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Preface

These are the proceedings of the symposium of
Singularities and Differential Geometry supported jointly by
Grant-in-Aid for Scientific research (No. 61302004,62306001) and
Hokkaido University. The symposium was held at Sapporo.

The symposium was focused on the singularity theory and
its application to differemntial geometry. The present volume
consists of papers presented. at the symposium.

The beautiful link of singularity theory and differntial
geometry has been studied by many people in the world,
especially by the peoples of English and Russian. But, in
Japan, this area had been underdeveloped. We will be very happy
if the symposium becomes the foundation stone of this area in

Japan.
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Editors, May, 1988
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On the total torsion and a generic property of

closed regular curves in Riemannian manifolds

Kojun  ABE

(T A BUED

§ 0. Introduction.

The purpose of this paper is to classify closed regular
curves in Riemannian manifolds of constant curvature by an
egquivalence relation concerning a flow equivalence of some flows
on tubular neighborhoods of the curves (see § 1). Especially
we see that space curves are classified by total torsions. The
total torsions of space curves are studied by Scherrer [12],
Segre [13]1, Fenchel [51, Milnor [101, Penna [111, etc.
Unfortunately totai torsions are not always defined for any
space curves because we need some conditions of the derivatives
of the curves to define the Frenet frames. But we can
approximate a regular curve in a Riemannian manifold by a curve
on which Frenet frames are defined. By using Frenet frames,
the classification of regular curves are reduced to
caluculations of ordinary differential equations.

The paper is organized as follows. In § 1 we define an
equivalence relation of closed regular parameterized curves C(M)
in a Riemannian manifold M. § 2 is devoted to the

classification of the equivalence classes of closed regular



curves F(M) of a Riemannian manifold M of constant curvature
which admit Frenet frames. In § 3 we prove that for any
Riemannian manifold M, F(M)is generic in C(M) with Cn‘1 topology.
When M has a constant curvature, we show in § 4 that an
equivalence class of C(M) corresponds to a point of a space
SPn_l(Sl) of symmetric product of a circle Sl. Especially if the
dimension of M is 3,‘we see in § 5 that the equivalence classes
correspond to S1 by using total tosions. As a corollary of the
result, we can prove that the total toersion of a closed curve on
a sphere is zero.

I would like to thank Prof. Asada for his kind advices and

several valuable discussions.

§ 1. Preliminaries

Let M be an n-dimensional Riemannian manifold with
Riemannian connection V. Let C = {c(t)} be a closed regular
curve in M. In this paper we assume that any closed regular
curve is parameterized by arc length. Let U8 be an g-tubular
neighborhood of C, and n: U — C be the natural projection.

We define a vector field X on Ug,as follows. For er8 with
i(x) = ¢(t), X(x) is parallel to c'(t) along the geodesic
joining x and c(t). Let %8 be a flow on U8 given by integral

curves of X.

Definition 1.1. We say the above flow %8 to be parallel

flow to the curve C on.US.v Let C' be the other smooth regular



closed curve and let %é be the parallel flow to C*' on an
g-tubular neighborhood Ué. We say that €C and C' are equivalent
if there exist an positive number £ and a diffeomorphism
° B ? 9
ol (Ug, %8) — (US’ 38)

which is a flow map ( see Irwin [8], Chapter 2, § 111).

Put.

US?O = {x G!U8 s (X)) = c¢(t

and let wS: US,O —_ US,O

4 t o ? t B
(c.f. Irwin [81, Chapter 5, § IV). Let @ : ons — UO’S be a

Poincare map for the'flow-Sé; A vector field Y on U8 is said to

O)} 9

be a Poincare map for the flow‘%s

be flow preserving if Y is tangent to 38. Let F(%8)~be the Lie

algebra of all flow preserving vector fields on US'

Proposition 1.2. (1) Closed curves C and C' are
equivalent if and only if the Poincare maps mg and mé are
differentiably conjugate for some positive number E.

(2) The Lie algebras F(ﬁg) and F(%é) are isomorphic for some
positive number € if and only if there exists a flow preserving

diffeomorphism o: (U, — (UL, T).

Proof. (1) follows from Irwin [8], (5.39) and (5.40).

(2) follows from ‘Amemiya [21.

Remark 1.3. The starting point of the problem here was
studying the Pursell-Shanks type theorem for the algebras F(%S).
By Proposition 2.1, it is reduced to the classification of the

equivalence classes of closed regular curves.



§ 2. The equivalence classes of F(M).

In this sectoin we shall determine the equivalence classes
of closed regular curves in a Riemannian manifold of constant
curvature which admit Frenet frames.

Let M be an n-dimensional Riemannian manifold with V the
Riemannian connection of M. Let C(M) denote the set of
regular closed curves C = {c(t)} with ¢" !-topology. Let F(M)

denote the set of smooth regular maps ¢ € C(M) such that

n-1

rank (V8 c(t),...,va c(t)) = n-1 for any t,
ot ot
where V8 ic(t) is the i-th covariant derivative of ¢ with
ot
respect to t. Let C = {c(t)} be a closed regular curve with

preriod «. Assume C € F(M). If the normal bundle v(C) in M is
orientable, we have a usual Frenet frames {el,..., en} of C (c.f.
Gluck [61). If v(C) is non-orientable, we can take twisted

Frenet frames {el,..,,en} of C such that

ei(t+a) = ei(t) for i=1,...,n-1, and
en(t+a) = - en(t).
Then we have Frenet-Serret equations:
s ’ A 3 \ ( 3
ey (t) Kl(t) el(t)
e, ) ) —Kl(t) - e2(t)
: K (t) E
n-1
: - t
\ ey (t)) { Kn_l(t) J L en( ) ) .

Here Ki is the i-th curvature of C (i=1,...,n-2) and Kn—l is the

torsion of C. Also we have



xi(t+a) = Ki(t) for i =1,...,n-2, and

K (t+t) = - K t)

n-1 ‘

We shall see that it is convenient to use the Frenet frames for

n-1

caluculating the parallel flows.
Now we assume that Riemannian manifold M has a constant
curvature K. Then M is locally isomorphic to an Euclidean space

" for K = 0, a sphere S™(r) (r = 1//E ) for K > O or a real

R
hyperbolic space H (r) (r = /K ) for K < 0 (c.f. Wolf [15],
§ 2.4). Let X be a vector field defined on an g-tubular
neighborhood U, of C as in §1. Let

¥: R X [0,8) — U8
be a family of integral curves of X given by

(2.1 yY(i,s8) = exp s Y(t) for t € R and 0 { s < E.

c(t)
Here expctt) is the exponential map at c¢(t) and Y(t) is a unit
normal vector of C at c(t). Let yi: R—— R (i=2,...,n) be

smooth functions such that

(2.2) Yty = 31, v, (e (1)  for t € R.

First we consider the cases M = Rn, s"(r) or Hn(r). Let
R?+1 denote the vector space of (n+1)—tuples X = (xl,. ,Xn+1)
with the bilinear form

SURCIE R TR i S N
Then
Hn(r) = { x € R?+1 s <X, X> = -~ r2 . Xy >0}
(see Wolf [151, § 2.4). We can regard M as a submanifold of
"1 or R?+1 by the canonical way. In this case the integral

curve ¥ is given as follows.

Y(t,s) c(t) + s Y(1) for K = 0.

¥v(t,s)

1

(cos s/r) c(t) + (r sin s/r) Y1) for X > 0.



¥(t,s) = (cosh s/r) c(t) + (r sinh s/r) Y(t) for K < O.
Note that the vector c'(t) is tangent to M at each point Y¥(t,s)
for 0 ¢ s < €, and we can see c'(t) is a parallel vector field
along the geodessic {W(t,s); 0 ¢ s < g}, Let p: R X [0,8) —
R be a smooth function such that
(2.3) Qﬂé%;gl = u(t,s) c'(t) for t € R, 0 { s < E.

By comparing both sides of ei(t) (i=2,...,n) components of the

equation (2.3) we have

/ , 3 ( N £
v, (t) K, (1) Yz(t) 3
?3 (t) i —Kz(t) . '?3(t)
(2.4) : .
. - K (t) Z
’ n—l
\ Yn (t)) \ Kn_l(t) )\ Yn(t) ) .

By comparing both sides of el(t) component of the equatiqn (2.3)

we have
HCt,s) = 1 = K (87, (t) for M = R"

(2.5) ut,s) = cos s/r - Tk ()7,(t) sin s/r for M = s"(r)
p(t,s) = cosh s/r - rKl(t)Yz(t) sinh s/r for M = H™(r).

Since (2.4) is a linear ordinary differential equation with

periodic coefficients, we have smooth solutions ¥ (t),...,yn(t)

2
(- @ (i< =), Then we can determine p(t,s) from (2.5).

Therefore we see that the integral curve ¥ is determined by the
curvatures «

oo K and the torsion K- of M.

27 n-2 1
Now let M be any Riemannian manifold of constant curvature K.
Since M is locally isomorphic to Rn, Sn(r) or Hn(r), the

integral curve ¥ of the vector field X is determined by the

differential equation (2.4). Then we have.

Proposition 2.1. LLet M be an n-dimensional Riemannian



manifold of constant curvature. Let C = {c(t)} € FWM).
Then an integral curve ¥ given by (2.1) and (2.2) is determined

by the differential equation (2.4),

Let A(t) be a continuous nXn matrix for - « <(t< o such
that A(i+ot) = T A(t) T , where oo is a positive number and T is
a constant nXn matrix such that T2 is the idetity matrix E (In
Abraham and Robbin [1], § 25, A(t) is said to be demiperiodic).
Consider a linear differential equation

(2.6) X' = A(t) x.
Then we have the following Floquet type theory (c.f. Hartman
[71, Chapter IV, Theorem 6.1 also Abraham and Robbin [11],

Theorem 26.1).

Theorem 2.2, (1) Any fundamental matrix ®(t) of (2.6) has
a representation of the form
®(t) = T P(t) elR,
where P(t) is a continuous nXn matrix for - o <t¢ «© with P(t+x)
= T P(t) , and R is a constant nXn matrix. Moreover if W(t) is

the other fundamental matrix of (2.6), then eaR is replaced by a

. -1 R . . .
matrix C 1e C, where C is a constant nXn nonsingular matrix.

2> If A(t) is a real nXn matrix and tA(t) = - A(t) for
-—o (t< «®, we can take the matrix R such that eaR is an
orthogonal matrix. Moreover, if T = E, we can take the matrix R
to be an nxn real matrix such that 'R = - R.

Proof. (1) Put



ml(t) d(t+o)
for - o (t¢ o,

mz(t) T ®&(t)
We see that ml(t) and @2(t) are fundamental matrices of a linear
differential equation
x' = (T ACH T 1) x.
Then we have a nonsingular nxn constant matrix D such that

¢l(t) = @2(t)D. It is known that there exists a nxn matrix R

such that D = eaR. Put
P(t) = ®(t) e "B for - o <t< .
Then P(t+x) = T P(t).

Let Y(t) be the other fundamental matrix for (2.6). Let
Q(t) be a continuous nxn matrix for - ©® <t< @ and S be a
constant nXn matrix such that

Y(t) = Q) e'd
and

Q(t+x) = T Q(t).

Since ®(t) and Y(t) are both fundamental matrices of (2.6), we

have a nonsingular nxXn matrix C such that Y(t) = ®&(t) C.
Then
Y(t+a) = Qt+o) e (tHe0S
=T ¥ty %5,

On the other hand

YP(t+a) = d(t+ox) C
=T oty e ¢
=Tty ¢t R ¢,
Therefore %5 = ¢ 1 %R ¢,

2) If A(t) is a real skew-symmetric matrix for - o (t{ o,

from Hartman [71, Chapter IV, Lemma 7.1, (2.6) has a fundamental



matrix ®(t) which is orthogonal. Then
I S I R YD
which is an orthogonal matrix. Moreover, if T = E, then the

matrix D is a special orthogonal matrix by Liouville formula

(c.f. Hartman [7], Chapter IV, Theorem 1.2), and we can take a

real skew-symmetric matrix R with eOtR = D. This completes the
proof of Theorem 2.2.

Definition 2.3. By Theorem 2.2 the eigen values
ol,...,on of the matrix D = eOCR are uniquely determined by the
system (2.6). We say the eigen values 01,...,on to be the
characteristic roots of the system (2.6). Let Al""’ln be
eigen values of the matrix R. Then {ell,,..,eln} =
{cl,...,on} as a set. The numbers Al""’ln’ which are

determined by (2.6) modulo 2n/i, are said to be characteristic
exponents of (2.6). Note that these definitions are coincide
with those of the usual case when (2.6) is a periodic

coefficients; T = E.

Now put
/ \
Kz(t)
~-K, (1) .
K(t) = 2 i
° K t)
_ n-1
| Kn_l(t) )
and
1
T =
1
g



Here
o =1 if v(C) is orientable,

o= -1 if v(C) is non-orientable.

Then K(i+o) T K(t) T, and the system (2.4) satisfies the

conditions of the assumption of Theorem 2.2.

Definition 2.4 We say the characteristic roots (resp.
characteristic exponents) of the system (2.4) to be the
characteristic roots (resp. characteristic exponents) of the

closed regular curve C.

Put

e(t)

t
(ez(t),...,en(t))
and

Yt)

t
(Yz(t),...,vn(t)).
Let ®(t) be a fundamental matrix of (2.4) such that ®(0) = E.
Then 7p(t) = &(t) v(0). By using Theorem 2.2, we see that
Y = feco) e*F y(o).

Therefore the Poincare map of the parallel flow %8 to C is given

by the matrix e"R.

Theorem 2.5. Let M be an n-dimensional Riemannian
manifold of constant curvature. LetACi € F(M) for i = 1,2.
Then C1 and C2 are equivalent if and only if the characteristic
roots of C1 and C2 are coincide.

Proof. Let x' = Ki(t) X be a system of the curve Ci

which corresponds to the system (2.4) associated to the curve C,

and Ri be a coﬁstant nXn matrix which is determined by this

...10._



system as in Theorem 2.2 (i = 1,2). Let ai be the period of

the closed curve Ci' Suppose that,C1 and C2 are equivalent.
Since the Poincare map of the parallel flow to Ci is given by
the matrix e%i®i (i= 1,2), from Proposition 1.2, eX1%1 is
conjugate to ea2R2. Then the characteristic roots of C1 and
C2 are coincide. Conversely suppose that the characteristic
roots of Cl and C2 are coincide. Since ealRl and ea2R2 are
orthogonal matrices by Theorem 2.2 (2), we see that ealRl and

ea2R2 are conjugate in the orthogonal group O(n-1). By
Proposition 1.2 C1 and C2 are equivalent, and this completes the

proof of Theorem 2.5.

§ 3. A generic property

Let M be an n-dimensional Riemannian manifold with

Riemannian connection V.
Theorem 3.1. I1f ngZ, F(M) is generic in C(M).

Proof. 1[It is clear that F(M) is open in C(M). Let C =
{e(t)y € C(M). For any positive number &, we shall construct
an g-approximation C € F(M) to C. Let o be the period of the
closed curve C.

Now fix a point c(to). Let U be a coordinate neighborhood

of M around c(to) and let (x °..,Xn) be the coordinate system

1’
associated with U. "We can find a small positive number 8 such

that c¢(t) € U for to—é << t0+5. Let M(n,n-1) denote the set

...11_



of nX(n-1) real matrics. For a positive number p, put

M(n,n-1; p) = {A =(aij) € M(n,n-1); Iaijl < p for any i,j}.

Let

A = (a +.ra _1) € M(n,n-1).

1°° n
Here

_t s -
ai = (ail""’ain) (i=1l,...,n-1)

are real n-dimensional vectors. Let Yok (2=0,1,...,n-1,

k=1,...,n) be the component of Vtﬂc with respect to x X .

100Xy
Put

ot
Yo = gyo-- “*Vgn

LA CSTRREES S P

) (2=0,1,...,n-1),

Now consider the following equations:

k =
Yp-p (82 = ¥p g (B va
k
dy )
9-1 _ k _ n k
i1 =y, (O Zi'j=1 Fij ot vy (D, (1)
dy k(t)
—9— =y (D
dt 1,k
k -
Y (tg) = Y () +a o

Yo (to) = YO,k(to)
| for k=1,...,n, 4=2,..,.,n-1, m=...n-1.
Here F¥j is the Christoffel symbol of M. There exists a
positive number p and 8 such that the above equations has a
unique smooth solution

(C,A) (1) (yﬂl(t),...,yﬂn(t)) (2=0,1,...,n-1)

M)
for A € M(n,n-1; p), t0—5 <t t0+6.
We have a map @t (C,t): M{n,n-1; p) —— M(n,n~-1) given by
0

@tO(C,t)(A) = (Yl(C,A)(t),...,yn_l(C,A)(t))



for A € M(n,n-1;. p)>, t0—5<t<t0+6. Since the solution for 'an
ordinary differential equation is differentiable with respect to

the initial values, @t (C,t) is a smooth map. For a positive
0

number r, we put

N(C, 1)

[3 [}

={ C = (c(t)y € CLM); H(v," S (x;) = (V5 eI < r
ot ot
for te€R, £=0,1,...,n-1, i=1,...,n }.

