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Motion by Mean Curvature, Parabolic Harmonic Maps,
and Singular Perturbations of Evolution
Partial Differential Egquations

Robert V. Kohn
Courant Institute

Consider the parabolic equation

ut - 82Au + u3 - U =0 in Q c R®

3u/dv = 0 at 3Q ,

which represents gradient flow for the "energy"
B (w) = [ efivul? « 2at-n?.
£ Q 2 4

It is well-known that for generic initial data the solution will
approach a local minimum of E8 as t = o, If Q "is convex then
the only local minima are % = +1 and u = -1; one might say that
be "large time behavior of u# admits no nontrivial spatial

structure”.

If & 1is small, however, the solutions can keep‘nontrivial

spatial structure for a very long time : one might call this

phenomenon metastability. If § is an interval, ¥ will be
approximately =*1 eXcept near‘certéin transition layers of width

g, which move exponentially slowly in g ; this case was recently
studied by J. Carr and R. Pego. 1In higher dimensions the

transitions are along surfaces, which move with velocity ck82,

where ¢ 1is a constant and &k is the mean curvature. This result
was obtained formally by Keller, Rubenstein, and Sternberg, expanding

on earlier results of others; it has been linked to certain



metallurgical phenomena by Allen and Cahn. For the radially
symmetric case a rigorous proof has been obtained in joint work
with L. Bronsard.

Curiously, the vector-valued analogue

U, - g2au + (Jul®-uw =0, u: Q- RY

it

n
m
q

has totally different behavior. Changing variables to ¢

becomes gradient flow for

[

_ 1 2,1 -2 2 .2
E (u) = fn[z vul e 20u1?-1?2) az |

a penalization of the "energy" whose critical points are harmonic
maps to the sphere Sd_l. In the limit as g - 0, Yunmei and
(independently) Rubenstein and Sternberg have shown that one obtains
a weak solution of the parabolic equation describing gradient flow
for the harmonic map functional, and this has recently been extended
to more general image manifolds by Struwe and Yunmei. The

solutions so obtained are, however, very weak; it remains an open

question whether or not they really have singularities.
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Levi-Maléev Theorems for Smooth Poisson Algebras

August 17, 1988

Abstract:

Motivated by the classical results of Levi-Maléev
on existence and conjugacy of semisimple subalgebras in
finite-dimensional Lie algebras, we discuss in this talk
the formulation and proof of analogous results for the
Lie algebra of germs of smooth functions at a singular

point of a smooth Poisson manifold.

Jack F. Conn

(School of Mathematics

University of Minnesota

Minneapolis, Minnesota
USA)
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Fractional Dimension and Homoclinic Bifurcations
J.Palis — ILM.P.A. , Brasil

One of the most important concept in Dynamics is that of homoclinic orbits. If they
are transversal, then by Birkhoff(1935), they must be accumulated by periodic orbits and
by Smale(1965), they are part of a hyperbolic set. Poincaré, who introduced the concept
late last century, expressed his amazement about the richness, in terms of dynamics, of
such phenomenon.

By 1975, I started examining, with Newhouse, the creation and unfolding of homoclinic
tangencies(new homoclinic orbits), and in more recent results with Takens(Annals of Math.

1987) we introduced the notion of fractional dimensions in this context.

THEOREM. (Palis-Takens) Let f, be a 1-parameter family of surface diffeomorphisms
such for p = 0 we have a homoclinic tangency = associated to a basic hyperbolic set A,
and suppose the tangency is quadratic and unfolds generically. Let U, be a neighborhood
of the orbit of # and A and let
Hs = {p € [-4, 8]; the maximal invariant set for f, in U, is hyperbolic}.
H
Then if HD*(A) + HD*(4) < 1, then lim @ =1.

Here m denotes Lebesgue measure and HD*(A), HD*(A) the Hausdorff dimensions
of the stable, unstable foliations of A.

THEOREM. (Palis—Yoccog, in preparation) Same as previous theorem but now HD*(A)+

H
HD*(A) > 1. Then, for most families f,, h.fsn i(I]lf m(6 D)

<1!

Thus, much of the dynamics of f, near A and the orbit of z, for p small, is determined
by the Hausdorff dimension of A.
Questions inspired by the above theorems:
1) Is limsup smaller than one in the second theorem, and for most families f, ?
2) For affine Cantor sets A and B in the line, is it true that A — B either has measure
zero or contains intervals 7

3) Same for regular Cantor sets.

