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Boundary behavior of harmonic maps on non-smooth

domains and complete negatively curved manifolds

Patricio Aviles

Abstract: 1In this talk I shall discuss two classical topics of harmonic
analysis; the solvability of the Dirichlet problem in regular domains and the
Fatou’s theorem in the case of the harmonic map system of equations. Ve shall
also mention some ongoing work. Since every bounded harmonic function can be
considered as a harmonic map into R our analysis below (and the one of the
ongoing work) can be considered as a natural and important extension of part
of the classical function theory to harmonic maps. There are several new
difficulties that we have overcome in the process of doing harmonic analysis
for harmonic mappings which can be briefly explained as follows. From the
point of view of extending the classical known results for harmonic functions,
cf. Hunt and Wheeden [HV], Dahlberg [D], Jerison and Kenig [JK] Anderson [A],
Sullivan [S], Anderson and Schoen [AS] and Ancona [An], to harmonic maps the
main difficulties come from the fact that we are dealing with a non-linear
elliptic system as opposed to a linear equation which furthermore is a
degenerated non—linear elliptic system when in a complete manifold. From the
point of view of extending the by now classical existence results of harmonic
maps due to Eells and Sampson [ES], and Hildebrandt Kaul and Vidman [HEKV] the

difficulties in the situation at hand lies in the important fact that we are



dealing with possible unrectifiable boundaries and therefore the classical
methods of the calculus of variations used by the authors mentiomed above are
not applicable.

¥e shall now describe our results, see [A], [ACH]. Let f be an open
connected set in a complete Riemannian manifold. If f! is a Greenian domain,
that is, the Green function with pole at x € | exists for all x € i, i.e.
AgG = §(x), G|dh = 0, then the Hartin boundary, K(f), can be defined, see
[A]. Furthermore, if we let A-=0vu A, n s complete and compact with
boundary MH(R) with respect to the so—called Hartin metric, which defines a
topology in I which agrees with its topology as a Riemannian manifold, see

[Db] for further details. Ve shall now make the following

Definition: f is a regular domain if for every point ¢ € X(fl) there exists
we € Co(ﬁ) so that

(1) vg is super-harmonic (with respect to the Laplace-Beltrami.

operator) in fi;
(1i) v > 0 in B - {£}, ug(ﬁ) = 0.

Examples of regular domains which satisfy the above definition are those
considered in [H¥], (D], [JK], [¥u], [Ad], [S], [4d-Sc], [Axn].

The image of the mapping in comsideration will be required to be in a
convex ball B}(p) of a complete C® Riemannian manifold N. Consequently
Ef(p) shall denote the closed geodesic ball of radius 7 and center at p

in N with



T < min{—— , injectively radius of N at p}

vhere K > 0 is an upper bound for the sectional curvatures of K. Ve remark
that, in general, there are examples that show that the theorems below do not
hold without the hypothesis that the image of the mapping is in a ball as
described above.

Ve also recall that for f € CI(H,N), the energy density e(f) of f
is defined by

1 ij ot o
e(f)(x) = 3 87 (x)h 5(£(x)) ol ad
.1 m 1 n .
wvhere x = (x",...,x ), y=(y ,...,y ) are local co—ordinates on ¥ and N
respectively, rfa(x) = ya(f(x)), gijdxidxj and haﬂdyadyﬂ define the
Riemannian metrics on B and N respectively and the matrix (gij) is the

inverse of (gij)' The energy E(f) of f is defined by E(f) = J e(f)dv
H

where dv is the volume element of H. The map u € CI(H,N) is said to be
harmonic, if it is a critical point of the functional E : CI(K,N) -+ R with
respect to compactly supported variations. A simple calculation shows that
the Euler-Lagrange system of equations have to be satisfied by a harmonic map

are

T B a7
bu'(x) + 6" (x) 15, (u(x)) gx% % -0

vhere A is the Laplace-Beltrami operator on H and P;7 are the Christoffe

symbols of the metric on R.



Theorem A (Dirichlet Problem). Let R be a regular domain for the Dirichlet
problem for the Laplace-Beltrami operator. For each ¢ € CO(M(@),ET(p))
there exists a unique u € Co(ﬁ,ﬁT(p)) n Cm(n,FT(p)) which is a harmonic map
on f and which equals ¢ on X(R).

A classical problem in linear harmonic analysis is to study the boundary
regularity of harmonic functions in arbitrary bounded domain. ¥e recall the
Viener criterion. Ve shall assume that the dimension of the domains is

greater or equal to three.

Viener Condition. Let f# be a bounded domain which is contained in the
interior of a complete Riemannian manifold M. Given a point Xy € o, let
- X(o) = oz_mCap{x € Bc(xo)lx ¢ 1} where the capacity is measured with respect

to a fixed smooth compact subset R of 'H which contains Ba(xO) in its
@ -
interior. x, 1is said to satisfy the Viemer condition if 2 X(oJ)_ diverges
j=1
for o € (0,1).

Definition. Let # be a bounded domain which is contained in the interior of
a complete Riemannian manifold H. Ve say X, € o) is a regular point for
the Laplace-Beltrami operator, if for every ¢ € L™(d1,R) which is continuous
at  x,, the solution of the Dirichlet problem with boundary values ¢ is

continuous at X,-

Theorem (Viemer criterion [Wn], [LSY]). x, 1is regular for the
Laplace-Beltrami operator iff X satisfies the Viener condition.

Ve now make the following



Definition. Let # be a bounded domain which is comtained in the interior of
a complete Riemannian manifold K, x, € M is regular for the harmonic map
system if for all ¢ € L°(an,B {p)) vhich is continuous at x,, the solution
of the Dirichlet problem for the harmonic map system with boundary values ¢

is continuous at Xg- ¥e then have

Theorem B. X, is a regular point for the harmonic map system iff X,
satisfies the Viener Condition.

Using different methods and ideas a version of the Vienmer text for
harmonic mappings of finite energy was established by Paulik [P]).

It is of interest to study the solution of the Dirichlet problem of the
harmonic map system with further details. V¥e shall next state a result in
which we discuss sharp bounds for such solutions in the important case of
simply connected negatively curved manifolds.

If H denote a complete, simply connected Riemannian manifold of
dimension m, with sectional curvature KM’ —b2 < KH < —a2 < 0, the sphere
at infinity S(o) of H is defined to be the set of asymptotic classes of
geodesic rays in H: two rays 7, and 79 are asymptotic if
dist(7,(t), 79(t)) is bounded for t > 0. The cone topology on H=HUS(w)
is defined by: let q be a fixed point in H and let 7 be a geodesic ray
passing through q with tangent vector v at q. The cone Cq(7,0) of
angle @ about 7 is defined by Cq(7,0) = {x € H|angle between v and
tangent vector at gq of geodesic joining q to =x is less than #}. Let
Tq(7,0,B) = Cq(7,0) | Wﬁ(q) denote a truncated cone, then the domains
Tq(7,0,R) together with the open geodesic balls B6(x),x € § form a local
basis for the come topology. Let ¢ : [0,1] -+ [0,»] be a fixed homeomorphism
which is diffeomorphism on [0,1). The map E(v) = equ(§(|v|)v) is a



diffeomorphism of the open umit ball B,(0) in Tq(ﬁ) onto H; moreover E€
extends to a homeomorphism of the sphere S, = #B,(0) imto S5(a). Ve
identify H, H and S(o) with B (0), B,(0) and S, respectively.

It was proved by Anderson [Ad], Sullivan [S] and later by Schoen ([Ad-Sc]
pp. 435-438) that every point of S(w) is a regular point for the Dirichlet
problem with respect to the Laplace-Beltrami operator on H. Furthermore
Anderson and Schoen [Ad-Sc] showed that the Hartin boundary of H is
homeomorphic to S(w). Hence the solution to the Dirichlet problem with data

¢ € ¢*(5(a),B, (p)) exists.

Theorem ¢ (Bounds for the solution of the Dirichlet problem). Let H be a
complete, simply connected Riemannian manifold of dimension m, with

sectional curvatures ~b2 < Kﬂ < —a2

<0 and let B (p) as described above.
Given ¢ € Ca(S(m),BT(p)), a € (0,1], the barmonic map u : H -~ B _(p),

u IS(m) = ¢ satisfies the following decay estimates;

(1) p(u(x), ¢(x)) ¢ ¢, eL/2 or(x)

’ ~1/2 br(x)
(ii) {for any g € [0,1), IDu(x)lcosﬂ < Coe /2 br(x)

where r(x) = distance of x from some fixed point q € ¥, § > 0 is

5 {aa if a<1 or =1 and m> 3

any positive number strictly less than a2 if a=1 and m = 2,

€y, C, depend on the geometry, (B (p),a,b,¢,m) but u itself. If only ¢
€ CO(S(m),ET(p)) then the enmergy demsity e(u)(x) =0 as x - S(w).



Finally, I shall state the Fatou’s theorem for harmonic mappings. This
is & quite interesting result. Technically speaking, it is imteresting
because the basic tools that there are used to prove it for bounded harmonic .
functions, that is, boundary representation, the correct imequality between
the non—tangential maximal function and the Hardy-Littlewood maximal function
associated to the harmonic function (see for instance Stein’s book [St]) are
not available or they are not true. Geometrically it is interesting because
if we combine it with the solution of the Dirichlet problem for L®™-data we

obtain the following.

