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Asymptotic Behaviors of Blow-Up Solutions

for Semilinear Heat Equations

15 i ( CHEN Yun-Gang )

R RS o 14 o REPR
ROPIYEREE2EZ 5.
(D ut=Au+f(u) , t>0, x€Q ,
(2) u(@,0)=u(x) , x=Q .

HL, Q@ & R kb 3Ho»RER2R>HRSHEE (ZRou08e T Bk
Q=Br= {x; I x| <R} (O<R<=) 2EZB), HHVIELEHN R" &795.

Q BEREHOES, TOBRE 90 =T & LT, ROBEFEMBCL) F 72 (BC2)
T 2 oPMMHIEREMBE2EZ 5.
(BCD) u(t,x)=0 for x&I .
(BC2) (@Bu/an)+Pu=0 for x&T .

ZZTE, n BAREERR7 ML, B=R(1)=0 WHEHENHBT ( B=0 OF

& (BC2) I Neumann BSREME153) , #IME w=u, ()Z0 & CI(Q) MH<TH
5. Xf, JEBIETE £ &2 C2(0,)(1CL[0,=) L LT, LD

(3) £>0 , £'=0 , =0 , f:’(f(s))-lds<oo (Va>0)

Bil-&h s &9 5.
u=ult,x) % (1) ® classical solution &L, T %
T = sup {7: u(t,x) L [0,7IXQ FTCHEETX5}
l:&ofﬁ%’é‘é
2HLT, T<= OHE, limsuptTTllu(t,°)lLo=+°° LY (L, -,

(1=p=) & LP(Q)/ VaTHB), u 3BT B(Mlow up) &I, x, B u O
% (blow-up point) &8, n=2ee OEX t, 1T, x4=% , lu(ty,x,) > &K
BEH (th,x,) BHBZETH5. B, S= {x: x ¥ u BRI} %2 u OBFER
B, DHVITHRBFEES (blow-up set) &I, ROBFREML, REBHLIVE
£ (i.e. global existence) 2WVWTX, Bt {OWERBREINTEL (HIRW,
ik [151,0161,0241,0261,0811,1321,011,[29]1 KOFE N & D References 5 &) . )
BR (b3EWHT) FoRETFRE, B ut, ) BUETHIRBOERNTRERET S LV
ST ERIIMMENTW B,



B, AR ET IEET, ZORBEARCTHEETH COVTOMERTHINRT
Vw5,

F.B.Weissler A ZEM 1kt <c Q=(R,R , fW=uw OGB>2, +459K) LT
Dirichlet &0 d & T, & 25 LT, S= {0}, 2D —ROAHT
BT B EE2RUT ([83]). Z2D%, A.Friedman&B.McLeod ([131) 4% Dirichlet
BAZAOD T, T MRUBEREHQIF LT, SHQONIBILDH S Compact
subset TH B Z EERLU . [13] T, KA QT Dirichlet & Uil
D & TEHNRM % IS G568 0B H HBH D O ic & LU, BREES PN
MPOoRBZESHHIN. T, —RL N=1 OB VTR, PR oD
AR ZRD (i.e. 2-peakd) B, SE—d, Zid, FlB3 —2o 00X, 5
BT EdRENK. H.Fujita & Y.-G.Chen &, ¥l Otk 2lREL, ZREh
DirichletZs4:, NeumannZ&fhd 2V ZHMOBIREM (Robinkft) ob T, Z»
DRAMA 2O 5 e U 7 A & AT B T & REEW U 2 (L17D).
it,Yr&%whL%m%%@®Wﬁﬁﬁﬁﬁﬁ%®ﬂkﬁLT}Lﬁ®3@ﬁ®ﬁ%
TR (BAVEQOBRLZERD) O0b &C, (1) MHEREEFBEREFDKE S
SE—H»5KE5 5 (2) WM uLG)=3(1x1)=3() HER r O E LXK
(0,R) KEAMEAZ—DDHF>ETIE, SE—HEHEdBIKE SV 1H 5 MK
ha, 0S5 &2RLU7(8]1). i, L.A.Caffarelli&A.Friedman %%, Dirichlet
FHob LT IR BRESTR) MUHER S OOBERMRER2LTRESE—R
PEmhoRBT E2MHL ([4]). :

—JH, f(w=1lul?tu (p>1) OBE, BRE v OB TOWEHET) >
W, Y.Giga &K.V.Kohn AMEAMEL (self-similar) A o TN (18],
[211~[23]). Zhic & B &, k=(p-1)"1" -1 2B %, p=(W2)/(N-2) X7l n=2
EUT, u(t, 0 1 -(T-D -V SEREHE, FEO acQ KHLT

limtTTu(t’X‘/ T-t +a) - (T-t)17 -V =4k FfiX 0

Lisad. ¥bk, Giga—Kohn DOEGEOFEHE ([23]) k&b &, HUEHLHDS LT LD
FERAY 0 Kol aS QREBRATEBVZ ERG T, 158, Friednman & McLeod
(L1314 DirichletBIREM (LGB =MOBREIH LT, Chen([81)i& Neunann
BREMEH LT, Tult,x) | (Tt RERTH B EERLE.

W OMTET B O OWERETIT >V T, Chen WHUHEER B OB NN O J5 e384y
ROBRORET 2T ([71,191). IR AT 5 28 5 R CHTRER &I >0
<3 [271,0281,071, 091 THIE SNt

Z T, BB U ARTREIEE Wi UCHARTET 3 1A, © OWERTRG
BRI A D\ TROEE b NI iR B WA T 3.



IR f() K2V TR, ROFH (4) RBiflcdhsd &9 5.
4) fRHLT RO O~@ 2WicdHE F RNEHET 5.
@ >0 BHW, Fs)>0, F(s)>0, F* ()20 ;
® {TED M>0 LT,
2 (WF) — T (WF’ (u)=MF(u) for all uz=C(M)
LB XS BER C=COD>0 NFEET S ;
® EEO+THRDO v>0 kLT,
T (WF@W) =T (WP’ (u)ZcFw)F’ (u) for all uxv
LB &S IER c=c(V>0 BFET S ;

@® EEO a>0 kLT, ff(F(s))-lds<+oo )

AR L& D &, FIZE, fw=@+ue)® (P>1, £=0) , f(u)=exp(Au)
(A>0), f(W=w+u? (G>1, ¢>1) BEOLIREBK & - THLEIN T, #HH
TxB. (4) B INB LS BFHEBAELTE, “Fas0,1) such that F(u)
=(f(u) & B) 2Wicd” LWVILKMLERET S5 ([17D).

bibhOEXEH R, kowEM<cd 5. ([17]1,08]1)

EH DEoEEDOD T, RO (1) ~ (V) REILT 5.
(I) Nz=1, Q=Bg, u,(x)=¢CIx[)z0, (BC2) 2HET S (=0, 0%

NeumannBiFi 5T &), B=0 Lhbd ¢ =constant in [0,R] %5, S=Q ;
$¢’=0, ¢’30 in (O,R) % HE, S= {0} .
(I N=1, Q=CRRB) , uuGO=us(-x), LHAd v, (O (-RR) KHVT—
DFE B IO OBRAMA (1-peak or 2-peak) R0 &9 5.
@ (BC 2EEITNE, S= {0}, F/id S= {-a,a}, 0<a<Rk ;
@ (BC2) E2HEEL, Lhrd u,()Zu, (R-x) for x=(0,R/2) 556,
S={Ilx1]=a}, 0=a=R/2 (i.e. SRIMFLEB2ENLKSB);
@ (BC2) T B=0, Lhbd u,00Su,(Rx) for x(0,R/2) %5,
S= {-a,a} , R/2=a=R (i.e. S B2LAHMMENRSE) .
(I (BC1), NZ2, Q=Bg , ,,(N=d(Ix1)Z0. $5 7<O,NDEHLT,
(5) #’(r)=0 for 0<r<7y , ¢’(r)=0 for 7<r<R,
Ldd ¢'2=0 for re=(0,7r) or re(7,R)
EFNE, SB1I/R(S= {0} )FE Nk okm (i.e. S= {r=a} , 0<a<®)
ORI 5.
(Qv) (BC2), N=2, Q=Br, u,()=98CIx1)z0 H (5) I ELLT,
goik ¢()z=P(R-r) in (0,R/2) LEFTNWE, SE1R (S= {0} )FiF N1



wuxokm (S= {r=a}, 0<a<R/2) oK INS.
(V) (MicsWwT, B=0 (i.e. NeumannHDEHS), ¢(r)=é(R-r) forr
in (0,R/2) &9 5.
@ K=1 %6, S= {-R/2,R/2} ;
@ Nz2 5, S= {r=a}, L, 0=a<R/2 (i.e. S & Bgr.,o Ot
KEENhB) .

(VD Nz1, Q 2FERGEE, HAEEHE (BC2) kbWvwT =0, JEREHEE
fwW=1lul?tu (p>1) LT, EBWK uwEC?, Au,+f(u)=0 &9hiE, kD
ZODOABKY LD,

(8) VYe>0, AC>0 such that
u(t,)SC(T—-t)" 1700 . (t,0ele, TIXQ,
(7N dc >0 such that Hu(t,-) I Zc(T—t)" "1 | t<(0, T).

(V) (VDOREDD &, p=(N+2)/(N-2) Fhld n=2 ¢ LT, 5 acQ K
s, limt'i‘TU(t’a)=+°° EFTNE, x&€Q kLT lin u(t,x) =+ &% 3%

tAT
7o OB M, lin {u(t,x)/u(t,a)}=1 <& 5.

t4T
(W) N=1, Q=R", u,(=¢(1x1)=0 &3 5.

® ¢ (r)=constant in (0,°) 5, S=R" ;

@ ¢’()=0 Lhd #’'%0 in (0,) oW, S= {0}. ]

AR OV CTHETE » EHEREER, FAEENEL UCT S o o fHE
—KRi, LIDEHORERL v,
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SUPPORT OF THE SOLUTIOCN

OF A QUASILINEAR DIFFUSION EQUATION IN RN

Michiaki Watanabe

Faculty of General Education
Niigata University
Niigata, 950-21 Japan

1. Statement of the phenomenon. Let us consider the

Cauchy problem for the quasilinear diffusion equation :

(1) u, = M , t>0, x€R
N

(2) u(0,x) = _uO(x) , X € R .

In the case of ¢(r) = r , the solution of the linear
problem (1) - (2) is given explicitly by etAuO(x)

~N/2 -lx - y|2/(4t)
(4mt) N € u, (y) dy
0
R

and spreads out in RN for any t > 0 even if
(3) u, € Lm(RN). and u,(x) = 0 for |x] >R , R> 0 .

However the situation is quite different if ¢ (x) ='r3,

or more generally, if the function ¢ satisfies

(4) ¢ is a nondecreasing, locally Lipschitz continuous
function on R with ¢(0) =0 H
(5) the range of ¢ coincides with Rl and the integral

r 1 1
J 1/¢ “(s) ds exists for each r € R .

