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Topological rigidity theorems for conformal transformation

groups of €,0 and the diagrams of analytic correspondences

Isao Nakai (C{’FE_ 175)

Department of Mathematics
Faculty of Liberal Arts
Nagasaki University

Nagasaki, 852 Japan

Abstract. We classify solvable groups of diffeomorphisms of
€,0, and prove topological rigidity theorems for the wvarious
groups of diffeomorphisms and apply to the diagrams of analytic
corfespondences (germs of algebraic functions). We define also
the separatrix for group actions and discuss the structure of

orbits of non-solvable groups and correspondences.



Introduction. The topology of conformal transformation groups of
the germ of € at the origin is regarded from many different points
of view, c¢f. the monodromy groups of differential equations, the
projective holonomy of singular 1-forms [5,11] and the non
isolated singularities of map germs [141. Recently‘it is pointed
out that the actions of solvable groups possess special
topological properties by I1'vashenko and Shcherbakov [8,161]. In
this paper we first classify these actions. Using it we prove
the topological rigidity of parametrized families of groups, and
apply to that of the diagrams of correspondences (multi;valued
functions).

The rigidity was first regarded by 1I1l1'yashenko [8].° He
considered the monodromy groups of algebraic differential
equations of the complex projective plane along the line at
infinity which is a special compact solution distinguished from
the others. He then observed that under a certain condition
there exist at least n-1 distinguished topological invariants for
the groups generated by n germs of diffeomorphisms of C,0,
topological conjugacy implies analytic conjugacy, and he
interpreted these results in terms of algebraic differential
equations. However many details of the theory were left open.
Later some of thosé problems were proved by Shcherbakov [16]1 for
non solvable groups.

A similar but completely independent study was carried on by
Cerveau and Sad [51 from the view point of the 1-forms of C2.
Namely they considered the blow up @ on c? (reduced) of a l-form @

on CZ,O. The projective holonomy of @ is the holonomy of @ along

Pl—sing ® (here we assume the exceptional curve P1 is a leaf).

They proved that the projective holonomy is a topological



invariant under a certain condition. Recently it is shown that
most finitely generated groups acting on C,0 are realized as the
projective monodromy by Lins Neto [111].

For open (flat) morphisms {f of C3,O to C2,O of a certain

special form singular along the fibers f_l(O), the author [14]

defined commutative groups G{(f) acting on the fibers, and proved
that the group 1is invariant under topological conjugacy and
presented some invariants explicitly. This method will ©be
generalized further in a coming paper.

These individual studies are based on the topology of groups
of diffeomorphisms of C,0. In this paper we consider the various
topological rigidity theorems for the groups and the diagrams of
correspondences. First we prove a rigidity theorem for groups
generated by holomorphic families of diffeomorphisms of C,C
(Theorem 4.1).

A correspondence of €,0 to €,0 is a germ of an analytic curve

r ¢« € x C. This notion generalizes the germs of algebraic
functions. The group G(I') 1is generated by the monodromy
actions of the compositions of the normalization T' =» T with the
projections onto the first and the second . We apply the rigidity
theorem to the G(I') acting on I' and prove a rigidity theorem for
the diagrams of families o0of correspondences (Theorems 5.1,5.3).

The geometry of diffeomorphisms of €,0 has been 1ohg studied.
However the complete account of fundamental results is not seen in
a systematic text. In Section 1 we revise those results
including the method due to Fatou, Kimura and Ecalle, etc quickly
in a form involving the residue invariant m(f). The residue
invariant m(f) for diffeomorphism f of C,0 seems to be firstly

defined geometrically in this paper. The residue presents a



geometric interpretation of formal equivalence. We enjoy some
multiplicative formulae for the residue. In Section 2 we
classify commutative as well as solvable groups (Theorems 2.1,
2.2) involving the residue, In Section 4 we prove the rigidity
theorem for +the groups (Theorem 4.1), and in Section 5 we apply
the rigidity to that of the diagrams of analytic correspondences
of €,0 (Theorems 5.1,5.3). Here the explicit classification of
the groups in Section 2 1is used. These results are all to be
interpreted in a coming paper to classify flat morphisms of Cn,O
to CQ,O with the singular 1locus f—l(O) N 2(f) of dimension one.
Finally in Section 6 we discuss some problems on .the orbit
structure .0of group actions as well as global correspondences of
Riemannian surfaces.

The author is informed that Cerveau and Moussu [4] obtained
analogous results for slovable groups.

The author should like to express gratitude to Professor J.
Martinet for inspiring conversation, to Dr M. Rees for giving some
fundamental knowledge on the dynamics of C,O; and to colleagues 1in
the university of Strasbourg for hospitality while the author was
visiting the university. And also my gratitude is to the
department of Pure Mathematics in Liverpool University for giving

a research position for long period while this work was carried

out.
1. Preliminaries

We begin by introducing the method due to Fatou, Kimura,
Ecalle, Voronin and Malgrange etc [6,7,9,171. On the k-sheet



k+1

covering Ck of L - 0 a k-flat diffeomorphism f(z) = 2z + ak+1z
+ .. lifts to a diffeomorphism F, which is presented with the

. ~ -k
coordinate z = z

oy x> ~=1/k

F(z) = 2z Ay k + a'z + ... .

from which we have
~ ~ ~1=1/k

[F(Z) - (Z - a1 k)| < elZ]
for |Z| sufficiently large with a positive constant c. This
shows that if arg Z 1is close to arg(-a k) and |Z| is

k+1

sufficiently large, the orbit of 7z under F is contained 1in  an

arbitrary thin cone

(Z + o € Ck | larg — | < g}

k+1

and

[£™ () - Z] = (] k| + 0¢(g)) * n

Ak+1

from which we obtain

no~ _ { O(log n) k = 2
F'(z) = z - n a k + From now on we
k+1 om?®™®y k> 2
normalize kK = 2n/~-1. By the above form of F the quotient

Tk
space P; (P;) of the end of the upper (lower) half plane H? (H;)

of the i-th sheet of Ck by the 1ift ¥ 1is homeomorphic to the
two-sphere. These quotient spaces are gquasi conformally
homeomorphic hence conformally isomorphic to the doubly punctured
Riemann sphere P - 0 U « endowed with a coordinate z (unique up to
scalar multiple). A fundamental domain D? in a half plane H? is

+
rectangular if the boundary projects to a real line in Pi joining

0 and .

. + + + +
Later on we use the notations P, = P, and D, = D.. The
i+k i i+k i

trangslation by an iteration of F of a large number of times

carries both ends of D; at 0, =« into H;+1, H: respectively, hence

induces germs of diffeomorphisms



wi’oz Pi,O —_ Pi+1,0 , ®. : P, — P

1,® 1,%° i, ’

by transposing 0 and <« if necessary. These diffeomorphisms ¢ =

(wi,j)i=1,...,k, =0, are displayed by the diagram

0 < I
p F .
N k__l 0 3.6 &

+ ! +
P Py
w w
% 0
T @J'(l N @ZIO T
00 0
o 7 6 b m
P 5 o ), 1,0 wH eBr

0-—;.06?1—9006“00€P;90‘>0€P;950</

We define the equivalence relation: ® ~ @' if there exist c? Z 0

- + - +
such that wi,m(CiZ) = ci@i’m(z) and mi,O(ciZ) Ci+1@i+1,0(2) for
i=1l1,...,KkK. It is easy to see that the equivalence class of ¢ 1is
independent of the choice of the fundamental domains.

We now identify the union D; U F(D;) U FZ(D:) U... with the

- — - . —
upper half plane H: and the union Di U F 1(Di) U F “(Di) U...
with the lower half plane H; on which F is the translation by

ZKJ:T. With a sufficiently large n define the numbers Li L

,0° i
by

lim _ F(Z) - Z =L .
z = jGPi »J

Then we see that

L

i,]

log @ (i) mod 2m/—1.

+
Clearly these numbers depend o¢n the choice of D; and the

+

* . .
coordinates on Pi and Hi' We now introduce the equivalence

relation: L = (L. .) ~ L' = (L' .) if

. +
. there exist c. = 0 such
1,1] 1,17 1

that



+ - + -
L! = L, + C. - c, and L! = L. + ¢. - c.
i,0 i,0 i+l i i,® i,» 1 i

It is an easy exercise to show that the equivalence class of the

tuple of the numbers L{(f) = (Li j) corresponds to the invariant

4

m{f)

1i

1/2n/-1 Z(Li - L )

® i,0

( = 1/2n/-1 Z(log ¢ (00 - log @i (=) mod ).
we call m(f) the monodromy of f or F. In particular L(f) is
equivalent to an L' such that Lk’o = (2um(f)+m')/-1 and Li,O =
L = 2mm’'/-1 otherwise. In other words we may normalize

Q! J.(O) =1 , (i,}) # (K,0) by translating the fundamental domains

1

* , _ . .
Di and also wk’O(O) = ] by dividing wk’o by wk’O(O). Respecting
this normal form, the equivalence with (c? = c & 0): @ = (mi J.) ~
P = (wi,j) if mi,j(cz) = Cwi,j(Z) is allowed.

Remark that by a calculation similar to that after Theorenmn

1.5, we see that a k-flat diffeomorphism is conjugate with a g(z)

z2k+1+ k+1

2k+1+ and formally conjugate with the z + 2z

z o+ b

2k+1
2 .

+ b By a straight forward argument with the form of the
l1ift G of g, wWe see that the coefficient b determines the
asymptotic behavior of G of order El, i = 0, *1 at infinity, and

m(g) 1is a function f b (more precisely m(g) = b - k+1/2 , cf.

Theorem 1.9) and conversely the formal conjugacy class is

determined by the residue. Thus the residue of holomorphic

families of diffeomorphisms 1is holomorphic with respect to the
parameter.

Conversely for given germs of diffeomorphisms ¢i,0 of P at 0O
and wi,w of P at o |, i = 1,...,kKk and a number m(f) such that
2n/=1 m(£) = Z(log @] _(0) - log @ (=) + 27m'/-1 (log takes the
principal value), we reconstruct the diffeomorphism f as follows.

Define the space T by glueing the half spaces with handles
H.
1

H

H™ U (lRe z!| = M}, H; = H U {IRe zl = M}



- + ~ -
by the relations z € ﬁi ~ Z'€ Hi if ¢, (2) = z' and z € ﬁi ~ Z7'€

s

+ . ~ _ \ ~ ~ .
Hi+1 if Qi,O(Z) = z'. Here ® o » # , are representatives of
the germs of diffeomorphisms log wk 0 exp + 2am'v-1, log wi 0 exp

, 1 # k and log ?; » €XP covering P 0 @ respectively and M

1,®

is a sufficiently large positive number such that both ends of the
handles of HT are glued entirely with the opposite half planes.
By Voronin [17] the germs of the resulting surface T at infinity
is quasi conformally homeomorphic and hence conformally isemorphic
to the germ of the k-sheet covering Ck at infinity. The
translations of ﬁ; , H; by 2ni are compatible with the
idéntifications and define a germ of a diffeomorphism F of W, and
hence a germ of diffeomorphism f of € at the origin.

It is known by Camacho [2] that k-flat diffeomorphisms f(z) =

k+1
2z

Z + a .. are all topologically conjugate. It is then

easy to see that the above constructed non linear translation F of
the k-sheet covering is topologically conjugate with the

translation by 2n/-1 which 1is induced from the diffeomorphism

-1/k k
z

+ 2nt/-1) © of C,o0. Therefore the resulting

fzn\/_—i'(z) =
k+1

diffeomorphism £ has the form {f(z) = z + az + L. and by’

construction f has the given data @ and m(f). The equivalence of

+ . . x *
data ¢ by c.1 i = 1,...,K induces the translations of ﬁi by log Ci
, which 1induces a diffeomorphism of the surfaces T. Therefore
the diffeomorphism £ is unique up to holomorphic conjugacy.

For a diffeomorphism £ with the data @i j(f) and m(f), choose

?

the normal form Wiv

?

-such that Wi j(O) = 1 for (i,j) # (k,0) and

put n = ¥ l/w' 0 We define the germ of diffeomorphism f

k, k,1 ' 0
with m(fo) associated to f by the germs wi I (i,j) # (k,0) and

n . ‘Conversely using ¢i i (i1 # (k,0), n and m(f), we can

recover the 1initial data wk o from which f 1is reconstructed.



Thus we obtain the following refinement of the well known theorem

Theorem 1.1 (Fatou, Kimura, Ecalle, Shcherbakov, Voronin, etc)

There exzist one-to—one correspondences of the follouing sets.

(1 The set of holomorphic conjugacy classes of germs of

k-flat diffeomorphisms of C,0.

(2) The set of equivalence classes of pairs (@,m): (@,m) -~
(¢',m"> if there ezists a c; # 0 such that 0; ot ¢l 195 o2
, @] o(ciz) = clo; ,(2) for i =1,....k and m=m',

(3) The set of equivalence classes of pairs (¢,m) wilh
m{,j(O) = 1: (@,m) ~ (@',m") if there ezists a ¢ # 0 such that
wi,j(cz) = Cwi,j(Z) for i =1,...,k , i =0, « agnd m=m".

(4) The set of equivalence classes of the pairs ((£f,m) of
k-flat diffeomorphisms f wmith m(f) = 0 and numbers m: (f,m) -~

(f',m') if £, f' are conjugate and m = m'.

Note that +the above residu determines the formal conjugacy

classes.
We apply the theorem to the d-iteration of f. Choose the
+ + +
fundamental domains Di(fd) = DY) U FODIH) U ... U rAT )
1= 1,...,K. F induces a diffeomorphism of the quotient spaces
* + .d d ' d
Pi(F) = Di(F YIF of order d, and the germs wi j(f > cover the

d

+ + +
gZerms wi j(f) via the quotients Pi(f ) - Pi(fd)/F = wi(f), given

b

by z = zd in a suitable coordinates by Lemma 1.4. {dentifying
= .d . x
Di(f ) with the set of those z € H.1 with 0 < = Im z § 2n/-1 we

obtain Li J.(fd) = Li j(f)/d hence d m(fd) = m(f). Thus we obtain

I ’



Proposition 1.2 ®

i,]

z - zd, and d m(fd) = m(f).

(fd) are induced from wi j(f) via the map

b

Proposition 1.3 Assume that f(z) = 2z + azk+1 + ... and g(z) =
k+1

Z + bz + ... comnute. Then a m(f) = b m(g). In general if

fb = ga them a m(f) = b m(g).

Proof. The second statement 1s proved above. If a, b are

linearly dependent over Z, the statement reduces to the second.
The rest is the case where f, g embeds to a complexified one
parameter family exp tx by Theorem 1.8. Then the statement
follows ffom the fact t m(exp tx) = m(exp x) = m for the Xx in

Theorem 1.8.

Lemma 1.4 [12] Germs of diffeomorphisms of C,0 with order d

are holomorphically conjugate with the Llinear rotation ®,Z, ©

d
being the primitive roolt of 1 of order d.

Next we consider the centralizers C(f) of diffeomorphisms f.

Consider the commutativity relation f-g =‘g°f of diffeomorphisms

2
f(z) = 2z + azk+1 + ... and g(z) = A121+ Azz“ + ... of C,o0. A

direct calculation shows that the lowest order terms of the

difference f-g - gef with the letter Ai in coefficient is

(Ckelda,, ASA. - ta, A+ R0 2
where R is a polynomial of ai"”’ai+k and Al""’Ai—l' The
commutativity implies that A? = 1 and hence (k+1—i)ak+lAi + Rk+i =
0. This tells that the coefficients A<1 are uniquely solved in
terms of the proceeding terms except for the case i = k+1 , and in
particular if A1 = 1 then Ai = 0 for 2 <€ i < k. To achieve the



formal commutativity the condition R = 0 is required, and then

2k+1
the coefficient Ak+1 can be arbitrary. The set of those A1 for
which R2k+1 = 0 form a cyclic subgroup Zn c Zk’ A coefficient A1
€ Zn and an Ak+1 € € determine a formal diffeomorphism denoted
fA A and the composition raw of these diffeomorphisms induces a
1 k+1
group structure on the set Zn X € , which is denoted C(f).
Denote the subgroup of (Al’Ak+1) € C(f) for which the formal
diffeomorphism converges by C(f). We denote the KkKernels of the

projections L of C(f), C(f) to the linear terms by @O(f), Co(f)
respectively.

By easy algebra we have

Proposition 1.5 he centralizers @O(f), Co(f) are commutative.
Proposition 1.6 Let f be k-flat. Then C(f) = Co(f) X Zn

with a divisor n of k if and only if f is conjugate with an f°',

which is factored by an f" via the map z - 2 fr2) = f"(zn), n

being the largest of such numbers. And then Zn(f') 18 generated
by the linear rofation z - ® 2 and Coﬁf') consists of g(z) = z +
bzk+1 with b in a closed subgroup A < €, which are factored

through 2"

Theorem 1.7 Let £ be k-flat and C(f)/CO(f) = Zn. If f admits
the k-flat holomorphic diffeomorphisnm fl/n of C,o0: (fl/n)n = f,

then C(f) = Co(f) X Zn'

The following theorem is known.



Theorem 1.8 (Baker T[1,61) Co(f) i3 either a sequence cZ, c¢

rational or C. If CO(f) = g there exists a germ of

diffeomorphism ¢ of C,0 such that o f 0 L. exp bx, where x 1is

1b
the vector field in Theorem 1.9.

Theorem 1.9 (see c¢f. [10,131) A k—flat holomorphic vector field

x' on C,0 is conjugate with the following nmormal fornm

k+1
VA
x(z) = 313z
k
1 - mz
We define the monodromy m(x') of x' by the above m. In

other words m{x"') is defined by (exp 2nk/-1x')(z) =
(exp m(x'")2n/-1 x')Y(z). It is easy to see that m(exp tx) = m{(tx)

= m(x)/t = m/t

2. Commutative groups and Solvable groups

Assume that a commutator [G,G] of a group G of
diffeomorphisms of €,0 is commutative and consisting of k-flat
diffeomorphisms. For a k-flat f € [G,G] and an i-flat g € G an
easy calculation shows that f_lg_lfg is j-flat, i, k § J. Since
the diffeomorphisms of the commutative group [G,G] are determined
by their k+1-th order terms, (see Section 1) we have fg = gf, and
gzy = 2z if 1 # K. This observation tells that the subgroup GO
consisting of those f € G with the linear term 2z is commutative
and k+l1-flat, and the k-jets of f € G are determined by their

linear terms and the following higher terms are determined only

with the k+1-th order terms. In particular G is solvable if and



only if meta-Abelian, that is, [G,G] is commutative, and then the

t¥*1 05 6/6° , 6% to the linear and the k+l-th

projections L,
order terms are injective homomorphisms into (, c* respectively.
We denote those images by L(G) © C and A(G) c C¥ respectively.

Now assume that G is solvable. Since GO is commutative, GO

embeds to a complexified one parameter family of formal

diffeomorphisms( = 5O(ho), hoe G ) consisting of h = hg(z) =z + 0
fooow 0 ox a2l e L e c by a result in 81 (where hg is
convergent for some ). The action of G/GO on GO well defined by
ulg,h) = g_lhg, g € G/GO, is then represented as

(x) p(g,h) = h® , ¢ = g'(O)k.

This equation admits unique formal solution g for given linear and
k+1-th order terms and an h. By a suitable coordinate

transformation we may assume that a diffeomorphism g € G has the
k+1

form g(z) = az + 0 + ... + 0 + bz S We show that the
other diffeomorphisms in G have then the same form. The above g
is formally linearized to the map ga(z) = az, which admits the
complex iteration gi(z) = a2 , 4 € C. Therefore the g admits

the formal complex iteration gu with which the compositions h'g“
with the Kk-flat formal diffeomorphisms h' € 6°<f) produce all
formal solutions of the equation (k) , h being fixed. In

particular we see that all diffeomorphisms g € G have the required

form. Then a direct calculation shows that G embeds, by the
projections to the linear and k+l1-th order terms, to the
semi-direct product of C* and € with the action u(a,b) = akb, a €
c*, b e C.

By definition G is a central extension of L(G) by ker L if
and only if the action pm is trivial if and only if L(G) = 7 nc z

kif and only if G is commutative.



Theorem 2.1 (Solvable groups) Let G be a solvable group of

germs of diffeomorphisms of C,0. Then G embeds fo tLhe

seni—direct product

C* x € with the action ula,b) = akb, a € C*, b € C

0 G is commutative if and only if the action p is trivial

(1) If the action u of G/G0 on GO is mon trivial and AG) c C

18 non degenerate (A(G) spans € ower R), then the action of G is

conjugate with the following:
0

k+1

G = { exp tx , t € A(G 1}, x(z) = z 9/3z ,
and GIG0 consists of the classes of

g(z) = b - exp c(blXx , b € L&)
17 b% = 1 then g% = exp ke)x € G¥ 50 ke(b) € AGY.  (IFf b =1,
i # k then gi(z) = z.)
(1 If GO embeds to a flow exp tt , fthen m(g) = 0 or G is
commutative.
(2) Assume AG) = ¢ , ¢ # 0. Then L(G) = 2 , k = n/2, n,
2n, 3n,... . If k = n,2n,3n,... , then G is comnutative. If n

= 2k, G is generated by a k-flat f and a g with the linear term

0 with the relation g_lfg = 1 And then m(f) = 0, @  (f) =
-1 _ ‘ . _ _
P () = @10 E) for i = 1,...,k (@ 10(E) = @ (£)) and g =

m2kfp’q, where P19 s k-flat and (£P/9HT = £P,

In Case (1) and (1)", we call an g = exp c¢x, ¢ € AG) a
generator of GO and denote exp dx = gd/C'for d € AG).
Proof of (1) and (1)>'. If A(G) is non degenerate, GO embeds
to a flow exp tx by Theorem 1.8. Let £f = exp ax be a generator
of G0 and g—lfg = fa. Since the residue is 1invariant under
coordinate transformations we have m(g_lfg) = m(f), while we have



m(£%) = m(f)/x by Proposition 1.3. 1f o = 1 for all g € G, G is

commutative. Otherwise we have m{(f) = m(x)/a = 0 and hence x(z2)

= 2%*"1 978z, Let £'(0) = b. Since b lf(bz) = exp abx(z) =
(bk) -1 -1

f (z) = g " fg(z), we see that b g commutes with f and hence

b—lg = fC hence g = bfC = b exp cax.

Proof of (2). Assume the action of L{(G) on GO is non-trivial.

Then clearly n = 2Kk and g_lfg = f_l. Here f is the generator of

GO and g has the linear term ®2k‘ With rectangular’fundamental

domains DT (f) h that g(D.) = D' (") = o’ (1) = 1/t
omains ; suc at g ; = ie1 g i = (vl g = ,

= -1 - s

we have Qio(f) = wi+1 Htf) = Q1+1 O(f) for i = 1,...,k. The rest

follows from the same argument as the other case.

Theorem 2.2 (Commutative groups) Let G be a commutative group

of germs of holomorphic diffeomorphisms of C,O0.

(1) If the linear term L(G) c C* contains either a

a, lal = 1

or a = exp 2nu/-1, o a Brjuno number (see 1[21), then the

homomorphism L is injective and G is linearisable.

(2) If LG = 2. and GO = 1, then GO 8 nj—flat, G 1is

conjugate with a group geneirated by exp ax, a € AG) ¢ € and @ _exp

cx , Wwhere x is a holomorphic vector field.

(2> If " embeds to a flow exp tx, the same as (2) holds.

(3) Assume L(G) = Zn’ ker L = Z and let f, g be the generators

of a¥, ara?. If &" admits a fiat g"'™ nim € Z, them f is

factored through the covering z - z". If g" = % and 0/n is an
~%/n

integer, then L(G) is generated by gf which is linearized.

Proof of (1). By the Poincare linearization theorém, a
diffeomorphism with a linear term a, lal # 1 is conjugate with the



linear function az. Then the commutativity of G implies that the
other members are all linear. If exp 2not/-1 and o is a Brjuno

number , f is linearized ([2]1) and then the same as above holds.

Proof of(2) and (2)'. By Theorem 1.8, after a coordinate
transformation, GO embeds to a complexified flow exp tx. I1f g
commutes with exp ax, g has the linear term mi. Clearly the
linear rotation by mi commutes with exp tx, and m;ig = eXp CX € GO.
Thus g = mi exp cx. Denote the smallest of such i by j. Then k

k
= nj and L(G) = Zn

(3) follows from Lemma 1.4.

3 Construction of vector fields by commutators and

preliminaries for the rigidity theorem

Lemma 3.1 Let X.lu , Yiu , u € C' , i = 1,2 be holomorphic
families of germs of mnon-singular wvector fields of C,0. Assume

that there exists a continuous family of germs of homeomorphisms

hu of C,0 such that hu exp txiu = exp tYiu hu . If [XluO,quO]

is mot a real constant, then hu s * holomorphic with respeclt fo =z

and u at 0 X Uy - And there ezist only finitely many conjugacies
hu'

Proof. First we assume that r = O,[Xl,Xz](O) is non-real and
Xl(O)’ X2(O)vare independent over R. it is easy to see that h is
c” smooth. So we have only to show the analyticity. The

mapping (s,t) - exp sX,-.eXp th(O) of R2 to € is by assumption non

1
singular, so for small (s,t) there exists an (s',t') = (s,t) +

5
0“(s,t) such that



exp sX1°eXp th(O) = eXp t'Xloexp s'Xz(O) and

D

d ( exp -s X1‘° exp -t X2 o eXp le

= id + st [X,X,1 (0) + 03 (s, t) )

o eXxp tX2 Yy O

Define D' similarly with Yl’ Y Since [Xl,X2](O) is non-real, D

o
is so for small s, t, and dh(0)°D = D'-dh(0) implies that dah(0) is
homothetic. The set of those 2z where [Xl,X2] is non-real is
dense at the origin, on which this argument applies to say that h
is £ holomorphic if Xl(Z)’ X2(z) are independent over R.

Secondly we consider those z where X X, are dependent over

1’ 2
R. The conjugacy exp tYioh = heexp tXi tells that h is uniformly
*+ holomorphic along the {rajectories of Xi if h is so at some

point on it. The rest is the case where X X are dependent

1’ 2

over R along the common trajectory C passing through the origin.
Now we have only to show the smoothness of h at the origin by

choosing suitable coordinates. Let S be a smooth real curve

‘transversal to C and define the diffeomorphism wt of (5,0) by

me(exp tX,1S) with the projection of € onto S along the

1
trajectories of X,. Since the ratio of the linear terms of Xl’
Xo with z is not constant along C (otherwise Xl’ XO are

R-dependent on a neighbourhood of the origin), we see wé(O) = 1
for t & O. Clearly h makés @t conjugate with the diffeomorphism
@% of (h(5),0) similarly constructed with Yi' Here Proposition

3.2 applies to say that the restriction hlS$S is‘a real analytic

diffeomorphism. The smoothness of h follows from those of hl|C
and h|sS. This completes the proof of the analyticity of hu'

By the hypothesis, Xlu’ X2u and Ylu’ Y211 are linearly
independent and Xlu/XZu’ Ylu/YZu are non-zero non-constant
holomorphic functions. Since hu is * holomorphic, we have
Ylu/YZUOhu = Xlu/X2u, or 1its complex conjugate, from which it



follows hu is * holomorphic. This equality admits only finitely

many (at most the branching degree of Y 1Y at 0) solutions hu'

1u’ "2u

Proposition 3.2 ([51) let ., g. , i = 1,2 be germs of cr

1

diffeomorphisms of R,0 (r = 2,3,...,», © ) let h be a germ of

homeomorphism of R,0 such that h fi = g. h for i = 1,2. Assunme

that fi(O)afé(O)b , a, b = 0, *1, *2,... are dense in R. Then h

18 a germ of cl diffeomorphism.

Let Gu’ Gﬁ , u € ¢l be groups generated by holomorphic

families of diffeomorphisms of C,0. I£f G is non-solvable, G

0
contains two diffeomorphisms of the forms fu(z) = z + az1+1 +

L B (2) =z + bzd*l o L. ., i % i, al0), b(O) = 0.

Then [fu,gu](z) = z % czk+1 + ... J £k, c(O) # 0. Let fg(z) , N

/

= 0,1,... be an orbit in +the domain of the definition of fu

convergent to the origin. We will show that the dynamics f;ngufﬁ

is convergent to the identity but a suitable scalar multiple

kn(f;ngufi - id) iis convergent to an analytic vector field X,

which is well defined up to scalar multiplication. This wvector

field does not extend to a neighbourhood of the origin as fE(z) -+
0 in general. (For such 2z, we use f;I in place of fu.) Using
gu and [fu,gu] we define another dynamics % and prove that x and ¢

satisfy the condition of Lemma 3.1.

-1

Using the coordinate 7z = z on the 1i-sheet covering Ci of
the punctured neighbourhood of C at EO . fu is written as
F o3y = £ (z 3oy ooy s oA x M ooa xR L ,
u u
where 7Z takes the branch of EO and the Fu is defined at infinity.

On the covering space the second diffeomorphism 1lifts to a very

slow dynamics



G (%) = gu(z_lll)_l S 3 _p g 3ot o, gyt

Our dynamics X on Ci is defined by
~ . -n no_ . ~
Xu(Z) = ;ig ln(Fu GuFu id) 8/3z ,

with a sequence of real numbers 0 < ln - o,

By the form of Fu’ we have

N - O(log n) i
(z) = 2 - nai + { 5-n
O(n ) i > 2

First we show that dFE is convergent_to an analytic function.

2

(%) o
u

We begin with

n _ n-1 n-2
log dFu = log dFu(Fu ) + log dFu(Fu ) + ... + log dFu
n-1 . . . . . .
= log (1 - A i (R~ DE _pyy (pdy=(2i10 70
. u u
i =20
where Fi denotes the ji-fold iteration of Fu. Since
) (}{Jrl)(Fljl)_ll1 "Rl locally uniformly convergent,vdFE is
i,k=0
convergent to the dF:, which is holomorphic.
Lemma 3.3 sz 18 a holomorphic function and
dF (Z) - id as Z - .
Proof. log szI
g . —_ - — . —- - _,)
< % Jlog@l -i aphHTUHE L oy g gdyt -2y
. u u
i =0 ;
< T K| ia@hHTHE oL
. u
i =20
. i~ o~ . i-1/1 ~ . .
and since Fu(z) = z - ani + 0(n ) (or z - an i + 0Clog n)),
< K IEI “1/1 ,
for Z such that IFé(E)l, i = 0,... are sufficiently large.
_ ifli
Let ln = n- . Then we have

—19—



Iim . (F_ %G F™® - id) = 1lim A _(dF_ "
n u uu u n u

n 2> <« ‘n-—>co

-n n. jli @

. n n
(Gu 1d)Fu + O(Fu))

K

= lim dFu (b 1 (n/Fu) > and by (%) = dFu ( -bi
n - o
(-aind’ly
by which we define 1the vector field x. We may assume that
gn(zo) - (0 (otherwise use g_l). Similarly we have

. kK/j, 6 ~—n n _ . _ - . K/
lim n (G IF .G 1G, id)y = dG C -cj (-ai) )

n = «w

on the covering space Ci’ by which we define another dynamics u.

Lemma 3.4 X, u are nowhere zero holomorphic vector fields and

linearly independeni over R.

Proof. We assume that r = 0 and g = ax with a constant a # 0.
Since pu is invariant under dG, X is also invariant. On the other

hand we see that dG tends to 0O since g lifts to G" on the j-sheet
covering Cj for which dG'n converges to the linear map dG'm
This contradicts. that dG G0 = xG™ - 0 while x(G" =
dF 7™ ¢ -bi (—ai)j/i ) is convergent to a non-zero constant by

Lemma 3.3.

Lemma 3.5 (x,ul 18 linearly independent of x, u and 1.

Proof. We assume that r = 0 and [x,ul] = a + bx + cu, wWith
constants a, b and c. Since dF‘m(Gn) - id, dG" - 0 and X, M are
invariant under dF, dG, respectively, we gsee that a = b = 0. We
then solve the equation [x,ul = cup as p = d x exp Df1/x . Since
X converges to -bi (—ai)j/ia/SE, u has the order of exp DZ. On

the other hand u 1is convergent to a non-zero constant vector on

the j sheet covering space Cj at infinity so u has the order of



2t This is a contradiction.

Proposition 3.6 The aeal vector fields x, n are invariant

under topological conjugacy.

Proof. Let G, G' be non-solvable groups acting on ,0 and h be a

topological conjugacy: there exists a group isomorphism @:G = G'

such that geh = hee¢(g) for g € G. Construct the vector fields
X', u' similarly with £' = @(f) and g' = @{(g). Deffne the vector
fields x_ by x () = nd/VE GE - 54y 8/0% . Since X, b Xy = X

are smooth and Xn - ,X as n =@ o, the real trajectories exp txn(EO),

't € R passing though EO are arbitrary well approximated by the

sequence ZQ+ = tﬂxn(zﬂ)’ 2 = 0,1,...,m—1 with sufficiently small

1
- Z | for Z, in
m

0 0

a compact set in ti , 0 £ t £ a, n = 1,2,...,2, has a uniform

tQ, z tQ = t. Then the difference | exp txn(E

upper bound C(8) depending only on 6 = maX{tQ} such that C(8) = 0

as & - 0. Let tQ = n'J/1 and tl = g n—J/1 with a sufficiently
large n. Then by definition we have
~ o~ -i/i ~ . .-n SN _ .-n & _n, ~
Zgs1 = ?g + n Xn(zﬂ) = F G F (ZQ) = F G~ F (20) for &
= 0,1,... and the above argument says that
2 ~ _ enfon -i/i
| exp t xn(zo) F G7F (ZO) I < C¢(n )
for 0 < tQ < a. On the other hand the real trajectory exp
txn(EO), t € R converges to exp tx(EO). Any t, 0 < t < a is
Qn -j/1 -n Qn n, ~
approximated by a t = Qn n Y , for which F G F (zo) - exp
Qn N _
t xn(zo) - exp tx(zo) as n tends to infinity. The conjugacy h

lifts to a homeomorphism h of the i-sheeted covering Ci’ which

-n.2._n

maps the orbits F G7F (EO) to the orbits defined with f£f' and g°'.

Thus the h maps the real trajectories of X to those of Xx'. The



same argument holds for g and u'.
4 The topological rigidity theorem

Let Gu’ Gﬁ s, U € V C Cr be groups generated by holomorphic
families of germs of diffeomorphisms of C,0 with the parameter u
in an open neighbourhood V of the origin in Cr. We say Gu’ Gﬁ

are topologically conjugate if there exists a continuous family of

germs of homeomorphism hu of €C,0 and isomorphisms wu: (al - Gﬁ

Such that mu(fu) is a holomorphic family in Gﬁ for generators fu €

Gu and hf = ¢(f)h holds, that is, the following diagram commutes

£ :C,0 > C,0
u
h[ lh
u u
@u(fu) C,0 » £,0
for f_ € G . Then there exists a homeomorphism h: U -» h(U) of

u

neighbourheods of 0 X V in € X V representing h such that Hfu =
w(fu)ﬁ holds on an neighbourhood of the origin in U (depending on

fu) We call h as well as h a linking homeomorphisnm.

Theorem 4.1 (Topological rigidity theorem) A linking

homeomorphism hu 48 * holomorphic with resgspect to z and u at the

origin if one of Conditions (1)-(3) holds.

(1) G0 8 nmnon—-solvable, that ig, [GO,GO] 18 not commutative.

(2) GO 18 non-comnutative but solvable, [GO,GO] = A(GO) c € is

dense and the action of L(GO) C C* on A(GO) contains a mnon-real

nultiplication.




(3) GO is nmon-commutative but solvable and the action of L(GO)

on A(GO) contains the linear rotation by Zn’ n # 2,3,4, or a

non—periodic action.

(4) There exists a germ of holomorphic diffeomorphism Linking

G and G' if G

0
AL(GO) on A(G) is not antipodal.

is non commutative bui solvable and the action of

(5) There ezists a germ of real analytic diffeomorphism

linking G and G' 4if L(G) = 1, G is k—flat and AG) c € is nomn

degenerate.
Proof of (1). For u sufficiently close to the origin Gu is
non- solvable. First we consider the case r = 0. By the

classification of solvable group (Theorem 2.1), the commutator
subgroup [G,G] contains non-commutative f, g. Let x, X be the
holomorphic vector fields constructed in Section 3. The
construction uses the diffeomorphisms f, g and the commutator
[f,g], so we assume there exists a homeomorphism h: U - H(U) of
open neighbourhoods U, @{U) of the origin 0 € €, on whjch f, & and

@(f), @(g) are defined respectively and ¢@(f>h = hf and e¢(g)h =

hg hold as long as these maps are defined. From now on we denote
h simply by h. Define vector fields X', X' on an open subset of
@(U) with @(g), ®(g). By Proposition 3.6, @ exp tx = exp tx' @
and ¢ exp tx = exp tx' @. By Lemmas 3.1,3.4 and 3.5 h is =

holomorphic at those points z € U where x, X are defined and such
that x', x' are defined at h(z). For z sufficiently close to the
origin, the forward or backward orbits of f, g converge to the
origin, with which the vector fields are defined. Thus h is =%

holomorphic on a punctured neighbourhood of the origin in U, and



by Riemann's extension theorem, == holomorphic at the origin.

W¥hen r # 0, hu is £ holomorphic with respect to u by Lemmas 3.1

and 3.4.

Proof of (2). First we assume r = O. We use the notations in
Section 1. By Theorem 1.3, G0 consists of the diffeomorphisms
exp tx, t € A(G) with the holomorphic vector x(z) = zk+1 aloz ,

which 1ift to the translations by t on the k-sheet covering space
Ck' The 1ift h' of the topological equivalence h is a conjugacy
of the translations of CK by A(G) and A(G'), and hence real linear
isomorphism and induces the isomorphism ¢ of A(G) and A(G').
Let g(z) = bz + ... € G such that bk is non-real. Then the
actions f = g_lfg, £ - @(g)—lf'¢(g) induce the linear
k k

multiplications by b, b' on A(G), A(G'), which are conjugate by

¢. Thus ¢ 1is homothetic, and hence the h is so.

We consider the case r # 0. The commutativity of [G,G]
reduces to that of the commutators of the generators. So G is

u

solvable for all u, or the subset K of u for which 8y 1S solvgble
is contained in an analytic variety of Cr. By (1) of the
theorem, h is holomorphic at 0 X u', u' €& K. Therefore i1if the
solvability does not hold in general, h 1is holomorphic by the
. Hartogs' continuous eXtension theorem. S0 we assume that gu 1s
solvable for all u. Then the density of A(Gu)vholds for all u
and h induces a continuous family of real linear conjugacies of
the translations of Ck by A(Gu) and A(G&). Since ©® maps
holomorphic families in G to those in G', h is holomorphic with
respect to u.

Proof of (3). Assume that GO is non-commutative but solvable.
Then ‘the subgroup Y s isomorphic to A(GO) c €, which is

0

invariant under the action of L{G). If the action contains the



linear rotation Zn’ n = 2,3,4 or a non-periodic action, then
A(GO) is dense Therefore the proof reduces to Case (2).
Proof of (4). Assume that Gg consists of exp tx, t € A(GO) c C

and GO/G8 is generated by b exp c¢(b)x, b € L(GO), where x is the

normal form in Theorem 1.9. If A(GO) c C is dense, the rigidity
holds by (2). Since the action of L(GO) is not antipodal, if
A(GO) is not discrete, it .is dense. So assume that A(GO) is

discrete, that is, a non-degenerate lattice aZ + wuZ, on which
L(GO) acts through the complex multiplication. By Theorem 2.1,
the quotient GO/Gg is generated by a g = wnexp cx, which 1is
linearized by exp dx, d = (bk—l)_lz exp —dx(mn exp dx) = @ exXp cX.

And then the subgroup GO

0 remains the same form. Assume that GO,‘
Gé are topologically canjugate. Then Géo is also k-flat and the
actions of Gg, Géo on Ck are topologically conjugate. S50 A(Gé)
is also non-degenerate. The conjugacy tells also that the linear
terms of GO, Gé coincide and their actions on Go/Gg s Gé/GéO are
algebraically conjugate. Since the actions are not antipodal,
A(GO) and A(Gb) are isomorphic. Therefore GO’ Gé are
holomorphically conjugate. It Gu satisfies one of Conditions

(1)-(3) for generic u, the rigidity holds by the Hartogs'

continuous extension theorem. Otherwise Condition (4) holds for
all u close to the origin. Then Gu is holomorphically trivial.
Proof of (5). Assume that G consists of exp tx, t € A c €, where

A is a non degenerate subgroup and x is a k-flat vector field of

the normal form in- Theorem 1.9. Then the residue m(x) is given
by [fn,gn]k = exp m(x>x with an anti-clockwise k-fold rotation by
f, £ € @G. LLet G' consists of exp tx', t € A' and assume that G,
G' are topologically conjugate. Then the c¢conjugacy induces an

isomorphism of ‘A and A' which extends to C real linearly and



corresponds m(x)y to m(x'). The extension lifts to the k-sheet
covering C,0 and then induces a germ of real analytic

diffeomorphism of €,0, by which G, G°

are conjugate. The case r # 0 follows those in Case (1)-(4).
5 The rigidity theorem for analvtic correspondences

Let Fi c €C x €, i = 1,2,... be germs of analytic
correspondences of type (pi,qi): germs of analytic curves with
the intersection multiplicity P, . d with 0 x €, € x 0

respectively.

We say that T r are equivalent if there exist germs of

1’ 2

holomorphic diffeomorphisms hl’ h of €,0 such that h,x h2<r1> =

2 1

r,. We say that Fl, ', are topologtcally equivalent if the above

2

hi are germs of homeomorphisms.

2

Let P:T"i » I'. be the normalizations. The composition n,oE
PjP with the j-th projection of €C X € are branched coverings with
Pys 4y sheets. The groups G(Fi) are generated by the residue
actions of orders p.1 and qi aéting on Ti. "We are interested in

the classification of correspondences [ via that of the groups

G .
A diagram r of correspondences is . a collection of
correspondences Fi, i =1,...,k, which we display as follows
FI:C-\\\\\\\\
r- r2:C7C
Fk:C
We say two diagrams [ = {Fi}, r = {Fi} are egquivalent



(topologically equivalent) if there exist germs of diffeomorphisms

(homeomorphisms) hi of €C,0 for i = 0,...,k such that (hi X hO)(ri)

= Fi for i = 0,...,k. For a given diagram ' we define the

diagram of germs of holomorphic maps

b1 48
Tt \\75\\\$
Tt C « 21 I 22 T ¢
- \2
. T N
. //////2
C ———— Tk o
by +the compositions nij = PjP of the projections and the
normalizations P : Ti - Fi. The classification of the diagrams T

reduces to the classification of the diagrams of map germs 7n by
the natural conjugacy. The projection g of the fibre prdduct I
of the ni2 s 1. = 1,...,k onto the right € has the sheet number L =
the least common multiple (LCM) of qi and the compositions fi of

the projections of T onto ?i with nil have the sheet numbers pi X

L/qi. We display these projection as follows
) g
: CA;/////// " ¢
fk: C

We define the group G(I) acting on [ to be generated by the
monodromy actions of the above projections.

Conversely let fi’ g be germs of diffeomorphisms of €,0 with
order pi and L. Then the image I' of the quotient maps € - C/fi X
Clg = € x € is a germ of an analytic curve (Lemma 1.4). Then the

first projection of I' has pi sheets and the quotient map (fi,g) is

a p{/pi—sheet branched covering of the image. Here pi is ‘the
Pi a

least number such that f = g with a q. Therefore (fi,g) is

the normalization if and only if £ = g% implies £° = id. The



generators fi’ g of the group G(I') have the orders P, X L/qi’ L

pP. q.
and the relation fil = g 1, which reconstruct the correspondences
Fi c £ x C.
,Fl
For a pair of correspondences 1[I C ——=— € , the above
r
2
argument gives the diagram
{:‘{k
g
|| AL
c < i
Then the composition h = féfi_l "acts" on [', by which the actions
¢©, ¥ by f!, fé are sgemi-conjugate: h fi = fé h (h is not a
single-valued diffeomorphism). We denote by G(I') the "group"
generated by G(T') and the "diffeomorphism" fé fi—l.
Conversely by the fé fi_l we identify the quotient spaces
C/fl’ C/f2 and we reconstrﬁct the diagram I'.

We summarize the above relations of the diagrams and the

groups by the dictionary:

r C yam— G(I') finitely generated

/

Source spaces of f = generators of finite order

jdentify the sources of f,g é::é semi-conjugacy of generalors

Let T = (" ), I'' = (">, uweC, i=1,...,k be diagrams
u u1 u ui

of kK holomorphic families of germs of analytic correspondences as

above. - We say Fu and F& are equivalent (respectively

topologically equivalent) if there exist holomorphic families of

germs of diffeomorphisms (continuous family of germs of



homeomorphisms) hui’ hu of €,0 such that hui X hu (Fu) =T
e Cr.

