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The Geometry of Poisson Brackets
Alan Weinstein
University of Tokyo and University of California, Berkeley

Abstiract

A Poisson structure on a manifold P is a Lie algebra structure
on C (P) for which the identity {fg,h}=f{g,h}+{f,h}g holds. The
"inside picture” of a Poisson manifold presents it as the total space
of a singular foliation, each leaf of which carries a symplectic
structure (i.e. a closed 2-form of maximal rank).

Recent work of M.V. Karasev and the speaker paints a fairly
clear "outside picture" of Poisson manifolds. A realization of the
Poisson manifold P consists of a sympléctic manifold S and a
submersion from S to P which is compatible with Poisson brackets. It
turns out that, at least locally, there is a universal realization of
any Poisson manifold which has the structure of a local symplectic
groupoid. The construction of this realization is a strict
generalization of Lie's construction of a local group for any Lie
algebra.

An interesting problem, only partly solved at this time, is fo
characterize those Poisson manifolds which admit a global symplectic

groupoid as realization.
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"The classification of finite conected hypermetric space"

Michel Deza

ABSTRACT

A finite distance space X,d d: X252 is hypermetric (of negative type) if
2 axagd(x,g) < 0 for all Integral sequences [ax | x ¢ X} that sum to |

(sum to 0). X,d is connected if the set ((x,y) | d(x,y)=1, x, y X} Is the
edge set for a connected graph on X, and graphical if d is the path length
distance for this graph. Then we prove

Theorem 1. A connected space X,d has negative type if and only if X may
be realised as a subset of a Euclidean space E, [lll, such that

(1) X contains O and spans E

(1) dogw = 1/72x-ylle  (x, y e X)

(iii) L =2X is aroot lattice, i.e. an orthogonal direct sum of lattices of
tyre A, Dy, Eg, E7, and Eg.

Call a hypermetric space X,d complete if for each triple x,y, z € X with
d(y,z) =1 and d(x,y)+1 =d(x,z), there is a unique element w € X with
dlw,x) = 1, d(w,y) = d(x,z), and d(w,z)=d(x,4y). Then we also prove
Theorem 2. (i) A connected distance space is hypermetric if and only if it
is isomorphic to a subspace of a complete connected hypermetric space.
(ii) The complete connected hypermetric spaces are graphical, and are
precisely the Cartesian products of Johnson graphs, half cubes, Cocktail
Party graphs, the Shafli graph on 27 vertices, and the Gosset graph on 56
vertices.

We finish by describing how a given connected hypermetric space may
be canonically embedded in a complete one, and give some open problerms.
Theorem 1 is an extention of aresult of Schoenberg. Theorem 2 is

obtained by applying a result of Assouad to show any connected
hypermetric space may be identified with a subset of a minimal saturated

set induced by a coset of some root lattice in its lattice of weights.



Two Topics related to spheres
(i) Central sections of convex bodies
(ii) Gauge invariant of contact Riemannian structures

1987.6.24 HRILK P&

(i) K&K’ 23Rxbucl idZ=RMNOF LMK E T B, L
EHET 5. FARGUEEOTPHLEHLT
LR k3KEK’ OWBEOEBRIE OV T AKIL) < AKNL) B>, &
B2V T VK < V(K') BK Y sroh
ELOHEHEEERT B,

BAIEk{AB H» A E-cap 27y FUEREOEKEEZ S, BOKRES kg
DHHERB LS 2NEOE {£q,, ... , £q,} BAFHSE S, KK
q 2HLEUVUT. SEEREeDHEZEVWT. FOBTHY T3, Th %
KEN,®) EFEXHDT . OUEDRHERU. Ay PEERGRLDY
D&ET S,

KENOORBHEFUKBEEZD DERROEAEEZK 93, U, &
Lo T

ACK(E N,O)NL) < nR”
DO TZDODESRTERE.. REIPEFEET IS CH S,

ACKCELNONL) DLW OWTOEHEE M(EN) & hid

FHA. FEOe ENROWT ME,N) < 7 R,

N>100 &MUT. 24 @ 2 THEREFLI & UT. 33 HETER
T3, TOHERETHSEUT. ChBPHEFLERESR,

FHEHB. HEFL O 20T, 33LB5->T
ACKCE N, @DOL) >R,

F. KPfEHERe Lo Moo, 1 WY L2 (Busemann[PyM.1953])
. F505E. 20 AKIL) = AKNL) BRLRED2VWTHEYTZDORS
K&K’ ERETH 3. (Funk’s integration Theorem [MA.191671)
. CORBERTEE LS CHLEENS 28, R ECIBERGR

GREIPS %, (LarmantRogers [M.1975]1)

26



Gi) WAOEE raynry b2y - UEEKREHE s 2 RELEEL
TAANT—MHMESE TR T3] WHERRIN TSI, FOAHE
KUBROBOTH R ve/inad

L m-1)/m-2)JAF+S f=S,f
miff Jerison-Lee [JDG.198TIFHP D Z &% CR-ZEHRABWLC DV THZEL
TV 3. LOABREZ OV TRBEMESERTCERT ZCEPEKREEDN

Z0T. O FORMULATIONIC DWW TR 3,

At — 2 S, strongly pseudo-convex CR-Ei&EH» & P DA

BEAAEBRVEDORMIGU TV Do, SFEJTESRTDRTHE
mbmm CR-EETOHPERERO &S WHIKRT 3,

T =Th + L0 ~ V5, 5V

Vg £+ 7R FTHRU.W =0UPOHATHEAKLAETH
2, ¥UBEEI LR Tanaka-Webster ekt & MR,

ZDEFED torsion® L LD O, &iF n=30 & £ Chern-
Hamilton W &k-oTHRN TS,

*YoU v Fl#EF YL ¥R, Rgl THEHURLBDE U T, Tanaka-
Webster ZAh 5 —E *SHEDoh b, REMIL

*S=8~-Ry¥% + 2(m-1)
THs5. (M. 1. g) tga”oL\TIE{EEEﬁO”&mLVC 7= kU
(v £ 7. g)——5 (. L%, 8)
Eﬁﬁki®t%®%§MU—7J%L®gw%%@thoo
Ag—-(g —VP NG EEDAE |
S = *S  — (p/w) Dpu, o =u’ p=an/n
~ POGE + ST =0T CRAf + FS )
P=2¢t2/n, T =1/u, m=2n+1

EMC. aNT FPEMYY -ZER (ML g) KBLVT. RTE
FEND Apq) WEMY - VHEED gauge lnvari.ant“é&s% :
gy = 0P [ Quadriperstyan 5 £ 20, [han =1}

Fry EFppBRO KD WCHEKT 5 ¢ |
Py (&) = [Cel afll+*st-am, AEOERNERD
g : associated metrlc, £ f20, [ffam=1
Zh & DESD critical point O, REHERER D>V T, 2, ¥
HOEENEMBEEOEGRE2VT. BEOERCODVTHET 5,

27



28

3/ZZ§}$({ZF_EG)W AAMMMWE
ng //rLof_E/ng,

KRBIAKG 21752P
B+ —Bp

A\ % 3RTSFRAFE o non- amgubar flow & L2 LT
Don 3BND 0 W IRAEINE] Lo Hopf flow , TEHS S={(21,2,)
€ |z l™1zl™=1 § 212

b, ((21,2))= (eitz eits,)
12 &2 52943 é,&u)'cq})&o :o;i%g‘(‘(”)%l&]ﬂ%?};%

N, 1950% H.Selfert 13 3o flow e perlunk LT RSN b 1= 1%
hr Yrb— 20 f|iiE A ERL, R T 579
o1 - Mg/wéan /6(5}'/\()+7$7l));§7£{)/d\k ST &n> L 32"

Foh R 0 Y WX 103 2204 2o ABlba T3 )| ER T
Selfet TR biXpend, @by oo e 3amdy, 57
o nor -/»&rgw@m Hlow 13870 kg 2GR hlE ¢ ko3,
Seifet THE& 2o Pﬁf& S0 ook 7 2 F BB 11 )J‘a'”
3T T N s 0 v T3, 2 A g A ARERG

T\ Fho Edntr R 3,

&0} Sotf@zi}f@*’ 1\ Leie 197/;_? P. S hwectzon 1207
CUHL fow 1250 VR Z(B B B3 2ea” Fdhae, d % 19¢54 9 AM.S,
o Bl 1~ix J. Harnigom 1= 83 COo T4 #4505 D 03 A
IO DA N (2 3L RIS V) 21T BT U a b B

