. HOKKAIDO UNIVERSITY

Title FUNCTIONAL INTEGRAL REPRESENTATIONS AND GOLDEN-THOMPSON INEQUALITIES IN BOSON-FERMION SYSTEMS
Author (s) ARAI, ASAO
Citation Reviews in Mathematical Physics, 25(08), 1350015
https://doi.org/10.1142/50129055X13500153
Issue Date 2013-09-19
Doc URL https://hdl. handle.net/2115/53384
Electronic version of an article published as Rev. Math. Phys., 25, 1350015 (2013) [43 pages]
Rights [DOI: 10.1142/50129055X13500153] [Copyrighte 2013 World Scientific Publishing Co. ]
[http://www.wor ldscientific.com/worldscinet/rmp]
Type journal article

File Information

rmp-2013-04-12-A-final-1, pdf

kaido
wo¥ Uo%

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




Functional Integral Representations and
Golden—Thompson Inequalities in
Boson—Fermion Systems

Asao Arai
Department of Mathematics, Hokkaido University
Sapporo 060-0810
Japan
E-mail: arai@math.sci.hokudai.ac.jp

August 29, 2013

Abstract

For a general class of boson—fermion Hamiltonians H acting in the tensor prod-
uct Hilbert space L?(R™) ® A(C") of L*(R") and the fermion Fock space A(C")
over C" (n,r € N), we establish, in terms of an n-dimensional conditional oscil-
lator measure, a functional integral representation for the trace Tr (F @ zNte tH)
(F € L>*(R"),z € C\{0},t > 0), where N is the fermion number operator on A(C").
We prove a Golden-Thompson type inequality for |Tr (F @ zNte )| Also we dis-
cuss applications to a model in supersymmetric quantum mechanics and present an
improved version of the Golden—Thompson inequality in supersymmetric quantum
mechanics given by Klimek and Lesniewski (Lett. Math. Phys. 21 (1991), 237-
244). An upper bound for the number of the supersymmetric states is given as well
as a sufficient condition for the spontaneous supersymmetry breaking. Moreover,
we derive a functional integral representation for the analytical index of a Dirac
type operator on R" (Witten index) associated with the supersymmetric quantum
mechanical model.

Keywords: boson—fermion system, conditional oscillator measure, Dirac operator, func-
tional integral, Golden—Thompson inequality, ground state energy, supersymmetric quan-
tum mechanics.
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1 Introduction

In their interesting paper [9], Klimek and Lesniewski derived a Golden—Thompson inequal-
ity for a model in supersymmetric quantum mechanics on the n-dimensional Euclidean
vector space R" = {x = (21,...,2,)|z; € R,j = 1,...,n} with n € N (the original
versions of Golden—Thompson inequality are given in [7, 18]; for abstract generalizations,
see, e.g., [13, p.320]). In the present paper, we improve their result and extend it to a gen-
eral class of boson—fermion systems with finite degrees of freedom which, as special cases,
includes supersymmetric quantum mechanical ones (e.g., [17]). We also discuss some
consequences of the main results and application to supersymmetric quantum mechanics.

One of the motivations for the present work comes from trying to improve the Golden—
Thompson inequality by Klimek and Lesniewski [9] in two aspects: The one is that it is
not best possible in a sense as is explained in Example 1.1 below. The other one, which is
related to the first one, lies in that the inequality does not have a form suitable for infinite
dimensional extensions. In fact, we originally have been interested in infinite dimensional
versions of Golden—Thompson type inequalities which may play important roles in statis-
tical mechanics of quantum fields. As for a general class of Bose fields, Golden—Thompson
type inequalities have been established in a previous paper [3]. But it seems to be still
left open to establish such inequalities for quantum field models which describe boson—
fermion interactions (partial results related to the subject have been obtained in [1, 2]
where general mathematical frameworks for supersymmetric quantum field models are
formulated and a functional integral representation for the analytical index of an infinite
dimensional Dirac type operator is given).

With the motivation mentioned above and from a view-point aiming at generality and
unification, it would be more natural to study a general (not necessarily supersymmetric)
boson-fermion system with finite degrees of freedom. This is the idea underlying the
present work. A boson-fermion system with finite degrees of freedom is interesting not
only as a generalization of ordinary quantum mechanical systems with spin, but also as a



finite mode approximation of a quantum field model with a Bose field and a Fermi field
(e.g., the Witten model in supersymmetric quantum mechanics [20, 21], which is a boson-
fermion model with finite degrees of freedom, is heuristically obtained as the so-called
dimensional reduction of a supersymmetric quantum field model).
The Hilbert space of the boson—fermion system we consider in this paper is the tensor
product Hilbert space
H = L*(R") ® A(C") (1.1)

of L*(R™) and the fermion Fock space
NCT) = @ AP (C7) = {9 = (W), [p® € AP(CT),p=0,1,...,7} (1.2)

over the r-dimensional complex Hilbert space C", where AP(C") is the p-fold anti-symmetric
tensor product of C". In what follows, we mainly use the following natural isomorphism:

H = L*(R™; A(C)), (1.3)

the Hilbert space of A(C")-valued square integrable functions on R™.

To explain in what sense the Golden-Thompson inequality in [9] is unsatisfactory, we
first review it briefly. We consider the case r = n as in [9]. We denote the multiplication
operator by a Borel measurable function F' on L?*(R™) by the same symbol F. Let P be
a real polynomial of n variables x1,...,x, € R, A be the generalized Laplacian acting in
L*(R™) and b; (j = 1,...,n) be the fermion annihilation operator on the fermion Fock
space A(C"), i.e., it is a linear operator on A(C") whose adjoint b} satisfies

B) P =0, B = A ep® ), 1<p<n j=1...n,

where A, is the antisymmetrization operator on the p-fold tensor product @”C" of C" and
{ej}j=, is the standard orthonormal basis of C". The operators b;’s satisfy the canonical
anti-commutation relations

{bj,bk}zo, {bj,b;;}: ik (j,k:zl,...,n),
where {A, B} := AB + BA and §jj, is the Kronecker delta. The Hamiltonian Hj, of the
supersymmetric quantum mechanical model considered in [9] has the following form:

h? h

1 & .
Hy = =5 A = SAP+ S|VPP + > h(0;0,P)b3by, (1.4)

Jk=1

acting in H with r = n, where h > 0 is a parameter denoting physically the Planck
constant divided by 2w, 0; := 0/0z; (j = 1,...,n) and V := (04,...,0,) (in the paper
9], a physical unit system is taken such that i = 1, but we make explicit the dependence
on h so that the behavior of the classical limit # — 0 may be visible). The Golden—
Thompson inequality proved in [9] is as follows:

Trertie < (2 t)l 2 / det(I + e MVEVE@) 5 (IVP@P-IaP@) gy (1.5)
AL n Rn



for all ¢ > 0 such that the integral on the right hand side is finite, where Tr (resp. det)
denotes trace (resp. determinant), I denotes identity, and V ® VP(z) (z € R") is the
n x n matrix whose (j, k) component is equal to 0;0,P(x) (j,k=1,...,n).

We note that inequality (1.5) is not best possible in the following sense. Namely, in
the case where Hyy, is the Hamiltonian of a supersymmetric quantum harmonic oscillator
with n degrees of freedom (Example 1.1 just below), the equality in (1.5) does not hold,
i.e., the left hand side is less than the right hand side. For the reader’s convenience and
for a preparation for later sections, we demonstrate this fact as an example:

Example 1.1 Consider the case where

1 n
= 52%:@2, zeR"
=1

with constants w; > 0,7 =1,---,n. Then Hgy, takes the form
H, = Hy, + H; (1.6)
with
H, = —%ZA— SijjL%Zw?x?, (1.7)
j=1 j=1
Hi = hw;bib. (1.8)
j=1

The operator Hy, (resp. Hy) is the Hamiltonian of an n-dimensional quantum harmonic
oscillator (resp. a Hamiltonian of n free fermions). The operator H,, is called the Hamil-
tonian of a supersymmetric quantum harmonic oscillator with n degrees of freedom.

For a Hilbert space K, we denote by J;(X) the set of trace class operators on X.

It follows from the well known spectral property of H),, and H; that, for all t > 0,
e v ¢ J,(L2(R")) with
1

[Tj=i (1 —e7thes)
Tre ™ =T[ (14 e "), (1.10)
=1
Hence, for all ¢ > 0, e~ is in J;(H) and

Tre e =

(1.9)

and

1 4 et

Tre e = (Tr e*tHb) (Tr e*tHf) = H 1o tho; —

On the other hand, denoting the right hand side of (1.5) by Ip(t), one has

_ 1 - —thw; —t3 " w2z /24th YT w;/2
Ie(t) = @m—nxzm/w{ﬂme ])} 433 de

j=1



But sinh y > y for all xy > 0, which implies that Tre *« < Ip(t). Thus, in the present
case, the equality in (1.5) does not hold.

As is well known, a free supersymmetric quantum field model (a model describing a
quantum system with supersymmetry consisting of a free Bose field and a free Fermi field)
may be viewed as an infinite system of a supersymmetric quantum harmonic oscillator with
one degree of freedom. An example of the Hamiltonian of such a model is symbolically
expressed as H, with n = co. Hence, from a view point of supersymmetric quantum field
theory, it would be natural to find a Golden—-Thompson type inequality which attains the
equality in the case where the Hamiltonian is that of a supersymmetric quantum harmonic
oscillator.

To derive (1.5), Klimek and Lesniewski [9] employed, for the boson system, a functional
integral representation based on the n-dimensional conditional Wiener measure . But,
for our purpose mentioned in the preceding paragraph, it turns out that a conditional
oscillator measure is suitable. Thus we use an n-dimensional conditional oscillator measure
to represent quantities of the boson system in terms of functional integrals.

The outline of the present paper is as follows. In Section 2 we introduce a general
class of boson—fermion systems with finite degrees of freedom with the Hilbert space of
each system being H given by (1.1). The boson system is given by a perturbation of
an n-dimensional quantum harmonic oscillator by a potential V' : R™ — R so that the
Hamiltonian of the boson system takes the form

Hb,V = Hb+V (111)

and the interaction of the boson system with a fermion system is induced by an r x r
matrix-valued function U on R™. We prove some basic facts on the Hamiltonian H (V,U)
of the boson—fermion system, including its self-adjointness and the nuclearity of the heat
semi-group e " (V'U) with ¢ > 0 (Lemma 2.3).

