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•@•@•@•@Next•@we•@apply•@the•@Fourier•@transform•@to•@thA•iX•j•D•@The•@Fourier•@transform•@is•@an•@isomor•|

phism•@of•@Weyl•@algebras•@defined•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@F•F•@Dnˆê•@ˆêˆêˆêˆê•r•@Dn•{

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@G•@e•@G•i0•j•@•iGEn•f•j

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@F•i•Ý•j•¨ˆêF•iF•¸ƒo•j•D

We•@note•@that•@we•@do•@not•@use•@a•@usual•@mapping•@G•@e•@vi••ErG•i0•j•@and•@F•i0•j•@Fˆê•r•@V•e••lrF•C•@since

we•@want•@to•@match•@the•@coefficients•@of•@lllrA•iX•j•@with•@that•@of•@F•@o•@thA•iX•j•D•@We•@have•@by•@harder

•@calculations

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@F•@o•@•EipA•@•••@WA•|2p•D

See•@also•@•m28•n•@where•@thA•@plays•@an•@important•@role•D

3•@Two•@contravariant•@forms

In•@this•@section•C•@we•@give•@a•@definition•@of•@contravariant•@forms•@and•@then•@we•@introduce•@two

contravariant•@forms•@on•@M•iA•j•D

Definition•@3•D1•@Let•@•iT•C•@V•j•@be•@a•@U•ig•jˆêmodule•D•@A•@symmetric•@bilinear•@form•@•i•C•j•@on•@V•@is

called•@a•@coƒÅ‰¾a•utƒ¿nt•@f•E•cr•@aƒÎ•iƒÐ•i9•j•jˆê•B•EƒÅ‰¾ƒ¿riant•Eform•@if•iƒÎ•i‹r•f•jˆê•iv•CƒÎ•iW•j

for•@all•@u•@E•@U•ig•j•@and•@v•C•@v•f•@E•@V•D

The•@following•@propositions•@are•@fundamental•@on•@contravariant•@forms•D

Proposition•@3•D2•@•icf•D•@Garland•|Zuckerman•@•m7•C•@Lemma•@2•D5•n•j•@Let•@V•@be•@a•@U•ig•jˆêmodule•@and

mb•ìeductive•@subalgebrƒ¿•Ef•@g•@c•E‹™‹¨‚ñe•Eartan•@subalge—ãOf•@g•D•@Let•i•C•jbe•@an

m•|contravariant•@form•@on•@V•D

•@•@•@•i1•jDistinct•@w•Eig‚ñ•×ce5•EfV•@are•E•«•Enƒ¿1•Ewit‚ñre3pect•@t•B•i•C•j
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14

Proof•D•@•i1•j•@Note•@that•@•i•C•j•@is•@also•@b•|contravariant•D•@Let•@vi•@and•@v2•@be•@weight•@vectors•@of

V•@with•@weight•@pai•@and•@pa2•C•@respectively•D•@lf•@ta•@1•@pa2•@then•@there•@exists•@H•@E•@b•@such•@that

pai•iH•j•@1•@pa2•iH•j•D•@We•@have•@pai•iH•j•ivi•Cv2•j•@•••@•iH•Dvi•Cv2•j•@•••@•ivi•CH•Dv2•j•@•••••@pa2•iH•j•ivi•Cv2•j•D•@Thus

•iVl•C•@V2•j•@•••@O•D

•@•@•@•i2•j•@Let•@wi•@be•@a•@highest•@weight•@vector•@of•@Wi•@with•@a•@highest•@weight•@ui•C•@Assume•@that
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Proposition•@3•D3•@•ic•’•@Humphreys•@•m13•n•@S6•C•@Wallach•@•m31•n•@•j•@Let•@V•@be•@a•@U•ig•jˆêmodule•D

Assume•@t‚ñƒ¿ƒIy25ƒ¿•«‚ñe5Š¨•«‚ñ–Ðm•Edule•D•@T‚ñen•@lve‚ñƒ¿ve

•i1•j•@There•@exists•@a•@nonzero•@contravariant•@form•@on•@V•C•@and•@it•@is•@unique•@up•@to•@constant

