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On Bloch's metaconjecture 

Hiroshi Saito 

Introduction 

In [ 6 ], Bloch raises the following conjecture: 

For any smooth projective variety V, there exists a filtration on 

CHOCV) , at least the beginning of which is given by 

F1CHo CV) = KerCdeg . . CHOCV) ----+ Z) , 

F2 CHOCV) = KerCF 1CHo (V) ----+ AlbCV». 

CPresumably the filtration will in general have m steps where 

m = dim V.) Let S be a surface and let z be a cycle on V x S 

with dim z = m = dim V. Then z induces a map 

The above filtration being functorial for correspondences, we get 

also 

[z]: gr CHoCV) ----+ gr CHOCS). 

CONJECTUREC[ 6 ],1.8). The map [z] depends onLy upon the 

cohomoLogy c~ass {Z} E H4 CV x S). 

Moreover, 

METACONJECTUREc[ 6 ],1.10). There is an equivaLence of category 

bethleen a sUitabLe category of poLarized Hodge structures of hleight 2 

and a category bUiLt up from 2 gr CHoCS). 

The present article gives an affirmative answer to the conjecture 

and the metaconjecture above in a.weak form. To give the reader a 
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perspective, it will be worthwhile to describe an (ideal) picture the 

author has in mind, a very small portion of which is really proven. 

To each smooth projective variety V over [ , there are 

filtrations FiCHP{V), 'FiCHP{V) on CHPeV), which are functorial for 

correspondences: 

CHP(V) = FOCHP(V) ~ ~ FiCHP{V) ~ 

" u 
u 

'FOCHP{V) ~ ... ~ 'FiCHP{V) ~ 'Fi+1CHP{V) ~ ... 

(i) F = 'F for O-cycles: FiCHO(V) = 
i 

is generated by F CHo' 

'FiCH (V) for all i, and 

° 
(ii) Set gr~CHPCV) = plCHP(V)/pi+l CH P(V). 

For a cycle z E CHP+q(W x V), we have 

[z] : gr:CHq(W) ~ gr:CHP{V) , 

'F
i 

which depends only on the cohomology class { z } E H2p +2q (W x V). 

(iii) We set 

GriCHP(V) = 'FiCHP(V)/C'FiCHP(V) n pi+lcHP(V». 

The standard conjecture holds, and we have the theory of 

Grothendieck's motives as in [12], i.e., the motives whose 

morphisms are given by algebraic cycles modulo numerical equivalence. 

Let Ml be the (~-abelian) category of motives of pure niveau i. 

Then there exists an anti-equivalence of category between the 

pseudo-abelian envelope of the ~-additive category built up from 

GriCHr(V) and the category Mi' given by 

GriCH (V) 1-------+ grrh2r+i(V) (r), 
r 

(or equivalence of category given by Gr1 CHP (V) ~ grP-lh2p-1CV)(p-i).) 

where grrh2r+i(V) denotes the pure niveau 1 part of the motive 

h 2r +1 (V), and (r) denotes the Tate twist. 

is the cycles homologically equivalent to zero, and 

-262-



is naturally isomorphic to the algebraic part of the 

p-th intermediate jacobian (or gr~CHP(V) is isomorphic to 

the image of the Abel-Jacobi map). 

(v) FP+ 1CHP (V) = O. 

The reason why one filtration is insufficient is this: 

is generated by gr Oh 1 of curves. 

Hence by (iii), is generated by jacobians (of curves), so 

is generated by cycles algebraically equivalent to 

zero. But by (ii), cannot be the cycles algebraically 

equivalent to zero. More concretely, we have a 3-fold V such that 

gr 1h 3 (V) = 0, hence J 2 (V) = 0, but the image of Abel-Jacobi map is a 
1 2 non-zero, hence grFCH (V) ~ O. In other words, 

controls not griCHP(V) , but another object Gr 1CHP (V), at least 

for 1 = 1. The nature of the part F1 CH(V)/'F1 CH(V) remains 

mysterious. For example, it is, in general, not finitely generated 

([ 7 J). 

For (v), we have no direct evidence for p > 1. Recall, however, 

another Bloch's conjecture that cubic equivalence for cycles of 

codimension 2 coincides with rational equivalence([ 4 ]). Also 

compare [ 17 ], n. 30. 

We shall explain the organization and the relation with the above. 

In §1, we introduce the notion of product of adequate equivalence 

relations. An adequate equivalence relation E consists of subgroups 

ECH(V) of CH(V) which are stable under the correspondences. For 

adequate equivalence relations E, E', the product denoted by E*E' 
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is the minimum adequate equivalence relation satisfYing the condition 

x E ECH(W) , and y E E'CH(V) ===) x x y E E*E'CHCW x V). 

As a consequence, the filtration given by powers of homological 

equivalence has the property of Cii) above. We also introduce the 

group GriCHP{V) . 

§§Z and 3 are preliminaries:in §Z, we define the fundamental class 

Cor cohomology class) of families of subschemes, following [18], 

and prove that the subfunctor of product of Hilbert schemes 

corresponding to the pairs of subschemes having the same fundamental 

classes is representable. §3 is concerning the Chow schemes by 

[ 1 ], i.e., families of cycles on a scheme over a base scheme (of 

characteristic zern), and we show that the direct image morphism for 

a proper morphism is defined on the whole of the Chow scheme, when we 

add the cycle "zero" to the Chow scheme. 

In §4, we show that on a smooth projective variety over an 

algebraically closed uncountabLe field of characteristic zero, for a 

family of cycles {Z(S)}SES' if at each closed point s, Z(s) is 

equivalent to zero with respect to a power of homological 

equivalence, so is generically. This is an analogue of [·14 ], 5.6. 

F1'om §5 on, the g1'ound fieLd is assumed to be the fieLd of compLex 

nUmbe1's. 

In §5, we generalize the theorem 3.2 of [ 15 ], which, in 

particular, says, in Severi's terminology[ 17 ], that a family of 

O-cycles on a surface in a class of cube of homological equival.ence 

is a ci1'coLazion aLgeb1'ica. Further, we introduce a category ~(i) 

of GriCH (V) and define a functor 
r 

T/ : ~ (i) ---4 Hdg Ci) i , Gr CH (V) 
r 
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as (iii) above, where Hdg(1) denotes the category of effective 

polarizable ~-Hodge structures of weight 1. We notice that ~(1) 

is defined from not all of Gr 1 CH (V) 
r 

but those with certain 

conditions with respect to V, 1, and r. For 1 = 0, is 

the r-cycles modulo homological equivalence, and the condition is 

induced by 

intersection pairing is injective, whose universal validity is 

equivalent to the standard conjecture in chracteristic zero case. 

§6 is preliminary for faithfulness of n. We remark that a much 

stronger result could be obtained if we suppose the standard 

conjecture. The "trivial" case 1 = ° is also mentioned: the 

GrOCH (V) 
r 

restriction of to the subcategory generated by for 

which the above map is bijective 

is fai thful. 

In §7, the faithfulness of n for 1 = I is dealt with. Let JP(V) 
a 

denote the algebraic part of intermediate jacobian. Then, the 

restriction of the functor n to the subcategory ~'(l) of ~(1) 

and Ja leV) p- are 

naturally dual is an equivalence of category between the ~-additive 

categories ~'(l) and Hdg (1) . We also show that GrICHP(V) has a 

structure of abelian variety such that the natural map 

ACHP(V) ~ GrICHP(V) 

is regular, where A denotes the algebraic equivalence. Further, the 

kernel of the natural map 

GrICHP(V) ~ JP(V) 
a 

is finite for arbitrary V and p. More precisely, the kernel of 

the map 
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is the product of algebraic equivalence and homological equivalence 

up to finite groups, and it is even bijective for p = 1, 2, or 

dim V. This is an analogue of the converse to a theorem of Abel: 

cycles on a curve of degree zero which vanish in the jacobian are 

rationally equivalent to zero. Also cf. [ 19 ], p.534. 

I n § 8, th e fa i t h f u I n e s s 0 f Tl for fL = 2 i s t rea ted. Her e, we can 

prove very little. If we denote by i1(2) f sur the subcategory of 

i1(2) generated by 2 Gr CH O of the surfaces, then the restriction 

i1(2) f c i1(2) ~ Hdg(2) sur 

is faithful. We can define the motives h 2 , 

constructed from algebraic cycles, and let M2 be the category 

generated by grOh 2 of the surfaces. Then M2 is semi-simple 

~-abelian category and we have an anti-equivalence of categories 

i1(2) f sur 

the composition of which with the Betti realization gives the above 

functor i1(2) f ~ Hdg(2). sur The Bloch's metaconjecture is, in our 

context, equivalent to the fully faithfulness of the realization 

M2 ~ HdgCZ), and it is equivalent to the Hodge conjecture on the 

products of surfaces. 

A part of the work was done while the author was staying at the 

University of Chicago. He would like to express his sincere gratitude 

to the university and Prof. Spencer Bloch for the hospitality. 
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§ 1. Products of adequate equivalence relations 

1.1. Let k be an algebraically closed field, and we work in the 

category of smooth projective varieties. First recall the definition 

of adequate equivalence relation. 

