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BOUNDARY VALUES OF QuUASICONFORMA L MAPPINGS
by
JOZEF ZAJAC
Institute of Mathemaldics PAN |, Jo-136 £8E |l Wavicho mira 56,P0LAND

E - closed plane’)

{ - open.complex plane,

¢ - COMPIEX }Jlane (or\npqc-ﬁ,'}[,?d with one POI-I’HL at (lv‘/lh(’lly;
R - w~eal L'ne}
£

JE - sels
frrf - folso[ogl'ca/ bounu/om/ 07f = DE - ortenlted boundary o]( E,
JE — the closure (9][ E
intD — the interior of D,
D - Jowdaw dowmau |
Jowdan cuvves - a homeomorphic z'mage o/2 a c{/rc/e)

- a homeOVV\OVPhlh lmo‘ﬂe o{, ) .Segmenf/f-e~

Jomvdan avce
connecled subset of R,wh«'ch does 1ol meduce

a
o @& point,

(a,b) - open segqvnent

Lo b> - dosed se.E)vvweV\’r

A :Sz: lz1 €4}, Ay = gz: ﬂ“é\z]éd})

fau] — a sequence of nuwibers | fig-Juncons, {7 iaverse funcl

0.3 - a sequence o} funchions

.f“ - (Si - poiﬂ\w\'se tonvergence r}?“j ‘F — alimos un{,:govm

CO\WVQTaQV\CG .

sense — pn’Esev"\/l'na homeomorphism .

Sw?vose '\J\AO} D (s o Jovdow dovwaiwn awd S_ LS

hoveownovphiisym  such ok &‘.d.D —> £ Then there exisfs
Pocedan domadin D' such, that E=clD', p: D=0 . fed—= {0

S E'=clD
.
v& A\A @

TN

=1 ]
RS




B\/ Fhe dejf('m’l‘(on o-‘ a dJomndan  dowynain  there extsls a homeomoyplis
i ) gl 4 )_i

{D‘ -f‘z swuch {’\nuk f’L : s'v /N —> %rD , 0= A2 and avg _!20

s an  inaveasing -func’n'on of aryz | 2 € ?vA\S”f-

H s well kunowown  that also Qa = ¥o+’¢‘ awnd ‘f]z:‘£°1ﬂz ave

Fepgoneig

\«\avv\eomozv\oh(svv\s such {\,\a¥ avy (\]lLGﬂi\{grrA\i—ﬂ (s an nciensi
.Funr,[*[om OF avgqz, z¢ FY‘O vf-ip -

He\nce 4? Lwduces o] W}Q\)\D\\V\vj be¥ween ‘H/\e cmr\en{‘o\\—(om oj< JJ'VI
and the omentolion o]t frD‘, J { both the omienlodions are

Pos{tﬁve one neao&ive Lol bh /YESPQ(;“ o the cory\resPow;LmS] dowan

Fhien gt D —=0' s sald to be sense— paeserving.
9.
More aewemﬂ ‘% 8,: E—=E' (s a homeomorphism o’[ fwo sets
Fhen «? s sad Yo be sense — pPrreserving LLF 1EID s sense- preserviy

Jforv“ evevy Jordan dowoin D, such lhol clDc B,

Proposition 4 ( Newwmann [7)

1% F: E—=E (s a homeomorphism ond E is elher
a domain or the closure of o Joxdan dowai and there
extst o Jovdan dowmain D such thal cl0cE and £, ¢

sense~ \owaservu'ng, then F Ls 5ense—Prreserv1'n3 on E.