The purpose of this talk is to show that in this case the



solution u(t,x) of (1) - (2) with (3) stays compactly

supported forever :

u(t,x) =0 a.e. |x] >R + C t1/2 for t >0
with a constant C > 0 depending on ¢ and ”1.10”0O . This
implies that the problem (1) - (2) describes a "finite speed

propagation" process and loses its parabolicity.

This kind of phenomenon has already been found out in
the case of N = 1 . Indeed . the lateral boundary, called the
interface, of the support has been shown to consist of two
monotone Lipschitz continuous curves satisfying a certain
differential equation. Even the régularity and the asymptotic

bahavior of it have been studied extensively (see e.g. [5,6]).

However the study in the case of N > 1 has been
somehow neglected. To the knoWledge of the present speaker,
little is known about support of the solution of the Cauchy
problem (1) - (2) under (3) . The main difficulty in this
talk is that no exact solution of (1) - (2) can be found,

instead only a "good function" 'v(t,x) for which

Ve - A¢ (v) is nonnegative and "small"
It is convenient to denote the solution of (1) - (2)
by ul(t,x) = S¢(t)u0(x) , where {S¢(t): t > 0} is the associ-

ated semigroup generated in Ll(RN)‘ by A¢ in the sense of
Crandall and Liggett [3]. This semigroup was constructed

first by Bénilan, Brézis and Crandall [1] under a condition



weaker than (4) , and recently by the speaker [8] under (4)

by a simpler method.

THEOREM. Let U, satisfy (3) , and ¢ satisfy
(4) and (5) . Then for all t > 0
Sd)(t)uo(x) = 0 a.e. |x| >R + 2 ¢, 12
¢(”u0”w) -1 1/2
with ¢, = {[ 1/¢" " (s) ds} ;
0

REMARKS. The theorem coincides with a result for N =1

of Knerr [5, Theorem 8.4] and similar to a result of Diaz

Diaz [4, Theorem I] for an initial-boundary value problem in
a bounded subdomain of RN See also Schatzman [7] for a
result concerning (1) - (2) with a sort of absorption.

2. A "good function" with compact support. We shall
first look for a good function with compact support in RN
satisfying, instead of (1) ,

(6) v, = Ap(v) + glt,x) , £t >0

with a nonnegative valued and "small" function g(t,x) .

Let us consider, under (4) and (5) , the function

v = v(t,x) determined by

¢ (v) -1 2
[ 1/¢ “(s) ds = max(0, a - |x]|“/4(t + b)) ,
0
where a and b are positive constants. Set
r
y(r) = ¢ Tz (r)) with =z(r) = [ 1/¢"1(s) ds .
0



Then vy is a nondecreasing continuous function on [0,«~) with
(7) (d/dr) ¢ (y(r)) = y(r) and y(0) = 0,
and our function v can be written as

vit,x) = y((a - |x[%/ate + )" ,

where r+ = max(0,r) for r € Rl . Evidently v 1is non-

negative valued and compactly supported in RN

(8) v(t,x) = 0 for |x|2 > da(t + b) with t > 0
LEMMA 1. For each fixed T > 0 ,

(i) v belongs to C([O,T];Ll(RN))r1Lw((0,T) x RN) ;

(ii) v is a solution of (6) in D'((0,T) x R') with
2 +
g(t,x) = y((a - |x]|%/4(t + b)) ) N/2(t + Db) ;
(iii) g is nonnegative valued and belongs to

Ll(O,T;'Ll(RN)f1Lm(RN))

$p(r) =

- X

= 2
LT vl = (A7) (- N

.....1‘0_.



PROOF. We can easily verify (i) by Lebesgue's

theorem. An elementary calculus by (7) shows
N t t t
) (B/BXi)J (a/axi)¢(v) dr = [v(r,x)] - J g(r,x) dr
i=1 0 0 0
N .
for £t >0 and x € R . So multiplication by wt with

P € CE((O,T) X RN) and integration over (0,T) x RN gives
T
J J N (th + ¢(Vv)AY + g(t,x)y) dxdt = 0
0 'R

The proof of (iii) will be clear. Q.E.D.

Combining Lemma 1 with general or particular proper-

ties of the semigroup {S, (t): t > 0} and abstract solutions

b

in Ll(RN) of (6) , we can deduce the comparison result

LEMMA 2. If
0 < uo(x) < v{0,x) for a.a. x € RN ,
then
0 < S¢(t)u0(x) < v(t,x) fqr a.a. x € RN

and all t >0

We shall put off its proof to the next section, and

give here the proof of Theorem.

PROOF OF THEOREM. Assume in addition that uO(X)

is nonnegative for all x € RN without loss of generality.

Let a and b satisfy a > R2/4b and
‘ 2
(9) Huolloo = vy(a - R“/4Db)

Then v(0,x) = y((a - |x|2/4b)+) is not smaller than uO(x)

_11_



for a.a. |x| < R and obviously for |x] > R , that is ,
‘ N
0 < uo(x) < v(0,x) for a.a. x € R .

So we have by Lemma 2

0 < S¢(t)u0(x) < v(t,x) for a.a. xX € RN

and all t > 0 . Therefore we see. from (8) and (9)

that S¢(t)u0(x) vanishes for all t > 0 and a.a. x € RN

such that
2 P

|x]“ > 4(t + b){R"/4b + z(d)(”uoﬂoo))} , b >0 .

We have thus only to find out the envelope. Choosing b
= (R/2){t/z(q>(||u0||m))}l/2 for t > 0 , we can conclude
= : 1/2

Sy(tluy(x) =0 a.e. |x] > R + 2{z (¢ (JJuyll ) ¢}
for all t > 0 . Q.E.D.

3. Comparison of solutions of two kinds. We shall
finish this talk by a short explanation of Lemma 2 . Observe,
under (4) , the approximation of A¢ : For each integer m > 0

Ag = k—l(ekA - I)¢p(+) as h + O
where k = h - sup (¢(xr) - ¢(s))/(xr - s) .

|zl ]|s]<m
We found [8] that this is nice enough to guarantee

the existence for A > 0 of (I - )\Acl))_l and the generation

of {S¢(t): t > 0} by a simple method. This is again conve-
nient to deal with abstract solutions in (Ll(RN),Hnul) of
(l)f u, = Ap(u) + £(t,x) , 0 <t <T



with (2) under the condition

)y uy e ®@)ar”@®@) ana £ e rto, Tt RN A" @Y) .
The "integral solution” u of (l)f - (2) 1is indeed approxi-
mated uniformly on [0,T] by the "strong solution" u, ~of
h h
= <
(l)f u, A¢ u + f£(t,x) , 0<tsgT

with (2) , which is equivalent to the equation in Ll(RN)

t
u(t) = e-t/hu0 + h lf e (t-r)/h C,u(r) dr
0o h
b _-(t-r)/n
+ e f(r) dr (cf.[8, p.5131)
0
where Ch = T + h Ag . This admits a unigque solution u,
in c([0,71; (&Y a1”(®Y)) satisfying, for 0 <t s T ,
t
(10) lu (€)1, s flugll, + J l£()_ dr ( s m)
0
by a well-known fixed point theorem. Clearly uy satisfies
T -1, kA
(11) J j (w9, + ¢(u )k “(e"= Dy + £(t,x)y) dxdt = 0
o Jgl n't h

for all y € cg((O,T) x RY)

LEMMA 3. Under (3) the following are equivalent

£
(1) u 1is the integral solution of (l)f - (2) ;
(i1) u belongs to c([0,T];nLt (RY)) q1°((0,T) x RY)
and satisfies
[ u(0,x) = ug (%),

—_—

T
f J N(uw + ¢(u)Ay + £(t,x)y¥) dxdt = 0
o /RN F

for all U € cg((O,T) x RY) .

PROOF. The implication (i) =+ (ii) will be clear

.._13_.



from (10) and (11) , and (ii) > (i) follows from the

uniqueness theorem given in [2, Theorem 1] . Q.E.D.

-

£f , £ satisfy  (3)

-

LEMMA 4. Let u u

o " Yo 7 £ e

Then the corresponding integral solutions. u , u of
(L) - (2) satisfy

| (u(t) - ﬁ(t))+lll

t -
<l uy - GO)+H1 + Jo | (£(x) - f(r))+Hl dr

PROOF . The lemma is true for the corresponding
strong solutions uy ,-ﬁh’ of ‘(1)2‘— (2) since
J gsom @ -v) oo () - A v)y ax < o,
R ¢ ¢
where sgn'r = 1 (r >0) and 0 (r < 0) . Q.E.D.
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Navier-Stokes Filow Down an Inclined Plane

Yosniaki TERAMOTO

81 Introduction
The motion of viscous incompressible flow down an incliuned

plane under gravity is governed by the following equation

StG - VAV + (V.VIV + Vp = T ,
(1.13

div v = 0 in Q(t)

where Q(t) = { lyl.yo,v } v -b < v, < ply t) } is the domain

.‘3 b ..8 .,175,2’
occupied by the fluid at time t. T=(gsﬂnu,0,—gcoéa1 is the external

force. where ¢ is the gravity constant and o (0<o<n/2) is the angle of

the inclination of the bottom plane 5, = { = -b }. We set p = p +

B Y3
PO - y3gcosa. pO is the atomospheric pressure assumed to be constant.
v is the coefficient of viscosity. The density is set to be one. At

the free surface v, ='n(y1.y9,t) ((yl,yo)&kz. t1>0) v o, p énd n

3 2
satisty
2 cl = " - v ¢ N R 7
(1.2) , dt" Vg vlanfayl v28n/8y2 ’
[ 1.3) - asxIn, - 1. /OY . v _/ v .
(1.3) {p FCOSN n; v(avl/c)yJ + qu/avl)nJ
gv. ccl+lvntZ V20 pyn. =0 . i=1,2.3

+ F' Fn [:n nl - . v 1=1,4, ’
where VF = (8/8y1,8/8y2), and n = (nl‘nz.ng) denotes the outward unit
normal of the tree surface at yq:n(yl,yz,t). f 1s the boéfficient of

the surface tension. On the bottom SB the fluid satisfies the

_15_



adherence condi tion

We are also given the initial condition at t = 0

. ] 2
n = no(yl.y21 . (yl.yz)él%
{1.5)

v = Ve ly) . v € Q)

where 2(0) = {(v ) -b { ¥

1*¥p¥g) o ¥ 1Y

If we assume that n = 0 and that the velocity 1s parallel tQ the

< iy ) )

1l

inclined plane and depends only onn the depth., we can easily obtain
the steady flow

—. 2
(1.6) Ww = (W, .Ww,.uW,) = ((2v) Igsina(b2 - ¥X,71,0.0)

9 3

The associated pressure is pO - xggcosa . We denote the fluid

region of this unperturbed flow by Q = {‘X1~X0~X3); ~-b < x3 <0 ).

In the sequel we reduce (1.1)-(1.5) to the problem on the fixed domain
Q,'and are concerned with global in time solutions to the equations

governing the disturbances from lthe unperturbed flow. The approach

used here is the one emplovyed by Beale in [11].

