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DISSIPATIVE STRUCTURE OF PLASMAS
- remarks on electrostatic potential distribution in plasmas -

Zensho YOSHIDA, Hiroshi YAMADA*

Department of Nuclear Engineering, The University of Tokyo
Hongo, Bunkyo-ku, Tokyo 113, JAPAN

*Institute of Plasma Physics, Nagoya University
Furo-cho, Chikusa-ku, Nagoya 464, JAPAN

1. Introduction

This paper studies one-dimensional electrostatic potential distributions in plasmas. The
object of our analysis is a classical problem of plasma physics, which has been originally stu-
died by Bohm [1] for the plasma sheath formation, however, some subjects are of up-to-date
interest related to the theory of dissipative structures. We study mathematical classifications
of equilibrium models with discussing real characteristics of governing partial differential
equations (PDE’s). We show the dissipative structure of dynamical systems is strongly
related to characteristics. We start with reviewing some explicit examples of various type of
static (temporally homogeneous) problems in physics. The electrostatic potential problem is
an example of elliptic-hyperbolic PDE’s, which is an important class of static problems that
exhibits significant dissipative structures Structural instabilities of the plasma potential distri-
butions are discussed in Sec.4.

2. Preliminary Examples and Classification of Steady-State Equations

We review some examples of steady-state problems in mathematical physics, and make
a basic remark on the characteristics of PDE’s from the view-point of dissipative structures.
We cite simple and typical examples.

A. Elliptic Systems

The Laplace equation is the most typical steady-state PDE’s. Physis examples described
by this class of PDE's are electrostatic potential distributions, vector-potential distributions
for static magnetic fields, steady-state stress distributions, steady-state temperature, density,
and probability distributions in diffusion systems, etc. These are linear elliptic PDE’s. Stan-
dard boundary-value problems are uniquely solvable. The steady states of this class of prob-
lems are characterized by the boundary data.

B. Hyperbolic Systems

When the steady-state equations are hyperbolic type, we should supply "initial data" to
integrate the equations. Here, the term "initial" might be confusing. It implies purely
mathematical classification of integration data, and is not necessarily related to the physical
time. The Hamilton-Jacobi PDE’s of classical dynamics,

8, + H(x,0,) =0

with a temporally-homogeneous Hamiltonian, is the most important example. The real
characteristics are described by the corresponding characteristic and bi-characteristic ordinary
differential equations (ODE’s), viz., the Hamilton canonical ODE’s

dx/dt = 8, H(x,p), dpl/dt = —3, H(x,p).



When the Hamiltonian is not explicitly time-dependent, and when we supply temporally-
homogeneous "initial condition", viz., constant particle source at the initial position, 8, drops,
and the system describes steady particle flows. The term "initial" then implies the start points
of the particle orbits that are the characteristics. To avoid confusion, let us address such
temporally-homogeneous initial date to "I-data", while let us call the noncharacteristic boun-
dary data "B-data".

The Liouville equation
af+1{f,Ht=20

is an alternative and equivalent expression of the classical dynamics. The dependent variable

f stands for the particle density in the phase space (x,p). The structure of the equilibrium is
perfectly correspondent to the I-data.

C. Elliptic-Hyperbolic Systems

Elliptic-Hyperbolic mixed systems are mostly general and interesting model equations.
The equilibrium is not fully determined by B-data, but I-data should be also prescribed to
find an equilibrium. It is usually very hard to develop a general mathematical theory for an
elliptic-hyperbolic system when the characteristics is dependent to the dependent variables.
The steady-state Euler equations of ideal incompressible flow is a typical example of such
equilibrium problems;

(v,grad )v + gradp = 0, divv = 0.
Characteristic equation for this system is

(grad Y)?-(v,grad y)? = 0,

which says the system is two-elliptic and two-hyperbolic, and the characteristics if the flow
curves themselves.

There are also some examples of elliptic- hyperbolic equilibrium problems in plasma
physics. The magnetohydrodynamic equilibrium equation

(xrot B)XB = gradp, divB =10

is a system of two-hyperbolic and two-elliptic PDE’s. We should supply two of independent
I-data. Physically they correspond to the distributions of the pressure and the force-free
field. When we consider two-dimensional (3/dz = 0) problems, the magnetostatic equation
reduces to the Grad-Shafranov equation:

L = (1($)Y) + p(é)

where L is an elliptic differential operator (Laplacian), ¢ is the flux function, I(¢) is the dis-
tribution of the z-component of the magnetic field, and p(¢) is the distribution of the pres-
sure.

Another important example is the ion-sheath and ion-acoustic-shock problems of elec-
trostatic plasmas. When we consider that the dynamics of ions is fully conservative and the
dynamics of electron is fully relaxed (dissipative), and when we consider one-dimensional
problems, the self-consistent ion-sheath equation reduces to the Bohm sheath equation (see
Sec.3);

le = V’(ll‘_P)s

where V(¢*) is the so-called Sagdeev potential (see Eq.(2)), and P is a constant. Formal
analogy of both equations is worthwhile noting. Structures are subject to the characteristic
functions; for the Grad-Shafranov equation, p(¢) and I(¢), and for the Bohm equation,
V(U—P). These characteristic functions are related to the dissipative structure of the sys-
tems. In the next section, we discuss the physical background of the Bohm equation.



3. Bohm Equation

We consider an electrostatic plasma in the one-dimensional half space (0, +). The
stationary electro-static potential distribution in a plasma is governed by a model equation
called Bohm equation:

L = (1= 2M24) % — o, @
where

=y - P,
Y is the electrostatic potential normalized by the thermal energy of electrons, and
L = —d%dx? is an elliptic differential operator of one dimension. The coordinate x is nor-

malized by the Debye length. The model was firstly studied by Bohm for the sheath potential
of plasmas contacting with walls [1]. The model is also related to the ion acoustic shock.
Sagdeev introduced the so-called Sagdeev potential to study oscillating solutions for the
model equation [2].

The Bohm equation has two independent parameters; M is the Mach number defined by
M := [(kinetic energy of ion)/(thermal energy of electrons)]'?,

and P is the potential deep inside the plasma. The first and the second terms in the right-
hand-side of Eq.(1) correspond to the densities of ions and electrons, respectively. Using the
Sagdeev potential, we write Eq.(1) as

Ly = V' (¥*), (1)
where the Sagdeev potential V({*) is defined by
V) = 1-e¥ ML= (1 =2y ) @)

The Bohm equation is a nonlinear elliptic differential equation. We consider
boundary-value problems for the equation. We set

() =0, 3)
lim y(x,) = P, 4)

n-w

where the limit is taken for a certain sequence {x, ; n=1,2,- - - } which satisfies lim x, = +c.

This limit is generaly dependent on the choice of the sequence. The condition (4) implies
that the potential §(x) should not deviate from the value P, but may oscillate around P. Phy-
sically P corresponds to the potential inside the plasma where the ion is originated. There-
fore, the value Y* = § — P is the potential difference that the ion feels. We do not consider
that the ion is originated at the mathematical infinity. The weak boundary condition (4) per-
mits a large variety of solutions for the model equation (see Sec.4).

