. HOKKAIDO UNIVERSITY

Title New Mathematical Data Analysis for Magnetic Resonance Elastography
Author (s) =, ZhE
Degree Grantor biEEKE
Degree Name Bt (EF)

Dissertation Number FHE110485

Issue Date 2013-06-28
DOI https://doi.org/10.14943/doctoral. k11048
Doc URL https://hdl. handle.net/2115/53238
Type doctoral thesis
File Information Kogo Yoshikawa. pdf

kaid
e U"/Le

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




New Mathematical Data Analysis for
Magnetic Resonance Elastography
by

Kogo Yoshikawa

DISSERTATION
Submitted for the degree of
DOCTOR OF PHILOSOPHY
in
SCIENCE

at

DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF
SCIENCE

HOKKAIDO UNIVERSITY

JAPAN

May, 2013



Ac proinde hec cognitio, ego cogito, ergo sum,

est omnium prima € certissima, que cuilibet ordine philosophanti occurrat.

(© Kogo Yoshikawa, 2013. All rights reserved.



Kogo Yoshikawa
March 2013

Mathematics

New Mathematical Data Analysis for Magnetic Resonance Elastography

Abstract

For the diagnosing modality called MRE (Magnetic Resonance Elastogra-
phy), the displacement vector of a wave propagating in a human tissue can be
measured. The average of the local wave length of the wave from this mea-
sured data could be an index for the diagnosing, because the local wave length
becomes larger when the tissue is stiffer. By assuming that the local form of
the wave is given approximately as multiple complex plane waves, we identify
the real part of the complex linear phase of the strongest plane wave of this
multiple complex plane waves, by first applying the FBI transform (Fourier-
Bros-Tagolnitzer transform) with an appropriate size of Gaussian window and
then taking the maximum of the modulus of the transform with respect to the
Fourier variable. We call this method LWV method. The real part of the linear
phase is nothing but the real inner product of the wave vector and the position
vector. Similarly the imaginary part of the linear phase describes the attenu-
ation of the wave and it is given as a real inner product of a real vector and
the position vector. This vector can also be recovered by our method called
the LAV method. We also apply these methods to design some de-noising and
filtering for noisy MRE data. Although we restricted applying our methods to

MRE wave images, it can also be applied to other wave images.
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Chapter 1

Introduction

A new measurement modality called MRE (Magnetic Resonance Elastogra-
phy) consists of an MRI (Magnetic Resonance Imaging), mechanical vibration
system and additional MRI pulse sequence called MSG (Motion Sensitizing
Gradient) synchronized with the time harmonic vibration generated by the
vibration system. Given a time harmonic external vibration generated by the
vibration system to a human body which yields a wave in the human body,
MRE gives a snapshot of the displacement vectors of the wave over each slice
of the human body. We call this snapshot MRE data. The slice can be the
cross section of the body by any one of the z1-x5 plane, xo-x3 plane and x3-
x1 plane, where (x1, z9, x3)is the Euclidean coordinates. If we can recover the
stiffness of the tissue in a human body from the MRE data, MRE can provide a
realization of doctors’ palpation inside human bodies which has been dreamed
about by all the doctors for many years(cf. [1],[2]). We call any procedure to
recover the stiffness or extract any information about the stiffness MRE data
analysis.

There are two kinds of MRE data analysis. The one is the model indepen-
dent MRE data analysis which only assumes that any local wave forms of the
wave is given approximately as multiple complex plane waves, and recover the

real part of the complex linear phase of the strongest wave in this multiple
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complex plane waves which can be represented by the so called wave vector.
We call this wave vector divided by the angular frequency of vibration the local
wave vector of the multiple complex plane waves. The other is the model de-
pendent MRE data analysis which considers some partial differential equation
to describe the wave and stiffness as its solutions and coefficient, respectively,
and recover the coefficient from the MRE data via this equation. We will
call such a partial differential equation the PDE model. In this paper we will
give a model independent MRE data analysis based on the FBI transforma-
tion (Fourier-Bros-lagolnitzer transform). For the model dependent MRE data

analysis see for instance [2], [3], [4], [5], [6] and the references therein.

As it is well known that the wave length becomes larger if the tissue becomes
stiffer. In terms of the wave vector this means that the wave vector becomes
shorter if the tissue become stiffer. Hence, by looking at the wave vectors in
the tissues, we can qualitatively know a change of their stiffness. Since the
modeling error is always a big problem in the MRE data analysis, the model
independent analysis has some advantage if it is not so important to recover

the stiffness quantitatively but qualitatively.

In the rest of this section we will explain more precisely about our model
independent MRE data analysis. Since the wave length of the longitudinal
wave in human tissue is too long to be observed, we can only observe shear
waves when the tissues is isotropic tissues and quasi-shear waves if the tis-
sues is anisotropic. Suppose that a shear wave or quasi-shear wave is mainly
propagating toward the zo-direction and we are looking this wave over a slice
parallel to the xy-z5 plane which is the cross section of a human body. Then,
let ¢ = @(z1,x2) be the one of the component of displacement vector of this
wave perpendicular to x, direction, say x3 component. We also take such a
wave whose phase of the vibration is 90 degrees advanced and denotes its com-

ponent similar as before by 1) = ¢(z1,x2). For our data analysis, it is more



convenient to consider

u=ulz) = p(x) - () (1)
than considering ¢ and 1) separately.

A naive way of looking at u near a point p in the cross section is that
it is locally given by a finite linear combination of the complex plane wave
ae? @B (=) with an amplitude a € C, vectors a, 3 € R? which do not
depend on x = (z1,x2) and the angular frequency w/(27) of the vibration
system. Note that o and [ describe the attenuation and propagation direction
of the wave u, respectively. We call this form of u the local single-wave form if
the linear combination consists of just one term and local multiple-wave form
if otherwise.

Let u be described approximately as the local multiple-wave form near a
point p in a region of interest (ROI) of a human tissue. Then, by our method
called LWV method (Local Wave Vector method) and LAV method (Local
Attenuation Vector method) which are based on the FBI transformation, we
can recover [ and « in the strongest local single-wave form of the local multiple-
wave form. We will call these S and « in this strongest local single-wave form
the local wave vector and local attenuation vector, respectively. Here the FBI
transformation is a weighted Fourier transformation with the Gaussian window
centered around p. Once we have recovered [ at several points in the ROI, we
can filter the wave fields with many waves interfering with each others in the
ROI to a single major wave. If the ROI is located near the boundary of tissue,
for instance the boundary between a tissue and organ, there is an interference
of incoming waves and reflected waves from the boundary. In such a place
of ROI the wave length and amplitude of wave could become smaller than
the other parts of the ROI and hence the profiles of the distribution of the
local wave vectors there will become quite complicated. But by our filtering
method based on the LWV method, we can extrapolate the major wave up to

the boundary in this ROI. As a consequence, we can get very clear filtered wave
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image having just a major wave in this ROI. We call this de-noising method
the LWV de-noising of wave.

