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第13回偏微分方程式言論  
不L幌 シ ニ／ポ ジ ウ ム  

下記の要領でシンポジウムを行ないますので、ご案内申しあげます。  

代表者 久保田 幸 次  

言己  

1988年8月18日（木） － 8月20日（土）   

北海道大学理学部数学教室 4－508重  

1． 日 時   

2．場 所  

3．講 演  

8月18日（木）  

9：30－10：30  白 田  平  
ペンー号・、  

閉じ込められたプラズマ問題に関する解の性質について    1   

11：．00～12：00  小 松  玄（阪大理）  

Effectively hyperbolic operatorの零陪特性帯の接続  ‥．13  

13：3 0一－14：10  ＊  

14：15－14：45  吉 田 菩 葺（東大工）  

プラズマの散逸構造について   

15：00－15：30  柳 沢  卓（奈良女子大理）  

磁気流体力学の方程式系の境界値問題  

‥．21  

‥．29  

15：3 0・－16：3 0  ＊  

8月19日（金）  

9：30～10：30  俣 野  博（東大理）  

退化した放物型方程式の自由境界の挙動   

11：00－12：00  内 藤 久 資（名大理）  

準線型放物型方程式の安定多様体と幾何学における  

変分問題  

‥。34  

。‥ 37   

13：3 0・－14：10  ＊  



14：15－14：45  新 開 謙 三（阪府大総全科）  

Stokes multipliers and a weakly hyperbolicOperatOr   

15：00～15：30  野 中 裕美子（三菱電機）  

退化する準線形波動方程式に対する局所古典解の  

存在と一意性について   

15：45－16：15  後 藤 俊 一（北大理）  

非圧縮性完全磁気流体のAlfven number に依存する  

解の singularlinit について  

‥＝ 40  

。‥ 45  

。‥ 48  

16：15・－17：15  

8月20日（土）  

9：30～10：30  西 浦 庶 政（京都産大）  

SingularliTnit approach to stability and bifurcation  

in reaction diffusion systems －SLEP法の紹介－  …。53  

11：00～12：00  堤  誉志雄（広大総合科）  

L2 concentration of blow－up SOlutions for the nonlinear  
Schrodinger equation with the criticalpower nonlinearlity。  59  

13：3 0・－14：10  ＊  

14：15～14：45  岩 下 弘 一（新潟大大学院自然科学）  

Lq－Lr estinates for solutions of the nonstationary  

Stokes equationin an exterior do同ain and the Ⅳavier－  

Stokesinitialvalue problemsin Lq spaces   

15：00～15：30  望 月  酒（信州大理）  

非線型散乱のいくつかの話題  

... 65 

。。。71   

15：3 0～16：3 0  ＊  

＊ この時問は講演者を囲んでの自由な質問の時間とする予定です。  

連絡先  北海道大学理学部数学教室   

TEL．01卜716－2111内線2679（河合）  
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．八一HLリ、ヶ冊ノ′‘リコ入ノ  人ナけルノオか・ト入  

仁●かう βふ一声わ〝J銑宴礫皆湧へ′・乙   

〝主〟∑酬釜碑卵／朝糾妨 珊瑚  
－ノ／∴＝ム7 ノ＝タナかす∂ブ顔〃  

て⊃7い‖〟ノ土Lぞ（書写＜ぢく2ヲ′ 川く餌ノ，更土石  

びオノア卑ノノ／ノ／／はピ∠三β主く乾くコ巧／Eノメ／＞ノ〃ノと鰯   
弟 き  
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ニ、で、勘0ごり′クごウノ扶ヱ。手0ノ′／2♪拍 セ レ 紳寒空j  
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射訓‖り蒋～ゼ 
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明ノ右）′ホ如一叫言宅ポ  

・・、－ノ ∴・ニノ∴こ、、ト′ユこ、テ■‘二丁＿．守ミ∴  
一一一一一■－－、一   

組姉御入ノウニ㌃入ち少／隼ト■疏（ろ＝うり プ±りかう  

／   ′くz′√ノ芸（叫声ノ仲」仰が1克／ろ雪すカセし   

ノ／／畑♂ウノ乙（／一物げ勿ノ〆フ乞小甘か  

夕下よソ坪紆ケj、 ご〕アl′繹丞ノよ  

与㌔く巧くフウノ l♂軽く人叫皇 √∂くぎ叫  

YナノJいギ 已乞か功して／  
卓  

ノ〔巨 
′叫言物／柁炒り二村回りノ   

ノ／穐叫フノォ′子d㌻き㌫十帥～云ノ仁喜  

イ永フ  

〔締鬼平了（りゼ‖メト止泌ク♂適′。吏′。 伐紺ノイれ2∂  
¢く∫4・〃とヰよ り∂ニノイ／ム＝0占乙′ノり≧り 奇才瑠⊥′  

7てこ十ナ・， ≠÷ノ∴二三ノて∴－・、三∴  

／ ノ麟巨ン托さ〃′十声〔・町フクフ♂フ琴／斤z折／√／㌔e∴∠ヱ  

巨／ノ7と季け鴎リuをリJ・フけり′二桝＼き  
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最鹿、ル＝恒牢妨率ぃ銅離ん′ニつ′ノブノ訪／  

抜 身／い宗∠ウrニ〟ねニ？（ズ¢♂フ 
7▲t吏¢∂ノ佃画〟  

）上Lた  は白励′プ？・◆ イ∠∂ノ妙、  （メノブヅ ′よ糾鮒ざ′／L5  
；lト●／▲   

〔㌻り  ん氷上 は 明＝2dフyチエ‥ま4冴レ・ムパ質ノ房泉  

Jノ中草－J〃・Zt・．・明＝3可Yヂ′ニ吉フ′陣上り列二炉L 

やノし・針㌢之 rフツ 
きノ 柵願4ど、町♪ご仇クニβ動／斗フヅ  

ノ益子研／ユく妻回ノ可夏草ピ鶴ビ出束矛、  
㈹辻′ルーム／′庖岬みんt′‘ノノま入射頻J一っ合く存在～  

布、、物音務／・tブゝ、 
ニプでノ才扇財琴入射ガ老′二  

1 苑施する木製禎腰者昭ルeを躇rk虚血∠細そ拷ア  

い」：よソ  

腔ノ瑚 LJ旭ノJβ彪t争1兢，明伊よノノりノ吋几 卓∂  

たらげ、＝や－ しレ定払Pク適でか－ （戸きブ〕  

佃しノ′J－。乏ノ，フセ チ／〃 ノま孝1て・・プ養礫牽／和∴  
食訣L卜い、 読手グフ＼′す与、  

粛募考え蒔かこ彰雄叶軍′二 粛サミフ車♂ノは 
， 

習、、ユって）すべ、て瀕い仁 
、  

＝ト“   



唖肋ヤ（ 幸ノよ衆琴 爪只呑くで′㌔－、、ノ  

ノノ桁Jtf、F几釘こ純増ノム払㌶ノ…，わ、ヰ巌′二三／尋ル毎′7仏力・を  

五ルムニハノ′仲良り叫 払ぃん靂魅梅丘ノ“ノ∫γノ才∠ゾ岬タヱ〝デg現   

称てヱ、P gクタ岬g／9ノ £だぎ／ダー才／7  

∴ …辛∴十→∴∴；ミ∴‥ご・ニー一川仁、・予∴′ l   
さ・∴∴二十守‘キ・∴∴こ√∫‥・已十フ；ニ吏・丁∴ノ・√ン・＝∴∴‥   

ル㌢k・町掃射巌仙あ品巌ふ糊速≠   

教芳一1年アリJノ2ヱトヱ5んJ／ブタプノ  

げH・ルん′fj・娩ノし碑脇∈匝P才  ・7Lん払と   

帰押射炉や柾帖’叫  ノん率粛車‰彗   

恒勅土ノ  仏＼技一仏－－べβ診■び上組打小切  

り互ぃ他山雌㌦ク脇泌亡La′ウかん鋸評7止aノ山   

ん血ど←・あ・刷物仰ふ♂ノ声㈲ムふル〆什等毎す／んン尋   

佃ノ計－ふ秘録恒胤一∠り占串7L超凡〔一新∠∠ノ掬仙ムーJ   

裾抑止a 躯緑ん．ん毎  ㌻フノダーブタ／／クgり  

わ性丁∫り、｛、ノ鮎冒ルどんな尋励′“相か物種読   
′∴∴∴－∫妄・∴・・ごン∴f∴‥・∴ん・′‥十∴†ご：∵・十ッ、‥・   

勘両∴露中ル在諭∴ ゲ針4ク／アー′ヱダ〔〃アり．  

占ノ十川β／ノんqlしdJ、・∠扇れご   

e∂つ｝・凧、 抽（、佃ノ1功・g♂ノ占♪グー∠け／／プダウ  
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占妨瑚柳 画の宥酪特性嘩の楓  

