. HOKKAIDO UNIVERSITY

Title Theoretical Studies on Electron-Pair Densities in Position and Momentum Spaces
Author (s) Matsuyama, Hisashi
Degree Grantor biEEKE
Degree Name Bt (EF)

Dissertation Number ZE56795

Issue Date 2000-09-29
DOI https://doi.org/10.11501/3175391
Doc URL https://hdl. handle.net/2115/51675
Type doctoral thesis

File Information 000000390903. pdf

kaid
e U"/Le

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




wa
“sayu

L

po)

J0joD e

uo

L, S S e

o

e e L

e

2a

e T e ]
| - . ==, { “ - .

B . e e T




THEORETICAL STUDIES

ON

ELECTRON-PAIR DENSITIES

IN POSITION AND MOMENTUM SPACES

HISASHI MATSUYAMA

DEPARTMENT OF APPLIED CHEMISTRY
MURORAN INSTITUTE OF TECHNOLOGY

2000




CONTENTS

GENERAL INTRODUCTION

ACKNOWLEDGMENTS

PART 1. ELECTRON-ELECTRON COALESCENCE AND

COUNTERBALANCE DENSITIES

Chapter 1. Introduction

Chapter 2. Relationship among one-electron, coalescence, and
counterbalance densities

Chapter 3. Coalescence and counterbalance densities in position and
momentum spaces

Chapter 4. Summary

PART 2. ELECTRON-PAIR DENSITIES FOR NEUTRAL ATOMS
Chapter 1. Introduction

Chapter 2. Hartree-Fock intracule densities

Chapter 3. Hartree-Fock intracule moments

Chapter 4. Hartree-Fock extracule densities

Chapter 5. Hartree-Fock extracule moments

Chapter 6. Electron-pair densities for multi-determinant wave functions

Chapter 7. Summary

PART 3. ELECTRON-PAIR DENSITIES FOR ATOMIC IONS
Chapter 1. Introduction

Chapter 2. Hartree-Fock electron-pair densities in position space
Chapter 3. Hartree-Fock electron-pair densities in momentum space
Chapter 4. Correlated extracule densities for two-electron atoms

Chapter 5. Summary

GENERAL CONCLUSION

Page

10

11

13

23
FF

38
41
58
13
90
105
120

122
124
134
147
161

163




GENERAL INTRODUCTION

In experimental and theoretical quantum chemistry, many studies on one- and two-
electron densities in position and momentum spaces have been carried out [see, Refs. 1-6
for comprehensive reviews], where position-space coordinates are a distance from some
fixed spatial origin, and momentum-space coordinates are components of the momentum
of an electron. It is important to examine the one- and two-electron densities in detail,
because knowledge obtained from the densities give information about the electron-
nuclear and electron-electron interactions which make the major contribution to the
chemical and physical properties of atoms and molecules. The nonrelativistic total energy
of electrons in an atom, for example, consists of the kinetic, electron-nucleus attraction,
and electron repulsion energies, which are obtained from the one- and two-electron
densities. Both of these densities are closely related to some properties measured by an
x-ray scattering experiment. Benesch and Smith showed [7] that within the Waller-
Hartree approximation [8], the total 7,(K) and coherent 7.(K) intensities of radiation

scattered by an N-electron atom are given by
1(K)/ 1 =|FK)P+S(K) = N +2[ drydry expliK - (- r)IT(,) (D

1:(K) /1 =|F(K)P =| [ drexpK - r)p()f* 2
where K is the momentum transfer vector, r the position-space vector of an electron,

I, the Thomson factor, and F(K) the atomic form factor. The function S(K) is the

incoherent scattering factor, which is defined as the difference between the total and
coherent intensities. The two-electron density I'(ry,r,) in position space is defined by

N(N -1
I'(r,rp) = h(z——)jdaldazd)g---de|‘P(x1,x2,...,xN)|2 ; (3)

where the density is normalized to the number of electron pairs, ‘Y(x{,X5,...,Xy)
represents a normalized N-electron wave function for an atomic state, and x; = (r;,0;)
denotes the combined space and spin coordinates of electron i. The position-space one-
electron density is defined by
2
p(r) = N[ dodxy -+-dx y | ¥(x, Xz e X3 ) 4)

The incoherent scattering factor S(K) is also equal [9] to the integration of the
dynamical structure factor S(K,w),

S(K) = JIZI v, | 0 S(K,w)dw )

where the limits of integration are taken between the electron binding energy |E|, the
energy of the incident x-ray photon w;, and @ = w; —w, is the energy transfer. The

superscripts 1 and 2 refer to incoming and outgoing photons, respectively. The
dynamical structure factor S(K,w®) is [2,9,10] given by

N
: 2
S(K,w) =Y |<¥;|D exp(iK-r))|¥; > S(Ef — E; - ) . (6)
f J=1
Here, 6 means the delta function, and the functions ‘¥; and ¥y represent initial and
final state, respectively. Moreover, S(K,w) is related [11] to the generalized oscillator
strength and stopping power. Benesch and Smith employed [2] a density-matrix
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formalism, and showed that within the impulse approximation, Eq.(6) reduces to

S(K,0) = §;(K,0) + S, (K,) , (7)
where
Sl(Kaw):J.dPﬁ(w—%Kz—K‘P1)7(P1’|P1) ) (8)
and
S2(K,@) =2[ dpidprd(@- L K> ~K-p)l(p; +K,p ~Klppp2) »  9)

where K =|K|, and the densities y(p;’p;) and I'(p;’,p;’|p;,P;) are the momentum
space analogues of the one- and two-electron densities in position space.

It is not easy to study the two-electron density in detail, because the density is a
complicated function of six variables. One way to solve the difficulty is to separate the
motion of any two electrons into relative (intracule) and center-of-mass (extracule)
motions of an electron pair. Thus, we have two electron-pair densities, that is, intracule
and extracule densities. A merit of using the electron-pair densities is that the densities
are visualized readily. Coleman introduced [12] intracule coordinate, u=r; —r,, and
extracule coordinate, R =(r; +ry)/2 in position space. The intracule density 7(u) is
[5,6,12] given by

1) = [ dndr,T(n,5)du- 0 -r)] (10)
and the extracule density [5,6,12] by
E(R)= [ drdn,I(ry,1)0[R -y +1)/2] , (11)

When the intracule u and extracule R vectors can be expressed by spherical coordinates
u=u,Q,) and R=(R,Qp), integrating over the angle variables €2, and Qp yields

[5] the spherically averaged intracule density

hw= - [ o), (12)
4
and the spherically averaged extracule density
d(R) = 1[ dQRE(R) . (13)
4r

The intracule density 7/(u) and its spherical average h(u) represent, respectively, the
probability density functions for the relative vector u and distance u. On the other hand,
the extracule density E(R) and its spherical average d(R) are the probability density
functions for the center-of-mass vector R and distance R, respectively. The intracule
<u® > and extracule < R* > moments can be given by

<uf >= Iduukl(u) = 47rf duuk+2h(u) : (14)

<R¥ >= [dRRFE(R) = 47 j dRR*2d(R) , (15)

where the superscript & is a real number, and both of these densities are normalized to the
number of electron pairs; < u>=<RV>= N(N -1)/2. The moment < wl> s
equal to the electron-electron repulsion energy, and <uw> denotes the average
interelectronic distance. The moment < R > means the average center-of-mass distance.
The first explicit calculation of the intracule density has been carried out [13] by Coulson
and Neilson in their study of the electron correlation in the He ground state. They have

defined the Coulomb hole as the difference between the exact or best radial intracule
density and the Hartree-Fock radial intracule density. The Coulomb hole allows us to
visualize the electron correlation, although the hole is not an observable. A number of the
studies on the intracule densities have been inspired by their work. Since then the
Coulomb hole has been examined on light atoms [14-32] and small molecules [33-37].
Moreover, many articles have been devoted to investigations on the behaviors of the
intracule densities for atoms [38-46] and molecules [47-59]. The intracule density 7(u)
at u =0 or electron-electron coalescence density has recently received attention [60-65].
This quantity is directly related to the relativistic [66] and radiative [67] corrections to
the ground state of atoms, and appears in the electron-electron cusp condition [68]. The
exact eigenfunction of a non-relativistic hamiltonian must satisfy the condition for an
atom. The Fourier transform of intracule density 7(u) is, within Waller-Hartree theory
[8], to x-ray scattering intensity [7], and within the first Born approximation, to high
energy electron scattering intensity [7]. In fact, several scattering intensities were
obtained [69-80] by the Fourier transformation of the intracule density. On the other
hand, the first calculation of the extracule densities for atomic and molecular systems was
done [81] by Thakkar and Moore. After the appearance of their pioneering paper, several
researchers have examined [51,52,55-59,82] the behaviors of the extracule densities for
analyzing chemical bonds of molecules, and only four studies on the extracule densities
for atoms [43,54,55,82] have reported to date.

The momentum-space intracule density 7(v), its spherical average A (v), and

their moments <v* > are [S] defined by

I(v)= [ dpdpoT(p1.p2)3[v—(P1-P2)] ; (16)
o 1 "

A()= f dQ,I(v) (17)

<ok >= j dvoX [ (v) = 47zj dvv* *2h (v) | (18)

where v =(v,(),), p means the momentum vector of an electron, and the densities are

normalized to the number of electron pairs; < ) >=N (N —1)/2. The intracule density
I(v) and its spherical average h(v) are, respectively, the probability density functions

for the relative momentum vector v and its magnitude v. For an N-electron system,
the function I'(py,p,) is [S] the momentum-space two-electron density defined by

= N(N -1 2

T@1p2) = 0 [dodogdys - dyy |0y, Yarey P (19)
where y; =(p;,0;), and ®(y1,¥,,...,Y ) iS an electronic wave function in momentum
space. The extracule density E(P), its spherical average d(P), and their moments

<Pk > are [5] defined by

E(P)= | dpydp,T(p1,p2)01P - (b1 +P2) /2] , (20)
2 T LS
d(P)= f dQpE (P) (21)
<Pk >= [dPPFE(P) =4z j:dpp" *23(P) , (22)




where P=(P,Qp) and <PO>:N(N—1)/2. The extracule density E(P) and its
spherical average d(P) represent the probability density functions for the center-of-

mass vector P and its magnitude P. By analogy with the work of Coulson and Neilson
[13] in position space, Banyard and co-researchers [83-90], Doggett [91], Ugalde [92],
and Wang and Smith [93] have investigated the effects of electron correlation for atoms
and molecules based on the Coulomb hole defined by the intracule density in momentum
space. There is only one study [93] of the extracule density for the first-row hydrides.

There are several problems about previous studies on the intracule and extracule
densities in position and momentum spaces for atomic systems within the Hartree-Fock
framework. First, a method for the evaluation of two electron-pair densities in position
space have not yet developed for open-shell systems. In momentum space, there is no a
method of calculating the intracule and extracule densities for both closed- and open-
shell systems. Second, almost all studies are limited to light atoms and atomic ions. Third,
the intracule and extracule densities were constructed from basis-set-expansion Hartree-
Fock wave functions, some of which are not sufficiently accurate. Fourth, we do not
know a detailed discussion about a relation between the intracule and extracule densities,
and between their moments. The present thesis is written with the aim of developing a
theory for constructing the intracule and extracule densities, as well as their moments, in
position and momentum spaces for the atomic systems. The wave functions are given by
a single Slater determinant or a linear combination of Slater determinants. We apply the
theory to neutral atoms and atomic ions with 2< N <54 based on the numerical
Hartree-Fock calculations. The obtained densities are systematically examined to clarify a
relation between the two electron-pair densities, and between their moments. Since the
electron correlation is defined as the difference in the electronic motions in the Hartree-
Fock and exact solutions within the non-relativistic framework, the present results on the
densities and moments are expected to be useful as reference data in the study of
electronic correlation. To consider the electron correlation, we develop a theory of
constructing the position-space extracule density and the moments for two-electron
atomic systems for the wave function containing an interelectronic distance ry, .

The text is divided into three parts. The first part presents the values of intracule
and extracule densities at the origin, and the average values of one-electron densities for

neutral atoms in position and momentum spaces based on the numerical Hartree-Fock
calculations. In Chapter 2, we define [94] the electron-electron coalescence 1(0) = A(0)

and counterbalance E(0)=d(0) densities in position space for the atoms He through
Ne in their ground state when the wave function is expressed by a single Slater
determinant. The electron-electron coalescence and counterbalance densities are
probability densities of finding any two electrons at the same position and at the

reflection points, respectively. We show that these densities are exactly expressible by the
one-electron density o(r). It is found that the electron-electron coalescence 7(0) and

counterbalance E(0) densities are well approximated by the average one-electron
density < p >. This means that the coalescence and counterbalance densities can be
estimated by the value of < p >. In Chapter 3, we examine [95] the electron-electron
coalescence /(0) =4 (0) and counterbalance E (0) =d (0) densities, together with their

counterparts in position space, of the atoms He through Xe in their ground state in
momentum space for a single Slater determinant wave function. The momentum-space

4

h(0) and d(0) densities represent the probability densities for any pair of electrons to

have exactly the same and opposite momenta, respectively. The both of densities are
exactly expressible by the momentum-space one-electron density y(p). The coalescence,
counterbalance, and one-electron densities in both position and momentum spaces are
calculated by the numerical Hartree-Fock method. In position space, the electron-
electron coalescence density A(0) is found to be sufficiently approximated by the
average one-electron density < p > even for larger atoms. The A(0) and d(0)

densities are monotonically increasing functions against atomic number Z, while the
values of A(0) and d(0) show a periodic behavior as a function of Z. The

contributions of subshell pairs to the total intracule density are analyzed in both spaces.
The intracule and extracule densities are found to be very sensitive probe of the
behaviors of wave functions at small values of # and R in position space, and v and P in
momentum Space.

In the second part, we develop a theory of constructing the intracule and extracule
densities, as well as their moments, in position and momentum spaces for atoms when
the wave function is expressed by a single Slater determinant or a linear combination of
Slater determinants. The theory is applied to the neutral atoms with 2< N <54. In
Chapter 2, we present [96] the spherically averaged intracule densities A(x) in position
space and % (v) in momentum space for the atoms from He to Xe in their ground state.

The numerical Hartree-Fock method is used to calculate these densities. The position-
space intracule density A(x) is a monotonically decreasing function for all the atoms. On

the other hand, the intracule densities 4 (v) in momentum space are found to be

classified into three types according to the number of local maxima and their locations,
and depend explicitly on the valence configuration of atoms under consideration. The
behaviors of the densities A(x) and A(v) are studied in detail based on a

decomposition of the intracule density into subshell-pair and spin-orbital-pair

contributions. In Chapter 3, we report [97] two methods of calculating interelectronic

moments <u* > in position space and < v* > in momentum space of atomic systems

for a single Slater determinant. The first method uses the spherically averaged intracule
densities A(x) and A (v), while the second method uses their characteristic functions.
The two methods are applied to the neutral atoms from He to Xe in their ground state,
and the moments <u® > with k=-2 to +4 and <v* > with k=-2 to +3 are
calculated by the numerical Hartree-Fock method. Some trends of these interelectronic
moments are also discussed as a function of Z. In Chapter 4, a theory for calculating
spherically averaged extracule densities d(R) in position space and d(P) in
momentum space are reported [98] when the wave function is expressed by a Slater
determinant. We show that the individual spin-orbital-pair component of the extracule

density has a definite relation with the corresponding one of the intracule density, but the
total extracule and intracule densities are not related in a simple manner. The extracule

densities d(R) and d(P) are constructed and examined systematically for the atoms
from He to Xe in their ground state. In position space, the extracule density d(R) is a
monotonically decreasing function for all the atoms. The momentum-space extracule
densities d (P) are found to be classified into two types according to the location of a




maximum. These different behaviors of the densities d(R) and d(P) are studied based
on the contributions of electrons in a pair of atomic subshells and spin orbitals. In
Chapter 5, we present [99] a theory for constructing the extracule moments < R¥ > in

position space and < P* > in momentum space of atomic systems for a single-Slater-
determinant wave function. For the atoms from He to Xe in their ground state, we also

report the moments <R*> with k=-2 to +4 and <P¥ > with £k =-2 to +3,
and use the numerical Hartree-Fock method. These extracule moments are pointed out to
have intimate relations with their partner intracule moments. In Chapter 6, we present
[100] a unified theory which is applied for the evaluation of the intracule and extracule
densities in both position and momentum spaces for wave functions expressed as a linear
combination of Slater determinants. Detailed expressions are developed for atomic
systems where angular integrations can be performed analytically. Interesting relations
between atomic intracule and extracule densities and between their moments are

discussed. An illustrative application of the result is given for the 1s2p 1p and 3P
states of the helium atom. We report the singlet-triplet differences in the extracule
densities and in the intracule densities for both spaces.

The purpose of the last part is to examine systematically the intracule and extracule
densities, as well as their moments, in both position and momentum spaces of atomic
lons with 2 < N <54. We develop a theory for calculating the extracule density of the
wavefunction containing an interelectronic distance. In Chapter 2, spherically averaged

intracule density h(u), extracule density d(R), and their moments <u¥ > and

<R¥ > are examined [101] for the singly charged 53 cations from Li* to Cs' and 43

anions from H to I in their ground state. The intracule and extracule densities of all
the 96 ions are found to be monotonically decreasing functions in the same manner as
neutral atoms. A few approximate relations between the intracule and extracule densities,
and their moments are confirmed to be valid for the charged atoms as well. In Chapter 3,
momentum-space spherically averaged intracule and extracule densities are constructed

and examined [102] systematically for the singly charged 53 cations from Lit to Cs*

and 43 stable anions from H™ to I in their ground state based on numerical Hartree-
Fock calculations. The intracule and extracule densities are found to be classified into
three and two types, respectively, according to the number of extrema and their locations.
The modalities of the electron-pair densities for all the 96 ions are governed by a few
outermost electron pairs as reported for neutral atoms. The intracule and extracule
moments as well as the electron-electron coalescence and counterbalance densities are
computed for the 96 ions and are compared with the corresponding values for the
isoelectronic neutral atoms. In Chapter 4, a method is presented [103] to obtain the
extracule density d(R) for a particular class of correlated wave functions which

explicitly include an ry, term. The method is applied to the ground state helium atom
and its isoelectronic analogs described by highly accurate Kinoshita wave functions. Near
exact extracule densities d(R), their moments <R¥ > with k=-2 to +4, and
electron-electron counterbalance densities d(0) are determined. A comparison of the

correlated results with the corresponding Hartree-Fock values shows that the electron
correlation shifts the extracule density d(R) from a small to a large R region. Different

roles of the radial and angular correlation contributions are also clarified in the electron

correlation.
Finally, general conclusion of the present thesis is given at the end of this thesis.

REFERENCES

[1] P.-O. Lowdin, Phys. Rev. 97, 1474 (1955).

[2] R. Benesch and V. H. Smith, Jr., in Wave Mechanics: The First Fifty Years, edited
by W. C. Price, S. S. Chissick, and T. Ravensdale (Butterworths, London, 1973), pp.
357-377.

[3] A. D. Buckinham and C. A. Coulson (eds), Physical Chemistry Series Two:
Theoretical Chemistry (Butterworths, London, 1975).

[4] P. Coppens and M. B. Hall (eds), Electron Distributions and the Chemical Bond
(Plenum Press, New York, 1982).

[5] A. J. Thakkar, in Density Matrices and Density Functionals, edited by R. M. Erdahl
and V. H. Smith, Jr. (Reidel, Dordrecht, 1987), pp. 553-581.

[6] R. J. Boyd and J. M. Ugalde, in Computational Chemistry: Structure, Interactions
and Reactivity, Studies in Physical and Theoretical Chemistry, Vol. 77 (A), edited
by S. Fraga (Elsevier Science, New York, 1992), pp. 273-299.

[7] R. Benesch and V. H. Smith, Jr., Acta Cryst. A 26, 579 (1970).

[8] I. Waller and D. R. Hartree, Proc. Roy. Soc. London, Ser. A 124, 119 (1929).

[9] B. S. Sharma, A. N. Tripathi, and G. S. Singh, Phys. Rev. A 25, 239 (1982).

[10] B. Williams (ed), Compton Scattering (McGraw-Hill, London, 1977).

[11] M. Inokuti, Rev. Mod. Phys. 43, 297 (1971).

[12] A. J. Coleman, Int. J. Quantum Chem. 18, 457 (1967).

[13] C. A. Coulson and A. H. Neilson, Proc. Phys. Soc. 78, 831 (1961).

[14] T. L. Gilbert, Rev. Mod. Phys. 35, 491 (1963).

[15] W. A. Lester, Jr. and M. Krauss, J. Chem. Phys. 41, 1407 (1964).

[16] R. F. Curl, Jr. and C. A. Coulson, Proc. Phys. Soc. 85, 647 (1965).

[17] R. Benesch and V. H. Smith, Jr., J. Chem. Phys. 55, 482 (1971).

[18] G. J. Seddon and K. E. Banyard, J. Chem. Phys. 59, 1065 (1973).

[19] K. E. Banyard and G. J. Seddon, J. Chem. Phys. 58, 1132 (1973).

20] R. J. Boyd and C. A. Coulson, J. Phys. B 6, 782 (1973).

21] R. J. Boyd and J. Katriel, Int. J. Quantum Chem. 8, 255 (1974).

22] H. Tatewaki and K. Tanaka, J. Chem. Phys. 60, 601 (1974).

23] R. J. Boyd, Can. J. Phys. 83, 592 (1975).

24] N. Moiseyev, J. Katriel, and R. J. Boyd, Theoret. Chim. Acta 45, 61 (1977).

]
]
]
]
]
]
]
]
]
]

1
1

26] K. E. Banyard and R. J. Mobbs, J. Chem. Phys. 75, 3433 (1981).

27] R. J. Boyd and M. C. Yee, J. Chem. Phys. 77, 3578 (1982).

28] K. E. Banyard and P. K. Youngman, J. Phys. B 15, 853 (1982).

29] K. E. Banyard and K. H. Al-Bayati, J. Phys. B 19, 2211 (1986).

[30] K. H. Al-Bayati and K. E. Banyard, J. Phys. B 20, 465 (1987).

[31] J. M. Ugalde, R. J. Boyd, and J. S. Perkyns, J. Chem. Phys. 87, 1216 (1987).

[32] K. E. Banyard, D. R. T. Keeble, and G. W. F. Drake, J. Phys. B 25, 3405 (1992).
[33] W. A. Lester, Jr. and M. Krauss, J. Chem. Phys. 44, 207 (1966).

[34] Y. Tal and J. Katriel, J. Phys. B 7, 2113 (1974).

[
[
[
[
[
[25] K. E. Banyard and M. M. Mashat, J. Chem. Phys. 67, 1405 (1977).
[
[
[
[

7




[35] E. A. Colbourn, J. Phys. B 8, 1926 (1975).

[36] K. E. Banyard and C. E. Reed, J. Phys. B 14, 411 (1981).

[37] B. S. Sharma and A. J. Thakkar, J. Phys. B 17, 3405 (1984).

[38] R. Benesch, J. Phys. B 4, 1403 (1971).

[39] A. J. Thakkar and V. H. Smith, Jr., J. Chem. Phys. 67, 1191 (1977).

[40] P. E. Regier and A. J. Thakkar, J. Phys. B 17, 3391 (1984).

[41] A. Largo-Cabrerizo, J. Phys. B 21, 2377 (1988).

[42] N. M. Cann, R. . Boyd, and A. J. Thakkar, J. Chem. Phys. 98, 7132 (1993).

[43] J. Wang and V. H. Smith, Jr., Chem. Phys. Lett. 220, 331 (1994).

[44] J. Cioslowski, B. B. Stefanov, A. Tan, and C. J. Umriger, J. Chem. Phys. 103, 6093
(1995).

[45] F. A. de Saavedra, I. Porras, E. Buendia, and F. J. Galvez, J. Phys. B 28, 3123
(1995).

[46] H. Meyer, T. Muller, and A. Schweig, J. Mol. Struc. (Theochem) 360, 55 (1996).

[47] L. L. Cooper and C. N. M. Pounder, Theoret. Chim Acta 47, 51 (1978).

[48] A. J. Thakkar, A. N. Tripathi, and V. H. Smith, Jr., Int. J. Quantun Chem. 26, 157
(1984).

[49] R. J. Boyd, C. Sarasola, and J. M. Ugalde, J. Phys. B 21, 2555 (1988).

[50] M. Breitenstein, H. Meyer, and A. Schweig, Chem. Phys. 124, 47 (1988).

[51] C. Sarasola, J. M. Ugalde, and R. J. Boyd, J. Phys. B 23, 1095 (1990).

[52] L. Dominguez, M. Aguado, C. Sarasola, and J. M. Ugalde, J. Phys. B 25, 1137
(1992).

[53] M. Aguado, C. Sarasola, L. Dominguez, and J. M. Ugalde, J. Mol. Struc.
(Theochem) 253, 311 (1992).

[54] C. Sarasola, L. Dominguez, M. Aguado, and J. M. Ugalde, J. Chem. Phys. 96, 6778
(1992).

[55] J. Wang, A. N. Tripathi, and V. H. Smith, Jr., J. Chem. Phys. 97, 9188 (1992).

[56] J. Wang, A. N. Tripathi, and V. H. Smith, Jr., J. Phys. B 26, 205 (1993).

[57] J. Wang and V. H. Smith, Jr., Int. J. Quantum Chem. 49, 147 (1994).

[58] J. Cioslowski and G. Liu, J. Chem. Phys. 105, 8187 (1996).

[59] X. Fradera, M. Duran, and J. Mestres, J. Chem. Phys. 107, 3576 (1997).

[60] A. J. Thakkar, J. Chem. Phys. 84, 6830 (1986).

[61] J. S. Dehesa, J. C. Angulo, T. Koga, and K. Matsui, Phys. Rev. A 47, 5202 (1993).

[62] J. S. Dehesa, J. C. Angulo, T. Koga, and Y. Kasai, Phys. Rev. A 48, 832 (1993).

[63] T. Koga, Y. Kasai, I. S. Dehesa, and J. C. Angulo, Phys. Rev. A 48, 2457 (1993).

[64] J. M. Ugalde and C. Sarasola, Phys. Rev. A 49, 3081 (1994).

[65] T. Koga, J. C. Angulo, and J. S. Dehesa, Proc. Indian Acad. Sci. (Chem. Sci.) 106,
123 (1994).

[66] H. A. Bethe and E. Salpeter, Quantum Mechanics of One- and Two-Electron Atoms
(Springer, Berlin, 1957).

[67] P. K. Kabir and E. Salpeter, Phys. Rev. 108, 1256 (1957).

[68] A. J. Thakkar and V. H. Smith, Jr., Chem. Phys. Lett. 42, 476 (1976).

[69] L. S. Bartell and R. M. Gavin, Jr., J. Chem. Phys. 43, 856 (1965).

[70] R. M. Gavin, Jr. and L. S. Bartell, J. Chem. Phys. 45, 4700 (1966).

[71] R. Benesch and V. H. Smith, Jr., Acta Cryst. A26, 586 (1970).

[72] R. Benesch and V. H. Smith, Jr., Int. J. Quantum Chem. 38, 413 (1970).

8

[73] K. Tanaka and F. Sasaki, Int. J. Quantum Chem. §, 157 (1971).

[74] A. J. Thakkar, A. N. Tripathi, and V. H. Smith, Jr., Phys. Rev. A 29, 1108 (1984).

[75] M. Takeuchi, M. Nagashima, K. Tanaka, S. Konaka, and M. Kimura, Int. J.
Quantum Chem. 30, 821 (1986).

[76] A. K. Jain, A. N. Tripathi, V. H. Smith, Jr., and A. J. Thakkar, Int. J. Quantum
Chem.: Quantum Chem. Symp. 21, 217 (1987).

[77] A. N. Tripathi, V. H. Smith, Jr., and A. J. Thakkar, Int. J. Quantum Chem. 35, 869
(1989).

[78] A. K. Jain, A. N. Tripathi, and V. H. Smith, Jr., J. Phys. B 23, 2869 (1990).

[79] H. Takeuchi, M. Nakagawa, T. Saito, T. Egawa, K. Tanaka, S. Konaka, and T.
Mitsuhashi, Int. J. Quantum Chem. 52, 1339 (1994).

[80] J. Wang, A. N. Tripathi, and V. H. Smith, Jr., J. Chem. Phys. 101, 4842 (1994).

[81] A. J. Thakkar and N. J. Moore, Int. J. Quantum Chem.: Quantum Chem. Symp. 15,
393 (1981).

[82] X. Fradera, M. Duran. and J. Mestres, Theor. Chem. Acc. 99, 44 (1998).

[83] K. E. Banyard and C. E. Reed, J. Phys. B 11, 2957 (1978).

[84] C. E. Reed and K. E. Banyard, J. Phys. B 13, 1519 (1980).

[85] P. K. Youngman and K. E. Banyard, J. Phys. B 20, 3313 (1987).

[86] K. E. Banyard and P. K. Youngman, J. Phys. B 20, 5585 (1987).

[87] K. E. Banyard and R. J. Mobbs, J. Chem. Phys. 88, 3788 (1988).

[88] K. E. Banyard, K. H. Al-Bayati, and P. K. Youngman, J. Phys. B 21, 3177 (1988).

[89] K. E. Banyard and J. Sanders, J. Chem. Phys. 99, 5281 (1993).

[90] D. R. T. Keeble and K. E. Banyard, J. Phys. B 30, 13 (1997).

[91] G. Doggett, Mol. Phys. 38, 853 (1979).

[92] J. M. Ugalde, J. Phys. B 20, 2153 (1987).

[93] J. Wang and V. H. Smith, Jr., J. Chem. Phys. 99, 9745 (1993).

[94] T. Koga and H. Matsuyama, J. Chem. Phys. 107, 10062 (1997).

[95] T. Koga and H. Matsuyama, J. Phys. B 30, 5631 (1997).

[96] H. Matsuyama, T. Koga, E. Romera, and J. S. Dehesa, Phys. Rev. A 57, 1759
(1998).

[97] T. Koga and H. Matsuyama, J. Chem. Phys. 107, 8510 (1997).

[98] T. Koga, H. Matsuyama, E. Romera, and J. S. Dehesa, Phys. Rev. A 57, 4212
(1998).

[99] T. Koga and H. Matsuyama, J. Chem. Phys. 108, 3424 (1998).

[100] T. Koga and H. Matsuyama, J. Phys. B 31, 3765 (1998).

[101] H. Matsuyama and T. Koga, Chem. Phys. Lett. 300, 515 (1999).

[102] H. Matsuyama and T. Koga, J. Phys. B. 32, 3371 (1999).

[103] T. Koga and H. Matsuyama, Int. J. Quantum Chem. 74, 455 (1999).




ACKNOWLEDGMENTS

The present thesis is the summary of the author’s studies carried out from 1996 to
1999 at the Department of Applied Chemistry of Muroran Institute of Technology.

The author wishes to thank Professor Toshikatsu Koga for his kind guidance,
encouragement, and many useful discussions throughout the course of the study. The
author is most grateful to Professor Kiyoshi Tanaka for his helpful discussions and for
giving me an opportunity to visit his group and to write the thesis. The author also
thanks Professor Shigehiro Konaka, Professor Kiyoshi Kato, and Associate Professor
Takeshi Noro for the critical reading of the thesis and valuable suggestions. The author is
thankful to the members of his Department of Applied Chemistry for their public help.

Finally, the author specially thanks my parents for their deep understanding and
continuous encouragement.

10

PART 1.
CHAPTER 1.

INTRODUCTION

The intracule (relative motion) and extracule (center-of-mass motion) densities are
a couple of electron-pair densities useful to analyze the motion of a pair of electrons in
atoms and molecules. The position-space intracule 7/(u) and its spherically averaged

h(u) densities are [1] the probability density functions for the relative vector u=r; - r,
and its magnitude u =|r; —r,|. On the other hand, the extracule E(R) and its
spherically averaged d(R) densities in position space represent [1] the probability
density functions for the center-of-mass vector R=(r;+r,)/2 and its magnitude
R=|r; +1,)/2. Analogously, the intracule 7(v) and its spherical-average # (V)
densities, and extracule E(P) densities and its spherical-average d(P) densities are
also [2] introduced in momentum space.

A special case of the intracule /(u) at u=0 or A(u) at u=0 defines the
electron-electron coalescence density 7(0) =Ah(0), which is the probability density of
finding any two electrons at the same position in space. The density appears in the
calculation of the relativistic [3] and radiative [4] corrections to the ground-state energy
of atoms and ions as well as in the realization of the electron-electron or correlation cusp

condition [5] of many-electron systems. Within the Hartree-Fock framework, an equality
h(0O)=<p>/4 holds [6] for closed-shell atoms and atomic ions, where

< p>zjdr[p(r)]2 is the average electron density, and p(r) is the one-electron

density. A special case of E(R) at R=0 or d(R) at R=0 yields the electron-
electron counterbalance density E(0) = d(0), which is the probability density of finding

any two electrons at opposite positions with respect to the origin (i.e., the nucleus in an
atom). No numerical results for the electron-electron counterbalance density are reported
from both Hartree-Fock and correlated calculations. In momentum space, we can also
define the electron-electron coalescence 7(0)=h(0) and counterbalance E (0) =d (0)

densities, and represent the probability densities for a pair of electrons to have exactly the
same and opposite momenta, respectively. The momentum-space electron-electron
coalescence and counterbalance densities have never been examined. The purpose of this
part is to report Hartree-Fock-limit values of the position- and momentum-space
electron-electron coalescence and counterbalance densities for atoms, and is to study
relations among these densities and the average electron density in both spaces.

In Chapter 2, we present [7] the electron-electron coalescence I1(0) and
counterbalance E(0) densities, and the average electron density < p > obtained from

the numerical Hartree-Fock calculations for the atoms He through Ne in their
experimental ground state. For a single Slater determinant wave function, these electron-
pair properties are shown to be exactly expressible in terms of the one-electron density
p(r). We examine the relations I(0)=(<p>-A;)/4 and E(0)=2(<p>-Af),
where A; and Ag are linear combinations of overlaps between two orbital densities,
that depend on the electronic configuration and the LS multiplet state of the atom under

S




consideration. For the atoms He through Ne, the explicit forms of A; and Ag are
derived.

In Chapter 3, we study [8] the electron-electron coalescence and counterbalance
densities, as well as the average electron density, of the atoms He through Xe in position
and momentum spaces. These electron-pair densities and the average one-electron
densities are computed by using the numerical Hartree-Fock method. The results are
discussed in terms of the atomic number, electronic configuration and subshell-pair
contributions.
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PART 1.
CHAPTER 2.

RELATIONSHIP AMONG ONE-ELECTRON, COALESCENCE AND
COUNTERBALANCE DENSITIES

1-2-1. INTRODUCTION
The intracule 7(u) and extracule E(R) densities are two important electron-pair

densities which provide us with profound understanding of the interaction among

clectrons in atoms and molecules (see, e.g., [1] for a review). For an N-electron system
(N =2), the intracule density 7(u) is defined by

/N—l N \
1@=(3 Y sla-G-7l), (1)
i=1 j=i+l /
where &(x) is the three-dimensional Dirac delta function. The intracule density 7(x)

represents the probability density function for an interelectronic vector #. On the other
hand, the extracule density E(R), defined by

N-1 N
E(R)={ ), D SR-(F+F)/2]), )
i=1 j=i+l
represents the probability density function for the center of mass R. In recent years,
there has been increasing interest in studies of the electron-pair densities, particularly of
the intracule density, for applications to various chemical and physical problems. These
studies include Hund’s rules [2,3], chemical bondings [4-6], Coulomb holes [7-12], and
correlation density functionals [13,14], for example. Efficient algorithms for the
calculation of I(@) and E(R) have also been developed [4,8,15-18].
A special case of the intracule density 1(&) for @ =0 gives the electron-electron

coalescence density (0), which is the probability density of finding any two electrons i
and j at the same position in space or r; =r;. Very recently, the electron-electron

coalescence density I(0) has received considerable attention for the analysis of
interelectronic interactions and several rigorous inequalities have been found [19-21]
among 7(0) and the interelectronic moments <u* > and <u®lnu>. Analogously, a
special case of the extracule density E(R) for R=0 defines the electron-electron

counterbalance density E(0), which represents the probability density of finding any
two electrons i and j exactly at the opposite (mirror) positions with respect to the origin
(i.e., the nucleus in atoms) or r; =—r;. To our knowledge, however, no studies have
been reported in the literature on the electron-electron counterbalance density E (()) X

In Chapter 2, we report theoretical structures of the electron-electron coalescence
I(0) and counterbalance E(0) densities for atoms in the Hartree-Fock approximation.

