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A study of closed hypersurfaces with constant
mean curvature in a Riemannian manifold

Tsunehira KOYANAGI
Department of Mathematics, Hokkaido University

1 Introduction

We consider a hypersurface V" imbedded in a Riemannian manifold R™*! of n + 1
dimensions. Let us denote by g, and hs, the first fundamental tensor and the second
fudamental tensor of V™ respectively.

Now, if we denote by ki, ky, - - -, k,, the principal curvatures of V", that is, the roots
of the characteristic equation

det(hpy — kgpa) = 0,

then the v-th mean curvature H, of V™ is defined to be the v-th elementary symmetric
function of &y, ky, - - -, k,, divided by the number of terms, that is,

n
( )H,, = | NV el 1 en)
4 c1<ca< - <ey
Particularly, for a surface V? in an Euclidean space E® of three dimensions, we put
1
= E(kl + ks), K = kiks,
and we call H and K the mean curvature and the Gauss curvature of V2 respectively.

Accordingly, H is equal to H, and K equal to H,.

When hy, are proportional to gy, at a point P of V", the point P is called an
umbilic point. Then it is easily seen that a point P is umbilic if and only if n principal
curvatures be equal at P.

The spheres are characterized by various special properties of a closed surface in an
Euclidean space E°. In the present paper a closed surface means a compact connected
surface without boundary. In particular, It has been proved that a closed surface in
E?® is a sphere if and only if the Gauss curvature K of the surface be constant. On
the other hand, it is proved that a sphere is a closed surface with constant mean
curvautre H. When K > 0 holds good at every point of a closed surface, the closed




surface is called an ovaloid. It has been proved by H. Liebmann [15]? that the only
ovaloid with constant mean curvature H in E is a sphere. This result was the starting
point of various interesting investigations of closed surfaces. Afterward this result was
generalized for a closed convex hypersurface in an n-dimensional Euclidean space E™.
Many investigators have studied characterizations of the sphere from various view-
points, and there exist many interesting investigations, for instance, Chern’s work 3]
about generalizing the condition H=const. in the Liebmann’s Theorem. In these
investigations the integral formula of Minkowski type has played one of the important
role.

Let V2 be an ovaloid in E®. Then, as the well-known integral formula of Minkowski,
we have

/ (Kp+ H)dA =0,
V2

where p denotes the oriented distance from a fixed point O in E® to the tangent space
of V2 at P and dA is the area element of V2. This formula was generalized for a
closed oreintable hypersurface V™ in E™*! [6]. Afterward Y. Katsurada [8,9] derived
the integral formulas of Minkowski type for a closed orientable hypersurface V™ in an
(n + 1)-dimensional Riemannian manifold R**! admitting a conformal Killing vector
field £ and gave certain characterizations of an umbilical hypersurface in R**!. The
analogous problems for a closed orientable hypersurface V" in a Riemannian manifold
R™*1 have been discussed by many investigators.

It is one of the interesting problem to find certain conditions for an umbilical hy-
persurface in a Riemannian manifold to be isometric to a sphere. If every point of a
closed orientable hypersurface in E™*! is umbilic, then the hypersurfce is isometric to
a sphere. However, in a general Riemannian manifold we can not expect the validity
of the same result even if every point of a closed orientable hypersurface is umbilic.
Some investigators [10,21] gave some results on this problem, making use of Obata’s
Theorem [16].

The concircular transformation is by definition a conformal transformation carrying
any geodesic circle into another one. A vector field generates locally a one-parameter
group of transformations. We shall say a vector field to be isometric, homothetic,
concircular or conformal, if it generates a one-parameter group of corresponding trans-
formations.

A proper conformal Killing vector field £ with components £* is characterized by
the so-called conformal Killing equation

(11) £§Gﬁ — ngi -+ Vigj = 2‘1’01'1‘,
for a non constant scalar field ¥ which is said to be associated with £*, where G, LGy,

and V; denote the metric tensor of R**! the Lie derivative of (/i with respect to &,

and the operator of covariant differentiation with respect to Christoffel symbols {sz}
formed with G; respectively.

2Numbers in brackets refer to the references at the end of the paper.




It is known that in order that &' is concircular, it is necessary and sufficient that the
associated scalar field W satisfies the equation

(1.2) V,Vi¥ = ¢Gji ([7]),
where ¢ is a scalar field.

We shall call a scalar field ¥ in R, satisfying an equation of type (1.2) a concir-
cular scalar field. If ¢ is linear in ¥ with constant coefficients, that is,

(1.3) ¢ = pV¥ + o,

where p is a non zero constant and ¢ a constant, then V¥ is called a spectal concircular
scalar field [18].

For instance, let R**! be an Einstein manifold with non zero scalar curvature R
which admits a proper conformal Killing vector field £, that is, £* satisfies the equation
(1.1). Then it is known that the associated scalar field ¥ satisfies the equation

R
n(n+ 1)

that is, W is a special concircular scalar field such that p = —(R/n(n + 1)) and o = 0.

(1.4) V Vil = VG ;i (R =non zeroconst.) ([23,21,19)]),

The author has studied closed hypersurfaces with constant mean curvature in a
Riemannian manifold R**! admitting a conformal Killing vector field, or in R**! ad-
mitting a special concircular scalar field. If H; is constant and the principal curvatures

ki, ks, -+, k, at each point of V™ are positive, then H, is positive constant, because
n
Hpo=s Z kak..
2 d<c

This property has been the turning point of our study of a closed hypersurface V™ with
Hy=constant. And the author obtained the following Theorems:

Theorem 1.1 ([12]) Let R™™' (n > 3) be an orientable Riemannian manifold of
constant curvature which admits a conformal Killing vector field £ and V™ a closed
orientable hypersurface in R**! such that

(1) its second mean curvature H, is positive constant,
(2) C*€; has fived sign on V™, where C* denotes the normal vector to V™.
Then every point of V™ is umbilic.

Theorem 1.2 ([13, 14]) Let R™! be an orientable Riemannian manifold which
admits a special concircular scalar field V satisfying the equation

ViV, = (p¥ 4+ 0)Gji (p = const. # 0, o = const.),

and V™ a closed orientable hypersurface in R™' such that

3




(1) s first mean curvature H, is non zero constant,
(2) Q has fixed sign on V", where ¥; = V;¥, and Q = C'V,.
Assume further that the ambient manifold R™*' satisfies one of the following con-
ditions
(a) R™! has the harmonic curvature, that is, Vi R;; = V;Ryi, where Rj denotes
the Ricct tensor of R™!,
(b) R™*! has the parallel Ricci tensor, that is, ViR = 0,
(c) R™ is a conformally flat Riemannian manifold and the scalar curvature R is
constant,
(d) R™"! satisfies the equation Vil + ViRa + ViR = 07,
(e) R"Rj; is constant,
(f) R**! is a conformally flat Riemannian manifold and there exists a point Fy on
V™ such that S(Fy) = 0, where Sj; is the symmetric tensor defined by Rji + npG,
and S — Sj,;Gﬂ.
Then every point of V™ is umbilic.