To transform the recovered local wave vector 3 and local attenuation vec-
tor a to the stiffness of tissue, we need to have a PDE model. Suppose that
our tissue can be considered as an nearly incompressible isotropic viscoelastic
medium, then the above u can be considered approximately as the x3 compo-
nent of rotwv, where v denotes the displacement vector of the wave and rotwv
denotes the rotation of v. Then, each local single-wave form u’ of the local

multiple-wave form u should satisfies
(pw? + (G' +iG") A/ (z) =0 (1.2)

approximately in a small neighborhood of p with the density p ~ 103kg/m3,
the storage modulus G’ and loss modulus G”. We remark here the G', G” can
change from one region to another region where the local multiple-wave form
of u changes. Further, we remark that «’ always satisfies (1.2) approximately,
if the tissue is modeled as whichever type of nearly incompressible isotropic
viscoelastic media ([3],[7]). Suppose that we have identified f and « in the
strongest local single-wave form u' of u. Then, by substituting this local single-

wave form into (1.2), we have
p+ (G +iG")(a+1if) - (a+iB) =0 (1.3)
which immediately implies that G’, G" are given by

&4 B p ’5’2 . ‘a‘g
<G"> ~ (lal* =182 + 4(a - B)? ( 2% - B ) : (1.4)

Hence (1.4) gives the link between «, 5 and G', G”.

The rest of the paper is organized as follows. In Section 2.1 and 2.2 we
give the theories of the LWV method and LAV method, respectively. Then,
in the succeeding section we will provide some numerical results for these

two methods. Especially, in order to see the effectiveness of these method,



we tested our methods by recovering G, G” of a phantom made of PAAm
gel by the MRE group in our university (Prof. J. Gong, Laboratory of Soft
and Wet Matter, Hokkaido Univ.) and for a phantom made of agarose gel
by Mayo Clinic so that we can compare our results with the other results
obtained by different MRE data analysis. In the final section, we will apply
our methods to the de-noising and sharpening of the MRE data. Before closing
this introduction, we would like to acknowledge Mayo Clinic providing us the

data and emphasize that Mayo Clinic is the front runner of the MRE study.



Chapter 2

LWYV method and LAV method

2.1 LWYV method

In this section we will give the details of the LWV method mentioned in the
introduction. Let W (u;p,0)(€) be the two dimensional FBI transform (cf.[8])
of a locally integrable function u in R? with the Gaussian window of size o

localized around p € R? as follows

lz—p|?

W (s p. o) (€) = / e u(r)e TH du (€ € R?) 2.1)

R2

provided that this integral converges which is the case for the local multiple-
wave form u. This transformation is also called the two dimensional continuous
wavelet transform (cf. [9]). If we take u(z) as a local single-wave form u(z) =

ae? @+ B @=p) then W (u;p, o) (€) is expressed as

W(u; p,0)(§)
w?o?|al?

0?1 — wh|?
; |

2
(2.2)

= 2mac’exp |iw?c’a - B+ } exp [—i(p + wo’a) - E—

Here we note that wf is a unique Gaussian peak of W (u;p, o). The details of

this derivation is given in Appendix. The maximum arg max |W (u;p,o)(§ )‘
3

6



of the modulus |W (u; p, o) (5)‘ for £ € R? is clearly achieved at &(p) = € = wf.

Hence, we have

B = arg gmax ‘W(u;p, 0)(&)‘/w. (2.3)

Here we note that o2 sitting in the denominator of the exponential of the
Gaussian window will sit in the numerator of W (u;p,o)(§). This is nothing
but the Heisenberg uncertainty principle about the window sizes in the real
space v and Fourier space £&. We have an option to tune a parameter ¢ that
influences the localization in the real space and Fourier space.

If u(z) is given as the multiple-wave form

u(z) = Z cpe?lentiBn)(@=p) o e C (2.4)

around p, arg max ’W(u, P, O’)(f)‘ can expect to give the local wave vector f3,
§

of the strongest single wave form ¢, e*(®»+%)(*=p) in its modulus. This can be
understood by accepting a very reasonable interpretation which says that the
Gaussian peaks of the FBI transformed u is well separated in most cases. We
call this method to obtained the local wave vector [3,, obtained above the local

wave vector the LWV method.

Fig. 2.1: Example of function Fig.2.2: Localization of Fig.2.1
Re u(z) of Eq(2.4) by Gaussian

We will show in several figures how the LWV method is performed. The
above two figures show the localization by a Gaussian window. Since the key

to the LWV method is the assumption that the local approximate expression
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of the wave u is given by (2.4), we need to localize u to find the local wave

9

vector of u.

The next Fig.2.3 is what can be seen in the Fourier space £&. More precisely

this is the FBI transformed image of Fig.2.2.

Fig.2.3: Example of |W(u;p,0)(§)| in Eq(2.3)

In this figure, we find two Gaussian peaks in Fig.2.3 which means that there
are basically two different directions to which the waves are propagating in
Fig.2.2. This reasonably fits to Fig.2.1. It seems that in the Fourier space, the
position of the peak of Gaussian is not strongly interfered by those of other
peaks of Gaussian. Hence, the separation of interfered waves in the Fourier

space should be quite good.

We repeated this process around enough sampled points and plotted the
local wave vectors at the sampled points to obtain the following figure in which
the sampled local wave vectors are superimposed over the figure of the real part

of u.



Fig.2.4: The vectors represent the wave vectors of the strongest waves. The

red vector corresponds to that of Fig.2.3.

Let us finish this section by giving several comments on the method. First
of all, concerning the choice of the Gaussian window size o, we usually take o
in the range from half wave length to one wave length for having reasonable
recovery of S by our experiences. Taking arg max may misfit § when there
exists a strong noise with a specific frequency. But, for MRE data, it usually
has only Gaussian type white noise that does not have a specific frequency.
Finally, we would like to emphasize here an advantage of the LWV method.
That is, even in the case that several waves coming from different directions
merge at a point p € R?, the effect of each wave is quite localized in the Fourier
space, so that if there are several different waves merging at p, we can separate

these major propagating directions by the LWV method.

2.2 LAV method

We will show in this section how to recover the local attenuation vector of the
strongest wave in the local multiple-wave form (2.4). To begin with we first
assume that u(z) is given as a local single-wave form around a point p € R?.
Then the vector v at p in the local single-wave form with the wave vector 3

can be recovered by

0 = = (Vells) 1), (2.
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where 0(p; ) is defined by

Ly . Im W (u; p, 0) (€)
0(p; €) := arctan (ReW(u;p, J)(ﬁ)) . (2.6)

In fact, substituting (2.2) into the right hand side of (2.5), introducing 6, as
an initial phase that does not depend of £, the right hand side of (2.6) becomes

B sin(—wo?a - € + 6p)

(RHS) = arctan (cos(—wa%z yn 00)) (2.7)
= arctan (tan(—wo’a - £ + 6p)) (2.8)
= —wola - &+ by (2.9)

Then, we will obtain (2.5) by taking the gradient of (p; £) with respect to & at
¢ = wp. In order to compute the gradient numerically we used the following
least square method. Let £ = (£,&), B = (51, f2) and denote m = & — [,

n = & — [s. Then, the least square minimization to compute the gradient

(Veb)(p; B) is

arg min Y~ w(m,n) (0(p; &) — 0(p; B) — axm — agn)’ (2.10)
, m2+n2

where w(m,n) = e~ 2  with some constant s > 0.

