fixed Chevalley basis. Note that

o} 2 0

)= <XQ’X_Q>(9X_ - (o, ) 0X_,°

because of (2.1) and (2.3).

Next we prove the properties of the anti-involutions defined above.
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Lemma 2.4 (1) (cf. [13], §6 Exercise) The anti-involution % on U(g) is the identity on
Z(1), the center of U(I).

(2) The anti-involution o on D.+ satisfies
o(Wa(w)) = Wox_z(s(w) (ue U(g)),

where s 1is an anti-involution on U(g) defined by

-X (X €1,
REr { X (X ent+4+n),

and p € Hom(p, C) is half the sum of roots in A}, or equivalently 2p(X) = Try+ ad(X)
for X € p.

(3) The anti-involution T on D,+ satisfies

T(Ua(w)) = ¥a(u) (uwe U(N).

Proof. (1) [is a direct sum of the semisimple part [,1] and a one-dimensional center
contained in . Since the anti-involution * is the identity on U(h), we have only to check
that * is the identity on Z([[,1]).

Let o : Z([l,1]) — U(hN[(,1]) be the Harish-Chandra homomorphism, which maps
Z([1,1]) isomorphically onto its image. Namely, ¢ is injective. The explicit form of ¢
is a composite of the projection from U(g) = U(h) @ (g~ U(g) + U(g)g") to U(h) and
an isomorphism on U(h) defined by H — H — 6(H). Here g* = 3 _,, ¢** and 6 =
(1/2) ZaeAZ .

Since [X, %2] = —1{%X,z], the anti-involution % stabilizes Z([I,1]). Because of the
construction of ¢, it follows that (%) = ¢(u) for u € Z([l,1]). Then the injectivity of ¢
proves the assertion.

(2) It suffices to show the assertion for u = X € g. It is obvious for X € n—.

Let X € [ and {F}} be a basis of n™.

o(¥r(X)) = U(Z[Xka]}%‘*”’\(X))

k
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& iR a%[x, F] + A(X)

= =3 {[X, FkJa‘;k + a?k (Lx. FkJ)} + A(X)

s saAdl XY Ay Z ai)?k (ad(X)(F}))

= =ad(X) +A(X) = Trn~ ad(X)

= —ad(X) + A(X) + 2p(X).

We proved the assertion for X & [.

Lastly, let X € n*.

o(20,(X)) = %Z%ﬂ[}(,ﬂ])%)

= 5 g -n-ullX. R

(2.4 = X Age + 3 o VoK E)).

where we used the (proved) assertion for X € [ in the second equality. We compute the

second term on the most right hand side.

Z[ai VonalX, B = 3 g (X )|

where we used the identity [[X, F}], F;| = [[X, F}], F},] which is followed from ] =10
and the Jacobi identity. Then (2.4) is equal to

0

Z{‘I’ 2a-20([X, Fi]) — 2p([X, Fy]) oF, Z‘I’ 2x-ap([ X, Fi]) 50

0
0F}

— 2‘1’_,\_2/,()().
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We proved (2).
(3) It suffices to show the assertion for u = X € [ and A = 0. We define ¢, =
(XayX-a)~ " for @ € AY. Then 8/0X_, = caXo(8) and {c, X, | @ € At} is a dual basis

of {X_o | a € A} with respect to (,).

rad(X) = 7 3 X el

+
QEAN

= 70 > ¥ {eaXp, [X, Xoo) X< caX4(0)

aEAY, Bert,

-~ Z Can<Xﬁ, [X, X—a]>X—0Xﬁ(a>

a,B
- Z<CQX_Q, (X5, X)) X_o - csX(0)
= Z 1X/3a C,@Xﬁ )
s,
" t
= > AreplEe
g
We proved (3). 1

Remark 2.5 We note that there is another realization of M()) on C[n*] as follows:
First we construct a representation 4, of U(g) on C[n~]. For f € C[n], we extend f
to a function on a neighborhood of the identity element of G, and we denote it also by f.

We define
flexpAexpB) = e MBI f(4) (Aen,Bep).

In the case where A can be lifted to a character of P, we note that f can be regarded
as a restriction to N™P/P =~ n~ of a section of a G-equivariant line bundle on G/P
such that the action of P at the origin is given by A\. Here P and N~ denote the closed
subgroup of G corresponding to p and n~, respectively.

We define 1y by

WX)F(A) = & flexp(~tX)expd)| (X egAen)

t=0)
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Then we have by slightly hard calculations
—X(9)f(A) (X ey,
Ua(X)f(A) = I[X’ AJ(9)f(A) + M(X)f(A) (X €1,
Next we apply the Fourier transform to ¥a(X). The Fourier transform is an isomor-

phism of Weyl algebras defined by

F: Di- — D
G = G0) (Ge nt)
F@) — <=F (F € no).

We note that we do not use a usual mapping G +— /—1G(9) and F(8) ~— /=1F, since

we want to match the coefficients of ¥y (X) with that of F o Ya(X). We have by harder

calculations

Fo w/\ o \I],\—Qp~

See also [28] where 1, plays an important role.

3 Two contravariant forms

In this section, we give a definition of contravariant forms and then we introduce two

contravariant forms on M ().

Definition 3.1 Let (r,V) be a U(g)-module. A symmetric bilinear form (,) on V is
called a contravariant form or a m(U(g))-contravariant form if (m(w)v,v") = (v, 7(u)v")

for all u € U(g) and v,v' € V.
The following propositions are fundamental on contravariant forms.

Proposition 3.2 (c¢f. Garland-Zuckerman [7, Lemma 2.5]) Let V be a U(g)-module and
m be a reductive subalgebra of g containing the Cartan subalgebra b of g. Let (,) be an
m-contravariant form on V.

(1) Distinct weight spaces of V' are orthogonal with respect to £l

(2) If Wy and Wy are highest weight m-submodule of V with distinct highest weights,
then (Wi, Ws) = 0.
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Proof. (1) Note that (,) is also h-contravariant. Let v; and vy, be weight vectors of
V with weight 1, and po, respectively. If jy # u, then there exists H € § such that
p1(H) # po(H). We have py (H)(vi,v2) = (H.vi,v2) = (vi, Hva) = po(H)(vy,v4). Thus
(vy,v9) = 0.

(2) Let w; be a highest weight vector of W; with a highest weight ;. Assume that
vy # vp and (Wi, W3) # 0. Then 0 # (U(m).wy, U(m).ws) = (wy, Um)U(m).wy) =
(w1, U(m).wq) = (wy, Wy). It follows from (1) that W, contains a v, -weight space. Namely,

vy < vy. Similarly, v; > vy. Thus vy = . This is a contradiction. O

Proposition 3.3 (cf.  Humphreys [13] §6, Wallach [31] ) Let V be a U(g)-module.

Assume that V' is a highest weight module. Then we have

(1) There exists a monzero contravariant form on V., and it is unique up to constant

multiple.

(2) The radical of a nonzero contravariant form on 'V coincides with the mazimal proper

submodule of V.

Proof. Let vy be a highest weight vector of V with a highest weight A. First we define a
C-linear function ¢, : U(g) — C. Let g* denote the sum of all the positive (negative)
root spaces in g. Define ¢, as a composite of the projection U(g) = U(h) @ (g~ U(g) +
U(g)g*) — U(b) and X : U(h) — C. Note that @(u) = @, (u) for u € U(g). Then we
define (,) by

(p-va,qvx) = 0a(gp) (p,q € U(g)).

We must check that it is well-defined. Let V= be the sum of weight spaces of V with
weights lower than A. Then by the definition of ¢,, we have u.vy = ea(u)vy  (mod V7).
Let Y be the unique maximal submodule of V. Obviously Y C V=. Ifv € V is a

cyclic vector of V, then v, € U(g).v, and vice versa. In particular,

(3.1) ©a(U(g)u) = 0if and only if u.vy € Y.

15




If pvx = rwy for r € U(g), then (p —r)vy =0 € Y. Thus 0 = ex(fglp— 1)) =
(p-va, q.vy) — (r.vx,q.vy). This proves that (,) is well-defined. We can easily prove that
(,) is a contravariant form from the definition of (,) and the property of ¢,.

Lastly, if we proves the uniqueness, then (2) follows from (3.1). Let (,)" be another
contravariant form on V. We have (p.vy,q.v,) = (‘gp.vy,vy)' = ©x('gp) (v, vy)', since
distinct weight spaces are orthogonal by Proposition 3.2. This formula means that a
contravariant form is determined only by a value (va,va)". Thus we proved the proposition.

a

We introduce two contravariant forms on M()) ~ C[n™]. One is a ¥, (U(g))-

contravariant form and the other is an ad(U([))-contravariant form on Clnt].

Definition 3.4 We define a ¥, (U(g))-contravariant form (,)x by

(f:9)x=px('9f)  for f,g € Cln"] >~ S(n~) c U(y),

where ¢, is the same as in the proof of Proposition 3.3.

Definition 3.5 Define symmetric C-bilinear form (,) on C[nt] ~ S(n~) by

(f,9) = (9(8)f)(0)  for f,g € C[nT] = S(n7),

where ‘g(0) is the constant coefficient differential operator (see (2.2)) on nt identified
with ‘g € S(n"), and (%(9)£)(0) means a differentiation followed by evaluation at 0 € nt,
This bilinear form is ad(U(I))-contravariant, since the bilinear form defined by ¢ f) =
(P(9)f)(0) for P € S(n*) and f € C[n*], is Ad(L)-invariant. Moreover this contravariant

form is obviously nondegenerate.

We summarize some properties of these bilinear forms.

Lemma 3.6 (1) U, (U(l))-contravariance and ad(U(1))-contravariance are the same no-

tion.

(2) A ¥\(U(g))-contravariant form is also WA\ (U(1))-contravariant.
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(3) (figh)x = (¥aA('9)f,R)x  for f,g,h € C[nt] = S(n™).

(4) (f,gh) = (9(8)f,h) for f,g,h € C[n*] =~ S(n").

Proof. (1) It follows from ¥, (X) = ad(X) + A(X) for X € . (2) It follows immediately
from the definition of the contravariance. (3) Since (, ), is Wy(U(g))-contravariant, and
since Wy(u) is just a multiplying operator for u € C[n*] >~ S(n™), we obtain the identity.

(4) It follows immediately from Definition 3.5. 0

4 The ratio of the two contravariant forms

We have defined two contravariant forms on M(X) ~ S(n~) ~ C[n*]. Since both (,) and
(, )a are ad(U(I))-contravariant by Lemma 3.6, it follows from Proposition 3.3 (1) that
(, )a coincides with (,) up to constant multiple on each irreducible ad(U/(I))-submodule of

C[n™]. In this section we define a function ¢,(x) as the ratio of these two forms.

Definition 4.1 Two roots o, 8 € A are said to be strongly orthogonal, if o and 0 are
non-proportional and both o+ 3 ¢ A and o — 3 ¢ A hold.
If o,8 € A and (e,8) < 0, then o + 8 € A. Thus if o is strongly orthogonal to (3

then « is orthogonal to S.

We take the family of mutually strongly orthogonal roots contained in A% like [11].

Set v, = a;,. When we have taken v,..., 7, let v;.; be the lowest root in
{a € AL | avis strongly orthogonal to all i, ..., v},

if this set is not empty. Let r be the index of v; which we could take last. Set Hgris

h<71+..._+_%.) foriE{l,...,T‘}.

Theorem 4.2 (Schmid [24]) Let I, be the finite dimensional irreducible ad(U(I)) -

module with highest weight . We denote by C4[n*] the homogeneous component of degree
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d of C[n™|. Then we have

1 (M ::k1A1'+""+'krAr7
for some k; € Zs, d = > Jks),
0 (otherwise).

dim¢ Hom(I,,, C¥n*]) =

In particular C[n*] is multiplicity free, that is, all the multiplicities of irreducible ad(U(I))-
submodules are equal to one. For p = kA, + -+ + kA, (/f]' € Z>y), we also denote by
Iy, the unique ad(U([))-submodule in C[n"] with a highest weight u. Then we have an

irreducible decomposition

Chn'l= P I

HEX Tt Zi gy
Let f; be a highest weight vector of I, and fil = fla o 04 FoR I R IG t  B X
Then f, is a highest weight vector of I,,.
As we stated before, two ad(U(I))-contravariant forms (,), and (,) on C[n*], coincide
on each irreducible submodule I,,. For g = kyA\j+- - -4k, A, (kj € Z5¢) and A € Hom(p, C),

we define ¢, (u) by

(7 ))\ e QA<“)(7) on Iu X [u-

Lemma 4.3 For all pu, (f,, f.) is nonzero.

Proof. It is obvious from the definition that (,) is nondegenerate on C[n*]. For pu # v,
it follows from Proposition 3.2 (2) that (I, 1,) = 0 since C[n*] is multiplicity free. Thus
(,) is nondegenerate on each I,. We have (fu, fu) # 0 since the highest weight space of

I,, is one-dimensional. O

Thanks to Lemma 4.3, we have
(4'1) Q)\(/L) o (f;tfp))x/(fmfu)'

5 b-Functions

In this section, we introduce prehomogeneous vector spaces and define b-functions of

prehomogeneous vector spaces associated with (g,p) of commutative parabolic type.
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Definition 5.1 (1) A finite dimensional G-module V is called a prehomogeneous vector
space if there exists an open G-orbit on V.

(2) A nonzero rational function f on V is called a relative invariant of (G, V), if there
exists a character x of G such that f(gv) = x(¢)f(v) forall g € G and v € V.

(3) A prehomogeneous vector space (G, V) is said to be regular if there exists a relative
invariant f of (G, V) and the Hessian det(8? f/0z;0z;) is not identically zero, where {z;}

is a linear coordinate system of V.

Remark 5.2 It is known that (L, Ad,n™) is a prehomogeneous vector space and the open
L-orbit contains X, +---+ X, , where X, is an element of our fixed Chevalley basis [21,
Théorem 2.8]. The (L, Ad,n") is regular if and only if Hermitian symmetric space G/L

is of tube type [18].

All the pairs (g, 49) of commutative parabolic type, where (L, Ad, n*) becomes a regular
prehomogeneous vector space, are listed in Figure 2. Notation is the same as before.

Let H,, be the coroot of v;, that is, H,, € [g7%,g7"] and v;(H,,) = 2. Set h~ =

Z;:lCH'Yj'
r—1 r—1
(Agr_q,7) PR T AR S SRR (7‘21)
(B 1) S
(Cn,n) o —...—e<—o0 (n > 3)
Gl ety g
(Dn, 1) | (n > 4)
(Dyy, 2r) N (r>2)
o
*— 0 — 90— 0 —8 —0
<E7>7) ‘
@

Figure 2: regular type
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Theorem 5.3 (Moore [20, Theorem 2]) (1) For o € Ay, the possible forms of aly-

are as follows:

1 ; ) ]
5(7]'—%) (L€ 4 <7 <r)y =y (h s ey

(2) For a € A%\ {m,... , Y}, the possible forms of aly- are as follows:

1 Wit 1 .
5(7j+%’) (L 20 gal e o) 5 AR

(3) If (L, Ad,n*) is a regular prehomogeneous vector space, then +(1/2)7; in the above

possibilities does not occur.