By the historical study initiated by Zarisky, etc, it 1is
known that topologically trivial families of irreducible curves
rui admit simultaneous resolutions nui: rui - rui' 1f rui is of
constant type (p,q), then the monodromy actions of the
compositions Pinui are holomorphic with respect to u with order

independent of u, which 1ift to the fibre product Tu to generate

the holomorphic family of groups G(Fu) of diffeomorphisms of Tu at

0.
Theorem h.1 (Topological rigidity theorem for analytic
correspondences) Let Fu, l}l c C x € u € (f~‘gg unions of

holomorphic families of irreducible correspondences of constant

type, which are topologically trivial as families of germs of

curves. Assume that Fu, Fﬁ are topologically equivalent.
(1) The group G(Fu) s commutative for an irreducible Fu if

and only +if Fu s equivalent to a ' = {xq=yp}, P, 9 being coprime.

Then G(Fu) 18  limeartzable and Fu, Fﬁ are  holomorphically
equivalent.
(2) [f FO, Fé are of type (1,p) or (p,1>, then T, T' are

hotomorphically equivalent.

hﬁ arec = holomorphic families of diffeomorphisms.

(3> G(I') is mon—-solvable for an irreducible component T of FO.
(4) FO has an irreducible component T of type (p,q), p, g # 1,
{(p,qa) = (2,2),(2,4),04,2>,(3,3>,(4,4>, for which G(I") 18

non—comnutative.




(5) FO has ftwo irreducible components Fl, F2 of types

(i,i1),(j,ji) with 3 < i + j, 1 < i,j < 4, such that the tangent

lines satisfy a certain generic condition and G(Fk) 18

non—commitative for k = 1 or 2.

(6) FO has three components of Zfype (1,1), which satisfy

IR

certain generic condition.

(7 The L.C.M. of P, 4; for those i for which G(Fi) 18

non—commutative is equal or greater than 5.

(8) If FO has an irreducible component I' of fupe (2,4), (4,2),

(3,3, (4,4) for which G((I') is non—commutative, then Fu, Fﬁ are

holomorphically equivalent.

Proof of (1). Let ©I' be irreducible of type (p,q) for
simplicity. Then the group G is generated by two
diffeomorphisms f, g with linear terms mp, mq and L(GT)) = qu/n’
n being the greatest c¢ommon measure (GCM) of p, q. £ £, g
commute, then ker L = ¢ and hence L. is an isomorphism. By Lemma
1.4, f, g are linearized and the quotient map by f, g is (zp,zq)
and the image is the curve Xp/n = yq/n- Therefore we Have n = 1.
Proof of (2). 1f FO is of type (1,p), then Fu is a graph of
holomorphic function fu of €,0 with multiplicity p. It is then

easy to see that fu is holomorphically egquivalent to the trivial

family of the function zp.
Proof of (3). Let Fu be irreducible and defined by a Puiseux
expansion
_ q/p g+k/p

Fu(z) = aq z + aq+k VA +
and define

f (z) = F(zp)l"q = Ja_ =z (1 + a /q zk + ... )

u q g+k ’



where the coefficients are holomorphic functions of u. Then
(zq,fu(z)p) normalizes the curve Fu, and-f‘u is identified with the
second coordinate axis. Put

fij(Z) = m; f(mé z)
for i = 1,...,p, j = 1,...,a, where wp, mq are the primitive roots
of order p, q.

The group G(Fu)is generated by

fii0p 2 = fijf&é(z)
= m;—a mé—B 2 (1 + aq+k,q m;ak(méj-B)k_l) K.
i,t = 1,...,p, ji,B =1,...,4.
The homeomorphisms h_, h! lift to those ﬁu , Eﬁ of the p-sheet,
g-sheet caoverings of €,0, by which the functions £ fﬁ are

conjugate, and in particular the groups G(Fu), G(Fﬁ) are conjugate

by Eu' So if G(I'y) is non-solvable, Hu and H& are * holomorphic

with respect to Z and u and hence hu’ hﬁ are also * holomorphic.

Proof of (4). We assume that FO = [ is irreducible, G(FO) is
solvable, and analyse the commutator group by using the

coefficients of the expansion of the above f.
Before we begin the detailed argument we recall some results
on solvable groups of diffeomorphisms in general from Section 2.

By Theorem 2.1, the action of a solvable group G is conjugate with

the following: GO is generated by an f = exp ax, x(z) = zk+1
9/2z or a k-flat diffeomorphism with m(f) = 0, G/GO is generated
by,wnfp/q, n being a factor of k (for the detail, see Section 2).

The conjugacy of G to the the above normal form induces that of
the guotient spaces of € by the generators of G(I'), and deforms [
to a I'' for which G({I') has the form. So we may assume G(I') has
the above normal form. The generators mnfp/q then has the form
k+1
z

p/q -
® £ (z) = ® z + p/q a @

e o



and the k+1-th order term of GO does not wvanish.

By a direct calculation, we have

() [fijaB’fi'j‘a’B'] (z)
_ -k i-o j-B (i-BYk_ o it-atdk (-8B
VA aq+k/q {mp mp mq (mq 1)1 mp mq )
-o'k i'-ot jr-8" (j'-8"Ok (i-o)k (j-B)Hrk k+1
mp p q (mq 1) mp mq )Y z +...
If mi = 1, the k+l1-th order terms wvanish and [G,G] = 0 and hence G
is commutative by the above assumption. S0 we assume wﬁ Z 1.
We claim that méJ‘B)k 2 1 if m;‘B = 1. So assume that the
. (i-B>k _
equaltity holds. Assume that mq = 1. Then we have
i-o0 j-B8 k+1
= +
fija8<2) mp wq z (1 O(z > )

from which with the assumption

n k+1

f Z) =z + 0QO(z ) = 2z

ijaB(
By Lemma 1.4 we may assume

o e
= ol o 8

fijaB(Z) = 0, q VA
from which we have

Foo(z) = e fed 2 =0l eIy oy 2ol oI P o)

1] p q p q o ,

hance

¢ SR RN Rl
This shows that

. _alp q+k'/q q+2k'/q

f(z) = aq Z + aq+k' z + aq+2k, Z +

k' being the least number with m(J_B)k = 1. If a_ ., ,00) # O
q p+ik

for an i, this shows that +the normalization of ' is factored
through the covering (xX,y) - (Xk ,yk ). Therefore we have k' = 1
and hence w;_B = 1. This completes the proof of the claim. The

claim says that the action un of the subgroup Zq c L(G) is

effective. The argument goes the same way for p by using f—1 and
transposing the roles of p and gq. Therefore the action u is
effective. If p, q satisfy Condition (4), then L(G) = Zn , b < n



~

and Theorem 4.1 (3) applies to say that Eu’ hﬁ are * holomorphic

with respect to z and u. This completes the proof of (4).

Proof of (5). For simplicity we prove only for the case where
r = 0 and FO is a union of an irreducible curve I' of type (2,2)
and a graph of a non singular function g. Let T" = {y=f(x)} be an

Lry, Px,y) = (x2,v%) and let g' be a

irreducible component of P
function such that g'(z)2 = g(z2). By the definition in the

begining of this section, the group G(FO) is generated by the
-1 1

diffeomorphisms =z, f(-f 7)) and g‘(f_ ). Assume that G is
solvable. By (1), G({I') is commutative if and only if GY = {z}
and then T is not irreducible as (2,2) are not coprime. So
assume that G0 # {z} consists of k—-flat diffeomorphisms. The

1

linear term b of g'(f ~) acts on a € A(G(FO)) c € to give bka.

So if b is neither @ k = 1,2,3,4 nor ¢ o ¢ € R, then

nk’ 2k’
A(G(FO)) c € is dense. Thus Theorem 4.1 (2) applies and the
rigidity holds.
Proof Qi (6). Let Fu be a union of graphs of functions
fui: C,0- C,0, i = 1,2,3. Then the group G(Fu) is generated by
fuzf;} and fuBf;i' If the functions are generic, the group is
non solvable and then the rigidity holds.
Proof of (7). This is tﬁe same as Theorem 5.2 (3).
Proof of (8). Assume that r = 0 , ' is irreducible of type

(3.3 for simplicity and the group G(I') is non commutative but

solvable. We have seen in the proof of (2) that the linear term
L(G) = 23 acts on A(G) effectively. If AG) ¢ € is dense, the
rigidity holds by Theorem 4.1 (2). If A(G) is not dense, then it
is a triangular lattice and ker L embeds to exp tx, x(z) = zk+1
9/3dz by Theorem 2.1 (1). We may assume that G/G0 is generated by
m4z by Lemma 1.4. I£f ', ' are topologically equivalent, the



same condition holds also for T*' and hence G(I'), G(I'!') are
holomorphically conjugate. The case where ' is not irreducible

needs a detailed argument using explicit forms of other components.

The proof will appear elsewhere.

The author does not know for which irreducible ' the group is

solvable even in the case I' is of type (2,2).

Corollary 5.2. Let Fu, Fﬁ be irreducible of type (p,q) & (2,2)
and topologically trivial as families of curves. Then Fu, Fﬁ are

*  holomorphically equivalent 1if and only if topologically

equivalent.
Theorem 5.3 Let Fu, Fﬁ, u e ¢F be diagrams of irreducible
correspondences rui’ Fﬁi c C x €, i = 1,...,k of types (pi,qi)

topologically irivial as families of curves.

C r

\\\\\\Ei\\

r . C C
u }
C ruk
(1) G(Fu) is commutative if and only +if Fu i3 equivalent o a
| 9 Py
diagram consisting of rui = {x "=y "}, 1 =1,...,k.
Assume that Fu and Fﬁ are topologically equivalent. If one

of the follouing conditions holds, then the egquivalence is =

holomorphic with respect to z and u.

(2) 'G(FO) is non-solvable

(3) The L.C.M. of wvp., a. for i for which G(.) is
1 1 1

non-commutative i3 equal of greater than 5.




(4)

[

rOi is8 of lype eilher (2,4), (4,2) or (4,4) for which

G(rOi) 18 non—comnuiative.

Proof. We assume v = 0 and prove only for Case (3). The other

cases follows from Theorem 5.1. Assume that G((Ir.H are
1

non-commutative and G(I') is solvable but non-commutative. The

group G(F) is generated by the lifts the action of G(Fi) to the
covering TI°. The projection of T° to Ti has L/qi sheets and the
monodromy of order L/qi generates the 1ift E(ri) with the
pull-backs of elements of G(Fi) with the linear term z. The
subgroup 5(Fi)0 c E(Fi) is generated by these pull-backs. In the
proof of Theorem 5.1 (4), we have proven that the action of
L(G(Fi)) on A(G(Fi)) is effective. Therefore the diffeomorphisms

in E(ri) with non trivial linear terms act on the subgroup G(F)O

effectively. The linear term L(G(I)) is generated by those of
the lifts. Thus its action on A(G()) is effective. Clearly
L(G(I)) = Zn , n is the L.C.M. of p., q,, i = 1,...,k. The proof

then follows that of Theorem 5.1 (4).

6 Separatrix of groups of diffeomorphisms

For solvable group G of holomorphic diffeomorphisms of C,0
the orbit structure is less complicated as being <classified 1n

Theorem 2.1 except for the case where the linear terms of the

elements of G are Brjuno numbers. Assume that the
diffeomorphisms f generating G are defined on neighbourhoods Uf of
the origin. The orbit of z € € under G is the set of images W(z)
by words W of the generators defined at z. The separatriz 3(G)




of G is a finite union of disjoint Jordan arcs Ci: 1,0 » €,0 real
analytic off the origin invariant under G such that any orbit of G
is dense or empty in each chamber of -3 at the origin and any
sub-union of the arcs does nat possesses the property. The
existence was proved by Shcherbakov [15]1 in a weak Sense. The
following theorem and the proof show the existence and the

unigueness of the separatrix.

Theorem 6.1 or momn—-solvable Gu’ the separatriz Z(Gu) erists

for any domain of definition Uf, of which the germ at the origin

18 independent of the choice of sufficiently small U

P

The separatrix 2(G) is a union of jordan arcs which have
tangent 1lines at the origin. The linear term L(G) < € acts on

the tangent cone TOZ(G).

Proof. Let X, 4 be the vector fields on the i~sheeted covering
Ci constructed in Section 3. The x defines the germ of vector

field x' on (C,0 defined on the angular domain DX of those 2z for

which t"(z) » 0 as n - =. By the form X(¥) = dF “(-bi(-ai)l’/!
9/8%) and the estimate 1dF 1 < K'1%1° ' in the proof of Lemma
3.3, we obtain

X'z = (-b (—aidi/P 2L L6z 2y g0,

Similarly we see that p defines the vector field ug' defined on the
angular domain DL1 of the form up'(z) = (-c (—ai)J/l z1+1 +

0'(z'*?)y 8/82

By the argument in the proof of Proposition 3.6 the trajectories
of x', u' passing through z are arbitrary well approximated by the

orbits of type f_ngmfn(z), g—n[f,g]mgn(z) with sufficiently large



m, n. So if x'(z), w'(z) are linearly independent over R, then
any orbit of G is dense or empty in a neighbourhood of =z. The
set 2(f,g> of those 2z where x' , u' are independent is a smooth
curve defined by (x'/u')_l(R), which is real analytic off the
origin. By the above forms of X', u' we see that 2Z(f,g) is a
finite union of disjoint jordan arcs in DX N D“ which have unique
tangent directions at the origin. For any small z € € either
forward or backward orbit by f, g tend to the origin as n tends to
infinity. S0 a neighbourhood of the origin is covered with the

intersections of the angular domains D N D , where x

y U
+1 Heq *1 t1

are respectively defined similarly to x, u with the pairs (fil,g),

+ +

(f,2°%y.  Define the subsets (£ ',g%ly of D n D similarly
+1 Hiq

to the case of 2XZ(f,g). Let 2'(G) hbhe the set of those 2z €

scf',g3), i, i = *1 where all other X(f  ,g3 ) coincide with

Z(fl,gj). By the real analyticity of the components of

+ +
2(f l,g 1), we see that Z'(G) is a finite union of the components

of T(£7', g%y, and the local density of the orbits off T(f 0,g 1)
implies that the orbits are dense or empty in each chamber of € -
2'(G) at the origin. Secondly define Z"{(G) by deleting arcs L of
2'(G) such that the orbit G(L) .is not contained in X2'(G) at the

origin. Finally define the separatrix 2(G) by deleting arcs L of

2"(G) facing two chambers on both of which .-an orbit is dense at

the origin. Then the resulting set Z(G) is invariant under G and
any orbit is dense or empty in each chamber of € - Z(G) at the
origin.

The set 2Z"(G) is defined by the 1local properties of the
orbits nearby the origin, so the germ is independent of the choice

of Uf . We consider the final step of the construction of the



separatrix. Assume that for any Uf there exists an orbit dense

at the origin in two chambers with a common face 1., in other words

the chambers are joined by an arbitrary small orbit nearby the

origin. Then L is deleted in constructing 2Z(G) from X"(G) for
any Uf. Thus the germ of the separatrix is independent of the
choice of small Uf. The uniqueness follows from the definition.
Problem 1. Study the bifurcation of the separatrices.

Finally we propose a problem on global rigidity of algebraic

correspondences. Let Fi c Ci X Ci , 1 = 1,2 be algebraic curves
in products of Riemannian surfaces. We say Fl, F2A are
topologically equivalent if there exist homeomorphisms h: C1 - C2
and h': Ci - Cé such that h X h’(Fl) = Fz. If the germ of Fl at

Xq X Yo satisfies the condition in Theorem 5.1, h and h; are =
holomorphic at XO’ yo respectively. The natural question 1is
whether the holomorphicity extends to the total spacé. The
equivalence relations of x € C, y € (C° énd (x,y) € T associated
with ' are generated by the relations

X ~x' €€C & x, x'€el'nCxy foraye€C' ,

y ~y'€C' & vy, vy e Ilnxx for an x € C

(x,y) ~ (x',y')‘el“ < X ~ X' or y ~ y'.
We seek the geometry of the equivalence ¢lasses (orbits) O0.(x) c C

C

, OC,(y) c C' and Or(x,Y) c I, The fundamental problems for the

rigidity are

Problem 2. Determine the condition that there exists global
Separatrices ZC(F) c C, ZC,(F) c C' and Zr ¢ I', on each component

of which the orbits are dense or empty.



Problem 3. Consider the orbits in I' of multiple points (x,y) €

', where the I'''is not of type (1,1).

More in general the +topological stiructure of portraits of
orbits of <correspondences seems to possess complete analytic
information. For the case where C, C' are Riemann spheres P, the
first and the sécond projections of ' define two pencils of
divisors on the normalization . Then the problem is closely
related to the geometry of divisors in linear systems of complex
manifolds. From this point of view we finally refer +to the

following theorem.

Theorem 6.2 (The rigidity theorem of divisors [151) “Let C, C'

be Riemannian surfaces of genus > 2. Assume that there exists a

homeomorphism h : C ~» C' gsuch that h(D) is a camnonical divisor of

C' for any canonical divisor D of C. Then h is holomorphic or

anti-holomorphic diffeomorphism respectively whether h 18

orientation preserving or not.
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This note aims at giving a generalization of classical Morse inequalities for Betti num-
bers of compact manifolds (cf. [M]). In this paper, we work with R-constructible sheaves
instead and encounter the tight relation between Morse theory and Microlocal Analysis
of Sheaves. See Witten[W] and Hellfer-Sjostrand[H-Sj1,2] for another approach to Morse
inequalities via microlocal analysis and also Goresky-MacPherson[G-McP]| who introduced
the "stratified Morse theory”. This paper may be considered as a small variation on

Kashiwara’s index theorem [K], and in fact our proof is a slight modification of his.

1. Classical Morse inequalities

First of all, we recall what the classical Morse inequalities are.
Let X be a compact C* manifold, and ¢ : X — R a C* function with the

properties:
(1.1) {z € X; dé(z) =0} = {z1,-.., 2N},

z; is a non-degenerate critical point of ¢ for any j, i.e.

(1.2)

Hess(¢)(z;) is non-degenerate.

We set
ng = #{z;; the number of negative eigenvalues of Hess(¢)(z;) = k},

and

g =(=)* > ()" nw.

K<k

Moreover we set

b(X) = dim H*(X;R),
and

be = (=)* D (¥ b (X).

K<k



Then we have

Theorem 1.1 (cf. [M].) We have for any k € Z,

(X)) < i

2. Preliminaries
Let X be a C° manifold, and = : T*X — X its cotangent bundle. Let k£ be a com-

mutative field. We denote by D*(X) the derived category with bounded cohomologies of
sheaves of k-vector spaces on X.

2.1. Micro-supports of sheaves. Let F € ob(D¥(X)), and p = (z0;¢ - dz) € T*X. Then
p ¢ SS(F) if and only if

( there exists a neighborhood U of p in T* X such that

for any z; € X and for any C* function f with f(z;) =0, df(z1) € U,

we have

t RI'(s; 1203 (F)zy = 0.

SS(F) is called the micro-supporrt of F, and is a closed R.-conic set in T*X. Refer to
[K-S] for details. .

2.2. R-constructible sheaves. Now let X be a real analytic manifold. Then a sheaf F' on

X is called R-constructible if there exists a subanalytic stratification
X =U,X,

such that

F | x. 18 locally constant.

Moreover D% (X)) denotes the sub-category of D?(X) consisting of objects with R-

constructible cohomologies. (cf. [K-S].) We remak that if F' € ob(D%, _ (X)), SS(F)



is a Lagrangean subanalytic subset in T%X.

2.3. Pure sheaves. Let X be a C'° manifold, and p € T*X. Then we set
)\O(P) = Tp’”_l(P)'
For a Lagrangean submanifold A passing through p, we put
An =TpA.
Now let ¢ be a fea,l C? function on X. Then we set
Ay = {(z;dg(z)); = € X}.

Moreover for p € Ag, Ay(p) denotes the tangent space to Ay at p:

Ao(p) = Ty
We will assume the condition
(2.1) A4 and A intersect transversally at p.
Under the above notation, we give

Definition 2.1. Let F € ob(D*(X)), and assume SS(F) C A in a neighborhood of

p. If for any real C? function ¢ satisfying the condition (2.1) we have

R (4> (o))} (F () = k™[]

with

§=d~— %dim X —‘%T(Ao(p), An(p), A (p)),

F is called pure with shift d and multiplicity m. Here 7(-,-,-) denotes the Maslov index.
(Refer to [K-5].)



Consider in particular the case that A satisfies
A =Ty X in a neighborhood of p.

Let z = w(p), and let s¥(z) denote the number of positive or negative eigenvalues of

Hess(¢ |Y)(a:) Then we have

(2.2) T(Xo(p), A (p); Ap(p)) = s () — 57 ().

3. Statement of fhe Main Theorem

Let k be a commutative field of characteristic 0. We denote by Modf (k) the category of
finite dimensional k-vector spaces and by D?(Mod/(k)) its derived category with bounded
cohomologies. |

Let b = {b;}1cz be a sequence of integers with b; = 0 for |I| >> 0. We define

(3.1) b= (Z1)' ) (-1by, b, = ) (=1)b;

i<

If V € ob(Db(Mod’(k))), we set
(V) = dim H(V)

(and we define b} (V) and x(V) = b%,(V) as in (3.1).)
Now let F € ob(D*(X)), and let ¢ : X — R be a real valued C? function on X.

We set
A= SS(F),

Ay = {(z,dd(z)) e T*X; z € X }.

We shall assume:
(H.1) o~ — 00, t]) N supp(F) is compact for any ¢ € R,
(in particular ¢ is proper on supp(F’)),

(H.2) Ay N A is finite,



and setting Ay N A = {py,---,pn}, zj = n(p;):

(H.3) Vi (R, goyza0ep) 3 (F)),, belongs to DY(Mod! (k)).

Set
ni= Y dim H'(V}).
J

Then we have
Theorem 3.1 (generalized Morse inequalities).

Assume (H.1), (H.2) and (H.3). Then:
(4) RI(X;F) € ob(D*Mod!(k))),
(iz) setting bi( X, F) = bi(RT(X; F)), we have the inequalities

b(X,F) < n}.

Remark 3.2. The conclusion (i) is already obtained in [K]. Moreover since (X, F) =

ny = 0 for [ >> 0, we have

X(X;F) = ng,.

Here x(X; F') is the Euler-Poincaré index of F' on X. This is an obious version of Kashi-

wara’s index theorem (cf. [K]).



4. Proof of the Main Theorem

In order to prove the theorem, we note

Lemma 4.1. Consider a distinguished triangle in  D¥(Mod? (k))

1
Vi— V— v,

Then we have for any l € Z

i (V) < (V') + (V7).

(proof ) We may assume that V,V' and V" are concentrated in degree > 0. Then we

have a long exact sequence
0 — H(V') — H"V) — ... — HY(V') — HY(V) — BYV") — 0,
where
B(V") = Im(H' (V) — HY(V™)).
Then setting
b(V") = dim BI(V") (j =1)
and
b;(V") =b(V") (G <),

we get:

B (V) = B (V") + (=)' D () b (V).

r<i

Since b (V") < dim H'(V"), the proof follows. (Q.E.D.)
[proof of Theorem 8.1.] We shall reduce the problem to the 1-dimensional case. To

this purpose, we put

G = R$.F



and write
¢({z1,---»zn}) = {t1,---,tL}
with ¢; <t;41. We set

Ay = {(t;dt) e T*R; te R }.

First we remark that the hypothesis (H.1) is trivially satisfied by (R, #, G):
(H'.1) ] — 00,4] N supp(G) is compact for any ¢ € R..

Next, applying Proposition 4.1 of [K-S| we get

(H'.2) SS(G) N Ay C {(t;dt) e T*R; i =1,...,L}.

Finally we have

(H'.3) (R (1201 G),, =~ Vi.
$(zj)=t:i

In fact
(R (0)G),, = RT(; g2 (F)) [4or 000

~ @ (RD (4 ¢>(z)2t-‘}F)r;‘
Hlzj)=t:

by the definition of the micro-support. Thus the triple (R, ¢, G) satisfies the same hypothe-
ses as (X, ¢, F'). Since
RI(X;F) = RI(R;G),

we have

b(X,F) = b(R,G),

and it is enough to prove the theorem for X = R, ¢(t) = t.

We set X = R. Put t; = —o0, ty41 = 400, and define

I :]—OO,t[, Zy :]—OO,tL Ij :Itj7 Zj:th-



Introduce:

bi(Z, F) = bi(RI(Z;; F)),

(I, F) = bi(RI(I;; F)).
Then by Theorem 1.4.3 of [K-S|, we have the isomorphism
H¥Ij1;3F) = HY(IGF) (t; <t <tjpa).

By taking the inductive limit of the right hand side, we derive
(4.1) H¥(Ij30; F) o H* (75 F)
Consider the distinguished triangle
(4.2) (RT(e>4,y(F), — RI(Z; F) — RI(L; F) -

Since RI(I1; F) = 0, we find by induction from (4.1) that both RI'(Z;; F) and RT'(I;; F')
belong to D*(Mod? (k)).
Moreover (4.1) gives
dim HYX;F) = >  {dim H¥Z;;F) — dim H*(I;; F)}.
1<5<L

Hence

(X, F) = Y {b(2,F) — b, F)}.
1<G<L

On the other hand, we get by Lemma 4.1 from (4.2)
bT(ZhF) - bT(IjaF) < b?((RF{tth}(F))tj)'

Hence we have

b?(X’F) < Z b}k((RF{tth}(F)tj)) = TLT
1<5<L

This is the desired result. ( Q.E.D. )



5. Application to pure sheaves

Let X be a real analytic manifold, and let F € ob(D%_ (X)). Then A = SS(F) is a

Lagrangean subanalytic subset of T*X. Take a real valued C? function ¢ on X and

suppose

(5.1) ¢! (] — 00, #]) N supp(F) is compact for any ¢ € R,
(5.2) Ad) n A = A¢ ﬂ Areg = {pl,' * ",pN}’

(5.3) Ay and A, intersect transversally at each point p; ,
(5.4)

F'is pure at each p; with multiplicity m; and shift d; along A in the sense of [K-S].
Recall that (5.4) is equivalent to
(5.5) (RT (4@)>40y (F)),, = k™8]
where z; = n(p;), and
; 1. 1
(5.6) 6 =d; — idzm X — §T(A0(p,~), Ar(pi), Ap(pi))-

See Chapter 7 of [K-S] for the definition of Maslov index 7(-,,-). Under the above condi-

tions, we get by Theorem 1.1

(5.7) RI(X; F) € ob(D*(Mod’(k))).

We set

(5.8) ng= » mi, nf o= (=) Y ()n;
§i=~1 i<l



Then we have, by applying Theorem 1.1:

Theorem 5.1. For any l € Z, we have the inequality

(5.9) b(X,F) < nj.

Remark 5.2. Assume moreover:
(5.10) A =Tg X in a neighborhood of p;,

where S; is a real analytic submanifold of X. By (5.3), ¢ | g. 18 a Morse function at
z; = m(p;). Let si(mi) be the number of positive or negative eigenvalues of the Hessian of

) IS_ at z;. Then under the notation (5.6), we have
; 1 .. 1, 4 ~
(5.11) & =d; — Edzm X+ -é-(s (z:) — 57 (z1)).

Remak moreover that if X is a complex manifold, F' has C-constructible cohomologies,

and F' is perverse, then we have
d; =0 for all 2.

Hence in this situation, we can deduce the Morse inequalities from the multiplicity of F'

at generic points of A.



6. An example of application to perverse sheaves

Let X be CV (N > 2) with coordinates z = (zy,...,2x) and set

S = {z€eX, Z z; = 0}.
1<G<N

We take F' € ob(D%_ (X)) (i-e. F has C-constructible cohomologies) satisfying

(6.1) A = SS(F) C T;. X U TfhX U TEX,

(6.2) F is perverse.

Recall that the perversity of F'is equivalent to saying that F' is pure with shift 0 at generic
point of A (cf. Theorem 9.5.2 of [K-S]).

We put
(6.3) A = T;regX, Ay = TE‘O}X, Ay = T X

and assume that for any j

(6.4) F has multiplicity m; along A;.
We set
(6.5) #(2) = |z —al® with a = (1,2+/-1,0,...,0).

Then we have

Ay NA = {P1,1 = ($1,1;d¢($1,1))7 P12 = ($1,25d¢(371,2))};

with
-1 1 — 3 3 —
$171 pry <'—2—'7§ —1’07...,()) aIld $1,2 — (57 5 _1707' b 70> ?

AgNAn = {pn~ = (0;d4(0))},



and
A'f) N Ao = {pO = (Cl; 0)}

An easy calculation and the fornula (2.2) gives:

(Ao (pl,l)a Ar, (p1,1)7 /\45(191,1)) = —2,

T(Ao(P1,2): Any (P1,2), Ap(P1,2)) = —2N + 2,
T(Ao(PN), Aan (Pw), Ap(pN)) =0,

T(Ao(Po), Aro(Po), Ap(po)) = —2N.

Hence we have
rg = Mg, N1 =M1, NN—-1 — M1, NN = MHN,

This gives the inequalities:

(X, F) <n*

Remark that in this example F' is conic for the action of R* on C". Hence RI'(X; F) ~
Fy, the stalk of F' at 0.
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M-determinacy of Smooth Map-germs

EEE RHATIE BT g

1. Results
The notions and notations are given in [ 31 or L 21.
Theorem 1. Let f: (N, xo)b - ( Py yo) be an FST

ZETM 9 I CC, an ideal.

N
'Iref.CTAf

'k
2r+] —Ak—determined .

Then f is 1
Corollary 2. If f: (N,'xo) - (pvyo) ig an FST germ,
ard
" TA, £
My 04 & iy
Then f 13 ©o - Ak—determined.
Note. When k=0, this is the main result of Wilson(C 5 1,

ThGOI‘em 30 If f iS M—Ak-determined (Wor-tn { y1 ° o ayp} ) 9

tY Merhr+ot yoLzo
ren k mN —

Theorem 4. Let f: (N, xo) - (pgyo) be an FST germ,

x
M < CNP y 8 submodule. If there is a CN - module K s.t.
k+1 k
K.,M+(jlg "5) @ g x
for some 8 = 1: ({=1; «ooy 9+1)
k+1 : o gkt -

a) Cy-modules N; € my & y with N, =mg QH Ngs {oi

b) tf(K) + wf (mk & YDA

D j (a8 R-subspaces) with

Ayp = $F (K) * e (mp80), Aguqe y= D03 b g=theeasp

13 P
p *
e) lLet Tf_,i = tf(N, ) + 2 f vy Acds Ro= N . M+?: MJ

=1 1 IE JJ



then

<
RLCTf,.é,'H * X,g Tf,i + R4’,+1 *f—;—l Xz,Rt » Wwhere

Ajj 1is an ( R + X; ) - module, X; is a subring of

Cy with X

N Coo.CXs+1 =

1 N.

Then f is M—Akudetermined-
Note. When k=0, Theorems 1, 3 and 4 are the main results

of L 3 1.

2. Proofs
Lemma 1. The following are equivalent:
(1) £ is of FST
r
(2) 3 r» my Bf c TK,f

#
(3) 3 -85 m; C J(E)* £ my.Cy

Proof (1) & (3)y see [ 31 P.144
(1) = (2)» From [ 31 (1.20), 3

a
-

nd 0.Ctf(m b, )+f m. .0
NYr myfy P Uf

D
{t

: g+k K+1 * k
Sy chtf(mN GN)+fm. v 9 = TKE

(2) =2 (1) m§9fCTKfC TKf, so f is of FST by

k
(31 (1.20)
Lemma 2. Let f be an FST germ, and supposé

TKKGDTKFy F=rx

X
k 1(m;8)

Then & is of FST.
Proof. f is of FST, then lemma 1 irplies that there is

ar integer g,

8
my e s C TK, £



Multiplying by CNx R
»
8
my "‘bFC K, F
8 8 : P
lel’G = my¥p € TKG C TKG, WG(z3) = (050s0.050,1)

[ aa e g ?

G
t&(—g 2) = ——(——? oG) —L——-—ypot) 1)

we(—33 >€tG(at>+“f”G

since O,=F, + WG ( C

at) yxg, (ay* )0 ,C e

o3 r, N“R @, C TKG. Then G is of FST by leuma 1.

Proof of Th. 1. Let g be an 12r+1=approximation to f.

(Woioto £y1gnnopypl§ )
F =R, fo,17) G(x08) = (g,(x)5%), gt(X)=(1—t)f(1§)+tg(X)'

YV a € Lo,11, we denote &, G by ¥, G for convenience.

We have J(f) CN”R J(F), J(F)‘}’F c tF(')bNx g Brl31(1.22)

#*
{3 Cyy g * F Cpx g § TAT = TAF

and *
X, _ = r
I Iy g 0= T LI(E)00g* F Opx pCyf b € ™F (1)
from [ 3] P.141,
2r 2r
™G C TAF + 1TV, , IAF C TAG +Tf 3"F (2)
s TAG C TAF
By (1) 121'7“}, c 1" F c ITTKF (3)
Then _or k1
K F C TK,G + 1 tp € TKG + my TK,F (4)
Set 5 - K, F + TKG
TE,G

It is a finitely-generated CNx R -module. It follows from (4)

E=nyyp-*F



By the Nakayama lemma, E = O, and so

TK, F C Tk, G

k k

Then 2r r k+1, * r
T “»"F C17.TK,G C G(my \/’Nx )t G mpe (T7F )
Substituting in (2)

TAF C TAG + Gm (I )C TA G + G

Therefore

¥*
kG C TAkF (o TAkG + G My, e TAkF (6)

Jet E, = TAF [/ TA, Gs then:

TA

1 k
(a) E1 is a G*CPXIR-module:
' TAF is an F*CPx g~ module, and Irch R TAF
C IrCNx gy € AT
I31(1:13),  (FO*C(p pyy (pxm) € F Opx g1 Opx
(F+@)*Cpy py x (px )" ThgF © TALF
1t meens that TA, F is an (F,G)¥C -module and

k (PxR) X (PXR)

¥*
then is a G ¢ -module, go E1 also ig.

‘P* R

() E, is finitely-generated:

by (5) and lemma 2, G is of FST. Hence (lemma 1) 3 s < 0O,

S

3
. m»CZJ(G) + G m

px RNy R

Since DNy R = ( me * toG ) CNX R
ms+k+1 C mk+1
Nx R "N

' k+1 *
then CNXIR/ {mN J(@) +G my x m'CNx R}'is a finite-

dimensional real space and CNXIR / m§+1‘J(G) is a finitely-

*
J(G) +G m « C

PxR" “NXIR

genereted C - module.

NX R

/ my!

By the Malgrange Preparation Theorem, CNx R J(@)

*#
ig a finitely-generated G C -module. let h1, ceio 9 hq £

PRR

CNXIR project to a spanning get. Let



_ k+1 -
E, = TALF / 4G (m} W

> NY R)
Because ¢F (inié+1 - 3G P gy R < mII\KIﬂ I(G) ’WF
k+1
=

v IO ¥ CulT oo (PR

3¢
it is easy to show that E, is a finitely-generated (F,;G)

2
C(leﬁ)x (PX R) -module. By means of the Malgrange Pre-

paration Th., we can know that E, is a finitely -generates

2
#*
G Cpy g ~module, so is E, (" E, is the quotient module
of E2)
*
(¢) From (2), we have E, =¢ LN E; + By the

Nakayema Lemma and (a) - (b); E, =05 80 TAkF ='TA£G;{ﬁen

", =1° Y’Fc Ta G By [ 3, 1417, J¢ éIrYGCTAkG

Recall that G = G%, a €[0, 1] . By[21P.122, G is
A ~trivial. Hence f ='go is A, -equivalent to g=g,, and

r+i

f is 12 - Ak-determined.

The proofsof Th. 3 and 4 are omitted.

3. Exsasmple

Example 5. Let (N, X ) = ( R% 0), (P, ¥o) =
( R’ , 0), and let f: (N, x,) == (P, y_) be the map
germ given by

£(x,y) = (x,5° , y7)-

net M= ( {y2}. Cy o1 723 mys | y3j my).- By [31
(3.7)y £ is M-A-determined. But f does not M—Az—determined.
In fact, if f is M—Az—determined, then from Th.3, we have

3 3
MCTA,T + vaaf‘c mg O,

But (y°, 0, 0)€ M and (y°,0,0) & mg 8,



This example shows that "M-A-det." may be not
"M-A, -det.". But Plessis [ 2] (2-.8) shows that for
finitely-determinacy, fhis is true, i.e. "f is finitely-

A-det." iff "f is finitely-A,-det. for all k Z 0". Then

k
M-determinacy is different from finitely-determinacy.
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On the topology of singular sets of smooth mappings
Kazuhiro SAKUMA  ((EA ) ~3%)

8]1. Introduction

Given any smooth mapping f: M"— N°, the structure, mainly the
topology, of singular sets of the mapping f seems generally
intractable. Even if we restrict ourselves to stable mappings, the
similar difficulties follow. For this reason, we will investigate
the behavior of the singular sets by considering the case which
the smooth mappings have only simple singularities. Some of our

main results are the following,

Theorem 3.1

For an A,(n,p)-type £: M"> R" (p>2), if the Euler number of M" is
odd, then the singular sets S(f) must be unorientable.

If we consider specific dimensions of source and target manifolds,

we can formulate the topological structure of S(f).

Theorem 4.5

Let MY be a closed, oriented 4A—dimensional manifold with vanishing

first intgral homology group. For an A,(4,3)—type f: M'— R?® such
that S(f) is connected, it holds,

o (M* )=-S (f)-S(f) mod4.
Here o(M*) denotes the signature of MY, which is the number of

positive eigenvalues minus the negative eigenvalues when the cup

product form is defined on the middle dimenéional cochomology, and

the dot is self intersection number of S(f) in M*.
Theorem 4.7

Let M* and f be as above and k’ stand for the number of connected

characteristic surfaces in S(f).




i) #Sedd (f) : even
(k’ —2) 06 (M* ) =S (f)-S(f) mod4d
i1) #£S8°°¢ (f) :o0odd
) T — —~—
(k7 —2) o6 (M* )=S(f)S(f)+2 mod4
The most part of this paper is devoted to detailed formulations
and discussion of the statements mentioned above. All manifolds

and mappings considered are smooth of class C™.

§2. Morin singularities and key results

Let M" be a closed, oriented n—dimensional manifold and N° be a P
dimensional manifold with n>p. If we can choose coordinates (x;,x,
;--:Xpn) centered at x of M and (y,,Y,,--,¥Yp) centered at f(x) of
N so that £ has equations;

v = x; (1=2ip—1)

Ve = X ' +EZX X T Xy 2000 Ex. 2,
thenapoint x of M" is called a Morin singularity of type Ay of £.
In other words, let Si(f) stand for the set of all points of M"
which the rank of ker(dfy) equals i, then Si(f) is a submanifold
of M" for an appropriate mapping f and we can define SLj(f) as
Sj(flsi(f)). Let I, be the r—-sequence (i,1l,...,1), i= max{1l,n—p+l}
then we can define S™ (f) as s'(f|s'"

point of Slﬂ(f) or SIr(f) respectively ia a Morin singularity of

(£f)) inductively. Then a

symbol (i,0) or I,. We call a mapping f: M"-> NP an Ay(n,p)—type if
f has no other singularities than Morin ones of type A; (1<i<k).
In particular for k=1 it is usually called a fold point, which is
the simplest singularity of all, and for an A,—type a cusp point.
We denote the set of singular points of a mapping f by S(f).
According to Morin [4], the following properties are given for an

A (n,p)-type f: M"-> RP.

Lemma 2.1 ( B.Morin [4])

Let A, (f) denote the set of A —type singular points of f and_K}(f)



be the topological closure of Ai(f).
1) Ap(£) and'ﬁk(f) are both p—k dimensional submanifoldsof M.
2) AL (£) ::g* Aj(f).

3) The restricted mappings f|A (f) — Rf are immersions.

These facts give several applications and play a fundamental role
as we will see later. Moreover, the following results have been
recently shown concerning the geometrical structure of A(f)-

Lemma 2.2 (Fukuda[l])

Let M" be a compact manifold and f: M"-> RP an A, (n,p)—type,then we

have the congruence involving the Euler number,
x (M" )=Zx (A, (f))mod?2.
For an Al(n,p)—type, wmid(M")xO implies w,_;(5(f))*0 for any i with

1<i<p—1, where w;( )} denetes the j—th Stiefel-Whitney class.

This lemma may be ofvindependent interest and besides, it suggests
various applications. For example, it is easy to see that if S(f)

is orientable for an Al(n,n)—type then M" must must be spin.

Remark 2.3

It is likely that we might be able to replace R? p—-dimensional
Euclidean space by a parallelizable manifold in lemma 2.2. However
the author does not know whether it is true or not.

Our goal in next section is based on the following two examples.

Example 2.4

Suppose the Euler number of M" is odd, then there does not exist
A4(n,2)—type mappings, that is, such a mapping necessarily has
cusp points. Because the singular set is disjoint union of circles
in this case hence the Euler number is zero lemma 2.2 says that it

is not be able to happen.



Example 2.5

Suppose the Euler number of M" is odd for an A,(n,3)-type £:M - RF
then S(f) is unorientable. Note that by lemma 2.1 S(f) is a two
dimensional manifold. This is because the Euler number of every
orientable surface is even by well known classification of closed
Z2—manifolds, after all we can only take surfaces with odd genus as

S(f) which are unorientable.

§3. Characteristic classes

As stated in the previous section, S(f) of A (n,p)—type f is on
the geometrically conspicuous location so that S(f£f) is immersible
in one dimension higher Euclidean space RF. We will generalize the
above example which states the nonorientability of S(f), using the

fundamental properties of characteristic classes.

Theorem 3.1

Let £: M"> R' be an A (n,p)—type with p>3. If the BEuler number of

M" is odd, then S(f) must be unorientable.

Before the proof of Theorem 3.1, we need a lemma.

Lemma 3.2

Let M and £ be as in theorem 3.1. Then we can caluculate the total

Stiefel-Whitney class of 5(f) as follows,

W(S(f)) = 1+ a + a* + ...+ &P, where &4 = w, (S(f)).
proof) At first we consider the following diagram,
£5T(RP) SN T(RP)
S(f) —_— R?
£|S(£)=F



where T(R") denotes the tangent bundle of RP and f£ T(R ) the pull
back. As usual define v(f), the normal bundle of the immersion f
by the exactness;
0 = T(S(f))~ £XT(RP) » v(F) - 0.
Then it holds,
T(S(f)) & v(E) = £7T(RP).
This bundle isomorphism gives the following identity of the total
Stiefel-Whitney classes by the parallelizability of RF.
w(S(£))-w(v(f)) = |
Since v(f) is a line bundle, we can set w(v(f)) = 1+4, where & is
an element of first cohomology group of S(f) over the coefficient
Z/2. Hence,
w(S(f)) =1+ a+ a2+ ...+ a1,
where 4% means au...Ua, cup product and &e H*(S(f);Z/2).

k-times

We have an immediate corollary from this lemma.

Corollary 3.3

Let M" be an oriented manifold and £: M"~> R" an Ay(n,n)-type. If
S(f) is orientable, all the Stiefel-Whitney numbers of M" vanish.

proof) Since S(f) is orientable, &4 = 0 and w;(S(f)) = 0 (1<3j<p—1)
from lemma 3.2. Then, using lemma 2.2, we have wk(M") =0 (2<k<n).

Hence the conclusion follows.

proof of theorem 3.1) Assume the normal bundle v(f) of the
immersion f is trivial, that is, &4 ia a zero element. Thus we have
wFJ(S(f))=0 for p>2. This implies wn(Mn)ZO by lemma 2.2. Then the
top dimensional Stiefel-Whitney class is equal to the Z/2-Fuler
class &(M")eH"(M";%/2).(See [3]) Therefore we obtain
x (M) =<é& (M), [M" 1> mod2,

=<w, (M" ), [M" ] >mod2,

= 0 mod?2.
This contradicts our assumption. Hence we have shown that w,(S(£))

is a nonzero element. This completes a proof.



Remark 3.4

In case p=2 we see there does not exist an A4q(n,2)-type f with M"
having odd Euler number, using the same argument as in the proof
of theorem 3.1. It is of specific interest to compare our results

with Levine’s work [2].

§4. Bmbedding phenomena of S({f)

One of the basic problem of geometry lies in the characterization
of manifolds by means of algebraic invariants. Characterizing the
structure of manifolds, we have known that topology of 4-manifolds
is particularly facinating object. As stated in the introduction
we will investigate an A,(4,3)—-type f: M*> R? i.e. a mapping which
admits only fold and cusp singularities. In this case S(f) is a 2-
dimensional submanifold of M¥%. Though 5(f) is smoothly embedded in
M*, the realization may not be generally trivial. Then it arises
the question how the realization of S(f) in M* is related to the
mapping and topology of M*. In the rarefied realm of differential
topology and singularity theory, we mainly concern ourselves with
relations between the signature of M* and the self intersection

number of S(f) determined by the mapping.

Definition 4.1

Let M? be a closed, oriented 4-—manifold and F? be a closed surface
properly embedded in M4, which is not necessarily orientable. Ffis

called a characteristic surface of M* if the intersection number

mod 2 F.-x is equal to the self intersection number x.x for any x

of HZ(M4;Z/2); otherwise it is called an ordinary surface. It is

equivalent to saying that the homology class [F2]e HZ(M4;Z/2) is
dual to the 2-nd Stiefel-Whitney class wz(M4).

