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We consider the activator-inhibitor Gierer—Meinhardt reaction-diffusion system of biological
pattern formation in a closed bounded domain. The existence and stability of a boundary
apike-layer solution to the Gierer—Meinhardt model, and it, so-called shadow limit, is analysed.
In the limit of small activator diffusivity, together with a large inhibitor diffusivity, an
equilibrium boundary spike-layer solution is constructed that concentrates at a non-degenerate
critical point P of the boundary. By non-degenerate we mean that every principal curvature
of the boundary has a local maximum at P, and hence the mean curvature at the boundary
has a local maximum at P. Rigorous results for the stability of such a boundary spike-layer
solution are given.

1 Introduction

In this paper we are concerned with the existence and the stability of stationary solutions
for the multi-dimensional reaction-diffusion system

0A ) AP OH 1 A" .
&ZCAA—,L!A"‘@, G§=;AH—VH+ﬁ mn QX]R+, (11)

0A OH

azain:() On@QXR+.
Here @ < RY is a bounded domain with smooth boundary R, and & denotes the
outer normal derivative. This system (1.1) was proposed by Gierer & Meinhardt [4] to
model biological pattern formation. The unknowns 4 = A(x,t) and H = H(x,t) denote
the concentrations of the biochemicals called an activator and an inhibitor, and ¢, 1, o, p
and v are positive constants. Here R, := {a|a > 0}, and 1 < p < ((N 4+ 2)/(N —2))4,
that, 1l <p<+4owfor N=1or2,and 1 <p < (N +2)/(N—2) for N = 3. We assume
that the exponents p, g, r and s satisfy

—1
p>1,¢>0 r>0 s=>0 and o<P— 2 T
s+1

To guarantee a certain symmetry of an operator on functional spaces, we will assume
throughout this paper that

(1.2)

r=p+1 (A0)
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For ease of notation, we define y as
y = p% —(s+1). (1.3)
It is easy to see that y is positive by assumption (1.2).

Numerical simulations of the Gierer—Meinhardt system (1.1) indicate that when et > 0
is small, this system seems to have stable stationary solutions with the property that the
activator concentration is localized around a finite number of points in Q. Moreover,
the pattern exhibits a “point-condensation phenomenon”: as ¢ decreases, the activator
concentration becomes increasingly localized to narrow regions around some points. As ¢
tends to O these localized region shrink to a few points where the maximum value of the
activator concentration tends to infinity.

There is also a solution where the activator concentration is localized around one point
on the boundary of Q. This steady state is usually called a boundary spike layer.

We define the variables u and v as

1 1
s+1\ -1y r [T
u:(# ) A and v:(,u > H.
v4 yp=1

Then u and v satisfy

ou u? ov 1 u’ .

E—SAM—M‘FU?, J&—;AU—U‘F; m QX]R+, (14)
ou v
&=&=0 on a.QX]R+.

The parameters s/\f, (/v)o, vt and ut are re-labelled with ¢, o, t and t. We call (1.4)
the full system. For reductions from general forms of the Gierer—-Meinhardt system, see
Ward & Wei [19].

If 7 tends to zero, then the diffusion coefficient of the second equation of this system
tends to infinity. Therefore, we can expect that v(x,t) tends to a spatially homogeneous
function £(t) which depends only on t. Then integrating both sides of the second equation
of the system (1.4) over Q together with the Neumann boundary condition, we obtain
the system

Oou u? dé 1 . .
a=82Au—u+g, aaz—é—l—g/gu(y,t)dy in Q@ xR, (1.5)
a—u =0 on 02 xR,.
on

Following Nishiura [8], we call the system the shadow system.

Ni et al. [13] showed that the so-called least-energy pattern, which corresponds to one
of the boundary spike layer solutions of the shadow system (1.5), is weakly stable if the
condition (AO) holds. Moreover, they showed that the least-energy pattern is stable if the
domain is an annulus. The stability of an interior spike equilibrium was also disscussed
by several authors [9, 18, 19, 20].

We now make one remark on the technique of the proofs that we use in the paper. In
our analysis of the stability of steady state solutions in the shadow system (see subsection
2.3) the key assumption (A0) leads to a certain linear operator that is self-adjoint. For
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the full Gierer—-Meinhardt system, without assumption (A0), the linearized operator is not
self-adjoint and the analysis is more difficult. In the case of the full system (1.4) complex
eigenvalues should be considered. The main technical results of this paper are Lemmas
4.4 and 4.6 dealing with complex eigenvalues.

In the present paper, we prove the stability of the boundary spike layer for the full
system (1.4). We prove that there is a constant o« > 0 such that a linearized operator
(L.r — ) of the full system (1.4) at a boundary spike layer is invertible in a certain
functional space for all A € 4,, where

A, = {i € C| Re(}) > —a). (1.6)

This paper is organized as follows: in §2 we state some results for a single semilinear
elliptic equation (2.1) and formulate main results, namely Theorems A, B and C, which
are concerning with the existence of a boundary spike layer of (1.4) (Theorem A) and
the stability of a boundary spike layer of the full system (1.4) and of the shadow system
(1.5) (Theorems B and C respectively). A brief sketch of the proof of these theorems is
given. In §3 we derive useful equalities which are used thereafter in §4 and 5. We also
give asymptotics for the eigenvalues of some problems (Lemmas 3.1 and 3.3). In §4 we
consider the invertibility of the linear operator (£.o — 1) for 4 € 4, and prove Theorems
A and C. In §5 we show that the linear operator (%, — 4) is close in some sense to the
linear operator (%.o — 4). Using this fact, we construct the inverse of (¥, — 4) for all
A € A,. This completes the proof of Theorem B. Some conclusion are made in Section 6.

2 Main results
2.1 Main theorems

Firstly, we define the functional spaces X, Y and C3™ as
0
X =1XQ), Y = {u(x) € HA(Q) ‘GZ =0 on ag}
and
ou ou

u —
" 0x;” 0x;0x

ou
on
Here x = (x1,X2,- -, xy) and 0 < d < 1. The functional space C* (0 < d < 1) is a standard
Holder space consisting of the functions that are uniformly Holder continuous with
exponent d in Q [5]. By (-, -) we denote the inner product in X as (u,v) := [, u(x)v(x)dx,
and [ul = (u, u).