Both the mwo-electron properties 7(0) and E (0) are shown to be exactly expressible in
terms of the familiar one-electron density function p(r) and its orbital components

p; (r) . Some general inequalities are also derived. The explicit forms of 7 (0) and E (0)
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depend on the electronic configuration and the LS multiplet state of the atom under
consideration. For the atoms from He to Ne in their experimental ground state, the
expressions for /(0) and E(0) are derived and their values are determined by the

numerical Hartree-Fock method. The numerical results add approximate and empirical
relations among 7/(0), E(0), and the average electron density < p>. Hartree atomic

units are used throughout this chapter.

1-2-2. ELECTRON-ELECTRON COALESCENCE DENSITY

If an N-electron wave function is expressed by a single Slater determinant of N
spinorbitals ;(r)7; (o), the electron intracule density /(&) defined by Eq. (1) is

rewritten, due to the Condon-Slater rules, as

N-1 N
I@y= 3 > @) nm fa @} (3)
i=1 j=i+1
fi @) = [ vi G)w () - G - )Wk Fa)vi (o s 4)

where the Kronecker delta 5’%‘ my; is unity if the two spinorbitals i and j have the same

spin and zero if i and j have different spins.
Scttiilg u=0 in Egs. (3) and (4), we obtain the electron-electron coalescence
density 7(0) as

g’ N-1 N 1 N N
I0)= 2, D N~8pm, 16,1)= 22,2, (1= 8nymy 16.1) (5)
=1 j=i+1 f=1 =t
where
@,0)= [ 1o Pl (PMF = (i) (62)
and
pi (F) =y} (F)y; (F) (6b)

is the electron density of orbital i. Equation (5) shows that the electron-electron
coalescence density is the sum of overlaps between orbital densities with different spins.
The contributions from electrons with the same spin vanish corresponding to the Fermi
hole in the Hartree-Fock theory. Using the total electron density

N
p(F)=D. pi(F) , (7)
1=1
we can rearrange Eq. (5) as
10)= {<p>-Ar} | (8)
in which
N N
<p>=[lp@OPdr =Y. G,)) , (9a)
i=17=1
N N :
Apsgy Duldi 2o, o WD (9b)
i=1 =1
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As shown by Ugalde and Sarasola [21], the term A; in Eq. (8) is identically zero for
closed-shell systems. For open-shell systems, A; depends explicitly on the electron
configuration and on the orbital and spin angular momenta, but is always positive since
only the contributions from open-shell orbitals remain. In the Hartree-Fock
approximation, we thus have

10) < §<p>, (10)

where the equality holds for closed-shell systems and the inequality holds for open-shell
systems. The relation (10) has been mentioned also by Wang et al. [22] in their analysis
of intracule densities for a few ten-electron molecules. The detailed expressions for A;
will be presented in Section 1-2-4 for selected atoms.

Beyond the orbital approximation, the electron correlation works to separate
electrons each other, which would result in a reduction of the Hartree-Fock 1(0) value.
On the other hand, the Hartree-Fock one-electron density o(r) is known to be identical
to the exact correlated density to first order in the perturbation theory. Thus, we expect
that only the inequality in Eq. (10) holds for correlated wave functions. For two-electron
atomic systems in their ground 'S state, this conjecture is numerically verified using the
data given in Ref. [21].

In the case of atoms and atomic ions, the angular part of the integral (i,j) 1is

analytically carried out, since we can generally assume

Vi (7) = Ry ()Y, (6:9) (11)
where Y}, (0,¢) is a spherical harmonic. After some manipulation, we obtain
(i,)) = 4 (R ,R;) , (12)
where
i g 2 2
(Ri.Rj)= | “dr IR (OF IR () (13a)
2 em
‘ 2 2
45 = [ dg[ dOsin01Y, p, (0. HF ¥, (6.9)
in(21; ,21;)
o O Dy
gy G0N TS
4r
L=0
x(z,. l; Lj(l,- l; L](lj I Lj(lj l L) , (13b)
m -m 0/\O0 O O/\m; -m; 0)\0O 0 O
ity T Ygl]s : L
in which ( j denotes a 3j symbol. We note that the summation in Eq. (13b)
JRp g 153

runs only over even values of L.

1-2-3. ELECTRON-ELECTRON COUNTERBALANCE DENSITY y
For an N-electron single determinant wave function, the extracule density E(R)

defined by Eqg. (2) can be rewritten as

N-1 N
ER)= 2. D {8y Ry~ 8 8y (R} (14)
i=1 j=i+l




where
g (R) = [vi G (F)SIR - (7 +72) | 20w Py (o )drdF, . (15)

The electron-electron counterbalance density E(0) is a special value of E(R) for

—

= 6, and includes two basic integrals,

gii, i ) =8 lv; O ly; (-PF ar (16a)
gij,ji ) = 8] [wi )i (P)lw (-F)w ; (F)F . (16b)
For atomic systems with the spatial orbital (11), we obtain
Wi (~7) = R (1) (1 - 0,8+ 1) = (-1 y; (7) | (17)
and hence
gi,;i 0)=8G,)), ;i 0)=8-1""1G,j) . (18)

The electron-electron counterbalance density for atoms is finally obtained to be

& N-1 N =
E@)=83 21U o 1)

i=1 j=i+1
X I+

S BB FAES CX Vel R R (19)
i=1j=1

within the Hartree-Fock approximation. It is interesting to find in Eq. (19) that E (6)
has a structure similar to 7(0) [Eq. (5)] and is again expressed by the overlaps (i, j) of

two orbital densities. However, E(0) includes an additional factor (—1)l‘+lf and
depends on the azimuthal quantum numbers /; as well as the spin quantum numbers

my; .
Analogous to Eq. (8), we can rewrite Eq. (19) as
EM)=2<ps>~K5} . (20)
where
N N
Ap = > 1420 18 1 16,) - (21)
i=1j=1

The value of Ap is either negative, zero, or positive, depending on the electron
configuration and LS term of the atom under consideration. Even for closed shells, Ag
is not always zero. However, we find that the constant factor in front of the integral
(4,j) in Eq. (21) is —1 for different spins, —3 for the same spin with odd /; +!/ i and
+1 for the same spin with even [ +/;. We therefore expect that Ap would be

negative except for few-electron cases, as will be numerically confirmed in Section 1-2-4.
Comparison of the expressions for A; and Ag gives

N N
I +1; -
Ap~&p =23 -0 1o iy 2 0., (22)
i=1j=1
We thus obtain a general inequality relation,
E(0) > 81(0) . (23)
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1-2-4. NUMERICAL RESULTS .
Within the nonrelativistic framework and in the absence of an external field, the LS
multiplet states of an atom with a given electronic configuration are (2L+1)(25+1)-fold
degenerate with respect to the total energy, where L and S represent the total orbital and
spin angular momentum quantum numbers, respectively. In general, each of these
multiplets is expressed by a linear combination of a finite number of Slater determinants
in the Hartree-Fock theory. For the neutral atoms He through Ne in their experimental
ground state [23], we have examined the structure of the corresponding Hartree-Fock
wave functions and confirmed that there exists at least one set of specific z-component
M; and Mg values of L and S which results in a single determinant wave function.

Based on such single determinants, the detailed expressions for A; are derived and
summarized in Table 1. The simplified expressions of A; in terms of (R;,R;) are also
given in the table. We there observe that a particle-hole relationship holds for A;.
Similarly, Table 2 summarizes the explicit forms of A for the atoms He through Ne.

Comparison of the results in Tables 1 and 2 exemplifies the validity of the inequality (22).
A special case is found for He, Be, and their isoelectronic analogs, where only s

orbitals constitute a closed 1S shell. For these species, we have a peculiar relation,
Agp=A;=0 and %E(@):4I(6):<p>. (24)

The Li atom and its isoelectronic analogs constitute another special case. For these
species, we obtain

Ag =A;=(252s5) and %E(()) =4](0) =< p> —(25,25) . (25)

We have performed the numerical Hartree-Fock calculations of the quantities
<SPz, AKpe g 1(6), and E(ﬁ) by using a modified version of the program
MCHEF72 [24]. The results are summarized in Table 3 for the above-mentioned atoms. In

the table, we find examples of the equalities and inequalities discussed in Sections 1-2-2
and 1-2-3 and in the second paragraph of this Section. The (1s,ls) term gives a

predominant contribution to the average electron density <p>. Since
(Is,1s)=Z 2 (87) for a hydrogenic 1s function with nuclear charge Z, <p> 1is also

proportional to Z - approximately. We find A; is very small compared to < p>. Then
1(6)?_i—<p> (26)

is a good approximation within the Hartree-Fock theory. The accuracy of Eq. (26) is
more than 99% for all the first-row atoms. Except for the fewer-electron atoms He-Be,
the A value is negative as anticipated. However, its magnitude is considerably larger

than Aj, and therefore an approximation,
E)=2%p> . (27)
is no more than an estimate of E(0). The error of Eq. (27) increases with increasing Z,
and amounts to 11% for the Ne atom. Nevertheless, the combination of Eqs. (26) and
@7, i
2<p>=81(0)=E(0) , (28)

may be important, not only because it connects the one- and two-electron properties in a

£5n




very simple manner but also because p(r) is an experimentally measurable quantity.
Figure 1 illustrates the relation (28), where the slopes of the three lines are seen to be

close to +3, reflecting the Z : dependence. However, remind the rigorous relations (10)

and (23).
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E(0)
1.524832
6.274309

16.792516
35.507972
65.508782
110.203638
174.670465

—

Table 3. Numerical Hartree-Fock results for 2 < p >, 8/(0), and E(0).
263.142136
380.846559

81(0)
1.524832
6.274309

16.792516
35.033202
63.431965
104.486033
162.392345
340.337803

Ag
0.001960
-0.218991
-0.931900
-2.494066
->.836315
-11.493190 239.815585

-20.254378

0.018395
0.106509
0.364736
0.302746
0.170085

0

A
0
0.001960

0

Ay 5

1.524832
6.278230
16.792516
35.069991
63.644983
105.215506
162.997836
240.155756
340.337803

Atom
He
1
Be
B
3
N
O
F
Ne

x
(g Tg) + oy Ty} =
{(7d'se) + (Mg'se) + (Mde'sg) + (Wdgssm) + (0dgs) + (Mdgsplor- s, ‘04z 9N ol
1014 x
1@55&111@.&5i&m.ézmﬂu

(0dz*0dg) +{(Ide'st)e + (0dg'sg) + (Mde'se)e + (Wdzst)e + (O0dg'st) + (Hdgssn)zlg - d, ‘©dz 4 6
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PART 1.
CHAPTER 3.

COALESCENCE AND COUNTERBALANCE DENSITIES
IN POSITION AND MOMENTUM SPACES

1-3-1. INTRODUCTION
The mtracule /(u) and extracule E(R) densities, as well as their spherical

averages h(u) and d(R), are electron-pair densities useful to analyze and characterize

the motion of a pair of electrons in atoms and molecules [1-7]. For an N-electron system
(N = 2), the intracule densities /(u) and h(u) are defined by

1
I(u) = Z ST —rm . k)= [ dQ, 1), (1)
4
V=l R=j+1
where = (1,42, ) with' . =064, ), 5(1‘) 1s the three-dimensional Dirac delta
function, and the angular brackets ( ) stand for the expectation value. The intracule

densities /(u) and h(u) are the probability density functions for an interelectronic
vector u and its magnitude u, respectively. On the other hand, the extracule densities
E(R) and d(R) are defined by

/N 1 N \

E(R)= Z Z —(r;+1)/2] ) d(R)Ei”J‘ dQp E(R), 2)

/

and represent thc probabllltv density functlons for the center-of-mass vector R and its
magnitude R, respectively, where R =(R,Qp) and Qp = (6p,¢r) .

A special case of /(u) at u=0 or A(x) at u=0 defines the electron-electron
coalescence density /(0)=A(0), which is the probability density of finding any two
electrons at the same position. Analogously, a special case of E(R) at R=0 or d(R) at
R=0 yields the clectron-electron counterbalance density E(0)=d(0), which is the
probability density of finding any two clectrons at the opposite positions with respect to
the origin (i.e., the nucleus in atoms). The electron-clectron coalescence density A(0)
appears in the evaluation of the relativistic [8] and radiative [9] corrections for atoms and
molecules. Recently, the properties of the electron-clectron coalescence density A(0)
have been received increasing attention. Dehesa et al [10] have analytically derived upper
and lower bounds to A(0) in terms of interelectronic moments <u* > and B iy
where u,,, denotes the location of the maximum of the spherically-averaged intracule
density A(u) . Improved lower bounds have also been reported by Koga er al [11] by
using logarithmic moments <uFInu>. Ugalde and Sarasola [12] have shown that for

closed-shell systems, an equality

h(0) = }1<p> y (3)

holds within the Hartree-Fock approximation, where < p> is the average electron
density defined by <p>= fdr[ )] and p(r) represents one-clectron density

function. In a previous paper [13], we have shown that both for closed- and open-shell
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systems described by a single Slater determinant wave function, the electron-pair
densities A(0) and d(0) are exactly expressible in terms of the one-electron density
function p(r) and its orbital components p;(r). Morcover, we have proved that

inequalitics

h(0) < i <p> and Ah(0)< ;d(()) ; (4)

have general validity in the Hartree-Fock framework.
In spite of these increasing interests, neither accurate nor systematic values are
known for A(0), d(0), and <p >, except for some two-electron atomic systems. In

the chapter, we first point out that the momentum space electron-electron coalescence
1(0) =h(0) and counterbalance E(0)=d (0) densities can also be expressed exactly
by the one-clectron momentum density y(p) and its orbital components yj(p) Ina

manner Similar to their counterparts in position space. For the 53 neutral atoms He
through Xe in their ground state, we then report Hartree-Fock-limit values of the
clectron-clectron coalescence and counterbalance densities, in both position and
momentum spaces. Since the electron correlation is defined as the difference in the
clectronic motions in the Hartree-Fock and exact solutions within the nonrelativistic
framework, the present results on the clectron-pair densities are expected to be useful as
reference data in the study of electron correlations. The dependence of these densities on
atomic number is analyzed and the contributions from different pairs of atomic subshells
are discussed. Hartree atomic units are used throughout the chapter.

1-3-2. ELECTRON-ELECTRON COALESCENCE AND COUNTERBALANCE
DENSITIES IN HARTREE-FOCK THEORY

We assume that a wave function of an N-clectron atom is expressed by a single
Slater determinant of N spinorbitals w(r)n;(o). Integrating Eq. (1) over the spin

variables and setting u=0 give [13] the clectron-clectron coalescence density

NedoN
HO)=h0)= D, D [1=pm, 10:k) (5)
j=1k=j+1

in position space, where mg; and mg are the spin quantum numbers, é)‘msjmsk is the
Kronecker delta, and
(k)= [ dr[p; (0] = (K. ) (6)

m which p;(r) = y/‘;(r)q/‘j(r). Similarly, integrating Eq. (2) over the spin variables and

setting R=0 give [13] the electron-electron counterbalance density
N-1 N
- Lidle o ]
EOy=d =8 XG0 *a o KAk (7)
j=lk=j+1
where /; and /; are the orbital azimuthal quantum numbers. The average electron
density < p > can also be expressed by (j,k):
N N
<p>=[dr(pmP =Y (j.k) . (8)

j=1k=1
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For atoms and atomic ions, we can generally assume that a spatial function v ;(r)

is a product of radial R;(r) and spherical harmonic Yljmj (6,9) functions. Then, the

angular part of the integral (j,k) is analytically integrated to obtain
(J:k)=Aj (Rj, Ry ) ®)

where

(Rj’Rk)E_(:dr rR; (NP |Re (r)F (10a)

Aj = [ 9] a05in01Y, 1 0,1V, (0.0)F
min(21;,21; )
- i > @+na@mylmy) (10b)
[=0
in which a* (Im;0’m’) is the Condon-Shortley parameter [14].

A momentum-space N-electron wave function is given by the 3N-dimensional
Fourier transformation of the corresponding position-space wave function. Then the
Hartree-Fock wave function in momentum space has exactly the same determinantal
structure as that in position space, provided that a position orbital y; (r) is replaced

with the corresponding momentum orbital
¢ (p) = (27) 2 [ dr exp(=ip-1) wi (¥) - (11)
Expanding exp(—ip-r) in Eq. (11) by means of plane waves [15] and integrating over
the angular variable €2, , we find
b (D) = B (P)Ym, () (12)
where p = (p,€2,) and

Fe(p) = (- \F [Zar 2y, (o) Re(r) (13)
T <0

in which j;(pr) is the spherical Bessel function of the first kind. As a result, theoretical

structures of the electron-electron coalescence and counterbalance densities in the
Hartree-Fock approximation are essentially the same in position and momentum spaces.
Then all the position-space results [Egs.(5)-(10)] hold in momentum space as well, if we
replace h(0) with h(0), d(0) with d(0), p(r) with y(p), p;(r) with 7;(p),

<p> with <y >,and R;(r) with P;(p).

1-3-3. COMPUTATIONAL METHOD

Within the nonrelativistic framework and in the absence of an external field, the LS
multiplet states of an atom with a given electronic configuration are (2L+1)(25+1)-fold
degenerate with respect to the total energy, where L and S represent the total orbital and
spin angular momentum quantum numbers, respectively. Each of these multiplets is
expressed in general by a linear combination of a finite number of Slater determinants in
the Hartree-Fock theory. For the neutral atoms He through Xe in their experimental
ground state [16], we have first examined the structure of the corresponding Hartree-

Fock wave functions and confirmed that there exists at least one set of specific z-
component M; and Mg values of L and S that results in a single determinant wave

29

A




function, to which our method described in Section 1-3-2 can be applied.
For these ground LS terms of the 53 atoms, the Hartree-Fock radial functions
R;(r) in position space have been generated by the numerical Hartree-Fock method

based on a modified and enhanced version of the MCHF72 code [17]. A table of the

ground electronic configurations and LS terms examined in this study is found in a recent
work [18]. Then the radial integrals (R j» Ry ) have been computed numerically

according to Eq. (10a), and the coefficients A4 jk have been calculated by the use of the

parameters a* (Im;I’m’) given in the Slater’s book [19]. The values of A jk appeared in

the present study are summarized in Table 1. Calculations of A(0), d(0), and <p >

have been carried out based on Egs. (5), (7), and (8).
In momentum space, the radial position functions R j(r), generated by numerical

Hartree-Fock calculations, have been numerically Hankel-transformed [20] to obtain the
radial momentum functions P;(p) according to Eq. (13). Then h(0), d(0), and

<y > have been calculated in the same manner as in position space.

1-3-4. RESULTS AND DISCUSSION
Table 2 shows the electron-electron coalescence 4(0) and counterbalance d(0)

densities and the average one-electron density < p > in position space for the atoms He
to Xe in their ground state. The values of h(0), 4(0), and <p> increase
monotonically with increasing atomic number Z. Figure 1 depicts 8k(0), 4(0), and
2<p> as a function of Z. The validity of the inequalities (4) is confirmed in the table
and figure. An equality h(0) = <p > /4 holds for closed-shell atoms, i.e., the group 2
(Be, Mg, Ca, Sr), group 12 (Zn, Cd), and group 18 (He, Ne, Ar, Kr, Xe) atoms. Among
42 open-shell atoms, the largest difference between #(0) and < p > /4 is found for the
N atom (Z=7), but the relative error is only 0.69%. Thus, an approximation
h(0)=<p>/4 is [13] found to be very accurate for all the atoms He through Xe. On
the other hand, the difference between 8h(0) and d(0) increases with increasing Z, and
the relative error amounts to 27% for Xe. Thus, another approximation h(0) =d (0)/8

is [13] poor for a large Z.

Beyond the Hartree-Fock approximation, the effect of the electron correlation in
atomic systems may be classified into radial and angular contributions. The radial
correlation means that when one electron is close to the nucleus, the other electron tends
to be distant from the nucleus. Thus, the radial correlation is expected to reduce both
h(0) and d(0) from the Hartree-Fock values. The angular correlation implies that two
clectrons have a tendency to be on opposite sides of the nucleus. Then the angular
correlation will also decrease h(0), but may slightly increase d(0), compared to their
Hartree-Fock values. Our anticipation on the electron-electron coalescence density A(0)
is verified, if the present Hartree-Fock values in Table 2 are compared with the
correlated values for He [10,12], Li [21], and Be [22] atoms. To our knowledge,
however, no numerical results for the electron-electron counterbalance density d(0) are
reported from correlated calculations.

For an N-electron atom, there are N(N -1)/2 different spinorbital-pair
contributions to A(0), d(0), and <p >, but they can be grouped into subshell-pair
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contributions based on different (R;,Ry). Such a grouping into subshell pairs greatly
reduces the number of different pairs and facilitates the analysis of the origin of the
clectron-pair densities. For example, the Xe atom (Z=54) contains 1431 spinorbital pairs,
but there are only 66 subshell pairs. The subshell-pair contributions depend not only on
the number of electrons and their spins in the two subshells, but also on the values of
(Rj,Ry) and Aj . Figure 2 shows main subshell-pair contributions to /2(0) for the
atoms He to Xe. It can be seen from Fig. 2 that for all the 53 atoms the majority of A(0)

comes from a few pairs of inner subshells, 1s1s, 1s2s, 1s2p, and 2p2p, regardless of their
electronic configurations, where the magnitude of each contribution to A(0) decreases

in the order given above. Though the 1s1s subshell-pair contribution decreases gradually
with increasing Z, it amounts to about 56% cven for Xe¢ atom. Thus, the 1sls subshell
pair is found to give the largest contribution to A(0) for all the 53 atoms, from which it

: : 3 ; . )
follows that A(0) is proportional to Z~ approximately [13]. The main reason for the

predominant 1s1s contribution is that the electrons in the 1s1s subshell pair are confined
in a very small space around the nucleus compared with the electrons in other subshell
pairs, and hence the probability of finding two electrons at the same position is largest for
the 1s1s subshell pair.

The clectron-clectron coalescence 4 (0) and counterbalance d(0) densities and

the average one-electron density <y > in momentum space are given in Table 3 for the
atoms He to Xe in their ground state. Since the Hartree-Fock wave function in
momentum space has exactly the same determinantal structure as that in position space,
the counterparts of Eq. (4),

h(0) < i <y> and h(0)< éd(()) : (14)

hold in momentum space. The inequalities (14) are verified numerically in Table 3. Figure
3 shows 81(0), d(0), and 2<y > as a function of Z. In contrast to a smooth Z-
dependence of the position-space counterparts, the behaviors of A(0), d(0), and
<y > In momentum space are not simple against Z. However, the behaviors of these
three densities have a few common features. First, there is a steep rise when we move
from the group 1 atom to the group 2 atom for the second- through fifth-period. Second,
within the second- and third-periods, the &1 (0), d(0), and 2<y > values have a
trend to decrease from the group 2 atom to the group 18 atom, although it is subject to
exceptions. Third, the density values of the fourth- and fifth-period atoms with a singly-
occupied s orbital are smaller than those of other atoms with a doubly-occupied s orbital
in the same period. The Pd atom (Z=46) with 5504410 configuration also belongs to
this group.

Figure 4 depicts main subshell-pair contributions to /4 (0), where we have selected
contributions having more than 10% of the total value. The symbols s, p, and d stand
respectively for the outermost subshell (i.e., the occupied subshell with the largest
principal quantum number) of cach symmetry, and s means the second outermost s
subshell. We can see from Fig. 4 that the electron-clectron coalescence density h(0) in
momentum space is governed by a few pairs of outermost subshells, and depends largely
on the electronic configuration of cach atom. In momentum space, the electrons in an
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outermost subshell pair are confined in a small momentum space around the origin p=0,
and therefore the probability of finding two clectrons at the same momentum is largest
for an outermost subshell pair compared with an inner subshell pair. On the basis of
dominant subshell-pair contributions to /4 (0), the atoms He to Xe can be classified into

five types:

(1) For the group 1 atoms with a singly-occupied s orbital, 4 (0) comes mainly from ss’,
s'p, and pp subshell pairs. The last two contributions do not exist for the Li atom.

(i) For the group 13-18 atoms with an s2p” configuration (n=1-6), the ss, sp, and pp
subshell pairs give predominant contributions. The relative contribution of the ss pair

decreases with increasing n. The pp contribution appears only for n=4-6, since for n=1-3,
the electrons have parallel spins in the ground LS term and ‘5’"517"31( =1 in Eq. (5). The

sp contribution keeps almost the same relative significance for n=1-6.

(1i1) For the group 2-12 atoms with an s2d" configuration (n=0-10), only the ss subshell
pair gives a major contribution to /4 (0) .

(iv) The density A(0) of the four transition atoms Cu, Ru, Rh, and Ag with s'd”
configuration contains pd, dd, and s'd subshell-pairs, arising from the 3d or 4d subshell,

as main contributions. The Pd atom with Ss"44 " configuration belongs to this group, if
s'd is replaced with sd.
(v) The three transition atoms Cr, Nb, and Mo with the same electronic configuration

s'd” as the type (iv) atoms, however, do not have any dd contributions. Since the d
electrons in these atoms have parallel spins, it results that 5,,,\7‘,,,5‘1( =1 in Eq. (5) as seen

for some of the type (ii) atoms. Thus, the contributions from the pd and pp subshell pairs
are Important.

In a marked contrast to the clectron-electron coalescence density A(0) in position
space, the momentum-space counterpart /(0) has an intimate relation to the detailed
electronic structure of valence subshells. We therefore expect the applicability of the
quantity 4 (0) to chemical problems where valence electrons receive more interest than

core electrons, but we have to await further examinations.

1-3-5. CONCLUSION

Within the Hartree-Fock framework, we have shown that the electron-electron
coalescence and counterbalance densitics have the same theoretical structure in both
position and momentum spaces. For the atoms He through Xe in their ground state, we
have evaluated these densities as the sum of subshell-pair contributions using the
numerical Hartree-Fock method. In position space, the electron-electron coalescence and
counterbalance densities increase gradually with increasing Z. The position-space
coalescence density is strongly sensitive to electron pairs in inner subshells, particularly in
the 1s subshell, for all the 53 atoms. In momentum space, however, the electron-electron
coalescence and counterbalance densities are not simple functions of Z but reflect
sensitively the electronic configuration of an atom. The momentum-space electron-
clectron coalescence density has been found to be sensitive mainly to electron pairs in
outermost subshells.
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Table 2. Numerical Hartree-Fock values for A(0), d(0), and <p>

in position space. A(fn) means A x10~

Z Atom h(0) d(0) <p>
2 He 1.906040(-1) 1.524832 7.624160(-1)

. - 7.842886(-1) 6.274309 3.139115

Table 1. Values of Ajk for s, p, and d orbitals. The 4 Be 2.099065 1.679252(+1) 8.396258
' . s in 4.379150 3.550797(+1) 1.753500(+1)
values of /; and [; are given by the symbols s, p, and B 7.928996 6.550878E+1) 3.182249(+1)
; : ; . 7 N 1.306075(+1) 1.102036(+2)  5.260775(+1)
d of the orblt.als. I.n cases with two =+ signs, the signs 8 0 2.029904(+1) 1.746705(+2) 8'149892&1)
can be combined in any of the four possible ways. 9 F 2.997695(+1) 2.631421(+2) 1.200779(+2)
= 10 Ne 4.254223(+1) 3.808466(+2) 1.701689(+2)
o 11 Na 5.849903(+1)  5.319756(+2)  2.339975(+2)
Jj 'tk A my A jx 12 Mg 7.830212(+1)  7.215920(+2)  3.132085(+2)
__________________ 13 Al 1.022808(+2)  9.538015(+2)  4.091282(+2)
""""""""""""""""""" 14  Si 1.309020(+2) 1.233823(+3)  5.236336(+2)
) 0 0 1/ (4m) 15 P 1.646285(+2) 1.566934(+3) 6.585954(+2)
sp 0 i 1/ (47) 16 S 2.039659(+2) 1.958636(+3)  8.159280(+2)
A 2.493911(+2) 2.414632(+3)  9.975990(+2)
0 0 1/ (4n) 18 Ar 3.014123(+2) 2.940831(+3) 1.205649(+3)
pp +1 +1 3/(10m) 19 K 3.606117(+2)  3.542482(+3) 1.442448(+3)
+1 20 - Ca 4.274574(+2)  4.225141(+3) 1.709829(+3)
= 0 3/ (20m) 21 Sc 5.015596(+2)  4.984803(+3)  2.006292(+3)
0 0 9/ (20m) 23 T 5.838141(+2)  5.831902(+3)  2.335441(+3)
: 23V 6.747441(+2)  6.772562(+3 2.699470(+3)
sd 0 +2 1/ (4m) 24. Crt 7.740348E+2) 7.803559E+3; 3.097413(+3)
0 o | 1/ (4n) 25 Mn 8.845149(+2) 8.956925(+3) 3.540041(+3)
0 0 1/ (4m) ;6 Fe 1.002904(+3) 1.021703(+4§ j.gzééézgfg

7 Co 1.136048(+3) 1.159483(+4 .545314(+

pd i 2 9/ (28m) 28 Ni 1.278494§+3) 1.309678E+4) 5.114638(+3)
+1 1 3/ (14m) 29 Cu 1.431672(+3) 1.471603(+4)  5.726691(+3)
+1 0 5 30 Zn 1.599404(+3) 1.649831(+4)  6.397615(+3)
- / (28m) 31 Ga  1.780268(+3)  1.842805(+4)  7.121076(+3)
0 +2 3/ (28n) 32 Ge 1.975039(+3) 2.051416(+4)  7.900179(+3)
0 +1 9/ (287) 33 As 2.184289(+3) 2.276356(+4)  8.737219(+3)
R 34 Se 2.408589(+3)  2.518277(+4)  9.634402(+3)
0 0 11/ (28n) 35  Br 2.648530(+3)  2.777946(+4)  1.059414(+4)
dd 5 $9 5/ (147) 36 Kr 2.904710(+3)  3.056102(+4) 1.161884(+4)
N . 37 Rb 3.177814(+3) 3.353258(+4) 1.271126(+4)
+2 il 5/ (28n) 38 Sr 3.468357(+3) 3.670120(+4) 1.387343(+4)
+ 2 0 5/ (28n) 39 Y 3.775873(+3) 4.006201(+4) 1.510351(+4)
40 Zr 4.101403(+3)  4.362747(+4) 1.640567(+4)
) +1 5/ (14m) 41 Nb 4.444712(+3)  4.739536(+4)  1.777909(+4)
el 0 5/ (28m) 42 Mo 4.808056(+3) 5.139192(+4) 1.923270(+4)
' 43 Tc 5.192318(+3)  5.562779(+4)  2.076995(+4)
- Y 15/ (28) 44 Ru 5.595136(+3) 6.007543(+4)  2.238084(+4)
oot moad oo e et e o el e e e 45 Rh 6_019956(+3) 6.477571(+4) 2.408001(+4)
46 Pd 6.465405(+3)  6.971255(+4)  2.586162(+4)
47 Ag 6.935153(+3)  7.492982(+4)  2.774061(+4)
48 Cd 7.428463(+3)  8.041807(+4)  2.971385(+4)
49 In 7.945231(+3)  8.617976(+4)  3.178093(+4)
50 Sn 8.486431(+3)  9.222563(+4)  3.394574(+4)
51 Sb 9.052684(+3)  9.856325(+4)  3.621078(+4)
52 Te 9.644584(+3) 1.051994(+5)  3.857836(+4)
5% 1 1.026278(+4) 1.121427(+5)  4.105112(+4)
54 Xe 1.090790(+4) 1.194011(+5)  4.363159(+4)
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Table 3. Numerical Hartree-Fock values for A(0), d4(0), and <y >

g T
in momentum space. A(fn) means A s 1055,

Z Atom h (0) d (0) <y>

2  He 5.227634(-2) 4.182107(-1) 2.091054(-1)

3 Li 5.621598(-2) 4.497279(-1) 2.817850

4 Be 9.017376(-1) 7.213901 3.606950

5 B 5:341718(-1) 6.777763 2.311092

6 £ 3.505749(-1) 5.253693 1.621304 g ;

7 N 2.477194(-1) 4.074051 1.219273 ; S |

8 O 2.422993(-1)  3.81712s Lge0sstlm waw | 0 N bene o oo v T e R e b &

9 F 2.206360(-1) 3.381470 9.034653(-1) : : & 5 N

10 Ne 1.952452(-1) 2.940108 7.809809(-1) } 2 ’

11 Na 1.915248(-1) 2.468803 3.943123 5 S g <

12 Mg 1.623668 1.369023(+1) 6.494672 Py o -é

13 Al 1.281588 1.799804(+1)  5.743769 5

14 Si 9.982960(-1) 1.613866(+1)  4.831834 N »

15 P 7.973418(-1) 1.385073(+1)  4.127132 i T 9 B

16 S 8.923539(-1) 1.415341(+1)  3.919121 b o oy eres remrerrerm T T A D e Rty e o v v 1Y 1 g 2

17 el 8.826776(-1) 1.338274(+1)  3.624188 ~ - , | v ; <

18 Ar 8.304774(-1) 1.226868(+1)  3.321910 : | ; = =

19 K 8.117963(-1) 1.093112(+1)  8.710898 . | ; T i

20 Ca 3.507666 3.179204(+1)  1.403067(+1) r : : 5 S

21  Sc 2.981726 2.738318(+1) 1.195402(+1) - | ; ; : SER =

32 T 2.635225 2 434071 (+1) » , 1.058272(+1) ' ' f ‘ i .l

23V 2.360882 2.188685(+1)  9.505687 < i 3 5 0 4 3 <
24 Cr 4.396369(-1) 6.653380 3.965136 ACEILE TR O B R iy Sl b i e by o B0 b SRR Rt i S S R SRS 2 “, AAAAAA = % E A
25 Mn 1.955329 1.818473(+1) 7.917729 . 3 ? ; | o L 8 = 3
26 Fe 1.788039 1.666828(+1)  7.206050 | ; : ; e By
29° n 1.650423 1.539979(+1)  6.629462 ; ; ; ; ; Y "B o
28 Ni 1.530472 1.428766(+1)  6.133733 ; : ; | ; ; & = K |
29 Cu 3.442297(-1) 4.848305 2.980463 3 ? 1 3 3 1 1 W -
30  Zn 1.334066 1.245074(+1)  5.336262 ‘ | ’ j | W S
31 Ga 1.293751 1.874983(+1)  5.783383 | : : : 5 g ool G, 3
i) pe ] L RPTSSE 1) e GAESTEE. L ) F g - T v At o Sy % P b & é
33 As 1.032628 1.800833(+1)  5.284922 : | | | | it = |
34 Se 1.245516 1.981538(+1)  5.451668 ; ; ; : ; ; 2
35 Br 1.320446 2.006055(+1)  5.416957 4 o
36 Kr 1321922 1.955142(+1)  5.287687 P - :
37 Rb 1.345485 1.852499(+1) 1.184885(+1) Q; =

38 Sr 4.748083 4.501780(+1)  1.899233(+1) 7 =

39 Y 3.994346 FORBOIJCH L], = GBOEO0SL L) o o0 8 |\ L G e, S e e e i e v i

40 Zr 3.543539 3 SBO58 (T ) AP ARAOIBCLY . .. o =TT iR St s S \a 5

41 Nb 9.914573(-1) 1.536436(+1)  6.766255 o

42 Mo 9.114829(-1) 1.431043(+1)  6.251337 = o A =

43 Tc 2.723067 2.778212(+1)  1.117906(+1) et =) s

44 Ru 9.161103(-1)  1.358399(+1)  5.796848 S N N

45 Rh 8.920211(-1) 1.303959(+1)  5.604157 O 1 &

46 Pd 9.068429(-1) 1.334449(+1)  3.627372 3 | | 1 | ,

47 Ag 8.260112(-1) 1.187813(+1)  5.272984 1 | [ : | | o

48 Cd 2.078395 2.128471(+1)  8.313579 5 P o o O o e o

49 In 2.061967 2.978349(+1)  9.037582 — — —

50 Sn 1.920834 3.095423(+1)  8.982102 ¢ ¢

51 Sb 1.775089 3.031117(+1)  8.792788 [,,OI/] <d>z )7 )48

53" 2.128698 3.367295(+1)  9.229066

sy 2.286972 3.473581(+1)  9.360271

54 Xe 2.331602 3.456309(+1)  9.326408
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PART 1.
CHAPTER 4.

SUMMARY

The purpose of Part 1 is to examine the electron-electron coalescence and
counterbalance densities, as well as the average electron density, for atoms in position
and momentum spaces based on the numerical Hartree-Fock calculations. We have also
clarified several relations among these densities in both spaces, and analyzed the
dependence of these densities on atomic number Z based on the decomposition of total

density into subshell-pair contributions.
In Chapter 2, the electron-electron coalescence 7(0) =h(0) and counterbalance

E(0) =d(0) densities, as well as the average electron density < p >, in position space

have been derived for the atoms He through Ne in their experimental ground state, by
using the numerical Hartree-Fock calculations. We have found 7(0)=< p >/4 and

E(0)=2 < p> are good approximations within the Hartree-Fock theory. The equality

holds only for He, Be, and their isoelectronic species, where only s orbitals constitute a
closed 1S shell.