Theorem D. There is a one to ome correspondence between ¢ € Lm(aﬂ,FT(p))

and harmonic maps u € L”(W,B_(p)) n Cm(n,HT(p)) so that 1lim u(x) = ¢(Q)
almost everywhere § € 81 as x - Q, where almost everywhere is with respect
to the natural measure associated to df (harmonic measure) and where x = (

non—-tangentially.

Theorem E (Fatou’s theorem). Let u : # - B (p) be a harmonic map where
FT(p) is as defined above and f is either (i) a bounded Lipschitz domain
contained in the interior of a complete Riemannian manifold or (ii) a
complete, simply connected Riemannian manifold with sectional curvatures
Kn, —b2 <Ky < —a2 < 0. Then u has the Fatou property, that is, for almost

every { € M with respect to the harmonic measure in dft, lim u(x) exists
x-{

vhenever x -+ § non-tangentially.
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Uniqueness and Existence of Viscosity Solutions of

Generalized Mean Curvature Flow Equations

Yun-Gane CHEN®, Yosuikazu GIGA

AND SHUnN’icuHI GOTO

Department of Mathematics, Hokkaido University
Sapporo 060, JAPAN

1. Imtroduction. We construct unique global continuous viscosity solutions of the
initial value problem in R™ for a class of degenerate parabolic equations that we shall call
geometric. A typical example is

€y ug — |Vl div(l—Z%I) —v|Vul=0 (u;= %?ti’ vu =grad u, v €R).

Our method is based on the comparison principle of viscosity solutions developed recently
by Jensen [8] and Ishii [6]. However, as is observed from (1), our equation is singular at
Vu = 0 so we are forced to extend their theory to our situation.

The equation (1) has a geometric significance because v-level surface I'(t) of u moves
by its mean curvature when v = 0 provided that Vu does not vanish on T'(t). Such a
motion of surfaces has been studied by many authors [1,5]. However, so far whole unique
evolution families of surfaces were only constructed under geometric restrictions on initial
surfaces such as convexity [3,5] except n = 2 [1,4]. When n = 2, Grayson [4] has shown
that any embedded curve moved by its curvature never becomes singular unless it shrinks
to a point. However when n > 3 even embedded surfaces may become singular before it
shrinks to a point.

Our goal is to construct whole evolution family of surfaces even after the time when
there appear singularities. This program is carried out by Angenent [1] when n = 2.

Contrary to [1] we avoid parametrization and rather understand surfaces as level set of

*On leave from Nankai Institute of Mathematics, Tianjin, China.
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viscosity solutions of (1). Let D(¢) denote the open set of # € R™ such that u(z,t) > 7.
When the equation is geometric, it turns out that the family (T'(¢), D(t)) (t > 0) is uniquely
determined by (I'(0), D(0)) and is independent of » and v. By unique existence of viscosity
solution of (1) we have a unique family of (T'(¢), D(t)) for all¢ > 0 provided D(0) is bounded
open and that T'(0) (C R™\ D(0)) is compact. Asis expected, we conclude that (I'(¢), D(t))
becomes empty in a finite time provided v < 0. This extends a result of Huisken [5] where
he proved that T'(¢) disappears in a finite time provided I'(0) is a uniformly convex C*
hypersurface. A

In this note we state our main results almost without proofs; the details will be

published elsewhere.

2. A parabolic comparison principle. For h : I — R (I C R?) we associate

its lower (upper) semicontinuous relazation ho(h*): L — R = RU {£o00} defined by

h.(z) =lim inf h(y), A°(z) = —(~h)u(z), z€L.

el0 |z—y|<e
Let Q be an open subset of R*. We write J(2) =2 xR x R* x §**™ and W = Q xR x
(R™ \ {0}) x S™*™ where S™*™ denotes the space of n x n real symmetric matrices. Let
F = F(t,=,8,p,X) be a real valued function defined in (0,7 x W for T < oo. Since W
is dense in J(Q), we see F*, F, : [0,T] x J(?) — R. Any function u : Qr — R is called a

viscosily sub-(super) solution of
(2) g+ F(t,z,v, Ve, Vi) =0 in Qr =(0,T] x Q
if u* < co(—o00 < u,) on Q7 and if, whenever ¢ € C%(Q7), (¢,y) € Q7 and (v* — ¢)(¢,y) =
maxgq.r (ua - ¢) ((u* - d’)(t,y) = ming, (’ll,,, - ¢))
¢:(t,y) + (Fu(t, 9, 4" (, 9), VE(t, ), V$(t,9)) < 0
(¢t(t, y) + (-Fmi (ta Y, 'u,,,(t, y)a V¢(t, y)7 V2¢(t, y)) 2 0)

If «: Qr — R is both a viscosity sub- and supersolution of (2), u is called a viscosity

solution of (2). We say F is degenerate elliptic if

F(t,z’s‘)p,X +Y) S F(t1 2,')8717,X)
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for every (t,z,8,p,X) € W and Y > O. We say (2) is a degenerate parabolic equation if F

is degenerate elliptic.

ExAMPLE 1: The equation (1) is degenerate parablic since (1) is expressed in the form

(2) by taking

F(tvz, 81P,X) = —tra‘ce((I"ﬁtﬁ)X) - lel, 13 = p/lpl'

ExaMpPLE 2: For w > 0 we set

(3) $*(t,2) = F(|lz| —wt)* if |o| > wt otherwise P*(t,z)=0.
Suppose that F is elliptic and satisfies

(4) —vlp| < F(t,z,5,p,0)(< plp]) in W

for some constant v(p). Then ¥ (¢ 7)is a viscosity super-(sub) solution of (2) with Q = R
provided w > v (w > p).

ExAMPLE 3:  The function Ug(t,2) = h(2(n — 1)t + |2 — £|?) is a viscosity solution of
(1) in R% for every T when v = 0 provided that k is a continuous monotone function on

R.

We now state our main comparison result.

THEOREM 4.  Let Q be bounded and let F : (0,T] x W — R is continuous, degenerate
elliptic and independent of € ). Assume that there is a éonstant c=¢(,T,M,n) such
that the function 8 — F(t,s,p, X)+cs is nondecreasing in s € R for allt € (0,7}, |s] < M,
p € R*\ {0}, X € S™*™. Suppose furthermore that

(5) —oo < F,(t,8,0,0) = F*(t,8,0,0) < 00, t€(0,T], s€R.

Let u and v be, respectively, viscosity sub- and supersolutions of (2) in Qp. If v*> < v, on

0,0 = {0} x QU[0,T] x 0%, then u* < v, on Q.
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REMARK 5: If two inequalities in (4) hold for F and (¢, s, X) — F(%, 8,p, X) is equicon-
tinuous for small p, then (5) holds. In particular Theprem 4 is applicable to the equation
(1). Although our proof is based on a parabolic version of Ishii’s Proposition 5.1 in [6]
(cf.[7]), new idea is necessary to prove Theorem 4 since F is not continuous at p = 0 even
if we consider its elliptic version. We note that Theorem 3.1 in [6] can be extended even
if F is not continuous at p = 0 provided (5) holds. Using Perron’s method as in [6] we

obtain an existence result.

THEOREM 6. Let Q and F be as above. Suppose that there is a viscosity subsolution
f and a viscosity supersolution g of (2) such that f,g are locally bounded in Qr, f < g in
Qr and f, = g* on 8,Qr. Then there is a viscosity solution u of (2) satisfying u € C(Qr)
and f < u < g on Qr, where Qr = 8,Qr U Q7.

3. Geometric equations. We consider a special class of degenerate parabolic

equations including (1).

DEFINITION 7: A function F : (0,7] x W — R is called geometric if F' does not depend
on s € R 1.e.

F(t,z,s,p,X)=F(t,z,p,X)
and for every A > 0 and o € R it holds

F(t,z,Ap,AX +op ‘p) = AF(t,2,p, X).

THEOREM 8.  Suppose that F is degenerate elliptic and geometric in (0,T] x W. Ifu is
a locally bounded viscosity sub-(super) solution of (2) in Q2 ,so is O(u) whenever § : R — R

is a continuous nondecreasing function.

The proof depends on approximation of u by semiconvex Lipschitz functions. Example

3 follows from Theorem 8.

4. Evolutions of level surfaces Suppose that ¢ € C(R") and ¢ — « is compactly

supported for some o € R. Let u, denote a viscosity solution of (2) in Q7 such that
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2o € C(Qr) with 4(0,2) = a(z) and that w — a has a compact support in Q7. We state

our uniqueness result when = R™.

THEOREM 9. For 2 = R™ we assume F is continuous, geometric, degenerate elliptic and
is independent of z in (0,T] x W. Suppose that F satisfies (4) and (5). Then there is at
most one viscosity solation u, of (2) in Qr with initial data a. Moreover, if b > a then

Up > Uy Onm QT.