§2 Reduction to the fixed domain

Let 82 = S. U 5

F , where SF = { X, =080 % and 5, = { x, = -b 1.

B 3 B

__16_



We regard n as the function detfined on SFx{tzﬂ} . then .extend this

for xq<0 as follows

— -

TXyeXags b = FC exp(f&lx3ln~(£.t)l.

where p~(£.1) is the Fourier transform with respect to the horizontal
variables (X %,) and ?—1 is its tnverse. For each t>0 we define the

transformation € on &€ onto Q(t) = £y & -b < yg < Aly,.v,.1) } by

(2.2) y = g(x,t)

It
x

n o+ X (1 + n/b)

The velocity field v = (Ul.;q,vq) and the scalar pressure p on Q(t)

are defined from the vector field v and the scalar 9 on € by

I
R

v.(8ix.,t).t) = @, v. / dJd v, ., i=1,2,3 ,
i 1.X. J 1y J

pli(x,t),t)

qlx,t?}.

Here (9j X ) is the Jacobian watrix and J = det(ﬂ1 " } . Note that

j J
Vy-U = 0 in Q(t) if and only if vev = 0 in R . We set v =u + w

Using the fact that {ei x ) = (SiJ) when n=00 . we Ccan rewrite
i

(1.1)-(1.4) to the problem for (n.u.q) on the unperturbed domain

 as follows :

2 =
(2.4) atn u3 on SF .
(2.5) Stu ~ vAu + (w,¥)u + (u,7)w + vq = Fn(n,u,q) in

(2.6) div u =0 in & .

—_ 17__



2.7) u = o -On S8 ,

> ; = ; i = 2
(2.8) ajua + aSUJ FJ(n,u) on 5F y J 1,2

(2.9) q - 2vd, u

3Ug ~ ( veoso - BAF)n = F,{np,u}) on S

3 F

Here FJ (i=0...3) on the right hand sides contain the quadratic

and higher terms of n., u. 9 and their derivatives.

83 The result

To state the result we introduce some notations : Hr(Q) is

the usual Sobolev space. K@ x RYy = n0r ;0" @) n 0772 (R";

HO(Q)) .. We say that n belongs 'to»Kr(R2 X R+) if the following
conditions hold :

- >
neK (R x (0,T)) for any T » 0. p = n, + n, such that n,

)
P
Kr(R2 X R+) and n2 is the Fourier transform in space-time vari-
ables of L1 functions of bounded support. (See (11 for details.)
We consider the intial value problem for (2.4)-(2.9) with

the initial data

n = n,0x,,X,) (X, .X,) €ER™ ,
(3.1) 0 1772 1°72

u = W“X) XE€Q

Suppose the compatibility conditions on the initial data

divu, =0 inQ , u, =0 on SB ,

+ Jd,u . ?J on bF (j=1.,2) .



0 -
Further. assume that the Reynolds number of the unperturbed flow

2_1v_2bdgsina

where Tj (j=1,2) are the quantities written in terms of n

is sufticiently small. The result is the following

THEOREM. Suppose the conditions stated above hold. Let

3 < r (7/2 . There exists &6 > 0 such that if n(l and u, satisfy

0

!nul + |UU| < &

r-1/2

then there exists a global solution ( p. u. g ) of (2.4)-(2.9).

which satisfties

. ]
ek 2% kY L uektc 9 x RN,
e 1/2
VqGKI l’/“( Q x RJr J.
REFERENCE
11 J. T. Beale . LLarge-Time Regularity of Viscous Surface

Waves , Arch. Rat. Mech. Anal. 84 (1984) .307-352



Microlocal orders of singularities for distributions

and applications

Sadao Miyatake

81. Orders of singularities in R".

Let £ be a distribution with compact support. Then as is well-

known, there exists an integer m = m(f) such that f belongs to H—Zm.
More precisely f is represented by f = (1 —Zk)mfo , Where fo
belongs to Llf\Lz. This‘implies
- ~ 2 ’
1+ BmH™EE e B'nL’, for £ e @
Therefore we can use
/
Definition 1.1. For f € €, the order of singularities are
considered in the following two ways.
. X -r o
05, (f) = inf {r € R, lim 1+ g F FE) = o} ,
0S,(f) = inf {r eERrR, feH }
First we remark the following lemma:
/ 00
Lemma 1.1. For any f € £ and any o € Cd , we have
(1.1) OSk(df) &£ OSk(f) , k =1,2,
Now we introduce the following definition:
Def.1.2. {o(n} is said to be a localizing sequence to xoff Rn

. (] . .
if dn € C0 satisfy dﬁ(xo) # 0 and supp dn —> X, in the sense
that for given £ >0 there exists N such that supp dn C {x; |x—x0|<e}

for all n > N.

Here we state

/
Theorem 1.1. Let f belong to &) . For any localizing sequence

{o(n} to x_ it holds

(1.2) lim 05, (d £) = inf 08, ®f) , k=1,2.
n —» oo d,eCf > A(x)#0

._.20_



Now we describe

14
Definition 1.3. For f € & , the orders of singularities at X

which we denote by OSk(f;xo); k=1,2, are defined by the numbers given

in (1.2).

Example. 0S;(§3;0) = 0, 0S,(83;0) = n/2 for §in R  and
OSl(p.v. iAin R1 ; 0) = 0. Later we use OSl(tT 30) = -(m+1) ,where
tT = t",t >0 and =0,t € 0.

e
Remark 1.1. For f€ E , OSk(f;x), k=1,2, -are upper semi-continu-

ous in x and we have

(1.3) OSk(f) = max osk(f;x)
x€supp f

By the way we state now

Definition 1.4. For f €  we can define OSk(f) by the right

hand side of (1.3)for k=1 and 2.

Remark 1.2. For f€.$2 Osl(f;xo) = -0 equals to OSZ(f;xo) = -60, -
which is also equivalent to saying that for any k > 0 there exists an
open set (2k 3 X such that f is a Ck function in.Qk.On the other hand
X, § sing supp £ 1is equivalent to OSk(f;x) = - in a neighbourhood

of x .
o

Example. We can show easily that there exist distibutions satis-
fying OSk(f;xo) = -w and X, € sing supp f at a point X - For example
(s <]

let us put  £(t) = exp(-1/t; > £ (t-5), where £ (t) = &(4n°t)t" ,
n=2 n n n +

oA(t) &€ Cﬁ, supp dn ¢ [-1,1]. Then OSk(f,O) = -e0 and O€singsupp f.

Comments. As for OSZ(f;x) some authors considered earlier.

J.J.Duistermaat- L.Hormander [2] defined for f & &

s¢(x) = sup {t € R; f € H in a neighbourhood of x]‘,
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and noticed Remark 1.1 for sf(x). M.Tsuji[ll] introduced the following

form:

- . 6o
s.0(fixg) = - lim sup{05,(d) 5 «e CJlx, e ),

where CS(XO,E) = {c{é CO; supp& C {x; |x—x0[<'e }} .

From Theorem 1.1 we can verify easily —sf(X) =s.o(f;x) = OSz(f;x).

It is Temarkable that’sf(x) ; s.o0(f;x) and the right hand side of (1.2)
are formally determined, since the infimum of any set of real numbers
always exists. While the equality (1.2) means that the infimum is
approximated by an arbitrary localizing sequence in Def. 1.2. This

viewpoint proceeds also to the microlocal version in the next section.

§2. Micro-local orders of singularities.

At first we introduce

Notation 2.1. For a(x,E) & S? 0 = SO, we mnote
. to E n n-1
[supp a] = conic supp a = () {(x, I§\) ER XS , El>m, (x,%8) € supp a} s
m=1
(supp a) = elliptic supp a = {(x, E')ER“XS“'I, lim la(x,r£ )] >0}.
‘ >0 ‘
. . n n-1
Remark 2.1. (supp a) is open and [supp a] closed in R X § .
Evidently it holds (supp a) C [supp a].
Definition 2.1. A sequence {an(x,g)} of S0 is said to be

a localizing sequence to (xo,go) if it satisfies

1) (xo,go) € (supp an)‘,for all n ,

2) [supp an] converges to a point (xo,go) in the sense that for
given £ >0 there exists an integer N such that [supp an] is contained

. {(x,g) e R"x sl Ix-x_1<& , |§-£)< e}‘ , for all n > N.

Corresponding to the symbol a(x,) € SO we consider a localizer
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defined by the following pseudo differential operator:

a{(D,X)u(x) = Os —55 ei(x'Y)ga(y,g)u(y) dydg

0

/
Lemma 2.1. For.u € £ and a(x,£) € S,

we have

(2.1) 0s, (a(p,X)uw) < 08, (u) , k=1,2.

Lemma 2.2. Let ay and a, belong to SO satisfying [supp az](:

{supp al) . Then for uEEE, we have OSk(azu) < OSk(alu) , k=1,2.

Using above lemmas we can show

Theorem 2.1. . Let {an(x,g)} be an arbitrary localizing

n-1

sequence to (xo,go) € R"x g Then for u € £ we have for k = 1,2,

(2.2) lim 08, (a_(D,X)u) = inf 0s, (a(D,X)u)

n —» 6o 0
a€S”, (x ,5) € (supp a)

Now we describe

/7
Definition 2.2. For u€ é}(Rn) the micro-iocal orders of sin-

gularities , 0S, (u;x_, § ) at (xo,gOJER“x s“'l, k=1,2, are defined

by the numbers determined by (2.2).

Corresponding to Remarks 1.1 and 1.2 we have

Remark 2.2. For u€48/ , OSk(u;x,g),k=1,2, are upper semi-conti-

nuous function on RnX Sn—l. Moreover we have
n
1) OSk(u,xo) = max OSk(u,xO,g) , XOE.R , k=1,2,
1E] =1
2) (xo,go) & WF u if and only if OSk(u;x,g) = -0 holds in a neigh-
. n n-1 .

bourhood of (xo,go) in R"X § , k = lor 2.

Now we consider OSk(u;x,g ) more precisely.

Definition Z.3. Let A be an arbitrary set on Rn>(Sn_l. Then we
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define orders of singularities on A as follows.

(2.3) OSk(u;A) = sup OSk(u;x,g)
(x,5)EA

Then we can verify
Ve
Lemma 2.3. Let a(x,%) belong to s¥. Then for u€ & it holds

(2.4) OSk(u; (supp a)) £ OSk(a(D,X)u) < OSk(u;[supp ul), k=1,2.

and the following

Theorem 2.2. Suppose u,€08’ and (xo,gb)é.RmKSn_l. Then for any

given £ >0, there exists a positive constant such that

(2.5) OSk(u;xo,go) < OSk(a(D,X)u) < OSk(u;xo,§0)+ e , k=1,2,.

for all a(x,g)E'SO satisfying (xo,go)(z(supp a) and [supp a] C Us(xo,gb)

1

= {(x,g)e R s™ ™, |x—x0|<5 J§—2J<§}. Moreover (2.5) holds even if

we replace a(D,X) by a(X,D) the usual form of pseudo-differential

operator with symbol a(f,x) for ué€ £ .