It O wordh- wihile lo wole 1hal Cf F s a senae—pm’.wvv{mg
-4 »
hOVY\eDmorvphl‘sm‘[ll)c’n also (s ,}' ) ?J«g %i and. \Fl AVE sSensce -
—pneserv(MS howmeoworphtsms Lhen alse —Yﬁ{ji s the sense- preserviv

\ho v eawa o P\’\\'S 124 Pr\’ vaded [‘\/\e COvWN POSN{OV\ Vv\ﬁl( es  sens,

Differxentiaby 'W_

Suppose  now that £ (s elther on open selt or the closure
o? a Jordan dowadin. A \mqmﬁ‘nﬂ i’r E—F s sad do be
diHeven’ciuble al z e mtFE ( zo, Jf[zu) # 00) L'f

() fe)r = fea + P (z)(z-2) + fLG)(7.-2) + p(2-2.)



wheve : f1= z(."/x—LJ’y} ) %’5: %(;erL"f\') ) 22)(%1')/.

(9°0). = 9ot £ v 951 L,
(SDHE = 3z°'§'w¥£ + 320¥ -;E .

A vvx&()f\'wa & s osand Jo be d»\"{}evemha\ole ol 7 =0 1'63 J’*deﬁlme(
by vV[Z) = —?(%) Ls df{ﬁemnl:(cdole at z=0. A tmcxmm'wv d? ‘s sacd
Lo be diffevenlioble ab 2. cuch that flz) =eo (f [ defined by
£ = 4/8z) s differentiuble ol 2,

Ar W\C,\)o)ol\n(j ,}3 e d[rPeVEnh'u‘ole on a sel E L.}: (s
diffeventiable ol every potnb og_ E

The diveckional  devivatives ﬂd are de‘Pned by F‘lzld—ejﬁ(zdg jj
wweve d 1x nread ond B2 O

[he Jacobrian OYr 8 will e dev\o&ed b‘d J oo ]f‘ JJ, 2:00\()41’
g(zo]: %) 543,"\{ sovwme Zo € B | we W\u\/dej(\ne_ j;_ buk ovxbj e SSY\J&(
= sgn 'j&,‘,\ (za) .

S eusi(j verf-frl'ed thak C‘L @: = ——7(1'1 where E cy¢ , t's c/.'«//:’rm‘f':bb}
thewn
L

(2) S)\o!- = e ( f)\ cosd + ¥Y sind ): (Sf_‘ + 6—2'& 5

S N A TSI ARSI AR AR

() e TSV sge 9 e B L B - ST

Jf J s d(’Hchev\h'a\)\e bt zoec nt B owd s :IF:O, Hien ‘JZ
‘s called wegular ol 2z and 2o s called a wegular pownt of .
A waspping {6 called  wegudar dn £ 0f (b s megular ol even
I:)O\"w\t 2 e int E.

A C*class meqular howeowmonphism (s called a diffeomorph
ln the cose  wWhen z, = 00 on $leo)= e fhe definibion o f C'f([un«l



vnay be extended 5\'W\(LL'ule‘ Yo lhal o¥ d(”erve\n\(a\:)\'lﬁ\r\)
Sur)oose VIO LU {f\,u)} Y,! E -‘)E‘ L‘s Qo V\OW\QDW\DV\O\'\\'SW\ c\wd E
o Ythe Jdosuve 05— a Jovtban dowain | hew

s elther o dowsain
by Newwan's ~resalk c1uo¥el:l avove, (| sgn IGE) =1 o} some
Neaw\av Poﬁn\— z , then & Ls Sense- PNesew.‘na ond | Covxvevse,[d.
58 £ (s a seuse-presevving Hien scjv\J%[z]:i ol any Negjuﬂor
z € (ntE .

Suppose o) S. (S o C\(X"*EOW\DVP\’\\.SV\’\ avd D s o domarn
The ~oto

() P2) = pgia) = ma L e gl

W;\\V\\gu(L)) \\%2\ — \‘?z\\ l ze D
is called the dilatation oF f at z . C.('eurly tis bounded on every

(,ow\pact subset of D awd dvariaunlt under con-f—or\rmal VY\d’)'s:u‘nt]S.l;.(:'_

LF 9u avd g, ave confownal such Hak F“ﬂi and 3201[’ malces
sens | bwen Peoy, = Py = Pyep

The last conclusion anables us to exlend the defirition of p
to the cases 2=c0 and [lz.)=o° a\nq[oaous(fj to the de,hhfzﬂbn
of  diffeventiability voas extended.