ProoF: We may assume a = 0. For 9% in (3) we set
fR = min(¢“ - RQ? 0)’gR = max(¢+ + R‘}s 0)

where w > max(v, p) and R > 0. We take R large enough so that fr < a(z) < b(z) < gr
holds at ¢ = 0. Example 2 and Theorem 8 imply that fr and ggr are, respectively, viscosity
sub- and supersolutions of (2) in R%. Take R; such that w,,us, fr,gr are supported in
[0,7] x B(R1) where B(R;) denotes the open ball of radius R; centered at the origin.
Applying comparison Theorem 4 with = B(R;) yields u;, > u,. This implies uniqueness

of u,.
Theorems 8 and 9 yield

THEOREM 10. Suppose F' and u, are as in Theorem 9. Let T'(t) be y-level set of u,(t,-)
and D(t) be a set of z € R™ such that u,(t,z) > v. If v > a then (T'(t), D(t)) (t > 0) is
uniquely determined by (I'(0), D(0)) and is independent of a,  and . We call (T'(t), D(t))
is a solution family of (2) with intial data (I'(0}), D(0)).

When (2) is quasilinear, one can construct a global viscosity solution u, for a given

initial data a.

THEOREM 11. Suppose that F and a are as in Theorem 9 and that F is linear in X.

Then the viscosity solution u, of (2) in Theorem 9 (uniquely) exists for every T' > 0.
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For general F we approximate (2) by uniformly parabolic equations and prove con-
vergence of approximate solutions at least for a € C?. Here fg and gg in (6) play a role
of “barriers” to get uniform estimates for first derivatives of approximate solutions. As
their limit we obtain the viscosity solution u,. For continuous a, we can approximate it
by regular functions and find that Theorem 6 is applicable to get the solution . |

For the equation (1) with » = 0 one can construct u, via Theorem 6 without using
approximate equations. There are viscosity sub- and supersolutions f, g satisfing assump-
tions of Theorem 6 with f = g = a at t = 0. Indeed, for £ € R™ there is a decreasing
continuous function h such that U;x(0,2) < a(z) and Ugx(0,€) = a(€) where Ugp is in
Example 3. We define f as the supremum of such U, and find that f = a at ¢ = 0 and
f is a viscosity subsolution of (2) in R%. The function g can be constructed similarly. By
comparison with fr + «,gr + a in (6), we see f = g = a outside [0,7] x B(R) if R is
sufficiently large. Theorem 6 with Q2 = B(R) yields the desired solution u, by defining its
value as a outside B(R).

CorOLLARY 12. (i) Suppose F is as in Theorem 11. Suppose that D(0) is a bounded
open set and T'(0) C R™® \ D(0) is a compact set. Then there is a unique solution family
(I'(t), D(t)) for all ¢ > 0 with initial data (T(0), D(0)).

(ii) Let (T(t), D(t)) be a solution family of (1) with v < 0 such that D(0) U T(0) is
bound. Then (I(t), D(t)) becomes empty in finite time.

We note (i) follows from Theorems 10 and 11 with a suitable choice of a. For mean

curvature flow equation (1), Example 3 yields (ii) by a comparison.
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Homoclinic orbits for a singular second order Hamiltonian system

Kazunaga Tanaka

Department of Mathematics, Faculty of Science, Nagoya University

1. Introduction and statement of result

There is a large literature on the use of variational methods to prove the existence of
periodic solutions of Hamiltonian systems. However it is only recently that these methods
have been applied to the existence of homoclinic or heteroclinic orbits of Hamiltonian
system. See [3,4,7,9,10,11].

Our purpose of this talk is to consider the existence of homoclinic orbits for the second

order singular Hamiltonian system:
7 +V'(g) =0. (HS)

Here ¢ = (¢1,492, "+ ,qn), N > 3 and V(q) satisfies

(V1) Thereis an e € RY, e # 0 and V € C*(RY \{e},R);

(V2) V(g) < 0 for all ¢ € RY\{e} and V(q) = 0 if and only if ¢ = 0, and
lim SUP|g{— 00 Vi) =V < 0; .

(V3) There is a constant § € (0,3 | e |) such that V(q) + £(V'(¢),¢) < 0 for all ¢ € B5(0),
where B5(0) = {z e RY; |z |[< 6 };

(V4) —V(q) —» 0o as q¢ — ¢

(V5) There is a neighbourhood W of e in RY and a function U € CY(R" \{e},R) such
that U(q) — oo as ¢ — e and —V(q) >| U'(q) |* for ¢ € W \ {e}.

Our main result is as follows:

Theorem ([11]). IfV satisfies (V1) —(V5), then (HS) possesses at least one (nontrivial)

homoclinic orbit which begins and ends at 0.
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Remark. The assumption (V5) is the so-called strong force condition (c.f. Gordon [5])
and 1t will be used to verify the Palais-Smale compactness condition for the functional
corresponding to the approximate problem (HS : T) (see below). For example, (V5) is
satisfied when V(¢) = — | ¢ — e |7* (o > 2) in a neighbourhood of e. The assumption
(V3) is a kind of concavity condition for V(g) near 0. In particular (V'3) holds for small
6 > 0 when V' (0) is negative definite.

This work is largely motivated by the work of Rabinowitz [9] and the works [1,2,6]. [9]
studied via a variational method the existence and the multiplicity of heteroclinic orbits
joining global maxima of V(q) for a periodic Hamiltonian system. On the other hand
[1,2,8] studied the existence of time periodic solutions of prescribed period for the second

order singular Hamiltonian system (HS).

2. Outline of the proof of Theorem

First we consider the approximate problem:
T4V'(q)=0, in(0,T),
q(0) = ¢(T) =0.

Solutions of this approximate problem will be obtained as critical points of the functional

(HS:T)

It(q). We show the existence of critical points of I7(¢) via minimax argument, which is
essentially due to Bahri and Rabinowitz [2] (see also Lyusternik and Fet [8]). We also
get some estimates, which are uniform with respect to T' > 1, for minimax values and
corresponding critical points ¢(¢;T). These uniform estimates permit us to let T — oo;
for a suitable sequence (74)¢2; and a subsequence Ty — oo, we see ¢(t + 7; Ty ) converges
weakly to a homoclinic orbit of (HS) as k — co.

Let H}(0,T; RN ) denote the usual Sobolev space on (0, T) with values in R under
the norm ||q|| = (fo | q 12 dt)'/2. Let

Ay ={qe H 0, T;RN); q(t) # e forall t € [0,7] }.

Clearly A7 is an open subset of H}(0,T;RY). ‘Consider

1 [T . T
In(g) = /0 7 dt /0 V(g)dt € C'(Ar R).

Then there is an one-to-one correspondence between critical points of I7(q) and classical
solutions of (HS : T').
We can see that Ip(q) satisfies the Palais-Smale compactness condition on Az, that

18
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(P.5.): if (gm)55—y C A7 is a sequence such that It(gm) is bounded and I}(gm) — 0,
then (g, ) possesses a subsequence converging to some q € A,
and we can apply the minimax argument to Ip(q).

Now we introduce a minimax procedure for Ir(q). Let
DN=2 —{z e RV % |z |< 1},
I'r = {y € C(DV72, Ar); v(z)(t) = 0 for all z € IDN~2 and t € [0,T] }.
For v € T'r we observe y(z)(t) = 0 for all (z,t) € (DY 2 x [0, T)) U (DN~2 x {0, T}) =
O(DN=2 x [0,T]). Since DV=2 x [0,T]/O(DN=% x [0,T]) ~ SN—1, we can associate for
each v € Ty amap 7 : SV — V-1 defined by

@)=
oD = D@m=

We denote by deg¥ the Brouwer degree of a map 7 : SV~1 — SN-1. Let
I = {y € T'p; degF £0}.
It is clear that I'%. # . We define a minimax value of I7(q) by

o(T)= inf sup Ip(y(z)).
V€T zepN -2

Using the standard deformation argument, we have
Proposition 1. ¢(T) > 0 is a critical value of It(q), that is, the problem (HS : T) has

a solution ¢(t;T) such that IT(q(+;T)) = ¢(T"). Moreover, there are constants cg, ¢; > 0
which are independent of T' > 1 such that

0<co<e(T)=Ip(q(e;T))<¢; <00 forT >1. (1)

Here the estimate (1) is obtained from the minimax characterization of ¢(T'). We can use

(1) to get uniform estimates for ¢(¢; T). We get directly from (1)

14Ce3 Dl 20,79, /OT ~V(g(t;T))dt < C forall T > 1. (2)

Moreover we can deduce from (2) and (V2) that
lg(e; T zeo o,y < C, (3)
Er —0 asT — oo, (4)

where )
Br =3 196T) P +V (et T)).
On the other hand, the following proposition gives us an L°°-bound from below for

q(t; T). Here the condition (V3) plays an role.
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Proposition 2. ||¢(;T)|ze,r) =6 forall T > 1.

By the above proposition, we can find a number 7 € (0,7) such that
q(r; T) € 0B5(0). (5)

Now we construct a homoclinic orbit of (H.S) as a limit of ¢(¢; T) as T' — oo and we
complete the proof of Theorem.
For each T >1, we define ¢(¢;T) € H'(R, RN)vby

{HT) = {g@ b ), i€ [T — 7]

, otherwise.