DEFINITION 1.1.1([ 16 ]). An adequate equiva~ence re~ation E is an 

equiva~ence re~ation on cyc~es such that 

i) it is compatib~e uith addition of cyc~es; 

ii) Let X be a cyc~e on v, and WI"'" Wk a finite number of 

subvarieties on V. Then there exists a cyc~e X' equiva~ent to X 

such that X' and W intersect proper~y; 

iii) If Z is a cyc~e on V x W, if X is a cyc~e on V 

equiva~ent to zero, and if Z(X) = prw*(Z.XXW) 

the cyc~e Z(X) on W is equiva~ent to zero. 

is defined, then 

1.1.2. It is well-known that the rational equivalence relation, 

which we denote by 0, is the finest adequate equivalence relation 

and the numerical equivalence relation is the non-trivial coarsest 

one. We denote the trivial adequate equivalence relation that all 

cycles are equivalent by I. The cycles on V modulo rational 

equivalence is called the Chow ring CH(V) of V and it has a ring 

structure by intersection, and is graded by codimension. The 

codimension p part will be denoted by CHP(V). 

1.2. Let E be an adequate equivalence relation and 

ECH(V):= { cycles on V E-equivalent to zero}/rational equivalence. 

Then ECH(V) has the following properties: 
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i) ECH(V) is a graded submodule of CH(V); 

ii) IF x E ECH(V) and if z E CH(VXW), then 

zex) .- PTW*(z.xX1) E ECH(W). 

PROPOSITION 1.2.1. GiVing an adequate equivaLence reLation E is 

equivaLent to assigning ECH(V) c CH(V) to each V ~hich satisfies 

the condition i) and ii) of 1.2. 

Let E and E' be adequate equivalence relations. Then we define 

the adequate equivalence relations E + E', EnE' by 

(E+ E' ) CH (V) . - ECH (V) + E' CH (V) , 

C EnE' ) CH (V) . - ECH C V) n E' CH (V) . 

We shall denote E c E' if ECH(V) c E'CH(V) for all V. 

1.3. For adequate equivalence relations E and E', we shall 

define their product denoted by E*E' as follows: 

(E*E')CH(V) is a submodule of CH(V) generated by the elements of 

the form prv*(x. y ), where x E ECHCT x V), y E E'CH(T x V), T 

is a (smooth projective) variety, pry 

projection. 

T x V ~ V is the 

LEMMA 1.3.1. E*E' satisfies the conditions of 1.2. i),ii) and hence 

defines an adequate equivaLence reLation. A cycLe Z on V is 

E*E'-equivaLent to zero if and onLy if Z is a sum of cycLes of the 

forms prv*(X,Y), ~here X 

zero and Y is a cycLe on 

is a cycLe on T x V E-equivaLent to 

T x V E'-equivaLent to zero and the 

cycLes X and Y intersect properLy, and ~here T is a variety and 
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pry T x V ~ V is the projection. 

By linearity, it is sufficient to show that if Z E CH(V x W) and 

x E ECHCV x T) and y E E'CHCV x T), then 

zCprVCx. y » E CE*E')CHCW). 

zCpry(x. y » = prW(z.prV(x.y)XI W) 

= prWCITxz.xXIW·yXI W) 

and ITXZ.XXIW E ECHCT x V x W), yXI W E E'CH(T x Y XW). The latter 

part results from the moving lemma. 

LEMMA 1.4. Let E, E', E" be adequate equiva~ence re~ations. 

Then the fo~~ohling are equiva~ent: 

i) if x E ECH(Y) and y E E'CH(V), then x.y E EftCH(Y) for 

arb i t ra ry V • 

ii) if x E ECH(Y) and y E E'CH(W) then x x y E E"CH(V x W) for 

arbitrary V and W. 

iii) E*E' c Eft. 

It is clear that i) implies iii) and ii) implies i). To see 

that iii) implies ii), let T:= Spec k. Then 

ITx x x lW E ECHCT x V x W), ITX Iy x Y E E'CH(T x Y x W), and 

x x y = pry x WCITX x XIW·ITX IV x y). 

1.5. For adequate equivalence relations E, E', Eft, we have 

(E + E') + Eft = E + (E' + Eft), (E * E') * Eft = E * (E' * Eft), 

E + E' = E' + E, E * E' = E' * E , 

E + 0 = E, 
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E * (E' + E") = E * E' + E * E", 

E' c E" implies E * E' c E * E". 

Let * ... * E ( 1 times for 1 > 0, and I ), 

and set 

By virtue of lemma 1.4, we have 

LEMMA 1.5.1. The ring structure of CH(V) defines the bigraded ring 

structure on grECH" (V). In particuLar, z E CHP +
q 

(V x W) defines the 

map 

[z] . 1 . grECHq(V) 

and it depends onLy on the cLass of z in 

REMARKS 1.6.1. Let E, E' be adequate equivalence relations. Then 

Z E CH(Y) is in (E*E')CH(V) if and only if there exits a finite 

number of Xl"'" x k E ECH(T x V) and y1'···' Yk E E'CH(T x V) 

such that z = 2: pry (x .. y.). 
* 1 1 

In fact, if x E ECH(T x V) and y E E'CH(T x V), then for any 

variety T' , and a point t ' of T' , we have 

pry*(x. y ) = pr' (t' x x.1 T , x y) , 
V* 

where pry : T' x T x Y ~ Y is the projection, and 

t' x x E ECH(T' x T x V) and IT' x y E E'CH(T' x T x V). 

1.6.2. More generally, let E 1 ,' ", E1 be adequate equivalence 

relations and Z a cycle of codimension p on V. Then Z is 

(E
1
*"'*E

1
)-equivalent to zero if and only if there exist a variety 

w, a (projective) morphism f: W ~ V, cycles x .. 
1 J 

of 

codimension p .. 
1 J 

on W, E.-equivalent to zero ( 1 ~ i ~ 1, 
1 
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1 ~ j ~ k ) such that Xi1 ,"',Xik intersect properly on W, 

and that 

2: 
j 

p .. = p - dim V + dim W 
1 J 

z = 2: 
j 

for all i , 

By 1.4, it is clear that Z is CE1*"'*E~)-equivalent to zero. 

To see the converse, by induction, it suffices to consider the case 

~ = 3. Let u E CE1*E2 )CHCT x V), v E E3CHCT x V). By linearity, we 

may assume that u = prTxV*(x,y), where x E E1CHCT' x T x V) and 

y E E2CHCT' x T x V). Then, 

prV*Cu.v) = prV*eprTxV*ex.y).v) 

where prV : T' x T x V ~ V is the projection and 

1.7. Let E be an adequate equivalence relation. We define the 

adequate equivalence relation <E)O as the equivalence relation 

generated by O-cycles E-equivalent to zero. More precisely, 

where T runs over all smooth projective varieties, and z runs 

over the cycles on T x V. It is clear that <E)OCHeV) defines an 

adequate equivalence relation. 

LEMMA 1.7.1. Let E, E' be adequate equivaLence reLations. 

(i) <E)O C E, and <E') c E o 
for every variety V. 
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(i) is t.rivial, and (ii) follows from the formula 

z(x) x z'(x') = (z x z')(x x x') 

for z E CH(V x T). X E ECHo (T), z' E CH(V' x T'), and 

Example 1.8. We work in the category of varieties over the complex 

numbers [. We denote by H~ the ~-homological equivalence in 

H' (V,~) and H = HZ the homological equivalence in H' (V,l),which 

are both adequate equivalence relations. We have a filtration of 

CH by powers of H: 

(1.8.1) 

We set 

(1.8.2) Gr~CH(V) = <H*1)oCH(V)/«H*~)on H*(1+1»CH(V) 

By 1.7.1, Gr CH (V) has a bigraded ring structure, and for 

z E CH(T x V), the induced map 

[z] : Gr~CH(T) ~ Gr~CH(V) 

depends only on the cohomology class of z. For O-cycles, notice 

that ~ 
Gr CHoeV) is the associated graded to the filtration 1.8.1. 

Example 1.9. Let ACH(V) denote the classes of cycles which are 

algebraically equivalent to zero. Then ACH(V) defines an adequate 

equivalence relation, and A*~ is nothing but the ~-cubic 

equivalence relation [ 16]. Note that A = < H )0 = < H~ )0' 

LEMMA 1.10. Let E and E' be adequate equivaLence reLations, and 

assume that E'CH(V) are divisibLe for aLL V. Then E*E'CHeV) are 
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aLso divisibLe. In particuLar, A*ECH(V) is divisibLe for each 

smooth projective variety V. 

Example 1.11. Let TP(V) denote the Griffiths intermediate 

jacobian; we have the Abel-Jacobi map 

and the image of the restriction to ACHP(V) is, by definition, 

For z E CHP+q(W x V), the diagram 

HCHq (W) z (?) HCHP(V) 

~ 
T (W) 

q 

~ 
-------+1 TP (V) 

commutes, where the map below is induced by the fundamental class 

{z} E H2p +2q (W x V,Z). It follows that 

JCHP (V) = 

JCHP (V) = 

Ker( HCHP(V) --+ 

Ker( ACHP(V) --+ 

define adequate equivalence relations J and J. We have J = J n A. 

It also follows from the diagram above that CP(H*H~CHP(V» = 0, which 

shows that H*2 c H~*H c J. In particular, 

<H*2>0 c <H~*H>O c < J >0 c J n < H >0 = J n A = J. 