Delinition  ( Grdtasch)

A sense - presering dt'/f«feOmo-rpbu‘sm f: D—=D' where D

's a domain gud theve exit coustanlt nuvaber Q, 10 <oo

such - taeve

) sup f, ) =
LS CQU ed a /&8@“’ Q;(f,g_q;g'(ov]fgrrmal h’)o,:-rn‘n\? [Q—(}C )

This very naduval dan;tdom has 1lhe d\lsudvqw;xnae that
the C/LOSS, ogr rfea\,u[ar Q—C\c mu\g‘n-nrj.s ‘s wob close corth /yes/:»ed[
Lo alwiosth v form convergence . Thus
Delinibion ( Gehring , Lehla)
A \ﬁ_omoovvxo\r)ﬁlrlk‘:sm &: D—=D" D —bel'ng a domarn | (s soud

o be a Gl-qc mapﬁ;'9q~ v ,',]0 there QXIVS{P o sequewnce u{ fl’e_qLJ_ur-



OF /Yeﬂuiur L]-LLOS‘LO”I’O’YMCL[ ""‘OPP"”}JS Fn' D - D' such that irn:; ’?I

awvd &bm a.e. =z ?ON which theve e xists {c"mf@ Purhb[ d.en'va(ll'ue;\

fz,f; we have rnz/{hl J 2 /{= -

P/yo\/)@i'l'(eS :
4° —gC mapping S D—>D" ¢s identical with a cluss of
conformol vappiags
2° LY 5; L'SaG'—Wc muﬁn‘?l'mj then also F Cs Q—c}c marv(fu;'yb,
sf ¥ s a Qi“ﬂ mumox'vmﬂ and ][’l s a @L«C}C mu,opn’ny
bhen also fiofe s o Q0 -qe mappy

4° b s enou_tjh bo consider  clusses oét q¢ VWDLK)‘DI.Y):) on
speciad  dovnatns Lie  unit dise A, an annulus Ay, et
(canonical domain olich ave conformally equivalead do

a Adass o davviavwns \

-4

Complex dilatabion and Bellram: cquation

3? \’ (3} sense - Pﬂe.serv(nﬂ \novvweOvv\ow‘)\m-sm LLI'F{-EYE'YA'I.Q\‘))(

albvwaost evev\jmheve on u sel
closure o¥ a Jerdan dowain, then the mu’orm'ng

= , wheve £ (s eitlier an op e

sef on a

qivewn by (t dt‘ffevenﬂ'ql laken af 4 dz}[/'ev‘en}:bb/e /oo:ioll ze € Jni
has  the &Oﬂm

(*) dw = [, de v f5de

it (n‘nF('m'{ezu'mal) civele |dz] =dg ondo the

Yo = ”’z]“lgil tnd J—)Iwe cemler

ownd mur) Q
elipse wih ha’}l axts  a=\[,]+ Ir[?)

ok fza .
W/Y(H*(nj douon »*\ne d([u}qy{on PF (n xgl)e dl)rm
= M_L _ A \? I 4 4 Ipl
P \§.1- 1§ q - H:) 1-1p0

coeve A = #T/Q{, we  allain oA e covaplex forction



which s colled  covnplex dita Yo bion o~p ¥ . j‘F 'y s fYGC)l—LLC\V‘
. Q-1 N ‘ .
G—c)c VV\(XK“PW\ﬂ then \/*\ < Q1 - Stav 9 \%Crom A glven

tovaplex dilakedion  we W‘dj considev  Hae d(%’[_evem&\'o\l Ec]uu\\'ou
Pe = pfe whidh s an elliphe dype equalion kunowm as fhe
Bellvawnt  diffevenliol equakion. This s when puo sabifie
ceartoun  condilions . Co\q@«'miv\fj ouvselves Jo Phe cuase 03{ Ye
vk ddse we pveww‘e Me wosh r‘jev\em& ~resu Lk o*Bo]'owslu.