•@•@•@•@•@multiple•D

•i2•jTh•Eäw•Eƒ¿1•Efƒ¿n•En•E•Er•cntravariƒ¿nt•@f•Erm•En•@V•E•Eincides•Ewith•Et‚ñe•@mƒ¿ximƒ¿1•Epr•Bper

•@•@•@•@•@szLbmodule•@of•@V•D

Proo•’•@Let•@vA•@be•@a•@highest•@weight•@vector•@of•@V•@with•@a•@highest•@weight•@A•D•@First•@we•@define•@a

C•|1inea•Efuncti‹¨ƒÉ•EƒÐ•ig•jˆê•¨C•ELet•@9Žmden•Ete•@the•@sum•Ef•@all•@the•@p•Esitive•inegative•j

root•@spaces•@in•@g•D•@Define•@gA•@as•@a•@composite•@of•@the•@projection•@U•ig•j•@•••@U•ib•j•@•iD•@•ig•|U•ig•j•@•\

U•ig•jg•f•j•@ˆêˆêˆê•r•@U•ib•j•@and•@A•@•F•@U•ib•j•@ˆêˆê•r•@C•D•@Note•@that•@soA•i•@•ezL•j•@•••@goA•iu•j•@for•@ze•@E•@U•ig•j•D•@Then•@we

define•@•i•C•j•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•iP•EVA•C•@q•EVA•j•@•••@soA•i•@tqp•j•@•ip•C•@q•@E•@U•ig•j•j•D

•@•@•@We•@must•@check•@that•@it•@is•@well•|defined•D•@Let•@Vˆê•@be•@the•@sum•@of•@weight•@spaces•@of•@V•@with

weights•@lower•@than•@A•D•@Then•@by•@the•@definition•@of•@gA•C•@we•@have•@u•DvA•@••ˆê•@qA•izL•jvA•@•imod•@Vˆê•j•E

•@•@•@Let•@Y•@be•@the•@unique•@maximal•@submodule•@of•@V•D•@Obviously•@Y•@c•@Vˆê•D•@lf•@v•@E•@V•@is•@a

cyclic•@vector•@of•@V•C•@then•@vA•@E•@U•ig•j•Dv•C•@and•@vice•@versa•D•@ln•@particular•C

•i3•D1•j•@gA•iU•ig•jzL•j•@••O•@if•@and•@only•@if•@zL•CvA•@E•@Y•D
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•@•@•@If•@p•DvA•@•••@r•DvA•@for•@r•@E•@U•ig•j•C•@then•@•ip•@ˆêˆê•@r•j•DvA•@•••••@O•@E•@Y•D•@Thus•@O•@•••@gA•itq•ip•@ˆê•@r•j•j•@••

•ip•EvA•Cq•DvA•j•@ˆê•@•ir•DvA•Cq•DvA•j•D•@This•@proves•@that•@•i•C•j•@is•@well•|defined•D•@We•@can•@easily•@prove•@that

•i•C•j•@is•@a•@contravariant•@form•@from•@the•@definition•@of•@•i•C•j•@and•@the•@property•@of•@gA•D

•@•@•@Lastly•C•@if•@we•@proves•@the•@uniqueness•C•@then•@•i2•j•@follows•@from•@•i3•D1•j•D•@Let•@•i•C•j•f•@be•@another

contravariant•@form•@on•@V•D•@We•@have•@•ip•DvA•Cq•DvA•j•f•@•••@•itqp•DvA•CvA•j•f•@•••@gA•itqp•j•ivA•CvA•j•f•C•@since

distinct•@weight•@spaces•@are•@orthogonal•@by•@Proposition•@3•D2•D•@This•@formula•@means•@that•@a

contravariant•@form•@is•@determined•@only•@by•@a•@value•@•ivA•C•@vA•j•f•D•@Thus•@we•@proved•@the•@proposition•D

Œû

•@•@•@•@We•@introduce•@two•@contravariant•@forms•@on•@M•iA•j•@f•„t•@C•mn•{•n•D•@One•@is•@a•@WA•iU•ig•j•jˆê

contravariant•@form•@and•@the•@other•@is•@an•@ad•iU•it•j•jˆêcontravariant•@form•@on•@C•mn•{•n•D