Hence we have a surjective canonical map 

yP : Gr1CHP(V) --+ JP(V). 
a 

For P = 1, JCH I (V) = JCH I (V) = 0, hence H*2CHI (V) = 0, and we 

have a bijection 
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§ 2. Fundamental classes for Hilbert scheme 

2.1. Let S be a locally noetherian scheme and f : X ~ S be a 

compactifiable morphism, F an etale sheaf on S. For an integer n, 

we define 

H (X/S,F):= HOeS,R-nf Rf'F). 
n * 

If g: Y ~ S is a compactifiable morphism and h X ~ Y is a 

proper S-morphism, we have 

induced by adjunction 

It is clear that h I----? h is functorial. 
* 

For a morphism ~ : S' ~ S, we have a cartesian diagram 

qJ' 
X' -'----l> X 

f' 1 1 f 
s' ~ S qJ 

Then we obtain H eX/S,F) ~ H (X'/S'.CP*F), 
n n 

i. e .• HOes R-nf Rf!F) ~ HOes rn R-nf'Rf' 'rn*F) '* ,'t'* * 't' 

Applying Rf*, we get 

By Leray spectral sequence, we obtain 

R-nf*Rf'F ~ cp*R-nf'*Rf·'~*F. 

The following diagram is commutative: 

Hn(X/S,F) 

cp* 1 
h* 

---+ H CY/S, F) 
n 

lqJ* 

HneX'/S,,~*F) ~ HnCY'/S',qJ*F). 

* 
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2.2. Let g: Z ~ S be a flat morphism of pure relative dimension 

r , and e be a prime integer invertible in S. By definition, 

On the other hand, we have 

-2r ' , Hom(l,R g*Rg'l (-r)) = Hom(l ,Rg Rg'Z (-r)[-2r]) 
e e e * e 

* , = Hom(g 1 ,Rg'Z (-r)[-2r]) 
e e 

* = Hom(Rg,g 1 (r)[2r],Z ) ,e e 
2r * = Hom(R gIg l

e
(r),l

e
)· 

We have the trace map ([ 3 ], §2) 

2r * R gIg 1 (r) ~ 1 , 
,e e 

h th d ' Tr'·. 71 ~ R- 2r g Rg!l (-r). ence e correspon lng map L ~ 
g e * e . 

Therefore we get HO(S,Z) ~ H2 (z/s,l (-r). 
ere 

Suppose Z is a closed subscheme of X over S : j Z ~ X. 

The image of 

HO(S,1 ) ~ H2 (z/s,1 (-r) 
ere 

j* 
~ H2 (x/s,l (-r)) 

r e 

will be called the fundamentaL cLass of Z/S and denoted by 

For ~ : S' ~ S, and Z' = Z ~ S', the base-change of Z, 

we have ~*{Z/S} = {Z'/S'} E H2 (X'/S',1 (-r»). r e 

{Z/S} . 

If X is smooth of pure relative dimension mover S, denoting 

p = m - r, we have 

{Z/S} E H
2r

(X/S,l
e

(-r») = HO(S,R- 2r f*Rf!l
e

(-r) 

° -2r = H (S,R f*l e Cp)[2m]) 

= HOCS,R2P f*l e (p))· 

2.3. Suppose X is smooth projective over S of pure relative 

dimension m, and let Hilb (X/S) denote the set of subschemes flat 
r 
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of pure relative dimension rover S. 

We have 

{ IS} 

and set 

Hilb (XIS) 
r 

° 2p 71 H (S,H f*Le(p», Z t-----+ {Z/S}, 

Hilb (X/S)X2,H = 
r 

{/S}pr
1 

Ker(Hilbr(X/S) x Hilbr(X/S) ~ 

{/S}pr
2 

It is clear that, for cp S' ----+ S, 

cp*: Hilb
r

CX/S)X2,H ) Hilb
r

{X'/S,)X2,H,(Zl,Z2) ~ (Z1',Z2') 

defines a functor Hilb~;s~r on locally noetherian schemes over S. 

PROPOSiTION 2.4. With above hypotheses, the functor Hilb
x2

,H is X/S,r 

representabLe by an open subscheme of the product of HiLbert schemes 

HilbX/S,r ~ Hilbx/s,r· 

It is enough to show that if CZ 1 ,Z2) E HilbrCX/S) x Hilbr(X/S) 

and if, for s E S, «Zl)s,(Z2)S) E Hilb
r

CX
s

/s)X2,H, then there exists 

an open neighbourhood U of s such that 

Le t (J = 

point of 

«ZI)U,(Z2)U) E Hilb
r

CXu /U)X2,H. 

{ZI/S} - {Z2/S} E HOCS,H2P f*1 e (p». If s is a geometric 

s, the pull back of (J in H2P (X-,1 (p» vanishes. It s e 

suffices to see that there exiSts an open neighbourhood U of s 

where (J = 0. 

LEMMA 2.4.1. Let f : X ----+ S be a smooth proper morphism and s a 

geometric point of S, If the puLL back of (J 

in Hn (X ,1 (k» is zero, then (J = ° on the connected component s e 
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of S containing s. 

We have 0" = (0" ) E 
V 

CHoCS,R n f*Clle v Ck»»V and the hypothesis 

means that CO") = ° v s in Hn CXs ,llev Ck» = CRn f*Clle v Ck»)s for any 

v, since f is proper. The morphism f is smooth proper, hence 

Rnf*(lle
v

Ck» is a locally constant. Let U be an etale 

neighbourhood of s where Rn f*(lle v Ck» is constant. Then 

0" lu = ° (===) v (av)i = ° at some geometric point t of U. 

It follows that a = ° V 

s, and a = ° 0 nit. 

on the connected component of S containing 

REMARKS 2.4.2. If S is the spectre of an algebraically closed field 

k, and Z is a closed subscheme of pure dimension r of a smooth 

projective variety V over k, then {Z/k} E H2P CV,Z (p» 
e 

is the 

fundamental class of the cycle associated to the subscheme Z, cf. 

[ 18 J, 3.3.4. 

2.4.3. The homological equivalence relation we have considered above 

is the 1 -homological equivalence. We can also consider the e 

~ -homological equivalence and in that case, the proposition remains 
e 

true. In fact, with the notation of proof of the proposition, if the 

in H2PCX_,~ (p» vanishes, then k.a = ° 
s e 

pull back of a in 

H2P CX-,1 (p» with k ~ 0, hence k.a vanishes in a neighbourhood of s e 

s with 1 -coefficient, hence 0" vanishes there with ~ -coefficient. e e 

2.4.4. Let E be a set consisting of some prime integer invertible 

in S. We could consider the intersection of 1 -homological e 

equivalence, i.e., 

Hilb (X/S)X2,H,E 
r 
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o 2p 
H (S,R f*l

e
(p)) for e E E}. 

In view of lemma 2.4.1, the functor S ~ Hilb (X/S)X2,H,E is also 
r 

representable by an open subscheme of Hilbx/s,r ~ HilbX/S,r' 

Moreover, we can replace the equivalent relation by the mixture of 

the type considered in 2.4.3. 
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§ 3. Direct image morphism of Chow schemes 

3.1. Let S be a locally noetherian scheme. Recall that a morphism 

h : X ~ S of finite type is called of pure relative dimension 

r if X = h- 1 Cs) 
s is of pure dimension r for every s E heX). 

We set 

-1 X(r) = { x EX; dim h (h(x» ~ r }. 
x 

Then X(r) is a closed subset of X. 

Note that h is of pure relative dimension r if and only if 

X(r) = X, provided that all the fibres of h are of dimension 

~ r. 

PROPOSITION 3.2. Let X, Y be S-schemes of finite type. 

f: X ~ Y be a proper sUrjective S-morphism hlith Y irreducib~e 

and X ~ S of pure re~ative dimension r. Suppose that there 

exists s E S such that dim Y = r . s 

re~ative dimension r. 

Then Y ~ S is of pure 

The conclusion is equivalent to Y = Y(r). If f is finite, then 

f : X ~ Y is also finite. and it is clear that Y = Y(r). In s s s 

general case, let yO be the maximum open subscheme of Y such that 

fO = f(yO): XO ~ yO is finite; then yO ~ ¢>. In fact, consider 

X -- Y • If x E X s s s is the generic point of a component of 

such that dim f(x) = r, then the restriction x ~ f(x) of f s 

generically finiteC the bars denote the closure in the fibres) , 

f(x) E yO. Since X ~ Y is surjective, such an x exists s s 

hypothesis, hence yO ;:C ¢> • Let g . Y~ S, and gO yO __ 
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° 0. 0-1 ° its restriction. Then Y Cr) := { y E Y ; dun g (g (y)) ~ r } 
y 

° ° 0-1 ° ° -1 = Y ~ Y(r). For y E Y , dim g (g (y)) = dim (Y ~ g (g(y))) 

= dim g-l(g(y)). 
y 

t hat yO = yO ( r ) 

Y, Y(r) = Y. 

y Y 

Since fO: XO ~ yO is finite, YO(r) = yO, so 

= yO ~ YCr) c Y(r) c Y . Since the closure of is 

LEMMA 3.3. Let S be a ~oca~~y noetherian scheme and f : X ~ Y be 

a proper S-morphism, and suppose that X ~ S is of pure re~ative 

dimension r. Then there exist c~osed subsets Y1 ' Y20f Y such 

that f( X ) = Y1 U Y2 and Y1 ~ S is of pure re~ative dimension 

r ,and dim (Y2 )s < r for any s E S. 