From Theorem 2.2 we can see that the localizing process by {an}
is concerned essentially in [ supp an] and (supp an). Hence it is

useful to choose special localizing sequences.

~ 00 . 1
Example 2.1. Let .ﬁ(x) € C0 ; =1 on { x; x| = E—}’ and = 0 on
{x;lxlz l}. Put J(g) = ﬁ(g). For (xo,go)é R%s™ 1 e put
- _ E
(2.6) Bna(d = pn(x-x)), o, (8) = (n( -5 A(5)

where 7(%) € ¢” . =1 for 5]l 21, = 0 for IE| £ %—. Then {dh(g)%%(é{} is

a localizing sequence to (xo,go).

Example 2.2. Here we point out another localizing sequence

relating to the micro-localization used by Mizohata [g] and [9]. for

n-1

(XO,fO)E R" x s we note simply using ﬁ(x) and X(g)
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X~X g/ -§

(2.7) px) = =), A (5) = k() , 0<r <1,
)
o« () B(x)
. 1 n
We can verify that S =& () B(x) and }
120 4 ® P00k e, {(u 2 ret0,1)

are localizing sequences to (XO,EO) as rotends to 0, which we consider

again in 84.

Comments. J.J.Duistermaat- L.Hormander [2] introduced the follow-
/
ing definition : For u € D ,

t

st(x,g) = sup{t; u€ H  at (X,g)} ,

where ué€ Ht at (x,%) means that u = u; +ou, with u1€ Ht and (x,§)§
WF(u) and Remark 2.2 for —si(xﬁ) was given there. Using Theorem 2.1
we can verify —su(x,g) = OSz(u;x,g) and recognize the set of locali-
zation given by {a(D,X)u; a(ESO, (supp a) 9(x0,§0)} is sufficiently
universal. Thus it suffices to consider localizing sequences as in
Example 2.1 and 2.2. This makes our way of thinking simple and turns
out to be useful when we consider concrete calculus for some applica-

tions.

&3. Applications.

Here using micro-local order of singularities we state some results
concerning hypoellipticity and propagations of singularities. This would
indicafe us that above both properties are not different from viewpoints
of microlocal orders of singularities.

At first from Theorems 2.1 and 2.2, it follows

m
Corollary 3.1. Let a(x,§) & s™. Suppose (xo,go)é,(supp a/(1+l§F)7.

/
Then we have for ué€ & ,

(3.1) OSk(a(X,D)u;xo,go) = OSk(u;xO,éb) + m , k=1,2,



m/2

Remark 3.1. 1If (xo,go)e (supp‘a/(1+lﬁ2) ) for a €S™, then we

can see that a(X,D)u = f is micro-locally hypoelliptic in a neighbour-
hood of (xo,;b). Hence , if we want to consider the propagations of
singularities under the assumption that f is smooth, it suffices to
confine ourselves to considering on {(x,g)é RnX’Sn—l; am(x,g) = 0} .
where a is the principal part of a. This argument continues to the

next theorem.

Theorem 3.1. Suppose p(x,y)éism. Let %(x,y)esl be a real phase

function and homogeneous in 7 for large || . Assume that J = %(x,7) - X

satisfies

A 141/
(3.2) > sw {JE Yoo e’y T <
Witipl < 2 l>y - P

Then we have for Fourier integral operator in R" with amplitude p(x,?)

and phase function }5 ,

n
(3.3) Osl(P u; x,8) £ 0S5, (u3y,7) + m + 5

(3.4) 052(P u; x,g) £ OSz(u;y;7) +'m ,

where (x,%) and (y,») are related by y = ¢ (x,%) and = (x,#).
5 7 ACY, &= Px(%:7

Problem. We can expect that %<will be modified , though its

caliculation is not simple.

Comments. HSrmander{s] mentioned to (3.1) for k = 1, as a limit
of micro-local hypoellipticity. Conversely it is possible to understand
that micro—local hypoellipticity is a consequence of some relation
micro-local order of u and au. At that time we canj'Uﬂy to take
some suitable localizing sequences. The author was interested in OS1
at first in order to consider propagations of singularitiestand supports
of solutions to simple hyperbolic mixed problems in [6]. The notion of

orders of sigularities will play impotant role when we consider solu-

tions of mixed problems more cocretely. As for energy estimates there
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exists a certain difference between non-homogeneous Dirichlet and
Neumann problems for second order hyperbolic equations, (cf. [7]).
This difference should appear also in propagation phanomena of orders
of singularities. Finally notations of Theorem 3.1 are cited ffom

H.Kumano-go [5].

&4 .Mizohata’s localization and orders of sigularitiesﬂ

At first let us recall Theorem 2.2 and Example 2.2. Then we have
1
. < X
(4.1) OSk(u,UrO/Z(xo,go)) < OSk(Z nc&(D)Fu)

1/2

= OSk(Z'(l—A) Xn(D)Pu) < OSk(u;Uro(xo,go).

Now we describe as in [10]

/ .
Notation. For u€d , we say u & H ,if, for some r_ >0,

(%, &)

g (118 Y puce) |t ag < o
| A5l - §l< T, /2

wherep is a function defined in (2.7). This definition is equivalent to
that in M.Bony [1], where pseido-differential -operators are used as

localizers.

Now we can state

. / . -
Theorem 4.1. Let ue H , and (xo,go)é Rn><Sﬁ 1. Then

(1) Osz(u;xo)go) = - S
is equivalent to saying that, for any € >0 , there exists ro>»0 such
that one of the following (2) ~ (6) holds

1
(2) OSz(Z Ho(ngu) < _(S - 6))

- s-& -(s-¢€)
I =

(3) u € H(x £ , (4) l]anu O0(n )

o’ 0

2 2(s-€)-1 s-¢e-1
(5) 3 hofypu 2 n <00 (6)lelypull n ¢ o
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Here we rTemark only that we have (1)& (2)<& (3) from Theorem 2.2
and Example 2.2, (3)& (5) from [10], (4)= (3) from Y.Takei [12] and

(2)2(4)=>(6)=>(2) by direct caliculus.

Theorem 4.2. We have Theorem 4.1 replaced 052 by OSI, if
S-€ .
H(Xo’ 0) and "dnpull are replaced respectively by
- E . s-E
B ix iy T {u: sup (1+181)° jpu(z) | < =},
o o l;o— g/'gll<ro

ol pully = éseugnlo(n(i)?ﬁ(ﬂl
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Applications of two-timing methods to

heterogeneous reaction-diffusion systems

Shin-Ichiro Ei

There are so many mathematical models characterized by
gquasi-linear parabolic systems of differential equations which
describe actual problems arising in physics, chemistry, biology and

many other fields. When such systems take of the form

(1) %; = div(D(x,t,u)Vu + E(x,t,u)) + f(x,t,un),
u = (ul,'--,un), in which f may be replaced by f(x,t,u,vVu), they

are often called reaction—diffusion—advection systems. Here, D(x,t)

is a nonnegative definite matrix. If D 1is a constant matrix , f

is independent of t and X and E = 0, (1) is reduced to

homogeneous reaction-diffusion systems

Qu _
(2) ot - Dau + f(u).
In most applications, D 1is diagonal. (2) are extensively

investigated by numerous authors from both analytical and numerical
view points. In this paper, we shall not touch upon them but refer
to excellent reviews by Fifel[5] and Smoller[231].

On the other hand, we encounter sSpatially inhomogeneous or

heterogeneous reaction-diffusion-advection systems such as
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(3) 37 = div(di(X)Vui + uiVei(x)) + fi(x,u) L = 1,...,n),

in which fi(x,u) and di(x), ei(x) explicitly depend on space
variables =x. These models occur widely as ones for dynamics of
chemical substances or biological species in heterogeneous media or
environments ( Okubo(17], Fifel51, etc.). Let us show one simple but
very suggestive model equation introduced by Fisher{71 in population
genetics though there are many other’models described_by
heterogeneous reaction-diffusion equations{( Gurney and Nisbet[91,
Kawasaki and Teramoto[l1ll, Kurland[12], Nagilakil[l6l, Pacala and
Roughgarden[18], Skellam{22]1 and their references therein). It is
described by

du _82u

(4) Ay =
8x2

+ am(x)u(l - uw), x € I = (0, 1), t > 0O

Qo

t

with Neumann baundary conditions. Since the variable u in (4)
denotes the frequency of a gene, we pay attention to only solutions

of (4) for which 0 < u < 1. Assume I m(x)dx = 1. When m(x) is
I

constant, that is, m(x) 1, we know that any solution u(t,x)

satisfying 0 <u<1, and u# 0 tends to 1 as t - o for any
X > 0. On the other hand, when m(x) is not constant and m(x) < 0
on a set of positive measure, Fleming[8] showed that there exists

X, > 0 such that for 0 < x € X u(t,x) satisfying 0 < u £ 1

0 0°

and u £ 0 tends to 1 as t - o , while for X > X there appears

0’

a unique stable inhomogeneous equilibrium ¢1(X) of (4),
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0 < ¢l(x) ¢ 1 on I and wu(t,x) satisfying 0 < u £ 1, and

u® 0, u £ 1 tends to ¢A(X) as t » ». Thus, the appearance of
heterogeneity of m(x) drastically changes the situation. For the
study of such heterogeneous systems, there have been at least three
approaches. The first two, which are essentially powerful to scalar
equations, are the super- and sub-solutions methods (Fife and
Peletiel[6]1, Howes[201, Leung and Bendjilali[l31 , Matanol[141],
Pauwelussen and Peletier[19] ) and the variational ones (Fleming[81,
Kawasaki and Teramotoll11], Yanagidal251), which give the éxistence
and sometimes the stabilities of inhomogeneous stationary sclutions.
A second is perturbed bifurcation techniques, which can widely
applied to homogeneous reaction-diffusion systems of equations
perturbed by weak heterogeneities (e.g. Mimura and Nishiurall51).

Al though we know these three approaches, it is still hard to study
spatial and/or temporal pattern formation in heterogeneous reaction-
diffusion systems of equations. For this purpose, Su Yul24]

considered a fairly general class of systems :

%; = DAu + gf(x,gt,w), t > 0, x € Q ,
(5)
l u(0,x) = uo(x), X € Q,

with Neumann -boundary conditions. Here, Q is a bounded domain in
Rm. Under certain assumptions, he showed that when g is

sufficiently small, there exist K > 0 and T(g) > 0 such that
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lu(t,*) - ucst)ll, 2

L2y < ke

for t =2 T(g), where u(t,x) is the solution of (5) and E(St) is

the solution of

du _ S0 =
J oT = f(TLw, T > o0,
(6)
1 uo) = u, ,
vith u, ¥ (meas. Q)*lf u,(x)dx and £(T,u) ¥ (meas. Q)"lf £(x,T,u)dx.
Q Q

Thus, we can study the effect of heterogeneity of the reaction term
f on the asymptotic behavior of solutions of (5) through the
analysis of O.D.E. (6), which is much easier than that of P.D.E.
Unfortunately, his result did not argue the transient behavior of
solutions for 0 < t < T(g). Furthermore if we are interested in
dynamics of populations in heterogeneous. environments for instance,
we meet heterogeneous reaction-diffusion-advection systems of (3)
rather than (5) (Okubo[17], Comins and Blatt[l]l, Fife and
Peletier[6], Shigesada et.all211, Yanagidal25], Howes[101).