Before we state our main results, we recall some results for the existence of a boundary
spike layer for the shadow system (1.5) [15]. Let di(x) = f‘vtfll u(x); then (u,&) € ¥ xR is
a solution for the shadow system (1.5) if and only if (&1, &) € Y x R satisfies

CYQ) (1 < jk <N),

CHH = {u(x) e CXQ)

=0 OHGQ}.

A

. 0
EAi—0+0"=0 inQ, #>0 on®Q and %:0 on 04, (2.1)

and
& z/f/dx. (2.2)
Q

From now on, we assume that (ii;, &) is a solution for (2.1) and (2.2).
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The problem (2.1) has been well-studies, and a number of important results were
obtained [3, 6, 7, 10, 11, 15]. Here we recall a simplified version of these results [3, 6],
which are sufficient for our purpose.

Proposition 2.1 [15, 6, 3] Let Py € 0Q. Suppose that Py is a critical point of the mean

curvature function H(P). Then if ¢ is sufficiently small, there exists a solution i1, for (2.1) such

that i, has only one local (and hence, global ) maximum point P,. Moreover, P, — Py € 0Q
q

as ¢ — 0. Therefore (17" i,(x), &) is a boundary spike layer for (1.5).

Wei [15] proved Proposition 2.1 under the condition that Py is a non-degenerate critical
point of the mean curvature function H(P). Li [6] has relaxed the non-degeneracy
condition. Del Pino et al. [3] proved the existence of the boundary spike layer for
semilinear elliptic equations with a general nonlinearity.

Definition 2.2 Let H(P) be a mean curvature at P € 0Q, and let G(P) := (0;04H(P)),
where 0; (i = 1,2,---,N — 1) denotes the (N — 1)-tangential derivatives. We will call here
the point Py a non-degenerate local maximum point of every principal curvature of 0Q if the
matrix —G(Py) is positive definite.

We are now in a position to state our main results.

Theorem A Suppose that the condition (A0) holds, N = 2, Py € 0Q is a non-degenerate
local maximum point of every principal curvature of 0Q, and (ii,(x), &) is a solution for (2.1)
and (2.2) such that the maximum point P, of ii,(x) tends to Py as ¢ — 0. Then for any small
e > 0, there is a 1« = 1.(¢) > 0 and an analytic mapping t© — (Uy.(X), v:-(x)) from [0, 7+)
into C3(Q) x C¥(Q) such that

(1) (Ugr(x),v:2(x)) is a solution for (1.4), and

(11) (“s,O(x)avs,O(x)) = (éé:pTI itg(X), 5&)

In the case N = 1, Takagi [14] proved existence of a boundary spike layer for the full
system (1.4) and the shadow system (1.5). For N = 2 or 3, Del Pino et al. [2] proved
the existence of a boundary spike layer for the original Gierer—Meinhardt system (1.5)
((p,g,7,8) = (2,1,2,0)) in the case that the critical point of the mean curvature function is
not necessarily non-degenerate.

Throughout the present paper we denote (4., v,.) and (u.0,v.0) as the boundary spike
layer solutions for the flqlll system (1.4) and the shadow system (1.5) respectively. In

p—1 A

particular, (uL‘,Oa Uc,O) = (& i1, &)

Remark 2.3 Theorem A indicates that (u,.,v..) tends to (u.p,v.0) in C,zv*'d X Ci,*d ast — 0.
Thus ||u..||L» and |v..| = are bounded for small . Since lim. ¢ v, — &l = 0 and
& # 0, |0z L+ 1s uniformly bounded away from zero for small 7. Thus Hugf/vgjl‘ L and
Hu’g';‘/vjﬂHLm are bounded for small 7. This fact will be used below in Sections 3, 4 and 5.
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Let vi’"o) (n > 1) be the n-th eigenvalue of the operator L. defined by (2.4) below under
the Neumann boundary condition repeated according to its multiplicity.

Theorem B Suppose that the condition (AO) holds. Then for any small ¢ > 0 there is

7. = T«(e) > 0 such that a boundary spike layer (u;.(x),v..(x)) for the full system (1.4) is
stable for all 0 < 1 < 1., if the three conditions

(s+1)2/ artdx (p-l—l)qlc/ 2dx
(A2) 6 < @ and (A3) o < e

v+ g [ iirax (=17 [ tax
Q Q

0
hold. Here i, is a solution for (2.1) and x = mln{(i) (2w )2}
Ve0 t
Moreover, in the case N = 1, (A2) and (A3) hold lfthe followmg (A2) and (A3)

(A1) 0"30 <1+s,

2
CrrD+I7 4 A3y o< 29"

A2Y
(A2) o+ 1) 1P

respectively hold.

In particular, the boundary spike layer given by Theorem A is stable if ¢ is sufficiently
small.

In this theorem and Theorem C below, by the term “stability” we mean that there is
o > 0 such that the set A4, defined by (1.6) is in the resolvent set of the corresponding
linearized operator.

For the case N = 1 a detailed analysis of the stability of a multispike equilibrium
solution for the full system was made by Ward & Wei [19]. In particular, they determined
conditions for which a symmetric k-spike equilibrium solution for the full system is stable.

For the case N = 1, the first and the second eigenvalues vl(;})) and v(%) are given in
Proposition 2.8.

Theorem C Suppose that the conditions (AO), (A1), (A2) and (A3) hold. For small ¢ > 0,
if either

(i) N=1, or
(i) N = 2, and Py is a non-degenerate local maximum point of every principal curvature of
0Q,

then a boundary spike layer (u.o(x),v.0(x)) for the shadow system (1.5) is stable.
Moreover, for N =1, (A2) and (A3) hold if (A2) and (A3) hold.

In particular, if ¢ is sufficiently small, then (A1), (A2) and (A3) are satisfied, and the
boundary spike layer is stable.

There are some results on the stability of an interior spike for the shadow system. Wei
[16] showed the metastability of a single interior spike for the shadow system provided
that either r =2 and l <p<1+4+4/Norr=p+1land 1 <p < ((N+2)/(N—2))+
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hold. That is, the real part of every eigenvalue of the associated linearized operator
with positive real part is exponentially small. In general, steady states of (1.4) and (1.5)
undergo a Hopf bifurcation as ¢ increases. Ward & Wei [20] analyzed the eigenvalues of
the linearized operator at an interior spike for the shadow system and showed that for
r=2and 1 < p <1+ 4/N eigenvalues cross into the right half-plane of the complex
plane as ¢ increases. They also found an upper and a lower bound for the critical value
of a.