Seifrl 7 ¢ FAGGE By o) 573 B L k) 3T BT
=B +low @%){%f}é{,{g Yo il $5R DI EM1ETHI,
S Jepy o — qT%LLZ *gém.z (:?}%ﬂ@ﬂ'@?]@ 31)%’)(1} , Xk
52 flowt %’Hfﬂ"( s 0y eV A2 43,



29

Lo, FEETE) Fhik ® 7] 8843 edfoy— o0 FT 4 Lifling pageenty
T2, theE)l flewr 7741 - Wbl 7% AN AEETE
Ay Y\%Céo \/( % ‘bl&twl W W'MMM fﬁ%ﬁ\“%&/‘ﬂg
/“WI}E %"55515\727\\72”))4;]@&533&\; 1,}\1:];,:\ el Z,Q&w
3¢ monimak 7§ g %@%w BV ’&#‘% Mwi%t T35 v

23, 209 él‘aﬁl:ti) Wﬁ ﬁ/b"}‘d/b@ i *j%‘w’"— 7".1’6f

Sogponbolic Ly 1= BANAT 9G53 5 a3 tey mnmal

15 floor U182 2 55 F(B 87 23 L0 FlE AV ) ~ b3,
VAE9 2212802 Sedfork P8 % FE 0 EBFIR T3 L4

V2
L2133,

(176’75*\.713 8’/:3)



30

Jovea wndex IXH v Tuwa- b R

7 M| ¥ ECAED

% & B

A82F 1= V. Jones 3 Ty-fador o mdex B = RER LB,
- fador M B Mo akface N 2e S1shEH . AFRQER
%f;—ﬂ\@’(? G It v Tones tmdex [MINT ¢ (7w @3 Th3, imdex
DB AL o FRa BRI (+toTEL) 7 4ewlT |, w=34 -,
By, rt tafBE k3 HZN o o BETI cudan
Tones 2 FER B3, NEM 59 camomical = T,- Lackn o
extempton M € M v 7@6‘5{:%. = dhE Y ﬂ“&% = &Y I[l',(:)adh,
2 Twer NEMESM CH. €~ » kT3, Ia8F prejecion
2 3 € Treiz.. T Ro BRN = HEF 12w B ohs,

{ ee = e \-jlz 2

Cx€rx € = [MiNT e

o wa‘,qdiw 2 3‘)0)/@% By Jonea 2/ o 20T H3, ARt 3
fo o0 B8 (( Broad BE. Heke . Tz model H ) kt Rdbhia
ERET W ¢ “hvo 2% 9 lﬂﬁ;l: SuwTt BER = R o
Txshtnzg, ot CRAEEH » AR 25 £IHTE &nt

2 Fluw A%w (T *Poednm@a.Q,) iy BT 1B T3, AE 8RR %
W BEE Cltt ndex BTG FYeH 53, (3B Rax 1= (7 AR
[CALR D —Fo.ibm B, BET o Ara B ﬁ@&‘ ThoT
SN Xo iz A*‘Q‘F&Ct"” 2 E3 AT iz vv 3 RR G
Lo lue BEEG MRRD. ¢ B3, tdex B3y 7 subfaden
28 2 By APR v F3 ¢ & hhsi,



31

%3@1% 2 ﬁ\% = FY  mdex IBEZH (3 T, vy Bl 9w
(2% Taw T F->tcca PRSGu ) - Q“’r@actx ltﬁk?‘t }%l{ﬂ
t1h383 s 2ThE L-GuSss Hrs B% o B0
"(‘['dt‘-%‘?%;;ﬁ o) A{mct‘wd B C Conm%m/«\%aiial'r‘um ) = ?‘)@?}t’\
T3, ReEor ¥y /M,,@.,Eac,tn, o BF8H '\%ﬁg AW Kabko
‘mdex » T;;'\"g v % 53, —(—’acj?n,@ ?@‘[ o Tk 2& =13
TWI- P W2 W vH3 (528 TWI-FRE v 3
Hok 100 fadn 20 BE T35 0539 0 chem dadbleam B3,
2 pddfadn o Rk 2 Bt TWT-VFIRIE s BRI G
Y& 34 s,

R en IV fadno Bhod = TUT- VRS
2 o by Wbh3»e Haf 33, Re TUI-PRF -
ETUT (L «n BRSGO) mbldn »¢ vaf3e BE Thon
cuS> & 2w thkr R URE TER o 0 E%aﬁ’a;so



32

Cosporcmal Flad Fraoty /7 Csu: T 93y
& 214 Y 7’:’? VS
M . Sado

U= C0) = w4 %99 Lagrer ¥A36 o B1x = b Tag - sz
_
CUDY = 36 4 (%

(&2
F”‘\Fi 2 avzvsavec} D F™HY D T -
Vim

FOU = elrty)

M‘ pr{\}»m oV
fuwi . wbd . ayslem of 0 €V
= g{F““\? ,‘ &7, 1]

TAL(A .
Vi e 1 "GRG

VGEM = LN aatn S o a-{aq . ‘rnmﬁ](-

UT T
=V ¥ U ‘ O eloy) Sulspau
YU G U — Yoy s, ooy
y ,
w , ttiz —\[{mlt(.dd,‘.
zot P 2an
v <0
H;\\/o\ a\j\"&dfam B U/FMﬂ (O c e

FrUs = Un By, PO/ g © R U,

A FNUSpe g D

M(v) = HMAM&G{( mn A WL U

g mEHw,
lbiovamc%o&% w €7 PO /o g ¢ Z} )
L2t o € ’ b]qp& lOIO‘/C(

g
NAAAZ2AMZE RN A7)



33

V€ UGH

A

M(U) CZ)MS,W M) VTR, )

: My S M
Y
o My S blod, =0
\MD Z_V\'\ ‘9()'4’;;‘ :C
o
x(0) = Uegmge (0] (= vt D) = ooy = die Codews

EET ] imy

( Yoy = HFWZ?E Ley 120 i3 lBox{zf‘m'\bh R

Pl Bpe €15 - T ho

UC\H = i/—l\ UGF\M A Cﬂ'y\p\@x MH* CV oM EAth?
~— '
T . — Hrm J, v
vy Yen mg_ /)
l L@Mm 3—% st
EY\A ’\) B g ’g: \) — "V 'G{VVY\GZL\_ '4(‘:%‘\)) C Fm+£f\)

Eedy DV7C — £ € Mom (U/U/Uj

v Lol



34

B, =alz )[4 ] V=)
D,
"P
8 < S M
G@Z T UaW a LormbiLx ;tna.'(y',\-'c u\g,i,;( i\\fc(ﬂ( Ew‘na',uc,g
|
- L P oo pRTT
Voo Jko

5 UGH A PLE s cnbeddyy

LUl € vaH,
U dv\ami f
J
Bau\s N < 0} e v SN
et pNo "
. 3
eV(P 5)/\ p (P T)/\ /\€P(H)
204 wep R=En
\ 3
SO ‘H‘ A z’/\ R
TP



¥ vs

l(_r.

=Hiz

35

Vau - R §
1 ::L‘j}
P
e,

’ . ~ :
Tl g Teuh mac

T
= - - =
"))L,~/L>: € }A/\l ‘)CG -

W SR

TR -t

i

" N7
A e vy B

| o i A
UCJ AU ’C/\‘

PEELV
\’/\ P] {’TF//\ r\'& ) :

J= F(éa}f\ - A “r;\

)):(‘Ao(i%
K/\LAJ(T-/\.M, ) T{MP({&)A'-
= W( ’{I(‘.- ¥ (TAA P({d)

'y
J



36

2 + F — 3 T2 R
b s,
—_ | -
@(P);: F\F\ (Q‘{J(%/)‘\’(%) f AT
=
&
\;/\‘H) POy v >0
Y%, = ”F‘*; k>0, v <D
\P},‘;U ‘?,U/UEL.E,J\
Ko
N . =¥ - L(T b —l-\ -
WF"U(‘}* b | hat, L, =l
T

P d(p
[+ szaﬂj AT VUSSR

(o, 1) = [, 3@ I + clp @)
\_
/) an
L /) ‘”»mgy b
H@, ¢ )

S
C



/?[b;l% AR \(TE %’;A %

N R

ey o b
MZa J’“ - “L_B_ (zh)
3‘(:2) = I JH ?'_*h—l
el a?/

Brecaey Nttt s o

T(E—] = Z L.n 212
neg /

L= T 1L )

37



P(5) o= P

_ < - A < 7
B CL‘)S;YN:\?_J‘\,K,LO'\\

T 3= Tl e, a0 @ ele%)]
W

7 = ep T o b Ve 3 a2
AN
}eL :LZ[”,W\']@ Z/—Cllll:lj R
Unt ey s WR vy
o ht, - j: A XA
N

