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On Dimensional Reduction of Functional Measures* 

Asao Arai 

Department of Mathematics, Hokkaido University 

;apporo, 060 Japan 

Abstract 

A notion of dimensional reduction for functional measures WA indexed 
v by bounded rectangles A v  = (-Ll/Z,L1/Z)x(-~2/2,~2/2) ......... 

x(-L /2,Lv/Z) in the v-dimensional Euclidean space R', v = 1,2,3,. . . 
v ' 7 

is introduced. Roughly speaking, it measures a "dimensional 

continuity"of W A as Lv -+ 0 ( A v  + Av-l ) .  For a general class 

of functional megsures absolutely continuous with respect to a 

Gaussian functional measure, a sufficient condition for the dimensional 

reducibility is given. It is shown that functional measures associated 

with the P($)v-models or the Albeverio-H)egh-Krohn model in Euclidean 

quantum field theory are dimensionally reducible. As an application, 

a limit theorem for quanutm partition functions of the models in 

the two dimensional space-time, which is in some sense related to the 

semi-classical limit of the models, is proved. 

* to be published in Journal of Functional Analysis ( in the press ) 



Mor i ' s Memory Kernel Equa t ion 
for  

the Hami l tonian w i t h  RWA-Osc i l l ator 

Masao H i rokawa 
Department of Mathematics Hokkaido Universi t y  

Sapporo 060, JAPAN 

We consider Mori's memory kernel equation for  the Hami l tonian wi th RW 
A-osci I la tor  which i s  given the f o l  lowing: 

where a, b k  are Boson annihi l a t i n  operators , a + , b k  + are Boson creation op- 
erators, and r k  ' s are complex numbers. 

F i rs t ,  we construct a H i  l bert space 01 that consists of anni h i  la t ion and 
creation operators. Then we use e-5H /Tr(e-BH ) as a d is t r ibut ion of the i n i t i a l  
state. I n  the H i  I bert space 01 of operator-c las, we expect that the fo l  lowing 
Liouvi l le 's  equation: 

d(e i t W h  ae -1tWfi) /dt=i L -'"La 

where L i s  Liouvi I l e  operator, i .  e., L a =  [H, a ]  /h ( [A, B]=AB-BA ) 
By Mori 's  theory for  H i  I bert space 01 and self-adjoint operator L, we 

can gain Mori's memory kernel equation for  Hami l tonian H. 
Thus,we can see Mori's f luctuation and dissipation, they are called Mori's 

noise and Mor i 's  memory kernel function respectively. So, we can investigate F. D. T 
. in  t h i s  case and the behavior o f  the F. D. T. as h+0. Moreover, we study the be- 
havior of the correlat ion function R(t) of "a " as t--.That i s  our purpose. 

* 1) Formal ly, the form of Mori ' s  memory kernel equation i s  given the fo l  low- 
ing: 

where o, =Tr( e a+ ( La)) /Tr(ePH a+ a )  denotes a frequency, 
I ,  ( t )  =e -itL1 (1-PO ) ( i  L ) a ,  Po A: =Tr(ePH a+ A)a /T r (ePH a+ a) 
L, : =( 1-Po ) L. I, ( t )  i s  Mori's noise. dM ( t )  =Tr(e-#* I, * (0) I 
, (t)) /Tr(e-OH a+ a )  i s  Mori's memory kernel function. 

F. D.T. : A,,(do) ~ T r ( e - * ~  a+ a)  do) /TIWBH ) 
where A,,(do) and JA ( d o )  are Borel measures of Tr(ePH I ,  * (0) I, ( t ) ) / T r  
(ePH ) and dM ( t )  , respectively. 



* 
Rank one property of Hessian measures 

Yoshikazu Giga 

Department of Mathematics 

Hokkaido University 

Sapporo 060, JAPAN 

We consider a function u(x) on an open set 9 in lRN 

whose second derivatives u = D.D.u are Radon measures, 
ij 1 J 

where D i  = a / a x . .  We prove that u. . has rank one on a 
1 1 J 

major portion of the place where u.. is not absolutely 
1 J 

continuous with respect to the Lebesque measure. Such a set 

may have fractional Hansdorff dimension larger than N - 1. 

As an application we show that = < 1 2 1/2 on u. . I  16i, j l N  1.1 

such a set. 

* joint work with Patricio Aviles, Singularities and rank one 
properties of Hessian measures, in preparation. 