Next, using these Theorems, the author proved the following ones respectively:

Theorem 1.3 ([12]) Let R™' (n > 3) be an orientable Riemannian manifold of
constant curvature which admits a proper conformal Killing vector field & satisfying
the equation

LeGg= Vb + Vi = 29Gy;,

and V" a closed orientable hypersurface in R™ such that

(1) Hy is positive constant,

(2) C"U; has fixed sign on V",

(3) C*V; is not constant along V™, where VU satisfies ViVi¥ = —(R/n(n+1))VG;.
Then V™ 1s isometric to a sphere.

Theorem 1.4 ([13, 14]) Let R**' be an orientable Riemannian manifold which
admits a special concircular scalar field V satisfying the equation

Vi¥; = (p¥ + 0)G;; (p= const. # 0,0 = const.),

and V™ a closed orientable hypersurface in R* such that

(1) Hy is non zero constant,

(2) Q2 has fized sign on V™",

(3) € is not constant along V™.

Assume further that the ambient manifold R™*! satisfies one of the following con-
ditions

(a) R™*! has the harmonic curvature, that 1s, ViR = V Ry,

(b) R™! has the parallel Ricci tensor, that is, ViR,; = 0,

() R™1 is a conformally flat Riemannian manifold and the scalar curvature R is

constant,

(d) R™! satisfies the equation ViR + V; Ry + ViRy; = 0,

3See [4]




(e) R¥"Rj; is constant,
(f) R**! is a conformally flat Riemannian manifold and there exists a point Py on
V™ such that S(F) = 0.

Then V™ is isometric to a sphere.

Moreover, under the new assumption that ¥ is not constant along V", the author
proved the following Theorems in a similar way:

Theorem 1.5 ([12]) Let R™! (n > 3) be an orientable Riemannian manifold of con-
stant curvature which admits a conformal Killing vector field £ satisfying the equation

£§Gﬁ = vg&z < = Vi'gj — 2\I’Gjia

and V" a closed orientable hypersurface in R such that
(1) Hy s posttive constant,
(2) C*%; has fived sign on V™,
(3) ¥ is not constant along V™.

Then V™ s isometric to a sphere.

Theorem 1.6 ([13, 14]) Let R™! be an orientable Riemannian manifold which
admats a special concircular scalar field V, and V™ a closed orientable hypersurface in
R™ ! such that

(1) H; is non zero constant,

(2) Q has fixed sign on V",

(3) ¥ is not constant along V™.

Assume further that the ambient manifold R**' satisfies one of the following con-
ditions

(a) R™! has the harmonic curvature, that is, Vil = Vi,

(b) R™*! has the parallel Ricci tensor, that is, Vi Rj; = 0,

(¢) R™ ! is a conformally flat Riemannian manifold and the scalar curvature R is

constant,

(d) R satisfies the equation ViRji + VjRy + VR = 0,

(e) R"Ry; is constant,

(f) R™ is a conformally flat Riemannian manifold and there exists a point Py on

V™ such that S(F) = 0.
Then V™ is tsometric to a sphere.

To prove Theorem 1.1, we need the following integral formulas of Minkowski type 4

(1.5) Hi0dA+ [ ¥ dA=0
Vn

Vn

and

VTL

2
(1.6) __/ V.p,S3° dA+/ {nHiHy — (n—)H}0 dA+2 [ WH, dA= 0,
n(n s ies 1) vn vn

“See the equation (3.12) and (3.13) in § 3.




where the symmetric tensor field p,, is defined by h hy — hhgy, [l (BT A 7 8
denotes the operator of the van der Waerden-Bortolotti covariant differentiation along
Ve, 0 = C%; and dA denotes the area element of V™. Multiplying (1.5) by 2H,
(:posmve constant) and subtracting the result equation from (1.6), we find that

————/ V.p.S 3" dA+(n—2)/ {H\Hy — Hy}o dA =0,
nin —1 1%

For a hypersurface V™ with positive constant second mean curvature H, in a Rieman-
nian manifold of constant curvature, it is proved that V.p,® = 0 on V*. Accordingly,
from the above equation, we have

(1.7) /n{thr2 ~ Hy}0 dA=0.

Moreover, since it is proved that H; has fixed sign on V" for a hypersurface V* with
Hy=positive constant, the scalar field H,H, — Hj is rewritten as follows:

(1.8) H\H, — Hy = = {HQ(H A Hng)}.

On the other hand, it is known that

(1.9) Hf — Ho = Z &) >0 and He—=H Hy >0 on V™

n(n — 1) a<b
Accordingly, from (1.8), we have
HiHy —H3 >0 (or<0) on V"™
Hence, using the assumption (2), from (1.7), we find that
HyHy — Hz = 0, thatis, Hy(H; — Hy) + (HZ — H1H3) =0 on V™,
from which, using (1.9) and the assumption (1), we see that
H}—Hy;=0 onV™
Therefore, from the former of (1.9), we conclude that
bi=ky=- =k,
at each point of V™. This means that each point of V" is umbilic.

Now, in R™*!, we assume the existence of a special concircular scalar field ¥ which
satisfies the following partial differential equation

Vi¥; = (p¥ + 0)G;; (p = const. # 0, o = const.),

where V; = V, V. If we put
¢ = pV + o,
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then it is proved that @ satisfies the following partial differential equation
VJ-<I>,- = pq)Gﬁ,

where ®; = V;®. Accordingly, to prove Theorem 1.2, we need the following integral
formulas of Minkowski type °

(1.10) H©dA+ | p®dA=0
Ve ) i

and
(1.11) l/ (vahCC—&jBaiCJ')¢“dA+/ {an—(n—UHz}@dm/ p®H1dA = 0,
n Jyr \ vn

where B,! = 02'/0u® and © = C"®,. Since H; is non zero constant, taking account of
H; = (1/n)h*, we have, from (1.11),

(1.12) —1/ RyBiCIdA+ [ {nH?—(n—1)H)Y0dA + Hy [ podA =0,
n Jvn vn vn

Eliminating pPdA from (1.10) and (1.12), we find that
Vn

1 4 [
(1.13) —~ [ RyBCi$%dA+ (n—1) / (H? — Hy)©dA = 0.
nJvn n
On the other hand, making use of the special concircular scalar field ®, the assump-
tion (1) and (2), and the condition of the ambient manifold R**! under consideration,
we will show in § 6 that S;; = 0, say, Rj; = —npGj; on V™. Accordingly, from (1.13),
we obtain

(1.14) /n(Hf _ H,)0dA = 0.

Moreover, it is proved that, if Q2 has fixed sign on V™, then the same holds good also
for ©. Consequently, since

1
(1.15) H - Hy = —

n?(n — 1)

Z(kb = ka)2 i 07

a<b

we see that Hf — Hy = 0 on V™ by virtue of (1.14). Therefore, from (1.15), we conclude
that
R

at each point of V™, that is, every point of V" is umbilic.