Whwidh 1w ouv context s as

prvo‘aosﬂ;ﬂow 2

-‘IE{: /A s 4] med sitra b/()_ func?lt'{)n dé’/[t‘nec/ c A G”U’ 5(—10ll Zt”tt}
il = kN L (z2) vohew Flie v fain v {1114 v uu SQQ‘ L
)4 L;F SLP \}\ ,, eve e (Y Wil en ovev

. r 2€ ANE . )
con Pa Lebesga mMeasure |E|:O, s bounded 7Brom 1 re. ”/“”00“1

Then theve exisk a uwu'clue soludion w:?(z) o}

®) fz =l
4 Al

k/u\/\u/\r\ (s a Q-—c}c 5(3[?\,\/\013\{3\‘/\1\] ng‘ PAY wf“/l Q = j—\(/Allw
awnd mowm&)&iunl{ovx conditlon ..S/.( v) =0, ‘?[’1-) =1 o, ec]'L“‘/‘L\Q"“LJ
=4 | §=c y 1) =2,

Geomelrical  characlerization _C>£ quasiconfeymal moppings.

A ,c‘uadfviLdﬂ&_l consist og a Jzrdawn dowaewvn D and a sequen
24122, 23,24 o‘ bOlAndClVﬂ Fo(n{s og D. The PDLV\‘}S 20,0= 42,3, 4 ave
colled vevlices oF the cluad/v(lcx\evcd. We  conbine cuvselves Lo he
umlﬂ Wuxxdm‘),ojeths D(z4,22, 23, 24) whose sequence o;z verhies
agrees  with pesibive owienlabion wilth wecpecl fo D. The
vertices divide the boundary of D into four Jordan arcs,
the sides o(— ﬂuadvilojevaL . Lhe oives 2.2, and zz z, ave called
the g-.sides and the othev fwo ares, the b-sides of D .

(t s wocld lknown  thak Cage of D uwder sense~ foresevving

WO WAV O \(m\/\\'sm rs o (}u.\'ldrn',&x‘f'eku,['.
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FCADY =D | wi =)

Tt s \no‘r (v rjcne\rul possitole lo yvnap cjwe\n qyuadmlcx}euud

owto awolbher, since ‘e twmage of three boundary pomits determine
the wnapping unigely. AU quadmilalevals  are lhevefore devoled
tabo  several classes wiwieh ave confommally equivalent.

It jollows fvovn  Ricvmewn wapping  bheovem ol every
quadiilabeval DG1i2a25,24) can be mapped conformally onle
a tymdr@hﬂ'evcﬂ H(“’L -1,1, 1/k-) | where 0<ckel and H is fhe
spper  walf-plane . Frowmn  the classical theory of the elliphc

L\n‘reawo\ls we *uur¥e\r/ ob\Ol\Vl, anxk Y\he %Lw\(_¥tov\

&) Tl=z) = SV

~s5*){d k5 )

eneps WY -1, %) conformmally onlo o quadwilateral which
consisy ol cectangle  and (ks corners. Compos(mj Mae above

W\Q,EP\Y\?)S ,We an  yaap an avb(%ruvj 'c’uudﬂ(la\erul c«:ﬂonmuﬂu
onyo o nrec}o\vnj\e, Sach «a maf{n'na wildl be called the canonicay

e png . ALl cawvownical NQC\O\V\%(C& ogr a given ﬂoumﬂo}eva(
D(21122,22,24) have \i\nefe(&/ove Yoe sawe makio of sides MD)= %
- ggs‘nh—omvvxd moc&u.te og,

Two c‘wud“fh\'ev&ls ave <rowj‘o.~mau‘xj equivalent of and only
(f they possess lhe sume ralo of a and b. Tf one cavnes o

o NQONT%QMQ“} o\r Yne ve~dices o& D, the the vnodule behaves
as ,‘—ouowj

iV‘(D(21|2’1|7]|2q = |\4(D(2;,2¢,,24, 2) = 1/M(D(Zz,2],21,,21))



