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Abstract

We consider the motion of the N-vortex points that are equally spaced
along a line of latitude on sphere with fixed pole vortices, called “N-ring”.
We are especially interested in the case when the number of the vortex points
is odd. Since the eigenvalues that determine the stability of the odd V-
ring are double, each of the unstable and stable manifolds corresponding to
them is two-dimensional. Hence, it is generally difficult to describe the global
structure of the manifolds. In this article, based on the linear stability analysis,
we propose a projection method to observe the structure of the iso-surface of
the Hamiltonian, in which the orbit of the vortex points evolves. Applying the
projection method to the motion of the 3-ring and 5-ring, we characterize the
complex evolution of the unstable odd N-ring from the topological structure
of the iso-surface of the Hamiltonian.

PACS: 47.32.Cc, 47.20.Ky, 05.45.-a
Keywords: Vortex points; Flow on a sphere; Heteroclinic manifold; Projection method

1 Introduction

In the mathematical study of fluid motions on Earth, we often assume that the
incompressible and inviscid flow is confined to the surface of the sphere. Since the
vorticity is conserved along the path of a fluid particle like two-dimensional flows,
it is sufficient to consider the coherent local regions where the vorticity exists at
the initial moment. The following element we need to introduce is the effect of
rotation of the sphere. However, because of the Coriolis force due to the rotation,
not the vorticity but the potential vorticity becomes the conserved quantity[1].
Accordingly, it is insufficient to consider only the coherent initial vortex structure,
since the vorticity generates and disappears everywhere in the sphere during the
evolution. Thus, in this article, instead of dealing with the Coriolis force directly, we
incorporate two vortex points fixed at the poles of the sphere as an effect of rotation,
and then investigate the evolution of coherent vortex structures. In this model, the
effect of the Coriolis force is approximated just locally and no global interaction
between the vortex points and the background flow is taken into consideration,
which is a substantially different point from the real atmospheric flow. However,
this is a simple model for the fluid motion on the sphere with the rotating effect,
to which the analytic techniques for the two-dimensional flows are available.



One of the coherent vortex structures is a vortex sheet, which is a discontinuous
surface of the velocity field. Numerical study of the vortex sheet on the sphere with
the pole vortices[18] indicates that it evolves into a structure with many rolling-up
spirals whose centers are arranged equally along a line of latitude and that the
number of the rolling-up spirals depends on the strengths of the pole vortices. In
order to describe further long time evolution of the vortex sheet, by concentrating
all the circulation contained in each of the spirals in its center point, we consider
the motion of the vortex points that are equally spaced along the line of latitude.
That is to say, let (O,,, ¥,,) denote the position of the mth vortex point in the
spherical coordinates. Then the N-ring is represented by

Om =0,  Tm=22" —12....N. (1)
N
We call this polygonal configuration “N-ring”. Generally speaking, since each of
the spirals has different size, we need to consider the motion of N-ring with various
strengths. However, for the sake of simplicity, the strengths of all the vortex points
are assumed to be identical, say I', in the present paper.

The equations of the N-vortex points on the sphere with the pole vortices are

given by

r & sin ©; sin(¥,, — ¥;)

On = —— , 2
47 md 1 — cosym; (2)
O I L cos O, sin O cos(¥,,, — ¥;) —sin ©,, cos O
sin®,,¥,, = ——
47 md 1 — cosym;

't sin®,, Iy sin®©,
A4711 —cos®,, 4ml+4+cosO,,’

m=1,2,--- N, (3)

in which 7,,; represents the central angle between the mth and the jth vortex
points, and

COS Yimj = €08 Oy, cOs O + sin O, sin O cos(V,, — ).

The strengths of the north and the south pole vortices are denoted by I'; and I'y
respectively. The equations define a Hamiltonian dynamical system in the phase
space Py = [0,7]N x (R/2xZ)" c R2N [8, 14], whose Hamiltonian is given by

r2 NN
Z Z log(1 — cos¥ym;)
m= 1]7$m
F r F Tr
- Z log(1 — cos ©,,) — 2 Z log(1 + cos O,). (4)

Note that the system has the invariant Zﬁzl cos ©,, due to the symmetry with
respect to the rotation around the pole.

The stability of the N-ring on the sphere has been studied in many papers. Lin-
ear stability of the polygonal N-ring on the sphere was investigated by Polvani and
Dritschel[16]. Then, Pekarsky and Marsden[15] studied the nonlinear stability of
three vortices with arbitrary strengths, including the 3-ring, by the energy momen-
tum method. Boatto and Cabral[2] carried out the linear and nonlinear stability
analysis of the N-ring on the sphere in the sense of a sufficient condition due to
Dirichlet. They showed that the range of the nonlinear stability coincided with that
of the linear stability. Kurakin[9] recently considered the nonlinear stability in the
sense of Routh and complemented the stability analysis of the N-ring on the sphere.