バ、戴象（俊夫腰）  西谷魔窟痺（根太凝遺〕  

の二村をっなぐこと   

二の報告ばノ彗辟血均衡ふ鮎る舶イ細鼠算たは凝紛  

作鵬の窄感得煙草のがれ－C印紙は励的－な藤鹿に  

郎舌毛のであ多・重患象タ＝タ（ア〕＝ア（スノぎ）が赫明  

卿‰であうよう鯛垂背他均在点ヂ㌦与えろ机たヒヨ′  

牽陪稗樫串ア＝タ（ミ）ゼ、ぁ，てノ ミ↑＋脚またlまざい仰 のとき  

ダに亜ブく毛の盲考えき．二のよラな寒路痺煙草はうょぅビ田本  

あう＝と班知う札ていき．  々のうちの二本は点ダに向かフて  

（／ヾラメ一夕一5 に解して）ば＝フてきて′他の二本ば放てい＜一  

報含したl一腰果ば′二女の凍・二」董べられ5：   

塵塁ユ＿  はいってくき（また「ま放てい＜）二本の窄虐待僅帝  

のうろ巧一本は他の一本と自鮪＝つながリノニラして縛ら朗た二本の  

曲虎はア＝ヂの逓増で（解♂抑地の靡卵慮件としてフ  

C♂／刷れであ房．毛L・ア＝′（£）㌦（吏〕脚的であ叫ば1  

二れら二本の戯晩毛屑新的であ舌．  

r13r   



二万のニヒが知うれて＝う：霹曲せ作用泉に打ちうG几仁ち  

閻趨ポ晩婚の舟こよぅずにC竺適切であきた劇のl文字ナ信条伸一ま′  

主意象料’塊の琴垂（血轄軌こ二重）哲偉的を点で脚瑚  

御動乙な＝とであ診・碑晶′姐御彰一  

ん祓と＆鯨によ，て導入寸机た－  とばノ 擁必写像．  

ボ脅でか一夏の酎卸値喜磨っ（（立感動こ二個ゼ：士入 ヒl・ラ形遷  

して＝う）と＝ラニとで痴診． （ここで施仇泌あル字像とIlラのば  

／んγ腸し（ベアトJL）場せ鹿哩化して得う机う…わナき′‘塞本行ダリ〃  

のことであ矛．） 二のよラな鹿型代数拍な条件げ’′考えてl－る息の  

逝くでの窄痺碑哩琴のカぜ庚にどのよぅに虐喫してl－きか喜考ぇ参  

ニヒ′よ由拓であうラ．定脛1の証明ば．二宮のニヒを示唆して＝5こ  

はいってく3（計たば盆て守＜）琴線帝煙草茎考乏3碑ソ／ニの  

よラな力学虞はノ頚毛碩学布モデ・し′ク（gノ2〕＝ピー貯ふ7裸町t  

り力学泉の超勤であき．  二のモデ叫ま白悉に（‰′乙）－平曲・こ倒脛．  

亨水うが′そこで｛ま凰告は艶竪（」久追払㌣謎）であ昌一 ただL  

甘＝（＃。ノブ′），2＝（2。．？′）．   

窄藤袴煙草げC卵腰に膚鹿才東∂ニとばノ すでに虜‘埠教父氏に  

よ，て示されてLlう［り－そこでば′喜黄塵の国数愈解・こ席座う  

頚＿‖磨男［2〕が用いら東てtIき． 剋埼軋㌦昆］で周Ilたオ三麦は  

他見一〃抑の媛晶凝頂鯉－  と‖うよソむしうその証明であう  

がノ そ舶ま凌凝であき．山下に逓ベラオ戎ば究倉に初箸拍であリノ  

C伊戯の易甘と同時に脚的な埼合に毛同塵に適用されう  

一14－   



2，どのよぅに牽癌酒任革まつをく？か．   

∫ニダのまわソでっゅア勉友乙を庵原変凍（スノき〕→（ぎ．り  

せ行右ラ．新座標 ア＝（ガ′ク）“メ胡′ヂ＝（0．0）に厨してノ主貴慮  

は二吏の離さしてLIラ：  

P（gノ2）＝‡乙一？（ぎ′2′）1ユー…．、2′）ノ  ¢（ぎノ＝圭0  

（考で香い因子苫二軌・73こと茎晩＝て）＿  

ただしここで．ヂ ヒ ¢ は＝ま根上の頑であ3〔よ，てクニー少  

の即仏ふ‘必亡〆が〟帥血写像に対和して＝3Jj  さうにノ  

¢＝g十OJであフて．   

¶l 

′r㌧  銅′？リ＝か歪乃（かかリ蚤．好  

（ルル ＞0 は定数ゼ’′0壬叫壬れェ至れ）  

以上のこと主用い3ヒ．なあらか（COqまたば雁析的〕なぁ激賞土  

をノ鏡鼓す3二とができて．まの分角睾さ得う：  

ア＝〆′‾ 山腹′士＝乙一夕。花王（ゴロノ〟プロ）ノ 甘＝（ゴ12′）j  

この国教命辟ばけl／暢lく抑t融としlラ形の度合の上で戎止すき．  

この御殿があフてモ問題な＝のであ3が′ そ此lま′－ま＝，て＜3  

（または放てい＜つ窄唐背理亭か、IけほCほ。Iy乙ヒ、lラ細去みたす  

すらであさ。 （定磨イ‘乃層雲萄サう量産尉には げ＝○（ゴニ）といラ  

一15－   



評価ぶ従う．）  ＝ラLてノ間超はア の／仙境サう′上の  

仏ん戊肌埼∧と置き凍えら祖きボ．二二でパラメーター吉 5 ヴら  

そ＝ど土＜とか坊ラ． このとき．土の何机の場飢＝毛 調。／此＝イ  

であうガ与ノ ダ。を／ぐラ〆－ダー f＝亡土 ヒして摩周Lてよい一  

辟フて／ （工の何弟の虜倉1こ毛〕ニヱ甲形の初期値間顔へと孝わ功舌‥  

（ヱ〝）磐田＝れ竿）ノ  空→0∈灰ユれ朗≠サ∂ノ  

ただし＝こで．β＝戸（ど／叫）はをめらカ＼なぁ教‾であフてβ行ぃカニロ  

苫みたLノ さらに（∂戸／∂朝）（qo）の国弟塵ばすバ’て虚軸上Jニ費フて  

＝う． よフてノjのこと書房せば翫針用協明さ勅たことに布診：   

塵盟主．上底の倹定の下でノ両側初期値尚歯（rVf）はf＝0  

の近傍で在あらか（COOまたは。解析的〕在．解甘＝甘〔f）も埼フ、  

さろに．靡の一息偲は（fそ0 に対応ずき）層倒何題の各々に  

っしlて哀り古つ（親告f＝0を蕨L，てC′靡を席の廃園で〕＿  

髭牒ノ Llフた∠′1r二〝α）が定まフたをろばノ 乙＝乙α）ほ  

不定頗盾す∂ニとJこよフて或まうj こぅLて孝藤沼催拳の各村互  

馴れ にフなぐことができる・ このとき′容易に坊かうよラに′  

廊農ヒして得られた二本の他魔の息ヂにかナ5膚廟ばノ脅でかl  

栗の固着埴土入に付随すき周東ベ7トJLによ，てデ象ら批3一 前野  

で摩れた最も勧学香モデノいこ丹羽てばノ ニれらの二本の曲廊は線  
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ク。＝±g。ルd孔サ＝クヒなり′ パラメーターの変薇∫→≠ニf 土  

はけ巨＝e‾Zt51 （fぅ1フ句とさ）・をみたす－  こイ＝才一顧■の濁倉  

に甘元のように贋劫さ机う＝  

C一飯P（議・sl）≦けl≦C十呵（孟・s㌧）・  

菓暖′ 0＜∨と＜イ に対して≠（S）＝l‰（叫鋏P［ヱIsl／（†士と）〕  

とあ、＜とノ ち 音回定Lたとき′  

ノヽ t（ざ。）≦t（s）≦Y十（s）≦≠（ち〕 久月 タ（㌻）ぺ㌢∫㌧  

j、 βィん（正一   

解析綺を腐食には．好摩2（の解の秀彦に喝す3部分）はノ  

βル竜虎とβク瑠仇めこよ∂者免る彪男［3〕カ、う丘与に尊がれき。  

笑曙′ 似けノ＝γ（モノ／ピ ヒかナば／問題（∫Ⅴぜノ苫  

（ββ） f穿（り＝揮．恨“ノ1 現（βノ＝ロ∈『〟  

ヒ書くこと㌦で子き． ただL二二で ノ  f（f．祝ノ＝β仔．朝り一∴“  

であリノ 〟＝2刀∴   このとき．  

〆17r   



宕と f＝デ（f．耽）㌦（f．以ノ＝ロ  

∈¢〟ナ′の也傍で正則であフてノ M＝（∂f／∂働）（qo）と著し】たとさノ  

ヂ（¢クノニ♂． 『（Mリ∩〝二〆 （カV＝‡†ノヱ．－－－）〕  

左みたせば．密突如顛虐問題（ββノばfニ∂∈¢ の遁鰯で一息的  

な正則解祝＝祝（ゼノ首府っ．モだし＝＝で町（H）はMの田舟値  

屋碁の宴倉（ザ脇付し）茎勿らわす一   

さうにノ‰太一鮎瑠‘ぺ戊の東腰のC卵液が巌妨汐ヒ‰  

払〕′［∫〕Jこよフて与えちれていき（凡仏也戯［‘］喜患家鰐）．  

二れはノ月例解題ヒして定式化寸巾ていき：  

（弼十  f婁昭二招．耽托ノ〕み∂＜≠≦丁．  

ただしここで ヂ′∂〝b爾∈Cp（［ウノも〕yβr々。〃ル威クく丁≦た  

サつβ（＆）＝r℃∈釘〟j t羽≦ノ㌔．与．尺♂＞0 －ど－ぁ含．  さうー＝  

E‡：左＝C上（［0．丁プ′β（尺りnC抑（0．丁〕  

ヒみ＜と．  

頻盤′  二条の＝とを検定す多：  

f（ク／βノ＝0． ㌃（M）⊂‡入∈Cj β¢入くD与j  

ただし M＝（∋f／れり（D．0〕．  このと亨′定数丁∈（0ノ玉〕ヒ  
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尺∈（0′々ク〕が存在Lて′力感式（ββフ丁ば一意時な屠祝亡∈言ヱ  

音符っ－ こ耽ば初期条件朝（の＝ロ を自動願にみたす， さぅに．  

＝ 九∂〃∂竹【∈C∫（れ7］xβ（βガなうば現∈ど壬ヱポ哀畑つ・   

定理2の証明吉尾彪寸せきた虻＝＝ば／二女の＝と苫話せばよt－二  

一力巧帝劇囁額のCの月畢はノ f＝ロ 喜藤えて殖オの間顔の解ヒ  

在あら机＝つなが一合，  紆ろ．妊明すべきことばノ  

（ウ）   祝ひ）（ナクノニ祝〔”（一∂ノ   声t∫∈仇乞ニ†pノーノ2．－‥ユ・  

二のことは′まの康響オ鰯式の解き頑命濱泉すきこと事＝よフて禾寸  

れ舌：  

そ磐αト肋托）＝g（ゼノ かクく七三Tj  

一息的な解朝∈Cけ［p．丁］nC－（ロ．丁〕は二条のよぅに与えろ止う：   

〃 

紳ノ・  加り＝‰拍ノ＝上七任ノ日脚誓＝上7ビ〕 

二のとさ．容易にイ畑、きよラにノ  

払胡聖（窟）㌢M∂＝㍍－∫Tg ぴ）（Tlま艶行列）j  

宥に  

（㍉∂）【上†クノニ（∫J一〃リ‾′タ（〃（∂ノ・  

この公式苫用い小」よ、ノ（り）の露かき感動ラ＝とができて．定礎2の  

旋明が舟め∋．  
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This paper studies one-dimensional electrostatic potential distributions in plasmas. The 
object of our analysis is a classical problem of plasma physics, which has been originally stu- 
died by Bohm [I] for the plasma sheath formation, however, some subjects are of up-to-date 
interest related to the theory of dissipative structures. We study mathematical classifications 
of equilibrium models with discussing real characteristics of governing partial differential 
equations (PDE's). We show the dissipative structure of dynamical systems is strongly 
related to characteristics. We start with reviewing some explicit examples of various type of 
static (temporally homogeneous) problems in physics. The electrostatic potential problem is 
an example of elliptic-hyperbolic PDE's, which is an important class of static problems that 
exhibits significant dissipative structures Structural instabilities of the plasma potential distri- 
butions are discussed in Sec.4. 

2. Preliminary Examples and Classlfficaation of Steady-State Equations 
We review some examples of steady-state problems in mathematical physics, and make 

a basic remark on the characteristics of PDE's from the view-point of dissipative structures. 
We cite simple and typical examples. 

A. Elliptic Systems 

The Laplace equation is the most typical steady-state PDE's. Physis examples described 
by this class of PDE's are electrostatic potential distributions, vector-potential distributions 
for static magnetic fields, steady-state stress distributions, steady-state temperature, density, 
and probability distributions in diffusion systems, etc. These are linear elliptic PDE's. Stan- 
dard boundary-value problems are uniquely solvable. The steady states of this class of prob- 
lems are characterized by the boundary data. 