In Chapter 3, the electron-electron coalescence and counterbalance densities,
together with the average electron densities, are reported in position and momentum
spaces for the atoms He through Xe in their ground state. The numerical Hartree-Fock

method has been used to calculate these densities. In position space, the electron-
electron coalescence A(0) and counterbalance d(0) densities, and the average electron

density < p> increase monotonically with increasing Z. An approximation
h(0)=< p > /4 is found to be very accurate for all the atoms He through Xe within the
Hartree-Fock framework. Thus, the approximate relation allows us to estimate an
electron-electron coalescence density from an average electron density even for larger
atoms. The position-space coalescence density is strongly influenced by electron pairs in
inner subshells, particularly in the 1s subshell, for all the 53 atoms. In momentum Space,
the electron-electron coalescence /4 (0) and counterbalance d(0) densities, and the
average electron density <y > show periodic behaviors as a function of Z. The relations

h(0)<<y>/4 and h(0)<d(0)/8 hold for all the atoms in momentum space. A

decomposition of total density into subshell-pair contributions shows that the electron-
electron coalescence density 4 (0) is governed by a few pairs of outermost subshells.




PART 2.
CHAPTER 1.

INTRODUCTION

For an N-clectron system, P.-O. Lowdin defined [1] the two-electron density
I'(r;,ry) to calculate the expectation value of a two-electron operator. The two-
clectron density I'(ry,rp) is the probability density that electron 1 lies at r; and
electron 2 lies at r,, at the same time. It is difficult to visualize the two-electron density,
because I'(rj,rp) is a complicated function of six variables. One way to solve the

problem is to separate the motion of two electrons into the relative (intracule) and
center-of-mass (extracule) motions. The intracule 7/(u) and extracule E(R),
introduced by Coleman [2], are the probability density functions for the relative
u=r;—ry and center-of-mass R =(r;+r,)/2 vectors, respectively. The pioneering
work on the intracule density was done by Coulson and Neilson [3] who studied the
Coulomb hole in the helium ground state. Since then the intracule and extracule densities
of many atomic and molecular systems have been studied for the chemical and physical
problems [see, for example, Refs. 4 and 5]. In momentum space, the corresponding
intracule 7(v) and extracule E (P) densities are also introduced [4], and represent the

probability density functions for the relative v and center-of-mass P momentum
vectors, respectively. The momentum-space intracule and extracule densities have also
been used [4] for the investigations on the same problems as in position space, but
almost all the studies are limited to light atoms and a few simple molecules.

The purpose of this part is to present a theory of constructing the intracule and
extracule densities for atoms and atomic ions in position and momentum spaces. The
wave function is given by a Slater determinant or a linear combination of Slater
determinants. We apply the theory to neutral atoms, and examine the intracule and
extracule densities in position and momentum spaces based on the Hartree-Fock
calculations.

In Chapter 2, we present [6] the spherically averaged intracule densities A(x) in

position space and A (v) in momentum space for the atoms from He to Xe in their
ground state. The variables u and v are the interelectronic position and momentum
distances of any pair of electrons, respectively. The numerical Hartree-Fock method is
used to calculate these densities. The spherical averages h(u) and A (v) represent
probability densities of finding interelectronic position # and momentum v of an
electron pair, respectively. In position space, the intracule density h(x) is a
monotonically decreasing function for all the atoms. The momentum-space intracule
densities h(v) are found to be classified into three types according to the number of
local maxima and their locations. These different behaviors of the densities h(u) and

h(v) are studied in detail based on the contributions of electrons in a pair of atomic

spinorbitals and subshells.

In Chapter 3, two methods are presented [7] for the examination of interelectronic

moments <u* > in position space and < v* > in momentum space of atomic systems,

where <> stand for the expectation value. The first method uses the spherically

3 8

averaged intracule density, while the second method uses their characteristic functions.
The two methods are applied to the neutral atoms from He to Xe in their ground state.

The moments <uk> with k=-2 to +4 and <vk > with k=-2 to +3 are
calculated based on the numerical Hartree-Fock calculations. Some trends of these

interelectronic moments are also discussed as a function of atomic number Z.
In Chapter 4, spherically averaged extracule densities d(R) in position space and

d (P) in momentum space are [8] constructed and examined systematically for the atoms
from He to Xe in their ground state within the Hartree-Fock framework. The d(R) and

d (P) represent probability densities of finding center-of-mass radii R and P in position

and momentum spaces of an electron pair, respectively. In the Hartree-Fock
approximation, the individual spin-orbital-pair component of the extracule density has a
definite relation with the corresponding one of the intracule density, although the total
extracule and intracule densities are not related in a simple manner. The position-space
extracule density d(R) is a monotonically decreasing function for all the atoms. In

momentum space, however, the extracule densities d (P) are found to be classified into

two types according to the location of a maximum. These different behaviors of the
densities d(R) and d (P) are studied in detail based on the contributions of electrons in

a pair of atomic subshells and spin orbitals.
In Chapter 5, we report [9] the extracule moments < R* > in position space and

< Pk > in momentum space of atomic systems. The variables R and P are,
respectively, the position and momentum distances between the center-of-mass of any
pair of electrons and the coordinate origin. For the neutral atoms from He to Xe in their

ground state, the moments <R*¥> with k=2 to +4 and <P* > with k=-2 to
+3 are computed based on the numerical Hartree-Fock calculations. These extracule
moments are pointed out to have intimate relations with their partner intracule moments.

In Chapter 6, we present [10] a unified method which is presented for the
evaluation of the intracule and extracule densities in both position and momentum spaces
for wave functions expressed as a linear combination of Slater determinants. Detailed
expressions are developed for atomic systems where angular integrations can be
performed analytically. Interesting relations between atomic intracule and extracule
densities and between their moments are discussed. An illustrative application of the

result is given for the 1s2p 1p and 3P states of the helium atom. We report the singlet-
triplet differences in the extracule densities and in the momentum-space intracule density.
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PART 2.
CHAPTER 2.

HARTREE-FOCK INTRACULE DENSITIES

2-2-1. INTRODUCTION

The intracule (relative motion) and extracule (center-of-mass motion) densities are
a couple of particle-pair densities. For atoms and molecules, the elucidation of the
relative motion between a pair of electrons is a keystone in profound understanding of
their electronic structures. Therefore, the intracule density, in either its three-dimensional
or spherically-averaged form, is a convenient and powerful tool for such purpose. In
position space, the three-dimensional intracule density /(z) and its spherical average

h(u) of an N-electron system (N >2) are defined [1] by

N-1 N
@={y 3 «Sw—@—r"k)]\, (1a)
j=1k=ji+l /
iy (a0, 1) . (1b)
4

where u = (u,Q),), O6(r) is the three-dimensional Dirac delta function, and the angular
brackets < > stand for the expectation value. The intracule densities 7(z) and h(u)

represent the probability density functions for the relative position vector u and its
magnitude u, respectively. The two densities are normalized to the number of electron
pairs:

[ ai 1G2)= 4nj;odu w2 h(u)= N(N -1)/2 . (1c)
The momentum-space counterparts are defined, analogously to Eq.(1a-c), by
i IN-1 N
I@=(D, > 8[0-(B;-h)l) , (2a)
j=lk=j+1
. 1 *
h(v)=—[dQI©) , (2b)
4r
ks 0 9 =
j du](u)=4nj0 dvv? k()= N(N-1)/2 . (2¢)

where U= (v,Q,). The intracule densities /() and k(v) are the probability density

functions for the relative momentum vector v and its magnitude v, respectively.

The intracule densities in position space have been used for the analysis of several
physical and chemical problems such as Hund’s rules [2,3], chemical bonds [4-9],
Coulomb holes [10-16], and correlation density functionals [17,18]. The intracule
densities in momentum space have been applied [19-26] to the Coulomb correlation
problem. However, these studies were carried out only on a limited number of light
atoms and diatomic molecules based on basis-set-expansion wave functions, some of

which may not be sufficiently accurate.
In Chapter 2, we report accurate Hartree-Fock intracule densities A(x) in position

space and A (v) in momentum space for a series of 53 atoms from He (Z=2) to Xe
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(Z=54) in their ground state, where Z stands for atomic number. The numerical Hartree-
Fock method is used instead of the conventional Roothaan-Hartree-Fock or basis-set-
expansion method. Systematic analysis of the resultant intracule densities shows that in
position space, the intracule density A(x) is a unimodal function with a maximum at
u =0 for all the 53 atoms. In momentum space, on the other hand, the intracule densities
h(v) are found to be classified into three types; (i) 18 atoms have a unimodal density
with a maximum at v =0, (ii) 32 atoms have a unimodal density with a local minimum
at v=0 and a maximum at v>0, and (iii) 3 atoms have a bimodal density with a
primary maximum at v = 0 and a secondary maximum at v > 0. These different features
of the densities h(«) and h(v) are discussed in detail based on the contributions of
electrons in a pair of atomic subshells and of atomic spinorbitals. Hartree atomic units are
used throughout this chapter.

2-2-2. COMPUTATIONAL METHOD
2-2-2-1. THEORETICAL GROUND

We consider the case where a Hartree-Fock wave function of an N-electron atom
or atomic ion is expressed by a single Slater determinant of N spinorbitals j(r)njo)

and where the spatial orbital j(r) has a form,
V/j(F):Rj(r)Yljmj(Qr): 3)
in which ¥, (€2) is a spherical harmonic and 7 = (r,Q,) . Then, the Condon-Slater rule

(see, e.g., [27]) rewrites the spherically-averaged intracule density A(u), defined by Eq.
(1b), as a sum of contributions 4 j; («) from pairs of atomic spinorbitals j and :
jk P P

N-1 N
h@= 2, > hp@), €
j=1 k=j+1
I B L
B () = 272) jo ds 5% jo(us)H jx (s) , (5)
where j;(x) is the /-th order spherical Bessel function of the first kind and
H i (8) = H j ki (5) = Oy Hij i (5) (6)
in which the Kronecker delta 5msjmsk is unity if the two spinorbitals j and & have the

same spin and zero if j and k have different spins. The explicit forms of H jj kk and
Hy; ki appeared in Eq. (6) are obtained [28] as
min(21;,21; )

Hjw ()= D, @+Da (jmj;lme) Wi (s)Wi (s) (7a)
1=0
L+l

Hig i ()= D, QU+ Ijmjslmy) Wy (s)Wy; (s), (7b)

lzflj —lk ‘
where the summations run over every other integers between the specified values, the
symbols a* (Im;I’m’) and b* (Im;’m’) are Condon-Shortley parameters [29], and

Wi (5) = [ ~dr r2jy(sr) R} ()R (r) = Wigi s) ®)
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A momentum-space N-electron wave function is given by the 3N-dimensional
Fourier transformation of the corresponding position-space wave function. Then the

Hartree-Fock wave function in momentum space has exactly the same determinantal
structure as that in position space, provided that a position orbital yy () is replaced

with the corresponding momentum orbital
b (P) = 27) 2| dF exp(=ip-7) i (). ©)
Expanding exp(—ip-r) in Eq. (9) by means of plane waves [30] and integrating over the
angular variable €2, , we find the momentum orbital corresponding to Eq. (3) to be
b (B) = B (P)Yi,my (), (10)
where p =(p,€,) and

Pe(p) = (=)™ ﬁ [ Zar 2y, (or) Re ) - (11)
7w 70

Consequently, theoretical structures of the spherically-averaged intracule density are the
same in position and momentum spaces, and all the position-space results hold in

momentum space as well, if we replace h(x) with 2 (v) and R, (r) with P (p).

2-2-2-2. NUMERICAL PROCEDURE

Each of atomic LS multiplets is expressed in general by a linear combination of a
finite number of Slater determinants in the Hartree-Fock theory, where L and S represent
the total orbital and spin angular momentum quantum numbers, respectively. For the
neutral atoms He (Z=2) through Xe (Z=54) in their experimental ground state [31], we
have first examined the structure of the corresponding Hartree-Fock wave functions and
confirmed that among (2L +1)(2S +1) multiplets there exists at least one state with a

set of specific z-component M; and Mg values of L and S that results in a single

determinant wave function, to which our method described in Subsection 2-2-2-1 can be
applied.
For these ground LS terms of the 53 atoms, the radial functions R;(r) in position

space have been generated by the numerical Hartree-Fock method based on a modified
and enhanced version of the MCHF72 code [32]. A table of the ground electronic
configurations and LS terms examined in this study is found in Ref. [33]. Then the

products r’R j(r)Rg(r) of two radial functions have been numerically Hankel-
transformed to obtain Wy (s), by using the algorithm of Talman [34]. Following
Eqgs.(6), (7a), and (7b), we obtain the function H j;(s) as the sum of products of two

Wik (s) with appropriate coefficients. The parameters a* and b* have been taken from

the Slater's book [35]. An additional Hankel transformation [Eq.(5)] of the function
H j (s) gives the spherically-averaged intracule density A j ().

In momentum space, the position-space radial functions R;(r), generated by

numerical Hartree-Fock calculations, have been first Hankel-transformed to obtain the
momentum-space radial functions P;(p) according to Eq. (11). Then the same

procedure as in position space has been applied to derive k).

4 3
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2-2-3. RESULTS AND DISCUSSION
2-2-3-1. INTRACULE DENSITY IN POSITION SPACE

Figure 1 exemplifies the position-space intracule density h(u) for several atoms in
their ground state. Note that in this Section the densities are normalized to unity instead
of N(N-1)/2 for all the 53 atoms, in order to avoid large numbers and to facilitate
mutual comparison. The intracule densities of F and Al atoms decrease smoothly as u
increases. The densities of Mn, Kr, and Cd atoms are also monotonically decreasing
functions, but have shoulders. In the case of Kr atom, for example, a shoulder is
observed in the region 0.05<u <015. Analogous and systematic examinations show
that the intracule density h(u) in position space is a unimodal function with a maximum

at u =0 for all the 53 atoms considered in this study.
Table 1 summarizes the maximum height hmax =h(0) of A(u). The maxima

hmax increase gradually with increasing Z, and a formula h(0) = 0.0424Z Aol (Z-=1) is
found to be an excellent approximation. The intracule density A(u) at u=0 is called

[36] the electron-electron coalescence density and represents the probability density of
finding any two electrons at the same position. Detailed discussion on the property of the
electron-electron coalescence density 4(0) is found in Refs.[36-39]. The exact intracule
density h(u) must satisfy [13] the cusp condition A4’(0)=h(0), where
h’(u) =dh(u)/du . However, we find from Eq.(5) that A’(0) =0 within the Hartree-
Fock framework, and hence the Hartree-Fock intracule density does not satisfy the
correct electron-electron cusp condition.

A decomposition of the intracule density into subshell-pair contributions shows
that for all the atoms, the largest contributions to h(u) come from the four innermost
subshell-pairs 1sls, 1s2p, 2p2p, and 1s2s, which consist of 1,.:12,:15, and. 4

spinorbital-pair contributions, respectively, when fully occupied. For the Kr atom (Z=36),
Fig. 2 illustrates these four contributions out of the total 36 subshell-pair contributions.
The 1sls contribution is a unimodal function with a maximum at u =0 , and decreases
rapidly compared with the other main subshell-pair contributions. The value of the 1sls
contribution at w=0 is about six times larger than those of the remaining three
contributions, and the 1sls subshell-pair is seen to give a significant contribution in a
small u region. On the other hand, the 1s2p and 2p2p contributions are unimodal
functions with a maximum at » = 0.0672 and 0.0810, respectively, and these subshell-
pairs contribute to A(u) in the region where the 1sls contribution is small. The smallest
Ls2s contribution is a bimodal function with a primary maximum at u=0 and a
secondary maximum at = (0.1103. Thus, the subshell-pair decomposition clarifies that a
shoulder in h(u) appears mainly when the 1s2p contribution is enough large as seen
for Cd, Mn, and Kr atoms in Fig.1, whereas it does not appear when the contribution is

small as seen for F and Al atoms.

Figure 3 depicts typical spinorbital-pair contributions A jk(u) to h(u) in Kr atom,
where a total of 630 spinorbital-pairs exists. Figure 3(a) shows the contributions from
five spinorbital-pairs with different spins; 1salsS, Lsa2sf, 1sa2pyf, 2p_1a2p.f8,
and 2sa2pof. The lsalsfp pair gives a unimodal distribution with a maximum at

u =0, and its contribution is more than ten times larger than the other four contributions.
The 1sa2sf contribution is a bimodal function with maxima at u =0 and 0.1171. The
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Isa2pof contribution is unimodal with a maximum at w=0.0527. The last two

spinorbital-pair contributions are small compared with the first three spinorbital-pairs.
Figure 3(b) shows the contributions from four spinorbital-pairs with the same spin;
Isa2pga, lsa2sa, 2p_ja2p. a, and 2salpga. Note the different scales of the

ordinates in Figs.3(a) and 3(b). All these four contributions have unimodal distribution.s
with zero at =0 and with a maximum away from u =0. The property 4 (0)=0 is

valid for any contribution from spinorbitals j and £ with the same spin, because a
Hartree-Fock wave function properly takes into account the correlation motion between
electrons with the same spin (Fermi hole). The Fermi hole in Hartree-Fock intracule
densities is proved by the use of Egs. (5)-(8) together with an identity,
min(27;,21} ) 1+ 1

> @+ (mylmy) = D @+)b U myshmy) (12)

1=0 1=l 1|
for any /;,m;,l; ,my and the property [40] of the kernel of Hankel transformations

[, 45520109 s) = 2—’%50 —r'). (13)

»
Since the essential feature of spinorbital-pair contributions shown in Fig. 3 for the Kr
atom is the same for all the 53 atoms, we conclude that the position-space intracule
density A(u) is a unimodal function with a maximum at u =0 due to the predominant

Isalsf spinorbital-pair or 1s1s subshell-pair contribution.

2-2-3-2. INTRACULE DENSITY IN MOMENTUM SPACE -
Figure 4 exemplifies the momentum-space intracule density A (v) for the same

atoms examined in Fig.1 in position space. All the momentum-space densities are also
normalized to unity. In contrast with a single common modality observed for the
position-space densities, Fig.4 shows that in momentum space there are at least three
different types of modality in the intracule densities depending on atoms. The intracule
densities % (v) of Al and Mn atoms are unimodal functions with a maximum at v=0.

The intracule densities of F and Kr atoms are unimodal with a maximum at v = 0.7892
and at v=0.6395, respectively. The intracule density for the Cd atom is bimodal with
two maxima at v =0 and 1.2081.

A systematic examination of all the 53 atoms concludes that the momentum-space
intracule densities are classified into the following three types based on the number of
local maxima and their locations:

Type A. Unimodal intracule density with a maximum at v = 0. The next 18 atoms have
densities of this type: He, group 2 atoms, transition atoms (Sc-V, Mn-Ni, Y, and Zr)
with a doubly-occupied s orbital, and group 13 atoms.

Type B. Unimodal intracule density with a local minimum at v=0 and a maximum at
U>0. The next 32 atoms have Type B densities: group 1 atoms, transition atoms (Cr,
Cu, Nb, Mo, Ru, Rh, and Ag) with a singly-occupied s orbital, Pd, group 14-17 atoms,
and group 18 atoms except for He.

Type C. Bimodal intracule density with a primary maximum at v=0 and a secondary
maximum at v> 0. It also has a local minimum between the two maxima. Three atoms
Tc, Zn, and Cd have Type C densities.
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Table 2 summarizes the above classification of the momentum-space intracule density
h(v) together with the maximal subshell-pair contribution to it. If the subshell-pairs in
the table are grouped, five different subshell-pairs SS, SS°, SP, PP, and PD appear as
maximal contributions, where the symbols S, P, and D denote the outermost subshells of
the respective symmetries, and the symbol S’ the second outermost s subshell. Thus, it is
immediately seen that the momentum-space intracule density 4 (v) is governed by a few
outermost subshell-pairs and depends explicitly on the valence configuration of an atom,
in marked contrast to the position-space intracule density.

Table 3 tabulates the maximum value A,y =h(Vy,y) Of A (v) and its location
Umax Which characterize the distribution of the momentum-space intracule density.

When atomic number increases within a period, there is a trend that A, decreases
while vy,,, increases, although it is subject to several exceptions. A special case of

h(v) at v=0, h(0), represents [39] the electron-electron coalescence density in
momentum space, which is the probability density for the momenta p j and py of any

pair of electrons j and k to be exactly the same. Some discussion on the momentum-
Space electron-electron coalescence density is found in Ref.[39]. In the Hartree-Fock
approximation, a property %°(0)=0 is derived from the momentum-space counterpart
of Eq. (5).

For the Kr atom, Fig.5 illustrates five major subshell-pair contributions, 4p4ap,
4sd4p, 4sds, 3d4p, and 3s4s out of the total 36 subshell-pair contributions which
constitute / (v). These subshell-pairs consist respectively of 15, 12, 1, 60, and 4

spinorbital-pair contributions, when the subshells are fully occupied. The 4p4p, 4sdp,
3d4p, and 3s4s contributions have unimodal distributions with a maximum at v = 0.6356,
0.6534, 2.9009, and 1.0316, respectively. However, the 3d4p and 3s4s contributions are
small compared to the others. The 4s4s contribution is a unimodal function with a
maximum at v=0. The above behaviors of 4pdp, 4sdp, 4s4s, 3d4p, and 3s4s
contributions represent those of the outermost subshell-pairs PP, SP, SS, PD, and SS’
appeared in Table 2. Therefore, the analysis of these subshell-pair contributions clarifies
the relationship between the behaviors of the total intracule density and its maximal
subshell-pair contribution given in Table 2: When the SS subshell-pair contribution is
large, the intracule density belongs to Type A. When one of the subshell-pair
contributions SS’°, SP, PP, and PD is large, the density has the Type B behavior. The
Type C behavior of the intracule densities originates from a mixture of Type A and B
contributions from SS and SP subshell-pairs (Tc atom) or from SS and PD subshell-pairs
(Zn and Cd atoms).

Figure 6 exemplifies some spinorbital-pair contributions A ik (V) to h(v) for the
Kr atom. Figure 6(a) shows the contributions from seven spinorbital-pairs with different
spins; 3sadsf, 3d_jald f, 4sadsP, dsadpyf, 4p_1adp,f, 3dpadsf, and
3doadpyf. The first five spinorbital-pairs have Type A distributions, whereas the last

two spinorbital-pairs have Type B distributions. Note that when 3d orbitals participate,
the contribution of the spinorbital-pair is about 1/100 times smaller than that of the
4sa4sf spinorbital-pair. Figure 6(b) shows the contributions from six spinorbital-pairs

with the same spin; 3sadsa, Mdoadsa, 3dyadpoa, 3d_ja3d,«a, 4sadpya, and
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4p_jadp,qa. As discussed in the Subsection 2-2-3-1, the spinorbital-pair contributions

with the same spin have zero value at v=0 due to the Fermi hole in the Hartree-Fock
theory, and hence such spinorbital-pairs have Type B distributions necessarily. The three
contributions containing 3d orbitals are about 1/50 times smaller than the 4sa4pya and
4p_ja4p,a contributions.

The behaviors of spinorbital-pair contributions analyzed in Fig. 6 lead us to a
conclusion that in momentum space, spinorbital-pairs with different spins in the SS, SP,
PP, SS°, and DD subshell-pairs have contributions to Type A distribution, while all the
spinorbital-pairs with the same spin and spinorbital-pairs with different spins in the PD
and SD subshell-pairs have contributions to Type B distribution. A sum of these
contributions of constituent spinorbital-pairs, which explicitly depend on the electronic
configuration and the LS term, gives the subshell-pair contribution discussed before.

2-2-4. CONCLUSION
Within the Hartree-Fock framework, we have systematically examined the

structure of spherically-averaged intracule densities A(x) in position space and A4 (v) in

momentum space for the atoms He through Xe in their ground state. The numerical
Hartree-Fock method has been used to construct these intracule densities. The
contributions of subshell-pairs and spinorbital-pairs to the total intracule density have
been analyzed in both spaces. For all the 53 atoms, the position-space intracule density
has been found to be a unimodal function with a maximum at =0 due to the
predominant 1s1s subshell-pair contribution. In momentum space, however, the intracule
densities have been classified into three types based on their modalities. We have further
found that the different modalities in the momentum-space intracule densities originate
from a few outermost subshell-pairs. Thus, the momentum-space intracule densities give
us information about outer or valence electrons, whereas the position-space intracule
densities mainly reflect the character of innermost 1s electrons.

REFERENCES
[1] A.I. Thakkar, in Density Matrices and Density Functionals, edited by R. M. Erdahl

and V. H. Smith, Jr. (Reidel, Dordrecht, 1987), pp.553-581.
] J. Katriel, Phys. Rev. A §, 1990 (1972).
3] P.E. Regier and A. J. Thakkar, J. Phys. B 17, 3391 (1984).
] I L. Cooper and C. N. M. Pounder, Theor. Chim. Acta 47, 51 (1978).
] A.J. Thakkar, A. N. Tripathi, and V. H. Smith, Jr., Int. J. Quantum Chem. 26, 157
(1984).

[6] R.J. Boyd, C. Sarasola, and J. M. Ugalde, J. Phys. B 21, 2555 (1988).
[7] C. Sarasola, J. M. Ugalde, and R. J. Boyd, J. Phys. B 23, 1095 (1990).
[8] J. Wang and V. H. Smith, Jr., Int. J. Quantum Chem. 49, 147 (1994).

] C. A. Coulson and A. H. Neilson, Proc. Phys. Soc. London 78, 831 (1961).
] W. A. Lester, Jr. and M. Krauss, J. Chem. Phys. 44, 207 (1966).
[12] R. J. Boyd, Can. J. Phys. 53, 592 (1975).

[13] A. J. Thakkar and V. H. Smith, Jr., Chem. Phys. Lett. 42, 476 (1976).

[14] B. S. Sharma and A. J. Thakkar, J. Phys. B 17, 3405 (1984).

|
]
]
[9] J. Cioslowski and G. Liu, J. Chem. Phys. 105, 8187 (1996).
0
1

47




15] A. J. Thakkar, A. N. Tripathi, and V. H. Smith, Jr., Phys. Rev. A 29, 1108 (1984).

16] J. M. Ugalde and R. J. Boyd, Int. J. Quantum Chem. 27, 439 (1985); 29, 1 (1986).

17] B. S. Sharma and A. J. Thakkar, J. Chem. Phys. 83, 3577 (1985).

18] R. Colle and O. Salvetti, in Density Matrices and Density Functionals, edited by R.

M. Erdahl and V. H. Smith, Jr. (Reidel, Dordrecht, 1987), pp.545-552.

[19] K. E. Banyard and C. E. Reed, J. Phys. B 11, 2957 (1978); C.E. Reed and K. E.
Banyard, J. Phys. B 13, 1519 (1980).

[20] P. K. Youngman and C. E. Banyard, J. Phys. B 20, 3313 (1987); K. E. Banyard and
P. K. Youngman, J. Phys. B 20, 5585 (1987).

[21] J. M. Ugalde, J. Phys. B 20, 2153 (1987).

[22] K. E. Banyard and R. J. Mobbs, J. Chem. Phys. 88, 3788 (1988).

[23] K. E. Banyard, K. H. Al-Bayati, and P. K. Youngman, J. Phys. B 21, 3177 (1988).

[24] K. E. Banyard and J. Sanders, J. Chem. Phys. 99, 5281 (1993).

[25] J. Wang and V. H. Smith, Jr., J. Chem. Phys. 99, 9745 (1993).

[26] D. R. T. Keeble and K. E. Banyard, J. Phys. B 30, 13 (1997).

[27] 1. N. Levine, Quantum Chemistry. Fourth Edition (Prentice Hall, Englewood Cliffs,
NIJ, 1991), p.315.

[28] T. Koga and H. Matsuyama, J. Chem. Phys. 107, 8510 (1997).

[29] E. U. Condon and G. H. Shortley, The Theory of Atomic Spectra (Cambridge UP,
London, 1970), pp.175-176.

[30] A. Messiah, Quantum Mechanics (North-Holland, Amsterdam, 1961), Vol.1, p.497.

[31] C. E. Moore, Atomic Energy Levels. NSRDS-NBS 35, Vols.1-3 (Nat. Bur. Stand.
U.S., Washington, 1971); C. E. Moore, lonization Potentials and Ionization Limits
Derived from the Analysis of Optical Spectra. NSRDS-NBS 34 (Nat. Bur. Stand.
U.S., Washington, 1970).

[32] C. Froese-Fischer, Comput. Phys. Commun. 4, 107 (1972).

[33] T. Koga, Theor. Chim. Acta 95, 113 (1997).

[34] J. D. Talman, Comput. Phys. Commun. 30, 93 (1983).

[35] J. C. Slater, Quantum Theory of Atomic Structure (McGraw-Hill, New York, 1960)
Vol.1, pp.488-490.

[36] J. S. Dehesa, J. C. Angulo, T. Koga and K. Matsui, Phys. Rev. A 47, 5202 (1993).

[37] T. Koga, J. C. Angulo and J. S. Dehesa, Proc. Indian Acad. Sci. (Chem. Sci.) 106,
123 (1994).

[38] T. Koga and H. Matsuyama, J. Chem. Phys. 107, 10062 {19973,

[39] T. Koga and H. Matsuyama, J. Phys. B 30, 5631 (1997).

[40] G. Arfken, Mathematical Methods for Physicists, Third Edition (Academic,

Orlando, 1985), p.635.

b

4 8

Table 1. The maximum value A, =h(0) of the position-space intracule
density Aa(u). Note that A(u) is normalized to unity instead of N(N —-1)/2.
A(n) means A X 10" . All values in Hartree atomic units.

Z Atom Hovox 7  Atom Fnsx
2 He 19060(-1) 29 Cu 3.5263

3 Li  2.6143(-1) 30  Zn  3.6768

4 Be 3.4984(-1) 31 Ga  3.8285

5 B 43792(-1) 32 Ge  3.9819

6 C  5.2860(-1) 33 As  4.1369

7 N 6.2194(-1) 34 Se  4.2934

8.« O . 79497(-15 35 Br 44513

9 F  8.3269(-1) 36  Kr  4.6107
10 Ne 9.4538(-1) 37 Rb  4.7715
11 Na 1.0636 38  Sr 4.9337
12 Mg 1.1864 39 Y  5.0956
130 B - 48103 4000 Tr 14 52532
14 Si  1.4385 41 Nb  5.4204
15 P 15679 .42 Mo  5.5843
16 S 1.6997 430 Te wre 57501
17 o (Gl 218338 44 Ru  5.9145
18  Ar  1.9700 45 Rh  6.0808
19 K  2.1088 46 Pd  6.2468
20 Ca 2.2498 47 Ag  6.4155
21  Sc  2.3884 48 Cd  6.5855
£ I iy 49 In  6.7561
23V 26670 50 Sn  6.9277
24 Cr  2.8045 51 Sb  7.1001
25  Mn 2.9484 595 - “Te . 32734
26  Fe  3.0920 53 1 7.4476
27  Co 3.2366 54 Xe  7.6226

28 N 385




Table 3. Characteristics v, and A, =/ (Upax ) Of the maximum of the
momentum-space intracule density 4 (v). Note that % (v) is normalized to
unity instead of N(N -1)/2. A(n) means A X 10" . All values in Hartree

: : i . atomic units.
the maximal subshell-pair contribution to it. < =

Table 2. Classification of the momentum-space intracule density /4 (v) and

Z Atom Type Subshell-pair Z Atom Type  Subshell-pair o S0 S imax L sieny . Vg fimax
B Hle . P ER g 3p3d 2 He 0 5.2276(2) 29 Cu 12700  12871(3)
1 L B i s g Al e 3 Li 06169 22831(-2)  30° Zn O 3.0668(-3)
a A 3 B i % m i) Ik 4 Be 0 1.5029(-1) 31  Ga 0 2.7823(-3)
5 B 2 54 L e 05 e 5 B 0 53417(2) 32 Ge 04000  2.4957(3)
6 C B 252p 33 R0k B 4s4p 6 C 0.2887 2.3508(-2) 835 As 0.5651  2.3772(-3)
7 N B 252 e h o 7 N 06593 12921(:2) 34  Se 05466 2.4614(3)
g 0 B 252 R e A e 8 O 0.693¢ 9.1906(-3) 35  Br 05764 2.4227(-3)
9 F B 2p2p 36 Kr B 4pap 9 E 0.7892  6.5112(-3) 36 Kr 0.6395 2.3184(-3)

10 Ne B 2p2p 37 Rb B 4pap 10 Ne 0.9307 4.6838(-3) 37 Rb 0.5808  2.7381(-3)

SV R A 1M ome ssay 3w 0 sma

| 3 o g : y : .

g xg 2 i:iz 3(9) ; i 2:2; 2 AL 1.6431(2) 40 Zr O 4.5430(3)

R i ol el A 14 Si 03637 1.1523(-2) 41 Nb 0.8152 1.9564(-3)

15 p B 2535 A S B 4pad 15 P ().§593 9.0608(-3) 42b Mo 0.8946  1.7502(-3)

6 S B 33p 7 et | i 16 S 05542 81491(-3) 43° Tc 0 3.0156(-3)

17 C] B 3p3p 44 T B apad 17 Cl  0.6010 7.0225(-3) e Ru 0.9851 1.4710(-3)

TR o ey B 3p3p 45 R B 4pad 18 Ar 0.6856  5.9494(-3) 45 Rh  1.0374  1.3487(-3)

19 K B 3p3p 46  Pd B 4pad 19 K 0.6337 6.4968(-3) 46 Pd 1.1505  1.1469(-3)

20 Ca % Lol 47 Ag B 4pad 20 Ca- 0 1.8461(-2) 47C Ag 1.1509  1.1384(-3)

T i L i 8 4 C el 21 Sc 0 1.4199(-2) 48 Cd 0 1.8425(-3)

oA oS i S o s W S ¢ 1.1408(-2) 49 In 0 1.7534(-3)

kit Bimi. Sxp | 2 ElgpdReEE bams e

e s S -B 3p3d 51 Sb B 5s5p ~ - ~ -

28 M K L L L. 555p 25  Mn 0 65178(3) 52 Te 05210 1.8089(-3)

%  Fe A gt s - 5p5p 26 Fe 0 55017(-3) 53 1 0.5429  1.8408(-3)

97 Lo A dods S4 . e B Spsp 27 Cc.) 0 4.7021(-3) 54 Xe 0.5903 1.8277(-3)

28 Ni A 4s4s 28 Ni 0 4.0489(-3)

a. The Zn atom has a local minimum Ay =11683(~3) at vy = 11059 and

a secondary maximum A,y = 11741(=3) at vy = 13507.
b. The Tc atom has a local minimum A, =16760(-3) at vy = 08252 and
a secondary maximum A,y = 16763(=3) at vpyax = 0.8796.
C. The Cd atom has a local minimum A = 1.0680(=3) at vpin = 08300 and

a secondary maximum A,y = 1.0948(-3) at vpax =1.2081.
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Fig. 1. Examples of the position-space intracule density A(u).
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Fig. 2. Major subshell-pair contributions to the position-space intracule density /(u)
of the Kr atom (Z=36).
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Fig. 3. Major spinorbital-pair contributions to the position-space intracule density h(u)
of the Kr atom (Z=36). (a) Pairs with different spins. (b) Pairs with the same spin.
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Fig. 5. Major subshell-pair contributions to the momentum-space intracule density

h(v) of the Kr atom (Z=36).
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Fig. 6. Major spinorbital-pair contributions to the momentum-space intracule density
h(v) of the Kr atom (Z=36). (a) Pairs with different spins. (b) Pairs with

the same spin.
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PART 2.
CHAPTER 3.

HARTREE-FOCK INTRACULE MOMENTS

2-3-1. INTRODUCTION

The knowledge on the relative motion of a pair of electrons is important to
elucidate the electronic structures of atoms and molecules. One of its concrete results is
the electron-electron repulsion energy, which directly affects the total energy of the
system. Beyond the orbital approximation, the difference in the interelectronic motions
from the Hartree-Fock or independent-particle solutions is called the electron correlation,
which is a subject of extensive examinations in contemporary quantum chemistry.