Definition•@3•D4•@We•@define•@a•@illA•iU•ig•j•jˆêcontravariant•@form•@•i•C•jA•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•i•I•C9•jƒÉˆêqƒÉ•itgf•jf•Er•@f•C9•¸C•mn•{•n•cS•iƒo•j•¼ƒÐ•i9•j•C

where•@qA•@is•@the•@same•@as•@in•@the•@proof•@of•@Proposition•@3•D3•D

Definition•@3•D5•@Define•@symmetric•@Cbilinear•@form•@•i•C•j•@on•@C•mn•{•n•@c•„t•@S•inˆê•j•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•i•I•C9•jˆê•itg•i•Ý•jƒm•j•i0•jf•Er•I•C9•¸C•mn•{•nc•cS•iƒo•j•C

where•@tg•i0•j•@is•@the•@constant•@coeMcient•@differential•@operator•@•isee•@•i2•D2•j•j•@on•@n•{•@identified

with•@tg•@E•@S•in•{•j•C•@and•@•i•@•eg•i0•jf•j•iO•j•@means•@a•@differentiation•@followed•@by•@evaluation•@at•@O•@E•@n•{•D

This•@bilinear•@form•@is•@ad•iU•it•j•jˆêcontravariant•C•@since•@the•@bilinear•@form•@defined•@by•@•qP•C•@f•„•@••••

•iP•i•Ý•j•I•j•i0•jf•E•EP•¸S•in•{•jand•ç•¸C’c•Cis•@Ad•iŒÜ•jˆêinva•Ciant•D•@M•B•Ce•Bver•@this•@c•Bnt•Cava•Ciant

form•@is•@obviously•@nondegenerate•D

We•@summarize•@some•@properties•@of•@these•@bilinear•@forms•D

Lemma•@3•D6•@•i1•j•@WA•iU•it•j•jˆêcontTavariance•@and•@ad•iU•i1•j•jˆêcontravariance•@are•@the•@same•@no•|

•@•@•@•@•@tion•D

•i2•jƒIƒµƒÉ•iƒÐ•i9•j•jˆê•B•En‰¾ƒ¿Ž¥’w•Ã5ƒ¿13•EƒµƒÉ•iƒÐ•i•y•j•j•Dc•Bn‰¾ƒ¿riant•D
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•i3•j•i•ç•C9‚ñ•jƒÉ•E•••iƒµƒÉ•itg•j•I•C‚ñ•jƒÉ•@for•@f•C9•C‚ñ•¸C•mn•{•nN3•irr•j•D

•i4•j•@•if•C•@gh•j•@•••@•i•@tg•@•i0•j•@f•C•@h•j•@for•@f•C•@g•C•@h•@E•@C•mn•f•n•@cy•@S•inˆê•j•D

Proof•D•@•i1•j•@lt•@follows•@from•@iPA•iX•j•@•••@ad•iX•j•@•{A•iX•j•@for•@X•@E•@r•D•@•i2•j•@lt•@follows•@immediately

from•@the•@definition•@of•@the•@contravariance•D•@•i3•j•@Since•@•i•C•jA•@is•@iltA•iU•ig•j•jˆêcontravariant•C•@and

since•@WA•iu•j•@is•@just•@a•@multiplying•@operator•@for•@iL•@E•@C•mn•{•n•@at•@S•inˆê•j•C•@we•@obtain•@the•@identity•D

•i4•jIt•@follows•@immediately•@from•@Definition•@3•D5•D•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@ƒ•

4•@The•@ratio•@of•@the•@two•@contravariant•@forms

We•@have•@defined•@two•@contravariant•@forms•@on•@M•iA•j•@cy•@S•inˆê•j•@ty•@C•mn•{•n•D•@Since•@both•@•i•C•j•@and

•i•C•jA•@are•@ad•iU•it•j•jˆêcontravariant•@by•@Lemma•@3•D6•C•@it•@follows•@from•@Proposition•@3•D3•@•i1•j•@that