In Section 3 we introduce an n-dimensional conditional oscillator process which allows
one to derive a functional integral representation for the trace of quantities formed out
of e7 (s > 0) and bounded multiplication operators (Lemma 3.1). As an application
of such functional integral representations, we prove a Golden—Thompson type inequality
for Tr e *Hvv (Theorem 3.5). This inequality attains the equality in the case V = 0 (the
quantum harmonic oscillator case). In this sense, it is better than the standard Golden—
Thompson inequality for Tre *-"*A/24V) (e g. [15, Theorem 9.2]), which does not attain
the equality for the quantum harmonic oscillator case. Moreover, the limit w; — 0
(7 =1,...,n) of the new Golden—Thompson type inequality yields the standard Golden—
Thompson inequality (Corollary 3.6). We also derive functional integral representations of
traces of quantities formed out of e*#»v (s > 0) and bounded multiplication operators
on L*(R") (Theorem 3.8). Also some consequences of the derived Golden-Thompson
inequality are presented: Corollary 3.9 (A lower bound for the Helmholtz free-energy



function of H,,y ), Corollary 3.11 (an upper bound for the number of eigenvalues of Hy, v
less than or equal to a given number) and Corollary 3.12 (an estimate for the lowest
eigenvalue of Hy,y from below).

In Section 4 we establish a functional integral representation for Tr FzNie=t#(V:U) (3 >
0) in terms of the conditional oscillator measure (Theorems 4.2 and 4.6), where F' is
a bounded multiplication operator on L?*(R™), z € C\ {0} and Ny = Y, _, bjby is the
fermion number operator.

As a corollary to the result in Section 4, we derive, in Section 5, a Golden—Thompson
type inequality for the boson—fermion system under consideration (Theorem 5.1). As
desired, this inequality attains the equality in the case where the quantum system consists
of an n-dimensional quantum harmonic oscillator and r free fermions (see Remark 5.2)).
As in the case of the boson system, we obtain results on the following aspects (Corollary
5.3): A lower bound for the Helmholtz free-energy function of H(V,U), an upper bound
for the number of eigenvalues of H(V,U) less than or equal to a given number and an
estimate of the lowest eigenvalue of H(V,U) from below.

Section 6 is devoted to applications of the results obtained in the preceding sections
to a model of supersymmetric quantum mechanics with Hamiltonian Hggs. We derive a
Golden-Thompson inequality and a functional integral representation for |Tr FzNre=tHss|
with z € C\ {0} and F being a bounded multiplication operator on L?*(R") (Theorem
6.3). The Golden-Thompson inequality for Tre~tss improves (1.5). As applications, we
prove an inequality for the number of supersymmetric states (Corollary 6.5) and give a
sufficient condition for the spontaneous supersymmetry breaking (Corollary 6.6).

In the last section, we consider a Dirac operator associated with the model in Section
6 and prove a formula for the analytical index of it (Witten index) in terms of a functional
integral (Theorem 7.2).

In Appendix, we collect and prove some facts in operator theory used in the text of
the present paper. They may have independent interests.

2 A General Class of Boson—Fermion Hamiltonians

For a linear operator 7', we denote its domain by D(T'). If T is closable, we denote its
closure by T. For a subspace D C D(T), T | D denotes the restriction of T to D.
We denote by D; the generalized partial differential operator in the variable z; and
set
pj = —thD; (2.1)

as an operator on L*(R™) (i is the imaginary unit) with D(p;) = D(D;) = {¥ €
L*(R™)|D;¥ € L*(R™)}, which physically denotes the j-th momentum operator on L*(R™).
As is well known, p; is self-adjoint and essentially self-adjoint on C§°(R™), the set of in-
finitely differentiable functions on R" with compact support. Let w; >0 (7 = 1,...,n).
Then one can define the following closed operators:

l
2hw;

J

a; == (p; —iwjz;) | Cg°(R™), j=1,...,n, (2.2)



which is called the annihilation operator of the j-th boson (the adjoint aj of a; is called
the creation operator of the j-th boson). The operators {as,...,a,} obey the canonical
commutation relations

laj,ap] =0k, [aj,ar] =0 (j,k=1,...,n)

on C3°(R™), where [A, B] := AB — BA.
In terms of a; (j = 1,...,n), the Hamiltonian H,, defined by (1.7) is written as

Hb = Zhwja;faj. (23)

=1

We fix a real-valued Borel measurable function V' on R™ which is finite a.e (almost
everywhere) with respect to the Lebesgue measure on R". We take H,, v defined by (1.11)
as a bosonic Hamiltonian. We assume the following:

(A.1) Hyy is self-adjoint and bounded below.

(A.1') For some tg > 0, e oy isin I, (L?(R™)).

Remark 2.1 (i) If one treats only a bosonic theory, then the self-adjointness of H,y in
(A.1) may be weakened to the essential self-adjointness of Hy, - on C§°(R™) (see Section
3). But, in the boson-fermion theory we consider below, we use the self-adjointness of
Hb,V-

(ii) In (A.1), V is not necessarily bounded below (if V' is bounded below, then it is
obvious that Hyy is bounded below). Also the following fact should be kept in mind.
Suppose that V' is bounded below and satisfies f|w‘<R |V(z)]*’dz < oo for all R > 0

(ie., V € LE.(R™)) . Then the function: z — Y »  w?2?/2 + V(x) is in L} _(R") and
bounded below. Hence, by a general theorem [11, Theorem X.28|, Hy, y is essentially self-
adjoint on C§°(R™) and bounded below. As already mentioned in Introduction, e~ is in
J1(L*(R™)) for all ¢ > 0. In the present case, e *" is bounded. Hence e *Hv/2e=tV =tHb/2
is in J;(L*(R™)). Therefore, by a general theorem [13, p.320, Corollary|, e v is trace
class on L*(R™). Hence (A.1’) holds with H,, y replaced by ﬁby and to > 0 arbitrary. But
it may depend on V' if ﬁby = Hy v, i.e., Hyy is self-adjoint ( we shall use the closedness
of Hb,V below).

(iii) In general, if a self-adjoint operator A on a Hilbert space XK satisfies e %04 € J;(X)
for some t, > 0, then A is bounded below and, for all t > ty, e=*4 € J;(X). Hence (A.1")
implies that Hyy is bounded below and, for all ¢ > 5, e v € J;(L*(R")) (hence, if
(A.1") is assumed, then the condition of the lower-boundedness of Hy,y in (A.1) is not
needed).

For j,k=1,...,r, let Uy € L} (R™) such that Ujp(x)* = U(z) for all j,k=1,...,r
and a.e.x € R" (for a complex number z € C, z* denotes the complex conjugate of z € C)

and define an r x r Hermitian matrix-valued function:

U= (Ujk)jh=t,....r- (2.4)



Then the operator
T @ T
jk=1 R™ k=1

acting in H is symmetric with D(Hp) D CP(R")® A (C") (® means algebraic tensor
product), where, in the second equality of (2.5), we have used the natural identification
H = fﬂg A(C")dz, the constant fibre direct integral with fiber A(C") and base space
(R™,dz) (e.g., [13, pp.280-286]). We take this operator as an operator describing an
interaction of n bosons with r fermions.

Remark 2.2 If each Uy is essentially bounded on R", then H¢y is a bounded self-adjoint
operator on H. In general, if the operator-valued function (Z;,k:l Ui (+)03by + i)l is
measurable (e.g., the case where each Uj;, is continuous on R"), then it follows from a
general theorem [13, Theorem XIII.85] that H;y is self-adjoint.

The total Hamiltonian of the boson—fermion system we consider is given by
H(Vv, U) = Hb,V + Hf,]U. (26)

We call it a boson—fermion Hamiltonian.
In addition to (A.1) and (A.1"), we assume the following too:

(A.2) There exist constants o € [0,1) and a,b > 0 such that

U (@)]* < a|V(2)]**+b, xeR"jk=1,...,r (2.7)

Lemma 2.3
(i) Assume (A.1) and (A.2). Then H(V,U) is self-adjoint and bounded below.
(ii) Assume (A.1), (A.1') and (A.2). Then, for allt > ty, e VU js in J,(H).

Proof. (i) For a bounded linear operator T on a Hilbert space, we denote by ||T|| the
operator norm of T'. It is easy to see that

1ol =1, (ol =1, j=1,...,r (2.8)
By this fact and (2.7), we have for all U € D(V)
[Hew @l < > 10T < P (Val|[VI“E| + V| T])).
k=1
Since 0 < a < 1, for every € > 0, there exists a constant b, > 0 such that

IVI*E]| < el VE[| + be[[¥].



Let € be the infimum of the spectrum of Hy, . Then Hyy — ¢ > 0. By the closedness
of Hy,y, there exists a constant ¢ > 0 such that

V|| < c||(Hpy —eo+ 1)V, Ve D(Hpy). (2.9)

Thus Hyy is infinitesimally small with respect to Hy, . Hence, by the Kato-Rellich
theorem (e.g., [11, Theorem X.12]), H(V,U) is self-adjoint and bounded below.
(ii) Let 0 < k < 1. Then we have

H(VY, U) = (1 - K)Hb,V + /{Hb,V + Hf’U.

Since Hiy is infinitesimally small with respect to Hyy as is shown in part (i), it follows
that Hyy is infinitesimally small with respect to xHyy. Hence, by the Kato-Rellich
theorem again, kHyy + Hry is self-adjoint and bounded below. By Remark 2.1-(iii),
e t1=mHvy s in J,(H) for all t > to/(1 — k). Hence, by a general theorem [13, p.320,
Corollary], e *##V:U) is in J,(H) for all t > ¢,/(1 — k). Since & € (0,1) is arbitrary, it
follows that e *(V'U) € J,(H) for all t > t,. |

3 Functional Integral Representations for the Boson
System

In this section, for a class of V' such that Hyy is essentially self-adjoint on C§°(R™) and
bounded below, we shall prove that, for all t > 0, e~*#>V is in J;(R") and derive, in terms
of functional integrals, trace formulae for quantities formed out of e=*#vv (s > 0) and
bounded multiplication operators on L?(R") as well as a Golden-Thompson inequality.
Also we discuss some consequences of the Golden—Thompson inequality.

As mentioned in Introduction, we use a functional integration based on an n-dimensional
conditional oscillator process, which is constructed from an n-dimensional oscillator pro-
cess [15, pp.34-38]. This is a point different from the methods in [9] where the n-
dimensional conditional Wiener process is used.

3.1 Trace formulae based on a conditional oscillator measure
Fort >0 and j =1,...,n, we define a function Kt(j) on R x R by

| ﬁ/.p‘jt/2
w; e exp
2mh \/sinh hw;t

Y

K§J)<xj, y;) ( %(aﬁ? + y7) coth hw;t +

Fosinh oyt 0% )
(2j,y,) ER xR (3.1)

For convenience, we set
K(()j)(:rj,yj) =0(z;—vy;), j=1,...,n, (3.2)

the delta distribution on R x R.