2.2 The existence of a boundary spike layer

Provided that 7 is small, we can construct a boundary spike layer for the system (1.4),
perturbing a boundary spike layer for the shadow system (1.5).
We decompose the functional space C2+d in two subspaces W and W,

CH=w oW,

where Wy = span (1), W := C{™ nZ and Z = {u e CU Q)| [, u(x)dx —0} We also
decompose the unknown function v(x) as v(x) = & + {(x), where ¢ = [, v(x)dx and
{(x)e W.

We define a map & = (#,72,73) R xR x C3H x Wy x W — C'x W| x Z as

ub

&+

Fenuncd= [ (- (£+C))
Fonui ) = a0- w0 e+~

971(8,‘5,%/:,0 = SzAu —u+

(§+C)S

Here Q is the projection operator in C? onto Z. When (¢, 7, u, &, () satisfies Z (e, t,u, &,{) =
0, then (u,& + () € CHH x C3™ is a solution for the full system (1.4). Let (ug0,050) be
a solution for the shadow system (1.5). Then F (&, 0, Uy, 0, 0z0,0) = 0. The mapping F is
analytic. Therefore if D¢ )7 (€0, 0, g 0, V5.0, 0) is invertible, then by the implicit function
theorem for small 7 there is a boundary spike layer (u;, ., Us, ;) for the problem (1.4) which
is close to the boundary spike layer (u,, 0, Vs 0) for the shadow system (1.5) in C”d CfV*d.
It is shown in §4 that the linear operator D.# is invertible provided that the assumptions
of Theorem A are satisfied.

2.3 The stability of a boundary spike layer

We consider the stability of the boundary spike layer solution, assuming that this solution
exists. We linearize (1.4) at (u,.,v:.) and consider the eigenvalue problem

w\ ' _ug{;“ w\ ., (w
R (z) =t M (z) = (z) for (w,z) €Y x Y.
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Here
) pul;! 1
L =eA—-1+4+— and M., =-4—1— T (2.3)
Ve T vgj

For the case T — 0, this eigenvalue problem reduces to

u?
w Lzo _qu:? w w
v = s ) TE () 2a(2) e ey cm
n r{ug's ) 14s | \n n
als o
Here
puly!
Ly :=&*4—1+ gq (24)
>E

We show that there is o > 0 such that (¥, — Z) is invertible for all 1 € 4,. Let
(f,g) € X x X and consider the problem

e (2)-0)

This system is equivalent to the system

uf M, . 1 ru;!
(Low = ipw — D2 — . (/1 - ) z— 2l o (2.6)

s
e,T o Ua,r

The operator (A — M, /o) is invertible for 1 € A, provided that o is small, and therefore

M —1 M -1 1 rur—l
z=— (i — “) lg] + (i — S’T) [ i w] . (2.7)
o 9 o V.

Substituting (2.7) in the first equation of (2.6) gives

(Aers — Aw = F(f, 2), (2.8)
where
P -1 r—1
(Ayes — 2w = (Lye — iy — Lox (5 Mec) 2 I (2.9)
- : i o) |0 u.
and
qué},r M;:,z -
F(f.e) =f— <)»— ) le]. (2.10)
Vgt o

It is noteworthy that 4 appears in A..;. If (4., — A) is invertible, then (2.8) can be
solved with respect to w, and z can be found then by a backward substitution. Therefore
(Zer — )€ (Y X Y, X x X)) is invertible.

We have to show now that (4., —4) is invertible. Let yg’? (n = 1) be the n-th eigenvalue
of M,./o defined by (2.3) under the Neumann boundary condition, repeated according
to its multiplicity, and let ) be the eigenfunction corresponding to u"”) and satisfying
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|[wi||, = 1. From the eigenfunction expansion of (A — M,./a)~", we have

(A—=My /o)y =" L >w .

)
n=1 A=

We decompose the operator (2 — M,./a)~! in two parts,

—1 W) t
M, W M.,
(/1_ ) [-]=th£i’+<ﬂ~— ) [-]. (2.11)
o A — Uer ’ o
Here
+ .
M, . > Vet
j— e g :=§ ’ww}’? : X — X Nspan <1pflr)> : (2.12)
o y—
n=2 Hex

We will prove that ,u(” satisfies
lim o) = —1—s5, lim W = —oo for n>2. (2.13)

T—

On the other hand, from (2.12) it follows that

M.\
o

Here || - | #x.x) denotes the operator norm. From (2.14) and (2.13), it is easy to see

that
<, Mg,f>T
21—
o
PL(X.X)

Moreover, we can see by (2.11) that (A — M,./0o) is invertible for A € A4, provided that
7 > 0 is sufficiently small.
We decompose A4, ., as

1
ST for Re(2) > p2. (2.14)
sx) |Reld) —

lim
=0

= 0 uniformly for all 1 € 4,. (2.15)

Az;,r,/l = Le:,r + Bé:,r,/l + Rz;,r,%

. qus; [ ESTA
Be:,f,/lW = (/1 _ 'ug’lf))qurl <O' U;’ JP; T w::,r

Here

et

_oqub, M\ [ 1!
RE,T,;LW = a1 </1_ pu > [G Ug wi . (216)

&,T

and

Since for small © > 0 |[u?, /vfH!||, . and ||u;;'/v},|,. are bounded, it is easy to see by
(2.15) that

IRl px.x) = 0 as ©— 0, (2.17)
(For the details, see the proof of Lemma 5.2.)
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Let (f,]) € X x R. To study the stability of the boundary spike layer for the shadow
system (1.5), we will consider the problem

(Lo — 1) (:) - ({) . (2.18)

This system is equivalent to

qu, P
(Loo— 2w — —=4n = {, g<u8’01,w>—(ai+l+s)n=l. (2.19)

Solving the second equation of (2.19) with respect to y, we obtain

! riig! 1 ! (2.20)
= w —_— . .
1= i+ 1 +s & oA+ 1+s

ruly! . . .
Here we use the equality £ (ul;',w) = < B w,1>. Substituting (2.20) into the first

a
equation of (2.19), we obtain

(A0, — 2w = F(f,1). (2.21)
Here
Agos = Lo + Beo, (2.22)
Baoaw = (02 +Ciuios) g+l <ru€6 1 " 1> (223)
and

Pl = A
T (a1 s)Ett

Notice that the eigenvalue 4 appears in A, .