EPTERNLE-R S S

38



39

i
e ZJCP\ 2" = o w2
oo
= W (I‘JM?M)ﬂ
m=,
” 27h
€xp (Jf L hE‘ ?j}t—b, ) ‘F(‘t\/tz_
h=)
o (XA _
['Z—l] = ('EI\, O) 0 -
a 5 iz
J—ZZJ gﬁ TN
/W*'
MN/Q\
AY{
%l‘
ty 5., Xy
Uy

0/ L‘/(—é/
7«&?
7 ?;?
,L%
S
PCpetator kopy



® Bl /Z - /@P

SINY VA Congiant ¢ / 7
<f91 d&%)$dﬁ4%\>

fﬂ‘n ']{C Flu\(t(*
@ Wb, Coburediom iy
v

\ 1) \%@\} ?
'QQ'LJ}J(RC a

@ Fads,  (Buciian Qcp(-ce{

G, omf)

L Fwa %m ;{c
{ k;\,w )‘ q\m
C\\!Ta/m '\'% » k\a d
2, U, %‘mé W‘"ﬁ»
Loyl
(3, "n
(o . K ifﬁ s ’
Pt b‘(T;"(_DL‘/\/’t{a )’L)/ ab.|)
Zhow) @ Llrny - 7
L -

N

-

12 LY ey vm\:q) ag. m% cljz,h‘(-.g{z

Pa .
cw\w.-comegm g @[[11 B~ Ay = 1)
| Kc;(/(uac{ K |
i( 50) Wear Hy ,mta@inﬁ of x
Jnignk
p'\(}rc\'aﬁ(\q_ oW G: ’ CS&"O)

Tt ta ty- ) - /<P€‘§°\ﬂ\i~6§3 , t’,‘:?a’(a”“"' ‘{]

-on

40



41

LA/{RA e e///& /w/?@/"”[fmt, } = o A = (%ﬁ'ﬁ%ﬁf)

............

.........

Eia et A3 a aalde
W T A

(6( G, /)C o() —2 @ -
d e
W n' alan- éu(wr/&, /Lc,()rufr’m( s
L b 45
utJ/
Z s @ < \
u+
e o

7[;/\ \7ch,la/(/0( e, 75-

\7@{% o;@wwfm EW((VX / x V)
Qé ¢ o g
| .Uq/;fc/ : Saou XC c/ ;D
Uz & Fud. ( 3 Virx - x m+z>
N ZA R VA r»/f/;< |
U(uwu f= uwuz( SNy

”,)U Y o U U ) U, (L( )

7-},/ &1_ l

...........................



42

[ —’/F/ o ;/13&3 7( 7'1/ e -
. : /90/.74[ 0‘—6 W G’&? />)‘ 2 ) PO
(fdl_i‘, fﬂ -1. ) s , D

- TR @
fo fn-/ < 2 o
Fer )

4
Ay _
= L
~ p=0

) (7(0, . 76'1 /) ~ (7f+7
e,

7'/

aeS

Ry

=0, N




43

...........................

J»@@A@cy

’ f*_{ E/vt/Z;( }
3 G
| <zf»=g ‘;f*44tA@¢r)

(//o//>—~(f D=0 , (A, 5)=1

/O 4.:‘,»020///“ /"z/ | <a+/0 € —£V>
(‘ 7(;{_, wawu‘j;j, /’

»_.“,9:(9‘/7”) =.2/_/7>_1/2fwc TT(/ 27>/‘waw «p? ) (1=~
[/,(J 5’,( 7T L

e ZC/z/A (= ;27L'1;9-“
A RS

S - Len

/M 017

ﬁ‘é/\*‘ﬂa] (@ \/+77 -r

Y ORI [(:, j L
aliltion @ e /8 (PJ« ( " )
ey

...........................




44

() b= d e gy
) Yj=0. 0, Tae Gy

S R e RO
(NEG 025 /Ai(wz“_ﬂ'g?’ /(G{é)&/ b v F <

& b

A ;

mxuf;%)ng“:c+
NEW BT @S, STR o B
neidoi o a e 8 = rzmz)
S =m+ b |

C e -

51 1_‘” N——a——«b i /\/aclmwalﬂ; (=3,

N




45

s §

/e iiﬁjﬁ,f

| 27@71(
p,&t#ia STR e pg |+ ==& /L
/7??’2/;3 st /T necliece 75,

| u C) ZN‘f‘, Sl
. W}”—:}t {/z/ =8 /ﬁku,w( 75 N LIRS
s l/ ——(/ Vi [7—-%]2/2,
m VH—( V l//,+, = g' ‘M’\#( V;I“
E ,.\7‘_\6(/? |
W xV X ol va-z, o el

Ca’, QZ) ST, VQ'M*Q_) Z“

A

0

71( ) “ aaémwd( '(/Zée o
Bf-veo =6 7 §6_7 /( 71 = /,i:‘/ «2/,.1,1
a%;;»ym B ’*'“m a%) -

2, — EM< (z/m) |
RS iif;:'f?‘*‘( V=) (V7)) =0

e e 27T/

\(,}t\f/'t&a’l, 'Z iLVT( ol cv(’;/&&/\cb aj(?/(,?%;fc.'}b-é-g/i



46

....... =T T T T g O T g T T T g T g T

.....

A E R Id BU DR B 15,
() Wems L - cf=g | |
I, fadtn med facten 1% 7%
(=) TMW.{,/K — Kanie 1 comformal 7‘}'6/’}/ chw/i
A ety €155 comfornnl frold Tiees,
=y m+2 E ARG B o)

| %W/Wmf;; 727,

............................



47

[Coct Zinte prrsetitigg)

N = 9 nechrcctie arcte L .

L RIRT = S =0, 250 € L
C 1 a comfrganatren (QZ.)Z\GJ{ C é)//é

1] B Pﬁ/l;—a
() HIfez74 (A, aq,mﬂ)) (71,0
(Ql\/ 617-+(I’0)> [T admisacdCc
() &G0t [V > o arF
a, = o |
zl-# yZa
}9] = g +A)/+]f—/ ;6—?‘_(71)/@—/)

Ay el (25 1)
/901” €P+(m}z€)
7' by = &
b|+5}“: L]

&) b"'*f}\ =




48

Pla) = % @y & —)IC"IC‘&_ -
2 11 i
€ face

fj/ /\" S5 xF ((/(//D) P /?:[ﬂ_—g‘?/[j 0</D<,// <<y

T well—clofroec (S /Y . B F w ISTG 5T
aj

n—) ) ;JL)Q 7 O) 77)%&}:‘\
Axh“( ://([H,Q) , <K N “—“’7/17/\/\[
XQ oon. G <Xj Xt> = &@é

&ﬁqm [ e wlyelra LX x*%) '?—]U“/’)(c
[xi, X011 = F2 X0 m <XEx2>8, 4
[ X 21 = o

A &Py (n; L) 12323 (T

%\C’/_, n EhSg 2 L(a) 53EZ3,

[la) 5 |vaep

X v =0 w > 0 |
) Ml‘ Frt wm=o Tt X EE
A, :(,~l ):«:H € (¢ C) Cs Wl (TR
| %L /utzc> ..__‘Q /l/?zc/ _
L [vee>» = S a7 ey

—

n)




49

(2‘/“"£”“/ ?) e(@x)”“x &

/CLC'P«O/’ZL};VW :C;?.‘:‘ Aadd, o Mette. )
Z@ e 4 (@ b@@o‘/%"c o 9 D3 T S Ee o
te nigic £ 3,
AG/ @ A ?41/ i A(AZL,) Celiag ria (

g 7=y
L(z) xL(71) £ ACAY) o EZF5925 12
SPFE TS, 2Rl FETE 0 (25 =l
ﬂé [Z‘/"’/?“-157)/Z7 [2,/- 2y ) ?)
= 5 beyo (8) A (220 8)
ol

V2B — "4’7(2[_5
i3, o (pP=ec ", x=c¢ 7 )

?CG_D — b ’76”(%%) 2/&.(7@“‘/%,\2’“)
//3/_3,[1/, ’(J’C”)/(](I/“’/I,‘r‘y




50

————

B

VH"QSQV‘@ /’t‘f{? Vz/r
| -
[LM/LM]:[W’”‘)LM_ZLM —t M/zfn ym/-—m C
Ver o 28 dozs |/ 2 6.
V%i/ = [ e /'(l/ / Lo L~ = A U,}
AN VL et FTER o) d 0 eRILTT

L, —% L
cFg % te, 77 725 st s
b??a(?) 1L irasore 4t 50 T 12 ¢ 7!
L= et S ¢ = 6“2—777 /=