B. Hyperbolic Systems 
When the steady-state equations are hyperbolic type, we should supply "initial data" to 

integrate the equations. Here, the term "initial" might be confusing. It implies purely 
mathematical classification of integration data, and is not necessarily related to the physical 
time. The Hamilton-Jacobi BDE's of classical dynamics, 

with a temporally-homogeneous Hamiltonian, is the most important example. The real 
characteristics are described by the corresponding characteristic and bi-characteristic ordinary 
differential equations (ODE'S), viz., the Hamilton canonical ODE'S 



When the Hamiltonian is not explicitly time-dependent, and when we supply temporally- 
homogeneous "initial condition", viz., constant particle source at the initial position, a, drops, 
and the system describes steady particle flows. The term "initial" then implies the start points 
of the particle orbits that are the characteristics. To avoid confusion, let us address such 
temporally-homogeneous initial date to "I-data", while let us call the noncharacteristic boun- 
dary data "B-data". 

The Eiouville equation 

a j +  W , H )  = o 
is an alternative and equivalent expression of the classical dynamics. The dependent variable 
f stands for the particle density in the phase space (x,p). The structure of the equilibrium is 
perfectly correspondent to the I-data. 

C. Elliptic-Hyperbolic Systems 
Elliptic-Hyperbolic mixed systems are mostly general and interesting model equations. 

The equilibrium is not fully determined by B-data, but I-data should be also prescribed to 
find an equilibrium. It is usually very hard to develop a general mathematical theory for an 
elliptic-hyperbolic system when the characteristics is dependent to the dependent variables. 
The steady-state Euler equations of ideal incompressible flow is a typical example of such 
equilibrium problems; 

(v,grad )v + gradp = 0, div v = 0. 

Characteristic equation for this system is 

(grad $)2- (v ,grad $)2 = 0, 

which says the system is two-elliptic and two-hyperbolic, and the characteristics if the flow 
curves themselves. 

There are also some examples of elliptic- hyperbolic equilibrium problems in plasma 
physics. The magnetohydrodynamic equilibrium equation 

(sotB)xB = gradp, divB = 0 

is a system of two-hyperbolic and two-elliptic PDE's. We should supply two of independent 
I-data. Physically they correspond to the distributions of the pressure and the force-free 
field. When we consider two-dimensional (a/az = 0) problems, the magnetostatic equation 
reduces to the Grad-Shafranov equation: 

L+ = (I(+I2)' + P(+)' 

where E is an elliptic differential operator (Laplacian), + is the flux function, I (+)  is the dis- 
tribution of the z-component of the magnetic field, and p(+) is the distribution of the pres- 
sure. 

Another important example is the ion-sheath and ion-acoustic-shock problems of elec- 
trostatic plasmas. When we consider that the dynamics of ions is fully conservative and the 
dynamics of electron is fully relaxed (dissipative), and when we consider one-dimensional 
problems, the self-consistent ion-sheath equation reduces to the Bohm sheath equation (see 
Sec.3); 

E$ = V 1 ( $ - P ) ,  

where V(+*) is the so-called Sagdeev potential (see Eq.(2)), and P is a constant. Formal 
analogy of both equations is worthwhile noting. Structures are subject to the characteristic 
functions; for the Grad-Shafranov equation, p ( + )  and I ( + ) ,  and for the Bohm equation, 
V ( + - P ) .  These characteristic functions are related to the dissipative structure of the sys- 
tems. In the next section, we discuss the physical background of the Bohm equation. 



3. Bohm Equation 
We consider an electrostatic plasma in the one-dimensional half space (0, +m) .  The 

stationary electro-static potential distribution in a plasma is governed by a model equation 
called Bohm equation: 

where 

$ is the electrostatic potential normalized by the thermal energy of electrons, and 
L = -d2/dx2 is an elliptic differential operator of one dimension. The coordinate x is nor- 
malized by the Debye length. The model was firstly studied by Bohm for the sheath potential 
of plasmas contacting with walls [I]. The model is also related to the ion acoustic shock. 
Sagdeev introduced the so-called Sagdeev potential to study oscillating solutions for the 
model equation [2]. 

The Bohm equation has two independent parameters; M is the Mach number defined by 

M := [(kinetic energy of ion)/(thermal energy of ele~trons)]"~, 

and P is the potential deep inside the plasma. The first and the second terms in the right- 
hand-side of Eq.(l) correspond to the densities of ions and electrons, respectively. Using the 
Sagdeev potential, we write Eq.(l) as 

where the Sagdeev potential V($*) is defined by 

2 V($*)  = 1 - eJI' + M2[1 - (1 - -$*)uz]. 
M2 

The Bohm equation is a nonlinear elliptic differential equation. We consider 
boundary-value problems for the equation. We set 

+ ( O )  = 0, (3) 

lim $(x,)  = P, 
a-m 

(4) 

where the limit is taken for a certain sequence {x, ; n=1,2,. ) which satisfies lim x,, = +a. 
n-m 

This limit is generaly dependent on the choice of the sequence. The condition (4) implies 
that the potential $ ( x )  should not deviate from the value P ,  but may oscillate around P. Phy- 
sically P corresponds to the potential inside the plasma where the ion is originated. There- 
fore, the value $* = $ - P is the potential difference that the ion feels. We do not consider 
that the ion is originated at the mathematical infinity. The weak boundary condition (4) per- 
mits a large variety of solutions for the model equation (see Sec.4). 

4. MaatlhematlcltaU Techmiqlae $0 Solve Boltam Equation 
h this section, we prepare mathematical background and note some non-trivialities. 

The Bohm equation is a nonlinear elliptic differential equation, so the solvability, the unique- 
ness, bifurcations of solutions, and the stabilities are subjects of mathematical considerations. 
Let us start with reviewing the simplest solution for the Bohm equation, that is the Bohm- 
sheath solution, and then discuss mathematical problems concerning the structural stability of 
the sheath solutions. 

When we linearize the Bohm equation, we have 

k$ = a($-P), (a  := M2-1). (5) 

Equation (5) has different characters for M> 1 and M <  1 regimes. For M >  1, Eq.(5) has a 



unique solution for every P € R: 

$(x) = ~ [ l  - e-&~]. (6) 

A mathematical question is the solvability of the original nonlinear equation (1) for given P 
and M>1. Another question is the structural stability of the solution. The solution (6) for 
the linearized equation ( 5 )  satisfies the boundary condition (4) in a stronger sense; viz., the 
function asymptotically converges to P as x - +m. Since we set a weaker condition, we may 
expect a wider class of solutions for the nonlinear equation. The ion-acoustic-shock solutions 
are given by the structural instability of the asymptotic solutions. These points will be dis- 
cussed in the next section. 

In the region M<1, the linearized equation (5)  is of the Helmholtz type, and the equa- 
tion has non-trivial solutions for P=O. This implies the possibility of bifurcation of solutions 
for the original nonlinear equation (1). To answer the above-mentioned questions, the Sag- 
deev method using a formulation of initial-value problems is useful. 

Although the formulation is essentially a boundary-value problem, we may take the 
advantage of one-dimensional differential equations, and convert the boundary-value problem 
to an initial-value problem (IVP) for an ordinary differential equation. By this technique, we 
easily find structurally unstable solutions; see section 4. 

We consider initial values at x = 0; 

440) = 0, 

4J1(0) = v ,  

where v is a certain number that should be determined to meet the boundary condition (4). 
Using the analogy of Newton's equation (x: time, I): position), V(I)): potential energy, $12/2: 
kinetic energy), we may easily find v that matches the boundary condition (3). This IVP 
technique for solving the Bohm equation has been given by Sagdeev to find oscillating solu- 
tions. In the next section, we will study the mathematical structure of the Bohm equation 
using the IW method. 

5. S~lvrtabllity and StsaaetoraU Stability 
The IVP method has an advantage in studying the structural stability for the Bohm 

equation. Figure 1 shows the numerically calculated Sagdeev potential. We can construct 
solutions by starting from  considered to be the time) = 0 with +*(O)(considered to be the 
initial position) = -P and +*'(O)(considered to be the initial velocity) = v. The boundary 
condition (4) should be finally satisfied. Therefore, the curve I)"x) should stay around 0 in 
the sense of the weak convergence of the condition (4). The initial value v is chosen to 
satisfy this condition. The analogy of one-dimensional Newtonian dynamics easily explains 
the method to find the solution. 

First let us consider the case of M 2 l .  We should set 

v2/2 = V(-P), (7) 

to get the asymptotic convergence of I)*(x) to 0 at X-+m. Figure 2(a) shows the asymptotic 
solution that corresponds to the Bohm sheath. The asymptotics I)* = 0, however, is top of 
the potential, so that the structural instability may give bifurcated solutions. When we start 
with a little bit larger velocity v, we get oscillations in the region of I)*>O, if we may include 
some dissipative structure; Fig.2(b). The oscillating solution is the ion-acoustic shock, which 
has been given by Sagdeev. 

Next, let us discuss the regime of M61. When MC1, the position +* = 0 is the bottom 
of the Sagdeev potential. Because of this structural change in the Sagdeev potential, we see a 
drastically different behavior of solutions. There is no asymptotic solution. Only oscillating 
solutions may exist. The weak boundary condition (4) retains such pathological solutions. 
Figure 2(c) shows a typical oscillatory solution in the M< 1 regime. 



Figure 3 shows the solvability and classification of solutions for the Bohm equation. 
The Sagdeev potential is not defined in the regime I)* 2 I)*, := M2/2. The potential differ- 
ence $* 2 $*, is large enough to stop the transit motion of ions. When ions are stopped by 
the potential barrier, positive charge accumulates, so that steady solutions do not exist. The 
no-solution region 'C' in Fig.3 is given by the positive potential barrier. In the region 'A', 
the Bohrn equation (1) has normal positive-ion-sheath solutions (Fig.2(a)) and ion-acoustic- 
shock solutions (Fig.2(b)). In the region 'B', only oscillating solutions (Fig.Z(c)) exist. 

REFERENCES 

[I] D. Bohm, in The Characteristics of Electrical Discharges in Magnetic Fields, Eds. A. 
Guthrie and R.K. Wakerling (McGraw Hill, New York, 1949) Chap.3. 

[2] R.Z. Sagdeev, in Reviews of Plasma Physics (Consultants Bureau, New York, 1966) 
Vo1.4, p.23. 



Sagdeev potentials for (a)M = 1.2 and (b)M 
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Fig.2 Solutions for the Bohm equation. 
(a) Asymptotic solution for M = 1.2, P - 1. 
(b) Oscillating solution for M = 1.2, P = 1. 
(c) Oscillating solution for M = 0.7, P = 1. 



Fig.3 Solvability and dassscation of solutions for the Bohm equation in 

the M / B  plane. 

Region A : asymptotic solutions (Bohrn-sheath solutions) and oscil- 

lating solutions (ion-acoustic-shock solutions) exist. 

Region B : oscillating solutions exist. 