We exclusively deal with the case when (L,Ad,n") is a regular prehomogeneous vector
space for the rest of this section. We can find relative invariant of a regular prehomoge-

neous vector space (L, Ad,n") using Theorem 5.3.

Lemma 5.4 If (L, Ad,n*) is reqular, then Ar = —2w;,. Thus f, is a relative invariant

of (L,Ad,n").

Proof. For a € Ap, we have af,- = (1/2)(v; = %) (4,5 € {1,...,7}) by Theorem 5.3,
since (L,Ad,n") is regular. We have that (Arsa) = =37 (,0) = N e e
= Teal-(tn) = = Z1/2)05 ~ W) = —(1/2{(5 %) — (1)} = 0, where 1,
denotes the element in h which is identified with Yk via the fixed invariant form. Thus ), is
a constant multiple of ;,. We can determine it by computing (Ar, 0g)/ (03, 03, ). We have
that (A, o) /(wi, tig) = —(m1 + -+« + 7, 1) /27 0tsy, 0y) = —(n,m)/27 (n,m) = -2.

The highest weight of I, is equal to —2w;,, and therefore I_is a trivial one-dimensional

ad(U([l, 1]))-module, that is, I, = Cf.. This means that fr is a relative invariant. 0

Here we define b-functions and b-function-like functions assoclated with the regular
prehomogeneous vector spaces (L,Ad,n"). Since f, is a relative invariant, g € L acts on
fr by a certain scalar multiple, say x(g). Dually for f, € S(nt), g acts by x(g)~t. Thus
‘fofr € Ulg) is Ad(L)-invariant, and therefore the differential operator *f.(9)f, on nt

is Ad(L)-invariant. Then ‘f-(0) fr.fu has a weight x and it is still an ad(U(I))-maximal
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vector. Thus *f.(0)f, acts on f, € C[n*] (u = kA + -+ + k. A\,) by a certain scalar
multiple, since C[n™"| is multiplicity free.

As for an Ad(L)-invariance of ¥,(f,f.), we need the following lemma.

Lemma 5.5 The representation Wy is Ad(L)-equivariant. Namely, Ad(g). Wy (u) := Ad(g)
oW,(u) o Ad(g") = ¥A(Ad(g)u), foru e U(g) and g € L.

Proof. We have a canonical linear isomorphism M(X) = U(g) ®y(y Cx — C[n*]. Thus
we can define linear mapping o : U(g) — C[n"] as a composite of the canonical surjection
U(g) — M(A) and the above canonical isomorphism M()\) — C[n*].

First we show that o commutes with the Ad(L)-action. Since U(g) = U(n~)U(p) from
PBW theorem, any u € U(g) is a sum of elements such as np (n € U(n™), p € U(p)).
We may assume u = np without loss of generality. For g € L, we have o(Ad(g)(np)) =
a(Ad(g)n Ad(g)p) = Ad(g)n-A(Ad(g)p) = Ad(g)n-A(p) = Ad(g)a(np). Thus o commutes
with the Ad(L)-action.

It is easy to see that W) (u)f = a(uf) for u € U(g) and f € C[n*] ~ S(n~). Thus we
have Ad(g) o ¥a(u) 0 Ad(g™)) f = Ad(g)a(u Ad(g™)) = a((Ad(g)u)f) = Tx(Ad(g)u)f.

The assertion is proved. 0

By Lemma 5.5, ¥5(f.f,) is Ad(L)-invariant, and therefore W, (*,f,) also acts on o
by a certain scalar multiple.

Then we can define functions b, (1) and (3, ,(u) by Y.(0)f. f, = br(1) f, and Wy (Y, f;)
fu = Brr(1) fu, respectively. It is easily seen that b, and B, are polynomials.

Moreover we can define these functions for u € 3" C); as follows. Let A4 be a connected
simply connected open subset of n* such that fy(a),..., f.(a) # 0 for all a € A. Set
O = C[n*]. For g = ki) + -+ kA, (k; € Q), Olfit,..., f7Yf. on A becomes a

D 4-module. Here a differential operator 0/0z € D4 acts on O[f ..., fN S by

0 e Oy afu
%(@fﬂ) - %fﬂ+¢5$
_ Oy dlog f,
i _(%fu+¢ Oz f#
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(4 g Ologf,
where ¢ € O[f, ..., and dlog fu/0x = > kif;'0fi/0z. Then there exists b-

function b;(u) € Clky, ..., k] such that %,.(9)f.f, = by (1) fu. Here b,(u) and b.(u)
coincide when p € 37, Z>o);, and therefore they coincide for all p € > . C\;. Similarly
we can define 3y .(u) for € 3. C);. In this way, we can define polynomials b,(u) and

B (1) by the following definition.

Definition 5.6 Assume that (L, Ad, n") is regular. Define polynomials b, and 8y, by

tfr(a)frf,u == br(/l)fua
\Il)\(tfrfr)fu = IB/\,T(:U)fu)

for A € Homip, CF and == ki X F =4 k. (k; € C).

6 Main theorem

We continue to assume that (L, Ad,nt) is regular in this section. We state our main
theorem. The theorem needs the normalization of fr- By [21, Théorém 2.8], the open
L-orbit on (L, Ad,n") contains the vector X + -+ Xy, Thus fo( Xy +-- 4+ X)) #0.

Then we normalize f, by

(6.1) fr(X71+"'+X7r):1~

We fix this normalization for the rest of this thesis.

We define the constants which will be used in our main theorem. Let pr € Hom(p, C)

be half the sum of the roots of n™, that is,

o X) = (2 37 o) (X) = %Tm ad(X) (X €p)

uE
aeA;’V

Since p, is a constant multiple of Wiy, we define the complex number pY by

(6.2) pr = Pl

22

The following theorem and its corollary (Corollary 8.1) are our main results. This
theorem suggests that the structure of a scalar generalized Verma module has a certain

connection with b-functions of prehomogeneous vector spaces associated with them.

Theorem 6.1 Assume that (L, Ad,n™) us a regular prehomogeneous vector space. If f,

is normalized by (6.1), then for p = kA + -+ kA, (k; € C),
Bar(p) = (=1)"br () by (1 — (/\O + [)S)/\T)’
where \° 1s the complex number defined by \ = N,

We will prove this theorem in §14 and §15.

7 Subalgebras of g

In this section, we will define certain subalgebras of g and show some properties related
to these subalgebras. Then we define b-functions and b-function-like functions associated
with the subalgebras. We return to the situation where (L, Ad,n") is not necessarily

regular.

We define the subalgebras of g following [31]. Set

Afvl g {aGA;(,; aly- = (1 + ;) /2 for somel < j <&k <V, 5%}
i 22 Z g3
O‘EAJJ\rr,i

Let [; be [n],n7]. It is easy to see that [; is a Lie algebra. Set

p; = [i+nf,
g = n, +L+n,
hi = hmgi’

and let L; be the connected closed subgroup of G corresponding to [;. Then (gi, p;) is of
commutative parabolic type, and (L;, Ad,n;") is a regular prehomogeneous vector space.

Obviously, the maximal family of mutually strongly orthogonal roots contained in A[J{,’i,
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constructed in the same way, coincides with {71,...,7%}. More precisely, these roots
should be restricted to b;.

As in Theorem 6.1 we normalize f; so that

(7.1) GO viet Y =] for P IR

or equivalently,

(72) fi()(%—{""'“f‘X%.):l fOI'iE{l,...,T}.

Here we define an index set of a basis of the A-weight space of C[n*], and prove its

properties.

Definition 7.1 For i € {1,... ,7}, we fix a subset

Bic{(ﬁl’---aﬁi)lﬁjEA;a61+"'+ﬁi:’Yl+"'+%}

such that the set

{X“lﬁ "'X*ﬁi & C[H+J ] (ﬁl,- "o 7/81') & Bl}

forms a basis of the \-weight space of C[n*].

We set

B; = (”/1,---,%')-

Obviously B; contains (Y1, ---,7%) up to order. We may assume that B; € B;.
The A;-weight space contains f;. Thus we define ap € C (B € B;) by
fi=) apX_g - X_p (B=(B,...,5).
BeB,
Lemma 7.2 Forie {1,...,r} we have
(1) If (B, ..., B3:) € B;, then each B; is in AL ..

(2) GB,- == Q—i(’)/l)’)/ly-

Proof. (1) By Theorem 5.3, (8; + - - - +0i)lo- = (Ve + -+ +7e,.)/2, where ¢, € Pasliging

and m is an integer such that i < m < 2i. On the other hand, (81 + -+ + B))]y- =
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(v1+ - +%)lp- =71 +---+ 7. Herey,...,v are mutually (strongly) orthogonal, and
hence linearly independent in (h~)*. Thus m must be equal to 2¢ and (ey,. .., e,) must
be equal to (1,1,2,2,...,¢,7) up to order. This means each B; belongs to A;{,’i.

(2) First we note that B; is the unique element in B; which consists only of v;’s. Then

we have
b = fi(X"n Capid e O
= Z aB<X*/31’X’71 il ‘{Y'Yi> o <‘X—ﬁnX71 L by X‘n>
BeB;
= aBi<X-’717X71 p et o X71> hiry <X*%3X71 Fak i o X%‘)
2 2
= ap, Slests
(71571) (%, %)
== aBi2i(A/17,71)_17
where we used (2.1). Thus we have the assertion. 0

Lemma 7.3 Forie {1,...,r}, we have f; € C[n}] for j € {1,...,i} and an irreducible

ad(U(1;))-module decomposition

Chil= D

BED i1 Z>0A;

([u N C[nj])

Proof. First we consider the irreducible decomposition. By Theorem 4.2, the set of
the possible ad(U(l;))-maximal weights in C[n]"] are exactly equal to Zj.:l ZsoA;. It is
obvious that I, N C[n]] is an ad(U(L;))-module. Thus we have only to show that each
I, N Cn/] contains £, as a highest weight vector with highest weight x. Namely, we have

only to show that f; belongs to C[n;] for j € {1,...,i}. Lemma 7.2 (1) proves it. 0

We consider C[n;"] as a U(g;)-module in the following way. The restriction Alp; leads
to the generalized Verma module M(A|,.) = U(g;) Qu(p;) Cap, Which is isomorphic to
Cln/] as a vector space. We denote this representation of U(g:) on C[n/"] by ¥, . Note

that this representation is not equivalent to the restriction of U, to U(g;). By the same
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argument as in Lemma 5.4, we can show that \; = —2w;, on b;, and therefore f; is the
relative invariant of (L;, Ad, n;"). The following definition is a generalization of Definition

5.6.
Definition 7.4 For i € {1,...,r}, define polynomials b; and Ba; by
@t = Blp)f,,
Uk REM =0 Bl sy
for A € Hom(p,C) and p = kA + -+~ + k; ) (k; € C).

We define a character p; by

1
=3 Z a € Hom(p,;, C).

QGA;;‘

Since p; is a constant multiple of w;, on h;, we define the complex number oY by
(73) Pi = p?wio on bi~

Since each (L;, Ad,n;") is a regular prehomogeneous vector space, even if (L, Ad,n") is

not regular, Theorem 6.1 implies the following assertion.

Theorem 7.5 Assume that f; (j € {1,...,7}) is normalized as (7.1) and that (g,p) is
of commutative parabolic type, where the prehomogeneous vector space (L, Ad,nt) is not

necessarily reqular. We fiz i € {1,...,7}. Then for = kidy + -+ + k), (k; € C),
BOrip) = (=1)"bi(u)bs (e — (X° + pD)Ay),

where \° is the complex number defined by Alse = Nz

8 An expression of ¢\(;) in terms of b-function

In this section we give a corollary to the main theorem. The corollary is a part of our
main results. It indicates that a contravariant form on a scalar generalized Verma module

1s deeply related to b-functions.

Corollary 8.1 If f;’s are normalized by (7.1), then for p = kiA; + -+ kA, (k; € Zy),

r k;—1

q/\<;,l,) = <__1)degf# H H bi<k1/\1 B R Ajz’——l)\zFl +]/\1 =t (/\O - ﬁ?))n)

i=1 j=0

Proof. We can calculate gx(u) using (4.1): qa(i) = (fus fu)r/(fu, fu). First we compute

(f/l?fﬂ)/\‘

By Definition 3.4, the construction of (,)y, we can compute (fu, fu)x within the sub-
algebra U(g,) of U(g), since f, € C[n/] from Lemma 7.3. In other words, S
(fu> fu)nly, » where (, )y, is the Wy (U(g,))-contravariant form on C[n'] constructed in

the same way as in Definition 3.4. Then we have

(i Tt L T
= e bt Tl e S,
= (W (el s O L i I,
= (W, (B Lo aes Fumne o,
= el el b e

(8‘1) = 5A,r(u i /\r) e ﬁA,r(u = kr/\r)(fp—k,,\,, fu—k,./\r),\f,,,,a

by Lemma 3.6 (3). Here f, ;. = flk1 ---f,{cj"ll € C[n’_,]. Thus (fu—kr/\rafwkr/\r)A!p, =
it fu—k.2.)ap,,_, @s before. Then we can apply Lemma 3.6 (3) again to (8.1), and

at last we have

r k;—1

(f;uf,u)/\ o H H ﬁA,i(kl)\l + ot kiAo + j)\i).

i=1 j=0
Similarly, it follows from Lemma 3.6 (4) that

v id /c,-—l

(st =PI E balhsdite bep dippia s 6 S

i=1 j=0

Then we have

CL\(N) = (fufu>/\/(fu7 fu)




/6/\1 RiAr + o=+ iy iy + 30 ik + %« F kg Ao 4 3A¢)

H

r

“CIJ

(KA + o+ ki A + FARE (/\0 o5 P?)/\z’)-

=1 =)

.
.

Here >0 . Zj_ol i = ) ;. thk; = deg f,. Thus the corollary is proved. 0

9 Another expression of ¢,(i) in terms of b-function

We give some applications in sections from 10 to 13. In this section we show some formulas
for b;(p) and gy (u) which will be used in the later sections.
Set

(91) bi(8> e bi(S/\i) (S e C)

First we give a formula which expresses b, (1) in terms of bi(s) (4 € {1,...,r}) in Propo-
sition 9.3. Note that this formula does not depend on the main theorems (Theorem 6.1,
Theorem 7.5), and we will use it to prove the main theorems. We begin with the following

lemma.

Lemma 9.1 Assume that (L, Ad,n*) is regular. Let wy be the longest element of the

Weyl group of (I,h). Then w; reverses (Y1y--+y %), that is, wg.y;

o E

= Yr—it1 for i €

Proof. We prove the lemma by an induction on 7. For j — 1, we recall two facts. First,

nt

1s an irreducible [-module. Indeed, if m C n* is a proper [-submodule, then it is easy
to see that m @ [n",m] @ [n~,[n",m]] is a proper ideal of g. Thus the simplicity of g
implies that m = 0. (Theorem 4.2 also proves this irreducibility.) Second, w; reverses the
standard order of weights in a weight module. In particular, wy, maps the lowest weight
to the highest weight.