4. Mathematical Technique to Sclve Bohm Equation

In this section, we prepare mathematical background and note some non-trivialities.
The Bohm equation is a nonlinear elliptic differential equation, so the solvability, the unique-
ness, bifurcations of solutions, and the stabilities are subjects of mathematical considerations.
Let us start with reviewing the simplest solution for the Bohm equation, that is the Bohm-
sheath solution, and then discuss mathematical problems concerning the structural stability of
the sheath solutions.

When we linearize the Bohm equation, we have
Ly = a(—P), (a:=M>-1). (5)
Equation (5) has different characters for M>1 and M<1 regimes. For M>1, Eq.(5) has a



unique solution for every P €R:
P(x) = P[1 — e Vos], (6)

A mathematical question is the solvability of the original nonlinear equation (1) for given P
and M>1. Another question is the structural stability of the solution. The solution (6) for
the linearized equation (5) satisfies the boundary condition (4) in a stronger sense; viz., the
function asymptotically converges to P as x - +. Since we set a weaker condition, we may
expect a wider class of solutions for the nonlinear equation. The ion-acoustic-shock solutions
are given by the structural instability of the asymptotic solutions. These points will be dis-
cussed in the next section.

In the region M <1, the linearized equation (5) is of the Helmholiz type, and the equa-
tion has non-trivial solutions for P=0. This implies the possibility of bifurcation of solutions
for the original nonlinear equation (1). To answer the above-mentioned questions, the Sag-
deev method using a formulation of initial-value problems is useful.

Although the formulation is essentially a boundary-value problem, we may take the
advantage of one-dimensional differential equations, and convert the boundary-value problem
to an initial-value problem (IVP) for an ordinary differential equation. By this technique, we
easily find structurally unstable solutions; see section 4.

We consider initial values at x = 0;
$(0) = 0,
$'(0) = v,

where v is a certain number that should be determined to meet the boundary condition (4).
Using the analogy of Newton’s equation (x: time, {: position), V({s): potential energy, y'%2:
kinetic energy), we may easily find v that matches the boundary condition (3). This IVP
technique for solving the Bohm equation has been given by Sagdeev to find oscillating solu-

tions. In the next section, we will study the mathematical structure of the Bohm equation
using the IVP method.

5. Solvability and Structural Stability

The IVP method has an advantage in studying the structural stability for the Bohm
equation. Figure 1 shows the numerically calculated Sagdeev potential. We can construct
solutions by starting from x(considered to be the time) = 0 with y*(0)(considered to be the
initial position) = —P and *'(0)(considered to be the initial velocity) = v. The boundary
condition (4) should be finally satisfied. Therefore, the curve {*(x) should stay around 0 in
the sense of the weak convergence of the condition (4). The initial value v is chosen to
satisfy this condition. The analogy of one-dimensional Newtonian dynamics easily explains
‘the method to find the solution.

First let us consider the case of M=1. We should set
V32 = V(—P), (M

to get the asymptotic convergence of y*(x) to 0 at x-~+. Figure 2(a) shows the asymptotic
solution that corresponds to the Bohm sheath. The asymptotics §* = 0, however, is top of
the potential, so that the structural instability may give bifurcated solutions. When we start
with a little bit larger velocity v, we get oscillations in the region of y*=0, if we may include

some dissipative structure; Fig.2(b). The oscillating solution is the ion-acoustic shock, which
has been given by Sagdeev.

Next, let us discuss the regime of M<1. When M <1, the position y* = 0 is the bottom
of the Sagdeev potential. Because of this structural change in the Sagdeev potential, we see a
drastically different behavior of solutions. There is no asymptotic solution. Only oscillating
solutions may exist. The weak boundary condition (4) retains such pathological solutions.
Figure 2(c) shows a typical oscillatory solution in the 4 <1 regime.



Figure 3 shows the solvability and classification of solutions for the Bohm equatiomn.
The Sagdeev potential is not defined in the regime y* = ¢*, := M%*2. The potential differ-
ence Y* = Y*_ is large enough to stop the transit motion of ions. When ions are stopped by
the potential barrier, positive charge accumulates, so that steady solutions do not exist. The
no-solution region 'C’ in Fig:3 is given by the positive potential barrier. In the region ’A’,
the Bohm equation (1) has normal positive-ion-sheath solutions (Fig.2(a)) and ion-acoustic-
shock solutions (Fig.2(b)). In the region’B’, only oscillating solutions (Fig.2(c)) exist.
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In this talk, we investigate the existence theorem of a stable manifold for a quasi-

linear parabolic equation and variational problems in geometry. First we prepare some
notations:

o (M, g): a closed Riemannian manifold,
o H: a vector bundle over M with projection =,
o H™(M, H): the m-th order Sobolev space on the sections of H.

We consider a class of quasi-linear parabolic equations of the following type:

(1) { % =—J(u)+ N(u), for u(t,-)eI'(H)
U(O) = UQ,

where J is an elliptic operator of 2k-th order and N(u) represents the non-linear part of
the equation. Moreover, the equation satisfies the following three conditions:

(C1) The zero is a stationary solution of (1),
ie, —J(0)+ N(0)=0.

(C2) (J(u),w)pz > Au,u) 2 for some A € R, and J is self adjoint with respect to L.
(C3) For m > +dimM + 2k and for u,v € H™¥(M, H) such that ||u]| gm+, ||v]| gmtr < 1

we have

IV (u) = N()ll gt < Clllull g llu = vll gnse + Nl = 0l |z [|0]] grmse],

and
N(0) =0.
The main result on the existence of stable and unstable manifolds, briefly stated, is:

The 13-th Sapporo PDE H. Narro



Theorem A For the stationary solution 0 of (1), there exist

(a) a finite codimensional stable invariant manifold whose eleménts are close to 0,

(b) a finite dimensional unstable invariant manifold whose elements are close to 0.

Remark. 1In the above theorem,

(a) the codimension of the stable manifold is equal to the dimension of negative and
zero eigenspaces of J,

(b) the dimension of the unstable manifold is equal to the dimension of negative
eigenspaces of J.

Another purpose of this talk is to introduce the asymptotic stability of the gradient
flow of a variational problem in geometry.

Theorem B  For the functional
L6) = [ D)@ duu s € CP(B),

where F is a smooth fiber bundle over (M, g), we suppose that s is a weakly stable
critical point and that the connected component of critical set which contains s; is non-
degenerate. Then the equation of the gradient flow of L:

0s
i —EL(s)
5(0) = s

has unique solution provided that Fuler-Lagrange operator of L: EL is elliptic and that sq
is close to sy. Moreover the solution tends to a critical point ast — co with exponential
order.

One of the most important example of variational problems is harmonic maps. Let
(M, g) and (N, k) be closed Riemannian manifolds. ¥or smooth map f : M — N, the
energy functional is given by

() = [ |1 dps.