Region C : no solution exists. 
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して   
記化）＝声（〟≠之刀   

「左脚ゞ一払略げノダクチノ巌〆S〃汁／紺∂）・  
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矛諷瑠でJつ上言乙（iiりの場合の詑㈹の単軸を詳L〈珂へ・きの  

が、月的て、、あう。二の褐4＝苫畠曲線界∂£（りの魂たす方≠革む  

〔Fれでe巾ce＆？はAナ加）が払en仙一た4桝∫托〟紺う）にりタえられ  

ていをかこ彼らの鮨賢け形釘締着1射二基いた慶♂Z、、嵐虜「才細君7、、′7  

巧い。一姫J二（γ汀）の場堰け〔り（iりと簸べ、て解柵が蕗姥に回艶であ  

舌♭軋わhうー   

以下、絡仇の切繊巧姦‘ん乙  

㌔＝和ん子吉20／£仕）＝卯  

l÷rって虹泰し、才た、烏七70に表札  

己化）＝r乞¢釦）／ゴ古外与れ恒′′ヱ′、－、つ5制止〟適  
才れナ亡′ズ〃うえ∠ハう呵ノズパe夏仇）触ろ、・才  

ヒか〈．  

旦盟⊥ 卿27ノク＜F＜7／入刀フとル、〟♂在ノ′7脛エの非農産線蘭  
数で角箱丁7包あ右っと促乱写ろ．  

〔りけ亡フ0に印し、詑田の息純森々の個数け郁放てこそ狛プ仏彰  

れ像法牒、の個数乙盛ん行い。  

押）ノA乙ルベ㌧ア、刺身ヒ可ラと、′〔虚けり／言古フO Zい座ノ絶 

町Pノ九，い。Jて約虹摺♂嵐りとす∋．  

〃）  ‰占2（S）＝占2け川E仔）  〔〝と＞∂）  

S↑t   

「たどし櫓路／7／、ウえドル7の路触／二圃す茅方の）  

い）u r左化） メ拘）の菅者、 の個数け〟ク比）の碑ん崇、の個数左風   
音70  痛い。しグる、御に〟ク射の極細かせ教ヒ形良LZ吉、   

。  

思て＞クに斉才L Uほ明メJり）′了局後隼省zヾあき                わヱセ  
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忽之1乙観山。の消滅均刻ヒ亨うと、巨h）相即組合て、、刻、  

立（亡）ニ三島）r′、りび仏7相互触に埼んり  必桝  
セナち   

が成立すう．しが古石化）絹針個数射埴）の超え点、の数乏嵐  
え行い。   

Lの如里p、ら白歯租界∂克什）けヱト平面上の痘絶妙線的す  
こ乙がわセ、ラ．P∂r餌S用・d通れ如邑或、rすわわち入ニクの賜旬ノ3  

払作れ揖廿の埼略解ヒ絶縁隠柁む用∽て見川の凰絶岨他って  

摘免罪の血縁ほ）友香み相可う招ヤ1しいし、 九＞0ノPヱての塙冷房庵  

勒であう。Lれ禽プ♂開腹（九”′ク＜P＜了の賜令）′こ恥方針7丸  

印で竺丁了い。エ払阻柁♂粗服ノ7、P神川9桝如何か柊打の郁  

いつ木簡的に壌r7を方与えが伺いりれラクその酪優肇わ綾官圧頒Lt、  
うの弔ぃ沈の締盟で、あう。  

控匙の℃”ス、よか、、ヲ白と・、すべZのZと疋／こ～才L、  

脇机ヲクれ〔以乙（‡′ナノ） f↑t  

サ、、わみマを∴ニで、呼止）け郎間組で功う■   

エの袖、飽 け如量且、‖）や、、、郎玖か→弘一叉に閻Lて固を乙、、あき  
ニL、あーよが、皐L値舟碓ヒあrd瑚の曲線虹碓あ岡山て証明されう。耶を  
の碑、麹」寺平線型紅御世方程式の埠敏昭艶にh乱用でき、埠酪象如い、  

掛二椚紅乳名にnうニL乙綻鴫可うニLかて、うう。  

〔1）乙勿捗卜生確徴甲乙払敵7う流体め已デ／しと窄ん易と、一加P′才葱  

嵐の如軋む軋れして∽う℡ニのLき、各うの解乳！つ淀のように解絶てい空き．  

匂わわち、良化右い和机右にJ、リラ琉体の㌦恥じ窄んうと、鼻変じよ7て  

泡僑ず、硝繊巧う咤、額え拙いの値その卓♂やlいク′雅史すう〔す帥ち互孔  
が角くわっていく■）ニL′一撃盈だわて指摘仁、rLれの励ガ摘の路古♂  
Jこ血でく。   

一如鮨穿けみ転ん鞍め殊超玖三才摘友和軋ヒ♂卯布如  
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準線型放物型方程式の安定多様体と幾何学における変分問題  

名古屋大学理学部 内藤久資  

In this talk，Weinvestigatetheexistencetheoremofastable manifo1dfor aq11aSi－  

1inearparabolicequationandvariationalproblemsingeometry・Firstwepreparesome  
notations：   

0（M，9）‥aClosedRiemanniaIlmanifold，   

o H：aVeCtOrbundleoverMwithprojection7r，   

O Hm（M，H）‥them－thorderSobolevspaceonthesectionsofH・   

Weconsideraclassofquasi－1inearparabolicequationsofthefo1lowlngtyPe‥  

（1）  

〈  

∂現  
＝－J（元）＋Ⅳ（祝），払r“（り∈r岬）  

視（0）＝祝0，  

whereJisanellipticoperatorof2k－thorderandN（u）representsthenon，1inearl）artOf  

theeqllation．Moreover，theequationsatis丘esthefo1lowlngthreeconditions‥  

（Cl）ThezeroisastatioIlarySOl11tionof（1），  

i・e．，－J（0）＋Ⅳ（0）＝0・   

（C2）〈J（u），u〉L2≧A〈u，u〉L2forsomeA∈R，andJisselfadjoiIltWithrespecttoL2．  

（C3）Ibrm＞喜dimM＋2kand丘）ru，V∈Hm＋k（M，H）suchthatL［ullHm＋k，］lv‖Hm＋k＜1  
we havee 

llⅣ（M）－Ⅳ（り‖∬m－た≦C川叫lガmll祝一州∬m＋た＋ll祝一刷∬m‖刷片山た1，  

and  

Ⅳ（0）＝0．   

ThemainresultontlleeXistenceofstableand11nStablemanihlds，brieflystated，is：  

TIte13－tIしSapporoPDE  H．NAITO   
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甘heoremÅ Ebrthestationa上ySO］utionOof（1），thereexist  

（a）aBnitecodimesionaIsfableinvariantmanihldwhoseelem6ntsareclosetoO，  

（b）ajinitedimenslOnaltlnStableinvariantmaJlijbldwムoseelementsareclosetoO．  

Remark．Intheabovetheorem，  

（a）thecodimensionofthestablemanifo1disequaltothedimeIISionofnegativeand  
ZerOelgenSpaCeSOfJ，  

（b）the dimension ofthe unstable manifo1dis equalto the dimension ofnegative  
elgenSpaCeSOfJ．  

Anotherpurposeofthistalkistointroducetheasymptoticstabilityofthegradient  

flowofavariationalproblemingeometry・  

甘払eorem B fbr沌e九mcfjoJlaJ  

£（β）＝ム上伸）毎 β∈C∞（勒  

WhereEisasmoothBberbtlndleover（M，g），WeSuPPOSe thatslisaweak＆stable  

CriticaIpoinfandthattheconnectedcomponentofcriticalset一沌ichcontainsslisnon－  
degenerate・T71entheequatiollOfthegradientBowofL：：  

∂β  

扇  
＝－ど£（β）  

可0）＝50  

hasunlqueSO］utionprovidedthatEuler－LagrangeQPeratOrOfL：：fL：ise］］ipticandthatsl  

isc］osetoso・MoreoverthesolutionfendstoaCriticalpointasi→∝＝扇thexponential  

order．   

One▼OftIlemOStimportantexampleofvariationalproblemsishaIrmOnicmaps・IJet  
（M，9）and（N，h）beclosedRiemannianmanifo1ds．Forsmoothmapf‥M→N，the  

energyfunctio＝lalisglVenby  

瑚）＝か抑転  
A harmonic mapsis characterized by acriticalpoint ofthefunctional．The Euler－  

IJagrangeequationofthefunctionalisasecondordersemirlinearellipticequation・Ap－  
PlyingTheoremB，WeObtainastablemanifo1dtheorem丘）rtheequationofthegradient  

now（whichiscalledtheEells－Sampsonequation）．   

AnotherimportaJlteXamPleofvariationalproblemsistheYang－Millsconnection・The  
Euler－I］agrangeequationoftheYang－Millsfunctionalisnotelliptic・Ⅱowever，WeCan  

avoidthisdifncultyandobtainastablemanifoldtheorem・（See［MⅨ，旺MN］）．   

Fina）1y，WenOtethatthistalkisbasedon【N3］．  

The13－tIISapporoPDE  H．ⅣAITO   
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Ⅰ王．NAITO   TIte13一仙Sa」ppOrOPDE  
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ストークス乗数と弱双曲型作用素  

大阪府立大学総合科学部 新開謙三  

q．序．  

a〉0は定数，j，kは整数で0くkくj－1とする．sく0 としコーシー 問題  

の基本解 e（t，S，ど）を構成する。即ち  

tkE’e‘t’S’E’＝0’  

（0・2）搭芸…≡三；  

を sく0くt として解く．そして 吉→＋∞ としたときの漸近挙動を求める。  

結果は次の通り．  

定理⊥ d＝（j－k－1）／（2j－k）とする。  

常微分方程式の初期値間題（0．2）の解e（t，S，E）はSく0くtのとき次のよ  

うな漸近展開を持つ．  

（0．3）e（t，S，吉）＝  

＝∑ mヲn＝1am，。（t・S）E－1exp【Cn，nEd】exp【i¢m，n（t・S，E）】（1＋0（1）），E－ケ＋m・  
ここに  

a 
m，n 

（D・4）¢m，n （t，S，ど）＝｛（－1）mtj＋1＋（－1）nsj＋1ほ′（j＋1）・  

そしてCm，nは定数で  

（0・5）i…≡‡；く…j：く…三芸立 

m 

と 。 

となる．  

定理から解ること・ReC隠，n 〉0のときCm，nを含む項は無限階のフーリエ  
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積分作用素で，（0．4）から定まる trajectoryに沿って（1／d）－UWF（ultra  

WaVefrontset）が伝播する1したがってuo（x）＝6（x）（Dirac関数）とす  

ると，  

k＋1くj く2k＋1の場合は4本の trajectories のうち3本に治っては  

（1／d）－UWFが伝播し1本に沿ってはGevrey class of orderl／d となる．  

2k＋3 くj の場合は4本共に沿って （1／d）－U肝が伝播する．  

即ち，t＝Dで分岐が起こるかどうかが解る．また，どのGevrey classで  

Wellposedかということも（0．3）式から解る．初期値がGevrey class gで  

あフても g〉1／dであれば t．〉0 になればultra distribution of order  

l／d となる．Infinite orderの捉微分作用素については，たとえばL．Zang－  

hirati［4］を見よ，k＝j－1の場合はTaniguchiand Tozaki［3】に詳しい．  

1．証明の方針．  

（1．1） u ＝eXp【i花・／（j＋1）】  

とし  

（1．2） z（t）ニU l／2ど1／（2j－k）t  

とおくと，  

入＝吉 （j－k－1）／（2j－k）〉0 
，  

として（0．2）は  

b＝eXP【i冗（j→k－1）／（2j＋2）‡a  

22jk 
Ly‥＝‡∂一入（z・bz）1y＝0，  

y（z（s））＝ 0，  

y・（z（s））＝山 
一1／2吉－1／（2j－k）  

「
－
・
1
 

し
 
 

ノ
く
1
■
－
－
－
＝
 
 

）
 
 

3
 
 

1
 
 

（
 
 