By (2)-(3), we can extract a subsequence Tx — oo such that q(#;T}) converges to some
y(t) € C(R,RY) N L°(R,RY) with ?;(t) € L2 (R, R") in the following sense:

q(t;Ty) — y(t)  in L (R,RY),

q(t; Ty) — ;(t) weakly in L*(R,R"),

oo

/ " V(y(0) dt < lind / ~V(§(T)) dt < C < o0,

—00 —00

By (5), y(t) # 0 and we can see that y(¢) is a nontrivial solution of (HS) on R such that

y(t), ZJ(t) — 0 ast— Foo.
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Title
Existence and asymptotic behavior for an equation related to a phase
transition problem.
Harumi Hattori
Department of Mathematics
WESf Virginia University
Morgantown, WY 246306 U.5.A.
Abstract

I would like to discuss the following initial boundary value
problem:

= of{u_ ) + vu - Nu O < x < 1, t > O, (1)

u
tt XX Xt MR ¥

B.C. uwu{0,t) Qs ofu (1,t)) + vu ,{1l,t) - nu (1,t) = P, (&)
» xt ¥

u (Ost) = 05 u (15%) = O, (3)
"X X %
1.C. U(Xao) = f()()g Ut(X50) = Q(X)g (4)
where o is a nonmonotone function of ~its argument. The boundary

conditions (2) corresponds to a bar in a soft loading device and (3)
are the natural boundary conditions Tfor the variational problem
corresponding to the static problem for (1).

The above problem 1s related to a phase transition problem.
First, I shall discuss the various reéults orn the phase transition
problem related to the above equation. Then, I would like to show the
existence and asymptotic behavior of solutions to the above problem
and discuss the connecting orbit problem when there are more fhaﬂ one

steady state solutions.
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On Initial-Boundary Value Problems

For Semilinear Parabolic Differential Equations

KAZUAKI TAIRA
Institute of Mathematics, University of Tsukuba

ABSTRACT

This Note is devoted to an LP approach to a class of degenerate boundary value
problems for second-order elliptic differential operators which includes as
particular cases the Dirichlet and Neumann problems. By using the L? theory of
pseudo-differential operators, we show that this class of boundary value problems
provides a new example of analytic semigroups. Furthermore, via the theory of
analytic semigroups, one can apply this result to a class of initial-boundary value
problems for semilinear parabolic differential equations. Our semigroup approach
can be traced back to the pioneering work of Fujita-Kato on the Navier-Stokes

equation.
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§1. Introduction and Results

Let Q be a bounded domain of Euclidian space R™, with C™ boundary TI'; its
closure Q = Q UT is an n-dimensional, compact C* manifold with boundary T .
We let

n 2 n
A= U 9 -+ bi ._a_ +
z " axiaxj Z‘l @) ox. o)

1

ij=1

be a second-order elliptic differential operator with real C* coefficients on Q such
that :

1) a¥(x) =di(x), x€Q,1=4i,j=n.

2 S alx)§E = i, £ €0, §ERT,
=1

with a constant Cy > 0.

We consider the following boundary value problem : Given functions f and ¢
definedin Q andon I' respectively, find a function u in Q such that

A-Mu=f in Q,
(*) s
u
Bu= a +bul,=¢ on I'.

Here:
1° A is a complex parameter.
2° a and b are réal—valued C"" functionson I'.

3° g/gv is the conormal derivative associated with the matrix (a¥):

3 = P
_ E i
= a’n . y
ov A J ox.
tj=1

2

n = (n,...,n ) being the unit exterior normal to T".
1 n
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Figure 1

Ifa=1and b=0on I (resp. a =0 and b =1 on I'), then the boundary
condition B is the so-called Neumann (resp. Dirichlet) condition. We remark that

problem (*) is elliptic (or coercive) if and only if the function a never vanisheson TI'.

In this note, under the condition a = 0 on I', we shall consider the problem of
existence and uniqueness of solutions of problem (*) in the framework of Sobolev
spaces of L? style when IAl tends to 40 .

If1=p<oo,welet

LP(Q) = the space of (equivalence classes of) Lebesgue measurable functions
f on Q such that ifl? is integrable on Q.

The space LP(Q) is a Banach space with the norm

at, = (LZ )P dx )"".

If m is a non-negative integer, we define the Sobolev space

Hm™P(Q)=the space of (equivalence classes of) functions u € LP(Q) whose
derivatives D%, la | = m, in the sense of distributions are in LP(Q).

The space H™P(2) is a Banach space with the norm
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(3|

lal=m

ID ()P dx )1"’ i
Q

We remark that
HOP(Q) = LP(Q) ; ll-llo,pzll-llp .
Further we let

Bm1pn(T') = the space of the boundary values ¢ of functions u € H™?(Q).

In the space B™VPP(T'), we introduce a norm

Dl ypp = inf Hull

where the infimum is taken over all functions u € H™P(Q)) which equal $ on the
boundary I'. The space B™'PPT") is a Banach space with respect to this norm ;
more precisely, it is a Besov space (cf, Bergh-Lofstrom [4] ; Triebel [20]).

First we have the following :
THEOREM 1. Assume that the following two conditions (A) and (B) are satisfied :

(A4) ax)=0on T,
B) b(x)>0onT)={x€l'; alx) =0}.
Then, for any solution u € H*>P(Q) (1 < p < o) of problem (*) with f € LP(Q)

and § € BZVPP(I") , we have the a priori estimate

0.1 lully = CQHAL + 1Py, + lull ),

with a constant C(A) > 0 dependingon A.

Here it is worth while pointing out that the a priori estimate (0.1) is the same one
for the Dirichlet condition (cf. Agmon-Douglis-Nirenberg [3] ; Friedman [6] ; Lions-

Magenes [12]).

We associate with problem (*) a unbounded linear operator A from LP(Q) into
itself as follows :
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(a) The domain of definition D(A) is the space
D(A) = {u € H2(Q) ; Bu= a%v‘i +buj, =0 on T'}.

(b) Au = Au, u€ D(A).

The next result is an LP-version of Theorem 1 of Taira [17]:

THEOREM 2. Assume that conditions (A) and (B) are satisfied. Then we have the
following :

(1) For every € > 0, there exists a constant r(e) > 0 such that the resolvent set of
A contains the set g = {A = r%9; r = re) , n+e = 0 = n - ¢}, and that the

resolvent (A - M) satisfies the estimate

(A - ADMI = T%) AES,,

where c(e) >0 is a constant depending on €.

(i1) The operator A generates a semigroup U(z) on LP(Q) which is analytic in
thesector Ay ={z=1t+is;z #0,largzl <u/2-e} forany 0 < & < /2.

Figure 2
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As an application of Theorem 2, we consider the following semilinear initial-
boundary value problem : Given functions f and u, definedin Q X [0,7) X R X
R” andin Q respectively, find a function u in Q X [0, T) such that

(56; - Mulx,t) = fix,tu,grad u) in Q X (0,T),

(**) { Bu(x,t) =0 on I' X [0,T),

u(x,0) = uy(x) in Q.

By using the operator A, one can formulate problem (**) in terms of the Cauchy
problem in the space L”(Q)) as follows:

ey [P = Au(t) + Feu@®), 0<t<T,
( ) dt

u| =0 = Uy~
Here u(t) = u(-,t) and F(t,u(t)) = f(-,t,u(t),grad u(t)) are functions defined on the
interval [0, T), taking values in the space LP(Q).

First we consider the case p > n:

THEOREM 3. Assume that conditions (A) and (B) are satisfied. Let p > n and let
flx,t,u,l) be a locally Lipschitz continuous function of all its variables with the
possible exception of the x variables. Then, for every function u, of D(A), problem
(**)" has a unique solution u € C([0,7"] ; LP(Q)) N CY(0,T") ; LA(Q)) where T’
=T’(p,u0) >0.

Here C([0,7"] ; LP(Q)) denotes the space of continuous functions on [0, 7] taking
values in LP(Q), and CY(0,7") ; LP(Q)) denotes the space of continuously
differentiable functions on (0, 7) taking valuesin LP(Q), respectively.

In the case p < n, the domain D(A) is very small compared with the case

p > n. Hence we must impose some growth conditions on the function f :

THEOREM 4. Assume that conditions (A) and (B) are satisfied. Let n/2 <p <n
and let flx,t,u,l) be a locally Lipschitz continuous function of all its variables with
the possible exception of the x variables. Further assume that there exist a non-
negative continuous function p(t,r) on R X R and a constant 1 = y < n/(n-p)
such that :
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(a) fx,t,u,O)l = p(t,lul)(d + 1E)7).

(b) W, tul) - fx,s,u,©) 1 = p(tlu)@ + &) -s].

() Ifxtu,l) - flctun) !l = pltiu(d + IE71 + Igi1) IE -ql.
(d) Ifx,tu,l) -t v, = p(tlul+lo)(1 + 1E7)Iu - vl

Then, for every function u, of D(A), problem (**)' has a unique local solution
u € C([0,17] ; LP(Q)) N C((0,1") ; LA(Q)) where T =T"(p,uy) > 0.
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§2. Proof

The idea of proof is essentially the same asin Chapter 8 of Taira [18].

1) First we consider the following Neumann problem :

A-NMv=f in Q,
(V)

. on I'.
glr—o

The existence and uniqueness theorem for problem (N) is well established in the

framework of Sobolev spaces of L? style (cf. Seeley [15], Taylor [19]). Welet
v=GQA)f.

The operator G(A) is the Green operator for the Neumann problem. Then it

follows that a function u is a solution of problem (¥) if and only if the function w =

1 - v is a solution of the problem :

{(A—A)w=0 in Q,

Bw=-Bv=-buvlp on T'.