Fig.2.5 given below illustrates the 3-dimensional view of this minimization.

0(€) = 0(€1.€2) = 0(B1 + m, B +n) =~ Sem + fn + 0y

Fig.2.6: 6 with respect to &

Fig.2.5: Least square method for

2 dimensional plane
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Even for u having the local multiple-wave form, we apply the same formula
(2.5) to compute the attenuation vector a associated with the local wave vector
[ by expecting that we have already picked up the strongest local single wave
form with the local wave vector 8 in the local multiple wave form and the
contribution coming from the other local single wave forms is small. This is
the precise description of the LAV method.

In the rest of this section, we give a reminder for programming the LAV
method. That is to handle the discontinuities of (2.6) at § = £7/2. Instead

of using the formula

Im W (u; p, J)(f)) aretan (Im W (u;p, C’)(fo))
Re W (u;p,0)(&) Re W (u;p,0)(&) )’

(2.11)

0(p; €) — 0(p; &) = arctan (

we used as its reasonable approximation the following formula

W (u; p, o) (§) ) _ (2.12)

0(p; §) — 0(p; §o) = Im (m



Chapter 3

Numerical testing of LWV and
LAV methods

In this section which consists of three subsections we will show some results on
the numerical testing of our LWV and LAV methods. As we have mentioned
before in the introduction, the methods are model independent methods, but
we will also show the numerical recoveries of G';, G” in order to see the quan-
titative performance of our methods. The first subsection is for the numerical
testing of our methods for simulated data and the succeeding two subsections
are that for the real data obtained for phantoms by Mayo Clinic and MRE
study group in our university, respectively. We call these real data the phan-
tom data for simplicity. We did not test our methods for any clinical data, but

the phantoms have some values close to the tissues of human levers.

3.1 Simulated data

For simulated data in an unbounded domain without any boundary and noise,
the results of the numerical testing of our methods are perfectly fine. Hence,
we will directly go to the numerical testing for simulated data in a bounded

domain with boundary and a noise. We added a considerably large Gaussian

12
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type noise to a simulated datum in order to see whether our methods work
for the data with poor S/N ratio less than 0.1 which could be the case for real
data. For the simulated datum, we made the length of « ten times longer than
that of 5 which is the case for the phantoms data. Hence, the attenuation of
wave is small. In other word, the amplitude of wave gradually decreases as
the wave propagates. The superimposed arrows in the figures below show the
recoveries of  and a. Hence, the variance of « in the figures below is smaller

than it looks in Fig.3.2.

Fig.3.1: Recovered Fig.3.2: Recovered «

If there were no noise, then the recovered o and 3 should have been just
constant vectors with the right upper direction and left upper direction for
and «, respectively. The recovery of 3 is quite good almost everywhere while

that of « is less tolerant to noise and position.

14

12

Estimation of G’ center  right part

average 14.89kP  14.82kP
standard deviation  0.07kP  0.11kP

o N & @ o &
s

. : : /
Fig. 3.3: Distribution of G’ for Table 3.1: Estimation of G

simulated noisy data

Next we computed G’ by using the formula (1.4). The above figure shows
the distribution of the value G’, and the table shows the average and standard
deviation of the distributed values of G'. We note that the true value of G’

was 14.4kP. Hence, we can conclude from these that the recovery of [ is quite
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good. We also observed by doing more numerical testing for simulated data,
we observed that the estimate of G’ is always stable even under poor S/N ratio
like this simulated data. Further we give two remarks. Firstly for example,
around the part of upper left corner of Fig.3.1, the signal is much less than
background noise and hence we are nearly unable to see the pattern of waves

there. Secondly, if a is much smaller than 3, the simple approximate formula

(cf.[10])

G'=p/|B” (3.1)

of G' works well.

We also computed G” by using the formula (1.4). The figure and table
below show the distribution of the value G” and the average value, standard
deviation of the distributed values of G”. These results show that the recovery
of G" is not good in center, because expected value of G is 0.69kP. This insuf-
ficient recovery of oo can be explained as follows. As we have seen before that
the recovered [ is almost a constant vector, but the recovered o fluctuates near
the lower boundary almost completely changing its direction. Then, recalling
the formula (1.4), the recovered G” is influenced by this fluctuation of o which
can have negative sign. As far as we know, any MRE data analysis has a

difficulty recovering « in an efficient way and we do have the same difficulty.

Estimation of G”  center right part

4
3
‘ 2
1
0

average 0.17kP  0.70kP
standard deviation 0.59kP 0.79kP

2

Fig.3.4: Distribution of G” for Table 3.2: Estimation of G

simulated noisy data
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3.2 Phantom data from Micro MRE system

Now, we will show the testing of our method to a phantom datum obtained
from MRE study group in Hokkaido University. The MRE system in Hokkaido
University consists of micro MRI with a 0.3 tesla permanent magnetic, function
generator and vibrating system. We call this MRE system the micro MRE
system.

The resolution of the micro MRI is 1.2mm square per pixel. The data
obtained by this micro MRE system for a phantom is given as the backgrounds
of Fig.3.5 and Fig.3.6 which are the same data for Reu. The phantom is a two
layered PAAm gel and it has the cross section given as the rectangular region
given in Fig.3.5, Fig.3.6 about 6cm times 12cm which is the plane containing
the vibrating source. In this cross section, the location of the vibrating source
is at the middle of the left edge and interface of the two layers appears in the
middle. The left part of the cross section is stiffer than the right part. Also,
the wave is generated from this source by the vibration system with the 250Hz
angular frequency and it travels to the right direction. The wave field looks
much complicated than what we have seen before for the simulated simple
sinusoidal wave and we can observe reflection and refraction of waves at the

boundaries and interface, respectively.

Fig.3.5: Fitting of 3 Fig.3.6: Fitting of «

We applied our method to recover 5 and «. The recovered 5 and « are
shown in Fig.3.5 and Fig.3.6. The result for  given in Fig.3.5 matches quite
well to the profile of the wave field. From Fig.3.6, we can see that the direction

of a is not the same as direction of 5. By plotting the modulus of u(z), i.e.
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|u(z)|, we can observe that major waves, reflected waves and transmitted waves
are mixed together to yield standing waves which have small amplitude at some
place and big amplitude antinode at other places creating some nodes. We can
observe that « inclines to the nearest node.

By the formula (1.4), we can transform the recovered 3, o into G', G”. The

recovered GG’ is given below.

Estimation of G’ center  right part

average 18.56kP  7.00kP
standard deviation  1.47kP 1.83kP

Table 3.3: Estimation of G’
Fig. 3.7: Distribution of G’ for

two layer phantom

The G’ values of the two layered phantom were also measured by a con-
ventional rheometer giving the values 31.1kPa and 10.7kPa for the stiffer and
softer parts of this phantom. The frequency of twisting the phantom was
10Hz for this measurement. Since it is known that G’ depends on the fre-
quency (cf.[11]), we can not directly compare our result with these G’ values.
The gray scale values in Fig.3.7 clearly shows the location of the interface.
Hence, we can say that our method can show the contrast of the stiffness.
This is quite important in clinical application of MRE.