The periodic orbits observed in the N-vortex points problem have become an
important theme recently[11, 19, 21]. Souliére and Tokieda[21] and Laurent-Polz[11]
gave algebraic methods to find periodic orbits and heteroclinic connections by re-
ducing the system with its symmetry. In the paper [19], all the eigenvalues and
their corresponding eigenvectors of the linearized equation for the stationary N-ring
configuration were obtained, with which the even N-ring system was successfully
reduced to an invariant two-dimensional integrable system. The reduced system
showed the existence of the possible periodic orbits when the N-ring became un-
stable. In the present article, we generalize the techniques based on the linear
stability analysis in order to understand the complicated evolution of the unstable
odd N-ring.

Now, we review the results of the paper[19], which are required to describe our
method. Substituting (1) into the equations (2) and (3), we obtain

in which

'y =Ty (F1+P2+27T)C0590 1 cosby
%(N) = ) 2 - T o, -
47 sin” 0, 47 sin” 0y 2N sin” 0y
Hence, it is a steady solution in the spherical coordinates rotating in the longitudinal

direction with the constant angular speed Vp(IN). When we perturb the steady
solution,

2
Onlt) = b0+ ebn(t),  Tult) = T= + (Nt +epun(t),  e<1,  (5)

then we have the linearized equations of O(e) for the perturbations:

N

; 1 Pm — Pj
0m - s Z o J K] (6)
2N sin 6y ot 1 —cos FF(m — j)
N
. 1 O — 0;
Som = Z o J R +BN97TL' (7)

2N sin® 6 ot 1 —cos F(m — j)

The parameter By is represented by

_1+cos’ly  ki(1+4cos?y)  kocosby

B - - - .
N T 9N sin® 6, 2 sin° 0, 2 sin° 0,

in which k1 and ko are the equivalent parameters to I'y and I's defined by

Iy +Ty+27m I )
= - Rg = .

2 ’ s

K1

The eigenvalues of the linearized equations (6) and (7) are given explicitly as
follows[19].

Theorem 1. Forp=0,1,--- ,N — 1, the eigenvalues )\;,t are represented by

)\;t ==/ EpNps 9)
in which N ) N )
p —p p —p

A ) = " 1 Bn. 10

& 2N sin 6y’ "l 2N sin® 0y BN (10)



The expression (9) indicates that AT = 0 and /\Z:,t = /\]ivfp. Hence, when N =

2M , there exist zero eigenvalues /\gE = 0, double eigenvalues /\;,IE forp=1,--- , M—1,
and simple eigenvalues )\E. When N = 2M+1, we have zero eigenvalues )\Oi = 0and
double eigenvalues )\ff forp=1,---, M. Hence, the multiplicity of the eigenvalues

)\ij is different.
If £,mp < 0, then A, is pure imaginary due to (9). Therefore we have the following
stability proposition.

Proposition 2. Forp=1,2,--- , M, if n, <0, or equivalently due to (10)

pN—p2+1+c08290
N N

< k1(1 + cos® Bp) + ko cos By = k. (11)

then the eigenvalues )\pi are pure imaginary numbers and consequently they are
neutrally stable.

Note that the stability of the N-ring is determined by that of the largest eigen-
values, since the eigenvalues satisfy the following order due to (9),

M) < (M) << (A5)". (12)

Thus, it is the double eigenvalue )\]J\r/[ that becomes unstable when the odd N-ring
loses its stability. Hence, the unstable manifold corresponding to )@1 has the two-
dimensional tangent space, and thus the motion of the perturbed N-ring could be
complicated for the odd case. Actually, numerical computation of the 3-ring at
the equator[20] pointed out the existence of a heteroclinic structure in the high-
dimensional phase space, which results in a non-trivial recurrent evolution. In
the present paper, we confirm the numerical conjecture by a proposing projection
method.

This paper consists of five sections. In §2, we introduce a Hamiltonian projection
method, which makes it possible to project the iso-surface of the Hamiltonian on
two-dimensional eigenspaces. Applying the projection method to the 3-ring and
the 5-ring problems in §3 and §4 respectively, we investigate the complex evolution
from the structure of the iso-surface of the Hamiltonian. Summary and remarks are
given in the last section.

2 Hamiltonian projection method

Our projection method starts with the explicit representations of the eigenvectors
corresponding to A¥, whose proof was given in [19].

Theorem 3. The eigenvectors (gg and 1/7;} corresponding to the eigenvalues )\g for
p=20,---,M are given by

- 2 2
d}; = ! V é-pa gp COS —=P, "+, gp COS_(N_ ]-)pv
N N
2 2T
:I:\/T]—pv:l: Tlp COS Wpa 7:|: UPCOSW(N_ 1)p> ’ (13)
- 2 2
qb;:)t = ! <07 gpSin Wﬂ-pa ) é.PSanﬂ-(N_l)]%
. 2T .27
0,=+ npsmﬁp,--- , £ npsmﬁ(N— 1)p> . (14)



Noting that the eigenvectors have pure imaginary components if the eigenvalues
)\;,t are neutrally stable, namely n, < 0, we define the inner product of the two

vectors T =! (11, 72,...,2x) and ¥ =! (y1,92,...,yn) by
‘/f :17 leny?
m=1

in which y* denotes the complex conjugate of y. Then, we have the following lemma.