Since ®, (C;t
tO

numbers p,8,r such that

O) is an embedding, we can choose small positive

(1) ®, (c,t): M(n,n-1;p) — M(n,n-1) is an embedding for any
0

C € N(C,r) and 1,m8 << to+s.

(2> Il &, (C,t)(A) - @

t (C,tO)(A) I < p/2

SUP A € M(n,n-1;p) t

0 0

for any C € N(C,r) and t -8 <t< t,+3.

Then the intersection

N ®, (c,t)( M(n,n-1; p))

t0-6<t<t0+5, cGN(cO,r) tO

contains an open neighborhood W of Y(to) = @t (C,to). - In fact
0

we can take W to be {Y(to) + A ; A € M(n,n-1; p/2)}. Note

that the numbers p,8 and r are depend only on a point C(t0)° We
can choose Ogti<a (i=1,...,m) such that the union of open
intervals

\V (ti—éi,ti+61)

1£i<m

contains [0,0] with t_ +8 <t. for 1<i<m-1 and t_+& <t +0ot.
i i i+ == m T m

1 1
Here 61 is a positive number depending on a point C(ti) which
corresponds above 6. Let wi be an open neighborhood of Y(ti)

in M(n,n-1) which is contained in the intersection



N ) (E,t)(M(n,n—lgpi)),

t.-8.<t<t . +8., CEN.(c.,r.) "t

i i i i i 0 i i

where pi and ri are positive numbers depending on a point c(to)
as above and

N.(cO, ri)

[ [}

1
= { C=(cttrry € caMm; 1(v. " c(t))x) - (v.% et xhHH < r
a_ j 9 70 j
ot | at
for t€R, £=0,1,...,n-1, j=1,...,n }.
Here 'Ui is a coordinate neighborhood of M with c(t)€ Ui for
i

t.-8.<t<t.+8. and x! = (x°
1 1 1 1

1,...,X:l) is the coordinate system

associated with Ui (1Ligm).
Let 8 be a small positive number such that

B < ((ti+ 61) - (ti+1_ 61+1))/2 for 1gi¢m-1 and

B < ((tm+ 8m) - (o + t 61))/2,

1

Let ni be a real valued smooth function on [ti—ai, ti+5i] such

that
(1) n.(t) =1 for t.-8.+8 ¢ t < t.+8.-8,
1 1 1 = = 1 1
(2) n.(t) =0 for t.-85.<t<t.-86.+B/2, t. +8. -B/2<t<t. +5.,
i i Ti=T2vi i i i ="2"f i

(3) 0 ¢ (t) ¢ 1.

Put
S(n,n-1) = {A € M(n,n-1); rank A < n-1}.
Let
le wl X (tl—sl, t1+61) —— M(n,n-1; pl)
be a map defined by TI(B,t) = @t (c,t)_l(B). Note that Wl is a
' 1
smooth map. Since the codimension of S(n,n-1YNW¥W. is 2 in W

1 1’

we can find an arbitrarily closed matrix Ale M(n,n-1) to

O-matrix O such that A, is not contained in TI((wlf\ S(n,n-1)) X

1

(tl—él, t1+81)). Consider a smooth curve c1 in M defined by



- 1,-1 -
cl(t) = (x7) (Yo(t) + nl(t)(yo(c,Al)(t) yo(t)))
for t1—51 <t <»t1+61,
cl(t) = ¢c(t) for t1+61 gt < t1—61+ o.

For any positive numbe £, we put
80 = min '{Sl/m_s e ooy 6m/m, 8/m}.

We can take the matrix A, sufficiently closed to O so that ¢, €

1 1
1 -
Nl(c,so), If tl 81+8 <t < t1+81 B, x (cl(t)) = yo(c,Al)(t)
and ®, (C.,t)(0) = &, (C,t)(A,) which is not contained in
t1 1 t1 1
S{(n,n-1). Thus
n-1 _ _
rank (Vg_cl(t),..., VQ_ cl(t)) = n-1
ot ot

for t1—61+8 <t <t +61—B.

1

gs e Cm in M inductively.

Suppose that Ci (lgigk—l) are defined satisfying the following

We shall define regular curves C

conditions:

(i) C. € N.(C,ige. ).
i i 0

(ii) The rank of (V. c.(t),..., V
8 "i a_

ot ot
t1—51+8 < t < ti+6i—8.

n_1ci(t)) is n-1 for

For A € M(n,n-1; pi), define a closed curve b(A) in M by
k,.-1

bCAY (1) = (x7) " (yyle 1,00 () + 1, (D(y, (e, ;1,4
- yO(ck_l,O)(t))) for tk—ﬁk <t tk+5k,

b(A)(t) = ¢ (1) for L S G A T A L
Note that b(0) = ¢, _,. Then, from the assumption (ii) to Cro1-

we can take the matrix to be sufficiently closed to O so that

rank (Vg b(AY(£),..:, ¥, n-lymy(t)) = n-1

ot ot



for tk—6k+B/2 {tg tk_1+6k_1—8. Moreover if kX = m, we can

assume that the rank is n-1 for t,m8,v8/2 et 4+, -8 and

t1—61+a+8 <tg tm+6m—B/2. Let
Wk: wk X (tk—ak, tk+6k) — M({(n,n-1; pk)
be a map defined by ¥, (B,t) = @, (c. .,t) Y(B). As the
K t, k-1

previous argument, we can take a matrix Ak to be sufficiently
closed to O such that
(1) A, is not contained in ?k((wk'(\ S(n,n-1) X (tk—ak)),
(2) b(Ak) € Nk(Ck_l,SO).
We define a regular curve Ck in M by

1

ck(t) b(Ak)(t) for t,.-6, <t< t, +35

k "k k "k’

e () = ¢ K SEE 1 -8, e

Then the conditions (i) and (ii) are satisfied for lgigk. Then

(t) for tk+6

we see that C = C, 1is an g-approximation to C with C € F(M).

This completes the proof of Theorem 3.1.

§ 4. The equivalence classes of C(M).

In this section we assume that M is an n-dimensional

Riemannian manifold of constant curvature. Let SPn_l(Sl)

denote a space of symmetric product of S1 which is a quotient
space (S1 X =+ X Sl)/ Gn—l with quotient topology, where
Gn—l is the group of permutations of n-1 letters. Let C €
C(M). By Theorem 3.1 there exists a sequence

{Ci € F(M)}i =1,2,...

which is convergent to C in C(M). Let.@i(t) be a fundamental



matrix of the system associated to Ci such that @i(O) = E (1 =
1,2,...). By Theorem 2.2, we can assume that @(ai) is an
orthogonal matrix which is described as eaiRi for some nXxn
matrix Ri’ where o, is the period of Ci’ Then the
characteristic roots of Ci defines a unique point %(Ci) of

sp? 1esly (i o=1,2,...).

Proposition 4.1. The sequence (%(Ci)}i - 1.9 is
convergent to a point L(C) in SPn_l(Sl). Moreover % (C) depends
only on C.

Definition 4.2. We say the point L(C) to be the
characteristic of C.

Theorem 4.3. Let M be an n-dimensional Riemannian manifold
of constant curvature. Let Ci € C(M) for i = 1,2. Then C1
and 02 are equivalent if and only if %(Cl) = %(Cz).

Proof of Proposition 4.1. Since M has a constant

curvature, M is locally isomorphic to Rn, Sn(r) or Hn(r) for

some positive number r. First we shall prove Proposition 4.1

n

in the case M = R, Sn(r) or Hn(r). Then M is considered as

a submanifold of (n+l)-dimensional vector space V, where

vy = g"*! it M=R", s"¢r) and
vV = RT*l it M= HY“m (see § 2).

Let ¢ , > denote the bilinear form of V. Let C = {c(t)}) €
C(M) and %8 be the parallel flow to C on an g-tubular

neighborhood U8 of C. Then we have.

_.17_



Lemma 4.4, The flow %8 is given by the following ordinary
differential equation in V:

%% = (1 - <e'' () , x - c(t)>) e ().

Proof. Let X = ¢(s) (s € R) be an orbit of the flow %8' Let
y: U8 ——> C be the natural projection. Then n(g(s)) = c(t)

for some te€R. By Wolf [15], Theorem 2.4.4, we see that

(4.1) <c'(t), @(s) - c(t)>

0.
Then we can regard the parameter s as a smooth function s = s(t)
of t. There exists a positive number p{(s) such that

P*(s) = u(s) c*(t).

Put
F(s,t) = <c'(t), @(s) - c(t)>

Then

§£é§411 = u(s) and

S R

BFLs. L) o cerrctd, () - ety - 1.

Thus
delsCtl)  _ ) - cerrct), @(s(t)) - c(t)> e' ().

dt

Then we have Lemma 4.4.

Proof of Proposition 4.1 continued. If n=2, C(M) =

F(M), we can assume ngB, Let U8 i be an g-tubular
neighborhood of the regular closed curve Ci = {ci(t)}.in M and
ni: Ui e Ci be the natural projection (i = 1,2,...). Let
o.: . Ye. 0 — . Lee. con
1 1 1 1 1
be a Poincare map of Ci‘ Since the sequence {Ci} is Cn_1



convergent to C, it follows from Lemma 4.4 that the sequence
{wi} of Poincare maps is C1 convergent to a Poincare map

¢: n 1 e0)) — nl(ec0)).  Note that T(C,) is determined by
the eigen values of eaiRi which are coincide those of a linear

map (d¢.) . (oy- Since the Poincare map ¢ is given by a linear
i

ordinary differential equation in Lemma 4.4, ¢ is conjugate to
a linear map (dw)c(o). Therefore the sequence {%(Ci)}
convergent to a point A(C) € SPn_l(Sl) which is defined by the
eigen values of (dw)c(o). Clearly Z(C) is depends only on C.

Since the above argument is local, the proof is valid for
any Riemannian manifold M of constant curvature. This

completes the proof of Proposition 4.1.

Proof of Theorem 4.3. Let @i be the Poincare map for the
flow %B,i parallel to Ci (i = 1,2). By the same argument as in
the proof of Proposition 4.1, we can take'(,oi as an orthogonal
transformation. Then the conjugate class of @, and ¢, are
determined by the characteristics %(Cl) and %CCZ), and Theorem

4,3 follows from Proposition 1.2.

§ 5. Total torsions
In this section we consider in the case M = R3.
Let C = {c(t)} € F(M). In this case the differential

equation (2.4), has the following fundamental matrix.

[ cos E(t) - sin E(t) ]

sin E(t) cos E(t)

(5.1) ®(t) =

_19_



Here

t
E(t) = I Kz(t) dt.
0

Let ¢ be the period of C. Then we can take * i((x) +to be the

characteristic exponents of C, and the characteristic roots of C

is ei1E(a).
For any C € C(Rg), we can take a sequence
C, = (e, (1)) € F(RY) (i = 1,2,...)
such that 1im. C. = C. Let t. be the total torsion of C..
11— 1 1 1
Let

T cM) — gl
V1 Ty

—®

be a map given by <T(C) Lim, Then the

characteristic of C is given by the equivalence class of

(T, ™) in SP2(S1), where T(C)¥ is the complex conjugate of
T(C). Let G(R®) denote the equivalence classes of C(RY).
By Theorem 4.3, T induces a map
T: GRS — sl
Theorem 5.1. T is bijective.
Proof. By Theorem 4.3, we see that T is injective. From

Millman and Parker [9], § 5.3, any real number is realized as a
total torsion of a circular helix with the ends joined. Thus T

is surjective.

We apply Theorem 5.1 to prove the following result which was
proved by different methods (see Scherrer [12], Millman and

Parker [91, § 5.3, Penna [111).



Theorem 5.2. Let C = {c(t)} be a cldsed curve in R3

such
that C € F(RS) and C is contained in Sz(r) for some r>0. Then

the total torsion T(C) of C is zero.

Proof. Let {el, e2, e3} be a Frenet frame of C. If we

regard {el, €55 e3} as parameterized frames of R3, there exist

a smooth functions Cl’ cz, c3 such that
c(t) = cl(t) el(t) + cz(t) ez(t) + c3(t) e3(t).
Since C is contained in Sz(r), we see that c,(t) = 0. Using

1

Frenet-Serre equations we have

e, (t) = ¢ (V)
= c2(t)K1(t) ei(t) + (02'(t) - ca(t)Kz(t)) ez(t)
+ (Cz(t)Kz(t) + 03'(t)) e3(t).
Then ¢, (t) = - 1/k, (t). Let n(t) be a unit normal vector

at c(t) toward the origin. Then

<n(t), ez(t)>' <(-1/1r) c(t), ez(t)>

i

1/(r Kl(t))°

Therefore <n(t), (t)> is positive for any t.

€2
Let U8 be an g-tubular neighborhood of C in R3 and
T U8 — C be the natural projection. Let %8 be a parallel
fliow to C. Clearly Se_has a family of closed orbits
Y(t,s) = (r + s) c(t) for t€R, - £ <s< E.

1(c(O)) — 7" 1(c(0)) be a Poincaré map for %8’ Since

Let @: 70
@ is an orthogonal transformation preserving an orientation and
Y(0,s) is a fixed point of ¢, ¢ is an identity map. it follows

from Proposition 1.2 that C is equivalent to a great circle of

Sz(r). Then T(C) = 1 by Theorem 4.5, Therefore, there exists

- 21 -



an integer kK such that

(5.2) T(C) = 2mk.

Put ¥(t,s) = c(t) + s Y(t), where Y(t) is a unit normal
vector as (2.1). From here assume s<0. Then Y(t) = n(t).
Since the equation (2.4) has a fundamental matrix d(t) given by
(2.4), by Proposition 2.1, we have

, c2(0)
Y(t) = (ez(t), e3(t)) ety c

3(0)
Then for any te€R,

(5.3) <Y(b), e2(t)> = 02(0) cos £(t) - ¢,(0) sin E(t).

3
Since <n(t), ez(t)> is positive for any t, the right side of
(5.3) must be positive for any t. Then it follows from (5.2)

that ©t(C) = E(x) = 0. This completes the proof of Theorem 5.2.
From Theorem 5.2 we have.

Corollary 5.3. Let Ci € C(R3) such that Ci is contained

in Sz(r) (i =1,2). Then C1 is equivalent to C2.
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A SURFACE WHICH CONTAINS MANY CIRCLES

Nobuko Takeuchi

(MR AR F)

A sphere in E3 is characterized as a closed surface which
contains an infinite number of circles through each point.

But we do not know a surface other than a sphere or a plane,
which contains many circles through each point.

In 1980, R. Blum [1] found that a closed C* surface of
genus one defined by (x2+y2+22)2—2ax2—2by2—2022+d2=0,
with a>b>d>0 and c<-d contains six circles through each
point.

Moreover, he gave the following conjecture :
EQEEEEEHBEﬂl: A closed €% surface in E3 which contains seven
circles through each point is a sphere.

In 1984, K. Ogiue and R. Takagi [2] proved that a c”® surface
in E3 is (a part of) a plane or a sphere, if there exist two
circles contained in it through each point ©p, which are tangent
to each other at p.

Moreover there has been the following conjecture in [2] :

CONJECTURE 2. A compact simply connected €% surface in E3
A~ T NN

which contains two circles through each point is a sphere.

An .ellipsoid is a surface which contains one or two circles
through each point.

Mapping a hyperbolic paraboloid under an inversion with pole at
a péint which is not contained in the surface, we get a compact
simply connected surface which is not c® and contains two or

infinite circles through each point.



In this note, we will give some partial answers to these
conjectures.
THEOREM 1 [3].
Let M be a simply connected complete c® surface in E3.
Suppose that there exist three circles through each point which
are céntained in M. Then M is a sphere ore a plane.
THEOREM 2 [3].
Let M be a complete c® surface in E3. For each point . p of
M, suppose that there exist three cirlces through p such that
any two of them have two points in common or they are tangent to
each other at p. Then M is a sphere or a plane.

o0 . .
A closed C surface of genus one in E3  cannot contain seven

circles through each point.