— October 11, 1988 —
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Cayley-Hamilton D5EHE P Amitsur-Levitzki O{E8ZF (’88 11/2)

MEE R (RSKE - BEHEER)

§ 1. HHICHD Cayley-Hamilton DEHZHOLBRAWRWES SIS, 7
Amitsur-Levitzki OEZFRICOWTHPLTE L. Al,AZ,- S AZ’n 4 2n Ho (n,n)-
7395, COLEXROAPEICKD IS, Zh#% Amitsur-Levitzki OfEZFHE WD,

(cf. [2]. BIF, 2h%E AL OEEX BRI S. )
o

2 (-1) A A e A = 0
(1Y o(2) 5(2n)
CES,
ZZHT, &, M 20 KOMKEHT, FIRE n=1 25 ZORE

AjAy, -~ AyA) =0
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Hamilton 2 ADEGHIHD» 6 LT Cayley-Hamilton DEMIT 1 9t&icROI6hEDHO
RiEWAhWn., —f, AL OEFXFHELE LTHEEREIEDOIZRAL 2 0 LD FIL1950F D
2eTH5. HEINE2O00EFXLZEICWANWSRAHMOMAVREIRTWE LI TH DY,
AETIRIASHEBRIT VY VEHOERICHIRL ZHDIZOWTHBICHRHRL, EHIc5E

OREAEITOWTRRBZ 21T 5.
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HLUT m BRIk S RIEERIE stable 122D, TOE ZOEEEETARINHEH
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Summary of the talk given at HOKKAIDO UNIVERSITY on December 14, 1988

Alexander Eydeland

Two approaches to solving stationary problems in fluid dynamics and plasma physics

are presented. The general form of these problems is i_(A - _JL (L\) » where

Z; is a linear operator (differential or integral) and JQ(«)is a certain (nonlinear)
function called profile function. In the first approach the profile function Ai,(“)
is given in the form \Ji/aa>: jszﬂ‘\ where [Zu) is an a priori prescribed function
and r) is an unknown parameter. The problems of this sort typically arise in sta-
tionary problems of vortex dynamics (Rossby waves, vortex rings, vortex streets, etc.),
in differential geometry (Wente surfaces of constant mean curvature), and in many other
applications. The method of solving this problem consists of first writing the problem
in the variational form (minimization or maximization of a certain functional subject
to some constraints, typically the number of constraints in this approach is low).

The main difficulties ome encounters in devising algorithms for solving the above
variational problem is that the functionals are typically nonlinear, nonconvex, the
constraint sets are also nonconvex and the solution may not be unique. In this talk

a general method is suggested which enables one to constuct iteratively sequences

of approximations which converge to a solution globally, i.e. from any initial guess.
In addition to global convergence this method can be efficiently implemented: a
general step is solving a linear elliptic problem and a low dimensional convex opti-
mization problem. 1In the second approach discussed in the talk the profile function

is not prescribed. Tt is rather determined implicitely by a solution of a minimiza-
tion problem subject to infinitely many constraints, each constraint being a conserved
quantity for the corresponding evolution equation. In the plasma equilibrium problems,
for example, the constraints have the form ‘r \f(w>{{K s where?%g) is an arbitrary

function. 1In this talk a basis for this set of constraints is suggeste which allows



one to rewrite the problem in a particularly convenient form and to develop a globally
convergent procedure for solving a large class of problems. The convergence properties

as well as questions related to the implementation of this procedure are discussed.
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Yang-Mills-Higgs fields and harmeonicity of limit maps

MiITsuHIRO ITOR AND HIROKI MANABE

Consider a connection A and a Higgs field ® on the trivial SU(2)
bundle over R®, the Euclidean 3-space. A configuration (A, ®) is called
a Yang-Mills-Higgs field if it is a critical point of the action integral
V(A,®) = [{|Fal? +|Va®]?}d3z ( F4 =d A+[A, Al and V& =
d ® + [A, ®] denote the curvature of 4 and the covariant derivative of
®, respectively).

Yang-Mills -Higgs field satisfies the Euler-Lagrange equations d 4% F +
[8,%V 4 ®] =0,d4(xV 4 &) = 0.