A harmonic maps is characterized by a critical point of the functional. The Euler-
Lagrange equation of the functional is a second order semi-linear elliptic equation. Ap-
plying Theorem B, we obtain a stable manifold theorem for the equation of the gradient
flow (which is called the Eells-Sampson equation).

Another important example of variational problems is the Yang-Mills connection. The
Euler-Lagrange equation of the Yang-Mills functional is not elliptic. However, we can
avoid this difficulty and obtain a stable manifold theorem. (See [MK,KMN)).

Finaly, we note that this talk is based on [N3].
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Singular Limit of the Alfven Number

for Incompressible Ideal Magneto-Fluid Motion

Shun'ichi Gotoh

We discuss the singular limit with respect to the Alfven number
for the incompressible ideal magneto-fluid motion in the three
dimensional Euclidean space R3 or the torus TS (i.e., the periodic
motion) which is denoted by G.

In the fluid dynamics there appear many systems of non-linear
differential equations involving parameters such as the Mach number
and the Alfven number etc.. One problem on the singular limit is to
determine the limiting system which has a completely different
property comparing with the original system, as such a parameter
tends to some value.

When the system is hyperbolic, this problem has been studied in
G.Browning - H.-0.Kreiss [2], S.Klainerman - A.Majda [5], A.Majda [6]
and S.Schochet [T7]. In particular, Browning and Kreiss studied the
Alfven 1imit for the compressible magneto-fluid motion as an example
of their theorem. However, to show this, they needed more
assumptions on the initial data than those in other papers above.

The purpose of this note is to determine the limiting system for
the incompressible magneto-fluid motion under the natural assumptions
on the initial data. In RB the limiting system becomes the
equations of the magneto-static field (see (1.8)). And, in TB it
becomes the system involving two dimensional convective derivative

(see (1.6)) but the author does not know whether its physical meaning



has been clarified.

We consider the following system involving a large parameter o,

(1.1.a) (3 +(va,v))Va+Vpa+a2HaXrotHa=O
t

(1.1.b) (8t+(va,V))Ha—(Ha,V)Va=O in [0,T%*1xG

(1.1.¢) div v¥=div #%=0

(1.1.d) v*(0)=v
Here the fluid velocity Va=va(t,x)=t(v$,v

H“=H“(t,x)=t(H§,H

o

o 0
0’ H (O)—HO on G.

o
2 ’

Hg) and the pressure pa=pa(t,x) are unknowns

vg), the magnetic field

104
2 ’

depending on o. The reciprocal of a is the Alfven number which 1is

in proportion to IVmI/leI, where IVmI,IHmI are typical mean values

of these quantities.

(1.

We assume that the initial data (1.1.d) satisfy

o = -1l .o o 0 s
2) H,=H+o Ky» (VO.KO)EHO(G),

where H is a non zero constant vector and s>3 is an integer.

Throughout this note, Hr(G) denotes the Sobolev space of the Lz—type

with inner product (-,-)r and norm II-IIr and HE(G) denotes the

solenoidal subspace of Hr(G).

(1

(1.

(1

(1

.3.d) v¥(0)=v

Setting K%=o(H®-f1), we can write (1.1.a)-(1.1.d) in the form

.3.a) (at+(v“,v))v“+K“xrotK“+v(p“+aﬁ-K“)—u(ﬁ,v)K“=o

3.b) (at+(v“,v))K“—(K“,v)v“—a(ﬁ,v)v“=o in [0,T%1xG

.3.¢c) div Va=diV Ka=0

X
O ’

It is known that, for fixed o, there exists a local in time unique

K“(0)=Kg on G.

classical solution of (1.3.a)-(1.3.d) (for example, see [1],[4]).

The solution belongs to the following function space

(1.

a.a) (v E%eccro,m™1;u5(6))nct (10, 1%1;8% 71 6))



(1.4.b) wp®ec(ro,1%1;8°71(0)).

In addition to (1.2) we require the following assumptions on the
initial data: there exist vector field (VE,KS)GHE(G) and a constant
AO>O such that
(1.5.a) (vg,Kg) - (Vg,Kg) in 1°(G), as o » =,
1£ AO.

We note that (1.5.a) and (1.5.b) imply that (ﬁ,v)vg=(ﬁ,v)Kg=O and

= o = o
(1.5.b) aH(H,V)VOHS_1+aH(H,V)KOHS_

there exists a constant Al>0 such that

o o
(1.5.¢)  Ivgh +IKyl < A, .

Now, our main results are the following

THEOREM Assume that (1.2),(1.5.a) and (1.5.b) hold. Then there
exist a constant T%>O, independent of o, and vecter fields
(v*,k")ec(r0,1, 1;:8%(6))nct ([0, T, 1;H%71(6))
such that
(v*, k% - (v7,K") weak® in Lm([O,T*];HS(G)), as o - o,
and (Vw,Kw) is a unique solution of the following system
(1.6.a) (8,+(V",v))v +K xrotK +vq" - (i, v)L.”=0
(1.6.b) (8, +(v",v))K (K~ ,v)v - (H,7)u"=0
(1.6.¢) div v =div K =0, (H,v)v =(H,9)K =0 in [0,T,_1xG
(1.6.d) div u =div L"=0
(1.6.e) v (0)=vy, K (0)=K; on G.
Here (vq™, (H,v)u”, (4,v)L") is uniquely determined by
(1.7)  (v(p%+ofi-K%) 0 (f1, V) v, o (i, VKF) - (va”, (,v)u”, (7, v)L7)

weak® in L7([0,T, 1;H%71(0)).

Remarks (1) It follows that (qu,(ﬁ,v)um,(H,v)Lm)eC([o,T*];Hs“l(G))



2
loc

(2) If G=R3, then (ﬁ,V)Vm=(ﬁ,V)Km=O imply vo=K"=0. Therefore,

and (q”,u”, L™ eL”([0.T,1;L2 (R®)) or L™([0,T 1;L4(T%)).
(1.6.a)-(1.6.d) are simply described by

(1.8.a) vq -(H,v)L”=0

(1.8.b) (i,v)u"=0 in RS.

(1.8.c¢c) div u =div L"=0

The sketch of the proof to our theorem is as follows. We show
the energy estimates of the solutions to (1.3.a)-(1.3.d), which are
uniformly to «. Next, it is proved similar to [6] that the
solutions converge as o =2 =, Finally, to determine the limiting

system, we essentially employ the following

LFEMMA Let {Va(t,x)} be the sequence of functions satisfying the
following assumptions:
(1.9.a) Vv%ec([o,T, 1;H(G))

and there exists a constant A2>O, independent of o, such that

(1.9.b) H(ﬁ,V)Va(t)H A for any te€[o0,T, 1.

s—lS

Then, by passing to a subsequence, there exists a function'Vm(t,X)

2

such that, as o - =,
o a * @© _2
(1.10.a) V" -V weak in L ([O’T*]’Lloc(G))’
(1.10.b) (H,9)V*=(il,v)v® » (I,9)V"  weak” in L™([0,T,1;8°7(C)),

where V¥(t,x)=v%(t,x)-v¥(t,x-(H/1fI,x)T/IT]).