(=aFlT FGRER 2 C by (E)

T, e
wtrcﬂia,wf,

"



51

P =0 T el T [ANEE T
cplindnical T Latlie & % 23, A5

| (L‘|/ 2‘L+77’L/) = (2‘ —#Wl//) 7/‘2_)
CVy () —RELTAT A, T 7 E 3 A TS
L) T =/ 2 #‘fm’/
c B <,

&A&%/ (75/g ) 2, Wa/a,&@

Zi(t) - U 3%, =

Loy Zppy = (=g £)mim + Zp0)
,,{_ —

SKl Zf(t> = Z A (Z) é;‘;;/Z*/

FARS

SRR S
Zf [t ) (/y: On—zrc(,o\,gc\f(, Con e Q»Mj"




52

-
k\m’ﬁl‘vg NM‘XM L)Cu/(,% N2 PRIy, "

HBHEL A eI v

Lt < M Codim, 2 o A/w(l\wﬂwvﬁggﬁob
Lv Tz comneded, ofmedk , ownfed | smofh ppasfolel ¥ 43,
=n %%3@ T Sl DT A,

6 Lt bl = fwdt St+32 L oprne Frpo
=2 wey o 45 S hz v ?

Shpds v L AR = & V(e T3,
Lo PEF 7% 3: Z F o hay, £ a0 M =51ty dsk ﬂf%& D?:,a
Y63, Don L=Dl 1+ xo L= 5013 ats® o B H 3.
TN, DL B Stk T (DR ¢ aWffeo, B3

x2, (D" D) 2N as3 Wterdide
() D &  Wwffeo
@y 9(D" D)= (DT DM) o BREEnT
G) D D" agv bt (203
w=y a {§31)
D D’ >

wt2

L ot focat = Bust St3ca ("D'LZ,'D"L)Z Yoy (D" D)
T BT 33 oo 3,

A3 | = EP5 E rav (D) PR |
v U\g-‘ét‘ég > ;SN

@ /) { SR
M

:Q’,j% (F2 M, L platract = 13 Th 52 U
Lo =Racyd 3 3 B ' Liv i Foh7Ti,



53

( Wt 2 ) U, (Dv\‘f:’ m) _ (Sm-fi K) r <
PR v i f%%?“m 15 fSh T, KID“DV\ s B
e Affeo. TL (LK) 1x mehwot EA w3, ra (O

o ¥t (UMDY v @ Faza XEiFE (ML) e (87IK)
‘E ﬁ \‘\I‘-é 7{0 W’;TZ‘(_ _F_\'(““z” Z«r% — &= ?}\:E\j’go K)o m'%r’;%?o‘
T, Ro TE T £33

(M, 008 (SYIKY o= (H, L)Y

Tmu- { (g e %

= Q%(/y\ \3 M"%’V\,D+ A TE, a qLS‘D_}BPa cAecroes ml{\’g Enf

, DL)

=5 alielicon  manoids 12 TF3 T(MH, L) = o)gma abonipoid

\=7F 3, o LM, L) e L. & locak = f@mo‘th\
. B X, .

%ﬁ Lo TR H Do o osre <G oo /ﬁmftamz e 203k

Ezunz,

I(M,L) A 4% L:‘,?:J = \¥. LO\ WAL 1 Ar an a\ H,\<lb\_[_)z)
AT T (h-L) e oA e %) E L2 113zrdY dad 3 L“'\)%
in st TOmT (ML) s Fs2 (558912 Db s,

LRSS st BL2 weidlon o sl (p en <) oo, 1
A\<p< S 7R AN 7/20\ 3o ‘I/Tmz/c pre fﬁt%o

Typet . T(m, Ly= Job

Tygpe 2. T(M LYz %Y\

Types, joY ¢ T(hL) £ X,

Tb}m 3 e ?@\AM"VC{? (’(/ SYW\\)‘}& Ld\\\)( f?;;Lg a E f§'] % /—T;‘Q T/é‘\‘ —D\"&(BD



54

FE o Te AR o
287 0, 2/
RS R YA

/20 (M w) & 22Tl Ty ) SRR E TR M0 ST
Lobe @l mo Tofde T fIOCS D A Ea s wRB Y EDES D
S € 577529 4 FpE 2630,

B BF nrzutEd, TBL Bo fTher ) e #73, TRirs
B 22790 D 7 TRE F5N3; TR ko I ol T, f1d0 B
Foi-fue SiR—T*R i3 T efy =R , thétor
12650 PET3 Ceanemical L form) 3>20 =dx &E <
25T AR 2 AN e Lol elece L~ §:68—T"Ra 15
BIR) #%3, >tz an_ﬁé’c o~ TV THB—R it HEMHEL T E &G

—H o L A L TR EAL T LR HEE
£ (50507 HE LD

) HES) T G TxF T Fa-TWED B Faddie

LR A LFEFER. (M W) 120905, 0 BHAE o STPES R 4

SOSLE L NS T T T |
Crgprsa) X 1 mii vwelidse varid,
\ ) % o
(2 1 D) Xk S‘Wa'&ﬁc{éf&k Fts, Ini- gﬂfc/ﬁv@» A ’5"75”7““
;(,LL}\)( = N
(3270 #do0 C%mp FIN=H, Jw) X 2271
Prr=c s~ hiyl=mn,
2o 3R, AEMAAAR T Silonaonid TAD D el
Z%L[(T LT, HINIE l\fq/j/‘i"?( %ﬁmﬂ) ‘F’})%{‘f) y K3n=E rfrc)/%g_&z e,
N HEEARZEL 0 /& v 1T IRENS

Ji



55

—.—)2 f A/ ‘( “%(/*B (_l)) A /SJ%’“%(C JLVJ /({.,; < (Df)/\'l j/l\c‘u, H\'-'LFJCZ/“
& pro=e (hm Al = di )

FiM, = CTB @), JIN fo = (T ef) 250 i,
mpgein ¢11ET F g ) 40 Gfuls A eer A

N, % ~—)>T*/? foy T B, 7o)
Ynl O WJT /Q L(u
N 1o =5 TR gy 5B atfor, )
Z*’Tﬁl‘ﬂﬁ le )/:') T f‘ﬁ%rm«j =, "C%Q)/-‘: co I 9%%—/ oy P
BETR e+ |u).
# A J@mv%‘m\ Tl ¢t f &L o@)w;;( nap 9 4“’2‘“77'?55315sz
L, e AR FE HEoe b o o prie 0y
R I A Lol h U3
Theercn- (‘Arn,cr@r// /37 2)
75‘?/{/’ Y/ — 77‘(}% 7"; Oé%‘;’vjf ngi L/r;)m'l‘lt:»\ )('LévL & 73
Sk f/ 7[0(—4/2&/»5 = 7£r7) %MZQ%‘éL 74{9@{[
(72/1 \r ___,s,/)Q A &/7/7(_0[(%) A —L/f/i‘(,kﬁ
L
g
[‘(C/é""na;z/(:;
/750’261,v (6:1&;5255/ /742 ()
£iRYe = TRL o &
a : v 7, 2 el
')a("zt)'?x’») C(f‘/;e)j)l,/’l)r [',Il/ ?,—f )7()( )
bh<e f - bl
£ oo FeprDt ops Whitey buclle, b 12
7 (i

)j——%@

PAd Ll e op £ R = THR™ o FlWen (inn)

Eﬁb L L (/ 1 2 ’7{-;‘ 26 ] w2 s éél" “fl> nESTE
Koo A M&mﬁ”%’ S mip oo AFE FRLE
VAN



: v . 56

LZ"'ﬂztﬁzz Y 5;529 Tepi —
KR AFE_ A
Cx, ost) % oozn 205 Kot §IF4F £ 75,
X £o (2 a2tz s de Khom K12 Dedfeastit
o B oF o ﬂ,ﬁa ke L 1= [5)B & 3 oo
/,\Lﬁt t 1d AT CIAE i%/»‘\ « (R Fx s PIPE>2<
Foese FEL zdis 20t vy,

7GR e A st o FRE AR . 1ok

2 Br i ey N ER S AR F - IFAFE SRS £ fa ko

(=~ Fy YEFARA % FTTE 90 T3z a0 T LB,

ﬁp% .