In the formalism of density functions and matrices, the relative motion of arbitrary
two electrons in position space is embodied by the intracule density/(u) (sece, e.g.,
Ref.[1] for a review). For an N-electron system (N >2), the intracule density I(u) is

defined by

/N-1 \
I@)=( Y Z S~ (7; —rk>1> (1a)
\ j=1k=j+1

where o(r) is the three-dimensional Dirac delta function and the angular brackets < )
stand for the integration over all the spatial and spin variables of the N electrons. The
intracule density /(u) is the probability density function for an interelectronic position
vector u, and has been used, together with its spherical average A(u) where u =|u], in

several physical and chemical contexts such as Hund’s rules [2,3], chemical bonds [4-7],

Coulomb holes [8-13], and correlation density functionals [14,15]. For an extensive
bibliography, see Refs.[1,4,10,13]. Algorithms for the calculation of /(x) have been

developed by several researchers [4,5,9,16-19] for Roothaan-Hartree-Fock or basis-set-
expansion wave functions. The interelectronic moments <u” > associated with the

intracule density are also of physical significance, not only because they characterize the
distributions /(z) and h(u) but also because some of them are directly related to

fundamental physical properties; < R represents the electron-electron repulsion
energy and <u> the average interelectronic distance, for example.

Definition exactly analogous to Eq.(1a) applies to the momentum-space intracule
density (D),

\
1(0)= /Z S 8- G-l (1b)

] k=4l //

which is the probability density function for an interelectronic momentum vector v . The
spherical average h(v) and the interelectronic momentum moments <v” > follow
accordingly where v=|v|. Intracule studies of the Coulomb correlation from the

momentum space viewpoint have also been reported [20-25].
The purpose of Chapter 3 is to determine accurate Hartree-Fock values of

interelectronic moments <" > in position space and <v” > in momentum space for
atoms. These data are expected to be highly useful for the studies on the electron

5 8

correlation which always refer to the Hartree-Fock values. In the next section, two
methods are developed for this purpose: The first method evaluates the moments using
the spherically-averaged intracule densities 4(x) and h(v) in a standard manner, while
the second method determines the moments from the characteristic functions H(s) of
h(u) and H(t) of h(v). In Section 2-3-3, computational details are given for the
application of these methods to the atoms He through Xe in their ground state, in
combination with the numerical Hartree-Fock technique. The numerical results are
presented and discussed in Section 2-3-4 for the moments < u” > with n=-2 to +4 and

<v" > with n=-2 to +3. Hartree atomic units are used throughout this chapter.

2-3-2. INTERELECTRONIC MOMENTS IN HARTREE-FOCK THEORY
As can be anticipated from the definitions of the intracule densities 7(x) in

position space [Eq.(1a)] and [ (V) in momentum space [Eq.(1b)], theoretical structures
of the interelectronic moments in the Hartree-Fock approximation are essentially the
same in position and momentum spaces. Thus the following three subsections describe
two alternative methods for the evaluation of interelectronic position moments in some
detail, and the last subsection explains the correspondence to the momentum-space
counterparts.

2-3-2-1. STRUCTURE OF INTRACULE DENSITY
Using the kernel of Fourier transformations, the three-dimensional Dirac delta
function &(r) can be expressed as

SF)=(27) " j d5 exp(is - 7). )
Then the intracule density /(x) defined by Eq.(1a) is rewritten as
(i) = (27) > j d5 exp(is - @) F(5), (3a)
N-1 N
FIF = Z Z <exp(—i§ 7 ) exp(+is -1y )> : (3b)
j=1 k=j+1

The function F(5) is related to x-ray scattering cross-sections [26,27] in the Waller-

Hartree theory and to high energy electron scattering cross-sections [27] in the first Born
and binary encounter approximations.

For a single Slater determinant wave function composed of N spinorbitals
y;(r)n;(o), the function F(s) is rearranged, by the Condon-Slater rules (see, e.g.,

Ref.[28]), as

N-1 N
FO)= Y 2 Af5 0@ - nmy T )} (4a)
J=1 k=j1+1
where
fix()= | dF exp(+is Py (v (), (4b)

and mg (=+1/2 or —1/2) denotes the spin quantum number of the spinorbital j.

e,
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Equation (3a) with (4a) is essentially identical to that derived by Wang and Smith [19],
but the spin contribution is missing in their result.
For atoms and atomic ions, we can generally assume that the spatial orbital w ;(r)

has a form,
Wj(F):Rj(r)Yljmj(Qr)’ (5)
where Y7,,(€2) is a spherical harmonic and 7 = (r,€2,) . Then, using an expansion [29]
00 +/
exp(+HS F) =4z ) D i ()W (Qs)Yim(Q) (6)
[=0 m=-I
with j;(x) being the /-th order spherical Bessel function of the first kind, we find that
o &}
o TABL| £y A [ 1 . .
fjk {§)= - 47[2 i'V2+1lc (ljmjalkmk )Yl,mj —my, (QS)WZIjk (s), (7a)
[=0
where
= n . 5
Wi (5) = | dr r" j(sr) R} (N Ry (1), (70)

and ¢ is the Condon-Shortley parameter [30].

2-3-2-2. MOMENTS FROM SPHERICALLY-AVERAGED INTRACULE
DENSITY
The spherically-averaged intracule density /(u), defined by

hw)=(4m) | a9, 1@), (8)
can be expressed as a Hankel transform of a function H(s),
W) = 277! (:Ods 52 jo(us)H(s), (9a)
where
H(s)=(4m) | a9 F(3)
W=~ IN
= Z {Hjj,kk (8) = Om gy Hij (S)}, (9b)
j=1 k=j+1
in which
Hij a(s) = (4m) | dQ f55) fu ). (9¢)

From Eq.(7a), the explicit forms of Hj; 3 and Hy; ;i appeared in Eq.(9b) are
obtained as
min(2/;,21; )

. [ 4
H ji kx (s}= Z (2l +1a (Ijmj slemy ) Woiji Wi (5), (10a)
[=0
L+

Hyg ()= > @I+Db (Ujmlumy ) Wapi (s) Wagi (5, (10b)
l:l[] ”‘Ik t

where the summations run over every other integers between the specified values. The
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symbols a' and b' arc Condon-Shortley parameters [30] defined by
al(/jmj ylerny ) = c[(/jmj;ljmj- )cl(lkmk slemy ), (11a)
b[(ljmj;lkmk) = [cl(ljmj;lkmk )]2, (11b)
and the function Wik (s) is given by Eq.(7b).
The interelectronic moments < u” > are then obtained by

/ \ o0 ey
("= | diu"1(@) = 4,7[0 du " (), (12)

where n>-3 and <u’> is equalto N (N —1)/2, the number of electron pairs.

2-3-2-3. MOMENTS FROM CHARACTERISTIC FUNCTION
Equation (9a) implies that the function H(s) is the characteristic function of the

spherically-averaged intracule density /4(u). Then the interelectronic moments < T
can be directly obtained from the characteristic function H(s) for an integer value of z.
Combining Egs. (9a) and (12), and interchanging the order of integrations with

respect to u and s, we find
\ o0 o0 '
f;v‘u" )=(2/ 7r)J'O ds SZH(S) [j'o du u”‘+2j0(su)] : (13)

As shown previously [31-33], the integration with respect to u can be performed by
using techniques of generalized functions. The results are :

For n=-2:
R e :
A : ds s H(s) . (14a)
Bor in= -1
9 *)
wl= (z/n)jo ds H(s). (14b)
For a nonnegative even integer n:
n
W= (-)2(n+DHM(0) . (14c)
For a positive odd integer n:
o -
f\/u" J=(=1) 2 | ) (n +1)[ ds st H™ (s) | (14d)
\ \r 0

where H)(s) is the n-th derivative of the function H(s) . The above results show that

the calculation of the moments <u” > with a nonnegative even n is particularly simple,
since they are proportional to the value of H ("(s) at s=0. Especially,
HO) =<u’>= N(N-1)/2.

A derivative of H(s) reduces to a combination of derivatives of the functions
Whijk () through Egs. (9b), (10a), and (10b). Then the relation

d

s U Wpira-1,jk ) = U+ DWW h 1141,k (9] (15a)

Vanjk (s)= 0] +1
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is useful, which can be applied recursively. We also note that
o0 " v
Wik (0) :"“)fo dr r" R} (r)Ry (r), (15b)

where ¢;; is the Kronecker delta.

2-3-2-4. INTERELECTRONIC MOMENTS IN MOMENTUM SPACE

The Hartree-Fock wave function in momentum space has exactly the same
determinantal structure as that in position space, provided that the one-electron spatial
function wy (r) is replaced with

b () = n) 2 [ aF exp(-ip-F) vy (7). (16a)

For the position-space atomic orbital given by Eq.(5), the corresponding momentum-
space orbital is

b (P) = B (D) m, (), (16b)
where p=(p,Q2,) and

Bp)= (0 = [ar 12y (o) Rer) (16¢)

Then all the position-space results in the previous subsections hold in momentum space
as well, if we replace Wi (s) with

anjk(t)zf;o dp p" j1(1p) P; (P) B (P), (17)
(@) with [(U), F(5) with F(7), fjx(5) with fix (@), h(u) with h(v), H(s) with

H(t),and <u”" > with <v" >.

2-3-3. COMPUTATIONAL METHOD

Within the nonrelativistic framework and in the absence of an external field, the LS
multiplet states of an atom with a given electronic configuration are (2L+1)(2S+1)-fold
degenerate with respect to the total energy, where L and S represent the total orbital and
spin angular momentum quantum numbers, respectively. Each of these multiplets is
expressed in general by a linear combination of a finite number of Slater determinants in
the Hartree-Fock theory. For the neutral atoms He (Z=2) through Xe (Z=54) in their
experimental ground state [34], we have first examined the structure of the
corresponding Hartree-Fock wave functions and confirmed that there exists at least one
set of specific z-component M; and Mg values of L and S that results in a single
determinant wave function, to which our methods described in Section 2-3-2 can be
applied.

For these ground LS terms of the 53 atoms, the radial functions R j(r) in position

space have been generated by the numerical Hartree-Fock method based on a modified
and enhanced version of the MCHF72 code [35]. A table of the ground electronic
configurations and LS terms examined in this study is found in Ref.[36]. Then the

products r"R j(r)Ry (r) of two radial functions and a power of r have been numerically

Hankel-transformed to obtain Waiik (8), by using the algorithm of Talman [37].
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Following Egs.(9b), (10a), and (10b), we obtain the characteristic function H(s) as the

; " . [
sum of products of two W, (s) with appropriate coefficients. The parameters a and

b’ have been taken from the Slater's book [38]. An additional Hankel transformation
[Eq.(9a)] of the function H(s) gives the spherically-averaged intracule density A (u).

For the interelectronic moments in momentum space, the position-space radial
functions R;(r), generated by numerical Hartree-Fock calculations, have been first

Hankel-transformed to obtain the momentum-space radial functions P;(p) according to

Eq.(16¢). Then the same procedure has been applied as in position space to derive the
functions W (¢), H(t),and h(v).

2-3-4. RESULTS AND DISCUSSION

Table 1 summarizes the interelectronic moments <u” > in position space for the
atoms He through Xe in their ground state. Note that to avoid large numbers, the
moments have been divided by N(N —1)/2 and they show average values for a single
pair of electrons. For all the 53 atoms, we have used the first method described in
Section 2-3-2-2 for the moments with n=-2 to +4, and the second method described in
Section 2-3-2-3 for the moments with n=-2, -1, +2, and +4. Based on the comparison
of the two sets of moment values, we have judged that the present results have the
accuracy of 7 significant figures as given in Table 1.

An interelectronic moment <u” > with a positive n generally decreases with an
increasing atomic number Z, but the behavior is quite irregular except for the second
period atoms. Figure 1(a) exemplifies the Z-dependence of the average interelectronic
distance <wu >. Within a period, the <wu > value has a trend to decrease from the group
1 atom to the group 18 atom, and there is a jump when we move from the group 18
atom to the group 1 atom of the next period. This behavior can be roughly understood
by the distance of electrons in the innermost 1s and outermost orbitals. The maxima in
the second through fifth periods are found for the Li, Al, Ca, and Sr atoms, respectively,
and the Li atom has the largest <u > among the 53 atoms. On the other hand, the
minima in the four periods are observed for the Ne, Ar, Cu, and Pd atoms, respectively,
and the Pd atom has the smallest <u > among the 53 atoms.

A moment <u" > with a negative n generally increases with an increasing Z.
Figure 1(b) shows the behavior of <1/u >, which is equal to the electron repulsion
energy when multiplied by N(N —1)/2. The moment <1/u > is smallest for Be and
largest for Xe among the 53 atoms studied. It may be interesting to note that in Fig. 1(b),
<1/u > for the atoms Li through O is smaller than that of He, though the clectron
repulsion energy monotonically increases with Z. The corresponding situation is also
seen for <u > depicted in Fig. 1(a).

In some cases, the knowledge on the contribution of a pair of electrons in the
innermost 1s orbital is useful. For this purpose, we have examined the helium-like atoms
with nuclear charge Z in the Kellner approximation [39] which uses

Ry (r) = 28772 exp(=¢r) with ¢ =Z —(5/16). We find




3
h(u) = —=— (4¢%u® + 64u + 3) exp(~2Lu) | (18a)
24rn
and
<u>:—}?~ , <1/u>:5§, (18b)
16 8

for example. Thus, it is clear that the Z-dependence of the interelectronic moments
<u" > cannot be estimated only from the 1s electron pair, particularly for a positive #.

. . n s . .
The mterelectronic moments <v” > in momentum space are summarized in Table

0

2, with our normalization scheme <uv" > =1, based on the duplicate calculations by the

two methods. In contrast to the position moments <u” >, however, we could not

4

determine sufficiently accurate values for the higher moments < v>> and <v >, due

to a slow decay of A (v) for a large v as will be explained below for the He atom with

the Kellner approximation.

n . v . . .
A moment <v” > with a positive n increases monotonically as Z increases. As
Fig. 2(a) exemplifies the results for <v >, the Z-dependence is very smooth in marked
contrast with <w> or <1/wu>. In fact, In<v> and InZ have a correlation

coefficient 0.999813 and < v > =12724Z%%408 i found to be a good approximation for

2<Z <54. An analogous fitting is also possible for <v®>. A moment <uv” > with a
negative n generally decreases with increasing Z. However, the Z-dependence is less
regular compared to the moments with positive n. Figure 2(b) shows the results for
o i o

Though we expect some reciprocal nature between the position <u” > and

momentum < v” > moments as seen in Figs. 1 and 2, the physical interpretation of the
interelectronic momentum moments is not very clear. We need more accumulation of the
momentum-space knowledge on the electronic structure of atoms.

The Kellner approximation P (p)= (2355 /71)1/2(1)2 +§2)_2 for helium-like

atoms gives,

_ 160 3u* + 88702 +1584¢4

h(v) (19a)
372 (s 42230
and
<v>:§§, <1/v>:vl, (19b)
9 2n¢

for example. Equation (19a) suggests v® decay of h(v) for a large v, which should be
compared with an exponential decay of A(x) given by Eq. (18a). This makes accurate

determination of higher moments <v” > difficult. Equation (19a) also shows that

<v" > with n>5 does not exist at least for the Kellner approximation of helium-like
atoms. As has been the case of position moments, Eq. (19b) shows that the contribution
of a pair of 1s electrons is not sufficient to explain the Z-dependence of the momentum
moments.

Few interelectronic moments <u” > and <v” > are known from beyond-
Hartree-Fock calculations. For the He, Li, and Be atoms, Table 3 collects the
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interelectronic moments from explicitly-correlated near-exact wave functions and
compares them with the Hartree-Fock values obtained in this study. For the He and Be

atoms, the electron correlation decreases <u” > with negative n and increases <u” >
with positive n in position space. As shown by Coulson and Neilson [8] in their
pioneering work, this is consistent with the observation that the electron correlation
shifts the density in A(x) from a small  to a large u region. For the Li atom, however,

all the moments <u” > are larger in the Hartree-Fock approximation, and the above
simple interpretation dose not apply. Though the number of available data is very limited,

the interclectronic moments <v” > in momentum space show a similar trend; all the
Hartree-Fock moments < uv” > shown in Table 3 are larger than the corresponding near-
exact values. Using the radial function 470°h (v), Banyard and coworkers [20,21,23]
have shown that in momentum space, the electron correlation in He and Li accumulates

the density in an intermediate v region with the corresponding reduction of the density in
small and large v regions. This observation in 4 (v) is consistent with the correlation

effects on <v” > and suggests that there is some noninteger value of n for which

<v" > is larger in the correlated calculations.

2-3-5. CONCLUSION
Within the Hartree-Fock framework of atoms, we have developed two alternative

methods for the calculation of interelectronic moments <u” > in position space and

<v" > in momentum space. The first method uses the spherically-averaged intracule
densities /#(x) and h(v), while the second method uses their characteristic functions
H(s) and H(t).

The two methods have been applied to the atoms from He to Xe in their ground
state, and the moments <u” > with n=-2 to +4 and <v” > with n=-2 to +3 have
been reported based on numerical Hartree-Fock calculations. The present results are
expected to be useful as reference data in the study of electron correlations.

Our examination of these moments as a function of atomic number Z has shown
that many moments do not reveal a simple Z-dependence, and a decomposition of the
moments into the contributions from orbital pairs is needed for better understanding.
Such a study is planned in our laboratory.
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Table 1. Interelectronic moments in position space. Note that the normalization is <u®>=1 instead of NN-1)/2.
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A(=n) means AX 10%,
Z Atom NN-1)2 <> <o < a> ar> <>

1 1. 842045 1. 025769 1. 362124 2 369657 5. 008853 1. 245529(+1)
3 1. 677431 7.603070¢-1) 2 896363 1. 242138(+1)  6.527813(+1) 3 956954(+2)
6 1. 756103 7.481907(-1) 2 520086 & 658386 3 636297(+1) 1. 7813T7(+2)
10 1. 886959 7.830123(-1) 2 222331 6. 619682 2 421727(+1) 1. 046183(+2)
15 2 073204 8 506431(-1) 1.917449 4, 832279 L 484951(+1) 5. 361584(+1)
21 2 301207 8 309238(-1) 1.672125 3 626246 Q. 542776 2 942971+
28 2 582897 1. 016280 1. 500203 2 921076 6 935719 1. 940480(+1)
3% 2 899849 1. 106908 1. 352630 2 370463 5 074617 1. 283455(+1)

45 3 250292 1. 200866 1. 227692 1. 547525 3 775010 8 655417
) 3 484627 1. 200308 1. 617740 4, 983532 2.400595(+1)  1.4T7092(+2)
66 3 706840 1. 209337 1. 679690 4, 966032 2 0T7471(+1) 1. 069504(+2)
78 3 912255 L. 214701 1. 744749 3 237130 2 169535(+1) L. 106213(+2)
9l 4 113106 1. 227540 1. 703145 4. 704018 1.722239(+1)  7.611725(+1)
105 4 311845 1. 245557 1. 633726 4 126810 1. 345636(+1) 5. 234538(+1)
120 4. 509004 1. 265699 1. 573801 3 726412 1. 127381(+1) 4 065517(+1)
136 4 707637 1. 289611 1. 505104 3 322547 9, 274726 3 076283(+1)
153 4 908583 1. 316490 1. 435486 2 955539 7. 622386 2 327061(+1)
171 5. 079045 L. 313635 1. 690053 5 440157 2 820008(+1)  1.957289(+2)
190 5. 242334 1. 314124 L 758886 5. 693502 2 T16466(+1) 1. 638068(+2)
210 5. 414971 1. 335330 1. 685094 5. 097587 2 261870C+1) 1. 274922(+2)
21 5. 592152 1. 361157 1. 610374 4. 591169 1. 926061(+1) 1. 034019¢+2)
253 8 T13076 1. 383418 1. 540508 4. 160791 1. 661452(+1) & 550843(+1)
216 5 971771 1. 436084 1. 377699 3 167549 1. 096611C+1) & 126964(+1)
300 6 147662 1. 451678 1. 414733 3 469950 L. 274136(+1) 6 115030¢+1)
325 6. 342561 1. 483550 1. 350541 3 186487 L 120104(+1) 5 173117G:D)
351 6. 542860 1. 517028 1. 309418 2 337770 9. 934065 4. 438193(+1)
378 6. 7482T7 1. 551579 1. 261639 2 717684 8 864034 3 840028(+1)
406 6. 978952 1. 603223 1. 158092 2 236620 6. 792330 2 908350¢+1)
435 7. 175190 1. 623550 1. 174817 2 347317 7. 176526 2 947599(+1)
465 7. 364096 1. 637953 1. 219690 2 667298 8. 083768 4 149951(+1)
456 7. 548997 1. 652764 1. 224340 2 6277137 8 357384 3 426721(+1)
528 7. 733514 1. 667754 1. 215478 2 5163%4 7. 432553 2 T61716¢+1)
561 T. 914248 1. 681936 1. 209029 2 4403204 6. 946141 2. 456146(+1)
595 & 093607 1. 696655 1. 194537 2 341782 6. 305502 2 096704(+1)
630 8 271891 1. 711854 L. 175738 2 221338 5. 665336 1. 768659(+1)
666 & 437482 1. 713732 1. 326144 3 710426 L 847075(+1) 1 299861(+2)
703 8. 588882 1. 716328 1. 386402 4. 021955 1. 897786(+1) 1. 178820(+2)
741 & 760641 1. T24501 1. 371603 3 781681 1. 645510C+1)  §. 380832(+1)
780 & 922300 L. 735538 1. 347403 3. 530872 1. 47457(+1) 7. 779878(+1)
820  8.087856 1. 753305 1. 265347 2 885209 1. 006280C+1) 4 687806(+1)
861 8. 248890 1. 766746 1. 236891 2 702857 8 883270 3 543142¢+1D
903  8.4057T8 1. T73516 1. 268071 2 954222 1.056335(+1) 5 046334(+1)
946 9. 572881 1. 794050 1. 154871 2 472531 1. 126381 3 322735(+1)
990 Q. 734873 1. 808819 1. 172853 2. 364154 T. 244773 3 082659(+1)
1035 9. 903434 1. 831262 1. 0959¢7 1. 868412 4. 321056 1. 281934 (+1)
1081 1. 006040(+1) 1. 840178 1. 129076 2. 166649 6. 417279 2 705045(+1)
1128 1. 021478(+1) 1. 848491 1. 145822 2. 2TT425 6. 920346 2 876561(+1)
1176 1. 036549(+1) 1. 854409 1. 178295 2 526898 & 495899 3 912141(+1)
1225 1. 051428(+1) 1. 860813 1. 188644 2 540301 & 196630 3 480232(+1)
1275 1. 066131(+1) 1. 867480 L. 188703 2. 492538 7. 631739 2 993517(+1)
1326 1. 080631(+1) 1. 873803 1. 190065 2 471834 7. 369206 2 783022(+1)
1378 1. 094992(+1) 1. 880471 1. 185399 2 413098 6. 925701 2 487876(+1)
1431 L 109227(+1) 1887438 1. 177090 2 339506 6. 437069 2 14182(+1)

- 11757C-1)
. 89428(-1)
. 12593

. 80074(-1)
. 46725C-1)
. 14163(-1)
2.54249(-1)
2. 04701C-1)
1.66081(C-1)
1.56621(-1)
2.48110¢-1)
2.36444(-1)
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. 108698
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. 87042(+1)
. 53116(+1)
- 13890(+1)
78225(C+1)
-47215C+1)
. 20845(+1)
.96143(+1)
. 73749(+1)
. 53362(+1)
. 35151(+1)
. 19140(+1)
. 00500(+2)
. 09304(+2)
. 18327(+2)
. 27455(+2)
. 36723(+2)
.46146(+2)
. 55756(+2)
.65546(+2)
. 75533(+2)
- 85679(+2)
. 85890(+2)
- 06488(+2)
- 17170C+2)
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. 39086(+2)
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. 96319(+2)
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. 32264(+2)
. 45283(+2)
.58398(+2)
. 71600(+2)
. 84894(+2)
. 98278(+2)
. 11743(+2)
. 25298(+2)
. 38942(+2)

Table 2. Interelectronic moments in momentum space. Note that the normalization is <v°>=1 instead
of N(N-1)/2. A(*n) means AX 10*",
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-581136(-1)
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.283651(-1)
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. 656897(-1)
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Table 3. Comparison of Interelectronic moments from

Hartree-Fock and near-exact wave functions.

Atom Moment Hartree-Fock Near-Exact
Position Space
He A/u®> . 842045 1. 4647712
A/w 1. 025769 0. 945818?
> 1. 362124 1. 4220707
W 2. 369657 2. 516439
wu 5. 008953 5. 30801°
T 12. 45529 12. 9813
Li A/u®> 1. 677431 1. 460692°
<1 /w 0. 760307 0. 732737°
< 2. 896363 2. 889476¢
T 12. 42138 12. 28270°
wu> 65. 27813 64. 27°
W 395. 6954 387. (¢
Be fu®> 1. 756103 1. 589487"
1/w 0. 748191 0. 729116
w 2. 520086 2. 545279°
w?> 8. 659386 8. 80816¢
T 36. 35297 37.0718"
> 179. 1377 181. 685"
Momentum Space
He 1/v?> 0. 811757 0. 795508
1/v> 0. 688027 0. 68666
> 2. 058629 2. 02918
%> 5. 72336 . 48928
Li > 2. 654390 2. 6344"
w2y 9. 91030 9. 7062"
a. Ref. [40] b. Ref. [41] c.Ref. [42] d. Ref. [43]
e. Ref. [44] f. Ref. [45] g. Ref. [46]
h. Ref. [21,23]
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Fig. 1. Interelectronic position moments <u > and <1/u> as a function of
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atomic number Z. Note that the normalization <u >=1 is used.
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PART 2.
20 CHAPTER 4.

(a) ' HARTREE-FOCK EXTRACULE DENSITIES

15 1 | 2-4-1. INTRODUCTION
The electronic relative-motion (intracule) 7(u) and center-of-mass-motion

(extracule) E(R) densities, introduced by Coleman [1], are a couple of electron-pair
densities useful to elucidate the motion of a pair of electrons in atoms and molecules (see,
e.g., [2] for a review). The intracule density /(u) and its spherical average h(u) are the
probability density functions for the relative vector u and its magnitude u, respectively.
They have been used in several physical and chemical contexts, particularly in relation to
the electron correlation problem (see references given in Refs.[2-4]). The momentum-
space counterparts [(v) and h(v) have been introduced as well. Accurate Hartree-

Fock values of the intracule moments <u" > in position space and <v” > in
_ , momentum space have been reported [3] recently for the atoms from He to Xe in their
0 ‘ | ground state, together with a systematic examination [4] of the spherically-averaged

0 10 20 30 40 50 intracule densities («) and A (V).
The extracule density E(R) in position space represents the probability density

z function for the center-of-mass vector R, and is defined by
N-1 N \
ER)=( D> > S[R-(rj+1)/2]), (1a)
0.8 j=lk=j+1
‘ for an N-electron system (N >2), where S(r) is the three-dimensional Dirac delta
o ; (b) ? function and the angular brackets stand for the expectation value. The spherical average
d(R) of E(R) is defined by
0.6 1
d(R) = __j dQp E(R) , (1b)
4
where (R,Qp) with Qp =(0g,4g) are spherical polar coordinates of the vector R.
Q 0.4 By definition, the extracule densities E(R) and d(R) are normalized to the number of
2 CRETL R NP LR, G LT UL B e T R S e
= . electron pairs,
o 0}
j d,RE(R):47rIO dR R*d(R)=N(N-1)/2 , (1c)
0.2 and contain information about the location of electron pairs. The momentum-space
: extracule density E (P) and its spherical average d (P) are defined analogously by
N N-1 N \
EP)=( D, > S[P-(p;+px)/2]), (2a)
0 1 | j=1k=j+1 /
£ 1 L
0 10 20 30 40 50 d(P)=, | dQp E(P) , (2b)
T o0 —
Z | dPE(P):47zjo dP P> d(P)= N(N-1)/2 , (20)

Fig. 2. Interelectronic momentum moments <v> and <1/v> as a function

of atomic number Z. Note that the normalization <’ B o ok o e SEaig)s e I M md ) e

>=1 is used. ) 9 ; .
probability densities for the center-of-mass momentum vector P and its magnitude P,
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respectively.
Evaluation of accurate Hartree-Fock values of the electronic extracule moments

<R" > and < P" > has been performed [5] very recently for the atoms He through Xe
in their ground state. However, only a few studies are reported on the extracule densities
of specific atoms and molecules (see references given in Ref.[S]). Moreover, all these
studies are based on basis-set-expansion wave functions, and no accurate and/or
systematic results concerning the distribution of extracule densities are known even for
atoms.

In Chapter 4, we report accurate Hartree-Fock extracule densities d(R) in

position space and d (P) in momentum space for a series of 53 atoms from He (Z=2) to

Xe (Z=54) in their ground state, where Z stands for atomic number. The numerical
Hartree-Fock method is used instead of the conventional Roothaan-Hartree-Fock or
basis-set-expansion method. The next section explains the theoretical structure of the
extracule densities in position and momentum spaces. It will be also clarified that a spin-
orbital-pair component of the extracule density has a definite relation with the
corresponding component of the intracule density in the Hartree-Fock framework. In
Section 2-4-3, the computational details are described and in Section 2-4-4 the results
are presented and discussed. A systematic analysis shows that in position space, the
extracule density d(R) is a unimodal function with a maximum at R =0 for all the 53

atoms. In momentum space, on the other hand, the extracule densities d (P) are found

to be classified into two types; (i) 42 atoms have a unimodal density with a maximum at
P =0, and (ii) 11 atoms have a unimodal density with a local minimum at P =0 and a
maximum at P >0. These different features of the densities d(R) and d (P) are

discussed in detail based on the contributions of electrons in a pair of atomic subshells
and of atomic orbitals. Hartree atomic units are used throughout this chapter.

2-4-2. THERETICAL STRUCTURE OF EXTRACULE DENSITY
2-4-2-1. EXTRACULE DENSITY IN POSITION SPACE

We consider the case where a Hartree-Fock wave function of an N-electron system
is expressed by a single Slater determinant of N spin-orbitals i ; j(r)nj(o). Then, using

the Condon-Slater rule (see, e.g., [6]), we can rewrite the spherically-averaged extracule
density d(R), defined by Eq. (1b), as a sum of contributions d jk(R) from pairs of

spin-orbitals j and &:

N - N
d(R)= Z Z *(R) (3)
J=1 k=j+
djx(R)=(4/n%)[ " dsszjo<2Rs)D}-k OF ©
where j;(x) is the /-th order spherical Bessel function of the first kind and
Dk ()= Djj 1k (5) = O ymyy Dk ki (5) (5a)
is the characteristic function of d jk (R), in which
Dy (s) = (4m) | dQ £ (9) fir(s) - (5b)

=~
[SaN

fix(s)= J dr exp(+is- r)t,//;(r)u/k (r) = fri (=5) - (5¢)
In Eq.(5a), the Kronecker delta 5msjmsk is unity if the two spin-orbitals j and k have the

same spin and zero if j and k have different spins. If we further restrict ourselves to
atomic systems where the spatial function y;(r) has a form,
V()= R ()Y (D), (6)
with Y;,, () being a spherical harmonic and r=(r,€2,), the explicit forms of Dj; xx
and Dy appeared in Eq. (5a) are obtained [5] as
min(2/;,21; )

Diu@®= > @+Da'{lm 3 k) Wy (Wi () (7a)
[=0
lj+lk
Dipsi(9)= (DTS @b ) W () Wy (), (7D)

1={l; 1y |
where the summations run over every other integers between the specified values, the
symbols o (Im;I’m’) and b* (Im;1’m’) are Condon-Shortley parameters [7], and

Wi ()= [ " dr r2y (sr) B} ()R (r) = Wigg (s) - (®)

2-4-2-2. EXTRACULE DENSITY IN MOMENTUM SPACE .
A momentum-space N-electron wave function is given by the 3N-dimensional

Fourier transformation of the corresponding position-space wave function. Then the
Hartree-Fock wave function in momentum space has exactly the same determinantal
structure as that in position space, provided that a position orbital yy (r) is replaced

with the corresponding momentum orbital
d (p) = (27) 2| dr exp(-ip 1) v (1) )
Expanding exp(—ip-r) in Eq. (9) by means of plane waves [8] and integrating over the
angular variable Q,, we find the momentum orbital corresponding to Eqg. (6) to be
b (B) = B (P)Yi,m, (). (10)
where p=(p,2,) and

P (p)=(-D)* ﬁ [ ar iy, (o) Re) - (11)

Consequently, theoretical structures of the spherically-averaged extracule density are the
same in position and momentum spaces, and all the position-space results explained in
Subsection 2-4-2-1 hold in momentum space as well, if we replace d(R) with d(P)

and Ry (r) with B (p).

2-4-2-3. RELATION BETWEEN EXTRACULE AND INTRACULE DENSITIES
There are some general relations between the extracule dj (R) and intracule

hjx () density components arising from two spin-orbitals j and k. Comparison of the

structure of extracule densities given in Subsection 2-4-2-1 with that [4] of intracule

19
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densities shows that the two components of their characteristic functions satisfy

N
Djj g (8) = Hjj g (8) . D g ()= (=1)7 % Hyj 4i (5) . (12)
We immediately obtain
d (R) = 8hj; (2R) , (13a)

if mg #mg orif mg =mgy and I; +[; =even, and

d 5 (R) = 8h 3 (2R) +(8/ z2) jO ds 5% jo(2Rs) Hy i (5) (13b)
if mg =mg and [+l =odd. Thus the intracule and extracule densities are not

completely independent as suggested previously [5,9]. A special case of Eq.(13a) for
mg =mg, i+l =even, and R=0 gives the eclectron-electron counterbalance and

coalescence (or Fermi) holes [10] d k(0)=hj(0)=0 simultaneously. The same

discussion holds in momentum space.
[f the second term on the right-hand side of Eq. (13b) is small or if the spin-orbital-

pair contributions in the form of Eq. (13b) are small by themselves, we obtain an
approximation d(R) =8h(2R) between the total extracule and intracule densities. Our

previous study [4] on the intracule density has clarified that in position space, the
lsalsf3 spin-orbital-pair gives a predominant contribution to the total density h(u).

Since Eq. (13a) is valid for the 1salsf pair, we anticipate that the behavior of the

extracule density d(R) will be similar to that of the intracule density A(x) in position
space. In momentum space, however, it has been shown [4] that major contributions to
the intracule density A (v) come from pairs of valence spin-orbitals. Equation (13b)

appears more often for these spin-orbital-pairs, and therefore we expect that in
momentum space the behaviors of the extracule d (P) and intracule h(v) densities may

show some differences. These anticipations will be actually confirmed in Section 2-4-4.

2-4-3. COMPUTATIONAL METHOD

For the neutral atoms He (Z=2) through Xe (Z=54) in their experimental ground
LS term [11], we have previously confirmed [3] that among (2L +1)(2S +1) degenerate

states, there exists at least one state with specific z-component M; and Mg values of

L and S that results in a single determinant wave function, where L and S represent the
total orbital and spin angular momentum quantum numbers, respectively.
For these ground LS states of the 53 atoms, the radial functions R j(r) in position

space have been generated by the numerical Hartree-Fock method based on a modified
and enhanced version of the MCHF72 code [12]. Then the products r’R i(r)Ry (r) of
two radial functions have been numerically Hankel-transformed to obtain Wik (), by
using the algorithm of Talman [13]. Following Egs.(5a), (7a), and (7b), we obtain the
function D (s) as the sum of products of two Wik (s) with appropriate coefficients.

The parameters a® and b* have been taken from the Slater’s book [14]. An additional
Hankel transformation [Eq.(4)] of the function D i (s) gives the spherically-averaged

extracule density d jx (R).

In momentum space, the position-space radial functions R;(r), generated by
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numerical Hartree-Fock calculations, have been first Hankel-transformed to obtain the
momentum-space radial functions P;(p) according to Eq. (11). Then the same

procedure as in position space has been applied to derive (Z/'k Vil

2-4-4. RESULTS AND DISCUSSION .
Throughout this Section, total extracule densities are normalized to unity instead

of N(N-1)/2 for all the 53 atoms in order to avoid large numbers and to facilitate mutual
comparison. Accordingly, all the spin-orbital-pair components are normalized to 2/N(N-
1) and the subshell-pair contributions are obtained as their partial sum.

2-4-4-1. EXTRACULE DENSITY IN POSITION SPACE

Position-space extracule densities d(R) are exemplified in Fig.1 for a few
selected atoms in their ground state. All the extracule densities shown in Fig.1 are
monotonically decreasing functions, when R increases. However, the densities for the Zn
and Mo atoms have a shoulder around R=0.05. Analogous and systematic examinations
show that the extracule density d(R) in position space is a unimodal function with a
maximum at R =0 for all the 53 atoms, as is [4] the intracule density A(u). Table 1
summarizes the maximum height d,,, =d(0). The maxima d,, increase with

increasing Z, and we find an approximate relation d(0) = 0.29427 Rty HZ—=1) for

2<Z <54. We also find d(0)/h(0)=8 exactly for Z=2-4 as proved in Ref.[9], but for the
remaining atoms the ratio increases monotonically from 8.108 for Z=5 to 10.946 for
Z=54. The extracule density d(R) at R=0 is called [9] the electron-electron

counterbalance density and represents the probability density of finding any two electrons
precisely at the opposite positions with respect to the nucleus. Some discussion on the
property of the electron-electron counterbalance density d(0) is found in Refs.[9,10,15].