For such systems, Shigesadal20], Ei and Mimura(l4] analyzed the
transient as well as asymptotic behavior of solutions for ecological

model equations of the form
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du.

—' = div(d.Vu, + u.ve, (x)) + gf.(x,u), x € Q c R™ t > o,
ot i i i 7i i
7
1 ui(O,X) = uOi(X)’ x € Q, u = (ul,---,un) (i = 1,...,n)
with a positive small parameter €. Here,  is a bounded domain

in R™ and the boundary conditions are no-flux ones and di > 0 (1
1,...,n). To investigate the spatial and/or temporal pattern

formation of solutions of (7)), Shigesadal20] applied the two-timing
method to (7) and constructed the lowest-order approximate solution

of the form
(8) u?(t,et,x) = N, (ED)O, (X) + w (£,x) (1 =1,...,m),

where @i(x) = exp{—ei(x)/di}/f exp{-ei(x)/di}dx and Ni(T) is the
Q

solution of

r = Fi(N1,°°',Nn) ¥ Igfi(x,lel(X),"',Nnmn(x))dx,

(9

—

N. (Q) = I u, ,(x)dx (i = 1,...,n)
1 0 i0
\

and wi(t,x) is the solution of

Ow.

—! = divd.vw, + w.Ve, (X)),
ot i i i 71

(10)
1 wi(O,x) = uOi(x) - f uOi(x)dx~¢i(x) (i =1,...,n),

Q
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with the no-flux boundary conditions. Ei and Mimural4l proved that
if the solution of (9) converges to an asymptotically stable
equilibrium of (3), then the solution ui(t,x;s) of (7)), satisfies

Hui(t,*;s) - u?(t,st,*) I < 0(g),

L@
specially,

II u. (t,x:8)dx - N.(gt)l < 0O(g)
Q 1 1

uniformly on t € [0, @) for i =1,...,n.

On the other hand, it is possible for the equations of (9) to
exhibit stable limit cycles or strange attractors such as chaos.
Especially, in the case of limit cycles, it is observed by computer
simulations that ua(t,x;€) seems to be periodic and the orbit

described by (f ul(t,xzs)dx,---.f un(t,x;e)dx) agrees fairly well
Q Q

with the orbit (Nl(et)."',Nn(st)) in phase plane R" though Ei
and Mimural4] have not discussed this case.

This observation motivates us to study the case that the (9) posses
stable limit cycles. Our result is as follows: Let Y be a stable

limit cycle of (9) and assume that (N (St),-f',Nn(St)) -+ Yy as

1

t 5 o, Then there exist C > 0 and t8 > 0 such that

dist{Y, (I u (t,x;s)dx,‘-~,f u (t,x;S)dx)} < Cg
0 1 0 n

for any t >= t8 when € is sufficiently small. In [3]1, we will
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analyze (7) in detail with applications to more concrete actual
problems of two-species prey-predator model and investigate

quantitatively the effect of heterogeneity.

There is another application. Let us consider the following
systems:
aui n 8ui
(11 3t - diAui + g{ 2j=1 aij(x,u)g; + fi(u) }, X €Q, t >0

(i =1,...,n)

with Neumann boundary conditions and

(12) u,. (0,x) = u. . (xX), x € Q,
i i0

where u = (u au), Q is a bounded domain in R™ and d, > 0.

S
Conway, Hoff and Smollerf2] proved that when g€ 1is sufficiently
small and (11) admit a compact positively invariant set Z < RM

independent of small &, then any solution (ul(t,x),-'~,un(t,x)) of

(11), (12) with values in Z converges uniformly and exponentially

to their spatial averages ui <= {(meas. Q)—lf ui(t,x)dx (i =1,
Q

,n), where Ei(t) satisfies

ot

(13) —! = efi(ﬁ --,En) +oge 7Y as to e (i =1,...,m)

1°

for some o > 0. I1f we apply our results to (11), (12), the
above statement is valid without assuming the existence of such an

invariant set 2 . Details will be stated in [3].
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Singular Limits for the Compressible FEuler Equation

in an Exterior Domain,II—Bodies in a Uniform Flow
Hiroshi ISOZAKI

Department of Mathematics
Osaka University

Toyonaka, 560, Japan

1. Formulation of the problem. Suppose an unbounded domain § in
R3 exterior to a bounded obstacle with compact smooth boundary S
is occupied by an ideal gas. Let P be its pressure and V the
velocity. The entropy is assumed to be constant. . Then the
compressible Euler equation in a suitable non-dimensional form is

written as

9,P + (V-W)P + YPV-V = 0,
(1.1) 3,V + (V-IV + 22p M Pgp = o,

<n,V¥> = 0 on S,

where ¥y 1is a constant > 1, n 1is the outer unit normal to S and
A is a large parameter propotional to the inverse of the Mach number.

m - Hm(Q) be the usual Sobolev space of order m. In our

Let H
previous works [1]1, [2], we have adlready shown that the solution of
the above equation converges to that of the incompressible Euler
equation as. X - « under the main condition that the initial
pressure PY(0) = Const. + 0(x” 1) and the initial velocity V*(0)

€ HN+1,

N > 4. The assumption that the initial velocity belongs to
Lz(Q) is rather resirictive, since it excludes physically important

flows which are both solenoidal and irrotational. In fact, if a
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vector field V(x) € LZ(Q) satisfies div V = 0, curl V = 0 and the
boundary condition, it must be identically equal to O. In this
note, we consider the flow constant at infinity as an important
example of such a non L2 flow.

3

Let a constant non zero vector £ € R be fixed, which is the

velocity at infinity. Take wo(x) € B such that

div Wy = 0 in Q,
<n,w0>‘= 0 on S,
(1.2) |8a(w0(x)—£)| < cex> Bl 2001,

C and € being positive constants,

Wy VIV, € L2 Q).

0

For instance, one can take wO(x) = £ + V@p(xX), where ¢ solves the

following Neumann problem

Ap = 0 in Q,
29 _ _
an = <n,€> on 8.

Indeed, @(x) is written by a single layer potential on the boundary

_ 1
@e(x) = ISM(Y)lX_yIdSy,
whence Iaa(wo(x)—ﬁ)| < Ca<x>—2_|a|.
One can also construct other examples by setting .wo(x) = E +

curl A(x).

In order to treat (1.1), we transform P into Q = —%— Pl—l/y.

Then (1.1) is rewritten as

StQ + (V-v)Q + (y-1)QV:V = 0,

3V + (V-IV + A%vp = 0.

- 40 -~



We set 7y = 2 for the sake of simplicity. We are going to assume
that the initial pressure behaves like Const. + O(A—l). Thus, we

set, without loss of generality, Q =1 + p/x. Then we arrive at

atp + (V-¥)p + pv*V + AV:V = 0,

BtV + (V-V)V =+ Avp = 0.
Since we consider the velocity close to wO specified by (1.2), we
set V = v + w and obtain the following equation

0
Stp + (v-V)p + PV-V + (W, V)P + AV-V = 0,

(1.3) atv + (v-V)Vv + (v'V)w0 + (W, *V)V + AVp = - (wO~V)w0,

0
<v,n> = 0 on S.

2. Main results. The following assumptions are imposed on the

A
0

initial data pj}, v
(A-1)  {(py,Vvp)3A>0} is a bounded set in HV L @nLl @), where N is
an integer = 4.

(A-2) The compatibility condition is satisfied up to order N+1.

(A-3) Psvg -> vg in HYQ as - ©, Pg being the projection onto
the solenoidal fields.

Let H'ﬂm be the norm of H™. oOur main results are the

following theorems.

THEOREM A. There exist constants T > 0 and A > 0 such that for

any X > A, there exists a unique solution pl(t), v*(t) €

N
N Ck(I;HN_k(Q)), I = [0,T1, of the above equation (1.3). Moreover,
k=0 :

it satigfies the following uniform estimate

sup (up*(t)nN + uv*(t)uN) ( .
AOA, tel
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THEOREM B. For 0 < t < T, p (t) » 0 and v (t) » v (t) in

H?;é(ﬁ) as x o> o, Furthermore, w () = vo(t) + W satisfties the
following incompressible Euler equatrion

atu"° + (0 -mu” + vq = 0, in Q, te€I,

div u_ = 0, in Q, tel,

<n,um> =0 on S5,

um(O) = vg + wo,

u”(t) - ow, e TN

L] © N-1, =<. . w©

where q = q (t) € Hloc(Q) 18 calculated from u (t).

3. Methods of the proof. The proof of Theorem A is almost the same
as in [11, §5. TLetting £ = ‘(p*,v*) and L be the linearized
operator of acoustics
0 v 5
L = -1 ¢ in LT
v 0O

with the boundary condition <v,n> = 0 on S, we rewrite (1.3) as

follows
(1.4) Stf + ACE)SE + (wO~V)f + iALf = F,

where F = t(O,—(wO~V)wO) and A(-) be the differential operator

defined by

A = “((w*¥Dp + qV-v, (Ww-V)v + (v-?Iw,)

for f = t(p,v), g = t(q,w). The linearized equation for (1.4) is

(1.5) atf + A(g)f + (wO°V)f + iaxLf = G.

Let [ be the projection onto the null space of L. and T =1 -

r.. For £ = t(_p,v), Fof = t(O;PSV). We split the solution £
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of (1.5) into two parts : f = Fof + T'f. Fof satisfies the
incompressible Euler equation which can be treated separately (see

e.g. [31). To estimate [f we use the coercivenes estimate

(1.6) If £ € D(L) and is orthogonal to the null space of L,

"f"m+1 < Cm(Hf" + HLme), m = 0.

These two estimates enable us to derive the following energy
inequality : Let

m-1

1. .k
lecorl = oo kol ., m=1
™ k=0 *% m-k,
and Y = sup (gt + llw,li ). Then we have
s (N1 0" gN+1
LC(P) t
(1.7 £l < C e agcort o+ f IGs) I ds
X X 0 X
1
+ Gl )y,
A Xm

1 £ m £ N+1, t € 1.

Theorem A easily follows from (1.7) by the standard methaod of

iteration.

To prove Theorem B, we study an asymptotic property as 1 = «

of the equation

atp + (wO-V)p + AV-v = Q,

(1.8) Gtv +. (W,"V)Vv + AVp = 0,

0
<v,n> = 0 on S.

We construct a l-parameter group of diffeomorphism @t(x) by
4 @, (x) = w (¢, (X)) ¢ . (X) = x
dt t 0 t ’ 0 )

and define (@B(tXf)X(x) = f(wt(x)). Let Uk(t) be the unitary group
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for (1.8). The important fact is the following lemma.

LEMMA . Ul(t)r - @(-t)e_lltLF » 0 strongly in L2(Q) as A o =

for any t € R.