But we know that every solution w of the equation
(A-MDw=0 in Q
can be expressed by means of a single layer potential as follows :

w=PM\)y.

The operator P(d) is the Poisson operator for the Dirichlet problem. Thus, by
using the Green and Poisson operators, one can reduce the study of problem (*) to
that of the equation

TMy = BPQQ)y = - buly , v = GQ)f.

This is a generalization of the classical Fredholm integral equation.

2) It is well known (cf. Seeley [15], Taylor [19]) that the operator T(A) = BP()A)
is a pseudo-differential operator of first order on the boundary I'. The theory of
pseudo-differential operators may be considered as a generalization of the classical
potential theory. We study the boundary value problem (*) in the framework of
Sobolev spaces of L” style, by using the L? theory of pseudo-differential operators.
We can prove that the a priori estimate (0.1) of Theorem 1 is entirely equivalent to
the corresponding a priori estimate for the pseudo-differential operator T(A) on
the boundary.
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3) We study the pseudo-differential operator T(A) in question, and prove that
conditions (A) and (B) are sufficient for the validity of the a priori estimate (0.1).
More precisely, we construct a parametrix S(A) for T(A) in the Hormander class

1 12(1) (cf. Hormander [9], Kannai [10]), and then apply Besov-space boundedness
theorems of Bourdaud [5] to the parametrix S(A).

4) We study the operator A , and prove fundamental a priori estimates for A -
Al which play an important role in the proof of Theorem 2. In the proof, we make
use of a method essentially due to Agmon [2]. This is a technique of treating a
spectral parameter as a second-order differential operator of an extra variable and
relating the old problem to a new one with the additional variable. The method of
Agmon plays an important role in the proof of the surjectivity of A-MAI.

5) We study the imbedding properties of the domains of the fractional powers (-
A)(0 < a < 1) into Sobolev spaces of L? style. This allows us to solve by successive
approximations the semilinear initial-boundary value problem (**)’, proving
Theorems 3 and 4. We remark that our semigroup approach to semilinear initial-
boundary value problems can be traced back to the pioneering work of Fujita-Kato

[7].
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1. Introduction.

We consider the initial value problem for the semi-linear heat

equation
a.u - 8%y = f(u,u) (t.x) € R x R (1.1)
t 2% U ‘ e '
u(0,x) = ¢(x), x € R, (1.2)
where ¢ € Lz(R) and f(a,u) = > a lj k ( a A, n€C)
’ Jk jk> 77 )

1<j+k<2
We show that the local solution in time of (1.1)-(1.2) is
analytic in space variable and has an analytic continuation to a
strip containing the real axis, provided the initial function ¢
belongs to LZ(R).
We state notations and function spaces. We let ILP(R) = { f(x) ;

f(x) is measurable on R, |f|p < » }, where 'f‘p = (flf(x)lpdx)l/p if

1 <p<woand [f|_=sup{ [f(x)| ; x € R }. Let H"P(R) = {
m .
r(x)etP Ry ; |f| = S |8f(x)]. < = }. For each r > 0 we denote
m,p jZ0 X p |

by S(r) the strip {-r < Im z < r} in the complex z = x + 1y plane.

We let, for each r > O,-ALp(r) = { f(z) ; f(z) is analytic on S(r),
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r
| £ < o }, where |f|P _ = ELI I |£(z)|Pdxdy if 1 < p < o
ALP (r) ALP(r) “Topdp
and |[f] _ = sup{ |f(z)| ; =z € S(r)}. Let aH™P(r) = { f(z) €
AL (r)
m .
AP (ry ;1] = S |adr] < o }. If a complex valued

A Pry =0 % ALP(r)
function f(x) has an analytic continuation to S(r), then we denote

the continuation by the same letter f(z); and if g(z) is an analytic
function on S{(r), then we denote the restriction of g(z) to the real

axis by g(x). For an interval T of R and a Banach space B with norm

l-lB, we let C(I:B) = {f(t) ; f(t) is continuous from I to B, sup{
‘ m

|£(t) |y 5 t € I} < = } and ¢™(15B) = { £(t) € C(I;B) ; sup{ 3
j=0

IS%f(t)IB : t €1 } <= }. Positive constants will be denoted by the
same letter C and will change from line to line. " If necessary, by
C(#,---,%) we denote constants depending only on the quantities

appearing in parentheses. With these notations we state our

Theorem. We assume that ¢ € LZ(R). Then there exists a
positive constant T = T(|¢IZ) such that (1.1)-(1.2) has a unique

solution u(t,x) € C([O,T];LZ(R)) which has an analytic continuation

to S(J/t). Moreover the extension u(t,z) satisfies for each 8;‘Ov< &

< T,

ult,z) € C(18,T1;AL%(/5)),

and

w(t,z) € C(16,T1:A™ 2 25 /85) n ctirs,T1:a0™ 2(e/3))

for 0 < ¢ < 1 andm€ N u {0}.
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We recall the isometrical identity obtained in [1], which is

powerful for estimating the nonlinear term f(u,u) in (1.2).

Lemma 1.1 <([11>. We letm € N v {0}. Suppose f(z) €
AHm’Z(r). Then the formal power series
m o 2n
2r) n+k, 2
5 s A2r) -la o] (1.3)
k=0 n=0 (2n+1)!"'“x 2
converges and coincides with |f|2 . Conversely, suppose

AH™ 2 (1)
f(x) € Hm’Z(R) and (1.3) is finite. Then f(x) has an analytic

extension f(z) € AHm’Z(r) and (1.3) coincides with |f|2 .
AR™ 2 (1)

2. Preliminary estimates.
The next estimate corresponds to the Gagliardo-Nirenberg

inequality for analytic functions.

f.emma 2.1, We assume that h(z) € AHl’z(r).‘ Then we have for
2 <qc< 6
q+2  g-2
Inl o sc-Clnl, +rlanl , ) o nl #]
AL (1) AL (r) ALT (1)

Let us estimate the Lz—norm on the real axis of the difference

of nonlinear terms.

Lemma 2.2. We assume that Vj(x) € Hl’z(R) for j = 1,2. Then
we have
1 1
. o 2 o N
[f(vy,vy) - £(v,,v,)l, s C(O)C 1 + 2 IVJ.I2 ISXVJ.I2 Vv = vl

J=1

It is well-known that if v is analytic on S(r), then so is V*(Z)
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= v(z). Moreover, if v € AL2(r), then so is v. and |v] '2 =
AL” (1)

* The restriction of v*(z) on the real axis coincides with

Iv™ |
AL2(r)

v(x), and hence f(v(z),v*(z)) is an analytic continuation of

f(v(x),v(X)). We estimate the ALZ—norm on the strip S(r) of
difference of nonlinear terms.

Lemma 2.3. We assume that Vj(z) € AHl’Z(r) for j = 1,2.
Then we have

[ £(v,,v:) - £(v..vi)l
1’71 20720 2

ALZ (1)
3 1 3
St v | o v, 1t vty
+ ( 2 (r V. + v, V.
j=1 Z°J A2 (r) 23 Aty 2
1 3.
4 4
x |8 (v vo) | v, - v.|
VA 1 2 AL2(r) 1 22
, 3 1 3 3
4 4 4 2
+ (2 (r7la v.| v, | + r|a v.| ) )
j=1 2 A2 (ry) 02 23 AL2(r)
x |8 (v v.) | )
1 21020

3. Proof of Theoren.
We fTirst consider the linear heat equation

9.u - %aiu - g(t,x), (t.,x) € RY x R, (3.1)
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u(o,x) = ¢(x), x € R. (3.2)

T
Lemma 3.1. We assume that ¢ € LZ(R) and J Ig(s)l2 ds < o,
0 .

Then there exists a unique solution u(t,x) of (3.1)-(3.2) which

belongs to C([O,T];LZ(R)). ‘Moreover u(t,x) satisfies

t

t
12+ [ laus)ll as < e 1813 + (] le(e)l, as)?
0 0

),

for 0 < t

A
=3

ALZ (/3)

o for T > 0. Then there exists a unique solution u(t,x) of

T
Lemma 3.2. We assume that ¢ € LZ(R) and f lg(s) | ds <
. 0

(8.1)-(3.2) such that u(t,x) has an analytic continuation to S(/t)

for t € (0,T]. Moreover u(t,z) belongs to C([&,T];ALz(/E)) for 0 < 6

< T and satisfies

t

lu(t) |2 o, u(s) 1%, ds

ALZ(/T) Jﬁo z AL (/s)

t
2
< Co( 1815+ fo 5|, o ds)

Proof of Theoren. We define the Banach space B(T) by

B(T) = { v(t) € C(10,THLA(R)) ;5 IVigeqy < = ),



38

where
IVIg(T) sup
Ogth
+ sup
0<t<T

We denote by BP(T) the

center at the origin.