Here, v = «;, is the lowest weight of n*. We show that +, is the highest weight

of n™. If it is not the case, then there exists o € A7 such that v, + @ € A}. By
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Theorem 5.3, (vr + @)|p- =7 + (1 — 1) /2 for some 1 < k <! < r. On the other hand,

(4 + @)|p- = (Vg + ¥p)/2 for some 1 < p < g < r again by Theorem 5.3. It follows from

the linearly independence of {v;} that ¥ = = p = ¢ = r. This contradicts p < q. We

proved the case i = 1.
If we proved until ¢, then the sequences wy.v; < wp. ;-1 < -+ < wp.y; and Y,_;4y <
Yr—it2 < -+ < 7 coincide. Here, from the construction of {v;}, wy.vi.; is the highest

root among the roots in Ay, which are strongly orthogonal to all wy.v;, ... , Wr.Y1. Thus

Yo—i = WL Vid1-
On the other hand, by Theorem 5.3, wr . vii1]p- = (vi+7)/2 forsome 1 < k < [ < r—1,
since it 1s orthogonal to all v,_;11,...,7. Thus wy.y;;1 must be equal to 7,_;. We proved

the lemma. O

Lemma 9.2 (cf. Rubenthaler-Schiffmann [23, Lemme 5.6]) Let f; be a lowest weight

vector of Iy _. normalized by

fi(X’Yl S +X’7r) e fi<X“/t+1 IR +X’7r) = 13
forie {1,...,r —1}. Then we have
r ;£ 1 Ko k;+ m
tfiw) 1k1 '”fiktfr o :br—i(m) 1k "'fi~11 i lfr )
forre{l,...,r—=1} and ky,... . k;;m € Zsy.
Proof. Set
Biri = o€l alp- =+ y)/2orsomet < § <k <rhU {viasi %
A B
aEAx[’i
First we prove
(9.2) frlz +y) = fi2)fily) (z€nf,yem]).
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We have [I;, m] = 0, since a sum of a root in Ar; and a root in AX“ can not be a root in
Ay by Theorem 5.3. Thus Ad(L;) acts trivially on m,” and f,(z+v) is a relative invariant
with respect to Ad(L;)-action as a function of z € n}. Its weight /\"’hf is equal to /\i[hf’
which is the weight of fi(z) as a function of z € n}". Thus fr(z + y) is a scalar multiple
of fi(z) as a function of z € n}. Similarly, it is a scalar multiple of fi(y) as a function of
y € m;. We have (9.2) by the normalization.

Let Ny be the nilpotent subgroup of L corresponding to the nilpotent subalgebra
Zaeaj g” of [. Then both sides are Ad(NNy,)-stable, and they have the same weight. Thus
they coincide up to a constant multiple. Let A be an affine space Kok Xo Fmlc nt.

Then we have

SN el e i PR T SEE a
= Yfi(8)f7a,
and
brs(m) - FET R 0 = bei(m)
Thus we have only to show that 'f;(9) /"' = b,_;(m)fm.
We take a representative wy, € N (H) of the longest element wy, of the Weyl group of

L. Since Ad(wg)g* C g¥t® for a € A, we can define constants ey '€ 0" by
Ad(uwp) X, = By
Then we have
2/(0,0) = (Xa, X_o)
= (Ad(wr)Xa, Ad(wr)X_o)
2 e )
= Cal-q - 2/(wpo, wra)
= CaC_q - 2/(a, ),
and hence
Cally =1 o€ N),
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Since Ad(wy) maps a highest weight vector to a lowest weight vector in Iy, ., we have
Wl fo Cifi for some C; € C*. The unique term in Ad(w)f,_; which does not
vanish ab. X, + v Xy, d8 Adltip o, o Xy Xogo ) = ap, jCay, viveiy Xy oo
X ..., where ap_, is defined in Definition 7.1. On the other hand, the unique term in
C., f; which does not vanish at Xy + -+ X, is equal to Ciap,_, X_, ---X_.,  thanks
to the normalization. Thus we have C; =c_,, -+ c_, _..

Similarly, if we define C] € C* by Ad(wy) T # tf. then we have C; = €y ¥ Cop .,

— szl. Thus we have

fi = C7'Ad(g) fro,

fi = CiAd{bg)¥ri
Then we have

FO) ™ = (CiAd(ir) H,—i)(8)(C Ad(ug) fri)™"!
= C7™Ad(wp)(Yfroi(0)FT)
= C;7™Ad(wg)br—i(m)f,

o br—i(m>fim'

We proved the lemma. O

Proposition 9.3 For u = kA +---+ k., (k; € C),

bo(ky + -+ k,) bo(kr—1 + k,)

e by (k).
(k) NN R L TR v

In particular, b;(s) divides b;.1(s) and therefore b.(1) is a polynomial of degree i in k;.

Moreover the total degree of br(1) in ky,..., k. is equal to .

Proof. If we know the above equality, then it is easy to see that bi(s) divides b;,1(s), since

br(1) and bi(s) are polynomials. Then, in addition, it is obvious that b.(1) is a polynomial
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of degree 7 in k; (i € {1,...,7}), since the degree of b;(s) is equal to i. Moreover it follows
that the total degree of b,(u) in ki,...,k, is equal to 7.
We therefore have only to prove the equality. Applying Lemma 9.2 repeatedly, we

have

r—1 k;

thCl(a)ffﬁmMrH = HHb"‘i(j + Kigi F oo F B flkl Ll g

i=1 j=1

t~kr~1(a>

=1

Applying *f.(0) to this equality and using Lemma 9.2 again to the left hand side , we

)

have
r—1 k;—1
blki ot ot hnd ] [T Brcild bbb oo B) % £
i=1 j=0
r—1 k;
o= br(ﬂ)HHbr—i(j B ok R ) X Ju
i=1 j=1
Then the proposition is proved by comparing both sides. O

Second we show the explicit formula for the b-function bi(s) in Proposition 9.9, al-
though [21, Théorém 4.6] gives an intrinsic proof of the formula. We need several known

lemmas to show the formula.

Lemma 9.4 Forie {1,...,r -1}, I, I, D i

Proof. Let C%n*] denote the homogeneous component of degree d of C[n*]. Then
Iy, C C*l[n*] = C'[n*]C![n*] = C*[n*]I,,. Thus there exists p = ki +---+k. A such
that I, ¢ C*[n*] and Iniyy C Iy, Assume that p # ;. Then p= kA +-- ks A=
—(miyi+- - +m;_17%_,), where mj = kj+---+k,. Any ad(U(I))-maximal weight occurring
n I, 1y, is a sum of u and a weight of Iy,. Thus A\;y1 = p+ « for some a € Ay. Here
(Bt =)o~ = g £ 1k a5 (M1 — Dy — 9 — Yi+1}p-- This can not be equal

to aly- by Theorem 5.3. Thus u must be Ai and we proved the lemma. O

Lemma 9.5 Let Y be the mazimal submodule of M(X). For p=kixi++ F kA, (k; €
Z>o), 1, occurs as a component of the irreducible decomposition of Y regarded as an

ad(U(1))-module, if and only if gx(p) = 0.
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Proof. It follows from Proposition 3.2 (2) and Proposition 3.3 (2) that I, C Y if and only
if (I,,1,)» = 0. Since I, is an irreducible ad(U([))-module, the nonzero contravariant form
(,) defined in Definition 3.5 is nondegenerate on I,. Thus it follows from the definition

of ¢x(w) that I, C Y if and only if ¢\(u) = 0. 0

Definition 9.6 For 1 <¢ < j <r,definec=#{a € ApNA*; a|;- = (v, —v)/2}.
We can show a property of ¢ which justifies the definition above. We need a lemma.

Lemma 9.7 (cf. Enright-Joseph [5, Lemma 2.3]) For any o € &, there exists w, € W,

such that wo (Vi) = Yos) fori € {1,...,7}, where Wy, denotes the Weyl group of L.

Proof. We first note that the proof in [5] is a case study. For i € {1,...,7}, there exists
a (longest) element w; in the Weyl group of L; such that Wl ) = Fiay (1 <4 L5 by
Lemma 9.1. We regard w; as an element of Wy by expressing in a composite of simple
reflections.

By the construction of Ay ;, we have w;(y;) = v; (i < j < 7). Then it follows
that {wy,..., w,} generates G,, since we can easily show that {wq,...,w;} generates G;

inductively. We proved the lemma. u]

Lemma 9.8 c is independent of i or j and ¢ = #{a € A% 5 alg- = (v +%)/2} for

1 <i<j <r. Moreover, if (L, Ad,n") is a reqular prehomogeneous vector space, then

o

(dimn™* —r)

Proof. Set Cj; = {a € A ; afy- = (vj—7)/2} for 1<i<j<r.Forl<i<j<k<r,
we can take w(;x) € Wy by Lemma 9.7, where (jk) is a transposition in &,. Then it is
easy to show that w;;z)Cy; = Cy. Thus fC;; is independent of j and similarly independent

of 2. We proved that c is independent of 7 or j.
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Next we set Dj; = {a € Ay ; aly- = (v; +7)/2} for 1 <4 < j < r. We take a simple
reflection s,, € W, corresponding to ;. Then 5+, (Ci;) = D;; and the second assertion is
proved. We also note that D;; = Cy; + ;.

Lastly, if (L, Ad,n™) is regular, then it follows from Theorem 5.3 that

AR S ) = (;)

Thus

(dimn™* — 7).

Note that c is defined by (9.3) in [21, Théorém 4.6].
Here we can determine the constant p? defined in (7.3) in the same way as in Lemma,

5.4. We know p) € Hom(p;,C) ~ Cw;,. Thus we have PP = (piy i) /(wiy, i,). By

1

Lemma 9.8,
i
(piaazh) e Y &, 71
2
CYEA;C
1
2 52(%)—”71)
1 c
e Yo s+ 1)m | +n )
1<j<k<s
o 1
= Z(Z — 1) (71, m) + 5(’71,71)
) *1
= (71271) {Z : c+1}.
Since (@, 2iy) = (71,71)/2, we have
 — 1
(9.4) p?:Z2 AT,

Proposition 9.9 ( [21, Théorem 4.6], [32, Theorem 3.3]) Forie {1,...,7}

i—1 !
bz‘<$) :d,H <S+1+;‘])‘C) 3

3=0

where d; € C* 1s a constant.

34

Proof. Let Y be the maximal submodule of M(A). By Lemma 9.4 if I,, C Y then
I,,,, C Y since ¥,(X) is a multiplying operator for X € n~. Then it follows from

Lemma 9.5 that gx(A;) = 0 implies gy(Aiy1) = 0 for ¢ € {1,...,7 — 1}. By Corollary

8.1, if b;(=A% — p}) = 0 then b;11(—A° — p?, ;) = 0. Obviously b;(s) has s + 1 in its
factors for any j and it is known that b;(s) is of degree j in s. Since b;(s) = s + 1
up to constant, if b;(—=A% — p?) = 0 then —A° — p? + 1 = 0. In this case, we have

by(—A% — p3) = 0. Since =A% — p§ + 1 # 0, by(—A® — p3) has a factor —\° — p? + 1. Thus
we have by(=A% — pf) = (=A% = p) + 1)(—= A% — pJ + 1) up to constant. Inductively we have
bi(=A° = p)) = (=X —=pd+1) - (=A°—p2+1) fori € {1,...,7} up to constant multiple.

The proposition is proved by replacing —\° — p? by s and using (9.4) for p;. 0

Proposition 9.10 Fori e {1,...,7} and p = kA +--- + kA (kj € C) we have

1—1 ’
' J
(95) bi(ﬂ):din(kij+"'+ki+1+§c> s
1=0
where d;’s are defined in Proposition 9.9.

Proof. It immediately follows from Proposition 9.3 and Proposition 9.9. 0

Proposition 9:11 For it = ki + -+ + kA, (k; € Zsp) we have

r r—1 Kkip1+-+ke—1 ;
(9.6) aln) = (H df') 1 (;H A m)
v ki
(9.7) ) = HH N =+ ki + -+ E)),

where d;’s are defined in Proposition 9.9.

Proof. By Corollary 8.1, Proposition 9.10 and (9.4), we have

r k;—1

o) = (—1)d8% H H bi(ki AL + -+ + Kkisi Aot + JA — (A + pf) ;)

=1 1=0
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=1 J=h s=0
r r ki—11-—1 ", 4
2 < 1)dé‘gf; (de)nhn(lﬁ_s%— Ky +]“/\O_Z ; 1C>
i=1 =1 g =0 &=0

Replacing s by t = ¢ — s — 1, this is equal to

r r ki—11-1 ¢
U (de> H H (kt+1+"'+ki1+]_/\0_§c>
t=1 ]

1=zl n =0 t=0

r =l r k-l
- (e (de*)H 111 (kt+1+“'+’f~+j"”‘§c>
i=1 t=0 i=t+1 j=0
r r_1k+1+ +kr—1 t
e [ (H df") H (m -~ A= —c)
=1 t=0 m=0

We proved (9.6).
Next we check that the right hand side of (9.7) is equal to the right hand side of (9.6).

By Proposition 9.9, we have

g k: 1—1

v ks ¢
HHbi(/\O_(j+ki1+"‘+kr>):HHdiH(Ao_j_ki~1“"’—kr+l+§c>-

i=1 j=1 i=1j=1 t=0
It is easy to see that this is equal to the third last formula in the calculation above. We

proved (9.7). 0

10 Irreducibility criteria for scalar generalized
Verma modules

In this section we consider two irreducibility criteria for scalar generalized Verma modules.
One is in terms of b-functions and the other is in terms of contravariant forms. We see

how these two criteria relate to each other through Corollary 8.1 or Proposition 9.11.
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Proposition 10.1 For A = X’w;, € Hom(p, C), the following are equivalent:

(1) The scalar generalized Verma module M(X) with a highest weight ) is irreducible.

i k,‘
@) JTTI0:0° = G+ ka4 + k) £0 for allky,. .. ks € Zsg.

i=1 j=1

(3) by(A2 —m) £ 0 for all m € Zy.

Proof. By Lemma 9.5 and (9.7), it follows that (1) and (2) are equivalent. Next we assume
(2). Then b(X° —m) # 0 foralli € {1,...,r} and m € Z., and therefore (3) follows.

Conversely if we assume (3), then b;(A\° —m) # 0 for all i € {1,...,7} and m € Z.,, since

b; divides b.. Then (2) follows. 0

11 b-Functions and L-orbits on the nilpotent radical

In this section we consider Ad(L)-orbits on n*. The set of Ad(L)-orbits on nt and the
set of zeros of the b-function of the relative invariant are in one-to-one correspondence
[29]. We give another proof of the correspondence and it explains why there exists a
correspondence between the orbits and the zeros of the b-function. Our proof is intrinsic.

We begin with a lemma on a polynomial ring.

Lemma 11.1 Fori € {1,...,r}, set R; = GB“IN (b= kg Ay +++F krAe ki € Zso, ki +
-+ k., >0). Then we have

(1) C[nt]h, = R;.

(2) R; is a radical ideal.

Proof. (1) C[n"]I,, contains f,..., f, by Lemma 9.4. Thus C[n*|I,, contains all the

maximal weight vectors occurring in R;, and we have C[n*]I,, O R;, since both of them

are ad(U(I))-stable.
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Conversely, assume that u is an ad(U(I))-maximal weight occurring in C[n*|I),. Then

we can write
=S = kl/\l e o kr/\r (k] € ZZO)
= —my——my (mj=kj+--+k)

by Theorem 4.2. In addition, y is a sum of A; and a weight occurring in C[n*|, say v. Here
v is a sum of roots in Ay, and therefore v|y- is a certain sum of —(1/2)y;’s (1< j < r)
by Theorem 5.3. Then we have m; > 0, since y has A; = — (v, +- -+ +;) as its summand.
This means k; + --- + k, > 0. Thus y occurs in R;.