となる．  

（1．4）  Ly ＝ 0   

については Sibuya［2】と同様にして次の結果をうる：  

Sm＝†z；larg【z卜m汀／（j＋1）】く方／（2j＋2）1・m＝0，1，…，2j＋1  

とする・（1・4）の解yで，y→Oasz→∞inSをsubdominantsolutionin  
81 

Smという・   

命題L（Sibuya’s rotation formula）Ly（b，Å，Z）＝0 とし  

（1・5）yⅢ（b・入・Z）＝y（0 
－（2j－k）m 一m 

b・A，山z）  

とするとLym（b・入・Z）＝0である・  

ー41一   



盆題ヱ⊥（1・4）のSoにおけるSubdominantsolution f（b・入，Z）で・次の  

ようなものがある．  

（i）f（b，A，Z）は（入 1／（j＋1）z，入（k－2j）／（j＋1）b）の整関数．  

（ii）0く入0≦1く＋∞とする・次のような漸近展開を持つ・  

（1・6）f（b，A，Z）～fl／2z－j／2（1＋∑器1Bnz．n／2）exp卜入zj＋1／（j・1）】，  
（1・7）f・（b，入，Z）～Al／2zj／2（－1十∑器1BこZ‾n／2）expト入zj＋1／（j＋川，  

S2j＋1 USoUSl∋Z－＞∞  

命題阜」  

（1・8）fm（v，A，Z）＝f（u 
－（2j－k）m －m 
b，A・uz），m＝0・1，…，2j＋1  

とするとfm（b・A・Z）はSmでのSubdominantsolution で，（1・6），（1・7）  

と同様の漸近展開を持つ．  

Wm，nでfm（b・A・Z）とfn（b・入・Z）とのロンスキアンを表すことにし，  
fm（t）＝fm（b・A・Z（t））・   Z（t）は（1・2）のもの・  

とする。  

コーシ．一 問題 （1．3）の解を y（z）とすると，（0．2）の解は  

e（t，S，E）＝y（z（t））  

とあらわされる．また，初期条件と1次独立性とから  

y（z（t））＝W 
‾1／2－1／（2j，k） 
E w31，j＋2．｛fj＋2（s）fj．1（t）－fj＋1（s）fj．2（t）｝  

が得られる．  

1fl（t）  fj．1（t）＝Wj．1，1症1f。（tトWj．1，。症  
1fl（t）  fj＋2（t）＝Wj．2，1症1f。（t）－Wj＋2，1症  

も1次独立性かb得られる．この2式が connection formulaで，係数がスト  

ークス乗数である．これらから s く 0 く tのとき  

（1．9）e（t，S，ど）＝  

＝u ．1／2E‾1／（2j－k）鶴府1，j＋2｛Wj．1，1fj．2（s）f。（t）－Wj＋1，。fj＋2（s）fl（t）  
－ 
Wj＋2，1fj＋1（s）fo（t）＋Wj＋2，Ofj＋1（s）fl（t）Ⅰ  

をうる．  

（1・10）Wo，1＝一切j＋1，j＋2＝2u j／2  
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は命題1，2，3から得られる．  

］ 0迅⊥」1也」」j＋1山ユ」j＋2（P）の漸祈学軌  

W Wj＋＝，Wj＋1，1・Wj＋2，0，j＋2，1 の漸近挙動をもとめるには，同じzに対  

するfo・fl，fj＋1，fj＋2 の漸近挙動が必要となる・   

F・W・J・01ver［1】によると・SoでのSubdominantsolutionで次のよう  

なものが存在する．   

「g（b，A，0）＝COnSt・（1・0（1）），  

（2・1）i  

（2．2）  

g・（b，1，0）＝COnSt．入 2／（k＋2）（1＋0（1）），入→＋00，  

g（b，＾，Z）＝COnSt．ユ ーk／（2k＋4）z－j／2exp［－＾E （k＋2）／2］，入→＋∞，  

但し，  

（2・3）（＝｛けt2j・btkl）1／2dt｝2／（k＋2）   

この解とf（b，入・Z）との比を求め・rOtation formulaを用いてf但（0）の漸  

近挙動がもとめられる．即ち  

1im Hb，入，Z）／g（b，1，Z）  
Z→＋∞  

を計算すると  

（2．4）f（b，1，Z）＝Cexp［Kb（j＋1）／（2j‾kl］g（b，Å，Z）（1＋。（1））， 入→＋∞  
但し  

K＝i『Ⅰ（t2j・tk）1／2－tjldt〉0・  

これと（2．1）と rotation for皿ula とから，  

（2・6）fm（b・＾・・0）＝C・1－ 1／（k＋2）exp【cm＝（1＋0（1）），  

（2・7）fふ（b・入，0）＝C”11／（k＋2）exp【cmA】（1＋0（1）），い＋00  

を得る。ここに  

（2・8）■cm巨a 
（j＋1）／（2j－k）K 

，  

（2・9）arg【co］＝7E（j－k－1）／（4j－2k）・  

（2・10）arg［cl］＝7r（j＋k＋3）／（4j－2k）・  

（2・11）arg【cj＋1】＝  k＝ eVen，   

k＝ Odd，  

そして  

（2・12）arg【cj＋2】  k＝ eVen，   

k ＝ Odd  
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である．ここで重要なことは rotation formula を使うとき  

（2．13）】arg【u＊b】lく打  

となるようにu＊の偏角を選ばねばならぬことである．  

（2・6）と（2・7）とから切 
取，n 

る．  
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退化する準級元与i竣奥方麓武に対する   

屑箱古契解の布在巨ノ鼠掛こついて  

三象偉観（株）  

野中恥良計  

火の施合間絶を秀える。  
レ（沈＝（α（比）u丈ノズ ′  ロ＜ズくJ′ 慮＞ク  

鵬。ク＝ヂ（ズト 〟zl如ご『（ズノ． β＜ズく了  

〟（£．ク）＝〟（ズ．′巨♂ ′∠主β   

二二て、、．丘（比＝コC〆級（α≧タフであ牛）好を誘材彰のとする。  
りい〉クナよぅけ久（比ノフロ  

j≦ルレ≦正号ろ仰／水あ77  

ii）以♂）ニ〆（りご一－←一一方冴′2久（♂ノごク  

両諾′一久明＞β  

初軸隠p（ズノけば）（ニついて．如新年を仮免する。   
（i）ヂ（ズ）∈日英（＝）．f琴貨如）∈L2（軋り（絶し．3窒素竺かり  
デ（β）ごア（＝ニク′ヂ（ズ）フβ／♂＜ズ＜J  

アてりク♂．デモ丁）＜ク   

（田打（ズ）∈り迄（仇＝∫釘（β〕ニ爪すぃβ  

ここて、・．ノ久の閻蕃史質問嗜卜すろ。   

ヾ＝L拙T］；紬＼り）∩∂，た（［Ⅲ珊じ（紺ノ    杵し，Lよ㈲丁了骨ノ（紺）車（£．町凄眠Lぬ伽丁］瀬畑羽  
打恒十巨恒H作伴一価ノ．P物〟∈L2（久り‡（仇≧うノ  
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ゼ（i、‖レム   

川仙1T＝盟Illu（珊月瑠（‖嬬十錮u隠州璃誹）主  
によ7てβ帥A揚督閻を化す。  

ヒニろで．戊（u）＝例〃鋸（仇≧J）の腸針ま、どメ拐飢孔tI］とみい7薇じう  

れている。e脇机は方准如こ粘は頻去っけ加えた方姫先に対すろ  

木城解の殆在より軋仙解を賭試し＿孝の路東性叫局所解の冶薇左恭し  

ている。  

ニニで廿鮎ラ化閉軌二村す路城解の藤根り乱小畑孝老捲れ、キの玖  

東経から局所解の各友吉未す。  

髭姥1  

（1）ノ用）射及隠する∴のとき正の数職ご屯（llPll名′ll仙Il拝顔ヤ‖。）が  
殆隠して、（P）lま〟（五牒）∈喘厄る一息耶解を彰ち．さらtこ  

〟（β．ズノ＞β／0＜ズ＜7，ク≦メ≦職  

uズ（五β）フ∂′〟ズ（ん＝＜町用≦ズ≦頂   ‡  

を魂仁す．  

淀亀   

逓動‰の櫛魔雀田いるL．定理了の〟〔應′ズ‖ま   

〟（ズ．ズノとC2仙職］JC桐払川nC他職17C銅山〕）nC紬．働］フC糾鋸］）   

とナより、レ（∠′れlま仏過十よ藍疎7、、（P）を魂たす。  

監理2  

（Ⅰ）．（封を他見する。（P）の解u（んズ）∈ゼ○＋∫挽く英）があパ、でらに  
〟ほ′ズ）＞OJO＜ズくJ′ほ慮≦1  

佑は，0）＞β′レズ（オ．‖＜β プロ≦J≦1  ‡  

左諸たすナよらは小山は′ズ）∈鳩十一雄る．  
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Singular Limit of the Alfven Number 

for Incompressible Ideal Magneto-Fluid Motion 

Shun'ichi Gotoh 

We discuss the singular limit with respect to the Alfven number 

for the incompressible ideal magneto-fluid motion in the three 

3 dimensional Euclidean space IR3 or the torus F ( i. e. , the periodic 

motion) which is denoted by G. 

In the fluid dynamics there appear many systems of non-linear 

differential equations involving parameters such as the Mach number 

and the Alfven number etc.. One problem on the singular limit is to 

determine the limiting system which has a completely different 

property comparing with the original system, as such a parameter 

tends to some value. 

When the system is hyperbolic, this problem has been studied in 

G.Browning - H.-0.Kreiss [21, S.Klainerman - A.Majda [5], A.Majda [6] 

and S.Schochet [71. In particular, Browning and Kreiss studied the 

Alfven limit for the compressible magneto-fluid motion as an example 

of their theorem. However, to show this, they needed more 

assumptions on the initial data than those in other papers above. 

The purpose of this note is to determine the limiting system for 

the incompressible magneto-fluid motion under the natural assumptions 

3 on the initial data. In IR the limiting system becomes the 

equations of the magneto-static field (see (1.8)). And, in Y~ it 

becomes the system involving two dimensional convective derivative 

(see (1.6)) but the author does not know whether its physical meaning 



has been clarified. 

We consider the following system involving a large parameter a, 

a 2 a (1.1. a) (Elt+ (v , V) )va+vpa+a H xrot~"=0 

I . .  (at+(va,v) )H~-(H~,V)V% in [O,T'IXG 

a a ( 1 . c  div v =div H = O  

LX a a a  on^. ( 1 . d  v (0)=vo. H (0)=Ho 

a va va), the magnetic field Here the fluid velocity va=va(t,x)= (v 1' 2' 3 
a 0: t a a a  a H =II (t.x)= (H , H  , H  ) and the pressure pa=p (t,x) are unknowns 1 2 3  

depending on a. The reciprocal of a is the Alfven number which is 

in proportion to Ivml/lHml, where Iv I,IHmI are typical mean values m 

of these quantities. 

We assume that the initial data (1.l.d) satisfy 

where H is a non zero constant vector and sr3 is an integer. 

2 Throughout this note, Hr(G) denotes the Sobolev space of the L -type 

with inner product (-,.), and norm I1 Ilr and H:(G) denotes the 

solenoidal subspace of Hr (G) . 
0: - Setting K ~ = ~ ( H  - H ) ,  we can write (1.l.a)-(1.l.d) in the form 

(1.3.a) (a, + (va, V) )va+~axrot~a+~(pa+a~.~') -a(~, V)Ka=O 

a a (1.3.~) div v =div K =O 

It is known that, for fixed a, there exists a local in time unique 

classical solution of (1.3.a)-(1.3.d) (for example, see [11,[41). 