57

/éfﬁ’& T\? R o ) Z 18 = %alg”

Gagar , X i JFrF & A e b, 202
N £~ FEi1E e (b TFE Ast e 2F 9 =R

It 8 ox = 2 - T A= P

7) %SL@/‘EE\‘ZF/T")?{, LD o) Em s akre s

M led < (X R )

(& /Sr =

FM*S% sa i X}‘é %ﬁ\‘szsﬁ‘at_

— ZKd %,

2) H('?_) [)( ) } Z'[/(/\_;/ y /IQC /‘{(1)

IH /1
A £ Fo 2 .o w
?4«21//\ (@4,]:,?2) [T 2 4h=ee /
XRadesi— &5

diwe ITHZ (i)

_



58

Nels c% | covw&SWf leformadond gf s

The dircriminond T% o neb g cowies i o cubic

WAM%W WM&%WWF
ASVM/&O% %WM % @WGW%&/MMC/&AM ,

;‘Pwﬁ? ZO/; e Wwﬁ M Cg %V? ,,,,,

n W real case, fwaWwWWWW_
& /\97749@0@/%,%&% }mkmﬂ hﬁwf of. dowble coveiing,

@,g__ ><Cg W/I/O MO(AJ %V
WW&\M b\)e%eftfoc&ma[\% rwwe/fwno/o

j '{;"’F oS a,[om}é Su% A er‘m w,o/)%?uﬂ@)%y

W b £ a linean . rzm/c 1 delziminen
a?/u?;Lmal; ond MXM W-MTM/\ r\?

o sub M%}WW and) tho singudonily b
T 2,342 EVeS e [ MMMWOM%WW%

%AW%WLAP\.MI\!%FS‘ [W(”md’}?s Oz/

tlew b wo {wm!V ) W Cot ) L oo commm

\WWM ‘éfuse gk

MM@DM@; "0 shale Cl,ngy W BL o in The

%WAW”pr f 0, f ZYM

{/8”7

NERT MATH  TOKYO INST. TECH.



59

(772355 F ) ba,Me?C&} N@O“H/ {98
LEEGA@ 7y 7 FrRKTE (PR S
(U8 M) sgmniue dotign 3 o 504F 1 BRemkd 5 :0% v
(0,0 4779 A c" A (\t= (- I + J/ SR U A ﬁfﬁ/ L J & =ametie
e U o Tk (774, @1??71 Eond AiEEssto REpaRE B
AU fo) ke ALALE AW RN cove A 4 A o (BE s 5 &ax
EtEeEi P Q A fiTEce A=PYA,Q vF3 22233 swa F1B EG
FEIEHM Do 3 agebue dessgn cws (Ad cazsa)

ngwm.i/@c ciﬁ/x&%/m g Shuum, (< uamames S;ﬂ/w&m , Hedamand " b0zt
Eismewane donigu w3 TE AT ¢ K ceng sve¥F Ln
VAL ~ ¥ 3 TFr b ks £ Chag {950 HAY a5 Bo o, te Ry (FaR
Cxtsmn ) Ehe e33 L F a8 6 % 0ne By = 52 AU AN ATA
Zrs A& TREgT S &r oCre (B-w) %¢+ (\4)%ZQ AR T T 40 8
S350 W 2R w s AR Lendon 4y (0B AN E 2 3 EE zenn
tor LB ok ~EHca FaFG RRC As @

%A'f‘psﬁaﬂi@m’ifx tTigeHs Tn c@(ﬁe.c%As X Fm & FTH e v 3

&
\ i: = - ' - . Z
c,éwms, 1221 Sy o e ot ® a3 :-:L_k.ﬁ,@/\,i N . /":E“ [:Qlaié

oo ere s @ 5 Ueiq fawd, A=t 205 40¥ci0 9 ik @ o cacs

=3 87 o, . . L * =
=% "\'L “%3 ; /L:t;{(x ﬁﬁ J LN ) A@Nz oo C{i«l,l_ ) t ;E_) 3 = =z ‘:":E',JE v/ o L

in -G £ e L% 3 J o MH et &S

)
LCA 2 BEE BHe S0 crd ~ R0 5 HED 58 Jhtie 0 W haac o

Ay s FEE ) Eac ‘Janc/ Fa ot TR e A+ A%+ T ¢ (o, 5174
twso b By £r"8 coen Ajo A (UR A) o Fpa S BEU,ﬁ/x)e&\f.
/*\,,/,A\_z S B(\)\yﬁ/,\) (= >n T /\\{ 43 /\1é (\hST@ s LS Er;’gffw“ P . LT
:PtA-;Q ¢F3 ey d . 2 mrﬁ(%}fﬁ’«\c”%pt/ % (1 (8 18 R
oLeMﬁ% su%«ﬁel cu%,%wjt@ gh‘g;-mwi ‘{ < E &8y ﬁ (&1 77 7 , diad ¢ mg j
En3 ey U abed TFEoka FeEFoxr,  Ad i A€ A £y
Ty J~A € A(U‘/ '(J\v{—fv, U-2% + 2 ) <t Aol @) ‘jﬂf@{l\;ﬁ(f:@ et B F Y dtan
Twy o]~ i rec TUFL ek oz v F o /3 T T S SN N

Ashd tee Ae AT+ T N =T £33e Nt BEnaI( < 4557 7



60

H oo - _— . ‘i/:‘ I : hadom £ B g -
MO Ay s emg ol 9 (AxZaTida ) pE ¢TI ed s o d, NI 4 wopily

s

HETE G, UG8 TES KD uias Hadawand -1 £ b (U=m’é+ D)

» £ < h 8 N (T 6 emaly 5 et commcted vz« 2§74 ¢ T

BB Hedamana 1770 (dosegn) = 258u 53 daed 0 93880 07 7 5 h 3« oaf .
.,'_‘

B335 E s iEF awgishoo Ko ”d“, Flyﬂ%¢£§ c"/ oL E e B Bt g v

WI ree /A5



MEEEROBELE DV T
W E (EEX

MBERMUE B x THAT s« OEXAhREHEKT, 22 TRHY —T Y
A BEINRTOsxPRED2ERET S, nikxL—7 0y FERITIHITH 58, L
TMWEBEBEaNY P ET S, HHEERMD o HHEERNAOE o PREG B
BN ETIERS (Tosxk =sro ), {WHBYUTHS (EHK) . MME
HROTZhiIA2NtMERETH 5. DTHRAZRMET AN TEEE P ERRY
THHAMNHERMEBEKT 5.

Mol HUsoDEIFEHES (A ERED Flso, M) = {x eM; so(x) = x}DFHHE
ERAMN 2BMERES,; x2E5BiE MTCOERYT. BN OEEOR P TO
BEZHE/N (DB —BWRCEET S, MW ESFES TR TERICLIV EDD
TOREMUEMN OEZHMOERAEERMTHS. MO p ORYVIFICM (p)OHBYHE
ko, MEMERMUBHEE2R>. BMIIMEGHGEEELRBERBRIES Y,
M(DORFHERUREABHUIMOEELBEHRT S. ME—oDx (M, M (p))
TRBLRERE 3.

i, 2=y U Ulm) W osx(y) = xy" xl2k 0 HFHZER, M= Um)DERA 2=
THAPHEOREE Vol 1 Xxlafeal2 (BCEEBETEVEE
h3) 2&TH3. xW F(si, MDLAS & x3EEH (x* =1). Z2Ox®
trace Tr(x) ¥ n — 2r 26 M (x) = G ) =[CrpDrikTI D ER DK
BFRITIAIVEHRK], 0= r =n TH5S TOEZTHERE M0
= U(r) X Ulm=—r). EE#G (CmXW v@m)/ (U(r) X UGm—r)) &&#HTBZH, —
RuFmorEY3dCAlOoBF OB R CERNS (S054 Ulm), 1L
Wit ad U(m)) B ERMCHEB KW@ <.

BHERTIAIEHEGCGC), 2rsm, O 2 8x,yO (iHey) FHEE
dix,y) = dim x/(xny)®* %X 3, V¥.L.Chow [Ann. of Math. 50(1949) ]I,
r>IOIRED T TEBHEHI G )6 (C)BIEE de o e, fTRIEME LW
RIERIZHWTH 21 SERAPLE, (GO BEOMMBICH T ZESHELERFIC
KEURD R, ) SLHO7AF 7B H CTHEMMEFORFTHER2ES.
ZOChowDEHOD—iLE2RAAZ (HUTUEDePEIRET ) . KTHEH

61



62

Pk T 5. BHREEaNY P EBERMOFbOEE /MO (AR WCHE
U) ez 2 llelgasontk (HE) &R, MOBCHEMBHIHBHNLCHI N SIE
EOoHEHNUEThe A HEREET S. HRIGAZHRE—ZEWTH 3. MO 2
Mx, yOMMINpRI TR Edx, yepHOHROB (1) THRNBZZEBEERT
35 EUx=yRBd(x,y) = 08 @B, ThE EFEHTSHS. LT M
= G (")D& X ChouD BEBEIC —3X T 3. C O EMNEMOM M EHHE (REH W
stratification) &EEMBRHAMRT ICLELRICE LS. FORBELMIIME Rt
LFOMHBHROBHEMIABTIOTHS.