Lemma 4.2

For an A,(4,3)-type f: M*> R® with S(f) being connected, S(f) is

| fu




characteristic surface of M4.

This lemma is a special case of the following proposition proven
by R.Thom. We use the following sign.
2, ={i'g(x)edJ'" (M, Rr ) ;rankdg. =1}
where J1(M",RP) is the jet space from M" to RP.

Lemma 4.3 (R.Thom [5])
Let £:M"-> R (n>p) be a smooth mapping such that l-jet extension

§1£:M">» JY(M",RP) is transeversal to 2 ; (1<i<p—-1l). Then S(f) is
dual to the n—p+l-st Stiefel-Whitney class me”(M")EH"++%M";Z/2).

This lemma 4.2 enables us to evaluate the self intersection number
of S(f), making use of geometrical structures in four dimensional
topology, as we will see later.
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To begin with, we recall the generalized Whitney’s congruence™

indicated by Rochlin

Proposition 4.4 ( Rochlin [6] )

Let M* be a closed, oriented 4-dimensional manifold with H,; (M;Z)=0

and Fzg_characteristic surface of M?*. Then we have,

c (M* ) =F2F2 +2x (F2) mod4.

Cobining lemma 4.2 and proposition 4.4, we obtain our congruence
formula in singularity theory under the assumption which S(f) is

connected.

Theorem 4.5

With the notations above, it holds
c (M* )=—S (f)S (f) mod4.

proof) In our case since A,(f) is disjoint union of circles, its

Euler number vanishes. Thus we have o(M*) = X (M*) = x(5(f)) mod2.



Then the conclusion follows.

We should essentially know the relation between the topology of M*
and the number of connected components simultaneously, because in
general S(f) has several connected components. To deal with the

general case, we need to provide the following notations.

#S“d(f) : the number of connected, unorientable ordinary
surfaces with odd genus in S(f).
S5;(f) : a connected characteristic surface in S(f).
P g N
S(f) : the set of characteristic surfaces in S(f).

We assume S5(f) has k connected components.
Lemma 4.6

For an A,(4,3)-type f£: M'-» R?,
If #5°(f) is even,
c (M* ) =x (S (f))mod?2.
If #5"°(f) is odd,
6 (M* ) =x (S (f))+1 mod2.
proof) Let k’<k and k"<k be natural numbers. We assume S(f) has k’
connected characteristic surfaces and k" connected ordinary ones.
S(f) has the following decomposition,
S(£) = S, (£) U...u S(£) u S,(£) U...U S(£).
Thus we have,
2 (S(f))=2(S(f))+e mod2,
where

1 HSe99 (f) : odd
0 #Sedd (f) : even

Note that o(M?%*) = X (S(f)) mod2 as in the proof of theorem 4.5.

Hence we have the required results.

We are in a position to prove the main theorem in this section.



Theorem 4.7

For an A (4,3)-type £ we have the following congruence formulas

respectively in that case.
#Sedd (f) :even
(k> —2) 6 (M* ) =S (£)-S (f) moda.
#Se¢e (f) :odd
(k' =2) o (M* ) =S (£)-S(f)+2 mod4a.

proof) Using proposition 4.4, we have
"

6 (M*)=S, (£)S, {f)+22 (S, (f))mod4.
for lSiSk’. ’

Applying lemma 4.6 to this congruences, the conclusions follow.

Remark 4.8

Our evaluation works in nothing but modulo four. Accordingly,it is
preferable to work in modulo sixteen, extracting the essence of 4-—
dimensional topology.

From the different point of view, A,(4,2)—type f: M*> R? has been
recently investigated and interesting observations have been given

by Kobayashi [2].
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Holonomy of Foliatioms with Singularities
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INTRODUCTION

We mean by a generalized foliation, a foliation with singular leaves in the sense of P.
Stefan [St] and P.Dazord [D], and in the present paper we establish a notion of a holonomy
groupoid of this generalized foliation. In order to keep similarities to the case of regular
foliations, we set a limitation on singular leaves, however our result is applicable to some
foliations of Poisson structures and to some foliations which are not locally simple (cf. [E]).
In many cases, we call a generalized foliation simply a foliation.

According to [D], along a leaf F of a foliation D on a C*®°-manifold M there is a unique
germ Ap of transverse structure. A singular leaf F is called tractable if F' has a saturated
neighborhood N in M with following properties: |

(1) N is isomorphic to a fibre bundle over F, 7 : N — F having a fibre V with a
foliation Ay which is a representative of Ag.

(i1) The structural group of the bundle is the group of isomorphisms of Ay and the
foliation of N determined by a local product of the one leaf foliation of ¥ and Ay is

the restriction Py of D to N.

We will show that if each singular leaf of D is tractable, then a holonomy groupoid G(D)
of D is constructed in a similar way to to that of a regular foliation.

The part of G(D) outside singnlar leaves is a (non-Hausdorff) C°°-manifold by the
usual theory of regular foliations (see, e.g., [Wi]), but G(D) itself is not a manifold in
general. We take examples of the foliations from those of symplectic leaves of Poisson
structures and from some constructions of fibre bundles. In his construction of a singular

foliation C*-algebra, A. Sheu [Sh] uses the notion of holonomy of a locally simple foliation



due to C. Ehresmann [E], but there are some foliations which are not locally simple. Our
definition of holonomy can be applied to these.
The author thanks Prof. A. Weinstein for his valuable comments on the definition of

holonomy and examples.

1. GENERALIZED FOLIATIONS

Here we review basic facts about foliations with singularities from P.Dazord’s work
[D]. Let M be a paracompact Hausdorff C*-manifold and T, M the tangent space of M
at a point € M. Let C*®°(M) be the algebra of real valued C'*°-functions on M.

A distribution D of tangent subspaces of M is a collection of subspaces:

D ={D, C T, M|z € M}.

Let p(z) denote the dimension of D, and C% (D) denote the C°°(M)-module of C*®-vector
fields on M, the value of which belongs to D, for each 2 € M.
D is called a C*-disiribution, if for each ® € M one can find a finite number of

elements of C>(D),

X1y, X

such that D, is generated by {X;(=)|1 < i < k} where k = k(z) depends on z (equivalently,
each element of D is a value of a local section). An integral manifold F' of D is a connected

mmmersed submanifold of M such that for each 2 € F,

A C>®-foliation of M (in a generalized sense) is a C*-distribution D on M with the
condition that for each point # € M, there exists an integral manifold through 2.

If f: M — N is a diffeomorphism of C°°-manifolds M and N, and X a C'*®-vector
field on N, then a C'*-vector field f, X on M is defined by



(£X)(y) = f(X(F7H () weN.

The integrability conditions are stated as follows in the formulation by P.Dazord [D].

TueorREM 1.1. [Su, [D]. Let D be a C>-distrubution on a manifold M. The following
properties are equivalent.
(1) For each point # € M, there exists an integral manifold through .
(ii) For each point = € M, there exists a unique maximal integral manifold through .
(iii) D is invariant by the flow of each vector field of C*° (D).
(iv) There is a Lie subalgebra H contained in the Lie algebra of C*-vector fields of M
such that
a) at each point z, D, is equal to the values at z of the fields in H.

b) for each X € H with a flow germ ¢, and for each Y € H, (¢¢).Y is a germ of
vector field of H.

Let D be a C*°-foliation of M. By THEOREM 1.1, (ii), for each point 2 € M, there
exists a unique maximal integral manifold through =, which we call a leaf of D. Local

structures of D are examined on the basis of THEQOREM 1.1.

THEOREM 1.2. [D]. For every point m of M with a C*-foliation D, there is an open
neighborhood U of = and a local coordinate map ¥ : U =, W x V as follows: W and V

are neighborhoods of origins in R? and RY respectively for

p = p(m), p+q=dim M,

and 1 carries the foliation induced on U to the product foliation,

Rp X Av,

where Ay is a foliation on V' with a point leaf at the origin of R? and R? is the one leaf

foliation.



We call U a foliation coordinate neighborhood and v a local foliation coordinate sys-
tem (or chart). Also we call a leaf of Dy a plaque. Foliation coordinate neighborhoods of
a point form a fundamental system of neighborhoods. Dy is the pullback of Ay by the
submersion 7y = w9 : U - V.

In general, plaques other than the leaf of m are not (locally closed) submanifolds of
M. This is a difference from the regular case. From THEOREM 1.2, it follows that each
plaque of U is diffeomorphic to the product of the plaque of m and a leaf of Ay. In
particular, p = dim D is lower semi-continuous.

Let M' be an immersed submanifold of M transverse to the foliation D and U an open
foliation coordinate neighborhood of m € M'. The submersion nyy : U — V associated
with a local foliation chart 4 induces a submersion =, of the neighborhood M{, = U N M’
of m in V and the restriction D|M{; is the pullback ré}’ Ay . This shows from the definition

of foliation that the restriction Dps: 1s a foliation.

CoroLLARY 1.3. [D]. Let M1 and M, be two submanifolds of M passing through m and

being transverse to D at m. If we have

dim M, =dim M; +r (r >0),

then the foliation Dpy, of My is locally isomorphic, on a neighborhood of m to the product
foliation R™ x Dy, of R™ x M.

In particular, if » = 0, then Dy, and Dy, are locally isomorphic. If M' is the image
of V in the local foliation chart 4, then Dps is isomorphic to Ay . This yields that the
germ at the origin O, defined by Ay depends, up to a diffeomorphism, on the point m and
it is called the germ of transverse structure of D at m. If p(m) = 0, then Ay defines just
the germ of D at m.

2. HoLoNOMY GROUPOIDS

Let M be a manifold with a C*-foliation D. Since every point of the leaf F' of

m € M is attained starting from m by a product of flows tangent to D, germs of transverse



structures at all points of F° are isomorphic, and therefore there is a unique germ Ag of

transverse structure. It is called the germ of transverse structure of the leaf F'.

A leaf F is called regular if its germ of transverse structure is trivial, and it is called
singular otherwise. A leafis regular if and only if it has a neighborhood on which D induces
a regular foliation, or equivalently, p is constant. A point is called regular if 1t belongs to a
regular leaf. We say that a singular leaf F' is tractable if F has a saturated neighborhood
N in M with following properties:

(i) N is isomorphic to a fibre bundle over F, 7y : N — F having a fibre V' with a
fohation Ay which is a representative of Agp.

(ii) The structural group of the bundle is the group of isomorphisms of Ay and the
foliation of N determined by a local product of one leaf foliation of F and Ay is the
restriction Py of D to N.

In the following, we consider a foliation D whose singular leaves are all tractable.

A tractable singular leaf F' of a foliation D has a saturated tubular neighborhood which
is isomorphic to a bundle with a fibre which is a foliated disk V. We take the associated
V/Ay-bundle. Then any continuous curve of F obviously determines an isomorphism from
the leaf space of fibre of the source point to that of the target point. Hence one can define
the holonomy map with respect to the germ of V/Ay, associated with a curve on F by
that isomorphism. By the elementary theory of fibre bundles this map is determineci up
to homotopy of the curves fixing end points. Under the assumption that each singular leaf
of C*-foliation D is tractable, one can construct a holonomy groupoid G(P) by quite a
similar way to the regular case.

For a leaf L of D, let

A:[0,1] > L

be a continuous curve with end points A(0) = z and A(1) = y. Let V,, denote a sufficiently
small manifold of dimension dim M — dim L transverse to L at m € L and Hi,y :
Va/Av, — V,/Av, the holonomy map germ associated with A, which depends only on the
homotopy class A relative to {0,1}.



Let g : [0,1] — L be another curve with x(0) = =z and (1) = y, and p~* its inverse

curve. We define a relation A ~ p by the equation,

This is an equivalence relation; the equivalence class of A is denoted by [A].

Let G(D) be the set of triples,

g—= (zay’ [A])a

where 2,y € L, L is aleaf of D, and A : [0,1] — L is a continuous curve with A(0) = z and
A(1) = y. The maps s,7 : G(D) — M are defined by

s((2,9,[A])) = =, (2,9, [A) =y

and are called source and farget map respectively. G(D) is a groupoid over M by the usual

composition and inverse operations obtained from those of curves:

(‘Ba Y, [’\1]) . (y,z, [’\2]) - (23,2, [Al . /\2])7
(23, Y, [’\])_1 = (ya T, [’\—1])1

where A~ is the inverse curve of A.

We will introduce a topology in G(D) by defining fundamental systems of neighbor-
hoods of points. For a point belonging to a regular leaf, its neighborhoods are the same
as in the case of a regular foliation: For g = (s,y,[A]), there exist a sequence of foliation
coordinate neighborhoods {U;]0 < ¢ < k} and a partition of [0,1}, 0 =¢5 < --- <#tpy1 =1
such that if U; N U; £ ¢ then U; U U; is contained in a foliation coordinate neighborhood
and A([t;,t41]) CU; forall 0 < ¢ < k+ 1. We call the sequence {U;|0 < i < k} a chain
subordinated to A. A neighborhood of g is the set U, ) of (2',y,[v]) such that &’ € Uy,
y' € Uy and {U;]|0 < < k} is a chain subordinated to v.
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Let a = (u,v,[A]) be a point of G(D) such that A(][0,1]) is contained in a singular leaf
F, which is, of course, tractable by our assumption. Let {U;|0 < ¢ < k} be a sequence
of open sets in ¥, which is a chain subordinated to A for one leaf foliation. Let Ay be
a representative of Ar in a transverse submanifold V of dimension, dim M — dim F in
M. We note that x5 (U!) = U! x V and the sequence {nz"(U})|0 < i < k} is a chain
subordinated to A for D in a generalized sense. We define a neighborhood of a in G(D) by
the set U, » of (u',v', [v]) such that «' € 7" (U}), v' € 7z (UL) and {x5"(U})|0 < i < k}

is a chain subordinated to v.

THEOREM 2.1. If D is a C-foliation of M and each singular leaf of D is tractable, then

G(D) is a topological groupoid.
3. ExAMPLES FROM POISSON STRUCTURES

Important examples of generalized foliations are theose of symplectic leaves in Poisson

manifolds. Let M be a C*®-manifold and C® (M) an algebra of real valued C*°-function
on M. A Poisson structure on M is defined as a Lie algebra structure { , } on C®(M)

satisfying the Leibnitz identity,

{fg,h} = f{g,h} +{f, h}g.

The manifold M equipped with such a structure is called a Poisson manifold.

Let G be a Lie group with Lie algebra g and g* the dual of g. For f,g € C*(g*,R),

we set

{f,9}(=) =< =, [df (<), dg(=)] > .
This gives a Poisson structure on g*, which was defined by S. Lie and F. A. Berezin. Each

leaf of the C'>-foliation of g% associated with this Poisson structure is a coadjoint orbit of

G. (See, e.g., [K2], [Ko] and [So].)



We will examine our holonomy groupoids of foliations of g* by coadjoint orbits of G for
some Lie groups mentioned in A.Weinstein [We|. It is noted that the holonomy groupoid
of the foliation outside singular leaves is a (non-Hausdorff') manifold.

Let {X;]1 <¢ < n} be a basis of g with n = dim ¢ and 24,...,, the linear functions

corresponding to these basis elements.

ExaMPLE 3.1: G = SO(3). One can take a basis {X;, X», X3} of the Lie algebra g =
5 3) such that Poisson brackets of #; are given by

{‘81,932}:933, {32,23}:"31, {23a‘81}:932-

The manifold M is s3)* =2 R3. Leaves of D are coadjoint orbits of 50(3) in-sq3)* which

are concentric spheres:

E12+322+$32:C>0, ceR.

The origin O = (0,0,0) € R? is the only singular leaf which is obviously tractable and all
holonomy maps are trivial.
The holonomy groupoid G(D) of the foliation D is described as follows: The holonomy

groupoid of the regular part of D is

5% x 5% x (R4 \{0})

and hence G(D) is the cone over §? x §?,

C(S? x §?) =2 (5% x §% x R,)/(8* x 8% x {0}).

Exampii 3.2: G = SL(2,R). One can take a basis {X;, X2, X3} of the Lie algebra
g = s#(2, R) such that Poisson brackets of #; are given by

{231, 332} = —&3, {382, 233} = &1, {2‘23, 211} = 2.



The manifold M is sf2,R)* = R>®. Leaves of D are coadjoint orbits of SL(2,R) in
542, R)* which are the origin, one sheet hyperboloids, two sheet hyperboloids and circular

Ccones:

1(0,0,0)},
212+222—$32:C§£0, CER,

2 2 2
£ +x2" — &3 :0, 233#0.

The origin O = (0,0,0) is the only singular leaf, which is obviously tractable, and all
holonomy maps are trivial.
The holonomy groupoid G(D) of the foliation D is described as follows: The holoromy

groupoid of the regular part of D is the disjoint union with an appropriate topology,

(S xR xS'xBR xR)U(B?x B> xRY)U(B? x B2 xR")

UST xR x SExRYU(S*xR™ x S* xR7),

where B? is the open 2-disk and R* = R.\{0}. The holonomy groupoid G(D) is the

disjoint union with an appropriate topology,

(S'"xBxS"xRxBR)U(B*xB*xRNHUB*xB*xR)U(S' xRY x ST x R1)

US* xR~ x ST x R7)U*

where * is the only element of G(D) obtained from the leaf O.

4. VARIOUS EXAMPLES

First of all, we mention one more example of a generalized foliation with trivial holon-

omy maps, which is not locally simple.



ExamPLE 4.1:  Let S5 , be a circle in RZ%:

Mz1? 4 22% — 223) +pzez =0

ApeR.

The set {Sx .|\, p € R} defines a generalized foliation D of R? with Do = {0}. D has the
only singular leaf {O}.

A foliation of a manifold M is locally simple by definition (see [E]), if each point = of M
has an open neighborhood V such that for the fundamental system of open neighborhoods
U of z in V, the maps of the leaf spaces U to the leaf space V of V, induced by inclusion
maps, are homeomorphisms onto open sets of V. In our foliation D, it is obvious that
the origin O € R? = M does not satisfy the condition of local simplicity. In fact, for any
fundamental system of neighborhoods of O contains open sets U,V such that U ; V and
the map U — V is not injective.

The holonomy groupoid G(D|gs\{0}) of the regular part of D is diffeomorphic to the

manifold

((S™\{g}) x (5" \{g}) x (5" \{g, —a})) V(5" \{@, —a}) x(§5"\{g, —a} x{—q})) C §" x §" x 57,

where S! is the unit circle and ¢ = (0,1) € S*. In the quotient space @ = (S? x S* x

SUY/((S* 1 {a})U(fg}  {a} x 57)), we denote the point [{g} x {g} x {g}] by *. Then
G(D) is the disjoint union

G(D|gra\jo}) U*
and * is the element represented by the point leaf {O}.

Examples in Section 3 obtained from foliations of coadjoint orbits of Lie groups in
the dual of its Lie algebra, have all trivial holonomy maps. However, some generalized

foliations with nontrivial holonomy maps are constructed as follows:



ExamprLE 4.2: Let D be the same foliations of R® as in ExamMrLES 3.1 and 3.2. We

define a C™-diffeomorphism f : R® —— R3 by

f(zl, T2, 333) = 6(331, T2, 233),

where e > 1. We identify points of R® x {0} in R® x [0,1] to points of R® x {1} by the

diffeomerphism

@1, 22,23,0) — (f(21, 22, 23),1).

Since f preserves the foliation D, one obtains a foliation Ds on S = R?® x S! from D
by taking a local product with the one leaf foliation of R. The identification image Fs of
{0} x [0, 1] is the only singular leaf of Ds. The asociated R3/D-bundle over Fy is flat and
its holonomy group is Z which is again nontrivial.

We define a homomorphism hg : w1(St x §') — Z by

hs(a) = —hs(,@) =1 c Z.

Let K be the set of continuous curves v : [0,1] — St. For 71,7, € K, we define a relation

v1 ~ 72 if we have

71(0) = 72(0)a ‘)’1(1) = ‘)’2(1)

and

hs([y1-v: ') =0,

where 7, ! is the inverse curve of Y2, 175 " is the composition of curves and [y1 75 1] is
the homotopy class of v, - v, !, This relation is an equivalence relation and we denote the

quotient space of K by Kg = K / ~ which is diffeomorphic.to an open cylinder.



Since Z is a group of diffeomorphisms of R® preserving the foliation Dy, it acts on
the manifold G(D|gs\{0}) and hence m1(S* x S1) =2 Z? acts on G(D|rs\{0}) through
the homomorphism hg, the holonomy groupoid of the regular part D|g\F, is the bundle

associated with the standard covering map R? — S x St

G(DSIS\Fs) = G(D|R3\{O})X22R2

The holonomy groupoid G(Ds) is of the form of disjoint union

(G(Ps|s\rs) UKs

with an appropriate topology.
A similar construction is made with the foliation P of ExaAMPLE 4.1 and a holonomy

groupoid of a locally nonsimple foliation is obtained.
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On Hypersurface Simple K3 Singularities
Takashi Yonemura ' (% l%é )

Introduction

In the theory of 2-dimensional singularities, simple elliptic
singularities and cusp singularities are considered as the next most
reasonable class of singularities after rational singularities.
Cusp singularities appear on the Satake compactification of Hilbert
modular surfaces, and have a loop of rational curves as the
exceptional set of the minimal resolution. Simple elliptic
singularities are investigated by K. Saitol[1l1l] in detail. By
definition, they have a non-singular elliptic curve as the
exceptional set of the minimal resolution. Here we are interested
especially in a hypersurface simple elliptic singularity (X,x). In
this case, the defining equation of (X,x) 'is given by one of the

followings in some coordinates =z Z around x.

1’ 727 73
EB : 213 + 223 + 233 tAZ Zo7g = 0 ( E2 = -3 ),
E7 : zl2 + z24 + 234 *AZ ZyZg = 0 ( E2 = -2,
ES : le + 223 + 236 Y A2 ZpZg = 0 ( E2 = -1 ).

The parameter A corresponds to the moduli of the elliptic curve

E which appears as the exceptional set.

IThis is a preliminary version.



The purpose of this paper is to study similar properties for a
simple K3 singularity which we regard as a natural generalization of
a simple elliptic singularity in 3-dimensional case.

The notion of a simple K3 singularity is defined by K.
Watanabe[4] as a 3-dimensional Gorenstein purely elliptic
singularity of (0,2)-type. (Note that a simple elliptic singularity
is a 2-dimensional purely elliptic singularity of (0,1)-type.)

S. Ishii[4] pointed out that simple K3 singularities are
characterized as quasi-Gorenstein singularities whose exceptional set
of any minimal resolution is a normal K3 surface. Let

TeClz be a polynomial which is non-degenerate with

0717 %2+ %3]
respect to its Newton boundary T (f) 1in the sence of [14], and whose
zero locus X = {f=0} in €4 has an isolated singular point at the
origin O € ¢4. Then the condition for (X,0) +to be a simple K3
singularity is given by a property of the Newton boundary T(f) of
f (cf. Proposition 1.6.). M. Tomari[12] showed that the minimal
resolution n:(i,E) — (X,0) of a simple K3 singularity is also
obtained from TI(f) . In this paper, we classify non-degenerate
hypersurface simple K3 singularities and study the singularities on
the K3 surface E through the minimal resolution .

Now we will explain the content of each section.

In §2, we classify non-degenerate hypersurface simple K3
singularities into 95 classes in terms of the "weight" of f.

In §3, we construct the minimal resolution ﬁ using the method

of torus embeddings, and study the singularities on the weighted

projective space P(pl,p2,p3,p4) for the next section.

In 84, we prove that the singularities on the normal K3 surface



E are determined by the "weight” of f , and show the relation
between the rank of singularities on E and the number of

"parameters”" in f.

Neotation

We denote by RO (resp. R+ ) the set of all positive (resp.

non-negative) real numbers. Similarly we define Q@

O ’ @+ ’

7z ete.

+



§1. Preliminaries
In this section, we recall some definitions and results from
21,141,115} and [16].

First we define thé plurigenera am ( meN ) for mormal isolated

singularities and define purely elliptic singularities. Let

(X,x) be a normal isolated singularity in the n-dimensional
analytic space X , and n:(i,E)—%(X,X) a good resolution. In the
following, if necessary, we assume that X 1is a sufficiently small

Stein neighbourhood of x

Definition 1.1(K. Watanabel[1l5]). Let (X,x) be a normal
isolated singularity. For any positive integer m ,
e As 2/m
5 (X,x):= dlmCr(X—{x},G(mK)/L (X-{x})
where K 1s the canonical line bundle on X-{x} , and Lz/m(X—{X})

/m

is the set of all L2 -integrable holomorphic m-ple n-forms on

X-{x}

Then Sm is finite and does not depend on the choice of Stein

neighbourhood X

Definition 1.2(K. Watanabe[15]). A singularity (X,x) 1is called

purely elliptic if 6m=1 for any méeN

When X 1is a 2-dimensional analytic space, purely elliptic

singularities are quasi-Gorenstein, i.e., there exists a



non-vanishing holomorphic 2-form on X-{x} [3]. But in higher
dimensional case, purely elliptic singularities are not always
quasi-Gorenstein. In the following, we assume that (X,x) 1is

quasi-Gorenstein. Let E = UEi be the decomposition of the

exceptional set E into irreducible components, and write

Ky = f*KX+ TmE, - XmE. , where m;20, m.;>0 . S. Tshii defined
i€l jey 4 Y J

in [2] the essential part of the exceptional set E as EJ= z ijj ,
Jj€J

and showed that if (X,x) 1s purely elliptic, then mj=1 for all

jed

Definition 1.3(S. Ishii [2]). A quasi-Gorenstein purely elliptic

singularity (X,x) is of (0,i)-type if Hn—l(EJ,GE) consists of

(0,i)-Hodge component Ho'l(EJ) , where
n-1 .
n-1 _ 0.n-1 0,1

Definition-Proposition 1.4(K. Watanabe-S. Ishii [4}]).
A 3—dimensional singularity (X,x) is a simple K3 singularity if
the following two equivalent conditions are satisfied:
(1) (X,x) 1is Gorenstein purely elliptic of (0,2)-type.
(2) (X,x) 1is quasi-Gorenstein and exceptional divisor E is a

normal K3 surface for any minimal resolution mn:(X,E)—(X,x)

Remark 1.5. A minimal resolution n:(i,E)—a(X,x) is a proper

morphism with X-E =~ X-{x} where X has only terminal singularities



and KX is numerically effective with respect to n

Next we consider the case that (X,x) 1is a hypersurface
singularity which is defined by a non-degenerate polynomial

f = Zavzveﬁ[zo,zl,---,zn] , and x=0€€n+1 ] Recall that the

Newton boundary T(f) of f is the union of the compact faces of

F+(f) , where F+(f) is the convex hull of v (U+Rg+1) in Rn+l
a. #=0
v
For any face A of TI' (f) , set f,:= 2 a zY . We say f 1is
+ A v
VEA

non-degenerate if,

SfA ) SfA L afA Y

8z0 821 azn
has no solution in (<E*)n+1 for any face A . When f 1is

non-degenerate, the condition for (X,x) to be a purely elliptic

singularity is given as follows.

Theorem 1.6(K. Watanabe [16]). Let f be a non-degenerate

polynomial and X={f=0} has an isolated singularity at X=O€Cn+l.
(1) (X,x) 1is purely elliptic if and only if (1,1,---,1)€r(f).

(2) Let n=3 and AO be the face of T(f) which contains (1,1,1,1)
in the relative interior of AO , then (X,x) 1is simple K3

singularity if and only if dimRAO=3'

So if f 1is non-degenerate and defines a simple K3 singularity,



then f is quasi-homogeneous polynomial whose weight o is

AO
uniquely determined. In this case, we call o the weight of f
. 4 4
and write o(f) , i.e., a=(a1,a2,a3,a4)€@+ and dega(v):=i§laivl=
for any Vve€A,. . In particular, (1,1,1,1) 1is always contained in

0

4
A and S oot.=1.
=1 *



82. Weights of hypersurface simple K3 singularities
In this section, we calculate weights of hypersurface simple K3

singularities defined by non-degenerate polynomials.

B 4 ~ i
Let W .—{a—(al,az,a3,a4)e®+Ial+a2+a3+a4—1} and for an element

-

o« of W , set T(a):={vezg|a'v=l} and

<T(o)>:={ X t -v€R4|tUERO}. Then the set <T(w)> 1is a closed
VET ()

cone in R4 spanned by T(o)

Let w4:={aew’|(1,1,1,1)elnt<T(a)>, 0= a2 o> a4}.

1 2 3
By Theorem 1.6., W4 is the set of weights of simple K3
singularities.
Proposition 2.1. # W4 = 95

Before proving this proposition, we give the complete list of

weights aEW4 and examples of f= a z” which is
veT (o)

quasi-homogeneous and {f=0}c:([f4 has a simple K3 singularity at the

origin 06@4 . The polynomials f in Table 2.2. are chosen to

satisfy the condition that av¢0 if and only if v 1is a extremal

point of the convex hull of T(&) in R4 , in particular F(f)=AO is

the convex hull of T(a)
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X

3
X

X

2
X
2
X
2
X
2
X

2
X

X

2
X

X

2
X

2
X

2
X

X

2
X

2
X

X

X

2
X

2
X

2
X

X

2
X

2
X

X

2
X

3 2 2 3..3 2 6
+yY WHY T ZTHXZ +Z W W

3 3.3 2 T
+y WHYZ +Z W -W

2 2 3.3 4 10
Y+X W +y W+Z ~-W

3 5 6
Y+y zZ+7T W

4 3 4 6
VY +XZ +7Z WHW

2 4 2 3 4 16
Z+X W XYY WHZ W

2.5 3 4 21
ZHX W +Y +Z W-W

2 4 3 3 4 2 18
ZAX W Yy +yz ez W w

2 4 4 T
ZAY +Z W+W
4 4 5 5 2 4
Z+XW +y +yW +z +Z°wW
2 2 2 2 22 3 5 10
ZAX WXy Try Tz vy Wzt +w
2 3 6 8
ZHXY Ay Wz +W

3 6 11
Z+Y +Z WHW

2 2.3 3 7,7
Z+XTWHXY +Y Z+y WHZ +W

2 6 3 7T 9
ZAXW +Y +YW +Z +ZW

3 5 .6 2 10
ZYY +YZ +Z W W
3. .4 4 4 2 8
WHXZ +Y +YZ +Z W +W

2 2.3 24 6 9
WHXY +y Z+Y W +Z +W

2 2.3 3.3 .5 15
WHXY +y Z+y W +Z +W

4 3 5 T 15
WHXZ 4y +YZ +7Z WHW

5 5 6
+y +yzt +Zw

4 5 .4 3 8
+Y WHYZ +Z W +W

2+y4w+yzz3+z5w+wll

4 4 4 3 13
+Y WHYZ +Z W +W

3 35,5 26
+y Z+Y W +Z WH+W

2 3 3. 4 4 5 2 22
Y ZAY W +YZ +Z W +W

+y32+y2w7+Z6w+W16

10

11

19

18

19

10

23

10

31

14

10

14

14

22

26

14

13

21

22

13




113 5 1 2 3 8 11

80 ( S A4 A4 11 ) XT+y Zfz W+W 9
1 4 3 1 2 3 6 8 13

81 ( 5°13°96°13 ) XT+y WAy Z +Z WHW 16
1 7 3 1 2 .3 5 7 22

82 ( 5195°95° 99 ) XT+y wryzt+z wiw 25
11 5 2 2.3 9 10 2 11 _

83 ( 5B B4’ T ) XT+y +yw 4z WHZTW 10
1 7 2 b 3 3 .3 14 2 3

84 ( 3'57°9° 27 ) XU+XZUry T ZryW  +ZOW 6

52 31 2 2 2 3 .3 2 2 4 T

85 ( 147147 ) Xy+XTWUHXzZT Ay Wy 2T +Z WHW 13
9 71 4 2 4 3 5 5

86 ( 55°'95°5° 95 ) XTy+xw +y w+z  +ZW 7

87 ( _5 —l‘l' '_3 '_:L‘ ) X2Z+X2W3+Xy2+y3w+yz3+z4w+w13 20
13'13°13’13
11 1 5 2 2 8 .3 9 b5 11

88 ( ST R T T ) Xz+xw 4y +yw +Z WHZW 11

89 ( _§ _§ _g _l ) x2w+xy2+xz +y3z+y3w2+yz4+25w+wll 24
11’11’1111
1 7 3 2 2 4 25 b 7

90 ( 531 1T 1T ) X1y Z+yTw +z2 wW+zw 8
1 4 3838 5 2 4 5 6 34

91 ( 5:19°79°38 ) XT+y Z4+yzZ YW +Z°W 7
111 5 3 2 3 9 7 11

92 ( 5°38°38°38 ) XT+y U Z+yw +Z WH+ZW 10
1 5 2 3 2 3 6 8 T 2 10

93 ( 5 17°17°34 ) X4y zZryz tyw +7 W +zw 11

94 ( > 4 3 ) x2y+xz3+xw4+y3z+y2w3+z4w+zw5 9
1919’19’19

95 ( L > 3 2 ) X2z+xy2+xw5+y3w+yz4+yw6+z5w+zw7 13
17’17’1717

Pl p2 P3 P4
We express a weight o in W as =( —,—=,—,— ) where
4 P P P P
p,p; are positive integers with g.c.d.(pl,pz,p3,p4) = 1.

LLemma 2.3.
(1) For any 1i=1,2,3,4,
(a) pilp,
(b) Di|(p—pj) for some

(2)

g.c.d.(pi,pj,pk) =1 for all distinct

one of the followings is satisfied:

Jji.

i,j.k.




(3) Let aijzzg.c.d.(pi,pj) (i#j), then aijlp'

(4) If pilp and pil(p-pj) , then aij= Dy b 857 @, 1. Where

we set {i,j,k,€} = {1,2,3,4}.

Proof.
(1) See Table 2.2.

(2) Since g.c.d.(pl,pz,p3,p4)=l, if g.c.d.(ai,aj,ak)=d>1, then
g.c.d.(aﬁ,d)zl, g.c.d.(p,d)=1. Thus for every veT(o), UCZl and

this contradicts to the condition (1,1,1,1)eInt<T(w)>.

(3) If pilp or pil(p—pj) , then the assertion is clear. Thus by
(1), we may consider the case pil(p—pk) . Then pil(pj+p£) and
hence, we have aij=1 by (2).

(4) From the condition pil(p—pj) , we have pil(pk+p£), and hence

a.,.= a.,=1 by (2). The other assertion a. .= p; follows from

ik id 1)

the fact pinj

Proof of Proposition 2.1.

be a weight in W and let H be the

Let a=(a1,a2,a 4’ 0

3,a4)
hyperplane in R4 which contains T(«). We denote by & the point
(1,1,1,1) in T(a).
First, we explain the outline of the proof. By definition,

there exist v,u€T(nt) with v

lz 2, uzz 2. Let H be the plane in

HO through &,v, and . Then by definition again, there exists a



point 2x€T(a) not contained in H. Conversely, for fixed v,u, and
X, we can calculate the weight o. Thus we may classify all the

possible triples of points {v,u,x} as above and check the condition

SEINt<T()>. We proceed in 4 steps.
Step 1. We classify points v in T(w) with vlz 2. Since
= 1 we have 2 £ < 4
%= 7 > Vi= %
Case 1. v1= 3 or 4.
Since 3a1+aj21 (j=1,2,3,4), only possible cases are
(4.0 (1111
v_(410v010)!(3;1)0’0)'(3’01]—10)) a_( 4’4)4;4 ) or
v=(3,0,0,1), 0 = O,= Oy Or
v=(3,0,0,0) o, = 1
y ’ ’ ’ 1 3
Case 3. vl= 2 and v2¢ 0.
Since 2al+ oyt ajzl (j=2,3,4), we have
_ (1111
v-‘(2,2,0,0),(2,1,1,0), l:x_( 4,4’4’4 ) or
v=(2,1,0,1), 0= ®p= Qg OF

v=(2,1,0,0), 20.+ o,=1.

1 2
Case 4. V= 2, Vo= 0 and v3¢ 0.

Since 200+ otgt aj21 (j=3,4),
v=(2,0,2,0), 0= 0,, 0g= &, Or
v=(2,0,1,1), o= o, oOr
v=(2,0,1,0), 2ul+ a3=1.



Case 5. v=(2,0,0,n), 20,+ no,=1 (n=0).

1 4
So if chW4 , then o satisfies one of the following conditions:
(A) o,= o (i.e., v(2,0,1,1)€T(at)).

(B) o= % (i.c., v(3,0,0,0)€T()).

(C) 20+ 0y=1 (i.e., v(2,1,0,0)€T(x)).

(D)  2a,+ oo=1 (i.e., v(2,0,1,0)€T(a))-

(E) 20,+ ne,=1 (i.e., v(2,0,0,n)€T(a)), (n=0).

Step 2 and 3. Next we classify points nET () with ”22 2 and

determine weights by searching another point 2a

Step 2 of the case (A) o,= o (i.e., v(2,0,1,1)€eT(a)).

1 2
There exists u€T(o) such that u1=0 and 2£u2$4. If u2=2 ,
then v,u,ae{x1+x2=2}, SO we may assume 3$u2.
(A-1) Assume that u2=4.
sy = 1 (1111
TheIl (Xl— C(z" 4 aIld C(—(4,4,4,4)
(A-2) Assume that u2=3.
Since 3a2+ ajzl (j=3,4), we have
_ _(1111
|u~_(0)3y190) and [x*(4)4,4y4) or
u=(0,3,0,1) or
pn=(0,3,0,0).
Step 3 of the case (A). If p=(0,3,0,1), then o.= o, = « and



v.u,ée{x4=1}. So there exists (n,0,0,0)eT(a) with n=4. Thus

). 1f p=(0,3,0,0), then 0= Oy= Og* oy and

=

Il )

1
!4,

W =

and o=(

v,u,se{x3=x4}. So there exists (0,0,m,n)eT(¢) with m>n. Since

(0,0,3,3)€T(ax), we have

_ 1111
Rg= O, and a—(3,3,6,6) or

_ (111 2
2a3— 3a4 and a—(3,3,5,15) or

3 4
_ (1111
a3_ 3a4 and a_(3!3!4;12)°
Step 2 of the case (B) o= % (i.e., v(3,0,0,0)€ET(m)).
Since o,+ o,+ O,= 2 we have 2 < o,< 1 so there exists
2 3 4 3 9 2= 3

€T (ex) such that 2$u2s4.

(B-1) Assume = 4.

)

Since 1= g( O,+ O+ o, ) < 4o+ 1

ot Qgt 0y 2t 2%y >
(B-1) u=(0,4,0,0) and o.= & , .= %
T 1 37 2 4
(B-2) Assume My= 3.
Since 1= §( o.+ O, ,+ o0,) < 3.+ §a
2 2 3 4 2 274
g _ 1222
(B ll) u—(l,3,0,0) and a_(3,9y9;9) or
(B-iii) n=(0,3,1,0) and 3a2+ gy = 1 or
(B-iv) u=(0,3,0,1) and 3o, + o,= 1 or

—100—
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I
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(B-v) n=(0,3,0,0) and o,= o,= %

(B-3) Assume no= 2.

: _ 3 3 T
Since 1= 2( 0,t gt a4) < 2a2+ Qg+ S0, and 5 < o+ 2a2$ 1,

n=(1,2,1,0) and a=(%,g,g,g) (This 1is the case (B-1ii).)

or
(B-vi) u=(1,2,0,1) and 5= 0ty OF
p=(1,2,0,0) and 0= 0= % (This is the case (B-v).) or
(B-vii) n=(0,2,2 0) and o+ o,= 1 or
re 2 3 2

pu=(0,2,1,1) and o,= o, = % (This is the case (B-v).) or

(B-viii) n=(0,2,0,n) and 20a,+ ne,= 1 (n=2).

2 4
Step 3 of the case (B). We study the above 8 cases in more detail.
. 1 1
Case (B-i). Assume o.,= % , O,= = , vw=(3,0,0,0) and p=(0,4,0,0).
1 3 2 4
Then o= 2 o and 1 < o,< 2 If 2x€T(o), then
3 12 4 6 4= 24 ’
L, ,1, ,.5 I O S T
32t gt (g3 - eg)xgt o= Ayt v qoagr(CagraJa,= 1,

and since v,u,ée{—x3+x4= 0}, there exists 21€T(r) with “AgtA,< 0.

For this i, we have

1
:‘il

' 5 5 1

+ %A + 5iAqt <1 < 3.+ 1

1
Zl3+ 614 , and thus

+

1
1 2" 3ar3t 2404 3% 312

2=(0,0,4,0),(0,1,3,0),(0,2,2,0),(1,0,3,0),(1,0,2,1),(1,1,2,0),

(rt1 11, 112 7, 11 5 _5
and a*(3’4,4’6)’(3’4,9,36),(3,4,24’24 -
Similarly, from the cases (B-iii),---,(B-vii), we obtain the following

welghts.

—101—



Case (B-iii). a=(%,
Case (B-iv). a=(%,
Case (B-v). a=(%,%,%,%),(%,— %
Case (B-vi). a=(%,%,%,%),(%,%,%,§).

case (B-vii). a=(%,%,%,%),(%,—,%,%),(%,
Case (B-viii). Assume o,= 7 , 20,+ncoe,= 1 (n=2), v=(3,0,0,0),

2 4

_ _ -1 (1 111
p=(0,2,0,n). If n=2, then A+t = 5 and a_(3’3’6’6)' So we

consider the case n>2. By o,= % - = and o.= 1, Eiga

37 B 9 %y» W€

have

1 1 1 n n-2
32t Fhet grat(C 3Ay”

for any 2€T(w).
Since &,v,ue{- L ——zx + X = 0}, there exists 2a€T(a) with

nax, > (D—2)A3+ 22 EERRER (#).

2

By the condition o=

1 , we may assume A_.x1. But in this case,

1

Wik

12 is greater than 1, and the case(B-viii) is reduced to the cases

(B-i),+++,(B-vii).

Step 2 of the case (C) Z2p,+¢,= 1 (i.e., v(2,1,0,0)eT(a)).

1 72

There exists p€T(a) such that u222. Since ‘a2+2a3+2a4= 1,

we have 1 < o and 2 < By < 5. As in the Step 2 of the case (B),

5 2
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we have
(C-1)
(C-ii)
(C-iii)
(C-iv)

(C-v)
(C-vi)

(C-vii)

(C-viii)

the following cases.

_ (2111
n=(0,5,0,0),(0,4,1,0) etc, and a—(5,5,5,5).

_ _ 3 -1
n=(0,4,0,0) and =g Oy 7o
n=(0,3,0,2),(1,2,0,1),(0,2,1,2) and u2=a3 or
p=(0,3,1,0) and 3a2+a3= 1 or

pn=(0,3,0,1) and 3a2+a4= 1 or
4=(0,3,0,0),(1,2,0,0),(0,2,1,1) and o, =x,= =

1 72 3
n=(0,2,2,0) and o, ,t0,= 1 or
g bd 9 &d 232
nu=(0,2,0,n) and 2a2+na4= 1.
Step 3 of the case (C). Next, we determine weights o for the

above 8 cases. By the same calculation stated in the case (B-i),
we have the following weights o from the cases (C-ii),---,(C-vii).
g 311 7, 31 51, 3111 31 3 3
Case (q_ll)- a—(8,4’5,40),(8,4’24’6)’(8’4,4,8)’(8’4,16'16).
14 (2111, 3111
Case (C_lll)- a_(5)5’5,5)1(8,4y4s8)
: (11 411, 7 5 4 3, 3111, 4 3 2 2
Case (C-iv). *=(35:15'5'8) ' (T9'19' 19’19 B2 28 T 1011’11
(.9 71 4, 52 31, 7 31 1
Case (C_V)- a’(25’25)5;25)1(14y7114,7))(20’10!4110)’
4 3 2 2 (6 5 4 2
I T T R T T T TR e ARt ARt I (R B
Case(C-vi). This case is already appeared in the case (B).
(l111, 7 31 3 (52 31 3111
Case (C_Vll)‘ a_(373!6’6)!( O!l ,5’20),(14’7’14’7),(8’4,4’8).
Case(C-viii). Assume 20,+0,= 1 , 20t,+na,= 1 (nz2), v=(2,1,0,0),
and up=(0,2,0,n) If n=2, then o, ,+0,= = and a=(l 11 l) SO we
9y &9y My . ’ 2 4 2 3’3!6’6!
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- . _ 1 n _ 1 1
consider the case n>2. Since al— ) + Za4 . az— 5 §a4 ,
_ 1 n-4
o= F + —1 0y, for any 2€T (o)

1 1 1 n n n-4 _

24 SRt rat (g PRt TEoAgt Aoy = 1.
Since §,v ue{gx - D E:ék + x,= 0}, there exists 2a1€T{w) with

T 471 272 4 73 4 ’

n11—2n12+(n—4)13+414 < D eeeens ().

By the assumption, we have 2a1= a2+ na4 , SO we may assume 115 1.

But in this case, one can easily check that there are no 2A€eT(ot)

- (2111 1121 | viil) i
with 1251, or a—(§,5,5,5),(3.3,9,9). Thus, case(C-viii) is
reduced to the cases (C-i),-:---,(C-vii).

Step 2 of the case (D) 2o0,+0,= 1 (i.e., v(2,0,1,0)€T(w)).