The solution belongs to the following function space 



In addition to (1.2) we require the following assumptions on the 

initial data: there exist vector field (V~,K~)EH;(G) and a constant 

AO>O such that 
m a, 

(1.5.a) (v:,~:) 4 (vO,KO) in H'(G), as a 4 m, 

0( 
(1.5.b) all ( B , V ) V ~ I I ~ - ~ + ~ I I  ( ~ ~ , v ) K ~ I I ~ ~ ~ ~  AO- 

We note that (1.5.a) and (1.5.b) imply that (G.v)v~=(B,v)K~=o and 

there exists a constant A1>O such that 

a a 
(1.5.~) ll~~ll~+BK~ll~~ Al. 

Now, our main results are the following 

THEOREM Assume that (1.2),(1.5.a) and (1.5.b) hold. Then there 

exist a constant T*>O, independent of a, and vecter fields 

(~",K")GC([O,T~] ;H~(G))~C~([O,T~] ;H~-'(G)) 

such that 

(va91Ca) + ( V ~ , K ~ )  weak* in L~([O,T~I ;HS(c)), as a + a, 

and (va,,Ka,) is a unique solution of the following system 

a, a, 

(1.6.c) div v =div K = O ,  (H,v)v"=(H,v)K"=o 
m OD 

(1.6.d) div u =div L =O 

Here (aq", ( H ,  v)um, (H, v)L") is uniquely determined by 

Remarks (1) It follows that (vqm, (fi,V)um, (H,V)L"IEC( [ O , T * I  ;HS-'(G)) 



2 2 3 and ( q w , ~ w , ~ w ) ~ ~ m (  [o.T++I ;LloC(~3)) or Lm( [O.T*I ; L  (T 1 ) .  
a, w 

(2) If G = w ~ ,  then (H,V)V~=(H,V)K~=O imply v =K =O. Therefore, 

(1.6.a)-(1.6.d) are simply described by 

(1.8.a) vqw-(~,~)Lw=0 

(1.8.b) (H,v)um=O in IR~. 
w w 

(1.8.c) div u =div L =O 

The sketch of the proof to our theorem is as follows. We show 

the energy estimates of the solutions to (1.3.a)-(1.3.d), which are 

uniformly to a. Next, it is proved similar to [6] that the 

solutions converge as a + =. Finally, to determine the limiting 

system, we essentially employ the following 

&EMMA Let {va(t,x)) be the sequence of functions satisfying the 

following assumptions: 

and there exists a constant A2>0, independent of a, such that 

(1.9.b) II(H,v)v~(~) I I ~ - ~ ~  A2 for any tE[O,T*]. 

Then, by passing to a subsequence, there exists a function va,(t,x) 

such that, as a + w, 

m 
(1.10.a) va + vW 2 

weak* in L (~O.T~l;Lloc(G)). 

(1.0.b) (H,v)v~=(H,v)v~ + (ii,v)vW weak* in L~([O,T~];H~-~(G)), 

where va(t,x)=va(t,x)-va(t,x-(H/IHl ,x)H/IBI 1 .  

means localization in the direction Remark In the case of G = R  , Lloc 

to H .  



For the detailes of the proof see [3]. 
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The SLEP method and its applications - -  

Yasumasa NISHIURA 

Institute of Computer Sciences, Kyoto Sangyo University 

Kyoto 603, Japan 

Patterns with sharp transition layers appear in various fields 

such as patchiness and segregation in eco-systems, travelling waves in 

excitable media, striking patterns in morphogenesis models, dendric 

patterns in solidification problem, and so on. 

The most simple but substantial model system, to which most of the 

above ones fall, is given by the following reaction-diffusion 

equations: 

where dl and d2 are the diffusion rates of u and v and 6 is 

the ratio of the reaction rates. The region R is either ( - f i r  E l ,  R, 

a rectangle, or a channel. The Neumann boundary conditions is added to 

( P I ,  if necessary. It is usually assumed in ( P I  that one of the 

following conditions holds: 

(a) Difference in the diffusion rates of u and v; 

(b) Difference in the reaction rates of u and v; 

(c) Combination of (a) and (b). 

Most of the symmetry breaking stationary patterns in the framework of 

Turing's diffusion driven instability fall into the first category. 

One of the well known models is the Gierer and Meinhardt equation 

describing morphogenetic patterns. Propagator-controller systems 

-53- 



including a simple skelton model for the B-Z reaction lie in the second 

category. It is essential for such systems that one of the components 

reacts much faster than the other. Formally speaking, the 

FitzHugh-Nagumo equations belong to the third category in which the 

second component v does not diffuse and reacts much slower than the 

first one. However, the qualitative behavior of solutions of the FHN 

equations is almost similar to those of propagator-controller systems. 

For this reason, the FHN equations fall essentially into the second 

category. Moreover, for this specific model, there are already several 

results for the stability of the travelling pulses. 

Here, we focus on the third category where the first component u 

reacts much faster than the second one v, although u diffuses slower 

than v (See [ 3 1  and [ 4 1  for the first category case). More 

specifically, we use the new paremeters 

and rewrite ( P I  as 

where we used the new time variable t = 6s. We assume that E ( >  0 )  

is sufficiently small. Therefore, we can use the singular perturbation 

method to obtain, for instance, stationary solutions and travelling 

waves. The most simple example for the nonlinearities f and g is 

that f is cubic-like and g is a linear function of u and v. The 

parameter t and E are called the relaxation and Layer parameters, 

respectively, since T controls the ratio of the reaction rates and 

8 represents the width of the transition layer. Note that ( P I  
E r T  

covers all the above three categories, when z varies in K+. In 



fact, when T = 0(1/&) (resp. O(E)), it belongs to the class (a)(resp. 

(b)), and when s = 0(1), it falls into the class (c). In this sense, 

we may say that the category (c) is the intermediate one between (a) 

and (b). It should be noted here that the typical patterns observable 

in the classes (a) and (b) are different: stationary patterns are 

stable in the category (a), while propagating waves are more common in 

the category (b). Roughly speaking, the fronts always settle down 

somewhere in (a), however they move to some direction in (b). 

Therefore, one can imagine that some kind of transition process might 

happen to the structure of solutions, when the system shifts from (a) 

to (b) (i.e., -c decreases in (P) 1 .  
Err 

In this talk, we mainly focus on the one-dimensional .case (i.e., 

R = I c K), and consider the following problems. 

(1) Find the observable patterns in the category (c), and clarify 

their stability properties. 

( 2 )  Describe the transition process when the system shifts from (a) to 

(b), and, especially, what kind of bifurcation phenomena occurs 

when -c decreases ? 

Before stating the third problem, we remark the following fact. For an 

appropriately fixed T, the stable patterns in the category (c) 

drastically change depending on whether I is finite or not. Namely, 

we have the layer oscillation (spacially inhomogeneous and time 

periodic solutions) for the finite interval case, while the travelling 

front solutions appear for the infinite line case. In other words, 

there appears a Hopf bifurcation for the finite case, but a static 

bifurcation of travelling type for the infinite case. Thus, the last 

problem is 

( 3 )  HOW the structure of the bifurcating solutions in the category (c) 

is deformed when the length Q of the interval becomes infinite. 

The answers for the problems (1) and ( 2 )  are already obtained ,at least 

partially, in [ll, 121, 161, and 171. For the third problem, it has 
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been proved in [ 2 1  that the behavior of the critical eigenvalues 

causing the bifurcation is deformed continuously when the length 1 

tends to infinity. 

In order to deal with the above problems rigorously, we always 

face to the difficulties coming from the Largeness of the amplitude 

(because of the existence of sharp transition layers) and the smal lness  

of 8 . Nevertheless, at least for the existence of layered solutions, 

several methods have been developped systematically. For instance, 

singular perturbation method (or matched asymptotic method) is one of 

the most powerful and constructive methods. However, there have been 

very few l l n i f i e d  approach to treat the stability and bifurcation 

problems for large amplitude singularly perturbed solutions. There are 

several reasons for this. First of all, since the singularly perturbed 

solution has a sharp front at each layer position which becomes a 

discontinuous point as E L 0, the eigenfunctions of the linearized 

problem at the singularly perturbed solution in general do n o t  remain 

as usual functions when E 1 0 .  Also one of the linearized equations 

becomes an algebraic one, since the the derivative of the second order 

vanishes as E 1 0 .  Secondly, for the bifurcation problem as in (21, 

how one can control critical eigenvalues (i.e., Re-parts of them are 

close to zero) of the linearized problem at a singularly perturbed 

solution u n i f o r m l y  with respect to small E .  Despite these 

degeneracies, the most desirable thing is to find a nice limiting 

system from which one can extract necessary information on the behavior 

of the spectrum for small E .  

For that purpose, some blowing up technique is necessary to take 

advantage of the smallness E, otherwise just formal limiting arguments 

(when & = 0, not E 1 0 )  bring us insufficient information on 

stability properties of sin-ularly perturbed solutions. 

The basic tool, which will be employed here, to overcome the 

above difficulties is t h ~  S ingular  Limit Eigonvalue Frol)l,c?nz ( S L E P )  
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method which enables us to study stability and bifurcation problems of 

singularly perturbed solutions (see [21, [ 31 ,  141,  151, 161, and 171). 

The key idea of the SLEP method is to reserve the information coming 

from layers in the form of the distribution along the interface (the 

Dirac's p o i n f i  mass distribution in one-dimensional case) of the 

linearized problem as E 1 0. The weight function of mass distribution 

plays an important role to determine the behavior of critical 

eigenvalues. An appropriate E-scaling to eigenfunctions of the scalar 

2 operator E A + f: ((1,l)-component of the linearized problem) is 

crucial to derive the SLEP system. It is expected that the SLEP method 

could solve the similar problems in higher and general domains (see 

also [ 5 1 > .  
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2 L -concentration of blow-up solutions 

for the nonlinear Schrodinger equation 

with the critical power nonlinearity 
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In the present paper we consider the solution of the Schrodinger 

equation: 

au (1) i - = - Au + f(u), at u(0,x) = p(x), 

N where A is the Laplace operator on IR , u: [O.T) x IRN 4. f is a 

complex-valued function such that f (z) - - Iz l N / 4 ~  as 1 z 1 + m and p E 

In the special case of f (z)= - ~ z l ~ - ~ z  with p E(1, 2.-1) (where 2. 

= 2N/(N-2) if N 2 3, otherwise 2* = + a), it is well known that for p 

2 1 + 4/N, there are singular solutions of the equation (1) for 

suitable initial data (See Zakharov, Sobolev and Synackh [ 1 6 ] ,  

GI-assey [5] and M. Tsutsumi[l2]). That is, there are some solutions 

1 u(t) of the equation (1) such that u(.) E C(l0.T); H ) and 

lim llu(t)llH1 = + m .  We study the behavior at time T of blow-up 
t+T 

solutions u(t) in the critical case p = 1 + 4/N. For N = 2, this 



case has a physical interest: it can be considered as the first 

approximation of a model of a planar beam which is propagating along 

3 
a single direction t in R . 