Theorem 3 1is best possible because of the Blum's surface.
If Theorem 3 holds for a closed surface of any positive
genus , then we have a complete answer to congecture 1 by Theorem 1.
On the other hand, we know the fact that there always exists
an umbilic point on a closed surface of genus greater than one.
Therefore we will also introduce the following interesting theorem
by J.A.Montaldi :
THEOREM [5].
There exists at most one circles (resp. exist at most three circles)
through a hyperbolic (resp. an elliptic) umbilic point on a surface

in E3.

Therefore we think it is important to know a number of circles on
the surface through a parabolic umbilic point. But it seems to be

difficult !
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A partition problem of analytic functions
by Satoshi xorke (/] ~ 0 £ B )

We describe one problem on a finite partition of real analytic
functions. At present, it is an "obscure" problem. Therefore it

also becomes a problem to give the precise formulation of it.

Partition Problem. zet f : (R",0) —3»(R,0) be a "generic”

w . . . f W .
C" function. Then, is there a finite C -partition of f {gi}._l

o

,o-obm

such that the informations of gi_ 0) (i=1, **=, m ) determine
any properties of f ( for example, " the type of f " or " the
fojasiewicz exponent of gradient of f " ) ? More concretely, find
and formulate

(1) the generic condition in this case,

(2) how to partition f into {gi} ;

“Ho) (i=1, e, m ), and

(3) the conditions imposed on gi
(4) the conclusion for T ,
by using the regularity conditions on stratifications of gi
transversality, blowing—up,_or other properties on gi or the

expansion of f . If possible, it is desirable that the conditions

’ [oe)
(1) and (3) are invariant under C transformations.

To put it briefly, the above problem is teo find a partition of
f so that the informations of the varieties characterize the

situation of f at 0 & Bn . In the complex case, there is a simple



problem of this direction ( Problem 3 in §5 ). Here we describe the
first step of the attempt at that partition using blowing-up ( §2 ),
and give the quick proof of [7] as the application of the result (
Example 1 in §3 ). Then we take interest in the ®ojasiewicz exponent
of gradient of f about the conclusion of Partition Problem. As is

well-known, the fojasiewicz exponent is deeply related to the degree

0
of C —sufficiency of jets. We mention the fact below.

Definition. Let é;[q](n,l) denote the set of €% function
0
germs : (R",0) —3 (R,0) . An s-jet z € J°(n,1) is called C -
sufficient in e[q](n,l) (qzs ), if for any two functions T ,
i .S .S .
g in és[q](n,l) such that j £(0) = j7g(0) = z , there exists a

local homeomorphism o : (BH,O)-———)(EH,O) such that fec = g .

Theorem I ( Kuiper [12], Kuo [13], Bochnak-kojasiewicz [2] ).
For gz & JS(n,l) , the following conditions are equivalent.
(1) =z is CO—sufficient in é;[s](n,l) .
0
. s C -sufficient i 1) .
( resp. z  is C -sufficient in éz[s+l](n’ ) )
(2) There exist C >0 ( resp. § >0 ) and a neighborhood U

of O in Bn such that

v

c leS_l

|grad z(x)]|

7 )

( resp. |grad z(x)]| 2 ¢C in U .

~ ; . . 0 A

31. Transversality implies C -sufficiency.

The result on Partition Problem was first obtained by T. C. Kuo.

Let =z & Js(n,l) be written as follows



z(x) = Hl(x) 4+ ese o HS(X) R
T
J

for 1= j<s . ‘Here we describe the summary of the Kuo's result

where Hj(x) represents a homogeneous j-form. We put Vj = H 0)

only.

Theorem II ( [13] Corollary 2, [1hk'] Theorem 2 ). The transver-

sality of Vj s 1in some sense implies the condition (2) of Theorem I.

Remark 1. (1) The conditions dn "transversality" are not
invariant under Cw transformations. Furthermore, their conditions
are not "geheric" ones in the sense of " Thom-Var¥enko type's theorem
( [16]1, [19]1 ) ".

(2) Tt seems to us that the above facts ( Remark 1 (1) ) are
caused by "tightness" coming from a partition into homogeneous forms.
This is one of the motivations that we propose Partition Problem.

"

By the way, the problems on gradient vector fields of analytic

" A

functions are related to ones-on " level surfaces of them in
various meanings. Therefore the results on Partition Problem would

help the previous field as one of tools ( refer to [18] ).

82. CO—sufficiency of jets via blowing-up.
Let w : ﬂRn,O) —=> (R,0) be a polynomial of degree < k + r ,

and w be written as follows

wix) = Zk(x) + G(x) with Zk—\;— 0 and jkG(O) =0

o Sn—l-——? mpn"l is a projection, and put 1i(a)

(0)

?; for a & Sn_l .

il

1

1l

We define A = H(sz_l(o) A wmere sz" {pe ®" |



a7 37
k(P) = cee = k(P) =0} and B[E]l={ oc& 0n) | o(a) = e or
ox ax
1 n
o(-a) = e (e =(0, *»+»,0,1)) 1} for & A . For 0 &
n n a

Blal]l , we write w (a) = WoO Here we putb

W (X, X, ===, X .X X)=XkH (X, ==+, X))

g(a)' "1 ™n? > M1 “n n “o(a)' "1 > n
It is easy to see that HG(a) is a polynomial with Ho(a)(O) =0 .
Then we have the following characterization of Co—sufficiency of
( kK + r )=jets by using the " after blowing-up functions " HG(a) .

k+r

Theorem ( [10] Theorem 2.1 ). For w & J ~(n,l) , the

following conditions are equivalent.
, 0 . .

(1) w is C =sufficient in é;[k+r](n’l)

(2) For any & &€ A , there exist o, < B[R] , Ca >0 , and a
neighborhood Wa of 0 1in En such that
(*) (mole) ... ote) y Tolady)y oy |7

oX ? X > "n 9X T Ta ''n
1 n-1

Remark 2.

any O, & B[E] (*) holds.

(1) If for some o, & B[]

(*)

In other words, the property

does not depend on the choice of Oa

(2)

(kK +r )-jebts in Ei[k+r+l](n’l)

(3)

shall give such examples in the next section.

(*)

This criteria is often easier to check than Theorem 1I.

holds, then for

0
The similar result holds in the case of C -gsufficiency of

We



Corollary 1 ( [10] Corollary 2.3 ). If for any ‘& & A , there
exists © €& B[®] such that er is co-suffi’cient in 8 (n,1)
a o(a) [r]* 277 2

k+
then w € 35 (n,1) is cC-sufficient in 8 (n,1)

[k+r]

k+r

Tet w & J (2,1) be in the Weierstrass form :

k
X + Hk+l(x,y) + eee 4 Hk+r(x,y) .

(%) w(x,y)

where Hj(X,y) is a homogeneous j—form ( k + 1 £ j <k +r ). Then

w(XY,Y) = v H(X,Y) ,

where H(X,Y) = Xk + Y H (

. r
k+l‘X’l) + + Y H

g (5o1)

Corollary 2 ( [10] Corollary 2.4 ). For the Weierstrass jet
k+r . . .
(**) w & J “(2,1) , the following conditions are equivalent.

. 0 . ,
(1) w 4is C -sufficient in éi[k+r](2’l) .
(2) There exist C > 0 and a neighborhood U of O in R

such that
oM BH ,
[ Y5l 2 ¢ [x[" in U

Corollary 3 ( [10] Corollary 2.5 ). Let W be in the Weierstrass
form (**) . If er is Co—sufficient in éi[r](E,l) , then w

+
& 7%(2,1) is -surficient in & ](2,1) )

[k+r
The theorem- suggests to us that we can take the initial part of

f as gy of Partition Problem in the direction of the approach to

it via blowing-up. Then we can interpret the meaning of the first

blowing—up by the inequality in Theorem TI.. This gives rigse to the



following problem naturally.

Problem 1. can we interpret the meaning of the second blowing-

up by the inequalities in Theorem ?

Remark 3. Professors J. Bochnak and M. Shiota have pointed out
to me that Problem 1 in the case n 2 3 is essentially different from

that in the case n =2

0 .
Problem 2. can we characterize " C -sufficiency of jets " by the

successive blowing-ups ?

§3. Applications.
0
We calculate two examples on C -sufficiency of jets by using the

corollaries in §2.

Example 1. Concerning the problem in [17], the author and W.

Kucharz showed the next fact ( [T] ) :

For k =8, 9, s¢¢ , ©, 0, w= x3 - 3x y5 éE'J6(2,l) is not
0 . : . 0
C —-sufficient in (E%k](Q,l) , but the number of different C -types of

k , . . ..
C -realizations of w 1is finite.

We recall the outline of the proof. We put

3 5 K f
= - + + 4+ eee 4
H b'e 3xy aO X al X y a7 vy,

0> B> "7 s @ ) € R . Then we have

(1) x3 - 3x y5 is not CO—equivalent to - x3 - 3x y5 + y7 .



(2) # { Ha | = € 88 } /’“‘B«/ ig finite ( by Fukuda's
C

theorem ([4]) ),
(3) (i) din the case a, 0, H & J7(2,1) is Co—sufficient
in 65[71(2,1) , and

0
(ii) in the case a, =0 , Ha & JT(E,l) is O -sufficient in

7
Croy2-)

Therefore the above fact follows from (1), (2), and (3). Here

we give the quick proof of (3) by using the corollaries.

3

( Proof of (3) ) Since the initial part of Ha is x~ , we

consider

w3
Ha(XY,Y) =Y Ga(X,Y) ,

_ 3 3 T b 6 b .. )
where Ga(X,Y) =X -3XY +ag XY +a XY+ + 2 Y

(i) Since the initial part of G_  is x> , further put

3 3 T 8 6 7

(X" -3XY+a X Y +a X Y +c°°c+a, ¥ ) .

Ga(XY,Y) =Y 0 1 v

As a7 # 0 , we see the statement (i) by using Corollary 3 twice.
(ii) It is easy to see that tha(O) is CO—Sufficient in
63[5](2,1) . Thus the statement (ii) follows from Corollary 3. ( Or

we see this statement easily by Corollary 2. )

Example 2. Tet f(x,y) = y8 + xu y3 + % y . T. Fukui and E.
Yoéhinaga showed that

(i) r & J12(2,1) is Co—sufficient in éi[w](B,l) .
by using their method ( Example 7.3 in [5] ). Here we see that

. 11 0
(ii) f & I (2,1) is C -sufficient in 62[12](2,1) s

-7 -



by our method.

I
We note that the initial part of f 1s X ry3 . Tirst put

£{XY,Y) ! (y + Xh.+ X9 Y3 )

Il

Then jl(Y + Xh +‘X9 Y3)

0 ,
Y ig C -sufficient in és[l](Q,l) . Next

put

1 ( X Y8 + Y3 + X3 Y )

Then ju(X Y8 + Y3 + X3 Y ) = Y3 + X3 Y is CO—sufficient in 63[5](2,1)

Therefore the statement (ii) follows from Corollary 1.

§4. Other approaches.

We can think several approaches to Partition Problem. Here we
summarize two kinds of them. Tet f : (R°,0) — (R,0) be a ¢
function.

(1) We give "proper" weights to ( Xps "00 X ) , and
partition f into the same weight's forms. Then we study some
properties on them ( [11] ).

(2) Recently E. Yoshinaga has shown some interesting results
on a modified analytic trivialization of real analytic families
( [20] ). 1In a cerbain sense, we may regard his results as an

approach to Partition Problem on some conditions related to "non-

degeneracy" of the Newton boundary of f .

§5. Problem on regularity conditions.
In thisg section, we give a problem on regularity conditions of

stratifications concerning Partition Problem.



Problem 3 ( [9] §2 (2) ). et F : (¢",0) —> (€,0) be a .

. , -1 £ . ,
holomorphic function germ. If F (0) = \) Si is a Whitney (b)-
i=0
regular stratification where S, = Fhl(O) - 2P ( IF : singular points

set of F ), then ¢ - TP is (aF)—regular over Si for 1 <4i <42

For the definitions of Whitney (b)-regularity and Thom condition

see [15], [16], and [8].

(ap),
Remark 4. (1) The converse of this problem is not valid.
Namely, (aF)—regularity does not necessarily imply (b)-regularity.

Recall the well-known " Briangon-Speder's example " [3])

P(X:.V:Z:t) = Z5 +t y6 z .+ y7 X + X:L5 =0

B

as the topological triviality does not imply (b)-regularity. Then it

is not difficult to see that this variety is (aF)—regular over t-axis
L

at 0o&€¢ .

(2) The similar comment as this problem is described in [6].
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CONSTRAINT SYSTEMS AND THE
SINGULARITIES OF VECTOR FIELDS

ciks meeant (7 L B ZA)

Department of Mathematics
Nagoya University
Chikusa—ku, Nagoya 464, Japan

1. INTRODUCTION

The system which we want to study here is suggested by the

equations of the form

fix,y)

W
1

(l.l)0

[}
I

g(x,y),

xEEEgh ye'mp. Many types of solutions of (l.l)o have been studied

by considering (l.l)O as limit of

f(x,y)

M
I

(l'l)e

g(x,y)

ey

for €-+0. For the type m=n=1, there are works of J. LaSalle
[11], A.A. Andronov and et al. [1], and others. For the case m=2
and n=1, there are works of E.C. Zeeman [16], E. Benoit [2], and
others. For general m and n=1, there is the work of N. Levinson

[12]. For general m and n, there are the works of L.S. Pontryagin

[14], F. Takens [15], a book by E.F. Mishchenko and N.Kh. Rozov [13].



As a generalization of the equation (1.1)8, we consider a vector
field EE/E. Here,‘zé, £ e[O,eO), is a vector field on a manifold M,
which is a generalization of -the equation: x = ef(x,y), Vv = g(x,y).
The limit of vig/s for €+0 exists only on the set J of points
where 2O==O, (in the case of (1.1)0, 2 1is the set of points where
g(x,y) =0). But, by a perturbations of Z, T becomes a discrete set.

To avoid this, we assume that the vector field Z. is tangent to the

0

leaves of a codimension m foliation F on M. F can be considered
. . m
as a generalization of the product structure 1R xR". This vector

field z tangent to F is a generalization of the equation ¥ =g(x,y)

0
in (1'1)€'

A constraint system will be defined as the pair {{ZE},F} as

above (Definition 5.1). After the definition of the solution for a

constraint system {(Definition 5.4) we will define an admissible so-

lution, which is a solution having useful properties (Definition 5.5).
These definitions are motivated by F. Takens' definitions of con-
strained equations and solutuons [15]. As a generalization of

the fibre bundles in his situation, we consider foliations. He con-

sidered a function M= R which played similar role as our vector

field EO tangent to F.

Before the description of our singular perturbation theorem in
section 5, we must introduce the results of the previous paper [10]
in section 4. For this purpose, we set the sections 2 and 3 as
preliminaries. 1In section 4 we show generic properties GO, Gl, and

G2 for the vector field 20. GO assures that the set of equilibrium

points I of ZO is a manifold. Gl 1is a regularity condition of

the derivative of ZO on L. G2 assures that % has a stratification



S, which is stratified by the number of zero-eigenvalues and the number
of pure imaginary eigenvalues of the derivative of _Eole at pecl.
Here 1 is a plaque of F containing p. GO, Gl, and G2 are generic
properties (Theorem 4.2). The property G3 assures that the mani-
fold Y is in general position in the foliation F - with respect to the
Thom-Boardman singularity which is explained in ‘section 3. Theorem 4.3

implies that the set of ZO having property -G3 1is dense in the space
of vector fields on M which are tangent to F. The saddle-node

bifurcation and the Hopf bifurcation are well known as typical codimension

one bifurcations of equilibria. Theorem 4.7 in section 4 shows where

these bifurcations of Z ILP appear. for peZ 1in the language of the

0

stratification S and Thom—Boardman's stratification. Theorem 4.8

determines the qualitative structure of 2. near the point p where a

0
saddle-node bifurcation occurs: In the case that £ has codimension

one (i.e. n=1), it is trivial to see that the jumping path (trace of
Definition 5,8) leaving a fold point exists uniquely. Theorem 4.8 shows
the uniqueness and other properties of the jumping path for the general
nzl.

Theorem A and Theorem B in section 5 concerns with the structure of
the orbits of (1.1)0 or the slow orbits of (l.l)E (EF*O) on a neigh-
borhood of the fold points (BZS)f_ of I.