1 73

There exists p€T(x) such that p222. Since 2a2+a3+2a4: 1

and o< 1 we have 1 < o, X 1 and 2 < <5 We may assume
152 5 2 =73 ko :
Mg = 0 for al= a2+ a4. Then only posibilities are the following
10 cases.
- (2111

(D_i) u_(O)S’OQO)’(OD4!l!O) etc! and a_(5s5)515)

i i - -1
(D-i1i) u=(0,4,0,0) and az— e
(D-iii) n=(0,3,0,2) and 0,= g OF
(D-iv) n=(0,3,1,0) and 3a2+ o= 1 or
(D-v) p=(0,3,0,1) and B0, a,= 1 or
(D-vi) p=(0,3,0,0) and Oy= % .
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(D-vii) p=(0,2,3,0),(0,2,2,1),(0,2,0,3) and Og= o, Or

(D-viii) pn=(0,2,1,2) (This -u 1is always in T(¢).) or

(D-ix) n=(0,2,2,0),(0,2,0,4) and Xg= 2a4 or

(D-x) p=(0,2,0,n) (n=3) and 2a2+na4= 1.

Step 3 of the case (D). Each cases are investigated more precisely
in the followings. From the cases (D-1ii),---,(D-vi), we obtain the

following weights.

y (5111, 211 3 111 31 3111
Case(D—ll)' a_(12)4,8!6),(5’4’5120)!(28)4’14!7),(814,4’8)I
(131 3 5
24’16’32
Case(D-1ii). Assume 2a1+a3= 1, a2=q3 , v=(2,0,1,0), and
n=(0,3,0,2). Then (2,1,0,0) 1is contained in T(oa), and this case

is considered in (C).

: 3211, (5 51 5 (12 8 5 4 (9 3 2 3
Case (D—lv)' a—(7,7’7’7)’(12’18’6’36),( 9,29’29,29)’(2 !11’11,22)’
2. 41 2 3111, 9 6 5 3
5’15°57157"%'8’4°4’8" "’ 23’23’2323
@211, (5 711, (T 5 3 2 (2 31 1
Case (D_V)' a_(7'7,7'7)l(12’24’6,8),(17,17717)17),(5,1075’10)’
(5 4 3 1 3 51 1,
13°13°13°137”'8’16’4°16° °
: (4111 2111 5 (171 5 4 (131 2 1
Case (D_vl)' a—(9,3’9,9)’( 8’3’8'48),( 9,3’39,39),( O!BIlS’lO)’
@311 2 (511 1, 141 5 1, 211 1
7°3°7'21 12°3'6'12°° 3'3°33’11°’'5’3’5°157°
A1 5 2 712 1, 81 5 1, 311 1
7'3°27°277° 183’9187 21'3721’217°'8’3°4°24

Case(D-vii) and Case(D-ix) will be studied in Case(D-x), for they

are the special cases of Case(D-x).
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Case(D-viii). Since 5,v,u€{x1+3X2—2X3—2X4= 0}= H,

and {(2,0,1,0),(1,1,1,1),(0,2,1,2)} c H n T(xx), there exists xeT(a)

such that 1=(2,1,0,0) or A, 22, x&u.

2
Case (D-x). Assume 2a1+a3= 1, 2a2+na4= 1 (n=3) , v=(2,0,1,0), and
_ -1 _n-2 _ 1 _n (n-
n=(0,2,0,n). Then = 3 5 Uy s U= 5 50, ,as—(n Z)a4 , and

for any 2A€T(a)

1 1 n-2 n _
5x* 512+{— 5 AT 512+(n—2)13+14}a4 = 1.

Since S,U,uE{— Eégkl— %X2+(n—2)x3+x4= 0}= H, there exists 2€T(x)

with

2(n—2)13+ 21, < (n—2)11+ nx

4 2

Then, H n T(a) {(2,0,0,n-2),(2,0,1,0),(1,1,0,n-1),(1,1,1,1),
Then, H n T(a) = {(2,0,0,n-2),(2,0,1,0),(1,1,0,n-1),(1,1,1,1),
(0,2,0,n),(0,2,1,2),---}

and thus 21=(2,0,1,0) or 1222. So the cases (D-vii),(D-ix), (D-x)

are reduced to the cases (D-1i),---,(D-vi).

(E) 2a1+ ne = 1 (n>0). (i.e., v(2,0,0,n)eT(x).)

({E-0) First we consider the case n=0.

. B _ 1 .
Step 2 of the case (E-0). Since al—a2+a3+a4— 5 there exists
pET (o) with ul=0, 3$u2$6. Thus we have the following cases.
. _ (L1111
(E_O_l) u_(O;O,G’O))(O’SylyO) etc’ and a—(2'6’6’6)'

(E-0-ii) p=(0,5,0,0) and o= %.
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(E-0-iii) p=(0,4,0,2),(0,3,1,2) and ®,= 0y OT
(E-0-iv) u=(0,4,1,0) and 4a2+u3= 1 or
(E-0-Vv) pn=(0,4,0,1) and 4a2+a4= 1 or
(E-0-vi)  u=(0,4,0,0),(0,3,1,1) and o,- Z
(E-0-vii) p=(0,3,2,0) and o, = 2a4 or
(E-0-viii) p=(0,3,1,0) and 3u2+a3= 1 or
. 1
(E-0-ix) p=(0,3,0,0) and ®,= F Or
(E-0-x) x=(0,3,0,n) (n=1) and 3a2+ ne = 1.
Step 3 of the case (E-0). We study the above 10 cases in more
detail. From the cases (E-0-11),-:--+,(E-0-ix), we obtain the
following weights.
. (111 2, 11 71, 111 1, 11 4 7
Case(E~0—li)' a_(215'6115)!(215!40!8)1(2)5)5!10))(2!5!25’50)!
11 3 3,
2'5'20°207°
o _l111, 111 1
Case(E_O_lil)- a—(2y6)6y6)$(2)5)5)10)-
: (1l 311, 1 511, 1 7 3 2, 111 1
Case(E_O_lV)- a_(2’14!7y7),(2924’6’8);(2934917’17)’(215,5,10)’
1l 4 3 5
2719’19’38
.1 311, 1211, 1 5 2 1, 1 71 1
CaSQ(E—O—V). u_(2’14,7,7),(2’9,6’9)’(2’22,11’11),(2’30’5’15),
(1l 7 51, 1 3 5 1,
2'32’32’87’'2°13’26°13
: (1111, 111 3 11 3 1, 111 1
Case(E-O_Vl)- a_(2,4)8y8)y(214’7’28);(2,4120110)!(2:4’6,12);
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. _¢1111, 1 51 5, 1 4 5 2, 1 3 2 3
Case(E_O_VIl)- a—(2,4,8,8)'(2’21’7'42),(2,17’34,17),(2,13’13,26)’
(l 21 l) (l 11 _l) (l 3 _5 _§)
2’9’6’9’ '2°’5’57107 271428’ 28
‘s -1 3 1 1, 1 81 4, 113 5 1, 1 5 2 3
Case(E-0-viii). eo=(35.75'79'70) (227952 & 323217 (217 17°34)°
(l 71 _l) (l 21 1 (l 11 5 _§) (l 3 _2 _l)
2'24’8’127*2’7°7°14°° "2°38°38’38"* "2°11°11°22""°
(s 1, 1 7 5 1, 1 41 1,
2°18’6°18°’*2°26’26°267 " "2°15°5730° "
. -¢+212 1 1, 11 1 5, 11 o5 2, 11 2 1
CaSG(E—O—lX). a_(2’4’12’12)'(2,3,11'66),(2,3’54,27),(2,3,21'14),
L 1 11 1, 11 5 1, 111 1,
2’3710’157°*'2°3°’9°187”2°3’48’16°’ "2°3°8’24° "’
(l 1 5 _l) (l i 2 1, 11 S 2y L1l _l)
2°3742°2177 273157307’ 72°3’36°’36° " "2°3° 742" "
_ 1 _ _
Case(E-0-x). Assume al— 5 3a2+na4— 1, v=(2,0,0,0), and

_ 1 n _ 1 n-3
n=(0,3,0,n). Then az— 3 §a4 ; a3— 5 * —§—a4 , and for any
XET (),
1 1 1 n n-3 _
A7 Frot rat (0 Frgt TAgta ey = 1.
First, assume n=1. Then we have
ge(l 3 1 1, 1111 1, 1 4 3 1, 1 51 1,
2710°10’10°° 27369127’ °2°13’26°13°’ "2°16°8°16" "
(L. 7.3 1, 1 91 1,
2'22°22°227 27287287 "
Next,we assume n>2. Let H ={- 2x.+ -3 +x - 0}
’ : 371 3 72 74 )

Since &,v,u€eH, and (0,3,0,n),(0,2,2,2)EH n {x1= 0}, there exists

AET () with (n—3)13+31 < nix,, A

4 o >3, and thus Case(E-0-x) (n=2)

2

is reduced to the cases (E-0-i),---(E-0-ix).
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(E-1) Next, we assume n=1.

Step 2 of the case (E-1). Since 2a2+2a3+2a4: 1, there exists

nET(xx) with 2$u2£5. The possibilities are the 9 cases below.
. _ (2111

(E‘l“l) “—(0,0,5,0),(0,4,1,0) etc’ and a_(5’5’5’5)'

(E-1-1ii) p=(0,4,0,1),(0,3,1,1),(1,2,0,1) and o,= o

(E-1-iii) p=(0,4,0,0) and o5 % .

(E-1-iv)  p=(0,3,1,0),(1,2,0,0) and 3¢,+ og= 1 or

(E-1-v)  n=(0,3,0,n) (n20) and 3u,+ nx,= 1 or

(E-1-vi) n=(0,2,3,0) and oo = a4 or

(E-1-vii) u=(0,2,2,1) (This pa 1is always in T(w).) or

(E-1-viii) p=(0,2,1,n) (n22) and 2o,+ og+ no,= 1 or

(E-1-ix) n=(0,2,0,n) (m=3) and 2a,+ no,= 1.

2 4
Step 3 of the case (E-1). We will study the above 9 cases 1in more
detail.
Case(E-1-i1). Assume 2a1+a4= 1, 0= Og v=(2,0,0,1), and
_ B I R o 1
p=(0,4,0,1). Then o= 5 g0y BT Ug= 7 2% 0 < o, < =
and for any a€T(w),
1 1 1 1 1 1 N
221" Trot gt (C PR AT Fratrgloy 7 1
Since &,v,u€e{- ll - ll - ll +2,= 0}= H, there exists 21€T(w) with
T 271 472 473 74 ’
- da - b - L, <ol

271 472 473 74

But one can easily check that H n T(a) c {x4=l}, and thus
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5’5’5’5
Case(E-1-1ii). By the same procedure as in the case (B-i), we have
(3111 (211 L (71 31,
12°4°’6°’67° 204’5107’ °16°4°16°8
Case(E-1-1iv). Similarly,
w2211y 4 511y (5.3 2. 1, 7 41 1)
T T’ 91869’ 110111111 t15°15°5°156

Case(E-1-v). Assume 20 . +0,= 1 , 3o,+ne,= 1

1 v=(2,0,0,1), and

11 .1 _n _ 1  2n-3
=(0,3,0,n). Then ;= 3 50, > 0y 3 30, » Kg= F ¥ =,
and for any aA€T(w),
1 1 1 1 n 2n-3 ~
Xt Frat Frat (0 QAT Fret T rgtrglay = 1.
Since &,v,pE{- ll - 21 + ZE;Q +)x,= 0}, there exists 2a1€T(ot) with
> 271 372 6 3 4~
(2n—3)13+614 < 311+2n12
First, we consider the case mn=0. Then we have
pe(dl11 1111 1, 71 2 1, 1011 1,
9°3’9’977'24°3’8’127° 15’33’1515 21’37’21
Next, assume n=1. Then H n T(q) c{x4= 1}, and thus
3211
T°'7°7°7

And if n=2, then one can find 2€T(c¢) such that 1222 and

x#£(0,3,0,n),(0,2,0,m) (m=3),(0,2,2,1), and this case is reduced to
the cases (E-1-1),-:-,(E-1-1iv).
Case(E-1-vi). In this case, the point (2,0,1,0) is in T(a), so we
already considered this case in (D).

Case(E-1-vii). In this case, one can casily check that there exists
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another p€T(x) with >2.

Ho
Case(E-1-viii). Assume 2a1+a4= 1, 2a2+a3+na4= 1 (n=2) . Then

ot3=(n—l)0t4 and (0,2,0,2n-1)eT(c¢), so this case is reduced to the

next case (E-1-1ix).

Case(FE-1-ix). Assume 2¢,+00,= 1 , 20.,+no,= 1 (n=3).

1 74 2 4
-1 1 .1 _n _ n-1
Then al— 5 2a4 , az— 2 §a4 ,and a3— -E—a4
Let H ={- SR - O S 0}. Then &,v,u€H and

271 272 2 73 74

Hn T(x) N {x1= 0} c{x2= 2}y , Hn T(a) n {x1= 1} c{xzz 1}.

. 1 n n-1
Thus, if 2x€{- 5X17 9Xgt 5 XgtX,< 0} n T(ax), then 1222, and hence
this case is reduced to the cases (E-1-i),--:,(E-1-v).
(E-2) Let n=>2.
Step 2 of the case (E-2). There exists p€T(a) such that ”1>“4'

(This condition for ua is different from the above cases.)

By cases (A),--+,(D), we may assume that = 1 and My= 0.
(E-2-1) n=(1,3,0,0),(1,2,1,0) and D=0y =0l , .

(E-2-1i1i) p=(1,1,2,0) and D=0t , -

(E-2-iii) p=(1,2,0,0) and al+2a2= 1.

(E-2-1iv) p=(1,0,m,0) (m=3) and al+ma3= 1.

Step 3 of the case (E-2). We determine weights for the above 4
cases.

Case(E-2-i) and (E-2-ii). In these cases, (2,0,n,0)€eT(w).
Then n=2, and a1=a2. This is the case (A).
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Case(E-2-iii). Assume 2a1+na4= 1 (n=2) , a1+2a2= 1, v=(2,0,0,n),

and ”z(lyzyoyo)- Then o, = %’ - %a

and for any a€eT(o),

1 1 1 n n n-4 _
SAt 2rat TRt (C A PRt TrAgta,)u,s 1.

Il-X + + E—éx +X,= 0}= H, there exists 2A€T(x) with

Since &,v,pe{- 5% %xz 1 Xgt%,=

n12+(n—4)13+414 < 2n).1

If n=2, then {(0,2,2,0),(0,1,3,1),(0,0,4,2)} = Hn T(a) n {Xlz 0}

and {(1,2,0,0),(1,1,1,1),(1,0,2,2)} = Hn T(x) n {x;= 1}. So if
21, then Ag=0t, O og=2a, , and thus
g=(t r 21,2 31 1,
3'3'6’'6 ' '5'10°'5'10" "

If n=3, then H n T(x) N {X1=0} = {(1,0,4,1)} or ¢, and

{(1,2,0,0),(1,1,1,1),(1,0,2,2)}= H N T(at) N {x1=1}. So 1122, and
this case is reduced to the cases (A),---,(D).
Case(E-2-iv). Assume 2al+na4= 1 (n=2) , al+ma3= 1 (m=3) ,
v=(2,0,0,n), and p=(1,0,m,0) Then o -1 Do
’ y , 9 9 9 s . l 2 2 4 y
_ -1 mn-n-2m _ 1 n
A= Ho— * 5 Oy > Ug= 5o+ 50, and for any x€T(o)
1 m-1 1 n mn-n-2m n _
FAt 2w A2t aetst (0 Mt Tam A2t mtstra) oyt 1
mn-n-2m

Since &,v,p€{- L X+ =X, +X =0}=H

5X1Y T om KXot mpX3tXy , there exists 1€T(m)

with

(mn—n—2m)12+nl3+2mk4 < mn,ll

We can assume that {v}=T(a)n{X222}‘, if not, this case is reduced to
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the cases (A),---,(D). In particular, we obtain o.> o But then,

3 4-°

one can easily check that Alz 1, 13= 0 , and 122 2. Hence

2=(1,2,0,0) and this case is reduced to the case (E—Z—iii);

Step 4. In conclusion, we check the condition (1,1,1,1)€Int<T(c)>

A

for a's obtained by the calculation in (A),---,(E), and we obtain

95 weights listed in Table 2. 2.

Q.E.D
Remark 2.4. The set of weights W4 coinsides with the set A;
in M. Reid[10], while the inclusion A& C‘W4 is clear. For the
list of A; , see [1].
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§3. Minimal resolution

Here we study the minimal resolution of a hypersurface simple K3
singularity (X,x) which is defined by a non-degenerate polynomial
f. The next theorem was proved by M. Tomari[12],[13] in terms of

the filtered rings without the assumption that f 1is non-degenerate.

Theorem 3.1 (M. Tomari[12],[13]). LLet (X,x) be as above (here,
Py Py Pg Py
we assume that f 1is non-degenerate with a(f)=(—5,—5,—5,—5) ).

If n:(i,E) — (X,x) 1s the filtered blow-up with weight

(pl,pz,pS,p4) , thenm n 1is a minimal resolution of (X,x).

Moreover, if f 1is semi quasi-homogeneous, i.e., {fA = 0} has
0

the isolated singularity (which is also simple K3 singularity) at the

origin OE€4, then n 1is the only minimal resolution for (X,x).

To investigate the above filtered blow-up n, we begin with the

filtered blow-up of @4 at the origin 06@4. Let p=(pl,p2,p3,p4)

be the 4-ple of positive integers with- g.c.d.(pi,pj,pk)= 1 for all
distinct 1i,j,k. Then the filtered blow-up of E4 with weight p,

T (V,F) — (C%,0) ,

is constructed as follows by using the method of tofus embeddings.

First we introduce the notations (c.f.[6]1,[81). Let N:=Z4 and

M:=HomZ(N,Z) be the dual Z-module of N. A subset o  of N,=Ne_ R

R "°Z

is called a cone if there exists n

,*--,n €N such that o is
1 S
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S
written by o = { 2 t.n.|t.€R.}, in this case, we write o=<n,,---,n_>
j=1 + 101 0 1

and call n -,nS the generators of o. For a cone o in NIR ,

1
we define the dual cone of ¢ by g = {mEMRJm(u)zo for any wu€c}, and

associate a normal variety Xo with the cone o:

O ~renem——) Xo= SpecC[MnX]

where C[Mng] is a C-algebra generated by 7" (mGMng).

Remark 3.2. In this paper, we assume that the generators
g, s ,ng of a cone ¢ consist of primitive elements of N, i.e.,
each ni satisfies niR Nn N = nil. We define a determinant of a

cone o, det o , by the greatest common divisor of all (s,s) minors of

the matrix (nij)’ where ni=(ni -,n (c.f.[91.)

1 ia) -
Let o c NR:R4 be the first quadrant of R4, i.e.,

g=<eg ,e4> Whereiel=(1,0,0,0),-~-,e4=(0,0,0,1). We divide the

1'%9° %3

cone ¢ into 4 cones by adding the point p=(pl,p2,p3,p4) in o.

4
g = S} oi , Ui = <p,ej,ek,e£>.

By the inclusions oic o , natural morphisms

ni:Vi= SpecC[ginM] — Specm[gnM] = E4

are obtained. LLet V be the union of Vi(i=1’2'3’4) which is
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glued along the images of ﬂi. Then we have a morphism

mv — <E4

and one can easily check that V - n_l(O) ~ C4—{0} and n_l(O)

is the weighted projective space P(pl,pz,pB,p4). We set
F:= W 1(0) = P(p,,p,,P.p,)-
1’72734
Remark 3.3. The normal variety V 1is a torus embedding
associated to the fan T (f) which is called the dual Newton
boundary of f in [9], and denoted by V = TNemb(F*(f)). (See [8]1,

[81.)

The filtered blow-up of (X,x) 1is obtained by means of the above

Py Py P3 Py

morphism . Write a(f)=(—5,—5,—5,—5) as in 8§1 and construct
m for the weight p=(pl,p2,p3,p4). Let X be the proper transform
of X by W, and set 1 = "li , E = n_l(O). Then n:(X,E) — (X,x)

is the filtered blow-up with weight p.

Next we study the structure of V for a general weight

p=(p1,p2,p3,p4) with g.c.d.(pi,pj,pk): 1 for all distinct 1i,],k.

-(p./a. .) (p,/a. .)
_ _ R B R i771
Let aij g.c.d.(pi,pj) and set zij z; ‘ Zj . We

can take z.,z..,Z., ,Z. as a parameter system . .
17171k’ 7i L p y on Vl
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TijT < mj, - Pymt aij'mk’ - p{-mj+ aij-m£

>,

If we use the base {e},e&,ez} of N = Hom(M ,Z) such that

es(mt)=65’t, then by this coordinate, tij is written by
‘tij= <(O’l’0)’(0’0’1)’(aij,pk,p£)>'
(2) We have {Zij= 0} in Ui o
b b. b p.
SpecC[< m, , - 5—5-m1+ 3 l-mk , = 5—£-mi+ 2 l-ma > N 23 ].
ik ik il it
So the assertion is obvious.
P, P, Pq P
Corollary 3.5. If —l,—g,—g,—é) € W, , then
P P P P 4

(1) Spec@[%ijn 23] has a terminal singularity at worst, and

(2) Ir pi|(p—pj) , then Spec@[gijn ZB] has a terminal singularity

at worst.

The above corollary follows directly from Lemma 3.6. below.

First we recall the notion of cyclic quotient singularities for the

case of dimension 3. Let £ be a primitive n-th root of unity 1,
and let p,q be integers with g.c.d.(n,p,q)= 1. We define a

. . 3 - p q
equivalent relation on C by (Xl,XZ,XB) (&Xl,ﬁ Xz,ﬁ X3). Then

X=C3/~ is expressed in terms of torus embeddings as

X = Spec@[g N 23], where o = <{(n,-p,-q),(0,1,0),(0,0,1)>.
In particular, X has an isolated singularity if and only if

g.c.d.(n,p)ég.c.d.(n,q)= 1.
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Lemma 3.6(Terminal lemmal5],[7]). In the above situation, X
has a terminal singularity if and only if X has an isolated

singularity and one of the following conditions are satisfied;

(1) -p 1 (mod n) or

(2) -q 1 (mod n) or

(3) p+q = 0 (mod n).

Next, we prepare some facts about the weighted projective space

P(p,.p,.Pg.P,). Let a, be an integer defined by p, 1724355220

Proposition 3.7.

(1) There exist a cone oij in RZ with det(oij)= aij such that
# v 2
F n Uin Uj ~ € x Spec@[oijn 771,
moreover, SpecC[gijn Zz] has an Aa _1'singu1arity if and only
ij
if aijl(pk+ P,)-
(2) Let Di= F - Ui . Then the followings are equivalent to each
other.
(a) Di— Dj has a singularity of type A,
(b) Di— Dj has an Aa.a 1 singularity,

ij
(c) pjl(ajkp£+ ajtpk)-

P, Py, Py P
In particular, if (— 12 —§ —i) EW

5" 5 D" p 4 and P; [(p - p;), then
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Proposition 3.4.

(1) Uin Uj ¢ x Spec@[r n Z 1,

where tij=<(0,l,0),(0.0,1),(ai

(2) {Zij= 0}in Ui o Spec@[pijﬁ ZB],

where pij:<(0;1,o),(0;0’1)-(pi’pkvp£)>'

J..1)k,p£)>.

Proof. (1) Let ml,mz m3 m4 be generators of M such that
mi(ej)=6i Then the cone gi is expressed as
P. p P. | Y Jo
gi = o<my, - E_i m;* a “m, a . m;* a . By - 5_£ m;+ 3 .
ij ij J ik ik it it
Since g.c.d.(pi,pj)= aij , there exist integers o,8 such that
—pj-a +pi-8= aij' Then, by the base change of M defined by
. Py .o Pyl . .
m,—0-m, + _.’mj ; mj—*B-mi+ a___-mj , W om mﬁ—amt s
1) 1]
Y .
the cone o; s expressed as
p. b
0, = < ami+ Lom?, mi, - _—Koem D", tWi+ ag t-mi.
ij J ik J
Pz _
T oa,, Wy Pyragp iyt ag gty
il
n;
Since U.n U.= U.-{z..= 0} and =z..= z —,
i i i ij ij
Uin Uj C*x Spec@[r ﬁ M1,
where M~ 1is a free Z-module generated by m mk { and
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Di— Dj has an Apj—l singularity.

The next lemma is well-known.

Lemma 3.8. Let ¥=<m1,m2> be a 2-dimensional comne in MR'
Then the singularity of Spec@[%nM] is of type A if and only if

{m,+m, )/det % is a element of M.
1 72

Proof of Proposition 3.7. (1) The affine torus embedding F n Ui
is written as
F n Ui= Spec@[gi N M]

P. p p | O p P.
Yoo _ oo _J. i, _ _k, i, e i
where oi = < mi+ m. , m., + Py mk , m. +

a3 a;3 4 4k 1 3k

By the base change of M defined in the proof of Proposotion 3.4.,

p

Y- _ ___k.. — em em
Oy = < my; a, @@y~ PpagptMyt Ay, my
p - - -~
B 5;;'“'“1” Podjyp Myta;ag i, >.
o;
Since FnNnuU.nU, = ( FnU.) - {z..= 0} , and z. .=z , wWe have
i J i ij ij

FNU.NnU. = C'x SpecC[ ¢..n M ]
i J 1)

v’ = —_— - - - g — - - -
where oij = < pk mj+ aij LT pt mj+ aij mt >,

Thus the assertion follows from Lemma 3.8.

(2) Similarly, Di_ Dj is written as
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— V/
Di— D. = SpecC| TN M ]
P P p b

V. i £
where .. = < - —m.+ —-m, , - ——+MW,+ m, >

1] A 1 Ay K g 1Ayt

. - - V- -

Since g.c.d.(pj,pk,pt)— 1, we have det tij ajaij"
the equivalence between (a) and (b). By Lemma 3.8.,

(a) and (c¢) are also equivalent to each other.
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§4. Singularities on FE

Let fe@[zl, 1 be a non-degenerate polynomial which

ZorZgr7y
defines a simple K3 singularity at the origin 0664. We set

X={f=0}c€4, X=OEC4 and let n:(i,E) — (X,x) be the minimal
resolution of (X,x) constructed in §3. In this section, we

investigate the singularities on the normal K3 surface E.

In the following, we assume that f satisfy the condition (#)

below.
(#) For any i, fo contains a term of the form zin or
zinzj with a non-zero coefficient. (We say f contains
z¥Y if f =3Saz” and a = 0.)
v v
v

By Lemma 2.3.(1)., there exists f which satisfies (#) for any
weight o of W, . If f 1is semi-quasihomogeneous, then the

4
condition (#) 1is satisfied, in particular, the polynomials in

Table 2.2. satisfy (=).

Lemma 4.1.

(1) E has Yij singular points of type Aa 1
ij

where v, .= #{veA;n Z4| v, = = 0} - 1.

ij k- Ve

(2) 1t fo contains zimzj and does not zin , then E has a

-1

singular point of type Ap
i

(3) Any singular point on E belongs to (1) or (2).
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Proof. Here we use the notation introduced in §3. Let

Lij= Dkn Dt (={zk= Zz,= 0} in F). Then Lij is a projective line

Pl(C) on F and any singular point on E 1is 1in Lij for some

i,Jj. We divide L.. into two points P.=L..nD. , P.= L..n D.
1) 1 iJ J J 1] 1

and one dimensional complex torus Tij: Lij_ {Pi’Pj} ™~ C*. Since

f 1is non-degenerate, there is an embedded resolution p:(Y,M) —

(X,x) such that Y 1is a torus embedding associated with a
simplicial subdivision ¥ of F*(f), i.e., s* is a fan of cones
generated by a part of basis of N and for any cone GEZ* there

exists a cone rEF*(f) with o c tT. The resolution ¢ dominates

the minimal resolution n , so there exists a resolution ¢:(Y,M) —
(X,E) with p = meq.

(y.Mm) —2 . (X,E)

N

(X,x)

Choose a sufficiently small neighbourhood Eij of Tij in E, and

let @ij:(w_l(Eij),Cij) _ (Eij’Sing(Eij)) be the resolution of

Eij obtained by restricting ¢ to wﬁl(Eij). Then, by M. Oka

({9],Lemma 4.8. and its proof.), wij is locally Yij copies of the

resolution of Spec@[gijn 23] , where o1J is a cone 1In Proposition

3.7.(1). By Lemma 2.3.(3), aij|(pk+p£) and hence assertion (1) is
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proved.  If fo contains zimzj and does not zin , then PiE E.

Let Ei be a sufficiently small neighbourhood of Pi in E, and

mi:(m_l(Ei),Ci) — (E,,P,) be the resolution as above. Then @

is locally 1isomorphic to the resolution of Dj— Di . Thus the

assertion (2) follows from Proposition 3.7.(2).

Theorem 4.2. Let T be a non-degenerate polynomial which
defines a simple K3 singularity, and assume that f satisfies the

condition (=). Let n:(i,E) —— (X,x) be the minimal resolution.

Then the type and the number of singularities on E are determined

by the weight o(f) and not depend on the choice of f. In
particular, E has tij singular points of type Aa _1 and oi
ij
singular points of type Ap 1 where
i
tij= #{veT () | V= V= 0} - 1, and
{ 0 if plp;
0=
1 otherwise.
Proof. By Lemma 4.1., The singularities on E are determined

by the Newton boundary of fO . Let o be a weight in W4 and let

f be a polynomial with o(f)= o and F(fo) = the convex hull of

T(ot) . Then the singularities on E are coinside with those

stated in this theorem. Thus we may show that if g 1is a
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polynomial with a(g) = o« , E~ 1is the exceptional set of the

resolution of {g = 0}, then the singularities on E and on E~ are

same. By the condition (=), one of the following cases occurs
for each 1i=1,2,3,4. Let {i,1,k,{} be the set of indices
{1,2,3,4}.

Case(1) pil(p—pj) , and pil(p—pk)
Case(2) pil(p—pj) , pi}(p—pk) , and pil(p—p{)

Case(3) pilp , pi}(p—pj) , pil(p—pk) , and pil(p—pt)

For each case, we study singularities on E n Vi and on
E'n Vi using Lemma 3.2. and Propositon 3.6. Recall that the

singularities on E n V1 are contained in {Pi} V) Tiju Tiku

T here we use the same notation in the proof of lemma 4.1.

ié¢
Case(1l) In this case, Both E n Vi and E'n Vi are non-singular.

Case(2) In this case, E (resp. E~ ) has no singular points on

Vi— Tij (resp. Vi— Lij ), and the type of singularities on
Tij and of a singularity Pi are same. Now we consider the

singularities on E n Vj and on E'n Vj . By the condition (=)

again, we have the following 3 cases.

Case(2-1) Assume pjl(p—pk) or pjl(p—pt) . Then E and E~
have no singular points on Tij , and hence E n Vi and E'n Vi

are non-singular.

Case(2-2) Assume pjl(p—pi) . pjl(p—pk) , and pjl(p—pt) . Then

E and E~ have no singular points on Tjk and on Tjﬂ
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Since the type of the singularities on {Pi} U Tiju {Pj} are
same, both E n (ViU Vj) and E'n (Viu Vj) have tij singular

points of type Aaij_l

Case(2-3) Assume pjl(p—pi) , pjl(p—pk) , and pjl(p—pt) . Then

the point Pj is not contained in E and E~ , and thus both

E n Vi and E'n Vi have tij singular points of type Aa

. .—1
1)
Case(3) In this case, the point Pi is not on E and E~ . So
we have Sing(E) = Sing( E n ( V.U VU Vt)) and Sing(E") =
Sing( E n ( Vju Vku Vt))' If Case(3) occurs for i and j .,
then both E and E~ have tij singular points of type Ay 1
ij
on Tij
By the above discussion, we obtain the assertion.
Q.E.D
Remark 4.3. The condition (#) is essential for Theorem 4.2.

For example, consider the polynomials:

4 4 4 2 2 2, 2 5
X +y + Z + (XT+ 37+ z7)w+ w

f
4 4 4 2 2 3 5
£ =X+ ¥y +zZ2+ (XW+yw+ z2)w + w

Then we have o(f) = a(g) = o = ( ) but the K3 surface E for

’

NP
INTS

1
y4y

N

f (resp. g ) has Al—singularity (resp. A —singularity ) at the

2

point P4 while E for a polynomial h which satisfies (#) and

2(h) = ¢ 1is non-singular.
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By Theorem 4.2., the singularities on the normal K3 surface
E are determined by the weight o=0(f). So we denote by r(a)

the rank of Sing(E) , i.e.,

4
r(o) =i§jtij-(aij— 1) +i§loi(pi— 1)
Let t(o) = #T(ox) . Then the polynomial f with off) = oo has
t(at) terms in general, in other words, f 1is of the form
f = S az¥ a = 0 for all v.
veT ()

For general o , there is a coordinate change which preserves the
weight o ,

7, — S b.w o, N.(a) = {veT(a)] %v.p; p.}

1 UGNi(a) 1v 1 j=1 J ) i

such that f(w) has +t(a)-n(ae)+4 terms , of which 4 terms have

coefficients 1, where
4
n(ee) = 2 #N. (o).
. i
i=1

Then we obtain the following relation.

Corollary 4.4. For any weight o € W4 , we have

t(x) - n{(ax) + r(o) = 19.

Remark 4.5. We may consider that the number t(o)-n(c) is
the number of parameters in a polynomial f with o(f) = o. Then
Cdrollary 4.4. suggests us that t(a)-n() parameters associate to

the moduli of K3 surface E with fixed singularities of rank r(o).
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Table 4.6.

No.| (P;.Py,Pg,P,:P) t(a) | n(e) Sing(E) r(o)
1 (1,1,1,1:4) 35 16 non-singular 0
2 (4,3,3,2:12) 15 T 3Al+ 4A2 11
3 (2,2,1,1:86) 30 14 3Al 3
4 (4,4,3,1:12) 21 11 3A3 9
5 (3,1,1,1:6) 39 20 non-singular 0
6 (5,2,2,1:10) 28 14 5A1 5
7 (4,2,1,1:8) 35 18 2Al 2
8 (6,3,2,1:12) 27 14 2A1+ 2A2 6
9 (10,5,4,1:20) 23 13 A1+ 2A4 9

10 (6,4,1,1:12) 39 21 A1 1

11 (15,10,3,2:30) 18 10 3A1+ 2A2+ A4 11

12 (9,6,2,1:18) 30 16 3A1+ A2 5

13 (12,8,3,1:24) 27 15 2A2+ A3 7

14 (21,14,6,1:42) 24 14 Al+ A2+ A6 9

15 (5,4,3,3:15) 12 6 5A2+ A3 13

16 (8,7,6,3:24) 9 53 Al+ 4A2+ A6 15

17 (5,5,3,2:15) 14 8 A1+ 3A4 13

18 (3,3,2,1:9) 23 11 A1+ 3A2 7

19 (3,2,2,1:8) 24 11 4A1+ A2 6

20 (9,8,6,1:24) 18 10 A1+ A2+ A8 11

21 (2,1,1,1:5) 34 16 A1 1

22 | (6,5,3,1:15) 21 11 28+ Ag 9

23 (5,3,2,2:12) 17 8 6A1+ A4 10

24 (56,4,2,1:12) 24 12 3Al+ A4 T
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25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
AT
48
49
50

51

(4,3,1,1:9)
(9,5,4,2:20)
(11,8,3,2:24)
(10,7,3,1:21)
(15,6,5,4:30)
(20,8,7,5:40)
(12,5,4,3:24)
(7,3,2,2:14)
(9,4,3,2:18)
(15,7.6,2:30)
(14,7,4,3:28)
(10,5,3,2:20)
(8,4,3,1:18)
(15,8,6,1:30)
(9,5,3,1:18)
(7,4,2,1:14)
(12,7,3,2:24)
(5,3,1,1:10)
(18,11,4,3:36)
(8,5,2,1:186)
(14,9,4,1:28)
(33,22,6,5:66)
(21,14,4,3:42)
(24,16,5,3:48)
(21,14,5,2:42)
(15,10,4,1:30)

(18,12,5,1:36)

33

13

15

24

10

12

19

16

13

12

16

24

21

24

27

16

36

12

28

24

13

12

15

25

24

17

13

12

13

14

19

15

14

14

14
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2Al+ A2+ A3+ 2A

A3+ 2A4+ A6

2A2+ 2A3+ A4

7A1+ A2

4A1+ 2A2+ A3

5Al+ A2+ A6

Al+ A2+ 2A6

2A1+ A2+ 2A4

A2+ 2A3

A1+ A2+ A7

2A2+ A4

3A1+ A3

2A.+ 2A2+ A

1 6

Ay

A1+ 2A2+ A10

2A1+ A4

Al+ A8

Apr At Ayt Ay

Al+ 2A2+ A3+ A6

2A2+ A4+ A7

3Al+ A4+ A6

A1+ A3+ A

Ayt Ag

4

4

13

13

15
17

14

11
13
15

12

10

12

15

17
14
15

13




52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

T2

73

T4

75

76

T7

78

(12,9,8,7:36)
(6,5,4,3:18)
(7,6,5,3:21)>
(7,6,5,2:20)
(11,8,6,5:30)
(9,6,5,4:24)
(6,5,4,1:18)
(8,7,5,1:21)
(7,6,4,1:18)
(11,7,6,4:28)
(8,5,4,3:20)
(4,3,2,1:10)
(10,7,4,3:24)
(14,11,5,3:33)
(3,2,1,1:7)
(9,7,3,2:21)
(13,10,4,3:30)
(7,4,3,2:186)
(8,5,3,2:18)
(7,4,3,1:15)
(7,5,2,1:15)
(25,10,8,7:50)
(16,7,5,4:32)
(11,5,4,2:22)
(13,6,5,2:26)
(13,7,5,1:286)

(11,6,4,1:22)

10

11

19

18

19

10

23

10

31

14

10

14

14

22

26

14

13

21

22

10

10

12

14

12

12
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A+ A+ A+ A

2 3 6 7

Al+ 3A2+ A3+ A4

3A2+ A4+ A5

3Al+ A5+ A6

Apr Agr A

2A.+ A+ A+ A

1 2 4 8

A+ Ayt Ay
Agt Aq
A+ Agt Ag
2Al+ A5+ A10
A2+ 2A3+ A7
2A1+ A2+ A3
At Agt Ag
Ayt A3
At Ay

18

14

15

14

18

16

10

11 -

10

17

15

16

17

13

16

12

13

18

16

12

13

10




79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

(16,9,5,2:32)
(22,13,5,4:44)
(13,8,3,2:28)
(11,7,3,1:22)
(27,18,5,4:54)
(9,7,6,5:27)
(5,4,3,2:14)
(9,7,5,4:25)
(5,4,3,1:13)
(11,9,5,2:27)
(5,3,2,1:11)
(17,7,6,4:34)
(19,8,6,5:38)
(19,11,5,3:38)
(17,10,4,3:34)
(7,5,4,3:19)

(7,5,3,2:17)

13

16

25

10

13

20

11

24

10

11

13

10

12

2Al+ A4+ A8

At Mgt Do

3A1+ A2+ A7

Ag* Ag

A1+ A3+ A4+ A

A2+ A4+ A5+ A6

3Al+ A2+ A3+ A4

Agt Ag+ Ag

Agt Ag+ A,

Ayt Ayt Ay

Ayt At Ay

2A1+ A

8

3t Ag* Ag

A+ Ayr Agr Ag

Agt Ay+ Aqp

At Ag+ Ag+ Ag

Ag+ Agt Ayt Ag

A+ A_+ A4+ A

1 2 6

14

17

12

16

17

12

17

15

16

17

16

15

15

13
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Riemann—-Roch theorem for normal isolated singularities

Kimio Watanabe (jff(l,iﬁ f')
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Ibaraki, 305, Japan
Dedicated to Professor Yukihiro Kodama on his 60th birthday

§0. Introduction

In this paper we show that the analogous formula of
Riemann-Roch also holds for normal isolated singularities of
arbitrary dimensions. This is an answer to the paper of Kato
[Kal]. Kato proved that the theorem of Riemann-Roch type holds
for strongly pseudoconvex manifolds of dimension 2. It has
been expected that there exists the formula which holds for
strongly pseudoconvex manifolds of arbitrary dimensions.

On the latter half of this article three typical applications
of generalized Kato's Riemann-Roch theorem are summarized. The
first application of the theorem is to study the geometric genus
of normal isolated singularities of odd dimensions. For

example, the threefold case, the following theorem folds:

Theorem. Let m : Y — X be a good resolution of normal
three dimensional isolated singularity (X,x). Denote by Ai
(i = 1,...,r) the irreducible component of the exceptional
set E % n_l({x}). Suppose that (X,x) 1is Gorenstein. Then

the canonical divisor KY is given by
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r
Ky ~ 2 258
i=1
for some integers Ai's. Let pg(X,X) be the geometric genus

of (X,x). Then
r
24p (X,x) = T ajley(A) + cp(a)e; (N, )},
i=1 i

where NA is the normal bundle of Ai in Y.
i
The second uses of the theorem is to calculate Lz—plurigenera

{ Sm }  of normal isolated singularities. § is the geometric

1
genus of a singularity. The third uses of the theorem is to
calculate other plurigenera { dIIl }  of normal isolated
singularities, which was introduced by Ishii [I]. d1 is the
geometric genus of the exceptional set of a resolution.

The author'would.like to thank Masataka Tomari for several

helpful suggestions in connection with this work.
81. Preliminaries

Let (X,x) be a germ of an n-dimensional normal isolated
singularity. By a theorem of Artin [Al, ( X, x ) «can be
realized as a Zariski open subset of a projective variety Y
with x as its only singularity. Let m : M — X be a
good resolution of the singular point. Then, in a natural
manner, we get a desingularization p : N— Y of Y by
letting N to be (Y - {x} ) UM. Let E = n_l({x}) and

denote by Di (izl,...,r) the irreducible componets of E.
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These notations are used throghout the paper.

Note that M 1is a stfongly pseudocohvex manifold and N 1is
a non-singular compactification of M. We may also assume that
N - M consists of non-singular divisors in normal crossings.

Let D be a non-singular divisor of M c N, and let d €
H2(N,Z) be the cohomology class represented by thé oriented
(2n-2)-cycle D. Denote by [D] the line bundle defined by the
integral divisor D. Then cl([D]) = d.

The natural orientation of N defines an element of the
2n-dimensional integral homology group HZH(N,Z) called the

fundamental cycle of N.

n
In general, Tollowing the notation in [Hi}, for a = 3 a

k=0
€ H'(N,C) with a, € H2k(N,@), we put

Kn[a] - a2n’
Kn(a) = a2n[N] = <a2n,[N]>,
[N] denoting the fundamental 2n-cycle of N.
Let j : D — N be the embedding of D in N, and ci €

H21(N,Z) be the Chern classes of N. Every product

Cj cj --~cj of weight n-s = R P defines an
172 r ‘
integer c¢. c. ---cC. ds[N], which is equal to
J J J
1 72 r
<j*(c. e, wwec. d® Yy, DI > if s> 1.
Jq J2 Jr

Denote the complex analytic tangent bundles of N, D by TN’

TD. There is an exact sequence

0 — T, —T

D N|D

— [D]|D — .0,
so we have
L ® _ . ¥ _ ‘
J C(TN) = c(J TN) = ¢(1T

vlp) = e+ j7d).
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(multiplicity of the total Chern class)
Then any j*cj(N) can be represented by the Chern classes of D
and j*d. Thus (c. ¢, ---C. dS)[N] is independent of the
: JqJ J
172 r
choice of affine models of (X,x) and their non-singular
compactifications if s = 1.
I.et T be a two dimensional cohomology class of HZ(N,Z).
Define  T(N,f) by
g D Y.
T(N,f) = < x |e ™ —t |, IN] >.

i=11 - e Yy

This formula is to be understood as follows: There is a formal
factorization

I]- o o a =
1+clx + e X = (1+Y1X) (1+YnX)-

, where c; € HZi(N,Z) are the Chern classes of N. Consider
the term of degree n 1in f and the Yi of the expression in
squaré brackets. It is a symmetric function in the Yi and is
therefore a polynomial in f and the ci with rational
coefficients. If the multiplication is interpreted as the cup
product in H*(N,Z), this pdlynomial defines as an element of
HZH(N,Z)®®. The value of this element on the 2n-dimensional
cycle of N determined by the natural orientation is denoted by
T(N,f).

The relative cohomology HH(N,M;R) = HH(N,M) carries a mixed.

Hodge structure such that the exact segquence
NN — o) — ™oy — 1™ ) —

is an exact sequence of the mixed Hodge structures. The mixed
Hodge structure HH(N,M) is called the Deligne mixed Hodge

structure. We denote by Hﬁ’q(N,M) the spaces of
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W I - p)q o - p’q
Grp+q(H (N,M)) and 1let hn (X) = dlmq:(IIn (X)) (the Hodge

numbers) .

Lemma 1.1. Let the notation be as above. Then

1,1 , 1,1
H2 (N) — H2 (M)

is surjective.