Lemma 4. The eigenvectors 1/7;} and (Eg,t satisfy
(W @) =0, (b 0g) = (6;,65) =0 forp#q,
- oo N - - N
() = (@), 6y) = 5 (& — Inp]). [y 12 =16y > = 5 (& + Inl)-

N—-1 ., 1-wl 2nlp
Proof: 1t follows from the formula }—qwy" = 7= = 0 for w, = e~ that

m=0"p 1
i 27Tmp Nl 2rmp
Si =0 =1,2,---,N—1. 15
Z cos mz::l sin — , p=1,2,--, (15)
Hence, we have
e = 2mmp | 27mg
ST . )
( P 7¢q ) - ( é-pé-q + \/%\/77—11 )le::l COS N sSin N
1 - 2rm(p + q) 2rm(p — q)
- SWEE Vi) Y (s D g, 200,
m=1

and for p # ¢

N-1
- - 2Tmp 2mmg
Wi 08) = (V& £ i) Y cos = cos T
m=0
N—

H

= \/ Epq = \/77—1?\/_ ) Z

2T + 27 —
<COS m(p +q) . m(p Q)) 0.
=0

N N

Similarly, we obtain
= 27Tmp
W) = (&£ mp)) Z

N—

4 N
= fp =+ |np]) Z ( me + 1) = E(gp = |1p])-

In the same way, (5;;, 52[) =2 £ 1)) O

In what follows, we assume that the number of the vortex points is odd, say
N = 2M + 1. Then, since the eigenvectors Jff and (;5? forp=1,---, M are linearly
independent, they form the basis of the 4M-dimensional subspace of R?YN. A basic
idea of the Hamiltonian projection method is to express the motion of the N-ring
by the linear combination of the eigenvectors, and so two more linearly independent
vectors are required, which are simply provided in the following lemma. The proof
is straightforward in view of (15).



Lemma 5. Let 5i be defined by

- 1
ci:ﬁ b(1,1,--- 1,41, £1, -, £1).

Then, they satisfy ( _);'[,C_)i) =0, (%,ﬁ) =0 and (CTUF,C_L) =0.

Now, let the position of the vortex points & = (01,09, -+ ,On, ¥y, Uy, -+, Uy) €
Py be represented by the following linear combination of the eigenvectors and the
complementary vectors.

7=F+ Z ap b 4 byl + cpbt + dpdy ) + el + £ (16)

in which ap, by, cp,dp, e, f € C, and &y denotes the odd N-ring equilibrium, which
is represented by

21 Am 2rM 2w M 4r 2w
o= | 0,.0n.--- .0, PO 17
xo 0,Y0, ) 0707N7N7 ) N ) N ) ) N7 N ( )

M M

N

Here, we adjust the equilibrium configuration longitudinally so that ¥; = 0 for the
sake of analytic convenience. Then, it follows from Lemma 4 and Lemma 5 that
the coefficients are represented by

ap = 21\%5,, (% — T, :;4' :;) + 2N}n,,\(f_fo’1€; _@7)’
by = 21\%5,, (% — T, ;+¢;) - 2N1n,, (f_fo’¢; =),
Cp = 2]\}517 (T — Zo, _);r +$;) + gNl\np\ (T — Zo, _);r (;;)7 (18)
dp = 21\}51, (f_fov‘;;r +¢17) - 2N1\np\(#_f0= M ‘;;)7

Therefore, the constraint conditions for the projection of the evolution of the vor-
tex points on the two-dimensional phase spaces spanned by ¢, ¢F and (* are
equivalent to

@j’[: aq:qu()(q;ép), Cq:dq:O(VQ)v e=f=0,
Hi: CLq:bq: (VQ)v Cq:dq:O (Q7ép)a e=f=0, (19)
CE aq = by =0 (Vg), cq =dg =0 (Vg).

Substituting (13), (14) and (17) into (19), we rewrite the constraint conditions for
the projection as follows.

Proposition 6. The motion of the odd N -ring projected on the two-dimensional
phase space spanned by w;t satisfies the following constraint conditions;

N 2mq N 2mq
s—(k—1) = v —(k-1)=
k§:1@k cos —= (k—1)=0, § ) COS (k ) =0, (¢ # p),
o 2m M 7T
];:2 Oy sin Wq(k -1)=0, E Uy bln —(k-1)=2 l;: N sm k, (Vq),

N
Z@k:NGO, Z\szo.
k=1 k=1

(20)



Proposition 7. The motion of the odd N-ring projected on the two-dimensional
phase space spanned by Q% satisfies the following constraint conditions;