We define

n

Ky(r,y) = [[ K7 @),), t>0,2,y €R™ (3.3)
j=1

It is obvious that K;(-,-) is a symmetric function on R™ x R™:
Ki(v,y) = Ki(y, ), =,y € R",t>0. (3.4)

It follows from a well known formula for the integral kernel of e~ with n =1 (e.g., [15,
pp.37-38], [6, Theorem 1.5.10]) that e~*#v is an integral operator with an integral kernel
equal to Ky(z,y):

(™)) = | Ki(z,9)f(y)dy, feL*R"),zeR"t>0. (3.5)
Rn”
We already know that, for all t > 0, e7*b is a positive trace class operator on L?(R™).
It is easy to see that, for all t > 0, K;(z,y) is continuous in (x,y) € R™ x R™. Hence, by
a general fact (e.g., [12, p.65, Lemmal), we have

Tre e = s Ki(z,z)dz, t>0. (3.6)

This can be shown also by computing the right hand side explicitly and using (1.9).
For each a,c € R" and t > 0, there exist random variables {q(s)|s € [0,t]} such that,
for all m € N, the joint distribution for (¢(s1), -, q(sm)) (0 <53 <59 < -0 <5, < t) I8

Kt<a> C)ilel (CL, x:l)KSQ—Sl (*rl; Ig) e Ksm—sm,l ('rm—la xm)Kt—sm (Ima C)dl‘l e dxm

We denote by P, .; the corresponding probability measure and define a finite measure
,ua,c;t by
d:ua,c;t = Kt(a> C>dPa,c;t- (37)

We call {q(s)|s € [0,¢]} a conditional oscillator process associated with Hy, and pig . its
conditional oscillator measure. Note that

/1d,ux,y;t = Kt(x,y), €,y & Rn

For a complex Hilbert space K, we denote by (-,-) and || - || the inner product (linear
in the second variable) and norm of X respectively. We denote by L>*(R™) the set of es-
sentially bounded Borel measurable functions on R™ and by || f||o the essential supremum

of |f].
Lemma 3.1 Let 0 < 81 < -+- < s, < t and f; € L*(R") (j = 1,...,m). Then

e~stHy frem(s2ms)ty f, L f o= (t=sm)Hy g in 3, (L2(R™)) and

Tr (6*51Hbf16*(52*81)Hbf2 o fme*(t*Sm)Hb) = /

R

e ([ Alats) - fulatsn)dnne )
(3.8)

10



Proof. Since e~*Hv is trace class for all s > 0 and each f; is bounded as a multiplication

operator on L?(R"), the operator
M = 6—51Hbf1€—(52—s1)Hbf fm (t—5m ) Hy

is trace class on L?(R"). By (3.5), M is an integral operator with integral kernel

M) = [ KoK o)+ Ko, ()il - fo(on)don - do,

We note that M is not necessarily a nonnegative operator. Hence one can not immediately
conclude that the heuristic form “TrM = [, M(z,z)dz” is true (cf. [12, pp.65-66,
Lemmal). Thus we take another route. Let {g,}?2; be a complete orthonormal system of

L*(R™). Then

TrM = i (g, M ge) = i/ dzge(z)* ( - M(x,y)gz(y)dy> :

We have
/ 1g6()" M (2, y)ge(y)|dady
R xR"

= /mn)w 190(@) Koy (2, 21) Koy, (01, 22) -+ Ko, (@, y) fr (1) - fon (@) 9e ()]

xdxdxy - - - dx,,dy
< (H HfjHoo) (lgel, e ]ge]) < o0.
j=1

Hence, by Fubini’s theorem, we have
TI'M = ]\llm FN(xlvxm)K32731<xlux2> o 'Ksmfsm,1<xmflvxm>
— 00 Rnm
X fi(z1) - fn(@m)dxy - - - dapy,
where

N
flaxm . Z 94, <Kt sm(xma')7g€>'
/=1

By the Schwarz inequality with respect to the sum Zévzl and the Bessel inequality, we
have

(1, 3m)| < 1K o) K (s )| = v/ B (1, 2004/ K- (s 7).

where we have used (3.4) and

K (z,9)Ky(y,2)dy = Koy o (x,2) (5,8 >0, 2,2 € R"). (3.9)
R

11



Hence

’FN(mla xm)KSQf& (xla .1’2) e Ksmfsm_1<xmfl> xm)fl(xl) T fm(xm)|
< (H ||f]||00> V KQSl(‘rlvxl)\/KQ(t—SW)(Imaxm)
j=1

XK32—31 (.171, l’g) e Ksm—sm,l (xm—ly xm)

Using (3.9), we have

/ K231<I17xl)\/KQ(t—sm)<xm7xm>
(Rr)m
XKSQ—Sl (.’fl,l’g) e K

Sm—Sm—1

= / V K251 (‘Tlaxl)\/KZ(t—sm)(xmvxm)Ksm—sl (:Ehxm)dmldxma
R™xR"™

which is finite, because the function h, :  — /K (z,z) is in L?(R™) (note that the right
hand side is written <h251, e*(smfsl)thg(t_sm»). Moreover, we have

(xm—la xm)dxl e dxm

]\}g{l)o FN(xlyxm) = <Kt—sm(xma ')7K81('7x1)> = / Ksl(l‘axl)Kt—sm(Imvx)dx-

Thus, by the Lebesgue dominated convergence theorem, we obtain

Tr M = / (/ Ks1 (ZL‘, -rl)Kt—sm(xma Z’)dl‘) K52—51 (1'1, 113'2) e Ksm—sm_l(xm—la xm)
Rnm n
X fi(z1) - fn(@m)dxy - - - day,.

Using Fubini’s theorem again, we have

TM = [ do [ K)o K (01,02) folia) - Koay (B 0)
n an
X fon (@) Ki—s,, (T, x)dxy - - - dy,.
The right hand side is equal to that of (3.8). Thus (3.8) holds. ]

Lemma 3.2 Suppose that V is in L} _(R™) with
Vo := ess.inf ern V(2) > —00. (3.10)

Then Hy,y is essentially self-adjoint on C°(R™) and bounded below. Moreover, for all
t >0, e gsin J;(L*(R™)) and

Tre o < e=Voy ¢t (3.11)

Proof. The statements except (3.11) have already been shown in Remark 2.1-(ii). By
the generalized Golden-Thompson inequality [13, p.320, Corollary|, we have for all ¢ > 0
Ty eftﬁby < Tr (eftHb/2eftV€ftHb/2)

Y

which, together with the fact that e < e~ implies (3.11). ]
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Lemma 3.3 Suppose that Vy,..., V1 (m € N) are in L _(R™) and bounded below. Let
0<Sl<'--<sm<tandijLoo(]R”) (j=1,...,m). Then

6—51Fb,vl Jt‘le—(52—81)ﬁb,v2 foree fme™ (t=sm)Hb, v, 41
is in Jy(L*(R™)) and

Tr <e—s1ﬁb,vl fle_(SZ_Sl)ﬁb,VQ f2 . fme_(t_sT”)Fb7VM>

= [ ([ et fulats, e SEEL OO ) (32

where sg = 0, Sppp1 = t.

Proof. We prove the lemma only for the case where Vi, ..., V,, are continuous. The
extension to the case where V; € L2 (R) (j = 1,...,m) is routine work (e.g., see [15,
p-51]). N 7 N

By Lemma 3.2, e~*1fvvi is in J;(L?(R™)) and fie=(27s0Hbms fy o f, e=(t=sm)Ho v g
bounded. Hence the first statement of the lemma follows.

By the Trotter product formula (e.g., [10, Theorem VIIL.31]), we have

loc

e Vi — 5 lim A’ Nt), t>0

N—oo

with
A1) 1= (7N )

where s- lim means strong limit. Let L be the left hand side of (3.12). Then, by Proposition
B.1 in Appendix, we have

L= lim --- lim Tr <A}V1(81)f114?v2(82 —51)fa- - AN (Sm — sm_l)fmA’]\}J’il(t - sm)> :

Nj—o00 Nm+14’00

By Lemma 3.1, we have

Te (A, (1) /143, (52 = 502+ AR, (5m = s Fn AR (0= )
N1
- /R o [ filals1) - Fulalsm)exp (—ﬁ gwq(ksl/w)

exp < (82;81 Z‘@ (51 + k(s2 — 31)/N2>>>

. exp (-M i Vst (q(Sm + K(t — s1m) /Nm+1))> Aty e (3.13)

N,
m—+41 k=1

The integrand on the right hand side is bounded by || fi/co - - Hmeooe_E?;ll(sf_sf‘l)cj

with ¢; := inf,epn Vj(x). Hence, by the Lebesgue dominated convergence theorem, we
obtain

/ da / f1 81 (q(sm))e* o Vl(q(s))dse—fsslz Va(q(s))ds e—f;m Vm+1(q(8))dsdﬂm .
Thus (3.12) follows. ]
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3.2 Golden—Thompson inequality and generalization of trace
formulae

In what follows, we take an additional assumption:

(A.3) The function V is in L% (R™) and, for all ¢ > 0,

loc

Ky(z,z)e”V®dz < co. (3.14)
R”

We remark that, in (A.3), V' is not necessarily bounded below. If V' is bounded below,
then (3.14) holds for all ¢ > 0.

Lemma 3.4 Under Assumption (A.3), the following inequality holds:
/ dx/e‘fév(q“))dsdu%x;t < Ki(z,z)e V@ dz. (3.15)
n R’VL
Proof. By Jensen’s inequality, we have

t
o~ Jivialo)ds < % / o~V () g
0

Since e~*V(()) ig a positive function, one can use Fubini’s theorem to obtain

1 t
/ e IVaNasg, L < . / ds / VD gy,
0
1 t
= ;/ ds/ e‘tv(wl)Ks(x,xl)Kt_s(xl,x)dxl.
0 n

Hence, using (3.9) and Fubini’s theorem again, we obtain

/ dx/e‘fév(q(s))dsdu%x;t S/ e_tv(“)Kt(ml,xl)dxl.
n Rn

Thus (3.15) holds. ]

As we shall show below, as far as we treat only a bosonic theory, we do not need (A.1).
The following weakned one is sufficient:

(A.4) The bosonic Hamiltonian H,,y is essentially self-adjoint on C§°(R") and bounded
below.

For a self-adjoint operator A on a Hilbert space X, we denote its form domain by

Q(A)
Q(A) = {w e x| [ NAIEI < oo},

where E4 is the spectral measure of A. If two self-adjoint operators A and B on X satisfy

that Q(B) C Q(A) and [, Add (¢, E4(A\)Y) < [p Ad (¥, Eg(A)y) for all ¢ € Q(B), then we
write A < B.

14



Theorem 3.5 (Golden-Thompson inequality for the boson system) Assume (A.3) and
(A.4). Then, for allt >0, e7*Hvv s in J,(L*(R")) and

Tre v < K(z,z)e V@ dx (3.16)

]Rn

oty _ / de / el ViaDdsg, (3.17)

Proof. We prove the theorem only for the case where V' is continuous on R". The
extension to V satisfying the original assumption of the theorem is routine work (see, e.g.,
[15, p.51]).