Proof. M - N  consists of finite number of irreducible

s
)S), N - M = UBj_-
i=1

Consider the following exact sequence of cohomologies with

non-singular divisors Bi (i = 1,

coefficient Z:

2 2
H (N—Blu UBk~1) — H (N—Blu UBk~1UBk)
3
— H (N-Blu- UB, ,,N-B uU-- uBk_luBk),
where 1 £ k £ s and in the case k =1, N-B,uU---UB = N.

1 k-1

Then one obtains an exact sequence:

HZ(N—BlU‘-‘UB ) H2(N-B,U- - -UB,_  UB

k 1 k-1" k)

1
— H (B, -Byu---UB ) (-1)

as in [D].

Since B —Blu-‘-UB

K is non-singular,

k-1

0,0 B . 3
Hl (Bk Blu UBk—l) = 0.
Hence the morphism

1,1

Hy

(N—Blu---uB ’1(N—Blu--~uB UB

k-1
is surjective. Thus
1,1 ,
H2 (N) — H2 (M)

is also surjective.
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Lemma 1.2. Let F be a line bundle on M. Then there
exists an element T € HZ(N,C) such that 'j *(f) = C (Fl )
k 1 Dk C

for any k, where cl(Fl is the image of the canonical map

)
D C

2 2
H (Dk,Z) — H (Dk,C).

Proof. Consider the following commutative diagram:
#t(M,0%) — 1 (D, ,0%)
S !
2 2 2
HE(N,2) — H(M,Z) — H"(D,,Z)
i 4 i H i Ak
2 2 2
H™ (N, T) — H™ (M, L) — H (Dk,E)
J iy

. - _ ¥ . B

Then Ak(cl(FIDk)) 1k(u(61(F))). As is well-known,

X, (c (Fl )) is of type (1,1). The canonical morphism i¥ s
k*71 Dk k

a morphism of mixed Hodge structures, so it preserves the type
of cohomology. Let f € HZ(M,E) be a (1,1)-component of
p(8,((F)). Then i (f) = iy (u(8 (F))). From the above lemma
there is an element T € H%’l(N) such that j*(f) = f. Hence

*
°

J(®) = dpej" (1) = A Fp )

Let E = > Dk be the decomposition of the exceptional set E

into its dirreducible éomponents. Let

Jy Dk — N be the
natural map. Because of the exact sequence
0 — T, — T — [D 1], — O
Dk \Y Dk k IDk
we have
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Jpe(V) = c(D) - (1 + jpdy)
. * 2 g
in H (N,Z), where dk = cl([Dk]) € H(N,Z). Let

‘ n— « v e
1 + cl(N)x + e F cn(N)x = (1 + le)(l + YZX) (L + v x)
be a formal factrization of the total Chern classes of N.
Then

Jpd (1 + v x) (1w p X))

= Jpdl e ()X s v e ()XY
S {1 e Dx + cee v e MOXTTIH e %)
S CAE 1L SRR S A POTCURTE W NS

gives a formal factorization of j;c(N).

Lemma 1.3. Let D = 3 24Dy ( A € Z ) be an integral
divisor with the first Chern class d on N. Then
= I Y. - n Y.
< xn[ef m ———~3?—— ] - Kn[ef+d m ————ij—— ] , [N] >
i=1 1 - e Vg i=1 1 - e V4

is independent of the choice of T.

Proof.
= n Y = . n P
<Kn[efﬂ L ]-Kn[ef+dﬁ L ],[N] >
i=11 - e ¥4 i=11 - e ¥§
F = 3 dy n Y
= < - Ky ef+d(1 de ] m 1_ d , [N] >
| i=1 1 - e Vi |
3 d\ n Y T
= - <X, 4 f+d(l de ) m Ch , [D] >
| i=1 1 -~ e YL_
= -d n Y
f+d (1l - e 1
= - 2 A< K [e ( }TI - ],[D]>
K Kk nt d i=1 1 - e Vi k
__—dy n Y
= = 2 A< Jy K l{ef+d[l de ] m C ]}, (D1 >
k i=1 1 - e Vg
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. __—Jpdyn
eJk(f+d)[l e Yk )

Following Laufer [L], we consider the sheaf cohomology
with support at infinity. Let F be a line bundle on M.

The sequence
0 — I'(M,0(F)) — T_(M,0(F)) — HL(M,0(F)) —

is exact. By Siu [Si], p. 374, any section of F defined
near the boundary of M has an analytic continuation to M
- FE. Therefore there is a natural isomorphism Fm(M,O(F)) o
rM-E,0(F)). By Hartshorne [H], p. 225, there exists an
isomorphism:
HL(M,0(F)) = H'(M,0(K-F))

where K denote the line bundle determined by canonical
divisors. Since M . is strongly pseudoconvex, Hl(M,@(K—F)) is
finite dimendional. Hence by the inequality

dim T(M-E,0(F))/T(M,0(F)) < dim H-(M,0(F))

dim Hl(M,O(K—F),

il

we have dim I'(M-E,0(F))/T'(M,0(F)) < +=. We define the
Euler-Poincare characteristic x(M,0(F)) by

x(M,®(F)) = dim T(M-E,®0(F))/T"'(M,0(F))

(-1)9dim 529 M, 0(F)).
1

!
I8

q

Now we shall prove the following.

Theorem 1.4 (Riemann-Roch theorem for integral divisors).

Let F be any line bundle on M. Then, for any integral
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divisor D with the first Chern class d on M, the equality
x(M,0(F+[D])) - x(M,0(F)) = T(N,f) - T(N,T+d) (%)

holds, where f is an extension of the (1,1)-Hodge component

of (F) € M, ).

Proof. We borrow the argument of Kato [Ka], p.245. Let A
be any non-singular divisor in M , i.e., A 1is an
irreducible component of the exceptional set E
We consider the exact sequence
0 — O(F-[A]) — O(F) — @A(F) — 0 on M.

Then we get the exact sequence

@
0 — T(M,0(F-[A])) — T(M,0(F)) — I'(A,0,(F))

B (M, 0(F-1A1)) — H'(M,0(F)) — H'(A,0,(F))

- —

I

H i, 0 (r-1a1)) — BN one0) — 1M hAL 0, (F))
— 1M, 0(F-1A1)) — H(M,0(F)) — 0
Hence dim I'(M,0(F))/¢ T (M,0(F-[A])) < dim I'(A,0,(F)) < =
Moreover
dim T(M,0(F))/¢,T(M,0(F-[A1)) - dim T'(A,0,(F)) «
+ dim B'(M,0(F-[A1)) - dim H'(M,0(F)) + dim H'(A,0,(F))
+ (-1)Mdim BN, 0(F-1AD)) - (-1)™dim B VM, 0(0))

+ (-1)™dim Hn‘l(A,oA(F))
v (™ aim 1M, 0(F-1A1)) - (-1 dim B (M,0(1)) = o. (1)

Let s € T'(M,0([A]) be the section of which the zero locus

coinsides with A. Then we have the following commutative
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diagram:

Y1
F(M,0(F-[A]) s r'(M,o(F))

by yor
Py

r(M-E, 0(F-[A]) s I'(M-E,0(F)),

2

Al

where r.'s are restriction mapping and N

A

defined by tensoring with the section s. It is easy to
see that ry, Ty and @, are injections. Since s
vanishes on M - E , ®, is an isomorphism. Hence

0 — T(M,0(F))/¢ T (M,0(F-[A])) —
®s

Fr(M-E,0(F-[A]))/T(M,0(F-[A]) —(—-— T(M-E,0(F))/I'(M,0(F))

®s

— 0.
are exact. Therefore
dim I'(M,0(F))/¢,[(M,0(F~[A]))
= dim I'(M-E,O0(F-[A]))/T(M,0(F-[A]))
- dim T'(M-E,0(F))/I'(M,0(F)).

By (1) and (2) we obtain

X(M,0(F-TA1)) - x(M,0(F)) = x,(A,0,(F)).

Let f be the topological "extension” of f to N
Lemma 1.2. Then

T(N,T) - TN T-[AD) = T(AF[,) = X,(A,0,(F)).

Hence

x(M,0(F-TA]1)) + T(N,T-[A]) = x(M,0(F)) + T(N,T).

This shows that

Il

x(M,0(F-[D])) + T(N,f-[D])
for any integral divisor D on M

Therefore we obtain

11

x(M,0(F+[D})) - x(M,0(F))
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never

x(M,0(F)) + T(N,¥T)

T(N,f) - T(N,T+D).

as in

(2)



Remark. D-f = D-f.

Corollary 1.5.

dn dn—l
x(M,0([D])) = - or t -1 Tl(cl) + e 4 dTn~1(Cl""’cn~1)
n-1 .
- S (-1)%im HY(M, 0) .
g=1

Proof. Since T'(M-E,0)/I(M,0) = 0, we have x(M,@) =

n-1
> (—l)q_ldim Hq(M,O). Hence we obtain the corollary by
q=1

(%) .

Remark. If D is irreducible, then
n-1

x(M,0([D1)) = - T(D,I[DI|) - Z (-1)%im u%m,0).
q=1

The explicit formulae on generalized Kato's Riemann-Roch
theorem for surface singularities and three-fold singularities

are summarised.

1. The dimension two case.

Corollary 1.6 ( Kato [Ka]l ). If (X,x) 1is a surface

singularity, then

11

x(M,0(F+[D1)) - x(M,0(F)) = £(KD - D?) - FD, (%)

x(M,0([D]))= %(KD - p?%) + dim Bt (M, 0).

2. The dimension three case.
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Lemma 1.7. Let D = 2 XD be the decomposition of D into

its irreducible components. Denote by ND the normal bundle
i

of Di in M c N. Assume moreover that dimC(X,X) = 3. Then.

D-c,(N) = 2 a{e, (D) + cl(Di)cl(NDi)},

i.e., D'CZ(N) is independent of the compactification N of M.
Proof. Because of the exact sequence
0 — TD, — TN'D, —_— ND. — 0,
i i i
we have

Di-cz(N) = CZ(Di) + cl(Di)Cl(NDj)'

Hence we obtain the desired result by linearlity of the

intersection pairing.

Corollary 1.8. Let the notation be as above. If (X,x) 1is

a normal isolated singularity of dimension 3, then
- _ 1.3 1.2, 1 2
X(M,0(F+[D1)) - x(M,0(F)) = gh” + 4D K 12D(c2 + K7) «+
1
EFD(K - F - D), (=%x=x)
and
_ 1.3 1.2, 1 2 . 1 B
xX(M,0([D])) = gD+ DK - g5D(c, + K7) + dim H(M,0)
dim B2(M,0),
where c is the second Chern class of a compactification

2

of an affine model of  (X,x).

§ 2. Geometric genus pg(X,X)
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Let (X,x) be a normal n-dimensional isolated singularity.
The - geometric genus pg(X,X) is defined to be the dimension of

dimg (Rn_ln*GM)X where m : M — X is a resolution of the
singularity. This pg(X,X) can be expressed in terms of

meromorphic n-forms on M.

Theorem 2.1 (Yau [Y1]). Let (X,x) be a normal n-dimensional
isolated singularity. Suppose that x 1is the only singularity
of X and X 1is a Stein space. Let nm : M — X be a

resolution of the singularity. Then
dim B T (M,0) = dim T(M - E,6(K))/I(M,0(K))

where E = n_l({X})-

Definition 2.2. Let (X,x) be a normal isolated singularity.
We say (X,x) 1s a quasi-Gorenstein if there exists a
holomorphic n-form © defined on a deleted neighborhood of x,

which is nowhere vanishing on this neighborhood.

Remark. Let (X,x) be a normal isolated singularity whose

local ring O is Cohen-Macaulay. If the singularity (X,x)

X,x

is quasi-Gorenstein, then the local ring @X % is Gorenstein.
Assume that (X,x) 1is a guasi-Gorenstein singularity. Then

there exists a nowhere vanishing holomorphic n-form o defined

on X - {x}. Let K, be the part of the divisor of ne on N

which is supported on N - M. Then () ~ K +-Km. Let k, km €
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HZ(N,Z) be the cohomology class represented by the cycle K, K_

respectively.

Let { Tk(cl,...,ck) } be the multiplicative sequence with
characteristic power series ‘Q(X) = x(1 - e_X)_l ( [Hi] ). The
polynomial Tk are called Todd polynomial. For small n,

_ 1
Ty = 2%
T, = —l(c + c)
2 1272 177
_ 1
Ty = 53¢
Lemma 2.3. Let n be a positive interger, then
n-1 (—cl)n—k 0
kgo G Teley, ome) = {(-1) Ml}Tn(Cl""’Cn)'
Proof.
n-k
oo (=) —c, vi
S ol p(e,..c) =k leC1T }
k=0 (n-k)! kK 71 k nL i=1 1 - o ¥
[ n Y. ] n Y
e fen () t_yJ:Knl:n s ]:
=1 1 - e "¢ 1=1 e b q
= K ( ? i ' =T (-c,,c . (—l)ic s (—1)nc )
ni. -(-7.) n 1772 ’ i’ ’ n
=1 1
] 1 - e
— — n",
- ( l) Fn(Cly',"ycn)

Corollary 2.4 ([Hi], Remark 1, p.14). Tk(cl,...,ck) is

divisible by c1 for k odd.
land - - —f _ n .
Lemma 2.5. T(N) T(N,k)v {1-(-1) }Tn( k’CZ""’Cn)'
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. |  n ¥
Proof. T(N) - T(N,k) = ln(cl,...,cn) - Kn[e mn ——— ]

=T (cl,...,c ) - % TEE;;T
n n j=o (m-J)!
n-1 K—J

= jgo CEAE Tj(cl" , C .
n-1 n-j

— _ k m _

= jgo =37 IJ( k,...,c

- _(_13y1 i

= (1-C-D)MT (K, e )

From this lemma,

applying our theorem to the case

Fj(cl,...,cj)
n-1 kn—j

. e T.(-k-k_, ,C L)
Jj=0 C ,

D = K

and F = 0, -we have the following:

Corollary 2.6.  Let

(X,x) be a normal isolated singularty of

dimension n. If (X,x) 1is quasi-Gorenstein, then
n
{1-(-1) }{pg(X,X) - Tn(—k,cz,...,cn_l)}
_ w1 _ .2 L (-1 R 1, n-2
= h (OM)‘ h (@M) + (-1) h (OM)
where hi(@M) = dim Hi(M,OM).
Proof. x(M,0(K)) - x(M) =
_ _ 1 L2 iee 4 (-13)D n-1
= P, (X,x) - { b (0y) - h7(0y) + (-1 (0, )
= {1—(—1)n}pg(x,x)
1 2 n-1,n-2
- {h (@M) - h (OM) + + (1) h (OM) }.
On the other hand, from Lemma 2.5
- . on )
T(N) - T(N,k) = {1-(-1) }Tn( k’CZ""’Cn)'

Hence we obtain the corollary by Theorem 1.4.

Corollary 2.7. Let (X,x)

odd dimension. If (X,x)

be a normal isolated singularty of

is Gorenstein, then
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P (X.x) = T (-K,c

27" %n-1

Proof. As is»well known, hl(@M) =0 for 1 £ 1 £ n-1;
[Y2,Theorem 2.6, p.434]. So the conclusion now fTollows

immediately.

Corollary 2.8. Let (X,x) be a normal isolated singularity

of dimesnion 3. If (X,x) 1s quasi-Gorenstein, then
—k‘C
2 1
i.e., the dimension of the second local cohomology group of
OX,X is even.

Corollary 2.9. Let (X,x) be a normal isolated singularity
of dimesnion 4. If (X,x) 1is quasi-Gorenstein, then

1 .2
h (@M) = h (@M)-

Remark. A quasi-homogeneous cone over a three dimensional

abelian variety satisfies the comdition of this Corollary.

We now give a formula for the invariant, which is denoted by
6(X,x) in [K], of a @-quasi-Gorenstein singularity (X,x) of

dimension 3.

Definition 2.10. (X,x) is said to be Q-quasi-Gorenstein if
mKX ~ 0 [i.e., @(mKX) o @X 1 for some positive integer m. We
define the index of a Q-quasi-Gorenstein singularity (X,x) by

r(X,x) = min { m € N | mKX ~ 0 }.
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Let (X,x) be a normal isolated singularity and n : M — X be
a resolution. Then (X,x) 1s said to be canonical if KM -

n*KX is effective.

Let (X,x) be a germ of a normal isolated singularity of
dimension 3. Suppose that (X,x) 1is @O-quasi-Gorenstein. Let
i : M— X be a good resolution of the singularity. We write

K. =nK, + A and A =3 a.D. where the D. are exceptional
M X AR J

divisors of =n. Let r be the index of the singularity (X,x).
Then

rKy-c, (M) = T(A-c,y(N)) = r[ ? a{e, (D) + cl(Dj)cl(NDj)].

It is well known that (A'cz(M)) does not depend on the choice
of the resolution n. This was proved by [K. Lemma 2.1, p.541]
under the condition that (X,X) is terminal.
We now apply Corollary 1.8 +to the case of Q-quasi-Gorenstein
singularities. Let r be the index of the singularity (X,x).
M

Subétituting rK for D in the formula of Corollary 1.8, we

obtain

Theorem 2.11. Let (X,x) be a normal 3-dimensional isolated
singularity, and let n : M — X be a resolution. Suppose
that (X,x) 1is BO-quasi-Gorenstein with index r. Then

Ky ey O = 22[ x(M,0(rK)) + gg(2r

3 2 3
- 3r° + r)KM

~ dim H'(M,0) + dim HZ(M,O)].

Corollary 2.12. Let the notation be as above. Assume
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moreover that (X,x) is canonical. Then

2 3

K (M) = (2r7 - 3r + l)KM

M €2
N l%{ dim Hl(M,O(rKM)) ~ dim H2(M,@(rKM)) Y.

3

Example 2.13. Let G act on with coordinates

{ Zz,} by g(zk) = 7y where g 1is a generator of G.

21 %9y Z3
Consider the quotient singularity (63/6, 0). Then, by the
result of Kawamata [K, Lemma 2.2, p.542]
-0 _ 1

5 = 2 5
On the other hand, we have the resolution of the singualrty as
follows: M 1is the total space of the line bundle over PZ
associated to the -2H, where H is a hyperplane in PZ.

Therefore ZKM ~ Pz, where Pz is identified with the

zero section. Thus Kﬁ = %, because (IPZ)3 = (—ZH)2 = 4,
If i =1,
HUO,002K,)) = @ 0 (PP 0(2K , +(k+2)(2H)))
k=0 P
- e H(P?,0((2k-2)H)).
k=0
For all k =.0, (2k-2)H > K o Then Hi(M,@(ZKM)) =0 for i
P

= 1, 2 by the Kodaira vanishing theorem.
§ 3. Examples
In this section we give a few examples of normal isolated

singularities, whose plurigenera will be calculated in the next

sections.
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Example 3.1. Let (X,x) be a normal surface singularity

defined by the polynomial X8 + y8 + ZSV+ (XYZ)Z. We first

describe the minimal resolution nm : M — X of the

1l

l(O) A uvBuUC, aunion of 3

-
curves of genus 3. Moreover A2 = B2 - 2 2

singularity. One obtains E =

!
Q
I
=
i
!
o
>
vy,
tl
e
Q
[

CA = 2 and KM ~ —-bI.

Example 3.2. Let S be a nonsingular projective surface and

Jet F be an ample line buhdle on S. Then

X := Spec @ T(S,0(kF))
k=0

is a quasi-homogeneous cone of dimension 3 which is smooth

outside its vertex. If M denotes the total space of F_l,
then the natural map mn : M — X 1is a resolution of X whose

exceptional locus is just the zero section of M. 1If we

identify the zero section with S, then its normal bundle in M
equals F 1.

Assume moreover KS = ri¥ for some positive integer r. Then
KM = —(r+1)Ss, i.e., (X,x) 1is quasi-Gorenstein. Our theorem

1 1
2{p (X, x) - zz(-Ky)e, (M} = h'(M,0)

turns into

2p (X, %) - h1(M,0) = e, (5)+ ¢ (S)e (N},

r+1
12

1
ZDg(X,X) - h™(M,0) {CZ(S)+ cl(S)Cl(F)}.

On the other hand,

hl(M,0) = dimGHl(M,@) - S hi(s,0(kF)),

k=0
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p (X,x) = dimJ2(M,0) = S h2(sS,0(kF)).
& ¢ k=0

The canonical line bundel KS is ample. Then hl(S,@(kF)) =0

for k=2r +1 and 1 =1 by the Kodaira vanishing theorem and

hence
h'(M,0) = h'(0) + hi(F) + + hl(rF),
P, (X,x) = h2(0) + h2(F) + + h2(rF).
The Serre duality says
P, (X, %) = hlo) + v + + n0(rr).

Thus

r
S (% kr) - ntkr) + n2kF)y - I%{CZ(S)
k=0

+

cl(S)cl(F)}x(r+1).

This is proved easily by the Riemann-Roch Theorem for surfecs:

Lo

(% xr) - ntxr) + n2kE)} - %{(kf)z + %(kf)cl v =

2 " Ci)}'

Example 3.3. Consider the hypersurface singularity (X,x)

10 10 10 10 . 2
X +y + Z + W - (xyzw)™ = 0.

Let B be the algebraic surface in P3- by the equation

§éo + éio + §%O + §§O = 0. In particular, we denote the zero

set of §i by H., for i =10, 1, 2, 3. Let mnm : V — PB be
the double covering of PS with branch locus B. Let R =
By, 5, = n”l(Hj) for j =0, 1, 2 and 3. Then S, is a
double covering of Pz with branch locus B n Hi' Blow up V
at each point of Sin Sjn R for all 1 and j. We denote the

blowing-up by Ty VO — V.

Let kEi?) be the exceptional sets, which are isomorphic to

Pz. We denote the proper transforms of Si and R by Sio)

and R(O). Set réo) = Sio)n R(O).
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We denote the monoidal transformation of VO along r.
, (1) (1) (1)
by 01 V1 — VO. Let Si , R , kEij be the proper
transform of Sgo), R(O), (0). Let Fgl) be the
i k ij i

: - (1) (1) (1) (1)
exceptoional set. Set ri Fi N Si and khij = k 1j
R(l).

We denote the monoidal transformation of Vl along Kk

by 02 V2 —_— Vl'
s(1)
i

transform of R(

(2)
k%1 ;

inverse image of

Let

ey
1

&f&uaﬁgf

10 .10 .10
+g1 +£2 +£ 3

/e80

on V2

The following functions on M

2
aoglg £,

Let

1)

be the exceptional sets.

,i.e.,

and is holomorphic off R

g(2)  gp(2)
1

(l) - (1)
k ij Fi :

(2)
ki

(2)

Let r.
i

B(2)
l .

be the
L (2)

i

s{%)n
i

can be considered as a meromorphic function

(2)
(2)

\Y%

9 R

2
gog152€3

@
0 /&éO

2
£0€1€2&3

10,
82

SRS 10,

lO 10, .10 °
g0

3 Bl *8, & 4

.2
50515253

@9 10

3
shows that E = 3 Siz)
i=0

10, .10
g2 & 3

» P
3 /530 10 52 glg

2 E kE(Z) is excptional in
0<i<j=3 k=1 S

p = (@0, Gys Og, m3) M — C is biholomorphic off E.
p maps M to
X = { (X.,% ,%X,%x) € CH 1 £(x) =0}
0’7"1°72737% ’
10 10 10 10 2
where f(x) = X ot Xj X, + Xgq (XOXIXZXB) Then

(0)

()

n(1 g

, Fiz) be the proper



) XmAdXZAdXB o dXOAdszdx3 deAdxlAdx3 . dXOAdxlAdX2
v fx ) fx ) fx fx
0 1 2 3

is a nowhere vanishing holomorphic 3-form on X - {0}. p*(m)

extends to a meromorphic 3-form on M with pole set contained

1

in E = p (0). KM’ the divisor of ® and also called the
canonical divisor, is described as follows:
_ (2) (2) (2) (3)
(%) KM = 6(SO + Sl + S2 + S3 ).

N 1s the double covering of P3 with branch locus R n Hi’ SO
the Euler number of Si is 76 and KV ~ K*K 3 + R. Hence
P

CZ(S§2)) = 106 and

(2) (2) (2) (2)
sz ~ SO - S1 - 82 - S3 +
(2) (2) (2) (2)
+ FO + F1 + F2 + F8
R I e e
o<i<j<3lk=1 ¥ 1J k=1 K 1J
where f ..= S gz)n S (2?
ij i j

Using the adjunction formula, we have

~ — — - _ (2)
KS(Z) fia fiﬁ fi? + ri +
i

10

(2) (2) (2)
’ kgl ki, i * k%iB,i keiy,i]'

—155—



For a meormorphic function f, we denote by (f) the divisor

of f£f. Then

878,88,

10,,.10, .10 .10
VE e e ey

] = 28!2) + S(z) + S(z) + 5(2) +
i o il Y

10
w(2), (2), (2) (2)
" z(kzl K iot kElﬁ kEiy ) by *

10
(2) (2) (2) .
* [k§l kEaﬁ kE6Y kEyu J

10
(2) (2) (2)
+ kgl [kGia + kGlB e iy ] on M.
Hence
—28?2) - S(Z) . S(2) N S(Z) .
i o B
10
(2) (2) (2) (2)
* 2(k§1 k ioe kE16 kEiy ) * F N
10
* ( 2 kEéﬁ) K éﬁ) kEéi)) *
k=1
10
N (2) . (2) . (2) _ o (2)
kgl [kGia kGiﬁ kGiY ] on M =V, R .
Thus
_ (2) _ 1 (2) . (2) . (2) .
Nozy T BB ) T plse v s s,
i i
10
. (2) (2) (2) + (2)
Zkzl(k ict kELB k iy J Fi ]|S§2) on M.
i
i.e.

e . .2
2[Ns(z)] - [fia Pipg v Ty v o7 ¥

10

(2) (2) (2)
* 2k§1(kela i T k%1t kCiv.i )]

where { o, B, v, i } = {1,2, 3, 4} and if)n 3(2) -
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e{2)  gince 2. - -8, f..-f. =2 and {r 232 . 99,
k"ij,1 ij ij " jk i

(2) _
Cl(si )Cl(NS(Z)) = 16.
i
Therefore
(2) _ (2) (2) _
Si CZ(VZ) = (:2(8i ) o+ Cl(si )Cl(NS(Z)) = 122.
1
Siz)'s are isomorphic one another. So from (=),
(—KM)~c2(V2) = 122x4X6.
Thus
X, = 122,
pg( X)
8 4. 38

We now calculate plurigencra { 5m } of certain hypersurfec
singularities by means of generalized Kato's Riemann-Roch
Theorem.

We need to recall a few preliminaries related to the
concept of plurigenera of normal isolated singularities.

Let (X,x) be a normal isolated singularity of an
n-dimensional analytic space X. Let V be a (sufficiently
small) Stein neighborhood of x and let K be the canonical
line bundle of V - {x}. An elment of TI'(X-{x},0(mK)) is
considered as a holomorphic m-ple n-form. Let « be a

holomorpic m-ple n-form on X - {x}. We write w as

= : -« & = m
W = ¢(Z)(leAd22A AdZn) ,
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using local coordinates (z ’Zn)' We associate with

l,Zz,...

® the continuous local (n,n)-form (wAa)l/m given by

2/m

n —— — —
|o(z) | (J—l/Z)VleAdz AdzzAdZZA---AdznAdén

1

(LZ/m

Definition 4.1. @ 1s called integrable —-integrable) if

J (mAE)l/m < o
W - {x}

for any sufficiently small relatively compact neighborhood
W of x in X.

LZ/m

Let (V - {x}) be the set of all integrable

holomorphic m-ple n-form on V - {x}, which is a linear

2/m

subspace of T(V - {x},0(mK)). Then T (V-{x},0(mK))/L (V-{x})

is a finite dimensional vector space.

Definition 4.2. The m-th plurigenus , m belng a positive
integer, of a normal isolated singularity (X,x) 1is

5, (X,x) = dim F(V-{x},0(mK)),/L2/M

(V-{x}).
These integers {5m} are determined independently of
the choice of the Stein neighborhood.

Let nm : M — X Dbe a resolution of (X,x) and U =

n_l(V) and E ='n_1({x}). By Sakai [S, Theorem 2.1,
p.2437,
L2y - oixy ) 212 ™WU - E) = M(U,O(mK + (m-1)E))

if the exceptional set is a divisor which has at most normal

crossings. Thus
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5m(X,X) = ['(U-E,0(mK))/ T'(U,0(mK + (m-1)E)).

This formula provides a practical means to compute 5m in

mahy cases. Further details can be found in [Wa].

The following theorem due to Kawamata and Viehweg [KMM] is

very useful.

Vanishing Theorem. Let F be a line bundle on M which
satisfies F¥F:C = 0 for any curve in the exceptional set.

Then H*(M,0(K+F)) = 0 for i > 1.

There is an interesting case in which the 6m can be
calculated by means of generalized Kato's Riemann-Roch theorem
and Vanishing Theorem:

Suppose that (X,x) is quasi-Gorenstein and K + E 1is nef.
Then

x (M, 0 (mK+(m-1)E))

am(X,x) for m > 1.

~1
vy L (K+E)" n (K+E)" T (K+2E) n-1 n-2
X (M, 0 (mK+ (m-1)E)) = Q7 n* ACESDE m + O(m ) -
Iim EE— = - LEiElE # 0
m= @m n! )

The above hypothesis is for instance satisfied if (X,x) 1is
a hypersurface singularities defined by the equation x  + y +

28 - (Xyz)2 = 0 or Xlo + y10 + zlo + wlO - (xyzw)2 = 0.

Corollary 4.3. Let (X,x) be a quasi-Gorenstein singularity

of dimension 2. If K + E 1is nef, then
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& = x(M,0(mK+(m-1)E))

2

- %(K+E)2m . %(K+E)(K+2E)m - %(E2+EK) + dim HY(M,0).

By Corollary 4.3 we have the following:

Proposition 4.4. Let (x,x) be a normal surface singularity

defined by the polynomial X8 + y8 + 28 - (Xyz)z. Then, from

the data of Example 3.1

Bm(X,X) = 48m2 - 36m + 20.

Corollary 4.5. Let (X,x) be a quasi-Gorenstein singularity
of dimension 3. If K + E 1s nef, then
Sm(X,X) = x(M,0(mK+(m-1)E))

(K+E)S 3 (K+E)2(K+2E) 2 2
T T wmo 7 4 m
1.3 1.2 1 2 . 1 ) 2
{EE + ZE K+ IEE(02+ K)} + dim H (M,8) - dim H (M,Q8).

1 2
- IE(K+E)(6E +B6EK+K +c2)m

Hence we obtain the following proposition.

Proposition 4.6. If (X,x) is defined by the polynomial

Xlo + le + zlo + w10 - (Xyzw)2 = 0, then, from the date of

Example 3.3,

_ 500 3 2 870
Sm(X,X) = —g—m 200m- + 3

m - 68.

§ 5. d

The following integer is defined by Ishii [1]:
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. (M, 0 (mK+nE) )
d (X,x) := dimg (M, 0(mK+(m-1)E)))

(m = 1).

This integer is determined independently of the choice_of the
strongly pseudoconvex neighborhoods. Hence dm can be seen as
an invariant attached to the singularity. Ishii considered the

asymptotic behvior of dHl when m — +o. We calculate the

value

for certain singularities.

Let

I'(M-E,®(mK) )
C T (M, O(mK+mE) )

Sm(X,X) := dim ( form =1 )

be the third plurigenera of normal isolated singularities.

We consider the following exact séquence:

0 . (M, 0(mK+mE) ) . I'(M-E, 0(mK))
TTM,O0(mK+ (m-1)E))) "T(M,O0(mK+(m-1)E)))
[(M-E, 0 (mK) ) 0
M, O (mK+mE) )
Then we have d = 8 - g
m m m

LLemma 5.1. If K+ EFE and K + 2E are nef, then

F(M-, 0(mK)) £ for m = 2.

X (M, O (mK+mE) ) = dim@ (M, @ (mK+mE))  “m

Proof. K + (m - 2)(K + E) + (K + 2E) 1is nef, so the

conclusion now follows immediately from Vanishing Theorem.

Consider the following exact sequence:

0 — 0(K) — 0(K+E) — @E(K) — 0.

Then, vby_Grauert—Riemenschneider vanishing theorem, the
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sequence
0 — I'(M,0(K)) — I'(M,0(K+E)) — I'(E,0,(K)) — 0
is exact. Then

dl(X,X) = dim F(E,@E(K)) = geometric genus of E.

We now give an interesting case in which the dm can be
calculated by means of generalized Kato's Riemann-Roch theorem
and Vanishing Theorem:

Suppose K + E and K + 2E are nef. Then

Xx(M,0(mK+(mn-1)E)) - x(M,08(mK+mE)) = dIIl for m = 2.

x{M,0(mK+(m-1)E)) -~ x(M,0(mK+mE) )

_ &E)Y R n-g
(n-1)!

N O(mn—z

) ’

lim
m - +o m

We conclude this paper with explicit dm—formulae for the

singularities of surfaces and three-folds.

Lemma 5.2. Let the notaion be as above. Then

X(E,0(Kg)) = x(M,0(K)) - x(M,0(K+E)).

Suppose that K + E and K + 2E are nef. Then, in the

three-fold case, the above formula (##%) and Serre duality
give
P SR W N 2 Lg oy -
d1 = 6E + 4E K leE(c2 + K7) + h (E,0) 1,
d (X,x) = )’ 2 Lk+r)%Em +
m' "’ B 2 2
1.3 1.2 1 2
{§E + ZE K + IEE(CZ + K7} for m = 2.
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Example 5.3. Consider the normal isolated singularity

defined by the equation Xlo + ylo + zlo + wlo - (Xyzw)2 = 0.

We already know that E3 = 8 , K = -6E s Ec2 = 488 and

hl(E,@) = 0, because (X,x) 1is Cohen-Macaulay. Since -E 1is

nef, K + E and K + 2E are also nef. Therefore

dl = 54 - 1 = 53.
dIIl = 1OOm2 - 100m + 54 for m = 2.
Remark. In our case @O(-E) 1is locally principal, so E3

is equal to the multiplicity of the singularity (c.f. [W,

Theorem 5. 1, p.444]1). Therefore E3 = 8. This was pointd out

to the auther by Tomari.

Next consider the 2 dimensional case. Then Formula (#==%)
Serre duality give
d. (X,x) = L(K+E)E + h'(E,0.(K)) = ~(K+E)E + 1
1 ’ 2 i ) 2 ’
dm(X,X) = (K+E)Em - %(K+E)E for m = 2.

Example 5.4. Consider the singularity defined by the
equation X8 + y8 + 28 + (Xyz)2 = 0. We already know that E2
-6 and K = -5E. Therefore

d1 =12 + 1,
d = 24m - 12 m > 2.
m
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On a free resolution of the module of
logarithmic forms of a generic arrangement

Lauren ROSE
Mathematics Department
Ohio State University
Columbus, OH 43210-1174 USA

Hiroaki TERAO (% B 7 #A)
Mathematics Department
International Christian University

Osawa, Mitaka, Tokyo 181 JAPAN

1 Introduction

1.1 The setup of this paper

Let V be an ¢-dimensional vector space over a field K. We assume that the
characteristic of K is zero. (For the positive characteristic case, see 4.6.)
Let A be a generic arrangement of n hyperplanes: A is a finite family of
one-codimensional subspaces of V satisfying

l.n=H#A>{2>3,
2. every £ hyperplanes of A intersect only at the origin.

Let S denote the symmetric algebra S(V*) of the dual space V* of V.
Then S is considered as the K-algebra of all polynomial functions on V. Let
0 < g <{. Let Q¢ = QI denote the module of all regular g-forms on V. Then
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each Q7 is a free S-module of rank ( 5 ) For each H € A choose ay € V*

such that ker(ay) = H. Let
Q:Q(.A): H ag € S.
HeA
Define

N9(A) ={w| wisa (global) rational ¢-form on V such that
both Qw and Q(dw) lie in Q%},

which is called the module of logarithmic ¢-forms with pole along A.
Introduce a grading into Q9(A) as usual: for example

deg(fdy, A---ANdy,) =deg f+4q,

where f is a homogeneous element in S and y; € V* (1 < ¢ < ¢). Then
N9(A) is a finitely generated graded S-module.

1.2 The aim

Let

J=J(Q) = (9Q[z1,...,0Q[0xs)S
be the Jacobian ideal of ). At the NSF-CBMS regional meeting research
conference on “ Arrangements of hyperplanes” in 1988, Yuzvinsky posed the
conjecture that the depth (as an S-module) of the factor ring S/J is equal
to zero:

depthgS/J = 0.

This conjecture is equivalent to the conjecture that the homological dimen-
sion of 2"1(A) is equal to £ — 2. In this paper we prove this conjecture.
Actually we shall prove:

hdsQ!(A4) = ¢ (0<¢g=<{-2),
hdsQ*1(A) = £-2,
hdsQf(A4) = o.

Moreover we shall construct an explicit minimal free resolution of ¢(.A) for
0 < g < £. In particular the free resolution of Q~1(A) gives a minimal free
resolution of the module D(A) of logarithmic derivations along A studied in
[4] and others. A minimal free resolution of the factor ring S/J is also given.
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1.3 Outline
Fix a hyperplané Hy € A for a moment. Let
A = A\{H,}, A"={HnH |HeA}

(Then A" is an arrangement in the (£ — 1)-dimensional vector spce H;.)
First in Section 2 we shall prove that there exists a short exact sequence

0 — QIA") = QI(A) — QT A") — 0
in 2.3.6. We also show (2.3.4) that Q9(A) is generated as an S-algebra by
{daja|a e V" kera € A}

for0<g<l—2.
In Section 3, we shall first show that the Fitting ideal of Q'(A) has the
maximal height £ in 3.2.3 . Combining with a result of [1], we can show that

AQ(A) = 91(4)

for 0 < ¢ <£—2in 3.3.2. Using this, we shall construct an explicit minimal
free resolution of QI(A) for 0 < ¢ < £ — 2. The resolution is composed
of symmetric powers and exterior powers. The resolution of this type was
studied by Lebelt in [2], which we actually use. The homological dimension
of Q9(A) turns out to be equal to ¢ for 0 < ¢ < ¢ —2.

In Section 4 we shall construct a minimal free resolution of Q4¢(A) for
q = £—1, which is the only remaining case. Fix ¢y € V* withkeray = H € A
for a moment. First in 4.2.4 we get an exact sequence

S A St S
where 0 is defined by
Ow) = (danfon) A (w € U(A))

for 0 < ¢ < £. Combining this exact sequence with the free resolutions
of Q7(A) (0 < g < £—2) in Section 3, we shall construct a minimal free
resolution of Qf~!(A) in 4.3.7. Tts homological dimension turns out to be
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equal to £ — 2. The resolution yields a minimal free resolution 4.5.3 of the
factor ring S/J of S by the Jacobian ideal J = J(Q). The length of the

resolution is ¢, so we have
hdsS/J =€, depthgS/J =0,

as conjectured by Yuzvinsky.

Let D(A) be the module of logarithmic derivations along A (defined in
4.4). Since

Q1 (A) ~ D(A)

as S-modules, we have a minimal free resolution of D(A) in 4.4.2. The
characteristic sequence in [6] of a generic arrangement A is proved to be:

PRI

(ILn—f2+1,...,n—£+1;...; n—f+k,....n—L+k

) )

in4.4.4.

2 A short exact sequence and generators for

§1(A)

2.1 The setup

Let V£, K, A n, S, 0%Q,0(A) be as in 1.1. Fix Hy € A in this section.
Let

A'= A\{H,}, A"={HnH,|HeA}.
Then A’ is an arrangement in V and is called the deletion of A. Note
that A’ is also generic if #4 =n > £+ 1. The arrangement A", called the
restriction of A to Hy, is always a generic arrangement in H; unless £ = 3.

Choose oy € V* with keray = Hy. Let Q' = Q/ay. Then Q' defines A’. Let

Z1,--.,Z¢ be a basis for V*.
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2.2 The residue map

The results in this subsection are true for any nonempty (may not be generic)
arrangement A.

Lemma 2.2.1 For any w € QI(A), there exist a rational (g — 1)-form o’
and a rational g-form w" such that

1. w=w A(doq/on) + ",
2. Q'w' and Q'W" are both regular (no pole).

 Proof. We can assume that a; = z;. One may (uniquely) choose w’ and
w"” such that '

1. w=w' A (dzy/z1) + ",
2. neither w’ nor w” contains dz;.

Then it is easy to see that both Q'w’ and Qw” are regular.
One computes

Q' (W' Ndzy) = Q'(wAdxy)
= (wAdQ) — z4(w A dQ")
= (—1)%d(Qw) + (—1)q+1Q(dw) — z1(w A dQ").

Since w € QI(A), d(Qw) and Q(dw) are both regular. Therefore Q'(w” Adz1)

has no pole along z; = 0. Thus it is regular on V. Because w” contains no
dz,, Q'w" is regular.

Definition 2.2.2 For w € Q9(.A), the restriction of w’ in 2.2.1 to Hq is called

the residue of w and is denoted by res(w).

The well-definedness of the residue of a logarithmic form is in [3, 2.4].
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2.3 A short exact sequence

Let A be a generic arrangement described in 1.1.

Lemma 2.3.1 For any w € Q(A), res(w) € QU A"). In other words, one
can define a K-linear map

res : Q4(A) — Q7 (AN).

Proof. Write
w=w'A (day/a;) + w"

as in 2.2.1. Since dw € QT A), write
dw =17’ A (doyfen) + 1",
where both @'y’ and Q'n” are regular. Then one has
dw' A (dagfon) + dw' = dw = 7 A (daifaq) +1n".
Since both Q'(dw') and Q'(dw") are regular,
o L= res(des) = do |, = d(xes(w))

because of the well-definedness of res(dw). Since A is generic, d(res(w)) has
at most a simple pole along A"”. Also it is obvious that res(w) = ' |g, has
at most a simple pole along A”. Therefore res(w) € Q77(A"). B

Denote the inclusion map 22(.A") — Q9(A) by .
Lemma 2.3.2 The sequence

0 — QI(A") 5 Q1(A) B et (A7)
is exact for g > 1.

Proof. For w € Q¢(A’), we can choose w’ = 0 and w” = w in 2.2.1. Thus
res(w) = 0.
We can assume that oy = z;. Write

w=w A(dz]27) + "
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as in the proof of 2.2.1; neither w' nor w” contains dz,. Suppose |
W gy =res(w) = 0.

Then every coeflicient of w' is divisible by z1. So Q'w is regular. Also dw has
no pole along H, either. Therefore w € QI(A').

Definition 2.3.3 An arrangement A in V is called Boolean if 1) #.4 =
n = £, and 2) the intersection of all hyperplanes in A consists only of the
origin. (In this case the intersection lattice L(.A) is a Boolean lattice.)

Theorem 2.3.4 Let 0 < g < £ —2. Let A be a Boolean or generic arrange-
ment. Then QI(A) is generated (as an S-algebra) by

{daja|a € V* kera € A}.

Proof. When A is Boolean it is easy to see (e. g., see 3, 2.9]) that the
S-module Q'(A) is free with a basis doy fay, . .., dag/ g, where A = {ker ¢; |
i=1,...,4}. By [3, p. 270; THEOREM)], we have

- q
Q1(A) = \Q'(A).
Suppose that A is generic. Define
F(A) := the submodule of Q!(A) generated by {do/a | kero € A}.

We shall show
QI(A) = I(A)

by an induction on n = #.A4. Note that
QO(A") = FO(A").
Since
HA =#A—1 and HA < HA-1,
we have a commutative diagram
0 — QI4) — Qi) =B A

|| ar
0 o PA) o PIA) S A
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by induction assumption. Let S be the algebra of all polynomial functions on
H,. Identify S with S/ S. For each H € A", there exists a unique H € A’
such that

HnH, =H.
Let ayy € V* with H = ker apr. Let @y be the residue class of ag in S. Then
ﬁ = ker(EH).
Since
res((dag/ag) A (doy[ay)) = dag [aq,
we have

Q171 (A") D 1esQI(A) D resF(A) = FIHA") = Q1 (A").

Therefore the sequence A
0 Q1(A) 5 Q1(A) *F Q7 1(A") - 0
is exact. ‘

Let w € 22(A). Choose n € F9(A) such that

res(w) = res(n).

Then
w — 7 € ker(res) = QY(A") = FI(A") C FI(A).
Therefore
w € F1(A).
Thus

Q1(A) = F7(A)

and the induction proceeds.

Remark 2.3.5 Theorem 2.3.4 was proved by Ziegler in [7, 6.4.3] [8, 7.5] by
a different method.

In the course of the proof of 2.3.4, we have already proved the following
Theorem 2.3.6 Let A be generic and 1 < q < —2. Then the sequence

0 — QI(A) 5 QI(A) T QA" — 0

s exact. H©
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3 QUA) (0<g<{£-2)

3.1 The setup

We keep the setup of the previous section. Let A = {Hy, Hy, ..., H,} be a
generic arrangement in V. Define

F() = F()(.A) = @?:1562'

be a free S-module with a basis e1, eq, ..., e,. The grading of Fj is introduced
so that
deg(e;) =0 (1 <i<n).