Remark In the case of G=R3, Lioc means localization in the direction

to H.



For the detailes of the proof see [3].
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SINGULAR LIMIT APPROACH TO STABILITY AND BIFURCATION FOR
REACTION DIFIUSION SYSTEMS

— The SLEP method and its applications —

Yasumasa NISHIURA
Institute of Computer Sciences, Kyoto Sangyo University

Kyoto 603, Japan

Patterns with sharp transition layers appear in various fields
such as patchiness and segregation in eco-systems, travelling waves in
eXxcitable media, striking patterns in morphogenesis models, dendric
patterns in solidification problem, and so on.

The most simple but substantial model system, to which most of the
above ones fall, is given by the following reaction-diffusion

egquations:

u = d,Au + f(u,v)
s 1

(P) on 9,

vy, = dzAv + 5g(u,v)
where d1 and d2 are the diffusion rates of u and v and & is
the ratio of the reaction rates. The region @ 1is either (-4, 2), R,
a rectangle, or a channel. The Neumann boundary conditions is added to
(P), if necessary. It is usually assumed in (P) that one of the

following conditions holds:

(a) Difference in the diffusion rates of u and v;

(b) Difference in the reaction rates of u and v;

{c) Combination of (a) and (b).
Most of the symmetry breaking stationary patterns in the framework of
Turing's diffusion driven instability fall into the first category.
One of the well known models is the Gierer and Meinhardt equation

describing morphogenetic patterns. Propagator-controller systems



including a simple skelton model for the B-Z reaction lie in the second
category. It is essential for such systems that one of the components
reacts much faster than the other. Formally speaking, the
FitzHugh~-Nagumo eguations belong to the third category in which the
second component v does not diffuse and reacts much slower than the
first one. However, the qualitative behavior of solutions of the FHN
equations is almost similar to those of propagator-controller systems.
For this reason, the FHN equations fall essentially into the second
category. Moreover, for this specific model, there are already several
results for the stability of the travelling pulses.

Here, we focus on the third category where the first component u
reacts much faster than the second one v, although u diffuses slower
than - v (See [3]1 and [4] for the first category case). More

specifically, we use the new paremeters
T = 6//d1 , D = dz/é
and rewrite (P) as

J gtu, = €7°Au  + £(u,v)
(P)S,t
vy = DAv + g(u,v) ,

where we used the new time variable t = 8s. We assume that € (> 0)
is sufficiently small. Therefore, we can use the singular perturbation
method to obtain, for instance, stationary solutions and travelling
waves. The most simple example for the nonlinearities £ and g is
that £ 1is cubic-like and g 1is a linear function of u and v. The
parameter T and £ are called the relazration and layer parameters,
respectively, since Tt controls the ratio of the reaction rates and

£ represents the width of the transition layer. Note that (P)

g, T

covers all the above three categories, when T varies in R+. In



fact, when <t = 0(1/g) (resp. 0(g)), it belongs to the class (a)(resp.
(b)), and when T = 0(1), it falls into the class (c). In this sense,
we may say that the category (c¢) is the intermediate one between (a)
and (b). It should be noted here that the typical patterns observable
in the classes (a) and (b) are different: stationary patterns are
stable in the category (a), while propagating waves are more common in
the category (b). Roughly speaking, the fronts always settle down
somewhere in (a), however they move to some direction in (b).
Therefore, one can imagine that some kind of transition process might
happen to the structure of solutions, when the system shifts from (a)
to (b) (i.e., T decreases in (P)S,r)'
In this talk, we mainly focus on the one-dimensional case (i.e.,
Q = I ¢ R), and consider the following problems.
(1) Find the observable patterns in the category (c), and clarify
their stability properties.
(2) Describe the transition process when the system shifts from (a) to
(b), and, especially, what kind of bifurcation phenomena occurs
when <t decreases 7
Before stating the third problem, we remark the following fact. For an
appropriately fixed =T, the stable patterns in the category (c)
drastically change depending on whether I is finite or not. Namely,
we have the layer oscillation (spacially inhomogeneous and time
periodic solutions) for the finite interval case, while the travelling
front solutions appear for the infinite line case. In other words,
there appears a Hopf bifurcation for the finite case, but a static
bifurcation of travelling type for the infinite case. Thus, the last
problem 1is
(3) How the structure of the bifurcating solutions in the category (c)
is deformed when the length £ of the interval becomes infinite.
The answers for the problems (1) and (2) aré already obtained ,at least

partially, in [11, [21, (61, and [7]. For the third problem, it has



been proved in [2] that the behavior of the critical eigenvalues
causing the bifurcation is deformed continuously when the length (
tends to infinity.

In order to deal with the above problems rigorously, we always
face to the difficulties coming from the largeness of the amplitude
(because of the existence of sharp transition layers) and the smallness
of € . Nevertheless, at least for the existence of layered solutions,
several methods have been developped systematically. For instance,
singular perturbation method (or matched asymptotic method) is one of
the most powerful and constructive methods. However, there have been
very few uUnified approach to treat the stability and bifurcation
problems for large amplitude singularly perturbed solutions. There are
several reasons for this. First of all, since the singularly perturbed
solution has a sharp front at each layer position which becomes a
discontinuous point as € ! 0, the eigenfunctions of the linearized
problem at the singularly perturbed solution in general do nof remain
as usual functions when € { 0. Also one of the linearized equations
becomes an algebraic one, since the the derivative of the second order
vanishes as g€ 1 0. Secondly, for the bifurcation problem as in (2),
how one can control critical eigenvalues (i.e., Re-parts of them are
close to zero) of the linearized problem at a singularly perturbed
solution uniformly with respect to small €. Despite these
degeneracies, the most desirable thing is to find a nice limiting
system from which one can extract necessary information on the behavior
of the spectrum for small g.

For that purpose, some blowing up technigque is necessary to take
advantage of the smallness £, otherwise just formal limiting arguments
(when € = 0, not g ! 0) bring us insufficient information on
stability properties of sin~ularly perturbed solutions.

The basic tool, which will be employed here, to overcome the

above difficulties is the Singular Limit Eigenvalue Problem (SLEP)



method which enables us to study stability and bifurcation problems of
singularly perturbed solutions (see [2], [31, [41, [51, [6], and [71]).
The key idea of the SLEP method is to reserve the information coming
from layers in the form of the distiribution along the interface (the
Dirac’s point mass distribution in one-dimensional case) of the
linearized problem as g€ 1 0. The weight function of mass distribution
plays an important role to determine the behavior of critical
eigenvalues. An appropriate €-scaling to eigenfunctions of the scalar
operator 82A + fi ({1,1)-component of the linearized problem) is
crucial to derive the SLEP system. It is expected that the SLEP method

could solve the similar problems in higher and general domains (see

also [51).
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In the present paper we consider the solution of the Schrodinger

equation:

. du _
(1) 1 a3t - Au + f(u), u(0,x) = o(x),
where A is the Laplace operator on RN, u:[0,T) x RN -C, T is a
complex-valued function such that f(z) =~ - Ile/4z as |z] » = and ¢ €
al .