Theorem C is the singular perturbation theorem for admissible
solutions. This is a generalization, in some sense, of N. Levinson
[12], L.S. Pontryagin [14], and N. Fenichel [5]; see Remark 5.10.

There is an example of a constraint system in the theory of LC-

network perturbation of electrical circuits (G. Tkegami [8],[9]).

In this theory, there is a foliation F (not necessarily a trivial



m n .
product structure R XR ) and a one parameter family of vector

‘spaces, {EE} such that Z, is tangent to F.

0
2. PRELIMINARIES

Let M be a smooth (Cw) manifold with dimension m+n, and
F be a smooth foliation on M with codimension m. F is a disjoint
decomposition of M into n  dimensional injectively immersed
connected smooth submanifolds (leaves). such thaf M 1is covered by

C” charts
(2.1)
-1

)

(x,v), erDm, yean, where D" and D" are the open disks in r"

and (al><a2)—l({x} XDn) is included in the leaf through (al X o

and HJ% resp. We denote

(0 xap) "H(Tx} D™ = 1

1 %x,5)’
and call it the plaque containing the point (x,y).

et T :TF M be the subbundle of the tangent bundle T™M -+ M
such that the fibre T_l(p) is an n—dimensional vector space which is
‘tangent to the leaf of F through peM. Let Y:M > TF be a ct
section of the vector bundle T. Y is also a C -section of the

tangent bundle TM - M. We call such a section a ¢’ vector field on

M tangent to the foliation F. Denote by YE(F) the space of all

¢’ vector field tangent to F with the Whitney c’ topology.

We write ZY_for the subset of equilibrium points of a vector

field Yeer(F). A point- peEEY is called a regular point, if the

derivative dY at p has the maximal rank n. peEZY is called a

- 4 -



normally regular point if d(Y[Lp)(p) is nondegenerate, where Lp is
the plaque of F at p. We denote by Zr the set of normally regular

points of ZY' A point p<§ZY is called a normally hyperbolic point

(resp. normally stable point), if p 1is a hyperbolic equilibrium

point (resp. stable equilibrium point) of Y[Lp. We write ‘Zh (resp.

ZS) the set of normally hyperbolic (resp. stable) points. We have

ZS c Zh cC Zr c ZY.

Let BZh be the set of all frontiers of Zh; 82h==2h-—2h.

A stratification S of a topological space N 1is a partition of

N idinto subsets, which will be called the strata of S, such that the
following conditions are satisfied:
(a) Each stratum S is locally closed, i.e. each point s€8§

has a neighborhood U such that UNS 1is closed in U.

(b) S is locally finite, i.e. each point has a neighborhood

meeting only finitely many strata.

(c) 1If Sl and S2 are strata and Slr182=%¢, then SZ<:Sl.

defined by S Csl’ SZ:%Sl, is an order on

The relation S <S8 9

2 1

S. It is transitive and one cannot have both SZ(:SI and 5, <S,.

Let ﬁ be a Cl manifold, Let N(:ﬁ, and let S be a stratifica-

tion of N. We will say that S 1is a Whitney stratification if each

stratum is a C1 submanifold, and if Sl’ 82 are two strata with 82 <
Sl’ then for all XEESZ the triple (Sl, SZ’ x) satisfies the

following Whitney's regularity condition.

Condition: TFor any sequences {Xi} of points in S, and {yi}

of points in Sl’ such that xi—*x, Yy 7X%, Xi:Fyi’ segment L



. . . 1
converges (in projective space), and the tangent space TX S™ converges
i

(in Grassmanian of (dim Sl)—plane in Bgl, n=dimN) , we have 2cT_,

—_— 1
where f£=1imx.y, and T _=1imT_ S
i’i o 5
Let S* denote the substratification of a stratification S such

that Sl consists of all strata of dimension < i of S. We call Sl

the i-skeleton.

3. THOM-BOARDMAN SINGULARITIES MODULO FOLIATION

Suppose L, N are smooth manifold and f, g: L >N are Ck

maps with f(p) =g(p) =q. f has first order contact with g at p

if (df)p=(dg)p as mapping TpL-+TqN of tangent spaces. f has kth

order contact with g at p dif (df): TL—=>TN has (k-1)st order

contact with (dg) at every point in TpL.
Let M be a smooth manifold of dimension m+n, and let F be
a smooth foliation on M with codimension m. Let L be a smooth

manifold without boundary.

k .
Definition 3.1. Let f,g: LM be C maps with f(p) =

g(p) =q. f 'is said to have kth order contact modulo F with g at

p if, for some (and hence for any) chart (U, dlx(xz) of F with

qgel given by (2.1), 0y of : L > D" has kth order contact with 0y °8

k
at p. This is written as f-ﬁ(g mod F at p. Let J (L,M;F) .

2>

k >1, denote the set of equivalence classes under ”~k mod F at p" of

mappings f :L - M where f(p) =q. Let JO(L,b{; F)p q=={(p,q)}.

b

Let Jk(L,ld;F) =U Jk(L,Ph F)p q (disjoint union). We call

(p,q)elxM
. k .
Jk(L,bh F) - a jet space modulo F. An element ¢ in J (L, M;F) is

called a k—jet modulo F of mapping from L to M.




k
For a C mapping f :L =+ M, a jet extension

jkf : L — Jk(L, M; F)

is defined by stipulating that jkf(x) is the k-jet mod F of f
at xelL.

Our jet spaces modulo foliations follow the J.M. Boardman's

theory [3].

We call ZI the Thom-Boardman submanifold of Jr(L,}h F) associ-

ated with Thom-Boardman symbol T.

These definitions and propositions in this section are described

in [9].

4. GENERIC PROPERTIES OF VECTOR FIELDS TANGENT TO F.
In this section we introduce some theorems obtained by ITkegami

[10].



Definition 4.1. Let dimM=m+n and codimF=m. The following
r
are the properties of the vector field YeVY (M, F).
GO: The set ZY of all equilibrium points of Y 1is, if nonempty,

an m dimensional ¢’ manifold.

'Gl: Every point of ZY is regular.
G2: Y has the property VGO and there is a Whitney stratification
S on. ZY having the following properties:

(i) If the differential d(Yle)(p) at p has £ eigenvalues ,

of zero and 2(k -2) non-zero pure imaginary eigenvalues

0, «evy O, iby, ~iby, ..., ib_o,

1’ k-2’
then p is contained in the (m -k) skeleton Sm~k.
(ii) The union of all {(m-1) dimensional strata U §n—l is a

dense subset of BZh.
m-1 . e .
(ii) USs. is divided into two parts, (BZh)O and (azh)img’ of

unions of strata such that
pE (BZh)O —> 0 1s an eigenvalue of d(Yle)(p),

pE (azh)img ——~ the eigenvalues of d(YILp)(p) include a pair of

non-zero pure imaginary numbers.

G3: Y has the property GO, and for k=1, 2, the k-jet

extension jkl: b %>Jk(Z

y M; F) of the dinclusion map 1 :ZY -+ M is

Y b
transverse to ZI for all Thom-Boardman submanifold EI of length k

symbol I.



Let V; denote the set of YGEVr(M, F) satisfying the property

Gk, k=0,1,2, 3.

ba .
Theorem 4.2.[10]. For k=0, 1,2, the set VY is open dense in

k

yI; Fy, if ktl < r < .

r

3 is dense in Vr(M; F) for 3 <r <=,

Theorem 4.3.[10]. VY

Let 1*:ZY + M be the inclusion map. Let iI(:Jk(ZY,Ph F) be

=1
the Thom-Boardman manifold for Thom-Boardman symbol I. Denote Z (Y)

= 5ot Eh.

Let T :TF » M be the vector bundle of vectors tangent to F.

1
Let (o, a,*0a,, U) be a vector bundle chart of T. Let J (T) be

172
the 1-~jet space of germs of partial sections of T. Define Ei to be

1
the set of l-jets oeJ (1) such that, if Y represents 0 at peEM,

then Y(p) =0 and rank d(Yin)(p) =n-3i. Denote Ei(Y) = (jlY)_l(Ei).

The following holds ([10, Theorem 4.1]).

Proposition 4.4. Let Y eyt F), r > 2. Then we have the
following.

(1) iTi(Y)=§i(Y), if Y satisfies GO and GI.

(i) If Y satisfies G3, then each point pfsfl’O(Y)==iI(Y),

I=(1,0), is a fold point; i.e. there exist coordinates of class Cr_l,

xl,...,xm centered at p in ZY and yl,...,ym, zl,...,zrl centered at p

in M, such that (a) -+,2z  are the coordinates of the plaque Lp of

Zys-

F, (b) the inclusion map ZY-*M is given by



(4.1)

This proposition is a base for the proofs of the theorems below

in this section and next section.

Next; we study the bifurcations of Y at Zh' Suppose that

dimM=m+n, codimF=m, and Y is of class Cr, r‘iB. Let p be a
point in BZh. Assume that there is a neighborhood N of p in BZh

such that N is an (m-1) dimensional manifold. Let o X0g : U +‘DH1X.

1
D" be a chart of F such that (a1><a2)(p) =(0,0), (see (2.1)). Let
I be a segment in D" parametrized by u such that pu=0 dindicates
the origin of p",

Assumption: I.E(al><a2)—1(1><Dn) is transverse to bath ZY and

N din M.

Definition 4.5. Under the above assumption we say that Y has a

saddle-node bifurcation at p e dZx if there is an segment I as above

h’

satisfying the following: The smooth curve LfWZY is tangent to LO

s
= i <0 NL i i
at p, ZYIWLU ¢ 4if p , and ZY U consists of two points, pu
and pE if p>0. Furthermore, Y 1is hyperbolic at pi and pﬁ. The

dimensions of the stable manifolds at pﬁ and pﬁ are k and k-1,

respectively, 1<k <m. See Figure 1.

Figure 1

Definition 4.6. Under the above assumption we say that Y has a

Hopf bifurcation at p€9Z if the following hold for every segment

h’

I1cD" as above: There is a unique 3-dimensional center manifold C

- 10 -



(see Guckenheimer—Holmes [6, p.127]) containing LfWZY:=(UﬁLu) ﬂZY and
a system of coordinates (x,y,H) on C, with (%, y,N) ELU’ for which

the Taylor expansion of degree 3 of Y on C 1is given by

(du + a(x>+39))x - (0 + cp + blxZ +y°)y

e
Il

2
(W + cp + b(x2+y2)x + (dp + a(x2 +y" )y,

(U7
Il

which is expressed in polar coordinates as

(du-&arz)r

He
I

(w-+cp-+br2).

D
I

See Figure 2. Consequently, if a=%0, there is a surface of periodic

solutions in C which has quadratic tangency with the eigenspace of
A(0), A(0) agreeing to second order with the paraboloid 1 =—(a-/d)(x2
2

+v ). If a <0, these solutions are stable limit cycles, while if

a>0, there are repelling. (See [6, Theorem 3.4.2].)

Figure 2

Let Sk be the k-skeleton of S. Let §k be the k-skeleton of the

stratification determined by EI(Y) =(j11)—1(§1), i=0,1,...,m. Ve
sk wm- cm-k-+ “m; <
have S~ =3" k(Y)UZm k 1(Y)lJ...lJZm(Y). Under (1, we have Sk:DSk

and Sm_l =32h, by Proposition 4.2(i) and the definition of &,

Moreover, a (m—-1) dimensional stratum of S 1is included in a (m-1)

dimensional stratum of S. For the sets defined in G2, we observe

Jm—1 sm—-1
(BZh)O c S and (azh)img NS = ¢.

Denote by (3Z the set of fold points in BZh;

h)f



_ 1,0
(0% < (BEh)O Nnx )

h)f

Theorem 4.7.[10]. Let Ye yI(F), r >3. Suppose that Y satisfies
Gl, G2, and G3. Then, there is an open dense subset (BZh)flJ(aZh)img
of the boundary BZh of the normally hyperbolic domain Zh>CZY such

that Y has saddle-node bifurcation at each point of (aZh)f and has a

Hopf bifurcation at each point of (azh)img'

Next, we study the qualitative structure of Y at fold points in

the boundary of the normally stable domain Ig.

Let X be a C' vector field on an open set U in Hfl, let ¢t

be the flow of X, and let peU be an equilibrium point of X.

Suppose that the eigenvalues AO’ oo sy kn—l of dX(p) satisfy that
AO =0 and that the real parts Rkl, fees RXD_1<<O, Let E° and E°
be the generalized eigenspaces of XO and Al’ o ey Kn—l’ respectively.

By the center manifold theorem (Guckenheimer-Holmes [6, Theorem 3.2.1]),
there are an invariant Cr manifold Ws(p) (called the stable
manifold) tangent to ES at p and a Cr manifold Wc(p) (called the

(local center manifold) tangent to EC at P W is locally invariant

in the sense that, if qezwc and ¢t(q) €U, then ¢t(q)wswc. w® is

; c
unique, but W need not be so.
Let wt be the flow associated to a vector field on a manifold.

The subsets

v°(p)

{q : wt(q) +p as t > ®}, and

I

vi(p) = {q : Y. (@) > p as t > - o}



‘are called the stable set and the unstable set of p, respectively.

The boundary BZS==§;?-ZS of the mormally stable domain is included in
the boundary BZh of the normally hyperbolic ‘domain. Suppose Y satisfies
Gl, G2, and G3. Then, by Theorem 4.7, there is an open dense subset

(3L U 3Z,). of 3L such that Y has a saddle-node bifurcation at
h’ img h .

oy ,
(azh)f and has a Hopf bifurcation at (azh)img' Define the sets as

follows,

(BZS)f = (BZh)f N (BZS) and (3% ) < (azh)img n (BIS).

s’ img

T
. { : > U .
zggoremﬁé.B.[loJ Suppose YeY (M;F), r>3. Let (azs)f (3Zg)lmg
be the open dense subset of Bﬁé defined as above. Let P E(aig)f.
Then, these are an open neighborhood U of p in M and a Cr
embedding from the plaque, hp :Lp %>IR1X IRn—l such that the following
is satisfied.
-1 - -1 1
(1) W (p nL,=h ({0} x ®™™)  ana W (p) L, chy (R™x {0},
where Ws(p) and Wc(p) are the stable and center manifold of YILp,
respectively.
.. S -1 n-1 u -1
(ii) V7 (p) NL_ch_"([0,*) xR 7) and V (p) NL_ch "((-=,0] x
P p p P
{0})<:Wc(p), where Vs(p) and Vu(p) are the stable and unstable sets
of p, respectively.

(iii) The o embedding hp depends Cr—1 continuously on

D e(BZs)f. So that, both of the sets
vU = {q € Vu(p) 1 p e (BZS)f n Ul

- . -1, ;
and Vu(p) are injectively ct immersed submanifolds of M.

Figure 3




5. MAIN DEFINITIONS AND MAIN THEOREMS

Let M be a smooth manifold. Let {ZE}, ()EE <EO, be a family
= > > . T
of vector fields on M.  Denoting ZE(p)==Z(p,€), {ZE} is called a C

family - if E is a C' vector field on M><[0’€O)' In this section, we

assume 12 3.

Definition 5.1. A constraint system of class ct on M dis a

pair { {ZE}’ F} of C" family of vector fields on M, {ig} 0<e<
€5 and a smooth foliation F on M such that 20 (€=0) is tangent
to (the leaves of) F. We may call the limit of Zg/e for >0 a

constrained equation withmnot quite the same meaning as Takens in [14]. This

limit exists only at most on the subset of equilibrium points of Z

o-
Expanding Eg(p) by € at € = 0, we have

Z.(®) = Y(p) + €-X(p) + o(€) ]

Y(p) = Zg(P) (5.1)

3 ~
X(p) =522, (p) ]€=0~
We set the following axiom for {{EE}, Fl.

Axiom 5.2. Y'=20 satisfies G1, G2, and G3.

Remark 5.3. By Theorem 4.2 and Theorem 4.3, the set of families
satisfying Axiom 5.2 is dense in the space 7" of cF family of vector
fields {EE} such that ZO is tangent to F. Here, 7' is defined
usually as a subspace of the space f{r(M><[O,EO)) of C' vector fields
on M x[O,EO).

Let Zr be the normally regular domain of the manifold ZY of
equilibrium points of Y==£O. Hereafter, we use the simple notation

% for ZY. Let



be the bundle map obtained by the projection
TM=TZXZ & TIL ——TL
P pr PP pr

for each pe;Zr, where Lp is the plaque of F containing p. For a

cross—section X ' of the bundle TZ M-*Zr, we define a vector field

XZ on Zr_by

(5.2)

. -1 .
If X dis of class Cr, the vector field XZ is of class Cr since

2 1is of class Cr.