The next figure and table show the recovered G”.

Estimation of G”  center right part

average 0.68kP  0.60kP
standard deviation 1.05kP 0.51kP

Fig.3.8: Distribution of G” for Table 3.4: Estimation of G”

two layer phantom
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Although we we could recover G to have a positive average value, com-
paring it with its standard deviation, the average value is smaller than its
standard deviation. Looking more closer into the distribution of the recovered
G", the average value in the center part is a small positive value, but there are
some negative value in that part. Further the average value in the right part is
uniformly positive which means that this value is reliable. As far as we know,
our result is quite good compare with the other recovered values of G” by the
direct method (cf.[12]) and modified integral method (cf.[3]). Nevertheless, we
have to say that estimating the value of G” is not easy because it is a small

value compared with the value of G'.

3.3 Data of Mayo Clinic

We used the data by courtesy of Mayo Clinic. From the attached information,
the view is 20cm square composed of 256 pixels each size. On the left side
of the gel phantom, external vibration is continuously applied with 100Hz
sinusoidal displacement. The sample have four cylindrical inclusions and their
diameters are 5, 10, 16, and 25mm. The inclusions are stiffer than container.
The original data have eight snapshots in 360 degrees phase shift. We altered
the data into one complex-valued datum u(x) by using a weighted average for

input of our method.

10000
5000
0
5000
10000

Fig.3.9: Fitting of Fig.3.10: Fitting of «

10000

5000
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The original data is less noisy compared to our previous data. It is very
near to the plain parallel wave except at the parts of inclusions. The vectors
[ in Fig.3.9 are nearly constant throughout the image. They are perturbed
slightly near at the inclusions and their backsides.

The vectors a change their directions more sensibly than those of vectors

(. The lengths of the vectors a are represented ten times longer than those of

the vectors 5. Therefore, an average, the values of a are smaller than those of

3.

Estimation of G bottom center

average 3.71kP  2.92kP
* standard deviation 0.62kP  0.24kP

Table 3.5: Estimation of G’

Fig.3.11: Distribution of G’ for
Mayo Clinic data

The Table.3.5 shows G’ in the bottom square is bigger than center. This
gives the information that the inclusions are stiffer than the container. The
value of standard deviation in bottom square is bigger than the another, be-
cause it nearly encloses the inclusion. On the result for the bottom square, we
average G’ at a biggest inclusion and its neighborhood. If we take the area
to be smaller, the estimated value of G’ goes higher. We compared our result
with the result obtained by the modified integral method. The result by that
method is believed to be stable and numerically reliable. It also support our
result of the average value because that output also has around 3.0kP in the

region without inclusion part.
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The recovered result of G’ is not fully given. To be more specific, some part
in the right hand side of the recovered result is intensionally cut off so that the
result looks better. We have to explain why we did so. If 3 is zero or close to
zero, we don’t have any problem showing (§ as a vector. However in this case
G’ will become so large, because G’ is proportional to |3|72 by Eq(3.1). This
happens in the shadowed parts of the inclusions. In fact it is very difficult
to see the nodal points of wave in these parts which could be coming from
unsuccessful unwrapping of the MRE data, that is to specify the nodal value
of wave in the MRE data. If there is not any nodal points in these parts, then
the wave length there becomes infinitely long and hence the modulus of § will
be very close to zero. This means that we could not trust the MRE data in

these parts and this is why we cut off such parts.

Estimation of G”  bottom center

average 0.58kP  0.34kP
standard deviation 0.36kP  0.08kP

Table 3.6: Estimation of G

Fig.3.12: Distribution of G” for
Mayo Clinic data

For the recovered values of G”, the ratio of G” to G’ fits to the ratio which is

commonly believed, that is G” is about one tenth order of G.



Chapter 4

De-noising and Sharpening

In this chapter, we will show that by a simple modification, the LWV method
can be applied as a de-noising for the MRE data. The principle behind this is
as follows. For the local multiple wave form u with n local single-wave forms,
we have already observed that W (u;p,c)(€) in most cases would have n well
separated Gaussian peaks. This can be used to filter the MRE data which

de-noises and sharpens the data.

4.1 LWYV de-noising of MRE data

The next figure is the whole view of Fig.2.4 which will be de-noised.

20
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Fig.4.1: Real part in Spatial Do-

main
Fig.4.2: Modulus in Fourier Do-

main

The profile of waves is not so clear due to the noise. Our purpose here is to
filter the data to reduce the noise and interferences of waves in the data shown
by Fig.4.1.

The Fig.4.2 shows the distribution of the modulus of W (u;p,o)(£), From
this we can know to which major directions the waves are propagating. Each
Gaussian peak represents the major propagation direction for a certain group
of waves. If these amplitudes of waves are large, then the peak becomes large
also.

There are two ways to do the filtering. The one is to choose only the highest
peak in the Fourier domain and remove the others. In detail, for each center

point p of pixel, we replace W (u;p,o)(&) by

W(u;p,0)(§)6(€ —&(p)), (4.1)

where §(§ — £(p)) is the delta function with a singularity at

&(p) = arg max|W(u;p,0)(§)], i.e. &(p) gives the position of the peak of
|W (u; p, 0)(§)|, and then takes the inverse Fourier transform of (4.1) which
is multiplied by the characteristic function of the aforementioned pixel. This
process is done for each pixel and we obtain filtered waves by superposition. As

a result we have Fig.4.3. We can tune de-noising effect by replacing §(£ —£(p))
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by a Gaussian window centered at £(p).

350

Fig.4.3: Real part in Spatial Do-

main

Fig.4.4: Modulus in Fourier Do-

main

Fig.4.4 gives the modulus of the Fourier transformation of Fig.4.3 and we can
see that there are two peaks. Also, as can be seen in Fig.4.3, there will be a
discontinuity where two waves correspond to these peaks. Comparing Fig.4.2
and Fig.4.4, we know that Fig.4.4 has much more clear and sharp images of

waves.

Next, we will show another way of filtering. This is to filter the wave u
around the globally strongest wave in the Fourier domain. That is let &, be
the peak of the modulus of the Fourier transform of u. Then this filtering is
to filter u in the previous way just around &, for each pixel. Then, we have

the following figures for the filtered wave.
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Fig.4.5: Real part in Spatial Do-

main

Fig.4.6: Modulus in Fourier Do-

main

There is only a single wave which is close to a simple sinusoidal wave (Fig.4.5)

and single peak in the Fourier domain (Fig.4.6).

4.2 Testing with Mayo Clinic data

The LWV de-noising always makes any data smooth taking off segmentations
as well as noise in the data. Hence, if the input data is nearly free from noise,
then the de-noising process is unnecessary. For example, we applied the LWV

de-noising to the Mayo Clinic data Fig.4.7.