Thanks to the above lemma, one can reduce the asymptotic properties

of Ul(t)r to those of e—ltlLF which have been studied in [11].
4. Remaining problems. So far we have studied the equation (1.1) in
an exterior domain, many problems are left unsolved. For instance, it

is not easy to relate the pressure qm(t) to the original pl(t).
Even in the case wo(x) = 0, some geomeitric assumptions on the
boundary (e.g. non trapping condititions) seem to be necessary. If we
consider the non-isentropic fluid, in order to prove Theorem B, we
have to study spectral and scattering problems of the linearized
operator of acoustics with coefficients depending on time, which

seems to be a very subtle problem. Theorem A élso holds for the
interior domain (we take wO = 0). In this case, the incompressible

limit (Theorem B) is derived under the additional assumption that,

roughly, pé = 0(1_1), div vg = O(,\_1

appear. But what occurs when we consider the limit X = o under our

), and the initial layer does not

original assumptions ? The incompressible 1limit for the boundary
value problem of the compressible Navier-Stokes equation is also an
interesting problem. For the stationary case, this was sfudied by
[4]. But the non stationary problem is yet unsolved. A good
explanation of these problems of singular limits in non-linear

equations of fluid is given in [5], Chapter 2.
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Spectral analysis for linearized MHD operators
KAKO, Takashi (Saitama University, Urawa)

The linearized MHD equation, around the equilibrium quantities
{p,P,B}) which satisfy:
(0.1) grad P = jxB, j= rot B, div B = 0, pgp0>0 rarbitrary, PgPO>O,
is written as:
(0.2) ,,b_g = —Kt = grad{yP(div £)+(grad P)&}
+Bxrot(rot(Bxf))—(rot B)xrot(Bxg&).
Here, &:QcRBaRais the Lagrangian displacement vector in the

vicinity of the equiliblium and y is a positive constant.

§1. Some special equilibria

The general solution of the equation (0.1) is not known, while
if the domain @ is of special shape, we can construct some
equilibria with certain symmetry. The simplest example is a
-constant solution in the whole space RB. We consider the cases
where the domains are bounded. 1In these cases, the simplest one
would be the flat torus, the next a periodic cylinder and an
axially symmetric region. When the domain is cylindrically or
axially symmetric, there is a master equation called
Grad—-Shafranoff equation:
(1.1) -A¢=F(¢)
where ¢ is a stream function for the magnetic field B. In the
cylindrical case, A=3%/3x“+3%/3y% and F(¢)=(3/3¢)(P+(1/2)1%) with
an arbitrary positive definite function P of ¢ and a function I

of ¢. In the case of axial symmetricity, A=r(3/3r){(1l/r)(3/3yr)+

62/322 and F(¢)=r2(aP/a¢)+I(aI/a¢) with the same type of functions
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P and 1I. In these cases, the equilibria are given by

(1.2) P=P, B=(3¢/3y,—3¢/3x,1) (cylindrical case)

and

(1.3) P=P, B=((1/r)(3¢/32),(1/r)I,—(1/r)(3¢/ar))
(axially symmetric case).

Further, as a more special case in the flat torus, there is an

equilibrium:

(1.4) P=P(x), B=(0,b(x)sin @(x),b(x)cos ¢(x))

where

(1.5) (P+b%/2)'=0 , '=3/3x

and P,b and ¢ are periodic functions of x with P(x)gPO>O

In the circular cylinder case,

(1.6) P=P(r), B=(0,b(r)sin ¢(r),b(r)cos ¢g(r))

where

(1.7) (P+b?/2) '+b?sin’g/r=0, '=3/ar

with smooth functions P,b and ¢ of r satisfying:4(0)=b(0)'=0

§2. Resolvent of linearized MHD operators

To establish the operator K, we adopt the method to construct
the resolvent of the operator firstly. In the case of §1, by
appropriate unitary transformations caused from change of
variables, change of weight and change of moving coordinates,

the operator K is written as
A B
(2.1) K= B* C

First, we calculate the formal inverse operator of K. For
example, in- the case of circular cylinder with radius ro»
A,B,C are, after Fourier decomposition: £=exp(ikz+im@)u,

(2.2) Az—a((b2+yp)/r2)a+{bzsin2¢/r2)'+b2k§



(2.3) B=(—ia{(b2+yP)m¢/r}+2ib2k(sin @)/r, —ia{yPk¢/r))

(2.4) B”: formal adjoint of B

C 2.2 2,2
m¢(b +yP)+b k¢ m¢k¢yP

(2.5) C= 2
m¢k¢yP k¢yP
with- m¢=k(cos @)+(m/r)(sin ¢g), k¢=(m/r)(cos d)—k(sin ¢)

and )='=d/ds where s=log r, —w<s§so=log rg-

The resolvent (K+1p)_1, 1>>0, is then calculated as

B -1 1, el

1 Elp Elp(BClp)
(2.6)  (K+ie) = 1p* o1 1 1n*\o—1 1
T(Ca B IEy . Gt (G B IE, J(BC )

A Ap Ae

becomes a second order (ordinary) elliptic

where E, = A p—BC =C+)p .

Ao A
The operator E

iB* with A, =A+)p and C

Ap
differential operator with coefficients which tend to some
positive definite constants as s tends to —«». Using these concrete
expression of the formal resolvent, we can construct the
selfadjoint operator p—lK in ={L2(—oo,so;pds))3 with resolvent

expression (2.6).

§3. Spectral properties of p_lK

From the resolvent expression (2.6), we can extract the spectral
properties of the operator p_lK such as the range of the essential
spectrum {1],[2]1,[3],i4] and the absolute continuity of that
part {3]. We can also use it in the numerical analysis of thé
operator [5].
Some of the results are:

1:(flat torus case) the essential spectrum of the Fourier
decomposed operator K(k,m) is

toss(p TK(k,m))=0,U0g
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where opA= {1:1=mA(x)e{(ncos¢)+(msin¢))zbz/p, O§X<x0=the period}
eg= (A:AZag(X)=w(x),vP/(b%+yP), Osx<xy).

Furthermore, the essential spectrum contains the absolutely
continuous part which is unitarily equivalent to the
multiplication operators wA(x) and ws(x).

2:(circular cylinder case) The essential spectrum of the
Fourier decomposed operator K(k,m) is also the union of the
ranges of the multiplication operators wA(r)mb2k¢2/p, Ogréro, and
wg(r)=a,s (r)yP/(b%+yP) Osrsrg.
We can also investigate more complicated cases such as of general

cylindrical or axial symmetricity.
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Forced Vibrations for a Superlinear Wave Equation
Kazunaga Tanaka
Department of Mathematics, Faculty of Science, Nagoya University

We consider the existence of periodic solutions of the following

nonlinear vibrating string equation:

ON by —u t [ulPTu = ft), (x,t) € (0,1)xR,
(2) u(0,t) = u(m,t) =0, t€ER,
(3) u(x,t4+27) = u(x,t), (x,t) € (0,m)xR.

Here, p > 1 s a constant and f(x,t) s a 2w-periodic function of t.

Our main result is as follows:

Theorem ([11], c.f. [9,10]). Assume that pé€(1,») and f(x,t)€
ngz1)/p([0.ﬂ]XH?) is 2m-periodic in t. Then (1),-(3) possesses an

unbounded sequence of weak solutions in L?Zl([O.H]XH?).. That 1is, for

any. given f(x,t), there exists a sequence (un)nZ1ClL$Zl([0,ﬂ]XH?) of
weak solutions of (1),-(3) such that

2m (M +1
J J ]un(x.t)lp dxdt + o as - n -+ o,
0’0

Remarks. 1. (definition of weak solutions). By a weak solution of
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(1)i_(3) we mean a function u(x,t) which is 2m-periodic in t and
satisfies
2 b1
JO JO [u(o,~0 ) + [u]™ "up - fo] dxdt = 0
for all smooth ¢ which satisfy (2) and (3).
2. (regularity of weak solutions). If p=2nt1 ( n€N ) and f(x,t)
is smooth, it is known that any weak solution is also smooth.
3. (existence of free vibrations). In case that f = 0 the existence
of nontrivial solutions of (1)+—(3) has been established by Brezis—

Coron—Nirenberg [4] and Rabinowitz [5,7].

To deal with the problem (1),-(3) we use variational methods. More

precisely we consider the functional I(u):

ZHJH 2 2

I(u) = Io . (502 - ) - E%T|u|p+1 + fu] dxdt € C2(E,R),

X

where E denotes a suitable function space whose elements satisfy (2)
and (3). We will seek critical points of I(u). In fact, there is a
one—to-one correspondence between critical points of I(u) and weak .

solutions of (1)+—(3).

Recently, Bahri-Lions [2] has studied the problem of the elliptic

type:
(4) —au = [ulP e+ F(0, X €D,
(5) u =0, x € 3D,

where D(:RN is a bounded domain with a smooth boundary 3D and f(x) €
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L(p+1)/p(D). Dealing with the functional

Flu) = JD (317l = Slal™*! - ful dx e Py, B,

they have proved the existence of an unbounded sequence of solutions of

(4)-(5) under the condition:

N
1<p<N_—2.

See also Bahri-Berestycki [1], Struwe [8], Rabinowitz [6].
Using the ideas from Bahri-Lions [2] in conjunction with those of
Rabinowitz [6,7], we prove our existence theorem for (1),~(3). Here,

minimax arguments and energy estimates for I(u) play an important role.
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Large time behavior of the vorticity of 2D viscous flow
and vortex formation in 3D flow

v. GIGAY and T. KAMBE®

+ Dept. of Mathematics, Hokkaido' University, -Sapporo 060, Japan
* Dept. of Physics, University of Tokyo, Tokyo 113, Japan

ABSTRACT

We. consider an initial value problem for the two-dimensional

vorticity equation and show that the solution ¢J(x,t) tends

to the Oseen’'s diffusing vortex at large times keeping the

same total wvorticity. No particular structure .of the

initial distribution o (x,0) is assumed - -except the

restriction that R=(1/y)[|w(x,0)]d*x 1is small. Applying

a time-dependent scale transformation, we show the asymptotic
stability of the Burgers' steady vortex. Physically, this

implies formation of a concentrated cylindrical vortex&.

INTRODUCTION

There exist two well-known exact solutions to the vorticity
equation for a viscous incompressible fluid. One 1s the 0Oseen's
diffusing vortex which is an unsteady axisymmetric solution [11]:

X 2
(X,t) = ————— expl-{x] “/74 v t1] (1)
W TV pL-|x|

where 3 is the strength of the vortex, v the kinematic viscosity
and x(x,,x,) is the two-dimensional coordinates, the vorticity «

being perpendicular to the plane (x,, Xy ). The other is the
Burgers' vortex which is a steady solution [21]1,

W glx) = expl- |x]2/b%1 , b2=2V /a, (2)

7T

in an axisymmetric irrotational flow with a being the parameter
characterizing the straining action of the flow. = The vortiqity
in w is concentrated in a radial distance of order ( »/a)/?
from “the axis. The wvortex is maintained by the balance of

intensification due to the vortex-line stretching by the
straining flow and spreading by the viscous diffusion [3].