. ) p-1 R # *
In the special case of f(z)= - |zl 7z with p €(1, 2 -1)(where 2

- 29N/(N-2) if N = 3, otherwise 2" = + =), it is well known that for p
> 1 + 4/N, there are singular solutions of the equation (1) for
suitable initial data (See Zakharov, Sobolev and Synackh [16],
Glassey [5] and M. Tsutsumi[12]). That is, there are some solutions
u(t) of the equation (1) such that u(-) € C([0,T); Hl) and

1im Hu(t)HHl = + o, We study the behavior at time T of blow-up
t->T

solutions u(t) in the critical case p = 1 + 4/N. For N = 2, this



case has a physical interest: it can be considered as the first
approximation of a model of a planar beam which is propagating along
a single direction t in RS.

The phenomena which ocecur in the case where p = 1 + 4/N seem to
be quite different from the other cases. Indeed, for p < 1 + 4/N,
blowing-up in finite time never occurs (Ginibre and Velo [3]). For p
= 1 + 4/N, there are some examples of explicit blow-up solutions
without a strong limit in L2 at blow-up time (see Weinstein [15] and
Nawa and M. Tsutsumi [9]). In the supercritical case 1 + 4/N < p <
2*-1, the numerical computations (Lemesurier, Papanicolaou, C. Sulem
and P.L. Sulem [7]) and some mathematical analysis (Merle [8])
suggest that every blow-up solution has a strong limit in L2 at the
blow-up time.

In addition, in the critical case the explicit examples of
blow-up solutions lose their L2 continuity because of a "mass
concentration" phenomenon. That is, the L2 density concentrates at
the blow-up point (see Weinstein [15] and Nawa and M. Tsutsumi [9]).

In this paper, in the case where f(z) behaves like the critical

power - Iz|4/Nz as |zl - +», we consider the following two questions:

Are there some blow-up solutions with a strong limit in L2 at
blow-up time?

Does the L2 concentration occur for the other blow-up solutions
than the already known explicit blow-up solutions?

We assume that f:C -» € satisfies the following assumptions:

(F.1) f(0) = 0.

(F.2) f is a continuously differentiable function such that

there is g: R + R such that f(z) = g(lzlz)z.



r-1
for some c¢

(F.3) f(z) = h(z) - lzI1*/N

7z where |h'(z)l| < clzl
> 0 and 1 < r < 1 + 4/N.
Under the assumptions (F.1)-(F.3) the equation (1) has a unique

solution u(t) 1in Hl and there exists T such that u(t) € C([O,T);Hl)

and either T = +« or lim Hu(t)HHl = +o (see Ginibre and Velo [3][4],
t->T

Kato [5] and Cazenave and Weissler [1][2]). 1In addition, we have for
all t € [0,T)

(2) Hu(t)HL2 = H@HLZ ,

(3)  E(u(t)) = Ivu(t)I72 + JE(lu(t,x)1)dx = E(o),

where F(p) = 2f8f(s)ds.

We have the following theorem which answers to the first
question:

Theorem 1. Assume that f satisfies (F.1)-(F.3) and ¢ € Hl.

If the solution u(t) in C([O.T);Hl) of the equation (1) blows up at
t = T, then there 1is no sequence {tn} such that tn - T and u(tn)
converges strongly in L2 as tn =T,

Remark 1. It is already known that when f(z) = - lzl4/Nz we can
construct a local L2 solution of the equation (1) for all initial
data in L2 (see Cazenave and Weissler [2], Y. Tsutsumi [13] and
Strauss [11]). Therefore Theorem 1 implies that for an initial datum
¢ € Hl the blow-up solution can not be extended beyond the blow-up
time in the strong topology of L2. That is, the blow-up time in the
Hl framework 1is the same as the blow-up time in the L2 framework.

Remark 2. Theorem 1 is the first result of nonexistence of a



strong limit in L2 in the case where h # 0. Indeed, we do not have
to assume the pseudoconformal invariance which is essentially used to

find explicit examples of blow-up solutions.

Assume now that ¢ has a spherical symmetry and so u(t) has the
same symmetry. This symmetry implies that the L2 concentration

occurs at the origin at the blow-up time.

Theorem 2. Assume that f satisfies (F.1)-(F.3), ¢ has a
spherical symmetry and N > 2. If the solution u(t) in C([O,T);Hl) of
the equation (1) blows up at time t = T, then the origin 0 is a
blow-up point and for each R > 0

lim inf flu(t)ll, 2

> qQl, 2 ,
T L°(IxI<R) L

where Q is a ground state solution of the equation:

1) - Au + u - lu|4/Nu =0 in RN.

Remark 4. If X, € RN satisfies

lva(t) | - + @ (t-T)

L2 (1x1<R)

for any R > 0, then we say that x, is a blow-up point.

0

Remark 5. It is already known that there is a ground state
solution of (4), that is, the non-trivial least energy solution of
(4) (see, e.g., Weinstein [14]1). In addition, we remark that the
lower bound HQHL2 in Theorem 2 depends only on the behavior of f at
infinity.

4/N

Remark 6. In the case where T(z) = - |zl z -and HQHLZ = HQHLZ,

Weinstein proved Theorem 2. Theorem 2 covers the more general



nonlinearity and the spherically symmetric initial data with HwHL2 =
HQHLZ

Remark 7. 1In Theorem 2 we do not have to assume the
pseudoconformal invariance.

Remark 8. Theorem 2 is optimal in the following sense: there is
an explicit example of blow-up solution such that for all R > O

lim inf flu(t) |

2 = Qi 2
T LT(IxI<R) L

REFERENCES

[1] T. Cazenave and F.B. Weissler, The Cauchy problem for the
nonlinear Schrodinger equation in Hl, preprint.

[2] T. Cazenave and F.B. Weissler, Some remarks on the nonlinear
Schrodinger equation in the critical case, preprint.

[3] J. Ginibre and G. Velo, On a class of nonlinear Schrodinger
equations; I: The Cauchy problem, J. Funct. Anal., 32 (1979)1,
1-32.

[4] J. Ginibre and G. Velo, The global Cauchy problem for the
nonlinear Schrodinger equation revisited, Ann. Inst. Henri
Poincare, Physique Theorique, 4 (1985), 309-327.

[5] R.T. Glassey, On the blowing-up of solutions to the Cauchy
problem for the nonlinear Schrodinger equation, J. Math. Phys.,
18 (1977), 1794-1797.

[6] T. Kato, On nonlinear Schrodinger equations, Ann. Inst. Henri
Poincare, Physique Theorique, 46 (1987), 113-129.