10000
5000
0
5000
10000

Fig.4.7: Data to be processed

Fig.4.8: Modulus in Fourier do-

main
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Then, we obtained the following two figures.

- 4000

2000 2000

-2000 2000

-4000 -4000
-6000 6000

-8000 8000

10000 10000

Fig.4.9: Filtering by the locally Fig4.10: Filtering by the globally

strongest wave strongest wave

We can see that the de-noising made the boundary of inclusions smoother and

masked the inclusions.



Chapter 5

Extension from two dimension

to three dimension

We have studied this theory only two dimensional space z,¢ € R?, however,
this theory can be easily applied to three dimensional space because we did
not use anything specific to two dimension. Therefore, we have no problem

even if we change the dimension size to three.

In the programming, unfortunately, this change will run into trouble. As of
today, three dimensional Fourier transformation is time consuming task for
ordinary computer. We should plan our strategy that we expand to three

dimensional case while computer calculation is limited to two dimension.

The following figures are outputs of two dimensional cross section spanned by
two of three dimensional coordinates by a software ImageJ (http://rsb.info.nih.gov /ij/)
The input data comes from simulated wave pattern. The figure shows the pro-

files of displacement values represented by gray scale.
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16/32; 84x128 pixels; 32-bit; 1M 32x128 pixels; 32-bit;

> EI— =

G4x32 pixels; 32-bit; BK

Fig.5.1: Top left figure is a profile of z-y plane. bottom left is of x-z. top right

is of y-z.

We will be able to show each § in two dimensional space is just a projection
from real [ exists in three dimensional space. For example, x component of 3
in z-y plane is same as x component of 3 in z-z plane. Therefore, we get three
dimensional 3 direction sufficiently, if we have all three of two dimensional
projected [ redundantly.

This modification keeps calculation cost increase only three times point-
wise. Compared to calculation cost increase is at least nlogn (n is size of
length of an edge of three dimensional data) times bigger if we simply use three

dimensional Fast Fourier Transformation, the difference is overwhelming, and
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the advantage of this modification is clear.

As of today, all the three dimensional data from real MRE system are
essentially stacks of very similar two dimensional data. In addition, the three
dimensional ’boxel” is not regular hexahedron but rectangular cuboid. In these
circumstance, we cannot evaluate the performance of this modification simply

because we do not have the data that is intrinsically three dimensional.



Chapter 6

Source code

Last but not least, this is very important part of this doctor thesis. Here
attached is the source code of the version as of January 2013, Here shows only
essential parts, not full set of the source code. It has tested and is running
fine as expected, but it is still under development for improvement. It is
subject to bug fix, major and minor change. Contact me by way of e-mail

ydkw@math.sci.hokudai.ac.jp for latest full version.

6.1 Software Implementation for LWV and LAV method

These codes are developed using two scientific software GNU Octave and Mat-
lab. For our convenience, we have used only common functions to both Octave
and Matlab.

This program is an implementation of LWV method and LAV method.
Only the important and essential part is listed here. Lines before 209 is skipped
for listing. They are just for input data reading. Lines after 423 is skipped,
too. They are just for output data writing.

We have got good performances of this program as we have shown in pre-
vious sections. We are still fixing this program to get best performance for
newly available and forthcoming data.

Some other methods have a limitation of data shape or are not able to
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analyze near boundary. No such limitations are imposed to this method. This
method requires two displacement data that differs 90 degrees apart.

As we explained, this method is so tolerant to noise that we don’t need
previous noise reduction.

We have a smart option that automatically set appropriate Gaussian size.
We can also manually set that parameter arbitrarily in such cases as we want
global average, or we want to detect small inclusion.

The results tend to go smoother. Saying positively, the results tend to go

stabler. Saying negatively, we have a risk such as missing a small abnormality.

Code 6.1: Idone.m

invsquare=4*pi*pi*mechf"2*resolution”2;

A

X

X

A

3 # # ## # # # # #
A # #o# OHH # # #H## #
A # #o# #H # # # # # #
3 # #o# HH # # # ## #
X # #o##H # #HnHHAE # O #
A # #o## HH # # # ##
X HAHHHRE W Y # HURHRRE # # #
X

A

A

4f is complexr-valued input. It 4s spatial domain wave image.
f = img - i * imgphd;

Afinding peak in Fourier domain modulus
globalG = abs(fftshift(£ft2(£)));
[iy ix]=find(globalG==max(globalG(:)),1);

/distance from zero in Fourter domain
globalAve=2*pi*sqrt ((iy-Nm/2-1) /Nm* (iy-Nm/2-1) /Nm+(ix-N1/2-1)/N1*(ix-N1/2-1)/N1);

/% s is size of gaussian used in localization of a wave, it is used in gaussweight
% case 1: automatic tuning of size, zero division error if globaldve %is zero.
s=2%pi/globalAve;

/% case 2: you can assign arbitary value

%s=64;bad too big

% t is size of gausstian used in weighting in Fourier domain, it is used gaussweightzt
% case 1: Tough automatic tuning of size

At=2/sqrt (Nm*N1); is good for noisy sim data, but t=4/sqrt is not stable

t=2/sqrt (Nm*N1) ;

% case 2: you can assign arbitary value

At=1/128;

[1 m]=meshgrid(-N1+1:N1-1,-Nm+1:Nm-1);
gaussweight=exp(-(1.72+m."2)/(2%(s72)));
gaussweightxi=exp (- ((m/Nm) . 2+(1/N1)."2)/(2%(t"2)));

% G, G(.*) P are used in finding G’
G=zeros (Nm,N1) ;
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Gs=zeros (Nm,N1);
Gsx=zeros (Nm,N1) ;
Gsxr=zeros (Nm,N1) ;
Gsy=zeros (Nm,N1) ;
Gsyr=zeros (Nm,N1) ;
P=zeros(Nm,N1) ;

AV, V(.*¥) are used in finding G’’
V=zeros(Nm,N1) ;

Vs=zeros (Nm,N1);

Vsx=zeros (Nm,N1) ;

Vsxr=zeros (Nm,N1) ;

Vsy=zeros (Nm,N1) ;

Vsyr=zeros (Nm,N1) ;

% to distinguish data value O and outside data value zero

40001 -2352000

Z0001-2041000

540000-1321000

% such a case zero in center happen to be accidentary zero, then must be vaild data.
4 1f square matriz size is 2 * meighb + 1 is zero matriz, it must be outside,

% skipping calculation outside saves time. neighb is parameter works for time saving.
/% it does nmot change results in ROI, it affects outside of ROI only.