We study the invertibility of (4.9, — 4) by using the Sherman-Morrison formula. If
(Az0, — 4) is invertible for 1 € 4,\R (see Lemma 4.4), we consider the case that 1 € IR.
Since

Bl:,O,ZW = ﬁ <W7 ¢> dja

where f = —qr/ {(cA+1+s5)ET} and @ = uf, the rank of the operator By, is
one. It is important to note that the assumption (AO) guarantees that B, is self-adjoint
provided that 4 € IR. When 4 is not an eigenvalue of L., we can express (4.0, — 4)~! by
the Sherman-Morrison formula as

e e -1 _
(Ae0s — 7" = (I + (Leo — A" Byos)  (Leo— )"

_ (Ls,O - ;”)7138,0,/1 A—1
= (1 - h(})) (Lyo — )", (2.24)

where
hA)=1+4+p <(L£,0 — /l)’ltb, <1')> .
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If h(A) % 0, then (4,0, — 4) is invertible. If h(1) = 0, then (L. — 2)~'® is in the kernel of
(A0 — 4). Therefore (A0, — 4) is invertible if and only if (1) # 0 provided that 4 is not
an eigenvalue of L,o. Detailed analysis will be done in Lemmas 4.1, 4.2 and 4.3.

We now study the eigenvalues of L. Assume that U(x) is a boundary spike layer for
the system

ou

N

=0 ondRY, U>0 and Uec H'(RY), (225
and U’(|x|) denotes the radial derivative of U with respect to |x]|.

Proposition 24 For N > 2, and RY = {x = (x1,x2," -, xn) € RY| xy > 0}, The eigenvalue
problem

Ap—¢+pUr¢p =pp in RY, aa—"s =0 ondRY and ¢ € H'(RY), (2.26)
XN

admits the set of eigenvalues
p1>0, pp=-=py=0, pyy1 <0, ---.

Proposition 2.5 [17] Let #i, be a boundary spike layer for (2.1) for N = 2. Then for ¢
sufficiently small, the eigenvalue problem

A, — dy + pi’ ', = 0, in Q, aaq’s; =0 ondQ (2.27)
admits exactly (N — 1) eigenvalues 0" < 0 < -+ < 0N~V in the interval [3pn+1,3p1],
where py and pyi1 are given by Proposition 2.4.
Moreover,
0u) )
oMy j=12 N

where 1 < Ay < -+ < Ay—q are the eigenvalues of the matrix G(Py) defined by Definition

2.2, and
_N-—1 oy oU \?
o = Nil </1RI(U(|X|)) dex> /(/}M <axl> dx) > 0.

Remark 2.6 We remark that if every principal curvature has a non-degenerate local
maximum at Py € 0Q, then all eigenvalues of the matrix G(Py) defined in Definition 2.2
are negative.

Using a scaling argument and a diagonal argument, we can see that each eigenvalue
of (2.27) tends to an eigenvalue of (2.26) as ¢ — 0. Thus if Z; is negative for all
j € {1,2,---,N — 1}, then for small ¢ > 0 only the first eigenvalue of (2.27) is positive.
Suppose that the contrary is true. Then there is a positive eigenvalue that is not principal
for small ¢ > 0. That eigenvalue should tend to either py, or 0 as ¢ — 0. This is a
contradiction.
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Corollary 2.7 For N = 2, suppose that all the assumptions of Remark 2.6 hold. Then for
small ¢ > 0 only the first eigenvalue of (2.27) is positive, and all other eigenvalues are
negative, that is, vi’lo) > 0 and vgg < 0 for n = 2. In particular, for small ¢ > 0 zero is not

an eigenvalue. Therefore, L. is invertible under the Neumann boundary condition.

In the case N = 1, the spectrum of L.o consists of the odd-numbered eigenvalues of
the linearized operator at an interior one-spike equilibrium. Therefore, we easily obtain
the following proposition [1].

Proposition 2.8 [1] For N =1, for p > 1 and for ¢ — 0, the two largest eigenvalues of a
linearized operator at a boundary spike layer L.y, satisfy the asymptotic formulae

1 -2
= 30 =00+ 3+0 (exp )

and

y@ _ Hp—=D(p—5+0(exp=2), if p<3;
&0 <_%’ lfp>3

Therefore for N = 1 the same conclusion as Corollary 2.7 holds.
We now return to the analysis of 4., ;. We show that (4., — 4) is close to (4.0, — 4).
We have

As,t,/l - Ae,O,/l = (Le,r - Le,O) + (Bs,t,/l - Ba,O,/l) + Rs,r,).~ (228)
Here
upfl uP—l
(Lox— Loo)w = p | 55— — =~ | w, (2.29)
’ ’ Vgx €
qui. Lruz! o\ g
(Bs,r,/l - BS,O,).)W = - 3 —— W, wi r) Ws(: r)
(2= @t \ o vge /T
u? ru gt
+ a0 (w1, (2.30)
(6A+1+s)Ed ¢
and R.., is defined by (2.16). We see by Theorem A and Lemma 3.3 below that
. . . 2
limeo e — ol o = 0. limemo v = Ells = 0, limeo | ()" —1]| = 0 and
lim.g o) = —1—s. Therefore, (L, — L) and (B, — B,0,) converge to zero uniformly

for A € 4, in the sense of the operator norm. We can see by (2.17) that R, tends to zero
uniformly for 1 € A,. Thus lim; ¢ |4 —AS,O,AH_([(X’X) = 0 uniformly for 1 € 4, (see
Lemma 5.1). The operator (4..; — 4)~! can be constructed by perturbing (4.0, — 4)~".
We have

Ay =) =T+ T) (Ao, — 1) € L(X,X), (2.31)

where T = (A.0, — 4) " NAers — Ac04), and I € L(X,X) is the identity operator. The
operator (I + T) is invertible and (I + T)~! can be expressed by a Neumann series (see
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(5.7) below) if
IT| px.x) < 1/2 uniformly for Z € A,. (2.32)

We will prove that this condition holds in Lemma 5.2 below.

3 Preliminaries

The equalities

Wy =~ ool (3.1)
£0 p—l 3 A
and
o / ] g (3.2)
Q

can be obtained by direct calculations.

Let ,ug"r) (where n = 1) be the n-th eigenvalue of the operator M,./c defined by (2.3)
under the Neumann boundary condition, repeated according to its multiplicity, and let
" be the eigenfunction corresponding to u{").