Let z,...,x, be a basis for V*. Choose o; € V* with ker(o;) = H;. Let
w; = do;/a; for 1 <7 < n. Define an S-linear map
(P . FO — QI(A)
by
wle;)) =w; (1 <2< n).

Note that ¢ is homogeneous of degree zero. Define

Fy = Fi(A) = kero.

3.2 The Fitting ideal of Q'(A)

Restrict
@ : Fy — QY(A)

to a subspace ® ;Kao,e; to get
PO Koge;, = TV = Eszle:vi.
Then
P(aze;) =da; (1 <7< n).

Since A is generic, day,...,da, span T*V. Denote ker(s)) by B, which
1s a vector subspace of dimension n — £. Note that every element of B is

homogeneous of degree one in Fy. Then the following theorem is due to
Ziegler [7, 6.4.7] [8, 7.7]:
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Theorem 3.2.1 The sequence
0— F — Fy 50 A) -0

is a minimal free resolution of Q*(A). Here Fy is free of rank n and Iy is
free of rank n — £. In fact Fy is naturally isomorphic to S QK B. B

The natural grading of Fj is introduced so that F; may have a basis
consisting of elements of degree zero. Then the inclusion map Fy — Fj is
homogeneous of degree +1. The Fitting ideal of Q*(A) is, by definition,
generated by all (n — £)-minors of the matrix presenting the inclusion map
Fy — Fy: All entries of the matrix are elemenets of degree one in S. Denote
the Fitting ideal by F.

Lemma 3.2.2 Every product of n — £ elements in {ay,...,a,} lies in the

Fitting ideal F.
Proof. We can assume that a; = 2; (1 <z </¥). Let
o = cinT1 + -+ Ciey
with ¢;; € K for £ < i <n,1 <j <L Then
B = ciyarey + - 4 cipayey — aze; (£ <1< n)

lies in ker(¢) = Fi. Considering fy1, ..., fn, one deduces that

n

H o; € F.
1=£-}1

Since this is true for any numbering of a4, ..., a,, one gets the result.
Theorem 3.2.3 The Fitling ideal F is of height £.

Proof. If necessary, by extending the field K, one can assume that K is
algebraically closed. It is, by Hilbert’s Nullstellensatz, enough to prove that
the zero set Z = Z(F of the Fitting ideal F consists only of the origin. Let
v € Z. Suppose that

=0 1<i<t,
Y #£0  t<i<n.
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Then

n

H aigff.

=141
By 3.2.2, onehasn—t <n—£. Thust > £. So

t
UEﬂHi:{O}.

=1

3.3 AQY(A) ~ Q(A)

By applying the result of Lebelt [1, p. 191, Folgerung 1 a), b)], from 3.2.3
we obtain

Theorem 3.3.1 A?Q'(A) is torsion-free for 0 < q < £—1.

Theorem 3.3.2 For 0 < g < {— 2, there ezists a natural isomorphism

p: ;\Ql(A) = Q9(A).

Proof. By 2.3.4 the natural map

p: /q\Ql(A) — Q1(A)

is surjective. Let £ be the map of multiplying Q?, where @ = I, o;. Then
we have a commutative diagram

q

AQHA) B Qr(A)
TN
A0 Boag

because QO (A) C Q}. Here p’ is also the natural map. Since ¢ is injective
by 3.3.1 and p’ is isomorphic, one knows that p is also injective.
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3.4 Free resolution of Q9(A) (0<¢<{—2)

In [1, p.191, Folgerung 1 b)] and [2, p. 345, Beispiele (ii)], Lebelt constructed
a free resolution of the exterior power of a module of homological dimension
one. Let S? denote the p-th symmetric power. (Note that the symmetric
power is isomorphic to the divided power in [2, p. 343] because the field
K is of characteristic zero.) Since we have 3.2.3 and 3.3.2, we have a {ree

resolution (C*(Q9(A)), d) of Q7(A) for 0 < ¢ < £ —2:

CP(Q(A) = SPFr @ N\ Fo
for 0 < p < ¢. Here the tensor product is over S. The boundary map
q—p g—p+1
d:SPFi@ \ Fo—S"'" e N\ K
is defined by the S-linear map satisfying

P

Ay 9@ B) =y Gy ® (1 A B),

=1

where y; € F1 and f € AP Fg for 0 < p < ¢. This map d is homogeneous of
degree +1. Also we define the augmented map

e: CQIA)) = /q\FO — QI(A)
by the S-linear map satisfying

eleg, A---Ney) =wy N- Aw;,
for 1 <4 < ... <1, <n. Then this map e is homogeneous of degree zero.
Thanks to 3.3.2 we have

Theorem 3.4.1 The complex (C"(Q9(A)), d) is a minimal resolution of Q9(A)
for0<qg</t{-—-2. B
Since Fp o~ S™ and Fy ~ S™*(3.2.1), the rank of a free module C?(Q?(.A))
is equal to ( " E;—p -1 ) ( qﬁp ) Let 7 and d be integers. Define the
graded S-module S(z) by:
S(t)a = Sita-

Then we have
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Corollary 3.4.2 Let 0 < g < {— 2. There exists an exacl sequence

0— S(—q)”(‘J) — = S(=p)*® = s 5(—1)"W 570 Qe A4) 0,

v(p)Z(n_Hp_l)( § ) (0<p<q)

p qg—p

and all maps are homogeneous of degree zero.

where

Corollary 3.4.3 The homological dimension of Q4(A) is equal to q for 0 <
g<{l—2. B

4 QYA

4.1 The setup

We keep the setup of the previous section. Let
P — F(A) = O, Se;.

Then Fj is a free S-module of rank n — 1.

4.2 Exact sequence (Q(A),0)
Definition 4.2.1 Let 0 : S — S be the Euler derivation:

For w € Q9(A), define a (¢ — 1)-form < w, g > such that
1. the correspondence w +—< w, g > is S-linear,
2.

q I
<dzgy A ANdzi, 05 >= > (-1 agdry A Adzg, A A dag,
p:l

This definition is independent of the choice of a basis z4,...,z, for V*.
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Lemma 4.2.2 For anyw € Q(A) and a € V*,
<daAw,0p >= aw —dah <w,0g > .
Proof. We can assume that
a=zy and w=dz; A---Adz;,

for1 <o <tg<--- <1, <UL
case 1. (1 < 4y)

LHS = <da:1/\d:ci1/\---/\dm,-q,0E>
= $1d:v1-1 VANCRIVAN d:L'iq —doN < d:l:il Ao A dil:iq,(gE >= RHS.

case 2. (1 =14y)
RHS = zidzy A --- Ndzi, — dzq A (z1dzig A+ Ndz; ) =0= LHS.
Lemma 4.2.3 For any w € QY(A), < w,0p >€ Q7 1(A).
Proof. Let o € V* with H = kera € A. By 4.2.2, we know
daN < w,0p >= aw— < daAw,0g > .

This has no pole along H. So < w,0g >€ Q17 1(A). B

Let w; = day/ay. Define
0:Q1(A) — QT (A)

by
I(w)=w Aw

for w € Q9(A).
Theorem 4.2.4 The sequnce

05550435044 —o.

1S5 exact.
Proof. If w € Q4(A) satisfies wy Aw = dw = 0, then we have
0<w,lp >=wA<w,lp >=w—<w Aw, g >=w

by 4.2.2. Since < w, g > lies in Q771(.A) by 4.2.3, the sequence is exact. B
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4.3 Free resolution of Q1(A)
Recall the free module Fy = @ ,S¢;. Let 0 < g </ — 2. Then

FO:F(;EBSej

and
g—1

Afo= (AR @ (e n N\ £,
Define . .
0, :/\FO — /\Fé
by the first projection:
Oy(z + (e1 A y)) = =,

where z € A7 F} and y € A\ 1 F}.

Define
k k+1

O :NFo— \Fo (0<Fk<q)
by Or(z) = e; A z. Then the following lemma is easy:

Lemma 4.3.1 The sequence

q

q
082 F 2.5 AFy B AF, -0

1S exact.

Let p = £ — 2 — q. By tensoring (over S) the (—1)P-multiplication of the
p-th symmetric power SPI to J; , we obtain

k k41
(1P ®8: PR @ \NFo — P \ Fo (0<k<q).

Also by tensoring the identity map of S?Fy to 9, ,b we obtain
q q
1Q0,: SPF @ )\ Fo — SPFy @ \ Fp.
For simplicity denote all these maps by 0:
I=(-1®0 (0<k<gq), 9=1®0I,.

Then we have
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Theorem 4.3.2 Let 0 <p<{f—2 and q=1F¢-—2 —p. Then the sequence

q q
0 S 5P @Fy 5 - SsPm@ Ny S SPR @ N\FL—0

15 exact.

For simplicity we write

a—p
Cr = CPVA)=S"FReo NFo (0<p<qg<{-2),
£—2—p
DP = S’ N Fy (0<p<{-2).
Then by 4.3.2 the sequence

0— Ccre % cprtt 5 9 opt=2 3, pp

is exact for 0 < p < £ — 2. Integrating these exact sequences with those in
3.4.1 and 4.2.4 we obtain a big diagram

0 0 0
T T T
0 - S 2 o S 2 e B ow A4) - 0
e el el
0 — % 9% cor 98 . 38 co-2 9, Do 0
1 a1 a1
0 — ¢cuw 5 .2 o2 3 D? — 0
i a1
0 .
a7
0 — ctaer g D*? — 0
T
0

Here all the columns and the rows are exact.

Lemma 4.3.3 The big diagram above is commutative.
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Proof. Let
q—p

yl"'yp®zecp'q:SpF1®/\Fo
for1 <p<qg<£{£—2. Then

dod(yr -y, ®2) = d((=1)"y1---y, ® (e1 A 2))

= D (DPy- Gy ® Wi Aer Az)
i=1
P .
= 20" Gy, @ (e Ay A 2)
=1
V4
— B(Zyl...ij’i...yp®(yz/\z))
=1

= Ood(y;- -y, ® 2).
Next let | .
z € C% =\ F
for 0 < ¢ </f—2. Then

doe(z) =wi Ne(z) = e(eg A z) =0 9(2).
We shall fill the column of the D?’s of the big diagram with S-linear maps:
d:D” - Dt (1<p<L—2)
satisfying .
| d(yl---yp@)z)Ziyl---@---yp®[7f(yi)/\21
for y; € Fy, z € A©2P F). Here
n: Fy > F
is the restriction of the first projection map
Fy = Iy ® Se; — Fy

to Fi. Then all of these maps d are homogeneous of degree +1. Also let

-2

e:D%= A\ Fj— wi AQTA)
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be the S-linear map satisfying
eleg Ao Nei,_,) =wi Awig A Awg,,,

where 1 < 73 < ... < 2g_3 < n. Then this map € 1s homogeneous of degree
zero. Then we have

Lemma 4.3.4 The sequence
0 D24 pit g4 po s AQEE(A) 0
gives a minimal resolution of the S-module wy A Q2 A).

Proof. Since all of these maps d are homogeneous of degree +1, the
minimality of the resolution is obtained by applying a well-known minimality
criterion (e. g., [5, Lemma 4.4]). So it is enough to show that the insertion
of the maps d and € to the big diagram keeps its commutativity. First we
shall prove the diagram

or-1e-2 9, pr-1

a1 1d

crt-2 9  pr

is commutative. Let

£—2—p
oYy ®z€eCMTT =P ® A F

for y; € Fy and z € A 2P F,. Write
Zzll+(€1A22)

with z; € AP F} and 2, € AP F}. Then

Y4
dodlyr- 9y, ®2) = 3(Zy1---@---yp®((yi/\z1)+(yi/\el/\zg))>
: =1

P

= Zyl...@...yp®(yz/\z1)

=1

d(yl"'yp®z1)
dod(yr - Yp ® (21 + (e1 A 22)))
doa(yl"'yp®z)'

I
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Next we shall prove that the diagram

QA D w AQYA)
e] Te
(08—2 N Do

1s commutative. Let

-2
e N Nej,_, € CO2= N\ Iy,
for1 <i;<...<ip3 <n. Then

Joe(es, N---Nej, ,) = Owy A+ Aw;,_,)

= wi Awy N Aw;, ,

= cod(ey N---Ney, ). B

Definition 4.3.5 Define

¢
wg = (Z(“l)i_lmidm AN Adzi A--- A dxﬂ) /Q-
=1
Then wg € QE_I(A)

Note that wg i1s independent of the choice of a basis ,,...,z, and that the
degree of wg is equal to £ —n.

Lemma 4.3.6
Q7 (A) = (w0 AQT2(A) @ Swg.
Proof. Recall the sequence 4.2.4
0—0°(A) 2 oY) S .- 2 0la) - o.

Since
O(wg) =w, ANwg = (dzy A+ ANdz,)/Q
and

Q(A) = S(dzy A--- Adz)/Q  (free of rank one),
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we have a short exact sequence
0 - 902 (A) - Q1 (A) D Q4A) — 0
which splits. Thus we have the desired result. B

Define €' : S — Q1(A) by €'(f) = fwg for f € S. Then €’ is homoge-
neous of degree £ -- n. Combining the free resolution 4.3.4 of w; A Q¢"2(A)
and 4.3.6, we finally have

Theorem 4.3.7 The sequence
0—>D£_2—d>D€_1-i---iDl(ﬂ)DOEBS(E’—)EI)QE_l(A)ﬁO
gives a minimal free resolution of the S-module Q*71(A).

Since Fj ~ S ! and Fy, ~ S™"¢ the rank of a free module DP =

S’PFI ® /\f—?-—-p F(; is equal to ( n —K;J—P —1 ) ( Eﬁ;i 9 ) COHSiderng

the degrees of the maps d and d', we have
Corollary 4.3.8 There exists an ezact sequence

0— S@2—0YE2 5. §(—p)*@ o ... 5 S(—1)vM)
— 5YO @ S(n—{) - QY (A) - 0,

p {—p—2
maps are homogeneous of degree zero. B

wherew(p):(n_£+p—1>< n—1 ) (0 <p<f—-2) and all the

Corollary 4.3.9 The homological dimension of the S-module QA s
equal to £ — 2. B

4.4 Remark on D(A)
Let Der = Derg(5) denote the module of all K-derivations on S:

Der ={f]| 6:S5 — S is K-linear and
0(fg) = f0(g) + g0(f) for all f,g € S}.
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An element 6 € Der is called to be homogeneous of degree d if (x) € Syqy
for all x € V*. Then it is easy to see that Der is naturally a graded free
S-module of rank £.

Define

D(A) = {0 € Der | 0(Q) € QS}

for @ = Q(A). Then D(A) is a graded submodule of Der. The S-module
D(A) is called the module of logarithmic derivations along A. It has been
studied in [4] and others. Recall the Euler derivation

)
1=
in 4.2.1 and
Z . ———
wg = (Z(—l)’“lxidml A~ ANdz; A--- A d:c,g> /Q
=1

in 4.3.5. Then deg 0 = 0 and degwg = £ — n.
The following lemma is easy:

Lemma 4.4.1 There is an isomorphism
v : D(A) = QFH(A)

defined by

+(6) = (ﬁ—l)f-w(xi)dml A-e-Adzi Ao A d“) /9

=1
for 8 € D(A). Also y(0g) =wg. B
By 4.3.7, we have:

Theorem 4.4.2 There exists a minimal free resolution
0_)D€—2_£)Dl—li)_d)Dl(d_ve)DOEDS_‘}D(A)_%O

of the S-module D(A).
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Since the map v is homogeneous of degree £ — n, we also have

Corollary 4.4.3 There ezists an ezact sequence

0— S(2—n)“’(£_2) — e — S(E——n—p)“’(p) — e — S(ﬁ—n—l)wm
— S —n)"O®S - D(A) — 0,

P {—p—2
maps are homogeneous of degree zero. B

wherew(p)z(”““p‘l)< n—1 ) (0<p<t—2) and all the

Corollary 4.4.4 The characteristic sequence (see [6, p. 315]) of a generic
arrangement (with n hyperplanes in an £-dimensional vector space) is:

(ILn—f2+1,...,n—L+1;...; n—0+k,....n—f+k .
n—1 n—{4+k—2 n—1
{—2 k-1 £—1—k
;n—l,...,n—l).ﬁ
n—3
£—2
Corollary 4.4.5 The homological dimension of the S-module D(.A) is equal
tol —2. B

4.5 Remark on the factor ring S/J

Consider

Ann(A) = {0 € D(A) | 0(Q) = 0}.

Then Ann(.A) is a graded submodule of D(A). Let J = J(Q) be the Jacobian
ideal of Q:
J =(0Q[0zy,...,0Q/dx,)S.

Define an S-linear map
4 Der — S

by x(0) = 6(Q) for 6 € Der. Then it is easy to see
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Lemma 4.5.1 The sequence
0 — Ann(A) - Der 5 S — S/J -0
15 exact. B

Lemma 4.5.2 (1) D(A) = Ann(A) @ S0g, and (2) there exists an S-linear
isomorphism

7w AQTE(A) S Ann(A).

Proof.
(1) Let 6 € D(A). Note that n = deg Q). Then

0 — (0(Q)/nQ)0g € Ann(A).
If f0r € Ann(A) 0 SO, then

0= flp(Q)=nfQ.

Thus f = 0.
(2) Recall the isomorphism

v: D(A) = Q5 (A)
in 4.4.1. Since v(0E) _ wEv, one hés
Q1 A) = v(Ann(A)) @ Swr

by (1). Recall 4.3.6:

QY (A) = (w1 AQTE(A)) @ Sw.
Thus we have (2). B
From 4.3.4, 4.5.2 (2), and 4.5.1, one has
Theorem 4.5.3 There exists a minimal free resolution

0-DF2 4 pt b A PO s Der s S S/J =0

of the S-module S/J.

—188—



Considering the degrees of the maps, one obtains
Corollary 4.5.4 There exists an exact sequence

0— 5(2—2n)"2 5 ... 5 SU—2n—p)® ... 5 Sl — 2n)*O)
— S(1—n)t—S—S/J—0,

where w(p) = (n~€;~p——1>(£ﬁ;i2> (0 <p<f—2) and all the

maps are homogeneous of degree zero. B

Corollary 4.5.5 The homological dimension of the S-module S/J is equal
to £. Therefore the depth of S/J is equal to zero.

Example 4.5.6 Let Q = (z+y -+ z)zyz. Then @ defines a generic arrange-
ment with £ = 3 and n = 4. Then the Jacobian ideal J is defined by

J = (yz(2z + y + z), zz(z + 2y + z), zy(z + vy + 22))S.

Let oy =z+y+z,a0=1z,a3=y,as =2z and w; = do;/a; (2 =1,2,3,4).
Then

Fy = Se @ Seq @ Sesd Sey,

Fy = Sea @ Sez @ Sey,

Fy = S(zes+yes+zes— (x+y+2)eq),
D° = F,

D' = F,.

As in 4.3.4, a minimal free resolution of the S-module w; A Q'(A) is given
by:
0— F 5 F 5w, AQYA) — 0.
Here
d(zes +yes + zes — (z +y + z)er) = zey + yez + zey,

e(ea) = (d(z+y+2)/(z+y+2)A(dz/z),
(dz+y+2)/(z+y+2)A(dy/y),
eles) = (d(z+y+2)/(z+y+2)A(dz/2).

m
5
I
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The isomorphism (4.5.2 (2))
71w AQF2(A) T Ann(A)
in this case satisfies
rocfes) = wn Aws = y2((8/0y) — (8/02)) + 1y — )0,
70 e(es) = wn A ws = z2((9]92) — (9)92)) + i(z — 2)0s,
roe(es) = w1 Aws = 2y((0]02) — (0/0y)) + 1 (2 — )0

The map
f#:Der — S

is defined by p(6) = 6(Q). Then the minimal free resolution of S/J in 4.5.3
is:

O—)Fl—d>FéT—>°€Der—’i>S—>S/J—>O.
So we get an exact sequence
0 — S(—6) — S(—5)°> = 5(-3)* - 5 — S/J -0,
where all the maps are homogeneous of degree zero. This is the exact se-

quence in Corollary 4.5.4.

4.6 Remark on positive characteristic

When K has a positive characteristic, the symmetric power so far should be
replaced by the divided power as in [2]. Then all the results up to 4.4 hold
true after a suitable change of the definition of the boundary map d [2, p.
345, Beispiele (ii)]. Unless n is a multiple of the characteristic, the results
in 4.5 are still true. (When n is a multiple of the characteristic, 4.5.2 is not

true: 05 € Ann(A).)
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Abstract Recently , for compact projective manifolds , as a
generalization of the Teichmiler space to the higher dimensional
case , the global moduli theory has been developed by several
authors ( Siu ; Fujiki and Schumacher (Si) , (Sch) ) . On the
other hand , for open manifolds , nothing has been known .
And last thirty years , several similarities between project
algebraic spaces and strongly’pseudo conveX spaces have been
shown . Therefore it seems natural to try to construct a
global moduli theory for strongly pseudo convex spaces .

Let X be a strongly pseudo convex space and let r be
a C‘rm strictly pluri-subharmonic function except a compact

subset . Let

_Q_:ix: x €X ,r‘(x)<0}

and let bM). be its boundary . Then over bf2 , a CR-
structure.s induced from X . Namely let
oW = RI(b@) n T"X|,y 0, M =100

Then the pairr(M,°T") is called a CR-structure . I should
expain why we consider such an abstract object . Because ,

our 2 might have singularities . And furthermore 2

is open ( not compact ) , so these facts cause several troubles
in using analysis . However very fortunately , the CR-
structure (M,°T") determines f2 , almostly ( for example

see Rossi’s theorem ) . And furthermore (M,°T") and _(2

with the boundary b2 have the simlar property in analysis

( if . has no singularity ) . And technically
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(M,°T") can be handeled much easier than HoN . 0Of course
CR-structure itself is interesting . But from our stand
point , we are always considering L in mind .

As you know , for a strongly pseudo convex space , as for

local theory , for the first time , a versal family in a sense

of Kuranishi is constructed by (Akl), (Ak2) under several

assumptions from the point of view of CR-structures . Later ,
by a complete different method , without any assumptions , by
(Bi-Ko) , the existence of the versal family is shown . There-
fore nowadays , it is not necessary to use CR-structures in the
local moduli theory . However , in the global moduli theory
for a compact case , a real analysis method is essentially used
and indispensable .- Therefore we might hope that the CR-
structure method could revive in the global theory .

The first difficulty for constructing a global moduli space
is that : the parameter space of the local versal family may not
be the local moduli space . Of course this phenomenon appears

in the compact complex manifold case . But for a compact

complex ,anifold X , if we assume :
(X, ©p) =0

where G?X means the holomorphic tangent bundle , then the
local versal family must be the moduli family . Contrast to
the compact complex manifold case , we can’t expect such a

theorem in the CR-case . Namely , our stand point is :

we are always considering open complex spaces . In this sense ,
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if we are given a family of CR-structures (M,#t)T") s, tET |,

and t1 , tzeif , satisfying

(Vt AL ) S (Vt AL ) as a germ of singularities
1 1 2 2
A and At ;

£ )

where (Vt ’At ) 1is a normal stein space determined by

(M, 1/T") and (VJC Ay ) 1s a normal stein space determined
2 2
by (M,?S(tZ)T") , we should regard

an, FED ) ana (M)

as the same point in the moduli space . However , this
equivalence is hardly handled . Because even if
(th,Atl),:§ (Vtz,AtZ) as a germ of singularities , we can’t

say anything about CR-structures . For example , let Ma b be
’

2. M (ERD) + (E)) =1 in P

Obviously , for any a =(al,..,,an) , b=(b1,.,..,bn) ,
(Ma b,DT") defines the same stein space as the germ of the
origin ( non-singular point ) . However , by Webster ( see (W) ) ,

(M epny N (M a,oT") as a CR-structure

a,b’ ~> a,

if and only if a =b .
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We would like to avoid this difficulty . In the above.
example , we note that Webster’s scalar curvature changes if
a # b . Hence we would like to propose a deformation theory
of pseudo hermitian CR-structureswhich preserves the
Webster’s scalar curvature . We must explain what the
Webster’s scalar curvature is like . Let & be a
real 1 - form satisfying

Opn o'sfu = iX : X&CTM |, e(X) = O:} °

We call this triple (M,°T", §) a pseudo hermitian structure .
By Chern - Moser and Tanaka , we have a connection and
curvature forms over the coframe bundle of (M,°T",Q )

like in the case of Riemann geometry , and so we have the
Webster’s scalar curvature over (M,°T", 8 ) . We write R
for this Webster’s scalar curvature . Let (M,¢T", 8)

be a deformation of the pseudo hermitian structure of
(M,°T", §) . Namely , ¥ is an element of [(M,°T"® (°T")*)
and here we always use the same  as above . Let R({)

be the Webster’s scalar curvature defined by (MﬁbT",e ) .

We consider
1 % $eleTn®(@T")*) , P®@) =0 , R@) =R } ,

where R(yS) means the Webster’scallar curvature defined
by (M,PT", Q ) . Immediately , we have the following
queation . Namely this family has enough deformations

or not .
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We see this . Let g be a real valued ¢” function on M .

And let Xg be a °T" - valued vector field defined by
- e((kg,Y}) = Yg for any Y in T (M,°T")

For any family of deformations ()(:T[, S ) , a family of deformations
of complex manifold N , where M is a real hypersurface of

N , we would like to get a real valued function g(s)

satisfving

there is a C embedding f MAC—%‘Rfl(s)

Xe(s)
where

f = identity
X
g(0)
satisfying
* R(q«s)of ) =R .
Xg(s)

Obviously * 1s a non-linear partial differential equation ,
where unknown function is g(s) . For this equation ,
let Ly(s) be a linear term with respect to g . Then ,

Proposition 1. The principal term of IW%S) is sub-elliptic ,

whivh doesn’t depend on.yb(s) .

Theorem 2. If

E’g : g is a real valued C  function satisfying L.g = O'}

- i’constant functions } ,
then
18 : Pel(m,°T @ (°T)*) , P@) =0, RP) = R ks

is versal .
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Here ‘Y (s) means the corresponding element of fTM,T%@C’T")*)
to (3T, S) -

Details will appear soon in another paper .
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PROPAGATION OF CONVERGENCE ALONG A MOISEZON SUBSPACE

Shuzo IZUMI (JR f§w)
Dept. Math., Kinki Univ., Kowakae, Higashi-Osaka, 577 Japan

I. Formal complex spaces (cf.[Bl,[A-T]).

Let (X,0x) be a complex space and S its subspace defined by ideal
sheaf TCO0x. Then Gx,s::iii@ 0x/1%| s is a sheaf of rings on |S|.
C-ringed space X=X|s:=(|S|,0x, s) is called the completion of X along 8.
Let J be a coherent ideal sheaf of O, s and put A:=spt.0x, s/JC[X]|. A
C-ringed space locally isomorphic to such (A, Ox, s/J) is called a formal
complex space. Its structure sheaf is coherent. Its sections are called
formal functions. Formal complex spaces and their morphisms as C-ringed
spaces form the category of formal complex spaces.

If SCX, we can canonically define a morphism ts:X|s —>X=X|x. If
0:X—=Y is a morphism of complex spaces with @(|S|)C|T|, there exists a
unique morphism 9:X|s—>Y| such that tr:0=0-1,5. We call & the completion
of 0. A morphism of formal complex spaces is called convergent if it is a

completion of a morphism of complex spaces.

II'. Results.

Lemma 1 ([I]). Suppose that SCX is exceptional and that X is irreducible
around S. If global section f&I(S,0x, s) is convergent at £ES, [ is

convergent along whole S i.e. f&TI(S, 0x).

This follows from a corollary of Gabrielov’s theorem [G] (cf.[1],[TD.
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Theorem 2. Suppose that SCX is a (compact irreducible) Moisezon subspace
and that X is irreducible around S. If global section fET(S, 0k, s) is

convergent at £&S, f is convergent along whole S i.e. fET(S,0x).

This follows from Lemma 1 and the theory of positive line bundles and

the complex tubular neighbourhood theorem of Grauert [Gra].

Corollary 3. ([T]). Suppose that S is a compact irreducible Moisezon
subspace and DCS is a Cartier divisor. If A, BC|S|—|D| are compact sets
with interior, then there exists M>0 such that |f]|s=MN?|[f]. for any
feL(dD), where | |:=(the maximum norm) and

L(dD): ={f: meromorphic on S, (f)+dD is effective}.

Theorem 4. Suppose that

(1) SCX is a (compact irreducible) Moisezon subspace such that X is
irreducible around S;

(2) TCY is a complex subspce;

(3) There exists a finite succession ll:Y—>7 of finite surjective
morphisms and modifications of complex spaces such that I(|T|) is one
point;

(4) 9:X|s—=Y|+ is a morphism of formal complex spaces.

Then, if & is convergent at (&S, 8§ is convergent along whole S.
This follows from Theorem 2 and Lemma 6 below.

Lemma 5. Let [I:Y—>7 be a finite succession of finite surjective morphisms
and modifications of complex spaces such that II(|S|)C|T|. Then there
exists a thin subspace WCZ depending only on II such that the following
holds. | |

(1) If K:C| oy —="7|+ is a formal curve which is not contained in W, it has
only a finite number of liftings A:C| (0, —=Y]|r.

(2) If X is convergent, A are also so.
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(2) follows from (1) and Artin’s theorem |A] on analytic equations.

Lemma 6. Let Xl|s, Y|r, Z|r be completions of complex spaces along
subspaces. Suppose that 0:X|s—=Y|+ is a formal morphism and that
M:Y|+—=Z|r is the completion of a finite succession II:Y|y—>Z|r of
finite surjective morphisms and modifications with I(|T|)C|R|). If 1.0 is

convergent, so is 6.

This follows from Lemma 5 and a theorem of [L-M] on convergence along

lines through 0&Cr.
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Some remarks on the construction of regular algebraic surfaces

of general type.

Tadashi ASHIKAGA % 4/ i)

(Miyagi National Coilege of Technology)

§1. Motivation
lLet S be a minimal algebraic surface of general type defined
over. the complex number field C . Denote by pg(S), 012(5) the

geometric genus and the square of the first Chern class of S

respectively. By Noether and Miyaoka's inequalily, we have 2pg(S)
- 4 < 012(8) < 9pg(S) + 9 , pg(S) > 0 and 012(8) > 0. Now we
consider the "type" of the canonical mapping @K of S. The

following proposition is easily proved by the same argument as in

Beauville [BI].

{(1.7) Proposilion. l.Let S be a minimal algebraic surface of

general type.

(1) Assume that @K is generically finite. I[f there exists an

integer 1 such that CIZ(S) < (i + 1)(pg(S) - 2) , then the mapping

degree of @K does not greater than 1

(2) Assume that @K gives a pencil of curves of genus . g . And

assume that there exist integers j and k with 0 < Kk £ j such
that c12<3) C o+ DR, - 1) and p(S) > (J/(k+1)) + 1. Let

ILI be the variable part of the canonical system | K Then the

S['

number of the base points of || is not greater than Kk , and
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g < [(1/2)()] + k)1 + 1 <(where [(1/2)(j + k)] 1is the greatest

integer not exceeding (1/2)(j + K)).

By the above proposition, for any algebraic surface of general

type, the number of the type of mK is finite. For instance:

s

5
(71.2) Corollary. Assume that c¢,"(S) < Gpg(S) - 6 and pg(S) > 6.

1
Then one of the following two conditions is satisfied.
(1) @K is generically finite and deg mK < 5.

(2) @K is a holomorphic map and ¢K gives a pencil of curves of

genus 2 or 3

Proposition (1.1) is not a deep result, because it does not

imply the following well-known facts.

(7.3) Facts. (1) (Beauville [B1) If c12(S) < Bpg(S) - 7, then @K
is a generically finite 2 : 1 mapping.
(2) (Horikawa [H2, §11) If C12(S) < 4pg(S) -7, pg(S) > 5 and

g(S) = 0, then @K does not give a pencil.

Now we prepare the following definition, and consider the next

problem:

(1.4) Definition. We call that S is of type I (resp. of type
I1) when @K is a birational map (resp. a gererically finite 2

map) . We call that S 1is of type <« when S is neither of type

—205—



1 nor of type 1II.

(1.5) Proklem of the geography of surfaces of " fized Type”
Construct "many" examples of surfaces of type [ (resp. of type 1II

or of type o« ).

The geography of surfaces of type 11 is studied by Persson
[P1, Xiao [X] and Chen [C] etc. They used the'double covering method
and the obtained surfaces have pencils of hyperelliptic curves. On
the other hand, "a little" examples of surfaces of type -« are known
([B, §21,[P, 831,[H2, 8§41 etc.).

Now our aim in this note is to study the geography of regular
surfaces of type I . ("regular" means that the irregularity
vanishes.) In 8§82, we study divisors on Pl—bundles over a Hirzebruch
surface. In 83, we study singularities on surfaces. In 84, we
construct some examples of surfaces of type I . The obtained
surfaces have pencils of nonhyperelliptic curves of genus 3

The basic idea in this note was born in usual discussion with

Kazuhiro Konno. And also the results in 83 are in the joint work
with him [AK21. The author would like to express hearty thanks to
him.

§2. Divisors on P'-bundles over a Hirzebruch surface

(2.1) Let Ze be a Hirzebruch surface of degree e , and let C0 , T
be a 0O-section (CO2 = e) and a fiber on Ze respectively. For
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+ Bf)) — Ze be

integers o and B8 , let gt : X = [P(OZ & Oze(aco

e

the Pl—bunble associated with the locally free sheaf OZ & 02 (xC
e

0
e
+ Bf).  Set T = 0,(1), D = n*co and F = m°f. Then the Picard
group of X 1is generated by T , DO and F.
Let x, ¥y, 2 be integers with x > 2. We consider an

irreducible divisor V on X which is linearly equivalent to xT +

yDO + zF. The restriction map HIV : V— Ze is a generically
finite x : 1 mapping. And the general fiber Vt of the
composition map T : V— Ze —_— Pl is a curve of arithmetic genus
BV = (I/2)(x - D+ 2(y = 1)), Let x(0,) , o,° be the
Euler-Poincare characteristic of @V and the self-intersection
number of the dualizing sheaf @y of V. Then ;

(2.2) Proposition. Put N = (1/24)x(x - 1)(x - 2)a(xe + 28) , H =

(1/2)g({(g/(x-1)) + 1)e + xB + 22) , Py = 6(x - 2)/(x - 1) and Py =
(2(3x-4)/(x-1)) - (2x/g). Then we have

X(@V) = N+ H- (g -.1),

2 ,
mv = pN N + pH H - 8(g - 1).

= 0 and pH =

(2.3) Remark. (1) Put x = 2. Then we have N = Py

4(g - 1)/g. The general fiber of 7T : V — Pl is a hyperelliptic

curve. On the other hand, for any surface S of general type which

has a linear pencil of hyperelliptic curves of genus g, we have

C12(S) > (4(g—1)/g)(pg(S) - g). (See Horikawa [H31). For this

reason, we call the hyperelliptic coefficient of V.

Py

(2) Let E be a rank 3 vector bundle on a nonsingular curve C,
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and let m' : Y = P(E) — C be the Pz—bundle associated with E.

Set T' = @Y(l). For x' 2 4 and a divisor A on C , let V' be
an irreducible divisor on Y which is linearly egquivalent to x'T' +
n'*A. The general fiber of n'lv, : V' — C is a nonhyperelliptic

curve of arithmetic genus g = (1/2)(x' - 1)Y{(x' - 2). Then by a

formula of Takahashi [Tal, we have

mv,z = (B(x'-3)/(x'=2))X(0,,) + (x'(x' =B (x'+1)/(x'=2)) (g - 1),
The coefficient 6(x'-3)/(x'-2) is similar to pN So we call
Py the nonhyperelliptic coefficient of V
(2.4 Lemma. Let V be as in (2.1). Set q(¥V) = h'(V, 0,

(1) If o+ y =1 and e + 8 + 2 > 1 , then q(V) wvanishes.
(2) Assume X =23 , ¥y + (x - 2)0u =22 and 2z + (x - 2)8 + e > 2.

Then the rational map associated with the dualizing system Jo of

v/

V is a birational map.

(Z2.5) Lemnma. For a divisor D = xT + yD0 + 2zF on X , the
following are equivalent:
(1) D 1is ample.

(2) D 1is very ample.

(3)y x >0 , v >0, 2z >0 and 8x + z > 0.
Thus by Lemma (2.4),(2.5) and Bertini's theorem, we can give

some examples of surfaces of type . The invarients of these

surfaces are calculated by Proposition (2.2).
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83. Contribution of singularities.

(3.7 In this section, let S be a normal Gorenstein surface. For
an isolated singularity £ on S , let T : S' — S be the minimal
resolution of £. By the spectral sequence HP(S, Rqr*®s,) ==)>
P+d o, - _ -
H (s', OS,), we have x(OS,) = X(OS) pg(&) where pg(ﬁ)
hO(S', th*OS') is the geometric genus of E£. Moreaover there
exists a divisor Zg on S' supported by r_l(E)_ such that B, =
t*m ® 0,,(- Z.). (See e.g.[R1) Thus we have o 2 ® 2, Z 2

S S’ 3 ter ) 'S S £ -
We call (pg(ﬁ) - Zgz) the type of singularity E.

The explicite formulae for calculating the type of singularities
in some special situations are required. For instance, Tomarii{Tol
obtained a certain formula. On the other hand,in case of double
points, HorikawalHl, 821 obtained another formula. His method —
the canonical resolution for double coverings — is useful not only
for calculating the local contribution of singularities but also

controlling all the singularities on a surfacé globally.

Now we extend this method for cyclic triple coverings. (See

[AK?2, §3]). Let W beia nonsingular surface, and let L be a line
bundle on W. Set m : X = P(@W & OW(L)) — W the Pl—bundle, and
set T = OX(l). If we fix a system of fiber coordinate (YO : Yl)
of m : X — W, then any section ¢ € HO(X, 0(3T)) can be written as

R T 75 R VR 7% PR N PR
where @ € HO(W, OCily), 1 < i < 3. We set

13Tl, = ¢ @ € 131l 5 0 = v " « o v, "),
where (@) is the divisor defermined by . We call it the cyelic
subsystem of |3T|. (This situation is natural! in the sence of
Wavrik [W, Theorem 1.21). We call the divisor Bw = (@BL) the
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branch locus of (¢).

For a member S = S, of 13T|g , we can define a commutative

diagram (3.1.1) inductively which satisfies the following properties:

“n u1
S ——e e S5, — §. = §
n 1 -0
(3.1.1) l T jnl lno
W oo W, —— W, = ¥
n T 1 =T 0
n 1
(1) ¥For each i, 1 € i1 < n, T, : wi — wi_l is the blow up of
'wi_l at a singular point Pi of the branch locus Bi—l of Ty
Sior T Wiog-
(2) Set Li = ti*Li—l ® 0 _[mi/B]Ei) where m. is the multplicity
of B. at P. and E. = t. '(P.). Put X, = PCoO, @& 0, (L.))
i-1 i i 1 i i Wi Wi 1
and T. = 0, (1). Then S. is a member of [3T.| on X.. .
i X.1 i i'é i i
Si — Wi is the restriction of the natural projection Xi — Wi.
(3) A natural birational morphism by : Si — Si~1 exists.

(4) The reduced part of Bn is nonsingular, and the singular locus

of Sn is of the form £3 + x2 = 0. We call it the compound cusp.
Let W : S — S be the normalization of S . Then §* is

nonsingular. We call o = L TR T s¥ — $  the canonical

resolution. In general, this is not the minimal resolution. Thus

we get the minimal resolution § of 8 by contracting all (possibly

infinitely near) (-1)curves on S*

We give the fomrula for calculating the difference between

2 2
(x(@S), Wg ) and (X(OS*), mS* ).
(3.2) Proposition. Let S* —— § be the canonical resolution as
above. Then,
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(1) X(@S*) = X(@S) - 2 (1/2)[mi/3](5[mi/3}— 3y + X (1- g(Cj)— Cj2) s

1 J

2 2

(2) 0 %% = 0 % - ¥ 3(2Im./31 - % + ¥ 8(1 - g(C.))
S S : i i 1

where mi is the multiplicity of Bi—l at the center of the blow up

ri : wi — wi_1 . g(Cj) and CJ.2 are respectively the genus and

the self-intersection number in S* of the nonsingular curve Cj

which is a reduced component of the pull-back by ﬂ of the singular

locus of S
n

(3.5) Fxamples. By means of our canonical resolution, we resolve
some isolated singularities P on a surface S, whose local
equationé are of the form EB + f(x, y) = 0. For the convenience of
the reader, we explain by drawing figures. The type of the
singularity is also indicated.

We use the following notations in the figures: The number near

the line is the self-intersection number of the curve.

On W.1 : the line is a component of the reduced branch locus;
the double line === is a component of the double branch locus and
the dotted line ---- is an exceptional curve which is not a

component of the branch locus.
On .S* and § : the line ——— is an exceptional rational curve;
the double line ==== 1is an exceptional elliptic curve and the
dotted line ---- is the inverse image of the branch locus.
Fxample 1: ﬁg + xy = 0 (a RDP of type A2); Type (0: 0).

(See Fig. 1)

Fxample 2: 53 + XB + y3 = 0 (a simple elliptic singularity of type

—211—



Fig.

Ta

o
<
Q
o
=
o
—
L

117}

Fig. 2.

—212—



Fig. 3.
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E. , see [S1); Type (1: 3).

§)
(Fig. 2)
. 3 2 6 _ . e . .
Example 3: £ + x° + y = 0 {(a simple elliptic singularity of type
ﬁg » see [loc. ci1tl); Type (1: 1).
(Fig. 3)
. &9 5 5 _ . . .
Frample 4: E° + x° + y© = Q0 ; Type (3: 10). Compare this with
Tomari [To, (2.9)1].
(Fig. 4)
(3.4)Problen. Extend the method of canonical resolution to more

general case.

We remark that the canonical resolution for cyclic quadruple

covering in some special case is used in the next section.

84 . Construction of surfaces of type 1
In this section, we construct some examples of regular algebraic
surfaces of type 1I.
(4.1) Let &, m, n be integers satisfying
(4.1.1) 0<808<m, d+m+n=22, 40+ n 20, m+n=290,

(8, m, n) # (0, 0, 2).

Let X = PO ® 0 (C. + ££)) be the P'-bundle over the
z z 0
m-4 m—-4
Hirzebruch surface zm—ﬂ of degree m - L. By (4.1.1), there
exists an irreducible normal member S1 0f the complete linear
system 4T + nF| from the argument in [AK1, §21. Then we have
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) = 4L + m) + 3n - 2 ,

Sl
0 > =120 + m) + 8n - 16 ,
S
1
by Proposition (2.2). 11 is easy to see that S1 has n
exceptional curves of first kind. Lét S1 — S0 be the
contraction of these curves. Then we have
X0, ) = xO. ) ,
SO S1
Ge 2 = 12C0 + m) + 9n - 16 = 3x(0. ) - 10
S S
0 0
A calculation show that q(SO) = 0. If SO is nonsingular, SO is
called a Castelnuovo surface of type (L, m, n). (See [AK1l, §41).
Now we construct a normal member s, of | 4T + nF| such that
any isolated singularity of S1 is either simple elliptic
singularity of type ﬁ7 (see [S1) or R.D.P. of type A3.

Let (Y, ¥,) be a fiber coordinate of X — zm—Q and fix it.
We define the good cyclic system 4T + nFl@? of 4T + nF| by the
following:

(1) Any member @ of |4T + nFlgg is written as

_ 4 4
¢ = Che Yy 7 w4CO+(4Q+n)f Yoo

where wnf and w4co+(4co+n)f are members of the linear system

Inf| and |4C_, + (42 + n)f| on I

0 m—4
(2) The branch locus Bw::

respectively.

( Q4CO+(4Q+n)f ) is reduced.

(3) The divisor B@‘:: (@ ) is reduced and does not meet the

nf
singular locus of Bw. We call it the assistant branch locus of (¢).
We construct a member S1 of 4T + nFI@g by the following;
Let 8, kO, k_ be nonnegative integers satisfying
(4.1.2) ko <2m-490) +8, k<8, 4L +n - 28 >0

—215—



Denote by C_ the «-gsection of Zm—ﬂ' We fix ko general points

1,....,pk0 on CO , and fix Kk_ general points }k0+1,-...,PkO+km

on C_ . Then by (4.1.2), we can choose members B! (i =1, 2) of

(o 9]

i

Persson's subsystem [2C, + Bfly, (see [AKI, §61) such that B (i =
1, 2) pass through Pl’ ----- ,Pk0+kOo We put
. 2
B : =B + B + (492 + n - 28)f.
B is linearly eguivalent to 4CO + (49 + n)f. Put Kk = ko + K
Then we have Kk < 2(m - ) + 28 < 4(m + n) + n. We assume that B

is a reduced divisor such that (1> B has k infinitely close

double points, and (2) other singularities of B are at most

ordinary double points. Let B' be n distinct fibers which does
not pass tﬁrough Pl’..."Pk0+km' ‘Then we can define a member S1
of 4T + nFlgg whose branch and assistant branch respectively are
B and B'. S1 has Kk ﬁ7—singularities and other singularities
are R.D.P. of type AB'

Let § — S1 be the minimal resolution of singularities of
Sl' Since §7 1s of type (1: 2) in the sence of (3.1), we have

X(Op = x(0g ) -k, oy” = mslz - 2k

Now we have the following lemma:

(4.7) Lemna. If k<20 + m+ n - 2 , then S is a minimal regular

surface of type 1
For the proof of this lemma, the method of canonical resolution

of cyclic quadruple covering is applied. From the above argument,

we have the following proposition:
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(4.3) Proposition. Let x, y be any integers satisfying

3x - 7 <y < (18/5)x - (28/5) and x = 4 . Then there exists a
minimal algebraic surface S of general type such that

(1) p (8 = x ¢,%($) =y and q(8) = 0,

(2) the canonical map @K of S induces a birational map,

(3) 5 has a linear pencil of nonhyperelliptic curves of genus 3.