2
WU}, cos %q(k —-1)=0, (Vq),

WE

al 2m
kZ_l@kCOS Wq(k -1)=0,

E
Il
—

WE

al 2mq
Z@ksinw(k— 1)=0,
k=2

N

Y O =Nby,

k=1

2mq M 2 2mq
q/kslnw(k—l):2;ﬁk51nwka (q#p)v

E
[|
v

Uy

NE
I

E
Il
—

(21)

Proposition 8. The motion of the odd N-ring projected on the two-dimensional
phase space spanned by (T satisfies the following constraint conditions; For 1 < ¢ <
M, they are

N 2w N 2
E @kcos—q(k—l):o, E \Ilkcos—q(k—l):O,
M 7r
E @ksm— -1 E \I/kbln— —-1) —2];_ N sm—k

(22)

Since the perturbed N-ring evolves in the iso-surface of the Hamiltonian embed-
ded in Py, and hardly grows in the directions of the neutrally stable eigenvectors,
we project the iso-surface of the Hamiltonian on the planar phase space spanned by
the pair of the unstable and the stable eigenvectors with the above constraint condi-
tions in order to observe the unstable evolution of the N-ring. Generally speaking,
the projection conditions (20) and (21) just restrict the system to the eigenspaces,
and fail to reduce the N-ring system to the two-dimensional invariant dynamical
system. That is to say, the projected iso-surface of the Hamiltonian disagree with
the actual orbit of the N-ring evolution. In addition, since the projection is based
on the local expansion (16), it also provides us with a little information on the
global structure of the iso-surface of the Hamiltonian. However, as we will see in
the following sections, applying the projection method to the 3-ring and the 5-ring
cases, we can describe their complicated evolutions when the largest eigenvalue )\L
becomes unstable from the projected iso-surface. In particular, for a special 3-
ring system, the projection method successfully reduce the system to the invariant
two-dimensional dynamical system, from which we can show that there exists a
heteroclinic orbit in the high-dimensional phase space.

Finally, we mention the meaning of the projection of the iso-surface of the Hamil-
tonian on the special subspace spanned by 5*. It is easy to rewrite the constraint
conditions in Proposition 8 in a simpler form.

Corollary 9. The constraint conditions (22) are equivalent to

01 =03 =--- =0y, (23)
U+ 21, 2<j<M+1,
v _{\Ill—%(N—jer M+2<j<N. (24)

Proof: Tt follows from (15) that the condition (23) satisfies the equations for the
O-variables in (22). Next we can show that the condition (24) solves the equations



for the W-variables as follows:

ol 2mq N 2mq
kz_l\llkcosw(k— 1) = Z (\Ifl—i— - —1)) COST(k— 1)

=1

N
+ Z (llll—%r(N—kH—l))cos%(k—l)

k=M+2
a 2mq Wl or q
= \I’l;COST(k—l)—&-Zgﬁ(k—l)cos—(k—l)
N
2 2
- Z J;T(N k+ )cos%(k—l)
k=M+2

The first term becomes zero due to (15).In the last term, exchanging the variables
ktok" by N—k+1=Fk —1, we have

Nl on 2mq Nl on 2mq
= _ =71 _ _ = I =71 _ Lt
ZN(k 1) cos == (k = 1) ZN(k 1) cos <= (N =k +1)
k=2 k/=2
M+1 M+1
2m 2mq 2r ., 2mq ., _
k=2 k/=2
In the similar way, we obtain
N M+1
. 2mq 2m . 2mq
Z\Ilksmw(k—l) = Zﬁ(k—l)smw(k—l)
k=1 k=2
M1 q
_ !/
Z n =5 (N —#+1)
k=2
i 27T
= 2 Z — 1) sin —L(k — 1)
k=2

Imposing the constraint conditions (23) on the Hamiltonian (4), we have the pro-
jected Hamiltonian H X

2 NN
H _ _S_mZ:; g(1 — cos® ©; — sin” O cos(¥,, - ;)

F r T
Nlog(l —cosOq) — %Nlog(l + cosO1).
m

Since (24) indicates that ¥,, — U; is independent of ¥, the projected Hamiltonian
depends only on the variables ©;. Hence, the contour of the projected Hamiltonian
in the phase space (01,V;) is equivalent to a straight line, ©; = Constant. In
addition, the constraint conditions (23) and (24) indicate that when the orbit of
the vortex points intersects the ¢ & -plane, the vortex points form the N-ring config-
uration. In other words, if the distance between the orbit and the ( CE -plane, defined



by

AL ’f— Zo — eCt — fgl’
N M
= D) Z {fp (|% + b2+ [ep + d;|2) + [y (|ap —bp? + lep — d;|2)}’
p=1

vanishes, the configuration of the vortex points becomes the N-ring.

3 Heteroclinic connections in the 3-ring

Then N = 3, the constraint conditions in Proposition 6 and Proposition 7 are
equivalent to

O, — O3 = 0, 20; — 0, — 03 = 0,

15:‘: . ©14+065+0603 = 30, é'i . ©1+ 635 + 63 = 36y,
L \IJQ—\I/:,) = %7‘(’, L 2\111—\112—\113 = O,
Uy 4 Uyt Uy = 0, Uy 40y + Wy = 0.