We can suppose X reduced,and replacing f by X ~ f( X ) , we 

may assume f is surjective. If Y is a union of closed subsets 

YJ...' then for Y EYe Y, since s 

dim Y = sup dim (Y,) ~ r, 
y s J... Y A S 

Y(r) is the union of YJ...Cr) . Let X = V XJ... is the decomposi tion 
J... 

into irreducible components. Then Y = V f( XJ...) . Consider 
J... 

f( XJ...)(r) = ¢ by 3.2. It will suffice to put 

Y2 := V f( XJ...) 

Y 1= f( X )(r) and 

where the union is over those XJ... with f( XJ...)(r) = ¢. 

3.4. Let S be an affine scheme of characteristic zero, and X be 

a smooth projective S-scheme of pure relative dimension m. Then for 

an integer p, o ~ p ~ m, we have the Chow scheme of cycles of 
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relative codimension p on XIS ([ 1 ]), while is, in f ac t , 

only an algebraic space in general. If X is a subscheme of S x pN 

for N, then, 
p 

is embedded in CN- m+p CN- m+p x S, and some CX/ S = 
sxpN/s pN 

since CCN- m+p ) is the usual Chow variety of pN, p 
is 

pN red 
CX/S an 

S-scheme, a countable union of proper S-schemes. 

We set 

-p p 
CX/ S = CX/S 11 o(S), oCS) = S. 

Intuitively, o(S) corresponds to the cycle "zero" of codimension p. 

We shall show that, for a proper S-morphism f : X ~ Y of smooth 

projective S-schemes, we can define the direct image morphism 

-p+n-m 
C
Y/S 

of Chow schemes, where n is the relative dimension of Y/S. To do 

this, it suffices to define a morphism as functors. 

Let S' be an S-scheme, and put 

X'=XSS', Y' =YSS', 

f' = f x idS' : X' ~ Y', 

cP (X I IS' ) = C~/S(SI). 

cP (X' IS ') = 
-p 
CX/S(SI) = cP (X' /S ') 11 { idS I } . 

Recall that an element of CP(X'/S') is a pair CZ,c) of a closed 

subset Z c X' of pure relative dimension r = m - paver S', and 

an element c E H~CX"QXI~SI) which satisfy some conditions Ccf. 

[ 1 ], 4. 1. 4.2). By Lemma 3. 3 , 

of pure relative dimension r 

dimension < r. 

Note that 

over S, and Z' 
2 

Rr -1 (X I , ?) = Rr Z I (Y I , R f I * ?) • 
f I (Z' ) 
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Putting d = m - n. we have 

• p p-d 
HomCRf *QX'/S' ,QY'/S' [-d]) 

p , p-d 
= HomCQX'/S' ,Rf' 'QY'/S' [-dJ) 

= HomCQx,~s' ,Rf' !Qy,~S' [n]®Cf'*Q~,/s.)v[-m]) 
n P n m ,*n r v 

= Hom(HX'/S"~'X'/S.[m]®(f Hy'/S') [-m]) 

= HOm(Qx·~s,®f'*Qy,~S' .Qx.~s')' 
and the canonical map 

hence, we get 

Therefore we obtain 

LEMMA 3.5. The canonical map 

p-d p-d 
HZ' (Y', Qy , / S ' ) 

1 

is an isomorphism, 

p-d 
Qy , IS' [-d] . 

p-d p-d 
Hz, C Y' ,Qy' /S • ) 

SUBLEMMA 3.5.1. (cf.[ 2]) Let g: Y ~ S be a morphism of re~ative 

dimension < r of ~oca~~y noetherian schemes. then ue have 
, , 

RI '0 = 0 g S for i ~ -r. 

The question is local on y. For any z E y, We have a commutative 

diagram 

Z E U 

h ! 
r-1 

As 

j 

a 
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where j is an open immersion, and h is a quasi-finite morphism. 

By Zariski's Main theorem, there is a finite morphism h . Y ----. 

and an open immersion k . U ----. . Y such that h = h·k. We have 

where h r-l ~ 
(Y, 0y) ---t (AS ,h*Oy). Since h is flat, we have 

Therefore we have 

i < -r + 1. 

Rih!Q r-l = ° for i < 0. 
Ar-l/S 

S . , 
RIg'OS = ° for i + r - 1 < 0, i.e., for 

LEMMA 3.5.2. Let g: Y ---t S be a smooth morphism of ~oca~Jy 

r-l 
As 

noetherian schemes of pure reLative dimension n, E a Loca~Ly free 

0y-HodULe of finite rank and Z c Y a c~osed subscheme of reLative 

dimension < rover S and set p' = n - r. Then ue have 

i 
Ext (OZ,E) = 0, and for i ~ p'. 

Let j : Z ----. Y denote the closed immersion. We get 

i Ext (OZ,E) = Hom(OZ,E[iJ) 

= HOm(Oz,QY~S0HOm(QY~S,E)[iJ) 

= HOm(Oz0HOm(E,Qy~s) ,Qy~S [n][i-n]) 

= HOm(Rj*j*HOm(E,Qy~s),Rg!Os[i-nJ) 

= HOm(j*HOm(E,Qy~s),R(g.j) !Os[i-nJ), 

and we have a spectral sequence 
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a i-a a .* n i-a-n .! i 
E '2 = Ext (J HomCE.QY/S),R (g'J) OS) ===> Ext (OZ.E). 

By sublemma 3.5.1, Ri-a-nCg'j)!Os = 0 for i-a - n ~ -r, i.e., 

for i-a ~ p'. Since Ea , i-a = 0 
2 

unless 

i Ext (OZ,E) = 0 for i ~ p'. It follows that 

a ~ 0 and i-a> p', 

for i ~ p'. 

The proof of lemma 3.5 is now easy: we have an exact sequence 

p-d-l p-d 
HZ'~Z,CY'~Zi,QY'/S') ~ 

1 
p-d p-d 

~ HZ'~Z,(Y'~Zi,QY'/S') 
1 

and the both extremes vanish by virtue of sublemma 3.5.2, because 

3.6. We define 

f' . cP CX' IS') ~ cP CY' IS t ) * . 
as follo·ws: the image of idS'C = o(S)(S')) is idS' E CP(Y·/S'). 

For (Z,c) E CP(X'/S'). we have 

If Zi ~ ¢, we put 

and otherwise. 

f~e(Z,c)) = idS" 

PROPOSITION 3.7. Under the above hypothesis, 

and hle have a morphism of functors 

It suffices to see 

-p-d 
Cy/S ' 

f' «Z c)) E CP(Y'/S') 
* ' 
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1 
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Let Z ' E Z' 
1 ' 

and (U',B',cp') 

It is also a projection of Z' 
1 

be a projection of Z' 
1 

around 

around z" for any generization 

z' . 

z" E Z1' of z', hence ez' f' (c)) 
1 J * is a Chow class at z' if it is 

a Chow class at z". 

Z c X' f Y' , and --+ 

such that the fiber 

Take an 

nor in 

To show 

irreducible 

Z" 
1 ' 

i . e. , 

(Z' f' (c)) 
l' * 

Let ZI be the pull-back of Z' 
1 

by 

let Z" 1 be the closed set of Z' 
1 

of points y 

of ZI --+ Z' over y has positive dimension. 
1 

component of Z' 
1 

; i t is not contained in Z2' 

z' has its generization Z" E Z'''(Z'' u Z') 1 1 2· 

is a Chow class at z", set 

Y" = Y'''(Z], U Z2)' X" = f,-I CY "), f" : X" --+ Y" the base-change 

off' . Then, we have 

f"*(restriction of c to H~nx"(X,,,Qx,~s')) 

= restriction of f'*(c) in p-d p-d 
HZ'ny,,(Y",QY"/S')' 

1 

and Z n X" is finite over Y". In that case, the proof can be found 

i n [1], 6. 3 . 

3.8. With the notations and hypotheses in 3.2, let (Z, c) and 

(Z',c') be Chow classes. We have the sum c + c' of c and c' 

by the natural maps 

p Q P 
HzuZ ' (X, X IS) , 

and p Q P 
HzuZ ' (X, X IS) , 

respectively and (Z u Z',c + c') is a Chow class, hence we get a 

morphism of functors +: CP(X/S) x CPCX/S) --+ CPCX/S). We extend it 

to the morphism of functors 

as follows: it coincides with + above on CPCX/S) x CP(X/S), and 
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the first projection on cPex/S) x {idS}' the second projection on 

{idS} x cP (XIS), and the image of (idS' idS) 

obtain the morphism of algebraic spaces 

+ : 
- p - p 
C

X/S 
---+ CX/S ' 
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§ 4. Genericity Theorem 

4.1. In this section, the ground field k is supposed to be 

algebraically closed of characteristic zero and uncountabLe. Recall 

that we denote by H© the ©-homological equivalence relation and we 

have the adequate equivalence relations H~i( See 1.5). The purpose 

of this section is to prove the following 

THEOREM 4.2. Let V be a smooth projective variety of dimension m, 

S a smooth variety, i an integer and Z a cycLe on S x V of 

codimension p. Assume that for an arbitrary cLosed point s E S, 

the cycLe Z(s) is defined, and is H~i-eqUiVaLent to zero. Then 

there exist a smooth variety T, a dominant morphism e: T ~ S, 

a smooth projective morphism n 'J ~ T, cycLes x .. 
1 J 

of 

codimension p.. on 'J x V ( 1 ~ i ~ i, 1 ~ j ~ k ) such that 
1 J 

i) 2: p .. = p + dim 'J - dim T; 
j 1 J 

ii) For any t E T, 

'Jtx v, ~here jt : 'Jt~ 'J is the incLusion. 

iii) (e x idv)*(Z) = 2: CnXid v )*( x1j ..... xij ) in CH(T x V). 
j 

Let no: . 'J ----. T • 0: 0: ( 0: E A ) be countable families of smooth 

projective morphisms such that To: are affine algebraic schemes over 

k and that for any smooth projective variety W, there exist an 

For a smooth projective morphism q 

::?! 0, let 
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(Zl)t.···.(Z1)t intersect 

properly for t E T }. 

ti is an open subscheme of and we have a morphism([ 1 ], 

8.1). 