(2) We show R; is a radical ideal. Since R; is ad(U ([))-stable and this action is derived
from Ad(L)-action, its radical is also ad(U([))-stable. If R; is not a radical ideal then
there exists v = kyA\; + -+ + k;_1A\;_1 such that I, is contained in the radical of R;. Then
there exists m € Z, such that (f,)™ € R;, where f, is the highest weight vector in I,
defined before. However (f,)™ € I, indeed (f,)™ is the highest weight vector in I,,.

Since I,,, N R; = 0, this is a contradiction, and we proved (2). 0

We define Ad(L)-stable subset C; of n™, which will turn out to be Ad(L)-orbits on

CO = V(I)q):{o}?
Ci = V(]/\i+1)\v(]/\i) (iE{l,...,T’—l}),

C. = a"\V(l),

where V(I) = {zr € n™ | f(z) = 0 forall f € I} for a subset I C C[n*]. Here
V(I,)’s are distinct (Zariski) closed non-empty subset of n™, since their defining ideals
I(V(I),)) = \/Clnt]L,, = C[nT]l,,, are distinct. We know C[n*]I,, D C[n*]l,,, by
Lemma 9.4, and therefore we have V(I,,) C V(I,,,,). Thus C; (i € {0,...,7}) is not
empty.

Moreover C; is Ad(L)-stable, since I, is Ad(L)-stable and therefore V(1) is Ad(L)-

stable. Thus we have a disjoint Ad(L)-stable non-empty decomposition of n*:

RAEE O 1 SRR 1§ 206
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We will show that this decomposition is actually an orbit decomposition. The following

lemma describes all the Ad(L)-stable radical ideal of C[n*].

Lemma 11.2 For y = ki) + -+ + k), (kj € Zsy), set t = max{j | ki # 0}, Then
we have V(I,) = V(I,,). In particular, all the non-trivial Ad(L)-stable radical ideals of
Clw' | are CinT 1, o0 CInF

Proof. First, I, contains f; as a highest weight vector and then C[n™]I,, contains Fup oS
ky oyt .

1+ fFr, since ky # 0. Thus we have C[nt]1, D C[n*]1,, and therefore V(I,) C V(I,).

Next we take z € V(I,,) and set W = Ad(L).z. Since V(I,) is an Ad(L)-stable closed

set, W C V(1,). Then for any y € W, we have

D) y) = fuy) = 0.

Thus we have

w=|Jw, Wi=wnV()
ki#0
It W; # W for some 4, then W, is a hypersurface of W and dim W; =dimW — 1. Thus

there exists ¢ (k; # 0) such that W; = W. We have

(9-f)(z) = filg7'z) =0 (ge L).

Since {g.f; | g € L} spans I,,, we have z € V(I,,). Finally, C[n*]I,, D C[nT]I,, by i < ¢t
and we have z € V(I,,) C V(I,,). We proved that V(I,) C V(1,,).
We show the last assertion of the lemma. Let I be an Ad(L)-stable radical ideal of

Cin]. Then I =@,y I, for some M C {kyAy + -+« + kA, | k; € Zo}. We have




Here V(1) = V(I,,) for some i, and their intersection is V(1) for some j, since V(1) C
.-+ C V(I,). Thus
L= TN e OO

Y Vi

We proved the lemma. 0

In fact, these Ad(L)-stable radical ideals are prime.

Lemma 11.3 (cf. Joseph [15, Proposition 2.3]) For ¢ € {1,...,7}, the ideal C[n*]I,,

is prime. Thus all the non-trivial Ad(L)-stable prime ideals of C[nt] are C[n*]L,,,...,

C[n*)1,,.

Proof. First, C[n"|I,, is a maximal ideal, and therefore it is prime. For ¢ € {2,...,7}, we
show that C[n*]I,, is prime. An Ad(L)-stable set C;_; = V(Iy,)\ V(I,,_,) is non-empty.
Thus there exists an Ad(L)-orbit in C;_;, say O. All the Ad(L)-stable closed subset of n*
are of the form V(I,,), 0 or n™. Since O is also Ad(L)-stable, we have O = V(I,,). Here
O is an irreducible set, since O is a continuous image of a connected (therefore irreducible

as a variety) group L. Thus O = V(I,,) is irreducible and C[n*]I,, is prime. 0

In general, an orbit of an algebraic group is open in its closure and two non-empty
open sets always intersect in an irreducible variety. Thus it follows from Lemma 11.3 that
each C; must consist of a single Ad(L)-orbit and C; = V(I,,,,) fori € {0,...,r — 1} and
AN

In this way, we proved that the Ad(L)-orbit decomposition of n* and the closure

relation:

I’I+ZCOH"_'_HCT, k..
s Gy Oy C.Co =0k,

The open orbit of a prehomogeneous vector space (L, Ad,n") is C,. Moreover we can find

a representative of orbits.

Lemma 11.4 (cf. Muller-Rubenthaler-Schiffmann [21, Théorém 2.8]) X, +---+X,. € C;
o GO

Proof. First we show that X, +---+ X, ¢ V(I),) fori € {1,...,r}. It suffices to show
that fi(X,, +---+ X,,) #0, and (7.2) proves it.

Next we show that X, +---4+X,, € V(I,,,) fori € {1,...,7—1}. If we assume that
Xyt -+ Xy, & V(I,,), then there exists f € I, such that f(X,, +-- +X..) #0. We
expand f into monomials X_g, --- X 5., (6; € A}). We can take a monomial which does
not vanish at X, +---+ X, and such a monomial has a form K Al Amy & Ty,
where —m;y; — --- — m;7; is a weight occurring in Iy,,,- Namely, my +---+m; =7+ 1
and A;yp — (—=myy; — - -+ — myy;) is a certain sum of roots in a3

Here a weight

(11.1) ML= = = v = o) = (mg = Dy v + (mi = 1)% = Yiga

can not be any sum of roots in AY. Indeed, it follows from Theorem 5.3 that

oty = (0 =l (1 <t =9),
b -n/2  (1<t<r),

for o € Ay If (11.1) is a sum of roots in A}, then —v,/2 does not occur as a summand
of (11.1), since the sum of coefficient in (11.1) is equal to zero, when we restrict (11.1) to
h~. Then the term —~,,; in (11.1) implies a contradiction. Thus (11.1) can not be any

sum of roots in A;. We proved the lemma. 0

Proposition 11.5 (Tanisaki [29, Proposition 2.6]) For a non-open orbit C; (1 € {0,
.-+, 7—=1}), the defining ideal 1(C;) = C[n*1,,,, is equal to the unique mazimal submodule
of M(A) = C[n*] if and only if A = (a;1; + 1)w;,, where a; is the unique zero of b;(s)
which 1s not a zero of b;_(s).

Thus we have a one-to-one correspondence between non-open Ad(L)-orbits on nt and

the zeros of b,(s):

{non-open Ad(L)-orbits on n*} — {zeros of b,(s)}

Ci = Aj 11 (Z £ {O, SRR 1})




|
|

Proof. First we assume that Clnt]L,,,

1 18 the unique maximal submodule of M) for?

some A = A%, . Then it follows from Lemma 9.5 and Lemma 11.1 that (1) = 0 if ang

only il k. y s k. >0 for y = Kidr+--+ k:A.. In particular, we have O (A;) # 0 ang

BlAii1) = 0. Then by (9.7) we have b;(\° — 1) # 0 and b;, (A0 — 1) = 0, and therefore

it follows that there exists at most one A such that Cn*]I,.,, becomes the maximal

submodule of M(A). Namely, the unique possibility for such ) is given by \0 — @iy + 1.

Conversely we assume that A= (aj4, + 1)w,, for j ¢ L MR T 1}. We find ¢

F1

~jc/2 — 1 from Proposition 9.9 For u = RiAL - wvs o by Ay if Bipy 4 se i kx> 0 then

(1) in (9.6) has a factor in which ; — J and m = (, that is, (je/2 — je/2 — 0). Thus
() = 0. On the other iand, ke = o kr = 0 then a factor (ic/2 — je/2 — m) in

(9.6) occurs only when i < j. Thus all these factors are negative and therefore (1) # 0.

Then we have that (1) = 0 if and only if kj 1 4. 4k s g for A°

= @j41 + 1. In other

words, the maxima] submodule of M(Xw;,) is equal to Clnt]I,, | for A0 — @11 + 1 by

Lemma 11.1 L1

In this way we obtain the desired correspondence.

12 The unitarizability of the irreducible quotient of
M(X)

Let L()) be the irreducible quotient of M(A). In this section, we consider the unitariz-

ability of L(A). This application is suggested by Professor Shuichi Suga. This problem

is considered in many articles ([31], [22], 71, [4], [5], .. ). Tt is known from these articles

that the values of ) such that L()) i

o = [O S%, Ny

(go)c

Il
=
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([O)C e [7
(o = nT@n,
where subscript C means the complexification.
When we work in the ‘real’ situation, the definitions in preceding sections must be
slightly modified.

Definition 12.1 Define a conjugate linear anti-involution -* of U(g) by

S e e by,
Xc: — X~a ((1 = AL)’
X(; = “"X~a (a = AN)

We extend -* conjugate linearly to g and anti-automorphically to U(g). Note that -* is a

ey Akt oa
omposite of “ and the Cartan involution. Note also that -* is a complex conjugation by
C L .
iV % A3 1T,
regarding go as a purely imaginary part and /—1g, as a real part. See also [32, p.79], |
p.878], and [25, §2].

*

€g Ju — Lk Ve & kr/\r
Lemma 12.2 Under the normalization (7.1), A Rt B R R TR SO

g . =de kl e kr.
Proof. We have only to prove the lemma for y = ), 8 AL T3], SinCE I, \

For o € A7 we have [X_,, f}] = —[X*,, fi|* = —[X., fi]* = 0. Clearly the weight of f;

1s equal to —); and therefore f* € Cf,.
Set Xy =X+ +X,, and X_ =X, =X +...+X_ . We compute Rl
+ = Ay "

, X : e g B 1
where f* € S(n™) is regarded as a function on n—. We expand f; as in Definition 7

f= Y X Xy (B = (B B)

BeB;

We recall that ap, € R for B; = (74, ... ,7%:) by Lemma 7.2. Then we have

X = ) (apX_p - X _g)"(X.)
— o (= Xp) e+ (—Xp) (L)
= {1V Xe < XalX-)

= (D).
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We proved the lemma. 0

We define ‘real’ analogues of b-functions b;(x) and 8, ;(u). See §7 for the notation.
Definition 12.3 For i € {1,...,7}, define polynomials b and 55 by

fO)fifu = bi(k)fa
Ui (fi Fi)fu = Bralw)fu

for A € Hom(p,C) and g = ki Ay 4+ -+ + k) (k; € C).
Lemyma 124 For i € {1, ..orh aod = Xy 0 v ks (k; € C),

bi(w) = (=1)'bi(w),

Brilw) = (=1)Bri(n).

Proof. The lemma immediately follows from Lemma 12.2. O

Next we consider a ‘real’ analogue of g, (u).

Definition 12.5 Let (7, V) be a representation of g.
(1) A Hermitian form (,) on V is called a contravariant sesquilinear form or a m(U(g))-

contravariant sesquilinear form if (,) satisfies
(12.1) (m(w)v,w) = (v, 7(u*)w),

foru e U(g) and v,w € V.
(2) We say V to be go-tnfinitesimally unitary if there exists a positive definite Hermi-

tian form (,) on V such that
(12.2) (7(X)v,w) = (v, ~7(X)w),

for X € go and v,w € V.
For a positive definite Hermitian form (), the conditions (12.1) and (12.2) are equiv-

alent.
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Lemma 12.6 Let V be a highest weight U(g)-module with a highest weight v € h*.
(1) Contravariant sesquilinear forms on V are unique up to constant multiples.

(2) If there exists a nonzero contravariant sesquilinear form (,) on V, then v € Rwy +

-+ + Rwy,, where w;’s are fundamental weights.

Proof. (1) can be proved in the similar way to Proposition 3.3 (1).

(2) Let vy € V be a highest weight vector. Then v(H;)(ve,vy) = (Hivg,vy) =

(v+, Hf wy) = (vi, Hivy) = v(H;)(vy,vy), where H; is the coroot of a simple root «,

that is, an element of our fixed Chevalley basis. If (v,v,) # 0 then v(H;) = v(H;) and

we have v € Rw; + --- + Rw,,. 0

We assume that A € Rw; + --- + Rw,, that s, A € Ray,.

Definition 12.7 Define two bilinear form (, )% and (,)* on C[n*] by

(£:9)% = ea(g’f)
(f,9)" = g°(9)f(0)

for f,g € C[n*], where ¢, is the same as in Definition 3.4.
The following lemma gives important properties of these forms.

Lemma 12.8 (1) The bilinear form (,)* is an ad (U (I))-contravariant sesquilinear form.

(2) For X € Rwy, (,)} is a U5(U(g))-contravariant sesquilinear form.

(3) The bilinear form (,)* is positive definite on Cn*] if d is even, and is negative
definite if d is odd, where C%n*] is a homogeneous component of degree d. Therefore
(—1)%8 % (,)* is positive definite on i

(4) The radical of (,)} is equal to the mazimal submodule of M(A).

(5) (fg,h)* = (g, f*(8)h)* for f,g,h € C[nt].

Proof. Set [ge = 371 RH; + ) ,cs, RX, and nj,, = 2acat V—IRX,. Then we have
X* = X for X € [g,+nj _ by the definition. It follows that ad(X)f € R[nj, ] for X € Ig,
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o
_ Proposition 12.10 The following conditions are equivalent:
and f € R[n} ], since the structure constants of g with respect to a Chevalley basis are
integral (1) The irreducible quotient L()\) of M()) is infinitesimally unitary.
*\ o\ * +
(1) It is enough to show that (ad(X)f,g)" = (f,ad(X")g)* for X € land f,g € C[n"]. | . =
' (2) (,)% is nonnegative definite.
This holds for X € Ig. and f,¢ € R[n} ], since in this case the above formula becomes
(ad(X)f,9) = (f, ad('X)g). It is easy to see that (,)* is a Hermitian form and -* is (3} Bor all 1 a5l Ny ob vtk X (kj € Zsy), (-Udegf"q;(/i) > 0.
e inear by the definition. These proves (1).
conjugate linear by the defini : 5 (4) X =a;+1 (@ € {1,....,7)) or X0 < @, + 1, where \° is the compler number
is easv to see that (,)% is a Hermitian form when A € Rw;,. Then the assertion
LI syt da i b : determined by A = Nw;, and a; is the unique zero of bi(s) which is not a zero of
follows from the same argument as (1). b (s)
, . i-1(8).
(3) The first assertion is clear from the definition of -*. By the following (4), (,)* is
: i3 4 d assertion is
nondegenerate on each I, since it is nonzero on each I,. Then the second as Proof. The contravariant sesquilinear form (, )% on M()) induces a nonzero contravariant
~ +
proved, since I, is a homogeneous subspace of C[n"]. sesquilinear form on L(A). This induced form on L()) can not be negative definite,
| ~ ; iti : is a direct conse- , s
(4) follows from a similar argument to (1) and Proposition 3.3 e since (1,1); = 1. By Lemma 12.6 (1), any contravariant sesquilinear form on L(]\) is its
i a
quence of the definition. constant multiple. Thus L()) is infinitesimally unitary if and only if the induced form on
Here we shall define the analogue of gy(u). Define g3(u) by L(A) is positive definite. Then by Lemma 12.8 (4), (1) and (2) are equivalent.
y . By Lemma 12.8 (3) and the definition of ¢} (1), (2) and (3) are equivalent.
Qf\(u) R (fu’f;t)A/(fﬂ’ fu) ) ,

Next we show that (3) implies (4). By Lemma 12.8 (3) we have b LI o Bl iy
where p = kA + - + ke A (kj € Zxo). Then 0 < (=1)*(f3(9)fi, 1)* = (—=1)'b(0) = b;(0) = d; H;;g(l + jc/2), by Proposition
Lemma 12.9 ¢(1) = ¢(1) 9.9. Here ¢ € Z5, and therefore we have d; > 0.