Lemma 3.1 Let ¢ > 0 be small. Then for each n = 2,
lin% ,ui"r) = —o0 uniformly for small o. (3.3)
T

Proof Since suf,/v5t! > 0, and by the comparison theorem of the eigenvalues, u2) < (2,

where fil? is the second eigenvalue of the eigenvalue problem

1 . o
Ap—P =oip inQ and %:0 on 0Q.

T

Let i'? be the second eigenvalue of the Laplace operator under the Neumann boundary

condition. Then oji® = —1 4 ® /7. The theory of partial differential equations of the

second order yields that the first eigenvalue of the Laplace operator is simple. Since
2 =0, we have i < iV = 0. Therefore
/jL(Z)

ol =—14+"— > —0 as 7—0.
T

The proof is completed. O
Lemma 3.2 Let ¢ > 0 be small. Then o)) is bounded for small t.
Proof By Remark 2.3, for small t there exists M > 0 such that 0 < suj/vit" < M. It

follows from the comparison principle of eigenvalues that uV < o) < "), where ptV
and ! are respectively the first eigenvalues of the eigenvalue problem

1 0
;Af_Q_MQ=@ in Q and $=0 on 0Q,
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and
1 - — — . 0
—Ap— ¢ =T¢ in Q and —4)20 on 0Q.
T on
Since ) = —1 — M and i) = —1, we obtain the desired conclusion. m

Lemma 3.3 For ¢ > 0 be small,
(i) timeo | ()" = 1| =0 and
(ii) lim;_¢ aug}f) =—1—s5

hold.

Proof Let (span (1)) be the orthogonal complement space of the space span (1) in L*(Q).
We decompose the first eigenfunction as

W' = .. + v € (span (1)) ® (span (1))%,

where P, = [, p{dx and ), = p{)) — ... In particular, [, ydx = 0. Since y{!) is the

&1
eigenfunction corresponding to u), we have

1 1 1 Ur 1), (1
;Awg,r) - wg,r) - SUSTTIUJ‘(S,I) = Gﬂg,‘gwg,f)' (34)

&
Therefore, .. and y; satisfy

1 _ Upe _
—A; = Do+ 9i) = 555 (Pae ) = OUL (e + w0). (335)

1

;2dx =0, we obtain

Integrating both sides of (3.5), and using the equality [, 4y

1 1+oull) +5 H dx | = —s Uiz 1 dx (3.6)
Yex Her o 05t o o3t Y dX. :

By contradiction, we will show that

(1) ”g,r
l+ou,+s ﬁdx * 0. (3.7
’ Q Ug,r
Suppose that the equality holds. If ¢, + w; is an eigenfunction, then ¢, + wjf (ceR)
is also an eigenfunction. Since the first eigenvalue ,uglr) is simple, the dimension of the
eigenspace corresponding to u{!) is one. Therefore, {,; + i, and ¢, + y;, should be
parallel for all ¢ € R. Hence %L,r =0 and P, = 0, and hence (3.7) holds.
By (3.6), we have

Woe | (1) s
B - &,T
oo = —s /Q i / (1 +oul +s /Q de) .
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On the other hand, by (3.5) we have

1 _
;Al])” - <1 + O-:uglr +s s+1> (Wa,r + wi_f) .

Owing to (3.6), we can solve the above equation with respect to war on the left-hand side.
We have
P =14 [(1 +opd s ) (Per + w;)] : (38)
8 T
where 47! denotes the inverse of the operator 4 € #(Y, X) under the Neumann boundary
condition. Therefore, we have

e+ wiell

L*

lveclly <47 )

’1+au§11 +s s+1

By Lemma 3.2, there exists C > 0 independent of t such that

(1) 4 g Mo
l+ow, +s—5|| <C forsmallrz.
Ao | P

Here |47"| ¢(x.y) is bounded, and ||, + %L,THX = 1. Hence, by (3.8),

lveelly < €

Therefore for t — 0 we have the limits
/ (wjr)de <CtP >0 as 10, (3.9)
Q

and

1
;/ (Vi) dx < Ct—0 as t— 0. (3.10)
0
Since 1 = 2. + [, (lpir)zdx, we see that as t — 0
Pl =1 —/ (ph) dx — 1. (3.11)
0

Thus the proof of (i) is completed.
We will show that

ul
/usfl (wff) dx -1 as 7—0. (3.12)
Q Yer

We have

u, u,, Uy
/st-'rl (wglf)) dx _IZ/QLS-H (wer) dX—/Q fs-&-ldx (313)

&,T &,T &

_ ug,r (1) 2 r 1 1
= Jyai e =t [l (G = g ) o

=1+ 1,
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where we use (3.3). By Remark 2.3, we obtain
I, -0 as 7 —0. (3.14)

Furthermore, we have

ul|</
Q

Uee N2 _ ¢
pstl (lps,r ) -
&1

r
U

s+1
vs,‘c

dx <

[ ) =1]a
Q

>

and then

[y —1jax= [

< \m|w.§,f—1!+z|¢g,1\/g\w;\dx+/g(w;)zdx (3.15)

1/2
<1212 — 1] + 2Pl (m/g(zpif)zdx) +/Q(wif)2dx,

_ _ 2
Pl 200cpi + (wiz) = 1‘ dx

where we use Holder’s inequality. By (3.9) and (3.11), the left-hand side of (3.15) tends to
zero as T — 0. Thus I} — 0 as 1 — 0 as well, and hence by (3.14) and (3.15) the equation
(3.12) holds. Multiplying the both sides of (3.4) by y!!) and integrating, we have

u;, 2 1 2
ol ==t =s [ 20 ) a2 [ vpltfax
Q Us,‘c T Ja

We can see by (3.10) and (3.12), that op) - —1 —=s as t© — 0. The proof of (ii) is
completed. O

Remark 3.4 The theory of partial differential equations of the second order shows that
the first eigenfunction wi;}f) does not change its sign. Henceforth, we can assume that
) - 1in X as 7 — 0.

&T

Remark 3.5 If t > 0 is small, then there is « > 0 such that (1 — M, /o) is invertible for
A € A4, By Lemma 3.3, 4, is in the resolvent set of M,./c provided that o and t are
sufficiently small.