Finally, to prove that the umbilical hypersurface under consideration is isometric
to a sphere, we'use the Theorem ® due to M. Obata [16].

®See the equation (3.19) and (3.20) in § 3.
See Theorem A. in § 7.




For a closed hypersurface V™ with constant second mean curvature H, in a Rieman-
nian manifold of constant curvature, Y. Katsurada gave Theorem 1.1 (cf., Theorem 3.2
in [8]) under the strong restriction that at each point of V™ the principal curvatures
ki, ks, -, kn of V" are positive. The purpose of the present paper is to eliminate this
restriction and prove Theorem 1.1. Y. Katsurada first gave the analogous Theorem
(say, Theorem 3.1 in [9]) to Theorem 1.2 under the assumption that an ambient man-
ifold R™*! be an Einstein manifold. So, in a Riemannian manifold admitting a special
concircular scalar field ¥ which satisfies the following partial differential equation

ViV, = (p¥ + 0)Gji (p = const. £ 0, o = const.),

the another purpose of the present paper is to prove Theorems 1.2 under weaker as-
sumptions by replacing, as an ambient manifold R**!, an Einstein manifold by a more
general one. § 2 is devoted to give notations and general formulas in the theory of
hypersurfaces in a general Riemannian manifold R**!. In § 3 we derive some integral
formulas of Minkowski type which are valid for a closed orientable hypersurface V™ in
R™! admitting a conformal Killing vector field £ given by (1.1), or a special concircu-
lar scalar field ® given by V;V;® = p®Gj;, which is a special case of (1.3). In § 4, we
discuss some relations between ®* and Vi Rji, and others in R**! admitting the scalar
field ¢, where ®; = V;® and ®* = ®;G’. Our aim of § 5 is to give a generalization
without the above mentioned restriction for a closed orientable hypersurface V™ whose
second mean curvature Hj is positive constant. In R"*! admitting a conformal Killing
vector field &', we apply the integral formulas obtained in § 3 to a closed orientable hy-
persurface V" whose Hj is positive constant, and give a generalization of Katsurada’s
Theorem. Moreover, in R™*!' admitting a special concircular scalar field ¥ given by
V;Vi¥ = (p¥ + )Gy, in § 6 we similarly apply the integral formulas obtained in § 3
to a closed orientable hypersurface V™ whose first mean curvature H; is non zero con-
stant, and prove Theorem 1.2. In the last section 7, making use of the results obtained
in § 5 and § 6, we give certain conditions for a closed orientable hypersurface V" in
R™1 to be isometric to a sphere.




2 Notation and general formulas

We consider an (n + 1)-dimensional Riemannian manifold R™*! (n > 2) of class
Cr (r > 3) with local coordinates z*, which admits a proper conformal Killing vector
field &', that is, a vector field generating a local one-parameter group G' of conformal
transformations. In R™*!, we consider a domain M, and if the domain M is simply
covered by the orbits of transformations generated by &', then we call M a reqular
domain with respect to the vector field £°.

The conformal Killing vector field £* satisfies the conformal Killing equation (1.1),
say,

for a non constant associated scalar field ¥ in R™™!, where §; = £7G; and G}, is the
metric tensor of R**1,

Let us denote by V™ an n-dimensional closed orientable hypersurface imbedded in
the regular domain M and locally given by

£ = M a?) i=12 041 a=12+n

where u® are local coordinates of V™. Throughout the present paper, the indices

t,J,k,--- run from 1 to n + 1 and the indices a,b,c, - - - from 1 to n.
If we put
(2.2) B =05 0u”,
then B,' (a = 1,2,---,n) are n linearly independent vectors tangent to V" and the

first fundamental tensor g, of V™ is given by

(23) Jba — GjiBbjBai.

We assume that n vectors B, B,',---, B! give the positive orientation on V" | and
we denote by C* the unit normal vector to V" such that
1 Ci

n

&y
Bl 9 Sy TR 3 B
give the positive orientation in R™"!.

Denoting by V, the operator of the van der Waerden-Bortolotti covariant differ-

entiation along V™ [17], we can write the equations of Gauss and Weingarten in the
form

(2.4) Vi B,! = maC",




(2.5) VsC* = —h*B,}

respectively, where Ay, is the second fundamental tensor of V™ and " = Ry Alse,
the equations of Gauss and those of Codazzi are written as follows:

(26) chba i (hdahcb = hcahdb) = RkjithchijiBahv

(27) vchba ' vbh'ca = RkjithkajBaiCh>

where Ky, 1s the curvature tensor of V™ and Ryjin the curvature tensor of R™!.
Transvecting ¢"* to (2.7) and making use of g**B,’ B} = G7* — CIC", we find that

(2.8) V.h,? — Vsh? = Ri,BrCY,
where h,* = hp,g*® and Ry, = Ry jinG7'.

Now, if we denote by ki, k2, - - -, k, the principal curvatures of V", that is, the roots
of the characteristic equation

det(hba i kgba) =0,

the v-th mean curvature H, of V" is defined to be the v-th elementary symmetric
function of ky, ks, - - -, k,, divided by the number of terms, that is,

(n)H,,: Z keykey -+ - ke, (L= p<n)
e ep<ca<+<Cy

Accordingly, Hy, H, and Hj satisfy the following relations:

(29) nH1 = ch = haa,

(2.10) (Z) Hy =3 e = %{(h;‘)2 — h/hy}

d<c

and

n 1 a c a o a C
(2.11) (3)]{3 - Z hikoki= 3_!{(ha UET Sy e S Y hcb)}.

f<e<d




3 Integral formulas for a closed orientable hyper-
surface in R""!

We now assume that the hypersurface V™ under consideration is orientable and closed.

Let the group G be conformal, that is, £* satisfy the equation
(3.1) LGy = Nl B NGE =29 G
On the hypersurface V", we can put as follows
¢ = Big* + 4C"

for a some vector field 5* and scalar field # on V™. Since G ;;C?B,* = 0, it follows that

(3.2) 9 = C¢;
and
(33) /Ba o Baigi)

where 3, = %y, and & = &7 Gj;. We differentiate covariantly the above equation (3.3)
along V™, and, making use of (2.4) and (3.2), we get

vbﬁa = hbag + ngiBbjBai'

Transvecting ¢° to this eqation and using (2.9) and (3.1), we have
1 T
(3.4) VsB® = nH,0 + 5g’"lB,,JBaaegc:ﬂ-,

where V,3° = V,8.4%.

If we now put
Yo = 2Py By &,

where the symbols py, are the components of the symmetric tensor of V" defined by
(3‘5) Pba — hcch'ba = hbchcm

and p,* = pp.g®, then we have, by covariant differentiation along V" and by virtue of
(3.3), (2.4) and (3.2),

Vevs = 2VepyBa + 29, hacl + 2p,* B,"B,'Vi&i.
And, transvecting ¢ to this equation and using (3.1), we get

(3.6) Ver© = 2V p. 0% + 2p,2h 0 + p**B.* B £:Ghi.
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On the other hand, from (2.9) and (2.10), the relation (2.11) is rewritten as follows:
(3.7) 20.%h.° = n(n — 1){nH1H2 B 2)113}.