In the following definition, a curve Y :(a,b)-*}:r can be discontinuous.

Definition 5.4. A curve 7Y :(a,b) - L is a solution of the
constrained equation lim z /e associated with {{z_}, F} if
e>0 E €

(1) 1im y(t) ZY(tO) and there is 1im y(t) gy—(to) in I
t»to tzto
(not necessarily in Zr);

(i) whenever Y—(to) +Y(to), there is an orbit C (included in
a leaf of F) of EO such that the o limit set a(C) and the w

limit set w(C) of C satisfy
a(C) =y (ty) and w(C) = Y(tg)s

(#i) 4if v (to) = Y(to) with Y(to) EZr, then XZY(tO) is the
derivative of vy at to; if vy (to)#‘y(to) with Y(to) EZr, then

XZY(tO) is the right derivative of Y at tO.



A curve Y : [a,b) » L is a solution if, (i) for any a<a'<b,
Y‘(a',b) is a solutionj; (ii) XZY(a) is the right derivative of vy

at a.

A curve v :(a,b] > I is a solution if, (i) for any a<b' <b
Y](a,b') is a solution; (ii) there is 1im y(t) =y (b) in s ()

- t b
there is an orbit ¢ of ZO such that a(C) =y (b) and w(C) =vy(b).
Y :{a,b] > ¥ is a solution if Y][a,c) and Yl(c,b] are

solution for all a<c<b.

For a point p EZr, there. is a solution v : (a,b) - Zr such that

p=Y(c), a<ec<b. But there may be many such solutions. See Figure

Figure 4 Figure 5

Next, we consider solutions having many useful properties,

4 and 5.

owing to which the singular perturbation theorem (Theorem C) is

obtained.

Let 2€==Y4-EX4—O(E). Let Y be the set of equilibrium points

of Y.

Definition 5.5. Let J be an interval. A solution 7Y :J > Zr
of lim EE/E is called admissible if
>0

(i) the image 7v(J) 1is dincluded in the normally stable domain

Y of Y,
(ii) whenever 7Y is not continuous at te€J then p=vy (t) is

contained in the fold point set (BZS)f in BZS; and furthermore
X(p) ¢ TI + T L (5.3)
P PP

is satisfied.

- 16 -



Remark 5.6. (i) The closure of ZS plays the similar role as

S in Takens' situation [15, p.148]. For a solution passing through

V,min
a point in Zh—ZS, the singular perturbation theorem similar to Theorem C
below cannot hold.

(ii) 1If we consider the usual figure (eq. [2, p.167, Figure 8(a)l)
in the case of dim M=3 and dim Z=2, the set (BZS)f is a branch of
the fold set without containing the cusp point.

(fii) The set (BZS)fFJ(BZS)img is open dense in BZS. Since the
vector field Y::ZO has a Hopf bifurcation at each point of (azs)img
by Theorem 4.7, we cannot expect a singular perturbation theorem for
any solution Y .passing through (azs)img'

A point p E(BZS)f is called a pseudo singular point, if

X(p) eTpZ%—Tpr is satisfied. This definition is a generalization of
the definition by E. Benoit [2, p.167]. We say that pe€ (8L ) ¢

satisfying (5.3) is a pseudo regular point. Using Theorem B shown below,

we can see that, by a perturbation of X, so that by a perturbation of

ZE, we have that the set of all pseudo regular points is open dense in
(BZS)f.

Hereafter, let {{EE}, F} be a constraint system of class C'. TFor
a non-zero vector veETpM, denote by L(v) the l1-dimensional subspace
of TPM generated by v. The unstable set V' (p) of p E(st)f is an

injectively immersed submanifold of [0,®) in M, and it exists unique-

ly for p, by Theorem 4.8.

In order to analyze XZ = WZX for X in ZE = Y+eX+o(e),

we set the following Theorem A and Theorem B.

-17 -



Theorem A. For pe (BXS) the one dimensional space

f)
Rp = TPZ{WT LP coincides with the tangent space T Vu(p) of the
b

unique unstable set of p. Moreover, Qp depends on pe (37 )f
s

C continuously the Grassmanian.
Immediately from Theorem 4.8 (iii) we obtain that the mapping

pF+Zp is of class Cr—2. But, by Theorem A (i), it is of class Cr—l.

Let p E(SZS)f and U be a neighborhood of p din I such that,

putting
L =Unzt.,
- s
ZO =Un (azs)f,
I, =100 (Zh—zs),
Z+, Z_, and ZO are connected and that

= U U
v=1 Uz U

is satisfied. Consequently, for qeX_ the unstable dimension of
d(YiLq)(p) is one and the stable dimension is n-1.

Let X be a vector field on a domain D in a manifold and
0:D>TR be a positive valued function of class c'. We say that 0-X

is a Cr time scaled vector field of X.

Theorem B. Let Ze = Y+eX+o0(e) 1is of class ct. Let P E(BZS)f
and U==Z+LJZOLJZ_ is a neighborhood as above. Then, there is a- Cr_2

r—-1

vector field X. on U such that §i|2_ is a C time scaled one of

z

XZ[Z_ and .§Z|Z+ is a Cr_l

time scaled one of (_XZ)[Z+ and the

following holds.

(i) If p EZO is a pseudo regular point, L(ii(p))==Tqu(p) is



satisfied. Moreover, for some (and hence for any) Finsler H-n on TM
and q eUF-EO, we have "Xz(q)”-ﬂ)0 if q-p-

(ii) If p €. is a pseudo singular point, there is a open dense

0

subset X_ of the space X' (M) consisting of ¢’ vectorfields such that for
each Xe;XO the following holds.
(a) The set WC consisting of all pseudo singular points of XZ
in ZO is an {m-2) dimensional Cr—2 manifold.
(b) There is a Cr_2 foliation W on U such that, for each leaf
W of W, dim W=2, W is transverse with both ZO and Wc, and that W

is Xz—invariant (i.e. ii(q)(Squ for qeW).

Remark 5.7. For each leaf W of W in Theorem B, (ii), (b),
the vector field iél(W(}Z_) “has omne of the four structures which are
given in the figure by E. Benoit [2, p.168, Figure 9] or by F. Takens

[15, p.181, fig.4], after more perturbation of X if necessary.

Definition 5.8. Let vy :J > Zs be a solution of lim Z /e. For
>0

a discontinuous point ti, i=1,2,3, ..., let Ci be the orbit of ZO

with the limit sets a(Ci)==Y_(ti) and w(Ci)==Y(ti). The arc

'(y) 2 vy() U Cl U C2 U C3 U

is called the trace of Y.

Let d be a Riemannian metric on M.

Theorem C. (Singular perturbation theorem). Let vy :[0,b] = Zs
be an admissible solution of a constrained equation lim EE/E such
e>0 )

that v has at most finitely many discontinuous points. Let WE : RxM

> M be the flow associated with the vector field ZE EZE/E, €=+O.



Then, for any 6 >0 and u >0, there exist €>0 and a neigh-
borhood U of p=v(0) in M such that, for any & with 0<:E<{E
and any qe€U the following hold.

(1) wE(J,q) is included in the §-neighborhood of the trace

I'(y); i.e. for any telJ

a(y,_(t,0), T(N) < 8.

(ii) If te€J satisfies ‘t-tiJ zu for every discontinuous

points tl’tZ’ t3,... eJ of v, then we have

d(lbe(t,q), v(t)) < 6.

Corollary 5.9. Admissible solution v :[0,b] = Zs with v(0) =p
is unique, i.e. if Y' : [0,b] > Zs is another admissible solution

with v'(0) =p, then y(t) =y'(t) for any O0<t <b.

Remark 5.10. (i) N. Fenichel [5, Theorem 9.1] proves a similar
perturbation theorem for a neighborhood of a compact subset of normally
hyperbolic domain Zh. We use this theorem for the proof of Theorem C.

(ii) L.S. Pontryagin [14] shows some equations about asymptotoic
approximations of the segments in the trajectories of EE(E—*O) at
various stage of the admissible solutions. But, in our proof of Theorem C,
we do not use Pontryagin's results; we give another proof using the
center manifold theorem.

(ii1) E.F. Mishchenko and N.Kh. Rozov show a similar theorem as our
Theorem C without proof [13, p.174 Theorem 1] writing that the proof of
the theorem is not simple. In this book [13], the Pontryagin's results

[14] are also written.

_20_
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Bitangency theorem for surfaces in R4
Tetsuya Ozawa
O R T 42

Department of Math.

Nagoya University

0. Introductuin
The purpose of this paper'is a continuation of the work by
Banchoff in [Bl, that is, to obtain the bitangency theorem for

single 2-surfaces in Euclidean 4-space.

The original work on the bitangency theorem owes
to Fabricius-Bjerre [Fl1. His discovery was the follosing.
A bitangency of a smooth closed plane curve is, by
definition, a line which tangents to the curve at two
distinct points. Appearently there are two types of

bitangencies, namely same side bitangency and opposite side

bitangency (see Fig 0.1). We denote by 1 and 1I1 the




numbers of respective types of bitangencies, and denote
by C and F the numbers of crossings and of inflection
points of the curve, respectively. Fabricius-Bjerre's

theorem states that

Later on, in [H], Halpern proved the bitangency theorem
for pairs of curves, where a bitangency is a line which
tangents both curves simul taneously. In this case thevinflection

term disappeared.

Higher dimensional analogues were considered by Banchoff
and by Hon-Fei Lai (see [Bl), and Hon-Fei Lai proved a general
bitangency theorem for pairs of immersions of manifolds into

Euclidean spaces.

In the case of plane curves, we can deduce the bitangency
theorem for single curves from that for pairs. But in higher
dimensional cases, this approach was not completed because
of the difficulty to analyze the inflection term.

Hon-Fei Lai's idea is to use a cross-section of a certain
vector bundle, and to redﬁce the problem to counting the
numbers of zeroes of this cross-section. For a pair of
immersions, this cross-section has only transversal zeroes
generically, but for a single immersion, it has

inconvenient degenerate zeroes, inevitably. The aim of



this work is to count the algebraic number of zeroes around
these degenerate zeroes, in the case that surfaces in
4-space are concerned. In this course, we need

to develop surface theorem in 4-space.

1. Transition from "pair" to "single".
First we recall the definition of bitangency for immersions.

Let f£:M — R"™ and g:N — R™ be smooth immersions.

DEFINITION 1.1. A pair of points (X,y) € M X N is called
a bitangency of (f,g), if the line in R™ through f(x)

and gy) tangents both f and g at these points

simul taneously. For a single immersion, its bitangencies are

defined in the same way.

When we consider bitangency theorem for pairs of immersions,
we are interested only in the case that the sum of
dimensions of the manifolds is equal to n, and when

we consider bitangency theorem for a single immersion,

we are interested in the case that the dimension of the
manifold is equal to n/2. Otherwise, we will have

either uncountably many of bitangencies or no bitangencies

for generic immersions.

For an immersion {f:M — Rn of a closed smooth manifold

of dimension m into the Euclidean n-space with the standard

AL
inner product, we denote by f the normal (n-m)-plane bundle.

M



At each point x € M, we denote by nfx the orthogonal projection

L L
of R"™ to the fiber f at x of f . Let g:N— R" be

X
another immersion of a closed smooth manifold N of dimension
(n-m). The section o defined below will play an important
role in the following. We identify fL and g'L with the

pull backs of f'L and gL by the canonical projections
MXN-—M and M X N — N, respectively. The Whitney sum

4

L
f ® g 1is an R™bundle over the n-manifold M x N.

We define for each (Xx,y) € M X N

(x,7) = ( it (E(x)-2(¥y)) E (f(x)-g(y)) ) € (£ *)
O(X,y = T[X X gy ,T[Y P4 gly @g (X,Y).

From the definition, we see the

FACT 1.2. We have o(x,y) = 0 if and only if either
1) f(x) = g(y), or

2) (X,y) 1i8 a bitangency of the pair (f,g).

Using the transversality theorem, it is easy to see that
the zeroes of the section o are transversal for pairs

of immersions in general position.

We suppose in the following that our manifolds are all
oriented. Then the normal bundles fL, ... and their Whitney
sums are all oriented, where we fixed the usual orientation
of R". For an oriented vector bundle £ with fiber RP
over an oriented closed manifold X  of dimension q, we

write Xx(£) the Euler characteristic of £, i.e.



(the algebraic intersection number of

x(&)=<{0 it p#a,

a section which has only transversal zeroes,

with the zero section) if p = q.

L L 4 L .
We remark that x(f @ g ) = x{(f )-x(g ). For a geometric

interpretation for this, see [B].

Let B((f,g) and C{(f,g) denote the number of bitangencies
and that of intersection points of the pair of immersions (f,g)
counted with the corresponding signs of the zeroes of o.

The following is now clear;

PROPOSITION 1.3. For a geniric pair of immersions (f,g), we have

L 4
B(f,g) + C(f,g) = x(f )-x(g .

So far we considered the section o¢ for pairs (f,g) of
immersions of manifolds of complementary dimensions in Rn.
We define, in the same way, the section oM X M — f & f'L
for a single immersion f:M — Rn, and assume that

n = 2-dim M. We see the

FACT 1.4. VWe have o(x,y) = 0 if and only if either
0)y x = vy,
1) x =2y and f(x) = gly), or

2) (x,y)Y 18 a bitangency of (f,g).



Except the case (0), we have transversal zeroes of ¢ for
generic immersion f. So what we have to do is to calculate
the algebraic intersection nmumber of the section o with the
zero section in a small neighborhood of the diagonal set A

M
in M X M.

2. Local properties of surfaces in R4

et M be a closed smooth oriented 2-manifold, and SZ(T*M)
the second symmetric tensor product of the cotangent bundle
over M, i.e. the. vector bundle of quadratic forms on T(M).

Let an immersion f:M — R? be fixed, and denote by £ the
normal bundle. We define the bundle homomorphism h:;f'L — SZ(T*M)
as follows; To each normal vector v € f¢, we associate the
linear function on R4 by the inner product with wv.

The composition of f with this linear function is a function
on M which has a critical point at the base point x of V.
finally we define h(v) equal to the Hessian of this function

at x.

Let x € M be fixed, and € denote the set of
elements of SZ(T*M) with determinant = 0. This set €

is a quadratic cone.

PROPOSITION 2.1. As generic prolperties of immersion {f:M — R4,
the followings hold;
(1)The image h(fo) in SZ(T*M) i8 of dimemsion equal

to 1 or 2. The points on which the images are of dimension equal

— —



equal to 1 are discrete on M.

On these points, the image does mol lie on the cone €.
(2)The set of all points x on which the images h(fLX)
are of dimension 2 and iangent to the cone ¢

18 1-dimensional setl. This sel is locally

cltosed but not closed in M. The boundary consisis of
the points on which h(fLX) i8 of dimension 1 and lie
outside of the cone ¢. At Lhese points, the closure

of this 1-dimensional setl looks like a crossing of

two curves.

PROOF . We can deduce these properties using the

transversality theorem.

DEFINITION 2.2. We say those points on which the images
4
h{f X) are of dimension 1 and lie outside the cone € to be

1

an HD-point. We call the point x elliplic, if dim h{({f X) = 2
A4

and h(fLX) N ¢ consists of 2 lines, or if dim h({f X) = 1 and

L
and h({f X) is contained inside €. We call the point X




1 L
parabolic if dim h(f X) = 2 and h{(f X) tangnets ot €,

L
and call it hyperbolic if dim h{f X) = 2 and

L
h(f X) Nneg = {(0}.

p’ Mh and Mhd

parabolic, hyperbolic and HD-points, provided the immersion

Denote by Me, M the sets of elliptic,
f:M — R4 is in general position. We remark that by
Proposition 2.1, Mp n Mhd is the union of certain immersed

curves on M which are embeddings except at transversal

crossings. Those crossings are the points on Mhd‘

As a vector bundle, SZ(T*M) is equivalent to the
Whitney sum 72 © R(é ?), where n is the subbundle of SZ(T*M)
consisting of elements with trace = 0. Since n = T(M)Oz,

n 1is an oriented vector bundle. We denote by n:Sz(T*M) —

n the canonical projection. On the subset Mh c M,
L
the composition neh:f -— n is a bundle isomorphism. Thus

it has meaning whether mn°h is orientation preserving or

+ (=)

not. It depends on connected components. We denote by Mh

the union of components on which #n<h is orientation

preserving (resp. reversing).