For N € N, let Vy :=V + V?/N and

and

1
Hy = Hbva = Hb,V -+ NV2 (318)

(R™) and bounded below, we can apply Lemm 3.2 with V' replaced by
tH

~ 2
Since Vi is in Lj

Viv to conclude that Hy is essentially self-adjoint on C§°(R"), bounded below, and e~
is in Jy(L?(R™)). Tt is easy to see that Hy,y < Hy for all N € N. By Lemma 3.3, we have

N / de / o= I3 Vs = [ Va@)Pa/N g,
One can estimate the right hand side by Lemma 3.4 with e~ Jo V(@(®)*ds/N 1 g obtain

e tHN / d:r:/ q(s))dsdu%x;t < Kt(x,x)e*tv(x)dx < 0.

Rn

Hence, by the monotone convergence theorem, we obtain

lim Tre N = dz [ e~ JoVia()dsg —
N—o0 H =

By these facts, we can apply Lemma B.2 in Appendix with Ay = Hy,A = Hyy and
D = C(R") (K = L*(R")) to conclude that e~*vv € J,(L?(R")) and

Tre oV = lim Tre v,

N—o0

Hence (3.17) and (3.16) hold. |

Theorem 3.5 implies the standard Golden—Thompson inequality for the Schrédinger
operator with potential V' (e.g., [15, Theorem 9.2]):

Corollary 3.6 Assume (A.}) and that

h?
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is essentially self-adjoint on C$°(R™) and bounded below. Suppose that V is in L2 (R™)
and, for somet > 0,

/ e V@dy < 0o (3.20)
R
Then e~V s in I, (L*(R™)) and
7 1
—tH —tV(z)
Tre ™V < @rt)" 2 /n e dz (3.21)

Proof. 1t is easy to see that

- W, elwit/2 W, hw.t
K, =11/ — L% tanh —L ) . 3.22
@, 2) 31:[1 2mh  /sinh hw;t o ( pt T (3:22)

Hence, for each constant yg > 0,

1 [ X ! Xo .
0< K, < — X2 < O<w; <= =1,...
iz, 1) < COREn (0<S>1<1£><0 Ty > 00, wip<o U=1...,n)
(3.23)

and
1

(2mt)/ 2’
where w = (w1,...,w,) € R". By (3.23) and (3.20), (A.3) holds. Hence, by Theorem

3.5, (3.16) holds. By (3.23), (3.24) and the Lebesgue dominated convergence theorem, we
obtain

(3.24)

lir% Ki(z,z) =

1
. —tV(x) 3. — —tV(z)
}JIL% - Ki(z,z)e dz Gy /Rn e dz.

It is easy to see that, for all f € C§°(R"), s-lim,_o Eby f = Hy f. Hence, it follows from
an application of Lemma B.2 in Appendix that e=*#v is in J;(L?(R")) and

Tre #v < liminf Tre v,

w—0

Thus (3.21) follows. ]

Remark 3.7 Suppose that V is in L2 _(R") with

loc
—tS " w22 —
/ e tZzzlw'sz/Qe tv(m)dx < o0
n

for some ¢ > 0 and H,y is bounded below. Then, applying (3.21) with V' replaced by
S wia?/2 =3 hw;/2 + V(x), we have

Tre v < !

et hwi/2 —t3 " wia?/2 —tV (z)
= (2ﬂ-t>n/2hn6 ' /n € ! e dz.
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But this does not imply (3.16), because the right hand side is not necessarily less than or
equal to [, Ki(z,z)e”"V®dz. For example, for V = 0, we have

1 n
—tHy, __ tZi: hwi/2 7t21 z 1/2
Tre = | Ki(z,z)dx < (27rt)”/2h”€ 1 /n ' dz.

Thus the Golden—Thompson type inequality (3.16) is more general than the standard one
(3.21) in the sense of Corollary 3.6.

The next theorem gives functional integral representations for the trace of quanti-
ties formed out of e™*#vv (s > 0) with V not necessarily bounded below and bounded
multiplication operators:

Theorem 3.8 Let Vi,...,V,, € L% _(R™) be such that, for allt >0 and j =1,...,m,

Ki(z,2)e "Vi®dg < oo,
R

Hy,y, is essentially self-adjoint on C3°(R") and bounded below. Let 0 < 51 < --- < 5, <1
and f; € L*(R") (j=1,...,m). Then

e*Slﬁb,vl f1€*(52*81)ﬁb,\/2 forer fme” (t—sm)Hp, vy,
is in Jy(L*(R™)) and

Tr (6—81Fb,v1 fle—(52—31)ﬁb,v2 for- fme—(t—sm)ﬁb,vm)

- /d ( [ Flats) - fulatse S H 0 ‘“dum) (3.25)

where sg = 0, Sppp1 = t.

Proof. By Theorem 3.5, e ®~5-0o0; g i J1(L*(R™)), from which the first half of
the theorem follows.

To prove (3.25), we first consider the case where each Vj is continuous on R". Let Hy;,
(N; € N) be the Hy given by (3.18) with V' (resp. ) replaced by V; (resp. N;). Then,
by Lemma 3.3,

Tr (6—51FN1 fle—(sg—sl)FN2f fm (t—sm HNm+1>

m+1 ] $))ds - m+1 s s
= [ o [ flaton) - fula(sn))e T U S L GO g,
Rn

(3.26)
We have
Z"H»l JJ 1 V](‘](S))ds _27n+1 JJ 1Vj(q(8))2dS/Nj
Fila(s1)) -+ fm(g(sm))e
(H ||fj||oo) fy 1 Vi(a(s))ds
j=1
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Noting that
m+1 t [m+l
Z/ ))ds _/0 (Z X[5j1,8ﬂ(3)vj(q(3))) ds,
j=1

where x[s,#1 (s < s) is the characteristic function of the interval [s, s’} C R, one can apply
the method of proof in Lemma 3.4 to obtain

m+1

Hence, by the Lebesgue dominated convergence theorem, we obtain

lim Tr (e‘slﬁNl fle_(”_sl)ﬁNz for-- fme*(tfsm)ﬁzva)

Ni—o0

m+1 5))ds = sy § s))2ds/N;
:/ & / F1(a(51)) -+ fanla(sya)ye™ T Sl VialDdsgm B L VPN qy
Rn

On the other hand, by Proposition B.1 in Appendix, the left hand side is equal to
Tr (e_slﬁb,‘ﬁfle*(SQ*SI)FszQ e (t=sm HNm+1>. Hence

Tr <€—s1ﬁb,v1 fle—(s2—s1)ﬁz\r2 f2 . fmef(tfsm)ﬁijLl)
- / o / Fu(@(50) - Fn(q(sim))e™ T Sl Vil s o= SR VataGD s /N g

In the same manner, taking the limit Ny — oo, N3 — 00,... N,,11 — 00 successively, we
obtain (3.25).

We next consider the case where V] is in LIOC(R”) and V5, ..., V11 are continuous on
R™. It is enough to prove (3.25) in the case where each f; is non-negative. Then one easily
sees that, with (3.27), the standard argument described in [15, p.51] works. Similarly one
can extend (3.25) successively to the case where V5, ..., V,,+1 obey the assumption of the
theorem. 1

3.3 Some consequences

In this subsection, we discuss some implications of the Golden—Thompson inequality

(3.16). In general, for a self-adjoint operator H on a Hilbert space X such that e ?#
is trace class for all § > 0, the quantity
1
F3(H) == —ElogTr e PH (3.28)

is called, in the context of quantum statistical mechanics, the Helmholtz free-energy
function of the quantum system [7] whose Hamiltonian is H, where $ > 0 is a parameter
denoting physically the inverse temperature.

18



Corollary 3.9 Under the same assumption as in Theorem 3.5,

— 1
Fs(Hpy) > 3 log ( Kg(x,x)effv(x)dx) . B>0. (3.29)

R”

Proof. This follows from (3.16). ]

Remark 3.10 Under the same assumption as in Corollary 3.6, taking the limit w — 0
in (3.29) yields the well known inequality for the Helmholtz free-energy function given by
Golden [7, Eq.(17)]. In this sense, (3.29) is more general than the standard one.

For a linear operator A on a Hilbert space, we denote its spectrum by o(A). One says
that the spectrum of A is purely discrete if 0(A) consists of isolated eigenvalues of A with
finite multiplicity.

If A is self-adjoint and bounded below, then inf o (A) is called (by abuse of words) the
ground state energy of A.

For each E € R, we denote by Ng(A) > 0 the number of eigenvalues of A less than or
equal to E, counting multiplicities (if there exist no such eigenvalues, then Ng(A) :=0).

Corollary 3.11 Under the same assumption as in Theorem 3.5, the spectrum ofﬁb,v 18
purely discrete and, for each E € R,

Ng(Hyy) < inf [ Ky(z,2)e ' V@-Eqy, (3.30)

>0 Rn
Proof. The pure discreteness of a(ﬁb,v) follows from the compactness of e~tHoy
(t > 0). Itis sufficient to consider the case where Ng(Hpyv) > 0. Let Ey,---,En be
distinct eigenvalues of Hy,y with By < ... < Exy < E. We denote the multiplicity of F;
by m; (j =1,...,N). Then, for all t > 0,

N N
NE(Fb,V) = ij < ijet(E*Ej) < BTy e tHb v
Jj=1 j=1
By this fact and (3.16), we obtain (3.30). 1

Corollary 3.12 In addition to the assumption of Theorem 3.5, suppose that, for some
EeR,V(z) > E a.e. x€R" and, for some ty >0, [g. e V@) dy < co. Then

info(Hyy) > E. (3.31)
Proof. We have lim;_,, K;(x,z)e " V@~E) = for a.e.x € R" and

1

— z)— — z)— - Wi n
Ky(x, x)e tV@=E) < g=toViz) E)][[l #i t>ty, a.excR™
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Hence, by the Lebesgue dominated convergence theorem, we obtain

lim Ky(x,z)e”V@=Eldz = 0.

t—o0 R™
Therefore infiog [, Ki(z,z)e”" V@~ dz = 0. By this result and (3.30), we have Ng(Hy,y) =
0. This and the pure discreteness of o(Hy, ) imply (3.31). ]
Inequality (3.31) shows that the ground state energy of Hy,y is strictly more than E.