-------?l C P 
X/T 

\U 

p = 2: 
i 

p .. 
1 

By [ 1 ], 7.1.6, there is a morphism 

where 

X2,H© p. p. p. p. 
Hilbx/T,r. c Hilb X/~x Hilb X/~----? CX/~ x CX/~ 

1 

X2,H© 
HilbX/T,r. 

1 

are defined in 2.4.3 (cL also, 2.4; note that 

©-homological and ©-homological equivalences coincide since we are in e 

characteristic zero), r. = rel.dim X/T - p., 
1 1 

hence their product 

X2,H© 
-I .-1 IT Hi 1 bX/T , r. 

1 1 

Let 2[1,1] be the set of maps from the interval [1,1] of integers to 

the set {O.l} and for a E 2[1,1], let 

-I.-liT 
p. Pi 

-'.-'/T 
p. . ( 1 1 pra . CX/T x CX/T) ----? CX/T 

1 1 

be the product of projections pr a (i ) where pr a (i ) 

projection to the first factor if a(i) = 0, and to 

if a(i) = 1. Then we have 

and, 

n 
a 

-1 Pi p. 
pra (ti) c -I.-'/T ( CX/T x CX/~)' 

1 
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() 
-1 

pro (ti) I 
p 

CX/T x p 
CX/T 

0 w w 

( z(?) ,z(~)) 1-----+ C L: ~/T 
Z(O~i); 2: ~/T 

z{a~i))), 
1 1 lal:o 

1 lal:1 1 
1 I 

where lal:: L: aCi), and lal == 0 means that the summation is over 
i 

all a with even lal, and lal: 1 means the summation over a 

wi th odd Ia I . 

Let be the pull-back of by the morphism 

Thus we get a morphism 

Consider the morphisms 

- p - p 

l • 

CYXS IS x CVXS IS 
a a a a 

:: 
-p 
Cv X -p Cv x Sa ---+ 

-p 
Cy x -p 

CV' 

where P :: (P1,···,P1)' I P I = L: p. , p :: I pi - rel.dim ':fa/Sa' 1 

and 
- p CX/S 

:: 
p 

CX/S _1_1 oCS) Ccf. 3.4) and the second arrow is induced 

by the mor.phism V x 'Ja ---+ V x Sa. 

For an integer n ~ 1 and a sequence of 1-tuples PI'··· ,Pn , 

putting 

we get a morphism 

P
1
,···,P

n 
lfiyx'J IS 

a a 

p. 

:: I. I IS #.YX':/ IS' 
J a a a 

-p x C- p )xn ---+ -p -p (CV y Cv XCV' 

the second arrow being the sum given by 

(L: Y., L: Y~ ), 
. 1 . 1 
1 1 

(c£' 3.8). For a k-rational point x of the left hand side, the image 
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-p x C-p 
in Cv V is given as follows: 

Let s be the image of x in So: Then x consists of subschemes 

(Z~O~.Z~I~) of V x ('J 0: ) s of codimension p .. (where p. = 
1 • J 1 • J 1 • J J 

(Pl····· .P~ .» such that the associated cycles to Z~O~ and , J , J 1 • J 

are ~-homologically equivalent on V x ('J ) . 
0: S 

The image of 

corresponds to the pairs of cycles 

Z~I~ 
1 • J 

x in 

j 
2: (n:o:)*(ZiO.J~I~L'.ziO'J~~»)' 2: 2: (n:) (z(O(~~L·.z(O(~))). 

101::0 j 101::1 0: * I.J ~.J 

where for simplicity. we denote by Z~O~i» the associated cycles 
1 , J 

on V X ('J) to the subschemes Z~O~i», and by 
0: s 1,J 

n:o: the 

morphism V x ('J ) 
0: s 

--t V. Since Hilbvx'J /S r 
0: 0:' 

--t C p 
vx'J /S 

0: 0: 
is 

surjective, any r-cycles on v which are HZ~-eqUiValent to zero can 

be written as the differences z - z' of pairs (Z.Z') in this form 

for some 0: (cf. 1.6.2). We have a morphism defined by 

denote by 
PI····'Pn 

~ 0: the pull-back of the diagonal of and 

consider the projection C~ x c~. The 

union of the images for all n. P l···.P nand 0: 

Pl' ... • P n U 1m n: c cP x cP 
0: V V 

is the set of the pairs (Z.Z') of effective r-cycles which are 

H~~-eqUiValent. 

Since the set of possible n. PI' ""Pn ' 0: is countable and the 

PI ' ... , Pn 
~vx'J /S is countable, the 

0: 0: 
number of irreducible components of 

above union is a countable union of irreducible subsets. Now, 
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shrinking S if necessary, write Z as a difference of effective 

+ cycles which are non-degenerate on S: Z = Z - Z . It defines a 

morphism 

~ S ~ c~ x c~. 

By hypotheses, 

1m ~ c U 

as k-rational point. Since the ground field k is uncountable, we 

can find n, PI"" ,P n • and a such that there exits a locally 

closed subvariety of 
PI' ... 'Pn 

fJi.YxJ- IS 
a a 

such that the image of the 

restriction of t~ the subvariety contains the generic 

point of Im~. Hence we have a diagram 

S 
PI'···'Pn PI ' ... • Pn x rJi.YxJ- IS ----+ fJi.yxJ- IS cp x cp 

V V 
a a a a 

J ! Pl" ··'Pn 
1ft a 

S I cp 
X cp 

~ Y Y 

and the left vertical arrow is dominant. There exist, therefore. a 

smooth affine variety T. and a dominant morphism e: T ~ S which 

sit in the diagram 

T 

We have the morphism T ----+ Sa and let 

By base-change. get element t; of 
PI' ... • Pn whose image we an fJT.YxJ- IT CT) 

by 
PI····,Pn is E cP p 

Let the image of t; under the 7(YxJ-IT ~'e Y XCyCT). 
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morphism induced by 

be «Z~O~,Z~l~)). 
1 , J 1 , J 

pull-backs (Z~O~) 
1 ,J T 

---+1 I. liT 
1 

p.. p.. -1-1 (C I,J ):( C I,J ) 
. IT vx~/T T vx~/T 
J 

If we denote the generic point of T by 

and are the cycles on 

T, 

Let Z~O~ and Z~l~ be the closures of them in 
1 , J 1 , J 

v x ~, and put 

-(0) -(1) 
X .. = Z .. - Z ..• 

IJ I,J I,J 

the 

Then X.. and e 
1 J 

T ~ S satisfy the conditions of the theorem. 
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§ 5. Definition of the functor 

In the sequel. the ground fieLd is assumed to be the fieLd of 

compLex numbers. 

5.1. Recall the definition of coniveau filtrationCcf. [ 15 ]): 

For a smooth variety, let 

C5.1.1) NPHnCV,(Q):= V ImCH~CV,(Q) ~ Hn(V,(Q)) 

= V KerC Hn(V,(Q) ~ HnCV'-.,F,(Q)), 

where F runs over the set of Zariski closed subset of V of 

codimension ~ p. NPHnCV,(Q) define a decreasing filtration of 

HnCV,(Q) and we denote by grPHn(V,(Q) the associated graded module: 

grPHnCV,(Q) = NPHn(V,(Q)/NP+1Hn(V,(Q). 

We have Hn(V,(Q) = NOHn(V,(Q) and NPHn(V,(Q) = ° if n < 2p. 

Note that Hn(V,(b)) has a mixed (Q-Hodge structure. In view of 5.1.1, 

NPHnCV,(b)) is a mixed Hodge sub-structure of Hn(V,(b)), and hence, 

grPHn(V,(Q) has also a mixed (Q-Hodge structure. If V is 

projective, it is pure of weight n. 

The coniveau filtration has the following functorial properties: 

e i ) for amorphism f : V ~ W, 

by the pull-back f* n If\ n N (W,Ibi) ~ H (V,(b)); hence 

induces the map 

f* : grPHn(W,(b)) ~ grPHn(V,(b)). 

eii) for a proper morphism f : V ~ W, NPHnCV,(Q) C Hn(V,(Q) is 

mapped into NP-dHn-2dCW,(Q)C-d) by the push-forward 

f* : Hn(V,(Q) ~ Hn- 2d CW,(Q)C-d), where d = dim W - dim V. Hence 

f* induces the map 

f* grPHNeV,(Q) ~ grP-dHn-2dCW,(Q)C-d). 
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maps 

into 
p+p' n+n' N H (V,~); hence we get 

The fundamental class of an algebraic cycle z of codimension p 

on V will be denoted by {z} E grPH2P(V.~)(p) = NPH2p{V,~)(P) c 

H2 p (V , ~) (p) • 

For smooth varieties T, V, with V projective, dim V = m, and 

for z E CHP(T x V), i an integer, r = m - p, we define a 

morphism of mixed Hodge structure 

{tz} : grrH2r+i(V,~)(r) ~ grOHi(T,~) 

as the composite 

* grrH2r+i(V,~)(r) pry ) grrH2r+i(T x V,~)(r) 
2 +i prT* 0 i 

----~l grmH m (T x V,~)(m) ) gr H (T,~), 

where the second map is defined by the cup-product with 

{tz} E grPH2P (T x V,~)(p). 