The phenomena which occur in the case where p = 1 + 4/N seem to 

be quite different from the other cases. Indeed, for p < 1 + 4/N, 

blowing-up in finite time never occurs (Ginibre and Velo [3]). For p 

= 1 + 4/N, there are some examples of explicit blow-up solutions 

without a strong limit in L2 at blow-up time (see Weinstein [I51 and 

Nawa and M. Tsutsumi [91). In the supercritical case 1 + 4/N < p < 

* 
2  -1, the numerical computations (Lemesurier, Papanicolaou, C. Sulem 

and P . L .  Sulem [71) and some mathematical analysis (Merle [8]) 

suggest that every blow-up solution has a strong limit in L~ at the 

blow-up time. 

In addition, in the critical case the explicit examples of 

blow-up solutions lose their L~ continuity because of a "mass 

concentration" phenomenon. That is. the L2 density concentrates at 

the blow-up point (see Weinstein [I51 and Nawa and M. Tsutsumi [9]). 

In this paper, in the case where f ( z )  behaves like the critical 

4/N power - lzl  z as lz l  + +-, we consider the following two questions: 

Are there some blow-up solutions with a strong 1-imit in L2 at 

blow-up time? 

Does the L~ concentration occur for the other blow-up solutions 

than the already known explicit blow-up solutions? 

We assume that f:@ + @ satisfies the following assumptions: 

(F.2) f is a continuously differentiable function such that 

2  there is g: R + R such that f(z) = g(lzI ) z .  



(F.3) f(z) = h(z) - 1z1"'~z where Ih1(z) 1 I clzl r-1 for some c 

> 0 and 1 < r < 1 + 4 / N .  

Under the assumptions (F.1)-(F.3) the equation (1) has a unique 

1 
solution u(t) in H1 and there exists T such that u(t) E C(l0.T) ; H  ) 

and either T = +m or lim llu(t)ll 1 = + m  (see Ginibre and Velo [31[41 ,  
t+T H 

Kato [5] and Cazenave and Weissler [ 1 ] [ 2 ] ) .  In addition, we have for 

all t E [O,T) 

where F ( p )  = 2~;f(s)ds. 

We have the following theorem which answers to the first 

question: 

1 Theorem 1. Assume that f satisfies (F.l)-(F.3) and Q E H . 

If the sol-ution u(t) in C (  [O,T) ;HI) of the equation (1) blows up at 

t = T, then there is no sequence {t ) such that t 4 T and u(tn) n n 

converges strongly in L~ as t +T. n 

Remark 1. It is already known that when f(z) = - 1 ~ 1 ~ ' ~ ~  we can 

construct a local L~ solution of the equation (I) for all initial 

data in L2 (see Cazenave and Weissler [2], Y. Tsutsumi 1131 and 

Strauss [Ill). Therefore Theorem 1 implies that for an initial datum 

y E 11' the blow-up solution can not be extended beyond the blow-up 

2 time in the strong topology of L . That is, the blow-up time in the 

1 I framework is the same as the blow-up time in the L2 framework. 

Remark 2. Theorem 1 is the first result of nonexistence of a 



strong limit in L~ in the case where h # 0. Indeed, we do not have 

to assume the pseudoconformal invariance which is essentially used to 

find explicit examples of blow-up solutions. 

Assume now that q~ has a spherical symmetry and so u(t) has the 

same symmetry. This symmetry implies that the L~ concentration 

occurs at the origin at the blow-up time. 

Theorem 2. Assume that f satisfies (F.1)-(F.3). q~ has a 

spherical symmetry and N r 2. If the solution u(t) in C (  [O.T) ;HI)  of 

the equation (1) blows up at time t = T, then the origin O is a 

blow-up point and for each R > O 

lirn inf llu(t) llL2( lxl,R) 2 IIQIIL2 , 
t+T 

where Q is a ground state solution of the equation: 

1 1 )  - AU + u - = o in R ~ .  

N Remark 4. If xO 6 R satisfies 

IIvu(t) llL2( I x l < ~ )  * + a, (t 4 T )  

for any R > 0, then we say that xo is a blow-up point. 

Remark 5. It is already known that there is a ground state 

solution of (4), that is, the non-trivial least energy solution of 

(4) (see, e.g., Weinstein [141). In addition, we remark that the 

lower bound llQllL2 in Theorem 2 depends only on the behavior of f at 

infinity. 

Remark 6. In the case where f ( z )  = - 1 ~ 1 ~ ' ~ ~  and llq~ll 2 = IIQII 2 L L ' 

Weinstein proved Theorem 2. Theorem 2 covers the more general 



nonlinearity and the spherically symmetric initial data with IlrpllL2 # 

11QllL2 . 
Remark 7. In Theorem 2 we do not have to assume the 

pseudoconformal invariance. 

Remark 8. Theorem 2 is optimal in the following sense: there is 

an explicit example of blow-up solution such that for all R > 0 
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L, - L, estimates for soluti~~ns 0% 

khe nomstatiaz~cary Stokes equation in an exteriapr domaiaa 
and the Nsavier-Stokes initid value problems in L, spaces 

Graduate School of Science and Technology 
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1. INTRODUCTION 
Let 0 be an exterior domain in R", n > - 3, with smooth boundary dO. Consider the 

exterior nonstationary problems for the Mavier-Stokes equation: 

- A u  + ( a .  V ) u  = -Vp in (0 ,  oo) x O ,  

( N S  
divu = 0  in (0, a) x 0, 

ulan = 0 on (0 ,  m) x dO, 

u ( x , O ) = a ( x )  i n 0 .  

In this note we show that  if the initial data a(x) is a small solenoidal vector function in 
L,(0)n, then there exists a unique global strong solution u(t ,  x )  to ( N S )  with some decay 
properties. To do this, we shall follow the argument of Kato [7] so that  the crucial step 
consists in obtaining Lg - L, estimates for the  semigroup generated by the Stokes operator 
in the exterior domain 0 and its derivatives of first order. We arrive at the Lg - L, 
estimates by studying the resolvent expansions. The basic ideas are similar to  those of 
Iwashita-Shibata [5] and Shibata [ lo ]  (see also Vainberg [ l l ] ) .  All the details in this note 
are given in Hwashita 161. 

2. STATEMENT OF THE MAIN RESULTS 

Let 1 < q < oo and set 

Jq (0) = the completion in Lq of { a  E C r  (O)" ;  div u. = 0) . 

We denote by P the projection from Lq (a)" onto Jq (a).  The Stokes operator A is defined 
by A = -PA  with dense domain 

where W:(L?) stands for the Sobolev space of order two. Recently, it has been proved by 

Borchers and Sohr [2] that --A generates a bounded analytic semigroup e - t A  on Jq(Q) .  
The following theorem is a fundamental result in this note. 



THEOREM 2.1. Le t  n 2 3 and 1 < q < co. Let  3 and 3' be real numbers such that  
s > n(l  - l /q)  and st < -n/q.  T h e n  there exists a positive constant C = C ( q ,  s, s t )  such 
tha t  t he  inequality 

i s  valid for any f E Jq (0) f l  Li ( D ) R ,  where Li ( D )  i s  a weighted Lq space defined by  

Based on this result, we obtain 

THEOREM 2.2. L e t  n 2 3 and 1 < q < oo. 
(i) (Eocd  energy decay) For any R >> 1,  there exists a constant C = C ( q ,  R) > 0 such that  

( 2 . l )  I l e W i A f  I I L  , ( ~ a )  - < C( l  + t ) - "12q~~ f  I I L , ( Q ) ,  t 2 0 

for any f E J,(Q), where DR = {x E R; 1x1 < R}. 

( i i ) (Lq  - L, estimate) l e t  q < T < m and put m = P (: - 5) .  T h e n  t h e  estimate 

holds for any f E J, (a). 
For the global solvability of (NS) with small initial data, we require, in addition t o  (2.3), 

the Lq - L, estimates for the first derivatives of e-tn.  

THEOREM 2.3. L e t  n 2 3 and 1 < q 5 T < - n. Then ,  

(2.3) llae-gAfllL T ( * )  < - ct-"-1/2 i l I l q # ) ?  t > o  

for any f E J q ( D ) ,  where 8% stands for any  o f  e, j = 1 ,  ...,la and r = 3 (t - f). 
REMARK 2.4.. In [4] Giga and Sohr study the fractional powers of the Stokes operator 
and, as an  application, prove the estimates (2.2) and (2.3) when 1 < q < n / 2 ,  0 5 a 1 
or 1 < g .< 2 ,  0 4 a 5 112. 

The restriction T 5 n in 'Theorem 2.3 is a demand for the completely technical condition 
rr i- 1 / 2  5 n /2q ,  although it seems that the  elimination of the restriction is left outside of 
our method. Nevertheless, the Lq - L, estimates (2.2) and (2.3) enable us t o  obtain 

THEOREM 2.5. Let  n > - 3. There exists a constant e > 0 such that  if a E Jm(D)  and 
IlallL,(n) < E ,  then  a unique global strong solution u t o  (NS) exists possessing t h e  folIowing 
properties: 

(2.4) t(1-'iq)12u E B([O, m); Jq (a))  tor any  q, n < q < co, 
(2.5)  t1/2au E n([o, m); L,(O)), 

(2.6) t1-"i2qau E C([O, m); L q ( D ) )  for any q, rn < q < m, 

where B denotes t he  class o f  bounded continuous functions. All  t he  values in (2.4)-(2.6) 
vanish at t = 0 except for q = n i n  (2.4) and,in case q = n, then u (0 ,  x) = a ( x )  . 

The proof of Theorem 2.3 is done along the same line as in Fujita-Kato [3] and Kato [7]. 



and let B(R1, E2) denote the totality of continuous linear operators from H I  to N2. 

THEOREM 3.1. Let  1 < q < co, 0 < 6 < X, 8 > n(1  - and s1 < -n/q. T h e n  there 
exists eo > 0 such t ha t  the  resolvent ( A  - z)-I with z E C(S), lzl < EO has t he  following 

expansion as an operator i n  B(L; (an n Jq (a) ,  W ~ ~ ~ ' ( R ) " ) :  

where e ( n )  = 0 for n odd and = 1 for n even; G 2 ( z )  is holomorphic i n  z and G 3 ( z )  tends 
t o  zero as t -+ 0. 

Theorem 2.1 is an  immediate consequence of the expansion (3.1). We shall outline 
the proof of Theorem 3.1. 'Take numbers b and d so that d > b >> 1. Let L be an 
operator E B(Lq(Od)' ,  Wf(Qd) ' )  such that  for any f f Lq(Qd)" ,  Lf satisfies with some 

P E W:(Od) 

(cf. e.g., Ladyzhenskaya [$I). Let cp and II, be Cbo-functions in Rn such that  cp = 1 for 

1x1 > b and = 0 for 1x1 5 b - 1; II, = 1 for 1x1 > - b - 2 and = 0 for 1x1 5 b - 3. For 
f E 2; (D)" , let f d  = f 1 n ,  and let f o  = f in O and = 0 in Rn \ O .  We define a regularizer 

R l ( 4  by 

R l ( z ) f  = p&(z)(II,fo) + (1 - dLfd - Q ( z ) f ,  f E L;(R)', 

where & ( z )  is the resolvent of the Stokes operator in Rn: 

and R o ( z )  has the same type of expansion as in (3.1), which is derived from the resolvent 
expansion for the Laplacian by Murata [9]. The operator Q ( z )  is a modifier so that 
d i vB l ( z ) f  = 0 in Q ,  and its existence is assured by the following result due to  Bogovskii 

[ I ] .  