% meighb=1 is the smallest and fastest.

neighb=1;

% main loop
for mm=1:Nm
fprintf(’.?%);
if OctaveMode
fflush(stdout) ;
end
for 11=1:N1
if (f(max(1,mm-neighb) :min(Nm,mm+neighb) ,max(1,11-neighb) :min(N1,11+neighb)) =

zeros (1-(max (1,mm-neighb)-min (Nm,mm+neighb)),1-(max (1,11~ nelghb)-mln(Nl ll+ne1ghb))))

Gsx(mm,11)=0;
Gsy(mm,ll)=0;
Gsxr(mm,11)=0;
Gsyr(mm,11)=0;
shfor fake estimation formula
%Gs (mm,11)=globaldve;
Aifor exact formula
4% background is zero
Gs(mm,11)=0;
%% background is near average.
7%Gs (mm, 11)=1/(globalAve~2);

else
fsgauss = gaussweight (Nm-mm+1:2*Nm-mm,N1-11+1:2+N1-11);
ff=f .xfsgauss;
ffs=circshift (ff, [-mm+1,-11+1]);
G = abs(fftshift (fft2(ffs)));
[iy ix]=find(G==max(G(:)),1);
Gsx(mm,11)=2*pix*(ix-N1/2-1)/N1;
Gsy (mm,11)=2%pi*(iy-Nm/2-1)/Nm;

% start of least aquare fitting
V = fftshift (fft2(ffs));

Z%%DEBUG: DO NOT USE /Tt =V ./ G; USE Tt = exp(i*angle(V));
Z%/DEBUG: It looks same but you should better avoid division small by small.
ZZDEBUG: If you get NaN, the reason may be division small by small.
Tt = exp(i*angle(V));

ATt =V ./ G;

Dt = imag(Tt/Tt(iy,ix));

Aif mm == Nm/2 €% 11 == N1/2

sstopsubplot(2,2,1);

Zimagesc(Dt); azis(’equal’); colorbar;

Z%set(gca, *YDir’, ’normal’) ;

Zend

4Dt = imag(Tt./Tt(iy,iz));

Dt = 1(Nm-iy+1:2%Nm-1y,Nl-dx+1:2*Nl-1ix) ;

/#Use imag insted of arg like :Dt = imag(Tt./Tt(iy,iz));

%Dt = arg(Tt./Tt(iy,sz));

Dw = gaussweightxi(Nm-iy+1:2*Nm-iy,N1-ix+1:2%N1-ix);

D1 = 1(Nm-iy+1:2*Nm-iy,N1-ix+1:2*N1-ix);
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if (

else

end
end
end
end
fprintf(’\n’);

/Gszr=1%Gsz. /(Gs
AGsyr=1%Gsy./(Gs
Gsxr=1%Gsx;
Gsyr=1xGsy;

Vsxr=1*Vsx;
Vsyr=1x*Vsy;

[1s1,msm]=meshgr
Gsxrr=Gsxr (Nm:-1
Gsyrr=Gsyr (Nm:-1
Vsxrr=Vsxr (Nm:-1
Vsyrr=Vsyr (Nm:-1

Dm = m(Nm-iy+1:2*Nm-iy,N1-ix+1:2+N1-ix);
Wll = Dw .* D1 .x D1;

Wlm Dw .* D1 .* Dm;
Wmm Dw .* Dm .* Dm;
Wlt = Dw .* D1 .*x Dt;
Wmt Dw .* Dm .* Dt;

swll
swlm
swmm

sum(sum(W1l)) ;

sum(sum(Wlm)) ;

sum (sum(Wmm) ) ;

swlt = sum(sum(Wlt));

swmt = sum(sum(Wmt)) ;

A = [swll, swlm; swlm, swmm];

b = [swlt, swmt]’;

ZAinvb = pinv(4)*b;

Ainvb = A\b;

AVsz (mm, 11)=Ainvb (1) ;

AVsy (mm, 11)=Ainvb (2);

JUSE THIS

Vsx(mm,11)=Ainvb (1) *N1/ (s*s*pi) ;

Vsy (mm,11)=Ainvb(2) *Nm/ (s*s*pi) ;

4

%% DEBUG ONLY; use exact formula below.

%% fake simple approzimate estimation formula
%Gs (mm, 11)=(Gsz (mm, 11) "2+Gsy (mm, 11) "2) ;

%P (mm, 11)=sqrt (Gsz(mm, L1) "2+Gsy (mm, 11) "2) ;

%P (mm, 11)=Gsz (mm, L1) *Vsz (mm, 11) +Gsy (mm, L1) *Vsy (mm, L1) ;

A% exact formula

ZIMPORTANT: +f Gsz and Gsy are both small, then Gs is near to infinity,
ZIMPORTANT: output result may be nonsense value.

/% rangelim tunes this parameter, rangelim=2 is recommended.

/% very big postive wvalue ts equivalent to show as of formula.

% negative value %s also equivalent to show as of formula.

rangelim=2;

(Gsx(mm,11) "2+Gsy (mm,11) "2) - (Vsx (mm,11) "2+Vsy (mm,11) “2) >globalAve~2/rangelim)
4G’ estimation
Gs(mm,11)=invsquare* ...
((Gsx(mm,11) "2+Gsy (mm,11) ~2)-(Vsx (mm,11) "2+Vsy (mm,11)"2)) ...
/(((Gsx(mm,11) "2+Gsy (mm,11) "2)-(Vsx(mm,11) "2+Vsy (mm,11) ~2)) "2
+ 4% (Gsx(mm,11)*Vsx (mm,11)+Gsy (mm,11)*Vsy (mm,11))"2);
A
4G’° estimation
P(mm,ll)=invsquare* ...
2% (Gsx (mm,11) *Vsx (mm,11) +Gsy (mm,11) *Vsy (mm,11)) ...
/(((Gsx(mm,11) "2+Gsy (mm,11) "2)-(Vsx(mm,11) "2+Vsy(mm,11) ~2)) "2
+ 4% (Gsx(mm,11)*Vsx(mm,11)+Gsy (mm,11)*Vsy (mm,11))"2);

4% when both Gsz and Gsy are small, inverse s too big.
Gs(mm,11)=0;

Zthis shows all out of bound data in higher level not zero.
7Gs (mm, 11)=1nvsquare/((globalAve~2)/rangelim);

z. "2+Gsy. "2);
z. "2+Gsy. "2);

id(1:16:N1,Nm:-16:1);
6:1,1:16:N1);
6:1,1:16:N1);
6:1,1:16:N1);
6:1,1:16:N1);
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Chapter 6. Source code

Ps=P(Nm:-16:1,1:16:N1);
A[1sl,msm]=meshgrtd(1:16:N1,1:16:Nm) ;
4Gszrr=Gszr(1:16:Nm,1:16:N1) ;
AGsyrr=Gsyr(1:16:Nm,1:16:N1) ;
AVszrr=Vszr(1:16:Nm,1:16:N1) ;
AVsyrr=Vsyr(1:16:Nm,1:16:N1) ;
4Ps=P(1:16:Nm,1:16:N1);

A%k[1sl, msm]=meshgrid(Nl:-16:1,1:16:Nm) ;
AAGszrr=Gszr(1:16:Nm,N1:-16:1) ;
A%Gsyrr=Gsyr(1:16:Nm,N1:-16:1) ;

IR Vsxzrr=Vszr(1:16:Nm,N1:-16:1);
AAVsyrr=Vsyr(1:16:Nm,N1:-16:1) ;
A#Ps=P(1:16:Nm,N1:-16:1);

AuA%[1sl, msm]=meshgrid(Nl:-8:1,1:8:Nm);
A %Gszrr=Gszr(1:8:Nm,N1:-8:1);
AhAkNGsyrr=Gsyr(1:8:Nm,N1:-8:1) ;
WRARVszrr=Vsar(1:8:Nm,N1:-8:1) ;

6.2 De-noising processor as application of LWV method

We take advantage of a strong noise tolerance of LWV method, it also works

for de-noising. The input and output data formats are common, therefore this

de-noising processor can be inserted to another MRE diagnosing software as

de-noising process.