T
lv(e) s IO la_vit)|2 at
viey12 .+ | lav)1? ., dt.
ALZ (/%) fo z ALZ (/D)

closed ball in B(T) with radius p > 0 and

For v € Bp(T) we consider the equation

1.2 _ - +
atu - 28Xu = f(v,v), (t,x) € R x R,
u(0,x) = é(x), x € R.
Define the mapping M by u = Mv. Then we can prove that there exists

a positive constant T1 such that M is a cohtraction mapping from
Bp(Tl) to itself by using Lemma 2.1-2.3 and Lemma 3.1-3.2. This

implies the theorem.
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The Schrodinger operators with
periodic magnetic fields

Akira IWATSUKA

-1 Introduction

Let us consider a two-dimensional Schrodinger operator
2
Z (0; —ibj)" +V,

where §; = 0/0z;,1= v/—1, and b; and V are the operators of multiplication
by C* real-valued functions on R", b;(z) and V(z), respectively. V and
b = (by, by) are called a scalar potential and a (magnetic) vector potential,
respectively, and the corresponding magnetic field is a scalar function B =
curl b

(1.1) B(z) = 01ba(z) — Boby ().

The operator L describes the motion of an electron confined in a 2 dimension-
al plane under the influence of the magnetic field perpendicular to the plane
whose intensity is B(z) at the point z.

In this lecture, we shall consider the periodic fields. More precisely, we
shall assume

(H1) There exist constants 17, T > 0 such that

Vizg +T1,22) = V(e +T2) = Vg, 22)
B((L‘l + Tl; IL‘z) = B($1, T 4+ Tz) = B(IEl, :132)

for all z = (zy, z2) € RZ.
We are going to treat three topics concerning periodic fields:

1. Formulation of magnetic Bloch theory.
2. A sufficient condition for the absolute continuity of L.

3. Stability of gaps under variation of the magnetic field.
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As is well known, in the case where the system is free of magnetic field B, the
spectral properties of I, = —A+V are studied by using Bloch wave function,
which is a periodic function multiplied by a plane wave, and the operator
—A+V is absolutely continuous for any periodic electric potential (see [O-K]
and [T]). However, in the presence of magnetic fields, the situation becomes
more complicated, and it seems that not much has been studied so far.

It is known (see, e.g., [Z1]) that an analysis using magnetic Bloch waves
similar to the case of —A + V is possible if the magnetic flux penetrating a
unit cell is an integal multiple of 27

(H2) // B(z)dx = 2n N, where N is an integer and €2 is the domain [0, T7]X
Q
[0, Tz] inz= (1121, 1L'2) € Rz.

In Section 2, we shall give a formulation of magnetic Bloch theory appropriate
for operator theoretical treatment.

In Section 3 and Section 4, we consider a rather special case, namely, we
assume that the magnetic field B(z) is uniform = By in R?. In Section 3, we
show that L is absolutely continuous generically when a small perturbation
V is turned on, which relates to a fact known as Landau level broadening
in the physics literature (see, e.g., [Z2]). In Section 4, we present a result of
[A-S], which shows that gaps of the spectrum of L = L(B,) are stable when
By varies.

2 Magnetic Bloch Theory

The choice of the magneic vector potential & is arbitrary as far as it satisfies
(1.1) by gauge invariance (see. e.g., [L]). It is known that we can take

by(z) = A—%gmz + ay(z)
(2.1) ba(z) = 41—?2—0-:1:1 +as(z)

CL]'(IL‘I + Tl,il?g) = a]'(IEI,:L‘Q +T2) = aj(:l;l, 322) (] = 1, 2)

where By is the density of the magnetic flux,

ByT\T, = / /Q B(z)ds.

Note that, unless Bj equals 0, the vector potential cannot be taken to be
periodic, even though the magnetic field is periodic.
Next, consider the operators Sy, Ss:

Swu(zy, z2) = e“%B"Tl”u(ml + 11, z2),

Sgu(:cl, :Bz) = e%B"Tﬂlu(ml,mz + Tz),
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which are known as magnetic translations ([Z1]). These operators commute
with L:

while simple translations do not commute with L because of the linear
terms (—Boxz2/2, Boz1/2) in the vector potential b. Moreover we have
519, = Bz G, g1 by direct calculation. The commutativity of S; and
S, is essential to the construction of magnetic Bloch theory and we shall
assume (H2) (which is equivalent to 5155 = S251).

Define the space of the magnetic Bloch functions by

E(p) = {u € C¥(R); Syu=e?Tu (j=1,2) )

with quasi-momenta p = (py, p2). £(p) depends periodically on the parame-
ters (py, p2) for which a fundamental domain is Q* = [0, 27/T}) X [0, 27 /T3).
Define further the space £ by

£ = { u € C*°(RZ x R2) ;u(z,p) € E(p) for all p € R?,

2 27
u(z,p) = u(z,p1 + ?,Pz) = u(z,p1,p2 + o }
1 2

equipped with the norm

2=1/[4d / d 2,
|||z /Q T - plu(z, p)|
Then we have the following

Theorem 2.1 Suppose that (H1) and (H2) hold. Then there ezists a
bijective correspondence U ;S(Rz) — &, where U and U™! is given by
1

U = . o ikp1T1 +mp2T2)SkS'm,
f(z,p) i kaeZ e kS £(z)

1
vae) = A [ e
u(z) T o u(z, p)dp,
for f € S(R?) (= the space of rapidly decreasing functions z'n~R2 Jand u € E.
Moreover U is unitary, i.e., \Uflle = || f||l2(rzy- If we put L =ULU!, we

have
(Lu)(e,p) = {L(p)u(-,p)} (=)
where L(p) is an operator on £(p) given by (L(p)u)(z) = Lu(z) foru € E(p).

Because I:(p) is an elliptic operator acting essentially in a compact domain 2,
L(p) has purely discrete spectrum. Hence the study of the spectral property
of L is reduced to that of an eigenvalue problem of a family of the operators
L(p) with parameters p = (p;, p2) € Q*. While Z(p) have different domains
of definition £(p), we can show the following
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Proposition 2.2 e/®1=1#72%2)y(z) € £(p) for u € £(0). Let A(p) be an
operator in £(0) defined by A( Ju(z) = e imrz1tres2) [(p){eiprortraza)y(5)]
Then we have

Alp) = —(Di+ip1)> — (Da+ip)*+V
A(0) — 2i(p Dy +P2D2) + 13 + 1)
where Dj = 0; —ib; (j =1, 2). Moreover D; are infinitesimally small with
respect to A(0), i.e., for all € > 0, there is a constant C, > 0 such that
|1 Djull < el A(0)ul| + Cel|ull
for all u € E(0) where ||u]| = [q |u(z)|*dz.
Hence the operator A(p), which is unitarily equivalent to L(p), has a common

domain of definition £(0) and depends analytically on p (it forms an entire .
analytic family of type A in the sense of Kato).

3 A Sufficient Condition for the Absolute Continuity of L

First, we give another unitary transform of [:J(p) appropriate for our present
purpose.

Lemma 3.1 Define the operator W (p) for p = (p1, p2) by

W(p)u(.’l:) :'ei(p1Zz+szz)/2u(m1 _ _Z_)_?_ , T + &)
By’ By

for u € £(0). Then W(p)u € E(p) for v € £(0) and
Lip) = W(p)L(p)W(p) |
—(D} —ia})* — (D3 — ia})* + V7,
where DY = 8, + tByz2/2, DY = 8y — iByz1/2 and d}(zy, z2) = ai(zy +
P2/ Bo, 2 — p1/By) ete. (ab and V? are defined similarly.)
In the case where a; = a; = V = 0, the operators ﬁ(p) are identical to
an operator Ly = —(D9)? — (D3I)? independent of p. It is known (see, e.g.,
[CV]) that the spectrum of operator Ly is given by
o(Lo) = { (2n — 1)By | n : integer > 1} and all the eigenvalues

BOTsz)

2 7

In this case, the corresponding operator L is the Schrodinger opeator with
uniform magnetic field By

(3.1) L= Lo= Lo(Bo) = —(61 + iByz2/2)* — (02 — iBoz1/2)?,

have multiplicity N (=

and o(Ly) = o(Lo) but each point of o(Ly) has an infinite number of degen-
eracy. Now we consider a perturbation of Ly by a small electric potential

V.
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Theorem 3.2 Suppose that (H1) holds and ByT1T> = 2n (i.e., (H2)
hold with N = 1). Let all the Fourier coefficient of V do not vanish and
Ve = sup, [V(z)| < Bo/4. Then there ezists a countable set Ly in the
interval [—1, 1] such that L = L, = Ly(By) + &V is absolutely continuous
for k€ [-1, 1]\ Xy.

Sketch of proof. By Theorem 2.1 and Lemma, 3.1 L, is unitarily equivalent
to a decomposable operator by the direct integral decomposition:

® bn(p)d
/ﬂ _ Li(p)dp,
where L.(p) = Lo + KV?P (see, e.g., [R-52, XIII.16] for direct integral de-
composition). Since Ly has eigenvalues (2n — 1)By with multiplicity 1 for
integers n > 1, L.(p) has a unique eigenvalue A,(p, %) contained in each
circle { A € C | |A = (2n — 1)By| = 3By/4 } if ||kV]|eo < Bo/2. Thus
An(p, &) is analytic in p and & if || < 2. Therefore L, is absolutely continu-
ous if A, (p, £) is not a constant function of p for all n, because of the direct
integral decomposition. By first order perturbation theory, we have

>\1L(p7 K’) = (277' — ]-)BO + j\n(p)[{, + SRR

Sali ) = [ Vet 5ae = To)lun(e) s,

where 1, is an n-th eigenfunction of L. By this formula, j\n(p) is, roughly
speaking, given by something like the convolution of V and |¢,]?, and the
Fourier coefficient of ), is given by a product of that of V and |1, [2. It is
known that, as a property of the functions € £(0), |4, (z)|? is not a constant
function of z. Therefore, if all the Fourier coefficient of V' are nonzero, xn(p)
is a non-constant function of p for all n. Hence, for each n, A,(p, k) is not
a constant function of p except for a finite number of x € [-1, 1], which
implies the assertion of the theorem. []

In a word, generically for small perturbation by a periodic electric potential
V', broadening occurs at all the Landau levels, from which follows the absolute
continuity of L.