PROPOSITION 3.2. Let D be a bounded domain i n  Rn, n > - 2, with smooth boundary. Let  

1 < q < m and let  m be  a nonnegative integer. For any  f E & r t 2 ( ~ )  with 



0 

there exists a vector field u E W:tz(D)= such that  u fu1fiBs divu = f in D an$ 

The  operator R l ( z )  also satisfies t h e  Dirichlet boundary condition: R l ( z ) f l a n  = 0 if 
f E Li (O)" .  A pressure IT f associated with R l ( z )  f is defined as follows: 

where 

and  pl is a presslire associated with Lfd and satisfies 

Then it turns out t h a t  I? E B ( L ; ( O ) " ,  w,'J"'(sz)) and VII  E B ( L ; ( O ) ^ ,  L,(O)"). T h e  
operators R l ( z )  and  II thus defined obey 

where S ( z )  is a compact operator i n  L;(O)"  and  is holomorphic in z E C ( 6 ) .  

LEMMA 3 .3 .  Theinverse (I+s(z))- '  o f I + S ( z )  exists as aB(L;(D)",L;(R)'))-valued 
meromorphic function o f  z E C(6) and has no  poles in  C ( 6 )  f l  {lzl < e o )  for some eo > 0. 
The  same type o f  expansion as (3.1) i s  valid for ( I  + ~(2))~'. 

This lemma is an  immediate consequence of analytic Fredholm's alternative and  the  fact 
t ha t  the  inverse (I + S(O))- l  does exist in B(L; (R)",  Li (R)")) .  On the  way t o  this result, 
a crucial role is played by the  following result on uniqueness. 

PROPOSITION 3.4. Let n > 3 and 1 < p < m. Suppose that u E W,'lT(0)' with P u  E 
L q ( D ) n ,  lul = 2, and p E L;'(D) with O p  € Lq(R)' for some r ,  ~r E R1, where W ; l ( D )  
is a weighted Sobolev space, and assume that u and p satisfy 

and 

l im - .I Ix(x)lqdx = l im - Ip(x)lqdx = 0 .  
R+w R<Ix(<2R 

Then,  u = O and p = 0. 

By Lemma 3.3, we conclude tha t  (A- z)-I = Rl ( z ) (6+S(z ) ) - ' ,  which proves 'Theorem 
3.1. 



The estimates (2.3) and (2.4) for small t > 0 are obtained by Sobolevls embedding 
theorem and a real interpolation method from the estimate- 

for any u E Dq(Am). 
For large time estimates, we use the result in Theorem 2.1. We may take u0 = e-Af as 

the  initial value. Let vo be an extension of uo t o  Rn such that  divvo = 0 in R". We define 
an operator E ( t )  by 

Then it is well known that  the Wi" - LT estimates for E (t) and aE(t) are given by 

C(I + t)-' and C(1 + t)-'-1/2, respectively. Choose (D E CF(Rn) so that (D = 1 on a 
neighboushood of L?. Then, Proposition 3.2 permits us to  have a modifier vl(t), which 
satisfies 

div [(I - cg) E(t)vo - ul(t)] = 0 in Rn. 

Put  

Then, v2 = 0 for l ~ r g e  Isl, and there exists p(t) such that  

where g(t) satisfies div g(t) = 0 and supp g(t) is compact in Q. Therefore we Rave 

This identity and Theorem 2.1 lead us to the Lq(r(2R)- estimates for v2(t),  which combined 
with the Lp(L?~)- estimates for E ( t ) v o  and vl(t) to give Theorem 2.2, (i). Similarly, we 
have the same bound of e-'Auo in Wa(QE)".  

Next, we take $ E Cm(R") such that  II, = 1 for 1x1 large and = 0 in a neighbourhood of 
L?. For some modifier v3(t), we set v4(t) = $u(t) - v3( t )  and then have 

(6'' - A)vq(t) + V($P(~))  = h(t) in (0, oo) x Rn, 

div v4 (t) = 0 in (0, a) x Rn, 
vq(0) = 0 in 52, 



where supp h(t) is compact. Hence we have 

where Po = F-' [Fo(,$)F.]. From this we obtain the L,-estimates for v4(t) and av4(t) and, 
hence, for $e-tAuo and d($e-tA uo). We combine this with the LV'(J?) estimates to  verify 
Theorems 2.2 and 2.3. 
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O n  Nonlinear Smal l  Data Scattering 

by Kiyoshi M O C H I Z U K I  

(Dept. Math., Shinshu Univ.) 

Let X be a Hilbert space with norm 11 11 and A be a selfadjoint 
)( ' 

operator in X with dense domain 9(A) c X. We consider the evolution 

equation 

It is convenient to rewrite (2.1) into the integral form. Let 

Then we have from (2.1) 

We make the following hypotheses. 

(I) There exist Banach spaces y and Z  such that X ,  Y and Y' 

are continuously embedded in Z ,  and Z '  is dense in each X, Y and Y'. 

Here Y' and Z '  are the dual spaces, with respect to X, of Y and Z ,  

respectively. 

(11) Uo(t) restricted to X n yr has a continuous linear exten- 

sion (still denoted wo(t)) which maps YF to Y, and there exist c > 0 

and 0 < d < 1 such that 

( 2 . 4 )  IIUo(t)flly 5 c~tl-~llfll~, for t # 0 and f E Y'. 



U ( t )  also has a continuous extension from Y  to Z such that 
0 

(2.5) uo(t)uo(s)/ = uo(t+s)f for f E Y'. 

(111) F maps X n Y to Y ' ,  F(0) = 0 and we have 

(2.6) I F - F  I i CIIU-VII)~{ I I U I I ~ - ' + I I U I I ~ - '  1 

s-2) + c{ llull;,tlluli),l Ilu-ully{ ll~ll~-~+IIvll 

2 
for u, v E X n Y ,  where s - d - 

(IV) Moreover, F maps Y into X and we have 

The integral equation (2.3) will be considered in the following 

space of functions u(t): 

T h e o r e m  2 . 8 .  Under (I) - (IV) there exists a 6 > 0 with the 

fottowing properties: If q~ - E X and llq-llx < 6 ,  then there exists a 

unique sotution u(t) E W of the integrat equation (2.3) such that 

Furthermore, there exists a unique cp+ E such that 

Thus, w e  can define the scattering operator S: q- -4 q ~ +  on a nezgh- 

borhood of 0 in X. 

The proof of this theorem will be done based on a contraction 

mapping principle. For this aim we prepare three propositions. 

Throughout this paper the following H a r d y - L i t t l e w o o d - S o b o l e v  



inequality will play an important role. As for the proof see e.g., 

Hormander [ I ,  Theorem 4 . 5 . 3  . 

Lemma 2 . 2 .  I f  1 < p  < q < a n d  

t h e n  

( 2 . 1 3 )  1 1  l ~ l - " + ~  $ f l l L q  c ( ~ , v ) l l f l l ~ ~  f o r  f  E L P ( R n ) .  

00 

Proposition 2 . 3  f ( t )  -+ I-, U o ( - t ) f ( t ) d t  i s  a c o n t i n u o u s  map 

1  1  
o f  L S ' ( R ;  Y p ) ,  w h e r e  --.I 1-  - , t o  X. NanreLy, t h e r e  e x i s t s  a C1 > 0 

S S 

s u c h  t h a t  

OD 

( 2 . 1 4 )  l l [ - m  ~ ~ ( - t ) f ( t ) c i t l l ) ~  5 C ~ I I ~ I I ~ S ~  
) 

f o r  f ( t )  E L ~ ' ( R ;  Y ' ) .  

P r o o f .  We have only to prove ( 2 . 1 4 )  for f ( t )  in a dense set of 

L ~ ' ( R ;  y ) .  Let f ( t )  E c , (R;  Z p ) .  In this case we can change the 

order of integrations to obtain 

Here ( , ) denotes the innerproduct in X, or more generally, the du- 

ality between Z and Z ' .  Using (I), (11) and the Holder inequality, 

we then have 

1  d  1 1  The requirement - implies that - = - , - ( 1 - d ) .  Thus, we can apply 
S S S 

Lemma 2 . 2  with n = 1 and v 1-d to obtain 



This proves ( 2 . 1 4 )  if we put C 1  J c c ( s P , l - d ) .  O 

P r o p o s i t i o n  2.4. L e t  y  E X .  T h e n  U O ( t ) @  E L S ( R ;  Y )  a n d  w e  

h a v e  

( 2 . 1 5 )  llUO( t ) y I l L s  cY) C 1 l l ~ l l ) ~  f o r  v E X, 

w h e r e  C 1  i s  t h e  c o n s t a n t  g i v e n  i n  ( 2 . 1 4 ) .  

P r o o f  Let y E X and f ( t )  E c ~ ( R ;  Z p ) .  Then we have from the 

above proposition 

w m IS-, ( f ( t ) ,  uo( t ) v ) , p t l  = I ( J ' ,  u , ( - t ) r ( t ) a t ,  v ) , J  

I C ] l l f l l  s' 
L ('1' ) 

I I  cp I l  

This proves ( 2 . 1 5 )  since c ~ ( R ;  Z ' )  is dense in L S ' ( R ;  Y'). 
0 

P r o r ~ o s i t i o n  2.5. T h e r e  e x i s t s  a C 2  > 0 s u e h  t h a t  

s - I }  ( 2 . 1 6 )  1ll-I u0( t - r )  { F ( U ( - C )  ) - F ( v ( T )  1 d r . 1 1 ~  I C 2 1 1 u - v l l w ~ l l u l l ~ ~ 1 + l l v l l ~ v  

f o r  u ( t ) ,  v (  t )  E W. 

P r o o f .  BY ( 1 1 )  and ( 1 1 1 )  

m 

+ cl t - r ~ - ~ ~ l l u ( d  l l ) < + l l v ( r )  ll,<l l lu (r . ) -u(r . )  ll,,, 

x l l l u ( r )  1 1 ; - ~ + l l v ( r )  l l ~ - ~ l d ~ : I I ~ s  . 
1 1  

Noting - -,-(I-d), we can apply Lemma 2 . 2  to obtain 
S s 



On the other hand, by (IV) 

Summarizing these inequalities, we obtain (2.16) with C2 r 2 ~ 1 ~ .  O 

P r o o f  o f  T h e o r e m  2 .  1 .  We put 

and consider it in the ball 53(6 ) = { u  E W; llull, r b l )  , where the 
1 

constants 6 > 0 and 6 > 0 in the theorem are chosen to satisfy 
I 

Let u  E W(hl). Then by Propositon 2.4 with q = p - and Proposition 

2.5 with v = 0, 

On the other hand, it follows from Proposition 2.5 that 

for any u ,  v E (2.19) and (2.20) show that @ defines a con- 

tractiuon map of S(6 ) into itself. Thus, there exists a unique 
1 



fixed point u E g ( 6  ) which. solves (2,3). (2.19) and the first ine- 
1 

quality of (2.18) imply that this u satisfies (2.9) also. Moreover, 

we have 

and (2.10) follows. Next, put 

Then q E X by Proposition 2.3, and we have noting (11), + 

Thus, letting t -+ + m ,  we obtain (2.11). 0 
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