•i•C•@•jA•@coincides•@with•@•i•C•@•j•@up•@to•@constant•@multiple•@on•@each•@irreducible•@ad•iU•it•j•jˆêsubmodule•@of

C•mn•{•n•D•@ln•@this•@section•@we•@define•@a•@function•@qA•ipa•j•@as•@the•@ratio•@of•@these•@two•@forms•D

Definition•@4•D1•@Two•@roots•@a•C3•@E•@A•@are•@said•@to•@be•@strongly•@orthogonal•C•@if•@a•@and•@fi•@are

non•|proportional•@and•@both•@cu•@•{6•@•‘•@A•@and•@ctr•@ˆê•@6•@•‘•@A•@hold•D

•@•@•@If•@a•C•@rs•@•CE•@A•@and•@•ior•Cfi•j•@•q•@O•C•@then•@or•@•{•@fi•@E•@A•D•@Thus•@if•@a•@is•@strongly•@orthogonal•@to•@6

then•@a•@is•@orthogonal•@to•@5•D

•@•@•@We•@take•@the•@family•@of•@mutually•@strongly•@orthogonal•@roots•@contained•@in•@AN•@like•@•m11•n•D

Set•@ori•@•••@ai•C•D•@When•@we•@have•@taken•@ori•C•D•D•D•Cori•C•@let•@7i•{i•@be•@the•@lowest•@root•@in

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•oa•@E•@AN•@1•@ct•@is•@strongly•@orthogonal•@to•@all•@7i•C•c•Cori•p•C

if•@this•@set•@is•@not•@empty•D•@Let•@r•@be•@the•@index•@of•@7i•@which•@we•@could•@take•@last•D•@Set•@Ai•@••

ˆê•i•hYi•@•\•c•@•\•@ori•j•@fo•@r•@i•@E•@•o1•C•D•D•D•Cr•p•D

The•Erem•@4•E2•iSchmid•m24•n•jŒÜ‹©be•@t‚ñe‹rƒÆ‰¾ƒÃƒÅ3‹q•Enal•@irreducibge•@ad•iƒÐ•i•y•j•jˆê

m•Edule•@with•@highest•@weight•@Pa•EWe•@den•Et•E•@by•@Cd•mn•{•nt‚ñ•E‚ñ•Em•EgeƒÅ•E•Eus•Ec•Emp•Enent•Bƒm‹¨ee
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d•@of•@C•mn•f•n•D•@Then•@we•@have
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In•@particular•@C•mn•{•n•@is•@multiplzcity•@free•C•@that•@is•C•@all•@the•@multiplicities•@of•@irreducible•@ad•iU•i1•j•jˆê

submodules•@are•@equal•@to•@one•D•@For•@pa•@•••@kiAi•@•{•c•{•@k•DA•D•@•ik•v•@E•@Z•jo•j•C•@we•@also•@denote•@by

I•C•@the•@unique•@ad•iU•ir•j•jˆêsubmodule•@in•@C•mn•f•n•@with•@a•@highest•@weight•@pt•D•@Then•@we•@have•@an

irreducible•@decomposition
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Then•@fp•@is•@a•@highest•@weight•@vector•@of•@lp•D

•@•@•@As•@we•@stated•@before•C•@two•@ad•iU•ir•j•jˆêcontravariant•@forms•@•i•C•jA•@and•@•i•C•j•@on•@C•mn•{•n•C•@coincide

on•@each•@irreducible•@submodule•@1•C•D•@For•@pa•@•••@kiAi•{•E•@•E•@•E•{k•DA•D•@•ik•v•@G•@Z•jo•j•@and•@A•@E•@Hom•ip•C•@C•j•C

we•@define•@qA•i•ft•f•e•j•j•@by

•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•@•i•C•jA•••@qA•ipa•j•i•C•j•@on•@lp•@•~•@lp•D

Lemma•@4•D3•@For•@all•@pa•C•@•if•h•C•@fp•j•@is•@nomero•D

P•c•’lt•@is•Ebvi•Eus•@fr•Em•@the•@de‹uniti•En•@that•i•C•jis•@n•Endegenerate•En•@C“¯•D•@F•ErƒÊ•‚ƒŒ•C
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