AMEOREORWOLDEMELT, RENUISRFHRHELTILZY
YEUMERZS. EFPUDEHETHS. Che{-11LZ0REQGRATZ LR
HRAEMBHES. POREARINORENHMES BN TSI H0LK MR T
X 20 TCCCL(DEERES (CCLA) = the complement of the cut locus of 1) ;
UCL) = {—=1} & CCL(D). —MOUMOBARLHBRAETHS. MDD Ep D&
W BB TH B A0 RCCLp, MDEET; CCLp, MEMORMEST
MiREHAEMTHS. = UmAsd, 22 VHOBRMAREBIATH 2K
= Y EEMED S, TEOLP W, TOEEH — 1 OEHELN r 25, fHl
M 2 G (OO x A RBH SR — Bl T CCLx, WANOEEEh 3.
FULS ABZE, EFREHZEH M0OE Ur) X Un—r&EA—H1ThidMik
CCLUx, UCrNthIZHED. x 2MAHM U EWEM EO KK b NHXKS. Ulm)
OMBAREIRTORM EOMRFKEOM L D THEXSHh .
M=SUmMTdEE; BUEBMGCHE/BOrEH L THET 5. XIS 9 % MK
HED EHGW, 1Ho0HEENr OMEEBIELL Dor WS, r =0, 1,
ceey or [n/2L M= Gr(C) M 5 BEME Ga(CTIXGo(CP"T), atbsr, T 3EHi%
11 Ga (CP25 )X Go (C2°)T 3 U Ga (CTYX Gy (C* ") LD M DT 7 4 N — 1
CCL(xX, Ga(C" 2°NTH 3. ZThizk MOMBAMEIEE d W&k 352 WE
wEsh .

EAE Chow OFHOMIREEH REM T LT 2. TR B [#urkts
3-J-+(198T) K U preprintd 2%, Hth FOME [Fic). Math. Soc. Japan (19
65), Hokkaido Math. J. (1985)1 %> T W U k.



63

/97 12 A GH _,«fxg{;—e%é\
HrE R 2B F —

R /9/;(2/»)}/\ %ﬁfﬁfﬁﬁt B =dz ~L 0 pdn s HERT
R FIEEATEOR ¥y DT ~2 FEgkdy o o b— R 7
”’p o T B3t dom = £ K=o s hraBevs. 5
/7 R R F ] TERHIDFIEL ¢ 53 (& 7012 3mectd, suibnfd )
B , T» (absticct) solvizicn 11 . (L) C Flo7p3 Locendilinn Linmmeizion
PBI3 T R KR T TUEP = 9 Bk (T,

Z: L= R E Gaordrion  Cmamanen ¥ 9J BF, I(Er4 “#@52 Aﬂ;mﬂ/"’e

B8 ¥ 0kge .;;? | TS BrG3RES > R™— R =717
T/ o 58E 3 T—HFRE « o T-458E » #bs SUF) @53
>0 ﬁ“@dﬂa«n m/ymm]é&( IZ7)7 3BT, T F=c 2 /ﬁgﬁﬁ v Uk

SR Tre) IS TR w50, 1 TE Bl SiEdE F - (R hap)»Rs
(FINTEZS. D™ ;@WQ Ope TBIUG , [T055ACRRE S
M) o el type (M(/«",, F))qn) T BI3F3 & D (oo
dens |- BEISH IS = o FRT F02 ferericlz BiEIS T IR
NETRT BT

EE L " qued 7 1B SERF Fimo ol O12p13
BB 1‘3}-1* . X\ ARI(FE) e S (2R L BT
a})g'kn"dc Sl TLrg » Z;Qev\a ve B5RE hey 3

geﬂ@fﬂQ fyfe o TR RS HER F < BRERE > T2 12010712
u\ﬁ DFER STz

“?ji fF=C af e2epo> & ?e/’mﬂd\ 1‘3}?4 > @fﬂﬁﬁ?ﬁgjiﬁz kst
EF S ()% 5> Y33 o hF, %%@\\ obstract solutan 7 s34 3/ 10
Foflvgimz (D BE (35 1IZTRUENES 2203 (2) Lozp ¢

00 ik (zp €3F) 1B Fra3r. dT{Taepls) = R (Tiap S (F)DRE
3I3A. I D™ Fevls By 13783




64

o 9,0 BTz f)m@’fﬁﬂ 'tﬂ“” o 1 ¥ A3 NBRER» EF» RibC
TRDFFNODS oo, Iz Ul < BB LB AST=MIT (LR EXR)
D tniect vegalay FM (¢ O(TazpF)te) 98617
20 BE 2 Fn i5RE o BT (confoplanan ) s FNIBELAZS

R comdinls (X, 2P Pu) 90T Logondie B T

X, = Prs o 'sz)”m)z AP T P B :(}Jl], N Y 2N
v 2003 oS | G, Z P RS F @ P Rt A2 X X))
v B iy mmactreyﬂm peot 19 G o T veglian poend 12
RIS 2 DDIS 0B Ko BRI TE RIS he13

e | RS RESEL G- MZf - )= D

Jggt(xosz) o & GUKEP)=0 THT=36F (LZP)»
33w L= fKe- el Cr) (B ank (8F 25) =)

17 (B9)EB 5 >

ez =0 W% GO 3 Dgonde BRg3e o) B
"f%?ﬂd\s Rl Y l‘l/f% SINT= o) "; fcz)g . jﬁiﬁ»ﬁZVE‘J‘ ][Jw»v:/)/lg

{0 X Q- Q=7 = 5 e A

2 BRI OB T-XM T T T (Ueunz) (G GDE
%Ymm‘:w( ?ﬂ%"«nmjéw\cazl P-K-BE1RE ™ o »FE» &m]/(; Lz
SRR\ 3 e DS T 213t m=iaRF S T) T 803 I3 ¢
XEUWAHCE-2 OB~ UX+C-2 TR~UXL t X =R

WDy 4Ar203 WA Re D= dR1T B o Br F a1 S B D

=3 =t e 2T B D2 ATz 0 TH T SERR B 3



65

ON PERTURBATION PROBLEM OF EMBEDDED EIGENVALUES IN QUANTUM FIELD THEORY

Asao Arai
Department of Mathematics
Hokkaido University

TLet H be an infinite. dimensional complex separable Hilbert space and
FS(H) be the Fock space over H. Let h be a non-negative self-adjoint
operator acting in H and dI'(h) be the second quantization of h acting in
FS(H). In the Hilbert space

F- 'mer o,
we consider a class of Hamiltonians of the following form :

%
H=I®d4drth) + w.a a® 1 +HI

0

where Wy > 0 is a constant parameter, a is the annihilation operator on LZ(R)
and HI is a symmetric operator consisting of quadratic operators with respect
to Boson annihilation and creation operators, aand a . We regard as
HO =1 Q dr(h) -+ woaka Q@ I as the unperturbed part and HI as the perturbation.
The operator HO is non-negative and self-adjoint. If h has a non-empty

continuous spectrum, then H  has embedded eigenvalues coming from the eigen-

0

*
values of Wy a. Under some general conditions, it is proved that

all such embedded eigenvalues of H_  disappear under the perturbation HI'

0

We remark that the class of the Hamiltonians unifies some existing

quantum field models.



66

AR AT (198851 5138)
FEPTRABAIDT AZH « F5 AL — TollontiofiSreonc
B 2 4 F o)

G. Tt 2 FRX, 4512 T32 1, GJ%?E 280N
R ABHR O e ¥ 3 Dmc)m; sE

(1) Z {CL uc) 3—+ Ceoil = F in 2 5 =0 ondS-

FE=(O
%33, QisH %?"@(2’%;\;&\1}\’ %=20)’335‘35$ﬁﬁ\'7§§%33§.
e Ceo s BERVED B 5 <
Z B COE; £ = EE BN C 3=/}

)/Y"
LHRETeFs. fuo el (D (m—:zrxs p>1, MEZ3IE5 p=rm)
vF3. FiTu S Do HAFeT .