Remark 3.13 In the case V(z) > E for a.e.x € R", it is obvious that Hy,y > E. The
classical Hamiltonian

2 n 2
p Z Wi
Hcl($7p) = -+

2 A ,
=1 =1

> 5 tV(@), (z.p) €R"xR",

corresponding to Hy,y satisfies Hy(z,p) > Ey := E — Y iy hw;/2 and its infimum may be
E, (e.g., if V(0) = E, then Hy(0,0) = E,). Hence (3.31) means an enhancement of the
ground state energy due to quantization. This kind of phenomenon has been discussed in
[4] (cf. Theorem 1.3 therein) for a more general class of V. The class of V' in Corollary
3.12 is more restricted than the one in [4, Theorem 1.3], but it gives a stronger result in
the sense that, in the case V(0) = E, the amount of the enhancement is strictly more
than > | hw, /2.

4 A Trace Formula for the Boson—Fermion System

We next consider the heat semi-group {e "Wl egenerated by the boson-fermion
Hamiltonian H(V,U)) defined by (2.6).
The fermion number operator is defined by

Nf = Zb;bj, (41>
j=1

which is a bounded nonnegative self-adjoint operator satisfying Ny | AP(C") = p for all
p=0,...,7. Hence o(N¢) = {0,1,...,r}. Therefore, for all z € C\ {0}, one can define
a linear operator 2™ on A(C") by functional calculus and one has 2 | AP(C") = 2P

(p=0,1,...,7).

Lemma 4.1 Let T = (Tji);jk=1,..r be an r x r complex matriz and z € C\ {0}. Then

Tr 2Vie2in=1 Tinbio — det (I + zeT). (4.2)
Proof. We first prove (4.2) with z = 1:

Ty e k=1 Tixb5br _ det(I + 7). (4.3)
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We define a linear operator T': C" — C” by
Top:=Y" Ty lent)e;, ¢eC,
jk=1

where {e;}}_, is the standard orthonormal basis of C". Let T©) := 0 as a linear operator
on A°(C")=C and, forp=1,...,r,

]th
ZI@ @T® -l

7=1

acting on AP(C"). Then it is easy to see that

Z Ty bisby = @ _o T

7,k=1

Hence i .
Tr e2sh=1 Tirbjbr — Z Trel™ =1+ Z Tr (ApeT> = det(I + eT)7
—0 =1

where, in the last equality, we have used a well known formula (e.g., [13, p.322, (188)]) on
the determinant of a finite dimensional linear operator. Since the matrix representation of
T with respect to the basis {e; }i—y of C" is given by the matrix T', we have det(/ +e”) =
det( + €T). Thus (4.3) holds.

Letting Sjj := d;1 log z + Tji, we have

ZNfGZ;7k:1 Tjrpbibe GZ;J@:l Sjrbibr
Hence, we can apply (4.3) with T replaced by S = (Sjx) to obtain (4.2). ]
Theorem 4.2 Assume (A.1), (A.2) and (A.3). Suppose that, for all t > 0,

/ et 25 k=1 1Ujk (@) o=tV (@ )Kt(:v z)dr < oo. (4.4)
V(z)<0

Let z € C\ {0} and F € L=®(R"). Then, for all t > 0, e " V'U) js in J;(H) and
Tr (Fsze*tH(V’U)) = / dzF(x) /det (I +ze b U(Q(s))ds> ~hV 1N A, oo (4.5)

Proof. By the proof of Lemma 2.3, we have
[Hep¥|| < dif[[VI*0[[ + do|[ ¥, W e D(VI]?)

with some constants d; > 0 (j = 1,2). By (2.9) and the Heinz inequality [14, Proposition
10.14], we have

[[V]*W|| < c*|[(Hpy — 0+ 1)*V|, ¥ e D((Hyy —eo+1)7).
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Therefore, Hey is (Hyy — €0)*-bounded. Thus we can apply Theorem B.5 in Appendix
to conclude that, for all t > 0, e (V'U) is in J;(H) and

Tr (Fsze’tH(V’U))

=Tr (Fsze_tHb’V) + Z( / dsl/ dssy - - / ds,

xTr (FZNfe—s1Hb VH 6—(52 51)Hp, vaU —(s¢—s¢—1)Hy, VHf _(t_SE)Hb,V).

We have

Tr (FZNfe—Sle,VHf’]Ue_(SQ—Sl)Hb,V Hf,IU . 6—(3g—se,1)Hb7VHf’Ue_(t_sZ)Hby)

T

= > Te(Vo) by, - 05 by,)

Jisk1yedeke=1
—s1Hy vy, —(s2—s1)Ho,vpyr. ... o= (se=se—1\]T. —(t—s¢)Hyp,v
xTr (Fe Ujlkle szkz e )Ujekze )

T

= > Te(Vo b, -0 by,)

Ji,k1sede,ke=1

X/ dxF(m)/Uj1k1<q(51))Uj2k’2(q<82))"'Ujéke<q(sf))e_ng(Q(S))deM%I;t

:/n dxF(x)/Tr (2" Hy(s1) - - - Hi(se))e “hv D Ap, o,

where
Z Uji(q(s))bibe, s € [0,1].
7,k=1

By a well known formula (e.g., [1, Lemma 3.2]), one can show that Tr (20 by, - - - b7, bk,)

is symmetric for every permutation of (ji, k1), ..., (je, k¢). Hence

/ dzF(z) /Tr (2Nt He(sy) - - He(sg))de™ Jo V(a(s)) b it
is symmetric in sq,...,s,. Therefore
t t t
/dSl/dSQ"‘/ dsy
0 Se—1
< Tr FZNfe—Sle V Hyye —(s2—s1)Hp, VHy - (84—84—1)Hb,va Ue_(t_sé)Hb,V) )

1 ¢
g_/ ds; -- /ng/ dzF(x / (Nfo(sl) Hf(é’g))e_fo V(q(s))dsd,ux,x;t
1
=5 [ PG [Tz BYaeay,
. R’ﬂ

where Z(t) := [} H(s)ds. Hence

N
Tr (F 2N tHVD)) — ]\}lm dwF /Z 7 v (M Z(t))e -b VialDdsqy, 0.
Oo =0

22



We have

12(1)] < /\Um )lds.
7,k=1

Hence

- (_1)€ t
D TN 2| < (1 [2])reiam U,

=0
To proceed further, we show that the integral

]t = Kt(l‘a x)@tZ;,kzl ‘Ujk(x”_tv(x)dx
R

is finite. This is done as follows. We write
Iy = It(l) + It(2)
with

(z)<0
It(z) ::/ Ky(x, x)et Zin= [Un@I=tV(@) q g
(z)>0

Then IV is finite by (4.4). As for I1?, we note that, in the case where V(z) >0,
1
Ujt(2)] < vaV (@) + Vb < 5V (2) + ¢,

where ¢, > 0 is a constant. Hence > ", [Uj(x)| — V() < r?c,, which implies that

2 < Jon Ki(z, 7)€" erdz < o0
As in Lemma 3.4, we have

/ dz|F(z)| /€Z§,k1 f(;‘Ujk(Q(s))|d5—V(‘1(5))d5dH$7z;t < || Flo Lt
R

Hence, by the Lebesgue dominated convergence theorem, we obtain
Tr (F2Nte tHVD) :/ dzF(x) /Tr(sze Ne —hov SRR [T

Since
.

200 =3 ([ Untatonas) o,

7,k=1

it follows from Lemma 4.1 that

Tr 2Me 20 = det <[+ze Jo Ula(s) s).

Thus (4.5) follows. ]

In applications, it may be useful to find a general condition which does not require
condition (4.4). For this purpose, we consider the following condition:
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2
loc

(A.5) There exists a nonnegative function Y € Lj (R") satisfying:
(i) For all € € (0,6) with some constant § > 0, Hy, .y is self-adjoint.
(ii) For each n > 0, there exists a constant ¢, > 0 such that |V (z)|? < n?Y (z)? +

cf], a.e.x € R"™.

(iii) There exist constants « € [0,1) and a,b > 0 such that
|Uji(@)]* < a]Y (2)]** +b, aexzeR™ jk=1,...,r

Lemma 4.3 Assume (A.5). Let € € (0,6). Then: Hyviey and H(V 4 €Y, U) are self-
adjoint and bounded below.

Proof. By the closedness of Hy .y, there exists a constant d. > 0 such that
e| YV < d.||(Hyey + 1)V, Ve D(Hy,ey)=D(Hy,) ND(Y).
By (A.5)-(ii), we have for all U € D(Y)
V<l Y W| + e | ],

where 77 > 0 is arbitrary. Hence V is infinitesimally small with respect to Hj, .y. Hence, by
the Kato—Rellich theorem (e.g., [11, Theorem X.12]), Hy v iey = Hp ey + V is self-adjoint
and bounded below.

Let Vo(z) := V(z) + Y (). Then, for a.e.x € R",

Y@ < S0P + V@P) < S0V@F + 7Y @) +)

Hence

(1-25) WP < S0v +¢),

)
Take n > 0 such that 2n?/e? < 1. Then, by (A.5)-(iii), we obtain

Ui (2)? < a'[Va(z)P* + 0
with constants a’, b’ > 0. Thus we can apply Lemma 2.3 with V replaced by V. to conclude

that H(V.,U) is self-adjoint and bounded below. |

Lemma 4.4 Assume (A.5). Let € € (0,0), z € C\ {0} and F' € L>*(R"). Suppose that,
for allt >0,

Ky(x,z) det(I + |z]e”P@))e V@ Y@ qy < 0. (4.6)
R

Then, for allt > 0, e HV+YU) s in J,(H) and

Tr (FZNfeftH(VJrEY,U))

= / dzF(z) / det(T + zeJo ValeDdsy o= fo V(a()dsg—e [y YlalDdsqy, o (4.7)
Rn

24



Proof. We have already seen that (A.1) and (A.2) holds with V' replaced by V. =
V +¢eY. Taking n > 0 such that € > 7, we have V. +¢, > 0. Hence (4.4) with V replaced
by V. + ¢, is trivially satisfied. Since det(I + |z]e~®Y(®)) > 1, we have

Ky(z,z)e tV=@+en) gy < Ki(z,z) det(I 4 |z]e” V@) V@tV @ tenqy < oo,
R™ Rn

Therefore we can apply Theorem 4.2 to obtain the desired result. 1

Lemma 4.5 Let z € C\ {0} and t > 0 be fized. Let ® be a Borel measurable function on
R"™ such that
Ky(x,z)det(I + |z]e”V@)e @) dz < oo, (4.8)
Rn
Then

/ dx/det (I + ze™ Jo Uta(s) ds) — Js ®(a(s) s 4y, it

< Ky(x,z) det(I + |z]e” V@) e 1@ qy, (4.9)
Rn

Proof. Let L,,(C") be the real vector space of n x n Hermitian matrices. Then the
function: L,(C") x R > (A, ) — e*det( + e?) is convex [9, Proposition 2.2]. Noting
that |z]e? = 41182l one sees that e* det(1 +]|z|e?) also is convex in (A, \) € £,,(C") x R.
Hence, by Jensen’s inequality, we have

t
det(I + |z|e” I Ula(#)dsy = Jo lals)ds < %/ det (I 4 |z|e~ VD))~ t2a) qs, (4.10)
0

We also note that, for every positive n x n matrix A
|det(] + zA)| < det([ + [z]A).
Then, in the same manner as in the proof of Lemma 3.4, we obtain (4.9). ]
For generality, we introduce the following condition:

(A.6) The boson-fermion Hamiltonian H(V,U) is essentially self-adjoint on CZ°(R™)& A
(C") and bounded below.