A decomposition of the extracule density into subshell-pair contributions shows
that for all the atoms, the five largest contributions to d(R) come from the inner subshell-
pairs 1sls, 1s2s, 1s2p, 2s2p,and 2p2p, which consist of 1, 4, 12, 12, and 15 spin-
orbital-pair contributions, respectively, when fully occupied. For the Zn atom (Z=30), Fig.
2 illustrates these five contributions out of the total 28 subshell-pair contributions.
Clearly, the 1sls subshell-pair is seen to give a significant contribution for the region
R<0.02, and the 1s2p subshell-pair is largest for 0.02<R<0.10. These two contributions
are unimodal with a maximum at R=0 and form the monotonically decreasing behavior of
the extracule density d(R). Due to Eq. (13b), the contribution of the 1s2p subshell-pair
is slightly different in d(R) and A(u); in a small R or u region, the pair has a larger density
in d(R) than in h(u).

Figure 3 depicts typical spin-orbital-pair contributions d j (R) to d(R) in Zn atom,
where there is a total of 435 spin-orbital-pairs. Figure 3(a) shows the contributions from
five spin-orbital-pairs with different spins; lIsalsf, l1sa2sf, lsalpyf,
2p_q1a2p.f, and 2sapyf. Because of Eq. (13a), all these contributions have
essentially the same behavior as that we have already discussed [4] for the intracule
density. We here simply note that the lsalsf pair gives a unimodal distribution with a
maximum at R=0, and its contribution is more than ten times larger than the other four
contributions. Figure 3(b) shows the contributions from four spin-orbital-pairs with the
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same spin; lsal2ppa, 2sa2ppga, lsa2sa, and 2p_ja2p,ja. The first two

contributions are unimodal with a maximum at R=0, while the last two are unimodal with
zero at R=0 and a maximum away from R=0. The property d ik (0) =0 is known [10] as

the electron-electron counterbalance hole and valid for any contribution from spin-
orbitals j and k with the same spin and with the same inversion symmetry. The
counterbalance hole implies that these electrons cannot be at the opposite positions with
respect to the inversion center and is a consequence of the antisymmetry of electronic
wave functions as the electron-electron coalescence or Fermi hole. Since the essential
feature of spin-orbital-pair contributions shown in Fig. 3 for the Zn atom is the same for
all the 53 atoms, we conclude that the position-space extracule density d(R) is a
unimodal function with a maximum at R=0 due to the predominant 1lsalsf spin-orbital-
pair or 1sls subshell-pair contribution, and has a behavior similar to the corresponding
intracule density 4(u) apart from two constant factors appearing in Eq. (13a).

2-4-4-2. EXTRACULE DENSITY IN MOMENTUM SPACE

Figure 4 exemplifies the momentum-space extracule density d (P) for the same
atoms examined in Fig.1 in position space. In contrast with a single common modality
observed for the position-space densities, Fig.4 shows that there are at least two different
types of modality in the momentum-space extracule densities. The extracule densities
d (P) of F and Zn atoms are unimodal functions with a maximum at P=0. The extracule
densities of K and Mo atoms are unimodal with a maximum at P=0.2266 and at
P=0.3018, respectively.

A systematic examination of all the 53 atoms concludes that the momentum-space

cxtracule densities are classified into two types based on the location of the maximum:
Type A. Unimodal extracule density with a maximum at P=0. The next 42 atoms have
densities of this type; group 2 atoms, transition atoms Sc-V, Mn-Ni, Zn, Y, Zr, Tc, Pd,
and Cd, and group 13-18 atoms. All these atoms have two electrons in the outermost s
orbital.
Type B. Unimodal extracule density with a local minimum at P=0 and a maximum at
P>0. The next 11 atoms have Type B densities; group 1 atoms and transition atoms Cr,
Cu, Nb, Mo, Ru, Rh, and Ag. All these atoms have single electron in the outermost s
orbital.

Table 2 summarizes the above classification of the momentum-space extracule
density d (P) together with the maximal subshell-pair contribution to it. If we introduce
symbols S, P, and D for the outermost s, p, and d subshells, respectively, and a symbol S’
for the second outermost s subshell, the subshell-pairs appeared in Table 2 are grouped
into only four types SS, SS’, SP, and PD. Thus, it is immediately seen that the
momentum-space extracule density d (P) is governed by a few outermost subshell-pairs
and depends explicitly on the valence electronic configuration of an atom, in marked
contrast to the position-space extracule density. In general, two neighboring atomic
subshells have different spatial inversion symmetries to which Eq. (13b) applies. As a
result, the extracule d(P) and intracule h(v) densities in momentum space show

different behaviors. For the intracule density % (v), we have observed [4] three types of
the modality and five types of major subshell-pair contributions.
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Table 2 also tabulates the maximum value d . =d (Ppax) of d(P) and its
location P,,, Wwhich characterize the distribution of the momentum-space extracule

density. When atomic number increases within a period, there is a trend that dp,y
decreases, although it is subject to some exceptions. A special case of d(P) at P=0,
d (0), represents [15] the electron-electron counterbalance density in momentum Space,

which is the probability density for a pair of electrons to have exactly opposite momenta.
For Z=2-4, the ratio d(0)/h(0) is 8 exactly, but for Z=5-54, it irregularly distributes
between 8.432 and 17.439, reflecting the difference in the extracule and intracule
densities for these atoms in momentum space.

For the Zn atom having Type A density, Fig. 5 depicts four major subshell-pair
contributions, 4s4s, 3p3d, 3d4s, and 3s4s. These subshell-pairs consist respectively of 1,
60, 20, and 4 spin-orbital-pairs, when the subshells are fully occupied. The first two
subshell-pair contributions are unimodal with a maximum at P=0, while the last two are
unimodal with a maximum away from P=0. The modality of d(P) of the Zn atom is

attributed to the largest 4s4s or SS contribution. The Type A modality of atoms with an
outermost s(2) configuration is explained analogously except that for the group 13-18
atoms, the SP contribution is larger than the SS one. Figure S also shows that the Type B
modality appears if we remove the SS contribution as in the case gf atoms with an
outermost s(1) configuration. We note that the Type A modality of d(P) is explained
based only on the largest subshell-pair contribution given in Table 2, but the Type B
modality comes from secondary subshell-pair contributions with a maximum at P>0).
Figure 6 shows some spin-orbital-pair contributions d ik (P) to d(P) for the Zn

atom. Figure 6(a) compares the contributions from five spin-orbital-pairs with different
spins; 4sadsf, 3sadsf, 3poaddyf, 3d_ja3d,f, and 3dgadsf. Due to Eq.
(13a), the behavior of these contributions is essentially same as those examined [4] for
the intracule density. The first four spin-orbital-pairs have Type A distributions, whereas
the last spin-orbital-pairs have Type B distributions. When 3d orbitals participate, the
contribution of the spin-orbital-pair is about 1/100 times smaller than that of the
4sad4sf spin-orbital-pair. Figure 6(b) shows the contributions from four spin-orbital-
pairs with the same spin; 3sadsa, 3dgadsa, 3d_ja3d,ja, and 3pgaddya. As

discussed in the Subsection 2-4-4-1, the spin-orbital-pair contributions with the same
spin and even [; +/; have zero value at P=0 due to the counterbalance hole in the

Hartree-Fock theory, and hence such spin-orbital-pairs always contribute to Type B
distributions. The first three pairs belong to this group. On the other hand, the
3ppaddga pair with [; +1[; =3 is unimodal with a maximum at P=0.

The analysis of spin-orbital-pair contributions leads us to the conclusion that in
momentum space, the Type A modality of the extracule density is mainly due to electrons
with different spins in SS and SP subshell-pairs. On the other hand, the Type B modality
comes mainly from electrons in SD subshell-pair and from electrons with the same spin in
SS’, PP, and DD subshell-pairs.




2-4-5. CONCLUSION
Within the Hartree-Fock framework, the theoretical structure of the spherically-

averaged extracule densities d(R) in position space and d (P) in momentum space has
been clarified in relation to the corresponding intracule densities /() and A (v). Using

the numerical Hartree-Fock method, we have systematically constructed these extracule
densities for the atoms He through Xe in their ground state. The contributions of
subshell-pairs and spin-orbital-pairs to the total extracule density have been analyzed in
both spaces. For all the 53 atoms, the position-space extracule density has been found to
be a unimodal function with a maximum at R=0 due to the predominant 1s1s subshell-
pair contribution. In momentum space, however, the extracule densities have been
classified into two types based on their modalities. We have further found that the
different modalities in the momentum-space extracule densities originate from a few
outermost subshell-pairs.
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Table 1. The maximum value d

max

=d(0) of the position-space

extracule density d(R). Note that d(R) is normalized to unity
instead of N(N —1)/2. A(n) means AX 10" .

Z  Atom dinox Z  Atom d max
2 He  1.5248 29 Cu 3.6246(1)
3 Li 2.0914 30 Zn 3.7927(1)
4 Be  2.7988 31 Ga 3.9630(1)
5 B 3.5508 32 Ge 4.1359(1)
6 € 4.3673 33 As 4.3113(1)
7 N 5.2478 34 Se 4.4889(1)
8 0 6.2382 35 Br 4.6688(1)
9 F 7.3095 36 Kr 4.8510(1)
10 Ne  8.4633 37 Rb 5.0349(1)
11 Na  9.6723 38 Sr 5.2207(1)
12 Mg  1.0933(1) 39 ¥ 5.4065(1)
13 Al 1.2228(1) 40 Zr 5.5933(1)
14 Si 1.3558(1) 41 Nb 5.7799(1)
15 P 1.4923(1) 42 Mo 5.9689(1)
16 S 1.6322(1) 43 Tc 6.1603(1)
17 Cl 1.7755(1) 44 Ru 6.3505(1)
18 Ar 1.9221(1) 45 Rh 6.5430(1)
19 K 2.0716(1) 46 Pd 6.7355(1)
20 Ca  2.2238(1) 47 Ag 6.9315(1)
21 Sc 2.3737(1) 48 Cd 7.1293(1)
22 Ti 2.5246(1) 49 In 7.3282(1)
23 \% 2.6769(1) 50 Sn 7.5286(1)
24 Cr 2.8274(1) 51 Sb 7.7305(1)
25 Mn  2.9856(1) 52 Te 7.9336(1)
26 Fe 3.1437(1) 53 I 8.1381(1)
27 Co  3.3034(1) 54 Xe 8.3439(1)
28 Ni 3.4648(1)




Table 2. Classification of the momentum-space extracule density d (P) and the

maximal subshell-pair contribution to it. Characteristics P,y and day =d (Pyay) Table 2. (continued)

of the maximum of the momentum-space extracule density d (P) are also given.

Note that d (P) is normalized to unity instead of N(N —1)/2. A(n) means A X 10". 7 Atom Type Subshell-pair s o

Z  Atom  Type  Subshell-pair Fmax g 37  Rb B 4sdp 0.1949 2.8894(-2)
2 He A 1s1s 0 4.1821(-1) 38  Sr A 5555 0 6.4037(-2)
il B 1525 0.3085 1.8265(-1) 39 Y A 555s 0 5.2748(-2)
4  Be A 252s 0 1.2023 40  Zr A 555s 0 4.5232(-2)
5 B A 252p 0 6.7778(-1) 41 Nb B 4pad 0.2754 2.0497(-2)
G, "0E A 252p 0 3.5025(-1) 42 Mo B 4p4d 0.3018 1.8214(-2)
7 N A 252p 0 1.9400(-1) 43  Tc A 5s5s 0 3.0766(-2)
8§ O A 252p 0 1.3633(-1) 44  Ru B 4pad 0.3157 1.5290(-2)
9 F A 252p 0 9.3930(-2) 45  Rh B 4pad 0.3299 1.3964(-2)

10 Ne A 252p 0 6.5336(-2) 46  Pd A 4p4d 0 1.2893(-2)

11  Na B 252p 0.3316 4.9862(-2) 47  Ag B 4pad 0.3686 1.1653(-2)

12 Mg A 3s3s 0 2.0743(-1) 48 Cd A 5558 0 1.8869(-2)

13 Al A 3s3p 0 2.3074(-1) 49 In A 5s5p 0 2.5326(-2)

14  Si A 3s3p 0 1.7735(-1) 50  Sn A 5s5p 0 2.5269(-2)

15 P A 3s3p 0 1.3191(-1) 51  Sb A 5s5p 0 2.3773(-2)

16 S A 3s3p 0 1.1795(-1) 52 Te A 5s5p 0 2.5394(-2)

e S A 3s3p 0 9.8403(-2) & 5 A S5s5p 0 2.5207(-2)

18  Ar A 3s3p 0 8.0187(-2) 54  Xe A 5s5p 0 2.4153(-2)

19 K B 3s3p 0.2266 6.7492(-2)

20 Ca A 4s4s 0 1.6733(-1)

21  Sc A 454s 0 1.3040(-1)

2 SIS A 4s4s 0 1.0537(-1)

23V A 454s 0 8.6509(-2)

24  Cr B 3p3d 0.3528 2.7148(-2)

25  Mn A 4s4s 0 6.0616(-2)

26  Fe A 4s4s 0 5.1287(-2)

27  Co A 454s 0 4.3874(-2)

28  Ni A 4s4s 0 3.7798(-2)

29  Cu B 3p3d 0.4471 1.3259(-2)

30  Zn A 454s 0 2.8622(-2)

31 Ga A 4s4p 0 4.0322(-2)

32 Ge A 4s4p 0 3.8252(-2)

33 As A 4s4p 0 3.4107(-2)

34 Se A 4s4p 0 3.53200-2)

35 Br A 4sdp 0 3.3715(-2)

36 Kr A 4s4p 0 3.1034(-2)
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PART 2.
CHAPTER S.

HARTREE-FOCK EXTRACULE MOMENTS

2-5-1. INTRODUCTION

The electronic intracule /() and extracule E(R) densities, introduced by
Coleman [1], are a couple of electron-pair densities useful to analyze and characterize the
motion of a pair of electrons in atoms and molecules (sce, e.g., Ref. [2] for a review).
The intracule density /(x) and its spherical average h(u) are the probability density
functions for the relative vector u and its magnitude u, respectively. They have been
used in several physical and chemical contexts particularly in relation to the clectron
correlation problem (see references given in Refs. [2,3]). The momentum-space
counterparts /(U) and 4 (v) have been introduced as well, which are density functions
respectively of the relative momentum vector v and its magnitude v. Accurate
Hartree-Fock values of the intracule moments <u” > in position space and <v" > in
momentum space have been reported [3] recently for the atoms from He to Xe in their
ground state. For these atoms, systematic examination of the spherically-averaged
intracule densities A(x) and & (v) has also been performed [4] very recently.

The extracule density E(R) in position space represents the probability density
function for the center-of-mass vector R, and is defined for an N-clectron system
(N =22) by

/IN-1 N 3 \
E(R)z\'\ > . OB~ +re ¥/ 2] ¥ (1a)
\ j=1k=j+1 /

where O(r) is the three-dimensional Dirac delta function and the angular brackets stand
for the expectation value. The spherical average d(R) of E(R) is defined by
d(R) = 41 ‘. dQp E(R) , (1b)

T -
“

-l

where (R,Qp) with Qp =(6g,¢g) are spherical polar coordinates of the vector R.
By definition, the extracule densitics E(ﬁ) and d(R) arc normalized to the number of

electron pairs,
. — o0 ~
| dRER)y=4r[ dRR*d(R)=N(N-1)/2, (1c)
. 40
and contain information about the location of clectron pairs. Exactly analogous
definitions apply to the momentum-space extracule density E(P) and its spherical

average d (P):

/N1 N \
E(Py=( Y. > S[P-(Fj+m)/2]) (2a)

\j=lk=j+l
d(P)= 41.. [ a0y E(P) (2b)

-

| dﬁﬁ(ﬁ):mj;odP P d(P)=N(N-1)/2 , (2¢)
where ﬁs(P,QP) and Qp=(0p,pp). The functions E(P) and d(P) are

—

probability densities for the center-of-mass momentum vector P and its magnitude P,
respectively.
Only a few studies are reported on the extracule densities of specific atoms and

molecules. Thakkar and Moore [S] examined the radial extracule density 47R%d (R) for

the atoms He, }i, and Be in relation to the shell structure. They also studied cross
sections of E(R) for two molecules H, and LiH and discussed the chemical bonding.

The Laplacian of extracule densitics was discussed by Sarasola et al. [6] for the atoms Li
through Ar. For the Ne atom, Wang and Smith [7] studied the extracule density and its
Laplacian, and pointed out discrepancies in their characteristics due to different basis sets.
Topology of E (R) in a few planar molecules was examined by Cioslowski and Liu [8].

Fradera et al. [9] examined the topology of E(R) and its Laplacian for simple

hydrocarbons. For the first-row hydrides, Sarasola et al. [10] and Wang and Smith [11]
analyzed the radial, longitudinal, and transverse extracule densities in position space at
the SCF level. Wang et al. [12] also performed analogous examinations of the hydrides
at the SCF and CI levels and found a few essential differences with the SCF results in Ref.
[10]. The corresponding analysis in momentum space was reported by Wang and Smith
[13] both at the SCF and CI levels, and the correlation effect on the chemical bonding
was discussed.

However, all these studies are based on basis-set-expansion wave functions with
Gaussian-type basis sets (except Ref. [7] which used Slater-type functions), and no
accurate results concerning the extracule density and its related properties are known
even for atoms. In Chapter 5, we determine accurate Hartree-Fock values of electronic

extracule moments < R” > in position space and < P"” > in momentum space for a
series of 53 neutral atoms with atomic number Z=2 to 54. In the next section, two
methods are presented for this purpose: The first method uses the spherically-averaged
extracule densities, while the second method uses their characteristic functions. In
Section 2-5-3, computational details are given for the application of these methods to the
atoms He through Xe in their ground state, in combination with the numerical Hartree-
Fock method. The results are presented and discussed in Section 2-5-4 for the extracule

moments < R” > with n=-2to +4 and < P" > with n=-2 to +3. It will be pointed out
that these extracule moments have intimate relations with the corresponding intracule
moments. Hartree atomic units are used throughout this chapter.




2-5-2. EXTRACULE MOMENTS IN HARTREE-FOCK THEORY
2-5-2-1. MOMENTS IN POSITION SPACE
Using the kernel of three-dimensional Fourier transformations for the Dirac delta

function &(r) (see, e.g., Ref. [14]), the extracule density E(R) defined by Eq.(1a) is

rewritten as

E(R)=rn"" j d5 exp(+2i5 - R) G(5) , (3a)
Nt N

GE) =D > (exp(~is-7j)exp(~is 7)) . (3b)
j=1 k=j+1

For a single Slater determinant wave function composed of N spinorbitals
v j(r)n;(o), the Condon-Slater rules (see, e.g., Ref. [15]) rearrange the function G(5)

as
N-1 N . i y ) .
6= 2 N\ TOIE) =, LG5 ()}, (4a)
j=1 k=j+

where Mg denotes the spin quantum number of the spinorbital j and

Fir($)= | dF exp(+i5-7 )} )y () - (4D)

For atoms and atomic ions, we can generally assume that the spatial orbital j(r) has a

form,
V()= Ry W (), (5)
where ¥;,,(€2) is a spherical harmonic and 7 = (r,Q,) . Then, we find [3] that
0
. N Rk *
Fik ) =N4m 3 iV L U mys lemi Y, ()W (), (6a)
I=0
where ¥ (Im;I’m’) is the Condon-Shortley parameter [16] and
0 * *
Wi ()= | dr 1" jy(s7) R ()R (r) = W (s) (6b)

in which j;(x) is a spherical Bessel function of the first kind.
The spherically-averaged intracule density d(R), defined by Eq.(1b), can be
expressed as a Hankel transform of a function D(s),

d(R) = (4/ 72) j;ods s2jo(2Rs)D(s) , (7a)

where
D(s) = (47)"! j dQ, G(5)
N-1 N
= 2 {Djj,kk (8) = Omgmy, Djk,kj(s)}a (7b)

j=1 k=j+1
in which

Dy ()= (4m) [ dQy £ ) fia(3). (70)

From Eq.(6a), Dj; gk and D 4 are explicitly obtained as

min(21j 2Ag)

Diuw()= D @+Da Umlpme) Wy (sWape (), (83)
1=0
Iy +1g

Dixsi ()= D (=D @+1) b (Ujm;lmy) Wy (5) Wy () (8b)
I:}l] “‘Ik‘i

where the summations run over every other integers between the specified values, and
the symbols a* (Im;’m’) and bk (Im;I’m’) are Condon-Shortley parameters [16]. The
above restriction on the summations means that in Eq.(8b) we can omit the factor (—1)1
in the summation, if an alternative factor (-1)If e is simply added in front of the

summation. The extracule moments < R” > are then obtained by
/ \ — = o0
(R" )= j dR R"E(R) = 4x jo dR R"*%d(R), 9)

where n is a real number greater than -3. Particularly, < RY> is equal to
N(N —-1)/2, the number of electron pairs.
Equation (7a) implies that the function D(s) is the characteristic function of the

spherically-averaged extracule density d(R). Then the extracule moments < R™* = can
be directly obtained from the characteristic function D(s) for an integer value of n. As
was the case [3] of the intracule moments <u” >, we combine Egs. (7a) and (9) and
interchange the order of integrations with respect to R and s. We finally find

For n=-2:

2\ =4[~ 10
<R >— 4'[0 ds s D(s) . (10a)
For n=-1:
=1 %
<R >= (4/ ) J'O ds D(s) . (10b)
For a nonnegative even integer n:
n
<R”> = (-1)227"(n+1)D™(0) . (10¢)
For a positive odd integer n:
e 5
<R">:(—1) 2 771217 (4 1) jo ds s~'DM(s) | (10d)

where D) (s) is the n-th derivative of the function D(s) with respect to s. A special
case of Eq.(10c) reads D(0) =< RY >= N(N -1)/2. A derivative of D(s) reduces to a

combination of derivatives of the function Wi (s). Then a recursive relation given in

Ref.[3] is useful for its evaluation.

2-5-2-2. MOMENTS IN MOMENTUM SPACE
The Hartree-Fock wave function in momentum space has exactly the same

determinantal structure as that in position space, provided that the one-electron spatial
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function y (r) is replaced with its momentum-space counterpart,
t (5) = @m) 2 [ dF exp(=ip-F) v (F). (11a)

For the position-space atomic orbital given by Eq.(5), the corresponding momentum-

space orbital is given by

Pe(p)=(-)* f [ “ar r2jy, (pr) R (r) (110)
w70

where f):(p,Qp). Then the extracule moments < P” > in momentum space,

associated with the densities E(P) and d(P), are obtained by exactly the same

procedures as in position space.

2-5-2-3. CHARACTERISTIC FUNCTIONS OF EXTRACULE AND

INTRACULE DENSITIES
It may be interesting to note that the structure of the characteristic function D(s)

of the extracule density, defined by Eq.(7b), is very similar to that of the corresponding
function H(s) appeared [3] in the evaluation of the intracule moments <u" >. We
immediately find that the ‘direct’ term D i ek (S) [Eq.(8a)] is identical to H j; j (s) . On
the other hand, the ‘exchange’ term D 4i(s) [Eq.(8b)] includes an additional factor

; . e :
(—1)' in the summation, or a factor (-1)’ ¥ in front of the summation, compared to
Hy; 4 (s) . The factor generates a difference between the two exchange terms only when

the sum /; +I; of the azimuthal quantum numbers of the relevant orbitals j and k is an
odd integer. Remind also that in Eq.(7b) the exchange term D 4i(s) contributes only

when the spinorbitals j and & have the same spin. For the three atoms He, Li, and Be, we
therefore have D(s)=H(s) exactly, since in He there is no exchange term and in Li and Be
I

: : 5 : Kb .
only the s orbitals are occupied and the factor (-1)’ gives no contribution in

Dy 4 (s)-

These similarities in the extracule D(s) and intracule H(s) characteristic functions
suggest that there may be some relations between the extracule < R” > and intracule
<u” > moments in position space. The same is true for the characteristic functions in

momentum space, and hence for the clectron-pair moments < P” > and <v" > in
momentum space. Such anticipation will be discussed in Section 2-5-4.

2-5-3. COMPUTATIONAL METHOD
Each of atomic LS multiplet states is expressed in general by a linear combination

of a finite number of Slater determinants in the Hartree-Fock theory, where L and §
represent the total orbital and spin angular momentum quantum numbers, respectively.
For the neutral atoms He (Z=2) through Xe (Z=54) in their experimental ground state
[17], we have examined the structure of the Hartree-Fock wave functions. The results
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show that among (2L+1)(25+1) multiplet states, there exists at least one state with
specific z-component M; and Mg values of L and S that results in a single

determinant wave function, to which our methods described in Section 2-5-2 can be

applied.
For these ground states of the 53 atoms with single determinant wave functions,
radial functions R;(r) in position space have been generated by the numerical Hartree-

Fock method based on a modified and enhanced version of the MCHF72 code [18].
Then products r*R j(r)Ry(r) have been numerically Hankel-transformed to obtain
Wayik (s) , by using the algorithm of Talman [19]. Following Egs.(7b), (8a), and (8b), we

obtain the characteristic function D(s) as the sum of products of two W (s) with

appropriate coefficients. The parameters ak(lm;l 'm’) and b* (Im;I’m’) have been taken
from the Slater’s book [20]. An additional Hankel transformation [Eq.(7a)] of the

function D(s) gives the spherically-averaged extracule density d(R).

For the extracule moments in momentum space, the position-space radial functions
R;(r), generated by numerical Hartree-Fock calculations, have been first Hankel-

transformed to obtain the momentum-space radial functions P;(p) according to

Eq.(11c). Then the same procedure has been applied as in position space to derive the
functions D(¢) and d(P).

2-5-4. RESULTS AND DISCUSSION

Table 1 summarizes the extracule moments <R” > in position space for the
atoms He through Xe in their ground state. Note that to avoid large numbers and to
facilitate comparison, the moments have been divided by N(N -1)/2 and they show
average values for a single pair of electrons. For all the 53 atoms, we have used the first
method for the moments with n=-2 to +4, and the second method for the moments with
n=-2, -1, +2, and +4. Based on the comparison of the two sets of moment values, we
have judged that the present results have the accuracy of 7 significant figures as shown in
Table 1.

An extracule moment < R”" > with a positive n generally decreases with an
increasing atomic number Z, but the behavior is not regular except for the second period
atoms. Figure 1(a) exemplifies the Z-dependence of the average extracule distance
<R>. Also plotted there for comparison is the average intracule distance divided by
two, <u>/2. A surprisingly good resemblance is observed for the two results, and the

analysis and discussion given [3] for <u > apply to <R> as well. A moment < R" >
with a negative n generally increases with an increasing Z. Figure 1(b) shows the
behavior of <1/R> and compares it with 2 <1/u >. Similarity between <1/R > and

2<1/u> is again good.
Analogous examinations of the extracule moments < R” > and intracule moments

<u" > for n=-2 to +4 show
<> |1<R'> = 2" (12)
is a good approximation for all the n values and for all the 53 atoms examined. The
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equality is trivially correct for a special case of n=0. Table 2 demonstrates the relation
(12) based on the statistical analysis of the results for atoms in each period. The
approximation is seen to be better for a small || than for a large |#|. Equation (12) can be
explained theoretically: Comparison of the definition [Eq.(7a)] of the spherically-
averaged extracule density d(R) with that [3] of the spherically-averaged intracule
density A(u) shows that

d(R)=8h(2R) , (13)
if D(s)= H(s) holds between their characteristic functions. Equation (12) follows

immediately from Eq.(13). It is evident that the moments <R” > and <u” > differ

exactly by a factor 2", if the two characteristic functions D(s) and H(s) are identical. As
we have discussed in Subsection 2-5-2-3, however, the functions D(s) and H(s) are
slightly different in their exchange parts, and this difference causes a deviation from a
simple constant factor 2”. Nevertheless, the deviation is not very large as shown in
Fig.1 and Table 2, suggesting that the overall behaviors of the functions D(s) and H(s)
are rather similar. Note that for the three atoms He, Li, and Be, we have
<u" >/ <R" >=2" exactly in the Hartree-Fock theory, since D(s)=H(s) for these atoms
as shown in Subsection 2-5-2-3. It should be also mentioned that a particular case of
Eq.(13) for R=0 reduces to a relation d(0) = 8a(0), which was previously derived [21]
in the study of the electron-electron coalescence h(0)[=1 (6)] and counterbalance
d(0)[= E(0)] densities.

The extracule moments < P" > in momentum space are summarized in Table 3,
with our normalization scheme < P° >=1, based on the duplicate calculations by the
two methods. As was the case [3] for the intracule moments <uv” >, however, we could

not determine sufficiently accurate values for the higher moments < P?> and <P*> y
due to a slow decay of the momentum-space extracule density d(P) for a large P,

which is estimated (see Ref. [3]) to be P8 for the He atom with the Kellner
approximation [22].

As Z increases, an extracule moment < P” > in momentum space increases
monotonically when » is positive, whereas it generally decreases when n is negative.
Figure 2 depicts the Z-dependence of the moments < P> and <1/ P >, and compares
them with the intracule moments <v>/2 and 2<1/v>. As this figure shows two
examples and Table 4 tabulates the statistical results, an approximate relation,

e Pl s2P (14)
is valid in momentum space, which is the partner with Eq.(12). Theoretical ground for
Eq.(14) is analogous to that for Eq.(12) as discussed above. Comparison of the results
given in Table 2 for position space and in Table 4 for momentum space shows that the
accuracy of the relations (12) and (14) is more or less the same. We expect that the
approximate relations (12) and (13) in position space and their counterparts in
momentum space are of some practical use, since they straightforwardly allow us to
obtain extracule information from intracule one in a semiquantitative manner, and vice
versa.
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2-5-5. CONCLUSION
Within the Hartree-Fock framework of atoms, two alternative methods for the

calculation of extracule moments < R” > in position space and < P” > in momentum
space have been presented. The first method uses the spherically-averaged extracule
densities, while the second method uses their characteristic functions. The two methods
have been applied to the atoms from He to Xe in their ground state, and the moments

<R" > withn =-2t0 +4 and < P" > withn = -2 to +3 have been reported based on
numerical Hartree-Fock calculations. The present results are expected to be useful as
reference data in the study of electron correlations, since they are defined as the
differences in electronic motion from the Hartree-Fock solution.

We have found that the characteristic functions D(s) and H(s) of the spherically-
averaged extracule d(R) and intracule i(x) densities are similar in the Hartree-Fock
approximation. This fact results in approximate but useful relations d(R) = 82(2R) and

<u” >/ <R" >=2" between the two densities and the associated moments. Especially,

the equalities in the above relations hold for the three atoms He, Li, and Be. Exactly the
same is true for the corresponding momentum-space quantities. Then it may be
interesting to examine how these relations are valid or should be modified beyond the
orbital approximation.
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Table 1. Extracule moments in position space. Note that the normalization is <R°>=1 instead of

N(N-1)/2. A(n) means A x 107,

7 Atom NN-12  <1/R* <1/R> <R> <R*> <R°>> <R*>
2 He 1 7.368179 2.051538 6.810622(-1) S5.924142(-1) 6.261191(-1) 7.784555(-1)
3 14 3 6.709724 1.520614 1.448181 3.105345 8.159766 2.473096(1)
4 Be 6  7.024411 1.496381 1.260043 2.164846 4.544121 1.119611(1)
5 B 10 7.737292 1.610020 1.066007 1.515296 2.642386 5.451563
& I¢ 15 8717182 1.773941 9.108569(-1) 1.090618 1.598356 2.768985
7 N 21 9.885256 1.956784 7.934240(-1) 8.194924(-1) 1.033333 1.538178
8 O 28  1.126043(1) 2.142592 7.136487(-1) 6.658112(-1) 7.643069(-1) 1.043697
9 F 36 1.278990(1) 2.336141 6.453527(-1) 5.444917(-1) 5.667880(-1) 7.039006(-1)
10 Ne 45 1.446175(1) 2.534190 5.874372(-1) 4.503033(-1) 4.260501(-1) 4.813547(-1)
11 Na 5SS  1.560010(1) 2.530795 7.897491(-1) 1.222820 2.974639 9.198634
12 Mg 66  1.666963(1) 2.545705 8.255219(-1) 1.226122 2.580893 6.665189
13 Al 78 1.765942(1) 2.555618 8.537715(-1) 1.265834 2.579189 6.441829
14 Si 91  1.862109(1) 2.580819 8.316509(-1) 1.128313 2.022480 4.367341
15 P 105  1.956646(1) 2.616491 7.970708(-1) 9.866167(-1) 1.572778 2.988506
T 120 2.049719(1) 2.656198 7.679280(-1) 8.910486(-1) 1.320357 2.335091
17 G 136 2.142884(1) 2.703564 7.345986(-1) 7.948232(-1) 1.087982 1.773546
18 Ar 153 2.236563(1) 2756942 7.008747(-1) 7.074701(-1) 8.954714(-1) 1.345319
19 K 171  2.316795(1) 2.748800 8.310172(-1) 1.336353 3,485643 1.215605(1)
20 Ca 190  2.393500(1) 2.747306 8.676716(-1) 1.404916 3.365757 1.018277(1)
21 Sc 210  2.474790(1) 2.790560 8.310763(-1) 1.257258 2.801272 7.923651
2 T 231  2.558099(1) 2.843566 7.940638(-1) 1.131962 2.384964 6.426712
23 V 253 2.642936(1) 2901537 7.595355(-1) 1.025678 2.057280 5.315303
2% C 276  2.735606(1) 2.998219 6.777603(-1) 7.771608(-1) 1.351627 3.177384
25 Mn 300  2.817801(1) 3.029066 6.975186(-1) 8.553683(-1) 1.578067 3.802711
26 Fe 325  2.908057(1) 3.094025 6.708973(-1) 7.855931(-1) 1.387477 3.217418
27 Co 351  3.000551(1) 3.162254 6.457831(-1) 7.243886(-1) 1.230754 2.760814
28 Ni 378 3.095108(1) 3.232603 6.223219(-1) 6.702434(-1) 1.098401 2.389709
29 Cu 406  3200321(1) 3.338504 5.705304(-1) 5.501347(-1) 8.398323(-1) 1.807611
30 Zn 435  3.290725(1) 3.378970 5.797497(-1) 5.791409(-1) 8.896713(-1) 1.834579
31 Ga 465  3.378007(1) 3.407836 6.016156(-1) 6.550486(-1) 1.110762 2.519957
32 Ge 496  3.463851(1) 3.437401 6.037122(-1) 6.435681(-1) 1.015765 2.062181
33 As 528 3.548524(1) 3.467215 5.992452(-1) 6.152988(-1) 9.002495(-1) 1.653634
34 Se S61  3.631825(1) 3.495266 5.961345(-1) S5.986724(-1) 8.409732(-1) 1.471269
35 Br 595  3.714392(1) 3.524352 5.890543(-1) 5.722570(-1) 7.630303(-1) 1.255633
36 Kr 630  3.796359(1) 3.554367 5.798542(-1) 5.427226(-1) 6.85276%(-1) 1.058757
37 Rb 666  3.872781(1) 3.557173 6.557973(-1) 9.168609(-1) 2.290062 8.084863
38 Sr 703 3.947220(1) 3.561321 6.865566(-1) 9.961538(-1) 2.356427 7.334795
39 Y 741 4.021632(1) 3.577886 6.793193(-1) 9.363824(-1) 2.041999 5.833639
40 Zr 780  4.095855(1) 3.598722 6.673256(-1) 8.761765(-1) 1.795330 4.836319
41 Nb 820  4.171576(1) 3.634298 6.261008(-1) 7.146089(-1) 1.243505 2.904450
42 Mo 861  4.245677(1) 3.660882 6.119906(-1) 6.668700(-1) 1.098368 2.442033
43 Tc 903  4.317062(1) 3.673687 6.279983(-1) 7.306942(-1) 1.309250 3,136113
44 Ru 045  4.392986(1) 3.714864 5.912818(-1) 6.101080(-1) 9.558633(-1) 2.059491
45 Rh 990  4.466664(1) 3.744133 5.804210(-1) 5.834027(-1) 8.953406(-1) 1.911523
46 Pd 1035 4.542936(1) 3.789119 5.419349(-1) 4.594249(-1) 5.312473(-1) 7.866394(-1)
47 Ag 1081  4614326(1) 3.806375 5.588263(-1) 5.347590(-1) 7.935091(-1) 1678860
48 Cd 1128  4.684497(1) 3.822303 5.675561(-1) 5.631667(-1) 8.576381(-1) 1.788189
49 In 1176 4.753103(1) 3.833608 5.840412(-1) 6.234641(-1) 1.044874 2.394294
S0 Sn 1225  4.820821(1) 3.845888 5.885758(-1) 6.258223(-1) 1.004172 2.116390
51 Sb 1275 4.887723(1) 3.858689 5.885456(-1) 6.134469(-1) 9.327414(-1) 1.813427
52 Te 1326 4.953669(1) 3.870767 5.892380(-1) 6.081668(-1) 9.001270(-1) 1.685296
53 1 1378 5.018951(1) 3.883541 5.869449(-1) 5.937786(-1) 8.454667(-1) 1.505589
st Xe 1431  5.083622(1) 3.896916 5.828521(-1) S5.753342(1) 7.854264(:1) 1326968