THEOREM 5.2. Let V be a smooth projective variety of dimension m, 

S a smooth variety, z E CHP(S x V), r = m - p, and 1 an 

integer. If z(s) E H~(1+1)CHP(V) for a~~ s E S, then the map 

t r 2r+1 ~ 0 1 ~ { z} : gr H (V,IbI)(r) ~ gr H (S,IbI) 

is zero. 

Let Z be a cycle on S x V representing 
p 

z E CH (S x V). By 

shrinking S, if necessary, we may assume that Z(s) are defined for 

all s E S. Then Z{s) *(1+1) . are H~ -equIvalent to zero. By theorem 
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4.2, there exist a smooth variety T, a dominant morphism 

e T ----+ S, a smooth projective morphism n : ~ ----+ T, and cycles 

X.. of codimension p .. on ~ x V (0 ~ i ~ i, 1 ~ j ~ n) such 
1 J 1 J 

that 

For any 

p .. 
1 J 

= dim ~ - dim T + p; 
j 

t E T, X .. I~t x V 
1 J 

are (b)-homologous to zero; 

(e x idV)*(Z) = 2: n*(XOj.···.x
ij

) 
j 

inCH CT x V). 

We have a factorization 

and * e is injective(cf. [ 15 ], 1.7). The following lemma will 

complete the proof of the theorem: 

L~~ 5.2.1. Let T, X, V he smooth varieties. g : X ----+ V be a 

morphism and f : X ----+ T a smooth proper morphism of re~ative 

dimension m, Z. ( 0 ~ i ~ 11. ) be cyc ~es on X 
1 

of codimension p. 
1 

such that the restriction of Z. 
1 

to a fiber X
t 

is (b)-homologica~~y 

equivaLent tb zero. Put p = Po + ••. + Pi' r = m - p, and 

z = {Zo}u" 'U{ZQ} E H2p (X,(b)(p)). 

Then the map 

is zero. 

We have the Leray spectral sequence 

(i) By intersection, we get a pairing of spectral sequence 
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in particular, we have 

FPHn(X,~(k» U FP'Hn ' CX,~Ck'» c FP+p'Hn +n ' CX,~Ck+k'». 

(ii) If f' : X' ---+ T is smooth of relative dimension m' and 

h : X ---+ X' is a proper T-morphism, and if d = m - m'. we have a 

morphism of spectral sequence 

EP,n-PCf) = HPCT Rn-Pf ~Ck» 
2 '* =========) 

h*1 h* I 
~ ~ 

EP . n - 2 d - p (f ') = H P C T ,R n - 2 d - P f ' ~ ( k - d » = = = = = ) FP Hn - 2 d C X' ,~C k - d ) ) , 
2 

in particular, h* FPHnCX',~Ck» c FPHn- 2d eX' ,~ek-d». 

By Lemma 2.4.1 (see also Remark 2.4.3.), 

{ Z.} E 
1 

1 2p. 
F H l(X,(6)Cp.». 

1 

For a E H2r +1 (V,(6)(r», g*Ca) E H2r +1 CX,(6)(r» = o 2r+1 F H (X,(6)(r», and 

by (ii) and iterated use of eu, we obtain 

f*Cz U g*ea» = f*C{ZO}U" 'U{Z1}U g*(a» E F1+1H1CT,~) = 0, 

hence, the lemma is proven. 

5.3. For a smooth projective variety Wand integers q, 1, we 

consider the condition: 

HCW,q,1): There exist smooth projective varieties 

on T. x W of codimension dim W - q such that 
J 

(i) the map 

o 1 U gr H CT. ,(6) 
J j 

induced by u. 
J 

is injective; 

-296-

T ., and cyc 1 es 
J 

u. 
J 



(ii) The following condition HCT.,~) holds for ~ and all T .. 
J J 

H(T,~):There exist smooth varieties S,~, morphisms ~ ~ S, and 

cycles x lk ' ... ,x~k (1 ~ k ~ n, n :£ 1) on ~ x T such that 

i ) ~ --+ S is smooth projective; 

ii) 2: codim Xik = rel.dim ~/S + dim T, for all k; 
i 

iii) x'kl~ x T are homologous to zero for all i, k and s E S; 
1 S 

i v) The map 

induced by the cycle 2: xlk.···.x~k is injective. 
k 

Cfor ~ = 0,2: x lk · ···.x~k = n.l~xT ~ 0, and by ii), T must be a 
k 

point;in that case, HCT,O) always holds ). 

COROLLARY 5.4. Let V and W be smooth projective varieties of 

dimension m and n respective~y, Z E CHP+qCW x V), r = m - p, 

and ~ an integer, and suppose that the condition HCW,q,~) ho~ds. 

If the map 

[z] : Gr~CHq(W) --+ Gr~CHrCV) 

(cf. 1.8 ) is zero, then the map 

{tz} : grrH2r+~cv,~cr» --+ grqH2q+~cw,~Cq» 

is al.so zero. 

With the notations of 5.3, we have 

and 

0= [z·u.] 
J 

~ [u .] ~ 
Gr CHo(T

j
) J I Gr CHq(W) 

r 2r gr H (V,~(r» 
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t 2 { u.} 
J LL 0 Q 

gr H (T.,!Q), 
j J 

and since 2 {tu} is injective, we may assume that H(W,Q) holds and 
j 

q = O. The notation being as in the definition of H(T,Q) with 

T = W. let x = 2 x 1k.··· .xQk • If J"( : 'J ~ S is the morphism, 
k 

then we set y = (J"( XidT)*(x) E CH(S x T). For s E s, 
*Q yes) E <H >OCHo(T), 

and zoy(s) E H*(Q+l)CH (V) By the theorem, we have that r . 

{t (zoy)} grrH2r+Q(V,!Q(r)) {t Z }) 

is zero. But by 5.3. iv), is injective, so that {tz} is zero. 

5.5. We shall reformulate the corollary 5.4. To do so, we introduce 

a pseudo-abelian category ~(Q). First, we define an additive 

category ~*(Q)Z as follows: 

Objects: formal sum LL GrQ.CH (V.), where the condition H(V. ,r. ,Q.) 
. r. 1 1 1 
1 1 

holds for each smooth projective variety V .• 
1 

Morphisms : Hom( GrQ.CH (W), GrQ.CH (V» = 
q r 

= { [z] GrQCH (W) ~ GrQCH (V) ; z E CHP+q(W x V), p + r = 
q r 

and for general objects, we define 

Hom(~ GrQ.CH (W.), LL 
q . J . 

J 1 j 

GrQ.CH (V.» 
r. 1 

1 

Hom(GrQCH (W.),GrQCH (V. ». 
i , j 

q. J r. 1 
J 1 

dim V } 

It is clear that ~*(Q)Z is an additive category, and we define a 

Q-additive category ~*(Q) having the same objects as ~*(Q)Z and 

Hom * (M,N) = Hom (M,N) ® !Q. 
~ (Q) ~*(Q)Z 

Then the pseudo-abelian category ~(Q) is obtained as the 
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pseudo-abelian envelope of ~*(i). 

Let Hdg be the category of polarizable ~-Hodge structures and 

Hdgei) be the full subcategory of Hdg whose objects are effective 

of we i gh t 1. As noted above, 
r 2r+i gr H (V,~(r» E Hdg(i). By 

Corollary 5.4, we have 

COROLLARY 5.6. We have an additive contravariant functor 

i r 2r+i n : f']ei) , Hdgei), Gr CH (V) 1------+ gr H (V ,~(r». 
r 

LEMMA 5.7. ei) If z is a cyc~e of codimension q + dim W' - q' 

on the product W x W' of smooth projective varieties such that the 

induced map 

is injective and if the condition H(W,q,i) hoLds. then the condition 

Hew' ,q' ,i) a~so ho~ds. 

(ii) If H(T,i) ho~ds. then H(T,O,i) a~so ho~ds. 

For eil, let T . 's and U.' s 
J J 

be as in 5.3 (for H(W,q,i». Then, 

the map 

{tz} , grqH2q+i(W,~(q» ---. U grOHi(T.,~) 
. J 
J 

and HeT.,i) hold for all T .. 
J J 

induced by zou. 
J 

is injective, 

(ii) is trivial by taking the diagonal as u = u
l 

in the definition 

of H(T,O,i). 

PROPOSITION 5.8. For a smooth projective variety V, the condition 

H(V,O,I) ho~ds. 
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By virtue of 5.7, the weak Lefschetz theorem, and the fact that 

we are reduced to proving HCT,I) where T is a curve 

(cf. proof of 5.9). Let S = T, ~ = TXT, pr 2 : ~ ~ S the second 

projection, t ETa point, and let x = t x 8 T - txT x t, a cycle 

on ~ x T of codimension 2 Then the conditions i) - iv) of 5.3 

are satisfied. 

PROPOSITION 5.9. For a smooth projective variety V, the condition 

H(V,O,2) ho~ds. 