This condition is satisfied, e.g., if (A.1) and (A.2) hold with the property that C5°(R™)
is a core of Hyy .

Theorem 4.6 Let z € C\ {0}. Assume (A.5) and (A.6) with

Ky(z,z)det(I + e V@)=V @dy < 0o, V>0, (4.11)
R

Then, for allt > 0, e #VY) s in I, (H). Moreover, if
Ky(x,z)det(I + |z]e”P@)e V@ dy < 0o, VWt > 0, (4.12)
R

then, for allt >0 and F € L>®(R"™), (4.5) holds with H(V,U) replaced by H(V,U).
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Proof. Let A:= H(V,U) and Ay := H(V +Y/N,U) (N € N). Then A < Ay. Hence
Ax > info(A). Tt is easy to see that limy .., Ay¥ = AW for all ¥ € CF(R")® A (CT).
By (4.7) and (4.9) we have

Tre AN §/ dz Ky (z, z) det(I 4 e~ V@)) V(@) (4.13)

which, by (4.11), is finite independently of N. Hence we can apply Lemma B.2 in Ap-
pendix to conclude that e € J;(L*(R")) and limy .o, [le~*% — 74|, = 0, where || - ||;
denotes trace norm. Then, taking the limit N — oo in (4.7) with e = 1/N, we obtain

Tr (Fsze_tH(V’U))
— lim dxF(x)/det(]+ze‘f5U(‘Y(s))d5) — o Va()ds o 3 ¥ (a(s) N Q.
Rn

N—oo

We have

)F( )/det([—i—ze Jo Uta(s) ds) = Jo Via(s)ds o= [y Y (als )dS/Ndu

< ||F||Oo/det(]+|z|e Jy U(a(s)) d)e ~Jo Via(s) 95 A 1

which is integrable by (4.12) and Lemma 4.5. Hence, using the Lebesgue dominated
convergence theorem, we obtain (4.5). |

5 Golden—Thompson Type Inequalities

Now we can derive Golden-Thompson type inequalities for e *7(V:U) Tt is easy to see

that, for all (z,y) € R*" with z; # y; (j = 1,...,n) and ¢ > 0, the integral

Li(z,y) / K(x,y)Ki—s(y, x)ds (5.1)

is finite.
We consider the following two cases:

(C.1) Conditions (A.1), (A.2), (A.3) and (4.4) hold.

(C.2) Conditions (A.5), (A.6) and (4.12) hold.

In the rest of this section, for notational simplicity, we denote H(V, U) in case (C.2) simply
by H(V,U).

Theorem 5.1 Assume (C.1) or (C.2). Let z € C\ {0}, t >0 and F € L>(R"™). Then
‘Tr(Fsze_tH(v’U))‘ §/ dx/ dy|F (x)|Li(z, y) det(I + |z|e” V@)~V W) (5.2)
In particular,

Tre tHVD) < / dz K, (x, z) det(I 4 e~ V@)= V(@), (5.3)
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Proof. By the present assumption, (4.5) holds. Hence, by applying (4.10) with & =V,
we have

| Tr (Fsze_tH(V’U))} < /]Rn dz|F(z)| / % /Ot dsdet (I + |z|e”P@D) =V @D qy, .
We note that, for each s € [0,¢],
/det (I+ ]z|e_tU(q(5))) eV dy,
= / dy det (I + ]z\e’tU(y)) e VWK, (2, y) K (y, ).

Hence (5.2) follows. Inequality (5.3) follows from putting F' = 1 and z = 1 in (5.2) (or
use (4.13)). ]

Remark 5.2 Consider the case where U, = d;3A\; (A; > 0,5 = 1,...,7) and V = 0.
Then

H(V,U) = Hy, + > _ \bib;,
j=1

i.e., it is the Hamiltonian of an n-dimensional quantum harmonic oscillator and r free
fermions. In this case, we have

Tr (Fe tHVU)) = (Tr Fe™'™) (Tr e‘tzg:V\fb;bj) = / F(z)Ki(z, x)dx - H(l + e~ ),

j=1

(5.4)
On the other hand, in the present case, we have det ([ +e VW) = [T/ (1+e"). Hence,
using the easily proved equality

[ L.ty = Ko, 0)

we see that the right hand side of (5.2) is equal to that of (5.4). Thus, in the present case,
equality in (5.2) holds.

Corollary 5.3 Assume (C.1) or (C.2). Then:
(i) For all B> 0,

n

Fs3(H(V,U)) > —%log (/ dzKs(z, z) det (I + eﬁU(w))eﬁV(z)> .

(ii) The spectrum of H(V,U) is purely discrete and, for each E € R,

Ng(H(V,U)) < inf / dz K (x, z) det(I 4 e~ V@)=t V@=F),

>0
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(iii) Suppose, in addition, that, for some E € R and a.e.x € R,
V(z) —r*Va|V(z)|* — r*Vb > F, (5.5)

where a,b and o are constants in (A.2), and [g, e~tV@dr < oo for some ty > 0.
Then info(H(V,U)) > E.

Proof. The proof of (i) (resp. (ii)) is similar to that of Corollary 3.9 (redp. Corollary
3.11).
As for (iii), we first note that

det(I + e V@) < (1 4+ V@I < grertl@Il

On the other hand, we have

> Un(@)]? < Vr2(alV(@)Pe +b) < rv/alV(2)|* + rvo.

[U()]| <
Gk=1
Hence
det(] + e_tU(x))@_tV(I) < 2T6—t(V(z)_r2\/§|V(m)‘a_Tz\/E)'
Therefore

NE(H<V7 U)) S 2T Kt(x, x>eft(V(x)fE7r2\/a|V(x)‘air2\/5)dx.
R

Condition (5.5) implies that V(z) — E > 0 a.e.x € R™. Hence, for every € € (0, 1), there
exists a constant d. > 0 such that (V (z)—E)—r2/a|V (x)|*—r*Vb > —d, for a.c.x € R,
Hence

Viz)— E—r*VaV(@)* —rVb> (1—e)(V(z) — E) —d., aexecR™

Therefore, taking t) = to/(1 — ¢), one sees that [, e 6(VE-F-r*VaV@l*=r*Vhqs <
00. Then, in the same manner as in the proof of Corollary 3.12, one can show that
Ng(H(V,U)) = 0. ]

Remark 5.4 It may be interesting to note that, in Corollary 5.3-(iii), U(z) is not neces-
sarily bounded below.

6 Application to Supersymmetric Quantum Mechan-
ics

In this section we apply the results established in the preceding sections to a model in
supersymmetric quantum mechanics.
We consider the case r = n. Let Hy,, and H¢ be given by (1.7) and (1.8) respectively.

Then the operator
Hy,:= H, + H; (61)
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is a nonnegative self-adjoint operator on the Hilbert space H = L*(R") @ A(C"). It is
easy to see that the operator

QO = ’LZ \/ hwj(ajb; — a;bj), (62)
j=1

is symmetric. By direct computations, we have
Hy=Q? (6.3)

on C°(R")® A (C"). Applying a general theorem in the theory of tensor products of
self-adjoint operators, Hy is essentially self-adjoint on C$°(R™)® A (C"). Hence, it follows
from a well known fact (e.g., [11, p.341, Problem 28]) that @)y is essentially self-adjoint
on C°(R")&@ A (C") with operator equality

—2
Hy = Q,. (6.4)
Let
7= (=1)M, (6.5)
Then 7 is a self-adjoint involution: 7% = 7,72 = I. It is easy to see that
{T,b;f} =0, {r,0,}=0, j=1,...,n.
It follows that o o
TQy C —QyT. (6.6)
Hence @, is a supercharge with respect to 7 and Hy is the supersymmetric Hamiltonian
with supercharge @), (e.g., [17, p.140]). Mathematically Q) is a Dirac type operator on

R™.
We now consider a perturbation of Q). Let W be a real distribution on R™ such that

W; = D;,W € L (R"), W;:=D;DiW € L} (R") (j,k=1,...,n).

loc

Then one can define a symmetric operator

ey
Q) = 7 > (bW — 0, W5) (6.7)
j=1
with D(Q;) D C&(R")® A (C*). Hence
Q= Qo+ (6.8)
is a symmetric operator with D(Q) D C5°(R")® A (C"). We have
Q C —Qr. (6.9)

Hence Q also is a Dirac type operator on R”. If Q is self-adjoint, then Q is a supercharge
with respect to 7.
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For the moment, we do not discuss the essential self-adjointness of (). By von Neu-

mann’s theorem, the operator

Hss = Q' Q

(6.10)

is a nonnegative self-adjoint operator on H. If Q is self-adjoint, then Hgg is the super-

symmetric Hamiltonian with respect to the supercharge Q.
To see a concrete form of Hgg restricted to a subspace of D(Hsg), let

wr = (W1 T, -+, wWpty) € R,

1
Oy (z) := wx - DW(x) + §|DVV(x)|2 - SAW(x), xz € R",

where DW := (D,W, ..., D,W), and
Hb(W) = Hb =+ éw,

Hy(W) = Hy+h Y Wibiby.

7,k=1

Then we have
Hss = Hy(W) + He(W)

on C°(R™)&@ A (C™).
As for W, we assume the following too:

(6.13)

(6.14)

(6.15)

(W.1) There exists a nonnegative continuous function U € L% _(R™) satisfying the fol-

lowing conditions:

(a) For all € € (0,9) with a constant § > 0, Hy, + €U is self-adjoint.
(b) For all n > 0, there exists a constant ¢, > 0 such that

|y (z)]* < n?U(x)? + 6727, a.e.x € R".

(c) There exist constants « € [0,1) and a,b > 0 such that

Wir(2))? < aU(z)** +b, aexzeR”, jk=1,...,n

(d) D(Q) N D(UY?) is a core of Q.

We define
H. .= H,(W)+eU+ H(W), ¢£€(0,0).

We set

We denote by €2 the n x n matrix such that
ij:wj5jk, j,kzl,...,n.
Lemma 6.1 Assume (W.1) and let € € (0,0). Then:
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(1) H. is self-adjoint and bounded below.

(ii) For allt >0, e"*H= is trace class.