Lemma 3.6 For N =1, (A3) holds if (A3) holds.

q

Proof Let o1, = &, " u.0, where i1, and &, satisfy (2.1). Multiplying the first equation of

(2.1) by d‘—ia&o and integrating it over [0, x], we obtain

(3.16)

2 (dﬁg)z @At @) @)

2\dx) 2 p+1 2 p+1
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Integrating (3.16) over @, and dividing it by 1 [, #2*!dx, we have

fpzdx 2 &, (dﬁs)zdx (1- 2<a8(0>)"—1/<p +1)) (1,(0))°
fg Apde - p+1 f APH i fsz irld -

(3.17)

By a phase plane analysis of (2.1), it is easily to see that 0 < i1,(0) < (% !

Therefore, the third term of the right-hand side of (3.17) is positive. Furthermore,
Jo 02dx /[, dx = 2/(p+ 1), and hence (A3) holds provided that (A3)’ holds. O

Lemma 3.7 For N =1, (A2) holds if (A2) holds.
Proof Let i, = ¢, L‘u&o. Multiplying the first equation of (2.1) by @#? and integrating it

over 2, we have
B dzue Ap Aptl A2p
€ |, a2 wdx — | Wb dx+ [ wPdx =0. (3.18)
Q Q

Integrating by parts with the Neumann boundary condition for i1, we have

AN 2
_ﬁ/(mﬁaph—/wﬂMﬁ/WM=o (3.19)
o \ dx o) e}

Substituting (3.16) for the integrand of the first term of (3.19) gives

3p+1 2 (#1,(0))P "
PEL [rae= o [arrtax—p (1= 2SO o [ artax
p+1 Jo Q p+1 Q

Therefore, we have that [, #2%dx/ [, a¢™'dx < (p+1)*>/(3p+ 1), and hence (A2) holds
provided that (A2)’ holds. O

4 Spectral analysis of the operator %,

In order to study the invertibility of %,, in this section we are mainly concerned with
the invertibility of the operator (4.0 — 4) defined by (2.22) in §2.

Let v(¥ (n > 1) be the nth eigenvalue of L., defined by (2.3) under the Neumann
boundary condltlon repeated according to its multiplicity, and let (/5 be the eigenfunction
corresponding to v Y. By C we mean a constant which changes every line.

Lemma 4.1 Let . € RR. Suppose that (A3) holds. Then there exists oy > 0 such that
(Ag0, — A) is invertible for 4 € (—oy, }0) In particular, A.o is invertible.

Proof We assume that
vy <A <vly. (4.1)

Note that VSO) > 0 and vfo) < 0 provided that ¢ is small (see Corollary 2.7). We notice that
the rank of B, is one in the case where A is not an eigenvalue of L.o. Using the
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Sherman- Morrison formula, we can express (4.0, — 4)~! as (2.24). Here h(1) €
CDO(IR\{ £0’ sO’ }) is

) =1 = o (Lo = 207 o). (42)

By (4.1), 4 is not an eigenvalue of L., and hence (L.o — 2)~! exists. Therefore, when

h(2) # 0, (4.3)

the operator (4.0, — A) is invertible. Inequality (4.3) is equivalent to the inequality
ol+1+s+ h(2), (4.4)

where (1) = 5‘1““ <(L£0 — )7 {”20} ,ug’51>, and we will show that this holds for all

A e [0,vy).
By Corollary 2.7 and Proposition 2.8, L. is invertible and we see by (3.1) that

~i[p]_ &
L3 [uho)] = P (4.5)
Using (4.5) and (3.2), we have that h(0) = qurl Therefore, by (1.2),

h(0) > 1 +s. (4.6)

Next we will show that i.
—h(i) o for 2¢O, Vgo) (4.7)

Since (Lo — 2) is self-adjoint, we see that (L, —4)~")" = ((Lso — i)*)f1 = (Leo— A)7!
Therefore, using (A0), we have

= gty (Lo =172 ] ') = iy b =27 ut]

From the eigenfunction expansion of (Lo — 7)~!, we have

2
2 & y 2
wamir = 5 () (et
H 0]l x (p—1)2; m_ -0

vs,O

Now we see that

(n

o2

inf aion =1, v(%)</1< W =x

— 4
V&0

where x is defined in Theorem B. Thus we obtain

d - qr |luzol %
—h(4) = 5,05 =
d;hh ) = (p— 1)25 o i\ z—qts+l ; <u 0 > (p— 1)2é;q+s+1

If condition (A3) holds, then (4.7) holds as well. Owing to (4.6) and (4.7), the inequality
(4.4) holds for all Z € [0,v(g). The proof is complete. 0O
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Lemma 4.2 Let A € IRR. The operator (A.0, — A) is invertible for all 1 € (vi’lo), +00).

Proof We use the notation as in the proof of Lemma 4.1. We show that (4.4) holds for
S (vi’lo), +o0). Using the eigenfunction expansion to (Lo — 4)~![ - ], we have

—1[ p 1 <”§,o’¢g‘o)>2
((Loo=2)" [ul] uig") = > ST (48)

n=1
Since 4 > VSO), the right-hand side of (4.8) is negative, and the right-hand side of (4.4)
is negative as well. However, the left-hand side of (4.4) is positive for 4 € (viﬂlo),—i-oo).
Therefore (4.4) holds for 4 € (VSO), ~+00). O

Lemma 4.3 The operator (Ago‘,%) — vé’lo)) is invertible.

Proof Let f € X, and w = p(bi’lo) + wt, where

(1) 1 (1)
<f’¢&o>"'<3aaéﬂ[w ]’¢&0> 1 !
p= W] 4D W= (LS’O_VS’O)
<B8,0J’“o) [(f’g,o] ’ ¢8’0>

(UK it My 41
Note that ¢, is positive, and that < BS,ONi,]o’ [D.0], P >

1

<f’ ¢£(§> P
f =y e

us,O’ ¢s,0
_ _ar<ulo$ig>’
T (oLt
w is a solution for (4,,,n — vﬁ)))w = f, and there is a constant C > 0O such that

2 Ve 0 >

Iwlly < Clfllx- O

=+ 0. The function

Lemma 4.4 Let 1 € C\RR. Suppose that (A1) holds. Then there exists a constant o« > 0
such that the operator (A.p,; — A) is invertible for 1 € A, \R.