Solving the equations, we have the relations between the variables as follows.

Ji . 01 = 36y — 202, O3 = O, (;i . ©1 =10y, ©O3=20)— 6,,
PPl O ==20p+5m, Ug=Uy—37m, 1| =0, Ug=-U,

Substituting these relations into (4), we have the following projected Hamiltonians;

2

Hu‘;li = —F— log (1 — c0s(30p — 203) cos Oz — sin(30y — 204) sin O cos (3\112 — %ﬂ'))

1
- log 1—cos2@y+ = 5 sin® @2)

—4— log(l — cos(30p — 203))(1 — cos O3)?
7

—E log(1 + cos(36p — 202))(1 + cos O)?,

and

P2
Hq;‘i = ——log(l — cos By cos Oz — sin by sin O cos Vs)
1 47

2

—Z— log(1 — cos By cos(20p — ©2) — sin by sin(20y — O2) cos Vs)
T

2
—Z— log(1 — cos O3 cos(26y — O2) — sin Og sin(20y — O2) cos 2Vs)
r
- log(1 — cosfp)(1 — cos O2)(1 — cos(20p — ©2))
™

—E log(1 + cosfp)(1 + cos O2)(1 4 cos(20p — O2)).

We plot the contour lines of H, e and H 5= in the (Uq, ©2)-plane to see the global
structure of the iso-surface of the Hamiltonian. When plotting the contours, we

2
3

- log (1 — c0s(30p — 203) cos O2 — sin(30y — 204) sin O cos (3\112 — =T

))



must note that the variable ©2 moves in the range of [0,7] N [§(360 — 7), 36,] for

Huyli, and [0, 7] N [20 — 7,26 for Hqgli respectively, due to 0 < ©1,05,03 < .

According to Proposition 2, the stability of the largest eigenvalues )\f changes
at Kk =1+ 3 cos? 6. Hence, we show the contour plot of the projected Hamil-
tonians for the unstable case, k < 1 4 %cos?fy. Figure 1 (a) and (b) show
the contour plots of H~1i and H TE respectlvely, when (I'1,T'g) = (—0.2m, —0.27)

and the 3-ring is located at the equator, i.e. 6y = 7. In Figure 1 (a), the re-

stricted iso-surface departing from (s, @2) = (:2,)77 Z), which corresponds to the
original 3-ring configuration (%, 7, g,O s, ) € IE”3, connects to another 3-ring
equilibrium (¥, 02) = (%W, 5), which is the mlrror symmetric 3-ring equilibrium

(5,%5,5,0, %71’, %W) As a matter of fact, when I';, = I's and 6y = 7, the projection
condition to the q_S'li—plane reduces the 3-ring system to the invariant two-dimensional
system embedded in the high-dimensional phase space, since substitution of the con-
dition to the original equations yields @1 =0, 92+©3 =0, \111 = 0 and \1124—\1/3 =0.
Hence, the contour line in Figure 1 (a) agrees with the actual orbit of the three vor-
tex points, which indicates that there really exists the heteroclinic orbit connecting
between the 3-ring and the mirror symmetric 3-ring. On the other hand, while the
projection condition to the wl -plane does not reduce the dynamical system, the
restricted iso-surface in Figure 1 (b) has the heteroclinic connection between the
3-ring and the longitudinally shifted 3-ring equilibrium, (3,%,%, 27, —27,0) € Ps.
Then, when the unstable 3-ring is slightly perturbed, the orbit of the perturbed
3-ring evolves in an iso-surface of the Hamiltonian in the neighborhood of the hete-
roclinic structure. We confirm the invariant two-dimensional dynamical system and
the heteroclinic connection of the iso-surface affect the evolution of the unstable
N-ring.

In order to observe the evolution of the perturbed 3-ring configuration quanti-
tatively, we use the distance L®. Since 11 > 0 when the 3-ring is linearly unstable
due to Proposition 2, all the coefficients aq, b1, ¢; and d; are real due to (13), (14)

and (18). Hence, the distance L?) is explicitly given by

LY = \/gél((m +01)? + (1 + dv)?) + gm((m —b1)? + (c1 = d1)?)

(201 — 02— 03)2 (02— 03)2 | (20; — Uy — U3)2 (Vg — Uy — 37)?
= 5 + 5 + G + 5 .

Here, instead of LEB), we introduce the following distance léB)

6 5 —|—651n 1 —|—551n 1

123):\/(2@1—@2—@3)2+(@2—@3)2 1‘.22\111—\112—\113 1‘,2\112_\:[/3_%7'(.