Table 2. Average of the ratios <u” >/ < R" > of the extracule and intracule moments in position space.
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Table 3. Extracule moments in momentum space. Note that the normalization is

<P’>=1 instead of N(N-1)/2. A(n) means A x10".
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Z Atom N(N-1)/2 <1/P*> <1/P> <P> <P°> <P >

2 He 1 3.24703 1.376054 1.029314 1.43084 2.74

3 Li & 1.95771 1.089668 1.327195 2.47758 6.65

4 Be 6 4.50371 1.269801 1.538092 3.64326 1.27(1)
Ll 10 3.44032 1.169360 1.730677 4.88556 2.08(1)
6 C 15 2.37679 1.017672 1.929345  6.23496 3.11(1)
7 N ol 1.68816 8.866875(-1) 2.132283 7.69586 4.37(1)
B k) 28 1.34868 8.011802(-1) 2.326795 9.24672 5.87(1)
9. oF 36 1.06974 7.226189(-1) 2.525761 1.09106(1) 7.63(1)
10 Ne 45 8.55767(-1) 6.543288(-1) 2.727855 1.26883(1) 9.65(1)
11 Na 55 7.40875(-1) 6.151946(-1) 2.908822 1.45253(1) 1.20(2)
12 Mg 66 1.06840 6.227498(-1) 3.076266 1.64254(1) 1.45(2)
13 Al 78 1.19475 6.270008(-1) 3.234936 1.83777(1) 1.74(2)
14  Si 91 1.11677 6.153637(-1) 3.388511 2.03861(1) 2.05(2)
15 P 105 1.00398 5.974287(-1) 3.538361 2.24507(1) 2.40(2)
16 S 120 0.54226(-1) 5.846667(-1) 3.682769 2.45632(1) 2.77(2)
17 "Ll 136 8.77628(-1) 5.678136(-1) 3.825060 2.67308(1) 3.17(2)
18 Ar 153 7.96304(-1) 5.491900(-1) 3.965686 2.89536(1) 3.60(2)
19 K 171 7.53180(-1) 5.398013(-1) 4.097079 3.12062(1) 4.06(2)
2050 _(Cxa 190 0.21255(-1) 5.453688(-1) 4.223003 3.34951(1) 4.56(2)
21 Sc 210 8.07740(-1) 5.220668(-1) 4.355889 3.58191(1) 5.08(2)
22 T 231 7.10974(-1) 4.983966(-1) 4.490307 3.81887(1) 5.63(2)
23 N i 6.30028(-1) 4.762592(-1) 4.624947 4.06032(1) 6.20(2)
24 Cr 276 4.44206(-1) 4.411725(-1) 4.766606 4.30631(1) 6.81(2)
25 Mn 300 5.03074(-1) 4.362785(-1) 4.895076 4.55692(1) 7.46(2)
26 Fe 325 4.56084(-1) 4.197437(-1) 5.028036 4.81139(1) 8.13(2)
27 o 351 4.14580(-1) 4.039118(-1) 5.161719 5.07050(1) 8.83(2)
28 Ni 378 3.78199(-1) 3.890889(-1) 5.295478 5.33414(1) 9.57(2)
29 Cu 406 2.87422(-1) 3.667324(-1) 5.435456 5.60216(1) 1.03(3)
30 Zn 435 3.17656(-1) 3.620402(-1) 5.563631 5.87521(1) 1.11(3)
31 Ga 465 3.50547(-1) 3.599804(-1) 5.688910 6.15159(1) 1.20(3)
32 -Ge 496 3.55427(-1) 3.569276(-1) 5.811602 6.43157(1) 1.28(3)
33  As 528 3.50589(-1) 3.533617(-1) 5.932105 6.71506(1) 1.37(3)
34 Se 561 3.57126(-1) 3.512624(-1) 6.050047 7.00169(1) 1.47(3)
35 Br 595 3.54488(-1) 3.484018(-1) 6.166296 7.29172(1) 1.57(3)
36 Kr 630 3.46777(-1) 3.450027(-1) 6.281050 7.58506(1) 1.67(3)
37 Rb 666 3.47802(-1) 3.440913(-1) 6.392166 7.88075(1) 1.77(3)
38  Sr 703 4.11154(-1) 3.472579(-1) 6.500770 8.17882(1) 1.88(3)
39 Y 741 3.89099(-1) 3.431248(-1) 6.609822 8.47940(1) 1.99(3)
40 Zr 780 3.66763(-1) 3.379651(-1) 6.718541 8.78297(1) 2.10(3)
41 Nb 820 3.00572(-1) 3.276085(-1) 6.828868 9.08930(1) 2.22(3)
42 Mo R61 2.84851(-1) 3.221516(-1) 6.936733 9.39853(1) 2.34(3)
43 To 903 3.08663(-1) 3.214602(-1) 7.041281 9.71033(1) 2.47(3)
44  Ru 946 2.62032(-1) 3.124914(-1) 7.149541 1.00249(2) 2.60(3)
45 Rh 990 2.50496(-1) 3.075274(-1) 7.255264 1.03424(2) 2.73(3)
46 Pd 1035 2.38186(-1) 3.013868(-1) 7.362406 1.06626(2) 2.86(3)
47 Ag 1081 2.28475(-1) 2.976231(-1) 7.465499 1.09858(2) 3.00(3)
48 Cd 1128 2.42312(-1) 2.963043(-1) 7.566807 1.13115(2) 3.14(3)
49 In 1176 2.59111(-1) 2.959340(-1) 7.666775 1.16392(2) 3.29(3)
SO Sn 1225 2.64283(-1) 2.951144(-1) 7.765442 1.19694(2) 3.44(3)
51 Sb 1275 2.64699(-1) 2.940103(-1) 7.862939 1.23018(2) 3.59(3)
52 Te 1326 2.71329(-1) 2.935757(-1) 7.959048 1.26364(2) 3.75(3)
5 | 1378 2.73098(-1) 2.927578(-1) 8.054155 1.29732(2) 3.91(3)
54 Xe 1431 2.71806(-1) 2.916370(-1) 8.148335 1.33122(2) 4.07(3)
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Fig. 2. Extracule moments < P> and <1/P> in momentum space as a function of
atomic number Z. Note that the normalization < P’ >=1 is used.
Intracule moments <v>/2 and 2<1/v> are also plotted for comparison.

PART 2.
CHAPTER 6.

ELECREON-PAIR DENSITIES
FOR MULTI-DETERMINANT WAVE FUNCTIONS

2-6-1. INTRODUCTION
The intracule /(u) and extracule E(R) densities [1], as well as their spherical
averages h(u) and d(R), are a couple of electron-pair densities useful to analyze the

motion of a pair of electrons in atoms and molecules (see, e.g., Ref. [2] for a review).
For an N-electron system (N>2), the intracule densities /(u) and A(ux) are defined by

IN-1 N \
Iw=( > Su--r)l), hw=@m[d i@, @

\ j=1 k=j+1 /
where &(r) is the three-dimensional Dirac delta function, the angular brackets ( \,
stand for the expectation value, and u=(&,Q,) with Q, =(6,,¢,). The intracule
densities /(u) and h(u) are the probability density functions for the relative vector u and
its magnitude u, respectively. On the other hand, the extracule densities E(R) and d(R)

are defined by

IN-1 N \
ER)=( Y Y OR-(j+n)/2]). d®=¢n"[ d ER), )
\ j=1 k=j+1 /

and represent the probability density functions for the center-of-mass vector R and its
magnitude R, respectively, where R=(R,Qp) with Qp =(6g,¢g). The

corresponding intracule [(v) and A (v) densities,
\

/N1 N )
1<v>z«’\Z Zé{v*<pj~pk>1>, h)=@m) 7 dQ, 1), @)
\ j=1 k=j+1 /

and extracule E(P) and d(P) densities,
/[N-1 N \ y £
ER)=( Y Y 8P-(p; +px)/2l), d(P)=(4m) [ dQp E(P), (4)
\ j=1 k=j+ /
are also introduced in momentum space, which represent the probability density
functions for the relative and center-of-mass momentum vectors and their magnitudes of
an electron pair. As reviewed in Refs. [2-4], for example, studies on the two-electron
intracule and extracule densities are limited compared with those on the familiar one-
electron position p(r) and momentum II(p) densities or their spherical averages.

We have recently developed [3,4] a method for the evaluation of the above four
electron-pair densities and their spherical averages, when the wave function of the system
under consideration is expressed by a single Slater determinant. The results have been
applied [5,6] to systematic examinations of the spherically-averaged intracule A(x) and
extracule d(R) densities, as well as their momentum-space counterparts h(v) and

J(P), for the neutral atoms from He to Xe in their ground states within the Hartree-
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Fock framework. Accurate Hartree-Fock values of the intracule moments < ux” > and

<v" > and the extracule moments <R" > and < P”" > have been also published [3,4]
for the atoms He through Xe, based on numerical Hartree-Fock calculations.

In Chapter 6, we generalize our method for evaluating the four kinds of electron-
pair densities to the cases where an N-electron wave function is given by a linear
combination of Slater determinants. The results are useful not only for the configuration-
interaction approximation but also for the Hartree-Fock approximation of some systems,
where a linear combination of two or more Slater determinants is needed for symmetry
requirements. In the next section, we describe our method based on rewriting the
electron-pair densities, defined by Egs. (1)-(4), as the Fourier or Hankel transforms of
their characteristic functions. As an illustrative application of the present results, we

discuss in Section 2-6-3 the difference of the electron-pair motion in the lp and 3P
multiplet states of the helium atom. Hartree atomic units are used throughout this
chapter.

2-6-2. ELECTRON-PAIR DENSITIES IN POSITION AND MOMENTUM
SPACES
2-6-2-1. WAVE FUNCTIONS

We consider an N-electron wave function ¥ in position space expressed by a
linear combination of M Slater determinants {S; },

M
WL Koy = Y GRS TGRS K ) (5a)
J=1
Sy (XpseesXy) =det{y y1(r)ny1(01) - YN (en) 1N (On)} (5b)

where Xx; =(ry,o; ) is the combined position-spin coordinates of the electron &, and
W (r) and ny (o) are respectively the spatial and spin parts of the kth spin-orbital of

the Jth Slater determinant. The spatial functions are assumed to be orthonormal, and the
symbol det{...} implicitly includes the normalization constant (N !)_UZ.

The corresponding wave function ®(y;,...,¥y) in momentum space, with
Yx =(Pg,0)) being the combined momentum-spin coordinates of the electron £, is
given by the 3N-dimensional Fourier transformation of ‘¥(xy,...,X ) with respect to

the position coordinates {ry },

N
(I>(y1,...,yN):(27r)"3N/2J- dr;...dry cxp(——iz Pr - Tx) P(xq,...,Xy) . (63)
k=1
Then the momentum-space wave function @ is found [7] to have exactly the same

linear-combination-of-determinant structure as that in position space [Egs. (5a) and (5b)],
provided that the one-electron spatial function y jy (r) is replaced with its momentum-

Space counterpart,
b )= 2m) [ drexpi-ip- vy () . (6)

For atoms and atomic ions, we can generally assume that the one-electron spatial
function y j (r) has a form,

ik (©=Re (Y m Q) (7a)
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where Y,,(Q) is a spherical harmonic and r=(r,€,). For the spatial function given

by Eq. (7a), Eq. (6b) reduces to
Pk ()= Fpic (P) YIkaJk (QP) ’ (7b)

2 [ :
Py @)= 0 [2[arr? i, G R () (7¢)
\ 770 J
where p = (p,{2 p) and Jj;(x) is a spherical Bessel function of the first kind.

2-6-2-2. INTRACULE DENSITIES .
Using the kernel of three-dimensional Fourier transformations for the Dirac delta

function,
s(r)=(2rx) 3 j dsexp(+ir-s) , (8)
the intracule densities /(u) and A(«) defined by Eq. (1) are rewritten as
I(u)=2n) —3J dsexp(+iu-s) F(s) , (9a)
h(u) = (27 2)™! j:dssz jo(us) Hs) (9b)
where s=(s,0;),
N-1 N
F(s)= Z Z <cxp(—is- r;)exp(+is- Iy )> : (10a)
j=1 k=j+1
H(s) = (47) ! j dQ F(s) . (10b)

For the wave function given by Egs. (5a) and (5b), the Condon-Slater rules (see, e.g.,
Ref. [8]) rearrange the characteristic function F(s) of /(u) as

F(s)= Fy(s) + F1(s)+ F,(s) , (11a)
- 2 LA JiJj : JkJj
Fo@=3 1621y, 3 [FH@-sumFd @], )
J=1 j=1 k=j+1
-1 M n’ !
Fi(s) = A{; S A(,KHCICk D [&(Jn,Kn)Ffé’k;"(s)—@(Jij)@(KLKn)F,?,é’,’
J=1 K=J+1 j=1
o Jnkn () _ 5 (Jj i, Jn)F 7K (s (11c)
FCxCr Y. (B0 Cm KR ()-8 01, K, (I, ©)|
j=1
M-1 M
Be)=Y, 2 %08

J=1 K=J+1
* 9 ’ ] Kn’J
X {cJ o [53 (In, Kn)S, (Jn*, Kn'YF J0s(8) = 85 (Jn, Kn*)o s (Jn’, Kn)F ' (s)]
> ’ Jn’Kn
+C Cy |8y (In, Kn)Ss (I’ Kn)Fi3o(5) = 8 (I, Kn' ) (' Kn) F i o] -
(11d)

where n=N, n’=N -1,
FE )= fer () fun ) =[F 9", (12a)
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fea @)= drexp(is- vy (0w, ()= fa (=) , (12b)

1, if one spin - orbital is different between S; and Sg,

A(J,K) = 12
R {o, otherwise, (120

1, if two spin - orbitals are different between S; and Sg,

Ay>(J,K) = 12d
2( ) {O, otherwise, )

1, if spin - orbitals x and A have the same spin,

O (K, A) E{ (12e)

in which Greek letters ¥, A, u,and v are used to enumerate spin-orbitals and Slater

0, if spin - orbitals x and A have different spins,

determinants in a combined manner. Since the intracule density operator is a two-
electron operator, there is no contribution in Eq. (11a) from a pair of Slater determinants
which differ in three or more spin-orbitals. When A{(J,K)=1, it has been assumed in
Eq. (11c) that by an appropriate permutation of columns in determinants (with the
associated permutation parity -1 or +1), the first N-1 spin-orbitals of the Slater
determinants S; and Sk are completely identical and the difference appears only in the
last spin-orbitals. Similarly, Eq. (11d) assumes that when A, (J,K)=1, the first N-2
spin-orbitals of the Slater determinants S; and Sg are arranged to coincide with each

other and the difference appears only in the (N-1)th and Nth spin-orbitals.
The characteristic function H(s) [Eq. (10b)] of the spherically-averaged intracule
density 4(u) has exactly the same mathematical structure as F(s),
H(s)=Ho(s) + Hy(s)+ Hy(s) , (13a)
and all the constituent terms are immediately obtained from Egs. (11a)-(11d), if we

replace F;ff} (s) with

KA = KA
H' (s) = (4m) 7} j dQ FI(s) . (13b)
For atomic systems with the spatial function (7a), Eq. (12b) is simplified [3] to
L.+l
fa®=Var 3 iU+ 50 YV m, Q) Wi (s) ,  (140)
l:VK _Iﬂ.l
where
00 - * *
Wit ()= [ dr r? ji(sr) RY () R, (1) = W ) (14b)

and ¢ (x;A)= ¢! (lemy;1;m) ) is the Condon-Shortley parameter [9]. Note that due to

the property of cl(/c;),), the summation in Eq. (14a) runs over every other integers

between the specified values. Based on the expression (14a), the angular integrations in

the function H(s) are analytically performed. We have
min(l, +; J,+H,)

H5(s) = B @ +1) ¢! (52) ¢! (1) Whca (YW, (5) , (15a)
l:max<yx _I/l Hl;z —IVD
if Ie+1y+1,+1,=even and m, —my =m, —m,. When either or both of these

conditions are not satisfied, H Z}V (s) vanishes. Two special cases of Eq. (15a) are

min(2l, 21,,)

Hip@) = D, @ +1)a’ (1) Wi () W), (5) » (15b)
1=0
he+l, ; 5
He (9= ). (21+1)b1(,(;y)mm(s) , (15¢)
l:VK—l,ul |

which appear in H(s), where al (s )= ¢! (K;K‘)Cl (u; 1) and b! (k3 1) = [cl (1(;/1)]2
are Condon-Shortley parameters [9]. The summations in Egs. (15a)-(15¢) run over every

other integers between the specified values.
As explained in Section 2-6-2-1, the wave function ®(yy,...,yy) in momentum

space is isomorphic [7] with the wave function ‘¥(xy,...,X» ) in position space. Then
the formalism for the momentum-space intracule densities 7(v) and A (v) defined by
Eq. (3) is exactly analogous to that for the position-space intracule densities presented
above,

1(v)=(2r)" j ds exp(+iv-s) F(s) (16a)

b (v) = (2n2)"1jgodsszjo(us) H(s) . (16b)

The explicit forms of the characteristic functions F(s) and H(s) are obtained
respectively by replacing v, (r) with ¢,.(p) and by R.(r) with P.(p) in Egs.
(11a)-(15¢).

2-6-2-3. EXTRACULE DENSITIES
Since
S[R—(r; +1)/2]= 7r_3j dsexp(+2iR - s)exp(—ir; - s)exp(—iry -s) , (17)

the position-space extracule densities £(R) and d(R) defined by Eq. (2) are rewritten as

E(R)=7"2 j dsexp(+2iR - 5) G(s) | (18a)
d(R):(4/n2)j:dss2jO(2Rs) D(s) (18b)
where R = (R,Qpg),
N-1 N )
G(s) = Z Z <exp(—is~rj)cxp(—is.rk )ﬁ} ! (19a)
j=1 k=j+1
D(s)=(4m) " | dQ,G(s) . (19b)

Using the Condon-Slater rules, the characteristic function G(s) for the wave function
(5a) is found to have the same mathematical structure as F(s) given in Egs. (11a)-(11d),

provided that the auxiliary function F ;f(,l (s) is replaced with
G (8)= Fea O uv (-5 = Fea (1 (5) (20a)
where f_; (s) is defined by Eq. (12b). Analogously, the characteristic function D(s) is
K.

: A : ;
obtained straightforwardly from H(s), if H ZV(S ) is replaced with
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D% (s) = (47) ! j dQg GI(s) . (20b)
We choose spherical harmonics with the phase:
Y () = (-D™Y; _, () . (21a)

Then the Condon-Shortley parameter ¢! (v; u) satisfies a relation,
D)™ "l vy =ty (21b)
and hence the explicit form of DZ& (s) for atomic systems is obtained as

min(l, +1; ,1,+1,)

KA
D/JV(S) 5 Z
l:maX(VK —I; I’yy =5l
if I +1y+1,+1, =even and my —my =m, —m, . When these two conditions are

D @+ 65 A) ¢ (1 Wa ()W, () (22)

not satisfied simultaneously, DZ’}, (s) vanishes. The two particular cases of Eq. (22a)

corresponding to Eqgs. (15b) and (15c) are
min(21,,21,,)

Din()= >, Ql+Da’ (165 Wi () W, (5) (22b)
=0
Le+ly, 5

DE©= 3, (D' @+Db () W) (220)
I:yx_lyl

which have been derived in Ref. [4]. The summations in Egs. (22a)-(22¢) run over every
other integers between the specified values.

As has been the case of the intracule densities, the momentum-space extracule
densities E (P) and d (P), defined by Eq. (4), have structures isomorphic with those of

the position-space counterparts given by Egs. (18a) and (18b):
EP)=n" j dsexp(+2iP - 5) G (s) , (23a)

d(P)=(4/7%) j:ds s2jo(2Ps) D(s) , (23b)

in which the characteristic functions G (s) and D(s) are obtained by replacing v, (r)
with ¢, (p) and by R, (r) with P_(p), respectively, in the expressions for G(s) and
D(s).

2-6-2-4. RELATIONS BETWEEN INTRACULE AND EXTRACULE
PROPERTIES

Comparison of the formulas for H Z’}, (s) and DZ’}, (s) shows that they are similar

but different by a sign factor (—1)1 in the summation of DZ’}, (s) given by Eq. (22a).
The /' values are all even and odd, if [, +1; (or I, +1,) is even and odd, respectively.

Then interesting relations,
D(s)=H(s) and d(R)=8h(2R), (24a)
follow immediately between the atomic intracule and extracule properties, if all the
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relevant 1. +1, values are even. Equation (24a) further yields a “2” -rule”,

S e R e D (24b)

between the intracule and extracule moments defined by
eu’ >EJ duu” ](u):4ﬁj;odu u™? h@) , (25a)
<R">=[ dRR" E(R)=4z [:dR R™2. (R (25b)

where 7 is a real number greater than -3. The condition that all /,. +1; are even is not
satisfied in general and therefore Egs. (24a) and (24b) do not hold in general. However,

the numerical examinations [4] have shown that the 2" -rule is approximately valid with
satisfactory accuracy, when 53 atoms from He to Xe in their ground states are studied
within the Hartree-Fock approximation. In particular, the relations (24a) and (24b) are
rigorous for the three atoms He, Li, and Be, where only s orbitals are occupied.

The relations between the intracule and extracule properties discussed above are
also valid in momentum space. However, the numerical results [4] for the atoms He

through Xe have shown that the 2" -rule,

Zaifa e B s Ol (26a)
for the momentum-space moments,
n n oy i ntl i
<v">= dvu 1(v)=47zj0 dvv™? h(v) , (26b)
A o0 "
<P">= j dP P" E(P)=4r JO dP P"*2 d(P) , (26¢)

is less accurate than the position-space moments, except for He, Li, and Be.
We note that for integer values of #, the intracule <u” > and <v" > and

extracule <R” > and < P”" > moments, defined by Eqgs. (25a,b) and (26b,c), can be
directly obtained from their characteristic functions H(s), H(s), D(s) and D(s).

Explicit formulas are reported in Refs. [3,4].

2-6-3. AN ILLUSTRATIVE APPLICATION

The 2 P and 2 P multiplet states of the helium atom have attracted a large
amount of attention since Davidson [10] pointed out (see also [11-15] and references
therein) that the interelectronic repulsion <1/u> is greater in the triplet than in the singlet,
in contradiction to naive theoretical models. Older work on interpretation of Hund’s rule
was summarized by Katiel and Pauncz [16]. Katriel worked [17] with crude radial

intracule densities 47u 2}’z(u) to show that the Fermi (or electron-electron coalescence)

hole in the triplet manifests itself only for O<u<1. Colpa et al. [18] showed that the radial
size <r>,, of the 2p orbital is smaller in the triplet than in the singlet. Boyd [19] has

also emphasized that high spin states are more compact than low spin states in general.
Based on highly-accurate correlated calculations, Regier and Thakkar [20] confirmed
that near-exact electron p(r) and intracule A(u) densities do not lead to qualitatively

different conclusions from those of Colpa et al. [18], Boyd [19], and Katriel [17]. Shim
and Dahl [21] presented a convincing picture of how Hund’s first rule operates: The
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electrons in the more compact triplet state repel each other more than in the singlet,
Fermi correlation is manifested by an increased tendency for the electrons to be on
opposite sides of the nucleus in the triplet, and the increased electron-nucleus attraction
results in a lower energy for the triplet.

Despite that there already is a good number of studies on the LpAp problem,
however, it is not reported in the literature how the singlet-triplet difference appears in
the momentum-space intracule density A (v) and in the extracule d(R) and d (P)
densities. These densities are examined below as an illustrative application of the present
method given in Section 2-6-2.

Within the Hartree-Fock framework, the 1s2p 1p and ®P wave functions can be
expressed by linear combinations of two Slater determinants,

1,3 1 w1
P oot ey O V. ot Ol 27
7 LRI m i

where m is either -1, 0, or +1. The radial functions Rys(r) and R;,(r) in position

space were generated by the numerical Hartree-Fock method based on a modified and
enhanced version of the MCHF72 code [22,23]. The algorithm of Talman [24] was used
to perform all the required Hankel-transformations numerically. The values of the

Condon-Shortley parameter cl(lc;/l) have been taken from the Slater’s book [25]. In
momentum Space, the position-space radial functions R,.(r) have been first Hankel-
transformed to obtain the momentum-space radial functions P.(p) according to Eq.

(7¢).
In order to check the accuracy of the Hartree-Fock approximation, we have first
plotted in Figure 1(a) the singlet-triplet difference of the radial intracule density

47 2h(u) in position space. We have found that the present Hartree-Fock curve is

surprisingly similar to the near-exact one of Regier and Thakkar [20], not only in their
behaviors but also in the locations and the values of the three extrema. This observation
supports that the present Hartree-Fock results grasp at least the essential feature of the

singlet-triplet difference in the four kinds of electron-pair densities h(u), A (v), d(R),
and d (P). Figure 1(a) also confirms Katriel’'s study [17] at the Hartree-Fock limit level.
The singlet-triplet difference corresponding to Fig.1(a) is also seen in the associated
intracule moments <u” > tabulated in the top half of Table 1. Compared to the 'P
values, the P moments <u” > are larger when n<0, and smaller when n>0.

The singlet-triplet difference of the radial intracule density 47zvzl;(v) in

momentum space is given in Fig.1(b). The p density is smaller for 0<v<0.86 and
larger for 0.86<v than the lp density. Namely, there is more probability in the 3p
state for the two electrons to have different momenta. Thus the effect of the Fermi hole
h(0)=0 can be considered to appear naively in momentum space. The intracule
moments <v” > in momentum space are compared in the bottom half of Table 1.

Corresponding to our observation in Fig.1(b), the moments <uv” > are larger in the
singlet when n<0 while in the triplet when n>0. We note that the average momenta

<p>3p of the 2p orbitals are 0.439 for Lp and 0.491 for 3P, and the difference is

1:1:2

not very large between the two states. The corresponding average 1s momenta < p >y
are 1.701 and 1.686, respectively.

Figure 2(a) shows the 1p-3P difference of the radial extracule density
47R*d(R) in position space. The P extracule density is larger than the lp density

for 0<R<2.17 and smaller for 2.17<R. This means that in the triplet state, there is a
higher probability for finding the center-of-mass radius R of the two electrons to be small.

Such a situation is possible only when the two electrons in 3P are more probable than

in 1P to be on opposite sides of the nucleus, as suggested by Shim and Dahl [21]. A
finer analysis has shown that the electron-electron counterbalance hole [26] d(0)=0

appears for the 1s2p 1p state. The Hartree-Fock limit values of the average electron-
nucleus distance <r>,, are 5.141 and 4.656 bohrs for the lp and °P states,

respectively, and <r>,, is smaller in the *P state as noted before [18]. Then the

electrons in the triplet state are interpreted [21] to have tendency to be at the opposite
positions with respect to the nucleus (i.e., the position-space origin r=0) in order to
increase the interelectronic separation and to reduce the electron repulsion energy. The

extracule moments <R” > in position space are summarized in the top half of Table 2.
The singlet-triplet differences in the moments < R” > are consistent with Fig.2(a).

The singlet-triplet difference in the momentum-space radial extracule density
4nP%d (P) is shown in Fig.2(b). The difference is similar to its position-space
counterpart, and the ’p density is larger for 0<P<0.43 and smaller for 0.43<P than the
lp density. This implies that the center (p; +p,)/2 of momenta of the two electrons
distributes more around the origin p=0 in the triplet than in the singlet. The moments

< P" > tabulated in the bottom half of Table 2 reflect this difference. In the comparison
of the momentum-space intracule densities, we have seen that two electrons have larger
probability of having different momenta in the 3P state. When the extracule result is
combined with the intracule result, it is concluded that the probability for the two
electrons to have the opposite momenta, with respect to the momentum-space origin p=0,

is larger in 3p than !P.Indeed, the clectron-electron counterbalance hole [26] appears

in momentum space as well for the Lp state. As the similarity of Figs.2(a) and 2(b)
suggests, the physical picture in momentum space is analogous to that in position space,
when the extracule density is used to elucidate the difference in the electron-pair motion
inthe 1P and 2P states. The present results also suggest that despite few studies on it,
the extracule density may be as powerful as the intracule density.

Finally, we have compared the present Hartree-Fock moments < u” > with the
corresponding near-exact values [20,27] reported for -2<n<+2. The largest relative error
of the Hartree-Fock values has been found to be 2.3%. The correlated results are not
known for the remaining three kinds of moments, but we expect that the Hartree-Fock

n . .
values in Tables 1 and 2 for <v” >, <R”" >, and <P" > have similar accuracy.
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2-6-4. CONCLUSION

A unified method for the evaluation of the electron-pair intracule and extracule
densities has been developed both in position and momentum spaces for wave functions
expressed as linear combinations of Slater determinants, with our special interests in
atomic systems where all the angular integrations can be performed analytically.
Interesting relations between atomic intracule and extracule densities and between their
moments have been discussed. An illustrative application of the present results has been
given for the 1s2p !p and 3 p states of the helium atom, and new aspects of the
singlet-triplet difference in the electron-pair motion have been clarified based on the
extracule densities and the momentum-space intracule density.
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Table 1. Comparison of the intracule moments for the

21p and 2 3P states of the helium atom.

5. 4p

o

< =
<u2>

3
<u >

U

<
<U™ >

<U4>

Position Space
0.087810943
0.24364468
5.1916619
32.269925
233.04368
1916,3817
Momentum Space
1.449076
0.8648445
1.732860
4.1746
14.29
83.0

0.095284169
0.26613201
4.7436007
25205951
182.95993
1410.7218

0.7153554
0.7268381
1.818582
4.395100
14.8

84.

Table 2. Comparison of the extracule moments for the

2 1P and 2 3P states of the helium atom.

2 1p 2 °P
Position Space
R Fs 0.29476967 0.50533045
SR 0.47478894 0.55795890
<R> 2.6048621 2.3543572
<R*> 8.0890701 6.7588471
2 29.174920 22.774574
<R%> 119.86195 87.942273
Momentum Space
e 2.979634 5.991698
<P 1.479459 1.759069
<P> 0.8983364 0.8589156
D%, 1.078807 1.0327
<P> 1.823 1.769
<P%s 5.24 5.14
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PART 2.
CHAPTER 7.

SUMMARY

In Part 2, the author has aimed to develop a theory for the calculation of the
intracule and extracule densities in position and momentum spaces of atomic systems,
and to apply the theory to examine systematically accurate Hartree-Fock intracule and
extracule densities in both spaces for 53 atoms from He to Xe in their ground state.

In Chapter 2, we have examined the structure of spherically averaged intracule
densities A(u) in position space and 4 (v) in momentum space for the atoms He

through Xe in their ground state within the Hartree-Fock framework. The position-space
intracule densities A(x) are a unimodal function with a maximum at u =0 for all the 53

atoms. In momentum space, the intracule densities 4 (v) are found to be classified into

three types; eighteen atoms have a unimodal density with a maximum at v = 0. Thirty-
two atoms have a unimodal density with a local minimum at v=0 and a maximum at
U > 0. Only three atoms have a bimodal density with a primary maximum at v=0 and a
secondary maximum at v>0. A decomposition of total intracule density into its
subshell-pair contributions has shown that the largest contributions to A(u) for all the
atoms come from the four innermost subshell pairs 1s1s, 1s2p, 2p2p, and 1s2s, and that
h(v) is governed by a few outermost subshell pairs. Thus, the position-space intracule

densities mainly reflect the motion of electrons in innermost subshells, while the
momentum-space intracule densities are strongly influenced by the motion of valence
electrons.

In Chapter 3, we have reported accurate Hartree-Fock values of interelectronic

moments <u* > with k=-2 to +4 in position space and <vF > with k=-2 to

+3 in momentum space for atoms from He to Xe in their ground state. An

interelectronic moment <u* > with a positive k£ generally decreases with an increasing
atomic number Z, but the behavior is quite irregular except for the second period atoms.

A moment <u* > with a negative k generally increases with an increasing Z. On the
other hand, a moment <v* > with a positive k£ increases monotonically as Z increases.

A moment <vf> with a negative k generally decreases with increasing Z. A

comparison of the present moments with the ones beyond Hartree-Fock calculation has

k

clarified that for the He and Be atoms, the electron correlation decreases <u”® > with

negative k and increases <u* > with positive £ in position space, and that for the Li
atom, however, all the moments < uk > beyond the Hartree-Fock calculations are larger

than the Hartree-Fock values. The moments < uv* > of the He and Li atoms have shown
the same trend as the Li atom in position space.

[n Chapter 4, the author has presented a theory of constructing extracule densities
in position and momentum spaces for the atoms. We have also applied the theory to
systematically examine spherically averaged extracule densities d(R) in position space

and d(P) in momentum space for a series of 53 atoms from He to Xe in their ground
state based on the numerical Hartree-Fock method. The contributions of subshell pairs
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and spin-orbital pairs to the total extracule density have been analyzed in both spaces. In
position space, the extracule densities d(R) are a unimodal function with a maximum at
R =0 for all the 53 atoms due to the predominant 1s1s subshell-pair contribution. On
the other hand, the momentum-space extracule densities d (P) have been found to be

classified into two types; forty-two atoms have a unimodal density with a maximum at
P =0, and 11 atoms have a unimodal density with a local minimum at P =0 and a
maximum at P > 0. A systematic analysis has shown that in momentum space, the
extracule densities are governed by a few outermost subshell pairs.

In Chapter 5, We have presented extracule moments < Rk > with £k =-2 to

+4 in position space and < P¥ > with k=-2 to +3 in momentum space of atoms
form He to Xe in their ground state. The Hartree-Fock calculations have been used to

examined these extracule moments. Comparing the extracule moments < R* > with the

corresponding intracule moments <u* > for k=-2 to +4, we have found that a

K os iz RF e ok e oa good approximation for all the 53 atoms. Similarly,

k

relation <u

an approximate relation <v > /< P* >=2¥ between the extracule <P* > and

intracule <v* > moments is valid for k =2 to +3 in momentum space.

In Chapter 6, the author has generalized a method for evaluating the intracule and
extracule densities in position and momentum spaces when an N-electron wavefunction is
given by a linear combination of Slater determinants. As an illustrative application of the

present results, we have discussed the difference of the electron-pair motion in the lp
and °P multiplet states of the helium atom. Compared to the moments < W > of AP
state, the 3P moments <uf > are larger when k& <0 and smaller when k& > 0. The
similar trends have been observed for the extracule moments < R¥ > in position space

and < P¥ > in momentum space.
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PART 3.
CHAPTER 1.

INTRODUCTION

The electronic relative-motion (intracule) and center-of-mass-motion (extracule)
densities in position and momentum spaces are very useful quantity [see, Refs. 1 and 2,
and GENERAL INTRODUCTION] to analyze the motion of a pair of electrons for
atomic and molecular systems. The position intracule density /(u) and its spherical
average h(u) are [1-3] the probability density functions for interelectronic vector u
and its magnitude u. The extracule density E(R) and its spherical average d(R) in

position space represent [1-3] the probability density functions for center-of-mass vector
R and its magnitude R. The corresponding intracule 7(v) and A (v) densities and

extracule E(P) and d(P) densities are also introduced [1] in momentum space, and

represent the probability density functions for the relative and center-of-mass momentum
vectors and their magnitudes. These electron-pair densities have been used [see, Refs. 1
and 2] for neutral atoms and molecules to analyze many chemical and physical problems
such as Coulomb hole, x-ray and eclectron-scattering intensities, Hund’s rules, and
chemical bonding. Only few attempts, however, have so far been made to study the
electron-pair densities of atomic ions.

In the present part, we apply the theory developed in Part 2 to examine
systematically the intracule and extracule densities in both position and momentum
spaces of atomic ions.

In Chapter 2, spherically averaged electron-pair intracule density h(u), extracule

density d(R), and their moments <u* > and <R* > are examined [4] for the singly

charged 53 cations from Li* to Cs* and 43 anions from H™ to I in their ground
state, where u and R are the interelectronic distance and the center-of-mass radius of a
pair of electrons, respectively. The intracule and extracule densities of all the 96 ions are
found to be monotonically decreasing functions, as shown for neutral atoms.