Also, from (2.10) and the definition of p,, we can see easily that

(3.8) P’ =n(n —1)Ha,

where p,® = ppg"*. Consequently, by substituting (3.7) into (3.6), we find that
(39)  Ver® =2Vep 6%+ nn — ){nH H, — (n— 2)H }0 + p™B,* B, £Gy.

Therefore, since the vector field £* is conformal Killing, that is, LGy = 2¥Gjs, from
(3.4) and (3.9), we find that

(3.10) Vs = n(H.0 + ¥)
and
(311) V. =2VpL B+ n(n — 1){nH1HQ iy = 2)H3}0 + 2n(n — 1)V Hy,

by virtue of (2.3) and (3.8). And consequently, since the hypersurface V" is orientable
and closed, we apply Green’s formula [22] to (3.10) and (3.11). We then obtain

(3.12) Hi0dA+ [ WdA=0
Vs T
and
2
(3.13) ﬁ/ Ve, S5 dA+/ {nH\Hy— (n—2)H;}0 dA+2 | WHy dA =0
n(n [ 1) Vn Vn Vn

respectively, where dA denotes the area element of V", and the integral formula (3.12)
is due to Y. Katsurada 8, 9].

Next, we assume the existence of a special concircular scalar field, say, a non con-
stant scalar one ® which satisfies the partial differential equation defined by

(3.14) V®; = p®G (p = constant # 0),

where ®; = V,®. For example, in an Einstein manifold with scalar curvature R (+# 0)
admitting a conformal Killing vector field &, we know the fact that the associated
scalar field W satisfies the equation (1.4), say,

R
n(n+ 1)

If ® = 0 on V™, since the second covariant derivative of ® = 0 along V" is given by

V;®,B,’B, + ®,V,B,} = 0,

Vjv.,;\l/ =

VG (R = non zero const.).

substituting (3.14) and (2.4) into this equation and transvecting ¢®® to the resulting

equation, we can see that H;© = 0 on V", where © = C'®;. Hence we have the
following




Lemma 3.1  Let R*"! be a Riemannian manifold which admits the special concir-
cular scalar field ®. If, on a hypersurface V™ in R™' H,© is not identically zero,
then ® is not tdentically zero on the V™.

Now, on the hypersurface V", we can put
o7 = B ¢* + 67,
where ®7 = ®;G7*. Transvecting GjiBai to this equation and making use of (2.3), we
get
(3.15) ¢a = B,'®;,

from which, by covariant differentiation along V" and by virtue of (2.4), (3.14) and
(2.3), we obtain
Vo = Ohpa + pPgpa-

And, transvecting ¢** to this equation and making use of (2.9), we get
(3.16) Vid? = n(H,0 + p®),
where Vyd? = Viydag®.

We now put
(.()b — hbaBazq)i,
from which, by covariant differentiation along V", we obtain , by virtue of (2.4), (3.14)
and (2.3),
Vowy = Vohi* B "0, 4 hyhe,© + p@hy,.

And, transvecting ¢” to this equation, we get
(3.17) Voul® =" Noh ot 4+ hh 70+ pBhR .S,
by virtue of (3.15). On the other hand, since
hf=nH; and h*h°=n*H:—n(n—1)H;,
by virtue of (2.9) and (2.10), we have, from (3.17),
Vot = Vh Co® + n{an — (n—1)Hy }© + np@ Hj,
and consequently, using (2.8), we obtain,

(3.18) Ve = (Vah, = RigB,/C7)¢" + n{nH} — (n — 1) Hy}© + np® Hy,

And, since the hypersurface V™ under consideration is orientable and closed, we
apply Green’s formula [22] to (3.16) and (3.18). Then we obtain

(3.19) Hi©dA+ | p®PdA =0
(VLS Y/
and
1 -
(3:20) ~ / (Vah = RyB,iCY) ¢ d A+ /V {nH? —(n—1)Hy JOdA+ / PO H\dA =0

respectively (9], where dA denotes the area element of V™.
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4 Relations in a Riemannian manifold admitting
the special concircular scalar field ¢

Let R"*! be a Riemannian manifold which admits a special concircular scalar field ®
defined by (3.14). Substituting (3.14) into the Riceci identity

VkVJCI), -~ VJ'Vk(pi = —'R

wii @1,

we find that

(4.1) Ryji'®1 = p(®,;Gii — 01Gj0),

from which, by covariant differentiation and (3.14), we obtain

(4.2) ViR ;l®, = —p@{Rkﬁh T e Gkhcﬂ)}.
So, transvecting G’* to this equation, we obtain

(4.3) ViRu® = —p®(Rpy, + npGiy,),

where Ry, is the Ricci tensor of R™*!, and if we put

(4.4) Sin = Ryp + npGrn,

then the tensor Sy, is symmetric in k& and h, and consequently, (4.3) is rewritten as
follows:

(4.5) ViRu® = —p®Sh.

Moreover, transvecting G™ to this equation and making use of ¥V, R, = (1/2)V,R, we
get

(4.6) V,R®' = —2pS,

where S = S, G" and R = Ry.G", say, R is the scalar curvature of R**!. Also,
transvecting G to (4.4), we obtain

(4.7) S=R+n(n+1)p.
Therefore, using (4.6), (4.7) and Lemma 3.1, we have

Lemma 4.1  Let R™*! be a Riemannian manifold which admits a special consircular
scalar field ® such that V@, = p®G; (p = constant # 0). If its scalar curvature R is
non zero constant and H,© has fived sign on V", we have

R

ot nn+1)
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Next, transvecting G?* to (4.1), we get
Rk[(pl -+ npq)k = ).
Thus, from (4.4), we have

(4.8) Su® = 0.

Now, from Rija = Riijk, the left-hand side of (4.2) is equal to Vj, Ry, ®'. Thus,
transvecting G™* to (4.2), we get, from (4.4),
(4.9) ViR, "0 = —p®S;;.

On the other hand, transvecting G"* to the Bianchi’s identity, say, Vi Rujx + ViRingk +
ViRhljk — 0, we find that

(4.10) ViR " = ViR — ViR,
and consequently, transvecting ®! to this equation, we get, from (4.5) and (4.9),
(4.11) VIR0 = —2p0S,;.

Lemma 4.2  Let R**! be a Riemannian manifold which admits a special consircular
scalar field ®. If the scalar field ® satisfies the following equation:

(4.12) DSy =1,
then we have
(®,9)S; =0  in R™.
Proor. Covariantly differentiating (4,12), we get, from (4.4),
1Sk + PV Ry = 0.
Transvecting ®! to this equation and using of (4.10), we obtain

(®;9")Sk; — 2pP*Sk; = 0,

from which, taking account of the assumption (4.12), we conclude that Lemma 4.2
holds good.