T, Sz Bl 5$7F£2%'>(/§€1 L WS e 3S) ot FR(F T‘*JC’S
PP AL QR T, Qo BEAETH I wns OF
OB B UN £ R s K3

[0, 40003t wIFT @)= {xe$7, (UCO\ > £ oA T 5BJE

LO,+00d D » w5f et UFed = bup{t20. pd>0%

7(-632& i2ITLT L’%(I)wu (C. 1] il C 2

M )» n= ‘(—‘5((“‘2223

6(.»0) SEE U sphanically o e nzarnamgemenl N
Dofls Lelt UNE /tv%mr) ey

(25 -Aif&x)vjﬁr(x) ,;,,\Q.‘A’ 2 =0 en NN

@ﬁ@'é V33 (vUis lmioﬁeﬁd%ﬁ’fgﬁgi

238 (G Talwite 1 ) (i, Q¥ <239 uN=1v s

(i) 0’<Cé§273b‘f5: S(% LU DU %/> S

(71 % R oy ) dx =

>



67

o RT3IB » (1), U @b‘EB@%"gﬂ\? Q2 Q‘Q? f = aﬁ}

i = S5.80C= 0 /5553 FN 2155, 4E-T MLEA ot
%Ez 3. Fr (zmﬁ% s SF 2 et B3F By
E50E23 (D RFEE 5> F< = v 0 T Z358050
7%5\ 12)“?%2”“5> ¥<i1z (§yi= &Y B Ts=>\T
£6 {xe2. Ut} oBIE & FFeFT FE55
Zrpr < TS,

(DR FelT Qb\"ﬁ;?\’%ﬁq%ffaﬂx 0 ¢ &S OB us=II(T

Lo . VP O RmEL
max jUl = KMPIQ‘% (SQ‘AM"PV‘;L) ) %/2\’;$+00

ﬁmﬁjzzw@ns AN ‘(” U/p)+U/ /o =1ecF3c
V(Zﬂ)f_(r—‘é) Ve
= ~2

N=2 e Ka,p= TT%-HY %/(AJC)
< P@Sﬁ@fﬁﬁ? H3. Lo WsH e pﬁ;iZm%%%'z%ﬁ%‘@
Tr , S w<oho ThE R FEE s FEX WIS S

.F;a; TRT A E () e 1 $E TR ERGIEA IR,
T X 3T BER o IEFRE I A o ILTE, £ H
o rInd. WX L i tEAN RS,

XK (WFME G, Todonti )

T Awn, Scuela Novw . Sup. Piea @53 4976>, 697-743 .
2 P M. ponee gl . (411009576, 353-372.

3 Awn. Mab, puna apl. (43120 C(I279>, (57-(54

4 BAL, Umiomz Mgt , Ttaliame (6D 4-(1985), 9/7- 34,



A rIE T 2 0 U B 1T TR

Aan il G K A JE

VAT R IR L, Tt s CeYs BN U i)
Ras‘“ﬁ%lg\/;}tﬁ‘i‘%ﬁ,%/&'gJér}nq'-:zn:?}g_
Ep,=f{xeR|x" =2}t P=Up,E, =zl , RoAL=x
(- 0T aM™e Poxorg v 8 B om0 13 v T A vt 2R3
MM TE " h 5 X ),

A, Bt Ra }z’-‘s"’fl\ifb;/ﬁ‘ v (= x ka4 v 5 kb

(At B) v 2e¢R, 3eaecA, LbeB | z=axb

[A tP] v 2eR, 3 acA, beB ] 7—:0-'*10,. [a,bl=0

(At B), VxeR Fach, bep [ x=ath

LA TB]y v ZeR, F,a¢A, beb | x=arb, [a,bl=0
ALB Vvaeh v beB, ab=ba=0

(A LB] vaehA, VheB [abl=p0 = ab=0.

A,Bam PR N s oA s ila BRI o

U 2 R L
1) R=E;3

2) TETE]

T 2. smandhafs e
1) Ros @Bk

2) [PTN]
To. 3. 2 i8a
1) (PTM);

2y IP+NI, ELN
3y R=P&N

TH, 4. JEas (AL e
1) LPrNT,

2) LP+N1  [ELN*]

Tu 5. ozt 19198 3

() C(E+® N1

2y [E+x NI

3) vaeR, x-za‘enN

4) N4AR, p/MNit 1= 2L

Tz Y\l*: {16 R!Zl:Df{,

i7

68



T b 7% 34 -

) (B, ELRT

2) (E+Ry, ELNF

3) vxeR , x~xfeN ; ELAN*
4) N4AR, R/NITT- R AN
¥) R=E®N

a>{ele, YEAgh e AL S

(F) o Ve R, a2 -x N

THe § = 8 40137, R 27 (#), 8 Lt 13 NAR Uk 5.
S 2 ¥ A= lg\ﬁt’(’ T2 Tyl ooy T3 -

Tw. T. 71 WL T

1) R4V H, k-4, NAQR .

2) n#E | omwd3) wEL (mad 8)

3y VER P, nw# 1 (med p71)

O OV EROP, MCQRCP) 3 (B, B A T Ir

Divcchlel o F 31 SHLILT

[fprae | w8 (mod24)% |
L ¢ prine | R=( (mod 240} |
—wrY, w7 aFHE LT Pl o IR
s v n s Bt d - EALs BT e Ing,

]

12 9]

"

[~ ¢]

69



70

2 4 DA~ E s

24 EVHEDBHFOVLVAEREIALEETE. Lrd, HEHETRHIER
Wk, RECHEWVHEE2E > b0 (Golay %5, Leech ¥F, HREEKI
CEBELTEALS EIICRAS. ChAEBRERLTCHEALPIKOBWVWETRDILS S .
Fhed, MrL2k2#drsBEMECH TSI DA . LA DY
2 bRGEHT TEL.

2E k.

[1] Apostol,T.M.: "Modular Functions and Dirichlet Series in Number Theo
ry”, Springer, 1976.

[2] ¥ HwH, vol. 20, 1980. (#ic, [ Monster & Modular BIE] (&
#3y  [Mackay s observation iIc>WTJ (K.

[3] Chandrasekharan,K.: "Elliptic Functions”, Springer, 1985.

[4] Chapline, G: Unification of gravity and elementary particle interact
ions in 26 dimensions?, Physics Letters B, 158B(1985), 393-396.

[5] Conway, J.H.: Three lectures on exceptional groups, Chapter VII of: P
owell and Higman, "Finite Simple Groups™, Academic Press, 1971.

[6] Conway,J.H. and Norton,S.P.: Monstrous moonshine, Bull. London Math.
Soc., 11 (1979), 308-339.

[7]1 Conway, J.H. and Sloane, N.J.A.: “Sphere Packings, Lattices and Groups

Springer, 1987.

(81 £ - = ITHRUEMHEHG], &L/ HE,

[9] Frenkel, 1., Lepowsky,J. and Meurman, A. : A natural representation of
the Fischer-Griess Monster with the modular function J as character, Pro
c. Nat. Acad. Sci. U.S.A., 81 (1984), 3256-3260.

[10] Frenkel, l., Lepowsky,J. and Meurman,A.: An introduction to the Mons
ter, in "Uniified String Theories”, M.G.Green and D.Gross, edited, World
Scientific, Singapore 1986, pp. 533-546

[11] Gorenstein,D.: "Finite Simple Groups”, Plenum Press, 1981.



[12] Green,M.B., Schwartz,J.H. and Witten,E.: "Superstring Theory I, II~
Cambridge Univ. Press, 1987.

[13] Griess, R.L.: The friendly giant, Inv. Math., 69 (1982), 1-102.

[14] Kac,V.G.: Infinite dimensional algebras, Dedekind’ s » -function, cl

assical Moebius function, and the very strange formula, Adv. Math., 30 (

1978), 85-136.

[15] Kac,V.G.: "Infinite Dimensional Lie Algebras”™, Cambridge University
Press, 1985 (second edited).

[16] Lepowsky,J., Mandelstam, S. and Singer, I.M. (ed.): "Vertex Operators

in Mathematics and Physics”, Springer, 1983.

[17] MacWilliams,F.J. and Sloane,N.J.A.: "The Theory of Error-Correcting
Codes™, North-Holland, 1977.

[18] Mckay,B.D. (editor): "Finite Groups — Coming of age™, Contemp. Math
45 (1985)

[19) Serre,J.P.: "A course of arithmetic”, Springer, 1973. (H&Rdv. )

[20] Sloane,N.J.A.: Self-dual codes and lattices, in "Relations between

Combinatorics .and Other Parts of Mathematics™, Proc. Symp. Pure Math., v

ol. 34, Amer. Math. Soc. 1979, pp.273-308.

[21] BBERLY: CGHRHEmEHRS) , 1986, vol.1l, ¥4 = ¥ R4l

[22] Thierry-Mieg,J.: Anomaly cancellation and fermionisation in 10-, 18

-, and 26-dimensional superstrings, Phys. Lett. B, 171 (1986), :163~169.