Proof Since the spectrum of (4., — 4) consists only of the eigenvalues, we have to show
that there is no eigenvalue in 4,,\IR.
Let w = wg + iw; and A = a + bi. We assume that w and 4 satisfy

(e, — A)w = 0. (4.9

This is equivalent to

P
r . u . .
d <WR + lW[,u§’0> q%ﬁrl = (a + bi)(wg +iwy). (4.10)
&

Feo et = b 1+

That is, we have an equation

gr(ac + 1+ s)uy ,
Liowr — ((aa+1+S)2+(b0)2) gatst < R,us’0>
qrb(ruf,o ,

lar T T £ ey e (o) = ave b (411
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for the real part, and an equation

LS,O wr —

qr(ac + 1+ s)uy < , >
? ul:

((ag + 1+ 57 + (bo)?) £ 1> Uz

qrbaui’,o

* ((ao +1+5)> + (bo)?

e <WR,uZO> = bwg + awy, (4.12)

for the imaginary part. The equation ((4.11), wg) + ((4.12), w;) gives
(Leowi, ) + {Leowr,wr) —a (i, we) + vz, )
gr(ac +1+s) < o \2 ) 2)
B wralg )+ (wiuby) ). (4.13)
((aa +1+s)2+ (ba)2) gats+l < R ,,0> < 1 ,,0>

The equation ((4.12), wg) — ((4.11),w;) gives

qrba 2 5
(ar + 1+ 57 + (ba?) &1 (o) + (ot
= b ({wr, wr) + (Wi, wr)) . (4.14)

By the assumption of this lemma, b & 0. Multiplying (4.14) by (ac + 1 4 s)/(bo) leads to

qr(ac + 1+ s) 5 )
((ag + 1 + 52 + (bo)?) £ <<WR’ “f,o> + <W1,uf’0> )

= (1) () + o). @13

Adding (4.13) and (4.15) yeilds

1+s
(LeoWr, WR) + (Leowr, wr) = (20 + O_) ((wr, wr) + (wr, wr)) .

If wg +iwr |* = [wg|* + [wr]|* = 1, then

1+S 1)

1+s
— + <L830WR,WR> + <Ls,0WI, WI> < —T + Veo-

2a =

Because of (A1), we see that a < 0. The proof is complete. O

Lemma 4.5 Let 2 € IR. Suppose that (Al) and (A3) hold. Then there exist a3 > 0 and
og > 0 such that

(A= Ago)w,w) = az|w|}  for e (—oy,+0) and we Y. (4.16)

Proof By Lemmas 4.1, 42 and 4.3, there exists a constant o4 > 0 such that for
A € [—o4,+00) zero is not an eigenvalue of (4 — A.p,). Since |Bgoill#x,x) 1S bounded
for 4 € [—o4,+00), and (4 — Az0,) = (A — L.o — B:o,), the first eigenvalue of the op-
erator (4 — Azo,) tends to 400 as 4 — 4o0. The continuity of the first eigenvalue with
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respect to A, together with the above two facts, says that for A € (—oy,+0o0) the first
eigenvalue is positive and uniformly away from zero. Therefore, there is a constant
a3 > 0 such that (4 — a3 — A,0;) is a positive operator for 1 € (—o4,+00). The proof is
complete. O

Lemma 4.6 Let A € C, and w = wg + iwy. Suppose that (Al), (A2) and (A3) hold. Then
there exist a5 > 0 and ag > 0 such that

(Ao — ) 7'W|| Saslwlly — for A€ Ay, (4.17)

Proof Let 2 = a+ bi and let 6; > 0 be small. We consider two cases seperately.
Case 1; for (a,b) € AV = {(a,b)| b*c < §1(ac + 1 + 5)}, where ; will be defined later.
Substituting A = a + bi and w = wg + iwy into (A — A.0,)w,w), we have

((a+ bi — Agoarpi) [Wr + iwr], wg +iwp) = x + io.

Here
% = — (Leowr, wr) — (Loowr, wr) + a ((Wr, wg) + (wr, wr))
gr(ac +1+5) ( » \2 » 2>
‘ wrulg )+ (wr,ul ,
((ac + 1+ 5)2 + (bo)?) EFHH < K ’°> < ! ’°>
and

qrbo < b \2 p 2)
w = - WR, U +(wr,u
(a0 + 1+ 5+ (bo)2) &7 (vt +(w-ttn)
—b ((wr, wr) + (Wi, wp)) .
By Lemma 4.5, there exist 9, > 0 and 63 > 0 such that
((a+ B — Asoarp)Wrwr) = 0y [wrlly  for a € (=83, +0),

where p = (b*c)/(ac + 1 + 5). The constant §; can be now taken to ensure d, > &;. Thus
we see that

X = <(a - As,O,a+/f)WRa WR> + <(a - As,O,a+/5W1a WI>

> (82— 01) (Iwrly + Iwi ) -
Therefore,

[{(a + bi — Apoarpi)[Wr + iwr],wr + iwp)| = V> + 0> =
> (07— 81) | wr +iwr |1}

for (a,b) € AV, which indicates that

I(a + bi — Agoaspi)wr + iwillly = C llwr +iwr[y  for (a,b) € A" (4.18)
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Case 2; for (a,b) € A := {(a,b)| 2,/5|b| > /31, a > —d4}, where &, is to be defined
later.
Firstly, we note that

qro » 2 , 2
((ag + 1 + 52 + (bo)?) £ <<WR’“&0> + <W1’us,0> )

‘ 2

P
us,O

qro ‘
< X
((ac + 1+ 5)> + (bo)?)

et (ol + ).
€
By (3.3) and (A2), we see that there exists a constant é4 > 0 such that

» |12
120 ‘X

qu‘

<1 for (a,b)€ A?.
((ac + 1+ 5)2 + (b )2)Edtt! (.5)

Therefore, there exists a constant ds € (0, 1) such that
b 112
qro ||ug ’x

((ac + 1+ 5)2 + (ba)2)EdTst!

<ds for (a,b) e A%,

Hence, we see that

qro <WR,L[€J> >

ol =b||wsl}—
@] <| rllx ((ac + 14 5)* + (bo)?) gtst

qro (wr,uf
+b<wA§— Cor, ) )

((ac +1+5)> 4 (bo)?) gtstl

> C (Iwalx + Iwi 1)

Thus we obtain
(@ + bi — Ay wr + iwilly = C wr +iwrlly  for (a,b) € A, (4.19)

Since there exists ag > 0 such that 4,, = 4D U A®, (4.17) follows from (4.18) and
(4.19). 0

Proof of Theorem A Let (u.0,v.0) be a solution of the shadow system (1.5) given by
Proposition 2.1. We show that D, ¢ )7 (e, 0, u.0, v 0, 0) is invertible, as stated in §2.1. If we
prove that, then the proof is complete.