It 1is shouwn here that the Oseen's vortex is -asymptotically
approached from an arbitrary two-dimensional initial distribution
and that a time-dependent scale transformation applied to the
asymptotic state leads to the Burgers' vortex. [41]
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VISCOUS TWO-DIMENSIONAL FLOW

We consider the 1initial wvalue problem for the two-
dimensional vorticity equation

“ped
-YVAD + (V. ) = 0, (
/Bt: \V4 3)
3 2 [1 2
V= (-"— — ) |— (y,t) - ,
3z 97, s ot log[x-y| d%y
and study the asymptotic behavior of the solution as the time ¢t
tends to infinity. Based on the mathematical theory of partial

differential equations, it 1is shown that the vorticity w is
represented asymptotically by . of (1) as t—=> o0 even if we
start with an arbitrary initial distribution a) provided that

—~flwo[dx

is sufficiently small where CJ Wix,0). The total vorticity is
given by
K =f&)a(x-)dx

More precisely, we prove that for every'g , 0<§-<1/2,“there is &
such that 1if R{g£ , then the difference of @ from g % is
estimated as

R V2 N, (4)

2
[Iw—cdx_l[kf__c | clx] %+ |, vt
with a universal constant C, where [ff (1£p% 0°) denotes LP-
norm in space variables. Since

~141/
| ey = X Vi) TP (¢ X %0

with ¢ depending only on p, the estimate (4) gives an asymptotic
expression for ¢ .

This estimate depends on the particular structure of the
nonlinear term: the convection term in the two-dimensional
vorticity equation (3). We transform the vorticity equation to
an integral form and rewrite it for the difference w= a)
Since the convection term vanishes if the vorticity is a functlon
of the radial coordinte r={x| only, it turns out that w behaves
like the solution of the diffusion equation as t->o¢e with the
initial data w(x,0), if R is sufficiently small. Since we know
the behavior of solution to the diffusion equation, this vields
the estimate (4) at least heuristically. To carry out this idea,
we need the estimate for

| ﬂf’é c Rt 1t1/P for R<1, t>0, (5)

obtained by Giga et al. [5]1, which itself gives asymptotic
behavior of w in a coarse term. However, =~ the estimate (4)
includes an additional  fact that if the total mnet wvorticity
vanishes, then the vorticity w decays more rapidly than the
estimate (5) owing to the positive term § in (4).
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VORTEX FORMATION

We consider a three-dimensional viscous incompressible flow
(space variable vy, time ) represented as a superposition of two
flows: an axisymmetric irrotational flow v, and a two-dimensional
flow v, whose vorticity is directed to the symmetry axis. The
irrotational part v, 1s assumed to have an radially inward
convection and axially stretching flow with a constant rate of
strain. a: that is, in the cylindrical coordinates (r,;b, z) the
velocity v1 is given by

Vr = -ar, v¢ = 0, VZ = 2ar
We show that the vorticity field .Il(y*,’t) in this case tends to
its equilibrium state of the Burgers' vortex as the time tends
to infinity, provided that the Reynolds number of the rotational
part ( v2 )
f 2
=;—fl.rzty*,0)ld Ver Y =YLy,

is sufficiently small where vy=(y This does not restrict
the magnitude of the irrotational ve18c1ty v1

The three-dimensional vorticity equations can be transformed
to the two~-dimensional problem Dby the time-dependent scale
transformation:

1 s
X = ACT) vy, t (e23T _ 1y | A = 3T,
* T2a (6)

W (x,t) = A 2(T) Dy, T

The asymptotic behavior of the solution obtained from this
transformation 1is considered by Kambe [6]1, assuming  that +the
initial vorticity _2(x,0) 1is axially symmetric but with
arbitrary R. The governing equation is then reduced to the
diffusion equation.

The present results extend this because no particular
structure of the initial vorticity is assumed. The asymptotic
state represented by cJ*(x,t) is transformed to

' x | Yel®
v, ,T) = - expl—- Y
o TE(1-e%%) P -er)
by the scale transformation (6). Clearly this approaches to

UJB(y*) of (2) asymptotically as T —>o0e .

Physically speaking, our results imply formation of a
concentrated vortex from an arbitrary initial field of two-
dimensional and rotational velocity under the convective action
of the axisymmetric irrotational straining flow, pProvided R
(Reynolds number of the rotational part) is sufficiently small.
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On the Analyticity of Spectral Functions

for Some Exterior Boundary Value Porblems

By

Yoshihiro SHIBATA

Ingtitute of Mathematics, University of Tsukuba, Ibaraki 305

and

Hirokazu IWASHITA

Graduate School of Science and Technology,

Niigata University, Niigata 950-21

The present note is concerned with the study of the analytical
properties with respect to a spectral parameter k of solutions to

the exterior boundary value problems

(H - k2)u =

l
]

in Q,

(1)
Bu = 0 on I,

and the rate of the local energy decay of solutions to the associated

dynamic equation

(82 + Hyu(t)

H
<
-
=
=
X
Lol

(2)
Bu(t)

1

o
o]

=
~
X
-

u(o) = f,, atu(O) = f, in Q.
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Here § is an unbounded domain in Rd lying in the exterior of its
smooth and compact boundary . The H is a symmetric system of

second order differential operators defined by

d
Hu(x) = Z_ Dm(Amn(X)Dnu(x)), Dm = —ia/exm,
m,n=1
where u € Cd and Amn(x) are dxd real matrices whose (p,q)-
elements ampnq(x) are C”—=functions of x € Rd and take constant
values aﬁpnq outside of a large ball, say for |x]|] > b. The

boundary condition we consider is either of Dirichlet or of Neumann

type:
d
Bu(x) = u(x) or Bu(x) = i E_ vm(x)Amn(x)Dnu(X),
m,n=1
vix) = t(vl(x), et ey vd(X)) being the unit outward normal to [ at
x € [. We assume that the dimension d satisfies
(A.1) d > 3.

We demand the following conditions on the coefficients Amn(x).

(A.2) (Hyperelasticity)

d

ampnq(X) = apmnq(X) = anqmp(X), x € R™.

(A.3)(Stability) There exists a constant C > 0 such that the
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inequality

d . d
S a (x)s. s >=C 3 |s_ |2
m,p,n,q=1 "PNA na mp m,p=1"P
is valid for any x € Rd and dxd Hermitian matrix s = (smp).
d
' Q - Q - 0
(A.4) Let Amn = (ampnq) and A(g) . E_lAmn&mgn' The
,n=
characteristic roots of A(g) are of constant multiplicity for all

£E € le\{O} .

In order to state the results we introduce some notation and

functional spaces. We set

D = C when d is odd,

= {k € €\{0}; - %n < arg k < } when d is even;

o

L;(G) = {u € L2(G); u(x) = 0 for x| = al, a > 0;
HZ(G) = {u e H}  (G); exp(-Ix]?)D% € L2(G), lal < 2};
AP (@) = {u € HfOC(G); D%u € L2(G), 1 < lal < p,

}—J

im Ju(x)]2 dx = 0}.

R“Zf
Rosen R<[x| <2R

Let a > 0 be a fixed number so that b < a, and B be the

totality of bounded linear operators of L;(Q) into Hé(Q).
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Theorem 1 ([21, [31). Suppose that (A.1)-(A.4) are valid. Then
there exists an operator R(k) € B such that R(k) depends
meromorphicaltty on the parameter k € D and satisfies the foltowing
properties: Let A gtand for the set of potes of R(k) in D.

(i) A  is discrete.

(11) If k € DNA and £ e L2(Q), then u = R(k)f solves the
boundary value probitem (1).

(iii) A n {(k € D; Im‘k < 0} = ¢.

(iv)  If k € D, Im k < 0, then R(k)f € H2(Q) for f € L3(Q).

(v) If k € A n (R~{0}), then there exists a non—-irivial Ffumnction

u(x) e Cg(ﬁb) satisfying (1) with f = 0, where Q= {x € Q;1xl < b}.

(vi) Put U, = {(k € D; |[k| ¢ r}). There exists a constant K > O
such that

10 if d is odd, R(k) i3 a B-vatued hotomorphic Ffunction of
k € UK;

20 ¢4 d is ewven, R(k) 1is described as

R(k) = 3 3 G (k% %log K)™", k e U,
m=0 n=0
where G € B and the doubie geries converges in the operator norm

mn

uniformiy for k € UK‘

In case A__(x) equal identically to A? , we can use the
mn mn

unique continuation theorem to have



Corollary 2. Let Amn(x) = Aﬁn' Then A n (RN{0}) = ¢.

Our strategy in proving Theorem 1 follows that of Vainberg [77,
where the analytical properties in the spectral parameter is
discussed for solutions to certain class of elliptic problems in the
whole gpace or in @n exterior domain (see also [81). Tsutsumi [6]
also proves the resgsults corresponding to Theorem 1, (vi) for the
operator - A - k? with Dirichlet boundary condition. The maximum
principle plays an essential role in his method. When d = 3, H is
the elastic equation, and C( 1is convex, then Dassios and Kiriaki
study in [1] the asymptotic behaviour of solutions with respect to
small 'k by essential use of the representation of the Green
function. Our idea of proving Theorem 1, (vi) is, however,
completely different from those of [1]1, (61, [8], and close to that

due to Shibata [4, Part I].

d
Sketch of Proof of Theorem 1. Let Hy = 2 A0 D D . Then the
m,n=1 MO n
Green function of Hy - k?, Im k < 0 has an analytic extension

Ry(k) in the complex plane of parameter k which belongs to
B(Lé(md), Hé(Rd)). Let L, be the Green operator to the interior

boundary value problems

Bu=0 on I, u=0 on |x| =.a.

Then L, € B(LQ(Qa), H2(Q )). We define a regularizer G(k) as

a



follows:

G(K)T = @Ro(k)fy + (1-¢)Lof, £ € L2(Q),

where ¢ € Cm(Rd), 0 s @ <1, ¢ =1 for |x]|] =Ry, and = 0 for

Ix] < R{ with b < R; < Ry, < a; f5 = f in @, and = 0 in (Q.

Then G(k)f satisfies the boundary condition on ['. If we derniote by
S(k) the operator defined by S(k)f = (H - k2)f - f, then S(k) 1is
a compact operator in L;(Q) with an analytic parameter k € D. We

prove the key result that the bounded inverse (I + S(0)) - exists.

If we take account of the continuity of S(k) in k € D v {0}, we

can apply the analytic Fredholm theorem to obtain the existence of

the meromorphic bounded inverse (I + S(k))—l. The operator R(k) =
G(k)(I + S(k))_1 turns out to be the very one we desired. o
From now on we always assume that Amn = A%n.' We shall apply

Theorem 1 and Corollary 2 to discuss the rate of local energy decay

of solutions to (2). We set f = t(fl,‘fz) and

#t = { £f; £, € HI(Q), f, € L2(Q). f; =0 on © if B = 1}.