Let i V' ~ V be a smooth hyperplane section. Then 

.* 
1 

is injective if dim V' ~ 2. Note that 

NIH2(V.~) = H2CV,~) n HI,ICV) = ~C-I)$P. 

Since o 2 0 2 
HomHdg(gr H CV,~),~(-l» = 0 = HomHdgC~(-I),gr H (V,~», we 

have the canonical decomposition 

and .* 
1 

H2CV,~) = grOH2(V,~) $ grIH2CV,~) 

is also injective. Therefore, 

there exist a surface S, and j : S ~ V such that the map 

j* : grOH2CV,~) ~ grOH2(S,~) 

is injective. Then, by lemma 5.7, it suffices to show HCS,O,2). 

If b : S' ~ S is surjective, b*: grOH2(S,~) ~ gr OH2 (S' ,~) is 

injective, hence by 5.7, we can suppose S has a fibration 

~ : S ~ C over a curve C with smooth generic fibre, and a 

section a C ~ S. 
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LEMMA 5.9.1 Let S be a smooth projective surface. Then there exists 

a 2-cycLe Z on S x S ~ith ~-coefficients inducing the projector 

H·CS.©) ~ grOH2CS,~), i.e., the induced map HnCS,~) ~ Hn(S,~) 

are zero for n ~ 2, N1H2(S,~) ~ N1H2(S,~) is aLso zero, and the 

map is the identity. 

Sketch of proof. Let f be the full subcategory of smooth 

projective schemes consisting of schemes whose components V 

satisfy the condition B(V) of [ 9 ](See 7.9.1). Note that the 

condition B is stable under product, that the Kunneth components of 

the class of the diagonal of V are algebraic (loc. cit., 2.5, 2.9), 

that the condition I(V,L) (loc. cit.) holds for those schemes by the 

Hodge theory, and that all the curves and all the surfaces ( and all 

the abelian varieties) belong to f. Starting from f, employing 

algebraic cycles modulo numerical equivalence as morphisms, we can 

construct the category M of true motives as in [ 12]. The 

category M is semi-simple, and we have a faithful (tensor) functor 

H : M ~ Hdg 

with H(hn(V» = Hn(V,~), the Betti realization. By [ 8 ], there 

exist a finite number of curves C1 ,···,C
k 

and morphisms 

qJo Co ~ S such that the image of 
1 1 

L1 
i 

o 
H (Co ,~) 

1 

is N1H2 (S,©)(1). Since C. , S E 
1 

Ob f, we have as well 

h 0 (Co) 
2: qJi* 

h2 (S)(1). L1 I 

i 1 

in JL Denote the image by 1. Since the category M is 

semi-simple, we have the projector p: h2 CS)(1) ~ I c h2 (S)(1). 
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The composite of the morphism h(S)(l) ~ h 2 (S)(1) with id - p is 

represented by a 2-cycle with ~-coefficient on S x S which has the 

required properties, by considering the Betti realization. 

LEMMA 5.9.2. For a surface S ~hich has a fibration n : S ~ T 

over a curve ~ith smooth generic fiber and a section a : C ~ S, 

the condition H(S,2) hoLds. 

Let Co be an open subset of C such that 

-1 
nO : So := n (Co) ---4 Co is smooth, and set ':J = So ~ 8. We have the 

projections n l : ':J ---4 So and n 2 : ':J ---4 8, and put 

Note that 

n
l 

= n
l 

x id 

n 2 = n 2 x id 

':J x 8 ---4 8
0 

x S, and 

':J x 8 ---4 8 x 8. 

is smooth projective, so that is smooth. 

Let Z be the cycle with ~-coefficients as in 5.7.1, and let N be 

a sufficiently large integer> 0 such that Zl = N. t z has 

Z-coefficients, and put Xl ~ x S To the 

C-morphisms ~l : So S, the inclusion, and ~ = 2 

there correspond the morphisrns ~l' ~2 : So ---4 ~, and 

- -
~l' ~2 : So x S ---4 ~ X S, the base-changes. Finally, we set 

For s E SO' putting c = n(s), ~ = s x 8 = 8 , and we have 
s c c 

j*(Xz)= ~l (s) x S - ~2(S) x S, 

where j . 8 x 8 = ~ x S ---4 ':J x S, and j*(Xz) is homologous . c s 

zero on ~s x S. Denoting the natural inclusion S x c S ---4 S 

j*(X
l

) - * j'*(Zl) zll j • , we have = (n 2 ·j) (Zl) = = S x 8. c 
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In the Kunneth decomposition 

o :S: i :S: 4 

ZI has no other than H2 (S) ® H2 (S)-Component, and further, in the 

decomposition 

H2(S,~) ® H2(S,~)(2) 

= grOH2(s,~) ® grOH2(s,~)(2) $ grOH2(S,~) ® grlH2(S,~)(2) 

$ grlH2(s,~) ® grOH2(s.~)(2) $ grlH2(S.~) ® grlH2(S,~)(2), 

~-homologous to zero, by o 2 gr H ( S • Q) = O. 
c Taking N larger if 

necessary, we may assume that it is I-homologous to zero. 

We claim that 

t - * 0 2 { (~I*(Xl .X2 ))} = N'~1 : gr H (S,~) 

hence, injective. We have 

and 

for i = 1, 2. Therefore, 

On o 2 gr H (S,~). ~ * = 0 2 
because 

* 0 2 ~ 2 : gr H ( S , ~ ) 
a* 0 2 

----~. gr H (C.~) = 0 

This completes the proof of 5.9.2 and hence that of 5.9. 
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§ 6. Faithfulness: Preliminary 

LEMMA 6.1. Let T and V be smooth projective varieties and 

H2p (T x V,©)(p) = ID H~(T.©) ® H2p-~(v.©)(P) 
~ 

be the Kunneth decomposition, and Let Z E NPH2P CT x y.~)(p) be 

decomposed into 

Then 

L t E H~(T) e e
1 

' ••. , e
b 

Z~ E H~(T,~) ® H2P-~(y,~)(P). 

® NP-~H2P-~(y,~)(P) for aLL 

be a basis, * and e'" 1 ' , 

~. 

its dual basis: < e., e~ 
1 J 

) = ().. ( t = dim T. We ami t the 
1 J 

coefficients and twists). If z~ = e.® x., x. E H2p-~(y), then 
j J J J 

* x. = pry ( e. ® 1 U zn), 
J * J x. 

and e~ ® 1 U Zk E H2t-~+k(T) ® H2P-~(V), so that 

* pry*( e j ® 1 U Zk) = 0 for k 4~. Hence, we have 

If t :s:: ~, 

and x. = 
J 

If t ) ~, 

* Xj = pry *( e j ® 1 U z). 

then, 

* ® 1 U NPH2t-~+2P(T e. Z E 
J 

x V), 

pry*( * ® 1 U z) E NP-tH2P-~(V) e. 
J 

E NP-~H2p-~(V). 

then H2t-~(T) = Nt-~H2t-~(T), and 

e: ® 1 U Z E NP+t-~H2t-~+2P(T x V), 
J 

hence, x. E NP-~H2P-~(V). 
J 

LEMMA 6.2. Under the hypotheses of Lemma 6.1, Me fix an ~ and Me 

assume further that 

Ci) D(V,r,~) : the intersection pairing 
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Nr H2r +i ev,O)(r) ® NP-iH2P-ieV,O)(p) ~ 

~ H2r+£(V,~) ® H2p-£(V,O)(p) ~ H2meV,~)em) = Q 

is perfect ( p + r = m = dim V); 

(i i) the map 

t r 2r+£ 0 i {z} gr H (V,~)(r) ~ gr H (T,~) 

is zero. 

If i ~ 2, then N.z£ is represented by an aLgebraic cycLe 

degenerate on T for some N ~ o. 

The assumption (ii) implies {tz } (N r H2r +i ev» c N1Hi CT)' By 0) 

and lemma 6.1, zi E N1H£(T) ® NP - i H2p -£CV), so that if i < 2, 

then zi = 0, trivially. Let i = 2, and e
1
,···,ep E N1 H2 CT) and 

e* ... e* E Nt-1H2t-2(T) be dual bases( By Lefschetz, N1 H2 (T) 
l' , P 

Nt -1 H2 t - 2 e T) are dual via intersection). Let z = 2: 2 . 
J 

e. ® 
J 

x. E H2p-2(V). Th . th f f I 61 h en as In e proo 0 emma . ,we ave 
J 

x. = pr" ( e~ 0 1 U z ) E NP-1H2p-2CV), 
J ~ * J 

and z2 E N1H2 CT) ® NP-1H2p-2CV). 

x. , 
J 

and 

REMARK 6.2.1. For i = 1, uithout the condition DCV,r,i), we have: 

if the map 

{ z } : gr OH1 CT,O)C1) ~ grP-IH2p-ICV,~)(p) 

is zero, then N.z 1 is represented by an algebraic cycle degenerate 

on T for some N ~ O. 

The proof is similar to that of 6.2. 

REMARK 6.3. If we assume the condition Ci) of lemma 6.2 for £ = 0 
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universally, i.e., for any V, r, then we can get rid of the 

restriction 1 ~ 2. In fact, the universal validity of the condition 

Ci) means that the condition D of [g] holds universally. Since 

we are in the field of complex numbers, the condition I(X,L) holds 

universally, hence we can assume the standard conjecture. 