. A — x =

Thus (3) says

Proof. Tz
: ‘ (r)dele JETI0® = (it kg oo b)) 20
q}(u) = (f;u fu)A/(f/u fp)

i=1 j=1

= oa(fafu)/ £.(0)1u(0) for all yu = k1Ay + - -+ + ke A; (kj € Zo). In particular, if u = A, then (—1)tb,(\° — 1) > 0

_ (_Udegfp@/\(tfllf“>/(~—1)degf“ ‘f.(0) f.(0) fort € {1,...,7}. Thusif \> £ a; + 1 forallie 11,557} then
== (fuvf#)/\/(fu’fll)

* 0 < (—l)tdtﬁ<x\°+%c> :dtﬁ<—,\°—%c>
= QH). j=0

i=b

o for all t. Here d; > 0 and ¢ € Z>o, and therefore we have \° < —(r — Le/2 =a.+ 1. ‘We
proved that (3) implies (4).




Lastly we show that (4) implies (3). By (9.6)

r—1 Kiy1+-+ke—1 ;
| _1)deg fu L 25 1 A
(12.3) (=117 % () H ( 26+m>
1=0 m=0
up to positive constant multiple. If A\° < a, +1 = —(r — 1)¢/2 then =A% > (r — 1)c/2

and therefore all the factors appearing on the right hand side of (12.3) is nonnegative.
Namely (3) is satisfied. Next we assume that \° = a;, + 1 for some ¢t € {1,...,r}. Ifa
factor (=A% —ic/2 +m) occurs in (12.3) for i > ¢t — 1 then a factor (=A% — (¢ — 1)e¢/2 + 0)
also occurs. In this case (12.3) is equal to zero and (3) is satisfied. If all the factors
(=A% —4¢/2 +m) in (12.3) satisfy that ¢ < ¢t — 1, then every factor is positive, and then

(3) is satisfied. Thus we have shown that (3) implies (4). We proved the proposition. 0O

13 An analogue of the Capelli identity

The Capelli identity plays an important role in invariant theory. In [12], it is studied in
the context of multiplicity-free actions, and analogues of the Capelli identity are given for
these actions if it is possible. A polynomial ring C[n*] is multiplicity free with respect
to the action of ad(l). Thus the Capelli identity for the prehomogeneous vector space
(L,Ad,n") is investigated in [12]. The main purpose of this section is to give an analogue
of the Capelli identity on M (\).

From now on, to avoid confusion, we call it the classical Capelli identities that the
Capelli identity [3] in the nineteenth century and its analogue on (L, Ad,n*) by [12], and
call its analogue on M (\) a Wy-analogue of the (classical) Capelli identity.

This Wy-analogue of the Capelli identity was originally motivated by the study on
an irreducibility criterion of M(A), and at first the ¥y-analogue was proved by type-
by-type calculation. By using the classical Capelli identity, we can easily calculate the
b-function b.(u). Similarly, we can calculate () ,(u) by using the ¥j,-analogue of the

Capelli identity. Moreover we find that 35 ,.(u) is a product of b.(u) and b,(u + shift).
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This property for 8 .(1), however, can be proved type-freely (Theorem 6.1), and, in fact,

we use it conversely to prove Proposition 13.2.

We also give examples of the Wx-analogue of the Capelli identity for the type (Agp_1,7),
(B 11 60 1), {105, 1) and <D‘2r, 2r) in the notation of Figure 2, or GL,®GL,, 0:,GL,,
S*GL,, Oy_1 ® GL, and A%2GL,, in the notation of [12, (11.0.1)], respectively. These
examples are the only arguments in this thesis which contain type-by-type study.

We assume that (g,p) is of commutative parabolic type and (L,Ad,n") is a regular

prehomogeneous vector space until the end of this section. In this case, f. is a relative

invariant.

Lemma 13.1 Let f = f, € C[n*] be the relative invariant of (L,Ad,n") with a weight

—2w;,. Then we have
AW = Uriaam, () (a€ Cyue U(D).

Proof. We have only to show the equality for u = X € [. We note that —2w;, is not only

a weight, but a character of p. We have
(TA(X), f7°] = [ad(X), £
= ad(X)(f7)
= 2aw,,(X)f°.
Thus
UA(X) % = fTH(UA(X) + 20, (X)) = F ¥ 20w, (X).
This proves the equality.

Now we can state the main result of this section.

Proposition 13.2 Let (g,p) be of commutative parabolic type, where (L, Ad,n") is a

reqular prehomogeneous vector space. Let f = f, € C[n™] be the relative invariant of

(L, Ad,n") with a weight —2w;,, and T be the degree of f.
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(1) For k € Zy, if there exists u € U(l) such that
(13.1) F*f5(0) = ad(w),

then we have

(13.2) Ua(f*UF*) = (= 1) oo (w) Uo (w).

(2) For k € Z-y, if there exists v € U(I) such that
(13.3 {4 (9) * = ad(w),

then we have

(13.4) , o5 F5) = (=1) " Wans0,(v) To(v).

Here p € Hom(p, C) is half the sum of roots in AF,.

Remark 13.3 (1) In the proposition above, the classical Capelli identity is the k = 1
case of (13.1). Among the pairs listed in Figure 2, only in the case (E;,7), the classical
Capelli identity does not exist [12, §§11.13]. There may be, however, a possibility that
WA(Yf* f*) is in the image W, (Z(1)) for the case (E7,7).

(2) Even in the case where the classical Capelli identity exists, either u or v in the
theorem above is not unique. In the following subsections, we give several choices for u

and v.

Proof. We prove only (2). We can prove (1) similarly, and we can prove (1) also by using
Lemma 13.6.

We can take Py € DX, such that ¥,(f*) = P, 'f*(9). Indeed, we prove the existence
of Py by modifying the proof of Lemma 14.1, that is, we take f* instead of f, in the proof.
Then we have only to show that Py, = (=1)¥"Wqy 19,(v). In the following calculation, we

set b(u) = b.(u) and By () = By, () for simplicity. We have

U ) = WO A,

= U DAY ) Farte—in,

90

= hlpade = DAY,

= B+ (B = DA)B (1 + (k= 2)A) - - Baw) fu-

Similarly we have

FEOVSE.fu = bl + (k= D)A)b(p + (k= 2)A,) -+ - b(u) £
It follows from the above two equalities and Theorem 6.1 that

(13.5) Pafu = (1)¥b(u+ (k= 1= 2% — p")A)b(ps + (k — 2 = A% — pO)A,) - -

S R SR

On the other hand, by Lemma 13.1,

‘1’2,\+2p(’U)fu
WL Y i
TR L
= b = (A4 6N+ (B = D) b= (A% 09A) Fuprowsom,

(13.6) = blu+(k—1-2° = p")A) - b(u+ (=A% — )N, ) £

Here, two operators P, and Wy .5,(v) are Ad(L)-invariant. Thus they are scalar
operators on each ad(U([))-irreducible submodule of C[n*]. The values of the scalars
are given by (13.5) and (13.6), and they coincide (up to sign). Thus we have P, =

(—=1)*"Ws549,(v) and we proved the proposition. 0

Remark 13.4 Under the notation in the proof of Proposition 13.2, let {g;} be a basis
of I, and {g;} be the dual basis of I, with respect to the invariant perfect pairing of
C[n*] and S(n*) defined by (g,p) ~ (%(8)g)(0). Set Zy = 2,;979;(0). Then z, is in
DL, and {z,} spans DE, thanks to Schur’s lemma. It is expected that Proposition 13.2

is generalized in such a way that z, replaces f* a0 h A
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In the classical Capelli identity case, such a generalization holds [12, (15.1) Table],

that is, ad maps Z(I) onto DY . Although the generalization in the classical case holds,

its ¥y-analogue does not hold in general.

We can describe the relation between u and v in Proposition 13.2.
Definition 13.5 Define an automorphism ¢, on U(l) for v € Hom(p, C) by

w(X)=X+v(X) (X el.

Then we have
Ua(ew(u) = ¥aru(u) (u e U(D)),
since ¥ (X) = ad(X) + A(X) for X € L.

The next lemma is useful in calculating the following examples.

Lemma 13.6 Let f € C[n™| be the relative invariant with a weight —2w;,. The anti-
involution s is the same as in Lemma 2.4(2). Then we have

(1) For k € Zy, if there exists u € U(I) such that
fRF4(0) = ad(w),

then we have

TH(0) ¥ = ad(t—gkws, (v) = (—1)* ad(t_55(5('u)))-

(2) For k € Z-y, if there exists v € U(I) such that
F50)F* = ad(v),

then we have

fHF5(0) = ad(takmy, (v)) = (—1)F" ad(1-5,(s())).

*0

Proof. If f*'f*(8) = ad(u) for some u € U(I), then it follows from Lemma 13.1 that

THON* = fFad(u) f* = Vogke, (1) = Wo(tospm,, (1)),

02

Next, an automorphism ¢ o 7 (see Definition 2.3) maps f* ‘F5(0) to (=1)* t7%(8) f* by
the definition. Moreover o o 7(ad(u)) = o(ad()) = U _2p(s( ) = ad(t_9,(s(%))), by

Lemma 2.4. Thus we proved (1). We can prove (2) similarly. 0

In the following subsections, we give examples of ¥y-analogues of the Capelli iden-
tity. We deal with (g,p) of commutative parabolic type, where (L, Ad,n") is a regular
prehomogeneous vector space, and, in addition, the classical Capelli identity for the rela-
tive invariant holds. Such a pair (g,p) is (Agr_1,7), o P 0 50 {0 1) or (Dq,,2r).
These pairs correspond to GL, @ GL,, O, ® GL, S?GL,, Os_1 ® GL, and A*GLs,,
respectively, in the notation of [12, (11.0.1)].

For each type, we first give a realization of g, give an explicit form of the relative in-
variant f (f? in (Ds,,27)), and state the classical Capelli identity for the relative invariant
and its ¥,-analogue.

In the following subsections, Ej; denotes a matrix unit where (¢, 7)-entry is equal to
one, II and II, denote simple system of g and [, respectively, and the other notation is
the same as in preceding sections.

For a determinant of a matrix where entries do nvot necessarily commute, we recall the

definition of a determinant.

Definition 13.7 Let A = (ay;);; be a matrix. Define det A by
det A = Z 8(0’)&0(1)1 " Qg (n)n,
S G

where (o) is a sign of o.

13.1 Type (Agr_l,”f’> or GLT 0% GLT

We can not discuss the classical Capelli identity within s[(2r,C). We therefore set gis=
gl(27,C). Let h be the set of diagonal matrices in g. We define ¢; € b* (i € {1,...,2r})
by €i(Ej;) = 6yj.

We list the information about a root system, a Chevalley basis (C. B.) which we fix,
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an invariant bilinear form which we fix, and so on.

I1 ez €1 —€2y--.,E2r-1 ~'527‘})

i = & ~gp |18 1€ L 20}

By . (e; — €;)-root vector for i # j,

HL — H\{Er “5r+1}, ‘ '

AT = dg—gillsi<i<r}u{ei—g|lr+1<i<j<2r},
Wi, = %(51+"'+5r—5r+1—"'_527')7

p = TWig,

(s 3o =Y X Y g

C. B. + {El] ’ 7 7é ]} U {E“ s Ei+1,i+1 ‘ 1 S § = 27‘},

Forms of p, n* and [ are as follows:

- {(
-
-

Set z;; = E,,;;and 0;; = 0/0x;; fori,j € {1,...,7}. Then {z;;} is a linear coordinate

> Eg ' A,B,DEQI(T,C)},

)EngEg[(r,C)},

O 9O omn

B
D
B
0

0
D

) Eg’A,DGg[(r,C)}.

system on n'. The relative invariant f € C[n"] with a weight —2w;, is given by
f = det(ﬂ',‘i]').

The famous classical Capelli identity ([3], [12, (1.12) or (11.1.9)]) says

/

(137) det(.rz-]-) det(@ij) = det Za:kic?kj A (T == j)CSl]

k=1 1<, 9<r

It follows from Lemma 2.2 (2) that
ad(E;;) = — Zifjkaik,
k=1
adi Baipe) = Zxkiakj~
k=1
Thus we can translate (13.7) into our setting, and obtain
(13.8) f'f(0) = ad(det[E, iprj + (r — 7)0i5li3)-

Moreover we obtain the following proposition.

o4

Proposition 13.8 Set

uf = det [Briigsg + (v = j)(sij}ij ’

ufT = “det [Er.;&j,rn + (g = 1)51'1']1‘]' ’

'UrR = [E7-+i,r+j Sl -7')(511']0 ’
erT = det [Erijrps + jdijJij ,
ufT = det[—E; + (r — ]')51']']1'}' )

uy = det[-Ej+ (j - 1)651,;
’UfT = det [_Eji ~+ (7' + 1 — j)éijhj )
vy, = det[-Ej + jé;]

)

Then we have

F$0) = ad(w),
f(0)f = ad(v),

where u is wft, uFT ulT or ut and v is similar. Thus we have

7 T T

Wl ) = (—=1)"Woni2,(u)¥o(u),

WL = (=1)"Woria,(v)¥o(v).

Proof. The last assertion is just a result of Proposition 13.2. Thus we have only to prove
the first assertion.