(4.4) Remarks. (1) Let S ©be a surface such that QK of S 1s

birational. Then by the Castelnuovo's second inequality ([BPV,p2281)
9

we have cl“(S) > 3pg(S) - 7. The surfaces with 012 = Bpg - 7 are

studied -in [AK11.

(2) We consider surfaces which have pencils of nonhyperelliptic

curves of genus = 4. By Proposition (2.2) and the similar method as
in §4, it seems that one can obtain "many" regular surfaces of type I.
(3) Let 2 be a geometrically ruled surface of genus > 1. Let X
be a Pl—bundle over 2. Then by the similar method as in this

nete, one can obtain irrugular surfaces of type 1. The obtained
surfaces in this method cover "very wide area"™ in the domain 2x - 6
< c < 9x.

1 .
The detail will be published in our forthcoming paper.
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Hypersurface sections of toric singularities

. o
Hiroyasu Tsuchihashi (I I % éé‘)

Introduction. We can obtain much information about
hypersurface singularities { £f =013 in ®n+1 by the Newton
polyhedra F+(f) C Rn+1 of the defining equations f. ( For
instance, see {51 and [(r1y]. > Also for hypersurface sections
X, x) of a toric singularity (Y,y), we can define the Newton
polyhedra and almost all of +the results in [5] and [11}] are
valid. On the other hand, we obtain as (X, %) many
singularities, a part of which are not complete intersection,

such as 2-dimensional cusp singularities with multiplicities

greater than 4 and a 3-dimensional singularity with a
resolution whose exceptional set 1s an Enriques surface.
Moreover, we easily see what singularities appear in small

deformations of X which are still hypersurface sections of
Y. For instance, if the ambient space Y has only an isolated
singularity, then these singularities (X, x) are smoothable.

Hence we can obtain examples of smoothable cusp singularities.

In this paper, we are mainly concerned about singularities
(X, x) with the plurigenera Sm(X,x) which are not greater
than 1 and at least one of which is equal to 1. ( For the
definition of plurigenera, see [117]. ) We call such
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singularities, periodically elliptic singularities, following
Ishii[2].

In Section 1, we recall some facts about toric
singularities, necessary in this paper.

In Section 2, we show a sufficient condition on the Newton
polyhedra of defining equations f of X, under which (X, x)
are periodically elliptic singularities and give some
examples.

In Section 3, we show a sufficient condition on a
3-dimensional non-terminal Gorenstein toric singularity (Y,v),s
under which hyperplane sections X, x) of (Y, y) are simple
elliptic singularities or cusp singularities. We can determine
the multiplicities of these singularities.

In Section 4, we show that if Hl(X \ {x},i*GY) = 0 and
dim X =z 3, then we can concretely construct a locally
semiuniversal family of deformations of (X, x) and that any
small deformation of (X, x) is also a hypersurface section of
Y, where i ¢ X = Y is the inclusion map and @Y is the
tangent sheaf of Y. The above condition 1is satisfied, if Y

is a quotient of ®n+1

, by torus actions.

We use the notation and the terminology in [4] freely.

I would 1like to thank Professor M. Tomari who pointed out
me the facts that hypersurface sections (X, x) of toric

singularities (Y, v) are Cohen-Macaulay and that (X, x) are

smoothable, if Y, y) is an isolated singularity.
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§1 Toric singularities
Let N be a free Z-module of rank n+1l and let NR‘ =
N@ZR. Let M = Hom(N, Z) be the Z-module dual to N with the
caﬁonical pairing < , > : M X N - Z. Let o = Rgoul + R;Ouz +
+ R;OUS be an (ntl)-dimensional strongly convex rational

prolyhedral cone in Nyp. Let Y be the complex space
R

associated to Spec (C[M N 0*]) and 1let e(v) : Y » € Dbe the

natural extension to Y of the character v 8 1gx Ty ¢
for each v in M n G*, where o¥ is the dual cone of o
and TN = Spec (C[M]) ( = ((EX)n+1 ). Then any holomorphic
function f on a neighborhood U of y = orb(o) (= {x €

Y | e(v)(x) = 0 for any v € (O*\{O}) nM?1 ) is expressed as
the series:

f =1y e nuM v
Hence we - can  define the Newton polyhedron F+(f) and the
Newton boundary - ' (f) cf f 1in the same way as 1in the case
of Y = ®n+1. Namely, F+(f) is the convex hull of
UCV#O v + O* and ['(f) is the union of the compact faces of

. Let D = D1 + D2 + ... + D where Di is the closure

S’

of orb(RZOui) (={xe¥Y Il ew)(x) =0 for any v € o nM

with <v,ui> > 0 3} ). Here we note that Y \ D = TN and that

Y is a Cohen-Macaulay space by [4, Corollary 3.9]. Let
{Vl’VZ’ o ’Vn+1} be a basis of M and let w; = e(vi) for
i = 1 through n+l. Then (WisWos  wve W) is a global
coordinate of TN' L.et v = (dwl/wl)A(dwz/wz)A
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A(dwn+1/wn+1). Then v is a nowhere vanishing holomorphic
(n+1)-form on TN whose natural extension to Y has poles of

order 1 along D.

Definition 1.,1. (Y, ) is said to Dbe r-Gorensteiln, if
there exists a nowhere vanishing holomorphic r-ple (ntl)-form
on U \ Sing(U) for an open neighborhood U of N where

Sing (U) is the singular locus of U.

Since (Y, v) is a Cohen—-Macaulay singularity, (Y,y) is

Gorenstein, if it is 1-Gorenstein.

Proposition 1.2. Y, y) is r-Gorenstein, if and only if
there exists -an element v in MQ' such that rvy € M and
that <v0,ui> = 1 for i =1 through s, where we assume that
Ug, Up, oo and u, are primitive elements in N.

( Here we note that the above Vg is wuniquely determined by

o, if it exists. )

Proof. Let Vo be an element in M@, satisfying the above
condition. Then 6 i = e(rvo)\)r is a nowhere vanishing
holomorphic r-ple (ntl)-form on Y \ Sing(Y¥), because e(rvo)
has zeros of order <rvo,ui> =r only along D. Conversely,
assume that (Y, v) is r—-Gorenstein, i.e., there exists a
nowhere vanishing holomorphic r-ple (ntl)-form ] on
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U \ Sing(U) for an open  neighborhood U of . Then f :=
G/vr is a holomorphic function on U \ Sing (U) which does not
vanish on TN nu and whose vanishing order at D-l is equal
to r. Since the codimension of Sing(Y) is greater than 1,
f is extended to U, by [1, Chapter 11, Coroliary 3.127.
Hence f 1is expressed as the series XVE(G*\{O}) n M cve(v).
Suppose that F+(f) has a compact face A with dim A 2 1.
Then there exist a primitive element ug in Int(o) NN and a
positive 1integer t such that <V,u0> =t ( resp. >t ) for
any element v in A ( resp. F+(f) \ A ). Let YO be the

complex space associated to Spec(C[(R;OuO)* n Mj) and let DO

= orb(Rzouo). Then we have a holomorphic map 7 : YO - Y such
1

that HITN = id and that n ot (y) = Dg» Dbecause R juy <
Int (o). Take a Dbasis {vi,vé, .o ,vﬁ+1} of M so that
<vi,u0> = 1 and that <vi,u0> = 0 for 1 = 2 through n+l.
Let zZ; = e(vi) for 1 = 1 through n+l. Then DO = { z; =
_ t t+1 t+1i
0 1} and f = z {8 + z{ "8y t ... z{ gy t ... on U N TN’
where g; = XVELi cye(v-(t+i)vy) and L; = { v € Fo() n M|
<v,u0> = t + i }. Here we note that g; are polynomials with
variables z,5, ... , 2z, ,; and that 8o = ZVEAHM c,e(v-tvy) is
not a monomial, because the cardinal number of {veAnMI

Cy Z 0 } is greater than 1. Hence Iy’ € Un TN f (go toz.8
. Y{(y’>) = 0%} # ¢, because Y \ DO = TN. Then { must
vanish at a point of U n TN’ a contradiction. Therefore, any

compact face of F+(f) is a point. This implies that T (f)
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%

consists of only one point Vé. Hence F+(f) = Vé + o .
Therefore, <vé,ui> < <v,ui> for any element v in F+(f) n M
and for 1 = 1 through n+l. Since the wvanishing order of f
at Di is r, we have <v6,ui> = r. Hence the point Vg =
%vé satisfies the condition of the proposition. q.e.d.

Remark, If N = Zn+l and o = (Rgo)n+l, then Y is
isomorphic to ®n+l and the point v corresponds to the
origin. Clearly Vg < (1,1, ... , 1) satisfies +the condition

of the above proposition, if we identify M with N, by the

canonical inner product.

§2 Hypersuface sections

Let f be an element of the maximal 1ideal L of Y
at Vs let X = {f =0} and let x = y. Throughout the rest
of this paper, we assume that X 1s irreducible reduced, that
(X, x) 1s an 1isolated singularity and that X n Sing () = {x}.
By [1, Chapter I, Proposition 1.6 (ii) and Corollary 4.47, we

have:

Proposition 2.1 (X, %) is a Cohen-Macaulay and normal

singularity.
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Assume that f = XVE(O*\{O}) n M cve(v) is non—-degenerate,

i.e.,
af \/owy = af /0w, = = of /9w, 4y 0
has no solutions in TN =Y \D ( ~ ((DX)n+1 ) for each face
A of ey, where fA = XVEA n M cve(v) and (wl,wg,
’Wn+1) is a global coordinate of TN.
Theorem 2.2, Assume that Y, y) is r-Gorenstein, (
that Y, y¥) "is not r’-Gorenstein for 1 £ r’ <r ) and let Vi

be the element satisfying the condition -of Proposition 1.2.

Then (X, x) is r-Gorenstein. Moreover, if Vg is on TI(f),

then

I

1 for m 0 mod r

§p X x) = |
0O for m Z0 mod r.

( See [l11], for the definition of Sm(X,x). )

For the proof, we need some preparations. For u € o, let
d(u) = min { <v,u> | v € F+(f) } and let A(u) = { v € F+(f) f
<v,u> = d(u) }. For a face A of 1[I (f), let A* = {u € o |
A(wp > A }. Then TI*(f)y := { A | A is a face of
F+(f) r u {0} is an r.p.p. decomposition of NR with IF*(f)l
( = U4 4 A¥ = 0. Let I* be a subdivision of F*(f)

AT el ()
consisting of non-singular cones and let ¥y = TNemb(Z*). Then
we have a resolution T : ¥ >5Y of VY. Let X be fhe proper
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transformation of X under T and let E = ﬁ n H_l(x). Then

J ( 1= ng )y X > X is a resolution of X whose exceptional
set is E. Assume that u 1is a primitive element in N and
that Rzou is a 1-dimensional cone in ¥ with dim A(u) 2

1. Then we denote by E(u) the closure of orb(Rzou) n g ( #

g ). Recall that g = e(rvo)vr is a nowhere vanishing r-ple
(ntl)-form on Y \ Sing(Y). Let © = Res(o/fY), i.e., o =
ngnU(dwlA . /\dwn)r on X n4uyu, if 8 is expressed as
g(dedwlA “ e /\dwn)r on an open set U of Y.

Lemma 2. 3. meg has zeros of order Qr(<v0,u>, - 1 -

d (u)) along E ().

Proof. The 1lemma follows from the fact that e(rvo),
v’ and fY¥ have =zeros of order r<vo,u>, -r and rd (u),

respectively, along orb(RZou). q.e.d.

Proof of Theorem 2.2, Since ] is a nowhere vanishing
holomorphic r-ple n-form on X \ {X}, we see that (X, x) is
r—Gorenstein. Assume that Vg is on T(f). Then <vo,u> =
d (u) for any u in Int (o) 0 N. Hence the nowhere vanishing
holomorphic Qr-ple n-form n*mg has poles of order at most
2r along each irreducible component of the exceptional set E,

by Lemma 2. 3. On the other hand, F+(f) has a compact face

AO containing Vg with dim AO 2 1. Otherwise, F+(f) = v %
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X

o and hence f = e(vo)g for .a holomorphic function g on
Y. Then since [e(vO)] = rD, we get a contradiction to the
assumption that X is irreducible. Hence we can take a
subdivision Z* of F*(f) so that A(uo) = AO for a
1~-dimensional cone A¥ R;OUO in = ¢¥. Then ug € Int (o),
orb(A*) n X 7 $¥ and <V0,uo> = d(uo). Hence K*mg has poles
of order r along the irreducible component E(uo) of E.

Therefore, SQr(X,X) = 1. Next, assume that m #Z O mod r and

let n be an element 1in HO(X \ {X},@X(mKX)). In the
following, we show that n is in Lz/m(X N {x}). Take n
elements Vs Vo C e and Vn in M so that {rVO’Vl’
,vn} is a basis of M. Let W = e(rvo) and let w; o=
e(vi) for i = 1 +through n. Then (WO’Wl’ SN ,wn) is a
global coordinate of TN‘ Let M’ =M + ZVO and let N’ = { u
€ N | <vv,u> € Z for any v’ € M> } (= {u € N | <V0,u> € 7}
). Then the inclusion N’ - N induces a holomorphic map P
Yy - Y, where Y’ is the complex space associated to
Spec (C[M’ n G*]). Since {VO’VI’ .o ,vn} is a basis of M,
(ZO’Zl’ ... ,zn) is a global coordinate of TN’ = Spec(C[M’}1),
where Z; = e(vi) for i = O through n. Clearly, m*wo =
(zo)r and @*wi = z; for i = 1 through n. Hence ¢ 1is the

quotient map under the group <t> generated by - the element t

= (s, 1, A in TN” where § is a primitive r-th root
of 1. Moreover, ® 1is unramified over Y \ Sing (), because
8 = wo((dwy/wy) Aldw /WA L Adw /W )) T ( resp. g’ :=
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zo(dzo/zo)ﬂ(dzl/zl)A e A(dzn/zn) ) is a nowhere vanishing

holomorphic r-ple (nt+l)-form on Y \ Sing (Y) ( resp.
(ntl)-form on Y’ \ Sing(Y¥’) )} and @*6 = (rB’)r. Hence the
set of the singularities of X®’® := @_1(X) consists of only one
point x’ := @_1(x). Let o’ = Res(e’/@*f). Then @’ is va
nowhere vanishing holomorphic n-form on X’ \ {x’} with t*m’
= EQ®’, because t*zo = Ezo and t*(dzi/zi) = dzi/Zi for i =
0 through n. Hence A@*n = g(m’)m for a holomorphic function
g on X’. Since t¥(¢'m = ¢*n ana t*@wH™ = t¥gMn)T,
we have t¥g = g Mg, Since g™ # 1, we have g(x’) = O.
Hence @*n = g(m’)m € Lz/m(X’ \ {x’}), because (K’)*m’ €
Ho(i’,G(K§,+E’)), for any resolution i’ : (i’,E’) - (X’,x)
of (X’,x7). Therefore, 11 € Lz/m(X \ {x}). Thus we conclude
that Sm(X,x) = 0. g.e.d.

We can obtain a system of defining equations of X from

those of Y and f.

Proposition 2.4, If f £ m% v { resp. f € m%

- 2 a3 2 _ . 2
dim mX,x/mX,x = dim mY,y/mY,y 1 ( resp. dim my,y/my’y ).
Proof. We have the following exact sequence.

a , 2 2 2
0 = T-0y y/(E-Oy yMmy o) = Wy /Wy o = Wy o /wyg o > 0.
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We easily see that dim f'@Y,y/(f'OY,ynmg,y) = 1 or 0,

- 2 2

according as f £ my,y or f € mY,y' q.e.d.
Assume that d* N M is generated by m elements Vi Vo
s Vi and let z; = e(vi), for 1 =1 through m. Then we
have the embedding i : Y 3 p P (zl(p),zz(p), .. ,zm(p)) €
c™. Assume that i(Y) is defined by g;(2) = g,(z) = =
gt(z) = 0, where =z = (Zl’ZZ’ ... ,zm). If f € mg,y, then X
= { £ = 0 1} is isomorphic to the subvariety in ¢™ defined
by %(z) = gl(z) = ... = gt(z) = 0, where %(z) is a
holomorphic function on ¢™ with i*% = f. Next, assume that
we can exXpress f(z) = zZy - h(z2, ‘e ,zm). Hence f £ mg’y.
Then X is isomorphic to the subvariety in Gm_l defined by
gi(w) = gé(w) = ... = gé(w) = 0, where W = (ZZ’ e ,zm) and

gj,- (W) = gi (h(w))ZZs L) 1Zm)'
Example 1. Let n =2, let {ul,uz,us} be a basis of N

and let {Vl,VZ,V3} be the basis of M dual to {ul,uz,us}.

Let o = Rgo(u1 + u3) + R;O(u1 tou, + u3) + B gO(u2 + u3) +
R;O(_ul + ug) + Rgo(—ul - u, + oug) 4 Rgo(—u2 + ug). Then
Y,y) is Gorenstein and Vg = Vg satisfies the condition of
Proposition 1. 2. We see that 0* n is generated by QO =
Vi, £y = vyt Vg, L5 =V, t Vg, Qg = ~vy + Vo t Vg, £, = vyt
Vg QS = "V, t Vg and QG = vy - v, f Vg- ( See Figure 1. )
Hence Y is isomorphic to the subvariety in 67 defined by
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the equations (1) ZgZ1 T ZgZp T ZgZg T Z4Zg T ZaZg T ZoZ, T

— - _ - _ _ 2 _ .2 _
20%4 Z23%5 T Zg%p T Z4%g T ZgZg T ZgZ) T Zg T 2124 T Zg T ZpZs
= zg T ZgZg = 0, where Z; = e(Qi), for i =0 through 6. Let
f = zZg -~ z% - zg - ... - zg. Then (X, x) is a cusp

singularity with a resolution 7 : (ﬁ,E) - (X, x) such that the
exceptional set E is a «cycle of six rational curves whose
2

self-intersection numbers are all -3. Since f £ My v we see

that X is isomorphic to the subvariety in G6 defined by the

equations obtained from the above equations (LY, replacing Zq
by z% + z% + ... + zg.
Example 2. Let n, {ul,uz,us} and {Vl’VZ’VS} be the

same as in Example 1. Let o = IRZO(u1 + Zus) + Rzo(u2 + 2u3) +

Ryg(uy + 2u, + 2ug) + Ryg(2u; + u, + 2ug). Then (Y,y) is

2-Gorenstein and Vg = %VS satisfies the condition of
Proposition 1. 2. We see that 0* N M 1is generated by 21 =
-2vy — 2v, + 3vg, Lo = —vy + Vgs R3 = —2vy + 2vy t Vg, &y = Voo
L5 = 2vy + 2v, = Vg, Qg = Vys 89 = 2vy - 2V, + vy and Qg =
Vv, t Vg { See Figure 2. ) Let z; = e(Qi) for i = 1
through 8 and let f = Zo T Zy o+ Zg + Zg- Then { is
non—-degenerate, X, x) is an isolated singularity and
X N Sing (Y) = {x}. Moreover, (X, Xx) is a quotient of a simple

elliptic singularity.
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Example 3. Let n = 3, let {ul,uz,u3,u4} be a basis of
N and let {Vl’VZ’VS’V4} be the basis of M dual to
{ul’UZ’US’u4}' Let c = ]Rzo(u1 tou, 2u4) + Rzo(u1 t oug +

2ug) + Ryg(uy + ug + 2uy) + Ryp(ugp + up + 2ug + 2uy) + Ryg(up +

2u2 + ug f 2u4) + RgO(ZU1 +t U, toug + 2u4). Then (Y, y) is
Z2-Gorenstein and vg = %v4 satisfies the condition of
Proposition 1.2. We see that ol N M is generated by 21 = vy

-V, T Vg .V, Ly = Vy =V, + Vg, g = vy + Vo + Vg — Yy, Ly =

vy + Vo T Vg, 25 = Vg TV, T Vg + 2V4, 26 = vy TV, + Va +
Var g T TVt Vp t Vg g = mvy Uy VgtV Rg TV Ryg F
Vo v Vg Ry T V3 R4 T Vp &3 = vz t vy and Ry, T o-vy
Vg ( See Figure 3. ) Let z; = e(Qi), for 1 = 1 through 14
and let f = X1§i§14 Z;. Then f 1s non-degenerate, (X, X) is
an isolated singularity and X N Sing(Y) = {x}. Let Yy o= {
faces of Rzo(u1 + Us + Uqg + 2u4) + T | T are 3-dimensional
faces of o} and let Y = Tyemb(I). Then £ = [*(f) and ¥

is the blowing up of Y along y = orb(o). Although ¥ has

singularities, X n Sing(f) = @, where X is the proper
transformation of X under the Dblowing up n : ¥ - V.
Moreover, H—l(y) n X = E (uy+tus+tus+2uy,) is an Enriques
surface. Fach of small deformations X8 = {f =¢} of X

has eight iscolated quotient singularities.
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§3 Hyperplane sections of Gorenstein toric singularities

We keep the notations of the previous section and
throughout this section, we assume that (Y, yv) is. an
isolated ( , i.e., each n-dimensional face of c is
non-singular ) non—-terminal and Gorenstein singularity.

Hence (Y,y) is a canonical singularity of index 1 and the

set L = { u € Int(o) N N | <v0,u> =11 is non—-empty, by
[6, pP294]. Moreover, we assume that X = { £ = 07} is a
generic hyperplane section, i.e., f =} cve(v) with Cy Z 0,
for the generators v of o* i M.

Proposition 3.1. Under the above assumptions, (X, x) is a
purely elliptic singularity, i.e., Sm(X,x) = 1 {for each
positive integer m.

Proof. Let ug be an element in L, Then <vo,u0> = 1

and { v € o <v,ug> 2z 1 } 2 the convex hull of (d*\{O}) n™

Xk

= F+(f) 3 VG- Hence the set {v € 0o | <v,up> = 1 Ton F+(f)
is a compact face of F+(f) and contains vg- Therefore, Sm =
1 for each positive integer m, by Theorem 2. 2. qg.e.d.

Remark. If Y, y) is non-terminal and canonical of index

r > 1, then Vg £ oF \ Int(r+(f)). There are examples with V0
£ F+(f), as well as examples with vy € (f). Hence (X, x)

may mnot be a periodically elliptic singularity in contrast with
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the above proposition.

Ishii [3] and Koyama independently showed that a
2-dimensional purely elliptic singularity is a simple elliptic

singularity or a cusp singularity.

Proposition 3. 2. When n = 2, (X, x) is a simple elliptic
singularity ( resp. a cusp singularity ), if the cardinal

number of L is equal to ( resp. greater than ) 1.

Proof, First, we consider the case that L consists of
one element ug- For each 2-dimensional face T = Rzou’ +
Rgou" ( {u*,u"} c {ul,uz, . ,uS} ) of o, {uo,u’,u"} is a

basis of N, because <V0,u0> = <v0,u’> = <vo,u"> = 1 and the

triangle spanned by ugs u’ and u" contains no elements 1in
N except Ugs u’ and u". Let {vT,v’,v"} be the basis of
M dual to {uo,u’,u"}. Then <VT,UO> = 1 and <vT,u’> =
<vT,u"> = 0. Hence o is generated by o and [ (f)
consists of one face which is the polygon spanned by Vo for
all 2-dimensional faces T of o. Therefore, F*(f) = { faces
of Rgouo + T I T are 2-dimensional faces of o } and the
exceptional set E = E(uO) of the resolution of (X, x)
obtained from F*(f) is a non-singular curve. It should be
elliptic, because Sm(X,x) = 1.

When the cardinal number of L 1is greater than 1, we easily
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see that there exist at least two 2-dimensional compact faces

of F+(f) containing v which we denote by Al and AZ'

Then AT = Rgoui and A§~= Rgoué for primitive elements uj
and ué in Int(oc) N N. such that <v0,ui> = d(ui) and that
<vo,ué> = d(ué). Hence the exceptional set E of the
resolution I : (i,E) ~ (X, x) of (X, x) obtained from any
subdivision of F*(f) contains two 1irreducible components

E(ui) and E(ué) along which H*m has poles of order 1, by

1l

Lemma 2.3, where A} Res(e(vo)((dwl/wl)A
A(dwn+l/wn+1))/f). Therefore, (X, x) should not be a simple

elliptic singularity. q.e.d.

Since (Y, ) is an 1isolated singularity, (X, x) is

smoothable. On the other hand,. Wahl[9,10] - showed that 1if a

simple elliptic singularity ( resp. a cusp singularity )
(X, x) is smoothable, then mX) £ 9, ( resp. m (X) - (X} <
9, where D) is the number of the irreducible components
of the exceptional set E of the minimal resolution of

(X, x) and m (X) is the multiplicity of (¥, x), which is equal

to -E2, if -E2 > 3.

Proposition 3, 3. Assume that the cardinal number of L is

equal to 1. If o is an s-gonal cone, then ~E2 = 12 - s.

( Therefore, —E2

IIA
o]
S
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Proo+. Let L = {uo}. Then ‘F*(f) = { faces of R>Ou0 +

T | T are 2~dimensional faces of o } consists of
non—-singular cones, by the proof of Proposition 3.2. Hence we
obtain resolutions mn : ((,F) > (Y,y) and T = m5 ° (X, E) -
(X,x), where Y = Tyemb(I"(f)), F is the closure of
orb(RgOuO), X is the proper transformation of X under i
and E = X-F. Let 51 be the proper transformation of Di
under T and let E; = F-D,. Since F + X = [I"f] and F +
ﬁl + ﬁz + ...+ ﬁs = [H*e(vo)] are principal divisors, we
have -Efy = -F2-X = F-D% = I, F-DY + 211 <j<jesF Dy Dy =
(zléigsEilF) + 28 = 3(4 - s8) + 28 = 12 - s, because F is a

non-singular toric variety whose l-dimensional orbits are El’

E2, ... and ES. qg.e.d.

Proposition 3.4. Assume that the convex hull of L is a
polygon. If o is an s-gonal cone, then —Ez - QX)) = 12 -
s. ( Therefore, -E° - 2(X) < 9. )

Proof. Let P ( resp. Q) be the convex hull of L (

resp. { u€e on NI <v0,u> =11} ). Then @ {u € ol <v0,u>
= 1} and Int(Q) > P. Take a triangulation A ( resp. A )
of P ( resp. Q@ \ Int(P) ) so that the set of the vertices of
A ( resp. A’ ) agrees with P n N =L ( resp. (@ \ Int(P)) N N
). Let eqs e and e, ( resp. eé, ei and eé ) be the

numbers of the vertices, edges and faces, respectively, of A (
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resp. AN Y- Then eq ~ €y + e, = 1 and- eé - ei + el = 0,
because P and @ are polygons. Let £ be the number of the
vertices on the Dboundary 3P of P. Then eé = 8 + s and

Seé = Zei - (2 + s), because the number of the vertices ( resp.

edges ) on the ©boundary of Q@ \ Int (P) is equal to @2 + s.

Hence by an easy calculation, we have ei = 2(2 + s). Since []
= AU N is a triangulation of Q, we see that [& := { Rgof
| T are simplexes of [1} U {0} is a subdivision of F*(f)
and consists of non—-singular cones. Hence we have a
resolution I : (¥,F) - (Y,y), where ¥ = Tyemb(£*). Let D,
be the proper transformation of Di under T and let 5 = 51
+ 62 + ...+ ﬁs' Then A and [l are the dual graphs of F =
F1 + F2 + ... + FeO and F + ﬁ, respectively. Since X + F =
[H*f] and D + F = [H*e(vo)] are principal divisors, we
have 0 = F;-F;-(D + F) = F{-F; + F;-F5 + 2, if F; n F, # ¢
and ~E%y = ~F2.% = F.D2 = +

~Z
I % Ligigey (P1giss¥i P

~ ~ N ’\'2 ~ R
2X1§j<k§sFi'Dj'Dk) = X1§i§90,1§j§sFi'Dj + 2s, where X 1is the
proper transformation of X wunder J and E = X-F. On the
other hand, since each  irreducible component F-l of F 1is a
non-singular toric variety with Fi \ (F + D - Fi ) as the

algebraic torus, we have }. -F--Fg + 3 F--ﬁz = 3(4 - d4.),
iZj 1 7] 1£5kss™ 1 “k i

where di is the number of the double curves on Fi' Hence by

taking the sum of the self-intersection numbers of the double
curves Fi-Fj and Fi'ﬁk on the 1irreducible components Fi

'\.2_ _
of F , we have —Ze1 + Eléigeo,1§j§sFi‘Dj = Zl§i§903(4 - di) =
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2~

12e0 - 3(291 + @ + s5) = 1280 - 691 - 32 - 3s. Therefore, _EIX
= 1Zeo - 6e1 - 38 - 3s + Zel + 25 = 12eO - 491 - 32 - s = 1290
- 12(—31 + 1292 + -5 =12 + 2 - s, because Sez = 2e1 - L.
Thus we obtain -EZ4 - g =12 - s. Here we note that & 1is
equal to the number of the irreducible components of E,

because X NF. # & if and only if D n F. # # and then

i

X n Fi is irreducible. Also we note that although (ﬁ,E) is
not a minimal resolution, the contraction of a rational curve
Ei with E? = -1 does not change the number —E2 - £,
because E is a cycle of curves. Thus we complete the proof.
q.e.d

Examples, VIn the following table, E = El + E2 S + EQ

is the exceptional set of the minimal resolution of (X, x)

such that Ei'Ei+1 = 1 for each 1 € Z/%Z.

generators of (0] 2 —Ez,—Eg, .o ,—E%

(0,0,1), (5,2,1), (3,5,1) 6 5,4,5,4,5,4
(0,0,1), (4,1,1), (3,4, 1) 6 7,2,7,2,7,2
(0,0,1), (8,3,1), (5,8, 1) 9 °,4,3,5,4,3,5,4,3

(0,0,1), (7,2,1), (5,7,1) 9 5,9,2,95,5,2,5,5,2

(G,0,1), (7,3,1), (4,7,1) 9 6,4,2,6,4,2,6,4,2
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§4 Deformations

We assume that n = dim X 2z 3, throughout this section.
Let U = X \ {x} and let W = Y \ {y}. Then we have the
isomorphism T% ~ Hl(U,GU), by Proposition Z.1 and (7, Theorem
21, where T% = HO(X,®§) is the tangent space to the formal
moduli space . of X and @U is the tangent sheaf of u.

Consider the 1long exact sequence arising from the short exact

sequence of sheaves:

0—>@U->i*@w->/v—>o,

where 1 : U <= W is the inclusion map. Here we note that the
normal sheaf N = GU(U) is isomorphic to the structure sheaf
OU’ because X is a principal divisor on Y. Let {91,62,

,62} be a basis of the image of the map § : HO(U,N) -

Hl(U,@U) and let g5 be an element of HO(Y,@Y) whose 1image

is 65 under the composite of the surjective maps HO(Y,OY) =
HO(W,0,) - HO(U,0p) = HO(U, ) and HO(U, /) > Im(§). Let I =
{ {(z, t) €E Y X A | f(z) + tlgl(z) + tzgz(z) + ...+ tggg(z) =

O and let 7N be the restriction to X of the projection

Y XA - A where A = { (ti5to, -o. , to) €€ 1 1t.1 < £}
1°tp 0 j

Then xn is flat, by [1, Chapter V, Corollary 1.5]. Let U be
the open set of X on which» A is smooth. Then we obtain a

family ST U -> A of deformations of the complex manifold

3 —

U. Moreover, by an easy calculation, we have p(
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for j = 1 through &, where 0 : Tg(A) - H!'(U,8y) is the
infinitesimal deformation map. Hence 0 is injective and if

Hl(U,i*@w) = 0, then p is surjective.

Theorem 4.1. If Hl(u,i*@W) =0, then & : X -» A is a

locally semiuniversal family of X.

Proof, Recall that T% is defined by the exact sequence

0 - Hom(®}, 8,) - Hom(j¥*el ., 6,) - Hom(I/I%,0,) - Ti 5 0
x Ox o Ox X X

d
obtained by the exact sequence of sheaves; I/I2 - j*QlN - Q% -

0, for an inclusion j ! X <= GN with the ideal sheaf I. On

the other hand, we have the exact sequence

0 - Hom(gé,@X) N Hom(j*QlN,GX) > Hom(Im(d), Oy)
T
1

- Ext
O.
X

(24, Op) > 0,

by the short exact sequence of sheaves: 0 -» Im(d) - jxﬁlN - 91

X
- 0. Since the support of ker (d) is {x}, we have
Hom(Im(d),Ox) = Hom(I/IZ,GX). Thus we have the canonical
isomorphism EXtéX(QéfOX) ~ Ti. Hence the infinitesimal
deformation map TO(A) - ExtéX(Qi,Gx) for the family wm : r -
i is Dbiljective. Then by [8, Theorem 6.17, n X > A is

locally semiuniversal. q.e.d.
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Corollary  4.2. If gl (u,i*8y = 0, then any small

deformation of X 1is also a hypersurface section of Y.

Proposition 4, 3. If o 1is a simplicial cone { hence Y

is a quotient of @™l ), then Hl(U,i*@w) = 0.

Proo+. L.et 21, 22, .o and Qn+1 be the generators of
o and let N’ = ZQl + ZQZ + ... +ZQn+1. Here we may assume
that Ql, Qz, ‘e and Qn+1 are primitive elements in N.
Then the inclusion N’ <> N induces a holomorphic map ¥
- Y, where Y’ = TN,emb({ faces of o }) = ®n+1. Let U’ =
@—1(U). Then @IU’ : U - U is unramified, by the assumption
X n Sing(Y) = {x}. |Hence H!' (U i%*ey) = w' (U’ ,n%*eyH% =0,
where h : U’ = Y’ is +the 1inclusion map and G is the

covering transformation group of . q.e.d.

Example, Let X’ be the hypersurface of C4 defined by
z% + zg + zg + zg = 0 and let X = X’/G be the quotient of
X’ under the group G generated by (1, 5,8, %), where £ is a
primitive cube root of 1. Then X is a hypersurface section
of Y = $4/G, which is a toric singularity, and whose singular
locus Sing (YY) is l-dimensional. We easlly see that X has an
isolated singularity obtained @ by contracting a K3 surface. By
Corollary 4.2 and Proposition 4.3, any small deformation of X
-1

is also a hypersurface’section X, =72

t (t) of Y. Since X
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intersect Sing (Y) at finitely many points, Xt has

singularities, i.e., X 1is not smoothable.
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On Right Equivalence of Map-germs

Li Yangcheng (1 % ’3{)

( Department of Mathematics, Hunan Normal University, China )

The study of G —equivalence of map-germs is the basin of Singularity
theory. In the cases G = F s X, % and % , a number of interesting
criteria for (G -equivalence of germs are known ( cf. (mM1) 5 C m2) 4 [ B-G-P)
and [G) ). @ —equivalence of map-germs has been studied by many mathemati-
cians for more than twenty years. And it seems to s8till be concerned with

this problem till now.
1. # —equivalence of Function-germs

1.1 The problem of right eauivalence for function-germs can be reduced
to a problem of contact equivalence in symplectic geometry. In 1968, Touge-
ron had already described in symplectic form a theorem about righ! equiva-—
lence ( see (To, p.209) or (G-G, p.3841 ). Using this result, CGolubitsky
and Guillemin get the following

Proposition ( [ G-G) ). Suppose that ¢ function-germn f,g: (N, xo)~m>
(R,0) satisfy the Milnor condition (i.e. they have finite % -codimension)
with df(xo)zdg(xo)=0. Then f and g are @ —equivalence 1iff

(1) There is an isomorphism?Y : CN/J(f)Z-Aﬂ}.CN/J(g)2 s.t. 1(f)=g, where
J(£) and J(g) denote the Jacobian ideals of f and g in Cy? and T, g are the
projections of f, g respectively.

(2) The rank and signature of the Hessians H(f) and H(g) are egual.

Remark 1. The condition that f and g have finite @& -codimension is
stronger, because it means that f and g aré all finitely ¢ —determined.

2. du Plegsis and Wilson pointed out that the statement élso holds true

in the real-analytic or complex—analytic cases and the condition (2) can be
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deleted in complex—analytic case. And they give another proof of it as one

of their simpler applications (see { P-W, p.1711 ).

1.2 By virtue of basic idea of the sufficiency part of Mather's theorem
on finitely right-determined map-germs, von Grudzinski found sufficient con-
ditions for two function-germs to berright equivalent (see [Grl ).

First let us introduce some notations. Let &{(nym) denote the set of
all ¢°° map-germs (RY 0) —»>R™ and L(n) the group of all invertible C  map-—
- germs (Rn, 0)--»(R" 0)e &(n)= &(n, 1). It has a maximal ideul & (n)

consisting of all germs (R"y 0) —> (R, 0). For an arbitrary mubset I of

& (n), LI(n) is the subgroup of L(n) generated by {¢ CL(n): (¢ - id w1
' R
€ I for every I<(i<{n } . Now we state some results of Orudzinski.
Theorem, Let f, g€ & (n), and let 1 be a finitely generated proper

jdeal in & (n) such that
g - f€I:.J(f) and 1eJ(g - f) = #£(n)I-J(L),
Then f and g are right eguivalent by an eguivalence belonging to LI(n)°
Corollary, Let », pc N,:fedf(n)p and g€ & (n) such that
g~ e 4 (n)™(5) and (g - 1) 4 ()G ()0
Then f and g are right equivalent by an equivalence‘ ¢ € L(n) éuoh that
§7(¢ - 3@ ) = 0.
R ‘
Remark. The corollary contains the following result of Thom as its spe-
cial case (see[ T, p.60) ):
Let f;, g€ & (n). If there is 1<{p<{3 such that f(;x?(n)p and g - £C
M (n)3—pJ(f)2, then f and g are right equivalent (by an equivalence ¢ €
L(n) satisfying jl( d - id n) = 0)a |
1.3 Associated with de?ormation theory, I obtained the followihg
Proposition. (L, p.61). Let £, g: (rR’xr%, 0)-—>(R, 0) be p-para-

meter universal deformations of f, and g,, where fo=fl{0}x R and go=€l{O}qu,
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and p=codim fO = codim gy° 1f fO and gy are right equivalent, so are f and g.
l.4 S. S.-T, Yau had already characterised right equivalence of holomor-

phic function-germs. We will describe his good result as follows.

Let C)n+1 denote the ring of all holomorphic function-germs (Cn+l, 0)—>

(Cy, 0). For given £ € o we set

nt+1’
of) = e .,/ A(%)

where A(f) is the ideal of f in © ntl generated by all first partial deri-

n+l

vatives of f. Q(f) has a natural C{t}/(t ) algebra structure.

Theorem ( ( Y, p.292)). Let £, g (Cn+l, 0)—»> (Cy, 0) be germy at the ori-
gin of holomorphic functions. Then f is right equivalent to g iff Q(f) is iso-

n+1

morphic to Q(g) as a C{t}/(t"" ) algebras

2. Right Equivalence of Map-germs
We will restrict our attention to cases where source dimension =target
dimension. First we discuss necessary conditions for two map-germs to be
% -equivalent,

2.1 Let fe (N,xo)e—>(M,yO) be a ¢ map-germ. Suppose that de—

. *
(O]
(W, x,4)

note the CN—module of all germs of differential forms at X in N, It is a

*

—_ ’{)r' ‘ b
‘ (N’XO) y

graded algebra over R. We define af: g

*_C
= ‘,n ;-
af(ﬁ’)lx Qfx(°)|f(x))’ @ € ¢ (M’yb)’ X ¢ (Nyxo)
where bfx is the transposition of the differential dfx. 8T ia nn algebra
homomorphism.
Let x, and x, denote the natural projections of (NxM,(xo,yU)) on (N,xo\
and (M,yo) respectively. Let {0 |izl,+-<,m} be a basis for all germs of di-

fferential 1-forms on (M,yo),
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Proposition ({ L, p.2J) ). Suppose that f, g: (N,xo)~»>(M,yO) are A -
equivalent. Then
(i) or( & 2
i f( & d 5 id d subal geb: i
1) © (MsyO)) an bg( © (M’yo)) considered as subalgebras in (N’Xo)
are equivalent,
(ii) graph(f) and graph(g) considered as subset-germs in (XM, (xo,yo))

%

are integral manifold germs of ideals A_ and A _in & , which
& 8 g (Nxmi(xo9yo))9

f

are generated by
{orq 0f(0 )= dr 5(0 Jli=l,-oym}
and
{ éw 1 6g(m_i)"" o 2(00 i)li=15'°°9m }
respectively,
(iii) Moreover, graph(f) and graph(g) satisfy the following relation
graph(f) = (hxly)(graph(g))
where h: (N,xo)—*>(N,xO) is an invertible C map-germ such that f=goh‘l,
and 1, denotes the identity map-germ on (M,yb).
2.2 The study of % —equivalence of map-germs is relnted to that of Thom—
Boardman singularities. We will show it below.
[o%e]
First we define j: &(n)-—>g& (n)/4(n) as followss if u (7 (n), then
j(a ) = @ is the oo —jet of a at the origin. According to Borel's theorem,
(e o]
&(n)/ w(n) =R (0 xyyee=9x )] (abbreviated as An), which is the formal

power series algebra on n coordinate functions x °tyx, over R. Now we de—

17’

fine two operators & and 8 on the set of proper ideals in Ano Let 9 be

such an ideal. Set

(i) d.9 = A r+1577’ which is a Jacobian extension of ./ and r = rank

2 A i 1
(i1) B I =7 +( 8.7 ) +(d 237 )j+°-°+(a =Ly )k+--°.

(see [M3,; p.236] ).
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For any f € &(n,m), f can be indicated as f = (fl,'-',fm), where f,
€ & (n) is the ith component of f for i=l,+++,m. Hence we define 7 (f)
to be the ideal in An generated by fi,---,gg.

By the Boardman symbol of f, we mean the sequence of integern I(f) =
(il,--?,ik,---),'where i

d k_l.ﬂf(f),~--.

=corank J (f), ij,=corank 0. (f),«e., 1

=corank
1 c

Proposition ([ L, p.4) ). Let £, g ¢ &(n,m). If f and g are right
equivalent, then

(i) I(£) = I(g) and

(ii) B( ¥ (f)) is equivalent to B (2 (g)).

Remark. In [ L ] there is an example showing that the inverse of the
proposition is false.

2.3 For the convenience of discussion below, we introduce the concept
of 3WJ—equivalence.

Let f: (N,xo)->(P,yo) be a C* map-germ, here T may be any of C-o
("complex-analytic"'), R— o ("real-analytic") or oo, Let S C§p be a C,-
submodule and { y1,~-°,yb} a choice of coordinates for (P,yo).

Definition. A C' map-germ g: (N,XO)—~>(P,yO) is an S-—-approximation to
f (werot. | yl,-°°,yp} ) if

(yyo f-yyogy ooy o oy og) € S
(abbreviated as f-gC S (w.r.t. {yi,--~,yp} )) .

Remark. (1) Since ()f can be identified with C;p, we may have the no-

tion of S'—avproximation to f, where 3'c 0, is a CN~nubmodule.

f

(2) In particular, if s = I*P (or S' = JfoJ for some ddeal TezCp,

then we will write I-approximation instead of S-approximation.

Definition (i) Let JC;CN be an ideal. f%J,is the suligproup of @ con-

sisting of diffeomorphisms of (WN,x,) which are J-approximations to the

5)
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identity.
(ii) Let f, g: Nyx,.)—>(P,¥y be map-germs. We nay [ in P -egquiva-—
0 2o & J
lent to g if there is h € %‘] such that f:gnh_l.

Now we describe a necessary condition on 4 .—equivalence which is due

J

to du Plessis and Wilson.

Proposition ([ P-W, p.165) ). Let f: (N,XO)—w?(P,yO) be a C' map—germ.

Let J=J(f) be an ideal in C,, where J(f) is the ideal geunerated by the

N’
determinants of the pxp minors of the matrix for df obtained vin any choi-
ces of coordinates for (N,XD), (P,yo). If g (N,xo)w«»(P,yO) in g ;-equi-
valent to gz, then

=%

f - g€ J-tf(o N).

2.4 There are several sufficient conditions for righl equivnlence of
map-germs which are significant.

Proposition ([ Wi, p.238 ). Let f,, f;3 (¢”, 0)—»(¢®, 0) be holomor-

07
phic map-germsa such that

(i) ji:(fo) = :£:(f1> = C, where ji:(fo) and jg:(fl) denote the cri-
tical sets of fo and fl in ¢" respectively,

(i1) f4lc = £1c,

(iii) Tf,1C = TfllC,

. 2 XD .