Approximate relations d(R) = 8h(2R) and <uf >/ <RF >=2% are confirmed to be

valid for the charged atoms as well.
In Chapter 3, momentum-space spherically averaged electron-pair intracule # (v)

and extracule d(P) densities are [5] constructed and examined systematically for the

singly charged 53 cations from Li* to Cs" and 43 stable anions from H™ to I in
their ground state based on numerical Hartree-Fock calculations. The intracule and
extracule densities are found to be classified into three and two types, respectively,
according to the number of extrema and their locations. The modalities of the electron-

pair densities for all the 96 ions are governed by a few outermost clectron pairs as

reported for neutral atoms. The intracule <v* > and extracule < P¥ > moments are

computed for the 96 ions and compared with the corresponding values for the
isoelectronic neutral atoms.
In Chapter 4, we construct [6] a method of obtaining the extracule density d(R)

for a correlated wave function which explicitly includes an interelectronic distance term.
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The method is applied to the ground state helium atom and its isoelectronic analogs
described by highly accurate Kinoshita wave functions. Near exact extracule densities

d(R), their moments < R¥> with k=-2 to + 4, and eclectron-electron
counterbalance densities d(0) are determined. Comparison of the correlated results with

the corresponding Hartree-Fock values shows that the electron correlation shifts the
extracule density d(R) from a small R region to a large R region. Different roles of the

radial and angular correlation contributions are also clarified in the electron correlation.
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PART 3.
CHAPTER 2.

HARTREE-FOCK ELECTRON-PAIR DENSITIES IN POSITION SPACE

3-2-1. INTRODUCTION
The spherically-averaged intracule (relative-motion) density A(w) and the

associated moments <u” > are defined [1,2] by
h(u) = j dQ,, j dRT(u,R) , (1a)

<u” >z4ﬂj(:oduu"+2h(u) ; (1b)

where u=(u,Q,) with Q,=(6,,4,) and T'(u,R) is the intracule-extracule
representation of the spinless two-electron density I'(ry,r;), obtained by the variable
transformations u=r; —r, and R = (r; +ry)/2. The intracule density h(x) represents
the probability density function for an interelectronic distance, and directly determines the
clectron repulsion energy of a system. In the literature (see, e.g., Refs. [2-6] for relevant
references), the intracule densities have been used for the analysis of several physical and
chemical problems such as Hund’s rules, chemical bonds, Coulomb hole, and correlation
density functionals. Further, experimental x-ray and fast electron scattering intensities of
atoms and molecules are closely related [7] to the intracule density.

On the other hand, the spherically-averaged extracule (center-of-mass-motion)

density d(R) and the associated moments < R” > are defined [1,2] by
d(R) = j dQp j duT'(w,R) , (2a)

< R" >s47zj;odRR”+2d(R) : (2b)
where R =(R,Qp) with Qp =(0p,¢r). The extracule density provides useful

information about the motion of the center-of-mass of an electron pair, but only a few
studies have been reported for light neutral atoms and diatomic molecules [8-10].

All the studies on the intracule and extracule densities in the literature were carried
out based on approximate basis-set-expansion wave functions, some of which may not be
sufficiently accurate. For the 53 neutral atoms from He to Xe in their ground states, we
recently performed [3-6] a systematic examination of A(u) and d(R) as well as their

moments <u” > and <R" > with n=-2 to +4 using the numerical Hartree-Fock
method. For the neutral atoms, it was clarified [3-6] that (i) both the intracule and
extracule densities are monotonically decreasing functions, (ii) the major contributions to

the total electron-pair densities #(u) and d(R) come from a few innermost subshell-pairs,

and hence the densities strongly reflect the motion of inner electrons, (iii) an
approximation d(R)=8h(2R) holds between the two electron-pair densities, (iv)

<u" >/<R" >=2" is a good approximation for n=-2 to + 4, and (v) the equalities

in (iif) and (iv) hold exactly for He, Li, and Be atoms, where only s orbitals are occupied.
In Chapter 2, we report the intracule /() and extracule d(R) densities, together

with the associated moments <u” > and <R” > with n=-2 to +2, for the singly
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charged 53 cations from Li* to Cs* and 43 anions from H™ to I~ in their ground states
based on numerical Hartree-Fock calculations. The electron-electron coalescence #(0)

and counterbalance d(0) densities are studied as well. The next section outlines our
computational procedures. In Section 3-2-3, the results are presented and discussed. We
will find that the above mentioned results (i) to (v) for neutral atoms are also valid for all
the 96 singly charged atoms. In addition, several inequalities are obtained for the two-
electron properties of isoelectronic species with different nuclear charges. Hartree atomic
units are used throughout.

3-2-2. COMPUTATIONAL OUTLINE

A Hartree-Fock wave function is expressed by a linear combination of a finite
number of Slater determinants composed of a set of orthonormal spin-orbitals. Then the
Condon-Slater rule (see, e.g., Ref. [11]) rewrites the intracule and extracule densities as a
sum of spin-orbital-pair contributions. For atomic systems, we assume that the spatial
part ¥ ,;,,(r) of a spin-orbital is a product of radial R,;(r) and spherical harmonic
Y}, (€2, ) functions. This allows us to perform analytically the angular integrations
involved in the definitions of the spherically-averaged densities h(x) and d(R).
Furthermore, a summation of contributions from one electron with R,; () and another
electron with R, ;:(r) defines the contribution of a subshell pair n/n’[’. Details are found
in Refs. [3-6, 12].

For the singly charged 53 cations from Li* to Cs* and 43 anions from H™ to [’
with the number of electrons 2 < N <54, the radial functions R,; (r) were generated by

the numerical Hartree-Fock method based on a modified and enhanced version of the
MCHF72 code [13]. The experimental ground electronic configurations and terms [14,
15] were considered for all the ions. There are two exceptions, however. For the anions

Sc’ and Pd , the experimental ground states are reported [15] respectively to be
[Ar]4s(2)3d(1)4p(1), ID and [Kr]5s(1)4d(10), 2S, but we could not obtain meaningful
solutions to these states in numerical Hartree-Fock computations. Thus the second lowest
states, [Ar]4s(2)3d(2), °F for Sc and [Kr]5s(2)4d(9), *D for Pd”, were examined
instead.

3-2-3. RESULTS AND DISCUSSION
By definition, the intracule and extracule densities are normalized to the number of
electron pairs N(N —1)/2. In this section, however, we use a modified normalization

scheme which normalizes all the densities to unity to avoid large numbers and to facilitate

mutual comparison of species with different numbers of electrons.
Systematic examination of the intracule densities /i(u) for the singly charged

cations and anions shows that all the densities are monotonically decreasing functions (i.e.,
unimodal functions with a maximum at u = (), as observed [5] for the neutral atoms with

2< N <54. Figure 1(a) exemplifies the intracule densities A(u) of the ions Rb™ and

Br- with 36 electrons, and compares them with the corresponding result [5] for the
isoelectronic neutral atom Kr. We also find in general that an inequality,

h(w) <h®w) <ht @), 3)
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is valid for a small u, where the superscripts -, 0, and + refer to the anionic, neutral, and
cationic species, respectively. This means that an increase in the nuclear charge Z among
isoelectronic species leads to an increased probability of finding any two electrons at a

shorter interelectronic distance.
A decomposition of the total intracule density /(u) into subshell-pair contributions

shows that common to all the 96 singly charged ions, the largest contributions to A (u)
come from the four innermost subshell pairs 1sls, 1s2p, 2p2p, and 1s2s in the order of

decreasing contributions. The relative significance and behaviors of the four subshell pairs
are similar to those of neutral atoms [5]; the 1sls contribution is a unimodal function with
a maximum at u = 0, and is exceptionally large among the four contributions at a small u .
The 1s2p and 2p2p contributions are unimodal functions with a maximum at u > (). The

Ls2s contribution is a bimodal function with a primary maximum at ©=0 and a
secondary maximum u > 0. Thus intracule density A(x) is a unimodal function with a

maximum at u = () due to the predominant 1sls subshell-pair contribution.
Figure 1(b) plots the electron-electron coalescence densities [16-19] h(0) of the

singly charged 53 cations and 43 anions along with the corresponding densities of the
neutral atoms [18, 19]. The A(0) values increase monotonically with increasing number N

of electrons except for Li*. For the cations, N(N —1)h*(0) = 0.0435Z 329 is found to be
an excellent approximation. The average relative error is 0.93% for the 53 cations and the
largest error is 5.25% for Li*. For the anions, an approximation
N(N -Dh (0)=0.0365Z e may be useful to estimate the A (0) values except for light
species; the average relative error is 4.15% for the 43 anions and the largest error is
40.7% for H . As expected from the discussion on A(x), an inequality
h_(())<lzo(())<h+(0) is true without exception, implying that an increase of Z
mcreases the probability of finding any two electrons at the same position in space.

Table 1 gives the intracule moment <u” > with n=-2 to +2 for the singly

3

charged 53 cations and 43 anions. The results for <z> > and <u” > are not given, but

available upon request to HM. For the 96 singly charged ions, the moment <u” > with a

negative n generally increases with increasing Z. On the other hand, <u” > with a
positive n shows a periodic behavior as a function of N; it decreases as the number of
clectrons increases towards a rare-gas electronic configuration, and there is a jump-up
when additional one or two electrons occupy a new s subshell outside the rare-gas

configuration. Comparing the moments <u” > of the 96 singly charged ions with those
of the 53 neutral atoms previously reported [3], we find inequalities,
R LSl S T PN SR N S when n <0, (4a)
egbuTilioaphal Joiaaha=, when n>0, (4b)
with no exceptions. These relations are consistent with Eq. (3).
For the 53 neutral atoms from He to Xe, the extracule densities were known [6] to

be monotonically decreasing functions. For the singly charged 53 cations and 43 anions in
their ground states, we have also examined the extracule densities d(R) and again found

that all the densities are monotonically decreasing functions. Corresponding to Figure
1(a), the extracule densities of the 36-clectrons species are compared in Figure 2(a). A
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comparison of d(R) of the 96 ions with those of the neutral atoms clarifies that for a

small R region,

d~(R) < d°(R) < d*(R), (5)
holds among all the isoelectronic series with N = 2 to 54. The inequality tells us that an
increase in nuclear charge causes an increased probability of finding a pair of electrons
with a smaller center-of-mass radius.

By examining subshell-pair contributions, we see that the five largest contributions
to the total extracule density d(R) for the ions are 1sls, 1s2s, 1s2p, 2s2p, and 2p2p

subshell pairs as found [6] for the neutral atoms. The 1sls, 1s2p, and 2s2p contributions

are unimodal functions with a maximum at R =0, and the 1sls contribution is largest at
asmall R.The 2p2p contribution is a unimodal function with a maximum at R > 0, and
the 1s2scontribution is a bimodal function with a primary maximum at R=0 and a
secondary maximum R > 0. As for the case of h(u), the predominant 1sls contribution
is concluded to form the monotonically decreasing behavior of the extracule density
d(R) for all the neutral and charged atoms examined.

The N-dependence of electron-electron counterbalance densities [18-20] d(0) is
shown in Figure 2(b) for the charged and neutral atoms. The d(0) values for all the three
series increase monotonically with increasing N except for Li'. For the 53 cations, a

fitting into an analytical function has given N(N —1d ' (0) = 0294Z>% with the

average relative error of 1.49% and the largest error of 3.27% for O™ . Analogously, we
have obtained N(N —-1)d (0) = 0.263Z 345 for the 43 anions, where the average relative

error is 3.09% and the largest error is 20.9% for H™. Among an isoelectronic series, an
inequality d (0) < d O(O) < d " (0) is always valid, indicating that an isoclectronic
species with a larger nuclear charge Z has a larger probability of finding any two electrons
exactly at the opposite positions with respect to the nucleus. The result works to reduce
an increased repulsion among electrons confined in a smaller space around the nucleus
due to a larger Z.

Table 2 summarizes the extracule moments < R” > for the 96 ions, where n ranges
from -2 to +2. The results for n = +3 and +4 are available upon request to HM. The

dependence of < R” > on Z and N is analogous to that of the intracule moments < u” >.
By comparison of the extracule moments for the ions and neutral atoms, we find among
an isoelectronic series that
pRPeT FpE BN gl when n <0, (6a)
R Rl fin gt when n>0), (6b)

in accord with Eq. (5).
For neutral atoms, an interesting relation,

d(R)=8h(2R) , (7)
was shown [4, 6] between the extracule d(R) and intracule A(u) densities within the
Hartree-Fock theory, where the equality holds for the species with N =2, 3, and 4. We
have confirmed that the relation is also valid for the singly charged cations and anions.
Examples can be seen in Figures 1(a) and 2(a). The inequalities (3) and (5) are also
consistent through Eq. (7). A particular case of Eq. (7) for R = 0 reads
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d(0) = 8r(0) , (8)
which connects [18, 19] the electron-electron coalescence 4(0) and counterbalance d (0)

densities. The inequalities for A% (0) and for d* (0) mentioned above are thus consistent
with Eq. (8), where x = -, 0, and +. The approximate analytical expressions for A" (0)

and d”(0) deviate little from the relation (8). However, the difference between d(0) and
8h(0) increases with increasing N, and the relative errors are 27% for the three 54-

electron species.
Equation (7) further predicts [4] a relation,

R L N U 9)

between the intracule <u” > and extracule <R" > moments. The equality in Eq. (9) is
rigorous for the species with N=2 to 4. The inequalities (4) and (6), observed among an
isoelectronic series, are consistent with Eq. (9). For the 53 neutral atoms with 2<N<54,

the average values of <u” >/<R” > were reported [4] to be 0.222 (n=-2), 0.481
(n=-1), 2.03 (n=+1), 4.11 (n=+2), 8.27 (n=+3), and 16.6 (n=+4), respectively. For the
cations and anions, the corresponding values have been found to be more or less the same
when n=-2, -1, and +1. For n=+2, 43, and +4, the values are 4.13 (cations) and 4.08
(anions), 8.34 (cations) and 8.17 (anions), 16.8 (cations) and 16.3 (anions), respectively.

In these cases, the deviation from 2" has been seen to be smaller for a species with a
lower Z among an N-electron isoelectronic series for any 2 < N <54,

3-2-4. CONCLUSION

For the 53 cations from Li* to Cs* and 43 anions from H™ to [, both the
intracule h(u) and extracule d(R) densities have been found to be monotonically

decreasing functions. The approximate but important relations d(R)=8h(2R),
<u” >/<R" >=2", and d(0)= 8h(0), found previously [4, 6, 18, 19] for neutral
atoms, have been confirmed to be valid as well for the singly charged ions. Therefore, the

qualitative aspects of the electron-pair properties have been concluded to be essentially
common to the neutral and charged atoms. Moreover, a comparison of isoelectronic

species has clarified several general inequalities such as A&~ (u) <h0(u) <h*(u) for a

small u . Since the electron-pair properties in position space are strongly influenced by a
few innermost subshell pairs, these inequalities for an isoelectronic series can be
understood intuitively by the fact that an increased nuclear charge results in an electron
distribution more condensed around the nucleus. On the contrary, the electron-pair
properties in momentum space are known [3-6] to be most affected by outermost (or
valence) subshells. Comparative studies of the momentum-space intracule and extracule
densities on the neutral and charged atoms will be interesting.
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PART 3.
CHAPTER 3.

HARTREE-FOCK ELECTRON-PAIR DENSITIES IN MOMENTUM SPACE

3-3-1. INTRODUCTION

The elucidation of the motion of a pair of electrons is important for profound
understanding of the electronic structures of atoms and molecules. The intracule
(relative-motion) and extracule (center-of-mass-motion) densities are a couple of
electron-pair densities useful for such purpose [1,2]. The intracule density 7/(u) and its

spherical average h(u) in position space are the probability density functions for the
relative vector u=r;—-r, and its magnitude wu=[r;—r,|, respectively. Since the
pioneering work by Coulson and Neilson [3] for the He atom, the intracule density has
been employed in a number of studies on atomic and molecular problems such as Hund’s
rules, chemical bonding, and Coulomb hole (see, e.g., Refs. [2,4-7]). On the other hand,
the position-space extracule density E(R) and its spherical average d(R) are the
probability density functions for the center-of-mass vector R=(r;+ry)/2 and its
magnitude R =[r; +1r;}/2, respectively. Compared with the intracule density, little
attention has been paid so far to the extracule density (see, Ref. [5]). Systematic
examinations of both the intracule A(x) and extracule d(R) densities as well as their

moments <u® > and <R¥ > have only recently been performed on the basis of
numerical Hartree-Fock calculations for the 53 neutral atoms from He to Xe [4-7], the
singly-charged 53 cations from Li" to Cs" [8], and the 43 anions from H™ to I” [8] in their
ground states. The intracule and extracule densities have been found to be monotonically
decreasing functions for all the 53 atoms and the 96 ions. A decomposition of the
electron-pair densities into subshell-pair contributions has shown that the modalities of
intracule and extracule densities are essentially governed by the innermost 1s1s subshell
pair. Moreover, we have found that interesting relations d(R)=8h(2R) and

< uk o i Rk = e 2k hold for the neutral and ionic atoms.

The intracule density 7(v) and its spherical average A (v), and the extracule
density E (P) and its spherical average d (P) are introduced [2] in momentum space as
well. The momentum-space intracule and extracule densities have also been used for the
mnvestigations on the same problems as in position space, but almost all the studies are
limited to He, Li, Be, and a few simple molecules (see, Refs. [2,4-7] for relevant
references). Recently, we have constructed and examined [4-7] systematically the
momentum-space intracule A4 (v) and extracule d(P) densities together with their
moments for the 53 neutral atoms from He to Xe in their ground states, based on the
numerical Hartree-Fock method. The momentum-space intracule 4 (v) and extracule
d (P) densities of the 53 atoms have been found to be classified into three and two types,
respectively, according to the number of local extrema and their locations. By separating
the electron-pair densities into subshell-pair contributions, we have clarified [6,7] that
modalities of the momentum-space electron-pair densities are governed by a few
outermost subshell pairs, in marked contrast with those for the position-space electron-
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pair densities. A relation <v* > /< P¥ =2k is confirmed [5] to be valid between the

. k k : .
intracule <v™ > and extracule < P" > moments. However, no systematic analysis was

reported for the momentum-space electron-pair densities of ionic species.
The purpose of Chapter 3 is to study the intracule % (v) and extracule d(P)
densities in momentum space along with their moments < vF > and < P¥ > for the

singly-charged 53 cations from Li* to Cs* and 43 anions from H™ to I° (except for ten
unstable anions of group-2, 12, and 18 atoms) in their ground states, and to compare the
ionic results with those for neutral atoms. The electron-electron coalescence 4 (0) and

counterbalance d (0) densities are studied as well. The intracule 4 (v) and extracule
d(P) densities will be classified into three and two types, respectively, and several

important inequalities will be found among isoelectronic species. The present results
complement those obtained previously [4-8] for the intracule and extracule densities of
the 53 neutral atoms and the 96 singly-charged ions. The next section defines the
intracule % (v) and extracule d (P) densities as well as their moments, and outlines our

computational procedures based on the numerical Hartree-Fock method. In Section 3-3-
3, the results are presented and discussed. Hartree atomic units are used throughout this
chapter.

3-3-2. DEFINITIONS AND COMPUTATIONAL OUTLINE
For an N-electron system (N > 2), the spherically-averaged intracule density /4 (v)

and the associated moments < v¥ > in momentum space are defined [2] by
= __1 —
h() = (4m) " [dQ, [ dpidp2dlv - (b1 - p2)IT(p1.p2) - (1)

R s >z47rf(:odvvk+2k(v) : (1b)
where v = (v,Q,,) with Q, =(6,,4,), and S(p) is the three-dimensional Dirac delta

function, and I'(py,p,) is the spin-reduced two-electron momentum density function
1],
N(N -1)

I'(py,ps) = T“jdﬁldgzdh,---,dYN|(D(Y1,---,YN)|2 , (2)

in which y; = (p;,0;) is the combined momentum-spin coordinate of the electron i and
O(yy,...,¥ y) is the electronic wave function in momentum space. The intracule density

h(v) is the probability density function for the relative momentum v =|p; —p3|, and is
normalized to the number N(V-1)/2 of electron pairs. On the other hand, the spherically-

averaged extracule density d (P) and the associated moments < P* > are defined [2] by
d(P)= (4”)~1dePJdP1dP25[P“(P1 +p2) /2] (p1,p2) » (3a)
< pk >z4nj:dppk+2d(1>) , (3b)

where P = (P,Qp) with Qp = (0p,¢p). The extracule density d (P) is the probability
density function for the center-of-mass momentum P =|p; +p,|/2, and is also normalized

to the number N(N-1)/2 of electron pairs.
For singly-charged 53 cations and 43 anions, the position-space Hartree-Fock
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wave function is expressed by a linear combination of a finite number of Slater
determinants composed of a set of orthonormal spin-orbitals. The spatial part ,,;,, (r) of
a spin-orbital is a product of radial R,;(r) and spherical harmonic Y;,,(€,) functions,
where r=(r,2,), and n, [, and m stand for the principal, angular momentum, and
magnetic quantum numbers, respectively. The momentum-space Hartree-Fock wave
function has exactly the same structure as the corresponding wave function in position
space, if ,;,(r) is replaced [10] with ¢,;,(P)= P,;(p)Y),(Q p), Where the

momentum-space radial function F,;(p) is obtained as the Hankel transform of R, (r),

P (p)= (1)’ \E o drr® i rRa ) (4)

with j;(x) being the /th order spherical Bessel function of the first kind. The position-
space radial functions R,;(r) were generated by the numerical Hartree-Fock method
based on the MCHF72 code [11]. According to Eq. (4), the functions R,;(r) were then
numerically transformed to the functions B, (p) using Talman’s algorithm [12]. The
Condon-Slater rule [13] rewrites the intracule % (v) and extracule d(P) densitics as a
sum of spin-orbital-pair contributions. The angular integrations in Egs. (1a) and (3a) were
then performed analytically. A summation of contributions from one electron with
By (p) and another electron with P, ;:(p) defines the contribution of a subshell pair

nin’l’. The details are found in Refs. [4-7,14]. The experimental ground electronic
configurations and terms [15,16] were considered for all the singly-charged 53 cations

from Li* to Cs* and 43 anions from H™ to I". An explicit table is found in Ref. [17].

There are two exceptions, however. For the anions Sc™ and Pd’, meaningful Hartree-
Fock solutions were not obtained [17] to their ground states. Thus the second lowest
states [17] were examined instead for these ions.

3-3-3. RESULTS AND DISCUSSION

In this section, all the intracule and extracule densities are normalized to wunity,
instead of the number of electron pairs N(N-1)/2, to facilitate mutual comparison of
species with different numbers of electrons.

Systematic examinations of the intracule densities 4 (v) for the singly-charged 53

cations and 43 anions have shown that the densities 4 (v) are classified into the same

three groups as those for neutral atoms [6] according to the number of local extrema and
their locations.

Type A. Unimodal density with a maximum at v = 0. The next seven cations and nine
anions have densities of this type: Li*, B*, Al", Y*, and group-1 anions with a valence s’
configuration, C', Si*, and Ge* with a valence p' configuration, Sc™, Ti", V_, and Zr~ with
a d* configuration (k = 2-4). Figure 1(a) shows the intracule density of Si* which is of type
A.

Type B. Unimodal density with a local minimum at v = 0 and a maximum v > 0. The 44
cations and 21 anions have densities of this type: Group-1 cations except Li*, group-15 to
group-18 cations, and group-13 to group-17 anions with a p° configuration (k = 2-6),
group-2 cations with an s’ configuration, transition cations with a valence d (k=4,5,7-
10) or s'd* (k = 1, 2, 5, 6, 10) configuration, Sn* with a p' configuration, and Y with a
d'p' configuration. The intracule density of Fe' is given in Fig. 1(b).
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Type C. Bimodal density with a primary maximum v = 0 and a secondary maximum at
v > 0. There is also a local minimum between the two maxima. The two cations Ga' and
In" with a d'° configuration and 13 transition anions with a d* configuration (k = 4-10)
except V- have densities of this type. An example is shown in Fig. 1(c) for the Ag™ ion.

A decomposition of the total intracule density into subshell-pair contributions has
shown that the above modalities of the intracule densities /4 (v) are governed by a few
outermost subshell pairs SS, SS’, SP, PP, and PD as reported for neutral atoms [6],
where the symbols S, P, and D denote the outermost subshells of the respective
symmetries, and the symbol S’ denotes the second outermost s subshell. While the SS
contribution has type-A distribution, the other four contributions have type-B
distributions. When the SS subshell-pair contribution is large, the intracule density
belongs to type A. When one of the subshell-pair contributions SS’, SP, PP, and PD is
large, h(v) becomes type-B density. The modality of type-C density comes from a
combined contributions from SS and SP subshell pairs or from SS and PD subshell pairs.
These results are in marked contrast to those of the position-space intracule densities
h(u); for all the 96 singly-charged ions, the densities A (x) are monotonically decreasing
functions [8] due to the predominant 1s1s subshell-pair contributions.

The electron-electron coalescence density A (0) is (see, Refs. [18,19] and
references therein) the probability density of finding any two electrons at the same
momentum. Figure 2(a) depicts the densities % (0) for the 53 cations and 43 anions
together with the corresponding densities for the neutral atoms [18,19]. The densities
h(0) of all the 96 ions are found to be highly dependent on the several outermost-
subshell pairs, as shown for the neutral atoms [19]. The density 4 (0) decreases as the
number of electrons increases toward a rare-gas (anions), rare-gas plus s' (cations), or
s'd"’ (cations) electronic configuration, and there is a jump-up when one (cations) or two
(anions) electrons are added to form a fully-occupied valence s’ configuration. An
inequality

ht(0)<h®0)<h(0), (5)
is seen to be true without exceptions for isoelectronic species, where the superscripts +, 0,
and - refer to the cationic, neutral, and anionic species, respectively. Equation (5) means
that among isoelectronic species a decrease in the nuclear charge Z increases the
probability of finding any two electrons at the same momentum.

Table 1 summarizes the intracule moments < v* > with k = -2 to +2 for the 96
singly-charged ions. The moment < v 2 > shows a periodic N-dependence analogous to
the electron-electron coalescence density 4 (0) shown in Fig. 2(a). The moment < TR
decreases with increasing N, although there are several exceptions. On the other hand, the

moments < v¥ > with positive £ have monotonically increasing behavior. Figure 2(b)

shows the N-dependence of the average relative momentum < v > for all the 96 ions and

the corresponding 53 neutral atoms. A detailed comparison of the moments < vk > of

the 96 singly-charged ions with those [4] of the 53 neutral atoms has shown that
inequalities,
A ( <k 2 when k <0, (6a)

kiU { <v¥ it when k>0, (6b)

e ( <v

b R ( <V
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hold among isoelectronic species with no exceptions. Equation (6) implies that among a
isoelectronic series, a species with a larger Z has more diffuse intracule density than the
one with a smaller Z.

Analogously, we have examined the modality of the extracule densities d (P) for

the 96 ions and have found that the cationic densities are classified into two groups,
whereas all the anions have a single type of densities.

Type A. Unimodal density with a maximum at P = 0. All the 43 anions and the following
41 cations have densities of this type: Group-1, S, 6, 9 to 11, 13 to 18 cations, Y, and
Ru". These 84 ions commonly have a doubly-occupied outermost s subshell. Figure 3(a)
shows the extracule density of Br™ which has a type A distribution.

Type B. Unimodal density with a local minimum at P =0 and a maximum P > 0. The
next 12 cations with a singly-occupied outermost s subshell have type-B densities:
Group-2, 4, 7, 12 cations, Sc', and Fe'. The extracule density for Tc" is given in Fig. 3(b).

A comparison of the intracule and extracule densities for each ion shows that the
two densities of the next 19 cations and 9 anions have type-A modality: 13 ions with an s*
configuration (k = 1 and 2), three cations with a p' configuration except Sn*, four anions
with a d* configuration (k = 2-4) except Nb, eight cations with an s'd* configuration (k =
1, 2, 5, 6, 10). On the other hand, the modality of the intracule density of 34 cations and
34 anions is different from that of the extracule density. The next 32 cations and 21
anions have a type-B intracule density and a type-A extracule density: 40 ions with a p"
configuration (k = 2-6), Sn* with a p' configuration, 11 cations with a d* configuration (k
=4, 5, 7-10), and Y~ with a d'p' configuration. The two cations Ga' and In* with a d"°
configuration and 13 transition anions with a d* configuration (k = 4-10) except V™ have a
type-C intracule density and a type-A extracule density. The change in the modalities of
the intracule and extracule densities is observed mainly for an ion with a valence p*
(k >2) ord* (k > 4) configuration.

A separation of the extracule density into subshell-pair contributions has shown
that the origin of the above modalities is similar to that of the intracule densities; the
modality of the extracule density depends on the valence electronic configuration of an
ion, and is governed by a few outermost subshell pairs SS, SS’, SP, S’P, SD and PD. The
SS, SP, S’P, and PD contributions have type-A distributions, and the other two
contributions have type-B distributions. The modality of a type-A extracule density is due
to SS, SP, or PD subshell pair. On the other hand, the type-B modality originates mainly
from SS” subshell pair, S’P+SS’, or PD+SD subshell pairs.

For the 96 singly-charged and 53 necutral atoms, Figure 4(a) plots the N-
dependence of electron-electron counterbalance density d(0), which is [18,19] the
probability density for any pair of electrons to have exactly opposite momenta. The N-
dependence of d(0) is seen to be analogous to those of /4 (0) shown in Figure 2(a). For
the five ions with N = 2 to 4, d(0) is confirmed to equal 84 (0) exactly, as shown in the
neutral atoms [18,19]. An inequality

d*0) < d%0) <d (0, (7)
is found to be valid among isoelectronic species without exceptions. The relation leads to

a conclusion that an isoelectronic species with a smaller Z has a larger probability of
finding any two electrons exactly at the opposite momenta.

Table 2 summarizes the extracule moments < P* > for the 96 ions, where &
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ranges from -2 to +2. The dependence of < P* > onNis analogous to that of the

intracule moments < v* > . The average extracule radius < P > is shown in Fig. 4(b) as

a function of the number of electrons N for the 96 ions and compared with the results for
the neutral atoms reported in Ref. [5]. By comparison of the extracule moments for the
ionic and neutral atoms, we have found among isoelectronic species that

< PEsTg PR O o PR 1 Cyiken k20 (8a)
S PR T Cpk Bt pE L when & > 0. (8b)
For the 53 neutral atoms from He to Xe, an approximate relation
<Uk>/<Pk>§2k, 9)
k

b

has been reported [S] between the intracule < v* > and extracule < P* > moments. The
equality in Eq. (9) is rigorous for the species with N = 2 to 4. We have confirmed that the
relation (9) also holds for the ions. For the neutral atoms with 2<N<54, the average
values of <v* >/ < P¥ > are [5] 0.212 (n = -2), 0.478 (n = -1), 2.03 (n = +1), and
4.07 (n = +2), respectively. For the cations and anions, the corresponding values have
been found to be almost the same whenn = -1, +1, and +2. When 7 = -2, the values for
cations and anions are 0.209 and 0.214, respectively.

3-3-4. CONCLUSION
We have systematically examined the spherically-averaged intracule 4 (v) and

extracule d(P) densities in momentum space, together with their moments < vk > and

e P , for the singly-charged 53 cations from Li* to Cs* and 43 anions from H to
[" in their ground states. The electron-electron coalescence A (0) and counterbalance
d (0) densities have been reported as well. For all the 96 ions, the modalities of the
densities & (v) and d (P) have been classified into three and two types, respectively, and

are highly affected by a few outermost subshell pairs. Comparing the 53 cations, 43
anions, and 53 neutral atoms with 2<N <54, we have found several important

inequalities among isoelectronic species. Moreover, the approximate but useful relation

< Uk > Pk S 2k is confirmed to hold for the ions as well.
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Table 1. Intracule moments < vk > for singly-charged cations and anions. Note that the normalizationis <v~ >=1
instead of N(N-1)/2.
Cation Anion

Z k=-2 k=-1 k=+1 k=+2 k=-2 k=-1 k=+1 k=42
1 H-  6.10058 1.83339  0.822267 0.975859
3 13t 0307010 0.425024  3.29607 14.4728 Li-  5.38487 1.17535 2.14303 7.42823
4 Be' 0239773 0.383317  3.70895 19.0365

S B' 0522488 0.453208 4.01444  24.2376 B 1.05274 0.682547 3.07076 16.4176
6 ¢C* 0357611 0.404919 4.39092  30.0100 Cc  0.615639 0.550291 3.52839  21.7008
7 Nt 0258892 0.361431 4.78302  36.2653 N- 0.457686 0.478765 3.95620  27.4016
8 O' 0195777 0.324744  5.18510 42.9955 O- 0.342046 0.419510 4.38501 33.5803
9 F 0.165862 0.300624  5.56936 50.0547 F 0.261205 0.371613 4.81417 40.2322
10 Ne' 0.139116 0.277597 5.96390  57.5893

11 Na* 0116918 0.256717 6.36557  65.5947 Na- 0.689087 0.377402 5.57509  54.5821
12 Mg' 0114212 0250703 6.68790  73.5020 ,

13 Al* 0.158387 0.256260 6.99050  81.6306 Al 0387358 0.351027 6.23924  69.8920
14 sSit 0.156666 0.254764  7.28421 89.9344 Si- 0.307455 0332403 6.55564  77.8936
15 p* 0.148728 0.251079 7.57120  98.4535 P~ 0.282618 0.321515 6.85913 86.1006
16 s* 0.138549 0.245933 7.85342  107.190 S- 0.251464 0.308911 7.15673 94.5325
17 ' 0.136432 0.242523  8.12673 116.104 cl- 0.222003 0.296061 7.44962  103.189
18 Art 0130181 0237676 839762  125.235

19 k' 0122191 0232000 8.66669 134.584 K- 0.438670 0.305265 7.99328 121.016
20 Cat 0.124261 0.231805  8.91036 143.958

21 Sct 0.112496  0.223711  9.17186 153.493 Sc- 0.283677 0.274659 8.53796 139.435
22 Tit 0101170 0.215137 9.43679  163.213 Ti- 0.248985 0.260231 8.81593 148.919
23 vt 0.0854722 0.202781  9.71960 173.119 v~  0.218983  0.247260 9.09332  158.586
24 ¢t 0.0776599 0.195315  9.98708 183.206 Cr- 0.194464  0.235295 9.37162 168.443
25 Mn' 0.0752029 0.191762  10.2369 193.457 Mn- 0.171570  0.225209 9.64416 178.457
26 TFe' 0.0696263 0.185476 10.5004  203.869 Fe- 0.153146 0.215710 9.91795 188.660
27 Co' 0.0620999 0.177065 10.7796  214.471 Co- 0.137595  0.206934 10.1916 199.046
28 Ni* 0.0576730 0.171470 11.0449  225.256 Ni-~ 0.124308 0.198814 10.4650  209.615
29 (u*t 0.0535524 0.166063 11.3114  236.229 cu- 0.113012 0.191193 10.7391 220.374
30 7nt 0.0514151 0.162732 11.5638  247.367

31 Ga* 0.0565703 0.161582 11.8096  258.651 Ga- 0.102953 0.187030 11.2507  242.376
32 Get 0.0576592 0.160247 12.0512  270.054 Ge- 0.0946154 0.183939 11.4985  253.591
33 As® 0.0579419 0.159001 12.2883  281.593 As- 0.0953795 0.182434 11.7405 264.935
34 Se* 0.0576320 0.157731 125217  293.267 Se- 0.0932722 0.180493 11.9786  276.417
35 Br* 0.0592448 0.157038 12.7504 305.059 Br- 0.0900175 0.178304 12.2132 288.035
36 Kt 0.0597184 0.156127 12.9762  316.983

37 Rb* 0.0594124 0.155030 13.1994  329.039 Rb- 0.162978 0.183304 12.6647  311.604
38 St 0.0620984 0.155504 13.4135  341.146

39 y* 0.0718436 0.157061  13.6231 353.349 y- 0.130306 0.180540 13.1028  335.574
40 7Zrt 0.0583860 0.152303  13.8441 365.674 7zr— 0.111874 0.173604 13.3269  347.726
41 Nb* 0.0536940 0.148913  14.0635 378.109 Nb- 0.104413 0.170210 13.5457  359.993
42 Mo' 0.0515094 0.146865 14.2768  390.656 Mo~ 0.0979597 0.166828 13.7635  372.376
43 T 0.0514445 0.146180 14.4823  403.302 Te- 0.0917173 0.163889 13.9785  384.860
44 Ry* 0.0486041 0.143241 14.6976  416.061 Ru- 0.0863785 0.160917 14.1927  397.461
45 Rh* 0.0469716 0.141327 14.9068  428.931 Rh- 0.0815923 0.158006 14.4059  410.174
46 Ppd" 0.0453309 0.139399  15.1151 441.913 pd- 0.0772523 0.155163 14.6182  423.002
47 Ag" 0.0436551 0.137426 15.3229  455.011 Ag- 0.0733228 0.152350 14.8299  435.945
48 4t 0.0430435 0.136438  15.5229 468.196

49 Im* 0.0456194 0.136204  15.7197 481.475 m- 0.0704949 0.151277 152344  462.109
50 Sp* 0.0464541 0.135842  15.9145 494.833 Snp-  0.0677967 0.150305 15.4328  475.329
51 Spb* 0.0469248 0.135481  16.1069 508.282 Shb- 0.0692418 0.149976 15.6282  488.635
52 Tet 0.0470962 0.135082  16.2973 521.819 Te- 0.0691482 0.149411 15.8214  502.032
53 1 0.0483758 0.134952  16.4850  535.436 I 0.0682850 0.148687 16.0127  515.519
54 Xe* 0.0490696 0.134711  16.6709 549.141

55 (st 0.0493221 0.134368  16.8552 562.933




Table 2. Extracule moments < Pk > for singly-charged cations and anions. Note that the normalization is < P0 >=1
instead of N(N-1)/2.