In the equality (13.7), we change variables z;j to x;;, and then we obtain

r

det(:cij) d€t<@z]) = det Z Z‘ikajk 53 (T o ])(52]

k=1 1<i,5<r

This can be translated into
f tf(a) = ad(det [—E]’z‘ <+ (7" == ])513]”)

In this way we can obtain ‘L-version’ from ‘R-version’. Thus we have only to show the

assertions of the ‘R-version’.
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—
ol ey S R Forms of p, n* and [ are as follows:
e A B t
-2y () = det[Bppirrj + 83 + (1 — 5)8i5)i; = v, e {< O, =4 > i ! E L B} ’
i 0 B
: |7 &L e (s t —
and also t_ye, (uf') = vf'. Moreover {( 0 0 ) =4 I B € gl(n,C), B B} )
A 0
: [ = = ’ A€ gl(n,C) ;.
(=1)"0-20(s( ")) = (=1)" det[=Ep i = 185 + (r +1 = 1)8i5li; = uf7, {< ek ) s )}
Set x;; = F;; and 0;j = 0/0z;; for 4,7 € Yooomw a-The o, D S .
and also (—1)"t_9,(s(wf")) = uf. Then by Lemma 13.6 we proved all the assertions of : $ : ¢ Db } 0 {2y [ < 7} is a linear
coordinate system on n*. The relative invariant f € C[n*| with a weight —2w: is o
the ‘R-version’, since we already know the equality (13.8) for uf. 0 o s & alem i
by
f — det(r,])
2 : )
13.2 Type (C,,n) or S°GL, : For ¢ # j, F;(0) = Gi;(8) = (Gy;, Fij)0; = 0;. On the other hand %#}(9) =
We set, (G, Fii)0; = 20;;. Thus we set 51‘]' = (1 + 6;;)0;; and obtain
A B A.B,C € glin.C ‘(8) = det(d;;).
gzsp(n,C):{<C _tA>€g[(2n,C) tB — B tCEC)}‘ #0) (05)
The classical Capelli identity for the type Cy, St 1 201D '
Let b be the set of diagonal matrices in g. Set d ype (Cn,n) ([30, [12, (11, e
(13.9) det(z;;) det(8;;) = det zinse + (n — §)6;;
Hy = By EBuginei ] ] ; st
= 1<i,j<n
GV It follows from Lemma 2.2 (2) that
i Qe ML AU ad(H;;) = — Zﬂijkéik-
k=1
for 4,5 € {1,...,n}. We define &; € b* (i € {1,...,n}) by &:(Hj;) = 6. Thus we translate (13.9) into our setting, and obtain
We list the information about a root system, a Chevalley basis (C. B.) which we fix, r
( (13.10) )& tf(a) = ad (det{_Hji dom 1)0i5)57) -
an invariant bilinear form which we fix, and so on.
I1 = {1 — &3 8ot s Dad) Moreover we obtain the following proposition.
At = {eieer|l S 1<y <ntU{2:;], £
s : (€; — gj)-root vector for 7 # 7, Proposition 13.9 Set
Cres . (e; + €;)-root vector, .
Hiz :  —(&; + €;)-root vector, u, = det[-H;;+ (n- ol
HL =" \ {2&?”}, -
A7 = {ei—¢g|1<i<j<n}, un = det[~Hy + (5 — 1)dyly;,
Wy, e W ) T i [ 4
p s n_;:l_ o, v, = det{—Hgu+ (n4 2~ ])51']‘}2‘]‘7
4. 00 5 W %Tr(XY) (X,Y € g). :
) : : . Uy = det —Hz+ ‘+‘1(521
C.B. : {Hy}U{Gy|i<s}U{iGua}U{F; i< j}uiiFs}, ~Hy o+ (G4 1o

57

56




= I
for 1,] € {1,...,TL}. We define g; € b (2 e {1,...,Tl}> by Ei<H]‘]‘) — (51']‘. We list the
Then we have
information about a root system, a Chevalley basis (C. B.) which we fix, an invariant
f£(0) = ad(u), 53 .
bilinear form which we fix, and so on.
t
f0)f = ad(v),
II 0 L e ey PER L o g
. Do | Sl
where v 15 ul or u, and v is similar. Thus we have A = {e;te|1<icjig n} |
b H;. . (e; — €5)-root vector for i # j,
n g i (& + €j)-root vector for ¢ # j
W ¢ = (—1)"Woyia,(u)¥y(u), ij i j :
(ST) (=1 Wariap(u) Lo (w) By i —(&i + gj)-root vector for i # j,
UA(FF) = (1) Tarszp(v)To(v). Ly = M\ {ens +en},
A7 =0ei =g T <i< i< nl,
= e . Wi, = %(51“}‘"'4—5”),
Proof. The equalities for Wy-analogues are the result of Proposition 13.2. We will prove 5 g
i 10
the first assertion. (X, Y) = =Ti{(X¥) (X? i 6 g). - .
. C.B. : {Hy}U{Gy|i<j}u{F;|i<j},
We use Lemma 13.6 as in §§13.1. We easily have
Forms of p, n™ and [ are as follows:
b-2wy, (UED = 057 4 B
nad & A,B € gl )C 3 tB = —B )
L_Qwo(’u,n> i 'Un, p {( O _tA ) g ’ g(n ) }
o O
T nt = {(0 O)Eg;Beg[(n,C),tB:—B},
; A 0
(1)"eap(s(47) = wn, = (5 u)es]acamal
7 t i T
S GG Set zi; = Fyj and 0;; = 8/8zy; for i # j in {1,...,n}. Then {zij | i < 7} is a linear
Then by Lemma 13.6 we proved the proposition, since we already know the equality coordinate system on n*. The relative invariant f € C[n*] with a weight —2w;, is given
(13.10) for ul, O by Pfaffian
13.3 Type (D, 2r) or A°G Ly, TR have
We set n = 2r and
5 oy BB e gl O Since the classical Capelli identity for the Pfaffian [12, (11.3.19) Corollary] is compli-
. o={( & 4 ) cumo) Sl .. | B/ d 1ot o
= , cated to state, we give an example only for the determinant which is the square of the
Let b be the set of diagonal matrices in g. Set Pfaffian and has a weight — 4, .
Hopoiet BB The classical Capelli identity for the determinant in the type (Dar, 27) [12, (11.3.20)]
Gij = FEiptj — Bjnu, ¢

Fy =1 Bagiv—Baii, (13.11) f27%(0) = ad (det[~Hjs + (n — 1 — 5)8i;)1<ij<n)

29
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Here from Lemma 2.2 (2),

ad(fL]) = — Z CL‘jkaik.

k#i,j

Moreover we obtain the following proposition.
Proposition 13.10 Set

uT = det[—H]‘i 7 (TL b b j)(sijJija
up, = det[~H + (5 — 2)6;],
U?; = det[—Hji 1= (TL + 1 — j)dij]ija

Up = det[-HU s ]521]2]
Then we have

FHfH0) = ad(u),
F0)f* = ad(v),

where u 1s ul or u, and v is similar. Thus we have

Ua(f2H %) = Wargon(u)Te(u),

V(217 = Ugnion(v)To(v).

Proof. The equalities for ¥-analogues are the result of Proposition 13.2. We will prove

the first assertion.

We use Lemma 13.6 as in §§13.1. We easily have

sy ) = o,

L~4wi0(un) = Ug,
and also

[’—QP(S( tUZ)) = Un,

L-2p(8( tUﬂ)) = UZ

Then by Lemma 13.6 we proved the proposition, since we already know the equality

(13.11) for uT. 0

13.4 Type (D, 1) or Oy ® GLy

We set

sl A B A,B,C € gl(n, C)
g‘“{(c _tA>€g[(2n:C) tBZ*B,tC:—C}'

Let b be the set of diagonal matrices in g. Here we define basis elements of g in a slightly

tricky way. Set

=l ~ Borasy € D),

where ¢ denotes the integer such that 1 < ;< 2n and i =3 (mod 2n). Then every H;;

belongs to g and it follows that

t A=
Hn+i,n+j an B Hij = —'Hjiv

Hi,n+i = 07

where tHij means just a transposed matrix of H;j, not the image of the anti-involution
on U(g), although we will find that they coincide when we fix a certain Chevalley basis.
We define ¢; € b* (i € {1,...,n}) by ei(Hj5) = 0i (F €{L,...,n}).

We list the information about a root system, a Chevalley basis (C. B.) which we fix,

an invariant bilinear form which we fix, and so on.

I1 = {51 B i O T gy Epes] +€n},

Bl e et s FH S < e nl,

H;; : (& —gj)-root vector (1 < i,5 <mn, i # ),

Hinvj ¢ (& +¢€j)-root vector (1 <4, < Myl 5= 4 )

Hniji @ —(&+¢€5)-root vector (1< i,j <n, i # 7),

Iy = I\ {ey =vom},

o = fegdey [ <o <3 <nl,

Wiy = &1,

p = (n-— 1w,

(XY = 2 X¥) (X, Y €qg)

285 2 = TR {Hijllgz‘,jgn}u{Hi,nH[1§z‘<j_<_n}u{Hn+j,i[1§i<j§n},
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Subalgebras p, n* and [ are as follows:

[ = SI)&HC{f[“, sz(l < Z)J = n>7Hi,n+j(.1 % Zv] e n):Hn+j,i<1 e 1’7] < Tl)},
n" = spang{Hy;(1 < j<n), il <j<n)},

By s T4nT.

Set z; = H; and 0; = 0/0z; for i € {2,...,n,n+2,...,2n}. Then 5T T
norn+1 <1 < 2n} forms a linear coordinate system on nt. The relative invariant

f € C[n™| with a weight —2w;, is given by
[ =ZoZTnio+ 23Tpi3 + -0+ TpTop.

Moreover we have

tf(a> = a26n+2 n T a718271-
The classical Capelli identity for the type (D,,1) [12, (11.4.12)] is
; 1 1

where ¢ is the (universal) Casimir element of [, 1], the semisimple part of [, with respect

to the invariant bilinear form (,), and
ad(Hy)=~-> 2,0, (j€{2...,mn+2,...,2n}).
J

Note that this formula differs from [12, (11.4.12)] in a multiple 1/4 on the right hand side

because of the difference of settings. Moreover we obtain the following proposition.

Proposition 13.11 Set

] 1
Uzn = ZHll(Hll = (Qn e 4)) e ZC’

1 i
Vo, = Z(HU o 2)<H11 i (271 = 2)) = ZC.

Then we have

f7(8) = ad(ua),
f0)f = ad(van),

and hence,

\Il/\(f tf) A \I,Q,X—l»‘.?p('li?rz)\IIO<U'271)7

‘I’A(tff) = \I’2/\—L2p<v2n>\PO(U‘2n>-

Proof. As in the preceding case, we have only to show the classical equalities. We already
know the equality (13.12) for uy,. We have L—2w; (U2n) = Van, since the fact that Casimir
element ¢ belongs to U([l, I]) implies wi,(c) = 0. Then the proposition is proved by Lemma

13.6. O

13.5 Type (B,,1) or 0y, ® GL;4

We set
0 a b A, B,C € gl{n,C)
g = -% A B egl2n+1,C)| aq,beC”
~%0 C -4 Peeeald (]

Let b be the set of diagonal matrices in g. Here we define basis elements of g by extending
that in the type (D,,1). We use the convention that indices of rows and columns of

matrices in g begin with zero. Set

iy = - Beew {4 S 6 Zg),

9 = Bg—FE:m, (i€ Zyy),

n-+10

where i is the same as in the type (D,,1). Then every H;; and g; belongs to g and it

follows that

o, t i
Hn+i,n+j R g Hij == _Hjia
Hi,n—%i T Oa
1% t
In+i = — Gi.

We define ¢; € h* (i € {1,...,n}) by el ) =46 (e 11, ..., n}).
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= T S
We list the information about a root system, a Chevalley basis (C. B.) which we fix, where ¢ is the Casimir element of [[, ] with respect to the invariant bilinear form (,), and
an invariant bilinear form which we fix, and so on. ad(Hy) = — Z sl Uirada o Laral 2n}).
J
H — {51 _527--~;6n~1 Mgrugn};
A+ = {ete|lciwignlule|igi< n}, This formula differs from [12, (11.4.12)] again in a multiple 1/4 on the right hand side
5 . (€; —€;)-root vector (1 < 4,5 < m, i 7), L% ] . :
g” : 25 ik J; igot \\:ector El < j e ij; because of the difference of settings. Moreover we obtain the following proposition.
inti T Eg ) o SRR RS ’
Hniji  © —(&i+€j)-root vector (1 < 4,5 <, i # j), >
e . g;-root vector (1 < i < n), Proposition 13.12 Set
9i 2 —Ei-toot vector(l £14 < nj, 1 1
I = I \ {51 N 52}7 Uapnt1 = EH“(HU = (QTL — 3)) - ZC’
AZ = {Ei:téfj’1<i<j§n}U{5i’1<iSn}) 1 1
@i, = E Vant1 = —(Hu —2)(Hu - (2n—1)) - =c.
n—1 4 4
2 = 2 wio)
(X = XYy (XY 24 Then we have
C. B. ] {Hl]]1§z,j§n}U{H1,n+]]1§z<j§n}
U{Hn1ji | 1<i<j<n}U{v/=2g;|1<i<2n),
WSR2 2 Ol % } FO) = ad(upmin),
Subalgebras p, n* and [ are as follows: tf((’))f = 8 {vanga ),
[ = spanc{Hi, Hi;(1 <i,7 <n), Hygaddl b <8, 0 = n)iHpe (15889 < n, and hence,
gz(l <1 i n)»gn+'i(1 L n)}> \I//\(f tf) = \I’Q,\+2p(U2n+1)\Po(U2n+1),
n+ = SpanC{Hlj(l e .7 S n))Hl,n+j(1 = ] < n)7gn+l}7 \I’,\(tff) = \I’2A+2p<v2n_+_l)lllo<v2n+l)-
b= [EnT,
Proof.
Set z; = Hy, xg = g1, 0; = 0/0z; and §, = 010 for 4 € 12, i 20 2n}. We can prove the proposition in a similar way to Proposition 13.11. O
T i i =0l T+l d 2n} forms a linear coordinate system on n+.
The relative invariant f € C[n*] with a weight —2w;, is given by
Remark 13.13 We can state examples of type (Dn,1) and (B, 1) together. Define a
Flb R R O SR e o S i %g;g complex number p° by p = plw;, . Namely, 2p° = 2n — 2 in (Dpn,1) and 2p° = 2n — 1
in (B,,,1). We also define m ¢ Z, as the number of rows of matrices in g. Namely,
Moreover we , : : . it
loreover we have 1 m = 2n in (Dp,1) and m = 2n + 1 in (B,, 1). Then we can combine Proposition 13.11
t o w4 —_
f(0) = 020n4a + - + 0n0op + 28080' and Proposition 13.12 to define u and .
The classical Capelli identity for the type (B, 1) [12, (11.4.12)] is G, b EHu(Hu B e }c,
4
1 1
1 1 wt | TRd s T S S
(13.13) ff(09) = ad (ZHH(HII - (2n-3)) - ZC> ) i 4< e i Ao 4
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14 Factors contained in () ;(u)

The sections 14 and 15 are devoted to proving the main theorems (Theorem 6.1 and The-
orem 7.5). We have only to prove Theorem 6.1 since Theorem 7.5 is a direct consequence
of Theorem 6.1. Thus we may assume that the prehomogeneous vector space (L, Ad,n")
is regular.

The proof of the theorem requires several steps. First, we show that b,(u) divides
Bar (1) in the ring Clky, ..., k., A°]. Second, we show By, () = Box_2p, (1t — (A0 + pO)N,)
by using Boe’s theorem. Then we know b,(u — (A° + p?)),) divides By, (1) in the ring
Clki, ..., k., A°]. Thus b, ()b (p — (A° + p2)A,) divides By, (). Third, we show that
Oar(pt) = bp()br(pe — (A° + pB)A,) up to constant multiple. Lastly, we calculate the

principal symbol of ¥, (‘f, f,) to determine the constant. This last step is in §15.