REMARK 2.3. The above distinction of points on M = Me V) Mp U

+ -
Ma VM, UM

follows. For a point Xx € M, take a small circle ¢ on M

for a generic immersion can be interpreted as

centered at x. Suppose M 1is so generic as to satisfy the



properties in Proposition 2.1. 1If the center x of c¢ is in

Me’ then the orthoganal projection of f(é) into the normal
N .

plane f % does not turn around the origin. If the center

x of ¢ is in M then the projection image of f(c) turn

h’
around the origin twice. In addition, if =x 1is in Mh+ (resp.

in Mh—), then the projection image turns in positive direction

(resp. negative direction), provided the orientation of ¢ is

compatible with that of M.

REMARK 2.4. We take a small circle ¢ around an HD-point Xo‘

L
Then the image h({f X) in _SZ(T*M) is a 2-plane for each

X € ¢, and one round of x on ¢ makes one round of the

L L
plane h({{ x) with the line h({{f - ) as the axis of
o

rotation approximately.




3. Bitangency theorem
Let f:M — R4 be an immersion of a closed smooth surface
into 4-space. Suppose f satisfies the properties of

Proposition 2.1. As we saw in 82, we have the decomposition

, and Mp UM is-a union

+
of M = Me U Mp,U Mhd U Mh v Mf hd
1

of immersed closed curves ci:S — M, which are embeddings
except at transversal crossings on Mhd’

In order to fix an orientation on each component i

we take the following orientation convention. When we have
an oriented curve ¢ on an oriented sﬁrface, we say a normal
field v along ¢ to be oriented if v 1is as in the

Figure 3.1. We fix the orientation of each component (Mp)j

of Mp so that an oriented normal field vj aiong (Mp)j
. + . . +
points to Mh if (Mp)j is a frontier of Me and Mh -

and it points to Me if (Mp)j is a frontier of Me and

Mh~. In view of Remark 2.4, these orientations of (Mp)j's
are compatible around Mhd (see Figure 3.2). S0 we have given

orientations to all components ci:S1 — Mp U Mhd'

Me

— O —



From the definition of parabolicity of a point x € Mp c Mhd’
it follows that there is a unique direction v TXM such that
the 2nd derivative in the direction v of the ortholgonal
projection nXLof of £ +to the normal plane fXL vanishes.

We can suppose, as a generic property, that the 3rd derivative
does not vanish at all points x on M_. The normal line

P
L
field defined as the imsge of 3rd derivatives of n_ of

X
in the direction v «c¢losed up over Mhd’ which we denote
by o. We denote by w(x,u) the relative winding number
of the line field &« and the mean curvature field ua of £,

L

with respect to the orientations of the normal bundle f
and of Mp U Mhd'

We count the number of zeroes of the mean curvature
field o as follows: reéalling that u has zeroes on the
interior of M = Mh+ U Mh_ , and deforming p to pu' slightly
to have only transversal zeroes, we count it by

F(f) = 2 sign(p) - 2 sign(q),

u'(pl=0 w'(q)=0

+ -

p € Mh q € Mh

where sign(p) = %1 is the sign of zero of u' with respect

N
to the orientations of M and f .

Let B(f) and C(f) be the numbers of bitangencies and

self intersection points of f, where we count B{(f) with



sign according to the sign of zeroes of the section o, and

count C(f) without sign.

THEOREM 3.1. For a generic immersion f:M — R4 of a closed

orinted surface M, we have

. 4
2BCE) + 2C(f) + w(a,u) + 2F(f) = x(f )2.

: L
PROOF. Consider the restriction fL o f IAM of the bundle
L $L
f © f to the diagonal set AM C M X M, and denote by

L L

511 the subbundle of £ o f |AM consisting of elements
-4 L L L

(v,xv) € (£ 0O f |a) . Then we have f o© f IAM .

-L . . .
£, © £€_,» and £, = &_; =~ f. This splitting &, o &_;

over AM can be extended over a small tubular neighborhood

of AM. We deform the section ¢ +to a section 08 in a

neighborhood of AM’ in order to have only transversal zeroes

and count algebrically the number of zeroes of o

8;
08 = O + g tou', (¢ > 0 ; a small constant)
where u' is a perturbed mean curvature vector, and 1:
A L iy . . .
f — E. cf o f is the canonical identification.

1

We introduce a local coordinate (X,y,8,1t) of M X M on

a neighborhood of (p,p) = (0,0,0,0) € AM’ such that (s =t =

0}

coinsides with AM in the neighborhood, and consider the Taylor



expansion of o with respect to the variables (s,t);

where 0(1) is a polynomial which is homogeneous of degree i

in the variables (s,t). Then we have

o (2? v0(3)

(0,0,s,t) € & (0,0,s,t) € ﬁl.

-1
Therefore 08 with sufficiently small € > 0 takes zeroes

in small neighborhoods of points (p,p) for which either

Case 1) R-wtpy = o(p) (p € Mp), or

Case 2) nip) = 0.

From Remark 2.3 and the definition of Mp and o, it follows that
the indices of zeroes of 08 at these points are =1 in Case 1

and *2 in Case 2. Thus the contribution of these zeroes of 08

to the Euler characteristic is equal to w{(a,n) + F{f).
Finally we remark, to complete the proof, that the indices

of zeroes of o at self intersection points of f are all equal

to +1.
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ON THE STRATIFICATION OF GOOD HYPERSURFACES
Mmuswo0ka (B, BR ZE)

Department of Mathematics, Tokyo Institute of Technology

i. Statement of results Let f(z) be a germ of an analytic function defined in a

neighborhood of the origin and let f(z) = ¥ a,z’ be th Taylor expansion. We con-

v
sider the germ of the hypersurface V = f~1(0). The purpose of this paper is to con-
struct a canonical Whitney b-regular stratiﬁcétion S of V which depends only on the
Newton boundaries { oI'(f) }. Under the non-degeneracy condition of the Newton
boundary, the singular locus of V is the union of several coordinate subspaces c*.
However the b-regularity for (V" ,C*) does not hold in general and we have to know
the locus where the regularity fails. For this purpose, we introduce the concept of the
I -primary boundary components which plays an important role for the stratification
of V. Its rough description is as follows. Let P.=‘(py, . . . ,p,) be a positive rational
dual vector and let I(P)={1<i <n ;p; =0}. The face function fp(2) is defined
by the partial sum ¥ a2’ for v such that v.e A(P). Here A(P) is the face of I'(f)
where P takes its minimal value d (P ;f ); We use the notations of [5]. Assume that
fp@) =zF g (z;p)) where z;py is the projection of z into the affine coordinate space
CI®). In this case, we say that fp is essentially of zy(p)y-variables and we denote
g(#py) by fE@ ). We consider the variety V*(P) and 9V™(P) as follows.
ViP)={zeC™; fp® =0} and IV (P)= [ 7p)cC'T) 5 fi(zypy =0 ). I
fp is not essensially of zpy-variables, oV*(P) is C'®) by definition. We call
V(P a I-primary boundary component with respect to P if V*(P) is not empty.

Let V,, be the closure of V* in € and let V7=V NCT and et
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V;,I =V, N C*. Then we will show that V;,I is a union of I-primary boundary
components (Lemma (3.3)). We say that the hypersurface V = f~1(0) is good if for
each subset I of {1,., n} with |J1>2, there is at most one fp among
{fp s 1(P)=1} such that fp gives a proper I-primary boundary component. Here P
may not unique. We assume that V is a good hypersurface hereafter. If V has a
proper primary boundary component, we denote this component by BV;,I . If V does
not have proper primary boundary component, av;‘,’ = ¢ by definition. Let P be a
positive dual vector and let I =I1(P). We say that V satisfies the primitive non-
degeneracy condition or simply the PND-condition if the following conditions are
satisfied for any P such that V™ (P) = 9. Let pin = minimum {p; ; j ¢l }.

(PND1) Assume that fp is essentially of z;-variables and let f = fp + f. Write
fr@ =15 fi@) where K = (ky, . .., k).

@ ) dP;f)=0or (i) d(P;f)>0 and d(P;f) 2d(Pif ) + pryyn OF

of, .
(i) the variety {ze C™;fp@ =0,z g(z)—k,- fp@)=0forjel} is
J

empty.

(b) oV* (P) is a non-degenerate hypersurface in C*! in an e-ball Bé for some €.
(PND2) Assume that fp is not essentially of z;-variables. For each fixed

Z; € avV*(P) M Bé, the fiber qI_I(ZI) is a nQn-degenerate hypersurface in CI° x {z;}

where I€ is the complement of I in {1,..., n}.

Main Theorem. We assume that V is a good hypersurface which satisfies the

PND-condition. Let SU)={VT - ov,!, ov,I} and let S =1y SU). Then S is a
I
regular stratification of V.

For the stratification of the hypersurfaces which is not good and the stratification

of the complete intersection varieties, see [6].



2. Stratifications

Let V be an analytic variety in an open set D of C*. We recall the necessary
notions of the stratification which is induced by Whitney and Thom. For further
details, see [10,7,3]. Let S be a family of subsets of V such that V is covered dis-
jointly by elements of S. S is called a Whitney stratification if the following condi-
tions are satisfied.
(i) ( D -strictness ) Each element M of S (which is called a stratum) is a connected
smooth analytic variety such that M and M ~ M are closed analytic varieties in D .
Here M is the closure of M in D.
(ii) ( Frontier property ) Let M and N be strata of § and assume that M # N and

MAN #9 Then M «N —N.

We recall the Whitney b-condition for a Whitney stratification S. Let (V,M) be
a pair of strata of S with N DM and let p be a point of M. Let p; and q; be

sequences on N and M respectively. We assume that
2.1 pi =>p, ¢ —>p, T,N -1 and |p; —q;] >\

Here the arrows imply the convergence in the respective spaces and [v] is the complex
line generated by v. Thus Te G(r,n) (r =dimN) and A € G(1,n) =P*! where
G(r,n) is the Grassmannian manifold of r-planes in C*. We say that (N ,M) satisfies
Whitney b-condition at p if A € T for any such sequences. When each pair (N ,M)
with M c N satisfies the Whitney b-condition at any point p of M, we call S a b-
regular Whitney stratification. The following proposition is a direct consequence of

the Curve Selection Lemma (§3 of [4] or [1]) and Theorem 17.5 of [10].
Proposition (2.2). Let p; and q; be as in (2.1). Then there are analytic curves

p(t) and q(t) defined on the interval (¢, €) (€ > 0) such that‘

())p0)=q©)=p andp(t)e Nfort+0and q(t) € M.

(i) Ty N — tand [p(t)-q )] — A



_4-

It is known that the b-condition for analytic varieties follows from the ratio con-
dition (R) by [2,9]. There is also a weaker regularity condition which is called Whit-

ney a-condition but this condition results from b-condition ([3]).

3. Nomn-degenerate hypersurface and primary boundary components

Let f(z) =%, a, 2’ be an analytic function of n variables which is defined in a
Vv

neighborhood of the origin. The ‘Newton polyhedi‘on F+(f ) is the convex hull of the
union of { v+ R} } for v such that a, # Q. The Newton boundary I'(f) is the‘ union
of the compact faces of the Newton polyhedron. As we are mainly interested in non-
isolated singularities, we also use the notation 9I",(f ) which is the union of the boun-
daries of I',(f) which are not necessarily compact. The inclusion I'(f ) c o', (f) is
obvious by the definition.

Let £° be a fixed unimodular simplicial subdivision which is compatible with the
dual Newton diagrams (" ()} aﬁd let #:X — C" be the associated modiﬁcation
map. See [8] and [5] for the definition. Let Vp, be the closure of V* and let V be

the proper transform of V,, by #. Let & : V> Vpr be the restriction of # to V. For

finite vertices O, . ..,Q, of Z*, we define a subvariety E(Qq, ...,0,) of V by
EQpN ---NEQ©,) and let E@Qy,...,0)" = E@Qp...,0)— U EP)
P#0;

*

where E (P) is the divisor of V which corresponds to P. Note that E(Q4, . . .,0s)
is non-empty only if 04, . . ., are vertices of an (n-1)-simplex of £*. The collec-
tion of E(Q;, . . . ,QS)* gives a regular stratification Sof V. Leto = Pq, ..., P,).

Then we have
3.1 VN Cl=(y5eCl; fo¥e) =0 )

where f () = f (o) / T vy .
Jj=1
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Theorem (3.2). V is a smooth complex manifold and & : V — V,r is a proper

modification of V,, in the neighborhood of the origin.

The assertion is well known if the origin is an isolated singular point of V,,,. The
general case can be proved similarly. Let I be a subset of {1,..., n}. We define the
coordinate subspace C! and C7 by Cf = (z=(zy,...,2,)52;=01ifj ¢l } and
Cl={zeC"; z; =0 fj ¢l } respectively. For simplicity we usually write c
ins‘:tead of CTif I={1,...,n). We define the I-proper boundary V;,I of V' in
C* by Vor M C*. If I is empty, V;,I = {0} by definition. The main result of this
section is:

Lemma (3.3). The I-proper boundary V;,I of V* is the union of the I-primary
boundary components.

Proof . Let @ : V > Vp, be the resolution of Vp, constructed in §3. Let V7 be
the union of the strata E(P,y, ... ,Ps)* of the stratification § of V such that
wEP,, ... ,PS)*) cC". As m is a proper surjective mapping, it is clear that
n(f/*]) =V, Let EPq, ... ,PS)* be such a stratum and let 6= (P, ...,P,) be
an (n-1)-simplex of £*. Let P =P+ --- + P,. Then P is a positive dual vector
with I(P)=1. We may assume that I = { m+1, ...,n } (m = s) for simplicity and

o= (p,-j) has the following form.
b 5]
0 B
where A and B are unimodular matrixes of m X m and (n—m) x (n—m) respectively.
Then Lemma (3.3) follows from the following.
Sublemma (3.4). The restriction of T to E(P4, . . . ,Ps)* is a submersion onto
V¥ (P).

Proof . Let y be an arbitrary point of E(Pl,...,Ps)*. Recall that

E(Py, ...,P,)" is defined by
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Yo1 = °° " T¥as T h(Yc) =0
where h is characterized by

(3.5) h(se) T1yed "2 = fp (hiye)).

i=1

A
Note that AP)= " AP;). Thus h(y;) does not contain the variables
i=1

Yol - - -+ Yos- Let Z=HR(yy). Then we have z; = )P ie.,
n P .
(3.6) zi= I yéi G=m+l, ... ,n).
i=m—+1

In particular, {z;} (m+1 <j <n) depend only on Ysni1y s Yon- Let E* be the
subvariety of C;" defined by h(ys) =0. E™ is nothing but the product of
C* x EPy, ... ,PS)*. Let V*(P) be the subvariety of the base space C*™ which is

defined by
ViP)={ze C"; fp®=01}.

It is clear that #:E° — V*(P) is an isomorphism by (3.5). Let
qr : v* P)—> v” (P) and p : E' > E@®,, ... ,Ps)* be the canonical projections.

We have the commutative diagram:

% ft

E > V'(P)
lP l‘l[
E®@,...,P) L V*(P)

Let ¢ be the composition go f :E* — oV*(P). By the commutativity of the
diagram, ¢ = o p. By the assumption PND1 and PND2, ¢ is a submersion. As
¢ = mo p, this implies that w: E(Pq, . .. ,Ps)* - V" (P) is a submersion. This
completes the proofs of Sublemma (3.4) and Lemma (3.3).

Remark (3.7). Assume that f(z;) is not identically zero. Then v is defined

by f(z)=0. In this case, fp(z) = f (%) and for any P with I(P)=1. Thus V!
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itself is the unique I-primary boundary component. In this case, V is non-singular on

v,

4. Key Lemma

We first consider the following situation. Let p(t) = (p{(), . ..,p,()) be an
analytic curve defined in the interval (-1,1) with the Taylor expansion

pit)= aitb" + (higher terms). We assume that

@O f@@)=0,

(ii) @ #0foreach j =1,...,n and b; =0 ifandonly ifi € I.
LetB =‘(by,...,b,),a=(ay,...,a,) Let b, = minimum {b; ; j €I } and
Toin=1{J 3 b; =bp ). Let ¢ () be an analytic curve in VI(B) with ¢(0) = p(0).

We assume that

(iii) T, (V" — Tand [p ()¢ @) = L
Then we assert

Key Lemma (4.1). A is contained in .