Proof. (i) Assumption (W.1)-(b) implies that @y is infinitesimally small with respect
to U. Since Hy, + €U is closed, it follows that @y, is infinitesimally small with respect to
H, + eU. Hence, by the Kato—Rellich theorem, Hy,(W) + €U is self-adjoint and bounded
below. Assumption (W.1)-(b) and (W.1)-(c) imply that there exist constants a € [0, 1)
and a’,b’ > 0 such that

Wir(2)|? < d|eU(z) + P (z)** + ¥V, aeR", jk=1,...,n

Hence, we can apply Lemma 2.3-(i) with V' and U replaced by eU + &y and (2 + W)
respectively to conclude that H. is self-adjoint and bounded below.
(ii) It is obvious that, for all t > 0, e~*H+) ¢ J,(L2(R")). For each x € (0, 1), we
have
Hy(W)+¢eU = (1 = r)(Hp +eU) + 6(Hp +€U) + Pw.

Then, in the same way as in the proof of Lemma 2.3-(ii), one sees that, for all t > 0, e~

is in J;(H) (note that, in this reasoning, the finite dimensionality of A(C™) is used). 1§
Lemma 6.2 Assume (W.1). Let e € (0,9),z € C\ {0} and F € L>*(R"). Suppose that
K, (z,x) det (I + |z]e MATW@)) emtw @U@ qp < 00, Wt > 0. (6.19)
R7
Then:
(i) For allt >0,

Tr (F2Nte tHe) = / F(x) /det (I + ze~th=h s WW(SWS)

we™Jo @w@dsg—< [y UlaleDdsq, o (6.20)
(ii) For allt >0,

| Tr (F2"Nte™"e)

< [ @wlr@l [ abiey)
n Rn
x det (I + ]z]e’thm*W(y))) e 1w () —teU(y) (6.21)

In particular, if (6.19) holds for z = 1, then

Tre ' < / Az Ky (z, ) det (1 + ¢~ MAHWE)) o=tV =U) (6.22)

Proof. (i) Similar to the proof of Theorem 4.6.
(i) Similar to the proof of Theorem 5.1. ]
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Theorem 6.3 Assume (W.1). Let z € C\ {0} and F € L>*(R").

(i) Suppose that

Ky(z,2) det (I 4 e METW@D) o=tw @y < 00, Wt > 0. (6.23)
Rn

Then, for all t > 0, e7t’ss 4s trace class and the spectrum of Hgsg is purely discrete.

Moreover,
Tre tHss < Ky(z, ) det(I 4 e W@ ~tow (@) gy 5 ), (6.24)
Rn
(ii) Suppose that
Ky(z,z)det (I + \z|e’th(9+w(’”))) e W@ Ay < 00, WVt > 0. (6.25)

]Rn

Then, for allt > 0,

|Tr (F2NtemtHss)| < /

n

de|F(2)| | dyLi(z,y)
Rn
x det (I + |z|e” MWW o=tPw(v) (6.26)

and

Tr (Fsze’tHSS) = / F(z) /det (I+ ze’tm’hfotw(q“))ds)
n e~ Jo PwlaNdsqy (6.27)
Proof. (i) By (6.22) and the non-negativity of U, we have
Tre e < / dae K, (z, z) det (1 + e_th(Q+W(m))) e~tew (@),

The right hand side is finite by assumption (6.23) and independent of . Since H. is self-
adjoint, it coincides with the self-adjoint operator Hgg+eU (the form sum). Note that
D(Hsléz) = D(Q). Hence, by Assumption (W.1)-(d), D(HsléQ)ﬁD(Ul/2) = D(Q)ND(UY?)
is a core of Hééz. Therefore, we can apply a general fact [9, Proposition 2.3] to conclude
that e s is trace class and

ligl Tre e = Tre~tss, (6.28)
Thus (6.24) holds.

(ii) By (6.21) and U > 0, we have

TP ) < [ ol [ L)
Rn

n

x det (I + |z|e”M(EFWW)) eiwlv), (6.29)
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Ifd>e; >e9 > 0, then
(AW, HY2V) > (HY20, HY?0) > 0,v0 € D(HY?) = D(HY?) n D(U?)

and
lim | HY2 0| = | WP, @ € Moo D(HL?) = D(H') N DU').

By Assumption (W.1)-(d), D(HsléQ) N D(UY?) is a core of Hééz. Hence, by a general
convergence theorem [8, Theorem 3.11|, H. converges to Hggs in the strong resolvent
sense. This implies that e="H#e — e~tfss strongly as e | 0. By this fact and (6.28), we can

apply Griimm’s convergence theorem [16, Theorem 2.19] to conclude that lim, o ||e ™" —
e 'Hss||; = 0, where || - ||; denotes trace norm. Hence, for all bounded linear operators B
on H,

151?3 Tr (Be =) = Tr (Bess). (6.30)

This result and (6.29) imply (6.26).
(iii) By (6.30) and (6.20), we have

Tr (FZNfe—tHss> = lim F(I) /det (] + Ze—thQ—hfot W(q(s))ds)

Elo Rn
s Iy Pw (e ds e J{ UGN ds gy

Using the Lebesgure dominated convergence theorem, one sees that the right hand side
is equal to that of (6.27). ]

Remark 6.4 The supersymmetric Golden—Thompson inequality (6.24) includes (1.5) as
a limiting case in the following sense. Assume that the supersymmetric Hamiltonian

h? h 1 a
HI(W) = — S A= AW + §]DW|2 + 0> Wby,
G k=1

is essentially self-adjoint on C§°(R™) and

/ det(I + e~ W@ gte 5y 2 Wi (@) =5 (IPW @ -RAW @) g7 o o

for some constant ¢ > 0 (note that His(W) is just Hyy, defined by (1.4) with P replaced
by W and obtained as a limit of Hsg as w — 0 in a suitable sense). Then, considering
the limit w — 0 in (6.24), one has

Tr (e‘tﬁgS(W)) < ! / det (1 4 e "7D) e_%(lDW(z)‘LMW(m))dw, (6.31)

(27Tt)n/2 hn R

which is just (1.5) with P replaced by W. The proof of this fact is similar to that of
Corollary 3.6 (note that det(I + e t®FW@)) < det(I + e W) since Q) is positive).
Thus, in the sense just described, (6.24) is more general than (1.5).
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A non-zero vector in ker@ is called a supersymmetric state. Hence, the number
of supersymmetric states is given by dimker Q. One says that the supersymmetry is
spontaneously broken if there exist no supersymmetric states, i.e., ker @ = {0}.

Using the supersymmetric Golden-Thompson inequality (6.24), one can derive an
upper bound for the number of supersymmetric states:

Corollary 6.5 Assume (W.1) and (6.23). Then

dimker Q < %ng Ki(z,z) det (I + e_th(QJrW(m))) e 1w @) gy, (6.32)
> Rn

Proof. We have ker Q = ker Hgg and dim ker Hgg < Tre *ss for all t > 0. These facts
and (6.24) imply (6.32). ]

The next corollary gives a sufficient condition for the supersymmetry to be broken
spontaneously:

Corollary 6.6 Assume (W.1) and (6.23). Suppose that

lim [ K(v,z)det (I + e MV etPwn) gy = 0, (6.33)

t—o0 Rn
Then dimker Q = {0}, i.e., the supersymmetry is spontaneously broken.

Proof. This is just a simple application of (6.32). |

7 Functional Integral Representation for the Witten
Index

We continue to consider the case r = n. Then the Hilbert space H is decomposed as

9(25‘@639‘(2{(%)@6?@,@6%} (7.1)

with
H, = @L@S]LQ(Rn; /\2p(<cn))7 H_ = @L(Zal)/ﬂLz(Rn; /\2p+1((cn))’

where, for w > 0, [w] denotes the largest integer less than or equal to w.
Let @ be as in Section 6. Then, by (6.9), there exist densely defined closed linear
operators )+ from Hy to Hy such that

— 0 Q-
= ; 7.2
(g %) (72)
where the operator matrix is relative to the orthogonal decomposition (7.1).
We assume the following in addition to (W.1):

(W.2) The operator @ is essentially self-adjoint.
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Then Q is self-adjoint. Hence Q% = Q- and

Hss =Q = ( Q10Q+ Qf@i ) . (7.3)

For a densely defined closed linear operator T', the integer
ind(T) := dimker T' — dim ker T

is called the analytical index of T', provided that at least one of dim ker 7" and dim ker T
is finite.

In the context of supersymmetric quantum mechanics, ind(Q,) is called the Witten
index.

Lemma 7.1 Assume (W.1) and (W.2). Then Q4 is a Fredholm operator and
ind(Q,) = Trre s, (7.4)

Proof. Under the present assumption, e~*ss € J,(3() (Theorem 6.3-(i)). Hence we
can apply a general theorem [17, Theorem 5.19] to conclude that ) is Fredholm, which,
together with (7.2), imply that @ is Fredholm. Formula (7.4) follows from [17, Theorem
5.19). "

Theorem 7.2 Assume (W.1), (W.2) and (6.23). Then, for all t > 0,

ind(@Q,) = / dx/det (I — Ttk [y W(q(s))d5> e~ ho Pw @S q ) (7.5)
independently of t.

Proof. This follows from (7.4) and (6.27) with /' =1 and z = —1. ]

Remark 7.3 If W = 0 (the case of the supersymmetric quantum harmonic oscillator),
then (7.5) implies that

ind(Qy) = / da:/det (I — e’tm) Atz = (Tr e’tHb) det (I — e’tm) =1,

coinciding with the calculation by an operator theoretical method (it is easy to see that,
in the case W = 0, dimker @, = 1,dimker Q_ = 0). But, for a general W it is difficult
in general to calculate ind(Q,) explicitly (some examples of ), whose Witten index is
explicitly calculated are given, e.g., in [17, Section 5.11]; heuristic arguments to calculate
the Witten index of various concrete models in supersymmetric quantum mechanics are
found in the physics literature (e.g., [20, 21], [5] and references therein). Theorem 7.2
implies that

ind(Q+) = lim da:/det <I — e th-h [ W(q(s))d5> e WA q
Rn

t—oo
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and

1nd(Q+) = ltlfgl dz / det (I _ e—thﬂ—hfot W(Q(S))d5> e~ N CDW(q(S))de,ux,x;t'
R

By computing the right hand sides, one may obtain more explicit forms of ind(Qy). But
this would require careful and elaborate mathematical analysis which may be the subject
of an independent article. Thus, in the present paper, we do not discuss this aspect and
leave it for future study.

Appendix

In this appendix, we denote by H an abstract complex Hilbert space with inner product
(-, ) (linear in the second variable) and norm ||-||. We denote by B(H) the set of bounded
linear operators B on H with D(B) = H.