Lemma 14.1 Let D,+ be the ring of polynomial coefficient differential operators on nt.
Then W(*f,) = P\'f,(9) for some Py € DL, , where DL, is the subspace of L-invariant

elements in D, +.

Proof. In general, let g* € S(n™) and h € D+ ~ C[n"]®S(n™) be relative invariants with
respect to the Ad(L)-action, and we assume that they correspond to the same character
x € Hom(L,C*). Then h is a sum of several relative invariants h; € I,, ® T, which
correspond to the same character x, where 7, = {f | f € C[n"]} C S(n™).

Set g = g*) € C[n*]. Then Cgh; C gl, ® ', is a trivial Ad(L)-submodule.
Namely, gl,, ® ‘I, contains an Ad(L)-invariant nonzero element. Thus it follows from
Schur’s lemma that g/, is the dual module of ', since both gI,, and U, are irreducible.
Therefore we have I, = (gI,,) = I,.g*, since C[n*] is multiplicity free.

Thus h; € 1,,®'1,, = I,,®',,g" and there exists P; € D,+ such that h; = P.g*. Here h;
and g* have the same character, and therefore P; is Ad(L)-invariant. Then h = (3 P,)g",
where ) P, is an Ad(L)-invariant.

Finally, we take f.(0) and W,(,) as g* and h, respectively, to prove the lemma. 0
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We have the following proposition from Lemma 14.1 and the definition of By, and b,.

This is the goal of the first step.
Proposition 14.2 In Clky, ..., k., A\°], b, () divides D tiidel fiee s ki g s+ o ko).

Next, we show that B have another factor related to b,. We use the theorem of Boe

[1].

Theorem 14.3 (Boe [1, Theorem 4.4]) If (g, p) is of commutative parabolic type and
(L,Ad,n") is a reqular prehomogeneous vector space, then for A\, A" € Hom(p,C) the
necessary and sufficient condition for Homy ) (M (X'), M(X)) to be nonzero is that A\ — \

or A =lw;, — p, and )\ = —leoy, = pr for somel € Z.4.

If A° + p) € Z>o then Hom(M(—X — 2p,), M(A)) contains the mapping

Cnt] — Cln*]
i e

by the proof of the theorem. Thus it follows that
(14.1) Ty, (1) = By () P (u e U(g)),

if A’ + p0 € Zso. In fact, this equality holds even if A + p? is a complex number. We
note that this formula is a generalization of Lemma 13.1 in some sense.

Now we can prove that B have another factor related to o

Proposition 14.4 The equality By, (1) = Bor-2p. (1 = (A° 4 p2)A.) holds, and therefore
br(p — (A° + p))Ar) divides By, () in Clky,. .., k,, A,

Proof. We have Wx(%f.f.)f. = Brr(1)f, by the definition of Brr- On the other hand,
O+ 9 S Y ¢ N ¢

by (410, WA f)fue = 7 U RN 8 = B (8 = OO OIANE

This proves the first statement of the proposition. The second statement follows from

Proposition 14.2. 0

The proposition above is the goal of the second step. Next we obtain a proposition

which proves the third step.
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Lemma 14.5 By, (1) = by ()b (p — (A% + p°)A.)  (up to constant multiple).

Proof. We have that 3, () has factors b,(u) and b,( — (A° + p?)A,) from Proposition
14.2 and Proposition 14.4. Here b,(u) and b,(u — (A° + p2)\,) are relatively prime, since
all irreducible factors in b,(p) are different from that in b,(u — (A° + p2)A.). Thus By, (1)
is divisible by b, (12)b, (. — (A% + p%) A ). Then by Proposition 9.3 the total degree of By (1)
in ky, ...,k is at least 27, and the degree in A’ is at least r.

On the other hand, it follows from Lemma 2.2 that the operator ¥, (') is of order
at most 2r and of degree at most 7 in A°, since ‘f, is of degree r. Thus we have that
the total degree of Oy () in ki,...,k, is at most 2r, and the degree of A% is at most 7.
Then B35 ,(u) must be a constant multiple of b, (u)b, (1 — (A° + p))A.), and we obtain the

proposition. O

15 The principal symbol of ¥ ,('f,)

In this section, we determine the constant which appeared in Lemma 14.5 and prove our
main theorem. To determine it, we show that the principal symbol of ¥, (') and that
of f,'f.(9)'f.(0) coincide up to a certain constant multiple.

First, we introduce the principal symbol of a differential operator. Let D, + be the ring
of polynomial coefficient differential operators, and D%, the subspace of D+ consisting
of operators of order at most d. We define a linear mapping o, : fo+ — Cnt &
n"| ~ C[n"] ® C[n"] as follows: If the dth order part of P € D%, is a certain sum of
g0/0X g, ---0/0X_p5, (g € C[n*], B; € AL), then o4(P) is the sum of g€g, ---&g,.

Here {3 € C[n7] is the linear mapping defined by

. (X—cs):{ )

T +
—___8X_,3 0 (54 0) for 6 € Ay.

(X )
In particular, for P € D+ of order d, o4(P) is the principal symbol of P.

Proposition 15.1 o(V(',)) = (=1)"o(f, '.(9) f,(3)), under the normalization (7.1).
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Proof. [Step 1] First we show that W,(f,) is a differential operator of order 27, namely
that oo, (VA (Y,)) # 0.

Set Xy =X, +--4+X, and X_ =X, = X__ +-.-+X_, . Principal symbols can be
considered as polynomial functions on the cotangent bundle of n*, which can be identified
with n™ x n™. Then we evaluate oy, (¥,(%,)) at (X,,X_) by using the expansion of f,

in Definition 7.1 and we have

oo (A fr)) (X4, X)

P

B=(B1,...,.3,)€Bx

apoa (Ua(Xg, -+ Xp,)) (X4, X )

1

= Z ap 5 Z HX,BI,X—J}?X—U]f(Sgﬂ
BeB, snert;
1
(15.1) i > X5, Xos], X_p)ésty ¢ (X4, X2),
é,nEA;

where we adopted the basis {X_5 | 6 € A}} as {F;} in Lemma 2.2, since {F}} is any

basis of n~ there.

Here we compute the jth factor of (15.1).

5 D[ Xee Xl K566 b (XX

L 5 Z <HX/3;'7X~7;¢]?X—71}’ X+>

T —21— Z <[ng,X—7kJa _H’71>

where H,, is the coroot of v, that is, H,, = [X,,, X_.,]. The formula above is equal to zero

it B & {m,---, 7} If Bj = ym for some m, then (Xp,, X_, ) = 2/(vm, Ym) = 2/(71,m)-

Therefore the summand of (15.1) which does not vanish, is given only by B =°B, =
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(71,---,7), and we have

02r<\PA(tfr))(X*r:Xv> =. 4p, {“Z<){'51>X7k>}"'{_ <Xﬁr7X7k>}

K=l =1

= 2 ) A =2

(15.2) = (-1).

Moreover we find that § = n = v, in the jth factor of the summand of (15.1) which does
not vanish.

[Step 2] By Lemma 14.1, there exists Ad(L)-invariant operator Py € DE such that
Us(*f,) = P\',(8). Here P, is of order r by Step 1. In this step, we show that o.(Py) is
a certain constant multiple of o,.(f, t,(9)).

Let (I, ® ',)" denote the subspace of I, ® 'I,, consisting of Ad(L)-invariant elements.
By Schur’s lemma, it is one-dimensional and spanned by g1 ® gf + g2 ® g3 + - - -, where {9;}
1s a basis of [, and {g]*} s the dual basis with respect to (,) which appeared in Definition
3.5. Here we may assume that all g;'s are weight vectors, and that g, is the highest weight
vector f,, and we put [, = g7. We embed I,®,in Dyt by g@ P gP(0) as before.
Then DYy = @,(I, ® 1,)* and we can write P, — 2u%u (2 € (I, ® ,)Y). Since the

order of P, is equal to r, we have

deg f. <r
Moreover
or(P) = Y o.(z).
deg fu=r
We have only to show that o.(2,) is equal to zero if deg f, = r and u # )\, since

dim J,, = 1 implies that z, € C7, ‘7.(9).

A summand of o,(P,) has a form 9Q(0), where g € C[n*] is a polynomial of degree 7
and @ € C[n"|is a monomial of degree r. We may assume that g and Q are weight vectors.
We call such ¢ a coefficient polynomial. Let vy be a maximal element among the weights
of coefficient polynomials in or(Py). Then vy is an Ad(L)-maximal weight occurring in

C[n™] by the maximality, since o,.(P,) is a sum of ble e Fufi(0) + 9293(8) + ---. In
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particular, all the terms of o,.(P,) in which the weight of the coefficient polynomial is Vo,
come from Clufo, = Cf., Y,,. Let Py € D,+ be the sum of terms of Py in which the
weight of the coefficient polynomial is equal to 5. Here Py # 0 by the property of vj.
Then we have Py = sf,, 'f,,(0) (s € C*). Here we compute o(P, £.(0)) (X4, X_) in two
different ways.

First, we define h; € Z>o by vg = lyAy + -+ + hyA.. Then f,, = {“ coo fhoand it

follows from the normalization (7.1) that

(15.3) oo (P o)X, Xo) = 0np(5fun Fun(8) F(B))(X 1, X)
= sfu(Xy) FuX_) r(X2)

= Tl

where ‘f, and %, € S(n™) ~ C[n~] are regarded as functions on n-.

Second, we compute o (P, *f.(8))(X,, X_) by using the explicit formula for U ().

In the formula

1
Uzr(\ljz\(tfr)) g Z ap 5 Z HXB17X_61]7X"771]€§1€771
B=(B1,....6-)EB, 61,mea};
1
(15.4) 8 o B ea ] Fadbib g
8- mrEAT,

the terms of o9, (P ’f-(8)) precisely correspond to the sum of the terms in (15.4) in which
the coefficient polynomials have the weight 14, that is, in which Zj(ﬁj 0y == g = G BT
equivalently ) ;(d; +n;) = —4 — A,. Thus we have

027”(P0 tf?“<a)) & Z ap2™’ Z HX»@UX‘“le’ X—m] il HXﬁr’X—(5r]’ X—TlrJédlfnl gk £5r£77r'

B 8z im0
2005 +m5) = —vg — As

As is stated in the last paragraph of Step 1, the nonzero summand of Fos L W F D K X
is given only by B = B, and ¢; = 7; = v; for all j. Thus the nonzero summand of

o2 (P () (X4, X_) also satisfies B = B, and §; = n; = ;. Such a summand occurs

only if vy = A,, since Zj(éj +1n;) = —vo — Ar. By (15.3) 09,(Py ¥,(0))(X 4, X_) is nonzero
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and vy must be equal to A,. Then we proved this step, since all the Ad(L)-maximal weight
satisfying deg f, = r are equal to or higher than ..

[Step 3] At last, we can prove the proposition. We have

UZr(fr tfr(a) tfr(a))(X+aX—> == fr(X+) tfr<X~) tfr(X—> = 1.

We combine this with (15.2), and obtain the proposition. O

Now we can prove Theorem 6.1. For p= kiAy + - + k. )\, there exists a complex

number a by Lemma 14.5 such that

(155)  Ua(fefr)fu = Brr(W)fu = a bo(wlbe (i — (O + p)N)fs (a€ C),

and obviously we have

(15.6) (F+(0)f» £+ (8) £2) fu = by (1) .

Here a # 0. Indeed, if @ = 0, then Ul fofe)fu = 0 for all i, and U (Y, f,) = 0 as an
operator, since W, ('f. f.) commutes with the Ad(L)-action and fu’s generate C[n™] as an
Ad(L)-module. This contradicts the fact that the order of WA (Y,) is equal to 2r. Thus
a % 0.

When we consider the top degree parts of a br(1)br (1 — (A° + p2)A;) and of b,(x)? in
(15.5) and (15.6), they come from the top order parts of Ux(*f, f,) and of *,(8)f, 'f.(0) f.,
respectively. The relation between these top order parts is described in Proposition 15.1.
Thus we have a = (—1)", since the top degree parts of br (1)br (1 — (A’ + p2)A,) and b, ()2

coincide. We have proved Theorem 6.1.

16 Appendix—some data of commutative parabolic
types

In the body of this thesis, we have not given examples depending on a type of a Lie algebra,
except for examples in §13. Here we summarize data for convenience of the author such as

root systems, fundamental weights, v; and ), (below Definition 4.1), p; (below Definition
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7.4), ¢ (Definition 9.6) or g, (§7) for all the commutative parabolic types. In addition, we

set

1
e Z a € Hom(p, C),
aéAf\}

which is equal to p, if (g, p) is of regular commutative parabolic type. We use Bourbaki’s
rules of simple root numbering [2] in the following Dynkin diagrams and {e;} denotes an

orthonormal basis of an Euclidean space R™.
16.1 Type (A,,7)

The root system is realized in a hyperplane in R+ through the origin orthogonal to

€1+ +é€ny1. We may assume that 7 < [(n + 1)/2] without loss of generality.

16.1.1 Root system

i = {ai:5i~€i+1]1§i§n},
n+1—1 7 ,
N = ;] = — e 6 e et R SRR S S eER .
{wl iy (ot i) n+1< +1 1) | }
AT = {e;—e;]i<jl,
el B reili s Pongh,

AT = nlu+ 172,
1Ay = rin+1—r).

In particular,

&20 = Oy = Ert1,
n+1-—r r
B re= s bt (Er41 + oo + Enya)
& e o n+1
16.1.2 Yi
Y = By~ Epay =  Qr,
T2 = Er-1—E&rp2 = g1t O+ Gy,
Vi = Er—itl —Erdi = Opjug t 0+ Qpyyq,
Ve = By~ €y =T Wy Al geaar Bg
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16.1:3 . %

/\1:

16.1.4 ¢, p; and p

=&y 7t Er+1,

—(57._1' = €,~) e (5r+1 + 5r+2)>

16.1.5 Dynkin diagrams

1
g ® — 0 —
By Wi B
gr,,l: .—--o

g2 :
g1 -

16.2 Type (C,,n)

The root system is realized in R".

16.2.1 Root system

& el
Py, &= iwrlhn
oS )
= Wyp.
P 2
r 2r — 1 n
e — @ — @ — — @ (ATL)T)
S e ) s @ — @ — @ (A2r—1’r)
— @ — 0 — @ — — @ (A2r—377‘_—1)
N —— 08 (A372)
O (AI&I}
)
€1 — €3,
o

En—l — &n,

A =
B o
AL =
A+ =

1Ay =

In particular,

16.2.2
16.2.3 )\,
16.2.4 ¢, p;

€, —€&; = Qi+---+a]~_1 (’\/]); 1
5¢+5j == (Qi+‘ '“'T'CYJAL)%‘Q(CYJ+"'+an——l> T Oy <Z<]>» (s
2¢€; = 2(&,’ Ao sieie o Qn7,1> =y J

{Ei +€j ’ A ]} U {251'}7

n-,

n(n+1)/2.