[7] B. Lemesurier, G. Papanicolaou, C. Sulem and P.L. Sulem, The



focusing singularity of the nonlinear Schrodinger equation ,
preprint.

{81 F. Melre, Limit of the solution of the nonlinear Schrodinger
equation at the blow-up time, to appear in J. Funct. Anal.

[9]° H. Nawa and M. Tsutsumi, On blow-up for the pseudoconformaly
invariant nonlinear Schrodinger equation, to appear in Funk.
Fkva.

{10] L. Nirenberg, Remarks on strongly elliptic partial differential
equations, Comm. Pure Appl. Math., 8 (1955), 648-674.

[11] W.A. Strauss, Everywhere defined wave operators, "Nonlinear
Evolution Equations™, p.85-102,1978, Academic Press, New York.

[12] M. Tsutsumi, Nonexistence and instablity of solutions of
nonlinear Schrodinger equations, unpublished.

[13] Y. Tsutsumi, L2~solutions for nonlinear Schrodinger equations
and nonlinear groups, Funk. Ekva., 30 (1987), 115-576.

[14] M.I. Weinstein, Nonlinear Schrodinger equations and sharp
interpolation estimates, Comm. Math. Phys., 87 (1983), 567-576.

[15] M.I. Weinstein, On the structure and formation of singularities
in solutions to the nonlinear dispersive evolution equations,
Comm. Partial Differential Equations, 11 (1988), 545-585.

[16] V.E. Zakharov, V.V. Sobolev and V.S. Synackh, Character of the
singularity and stochastic phenomena in self-focussing, Zh. Eksp.

Teor. Fiz., Pis'ma Red, 14 (1971), 390-393.



Ly — L, estimates for selutions of
the nonstationary Stokes equation in an exterior domain
and the Navier-Stokes initial value problems in L, spaces
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1. INTRODUCTION

Let {2 be an exterior domain in R*, » > 3, with smooth boundary &{2. Comnsider the
exterior nonstationary problems for the Navier-Stokes equation:

S —Au+(nw - V)u=—=Vp in(0,c0) x §2,
dive =0 in (0, c0) x 2,
wlop =0 on (0, c0) % 842,
w(z,0) = a(z) in 2.

(NS)

In this note we show that if the initial data a(z) is a small solenocidal vector function in
L, (£2)™, then there exists a unique global strong solution »(¢,z) to (NS) with some decay
properties. To do this, we shall follow the argument of Kato [7] so that the crucial step
consists in obtaining Ly — L, estimates for the semigroup generated by the Stokes operator
in the exterior domain {2 and its derivatives of first order. We arrive at the L, — L,
estimates by studying the resolvent expansions. The basic 1deas are simmlar to those of

Iwashita-Shibata [5] and Shibata [10] (see also Vainberg [11]). All the details in this note
are given in Iwashita [6].

2. STATEMENT OF THE MAIN RESULTS
Let 1 < ¢ < 0o and set

Jg(£2) = the completion in L, (£2)" of {u € C5°(2)";divu =0}.

We denote by P the projection from L, (£2)™ onto J,(§2). The Stokes operator A is defined
by A = —PA with dense domain

DQ(A) = {u E Wf(ﬂ)n; ‘ulag = 0} N JQ(Q),
where WQZ(Q) stands for the Sobolev space of order two. Recently, 1t has been proved by

Borchers and Sohr [2] that —A generates a bounded analytic semigroup e™*4 on J,(§2).
The following theorem is a fundamental result in this note.



THEOREM 2.1. Let n > 3 and 1 < ¢ < co. Let 3 and s' be real numbers such that
8 >n(l—1/q) and s’ < —nfq. Then there exists a positive constant C = C(q, 8,s') such
that the inequality

—tA —n/2

le™ fllzsrcay S CA+D W fllzsmy, €20

1s valid for any f € J,(£2) N L (2)*, where L;(£2) is a weighted Ly space defined by
Ly(2) ={(1 +|=])* f (=) € Ly(2)}.
Based on this result, we obtain

THEOREM 2.2. Letn >3 and 1 < g < 0.
(£)(Local energy decay) For any R > 1, there exists a constant C = C(q, R) > 0 such that
(2.1) le " fllz (e < COA+"2|fllp 2y, 20
for any f € J,(R2), where 25 = {z € 2; |z| < R}.

(¢8)(Lg — L, estimate) Let ¢ < r < oo and put o = 5 (—ql- - }) Then the estimate

(2.2) le™* iz .0y < Ct I fllz 2y, t>0
holds for any f € J,(£2).

For the global solvability of (NS) with small initial data, we require, in addition to (2.3),
the Ly — L, estimates for the first denivatives of e A,

THEOREM 2.3. Letn >3 and 1 < g <r < n. Then,
(2.3) l6e ™4 fllz (2 < Ct_'r_l/zllf”Lq(n), t>0

for any f € J,(£2), where Bu stands for any of g—%,j =1,.,nand e =% (% — %)

REMARK 2.4.. In [4] Giga and Sohr study the fractional powers of the Stokes operator
and, as an application, prove the estimates (2.2) and (2.3) when 1 < ¢ < nf2,0< o<1
or1<g<20<0<1/2.

The restriction » < n in Theorem 2.3 is a demand for the completely technical condition
o +1/2 < nf2q, although it seems that the elimination of the restriction is left outside of
our method. Nevertheless, the L, — L, estimates (2.2) and (2.3) enable us to obtain

THEOREM 2.5. Let n > 3. There exists a constant e > 0 such that if a € J,(£2) and
llallz .(2) < €, then a unique global strong solution u to (NS) exists possessing the following
properties:

(2.4) t(1=»/0/ %y, e B(]0, o0); J, (£2)) tor any q,n < q < co0,
(2.5) t1/28u € B([0,00); La(£2)),
(2.6) 17/ 205y € ([0, co); Ly (£2)) for any ¢,n < q < oo,

where B denotes the class of bounded continuous functions. All the values in (2.4)-(2.6)
vanish at t = 0 except for ¢ = n in (2.4) and,in case ¢ = n, then u(0,z) = a(cz).

The proof of Theorem 2.5 is done along the same line as in Fujita-Kato [3] and Kato [7].



3. PROOF OF THEOREM 2.1.
Let
D) ={z€ C"\{0}; <argz<2r—§}, 0<6<m,
and let B(H1, H2) denote the totality of continuous linear operators from H; to Ha.

THEOREM 3.1. Let 1 < g< o0, 0< 6§ < m 5 >n(l —1/q), and s’ < —nfg. Then there
exists g > 0 such that the resolvent (A — z)"1 with z € X(8), |z| < gy has the following

expansion as an operator in B(Lz(£2)" N J,(£2), qu”'(ﬂ)“):
(3.1) (A—2)"1=2"""og 2)* ™Gy + Ga(2) + 2™ > 1Gs(2),

where e(n) = 0 for n odd and =1 for n even; G2(z) is holomorphic in z and G3(z) tends
to zero as t — 0.