These two distances are the same in the sense that they measure the distance
between the orbit of the three vortex points and the (*-plane in P3. That is to
say, if I} = 0, then 20; — @y — O3 = Oy — O3 = 0, 20y — Uy — U3 = 4n7

and ¥y — U3 — %W = 4mmw for m,n € Z, which leads to L(g)

is 2m-periodic. Hence when lé ) = 0, then the three vortex points form the 3-
ring configuration. On the other hand, when the vortex points form the mirror

0 because ¥;

symmetric 3-ring configuration, we have lég) = @. Therefore, if lé =0or ‘[ , the
three vortex points form the 3-ring configuration.
The initial configuration of the three vortex points are given by

(©1(0), 05(0), ©5(0), ¥1(0), W5 (0), ¥3(0)) = Zo + e(ub; + (1 —pw)d7),  (25)

10



in which € = 1077 is the small amplitude of perturbation. The parameter p (0 <
1 < 1) denotes the ratio of the initial unstable direction, since the unstable manifold
is tangent to the plane spanned by ¢7 and 7 .

We show the evolutions of the perturbed 3-ring for various p. First, Figure 2
(a) shows the evolutions of cos©;, cos©®2 and cos©3 when the initial unstable
direction is g = 0.0. Since the initial perturbation lies in the neighborhood of the
two-dimensional invariant dynamical system the gf—plan& the evolution follows
the heteroclinic orbit in the two-dimensional reduced system at the initial time
interval. Indeed, the distance lég) shows that it stays zero up to around ¢t = 70

and then transfers to \/Tg at t = 100, which indicates that the 3-ring transforms to

the mirror symmetric 3-ring configuration. After then, due to the existence of the
unstable direction Jf transverse to the reduced system, the orbit eventually goes
off the reduced phase space and exhibits the complicated behavior. However, the
evolution repeat not periodic but similar pattern, in which the evolution sometimes
acquires the symmetry cos ©1 = 0 and cos ©2 + cos ©3 = 0, in other words ©; = 3
and ©2 + ©3 = m, at around ¢ = 400 and ¢ = 550. At ¢ = 400, the evolution

approaches the reduced invariant dynamical system in the (ﬁ—plane and follows in

the neighborhood of the heteroclinic orbit, since 1) moves near zero to @. At
t = 550, the distance is just approaching the mirror symmetric 3-ring equilibrium.
Second, we plot in Figure 3 the evolutions of (a) cos ©1, cos ©4 and cos O3, and

(b) the distances l?) for = 1.0. Although the direction of the perturbation Jf[

is transverse to the Jf—plane, the evolution repeats similar pattern like p = 0.0.
The orbit approaches in the neighborhood of the hetercolinic orbit in the reduced
dynamical system. Actually, the distance lég) transfers from near @ to zero at
around ¢t = 280. These two examples indicates that there exists an orbit of the
perturbed 3-ring returning to the invariant dynamical system.

Third, we plot the evolutions of cos®1, cos©2 and cos O3 in Figure 4. They
show periodic behavior and enter in the vicinity of the zero-line periodically, at
which the three vortices forms the 3-ring equilibrium at the equator. The periodic
evolution occurs when the orbit evolves in the closed iso-surfaces inside the hetero-

clinic connections in the restricted Jli and the reduced qgf—planes. The evolution of

the distance lég) in Figure 4 (b) shows that it approaches zero when both cos ©1 and
cos ©2 get into the neighborhood of the zero line. Hence, the three vortex points
return to the original 3-ring configuration periodically.

The above three examples support the heteroclinic connections affect the evo-
lution of the unstable 3-ring at the equator. On the other hand, however, since the
orbit of the perturbed 3-ring is just a one-dimensional curve evolving in the four di-
mensional iso-surface of the Hamiltonian, it does not always follow the heteroclinic
orbit nor return in the neighborhood of the invariant dynamical system. Actually,
as we see in Figure 5 showing (a) the evolutions of cos @1, cos O4 and cos ©3 and
(b) the distance for p = 0.7, while the distance occasionally approaches near zero
or \/Tg’ the evolutions look very irregular. Thus, the evolutions of the perturbed
3-ring also depends on the initial distance of the perturbation.

The heteroclinic connection of the iso-surface of the Hamiltonian is still observed
when the 3-ring is located at another latitude. Figure 6 shows the contour plots
of (a) H o and (b) H T and (c) the evolution of the distance léB) with the initial
direction p = 0.2 when the 3-ring is located at 6 = 7 and the strengths of the pole
vortices are given by (I'1,I'2) = (—0.3w, —0.47). Since the projection condition to
the (Eli—plane no longer reduces the system to the two-dimensional invariant dynami-
cal system, we conclude nothing about the existence of the heteroclinic orbit like the
previous case. However, since both of the restricted iso-surfaces of the Hamiltonian
departing from the 3-ring in Figure 6 (a) and (b) have the heteroclinic connections
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(b)

Figure 1: Contour plots of the projected Hamiltonians (a) Hgz« and (b) Hg=
1

1

in (Uy,02)-plane, when the 3-ring is located at the equator for (I'y,I') =
(=0.2m,—0.27). The circle in the figures denotes the steady 3-ring.

with the mirror symmetric 3-ring and the longitudinally shifted 3-ring respectively,
the orbit of the perturbed 3-ring is governed by the heteroclinic structure. Indeed,
the distance léB) for the evolution of the perturbed 3-ring for 1 = 0.2 in Figure 6 (¢)
shows that it evolves regularly with returning to the 3-ring configuration.