5 A closed hypersurface with Hy,=const.> 0 in R"!
admitting a conformal Killing vector field ¢

From (2.9) and (2.10), it follows that
(5.1) n HY =nln—DHe+h 2%

If we assume that the second mean curvature H, is positive constant, then the left hand
menber of (5.1) is positive. Hence, there exists no point P on V™ such that H;(P) = 0.
Accordingly, H; must have fixed sign on V". Therefore we have

Lemma 5.1  If the second mean curvature Hy of V™ is positive constant, then the
first mean curvature Hy of V™ has fixed sign on V™.

We now assume that R™*! is an Einstein manifold, say, Rx; = (R/(n + 1))Gx;,
where Ry; (= Ri;G") and R (= Ry;G*7) are the Ricci tensor and the scalar curvature
of R™! respectively. Transvecting g% to the equations of Gauss (2.6), we have

Ko = (haah’Cb = h’cahab) + RkjithchijiBahgda7

where Ky, is the Ricci tensor of V™. Making use of (3.5) and BfB hg% = G* — CkCh,
we can write in the form

Ko = py + R;iB,7B,* — Ri;nC*B,7B,'C*.

Accordingly, since R™*! is Einstein, we obtain

R A
Kep = peb + T Ri;inC* B, By*C".
Moreover, transvecting ¢ to this equation, we have

nk
K:pbb+n+1

T« B o
where K is the scalar curvature of V" and pbb = pag®. Consequently, since R**! is an
Einstein manifold and py’ = n(n — 1)H,, we get

orsh
it

B = —1)}Hy +
T g n+ 1

Therefore, making use of the fact that the scalar curvature R in an Einstein manifold

Pt is constant, we finally reach the following

Lemma 5.2 Let V™ be a hypersurface in an Einstein manifold R**'. Then, nec-
essary and sufficient condition that the second mean curvature Hy be constant s that
the scalar curvature K of V™ be constant.
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Next, as a special case of the Lemma, let R**! be a Riemannian manifold of constant
curvature K , say, Ryjin = K(GrnGji — GriGjn), where K = R/n(n + 1). Then, using
(2.3), the equations of Gauss (2.6) is written in the form

Kacba = hdaheb — heahay + K(gdageb — GeaJan)-
Similarly, transvecting g% to this equation, we have
Ko = pep + (1 — 1)Kgep,
from which, by covariant differentiation along V", we get
VoK = Vape + (n — 1)V okge,

and consequently, since & is constant, we obtain

N o= N
Moreover, transvecting g% to this equation, we have
(5.2) VoK. = Vipl.

On the other hand, as is well-known, the following equation is valid for any Riemannian
manifolds:

1
(5.3) Wik = 5 VoK.
Accordingly, from (5.2) and (5.3), we get
5k
prc = EVCK

Consequently, from Lemma 5.2, we have

Lemma 5.3 Let V™ be a hypersurface in a Riemannian manzfold of constant cur-
vature. If the second mean curvature Hy of V™ is constant, then Vep2 =0 on V™

Now we can prove the following

Theorem 5.4  Let R*"! (n > 3) be an orientable Riemannian manifold of constant
curvature which admits a conformal Killing vector field & and V™ a closed orientable
hypersurface in R such that

(1) Hy is positive constant,

(2) 0(= C*¢;) has fived sign on V™,

then every point of V" is umbilic.




Proor.  Multiplying (3.12) by 2H, (=positive constant), we obtain

vn vn

and subtracting the above formula from (3.13), we find that

2
) /V Vept® dA + (n — 2)/ {HyHy — H,}0 dA = o,

n(n—1

So, from Lemms 5.3 and n > 3, we have
(5.4) / {H\H, — Hy}0 dA = 0.

Moreover, from Lemma 5.1, that is, from the fact that H; has fixed sign on V", the
scalar field on V™ defined by H; H, — Hj is rewritten as follows:

1

. H\Hy — Hy =
(5.5) 1112 =

{Hy(H} — Hy) + (HE - Hy Hy)}.

On the other hand, we know the fact that
Him H oHptts | fa=1,2»mn=~1)(51],

a

where Hy = 1. In particular, we see that
(5.6) H? —Hy, >0 and H?—-H;H;>0 onV™
Accordingly, making use of the assumption (1) and Lemma 5.1, we have, from (5.5),

H\Hy — H3 >0 (or<0) on V™
Hence, using the assumption (2), from (5.4), we find that

HHy, — H;=0 on V™
Consequently, from (5.5), it follows that
Hy(H? — Hy) + (HZ — HyHz) =0 on V™,
from which, from (5.6) and the assumption (1), we see that
H; ~Hy=10 on V%

Therefore, since

1
Hie e e ky — k)2,
1 2 nQ(n—l)g(b )
we conclude that
kl:kzz---:kn

at each point of V*. ( Then we have H, = ki, Hy = kf and Hy = k2, from which we
obtain H? — HyHs = 0.) This means that each point of V™ is umbilic.
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6 Closed hypersurfaces with H,= const.# 0 in R""!
admitting a special concircular scalar field V¥

Now, in R™"!  we assume the existence of a special concircular scalar field, say, a non
constant scalar one ¥ which satisfies the following partial differential equation

(6.1) V¥, = (p¥ + 0)G,ji (p = const. # 0, o = const.),

where V,; = V,;W.

If we put
¢ = p¥ + o,
then (6.1) becomes
(6.2) V¥, = 0G4,

and, by covariant differetiation, we have

where ®; = V,;®. Moreover, by covariant differentiation of (6.3), from (6.2), we find
that 1 "
qu)z' = ,D(I)Gjia

that is, the scalar field ® satisfies the same partial differential equation as ® given by
(3.14). Therefore, if we put anew

(6.4) ¢ = pV + o,

then, transvecting C* to (6.3), we have

(6.5) C'®; = pC'¥,; on V",
from which we get the following

Lemma 6.1 IfC"V,;(= Q) has fived sign on V™, and is not constant along V", then
the same holds good also for C'®,(= ©) respectively.

Thus, without loss of generality we may discuss the properties of a hypersurface V" in
R™1 admitting a concircular scalar field ® defined by (3.14), that is,

V@, = p®G; (p = const. # 0).

Now, if we assume that the first mean curvature of V" is non zero constant, say,
H, = const. # 0, then , taking account of (2.9), we obtain, from (3.20),

(66) —~ / Ri;B,'CI¢%dA + {nH‘f ey I)HQ}E-)dA +Hy [ p®dA = 0.
il n vn

V‘n.
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Eliminating / pPdA from (3.19) and (6.6), we find that
VTI.

1 S
(6.7) —— | RyBSCI¢*dA+ (n 1) /v (H? — Hy)0dA = 0.

n

First, we shall prove the following Theorem:

Theorem 6.2  Let R™*! be an orientable Riemannian manifold with harmonic cur-
vature, say, ViRj = V;Ry; which admits a special concircular scalar field ¥ satisfying
the equation

V¥; = (p¥ + 0)Gji (p = const. £ 0, o = const.),

and V" a closed orientable hypersurface in R™*! such that
(1) -H; = const, #0,
(2) Q has fixed sign on V", where Q = C*;.