Lines before 228 is skipped for listing. They are just for input data reading.

Lines after 339 is skipped, too. They are just for output data writing.

Code 6.2: 1g.m

f = img - i * imgphd;
globalG = abs(fftshift(£ft2(£)));

[iy ix]=find(globalG==max(globalG(:)),1);

globalAve=sqrt ((iy-Nm/2) /Nm* (iy-Nm/2) /Nm+(ix-N1/2) /N1*(ix-N1/2)/N1);

[1 m]=meshgrid(-N1+1:N1-1,-Nm+1:Nm-1);
counter=0;
%s=8 1s good for 256pizels;

/s=cetl (max(Nl,Nm)/32) is good for normal type;

s=ceil(max(N1,Nm)/32);

Js=ceil (maxz (N1,Nm)/8) is good for extrapolation;

ss=ceil (maz(N1,Nm)/8) ;
Z%t=0.000000000000000016/sqrt (Nm*N1) ;
At=16/sqrt (Nm*N1) ;
gaussweight=exp(-(1.72+m."2)/(2%s.72));

%gaussweightzi=exp (- ((m/Nm). 2+(1/N1)."2)/t. 2);

gaussweightxi=0%*1;
gaussweightxi(Nm,N1)=1;

G=zeros(Nm,N1) ;
Gs=zeros (Nm,N1) ;
Gsx=zeros (Nm,N1) ;
Gsxr=zeros (Nm,N1) ;
Gsy=zeros (Nm,N1) ;
Gsyr=zeros (Nm,N1);
U=zeros (Nm,N1) ;
V=zeros(Nm,N1) ;
Vs=zeros (Nm,N1) ;
Vsx=zeros (Nm,N1) ;
Vsxr=zeros (Nm,N1) ;
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258 | Vsy=zeros(Nm,N1);

259 | Vsyr=zeros(Nm,N1);

260 | P=zeros(Nm,N1);

261 | R=zeros(Nm,N1);

262 | RR=zeros(Nm,N1,3);

263 | JRF=zeros(Nm,Nl,3);

264 | RF=zeros(max(Nm,N1),max(Nm,N1),3);
265
266 | RR(:,:,1)=f;

267 | fsquare=f;

268 | fsquare(max(size(fsquare)),max(size(fsquare)))=0;
269 | RF(:,:,1)=abs(fftshift(fft2(fsquare)));

270 | for nn—2 3

271 = img - i * imgphd;

272 /RF( ,,nn)=abs (fftshift (Fft2(f)));

273 for mm=1:Nm

274 fprintf(’.%);

275 if OctaveMode

276 fflush(stdout);

277 end

278 for 11=1:N1

279 if (f(max(1,mm-neighb) :min(Nm,mm+neighb) ,max(1,11-neighb) :min(N1,1l+neighb)) =
280 zeros (1- (max (1,mm-neighb)-min (Nm,mm+neighb)),1-(max(1,11-neighb)-min(N1, 11+nelghb))))
281 Gsx(mm,11)=0;

282 Gsy(mm,11)=0;

283 Gsxr (mm,11)=0;

284 Gsyr(mm,11)=0;

285 Gs(mm,11)=globalAve;

286 else

287 fsgauss = gaussweight (Nm-mm+1:2*Nm-mm,N1-11+1:2+N1-11);
288 ff=f.xfsgauss;

289 Jffs(1:Nm-mm+1,1:N1-11+1)=ff (mm:Nm, L1 :N1) ;

290 %ffs(mod (-mm+2, —=Nm) +Nm:Nm, 1 :N1-11+1)=ff (1:mod (mm~1, -Nm) +Nm, L1 :N1) ;
291 %ffs(1:Nm-mm+1,mod (~11+2,-N1)+NL:NL)=ff (mm:Nm, 1:mod(11-1,-N1)+N1);
292 %ffs(mod(~mm+2, -Nm)+Nm:Nm, mod (=11+2, -N1)+N1:N1)=ff (1:mod (mm-1, -Nm) +Nm, 1 :mod (11-1,-N1)+N1) ;
293 Affs=cireshift (ff, [mm-1,11-1]);

294 ffs=circshift (ff, [-mm+1,-11+1]);

295 V = fftshift(£ft2(ffs));

296 G = abs(V);

297 if nn==

208 [iy ix]=find(G==max(G(:)),1);

299 end

300 Gsx(mm,11)=(ix-N1/2-1)/N1;

301 Gsy(mm,11)=(iy-Nm/2-1)/Nm;

302 Gs (mm,11)=sqrt (Gsx(mm,11) "2+Gsy (mm,11) "2);

303

304 A Tt =V ./ G;

305 % Dt = imag(Tt./Tt(iy,iz));

306 Dw = gaussweightxi(Nm-iy+1:2*Nm-iy,N1-ix+1:2*N1-ix) ;

307 A Dl = 1(Nm-iy+1:2*Nm-iy, Nl-iz+1:2%Nl-3z);
308 X Dm = m(Nm-iy+1:2*Nm-1y,Nl-iz+1:2*Nl-1z);
309 A Wil = Dw .* DL .* Dl;

310 A Wlm = Dw .* Dl .* Dm;

311 A Wmm = Dw .* Dm .* Dm;

312 A Wit = Dw .* DL .* Dt;

313 X Wmt = Dw .* Dm .* Dt;

314 X swll = sum(sum(Wll))-

315 A swlm = sum(sum(Wim)) ;

316 A swmm = sum(sum(Wmm)) ;

317 7 swlt = sum(sum(Wlt)) ;

318 A swmt = sum(sum(Wmt)) ;

319 A = [swll, swlm; swlm, swmm];

320 A = [swlt, sumt]’;

321 A Ainvb = A\b;

322 A Vsz (mm, 11)=Ainvb (1) ;

323 A Vsy (mm, 11)=Ainvb (2);

324 A Vs (mm, 11)=sqrt (Vsz (mm, 11) "2+Vsy (mm, 11) "2) ;
325 X

326 A P(mm, 11)=Gsz (mm, L1)*Vsz (mm, 11)+Gsy (mm, 1) *Vsy (mm, 11) ;
327 U=(N1*Nm) / (2*pi*s*s)*ifft2(fftshift (V.*Dw));

328 AU=(N1*Nm) / (2¢piks*sqrt (s)) ¥ifft2(fftshift (V. #Dw)) ;

329 R(mm,11)=U(1,1);

330 RR(mm,11,nn)=R(mm,11);

331 end

332 end
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333 end

334 f=R;