4 Homocllinic connections in the 5-ring

When N = 5, solving the constraint conditions in Proposition 6 and 7, we have the
following relations between the variables:

01 = V500 + (1 — v/5)Oq, 01 = —V50p + (1 — /5)04,
03 = 5(5—V5)0) — 5(3 - V/5)0s, 03 = 5(5+5)00 — 33+ V5)0Os,
@4:%( —V5)bo — 5(3 — V5)0s, 04 =305+ V5)0 — 5(3+ V5)Os,
o O5 = O, 5E O5 = O3,
2 ‘If1=(1—\/5)(‘1’2—%77)7 b ‘I’1=(+\/_)(‘1’2— =),
Uy = 2m— $(3—V5)(¥; — Zm), Uy = 3r— —(3+f)(\11 ),
\I/4:—g7r——(3—\/5)(\112—%7r), \I/4=—g7r——(3+\/_)( 2 — 2m),
\115:\:[/2—%7'(, \115_\112—571'
and
©1 = b, ©1 = by,
93_90——(\/—+1)(@2—90) O3 = 0o + 1(v5 —1)(02 — bp),
O4=00+ 3 (\/—+1)(@2—90) 04 = 90——(\/5—1)(@2—90),
71 ) O5 =200 — 92, 71 ) O5 =200 — 09,
2y v, =0, T W =0,
Uy =2r—3(V5+1)(¥y — 2n), Uy =2r+ (V5 -1)(Vy — Zm),
Uy=—2n+2(V5+1)(¥2 — 27), Uy=—2r—1(V6—-1)(Uy—2
Uy = — W, Uy = W,

Substituting them into the Hamiltonian (4), we obtain the projected Hamiltonians

H JE H T H P and H 3 Linear stability analysis for NV = 5 indicates that the
2 1 2 1

largest eigenvalue AJ becomes unstable at k = (7 4 cos?6p) and A{ becomes

unstable at £ = £(5 + cos?6p). Thus we plot the contour lines of the projected

Hamiltonians H St and H b in (O3, ¥5)-plane when only the largest eigenvalue A\J

is unstable, namely 15+ cos2 00) < K < (7 + cos? 90) On the other hand, when

both of the eigenvalues \j and A\ are unbtable ie. (5 + cos?y) > K, we plot

the contour lines of H Sk H e H gt and H e We note again that we have to
2 2 1 1
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Figure 2: (a) Evolutions of cos ©1, cos O3 and cos©3, and (b) the distance ZEB) for
the perturbed unstable 3-ring at the equator when (I'y,T'y) = (—0.27m, —0.27). The

dashed lines in (b) represent the value of 0 and \/Tg respectively. The initial unstable
direction is p = 0.0.
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Figure 3: (a) Evolutions of cos ©1, cos ©5 and cos O3, and (b) the distance Zég) for
the perturbed unstable 3-ring at the equator when (I'y,T'y) = (—0.27m, —0.27). The
dashed lines in (b) represent the value of 0 and \/Tg respectively. The initial unstable
direction is ¢ = 1.0. The evolutions repeat the similar pattern and the distance
lég) passes in the neighborhood of 0 or @ when both of the evolutions enter in the
vicinity of the zero-line.
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Figure 4: (a) Evolutions of cos ©1, cos ©3 and cos©3, and (b) the distance lé3) for
the perturbed unstable 3-ring at the equator when (I'y,T'y) = (—0.27m, —0.27). The

dashed lines in (b) represent the value of 0 and \/Tg respectively. The initial unstable
direction is p = 0.4. The distance approaches zero periodically.
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Figure 5: (a) Evolutions of cos ©1, cos @y and cos O3, and (b) the distance ZEB) for
the perturbed unstable 3-ring at the equator when (I'y,T'y) = (—0.27m, —0.27). The

dashed lines in (b) represent the value of 0 and \/Tg respectively. The initial unstable
direction is g = 0.7. The distance occasionally approaches in the neighborhood of
0 and %, but the evolutions look very irregular.
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Figure 6: Contour plots of the projected Hamiltonians (a) H o and (b) H g& in
(V3,O3)-plane, when the unstable 3-ring is located at g = § and (I'y,I'2) =
(—0.3m,—0.4m). The circles in the figures denote the steady 3-ring. (c) Evolu-

tion of the distance Zég) for 4 = 0.2. The dashed lines represent the value of 0 and

@ respectively.
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Figure 7: Contour plots of the projected Hamiltonians (a) H P and (b) H b in
(¥4, O2)-plane, when the 5-ring is located at the equator for (I'y,I'z) = (0.27,0.27).
The circles in the figures denote the steady 5-ring.

restrict the range of ©®5 by using the constraint conditions, due to 0 < ©; < 7 for
i=1,---,5.