Then every point of V™ is umbilic.

Proor. Transvecting ®* to the assumption ViRj; = V Ry, we get, from (4.11)
and (4.5), ®S;; = 0. Thus, using Lemma 4.2, we have (®;®*)S;; = 0 in R*!. Accord-
ingly, making use of the assumption (2) and Lemma 6.1, we can see that S84 = 0 on
V%, say, Rji = —npGj; on V™. Consequently, taking account of the assumption (1), we
obtain, from (6.7),

(6.8) / (H? — H,)0dA = 0.
Also, since
1
< o e el 2
(6.9) Hi — H, =D aZ<b(kb K37,

we can see easily that H? — H, > 0. Thus, using the assumption (2) and Lemma 6.1,
we conclude that Hf — H, = 0 by virtue of (6.8), and therefore, because of (6.9), that

bi=ky=---=k,
at each point of V™, that is, every point of V® is umbilic.

So, we have the following

Corollary 6.3  Let R™*! be an orientable Riemannian manifold with parallel Ricci
tensor, say, ViR;i = 0 which admits a special concircular scalar field V, and V" a
closed orientable hypersurface in R**! such that

(1) Hy; = const. # 0,

(2) Q has fized sign on V™.
Then every point of V™ is umbilic.
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Next, in a conformally flat Riemannian manifold R,

1 R | \
Rkﬁ" = ———(Rub;* — R;6 + GwR" — GjiR) + (Grib" — Gji6 ).

n—1 n(n—1)
By covariant differentiation, we have

ViR

1
ViR,;" = —m(lekiéjh—v,RﬁékthGkiv,th—Gﬁvlﬁk’l)+n———(n g

(Gri8,"—G :6"),

from which, replacing ! by h and summing for h, we have

1
n—1

L
n(n —1)

vthjih i (VJ'Rki_kaJ'i+Gkivhth—Gjivthh)‘f‘ (GAZVJR—GJka H)

And, making use of (4.10) and Vhth = (1/2)V,R, we find that

1
(610) Viji = kaﬁ = %(GMVJR . Gﬁka) =) (n = 2)

Also, in case n = 2, a conformally flat Riemannian manifold is defined by (6.10).
Therefore, assuming the scalar curvature R of R™*! to be constant, we see easily, from
(6.10), that Vi Ry; — Vi R,; = 0. Thus, using Theorem 6.2, we have the following

Corollary 6.4 Let R*"! (n > 2) be an orientable conformally flat Riemannian
mantfold with R=const. which admits a special concircular scalar field V, and V" a
closed orientable hypersurface in R**! such that

GLy A = const £ 0,

(2) Q2 has fived sign on V™,
Then every point of V™ 1s umbilic,

Moreover, making use of (4.5) and (4.11), we can prove the following Theorem by
an argument similar to that used in the proof of Theorem 6.2:

Theorem 6.5  Let R™! be an orientable Riemannian manifold with Nalta+ N ot
ViRy; = 0 which admits a special concircular scalar field V, and V™ a closed orientable
hypersurface in R™*! such that

(L = eonsl, £ 0,

(2) Q has fixed sign on V™.
Then every point of V™ s umbilic.

We now assume that the length of the Ricci tensor Rj; is constant in R™*!, that is,

(6.11) RjiR]-.i = A (A = const.).

By covariant differentiation, we have
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On the other hand, from (4.4), (4.7) and (6.11), we can see that
(6.13) $%Sji = 2npS —n®(n + 1)p% + .
Also, transvecting Vi R to Sj; = Rj; + npGy, say, (4.4) and using (6.12), we have

ViR"S;; = npViR,
and, moreover, transvecting ®* to this equation, from (4.11) and (4.6), we find that
(6.14) ®S”S;; = npdsS.
Consequently, substituting (6.13) into (6.14), we can see easily that
(6.15) @{npS —nf(n+ 1)p% + )\} =24,
So, covariantly differentiating and using the fact that VS is equal to V;R, we have
@i{npS —n?(n+1)p® + )\} +npPV,R = 0,

from which, multiplying by ® and using (6.15), we obtain
(6.16) ®2V,R = 0.
Lemma 6.6  Let R™' be a Riemannian manifold with R R;;—= const. which admits
a special concircular scalar field V, V" a hypersurface in R**1 and Q) fived sign on V.
If p # 0, then we have V,R =0 in R, and if p = 0, then we have V;R = 0 on V",
where p s a constant number defined by
(6.17) p=pd — o7,

Proor. Since V;(p®? — ®,87) = 0, we see that p is constant in R™!.

Now, by covariant differentiation of (6.16), we get

200,V,R + ®°V,V,R = 0,
from which, using the fact that the tensor V;V;R is symmetric, we obtain ®(®,V,;R —
®;V;R) = 0. Moreover, covariantly differentiating and using (3.14), we have
®4(®,;V;R — ®;V,;R) + p®*(Gy; ViR — G, V;R) + ®(®,V,V;R — ®;V, V,R) = 0,
and accordingly, using (6.16), we obtain
®(®;ViR — ®;V,R) + ®(®,;V,V,R — ®;V,V,R) = 0.

And consequently, transvecting G*? to this equation, we have, from (4.6), (6.17) and
(6.16),
(6.18) —uViR+ @{®'V,; VR + ®;(2pS — V'V,;R)} = 0,

where V/V,;R = G¥V,V,R. Thus, if u # 0, then we have, from (6.16) at a point
Py such that ®(P,) # 0, or from (6.18) at a point P, such that ®(FP,) = 0, V;R = 0.
And if p = 0, then we have, from (6.17), p®? = ®,;®7. On the other hand, using the
assumption that 2 has fixed sign on V", we can see, from Lemma 6.1, that © has
fixed sign on V", and accordingly, ®;®7 > 0 on V™. Thus, it follows from (6.16) that
ViR=00on V"



Lemma 6.7  Let R™"! be an orientable Riemannian manifold which admits a special
concircular scalar field V and V" a closed orientable hypersurface in R™t! such that
(1) Hy = const. # 0,
(2) Q2 has fixed sign on V™.
IfV:R=0 on V", then we have S = 0 on V™.

Proor. Transvecting B, to V;R = 0, we get V,R = 0, that is, R=const. on
V™. Consequently, because of (4.7), we have

(6.19) 3 = const. on V",
Moreover, using the assumption that V;R = 0 on V", we get, from (4.6),
@S =0 on V".

Here @ is not identically zero on V™. Because, using the assumption (2) and Lemma
6.1, we can see that © has fixed sign on V", and accordingly, H;© is not identically
zero on V™, which shows that this fact holds because of Lemma 3.1. Thus, taking
account of (6.19), we can prove that S =0 on V™,

Next, making use of these Lemmas, we shall prove the following

Theorem 6.8  Let R™'! be an orientable Riemannian manifold with R?"R;; = const.
which admits a special concircular scalar field V and V™ a closed orientable hypersurface
in R**! such that

(1) Iy =eonst, £ 0,

(2) Q2 has fived sign on V™.
Then every point of V™ is umbilic.