Theorem 2.1 i3 an immediate consequence of the expansion (3.1). We shall outline
the proof of Theorem 3.1. Take numbers b and d so that d > b > 1. Let L be an
operator € B(L,(£24)*, W2(£2)") such that for any f € L(£24)", Lf satisfies with some
» € W} (£24)

—ALf+Vp=jf 1in{2,
leLf =0 iIl.Qd,
Lflog, =0 ond2y

(cf. e.g., Ladyzhenskaya [8]). Let ¢ and ¥ be C*®-functions in R™ such that ¢ = 1 for
|z] > band =0 for |&¢| < b—1; ¥ =1 for || > b—2 and = 0 for |z| < b—3. For
F € Ly(2)", let fg = fla, and let fo = fin {2 and = 0 in R* \ 2. We define a regularizer
Ri(z) by

By (2)f = oRo(2)(¥fo) + (1 —)Lfa — Q(2)f, fE€Ly(2)",

where Rp(z) 1s the resolvent of the Stokes operator in R™:
e [Re©)3(0) (. &t

and Rp(z) has the same type of expansion as in (8.1), which is derived from the resolvent
expansion for the Laplacian by Murata [9]. The operator (J{z) is a modifier so that
div R1(2z)f = 0 in £2, and its existence is assured by the following result due to Bogovsku

[1].

PROPOSITION 3.2. Let D be a bounded domain in R*, n > 2, with smooth boundary. Let
o]

1 < g < co and let m be a nonnegative integer. For any f € W;"+2(D) with

(Afuww=m



0
there exists a vector field v € W;”+2(D)“ such that « fulfills dive = f in D and
""Lllwq’"“(p) < O”-f”ng(D)--

The operator Ry(z) also satisfies the Dirichlet boundary condition: Ry(z)flsp = 0 if
f € Li(£2)*. A pressure I f associated with R;(2) f 15 defined as follows:

Hf =¢po+(1—¢)p, f€Ly2)",

where

wie) = 7t [ELHIE] ()

t¢]?

and pq 18 a pressvre associated with L fy and satisfies

j{, n(e)de = /;;gd po(2)dz.

Then it turns out that IT € B(L:(2)*, W) (22)) and VII € B(L:(2)", L, (2)"). The
operators Ry(z) and I7 thus defined obey

(—A - 2)Ry(2)f +VIHf=F+5(2)f ing2,

where S(z) is a compact operator in Lj(£2)™ and is holomorphic in z € 3(6).

LEMMA 3.3. The inverse (I +5(2)) ™" of I+ S(z) exists as a B(L5(£2)™, L3 (£2)™))-valued
meromorphic function of z € X(6) and has no poles in 2(8) N{|z] < g0} for some £ > 0.
The same type of expansion as (3.1) is valid for (I + S(z)) 1.

This lemma 1s an immediate consequence of analytic Fredholm’s alternative and the fact
that the inverse (/4 5(0))~! does exist in B(L;(£2)*,L5(£2)™)). On the way to this result,
a crucial role 1s played by the following result on uniqueness.

PROPOSITION 3.4. Let n > 3 and 1 < g < co. Suppose that u € qulf(.Q)" with 8%u €
Ly(2)", |a] =2, and p € L7'(£2) with Vp € L (£2)" for some 7,71 € R', where WhT(12)
1s a weighted Sobolev space, and assume that v and p satisfy
—-Au+Vp=0, divea=0 1n2,
wlog =0 ondf2,

and

1 1
lim ——/ lu(z)|¥dz = lim —/ lp(z)|?dz = 0.
R—oo RB™ Jpoial<2R R—oo R* Jp. |o)<2r

Then, w =0 and p = 0.

By Lemma 3.3, we conclude that (A~ 2}~ = Ry (2 {7 +5(2)) "1, which proves Theorem
3.1.



4. PrROOFS OF THEOREMS 2.2 AND 2.3

The estimates (2.3) and (2.4) for small ¢ > 0 are obtained by Sobolev’s embedding
theorem and a real interpolation method from the estimate

lellwzm(ay < Cm (1A™ullL,(a) + llellz (2))

for any u € D (A™).

For large time estimates, we use the result in Theorem 2.1. We may take ug = e 4 f as
the initial value. Let vy be an extension of ug to R™ such that diveg = 0 in R®*. We define
an operator F(t) by

B(t)f = (4mt)~/? /

R

o f el p .
ne P 4t f(y) U, fELq(R )

Then it is well known that the W2 — L, estimates for E(t) and 8FE(t) are given by
C(1+ 1)~ and C(1 + )77~ Y2, respectively. Choose ¢ € C°(R™) so that ¢ = 1 on a
neighbourhood of £2. Then, Proposition 3.2 permits us to have a modifier vy(¢), which
satisfies

div [(1 - (p)E(t)‘Z)g s Ul(t)] =0 inR".
Put

va(t) = e ug — (1 — @) E(t)vg —v1(t) in2,
vp = v2(0) in 2.

Then, v = 0 for large ||, and there exists p(¢) such that

(8, — A)s() + Vp(t) = g(8) in(0,00) X 2,
divva(t) =0 in (0,00) x £2,
v2(t)|lon =0 on (0, 00) x 812,
v2(0) =v2  in {2,

where g(t) satisfies div g(¢{) = 0 and supp g(t) is compact in §2. Therefore we have

t

v5(t) = e o, +/ e (=24 g(5)ds.
0

This identity and Theorem 2.1 lead us to the L,({2gr)- estimates for v2(t), which combined
with the L;{2g)- estimates for E(t)vg and v1(f) to give Theorem 2.2, (1). Similarly, we
have the same bound of e *4ug in W™ (£2g)*.

Next, we take ¢ € C°(R"™) such that ¢ = 1 for |z| large and = 0 in a neighbourhood of
2. For some modifier v3(t), we set vq(t) = Yu(t) — v3(¢) and then have

(8 — A)va(t) + V(¢p(t)) = k(2) in(0,00) x R,
divug(t) =0 in (0, c0) x R*,
?)4(0) =0 iIl Q,



where supp h{t) is compact. Hence we have

va(t) = E(t)04(0) + /o E(t — s)Poh(s)ds,

where Py = F 1 [Po(¢)F]. From this we obtain the L,-estimates for v4(t) and 8v4(¢) and,
hence, for Ye *4ug and 8(pe 4 up). We combine this with the LI°°(£2) estimates to verify
Theorems 2.2 and 2.3.

10.

11.
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On Nonlinear Small Data Scattering

by Kiyoshi MOCHIZUKI

(Dept. Math., Shinshu Univ.)

Let X be a Hilbert space with norm | ”x’ and A be a selfadjoint
operator in X with dense domain 9(A) c X. We consider the evolution
equation

id u = Au + F(u), t € R
(2.1)

ul,__, = 9_ € X.
It is convenient to rewrite (2.1) into the integral form. Let
(2.2) U (t) = expl-iAt}, ¢ € R.

Then we have from (2.1)

(2.3) w(t) = U (e + [ U (=) Flulx))de.