[23] Thompson,T.M.: "From Error-Correcting Codes through Sphere Packin

gs to Simple Groups”, The Carus Math. Monographs, mo. 21, The Mathematica

1 Association of America, 1983.

[24] Yoshida,T.: On character-theoretic transfer{(11), J. Algebra, in pr

€S§8S.

T bR - B -

71



72

QL%LJJ&?JI o‘f (-@\,Ig,Q(,/y submanifells and Mox moed 35“-‘1%46@0

AY

/‘({ » étn /456

Abshact -

b 1953, (kb //@U@c/ ci /M/m% st ﬁL Kb 5“/;)7@»7441&
Py A spac ﬁws The [/7/44,/4/11?4447; Z’Zew%/ jgham/ Ho
Lent ﬂic@ss’% zfp&ed/?é LMoy ANCRS ont }w}ﬁé&/ ) Amn;/ Plone
,b{t JTZ[acﬁ f}%ouﬂw,f ym/mw e /zézuﬂ /Jg,wcc Z‘;’QM«:,

The curnendt _/Lera(?ﬁmce i;_{ locst e o Lo ol fmjéi . ﬁm)g,
@MU Zﬂp Aecerd cﬁw%ﬂ/@«lff /o1 ,%Mﬁ’(a/ /,/7(,7(54 , Aot f&ﬂggy@/
Doz ace, Q;ﬂﬂ.' oo //’i’//@/fﬂ.f' L DAt 5;%‘7

'7/.41/711/7&5(- 2 /@w s /quz Vééc/ /éuzé} we creall b5 Bk
onde T goropt sty Ll [ocl o (Mfé;r ) sotiec gormit |
I 1ih ‘if:@(lé/ se J//{Of vz %7&& 5[ e (ality Mﬁ%f%fm
fzﬂ fg/nm»(/ Jg/no‘?f}zu . Xez'mcl//é [, lee /)/Lm«f @ zf%’z%;; iZ/M Nl
g (@J(Mf hie precle space < e pragiral si con  Tlres [M/w/ﬂ’/:lénclq
Ao the clesrpTr s e piniviil siifacss on R7 cloe o (elili oF

(vt gom Aoaelits Tt -

Fewarc 1 fot M be a comecos ,;Mc%%;zé Follhniare yrzsey i
N , P , lf»__\_‘ N /Ef . J
spntoce 5 (0f5<h). Jh of 1> @ be q foleneiphic one
'/55.//@71'12 IS N z? /%” e éﬁjvu . Then g L7J T ok f&éwtﬂf/ét ssomedoon
% fﬁﬂj 'f ,éd 52&0717/"0.594'/ é;’t /dzf 74’420?7 /%12/(. /)(‘4%‘ ¢ 77;‘&)££ /:S “T
- TR - , - e .
rowipars Lople (A f, 87 of 1nBger (428 pro, f20) Sacd] et
7 L / (/n/.; ¢ . 122 / S” aud Lepone Z ‘ -
A [ clpond oy o e pariafoled ST ad inlpoddid of Koy
Fore is' abie q tieaioe  caronicef o&énﬁdﬂzeéﬂ Lp= GRCGDC,
of e 4757,6/17-7 oS Wt pesped] 2o e 64}(,,,,7,@5;“ . T facling
~ , e . " - ldﬁ
il 7[1(,')7[1 @7{; . 'ﬁ )7,(71) MJ Vit CIZJ-/V',, sl « cmf; Tt /D{f
» A n c&?wé/L I . %ﬁ‘zf;/ 5 % Sp I IR ’ Loy Ay
o e AT
j Tzt LA Gt g Z 2cten C CALgA
L Caphy el iy qpie T ey
?fﬁ, e ~é, szff M, e T 57’7/”7- ? 6;@...[4”%) .



73

Hasin 2 FA AL M C g be felmoplii weod f0 T Ry b space Lot
condl Tave Z =& Tl A = l’EI_B [ AW //Z, jﬂ i deldTin.  pgyesnia ML‘
2 ~

y ' 11 = o le L;ﬁé /’ o F Crrare /Co) C{‘/L/ /1(/00/: ('lucj': &
,‘/w ﬁ’/é/f@‘- Y Ljere {dﬁ P ﬁj[ﬂ{ ) 1
7/1‘;”/ Zrew 18 & Algvmamelore /-} e (R - f:} so ,?/;,,7(

—

+

p= i {QGS 'ﬂ‘?(ﬂ‘o})o'/f')

PC-S [WOACI/-\,/)

: ! —_ / P
L{ffl.é&.& \S P = Nxn — ('5.7,7/{[0( 777/;%0)( ( MLQUZ 7= g _jy//_/_w )

sales 74/7,;#



Topologically principal part of analytic functions
Etsuo YOSHINAGA

The purpose of this talk is to search a topologically

principal part of the Taylor expansion of a given analytic

function f(x) at the origin of Euclidean space. Here, the
topologically principal part should satisfy the'prdpérties that it
is a part of the Taylor expansion of f(x) as small as possible and
the local topological type of fix) at the origin is determined by
it.

Let K:=R or C and A(K") be the set of all germs of analytic
functions f:(K",0)——(K,0) at the origin of K".

Let F+(f) be the Newton polygon of fea(K™), the convex hull

of the set

uCk+R," | a #02

in R" where R+ is the set of all non—-negative real numbers, for

the Taylor expansion

fix)=2a kaZa

ke k ke k., sk

1720

Let S be a subset of Z+n (or R+n) where Z+ is the set of all

non—negative integers and define fS:=F|S:= > a xk.
n ok
kGSnZ+

{1.2) Definition. An feaA(K™) (or the Newton principal part

n BFT BFT 8FT
of f) is non—-degenerate if {xeK | A% - 5;*'2"'= 5% =02 <

1 2 n
{xlxz"'xn=0} for any compact face 7 of F+(F).

(1.4) Definitions.

(1.4.1) [(Grad £1%:=l(x, 2f of ..., x &f 2

)
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n
= 3 Ix, 942,

i=1 1

For a given k€Z+n , define

(1'4°2)k Condition : There exists a positive eg=g(k) such that

1Grad £l 2 &lx®|

in a neighbourhood of the origin of K™,

(1.4.3) Let ﬂ+(F) be the convex hull of the set

U{k+R+n | Condition (1.4.2), holds 2

k

in R". We call A (f) a gradient polygon of f.

Let m be the order of the function |Grad fl| on V:=V(Ff):=
{xek™ | IGrad f1=0>. Namely
(1.4.4) mi=m(F)

1

:=§Min{the order of |(Grad FIZ at x | x~eV(Ff)>.

0 0

For a given k€Z+n, define

(1‘4'5)k Condition : There exists a positive eg=g(k) such that
|Grad Fl1+1/m 2 Elxkl

in a neighbourhood of the origin of K™,

(1.4.6) Let K+(f> be the conuex hull of the set

U(k+R," | Condition (1.4.5) holds?

k

in R". We call K+(F) a quasil gradient polygon of .

Then we can show that ' (f)2A (£)24, ().

(1.3) Theorem. Suppose that one of the following two

conditions holds for an analytic function gi(x):

(1.5.1) I (g)ch (F).

(1.5.2) T, (g)eIntA () and V(£)=(0D.

Then the family f+ug is topologically trivial, identically on
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V(F), along I:={ueR | O<ugly. Namely there exists a local

homeomorphism H: (K"xR,0x1)———(K"xR,0xI) such that the foliowing

commutative diagram (1.5.3) holds

(1.5,3) Commutative diagram.

(UxR,0x1I)

H » (K

(K"xR,0x1I) N%R,0xI)

U

(R, I f+ug

A\ Vv

» (K,0)

where pysP, Bre the canonical projections and i is the inclusion

map .

(1.6) Theorem. Suppose r+(g)CA+(F) for an analytic function

g and VY(Ff)={03. Then f(x)+tugi(x) is topologically trivial along

I(§)={u€R | 0<ugd> for a sufficiently small positive 6. Namely,

there exists a local homeomorphism H:(K”XR,OXU)————ﬂ(KnXR,OXO)

such that the commutative diagram (1.5.3) replacing 1 by 0 holds.

(1.7) Theorem. An f is non—degenerate if and only if

ML (F)=A, (F).
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Title of Talk

A remark on association schemes on finite groups.

Abstract

We define a certain group HC(G) of any finite group G and use it to
construct association schemes on G. More precisely, HC(G) is the group of
permutations of the set G which fix the identity element, preserve inverse,

and permute the (complex-valued) irreducible characters of G.

Cheng Kai Nah
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