335 | fsquare=f;

336 | fsquare(max(size(fsquare)) ,max(size(fsquare)))=0;
337 RF(:,:,nn)=abs(fftshift (fft2(fsquare)));

338 | end




Chapter 7

Generalization of a and 3 to

function

7.1 Definitions

The discussion we did so far, o and 8 was constant independent of x. Now we
would like to generalize them as functions of x, where they have Taylor series

expansion.

w(z) = coe!@F9@) ¢ ez e R (7.1)
Without losing generality, we can substitute ¢y as 1, then,

u(z) = /@H9@) 4 c g2 (7.2)

fx) =a-z+"wAz + As(z,2,2) +--- €R (7.3)
where A is a symmetric matrix, As is third order symmetric tensor, and
g(x) =B -z +'sBr + By(z,z,2) +--- € R (7.4)

where B is symmetric matrix, Bs is third order symmetric tensor.
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7.2 Recovering frequency function of position x

Now, we would like to state a useful performance of Fourier transformation.
Considering a complex valued function u(z) = e/@+9@ 4 ¢ R? in spatial
domain is not straightforward, since given u(x) solve f(z) and g(x) numerically,
we encounter a difficult unknown parameter fittings. In addition, change of
f(z) and change of g(z) are tangled with each other and they cannot be easily
separated.

On the other hand, if we investigate the Fourier transformed function, to
be precise, Gaussian localized u(x) be Fourier transformed, f(z) and g(x) are
mapped differently and independently.

In fact, g(z) will appear in the modulus part only in Fourier domain. Sim-
ilarly, f(z) will appear in the argument part only in Fourier domain.

As of today, I believe the following equations are good approximation,
though, they are conjectures we are working now. Mathematically, we still
need to show how close in average, how bad in worst case coming from the
approximation done.

Here we show the equations we are talking about.

) F [e#/zef(xwg(a:)]‘ ~F [e#/zeig(x)} (7.5)

N

[e—ﬂ/zei(ﬁ-HszHBS(x,z@)Jr... )}

Applying inverse Fourier transformation for both side, we get,

Fi1 ’ F [efxﬁ/zef(zmg(x)] ‘

62'(,8-33+tzB$+B3(z,a:,$)+~~~ ) ~

(7.6)

e—2/2

This operation is so called deconvolution and we ask for help a software to
calculate. The deconvolution itself is not always stable operation mathemati-
cally, especially when the transformed function is not belong to L!. When we
talk about numerical calculation in computer, this is not a problem, because

it is always deals finite number of points only. But we take into consideration
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if we use Fast Fourier Transformation, that deals only 27 periodic functions.

Finally taking logarithm and divide by 7, we conclude.

-1

t 1 l/(

B-x+'wBx + Bs(x,2,2) + - ~ = log
i

F [e—x2/2€f(m)+i9(x)] ‘

D (7.7)
Now, from the point of numerical computation, the LHS is just a calculation,
and fitting #, B and so on are simple task as they are fitting into linear and
quadratic function. In other words, we will get these parameters infinitely by

increasing fitting order.

We have a good example data as shown below.

Fig.7.1: One of peaks is elliptic shaped on Fourier domain modulus

This Fig.7.1 is same as Fig.2.3. If B and higher order of B,, is zero, the shape of
peak must be radially symmetric, which is same as Gaussian. If B and higher
order of B, is not zero, the shape of peak can be deformed from the shape
of radially symmetric Gaussian. We observe the wave component directing

bottom right has a frequency term changing.
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7.3 Recovering attenuation function of position z

arg F [6_332/26“@“9(’3)] ~arg F [e_IQ/Zef(‘”)} (7.8)

= arg LG/T |:€_$2/2606'1'+t$A$+A3(ir,x,a:)-i,-‘..
If f is function of £ as
f(x)=a -z +'vAx + As(z,z,2) +--- €R (7.9)

Up to this we stated just a conjecture, but let us go further. We will expect

to have, if we will extend function class from &” to more rapidly increasing.

o~ V{ arg F [6712/26a-:p+txAz+A3(a:,:v,x)+---i| ‘ (710)
£=0
1
A— 5] ~~ Vng argg |:e_$2/2ea'$+t$Ax+A3($»$v$)+"1 ‘50 (711)
A3 = VeV Vearg F [e"”wea"”+t‘”A’”+A3("”"”’m)+"'] ) (7.12)
£=0



Chapter 8

Conclusions

It is a mathematical rigorous scheme applicable to numerical inversion methods
to recovery the shear modulus of the soft tissues of a living body. The results
show the algorithm is robust for the simulated data and real output data from
MRE data even the data contain relatively strong noise.

We developed a model independent data analysis for MRE data based on
the FBI transformation to recover the local wave vector and local attenuation
vector of the strongest local single wave assuming that waves in MRE data
are locally given as a local multi-wave form. This can be also applied to
other wave images. We also linked the recovered local wave vector and local
attenuation vector to the storage modulus and loss modulus by using a nearly
incompressible isotropic viscoelastic equation which describes the displacement
vector of time harmonic waves propagating in a MRE phantom. The recoveries
of f and G" were quite good and stable.

The results show the algorithm is robust for the simulated data and real
output data from MRE data even the data contain relatively strong noise.

Further, we showed that a modified version of LWV method which enables
to recover the local wave vector can be used to de-noise the MRE data.

Besides the two dimensional data, we applied the algorithms to the three

dimensional data. Three dimensions are just theoretical attempts and more
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work should be processed in future.

Our MRE data analysis was conducted using a numerical computational
software on linux-based ordinary desktop computer. The fast Fourier trans-
formation is not so time consuming for maximum 256x256 pixels MRE data.

The overall calculation finished in order of minutes.
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Appendix: FBI transformation

of waves

Let u(z) be of a single wave form around a point p given by
u(z) = ew(etif) (@—p) (A.1)
with a, 8 € R%2. Then we compute its FBI transform as follows. By taking

x — p as a new variable for the integration, we have

le—p|2
2

W(u;p, U)(é“) = /e“’(a"‘iﬁ)'(?ﬁ—p)e 22 i€ o
R2
2
R2
Further, b o> _ w?o?laf? _Ja—wo®al? 4 ¢l 2
urther, by wa-T—g953 = —5 ~— " 3,z ald laking T — wo"a as a new

variable in the integration, we have

-y, 7@ o w2cr2\a|2 9 2 . 2 . ) 7% i
ew(a+z,8) To 9% e uﬁd:c — e 3 W a,Be iwoa-§ elwﬁ T 9T e médl’.
R2 R2
(A.3)
Note that the integration in (A.3) is the Fourier transform of the Gaussian

with respect to & — 3. Hence,

2
=]

/ezwﬁ'xe_zo?e_mf dr = 2rc’e”

R2

o?le—wB|?
2

A-1



A-2 Appendix

After all, we have obtained

W (u; p,0)(§)
w?o?|al?

a’|§ —wpl?
2 S|

2
(A.5)

= 2mo% exp |iw?ola - B+ } exp [—i(p + wo’a) -
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