A Perturbation of a Self-adjoint Operator

Lemma A.1 Let A be a non-negative self-adjoint operator on H and B be a symmetric
operator on H which is relatively bounded with respect to A* for some o € [0,1), i.e.,
D(A%) C D(B) and there exist constants a,b > 0 such that

[BY|| < alA*W[| + 0[]0, W e D(A). (A1)
Then A+ B is self-adjoint with D(A + B) = D(A) and bounded below.

Proof. We denote by E4 the spectral measure of A. For all ¥ € D(A), we have
[A*T[? = [ o0y A A E4(A) ¥ Since 0 < a < 1, for each ¢ > 0, there exists a
constant c. > 0 such that A\** < &2)\? + ¢2 for all A > 0. Hence ||[A*T|* < &2||A¥||? +
2||W||2. Therefore, by (A.1), [|BY|| < ac||A¥| + (ac. + b)|| V|, ¥ € D(A). Hence B
is infinitesimally small with respect to A. Thus, by the Kato-Rellich theorem (e.g., [11,
Theorem X.12]), A+ B is self-adjoint with D(A + B) = D(A) and bounded below. ]

B Trace of Operators

In this section, we assume that JH is separable. We denote the set of trace class operators
on H by J1(H) and the trace of T € J;(H) by TrT.

Proposition B.1 Let A,,A € B(H) (n=1,2,...) and s-lim,,_., A, = A, where s-lim
means strong limit. Then, for all T € J1(H),

lim Tr (A, T) = Tr (AT). (B.1)

n—oo
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Proof. By a general theorem (e.g., [10, Theorem VI.22-(h)]), there exist Hilbert—
Schmidt operators S and R such that T'= SR. Let {e;}32, be a complete orthonormal
system of H (we give a proof only for the case where H is infinite dimensional). Then we

have
oo

Tr (A7) = Tr (RA,S) = > (R'ey, AuSey) .

k=1

It follows from the strong convergence of {A,}, to A and the principle of uniform bound-
edness that C' := sup,5; [|An|| < co. Hence | (R*ey, AySey) | < C||Re|||Sex||. Since
R* and S are Hilbert—Schmidt, it follows that Y . | |[R*ex||||Sex|| < co. Hence, by the

dominated convergence theorem, we obtain

n—oo

lim Tr (A7) Z (R*eg, ASey) = Tr (RAS) = Tr (AT).
k=1

We denote the trace norm of 7' € J;(H) by ||T|;.

Lemma B.2 Let {A,}nen be a sequence of self-adjoint operators on H satisfying the
following:

(a) There exists a constant ¢ € R such that, for alln € N, ¢ < A,,.
(b) For some t >0 and alln € N, e~ € J)(H) with Ty := sup,,cy Tre ™ < oo.

Suppose that there exist a self-adjoint operator A on H and a core D of A with the
following property: D C NpenD(Ay) and, for all ¢ € D. lim,,_,o Aytp = AY. Then:

(i) e ™ € J,(H) and
Tre ™ < liminf Tre ™", (B.2)
(ii) If A< A, (Vn € N) in addition (for the symbol =<, see the paragraph just before
Theorem 3.5), then

lim Tre ' = Tre™'4 (B.3)
and
lim ||e”*" — e ™|, = 0. (B.4)

In particular, for all B € B(H),

lim Tr (Be ") = Tr (Be™'4). (B.5)

n—oo

Proof. (i) The assumption for {4,}, implies that A is bounded below with A > c.
Hence, by a general convergence theorem [10, Theorem VIII.25(a), Theorem VIIL.20(b)],

s- lim e = 74, (B.6)

n—oo
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Let {e;}2, be a complete orthonormal system of H. Then , for all N € N, Tre~*» >
Zszl <€k, e_tA"6k>. Hence

n—oo

N
Ty > liminf Tr e tAn > Z <ek, e_tAek> )
k=1
Taking the limit N — oo, we obtain

o0
Z {ex, e’tAek> < liminf Tre " < T4,
k=1

n—oo

Thus e~ € J;(H) and (B.2) holds.

(ii) It follows from A < A,, (Vn € N) and the min-max principle (cf. [13, p.364, Prob-
lem 1]) that Tre~*4» < Tre~* for all n € N. Hence limsup,, . Tre " < Tre~*4. By
this fact and (B.2), we obtain (B.3). Since e~*» and e~*4 are positive self-adjoint, (B.4)
follows from (B.6), (B.2) and Griimm’s convergence theorem [16, Theorem 2.19]. Formula
(B.5) follows from the well known inequality |Tr (BT)| < ||B||||T||: (VB € B(H),VT €
31 (F0)). |

Lemma B.3 Let A be a nonnegative self-adjoint operator on H such that, for all t > 0,
e e Jy(H). Let B (j=1,...,n) be a linear operator on H which is relatively bounded
with respect to A% with some a; € [0,1). Let

¢j = ||B;j(A+1)"%|, d;:=max\¥e? (B.7)

A>1
and 0 < 81 < 89 < --- < 8, <t. Then the operator
K(s1,...,8,) = e 14 Be (2msAR, Lo (Bnmsn)A R o= (tsn)A (B.8)

is in J1(H) and
- 4% c;d;
1K (51, sl < e le M [ [ (B.9)
jHl (841 — 85)%
where sp11 := 1.

Proof. Throughout the proof, we set K := K(s1,...,s,). Let

K

= 6_(5]'_5]'—1)‘4/2Bj6_(5j+1_Sj)A/Q (j=1,...,n)
with sg := 0. Then we have
K = e_SIA/QK]_KQ L. Kne_(t_Sn)A/2.

On the other hand, Bje*(sﬂrsg')A/ 2 is bounded, because it is the product of two bounded

operators:
Bje—(8j+1—5j)A/2 =Bj(A+1)"% . (A+ 1)%6—(83‘“—81)14/2_
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Hence K; is trace class. Therefore K is trace class.
As usual for a bounded linear opeartor T and p > 0, we set ||T]|, := (Tr|T|P)/? (the
Schatten p- norm) By Hélder’s inequality for the trace norm [16, Theorem 2.8], we have

s1/t
1KLL < Jlet 23 HHK [

We note that
HKj||t/(Sj+1—sj) < He (sj+1—8; A/4||t/(83+1 s])He (sj— sj,l)A/szef(stfsj)AMH
— ||€—tA/4||1Sg+1 Sy)/tHe (sj— SJ_I)A/QBje_(Sj+1_$j)A/4||.

Hence "
1K, < He_tA/A‘Hl H He—(sg-—sg-fl)A/2Bje—(5j+1—sg')A/4H.

j=1
For all r,s > 0, we have
e 4B = e B (A+ 1) (A + 1) e
e""
S dej o .
Thus (B.9) follows. ]

Lemma B.4 Let A be a nonnegative self-adjoint operator on H and B be a symmetric
operator on H which is relatively bounded with respect to A. Suppose that A + B is
self-adjoint and bounded below. Then, for allt > 0,

t
p—HA+B) _ —tA _ / e_SABe_(t_S)(A+B)dS, (B.10)
0

where the integral on the right hand side is taken in the sense of strong Riemann integral.

Proof. A simple application of a general formla in perturbation theory of semi-groups
(e.g., [8, p.502, (2.22)]). ]

The following theorem gives a mathematically rigorous basis for the heuristic pertur-
bation expansion for e A58 in the trace norm:

Theorem B.5 Let A and B as in Lemma A.1. Suppose that, for allt > 0, e € J;(H).
Then, for allt >0, e="A*B) s in I, (H) and

o0 t t t
eTHATE)  — mtA Z(—l)”/ dsl/ dsg - - / ds,
n—=1 0 51 Sn—1

we S1ABe(s2=s1)AR | o=(sn—sn-1)A g—(t—sn)A (B.ll)

in the trace norm. Moreover, for all bounded linear operators S on H,

Tr (Se’t(AJ“B)) = Tr ( *tA +Z /dsl/ dsg - - / ds,,

xTr (Se slABe - AR ... em(enmsn-)Ape=lizsn)d) (B 12)
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Proof. By Lemma A.1, A+ B is self-adjoint and bounded below. As is shown in the
proof of Lemma A.1, B is infinitesimally small with respect to A. Hence, for all k > 0,
kA + B is self-adjoint and bounded below. Let 0 < k < 1 and write

A+B=(1-k)A+ (kA+ B).

For all t > 0, e~ t(17K)A/2p=t(rA+B) o=t(1=K)A/2 i5 trace class. Hence, by a general theorem
[13, p.320, Corollary], e #4+5) is trace class. Iterating (B.10), we have

N
e~ tA+B) e’tA+Z( /dsl/ dsg - - / ds,,
B-

xe SlABe s2=51)4 “lnmseApe=(te)d L Ry, (B.13)

where
t t t
RN = (—1)N+1/ dSl/ dSQ N / dSN+1
0 S1 SN
we S1ABe=(s2=s1)AR | o= (sNt1=sN)A Bo—(t=sn41)(A+B)
By Lemma B.3, e =14 Be~ (27504 ... e=(sn=sn-1)ARe=(t=sn)A () < 5 < ... < 5, < 1) is
trace class and
HefslABef(@fsl)AB . (sn Sn— 1)AB6 (t— sn)AH < etc«nHeftA/4” H 1 ’
5]+1 - 5])
(B.14)
where C':= || B(A 4 1)7|| - 4% supy>; A%
It is easy to prove the following integral formula:
¢ 1 B(1—-p,1—gq)
ds = ’ , 0<a<t,0<pqg<l1, B.15
| emapm = e O<e<n0Spa (49)

where B(-,-) is the Beta function. Using this formula, we obtain

/ dsl/ Az / a1 U sml 5)° _n(1—Fo(jr_(noan—a))tn(l_a)’

where I'(+) is the Gamma function. Hence

t t t
/ ds; / dsg - - / dsn||e_51ABe_(52_51)AB e e_(S"_S"*)ABe_(t_S")AH1
0 s1 Sn—1

_ (1l —a)” B
< JtOm||e—tA/4 n(l-a)
s e Cle Hln(l —a)l'(n(l — a))

Thereore, each term in the sum Z _, on the right hand side of (B.13) is trace class. ;From
the proof of Lemma B.3, we see that (B.14) with (¢ — s,,)A replaced by (t — s,)(A + B)
holds. Hence Ry is trace class and

F(l _ a)N—i—l

J(N+1)(1-a)
(N+1)(1—a)T'(N+1)(1 —a))

1Rylly < e'CNHHle 41y
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As is well known (e.g., [19, p.279]),

D((N + D)1 - ) ~ V2me VOO (N £ 1)(1 - a)) VD002 (N -, o),

Hence it follows that limy_ ||Ry|l1 = 0. Thus (B.11) holds in the trace norm. Formula
(B.12) follows from the continuity of the mapping Tr (S-) on J;(H) and estimate (B.14)
which allows one to interchange between the trace operation Tr and the iterated integral

Jydsy [fdsy- [0 ds,. .
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