Figure 7 shows the contour plot of the projected Hamiltonians H fres and H e

2 2

in (W, 0y)-plane for (T'1,T2) = (0.27,0.27), in which the largest eigenvalue A3

becomes unstable and the second largest Ali are neutrally stable. The projected

unstable and stable manifolds departing from the 5-ring return to the original po-

sition, which indicates that the iso-surface of the Hamiltonian has the homoclinic

connection in P5. On the other hand, when both of the eigenvalues A{ and A\J

become unstable, we plot the iso-surface of the projected Hamiltonians (a) H 5>

(b) Hd;zi, (c) H&li and (d) deli in Figure 8. In this case, the unstable and the

stable manifolds no longer correspond to each other, nor do they connect to other
5-ring configurations.

We see the equilibrium-like points along the line ©3 = 7 in the projected spaces,
but in fact they are not real equilibria except the original 5-ring. However, since
the homoclinic connection we observe in the former case is a local structure, we
expect that the homoclinic structure of the iso-surface of the Hamiltonian in the
neighborhood of the original 5-ring affect the evolution of the perturbed 5-ring,
even if the projection method is just a restriction of the system based on the local
expansion. On the contrary, as for the latter case, since we can hardly see any local
structure, the projection method fails to give any useful information of the structure
of the Hamiltonian.

5 Summary and remark

We have investigated the motion of the N-ring on the sphere when the effect of
the rotation is approximated locally by the fixed pole vortices. Since the linear
stability analysis o the N-ring gives the explicit representation of the eigenvectors
)\ff and their linearly independent eigenvectors 151‘;& and 52[ forp=1,---,M, it
is possible to express the orbit of the vortex points in the phase space Py as the
linear combination of the eigenvectors. The linear combination provides us with the
projection conditions, with which we can restrict the 2N-dimensional dynamical
system to the collection of the two-dimensional systems spanned by the pair of the
unstable and stable eigenvectors. Thus projecting the iso-surface of the Hamiltonian
to the restricted phase spaces, we observe the global structure of the iso-surface, in
which the orbit of the vortex points exists.

Since the projection method just restrict the high-dimensional dynamical system
to the two-dimensional eigenspaces, it is generally difficult to extract some infor-
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Figure 8: Contour plots of the projected Hamiltonians (a) Hgs, (b) H =, Hz= and
2 2 1
Hp+ in (2,02)-plane, when the 5-ring is located at the equator for (I',I'2) =
1
(=0.1m, —0.17). The circles in the figures denote the steady 5-ring.

mation of the original system by the restriction. However, in some specific cases of
the 3-ring and the 5-ring, the restriction indicates the local and global structures
of the iso-surface of the Hamiltonian help us characterize the unstable evolution;
Applying the projection method to the 3-ring at the equator with the same pole
vortices, we show the existence of the invariant two-dimensional dynamical system,
in which there exists the heteroclinic orbit. In addition, since the iso-surface has
the heteroclinic connection, when the unstable 3-ring is perturbed slightly, the pe-
riodic and the non-trivial recurrent evolutions are observed. However, since the
co-dimension of the orbit in the high dimensional iso-surface of the Hamiltonian is
high, the unstable 3-ring sometimes shows the irregular behavior depending on the
initial direction of the perturbation. In the similar manner, we apply the projection
method to the 5-ring case and observe the homoclinic connection of the iso-surface
of the Hamiltonian.

Finally, we remark the application of the projection method to the case of even
vortex points which has already been studied in [19]. As we stated in the introduc-
tion, the multiplicity of the largest eigenvalues )‘z\i/f is different from the odd case.
That is to say, the largest eigenvalues )‘z\i/f have just one eigenvectors ﬁjﬁ (= q_S)Ai/I) In
the paper [19], we successfully reduced the 2 N-dimensional dynamical system to the
planar system with the alternately palrlng condition introduced heuristically from
the symmetry of the eigenvectors ¢ 2. As a matter of fact, the alternately pairing

symmetry is justified by the projection method; When we apply the projection to
the even case, the orbit of the vortex points Z can be similarly expressed by the
linear combination of the eigenvectors 5;, 15} forp=1,--- .M —1, ﬁjiw and the

complementary vectors 5 + as follows:

M—-1
F=To+ami +buby + Y () + b0, + b +dpdy, ) +eCt +
p=1

The constraint condition to project the orbit on the two-dimensional eigenspace
spanned by w]iw are provided by solving a, = b, =c, =d, =0forp=1,--- ,M -1,
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and e = f = 0. Solving these equations, we obtain the alternately pairing condition.
Thus, unlike the odd case, the projection method always reduces the even N-ring
system to the two-dimensional invariant dynamical system regardless of the position
of the ring and the strengths of the pole vortices.
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