4 Stability of Gaps Under Variation of a Magnetic Field

Consider the case where we assume (H1) but not (H2). Note that the Bloch
wave analysis is applicable also to rational N = ByT;T, /27 by considering a
unit cell of size T1q by T3 if N = p/q (p, q are integers). In the case where
N is irrational, it seems that not much has been studied so far.

[A-S] has given a result as to this problem in the case of uniform magnetic
fields B(z) = By which can vary continuously, while V is fixed:
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Theorem 4.1 ([A-S]) Let L(Bo) = Lo(Bo) + V where Lo(By) is as in
(5.1). Suppose that (H1) holds. Let —co < a < b < co. Then we have

(a) If (a, b)No(L ( 0)) # 0, then there exists § > 0 such that |By—Bo| <6
implies (a, b) N a(L(By)) # 0. ' '

(b) If [a, B]Na(L(By)) = 0, then there exists § > 0 such that |By—By| < 6
implies [a, bl N a(L(Byg)) =

(a) of this theorem is an abstract functional analytic consequence of the fact
that L(B}) — L(Bg) as B} — By in the strong resolvent sense (see, e.g., [R-
S1, VIIL.7]). As for the proof of (b), [A-S] proves and exploits the equivalence
of the relation E € o(L(Bo)) and the existence of a bounded (generalized)
eigenfunction of L{ By) with eigenvalue £ with the use of the Rellich theorem.
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On the initial-boundary value problems

for the discrete Boltzmann equation

Shuichi KAWASHIMA
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1. Introduction

The discrete Boltzmann equation 1is the fundamental equaticn describing
the time-evolution of a discrete velocity gas which consists of particles
with a finite number of velocities ([5]). The aim of this note is to survey
the author's recent works ([8,9,10]) concerning the global existence and
asymptotic behavior of solutions to the initial-boundary value problems for
the discrete Boltzmann equation on a bounded interval 0 < x < d.

The general form of the discrete Boltzmann equation in one space dimen—
sion is written as

aFi BFi

(1) Ci( S + vi—gg—) = Qi(F) , ield,
where A is a finite set {l1,++*,m}, s are positive constants, and each
Fi = Fi(x,t) denotes the mass density of gas particles with the i-th velocity

(whose x—component is denoted by vi) at time t and position x. Collision

terms Qi(F) on the right side of (1) are given by

_ 13 kL _
Q; (M) IZQJEAkQ/FkF,Q TR ieh,

JsK,

where the summation is taken over all j,k,% € A, and where the coefficients

ij s . .
Ak% are -nonnegative constants satisfying
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ji_ i3 _ ,id ij B B B _
(A1) Akl Ak& ARk s (A2) Q(Vi vj vy vl) 0,
ij _ k2
(A3) ) = A
for any 1i,j,k,% € A. (A2) means the conservation of momentum (in the x-

direction) in the microscopic collision process and (A3) is called the
micro-reversibility condition.

We prescribe the initial data
(2) Fi(x,O) = Fio(x) s i€l .

Let A+ ={ie A; v, > 0} and A = {1i eh; v, < 0}, and we impose the

boundary conditions as follows : on the left boundary x=0, either

0
T = i &€
(3) Fi(O,t) Bi , i A+ y or
(3)"' c.F_(0,t) = ). g0 ¥ (0,t) iel
A gy +
and on the right boundary =x=d, either
(4) F_(d,t) = B i€l or
i’ i’ >
' 4 =+1 T
(4) c;F. (d,t) zj By iF(d,0) i€l

0 1 . .
Here the boundary data Bi and Bi are positive constants, the coeffi-
. 0 1 . +
clents Bij and Bij are nonnegative constants, and zj mean the summa-

tions taken over all j € At , respectively. TFor (4)', we require as in [6],

-1
N .
(B1) L VB b ev 20, jen, ,
(B2) et = yhplad ) i€en
i fg Tig -

1 1 . . . 1 -
where M = (Mi)i_GA, is some constant Maxwellian, that is, Mi are positive
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. e 5y [y S I N PO ..
constants satisfying AkQ(MiMj MkMR) =0 for any i,j,k,% € A. (Analo-
gous conditions are required also for (3)'.) The requirement (Bl) implies
that the macroscopic flow velocity (in the x-direction) is mnot inward at
x=d. 1In fact, we have Zi civiFi 2 0 on x=d under the natural situ-—

ation Fi >0 for 1 € A.

2. Global solutions

We can set up essentially the following three initial-boundary value
problems ; Problem (I) : {(1),(2),(3),(4)}, Problem (II) :{(l),(Z),(3),(4)'}
and Problem (II) : {(1),(2),(3)',(4)"}. Lef Cl(Q) be the space of conti-
nuously differentiable functions on a set ‘Q, and denote by Ci(Q) the
totality of positive functions in Cl(Q). Our global existence result is
then stated as follows.

Theorem 1. Suppose that T € Ci([D,d]). Then the

0 Tigdien

problem (1), (W) or (ML) has a unique global solution F = (Fi)ieA in

Ci([O,d]><[O,OO))J provided that T, satisfies the corresponding compati-

0

bility conditions up to order owne.
Remark. A similar global existence result is obtained also for the

initial-boundary value problem (1),(2),(3) (or (3)') on 0 < x < o, [9].

For the pure imnitial value problem (1),(2) on - < x < o, gee [1,2].

Tor the proof, we introduce

EO = max Sup Fio(x) , E(t) = max sup F,(x,T) ,
i 0<x<d i Og<xsd T
(5) 0<TLt

o(t,r) = sup j X c.F.(x,t) dx ,
EA RS S A

where the sup in the last expression is taken over all the intervals I in

[0,d], with the length [II £ r. The standard method based on the contrac-
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tion mapping principle shows that.each problem has a unique local solution

in Ci([O,d]><[O,TO]) for T, > 0 depending only on the sup-norm E of

0 0

the initial data. Therefore, the key of the proof of Theorem 1 is to derive
a suitable a priori estimate for the sup-morm E(t) of solutions in
Ci([O,d]><[O,T]) for any fixed T > 0. The desired a priori estimate is
obtained by the difference inequality (6) for E(t), which involves &(t,r),
combined with the estimate (7) for &(t,r)

Lemma 1. Let F € Ci([O,d]><[O,T]) be a solution to the problem (1),
(L) or (IO). Then there is a pésitive constant C such that for any

t >0 and h > 0 satisfying 2vh £ d (where v = max hﬂil) and t+h £ T,
i

(6) E(t+h) < CE(t) + C{th + ®(t,2vh) JE(t+h)
Moreover, for any 0 < t £ T and 0 < r < d,
(7 o(t,r) < CEO(li-T)S(r) >

where 6(r) 18 a continuous function with the property that &(xr) > 0 as

r > 0. For the problem (1), the term E,h in (6) 18 unneccessary.

0
In deriving (6), we use the characteristic method and identities ob-

tained by integrating the following equations (conservation of mass and

momentum) over various regions in the rectangle [0,d] x [0,T].

3 d ~
(8) SE'Z e;Fy * EE'Z c;vi¥; =0,
1 1
9 3 2
9 ot % c;viFy + 5;’; c;v;F; =0

On the other hand, the estimate (7) is obtained by the argument employed
in [13], which is based on the integral identities for (8) and for the

following modified version of the H-theorem.
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3 ' 0
(10) 5E‘i c,F. log (F /M) + 5§»§ c,v.F, log (F,/M,)

__1 1] _ : _ 9.
= -3 i;il Akl(FiFj FkFl)log(FiFj/FkFR) § c v, P, 5-logM, ,

where M = (M.) is a Maxwellian depending smoothly in x and is chosen

i7i € A

according to the boundary conditions.

3. Stationary solutions

We consider the corresponding stationary problems (pure boundary value

problems) :
dr,
(ll) Civi —dX— = Ql(F) ’ iel ’
0 )
(12) Fi(O) = Bi , i€ A+ , or
(12)" c.¥.(0) = Y7 8%.7.(0) iel
id ioiig +
(13) F(d) =By, i€, or
. R )
(13) c.F.(d) = Zj Bijfj(d) , i€eh

There are essentially three boundary value problems ; Problem (i) : {(11),(12),
(13)}, Problem (di) : {(11),(12),(13)"}, and Problem (i) : {(11),(12)",(13)"}.
The first two problems are solved in [4] under the restriction that \ £ 0
for 1 € A. This restriction can be removed by assuming the following hypo-
thesis. Let AO ={ie€e A; vi=()}.
Hypothesis : For any given {E& >0; i ¢ AO:}, the system of algeb-
raic equations Qi(F) =0, i€ AO’ admit a solution { Fi >0 i € AO T.
Tn addition, the resulting mapping { F.>05 1 ¢ AO b F.>0;1i € AO }
is defiﬁed globally and is continuously differentiable.