Proof. It is well-known that the tangent space TZV* is characterized by
df @yr={ve T,C" ; df (z)(v) =0 }. Let us consider the limit of df (p(¢)). For a
real analytic function k(¢), we define an integer ord (k(t)) by the order of k(¢) at

t =0. Similarly we define the order of a vector-valued analytic function by the

minimum of the order of the coordinate functions. Thus ord(df (p (2))) is the

minimum of ord(g—f(p(t))) for i=1,...,n. let m =ord(df (p(t))) and let
Zj

—>

V=df (p@)/t"),o. By the PNDI-(b)-condition, m <d(B:f). Let Y=, 7 dz;.
i=1

Then we have an obvious equality T =7L. Considering the leading term of (i), we

obtain fp(a) = 0.
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Case (a). Assume that fp(z) is not essentally of z -variables. Then

v (B)=C" by the definition. Then by the PND2-condition, there exists an index j

of
(j ¢I) such that —a—-—(a) #0 if g 2 is small enough. Thus we have
J iel

m <dB;f) — by, Assome that m =d(B;f ) — b;,- Then we must have

d
4.2) —f—l’;(a) 0 for j éJym VI and v; =-—aff—(a) for j e J i

9z; J.
Ifm<d@B;f)— by we have that
4.3) Y =0 forj e Jpyy VI
Note that y; = 0 for i € I in both cases. This implies that'—y>| c! =0.
Now we consider the line [p (¢t)~q (¢)]. Let k = ord(p (1)~q (¢)). As q(t) e CY,
it is easy to see that 1 <k <b_;. Let = p@)q (t))/tkI,:(). By the definition of A,

we have that [X] =A Uk <by, % is a vector in C!. In this case, it is clear that

7(73) =0. Assume that k£ =b_;,. Then 7Lj =q;

; if j € Jpy and A =0 if

J €Jn YU I. We consider the equality

g e
Ez—a—i@(» 20

[/Z-éf—— bja; } 4B =1 4 (higher terms).
¢l
Thus we obtain the equality
(4.4) Z a (a)
Jel

I m<d®Bif)-by, 7YA)=0 is immediate from (4.3). Assume that
m=dB:f)— by By (4.2) and (4.4), we can see ecasily that Y(A) = 0. Here X is

identified with the tangent vector Z aa at p (0).
j=1
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Case (b). Assume that fp(z) is essentially of z;-variables. Let fp(z) = 2 f 5(Z)
where 7~ is a monomial in the variables {z; ; j ¢I}. Then V/(B) = {f5E)=0]}

and ord (fp(p(2))) = ord (p @)) =d@B;f ). We have two equalities:

p,()_0 dEa ()

iel

@.5) }f: a-f<p<r»

Let B=ord (f5(p())) and & = ord (f (p (t))). First we assume that PND1-(a)—(ii)
holds. As f( @)= )+ F @) =0, we have

(4.6) B+dB;f)=52d(B;f)

where f g (z) is the secondary face function of f with respect to the weight B. The
equality holds if and only if f p(@) #0. We consider the equality which follows

immediately from (4.5).

47 i & (p())—[p,(r) 4,0)] +

¥ [af<p<>>——f—3<p<»] @) |

iel i dt

—_ [fB af ] da@) _ o

iel dt

By the assumption, pj(t) qu(t) modulo (tk) for any j. This implies that

ord [ o fB ]2 k. Thus the order of the last sum is at least

d(B;f) + k. On the other hand, we have

df p
Ord(—L(p(t)) - —(p(t))) >dB;f)2dB:f) + by Gel)
by PND1-(a )—(ii) where f=f-f 5. As k < by, the order of the second sum in
(4.7) is also at least d(B;f)+ k. The order of the first sum in (4.7) is (at least)
m+k—1. As m < d(B;f) by the PND1-(b)-condition and k < b ;,, the coefficient of
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=1 of (4.7) is equal to (A). Thus we conclude that Y(&) = 0. Assume (a)-(i) :
d(B:;f) = 0. We consider the following equality instead of (4.7).

g Loy L -0+

dq; (t)

) [aa—fw» 9 (q(»] = 0.
iel | 9%

)
Here we have used the equality %(q(t))z %(q(r))). By the PNDI1-(b)-

condition, m =0. Thus by a similar argument, we have _7)(73) = (0. Note that
m = d(B;f) if the PND1-(a)-condition is satisfied.

Assume that PND1-(a)—(iii) holds. We may assume that
d(B; f Y<d(@B;f)+ b, We consider (4.7) again. The order of the last sum is at
least d(B;f)+ k. We can write fp(p()) = At® + (higher terms) by (4.6) where
0= d(B;f) —d(B;f). Note that 6<p. As f(@&)=0, we have that

f (a) + AaX = 0. Thus we have
B

—ai-(p(t)) = T]jtd(B'f)—b" + (higher terms) for j &l

aZj

of of A

where 1); = —-fi(a) + MjaK/aj = (aj"afZ—B(a) - kjfB(al)) /a;. As fp(a) =0, there
J

aZj

exists an index j, € such that i # 0 by the PND1-(a)—(ii) condition. Thus the
order of the first term of (4.7) is at most d(B ;f )—bj +k — 1. The order of the
second term is at least d(Bif). As k <b,;,, we have the inequality

d(B;f) — bjo +k—-1< d(B;f). By the assumption that a'(B;f) <dB:f)+ b, We
have also the inequality : d (B ;f ) — bjo +k—-1<d@B;f)+ k. Therefore we con-

clude as before that 7(73) = (). This completes the proof of Lemma (4.1).
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5. Proof of Main Theorem.

In this section, we will prove Main Theorem in §1. Let Y and Z be a pair of
strata of S such that Y N Z #$. We assume that ¥ € S({J) andb Z € S(K). Then
we must have J D K. If J =K, the b-regularity is obvious as V is good. Thus we
may assume that J # K . If Y is an open dense stratum in CV, the b-regularity for
(Y,Z) is again obvious. Thus we assume that ¥ # C/. Let p() and q(t) be real
analytic curves defined on .(—1,1) such that () p(0) =g ) € Z. (ii) p@i)e Y for t>
0._ (iii) q(t) € Z for t+ = 0. Assume that the tangent space T, Y converges to T and
the line [p (#)—q (¢)] converges to A. Y is a non-degenerate hypersurface defined by
fE@;) =0 for some P with I(P)=J. Assume that pjt) = ajtb" + (higher terms)
for jeJ. For brevity’s sake, we assume that J={1,...,m }. Let
B=%by...,b,)and a=(ay,...,a,). As p(0)=q(0) =a;e”Z,K=IP) By
looking at the leading terms of the equality 4 (p(¢)) = 0, we can see that ag belongs
to the K-primary component Y "X (B). Let R =P + rQ for a sufficiently small r > 0.
Then it is an easy linear algebra to see the following.

@ (fp)p =fr-
(i) The secondary face function f p of f with respect to R is equal to the secondary

face function of fp with respect to B.

Thus the PND-condition for f implies the PND-condition for fp. Now we use
Lemma (4.1) to obtain the regularity for the pair (Y,Z). This completes the proof of
Main Theorem.

Example (5.1) Let f(2) = (z129)%(z3 +23) + (z32.)*@z7 +z3). Then the
singular locus of V is the union of the two dimensional coordinate planes C/ for
/1 =2.Let I = {1,2). Then by an easy calculation, we have a proper primary boun-
dary components defined by C :z{ +z5 =0. C consists of five lines, say
Cp...,Cs. Thus S()={CY ~C,Cy, ..., Cs}. The same is true for I = {3.4}.

Thus the stratification of V consists of the following strata: V*, cH
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d={12}), (34 CW2 ¢, c*BY_p, ¢, D; (=1,.5), CB G =1,..4),

5
{0} where D = D; = {235 +zlf =0}.

i=1
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A CRITERION FOR %(X)Z-EQUIVALENCE OF HOLOMORPHIC
FUNCTIONS WITH ISOLATED CRITICAL POINTS ON X

— Right-left equivalence of functions on varieties —

by SACHIKO MATSUOKA ( #a M # F) kA 3L

1. Introduction

Let X,0 c CH;O be the germ of a reduced analytic
subvariety of Gn at 0. In this paper we say that two germs
of holomorphic functions on €% at 0 are right equivalent
(resp. right-left equivalent) if one can be obtained from_the
other by a change of coordinate on Cn at 0 (resp. the same
and a change of coordinate on € at 0) (See Def. 1 below.).
This idea has been pursured elsewhere (For example, see [1] and
the articles listed in it.). The purpose of this paper is to
give algebraic criteria for the above equivalences, which are

generalizations of the results in [6].

Let @n 0 denote the ring of germs at 0 of holomorphic

functions CH,O — €. Let }(X)O be the ideal in @n 0
consisting of function germs vanishing on X. We set ®&(X) =
{¢ : €0 91 ¢ is biholomorphic and w*ﬁ(X)O = #(X),} and £

{¢y : €C,0 9| ¢ is biholomorphic}.



DEFINITION 1. Two function germs f, g : CH,O — L£,0 are

R(X)¢2-equivalent (resp. #(X)-equivalent) if there exist ¢ 1in

R(X) and ¢ in ¢ with ¢egep = f (resp. there exists ¢ in

R(X) with go@ = ).

I.Let U be a sufficiently small neighbourhood of O in Cn,

On U the sheaf of holomorphic function germs on U, ﬂ(X)U the

ideal sheaf of X over U, and Dern U the sheaf of holomorphic

vector field germs on U. We define the On U-module sheaf @X U

by @ = U {5 € Dern X |'6.§(X)X c f(X)X}. Each element of

X, U X€U '

8 is called a logarithmic vector field for X ([11, [51).

X,U

Logarithmic vector fields for hypersurfaces have been pursued in

[51.

DEFINITION 2. For x € U and f € @n < we say X 1s a
critical point of £ on X if &8.Ff(x) = 0 for any 8 € 8O

X,x°

We say O 1is an 1isolated critical point of f on X 1f the germ

of {critical points of f on X} at 0 1is {0}.

It is known (see [1]) that f has an "#(X)-versal"
unfolding if and only if the germ of {critical points of { on
X} at 0 is {0} or empty, and if this latter condition holds,
then f 1is finitely "®(X)-determined".

For f € Gn,o we set JX(f) = @X,O'f and QX(f) =
@n,O / JX(f). Then we can give QX(f) a {{t}-algebra structure

by defining a(t)-lul = [(a-f)u] for any a(t) € C{t} and any



u € 0 where f[u] 1is the image of u in QX(f).

n;O’

Our results are as follows.

THEOREM 1. Let f, g : €,0 — €,0 be germs at 0 of

holomorphic functions with an isolated critical point on X at

0. Then (I) T and g are ®%(X)¢-equivalent it and only if (I)

there exist C-algebra isomorphisms o, o, 6 and =t : C{t} 9

such that (#) o(a(t)-[ul) = t(a(t))-o([ul]) for any a(t) € C{t}

and any [ul]l € QX(f) and the diagram (#+) below commutes.

Q(f) — 0 o/ Jg(f) + F(X) g 0,  / $(X),

o 5 | 1

Q(g) — O o / Iy(g) + F(X)y 0, o/ #(X) .

Q, ©

where the horizontal arrows denote the natural projections.

THEOREM 2. Let f, g : €,0 — C,0 be germs at 0 of

holomorphic functions with an isolated critical point on X at

0. Then f and g are ®(X)-equivalent if and only if there

exist C-algebra isomorphisms o, g and & such that

g(a(t)-[ul) = a(t)-o([ul) for any a(t) € C{t} and any [u] €

QX(f) and the diagram (*#) in Theorem 1 commutes.

REMARK. If we set X = ¢ in Theorems 1 and 2, then we

have the results in [6].

We will obtain a proof of Theorem 2 if we follow our proof



of Theorem 1 below replacing <t by the identity and a(t) by

t. Hence we give only a proof of Theorem 1.

The author would like to thank Prof. S. Izumiya for posing

this problem and giving useful suggestions.

2. Proof of Theorem 1, (I) implies (I)

Suppose that g = ¢efe¢ for some ¢ € R(X) and some
€ £. Then it is easy to show that Q§JX(f) = JX(g). Hence m*
induces a {-algebra isomorphism o : QX(f) - QX(g). Let <
C{t} 9 be the C-algebra isomorphism (¢ !)¥. Then the law (%)
holds as [6, §2]. Sincé %ﬂf(X)O = #(X),, 0" also induces
C-algebra isdmprphisms‘ o :‘@n,o /‘ﬁ(X)O 9 and o

on,O / JX(f) + 9(X)O — On,o / JX(g) + f(X)O. Then the diagram

(##) obviously commutes.

3. Proof of Theorem 1, (I) implies (I) (the first half)

Reduction to the special case. Here we show that it is

enough to prove (I) under the hypothesis (3) - (6) below hold.
- A 2 2, _
Let 1 = dlmq: JX(f) N mn + mn / JX(f) n ﬁ(X)O N mn + mn (=
. 2 2 ~
dlmc JX(g) nom + m. / JX(g) N 9(X)O N mootom ) and 1, =

. 2
dlmm mo / }(X)O N L moo- We choose zl,...,zL1 € Jx(f) n m



which are linearly independent mod JX(f) N ﬁ(X)O n L mi and

ZL1+1,...,ZL2 € mn such that Zl""’ZL2 are linearly
independent mod -.¢(X)o N L mﬁ . Since

G(JX(f) n mn / JX(f) N mn N 9(X)O) =
(JX(g) nomy / JX(g) nom,on }(X)O), we can choose an element W,
(L <1< 1y) of JX(g) nom, which projects onto 6<zi> under

the projection @n,O — On,O / ﬁ(X)O. Here <u> denotes the

image of u € @n,o in @n,o

wi be an element of mn which projects onto 6<zi> under the

/ }(X)O. For l;+1 < i < L, let

projection @n,o — @n,O / ﬁ(X)O and onto O[Zi] under the

o 2, 2
projection @n’o — QX(g). Let tg = d1m€ JX(f) noa My / m

_ g4 2 2
(= dlmm JX(g) N mot My / mo ). Then we can choose ZL2+1,...,

€ JX(f) n ﬂ(X)O N m, (resp. w €

ZL2+L3—2,1 L2+1,...WL2+L3—L1

JX(g) N .55(X)O N mn) such that Zl""’zll’ ZL2+1""’ZL2+L3—L1

(resp. w ) are linearly

1Y e Ve 1

independent mod mﬁ. We choose ,Z € }(X)O Ny

ZLQ+L3—L1+1".. n

such that- ,zn are linearly independent mod mﬁ

ZL2+1,...
Since o(ﬂ(X)O nom, / }(X)O nm N JX(f)) =
.SL(X)O N m / .9"(X)O N m N JX(g), we can choose an element LA
(Lo+lg-L1+1l < 1 < n) of }(X)O nom, which projects onto o[zi]
under the projection On,O — QX(g).

We define a biholomorphic map-germ h : Cn,O 9 by Zi°h =

Wi’ Then we obtain the following commutative diagram.



n,o n,o

Qy (1) —Z— Q, (&) 0, o / FX)y =T 0/ 50,

~r

Oh0 / Ix(F) + (X g T 0. (7 Ip(e) + F(X),

Hence we have hﬁﬁ(X)O

#(X),, namely, h € ®(X), and h*JX(f) =

1l

. *
JX(g). Since h JX(f) JX(ffh), we have

(1) Jy(foh) = Ty (g).

Now, by the coherence of @X U (see [1, Prop. 1.4 (i)] and
also [h, (1.5) i)]), there exists a system of vector fields 61,.
..,6k on U which generates GX y @s an OH,U—module sheaf .
We may assume that {51(0),... In(O)} is a basis of @X(O) (=
{6(0) | & € @X 0}) and 51(0) =0 for any i (m+l1l < i < k).

, ro B
For x € U we set Bx;x = <61,...,8m>(9 and @X x =
n,x
<6m+1"' ,8k>@n X. We choose vector fields 6m+1""’5n on U
such that {61,...,6m, 5m+1""’6n} generates Dern’U as an
On U—module sheaf. We may assume that there exist Ny s " {(m+1 <
: n
J £ n) € m ~ such that Si = X lJSJ for any 1 (m+1 < i <
Jj=m+1
k) Then we have m_ QL + 65 = 80 where we set @O = {8
: n X,0 X,0 X,0’ : X,0

€ B I 8(0) = 0}.