Cation Anion

Z k=-2 k=-1 k=+1 k=+2 k=-2 k=-1 k=+1 k=+2
1 H- 244023 3.66678  0.411133 0.243965
3 it 122804 0.850048 1.64804  3.61821 Li- 21.5395 235070 1.07152  1.85706
4 Be' 0959094 0.766634 1.85448  4.75913

5 B* 208995 0.906416 2.00722  6.05939 B~ 5.90412 1.51434  1.51294  4.06868
6 ¢ 175539 0.864978 2.16523  7.41440 C-  3.40621 121506 1.73069  5.34876
7 N' 134759 0.785162 2.34309  8.89634 N- 246594 1.05119 1.93616  6.73008
8 o' 103591 0.707470 2.53203  10.5004 O- 1.80419  0.915345 2.14338  8.22487
9 F* 0.869912 0.653947 2.71585  12.1943 F- 135420 0.806096 2.35188  9.83385
10 Ne' 0720992 0.601671 2.90682  14.0066

11 Na*t 0598652 0.554084 3.10273  15.9367 Na- 2.85158  0.783358 2.73249  13.3303
12 Mg' 0543444 0531283 326697  17.8739

13 A" 0.694371 0.535545 3.42092  19.8715 Al- 210538  0.752988 3.06353  17.0810
14 sit  0.772260 0.538822 3.56902  21.9123 Si- 1.64611  0.711880 3.22125  19.0452
15 p* 0.758025 0.533181 3.71356  24.0080 P~ 147519  0.686964 3.37265  21.0622
16 S* 0711626 0.522606 3.85553  26.1589 S~ 128788  0.658130 3.52114  23.1361
17 CI' 0.693844 0.515034 3.99290  28.3551 Cl- 1.11987  0.628904 3.66730  25.2667
18 Art 0.654950 0.503954 4.12896  30.6059

19 K* 0.608420 0.490962 4.26402  32.9115 K- 1.85985  0.633099 3.94054  29.6622
20 Ca* 0.591706 0.486414 4.38723  35.2283

21 Sc* 0.538820 0.469958 4.51691  37.5806 Sc- 1.22464  0.570749 4.21067  34.2038
22 Tit 0.485991 0.452156 4.64816  39.9782 Ti- 1.07713  0.541189 4.34810  36.5418
23 V' 0.425559 0.428901 4.78657  42.4176 v~  0.948836 0.514369 4.48531  38.9254
24 ¢t 0.385546 0.412759 4.91913  44.9062 Cr- 0.843248 0.489518 4.62300  41.3561
25 Mn' 0.361015 0.402682 5.04461  47.4399 Mn- 0.745166 0.468407 4.75800  43.8264
26 Fe' 0.333043 0.389181 5.17530  50.0098 Fe- 0.665660 0.448507 4.89362  46.3437
27 Cot 0.302883 0.372831 5.31238  52.6229 Co- 0.598320 0.430092 5.02921  48.9065
28 Ni* 0.279873 0.360618 5.44408  55.2854 Ni- 0.540632 0.413031 5.16473  51.5150
29 Cu* 0.258703 0.348846 5.57643  57.9947 Cu- 0.491429 0.397016 5.30067  54.1707
30 zZa* 0.242738 0.340295 5.70307  60.7491

31 Ga* 0.257565 0.336386 5.82654  63.5412 Ga- 0.528835 0.391806 5.55629  59.6098
32 Ge' 0.275826 0.334328 5.94775  66.3631 Ge- 0.481791 0.385245 5.68023  62.3839
33 Ast 0.282543 0.331981 6.06678  69.2199 As- 0.478535 0.381850 5.80134  65.1911
34 Se* 0.282857 0.329333 6.18393  72.1110 Se- 0.462199 0.377411 5.92053  68.0333
35 Br* 0.289818 0.327790 6.29874  75.0320 Br- 0.441385 0.372409 6.03802  70.9100
36 Kr* 0.290578 0.325691 6.41207  77.9866

37 Rb* 0.287366 0.323149 6.52410  80.9746 Rb- 0.700322 0.378666 6.26456  76.7492
38 srt 0.292209 0.323003 6.63177  83.9768

39 y*  0.326627 0.325234 6.73719  87.0035 Y- 0.653855 0.375538 6.48392  82.6906
40 7r% 0277102 0.316597 6.84749  90.0590 7Zr~ 0.493587 0.359033 6.59574  85.7024
41 Nb' 0.261112 0.310479 6.95699  93.1423 Nb- 0.461595 0.352067 6.70508  88.7437
42 Mo" 0.250079 0.306120 7.06379  96.2547 Mo~ 0.433465 0345076 6.81395  91.8143
43 Tc' 0.244228 0.303771 7.16702  99.3933 Tc~ 0.406269 0.338932 6.92140  94.9106
44 Ru* 0233929 0.298263 7.27448  102.558 Ru- 0.382715 0.332711 7.02849  98.0361
45 Rh* 0.225202 0.294116 7.37917  105.752 Rh- 0361458 0.326604 7.13507  101.190
46 Ppdt 0.216535 0.289936 7.48342  108.974 pd- 0.342091 0.320632 7.24118  104.373
47 Ag' 0207828 0.285669 7.58742 112225 Ag- 0324470 0314719 7.34700  107.584
48 (d' 0.201461 0.282880 7.68787  115.499

49 ' 0.208552 0.281699 7.78677  118.797 Im~ 0349333 0.313874 7.54974  114.080
50 Sp* 0.218527 0.281212 7.88457  122.115 Snp~ 0333920 0.311799 7.64918  117.363
51 sp* 0223542 0.280557 7.98120  125.456 Sb- 0.338254 0311038 7.74714  120.667
52 Tet 0.225496 0.279728 8.07676  128.820 Te- 0.335060 0.309714 7.84402  123.995
53 1 0.231380 0.279418 8.17102  132.204 0.328425 0.308027 7.93990  127.345
54 Xe' 0.234019 0278832 8.26435  135.609

55 st 0.234354 0.278006 8.35683  139.037
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Fig. 1. An illustration of the three modalities of intracule densities in singly-charged
ions. (a) The Si* ion with type A modality. (b) The Fe" ion with type B modality.

(c) The Ag™ ion with type C modality.
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All the parent extracule densities are normalized to unity. (a) Electron-electron
counterbalance density 4 (0). (b) The average extracule radius < P>.
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PART 3.
CHAPTER 4.

CORRELATED EXTRACULE DENSITIES FOR TWO-ELECTRON ATOMS

3-4-1. INTRODUCTION

The mtracule I/(u) and extracule E(R) densities [1], as well as their spherical
averages h(u) and d(R), are a couple of electron-pair densities useful to analyze and

characterize the motion of a pair of electrons in atoms and molecules (see, e.g., Ref. [2]
for a review). For an N-electron system (N > 2), the intracule densities /(u) and A (u)

are defined by
1(u) = [ drydr, Slu—(r; )] T(ry.12) |

h(w) = (4) ' [ dQ, 1(w), (1)

where u=(u,Q,) with Q,=(6,,4,), 6(r) is the three-dimensional Dirac delta
function, and I'(ry,r,) is the spin-reduced two-electron density function,

N 2
I‘(rl,rz)z(zj_“ doydoydxs...dx y W(Xp,....xy)|" (2)

in which x; =(r;,0;) is the combined space-spin coordinate of the electron i and
W(xq,...,Xxy) is the electronic wave function of a system under consideration. The
intracule densities /(u) and A(u) are the probability density functions for the relative
vector u=r; —r, and its magnitude u =|r; — 1|, respectively. On the other hand, the
extracule densities £(R) and d(R) are defined by

E(R) Ej drydry o[R = (ry +1) /2] I'(ry,17)

d(R)=(4m) "' | dQp E(R), 3)
and represent the probability density functions for the center-of-mass vector
R=(r;+r;)/2 and its magnitude R =|r;+r,|/2, respectively, where R = (R,Qp)
with Qp = (0p,¢r) . By definition, the intracule and extracule densities are normalized
to the number of electron pairs,

[ du1qu) = 47rj(:°du u h(w)= N(N -1)/2 , (4a)

| aR ER) = 47zjgodR R% d(R)= N(N -1)/2 . (4b)

For various studies and applications of the intracule and extracule densities, see
references given in Refs. [2-4], for example.

Within the Hartree-Fock framework, systematic examinations of the spherically-
averaged intracule s(u) and extracule d(R) densities, as well as their momentum-space
counterparts, have been recently performed [5,6] for the neutral atoms from He to Xe in

their ground states. Accurate Hartree-Fock values of the intracule moments <u” > and

the extracule moments < R” > have also been published [3,4] for these atoms based on
numerical Hartree-Fock calculations. For few-electron atoms such as He, Li, and Be,

some intracule densities A(u) and their moments <u” > were also reported from
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explicitly-correlated near-exact wave functions, as summarized in Ref. [3]. Studies on the
extracule properties are very limited compared to the intracule properties, though there
are a few more references [7-11] which were not cited in Refs. [2-4]. In particular, all the
extracule studies in the literature are based on the Hartree-Fock or configuration-

interaction approximation, and no extracule densities d(R) and their moments < R" >
are known from explicitly-correlated wave functions even for the He atom.

In Chapter 4, we report explicitly-correlated near-exact results of the extracule
density d(R), its moments < R" >, and the electron-electron counterbalance density
d(0) for the helium atom and its isoelectronic analogs in their ground states. For this
purpose, we describe in the next section a method to obtain d(R) from explicitly-
correlated wave functions, when their two-electron density functions I'(ry,r,) can be
expressed by the Hylleraas coordinates s, ¢, and u. In Section 3-4-3, numerical results are
presented and discussed for two-electron atoms based on highly-accurate Kinoshita wave
functions. Hartree atomic units are used throughout this chapter.

3-4-2. CORRELATED EXTRACULE DENSITIES
We consider a particular class of explicitly-correlated wave functions whose two-
electron density functions I'(ry,r,) are expressed as a function of the Hylleraas

coordinates s, ¢, and u,
r(rl,rz):r(s,t,ll) 5 (53)

where

s =lrHHry| =l w = . (5b)
Note that I'(s,7,u) is an even function with respect to the variable ¢ for the

antisymmetric property of electronic wave functions. For such functions, the six-fold
integration over the whole space of the two three-dimensional variables r; and r,

reduces to the three-fold integration,

dridr, — #z2(s®—t*)udsdtdu , (6a)
under the following triangular condition to the integration ranges,
O<lt]lsu<s<o . (6b)

Since the center-of-mass variable R =|r; + r,|/2 is related to the Hylleraas coordinates
by

4R% = 5% +1% —u? ; (7)

Eqgs.(6a) and (6b) are equivalent to
dridr, — 4r°(s*-t*)RdsdtdR , (8a)
O<[t|c2R<s <o, (8b)

if the variable u is replaced with the variable R. The definition (3) of the extracule
densities E(R) and d(R) implies that the density d(R) is obtained by integrating I'(ry,r,)

over all variables except R and divided by 4zR?. For the special case of Eq.(5a), we
thus have the desired result,

T G Fiars 5% SR
dRY="Z("dt [ ds(s? -1t?)T(s,t,Vs% +t2 —4R?) , 9
(Ry=""["dr | dss® =PI ) ©)
where we have used the fact that I'(s,z,u) is even with respect to ¢. Once the extracule

density d(R) is obtained, the associated moments < R” > follow immediately from
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<R" >= 4;zj:dR R"2 4(R) . (10)

Note that < RY >= N(N —1)/2, the number of electron pairs.

A special case of E(R) at R=0 or d(R) at R=0 yields the electron-electron
counterbalance density E(0)=d(0), which is the probability density of finding any two
electrons exactly at the opposite positions with respect to the coordinate origin (i.e., the
nucleus in atoms) [12,13]. Very recently, the existence of the electron-electron
counterbalance hole was found [14] in the Hartree-Fock theory, in addition to the well-
known electron-electron coalescence or Fermi hole. Applying an appropriate limiting
procedure to Eq. (9), we obtain the electron-electron counterbalance density to be

d(0) = 44;0(15 s2 T(s5,0,5) . 11)

An exactly analogous discussion finds that the corresponding intracule density A(x)
is given by

h(u) = 2% j: dt j:ods (s2 —12YT(s,t,u) . (12)

Comparison of Eqs (9) and (12) shows that if the two-electron density I'(ry,r,) is
independent of u , we have a simple, rigorous, and interesting relation
d(R) = 8h(2R) , (13)

which has been also found [6] to be valid in the Hartree-Fock approximation for the
ground-state He, Li, Be atoms and their isoelectronic analogs. We note that even when
I'(ry,rp) is independent of u, A(u) depends on u since in Eq. (12) the integration
intervals for the variables s and ¢ include u. A special case of Eq.(13) for R=0 gives a
relation d(0)=8h(0) between the electron-electron counterbalance and coalescence
densities. When Eq.(13) holds, we find a proportionality relation between the extracule
and intracule moments,

ento e REE =2k (14)
For two-electron atoms, radially-correlated wave functions described below will be
found to satisfy Egs.(13) and (14) rigorously.

3-4-3. APPLICATION TO TWO-ELECTRON ATOMS
3-4-3-1. CHOICE OF CORRELATED WAVE FUNCTIONS

For § states of a two-electron atom, Hylleraas showed [15-17] that the exact
(nonrelativistic) wave function can be expressed by the three variables s, ¢, and u defined
by Eq.(5b) and proposed an expansion

M
D 5r(r,15) = exp(—4's) Z ¢; CL B (15)

=1
where M specifies the number of expansion terms and the powers {l;,m;,n;} are
nonnegative integers under the restriction that {m;} are all even for singlet states while
all odd for triplet states. Since the two-electron density I'(ry,rp) is merely the norm-
squared of the wave function for two-electron systems, the Hylleraas function (15) fits
the method developed in Section 3-4-2. Due to the presence of the square root term

\/s2 +t% —4R? inthe integrand of Eq.(9), however, the analytical determination of the
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extracule density d(R) by Eq.(9) combined with Eq.(15) requires the powers {n;} of u
must be all even.

In order to see the accuracy of the Hylleraas expansion with even {n; }, we have
constructed for the He atom the optimal 10- and 20-term functions composed of the best
combinations of {/;,m;,n;} and the best values of ¢ and {c;}, by using the technique
described in Refs. [18,19]. The resultant He energies have been found to be -2.901 508
450 and -2.903 054 137 hartrees, respectively, for M=10 and 20. Since the optimal
Hylleraas energies [18] are -2.902 772 273 hartrees with 4 terms and -2.903 384 915
hartrees with 5 terms, the even-n; restriction is concluded to be an extremely poor
approximation. Therefore, we have decided to abandon analytical integrations of Eq.(9)
and to employ numerical integrations instead.

The use of numerical integrations in Eq.(9) adds freedom to the choice of the
parent wave function. In the present study, we have chosen the Kinoshita functions [20]
given by

S

s o b @m s (16)
B

which generalizes the Hylleraas expansion through negative powers of the variables s and
u. The Kinoshita expansion is known [19,21] to give very accurate results with a fewer
number M of terms compared to the other expansions.

The effect of the electron correlation in atomic systems may be classified into
radial and angular contributions. The radial correlation means that the electrons have a
tendency to be at different distances from the nucleus. On the other hand, the angular
correlation means that the electrons have a tendency to be on opposite sides of the
nucleus. Since the angular correlation enters through the variable u in the Hylleraas
coordinates, the removal of all the terms including u yields radially-correlated wave
functions. In the present Kinoshita framework given by Eq.(16), radially-correlated
functions are simply obtained by adding a constraint m; = n;. Comparison of the results
from the radially- and fully-correlated wave functions will clarify in Section 3-4-3-3 that
the radial and angular correlations have different contributions to the extracule density
d(R).

3-4-3-2. COMPUTATIONAL DETAILS

Radially-correlated Kinoshita functions for the ground states of the two-electron
atoms with atomic number Z=1-10 have been taken from Ref. [22]. For a given number
M of expansion terms, these functions have the fully-optimized powers {/;,m; =n;} as
well as the exponent ¢ and the coefficients {c;}. The largest M values are 65 for Z=1,

50 for Z=2 and 3, and 40 for Z=4-10. These expansions essentially achieve the radial
correlation limit [22].

Fully-correlated Kinoshita functions for the same species as above have been taken
from Ref. [21]. In these functions, the powers {/;} and {n;} were extended from
integers to half-integers, and all the variational parameters {/;,m;,n;}, ¢, and {c;}
were also fully optimized for a given value of M. The largest expansion contains 100
terms for Z=1-10. The associated energies demonstrate the accuracy of the Kinoshita
functions employed in this study. In the case of the He atom, for example, the present
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100-term function gives -2.903 724 377 033 hartrees which is only 1 x 102 hartrees
above the most accurate literature values (see, e.g., Ref. [23]) obtained by using more
than 200 terms with more complicated functional forms.

The numerical integrations over s and 7, involved in Egs. (9) and (11), were
performed by using the double-exponential technique [24] to obtain the extracule density
d(R) and the electron-electron counterbalance density d(0). For numerical quadrature
formulas, the double-exponential method [24] introduces a variable transformation such
that a finite or semi-infinite integral interval changes into the infinite interval and that an
integrand has a double exponential asymptotic decay as the new variable approaches to
+ co. The R value in d(R) was discretized by the formula

R =(2Z) 'exp(x;) , x;=xpip+hi-1), (E=1..,N,) (17)
where the discretization parameters were taken to be A=0.05, N p =512, and
Xmin = —21.6 for Z=1 and x;, =221 for Z=2-10 in order to facilitate the
comparison with the Hartree-Fock results already reported [4,6]. The error in any

d(R;) was designed to be less than 1x 1071
carried out by the simple trapezoidal rule over the transformed abscissas x;, and the

. The numerical integration in Eq.(10) was

resultant moments < R” > have the accuracy of more than 7 significant figures.

3-4-3-3. RESULTS AND DISCUSSION

In both radially-correlated and correlated calculations of two-electron atoms, it is
known that the energy convergence is faster for a larger Z, when the number M of
expansion terms is increased. For the first three members of two-electron atoms, Table 1
summarizes the manner of convergence of the radially-correlated extracule densities in

terms of the quantities d(0) and < R" > with n=-2 to +2. The energies E associated
with the parent wave functions are also tabulated there for convenience. For the He and
Li" atoms, we find that the moments are convergent in seven significant figures with 40-
or 50-term functions, though the local quantity d(0) is slightly less stable. In the case of
the hydrogen anion H™, however, the convergence of the extracule properties is poorer,

except for < R!> and <R >, than the neutral and cationic species even at M=65.

Nevertheless, six significant figures for < R?> and <R?>> and five significant
figures for d(0) appear to be reliable. Analogously, Table 2 exemplifies the manner of
convergence of the extracule density for the fully-correlated Kinoshita functions. For He
and Li", the extracule density d(R) is seen to be essentially convergent with the 100-term
functions. Again, the convergence is less satisfactory for H even when 100 terms are
used in the Kinoshita expansion.

For the H, He, and Li" atoms, Figure 1 depicts the radially-correlated and
correlated extracule densities obtained from the largest Kinoshita expansions, and
compares them with the Hartree-Fock results obtained by the numerical Hartree-Fock
procedure [5]. In all the cases, the spherically-averaged extracule density d(R) is a
monotonically decreasing function with a maximum at R=(). Comparison of the Hartree-
Fock and radially-correlated densities clarifies that the radial correlation contributes to
shift the density from a small R to a large R region. Since the radial correlation increases
the probability of finding the two electrons at different distances from the nucleus, the
probability of finding the center-of-mass of the electrons is decreased around the origin
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(i.e., the nucleus), whichever the two electrons are on the same side or on the opposite
sides of the nucleus. The electron-electron counterbalance density d(0) decreases
accordingly. These effects of the radial correlation are most remarkable in the H™ anion
and decrease as Z increases.

Comparison of the radially-correlated and correlated extracule densities in Figure 1
shows that the angular correlation works to increase the extracule density in a small R
region. The result appears to be natural, since the angular correlation increases the
probability of finding the two electrons on the opposite sides of the nucleus, leading to an
increased probability for the electronic center-of-mass being around the nucleus. The
angular correlation effect is again largest for the H anion, and there the correlated
density is found to lie approximately at the middle of the Hartree-Fock and radially-
correlated densities. For the neutral and cationic species, however, we see that the
correlated density is rather close to the Hartree-Fock density. As discussed before [25]
for the neutral Li atom, an appropriate balance between the radial and angular
correlations in correlated calculations is suggested to be important for the reliable
description of clectron densities and related properties. We note that the different
contributions of the radial and angular correlations to the extracule density d(R),
observed above, are in accord with the conjecture given in a previous work [13] on the
electron-electron counterbalance density d(0).

For the two-electron atoms with Z=1-10, Table 3 summarizes and compares the

clectron-electron counterbalance density d(0) and the extracule moments < R” > (n=-2
to +4) obtained from the Hartree-Fock (HF), radially-correlated (rc), and correlated (c)
wave functions. For the counterbalance density d(0), we find an inequality,

drc(o) = dc(o) iy dHF(O) ’ (18)
is valid for all species, where the subscripts HF, rc, and c¢ distinguish the parent wave
functions. As anticipated from Figure 1, d.(0)=dyzp(0) is a good approximation,

except for H™, with the maximum error of 4.3% for He.

. 5 : : . : [ n
For the H™ anion, the extracule moments satisfy inequality relations QR"} <
A {

<R"> < (R"B when 7 is negative and <Rn\> < </R”> < /R"> when n is
¢ \ /HF . /HF \ c \ rc

/

positive, but neither ( R"> 3 nor <R"> are acceptable approximations to <R"> . In
\ H Ic c

a previous paper [22], it was discussed from an energetic point of view that the radial
correlation is exceptionally more important than the angular correlation for the H™ anion.
However, the correlation effect on the extracule moments does not imply that the radial
correlation is the major part of the electron correlation in H™.

For the extracule moments < R” > of the neutral and cationic two-electron
species, the situation is different. We find in Table 3 that

R*) < (R") < (R") , forn=-2and-1, (192)
/re / HF S

<R">C % <R"l§ < <R"§ .

for n=1 and 2, (19b)
/ HF ! 1C

for n=3 and 4, (19¢)

with only two exceptions for < R™*> and <R’>> of He. Equations (19a) and (19b)
mean that in small and intermediate R regions, dygp(R) is closer to d.(R) than

d.(R) as observed in Figures 1(b) and 1(c). The numerical values in Table 3 show that

at least for <R> and <R ' > the Hartree-Fock values may be used as acceptable
estimates of the exact nonrelativistic values. On the other hand, Eq.(19¢) means that for
a large R region, d..(R) is closer to d.(R) than dyg(R), and the contribution of the

radial correlation is important for higher extracule moments.
In Section 3-4-2, we have shown that the relations d(R)= 8k(2R) and

<u">/<R">=2" hold exactly, when the two-electron density I'(rj,r,) is a

function of only s and ¢ and independent of the interelectronic variable u. Thus the
relations are valid at the Hartree-Fock and radially-correlated levels. However, this is not
true for correlated wave functions. For two-electron atoms, we have seen in Figure 1
that the correlated extracule density d(R) is monotonically decreasing with a maximum at
R=0. In contrast, the correlated intracule density /#(x) has been known [26,27] to be a
unimodal function with a maximum at w>0. At the correlated level, therefore, the
extracule d(R) and intracule A(x) densities are qualitatively different and the simple
relations no longer hold, as an explicit comparison of d(R) and 8k(2R) is given in Figure
2 based on the optimum 100-term Kinoshita wave functions with half-integer powers.
However, the difference between d(R) and 8k(2R) is observed mainly in a small R region

and diminishes as Z increases. Thus an approximation <u” >/<R” >=2" may be

used, for a positive value of n, to estimate roughly the extracule moments from the
intracule ones and vice versa. The proportionality between the extracule and intracule
properties is summarized in Table 4 for two-electron atoms.

3-4-4. CONCLUSION

For two-electron atoms with Z=1-10 in their ground states, explicitly-correlated
near-exact results have been reported for the extracule density d(R), its moments
<R" >, and the electron-electron counterbalance density d(0), based on the highly
accurate Kinoshita wave functions. From the comparison of the Hartree-Fock, radially-
correlated, and correlated results, different contributions of the radial and angular
correlations to the extracule density have been clarified. As long as the counterbalance
density d(0) and the moments < R” > with n=-2 to +2 are concerned, an incorporation
of the radial correlation only results in a larger deviation from the correlated values than

the Hartree-Fock approximation. In the Hartree-Fock and radially-correlated description
of two-electron atoms, there exist interesting relations d(R)=8h(2R) and

<u”" >/ <R" >=2" between the extracule d(R) and intracule h(u) densities and their
moments. Unfortunately, these equalities do not hold at the correlated exact level.
Nevertheless, a relation <u” >/ < R" >= 2" may be a rough but useful approximation

for positive values of 7.
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Fig. 1. Comparison of the Hartrec-Fock, radially-correlated, and correlated

158 extracule densities d(R) for (a) H™, (b) He, and (c) Li".
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Fig. 2. Comparison of the correlated near-exact densities d(R) and 84(2R) comparison of the Hartree-Fock density with correlated density has clarified that the

for (a) H", (b) He, and (c) Li".
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correlation contributes to shift the density from a small R to a large R region. A detailed
comparison of the extracule moments of correlated densities with Hartree-Fock densities
has found that for & = -2 and - 1, the correlated moments are greater than the Hartree-
Fock ones, and that for a positive k the reverse relations are valid.
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GENERAL CONCLUSION

As shown in GENERAL INTRODUCTION, many researchers have devoted much
time to various chemical and physical problems based on the electron-pair densities.
Their studies have provided us with a new concept for examining electronic structures,
and with profound understanding of the interactions between electrons in atoms and
molecules. Most of the studies on electron-pair densities, however, are limited to the
intracule density in position space for light atoms and small molecules. The several
reasons for this are: We can directly compare computational position-space intracule
density with experimental one. Since one of the expectation values obtained from the
density is exactly equal to the electron-electron repulsion energy, the position-space
intracule density is a convenient function to discuss electron correlations of atoms and
molecules. The reason why studies on the electron-pair density in momentum space are
less than those in position space may be that the momentum-space wave function must,
in general, be constructed from the counterpart in position space. In the present thesis,
we have developed a theory for constructing intracule and extracule densities, as well as
their moments, for atoms and atomic ions in both position and momentum spaces when
the wave function is expressed by a single Slater determinant, or a linear combination of
Slater determinants. The author have applied the theory for the atoms and atomic ions
with 2 < N <54, where N means the number of electrons, and systematically examined
their densities and moments. We have also reported a theory of calculating near-exact
extracule density in position space for the wave function explicitly containing an
interelectronic distance r, term. The theory has been applied to the He and its

isoelectronic series.

In Part 1, we have defined the electron-electron coalescence and counterbalance
densities of atoms in position and momentum spaces, and examined these densities and
the average clectron density within the Hartree-Fock framework. In Chapter 2, the
clectron-electron coalescence 7(0) =/(0) and counterbalance E(0) =d(0) densities, as
well as the average electron density < p >, have been derived for the atoms He through
Ne in their experimental ground state. The numerical Hartree-Fock calculations have
been used to examined these densities. We have found that inequalities 7(0) =< p > /4
and E(0)=2<p> are good approximations within the Hartree-Fock framework,

where the equality holds only for He, Be, and their isoelectronic species. These relations
mean that the electron-electron coalescence and counterbalance densities can be
estimated by the average electron density. In Chapter 3, we have reported that the
clectron-electron coalescence and counterbalance densities, as well as the average
clectron densities, in position and momentum spaces for the atoms He through Xe in
their ground state. We have used the numerical Hartree-Fock calculations to compute
these densities. In position space, the electron-clectron coalescence h(0) and
counterbalance d(0) densities, and the average eclectron density < p> increase

monotonically with increasing atomic number Z. We have found that a relation
h(0) =< p > /4 is very accurate for all the atoms He through Xe. Decomposing the total

coalescence density into its subshell-pair contributions, we have clarified that the
coalescence density A(0) is strongly influenced by electron pairs in inner subshells,

particularly in the 1s subshell, for all the 53 atoms. On the other hand, the momentum-
space electron-electron coalescence 4 (0) and counterbalance d(0) densities, and the
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average clectron density <y > have shown periodic behaviors as a function of Z. The
relations A(0)< <y >/4 and h(0)< d(0)/8 hold in momentum space. An detailed
analysis has shown that the coalescence density £ (0) is governed by a few pairs of
outermost subshells.

In Part 2, the author has aimed to develop a theory for the calculation of the
intracule and extracule densities, as well as their intracule and extracule moments, in
position and momentum spaces of atomic systems when the wave function is given by a
Slater determinant or a linear combination of Slater determinants. The author has also
systematically examined the electron-pair densities and their moments for the neutral
atoms with 2< N <54. In Chapter 2, we have presented a theory of constructing
spherically averaged intracule densities A(x) in position space and 4 (v) in momentum

space of atomic systems for the wave function expressed by a Slater determinant. The
theory has been applied to the atoms He through Xe in their ground state, and their
clectron-pair densities have been calculated based on the Hartree-Fock method.
Systematic examinations on the behaviors of the electron-pair densities have found that
the position-space intracule densities A(x) are a unimodal function with a maximum at
u =0 for all the 53 atoms. In momentum space, on the other hand, the intracule densities
h(v) are found to be classified into three types: Eighteen atoms have a unimodal density

with a maximum at v=0. Thirty-two atoms have a unimodal density with a local
minimum at v =0 and a maximum at v > 0. Only three atoms have a bimodal density
with a primary maximum at v= (0 and a secondary maximum at v > (. Decomposing
the intracule density into its subshell-pair contributions has shown that the largest
contributions to /() come from the four innermost subshell pairs 1s1s, 1s2p, 2p2p, and
1s2s, and that the density & (v) is governed by a few outermost subshell pairs. In
Chapter 3, we have reported two methods for accurate Hartree-Fock values of

interclectronic moments <u® > in position space and < v* > in momentum space of
atomic systems having a single Slater determinant wavefunction. First and second
methods use, respectively, the spherically averaged intracule density and its characteristic

function to calculate the moments. We have systematically examined the moments

<uk> with k=-2 to +4 and <Uk

> with & =-2 to +3 for atoms from He to
Xe in their ground state. An interelectronic moment < u* > with a positive k generally

decreases with an increasing Z, but the behavior is quite irregular except for the second
period atoms. A moment < u* >~ with a negative k generally increases with an
increasing Z. On the other hand, a moment < ¥ > with a positive k Increases
monotonically as Z increases. A moment < o* > with a negative k generally decreases
with increasing Z. In Chapter 4, the author has constructed a theory of calculating the
spherically averaged extracule densities d(R) in position space and d(P) in
momentum space for atoms when the wave function is given by a Slater determinant.

The theory has been used to examine these densities for the atoms from He to Xe in their

ground state based on the numerical Hartree-Fock method. In position space, the
extracule density d(R) is a unimodal function with a maximum at R =0 for all the 53

atoms due to the predominant 1sls subshell-pair contribution. In momentum space, on
the other hand, the extracule densities d (P) have been found to be classified into two
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types; forty-two atoms have a unimodal density with a maximum at P =0, and 11
atoms have a unimodal density with a local minimum at P =0 and a maximum at
P >0. A decomposition of the d(P) density into the subshell pairs has clarified that

the momentum-space extracule density is governed by a few outermost subshell pairs. In
Chapter 5, two methods have been presented for the calculation of extracule moments

<R¥> in position space and < P* > in momentum space of atomic systems for a
single-Slater-determinant wavefunction. The first method uses the spherically averaged
extracule densities, while the second method uses their characteristic functions. The two
methods have been applied to the neutral atoms from He to Xe in their ground state, and

the moments <R¥ > with & = -2 to +4 and <P*> with k=-2 to +3 have
been reported based on the numerical Hartree-Fock calculations. A comparison of the

extracule moments < R¥ > with the corresponding intracule moments <u* > for

k =-2to +4 has shown that a relation <u* >/<RK >=2F isa good approximation

for all the 53 atoms. Similarly, an approximate relation < v* >/ < P* 5= 2F s valid for

k =-2 to +3 in momentum space. In Chapter 6, the author has generalized a method
for evaluating the four kinds of electron-pair densities to the case where an N-electron
wavefunction is given by a linear combination of Slater determinants. As an illustrative

application, the author has discussed the difference of the electron-pair motion in the lp
ko of 1P state, the

’P moments <u* > are larger when k <0 and smaller when k& > 0. The similar

and P states of the helium atom. Compared to the moments < u

trends have been observed for the extracule moments < R¥ > in position space and

k > have resulted in

< Pk > in momentum space. The momentum-space moments <uv
the reverse trend.

In Part 3, the author has examined the spherically averaged intracule and extracule
densities in both position and momentum spaces of singly charged atomic ions within
numerical Hartree-Fock calculations. We have calculated the position-space spherically
averaged extracule density of two-electron systems with the correlated wave function as

well. In Chapter 2, the spherically averaged intracule h(x) and extracule densities
d(R), as well as their moments <u* > and <R¥ > with k = -2 to + 2, have been

examined for the singly charged 53 cations from Li" to Cs* and 43 anions from H~

to I' in their ground state. The numerical Hartree-Fock calculations have been used to
compute these properties. Systematic examinations of the intracule and extracule
densities for the 96 singly charged ions have shown that all the densities are
monotonically decreasing functions, as observed for the neutral atoms. The approximate

relations d(R) = 82(2R) and <u®>/<R*¥ >=2% have been confirmed to be also

valid for the singly charged cations and anions. Comparing the intracule densities of the
singly charged atoms with those of the corresponding neutral atoms, we have found an

inequality 2 (u) < ho(u) <h ™ (u) is valid for a small u, where the superscripts -, 0, and

+ refer to the anionic, neutral, and cationic species, respectively. Comparing of the

k

moments <u~ > of the 96 singly charged ions with those of the 53 neutral atoms, we

have found inequalities <uf >~ /< u* >O(< u* >t when k<0 and
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S << uk >O<< u* >~ when k>0 with no exceptions. A few relations similar to

the above inequalities have been also valid for the extracule densities. In Chapter 3, the

momentum-space spherically averaged intracule h(v) and extracule densities d(P),

k

together with their moments <v*> and <P* >, have been constructed and

investigated for the singly charged 53 cations from Li* to Cs" and 43 stable anions

from H™ to I in their ground state within the Hartree-Fock framework. The intracule
h(v) and extracule d(P) densities have been classified into three and two types,

respectively, according to the number of local extrema and their locations. A detailed

comparison of the intracule moments < vF > of the 96 singly charged ions with those of

the 53 neutral atoms has shown that inequalities R << S >O<< vF >~ when

k<0 and <vF >~ ( < >0<< v¥ >* when & >0 hold among isoelectronic species

\

with no exceptions. The inequalities corresponding to the above relations have found to
be valid for the extracule moments. In Chapter 4, explicitly-correlated near-exact results
of the extracule density and its moments have been reported for the helium atom and its
isoelectronic analogs in their ground state. Comparing Hartree-Fock densities with the
correlated densities has clarified that the correlation contributes to shift the density from
a small R to a large R region. A comparison of the extracule moments of correlated
densities with Hartree-Fock densities has found that for £ = -2 and -1 the correlated
moments are greater than the Hartree-Fock ones, and that for a positive k the reverse
relations are valid.
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