In fact, we have :
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Theorem 2. Under the above hypothesis, the problem (1) or (i) has a

solution F = (F.) in Ci([o,d]).

i’ieh
Remark. A similar existence result is obtained also for the problem
(11),(12) on 0 < x < o, [3]. Uniqueness of these solutions are, however,

unknown in the generality. The problem (iii) and the problem (11),(12)"'
(on 0 < x < »©) are unsolved.

As in [4], we can prove the above theorem by applying the following
fixed point theorem of Leray-Schauder type (see [12]).

Fixed point theorem by Browder-Potter. Let S be a closed convex

subset of a wnormed space X. Let WM(F) be a continuous mapping of (F,n)
€ Xx [0,1] <into a compact subset of X such that

(a) TO(BS) <SS,

1A

(b) for 0 <y g1, Wu(°) has no fixed point on 9S.

Then Wl(a) has a fixed point in S.

cO

In our problems, we take X = ([0,d]) and S ={TF € CO([O,d]);

0

A

F. <R, i€ A} for some large R > 0. The mapping F = WH(G) is

defined by solving the problem :

dr,
1 — — -

Vi T T u{qi(G) | ri(G)Fi} , i¢hy,
(14)

Q,(F) =0, ieh,,
with the corresponding boundary conditions, where qi(F) = z Ai%FkFQ and

ikq
ri(F) = 2 A§§Fj' In application, a key point is to check condition (b)
jk

and this is done by deriving a priori estimate of solutions to the problem
(14) with G = F, which is based on the didentities obtained by integrating

the following equations (comservation of mass and momentum) over . [0,d].
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d p—i : —
(15) = g CiviFi 0, g g c.VF. =0

4, Stationary solutions near Maxwellian

We can show that under the stability condition below, the solutions to
the stationary problem (i) or (ii) in the preceding section are unique in a
neighborhood of a Maxwellian.

Stability condition (statiomary case) : Let Y € 7. and let vy = 0.

Then ¥ = 0.
Here V = diag(vi)j_ej\, and 2 1is the space of collision invariants, that
is, M consists of vectors U = (ll)i)ieA satisfying Aig(wi/ci-wj/cj -
_wk/ck__wz/cl) =0 for any i,j,k,% € A.

_Theorem 3. We consider the problem (i) under the above stability
condition. Let M = (Mi)i

€0
§ = ZT!BQ-—M.I + ZT]B%W—M.I. If & <8 small enough, then there exists a
1 1 1 1 1 1

be any fized constant Maxwellian and put

unique solution F € Cl([O,d]) satisfying Ih?—hﬂ[l < €S  for some con-

denotes the norm of the Sobolev space Hl(O,d).

stant C, where 1

Remark. A similar result holds true also for the problem (il) : dn
1 +
this case we take M =M and & = ZilBg-—Mil.
For the proof of Theorem 3, it is convenient to introduce a new un-

knowvn f£ = (f.) by Fi = Mi(l + fi), i e A, or eguivalently, by F =

i’i €A
M + DMf , where DM = dlag(Mi)i,éAf and transform the problem (i) into
~ _df ~
DV e T Iyt = Ty(f:0)
(16)
£.(0) = bV e n £.(d) = b iel
i i S i i -

o_ .0 r_ 1 .
bi = (Bi-—Mi)/Mi and rbi = (Bi Mi)/Mi ; L

Here DM = dlag(ciMi) Ly

iep’

and FM are defined by
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Lf = = 200,06 ,  T(f,8) = QDF,De) ,

I

where Q(F,G) (Qi(F,G))ieA and each Qi(F,G) is the extension of Qi(F)
as a bilinear form. Recall that LMV(linearized collision operator) is
real symmetric and nonnegative definite such that the null space N(LM)
coincides with the space W of collision invariants ([5,7]).

We can solve the problem (16), equivalent to the original problem (i),
by applying the contraction mapping principle, for we obtain the following
result concerning the existence and regularity of solution to the linearized
problem of (16).

Lemma 2. Let g € Hl(O,d). Then the linearized problem (16) with
FM(f,f) replaced by g has a unique solution £ € Hl(O,d). Moreover, we

have the estimate |[f”l < C(8 + ]hg”l) for some comnstant C, where &
= T 151+ 15 vl

"The homogeneous boundary conditions fi(O) =0, i€ A+, and fi(d) = 0,
i € A_, are maximal nonnegative for the boundary matrices -—BMV and BMV’
respectively, so that the above lemma is trivial if V is non-singular and
LM is positive definite. But this is not the case. We need to use the

stability condition (stationary case), dissipation property of the boundary

conditions and the Poincare inequality to proVe Lemma 2.

5. Large~time behavior of solutions

We shall show that the stationary solution in Theorem 3 is time—asymp-

totically stable if the following stability'condition ([11]) dis satisfied.

Stability condition (monstationary case) : Let ¢ € M and let
VW =AY for X € R. Then Y = 0.

Theorem 4. We consider the problem (1) under the above stability con-
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dition. Let M be any fixed constant Maxwellian and suppose that Fy-M

€ Hl(O,d) and F, satisfies the compatibility conditions of order zero.

0
Then, <f ”Eb'_MHJA is small enough, there exists a unique global solution
¥ satisfying T-M € cO([0,%);H(0,d)) N CH([0,2);17(0,d)). Moreover,

this solution F¥(x,t) converges, uniformly in x, to the solution Fm(x)

of the corresponding stationary problem (i), which is obtained in Theorem 3,

at an exponential rate e 0 >0, as t o+ o
Remark. Asymptotic behavior of solutions is unknown for the problem
(IL) or (ImL).

Letting Fo= M+ DMfOo be the solution to the stationary problem (i),
we introduce a pnew unknown f by F = Foo + DMf =M+ DM(fOO + f). Then, as

in the preceding section, we can transform the problem (I) into

~ f ~ _9f _ o i

Dy wr T OV 5o+ Lyf = T,Qf +£,5) £(x,0) = £,00) ,
(17) '

f1(0>t) =0 ’ i 6A+ ] fl(dst) =0 ] i€ A___ L)

where £ (x) = D;{l(FO(x) %) = D];II(FO(X) “M) - £7(x). We denote the space

om0, A ctro,r15120,0)) by X

; and put (£l = [I£ll +

is the L2(O,d)—norm. Theorem 4 1is

+ [|3£/3t]] for f e X%, where

essentially based on the following result concerning the existence, regu-—
larity and exponential decay of solution to the linearized problem of (17).
Lemma 3. Consider the linearized problem (17) with g in place of

FM(melkf,f), where g € X%. Suppose that £, & Hl(O,d) satisfies the com-

0
patibility conditions of order zero. Then there exists a unique solution

f in X%. Moreover, we have the estimate

as) ol + [ o2 acs ol + [ Sllsol] o
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for t© € [0,T], where o and C are positive constants.
‘To prove this lemma, we use the argument similar to the one employed in
the proof of Lemma 2, and also the technique developed in [7] for the pure

initial value problem in a neighborhood of a Maxwellian.

References

[1] J.M. Bony, Solutions globales bornées pour les modéles discrets de
1'&quation de Boltzmann, en dimension 1 d'esﬁace, Journées "Equations
aux Dérivées Partielles", Ecole Polytechnique, 1987.

[2] H. Cabannes and S. Kawashima, Le probléme aux valeurs initiales en
théorie cinétique discréte, C.R. Acad. Sci. Paris, 307 (1988), 507-511.

[3]1 C. Cercignani, R. Illner, M. Pulvirenti and M. Shinbrot, On nonlinear
stationary half-space problems in discrete kinetic theory, J. Stat.
Phys., 52 (3/4) (1988), 885-896.

[4] C. Cercignéni, R. Illner and M. Shinbrot, A boundary value problem
for discrete-velocity models, Duke Math. J., 55 (1987), 889-900.

[5] R. Gatignol, Théorie cinétique de gaz a répartition discrete de
vitesses, Lecture Notes in Physics 36, Springer-Verlag, New York, 1975.

[6] R. Gatignol, Kinetic theory boundary conditions’for discrete velocity

~gases, Phys. Fluids, 20 (1977), 2022-2030.

[7] S. Kawashima, Global existence and stability of solutions for discrete
velocity models of the Boltzmann equation, "Recent Topic¢s in Nonlinear
PDE", Lecture Notes in Num. Appl. Anal. 6, Kinokuniya, 1983, pp 59-85.

[8] S. Kawashima, Initial-boundary value problem for the discrete Boltz-
mann equation, Journées "Equations aux Dérivées Partielles™, Ecole
Polytechnique, 1988.

[9] S. Kawashima, Global solutions to the initial-boundary value problems
for the discrete Boltzmann equation, in preparation.

[10] S. Kawashima, Fxistence and stability of stationary solutions to the

A discrete Boltzmann equation, in preparation. |

[11] Y. Shizuta and S. Kawashima, Systems of equations of hyperbolic-para-

bolic type with applications to the discrete Boltzmann equation,

Hokkaido Math. J., 14 (1985), 249-275.



55

{121 D.R. Smart, TFixed Point Theorems, Cambridge University Press, New
York, 1974.

[13] L. Tartar, Some existence theorems for semilinear hyperbolic systems
in one space variable, MRC Technical Summary Report, University of

Wisconsin, 1980.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