Dc\f‘\n\.‘—(oﬁ.
A .sensc_Pnes’.er\r\\nﬂ howeovnomrphlisvn o§r E wheve E s
erther o dowailwn ov a cdosure os a Joodawn dowvmonn | Us

called Q-L]c maYaho(nﬂ L’F there exisl o ﬁzt\m#e number Q2|
sudh  thak

(%) (/I/Q)M(D] £ M({(D)) £ Q M(D)
lholols 50'1' oL qmdvime»a&s D, JdDcCE

P)ou\noL-auJ_ values paobklem .
This s a /yrob/e/n O/l exislence and con{/'nu('/y o[ the bOuna'o/j

values  under ‘}w”CO”ILO”ma( mappings. Bul the ‘solméz'/n/y' of boundo:
value problem means the possibilidy of constructing o 7um,wn}wm“
mapping with given boundavy yvalues.

The simple ex'ampb 'O/Z the majpm@ny f&) =z—g(i—lzll), S"J“‘H'
svnoll  shows that the 'i'dml,‘{y ma/O/m'nj 7[{'8'.0):@'9)‘ -Ted<ll
has many  solukion in the case of bhe wait disc, when

'l;he 60,&4‘!,'0!) I’YTLIS/ b(:‘ (]/C__ /lL lf)US, 07[ coure , Gxacf/y or;e‘ QJI?PI')

we COV\EJ(VU: oquet&»s 3-0 §Me CDY\‘}Q”MQLL QU.X‘OW\O/VP\’\\ISVY\.
Let D and D' be n- fup_[y cennecled domains which boll have

n Jonrdon cuarves as boundavH comraonenrfs. Then every con/fo’rm'al
‘”‘apl’mﬂ V? D —= D' can be extendecd lo «a hDI“nPunochT)Z'}7'3f"7‘O/Z 1ts

ClOS Lres .

Jf these domain's ore Jovdun domains and Fhe
onteritation o; 222,21 and W, Wa wy are bolh posilive corth mespect

o the foqresFOna’l‘ng domat'ns | ¢hen L‘/)e,é extst a wmigue con/cnmu/
ma'o)m'ng _F: 0D—=D': &\&’«D: fnD — v D' - s the homevmorphis m
and PG W, f=4,4,3. For gc mafl[)fn\? we state Lhe mam
~wesull as

)lgp'gifkdon3 :[F D onwd D'ave TJavdan dowmoins then evevy

Q-u’c m&()?;nﬂ rﬁ: D = D' con be erltended to u homeomar/)/ukn

os» D > a0,
' exs p() f\‘(\(‘ -4'«:\; WYY A "\m;-.\ﬁnl\

'4/0 /YP"/‘flAf‘"‘ BN RYarara) i

Tanclis



domeuns . |F JoUows erOtv- P,Ivopc_);i‘ﬁpn 3 thal every c]u»s\'conéovyvm

wapping  can be extended toa homeownorphism  beluween
dosuve 0¥ Lhese dovwaitns. B\/ the orn‘ew}ov-l(on-,orreservn‘ng theover
(which s Ln ouv conltext as a rwopos(h'on) the extension s
sevse~ prresevving , and  the botmdavy  value prrolalevn Jc\nevedofe
veads as S'rokkouos.

Leb D and D' be Jwo Tewdan domeins wdl; beandnes C
and C! zrespecnlive[y, and p be a homeomorphism o/f‘C onto C ' which
presenves the posih've ortenlabon . It s /reciu{'/rea’ lo I[L'nc/ necessary
owd SLLH»n'tienJr condition on P such that Llhere exishs « gc mu)ﬂf"n\(/
JiD =0 with the voundary vatues fCz2)=g).