The infinity condition on Higgs fields ®; |®|(z) — 1(Jz| — o) should
be posed in order to avoid the trivial case. Then, for each (A, ®) the
degree of the normalized Higgs field at the infinity 2-sphere & /|®|: S2, —
52 C su(2) defines k € Z, called the charge.

A configuration (A, ®) with finite (A4, ®) satisfying Bogomolnyi equa-
tions, V4 ® = = Fy, yields a Yang-Mills-Higgs field. We call such a
Yang-Mills-Higgs field a magnetic monopole.

Yang-Mills-Higgs fields correspond to 4-dimensional Yang-Mills con-
nections and magnetic monopoles to {anti-)instantons.

Like the moduli space of instantons, the moduli space of charge k
monopoles i1s variously considered. It turns out that the moduli space
M}y is a complete hyperkahler manifold([2]). The twistor formalism was

applied by Hitchin and monopoles were transferred into holomorphic



structures on a certain complex vector bundle over the space G(R®)
of all oriented lines in R® and it was further shown that monopoles
are interpreted as solutions to Nahm’s equations([5],[8]).By using these,
Donaldson proved that M 1s in a one-to-one correspondence to a com-
plex manifold Ry of all holomorphic maps f: TP — TP, f(co) = 0, of
degree k([3]).

This observation is considered as presentation of a correspondence
between the two different variational objects; Yang-Mills-Higgs fields
and harmonic maps, because every holomorphic map is harmonic. A
Harmonic map f:5% — X is critical for the energy functional £(f) =
Js2 ldf[Pde ([4]).

In this paper we obtain the following phenomenon which gives a more
direct representation of Yang-Mills-Higgs fields into harmonic maps by

using the hmiting of Higgs fields at infinity.

THEOREM 1. Let [(A,&)] be a gauge equivalence dlass of SU(2)
Yang-Mills-Higgs field of Y(A,3) < co with the asymptotical condi-
tion limp_,co sup,|<g ||®|(z) — 1| = 0. If the representative (A, ®) of
[(A, ®)] in radial gauge satisfies imp_,o, < RZA(Rz),®(Rz) >= 0 for
all z € S?, then the limit map ®., of S? into the unit 2-sphere in su(2),
D (z) = imp_, o ®(Rz),r € S?, is a degree k harmonic map( k is the
charge of (4,®)).

SU(2) Ya.ng—Mills—HiggS field solutions of charge 1 are obtained in an
explicit way as BPS monopoles ; A(z) = (1/sinh » —1/r) (8/8 r x e) -
de,®(x) = F(1/tank r — 1/r)(8/d r - &), r = r(=)([7[8]). In this BPS
monopole case the limit map $40: 5% — 52 becomes the identity map so
that 1t 1s automatically holomorphic and hence harmonic.

In Theorem 1 we are able to replace the group SU(2) by an arbitrary



compact simple group G( with Lie algebra g).

Let (A, ®) be a G-Yang-Mills-Higgs field of finite action Y (A4, ®) with
asymptotical condition sup;<g ||®](z) — 1] — O(R — o0). Assume
the image of the limit map ®,,:5% — SV ( N = dimg — 1) lies in
some orbit o C g through X € SM([1],[8]). The orbit a of the adjoint
action 1s written as G /K for the isotropy subgroup K at X and carries

a homogenous Kahler space structure imbedded in g with the minus

Killing form.

THEOREM 2. The limit map $,.:5* — G/K, representing the orbit
@, 1s a harmonic map, provided that [[A(Rz),[A(Rz), @(Rx)]], ®(Rz)] =
o(5r) (R — o) for a representative (A, ®) in radial gauge of the gauge

equivalence class.

A map ¥ being harmonic from S? into a submanifold M of the Fu-
clidean space is characterized by that the Laplacian AW of ¥ is ﬁormal
to M at any ¥(z), = € 5%. The above theorems are derived by making
use of this fact.

We have moreover similar argument linking magnetic monopoles and
holomorphic maps which corresponds just to Donaldson’s correspon-

dence.

THEOREM 3. Let [(4,®)] be a gauge equivalence class of magnetic
monopo]er with gauge group G of finite action. Assume the limit map
® lies in an orbit o. If some representative (A, ®) of [(A,®)] satis-
fies asymptotical condition [A(Rz), ®(Rz)] = 0(%)(}2 — 00), then the
map ®, into a homogeneous Kahler space representing the orbit « is

holomorphic.

The detailed discussion on these theorems will be given in forthcoming



papers.
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