Play 20, 1987 

Langevin's Equation on the Generalized Functinal Space 

Itaru Mitoma 

Department of Mathematics, Hokkaido 

University, Sapporo 060, Japan 

We will discuss the following Langevin's equation on the 

dual of a nuclear space of functions with infinitely many variables 

connected with the central limit theorem for interacting lattice 

diffusion processes. Namely 

where W(t) is a Brownian motion on the generalized functional 

space and L* is the adjoint operator of L which has a formal 

expression : 



An Analytical Iterative Method for 

Solving Concen tr.at ion-Dependen t Di f fasion 

Problems 

Zbigniew J. Grzywna 

Dept. of Physical Chemistry Fundamentals 

Silesian Technical University 

44-100 Gliwice, POLAND 

The quasilinear parabolic PDE of second order i.e. 

wi th appropriate IBVs is cal led _a - c a n c e - n t r _ a t i o n ~ d e ~ e . n d e n t  di f fusio-n 

problem. There is a great need for theoretical investigations in 

this area, stimulated by the experiments in Physics, Biology, and 

Engineering. The mathematical modelling of the concentration- 

dependent mass, and temperature dependent heat, transport is based 

on the aforementioned equation. 

In this talk we will demonstrate some iterative analytical method of 

solution of one dimensional concentration-dependent diffusion 

equation. 

We have choosen an exponential function for D(u) i.e. 

D(u) = expraul, and simple but not compatible initial and boundary 

data. 

So, finally our problem can be formulated as follows: (in a 

dimensionless variables) 

u = {D(U)U~)~ , x t tO,l), t t ( 0 . m )  t 

generating a mathematical description of so called "permeation" 

through memberane. 

In order to make our problem effectivelly tractable, we split the 

whole time domain into two subdomains. 



ETZ with t E C 0 , t . l  and LTZ in which t E C t  , w l ,  where t is the 
J .i .i 

value oi the "joint" time for these two cases. 

ETZ(ear1y time zone) 

For a sufficiently small times t E(O,t.l, and the above zero initial 
.I 

data, an npcn interval x E (0,l) can be treated as a semiinfinite 

one (the phcnnmen~~n does not "see" the end of the region) x E ( 0 , m ) .  

X Applyin!: 1101 tzmann transfor-mntion ( n  = --y to problem ( 2 )  we obtain 

du d du 2dt 
-2n - = --(D(u>--> drl dn drl 

After applying the Kirchhoff transformation 
- U 
u = I D(z)dz 

0 
we get 

which is a quasilinear problem for O.D.E. 

The final, itarative scheme we can get taking into account the D ( u )  

= DoexpCaul relationship i.e. 

To start the above procedure i t  is enough to notice that 

F(O)(~) = 0 implies ;(')(n) = M erfc Q ( 7 )  

Snbsti tuting a ( ' )  t n )  into ~(l)(n) we can calculate the second 

approximation, and so on. 

For example 



1 1 1  2 1 
u(~)(Q) = a In {l + aM [a~(-- - -1- I] erf rl - BM [ p r f  n + 

3 2 n 
- - - t l L  1 e-2112 

Qe e r f c 1 1 + -  M 
n ] + aM(1 + ; ) I  ( 8 )  

4; 
As may be easily seen from the form of eq.(8) further calculus aimed 

at obtaining u(~) (11) become very laborious and tedious, but are 

possible to be carried out. 

LTZ(Late--t ime zone) - 

In this case we apply Kirchhoff's transformation to problem (2) 

getting (for assumed D(u) exponential form) - - -- 
u = u + auu t XX XX 

F(x, t) - 1 a u(O,t) = M = - ( e  - 1) - a 

The iterative scheme may now be written as: 

where 
-(i-l).;(i-1) ~(~-l)(x,t) = au xx 

Putting F = 0 we can get ;(')tx,t) in the form 2 

00 
2M J. sin mnx- 

, t = M(1-x) - - 9 2 
71 m exp [-mrn t]  

m= 1 
The rate of convergence for eq.(ll) increases with time remarkably, 

so for times, large enough, we can preserve only the first term of 

the above series. 

-(l)i(l) we obtain the source into ~("tx. t) = au xx Substituting u 

term F ( I )  in the form: 
2 2 2 2 2 ~(l)(x,t) = 2naM (1-x)sin nxaexp(-n t) - 4aM sin nx exp(-2n t )  

We have to solve the problem (10) with the source term ( 3 2 1 ,  to get 

a "second approximation" for late times. I t  can be done either by 

Green's function representation or decomposition method and 

Duhamel's theorem. 

We have used the former one to get 

2 2 
;(*)(x,t) = M[I - x - - sin n x  e n 

-n t] + 



371.) 
2 -n  t 

+ n - t - e  sin nx ] ( 1 3 )  

sn, finally the second approximation for the L.TZ is given by 

In conclusion we can say that the main idea of the above method 

consists of transformation the quasilinear equations to semilinear 

one, with taking advantage of asymptotic behavior of solution for 

t -+ 0 and t d m .  

Note: The qllestions concerning convergence of the above iteration 
3  schems can be answered on the base of the maximum principle . 
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