X,0
Here, by the law (%), there exists a € ¢ such that



(2) feh - a-g € JX(g),

k A
namely, f<h - a°g = X o.6..8 (o, € 0 ). Moreover, we will

show that

(2') foh - a-g € Jy(g),

0
X,0° 8"

= 0 for any 1 (1 < 1 < m). If not, éay aj(O) # 0 for some

where we set J%(g) = 0 We have only to show that ui(O)

j (1 <j<m. Weset W= {(x,8) €eTC |5 .8(x)=0 for
any 1 < i (# j) < m and Si.g(x) - &(ai(x)) = 0 for any m+l
< i < n} n N*XO, where T 'C% is the cotangent bundle of @n,

X, is the logarithmic stratum ([1],[5]) which contains 0, and

N*XO is the conormal bundle of XO in Cn. Here, remark that

the logarithmic stratification {Xa | ¢« € I} of U for X has

the following properties (see [1, Lemma 1.5 and Prop. 1.7] and

also [h, (3.2) and (3.6)1):

(i) If x € U 1lies in a stratum Xa’ then the tangent

space TXXa to Xa at x coincides with @X,X(X) (= {8(x) | &

€ GX,X})'

(ii) Each logarithmic stratum Xa is an analytic

submanifold of U.

We define Dg : EH,O — T, TO*CD by Dg(x) = (x, (él.g(x),..



..,am.g(x), 6m+l.g(x),...,6n.g(x))). Since. it is assumed that
0 1s an isolated critical point of g on X, by (i) above,
{Dg(0)} = Dg(C") n N'X,

N*XO is an n-dimensional (nonsingular) analytic subvariety of

= W n {Sj.g = 0}. Here, by (ii) above,

TU*CD. Hence, we see that W 1is a curve. Let W' Dbe an
irreducible component of W and # : €,0 — W',Dg(0) be the
normalization map germ. For an appropriate W', we have
(5;.g)8 = 0. Set B' = mef : €,0 = X,, where 7 : N'X, — X

is the canonical projection. Then we have

0

(iii) (Si.g)°B' =0 (1 <1 (# J) < k) and

(sj.g)oﬁ = 0.

Let 0Ofu) denote the order of u when u € Ol 0 = C{t}. By

(1ii) we have

4 (aegep') = (2(ge8")) (s )06')5‘—6‘}-

ac'@°& = ag's j € at ,

where Bj means the Sj—component of B'. Hence O(a-.gef') >
0((6j.g)06'). Since fehef' = acgef’ + (ajoB‘)((sj-g)oﬁ') and

aj(o) # 0, we obtain O(f-h-8') = O((Bj.g)oB'). We write 0O(J)
for the order of a generator of every ideal J c @l 0- Since
O((f-h)-8") > O((Si.(foh))oﬂ') for at least one i (as |6,

p.294]1), by (iii), we obtain

0<(8;.(feh))ep’, ..., (8 .(foh))eB'> < O(f-h-§")



i

O((éj-g)°B')

O<(81.g)°B',...,(Sk.g)oB'>.

But this contradicts (1). Thus we have (2').

S

0
x,0- (feh) c Je(g)

By a similar method, we can show that @

S 0 .
and GX,O'g C JX(foh). Hence we obtain
) 0/, 40
(1') Jy(foh) = Je(g).
Note that in the case where X = ¢, (1') is an immediate
consequence of (1).
Since h € #(X), by replacing f with f-h in (1') and
(2'), we may assume that
0 .0
and
0
(4) £ - a-g € JX(g) (a € 2).
By (3) and (4), we have

0
(5) g - bef € Jo (1),

where we set b = a~!l.

Equations (3) - (5) imply that



(6) ¥ m, + JR(L) = g"my + Jp(e).

4. Proof of Theorem 1, (I) implies (I) (the latter half)

We first remark that in the case where X = ¢, (6) says

% af af - ¥ ag g
frmy + "0 gz, oz 70 TEM T "m0z, 0

n,o0 n,o

This implies that

# k af of k
(7) (f ml)J + mn<azl""’azn>J
_ # Kk g g _ Kk
= (g ml)J + mn<8zl""’azn>J R

where Jk denotes the {-vector space of k-jets at 0 of

elements of @n 0 Set & = R(¢). Let %Ek denote the Lie

group of k-jets at 0 of elements of &% x #¢. Then %%k acts

on Jk. For h € Gn 0’ let hk € Jk denote the k-jet of h at

0. By the complex analogue of [d, Prop. 7.4}, we have

ah an k-

k. k, _ # k
(8) T k(%% h™) = (h ml)J +omy azl""’az >J

h n

Yau [6] has shown that gk € %ﬁkfk from (7) and (8) by applying

the arguments of [4]. Since f and g are finitely determined
with respect to ®¢, it follows that f and g are
®Z-equivalent. But we cannot apply these arguments to our
R(X)Z-equivalence with X # ¢. 1In fact we do not know whether

the set of k-jets at 0 of elements of #%(X) is a Lie group or

_10_



not. Therefore we will show that f and g are

®(X)¢-equivalent without considering any Jjets.

In this section we use the following notations. For h €
_ L' 0 _ 3%
" we set‘ TXd(h) = h myo* JX(h) and TXK(h) = h ml'@n,o
Jg(h). et F : @ xC, 0 xC— CxC, 0xC be a holomorphic
map germ of the form F(x,t) = (f(x,t),t). Then, by F?  we mean

the germ of F at (0,a). We set TXA(Fa) = Fa*(mloz) +

0= = a, _ a
<JXf>0 and TXK(F ) = F (mz)'0n+l,(0,a) +
n+l1l, (0,a)
<Jof> . Abusing the notations, we write 0 for
X0 n+1l
n+l, (0,a)
On+1,(0,a) later on.

In what follows, we define F (resp. G) : " xC, 0xC—
Cx C, 0xC by F(X;t) = (f(x),t) (resp. G{(x,t) =

(f(x) + t(g(x) - g(x)),t)) and H : Pt x C, 0 x €C —
2

¢ x ¢, 0 xC by H(x,t) = (f(x),g(x),t).
From (6) we have
(9) ¥ (m,0,) © Tyd (F%)
and
(10) TXQ(Fa) is an 0;-module via 1
as [2, §5, Lemma 1]. Since f haé an isolated critical point on

X at 0, Jg(f) contains mé for some . Hence TXK(f) (=

TXﬂ(g)) contains mﬁ for some . Hence there exists an

_11_



integer 1 (= 1) such that

l

(11) Mo

c TXK(Ga) for any a € B,

where B 1s an appropriate set (3-0,1) of the form C \.
{finitely many points}. By (3) and (9) we see that TXA(Ga) c
TXQ(Fa). And moreover, by (10), we have

TXd(Ga) + Ga&(mz)TXA(Fa) c TXd(Fa). Consider

= a
TXA(F )

(iv)

a a# — a,
TXd(G ) + G (mz)TXd(F )

This 1is an Os—module via H? as [2, §5, Lemma 2]. By (11) we

have

l

(12) moq

0 — a as = a
<JX(f)>O c TXd(G ) + G (mz)TXﬂ(F ) for any
n+l
a € B.

Hence (1iv) is finitely generated for any a € B. We consider

the hypothesis that
= a as - a, _ a
(13) TXA(G ) + H (m3)TXA(F ) = TXA(F ).
If a (€ B) satisfies the hypothesis (13), then by Nakayama's

lemma (ii) is zero, namely,

- 12 -



= a a* = a, _ ~ a
(14) TXA(G ) + G (mZ)TXA(F ) = TXA(F ).

We set g(x,t) = g (x) = T(x) + t(g(x) - £(x)). Then, by (11),

Y]
0 _n+1 is a finitely generated Oz—module via G2 for any
<J (g, )>
X®t'7Q
n+1
TXA(Fa)
a € B. Hence — 1is also finitely generated.
= a
TXd(G )
: TXﬂ(Fa)
Consequently, by Nakayama's lemma, (14) implies that = is
TXA(G )

zero, namely, TXﬂ(Ga) = TXd(Fa).

We now show that checking the hypothesis (13) is a finite

Ty (FD)
algebraic problem. Set V = ) 0 o - a
mn+1<JX(f)>O + H (m3)TXd(F )
n+1
(For 1, recall (12).). Note that V is a finite dimensional
-vector space and
L 0 = a ax = a
(15) mn+1<JX(f)>@n+1 cC TXQ(G ) + H (mB)TXd(F } for any
a € 8B
Since we may assume that m£+l c TXK(Fa) for any a € B as
(11), we have
21 0,- as A 0
(16) mn+1<JX(gt)>@ + G (mlmz) c mn+1<JX(f)>@ +
n+1 n+l
Ha*(mB)TXA(Fa) for any a € B.
We choose a system of vector fields 31,. "Ek' which generates
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the 0 -module GO . Consider the map induced by
n,o X,0
(31,...,Sk.).Ga + 6**, which maps the finite dimensional C-vector
@§+1 m 0,
space T @ into V. By (16), this map is well
21 Lk o, m
m 172
n+l n+1

defined for any a € B, and {-linear for fixed a. By (15), the
map is surjective if and only if the hypothesis (13) is
satisfied.

By using (3) and (5), we can show that the map is

surjective 1f a = 0 or 1. Thus we obtain

(17) Tyd(6Y) - Txd(Fa) for any a € B.

For g% (the germ of g at (0,a)), we have g¥éa =g - T
€ TXd(Fa). Hence, by (17), for any a € B we have %Eéa €
= a . a a
TXA(G ), namely, there exist ¢~ € mloz,(o,a) and & €
<82 such that Q—éa = 2.6 + 5%.g%. For brevity,
X,0°0 ot
n+l, (0,a)
we take 0 .as a. Let & : C" x C x C, 0 = C" x C, 0 be the
integral of —60 + %f. and ¥ : CxCxCC, 0 — € x €, 0 the
0 a i B n B
integral of ¢ + T Set at(X) = @l(x,o,t) € C and Bt(Y) =
Wl(y,o,t) € €. It is easy to check that o, € R(X) and Bt € Z.
_10_ o = o ) o -4
And we have Bt gt ut gO. Hence every gt is
®(X)Z-equivalent to éO' Since B 1s connected, and contains O

and 1, we see that T and g are ®(X)%¢-equivalent. This

completes the proof that (I) implies (1).

._14__
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80. Introduction

Following Thom's work [9], Dara [4] studied singularities of
implicit first order ordinary differential equations. He first
classified generic singularities of differential equatiOns roughly
into three types (See Theorem 1.2). He also tried to find local
normal forms of generic differential equations. As Bruce [3]
.pointed out, it may be hard to carry out the complete listing of the
normal forms.

In this paper, however, we pursue the classification of a
certain class of differential equations, which is related to the
classification of generic mapping diagram of type R « Rz — Rz,

studied by Dufour [5].

By a first order ordinary differential equation (or, briefly,



a differential equation) on a c” manifold M of dimension 2, we mean
a C” surface R in the manifold PT'M of contact elements of M.

On PT*M, there is the natural contact structure. It is locally
defined by o = dy - pdx = 0, where (X,y,p) is an "adapted
coordinate” around a contact element =z. (For the precise
definition, see §1.)

Our concern is the local classification of differential
equations under the group of point transformations of M. Locally a
differential equation R 1is represented by F(x,y,p) = 0, for some
regular function-germ F on PT*M, or by an immersion-germ

£: (R%,0) — PT™M.

Let ﬁ: PT*M — M be the natural projection. Following Lie,

two immersion-germs T: (RZ,O) — (PT*M,Z) and

T': (RZ,O) — (PT*M,Z') are called equivalent if there exist
diffeomorphism-germs : (RZ,O) —3 (R2,0) and

@: (M,n(z)) — (M,n(z')) such that ¢@-f = f'-¢, where

¢: (PT'M,z) — (PT"M,z') is the lift of o.

If nef and n-f' are both immersions, then f and f' are
equivalent. Therefore our problem is the classification of generic

f up to the above equivalence in the case ¥y = nef 1is not. an

immersion at O.

Now assume that R admits a first integral g of o|R  which

is independent near a contact element =z € R, that is, di A («¢]|R) = 0
and di # 0 near z. If we set u = f'fi - i(z), then
n: (R2,O) — (R,0) is a submersion.-and dm A ¥a = 0. This

situation leads us to the following definition:

- 2 -



Definition 0.1. Let (y,n) be a pair of differentiable map-germ
Y: (RZ,O) — (RZ,O) and a submersion-germ p: (R2,O) — (R,0).

Then the diagram
(R,0) <& (R%,0) X (R%,0),

or briefly (y,un), is called an integral diagram if there exists an
immersion—germ f: (RZ,O) — (PT*RZ,Z) such that dp A i = 0, and

that p = mof.

In this case, we say that the integral diagram (v,n) is induced
by f. Furthermore we introduce an equivalence relation among

integral diagrams as follows:

Definition 0.2. Let (?,u) and (y',u') be integral diagrams.
Then (y,un) is called equivalent (resp. strictly equivalent) to

(',pn") if the diagram

(R,0) —H (%, 0) —Y—— (®R?%,0)

4 /| o

(R,0) —H2 %, 0) —¥Y— &%,0),

commutes for some diffeomorphism-germs «k, ¢ and ¢ {(and «x = id

R) -

With these definitions, our starting pbint is the following fact

(Proposition 2.1):

LLet differential equations f and f' induce integral diagrams



(y,u) and (y',n') respectively. Then, under a rather weak condition
on ¥ = mef and y' = mef', f 1is equivalent to f' 1if and only if
(y,n) is equivalent to (y',un'").

In view of this fact and Theorem 1.2, we classify integral
diagrams of the Whitney type, that is, integral diagrams (v,u) such

that the origin is a fold or cusp point of y (Definition 2.2).

Our main result can be stated as follows:

Theorem A. Any integral diagram of the Whitney type is

equivalent to one of the following integral diagrams (y,u):

(1) v = (U2, v), w=v -~ (1/3)u°,
(2) v = (u, v2), nu=v - (1/2)u,
3 2 4
(83) v = (uv + uv, v), un = - (1/2)u”v - (3/4)u” + geovy,

1l

where g 1is a c” function-germ on (RZ,O) with g(0) gX(O) = 0, and

0) = =1,
gy( )
(4) v = (u, Vo e uv), u =V + gey,
where g 1is a c” function-germ on (RZ,O) with g(0) = 0.
Remark 0.3. In the 1list of Theorem A, each integral diagram

(y,n) is induced by f with the following Kk = peof:

(1) k

il

u ’
(2) k = v,
= o 2 + o
(3) k = (u - g ~v)/((1/2)u gy r),
k

(4)

2 2
3 ° . o 1 3 u ° .
v+ (Bviru) (g oy + v gy Y)Y/ (1 + (3v7+ )gy Y)



The normal forms (1), (2) are obtained by Dara [4]. The types
(2), (4) are of the Clairaut type (Definition 1.2), and their normal
forms are essentially obtained by Dufour [5].

It is interesting to note that the Dufour's results on generic
diagrams relate to Clairaut type equations in our case, which are
non-generic as differential equations, whereas integral diagrams of
type (8), which are non-generic mapping diagrams, correspond to

generic differential equations (cf. Remark 3.2).

By Dufour [5], for the type (4), the uniqueness of the "moduli"
g 1is discussed. Especially, in the real analytic category, g 1s
uniquely determined.
In the real analytic category, we have the following uniqueness

result for the type (3):

Theorem B. Let (y,p) and (y,u') be integral diagrams given by
vy = 2+ uv, v) : (R%,0) — (R%,0),

- (1/2)u2v - (3/4)114 + gey,

1}

, 2 4 ;
i} - (1/2)u”v - (3/4)u” + g’ -y,
where g and g' are analytic function-germs satisfying g(0) =
g, (0) = g'(0) = ¢ X(O) = 0.
If the integral diagram (v,p) is strictly c? equivalent to

(y,n'), then we have g(x,y) = g'(x,y) or g(x,y) = g'(-Xx,y)

By Theorems A and B, we complete the classification of germs

(R,z) of differential equations, which admit independent first



integrals near =z, such that =z 1is a fold or cusp point of
nlR : R — M. Especially, Theorem A (3) gives the normal form for
"singularites a tangent transverse avec fronce" in Dara [4]
(singularities of type (b) in Theorem 1.2), which was not obtained in
his paper.

Moreover, by the aid of the normal forms in Theorem A, one can
describe precisely the behavior of integral curves of R in M (ef.

Remarks 3.3 and 3.10).

In the first section, we give basic.definitions and fix our
terminology following Dara [4].

We reduce the equivalence problem for a certain class of
differential equations to that for integral diagrams in §2. Also,
in this section, the first step of the proof of Theorem A is carried
out.

In §3, we complete the proof of Theorem A, using the Malgrange's
preparation theorem for differentiable algebras. Also we discuss
the relation of Theorem A with results due to Dara [4] and Bruce [3].

In the last section, we prove Theorem B.
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