We make the following hypotheses.

(I) There exist Banach spaces Y and Z such that X, Y and Y~
are continuously embedded in Z, and Z~ is dense in each X, Y and Y~.
Here Y- and Z- are the dual spaces, with respect to X, of Y and Z,
respectively.

(I1) Uo(t) restricted to X n Y~ has a continuous linear exten-—

sion (still denoted UD(t)) which maps Y~ to Y, and there exist ¢ > 0
and 0 < d < 1 such that

(2.4) W (e)f, < clel s,  for ¢ = 0 and 7 € v~.



UD(t) also has a continuous extension from Y to Z such that

(2.5) Uo(t)UD(s)f = UD(t+s)f for £ € Y.

(IITI) F maps X nY to YY", F(0) = 0 and we have

s—1 s—1
(2.6) HF(u)—F(v)HY, < 0Hu~vHX{HuHY +I|v||Y }

+oelllul i) lu-vil, (el S F+ivi S %)

for u, v € X n Y, where g = %
Y

(IV) Moreover, F maps into X and we have

(2.7) IF(u)-F(v) Il =< cﬂu—vuy{uunj"]+nun§‘1} for u, v € Y.

The integral equation (2.3) will be considered in the following

space of functions u(¢):

(2.8) W= L%(R; Y) n L(R; X).
Theorem 2.1. Under (I) ~ (IV) there ezists a & > 0 with the
fotlowing properities: If ¢ € X and Ilqo_llX < 8, then there exisis a

unique sotution ul(t) € W of the integral.equation (2.3) such that

4 de .
(2.9) Null, < 5 W (e Il < —5 le_Il, ;

(2.10) hu(t)- U (e I, — 0 as t — -= .
Furthermore, there exists a unique w+ € X such that

(2.11) Hu(t)- UO(t)(p+Hx — 0 as t — to

Thus, we can define the scattering operator S: ¢ — ¢, on a neigh-

borhood of 0 in X.

The proof of this theorem will be done based on a contraction
mapping principle. For this aim we prepare three propositions.

Throughout this paper the following Hardy-Littlewood-Sobolev



inequality will play an important role. As for the proof see e.g.,

Hormander [ ], Theorem 4.5.3

Lemma 2.2. I 1 < p << g < « agnd
(2.12) 1_1_v ,
D n
then
(2.13) Mzl "*x71 o < elp,w)ifl o For f & LP(R").
Proposition 2.3. FlE) — I U, (-t)F(t)dt is a econtinuous map

of LS(R; Y*), where é,: 1-

W=

y to X. Namely, there ezists a C > 0

such that

(2.14) "f_: u (-t r(e)at], < ¢ us s, For £(t) € L¥(R; v7).

)

Proof. We have only to prove (2.14) for f(¢) in a dense set of
L% @R; Y°). Let F(¢) € C:(R; Z7). In this case we can change the

order of integrations to obtain

I[ . v, -0 reorat|, = |t o v tt-0) ledde, £(0) at

Here ( , )X denotes the innerproduct in X, or more generally, the du-
ality between Z and Z-°. Using (I), (II) and the Holder inequality,

we then have

< f*: “f_: U (t-o) F(ehde| 7 (), dt

'4

< f_: [f_: elt-ti “NF(c) ,dr]"f(t)" L dt

¢ Y

< c"fﬁ: lt-x 1"z (e, def s 07l

LS vy

The requirement é = % implies that % = é -(1-d) . Thus, we can apply

Lemma 2.2 with n = 1 and v = 1-d to obtain



2
< ccls ’1_d)"f"LS}Y')’

This proves (2.14) if we put C] = Jee(s”,1-d). 0O

Proposition 2.4. Let ¢ € X. Then UD(t)m € L%(R; Y) and we

have

(2.15) HUD(t)wHLs < ClllquX for ¢ € X,

YY)
where C] is the constant given in (2.14).

Proof. Let ¢ € X and 7F(¢) € C:(R; Z7). Then we have from the

above proposition

[ o, vy at] = [(J o u (-trrerat, o),

< C]"f"LS}Y.)"@"x'
This proves (2.15) since CE(R; Z”) is dense in LS(R; Y°). O

Proposition 2.5. There exists a 02 > 0 such that

(2.16) "f_: U (t-<) (Flule))-F(u () Yde|, < C lu-vll (hulS T +1vis™ ")

For u(t), v(t) € w.

Proof. By (II) and (III)

"f—: Uo(t—t){F(u(r))—F(v(t))]drl

LS (v)

< | o evt-ct M (ue)) -F oo, de

s

L

< "f_m cle-tl ™ Mulc)-v (<) i, Uul<) 1S v () 1S Y dr|

LS
+ [ et tiuto n i () Y iule) -~ o),
x U () 1S 2o () 1S 2 de | s

Noting é = %,—(1—d), we can apply Lemma 2.2 to obtain



-1 s—1

S
< Cllu-wll = Allull s, +ivl s )
s—2 s~2
+Cllull = ol @ o Vlumol s o Dl s o Hivil s ) 3
On the other hand, by (IV)
t
I vy Ct=o) (Fute)) -Fute)) Yax| =
< f IF(u(<))=F(v(<)) i de
s—1 s—1
< &f lu(e) v (e, (lule) 157 (<) 157 de

b s—1 s—1
- +
< Cllu ans(Y){uun R L ERS

}.

Summarizing these inequalities, we obtain (2.16) with 02 < 2¢cTc. O

Proof of Theorem 2.1. We put

(2.17)  (ew) (1) = u (e + [ U (e=0)F(ule))dx,

and consider it in the ball 3(5]) = {u € W; Hun < 6]}, where the

constants 6] > 0 and 8 > 0 in the theorem are chosen to satisfy

s—1 1 3
(2.18) 2025l < and (1+C])5 <7 5].

Let u € 3(61). Then by Propositon 2.4 with ¢ = ¢ and Proposition
2.5 with » = 0,

s
(2.19) toull < (1+C])Hw_Hx + O llulty, < & .

On the other hand, it follows from Proposition 2.5 that

_ s—1 s—1 _ 1 _
(2.20) ldu muuw < CE{Hun Hioll o Hlu-vll, < 5 lu-vll,
for any u, v € 8(5]). (2.19) and (2.20) show that ® defines a con-
tractiuon map of 8(6]) into itself. Thus, there exists a unique



fixed point u € 2(6]) which solves (2.3). (2.19) and the first ine-
quality of (2.18) imply that this u satisfies (2.9) also. Moreover,

we have.

t
lu()-u (te I, < [, clulc)lifde — 0 as t — ==,

8] K

and (2.10).follows. Next, put

(2.21) o, = o+ [, u(-e)F(ulx))dr.

Then @, € X by Proposition 2.3, and we have noting (II),

oo

Uo(t)(,o+ = u(t) + L Uo(t—t)F(u(r))dr.

Thus, letting ¥ — +e, we obtain (2.11). O
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