Linearizing & at (u0,0:0), we obtain

qul
ggo B g+1
—1—35

0 0 A

Duweoy7 =
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where £, is defined in §2.2. Here 4 : Cﬁ,*d — Z is a homeomorphism, and Z is defined
in Subsection 2.1. If Z, is invertible, then D) is invertible as well. By Lemma 4.1,
Agp 1s invertible, and therefore £, is invertible as well (for the details, see §2.2). O

Proof of Theorem C Let 0" = min{ay, 0, 04,%}. If (Al), (A2) and (A3) hold, then all
Lemmas of §4 hold for 4 € A,-. Then (4,0, —4) is invertible for all 1 € 4,~, which implies
that (¥,0 — 4) is also invertible for 1 € A,-. Therefore, the boundary spike layer (u.g, v.0)

is stable. In particular, if ¢ is small, then (A1), (A2) and (A3) are automatically satisfied.
The proof is complete. O

5 Spectral analysis of the operator %, .

We will now show that A, is close to 4., in the sense of the operator norm provided
that 7 is sufficiently small. Let D, = A,., — Az0,. Then the following Lemma holds.

Lemma 5.1 Let A € A,-. Then
11_1;% ”Ds,r,/ng(X’)() =0. (5.1)
The convergence is uniform for A € Ay

Proof We divide D, ., into three parts,

Ds,‘c) = (Bs-r/l 30))+Rsr/+( _Le,O)

=D, +D%, +DY. (5.2)
Firstly, we will show that
lim DY, v = 0 uniformly for / € A, (5.3)

Here R, (=D is defined by (2.16). Then

“T/L)

p r—1
T u T
U:,,‘c Ué,r x
r—1
= @a— Mo -
Vet || 1o Lo
We can see (Remark 2.3) that there is a constant C > 0 such that ||u{;”r Jvdft .- <Cand
||uz /0|, < C for small 7. Then by (2.14), we see that (5.3) holds.
Next, we show that
lim =0 uniformly for A € 4, (5.4)
=0 “ ol L(X,X)
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Here B;.; — B.o (= defined by (2.30). We have

P’CA)

D r—1

<1) 94z Mher W (1) (1)

o= i | )
F’L’ &,T

&1
que, rul - tw O qul., < ) ( 1 1) >
+ A | +— il w [ ———=,1
(07— outddd! < o, e (@i—opwdft \ T T\ &
ul q (”p,r - ”po) rulglw
+—q Pt —wgy ) — CUNAS|
(a7 — oulD)df! & ‘ (o7 — outD)pdf! ¢
N qul, 1 rulytw |
oi—optl) \vift  eatt &
+ 1 1 quyo [ rujg'w 1
ci—olll) oA+ 14s) it &

By Lemma 3.3 (i), the first and second terms tend to zero as T — 0. Using Remark 2.3,
we see that the third, forth, fifth and sixth terms tend to zero as © — 0. By Lemma 3.3
(i1), the seventh term tends to zero in X. Therefore, (5.4) holds.

We show that

11m||D

s =0 (5.5)

Here L. — L;o(= D)) is defined as (2.29). It is clear from (2.29) and Remark 2.3 that
(5.5) holds.
Because of (5.3), (5.4) and (5.5), the limit (5.1) holds. O

Lemma 5.2 Let 4 € C. If all the assumptions of Lemma 4.6 are satisfied, then there exists
70 > 0 such that if T € (0,79), then (A.., — A) is invertible for all 1 € A,-.

Proof Since A, = L.+ B,.; and Ao, = L,o + B0, we have
Agrp— A= A0 — A+ Dinj,

where Dy, = Ayz)— Agoy. Let T = (Ago, — /1)_1 D, ;. Then (2.31) hold. Since (4.0, — 4)
is invertible for A € A,-, we show that (I + T) is invertible as well. Now, we have the
inequality

H T”y(xﬁx) < H(AS,O,/"L - i)_l Hf/’(X,X) ’ |‘Ds,r,i‘|g(x’x) . (56)

By (4.17) and (5.1), the right-hand side of this converges to zero as v — 0, and this
convergence is uniform for A € A,-. Therefore, there exists 7o > 0 such that

1
I TH:/(X,X) < 3 for t € (0,79) and 4 € A,-.
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In this case (I + T) is invertible and the inverse can be expressed by the Neumann
series

o
I+T)' =) (T =1-T+T =T +T* =T+, (5.7)

n=0
where (—T)° :=I. The proof is complete. O

By (2.8), (2.9) and (2.10), the following Lemma holds.

Lemma 53 Let A € C. If (Asr) — A) and (A — M, /o) are invertible, then the operator
(L — 4) is invertible.

Proof of Theorem B If (A1), (A2) and (A3) hold, then (A4, — 4) is invertible for 1 € A,.
For small 1, if T < 70, then (4.., — 4) is invertible for 4 € A,-. Lemma 5.3 claims that
(ZL.: — A) is invertible for A € A,-. In particular, (Al), (A2) and (A3) are automatically
satisfied provided that ¢ is small. We see by Lemmas 3.6 and 3.7 that (A2) and (A3) hold
if (A2)’ and (A3)’ hold respectively. Thus the proof is complete. O

6 Conclusions

By perturbing a boundary (one-)spike layer for the shadow system, we showed that a
bounady (one-)spike layer for the full Gierer—Meinhardt system exists.

Some natural questions arise: firstly, we assumed that Py € 0, which is the maximum
point of the boundary (one-)spike layer, is a non-degenerate local maximum point of Q.
The assumption seems to be technical. It would be desirable to remove this assumption.
Secondly, the assumption (AQ) appears to be restrictive. Because of this assumption,
the case of the original Gierer—Meinhardt system is not included. The method of the
proof used in this paper depends highly on the self-adjointness of the linear operator A,
(2 € R). Therefore, we may need an idea for more general case where the assumption (A0)
does not hold. Thirdly, is there any stable boundary multispike layer for the full system?
It appears that we have to study the eigenvalues of the linear operator ¢4 — 1 + puP~!,
where u is a boundary multispike layer for e24u — u + u? = 0.

It would be also interesting to clarify the difference and similarity between the shadow
system and the full system.
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