Proor. Transvectin ®* to (6.12), and using (4.11) and (4.4), we obtain
®(S5"S;; — npS) = 0.
Now, by covariant differentiation, we get, from (4.4) and (4.7),
D1 (S"S;; — npS) + ®(2VLR"Sj; — npViR) = 0,

and, substituting (4.4) into the second term of the left-hand side of this equation and
using (6.12), we can see that

(I)k(SjiSji —npS) + np®ViR = 0.

Thus, making use of Lemma 6.6 and Lemma 6.7, and transvecting ®* to the result
equation, it follows that

(®,0%)(5""S;) =0  on V",




and, since, taking account of the assumption that € has fixed sign on V", we can prove
from Lemma 6.1 that ®;,®* > 0 on V", we conclude that

Sji =0, thatis, Rj; = —npG; on V",

Therefore, from (6.7), we obtain
/ (H? — Hy)0dA = 0,

and consequently, by the argument similar to that used in the proof of Theorem 6.2,
we can prove that Theorem 6.8 holds.

ReMARK 1. Theorem 6.8 is a generalization of Corollary 6.3, because of the fact

that Vk(RjiRﬁ) = QV}CRﬁRﬂ.
Moreover, as a generalization of Corollary 6.4, we have the following

Theorem 6.9  Let R™*' be an orientable conformally flat Riemannian manifold
which admits a special concircular scalar field V, and V™ a closed orientable hyper-
surface in R™*! such that

(1) Hy = const. # 0,

(2) there exists a point Py on V™ such that S(P,) = 0,

(3) Q has fixed sign on V™.
Then every point of V™ is umbilic.

PRrROOF. In a conformally flat Riemannian manifold R**!,

R

T L
n(n — 1)

Rk:jih: T

(Riib" — R;6* + GriR — GjiRM) + (Grib," — G i)

Using the same calculations as the proof of Corollary 6.4, we obtain (6.10), that is,
1
VB~ ViR — %(GkiVjR = GuVill)=0. {(n22)

Now, transvecting 2n®* to this equation and making use of (4.5), (4.11) and (4.6),
we get

(620) ZTLp(I)SJ'i — (VJR‘I% -+ QP(DSGﬂ) =1,
Moreover, transvecting ®* to this equation and making use of (4.8), we have
(6.21) V;R®;0" + 2p9S®, = 0.

And consequently, making use of (3.14) and (4.7), (6.21) is rewritten as follows:

(6.22) V(599" = 0,




from which, by the assumptions that there exists a point P on V™ such that S(Fp) = 0,
and the hypersurface V™ is closed, we find that

(6.23) S®,0" =0
on V™.

On the other hand, transvecting S’* to (6.20) and making use of (4.8), we obtain
(6.24) ®(nS;S* — S%) = 0.
By covariant differentiation, we have, from (4.4) and (4.7),

B (nS;S”" — S%) + 20(nVL RS — VLRS) = 0.

And, transvecting ®" to this equation, from (4.11), (4.6) and (6.24), we find that
(6.25) ®,0"(nS;;87 — S?) = 0.

Thus, making use of (6.23), we have ®,®"S;,57 = 0 on V™. And, from the assumption
(3), we find that S;; = 0 on V", that is, R; = —npGj; on V™. Consequently, from
(6.7), we obtain

(6.26) / {H? — H,}0dA =0,

Also, we can see that Hf — Hy > 0, because

1
(6.27) H} — Hy = ———— Y (ks — ka)?,

n?(n —1) et

Thus, using the assumption (3) and Lemma 6.1, we find that H? — Hy = 0 by virtue
of (6.26), and consequently, because of (6.27), we conclude that k; = ky = --- = k, at
each point of V™. This means that every point of V" is umbilic.

ReMARk 2. Theorem 6.9 is a generalization of Corollary 6.4. Because, using the
assumption that R=const. and (4.6), we have ®S = 0, from which, taking account of
Lemma 3.1, we can see that there exists a point Py on V" such that S(F,) = 0.




7 Some characterizations of a hypersurface to be
isometric to a sphere

To prove that the hypersurface under consideration is isometric to a sphere, we need
the following Theorem due to M. Obata [16].

Theorem A. (Obata) Let V" (n > 2) be a complete Riemannian manifold which
admits a non-null function 1 such that Y,V = —c* gy, (¢ = const.), where gy, and
V. denote the metric tensor of V™ and the operator of covariant differentiation with
respect to Christoffel symbols éca} formed with gy, respectively. Then V™ is isometric

to a sphere of radius 1/c.

Now, using Theorem 6.2, we can prove the following

Theorem 7.1  Let R™'! be an orientable Riemannian manifold with harmonic cur-
vature, say, ViRj = V;Ry; which admits a special concircular scalar field ¥ satisfying
the equation

V¥ = (p¥ + 0)Gji (p = const. # 0,0 = const.),

and V™ a closed orientable hypersurface in R™* such that
(1) Hy = const. # 0,
(2) Q has fired sign on V", where Q = C*V;,
(3) Q is not constant along V™.

Then V™ is isometric to a sphere.

Proor. By covariant differentiation of the definition © = C"®; along V", we
have, from (2.5) and (3.14),

i Vi© = —h,°B,'®,.
Also, by virtue of Theorem 6.2, every point of V™ is umbilic, that is,
(72) hbc = ngbc-

Transvecting ¢ to this equation, we see that h,® = H;6,% So, substituting this
equation into (7.1), we have

(7.3) V6 = —H,B,'®;,
that is,
(7.4) VO + Hi V@ = 0.

Accordingly, under the assumption that H; = const., we can see that

(7.5) ©+ Hi®=C (C=const.)

on v,




Now, by covariant differentiation of (7.3) along V", we get
(7.6) V. Vi© = —H (p®gep + Ohey),
by virtue of (2.4), (3.14) and (2.3). Thus, from (7.2) and (7.5), we find that
(7.7) VeV = —{(H} — )© + pC'}gar

Here we claim H? —p # 0. In fact, if H? —p = 0, then (7.7) becomes V.V,© = —pC g,
from which A® = —npC, that is, A® = const., where AO = g®V .V, 0. However this
is impossible, unless © = const. on V™* [22, 2]. But, using the assumption (3) and
Lemma 6.1, we can see that © is not constant along V. Thus, H? — p being different
from zero, (7.7) is rewritten as follows:

pC pC
(7.8) VeUs(© + i — ) =~ =)0+ gF = s

from which we get

pC > 2 ( pC >
A G,
(9+H12_p (i} - p) (O + g )

and consequently, it follows that H? — p > 0 [20]. Therefore, using Theorem A, the
equation (7.8) shows that the hypersurface V™ under consideration is isometric to a
sphere [10, 11].