(iv) f,-f, € ‘j(fo) 40 , if rankf = p-1.

Then there is an automorphism h of (C,0) such that fioh = f .

C. T. C. Wall proved the following splitting theorem using the result

above.

2
Theorem. Let f: (Es,o)—~»(E2,o), g;* (Et,O)_ma(E“,O)(i=l,2; = R or C)

be map-germs of cokernel rank 2 whose 2-jets define non-degenerate pencils
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of quadratic forms. Let e (respectively e )(i=1, 2), be the set of ei-

1

£ y
i

2 2
genvalues of j f, (respectively j'gi).

Suppose e. = ep and e_= e_, but e ne = %.
N s ST Iy 8

s . _t 2
Let Fi=fi®gi= ET®E —>E . Suppose that f g, have non--degenerate cri-

l’
tical sets.
Then F1 and F2 are @ —equivalent if and only if fl’ f2 are @ —equiva-

lent and g1s 8 are @ —equivalent.

Remark. The argument is due to Wall in the C-analytio case, and the
proof is given by du Plessis and Wilson in the C-analytia, R—annlytic and
¢ cases. One may refer to ( Wy, p.447) (for the former) and [ P-W, p.172)
(for the later).

2.5 Finally we state two deeper results in [ P-W].

Theorem. Let f, g (N,xo)~—a(P,yo) be map-germs, Let JC.J(f) be an ideal
in CN. Suppoge that

f - gEJrH(QN)

(i) 1f g .« ;, then f and g are & J—equivalent.

ﬁﬁIdeﬂﬁz

A. Suppose that f is a submersion. Then f, g are % J—equivalent iff g
is a submersion.

B. Suppose that f has cokernel rank one and non-zero full second in-
trinsic derivative. Then the following are equivalent:

(a) £, g are @ j-equivalent,

(b) sz, jzg are 7 -equivalent,

(¢) J(£f)=J(g) and, in the ¢ and R-analytic cases, the Hessians H(f),

H(g) have the same index,

(d) g has cokernel rank one and the Hessians H(f), H(g) have the same
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rank and, in the ¢°° and R-analytic cases, the same index.

The next theorem is the main result in [ P-W).

Theorem. Let f3 (N,XO)~'>(P,yO) be a map-germ with non-degenerate cri;
tical set.

Let g3 (N,x0)¥h>(P,yO) be a map-germ satisfying

(e) 22(f)c32(e)

(B) £I132(10) = g122(e)

(7) ImTg ¢ ImTf for X in some t-dense subset of >.(f).

(i) Suppose that f has cokernel rank > 1, or that f has ookernel rank 1
and zero full second intrinsioc derivative. Then f, g are X J(f)~equivalent=

(ii) Suppose that f has cokernel rank 1 and non-zero full second intrin-
sic derivative. Then the following are equivalent:

(a) f, g are X J(f)—equivalent,

(b) j2f, j2g are 9% —equivalent.

(¢) 3(£f) = IJ(g) and, in the ¢” and R-analytic ocarern, the Hennians H(f),
H(g) have the same index.

(c') 3=(f) = 5= (g), g has non-degenerate critical set, and, in the ¢
and R-analytic cases, the Hessians H(f), H(g) have the pame index.

(d) g has cokernel rank 1 and the Hessians H(f), H(g) have the same

rank, and, in the ¢ and R—analytib cases, the same Indext.

Remark 1. That f has non—-degenerate critical set meann ihat

(1) 1(37(f)) = J(£), where i(}i:(f)) is the ideal of C* Funclion-germs
on (N,xo) vanishing on the subset-germ (Eij(f),xo),

(2) aim 33 (f) = p-1.

2. If map-germs f,ig are % )—equivalent, then they must satis-

I(>- (f)
fy (@), (B ) and (v ) (indeed with equality in (a« ), (¥ )). In fact, we
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have the following

Proposition ({ P-G, p.168J). Let f, g: (N,xo)~—>(P,yb) be map-germs.
Suppose that f has non-degenerate critical set. Then
f - g€ J(f)-tf(0 N)

if and only if (@ ), (B8 ) and (¥ ) hold true.

It is not easy to find the conditions for two map-germs to be right equi-
valent. How does one ought to characterise right equivalence in general? It

seems to be an open problem.
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Wave propagation and the theory of singularities

Mikio TSUJI (Q‘; ?‘? Z&)

§1. Introduction.

The subject we will consider here is linear and nonlinear wave propa-—
gation. The equations which represent the phenomena of wave propagation
are generally hyperbolic and the waves are mathematically translated as the
singularities of solutions. The aim of this talk is to explain how the above
problems may have connection with the theory of singularites, real and
complex both. The subjects treated here are restricted to those which the
author is now interested in. In §2, we will treat linear hyperbolic equations
with constant coefficients. In §3, we will explain the passage from linear
“hyperbolic equations to nonlinear partial differential equations of first
order. In tﬁe last section, we will sketch how to apply the theory of
singularities of smooth mappings to construct the singularities of generalized

solutions of first order partial differential equatiomns.

§2. Linear hyperbolic equations with constant coefficients.

Let P(D,) be a hyperbolic partial differential operator of order m with
respect to 4 € R"/{0} where x€R" and D = —i(B/Bxl,...,a/an), i.e., its
characteristic polynomial P(E) satisfies‘the following two properties:

i) Pm(tﬂ)%o where Pm(E) is the principal part of P(§), and 1ii) There
exists a constant y3>0 such that P(g-iy¢f)#0 for all Eean and Y2Y0>O.

The notion of hyperbolicity was formulated by L. G8rding [5].
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The operator P(DX) has the elementary solution E(P) (x)

i<x,C>

(2.1) E(P)(x) = (2n)‘“J EPT dz
Rn—iyﬂ
whose support is contained in {x:GRp; <xa%> 20}. For a distribution u(x),

Su idis the support of u and SSu is the singular support of wu which is
the smallest and closed subset such that u(x)é(fYRp—SSu). The problem of
this section is concerned with the complete description of SS E(P) for any
hyperbolig opefator P(D,). This is one of the classical and well studied
problems. Here we assume always that P(DX) is homogeneous differential
operator. We put A={E(§Rn/{0}; P(£)=0}. Roughly speaking, one can say that
the singularities of E(P) are caused by the singularities of the kernel of
the representation (2.1). In this case, the kernel has the pdles on the
algebraic surface A. At first, we consider the case where A has no singular
point, i.e., if P(g0)=0 (EO%O), then (grad P)(EO)#O. Let E0=(E?,....,ES)G A.
Then the first approximation of P(&) at E=EO is given by

n

L e (T N
Peo(®) g5 7Dy (8 (65 - 8D =

0 n
] j=

opP 0

If we replace P(z) by PEO(Q) in (2.1), we can easily calculate it,

i.e., we get the exact representation of E(P_j)(x). Next we sum up the

£
support of E(PEO) with respect to £V, then we get the classical and well

known theorem as follows:
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Theorem 1. Suppose that A has no singular point, then we get

SS E(P) = EOEA{}Fk(grad P)(E%) keRl} U {x; <x,z> 20}.

Remark. OU {x=k(grad P)(£%); k&ERl} is the real dual algebraic
—— glep

surface of A.

The problem is to treat the case where A has the singularities, i.e.,
there exists a point £940 such that P(EO)=O and (grad P)(EO)=0.
Concerning this subject, Atiyah-Bott-G8rding [1], [2] have developed the
profound and elegant theory. We explain here one of their results. We develop

m -1 . .
s P(s "gt+r) in ascending power of s:

(2.2)  s™p(s VErz) = &P P + o(sP™h

where Pg(g)#o. The number p=mE(P) is the multiplicity of & relative to P
and the polynomial PE(C) is called the localization of P at §. Then one
can prove that PE(Q) is also hyperbolic with respect to ¢¢. (2.2) means
that Pg(c) is the best approximation of P(g) at a point &. If A has
no singular point, PE(C) is a polynomial of at most first degree as stated
in the above. Atiyah-Bott—Garding have proved the following

. m— -is<x,&>
Theorem 2. lim s©™ P e o6
_— S>>

E(P) (x) = E(Pg) (x)

in the space of distributions, and

U = U
£2£0 S E(PE) & Ss E(P) ££0 c.h.S E(PE)

_where c.h.A is the convex hull of a set A.
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One of their conjectures is
ss E(p) = U s E(P)
£#0 £

But this is not true (M. Tsuji [14]). We must amend the above formula a
little in the following way. We develop s™P P(SE+€)—1 in the formal power

series of 1/s,

Sm—p : 1 oo

P(sEtr) P (@)

Here we put EO(Pg) = E(PE) and

ei<x,§>

E.(P) = (2r) " j
It R'-iyg

—-j-1
Q () P (%) dg

Theorem 3. Suppose that the multiplicity of P(£) is at most double,

then we get

_(2.3) SS E(P) = U0

I =8
o

S Ej(Pg)

Though the right hand side of (2.3) is abstract, we can exactly
caléulate it (M. Tsuji [14], [15]). As the calculation is long, we omit here
the proof. In this case, though the description is concrete, it is a little
complicated. Therefore we would like to give clear algebraic meaning to the
formula (2.3). Taking care of the Remark of Theorem 1, we would like to use

the notion of dual algebraic surface to express (2.3). Then we need to define
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We quote here the definition of S. K. Kleiman [8].

Let Z be an algebraic variety and x€Z be a singular point of Z.

A hypersurface is considered to be tangent at x 1if it is a limit of hyper-
surfaces tangent at smooth points approaching x. Then the dual variety of Z
is defined as the closed envelope of tangent hypersurfaces.

If we accept this definition, the formula (2.3) is different of the dual
algebraic surface of A. Therefore we would like t see whether or not it is
possible to define a dual algebraic surface so that (2.3) coincides with the
dual algebraic surface of A, or we would like to give some algebraic meaning
to (2.3).

For the detailed surveys on the subject of this section, refer to

G. F. D. Duff [4], L. GArding [6] and L. Hrmander [7].

§3. Phase functions.

We put 42=(1,0,...,0) and assume that P(D,) 1is strictly hyperbolic

with respect to 12, i.e.,

m
(e) = T (5 = A (EN) 5 E'=(Eysen B ) €RTT

where Ai(E') # Kj(E') if di#j and £&'#0. 1In this case, E(P)(x) is
written down as

. '
l¢j (x,&")

E(P) (x) =
3

ag'

([ =]

J a,.(g') e
-1
1 " J

n
where (xL,EY) = x AL (") + <x'",E'> and <x',E'> = I, x.E., . The function
¢J g 173 =2 373

¢j(x,£') is called "phase function" and it satisfies the partial differential
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equation of first order as follows:

¢ . 99 .

1 J -
(3.1) Bxl + xj(ax') 0 s

(3.2) ¢j(0,X') = <x',g'>

The equation (3.1) is called "eikonal equation". TFor strictly hyperbolic
operator P(X,DX) with variable coefficients, the elementary solution can be

locally written down in the similar form. Let

m

p(x,8) = Hi=l (El - Xi(X,E')) s
then it holds
m id),(X,g') ©
(3.3) E(P)(x) = b J a.(x,&") e J dg’ modulo C -functions
-1 Jgnth o

J
where ¢j(x,g') is the solution of

3. 3¢, 26,
» i ik ]
(3.4) e

9xg 2 n

(3.5) ¢j(0,x') = <x',g'>
The reason why the representation (3.3) is local is that the Cauchy problem
(3.4)-(3.5) can not admit a global smooth solution as a function of x=

(Xl, .es ’Xn)' But (3.3) shows that the phase function ¢j(x,g') can be

regarded as a function defined on the cotangent space. Moreover, as the
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equation (3.4) is of Hamilton-Jacobi type, the solution surface is composed
of the family of hamiltonian flows. Therefore we can discuss the global
construction of phase functions in the framework of symplectic geometry.
This is the theory of Fourier integral operators and also Maslov's theory.
For this subject, refer to L. Hrmander [7] and V. P. Maslov [11]. In [7],
one can find the detailed bibliography.

In the mathematical physics, we meet very often the equation of Hamilton-
Jacobi type. 1In the épplied problems, the solutions must generally be single
valued functions defined on the base space, not on the cotangent space. To
get the solutions of this kind, the above discussions suggest us to take the
projection of Lagrangean manifold onto the base space. This is the subject

treated in the next section.

§4. General partial differential equations of first order.

We consider the Cauchy problem for partial differential equation of

first order as follows:

Ju u, . n
(4.1) EYs + f(t,X,u,gg) = 0 in {t>0, xR} ,
(4.2) u(0,x) = ¢(x) on {t=0, x er"}

where f GCW(RIXRHXRIXRH) and ¢E§Cm(Rn). It is well known that the Cauchy
problem (4.1)-(4.2) has uniquely a ¢®-solution in a neighborhood of t=0, and
also that the problem (4.1)-(4.2) can not have, in general, global Cl—solution.

This means that, when one prolongs the smooth solutions for large time, the
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singularities may appear. Therefore we consider the generalized solutions
which contains the singularities. Our interest is to see the structure of
singularities of generalized solutiomns.

On the other hand, the global existence of ‘generalized solutions has been
well studied from the various points of view. For the detailed bibliography,
refer to P. D. Lax [9], P.L. Lioms [10] and J. Smoller [13]. The most well-
known method to prove the existence of solutions is the viscosity method.

At first one consider the Cauchy problem for nonlinear parabolic equatiomn:

—éu + f(t,x,u

9
3t e e 5xle) T € Aug (e>0)

(4.3)

uE(O,x) = $(x)

Using the estimates for linear parabolic equation, one can get the global
solution ue(t,x) of (4.3) which is smooth on the whole space. Next we make
g go to 0, then {ue(t,x)} converges to u(t,x) which is a generalized
solution of (4.1)-(4.2).. We must pay attention to the fact that, though ue(t,x)
is smooth, the limit u(t,x) may contain the singularities. This means that
it is a little difficult to get the informations on the singularities of u(t,x)
by the analysis of {ug(t,x)}. Therefore we try to solve the Cauchy problem
(4.1)-(4.2) exactly by the characteristic method. Then the characteristic

equations are written as follows:
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roodx,
i

_of .
EE— - Bpi(txxavap) (1_1325---’n)

dv 5 n of

(4-4) 4 EE = j=l apj(taxiv’P) Pj - f(t;X:V:P)
dp.
of af .
L HEE = - ggz(t,x,v,P) - Sg(tsXsV:P) pi (i=1,2,...,n)
(4.5)  x,(0) = 0 = ) 0 = L)
. Xi yi > v - ¢ y 3 pi - ayi y

We assume here the following hypothesis:

(H) The Cauchy problem (4.4)-(4.5) has a global solution x=x(t,y), v=v{t,y)

and p=p(t,y) with respect to t for all yesRn.

As Dx/Dy(0,y) =1 for all yGERn where Dx/Dy(t,y) is the Jacobian
of Cm—mapping x=x(t,y), there exists an open neighborhood & of t=0 where
Dx/Dy(t,y) # 0. By the theorem of inverse functions, we can uniquely solve
the equation x=x(t,y) with respect to y 1in & and write it by y=y(t,x).
Put wu(t,x) = v(t,y(t,x)), then wu(t,x) satisfies the equation (4.1)-(4.2)
in a neighborhood of t=0. This is the classical theorem on the local
existence of smooth solution for (4.1)-(4.2). But it is natural that the
Jacobiaﬁ vanishes at some points. If we solve the equation =x=x(t,y) with
respect to y in a neighborhood of a point where the Jacobian vanishes, we
see that the inverse function becomes many-valued. We write it by y=gi(t,x)

(i=1,2,..,k), then the solution of (4.1) takes several values {ui(t,x);i=l,.,k}
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where ui(t,x)=v(t,gi(t,x)). When the space dimension n=2, we benefit here
very much the results of H. Whitney [18].

As we are generally asked to get single valued solutions in the applied
mathematics, we must choose only one value from {ui(t,x)} so that it
satisfies some additional conditions. These conditions depend on the type of
equations. For example, see M. Tsuji [16] for Hamiltpn—Jacobi equation and
S. Nakane [12] for the equation of conservation law. The generalized solu-
tions for Hamilton—-Jacobi equation are generally Lipschitz continuous, and
the weak solutions for the equations of conservation law are piecewise smooth.
For the reason why such a difference may happen, see Tsuji [17]. 1If we choose
only one appropriate value from {ui(t,x)}, we see that the solution contains
necessarily the singularities.

Summing up the above discussion, we can say that our proof is principally
divided into two parts. The first one is to solve the equation x=x(t,y)
with respect to y 1in a neighborhood of a singular point. This is the appli-
cation of the theory of the singularities of smooth mappings. The second part
is to choose only one value so that the solution becomes a single valued

function. This is the problem of analysis.
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Lagrangian stability of a Lagrangian map-germ in a restricted class

open Whitney umbra and open swallowtails

by Goo Tsurkawa (21| RY{ 2§ )
Depertment of Mathematics, Faculty of Science,

Hokkaido University, Sapporo 060, Japan.

0. This is a summary of recent results obtained by the author.
1. Let g : Rm,O — RH,O be a ¢~ map-germ. Denote by

g* : En — Em the induced R-algebra homomorphism, where

E =1{h: R0 —R " function-germs}.

. *
Define g En—subalgebra Hg of EIIl by

e = (k€ E | dk € 5,0, dg; “E ),
where d  means the exterior differential.

In the case m > n, the algebra Hg is studied by Moussu,
Tougeron [6] and Malgrange [5], related to the characterization of
composite differentiable functions and the structure of relative de
Rham cohomologies of map-germs.

On the other hand, the algebra Hg naturally appears in the

singularity theory in symplectic geometry,fespecially in the case
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m < n. In this paper, we restrict ourselves to the most important
case m = n and we will characterize Lagrangian stability in a

restricted class, utilizing Hg or its analogue.

We set Hé—l) = E_, g(0) _ Hg and inductively

n g

(i) _ n L (1-1)
Hy'o o = {k € B | ak € 2, ; dg; Hy },
(i =0,1,2,...). Then we have a sequence of g*En—subalgebras:
go= gl 5 g0 S g oS e
n g g g n
2. In classical machanics, the canonical one-form 8 and the

symplectic two~-form o = df8 on the cotangent bundle over a

configuration space play basic roles [1]. Notice that, for a
canonical coordinate pl,...,pn, ql,...,qn on the cotangent bundle
T'RY  of R™,
_ n _ n
0 = 24_ Pyday. 0 = 25 dpy A day.
e ® : X n IS :

Definition 2.1. A C map-germ T : R ,0 — T R is called

Lagrangian if f*w = 0. We denote by Ln the set of all Lagrangian

map-germs RD,O — TR,

Let f € Ln' Then the one-form f*G is closed and therefore
exact. Hence, there is unique e € En up to constant addition such

that de = f*G, which is called a generating function of f.
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Remark that Hg is equal to the set of generating functions of
Lagrangian liftings of g.

2

Example 2.2. (1) Define T : R°,0 — T*R2 by

2
£(X,y) = (a,°f, a,°f, pyof, Dyof) = (x, ¥° + xy, -(1/2)y°%, y).

Then f 1is a Lagrangian immersion. e = (3/4)y4 + (1/2)Xy2 is a

generating function of f.

2

(2) Define f : R®,0 — T*Rz by

3

£ = (x, ¥ + xy, ~(3/10)¥° - (1/6)xy°>, (3/4)y* + (1/2)xy2).

Then f 1is a Lagrangian map-germ and its image is called

the open swallowtail, which is introduced by Arnol'd [3]. We call

also f by the same name.

(3) Define f : R?,0 — T*R? by

T = (x, y2, (2/3)Y3, Xy).

Then f 1is a Lagrangian map-germ and f 1is called

the open Whitney umbrella (Givental' [4]).

Let n : T RY — R" be the projection, that is, mn(p,q) = q.

Definition 2.3.(Arnol’d [2]). (1) Two Lagrangian map-germs f

and f' : R™,0 — T*R™ are called Lagrange equivalent if there

exist diffeomorphism-germs y : R", 0 — RH,O,

o : T'R™,£(0) — TR™,£'(0) and ¢ : R™,n(f(0)) — R™,7(£'(0))
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such that ® e = w, We® = @genm and that d-f = f'oy.
(2) Let S cC Ln be a subset. A Lagrangian map-germ < € S

is called Lagrange stable in S if any unfolding

F . R%x Rr,O 5 TR®x RY of by Lagrangian map-germs in S 1is
trivialized with respect to Lagrangian equivalence. An Tt € Ln is

called Lagrange stable if f 1is Lagrange stable in Ln

We fix a c® map-germ g : Rn,O —_ RH,O and consider the

following classes of Lagrangian map-germs related to‘ Hél). We set

(i-1)

(i)
L = {f € L of = g, p.of € H
{ nIn g, Py o

g , (J = 1,...,m)},

(1)

& and e 1is a generating function

Remark 2.4. (1) If f € L

of f, then e € Hél).

(0)

(2) If g 1is stable in the sense of Thom-Mather and f € Lg

(0)

is Lagrange stable in Lg , then f 1is Lagrange stable.
To state our result, we recall the following notion.
A pair (£,n) of germs of vector-fields bver'(Rn,O) is called
g-compatible if Tg-£ = pn-g. In this case £ (resp. n) is called

g-lowerable (resp. g-liftable).

Now we have
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Theorem A. Let g : R™,0 — R™,0 be a finite analytic

(1) and e € H(i)

map-germ, f € L
pP-g o g

be a generating function of f,
(i =0,1,2,...). Then the following conditions are equivalent:

(I £ 1is Lagrange stable in Lél).

(11) Hél) = {fe + heg | € 1is g-lowerable, h € En}'

(1) n
II1I) H . ° of o
(TIT) Hy, (2,0 (o) (pyef) + njyog |
. n . .
. € E, (0£j<n), . .(9/9q. is -liftable}.
ns L (0<j<n) Ele n;(8/9q;) g }
Remark 2.5. A g-lowerable vector field £ : En —_— EIl maps
) into Hél), (i =0,1,2,...).
Definition 2.6. An elememt e of Hél) is called
stable in Hél) if the condition (II) of Theorem A is satisfied.
3. The case of kernel rank one.

Let g : R™,0 — R™, 0 be of form g = (x', Q(X',Xn)), where

) .

ey X

1’° n-1
Lemma 3.1. Let ¢ € Hél), (i = -1,0,1,...). Then there
. (i+1) . . . . .
exists f¢ € Lg , which is unique up to Lagrangian equivalence,
such that pnofw = . Precisely, we can take
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piof = fj“ ((8W/8x ;) (89/0x )~ (84/8% ) (Bw/dx ;) ) dx, .

X
In this case, e = I n W(am/axn)dxn is a generating function of f¢'
0

Theorem B. Assume g = (X',@(X',Xn)) : RH,O — RH,O is
analytic and finite. If Y 1is stable in Hél), (i = -1,0,1,...),
. . (i+1) . . .
then f is Lagrange stable in Lg : . Especially, 1if ¢ is

4

stable in Hél), then Ixn ¥ (8¢/8x )dx ~ is stable in gliel)
0

Corollary 3.2. The open Whitney umbrella is Lagrange stable.
(1)

The open swallowtail is Lagrange stable in Lg , where

g = (x, y3 + Xy).

Remark 3.3. © (1) Let g = (x, y2). Then Hg is generated by
3 . #*
1 and y as Ez—module via g
(2) Let g = (x, y3 + XVy). Then Hg is generated by 1 ,
4 2 5 3 . *
(3/4)y " + (1/2)xy and (3/5)y" + (1/3)xy as Ez—module via g
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COMPLETE INTEGRABLE FIRST ORDER PARTIAL DIFFERENTIAL EQUATIONS
AND

LEGENDRIAN UNFOLDINGS
Shyliichi 1zumiva ( &R B -)

Department of Mathematics
Faculty of Science
Hokkaido University

Sapporo, 060 JAPAN

%0. Introduction

In this note we will announce some results about
singularities of solutions of a first order partial differential
equation. The singular point of a solution means that the
solution has many valued near the point. In the classical

theory, a first order partial differential equation (or,

briefly, an equation) is written in the form

(%) Fk(Xl""’Xn’z’pl""’pn) =0 (k=1,...,2n+1-r, r 2 n).

A (classical) solution of the equation (#) is a smooth

function z = f(xl,...,xn) and p, = (af/axi)(x). We assume that
Fk are (2n+l)-variable smooth functions and |

rank(aFk/axi,aFk/az,aFk/apj) = 2n+l-r.
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Define D = {(x,z)]|there exists p € R" such that Fl(x,z,p)

= oee. = F2n+1—r(x’z’p) = 0 and rank(aFk/apj)(X,z,p) <

min(n,2n+1-r)}. We call D a discriminant set of the equation

(#). We also define £ = {(X,Z,p)lFl(X,Z,p) = ea. = Fk(x,z,p) =
0 and rank(aFk/apj)(x,z,p) < min(n,2n+il-r)}. We say that & is

a singular solution of the equation (#) if D is a "graph" of a

solution. But D is generally a hypersurface in RDXR with
singularities. Hence, we need a generalization of the notion of
solutions. By the method of Lie, we consider the following
system of equations

= = - >
J Fk(Xl""’Xn’Z’pl""’p ) 0 (k 1,...,2n+l-r, r = n).

n —
1 dz - Zi=1pidxi = 0.
‘Namely we. treat the distribution which is given by the 1-

A _¢h 2n+l-r-1 .
form dz zi=1pidxi on ﬂkzl Fk (0). The (abstract) solution

is defined to be a maximal integrable submanifold of such a

distribution. For details, see Definition 1.3. We also
consider the fibre structure of the projection n{(x,z,p) = (X,2Z).
Even if we add this structure to our theory, there is an

existence theorem of complete solutions.

DEFINITION 0.1. We say that an (r-n)-parameter family of

(classical) solutions z = f(x;,...,X 'tf—n) of the

n’tl""

equation (*) is a (classical) complete solution if

2 fnd —_
rank(af/ati,a f/atiaxj) = r-n.

The following theorem is one of the highest result in the

classical theory.
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THEOREM 0.2. (Classical existence theorem). If the

equation (%) is involutory near a point (xo,zo,po) and

(xo,zo,po) ¢ %, then there exists a (classical) complete

solution of (%) near (Xo,zo,po).

We say that the equation (#) is involutory if [Fj'Fk] =0
(1 £ j,k £ 2n+1-r), where
[F,G] = F-3G/3z - G-3F/3z + Z?zl(aF/axi-aG/api - 8F/8p1~8G/8Xi)
n
+ £i=lpi-(8F/az-8G/8pi - 8G/az-aF/api).

This result leads us to ask : What happens at a point of
£?

In [3], we have studied the case where r = 2n (i.e. the
single equation case). We have shown that almost all single
equation F = 0 has no singular solution and E consists of
singular points of solutions. As the Clairaut type equation,
there exist examples that there is a (classical) complete
solution near £ and ® is a singular solution. Our theorem in
[3] asserts that the Clairaut type equation is not generic in
the space of all single equations. But the Clairaut type
equation has been well-known from old time.

On the other hand, if we try to study the case where r <
2n, the involutory condition is very important as in
Theorem 0.2. And involutory equations are not generic in the
space of all equations.

According to these facts, we will restrict our attention
to the category of equations with (abstract) complete solution.

See Definition 1.7. Our results assert that the Clairaut type
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equation becomes to be generic in this category. The key result
of our theory is Theorem 2.7 in $2. This theorem asserts that
the space of equations with (abstract) complete solution is
homeomorphic to an open subspace in the space of Legendrian
immersions (i.e. the space of Legendrian unfoldings). By this
theorem, we can translate generic properties of equations with
(abstract) complete solution into corresponding generic
properties of Legendrian unfoldings. By Arnol'd-Zakalyukin's
theory ([1]1,[4]), we can study Legendrian unfoldings in terms of
generating families.

In &3 we will introduce natural equivalence relations
among equations with (abstract) complete solution. These
equivalence relations describe bifurcations of’singularities of
(abstract) complete solutions and discriminant sets of
equations. We will give lists of classifications of equations
by these equivalence relations.

All maps considered here are differentiable of class Cm,

unless stated otherwise.

Detailed version will appear elsewhere.

The author would like to thank Professors Keizo Yamaguchi

and Goo Ishikawa for useful discussions.

—277—



81. Geometry of first order differential equations
The aim of this section is to describe the geometric
structure connected with first order differential equations.

Let Jl(Rn,R) be the 1-jet bundle of functions of-

n-variables. Since we only consider local situations, the jet
bundle Jl(Rn,R) may be considered as R2n+l with natural
coordinates given by (xl,...,xn,z,pl,...,pn). We have a natural
projection

x : ITEDR) — ROR
which is defined by n(x,z,p) = (x,2z).

Let B8 be the canonical contact form on Jl(Rn,R) which 1is
given by 8 = dz - Z?zlpidxi. Throughout the remainder of this
paper, we shall consider Jl(Rn,R) as a contact manifold whose
contact structure is given by the contact form 8. Using this
approach, a first order partial differential equation is most
naturally interpreted as being a closed subset of Jl(Pn,P).
Unless the contrary is‘specifically stated, we use the following

definition.

DEFINITION 1.1. A system of first order partial -

differential equations (or, briefly an equation) is an

r-dimensional submanifold E C Jl(Pn,P), where n < r £ 2n.

In order to define the notion of solutions of equations,

we introduce the following notion.
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DEFINITION 1.2. A submanifold i : L C Jl(Rn,P) is said

to be a Legendrian submanifold if dim L = n and i*e = 0. The

image of xm+i is said to be a wave front set of i. It is denoted

by W(1i).

By the philosophy of Lie, we may define the notion of

solutions as follows.

DEFINITION 1.3. Let E C JY(R™,R) be an equation. An

(abstract) solution of E is a Legendrian submanifold

i: L c J5%R™R) such that i(L) C E.

Let £ : R™— R be a smooth function. Then
jlf : RY — Jl(Rn,R) is a Legendrian embedding. Hence, in our
terminology, the (classical) solution of E is a smooth function
f such that jlf(Pn) C E. On the other hand, we can show that an
(abstract) solution i : L C Jl(Rn,R) is given by (at least
locally) an jet extension jlf of a smooth function f if and only

if wei is a non-singular map. We now define the notion of

"geometric" singularities of solutions.

DEFINITION 1.4. Let i : L C Jl(Rn.R) be a Legendrian

submanifold. We say that q € L is a Legendrian singular point

if rank d(JIoi)q < n.

We also define the notion of singularities of equations.
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DEFINITION 1.5. Le E'  JY(R™,R) be an equation. Then q

€ K is

(1) a contact singular point if B(TqE) = 0

and

(2) a m-singular point if rank d(HlE)q < min(r,n+1).

Let 2(w|E) be the set of m-singular points. We say that

DE = (Z(nw|E)) is the discriminant set of the equation E. the

notion of singular solution is as follows.

DEFINITION 1.6. If the wm-singular set E(w|E) is a

Legendrian submanifold, then we call it an (abstract) singular

solution of the equation E. 1In this case, the discriminant set

DE is the graph of the (abstract) singular solution.

In the classical theory (cf 80), the notion of complete

solutions is very important. Let z = f(Xl;...,X , € )

nt bty

be the (classical) complete solution of E, then we have a jet

extension
.1 n_._r-n 1,.n
J*f : xR — J (R ,R)
which is defined by jif(x,t) = jlft(x), where ft(x) = f(x,t).

Then jif i1s an immersion if and only if
. 2 - e
rank(af/atk,a f/axiatk) = r-n.
Since dim E = r, then the above immersion gives (at least
locally) a parametrization of E and jif(Rnxt) is a (classical)

solution of E for ant t e Rr—n‘ Hence, there exists a foliation
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on E whose leaves are classical solutions. Then the following

definition is reasonable.

DEFINITION 1.7. Let E c JY(R™,R) be an equation. We

say that E is complete integrable ( or E has an (abstract)

complete solution) if there exists an n-dimensional complete

integrable distribution D on E such that Bq(Dq) = 0 for any q €

E.

By the Frobenius' theorem, we have the following
proposition.

r

PROPOSITION 1.8. Let E° Jl(Rn,R) be an equation. Then

the following conditions are equivalent.

(1) E is complete integrable.

(2) For any q € E, there exist a neighbourhood U of g in

E and smooth functions Mys-v-s b ON U such that
dulA cee A d“r—n # 0 on U and
<dpy,..ondup >e@ gy 3 <OlE>q@ )

as Cm(U)—modules, where CW(U) denotes the ring of smooth

functions on U.

(3) For any q € E, there exist a neighbourhood VxW of O

r-n

in R xR and an embedding f : V>W — Jl(Rn,P) such that f£(0) =

q, T(VxW) C E and f|lVxt : Vxt — Jl(Rn,R) are Legendrian

embedding for any t € W.
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£2. Complete integrable first order partial differential
equations

In this section we will determine the framework of the
class of equations which will be studied in the remainder of
this paper. Since we will only study local properties, an
equation is defined to be an immersion f : U — Jl(Rn,R) where U
is an open subset of Rn. By Proposition 1.8, we may adopt the

following definition.

DEFINTTION 2.1. Let £ : U — JY(R™,R) be an equation.

We say that f is complete integrable if there exists a

submersion p = (“l""’”r—n) : U — R " such that
*
<du1*'..,dur_n>cw(U) I <f 8>Cw(U)_
We call p = (pl,;..,pr_n) a complete integral of f and the pair

(f,n) : U — Jl(Pn,R)XPr_n is called a first order partial

differential equation with complete integral (or briefly, an

equation with complete integral).

REMARK. We can also define the above notions in terms of

map germs : An equation germ is defined to be an immersion germ

f (Rr,o) — Jl(Rn,R). We say that f is complete integrable if

there exists a submersion germ

THE N TR TR (RF,0) —» R T

such that

#*
<d“l""’d“r—n>8r o <f 9>£r,
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Then p is called a complete integral of f and the pair

(f,p) : (Rr,O) — Jl(Rn,R) is called an equation germ with

complete integral.

By the above definition, we have the following simple

lemma.

LEMMA 2.2. Let (f,p) : U — Jl(Pn,R)XRr_n be an equation

with complete integral. Then there exist unique elements

hy,...,h e ¢®(U) such that
r-n —_—

¥ or-m
70 = 2y _ghydiy

We now consider the 1-jet space Jl(Ranr_n,R)and the canonical

1-form ® on the space. Let (xl,...,xn,tl,...,tr_n) be canonical
coordinate systems on R°xR' ™ and
(Xl,...,xn,tl...,tr_n,z,pl,...,pn,ql,...,qr_n) be the

corresponding coordinate systems on Jl(RnXRr—n,R). Then the

canonical 1-form is given by
_ _¢h _ ¢h-r - B
@ = dz zi=1pidxi Zi=1qidti 0 o,
_ eh-r
where o = i=1qidti'
We define three natural projections. Namely,
n o ST ESRTR) - JHERLRPRTTY, T (x,t2,p,a) = (x,7,0, 1),

I, : JLRY,R)RT ! — RUxR, IL,(x,z,p,t) = (x,7),

r-n r-n

a7 INERPRTELR) — RSRREY, g (x,t,z,p.q) = (x,%,t).

Then we have the following proposition.
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PROPOSITION 2.3. (1) Let (f,p) : U — J-(R™,R)>R" ™ be

an equation with complete integral. Then there exists an unique

Legendrian immersion & : U — Jl(RnXRr—n,R) such that Hloﬂ =

(f,u).

(2) Let 2 : U — Jl(Ranr_n,R) be a Legendrian immersion

such that if Hluﬂ = (f,u) then f is an immersion and p is a

submersion. Then (f,p) is an equation with complete integral.

We denote Q(f ) the Legendrian immersion which is
constructed in the above proposition. We have two corollaries

of the above proposition.

COROLLARY 2.4. Let (f.p) : U — JY (R R)xR" ™ be an

equation with complete integral. Then Q is Legendrian

(f.1)
non-singular if and only if u_l(t) is a (classical)solution for.
any t € Rr—n_

COROLLARY 2.5. Let (f.u) : U — JE(RMR)xRE ™™ be an

equation with complete integral. For any u € U, we denote

g(f.u) = (Xl°f(u)""'Xn°f(u)’“1(u)"'"“r_n(u)'

zof(u),p -f(u),.,p of(u),h (u),.,h _ (u)) by the local

coordinate system of Jl(RnXRr—n,P). Then f is contact singular

at uy €U if and only if hl(uo) = .. 0= hr—n(uo)'

Our purpose is to study the genericity for some
properties of equations with complete integrals. Let U C Rr be

an open set. We denote by Int(U,Jl(Pn,P)XRr_n) the set of
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equations with complete integrals. We also define

L(U,Jl(PnXRr_n,R)) to be the set of Legendrian immersion germs

2 : U — Jl(RnXRr_n,P) such that Hloﬂ = (f,p), where

f:U-— Jl(Rn,P) is an immersion and p : U — RFD is a

submersion. These sets are topological spaces equipped with the
. ®© , 1,.n r-n

Whitney C -topology. A subset of Int(U,J (R ,R)xR } (resp.

L(U,Jl(RnXRrﬁn.P))) is generic if it is an open and dense subset

in Int(U, 3 (RS, R)*R" ™) (resp. L(U,TH(RS>RE™,R))).

DEFINITION 2.6. Let P be a property of equation germs
with complete integral (f,p) : (Rr,O) — Jl(Rn,R)xPrﬁn (resp.
Legendrian immersion germs & : (R',0) — Jl(PnXRr—n,R)). The
property P is generic if, for some neighbourhood U of 0 in Rr,
the set P(U) is generic subset in Int(U,JY(R®,R)>R' ™) (resp.

LU, 3L (R®=RF ™, R))) .

By Proposition 2.3, we have a well-defined continuous

mapping

n

T LU, 3N ESRT ™, R)) ~ Int(U, J5 (RS, R)xRE ™)

1
defined by

Hl*(ﬂ) = Hloﬁ.
We can state the following theorem which is the key of

our theory.

THEOREM 2.7. The continuous map

T, ¢ LI RDRTTR) — Int(u, T (RYR)RTT

is a homeomorphism.
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This theorem asserts that the genericity of a property of
equations with complete integral can be interepreted by the
genericity of the corresponding property of Legendrian
immersions into Jl(Ranr_n,R). The Legendrian immersion &(

f,n)
is called a Legnedrian unfolding.

On the other hand, by Arnol’'d-Zakalyukin's theory ([1],
[4]), we can study generic properties of Legendrian unfoldings
in terms of generating families. These situation is described

by the following diagram and figures
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$83. BSome classifications

In this section we introduce three natural equivalence
relations among equations with complete integrals.

Let (f,u) : (R",0) — Jl([Rn,[R)><[Rr~1‘1 be an equation with
complete integral. Our purpose is to study the discriminant set

Lty

of mw«f and the bifurcation of Legendrian singularities of o

n-r

along the parameter t € (R ,0). This situation leads us to

the following definition.

DEFINITION 3.1. Let (g,u) be a pair of a map-germ
g : (Rr,O) —> (RHXR,O) and a submersion germ
n: (RF,0) — (RF"™™,0). Then the diagram
- - n g
(R""™,0) «— (R',0) — (R™>R,0),

(or briefly (g,u)), is called an integral diagram if there

exists an equation f : (Rr,O) — Jl(Rn,R) such that (f,p) 1is an

equation with complete integral and w-f = g.
Let my : ((R'>R)>R" ",0) — (RxR,0) and
g ((R™R)xRF ™,0) — (R*™,0) be canonical projections. We

now introduce the following equivalence relations.

DEFINITION 3.2. Let (g,p) and (g',u') be integral
diagrams. Then

(1) (g,n) and (g',u') are bifurcation equivalent (or,

briefly B-equivalent) if the diagram

—288—



(z,n) |
(RF,0) ———— (RSR)xRF %, 0) —B5 (R

¢ | v v |

r -n r-n
(R ,0) *TETTET? ((R"XR) xR ,0) —;E* (R

I'—II’O)

IO)

commutes for some diffeomorphism germs ¢, ¥ and .

(2) (g,n) and (g',n') are discriminant equivalent (or,

briefly D-equivalent) if the diagram

(g,n) _ n
(RY,0) —— ((R™R)=r"™™,0) —2 (R"xR,0)

¢ | v] 2

(R",0) ~———, ((R™R)xRF ™, 0) — (R™xR,0)
(g',u") s

commutes for some diffeomorphism germs ¢, ¥ and §.

(3) (g,u) and (g',n') are equivalent if the diagram

g

u
700) e— (RF,0) —— (R™xR,0)

(R
“ | ] ¢]
(R" ™, 0) T (R",0) — (R™xR, 0)

commutes for some diffeomorphism germs k, P and 4.

What do these equivalence relations say? If (g,u) and
(g',u') are B-equivalent, then glu—l(t) and g']u—l(w(t)) are
A-equivalent in the sense of Mather. Hence, the B-equivalence
preserves bifurcations of Legendrian singularities of complete
integrals along parameters. If (g,u) and (g',pn') are
D-equivalent, then g and g' are A-equivalent. Thus the
D-equivalence preserves discriminant sets of equations. If
(g,pu) and (g',n') are equivélent, then these are B-equivalent

and D-equivalent. Hence, the equivalence is the finest
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equivalence relation but it is hard to carry out the complete
listing of the normal forms.

We will classify integral diagrams which are induced by
generic equations with complete integrals by the above three
equivalence relations. For our purpose, we can translate these
equivalence into corresponding equivalence among Legendrian
unfoldings. Especially B and D-equivalence are successfully
classified in terms of generating families of Legendrian
unfoldings. These caluculation will appear elsewhere. Our

generic classifications are given in the following list
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CANONICAL FORMS

In=1, r = 2. The ordinary differential equations case.
(Hayakawa, Ishikawa, Izumiya, Yamaguchi [2])
1) B-equivalence

glut(t)
D (u + t,uz)
2)| (8u® + t,20%)
3)| (au® + t(2u + 1).3u? + tu?)
2) D-equivalence

g 0 contact singular?

1) (u,v) v regular
2) (uz,v) vV - (1/3)u3 regular
3) (U,Vz) v - (1/2)u singular
4) (uS + uv,v) (3/a)u? + (1/2)v®v + v| regular
5) (u,v3 + uv) v singular
6) (u,v3 + uvz) (1/2)v2 + U singular
3) equivalence

23 1
1) [(u,v) v
2) | (u?,v) v - (1/3)u°
3) | (u,v?) v - (1/2)u
Dl@® + uv,v) /9t + (1/2)u®v + aeg, 0(0)=0, (3a/3y)(0)=0
5) (u,v3 + uv) vV + aog; x(0)=0
6) [ (u.v® + w?) [(1/2)v® + aeg. @(0)=0. (30/8x)(0)=0
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IIn=2, r = 3.
1) B-equivalence
glu tee) type
1) (u+t,v,u2iv2) A1
2) (3u2+t.v,2u3iv2) A
3) (4u3—4uv+t,v,—3u4+v(2u2+v)) As
4) (5u4—4uv+t(3u2+1).v,4u5+2u3t—v(2u2+v)) %\4
5) (3u2+t(v+l),3v2+tu,2u3+2v3+tuv) T>I
6) (3u2—V2+t(2u+1),—2uv+2tv,—2u3+2uv2—t(u2+v2)) 112:
2) D-equivalence
8 fA contact sing?|type
1){(u,v,w) W reg A
2) (uz,v,w) w—(l/3)u3+v reg Ax
3) (u,v,wz) w-(1/2)u+v sing /M
4) (u3+vu,v,w) (3/4)u4+(1/2)u2v+w reg AE
5) (u,v,w3+uw) W sing A\
- 8) (u,v,w3+w2v) (1/2)w2+v sing %\2
7) (ﬁ4+u2w+uv,v,w) (4/5)u5+(1/2)u2(v+w)+w reg lqﬁ
8) (u2+vw,v2+uw,w) u3+v3+uvw+w | reg Iﬁr
9) ((3/4)u2—v2+uw,uv+vw,w) u3—uv2+(u2+vz)w+w reg IX;
10) (3u2+vw,v,iw2—2u3+vw) w sing /xl
11) | (u, v, wrevw2 euw) W sing A
12) (u,v,w4+w3v+w2u) (4/3)wS+(2/3)woveu(2w+1) sing. /%3

3) equivalence

?
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IIT n = 2, r = 4.

1)

B-equivalence ( t = (tl’tz))

-1
glu “((t),t,))

1)

(u+tlgv¥t2,u2iv2)

2)

(3u+t. ,vit, ,2u tv2)

3)

1’ 2°
(4u3—4uv+tl,2V+t2,3u4—v(2u2+v))

4)

(5u4—4uv+tl(3u2+1),2V+t2,4u5+2u3tl—v(2u2+v))

5)

(u2+(1/3)tl(v+1),v2+(1/3)(tlu+t2),u3+v3+(1/2)tluv)

6)

(3u2—v2+tl(v+1),uv—tlv—(1/2)t2,u3~uvz+(1/2)t1(u2+v2))

7)

5 2 3 6 2 3
(6u —4uv+tl(3u +1)+4t2u ,2v+t2 1

8)

(2uv+t1(2u+1),u2+4v3+t2(2V+1),2u2V+3V4+t1u2+t2V2)

2)

3)

D-equivalence

?

equivalence

?
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