Qy,
Wiy,
T 5 2€n
Y. = 2571—1
£ 25n—z+1
Yo = 251
/\1 —
Ay =
N =
P

and p

Oy = 2571,

wn:€1+...+€n_

—  Op,
== 2arl-1+an7

= Q(Qn,,_i+1 e e Olnwl) + Oy,

= 214+ a,y) + oy,

*'2671’

*2<5n—1 i 5n)>

—2<5n~i+1 RS En))




3 o
i+ 1 16.3.2 ~;
= Wn ;s
¥ 9 b
n+1
Py 9 Wn
16.2.5 Dynkin diagrams i S U R i g
1 g = Eplg s 7 g 2an~‘2 T Qn-1 + O,
n
§= g & $r— @ remimemton (Ol
s PG B A e e (Cn~1a =% 1) Vi = En-2i+1 T+ En—2i42 = Op_9i41 + 2Qn~‘2i+2 i hag: 2(1,1*2 T+ gy~ Qi
Yn/2 = €1t €&y = 205‘2 SEac 1 QQn—Q T 1 (TL : CVGH),
g : o =0 (C,2) Yin-1)/2 = €3+ €3 = @gt+203+ 420, 9+t to, (n: odd).
91 % (®) (Al, 1)
16.3 Type (D,,n)
, ' . 16.3.3 )\,
The root system is realized in R”.
16.3.1 Root system
G A e B
A = —(en1 +6&,),
H e < f, 1 ( n—1 n)
Un-g 15 Ex-1 = Ep,
A = —(e,_ ” En-1+ €n),
| an = EpotF s 2 (€n-s +€n2 +€n_1+&n)
(% = &1, i
' A = - . even),
A e < wn—? — 61 + o L _+_ 5n~2, > - n/2 (51 + + 6'!’1,) (TL A% )
Waot = (E1 4+ +Enos—en)/2 Mpoagy = bk i te Sl gady,
| Wn = (a1+--+¢€,)/2 )
(ei—¢; = Qgerpeve wob g5 (7 < j),
N ez < €i+€j — (ai+---+aj_1) .
1 +(2aj+"'+2an—2+an—1 +Oln> (Z <j)
+ e | . 7
Ay = {e HEp| gk 16.3.4 ¢, p; and p
(AT = mip - 1),
fAy = nln-1)/2.
In particular, £ = 4
Qiy = Oy =En.1 + Ep, pPi = <2i o 1)wﬂ’hi>




16.3.5 Dynkin diagrams 16.4.3 A\,
1 n—2 n-—1 /\1 = ~—E1 1 Eo9,
g: ®e—e —-..—0—0—0—0—e0 (Dn,n>
@) /\2 — *251
gn/z: ®— 0 —---—0—0—0—0—eo (Dn’n> (n:even) 16.4.4 C, Pj andp
!
Gn-1)/2 : W s s e e e S e el Y R ¢c = 2(n-2),
|
” plaee= Wﬂfm
= =0 [
gs - e — 0 —0—0—o (D676) P2 P ( ) 1
c’) 16.4.5 Dynkin diagrams
go - B W (D4, 4) 1 n—2 n—1
CL g=g@gr:0—ee—:--—0—e (Dml)
g1 o (A17 1) :
g1 ¢« © (Al, 1)
16.4 Type (D,,1)
16.5 Type (B,,1)
The root system is realized in R".
The root system is realized in R™.
16.4.1 Root system 16.5.1 Root system
IT, A and A" are the same as §§16.3. | (o = &1—6, |
I = < ' 5y
s Qn-1 = Ep-1— En,
AF = feptes [ L < g}, an L Tl
Wea < % J
WAL= 2 n—~1), (= = £, i
et ol A= ' *
g, a €1 €2, Wil =4 81 e E€n-1,
Wi, = W) = €7. (oD - (51+"'+5n)/2)
rgi—f;‘j = ai+---+a]~_1 (Z<.7)>
AT = { 5i+5j = (Qi+"‘+&jgl)+2(&j+"‘+C¥n) (Z<]>, "
16.42 4 : €; = + e 4 ¢ 78
Ay = {axe (1<j), el
T = LR &= oy ﬁA+ = n2’
Y2 = 51+€2:a1+2a2+---+2an_2+an_1+an. ﬁAX] = 2n-— 1.
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In particular, (= (2/3)(es — €7 — &), :
wy = (e1+--+¢€5)/2+ (65 — €7 —€6)/2,
B = gy 8 A o 4 Wy = (~€1+5Q+"' .L65)//2+(5//6)(€8*€7*56>,
10 ) Wy = €3+51;+€5+(58_€7_56)7 ’
Ty 3= By ey Wy = €4+E5+(2/3)(58*€7*‘56),
L W6 = 55“}*(58—57*55)/3 )
16.5.2 Vi ( E3— Ej S Wi 1~ 1T Ly (1 S] < 3R 5),
At = ei+& = (g +az+ 204+ -+ 2054)
- +(O{j+2 5 '—+ Qi+1) (1 o j < @< 5’),
T R, ( (€8 —e7 —&6)/2+(1/2) 320 v(d)e: (v(i) = =1L [[., v(@) = 1)
Yo' = Erheg = +2(0 + o F o). Here the positive root in the last line is expressed as a linear combination of the simple
16.5.3 A; roots as follows:
25 S e TR (only v(7) = 1,1 <4 < 5),
Al = —€1 + &9, (al+"'+CY4>+<CYJ'+2+"'+CYS) ‘ | i
1 i +(tisa + -+ + ag) (only v(7) and v(j) = —1,1 < j < i < 5),
/\2 = —2¢;. o) + 209 + 2003 + 3oy + 205 + (g (all I/(Z) = 1)
16.5.4 ¢, p; and p 5 ’
1 , _ T
AL = {(58 —e7—=£6)/2+ 5 > v(i)ei | v(i) = +1, B sy = 1} ,
c = 2n-—3, s Fect
AT e 8B
P1 = wl’hly >
om — 1 e =06
PR = 5 wy.
In particular,
16.5.5 Dynkin diagrams
1 n ey — &1:(68—67—56)/2-{—(51—62—63—54*“55),
g=gx: 00— e — — o ——>e (Bn,l)
g1: 0 (Al, 1) Wiy, = W1 = (2/3)(58 — Em— 56)-
16.6 Type (Eg, 1) 16.6.2
s . : : 3 o, S
The root system is realized in the subspace of R® spanned by the following simple roots. Vi = leg=— gy Eg) /2 (£y — €5 — Bg £y~ £5)/2 = ay,
Yo = (58 o “‘66)/2—{—(—81 + €9 + €3 + €4 —55)/2:&1 + Qi +203+20(4 + g,
16.6.1 Root system
16.6.3 )\,
(01 = <58—57—56)/2+(51 ek e R
Qg = & +€2,
a3 = €9 — £y,
H Tt J Qj . 52_&.; Fa )\1 = ——(58—57—*56)/2—(61-82—63—64—55>/2,
Qp = &4 —E;3, An. w2 —(58_57“56)‘{"55-
‘ (| g = €5 — ¢4 i




.
-y 183w <6)
(si—Sj:aﬁer'--:az: s ) 8.
eit&5 = (0g + o5+ 204 + -+ + 20541 TR
16.6.4 i and p | J s b ) (L<j'wi<6) -
‘ A+ == J £ Hige = 2@1 -+ 2&2 + 3@3 -+ 4&4
+3as + 206 + a7, L i et
c = 6, (€5 —€7)/2 + (1/2) Y5, v(i)e; (v(¢) = £1, [[;; v(4) )
J . . 3 .
| et yress a linear combination of the simple
A= | Here the positive root in the last line is expressed as a linear
P = danle roots as follows: ,
T (only v(2) = 1,1 < i < 6),
1 15 O, [+ (o + - + oy
(Oq+"'+a'4)+(o‘3+'“+&k“) ), v(J) and v(k) = 1,
+(a4+"'+01]¢1)+(CY5+"'+OQ'H> (OIlly V<Z)'7V‘-7<6)v y
16.6.5 mnkin diagrams g Hea e Sl
: 4+ 205 + « _ ,
(a1 + 200 + 203 + 3y + )5 o) (only v(3) = -1,1 < i < 6).
1 3 4 5 6 +(ai+2+'“+017
g:0—0—0o— o4 (Ee, 1) f
; egct ey {10 5<%), ,
: &l = €8 — €7, : N ) = —1
92 . O'_.‘.‘. <D5,1) N <€8—-E7)/2+ %€6+%Z??l [/(2)61‘ (I/<Z) = :tl’Hi:;'l I/(Z) )
4 UA+ == 637
g1:o0 (Al) 1) .
s = 27
16.7 pe <E7, 7)
In particular,
The 1 tem 1s realized in the hyperplane in R?® through the origin orthogonal to
&iO == (17 = 56 i 65’
Er+ &
Wi, = W7 = E€g i (58 ot 67)/2'
16.7.1 't system
16.7.2
Ay = (88“57)/2+(€1*52‘53‘*54“85“56)3\ i
b Y ke 85 5 O,
Q) = fite, e g6+55:a2+a3+2a4+2a5+2@6+a7’2 -
II 23 : 52‘;‘1’ Y3 = €8 — €71 =201 + 29 + 3a3 + day + 3as + 206 + .
4 = g4~ gy, ,
Qg == g E3, r\
U = g5 — gy, 16.7.3 )\,
Chzd S == Ep = J
W = 88—577 : )\1 = —€6+55,
&l | = (€1+"'+56)/2+(€8‘67),
&g n == (*‘81+82+"'+€6)/2+(3/2)<58—57), /\2 = “256’
A Oy = €3+"'+€6+2<€3“67), [\,
Ws = ¢4 +55+€6+<3/2)(68*67), Ay = —256+57“58‘
WP = B PRg el - €7),
0% = €6+<€8—€7)/2 J




16.7.4 c¢,p; and p

16.7.5 Dynkin diagrams

g=293":

g2 :

gy ¢

¢ =8,
P1 == wllh])
iy 5w1)h2’

p3 =p = 9w,.

1 3 4 5 6 i
® — 0 — 0 —e0 —0—0
®
2
® — o —e0 —0 — 0O
@
@)
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(E77 7)

(Dﬁv 1)

(Al, 1)

References

[1] Boe, B. D., Homomorphisms between generalized Verma modules, Trans. Amer. Math. Soc.
288 (1985) vol. 2, 791-799.

[2] Bourbaki, N., Groupes et algébres de Lie, Chapitres 4, 5, et 6, Hermann, Paris (1968).

[3] Capelli, A, Sur les opérations dans la théorie des formes algébriques, Math. Ann. 37 (1890),
127,

[4] Enright, T., Howe, R. and Wallach, R., A classification of unitary highest wewght modules,
Representation theory of reductive groups, Ed. P. C. Trombi, Progress in Mathematics,
Birkhauser (1983).

5] Enright, T. J. and Joseph, A., An intrinsic analysis of unitarizable highest weight modules,

g
Math. Ann. 288 (1990), 571-594.

[6] Faraut, J. and Koranyi, A., Function spaces and reproducing kernels on bounded symmetric
domains, J. Func. Anal. 88 (1990), 64-89.

[7] Garland, H. and Zuckerman, G. J., On unitarizable highest weight modules of Hermitian
pasrs, J. Fac. Sci. Tokyo 28 (1982), 877-889.

[8] Goncharov, A. B., Generalized conformal structures on manifolds, Selecta Math. Soviet. 6
(1987) No. 4, 307-340. '

9] Gyoja, A., Further generalization of generalized Verma modules, Publ. RIMS, Kyoto Univ.
29 (1993), 349-395.

[10] Gyoja, A., Highest weight modules and b-functions of semi-invariants, Publ. RIMS, Kyoto
Univ. 30 (1994), 353-400. -

[11] Harish-Chandra, Representation of semisimple Lie groups. VI, Amer. J. Math. 78 (1956),
564-628.

[12] Howe, R. and Umeda, T., The Capelli identity, the double commutant theorem, and

multiplicity-free actions, Math. Ann. 290 (1991), 565-619.

Humphreys, J. E., Finite and infinite dimensional modules for semisimple Lie algebra, Lie
theories and their applications, Queen’s papers in Pure and Appl. Math. No. 48, Queen’s
Univ., Kingston, Ont., (1978), 1-64.

Jantzen, J. C., Kontravariante Formen auf induzierten Darstellungen halbeinfacher Lie-
Algebren, Math. Ann. 226 (1977), 53-65.

Joseph, A., Annihilators and associated varieties of unitary highest weight modules, Ann.
Sci. Ec. Norm. Sup. 25 (1992), 1-45.

Kamita, A., Morita, Y. and Tanisaki, T., Quantum deformations of certain prehomogeneous
vector spaces I, Hiroshima Math. J. 28 (1998), 527-540.

Kashiwara, M., The universal Verma module and the b-function, Advanced studies in pure
Math. 6 (1985), 67-81.

Koranyi, A. and Wolf, J. A., Realization of hermitian symmetric spaces as generalized
half-planes, Ann. of Math. (2) 81 (1965), 265-288.

85




[19] Kostant, B. and Sahi, S., The Capell; udentity, tube domains and the generalized Laplace
transform, Advances in Math. 87 (1991), 71-92.

[20] Moore, C. C., Compactifications of symmetric spaces. II : the Cartan domains, Amer. J.
Math. 86 (1964), 358-378.

[21] Muller, I. Rubenthaler, H. and Schiffmann, G., Structure des espaces préhomogeénes associés
a certaines algébres de Lie graduées, Math. Ann. 274 (1986), 95-123.

[22] Parthasarathy, R., Criteria for the unitarizability of some highest weight modules, Proc.
Indian Acad. Sci. 89 No.1 (1980), 1-24.

(23] Rubenthaler, H. and Schiffmann, G., Opérateurs différentiels de Shimura et espaces
préhomogénes, Invent. Math. 90 (1987), 409-442.

[24] Schmid, W., Die Randwerte holomorpher Funktionen auf hermitesch symmetrischen
Raumen, Invent. Math. 9 (1969), 61-80.

[25] Shapovalov, N. N., On a bilinear form on the universal enveloping algebra of a complex
semusimple Lie algebra, Func. Anal. Appl 6 (1972), 307-312.

[26] Shimura, G., On differential operators attached to certain representations of classical groups,
Invent. Math. 77 (1984), 463-488.

[27] Suga, S., Highest werght modules associated with classical irreducible regular prehomoge-
neous vector spaces of commutative parabolic type, Osaka J. Math. 28 (1991), 323-346.

[28] Tanisaki, T., Hypergeometric systems and Radon transforms for Hermitian symmetric
spaces, preprint, (1997).

[29] Tanisaki, T., Highest weight modules associated to parabolic subgroups with commutative
unipotent radicals, Algebraic groups and their representations, Proceedings of the NATO
ASI conference, Kluwer Academic Publishers, Dordrecht (1998).

[30] Turnbull, H. W., Symmetric determinants and the Cayley and Capell; operators, Proc.
Edinb. Math. Soc. Ser. II, 8 (1947), 76-86.

[31] Wallach, N. R., The analytic continuation of the discrete series. II, Trans. Amer. Math.
Soc. 251 (1979), 19-37.

[32] Wallach, N. R., Polynomial differential operators associated with Hermitian symmetric
spaces, Proceedings of Fuji-Kawaguchiko conference on representation theory of Lie groups
and Lie algebras, World Scientific (1992).




zxvn:.. RS,

- sl ’ .
Pl e e

-