And, from this Theorem 7.1, we have

Corollary 7.2  Let R™! be an orientable Riemannian manifold with parallel Ricct
tensor, say, ViRj = 0 which admits a special concircular scalar field V, and V™ a
closed orientable hypersurface in R**' such that

(1) Hy = const. # 0,

(2) Q has fixed sign on V™.

(3) Q s not constant along V™.
Then V™ s isometric to a sphere.

Corollary 7.3  Let R™"! be an orientable conformally flat Riemannian manifold
with R =const. which admits a special concircular scalar field V, and V™ a closed
orientable hypersurface in R™' such that

() T = const: 54,

(2) Q2 has fized sign on V™.

(3) Q is not constant along V".
Then V™ is isometric to a sphere.

Moreover, using Theorem 6.5, Theorem 6.8 and Theorem 6.9 respectively, we obtain




Theorem 7.4  Let R™*! be an orientable Riemannian manifold with VR4V ; R+
ViRk; = 0 which admits a special concircular scalar field V, and V™ a closed orientable
hypersurface in R™*' such that |

(1) Hy = const. # 0,

(2) Q2 has fized sign on V™.

(3) Q is not constant along V™.
Then V™ is tsometric to a sphere.

Theorem 7.5  Let R**! be an orientable Riemannian manifold with R’ R;; = const.

which admits a special concircular scalar field V, and V" a closed orientable hypersur-
face in R™*! such that

(1) Hy = -congt. £ 0,

(2) Q has fired sign on V™.

(3) Q is not constant along V™.
Then V™ s isometric to a sphere.

Theorem 7.6  Let R**! be an orientable conformally flat Riemannian manifold
which admits a special concircular scalar field ¥, and V™ a closed orientable hyper-
surface in R**! such that

(1) Hy = const. # 0,

(2) there exists a point Py on V™ such that S(F) = 0,

(3) Q has fixed sign on V™.

(4) 2 is not constant along V™.
Then V™ s tsometric to a sphere.

Lemma 7.7 Let V™ be a hypersurface with Hy= positive const. in R**1. If V™ is
an umbilical hypersurface, then H, ts non zero constant.

Proor. Since V" is an umbilical hypersurface, we have

from which, taking account of (2.10), we obtain
Ho= k= He:
Accordingly, since H, is positive constant, we can see that H; is non zero constant.

Thus, using Theorem 5.4 and Lemma 7.7, we have the following

Theorem 7.8  Let R*' (n > 3) be an orientable Riemannian manifold of constant
curvature which admits a proper conformal Killing vector field £ satisfying the equation

LeGji = V& + Vig; = 2¥ G,

and V™ a closed orientable hypersurface in R™' such that
(1) H, is positive constant,
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(2) Q (= CV,) has fizxed sign on V",

(3) Q 1s not constant along V™.
Then V™ is isometric to a sphere, where ¥ satisfies V,;V,¥ = —(R/n(n+1))VGj; and
W ="V,

Next, under the new assumption that W is not constant along V", instead of the
condition of (2, we prove the following Theorem in a similar way:

Theorem 7.9 Let R**! be an orientable Riemannian manifold with harmonic cur-
vature which admits a spectal concircular scalar field V, and V" a closed orientable
hypersurface in R™*! such that

(1) Hy = const. # 0,

(2) Q2 has fized sign on V",

(3) ¥ is not constant along V™.
Then V™ s isometric to a sphere.

Proor. Since, Vy(®;B,") = Vj(I)iBbjBainL(I)iVbBai, we see, from (3.14), (2.4) and
O = C'®;, that

(7.9) VsVa® = p®gpa + Ohpa.

Also, by virtue of Theorem 6.2, every point of V" is umbilic, that is, hpya = Higba-
Consequently, from (7.9), we have

ViVae® = (p® + H10)gba.
So, substituting (7.5) into this equation, we find that
(7.10) Vp Vo0 = {—(Hf — p)® + CH }gha-

Here, using the assumption (3) and (6.4), it follows that ® is not constant along V",
and accordingly, we can prove that Hf — p # 0, by an argument similar to that used
in the proof of Theorem 7.1. Thus, (7.10) is rewritten as follows:

e CH,
(711) vaa((p = H12 _p) = _(111 _P) (CI) =i ng _p)gb(u

from which we get

oz e S CH, >
A<<D~— H%~p> L i —p)(‘l) e

and consequently, it follows that Hi — p > 0. Therefore, using Theorem A, the hyper-
surface V™ is isometric to a sphere [10, 21], by virtue of (7.11).

And, from this Theorem 7.9, we obtain




Corollary 7.10  Let R*"! be an orientable Riemannian manifold with parallel Ricci
tensor which admits a special concircular scalar field V, and V™ a closed orientable
hypersurface in R™*! such that

(1) Hy =const, # 0,

(2) Q2 has fixed sign on V™,

(3) ¥ s not constant along V™.
Then V™" is isometric to a sphere.

Corollary 7.11  Let R™! be an orientable conformally flat Riemannian manifold
with R =const. which admits a spectal concircular scalar field V, and V" a closed
orientable hypersurface in R™*! such that

(L} .= const. £0,

(2) Q has fixed sign on V",

(3) ¥ is not constant along V™.
Then V™" 1s tsometric to a sphere.

Moreover, using Theorem 6.5, Theorem 6.8 and Theorem 6.9 respectively, we obtain
similarly the following

Theorem 7.12  Let R™"! be an orientable Riemannian manifold with VR i+ V j Ry
ViRk; = 0 which admits a spectal concircular scalar field V, and V™ a closed orientable
hypersurface in R™*1 such that

(1) Hy = const. # 0,

(2) Q has fired sign on V",

(3) ¥ is not constant along V™.
Then V™ is tsometric to a sphere.

Theorem 7.13  Let R™'! be an orientable Riemannian manifold with R"R; =
const. which admits a special concircular scalar field V, and V" a closed orientable
hypersurface in R**! such that

(1) Hy = const. # 0,

(2) Q has fired sign on V",

(3) ¥ is not constant along V™.
Then V™ s isometric to a sphere.

Theorem 7.14  Let R*™! be an orientable conformally flat Riemannian manifold
which admits a special concircular scalar field V, and V" a closed orientable hypersur-
face in R™! such that
(1) Hy = const. # 0,
(2) there exists a point Py on V™ such that S(Fy) = 0,
(3) Q2 has fized sign on V",
(4) ¥ 1is not constant along V™.
Then V™ is isometric to a sphere.

Finally, using Theorem 5.4 and Lemma 7.7, we have the following
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Theorem 7.15  Let R**! (n > 3) be an orientable Riemannian manifold of constant
curvature which admits a conformal Killing vector field &' satisfying the equation

and V™ a closed orientable hypersurface in R™"' such that
(1) Hy s posttive constant,
(2) 0 (= C*&;) has fired sign on V",
(3) ¥ is not constant along V™.

Then V™ s isometric to a sphere.
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