ln view 0‘ e Wvaviennce o} ¢ ma‘o,)fna under cOm‘Posl'zL.’o.
with Cva&{)chJ mm&aam‘v\fjs the Prrobleyy, of cho:vac-}erz'zmt]'z‘he
induced  homeomorphism p cop be aeduced {o the case , when
D=D'sH=%z: Jm=z>0F. Then the \ooqndarj conves pondence
ts  detevmined by a monolone contrinuous J—wwcll'on P (hn thi's
sens  that the Po(nAr (x.0) covvesponds Yo (ylx),0). JE 1s

su‘+\u‘ev~.ﬂj o consvder the case whewn ‘f’ (s SII/Y"CHj Chcaeas i

/’__——.b-
, LO\/\B{)"VV\Q/(

F=feefels

M= . /////]//// //—\»/// ///gzw
N T

B\T the ded(n(hon oP Q—(,\U\AlSl.(On{‘O(TMOxkk'l(j based on the modu[[oyl
a (,\'wdlvu.h\,‘ﬁv_ol we  see }.‘\nov‘c (-{— Fi Q Q\C\c 5e(F—v\m1(>'>t'V\3 OIJ'

the p ey \nu\‘i»—\f)_\o\ne H Yaen

A
v M(G) = M(R(G)) =05 Mre)



holds 30(7* ol qu,qdm‘u evals G )—(;[GC H. Stnce H v the Jordan

domalV\ fhun e may COI))')‘(‘J?" f’?l:) de/‘lhl%lbl’) nuf U,y[y ]Por <y C/DIYILII’/)

but also for closure of a Jovdan domain. Then (9) must also be
bvue when G=H . The conolikion (9) assumes a weaker ]Bo’rm,b(’H’t’r‘
suded o cur opplications, (f we fix the verlex z, or‘a (7uudnl'la/eml
ond choose the other fthree verlices sich that G o con/[o/rmauj e7u,'vule:

lo «a squave . Then. M(6)=1 sa 6G' must sall}f\/ the cénd:iﬁ'an

(@)

N

a_ .

a = Mé')<q

On  the other hawd _H-l\is Vle('C‘-SSCx\‘LJ cchd,(h'orn (s also .5u,[/l&('€nll ¢ dhe

followoing  sense ; ot ﬁuﬂvuvﬂees the exwstence of gc 1 Hhough nol

V‘ecesjo‘f'llt‘ Qfljc wo‘ﬂviv\\j. The onder o¥ C)LLuS\.(;ond{)/YW‘llﬂjry muy I neae
E i/YCJl’)S;U.’Ym (()I’)L'Jl.'\ll'()l’) (97 IU a sl'm})/g %erm e 3@% Zq:OOI)(L"

Ond. nomwalize all  ouy mu,afnnf} 50 H)atl H;ey preserve LL/,E,.[)U,',HL

ClL L.H}‘(Vll‘fy. The L?uuo//n'('a,lpra/ FI‘()(/“X.IIXJ'OO) I‘S cond&dvv\a_u:) E‘C)u(vujen

fo o Squave ‘LF X3—=X2 = X;—Xi.—rheu we whte )(L=X))<1'—X“!|)“a=x—%,

wheve Y0  since the o/n'e'n}uul[un s /:lO‘Sl.}l‘V(’ wi th /Yesf'ec:[‘ to H

For  the vnoduds o% ;Imc\m‘)tdrud M= H (e, Xt 2, ) we have
’ —g— xl" 2|
(ro) oy =1 ()

woheve /4”) vdev\o'his the (onJ»()'YW\u, mchuLl(' D} the L“,,'{- J,S Sl;l-t'ed‘
along weed  lne ~J~V0m © Yo t ,0<t21 and s .S‘l/Y('CHtJ decvreos{ntj

w\'t\/\ RL\N\{\S oo ako D&vxd O CL[ 1

/\\ /4(H~ mctLulc; o;, double CO“VH‘C—"“EO' downain .

The .‘,un Ck owvy }4 < be also Cex Pve')sccl v 'l"/levW\S OJ“ e,ct(\lg A‘C

:1 X —
fbequal KUl = § =2 and o4 = T 1002
0 (""‘l)('l—t'x‘ / 2 k(f)




IE we seb buis value  inbo @) we oblawn ]()un' the boundary values
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