The energy norm in # 1s defined as follows:

d _

2 = 0] . 2

1EE g = g_lfﬂ A0 D fi-D f, dx + IQ [f,[2dx.
h=

Define by Lf = t(f2, -Hyof,;) the operator L in # with domain



9(L) = {f € #; £, € H2(Q), f, € A1(Q) n L2(Q),
Bf; = 0 on T. f, =0 on  if B = 1}.

Then Shibata and Soga show in [5] that # 1is a Hilbert space equiped

with norm and that L. is a skew selfadjoint operator in #.

“'"E,Q

Stone’s theorem guarantees that L generates a one-parameter unitary
group. U(t) in #. We write U(t)f = t(u(t), Btu(t)), f e #. Then
u(t) is a unique solution to (2) with initial data f; € H!(Q) and

f, € L2(Q).

Pefinition 3. We say that Q is non-trapping if there exists

T > 0 such that U(t)f belongs to C*([0, m)x'ﬁé) for any f =

t
We use R(k) to describe u(t) by the inverse Laplace
transform and properly shift the contour. Then we are led to the

following result through a routine calculus due to Vainberg [9].

Theorem 4.  Assume that Q is non—itrapping. Let f € % qnd

vanish for Ix| > a. Then we have the local energy estimate

WL Elg o < P(E)IENg o,
a

where p(t) is given by
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C,exp(-C,y|t]) if d 1is odd,

e
r’-
i

~(d-1) if 'd is even,

C,(1+ft])
with positive constants C; and C, being independent of t, f.

We conclude this note by discussing the elastic wave equation as

a typical example. Let d =3 and an exterior domain  be filled

with an isotropic and homogeneous elastic medium specified with the

Lamé constants x and u. Consider the elastic equation with a

parameter k:
(Py — k2)u = f; Pyu = - pAu - (at+u)v(v-u),

where we assume that p > 0 and 3242y > 0. One can easily see that
P, satisfies the assumptions (A.1)-(A.4). Further, let Q is
convex and B = 1. Then Yamamoto [10] proves that Q 1is
non-trapping, which together with Theorem 4 alloﬁs us to have the

exponential local energy decay for solutions to the elastic wave

equation (8% + Pylu(t) = 0 with Dirichlet boundary condition.
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WELL POSEDNESS FOR QUASI-LINEAR HYPERBOLIC.
MIXED PROBLEMS WITH CHARACTERISTIC BOUNDARY

By
Toshio Ohkubo

(Soka Unive)

§ 1. Introduction and results.
Let G be a domain in R™ with smooth and compact boundary adG.
We consider the following mixed problem for symmetrizable hyperbolic

system P under the conditions (1)~ (V) described below :

( Pu = (Dt + :_L.tlﬁjﬂj,Jr Cdu = f in [t»l,tz] X G,
(P, B) { By = g on [tl,tzj x 3G,
u(tl,x) = h for x € G,
.. 0 . d
where Dt-——l 51 ° Dj-~1 Ix;

(1) ﬂj and C are mXm matrices and AOAj:(AOAj)* with a

hermitian matrix Aj>ag (positive constant), furthermore

Aj,C EE'Xq([tl’tZ];G)

i

A ya-i -
QOC ([tl,tz],H G)) = Xq.

where . q::max(p,[%]4*2) with p=0 and Ci([tl,tzjﬁHk(G)) is of

class Ci on [tl’t2] to Hk(G), k-th order Sobolev space in G.



(m) B(t,x) is a dtxm €% matrix of constant rank at.
(1) (i) oG is characteristic for P, that is, the boundary

matrix AV is of constant rank d less than m ond G, where for x

n

neardG A = 32 A.v. and v)=(v,,---,» ) stands for the unit
v i 1 n

a=1

inward normal to 3G at the boundary point nearest to x€G.
(ii) The eigenvalues of Ay are of constant multiplicity
near oG,

(V) The kernel B is maximally nonpositive for AOAV on 4G,

(1.1 AOAVu-u < 0 for u € ker B on aG

and ker B is a maximal subspace obaying this property. Note that
this implies the number of positive eigenvalues of AV is d* onag.
Now, since Au is of rank d on 4G and AOAjEEXq are hermitian,
there exist (see Lemma 7.4 below) positive numbers aysa and an mXm
nonsingular matrix W defined in a neighborhood of each boundary

point which belongs to Xq and satisfies the followings there:

1 AI 0
(1.2) W AVW = ., det Ay + 0 and AHIaG = 0,
, 0 AH
(1.3) It = a s Wl s,
where AI‘ A]I are dXd, (m-d) X (m-d) real diagonal matrices

respectively:

ap. 0 a3, 0

(1-4) Al(t,)() = 0 .o d 3 AH(t,X) - ‘ ob m—d *
ay : 0 ay
For x near 4G, take a vector W(X%:(vl,---,vn)EE{VDQ}l, the



orthogonal subspace to v(x) and write

AII A

A A

(1.5) Z:l (’W'IA,jW)(t,x')vj (x) = (
' L1

IH) (t,x; 7 ),
I

_ o~ pd
= §1AJK(t,x)vj (x),

where AII’ AHH'are dxXd, (m-d) X (m-d) matrices respectively. Now
let & (t,x;7®)) be an (m-d) Xd matrix defined uniquely (see Lemma

7.1 below) by the equation

(1.6) Ahp — ApA = A

I oI’

that is (if (1.4) holds),

(1.7) A = (b, G —ahh  where ) =4

11
And we pose the following condition (V) on {Aj} (and G):
(V) For x near 9G

(A) g+ (AL ~App ) (£, x5700)= (AR D) (8,x57200)=0 for 76 e (v(}".

G * 11
Remark that (V) is a pointwise condition, and that does not depend
on the choice of W even if we take W as in (1.2) for which AI’ AII
are not diagonal, define ‘AJK(.J',K‘:I,II), 4 and (V) by the above
procedure, because another W can be obtained by multiplying W by
‘AI 0
a nonsingular matrix with the same blocked form as .
0 AII
We shall say that the data f, g and h satisfy compatibility

conditions for (P,B) of order k at t=t,, if

= ol iy o piut)"=0lg(t,) on a6 for 0<i<k,
i=o0. 1 i 1 t 17 t 1



where “Dtu(tl)” is the function defined by only f and h which is

obtained by solving the equations forADiu(tl):u(tl):h and Pu=f
near tl. Then under our aséumptions (1)~(V) on the aperators
{P,B} we have

Theorem 1. Let p=0. Then there exist a with 0<a<]1 and

Mq_1, Mq, Tq>>0 such that for every fEEHp([tl,t2]><G),

prl s 1 ;
ge M CH(Ity byl BPY72-1(56)) and heHP(G) satisfying
i=0 v

compatibility conditions of order p-1 at t:tl’ there exists a
unique solution uEEXp([tl,tz];G) to (P,B) such that for any

TE:Tq and tEE[tl,tz]

v t
(1.8) e THlu(t) Illg + T] e THilu(s) Illgds

ty

2a -1ty 2 2
<P et amdemeap n?

P i 2
P SRCHTCHILAE

12_1

o et n? + B wigen?
tHgT t;e AL e A S T A T

where a can be taken zero if pvﬁ[%]+2 and Ty Mk are positive,
continuons and nondecreasing functions of (J{A.},C| ,a_l,a ,a0)
J XRO 1772

which depend on B, tl, t2 and G but not on f, g, h. Here the

norms are defined as

(1.9 laly, = sup la(Oll,,
X« b <tets k
@10 Newn? = = plaoi? o= wew il



(*).= stand for the norms of Hj (G), Hj (8G)

e €578 ac

respectively,

and ]{_]Zl

We next consider the case where Pu is quasi-linear in u under

the conditions (O)’N(V)' described below :

n

P(wWu = (Dt+ > Aj (t,x,u)Dj+C(t,x,u))u=f in [0,TIXG,

a=1

(P(u), B) Bx)u = 0 on [0,T]X 3G,

u(0,x) = h for xc€g.

(0), pZ[%] + 2, hetP (@) is real and Bh=0 on 2G.

Let £g 60, T0>O and set

(1.11) N, = (6w xR [v-nGO | < el
Ngz = {(x,v)EUagaG)XRm;lv—h(x)I < 80},

where U60(6G) is a 60—neighb0rhood of @G. Then NgZCNEO and Niz
is a neighborhood in GXR" of the set {("’h("))}xeas' We now pose
the following conditions (1) ~(VI)" on the problem (P(u),B) which
are satisfied by some fluid dynamics examples as in section 2:

() (i) AJ. (t,x,v) and C(t,x,v) are mXm matrices defined
in [U,TOJXNSO which have bounded continuous derivatives of up to
p-th order,

(ii) There exist a0>0 and Ao(t,x,v) satisfying (i)

with j=0 such that AO and AOAJ. are symmetric and AOZaO for all
(t,x,v) E[O,To]XN80

() B(x) is a dtxm ¢*°-matrix of constant rank d'.

(I]I)' (i) rank Ay(t,x,v):dzconst.<m for all (t,x,v)

E[O,TOJXNSO such that x€ G and B(x)v=0.
4]



(ii) The eigenvalues .of Ay(t,x,v),are of .constant

multiplicity for all (t,x,v)e[0,7y1xN’°.

(IV)" ker B(x) is maximally nonpositive for'(AOQI)(t,x,v)
for all (t,x,v) as in (I)" (i).

(V) {Aj(t,x,v)} satisfies (SA)G for all (t,x,v)

0o
e [0, TOJXNSO.

Under our assumptions () ~(V) on the problem (P(u),B) we

have

Theorem 2. Let heHP(6) and feHP([0,T1XG) be real and
satisfied compatibility conditions fori(P(u),B) of order p-1 at
t=0. Then (P(u),B) has a unique solution uEEXp([O,T];G) if T is

sufficiently small.



(1]

[2]

[3]

4]

[5]

[6]

(7]

[8]

References

. Agemi: The initial boundary value prpblem for invicid

barotropic fluid motion, Hokkaido Math. J., 10, 156-182
(1981).

. Kleinerman and A. Majda: Singular limits of quasilinear

systems with large parameters and the incompressible

limit of compressible fluids. Commun. Pure Appl. Math.,

34, 481-524 (1981).

. Najda: Compressible fluid flow and systems of conservation

laws in several space dimensions, Berlin, Heidelberg,

New York: Springer (1984).

. Miyatake: On some mixed problems for fourth order

hyperbolic equations, J.Math. Kyoto Univ., 8, 285-311(19
68) .
Ohkubo: Regularity of solutions to hyperbolic mixed

problems with uniformly characteristic boundary,

Hokkaido Math. J., 10, 93-123 (1981).

. Rauch: Symmetric positive systems with boundary

characteristic of constant multiplicity, Trans. Amer.

Math. Soc., 291, 167-187 (1985).

. Schochet: The complex Euler equations in a bounded

domain: Existence of solutions and the incompressible

limit, Commun. Math. Phys., 104, 49-75 (1986).

. Yanagisawa: On a certain mixed problem for the equations

of ideal magneto-hydrodynamics, to appear in Hokkaido

Math., J..

_77_




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