L~1A 6.3.1. We assume the standard conjecture for a~~ varieties over 

the fie~d of comp~ex numbers. Let F c V be a Zariski c~osed subset 

of a smooth projective variety, Z an a~gebraic cyc~e of codimension 

p on V such that Z I V 'F is homo~ogous to zero on V, F. 

Then Z is ~-homo~ogica~~y equiva~ent to a cyc~e supported by F. 

Let F ... F 
1 • , s be the irreducible components of F. Then denoting 

'" the resolutions of F. by ~. : F. ~ F. c V and the codimension 
I I I I 

of F. in V by p., we have an exact sequence 
I I 

2p-2p. $ ~. 2 2 
$ H I CF . ,~)(p-p.) I I H Pev,~)(p) ---+ H Pev , F,~)ep), 

I I 

[ 8 ],8.2.8. Since we suppose the standard conjecture, we have also 

the theory of motives, and a morphism of motives 

2p-2p. 
I '" 

$ h (F.)ep-p.) 
I I 

$ <po 2 
____ ~I~l h PeV)ep). 

The above map is the Betti realization of this morphism. Let I be 

its image. By semi-simplicity of the category of motives, I 

direct summand of h 2P (V)(p), and there is a morphism 

is a 

2p-2p. 
I '" (] : I ---+ $ h eF.) (p-p.) wi th ($ ~.).O' = id

J
• (] is induced by 

I I I 

an algebraic cycles on 

have a map 

V x F .. Considering the Betti-realization, we 
I 
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induced by algebraic correspondence with ($ ~i)·a' = id on HB(I). 

If z} E H2p(V,~)CP) is the fundamental class of Z, then, 

2p-2p. 
1 '" E HB (l) by h y pot h e s e s, and a' ({ z }) E $ H C F. • ~) (p - p.) i s 

1 1 
{ z 

then represented by algebraic cycles Y .• 
1 

The algebraic cycle 

(fJ.*CY. ) 
1 1 

supported by F is ~-homologicallY equivalent to 

Returning to the proof of the remark, Zt is algebraic and 

Z. 

2.2. E N1H.2.(T) ® NP-.2.H2p-.2. CV ) as in the proof of 6.2, i.e., there is 

a closed subset F ~ T such that z.2. is homologous to zero on 

CT , F) x V, and z.2. is ~-homologically equivalent to a cycle on 

T x V supported by F x V. 

LEMMA 6.4. Let T be a smooth projective variety of dimension t, 

and assume the condition BCT) of [ 9 ] hoLds. Let ~T be the 

diagonaL and 

be the Kunneth decomposition, 

D.. 
1 

H E CH1CT) be the hyperpLane section. Then there exits an integer 

N > 0 such that N.D.. is represented by the aLgebraic cycLe 
1 

(Hi-tx IT)'~i for i ~ t and is represented by (IT x Ht-i).D.". 
1 

for t ) i , lJhere D. ' . and 
1 

D. " . 
1 

are aLgebraic cycLes on T x T. 

Let h E H2(T,~)(l) be the class of H. Then we have isomorphisms 

t-i L : Hi C T , ~ ) -----+ H2 t - i (T , ~) ( t - i ), x .-- h t - i u x 

C i ~ t ), and the inverses are algebraic by BCT). If i ~ t, then 

D.. = CL i - t ® id)«CLi-t)-l® id)(D..», and 
1 1 
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there is an algebraic cycle ~ .. 
1 

on TXT which represents 

(CL i - t )-I® id)CN.~.). The case of i (t is similar. 
1 

COROLLARY 6.5. Let T and V be smooth projective varieties of 

dimension i ~ 2 and m, respectiveLy, Z E CHPCT x V), and assume 

that the condition DCV,r,i) of 6.2 hoLds for v, and that 

o i o = {tz } : grrH2r+iCV,~)Cr) 

Then for some N ~ 0, ue have 

i 
o = N ~ [ Z ] : Gr CHo C T) 

---+ gr H CT,~). 

1 Gr CH CV). 
r 

Since i ~ 2, the condition BCT) holds, hence, we have cycles 

~' ~" on TXT, an integer 
i ' i 

N as in 6.4, and z. = z O~. is 
1 1 

the Kunneth components of z. If i > i, N'Z
i 

= zOCCH
i

-
i

® 1T)'~i ') 

induces the map 

i 
i-1 

GriCH 
~' . 

GriCHoCT) ] ) Gr1 CH H 
-(i-i) CT) 

1 [ Z C V) , Gr CHOCT) ) ) 

r 

which vanishes by dimension reason. If i < ~, then 

N,z
i 

= Z 0 COT x Hi-i).~,\) gives the map 

~.. i-i 
GriCHo CT) i I Gr i CHi CT) H ) GriCHo CT) [ Z ]) GriCHr (V). 

Since 0 ~ i < i ~ 2, Gr1 CH i CT) = 0 Ccf. 1.11), [N.z.] = o. 
1 

Taking N large enough, we may assume that N.z
i 

is represented by 

an algebraic cycle on T x V degenerate on T. Hence we have 

i N.[ Z ] = [ N.z
i 

] : Gr CHOCT) 

REMARK 6.5.1. For 1 = 1, in correspondence with 6.2.1, by similar 

proof, we have: 
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i f 

o == { Z 

then, for some N ~ 0, 

O==N.[z] 

LEMMA 6.6. Let ~ be an additive category. and ~, its fuLL 

subcategory, ~, and ~, be their respective pseudo-abeLian 

enveLopes. Then. the canonicaL functor ~'---+ ~ is fuLLy faithfuL 

We identify ~' uith its image and ue shaLL say that the 

pseudo-abeLian subcategory ~. is generated by the objects of ~'. 

The proof is straightforward, and omitted. 

6.7. Let ~'(O) be the pseudo-abelian subcategory of ~(O) 

generated by with the condition DeV,r,O), and we have the 

restriction ~'eO) c ~eO) ~ HdgeO), which we denote also by n. 

PROPOSITION 6.7.1. The functor n ~'eo) ----+ Hdg(O) is faithfuL. 

from duality of vector spaces by the condition DeV,r,O). 

REMARK 6.8. The condition HeV,r,O) means that the map 

r 2r gr H (V,(Q)(r) 

induced by intersection is injective. The condition DeV,r,O) is that 

this is bijective, hence DeV,r,O) ===> HeV,r,O). Incidentally, the 

fully-faithfulness of n in 6.7 is equivalent to the Hodge 
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conjecture for cycles of codimension r of varieties V with 

D(V,r,O). 
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§ 7. Faithfulness: case of niveau 1 

Theorem 7.1. Let V and T be a smooth projective varieties, 

Z E CHP+q(T x V). If the map 

q -1 2q-1 
{ Z } : gr H (T , (b)) 

is zero, then the map 

[ Z ] 

is aLso zero. 

Let t = dim T and q' = t - q. To see [z] = 0, it suffices to 

show that for any curve C and for any u E CH
q

' (C x T), the 

composite 

[ z au] : Gr 1 CHoCC) [u]) Gr 1CH (T) [ z ]) Gr 1CH (V) 
q r 

vanishes because (H>OCHq(T) = ACHq(T) is generated by uCACHOCC)) 

for all C and u. But we have 

grOH1 CC,(Q) [ u ~ grq-1H2q-1CT,(b)) [ z ]) grP-1H2P-1(V,(b)) 

is zero by hypothesis. Since is divisible, [ z au] = 0 

by 6.2.1. 

COROLLARY 7.2. Let T and V be smooth projective varieties, 

z E CHP+qCT x V), m = dim V, and r = m - p. Assume the condition 

D(V,r,l) of 6.2 hoLds. If the map 

{tz } : grrH2r+1 (V,(b)) (r) ---+ grq H2q + 1 CT,(b)) (q) 

is zero, then the map 

[ z ] 

is aLso zero. 
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As in the proof of 7.1, we may assume that q = 0, and 

dim T = 1. Note that DCT,l,l) always holds, and we have 

NP-1H2p-1(V,~) ~ grP-IH2p-l(V,~). The condition D(V,r,l) means that 

the map {tz} above is dual to the map 

{ z } : grOH1(T,~)(1) ~ grP-IH2P-l(V,~)(p), 

and we conclude by 7.1. 

7.3. Let PicPV denote the higher Picard variety in the sense of 

[ 13 ]. Then we have the canonical map([ 13 ], 5.1) 

LEMMA 7.3.1. For a variety V, integers p, r Mith p + r = m 

= dim V, consider the following conditions: 

( i ) The condition H(V,r.1) ho l,ds, i. e., Gr l CH 
r 

(V) E ob itCl). 

(i i ) the condition D(V,r,l) hol,ds, i. e., the pairing 

Nr H2r +1 (V .~) (r) x NP-IH2P-l(V,~)(p) c H2r+1CV,~)Cr) x H2P-ICV,~)(P) 

is perfect. 

(iii) the canonical, map 'TT Cp ) . 
H V . JP(V) ~ PicP(V) is an isogeny. 

a 

(iv) the canonical, map (r+l) 
T( V : J r + 1 CV) ~ Pic r +1 (V) is an isogeny. 

a 

Then Me have the impl,ications (ii) <===) (Ciii) and (iv», and (i) 

<===) (iv). 

By [ 13 ], 1.2, since the Abel-Jacobi map 

is regular, we have a cycle ~ on of codimension p 

such that the induced map 

h~ : J~(V) ~ «?) - (0) ») ACH P (V) ~ 
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is multiplication by an integer k) O. We can choose ~ so that the 

resulting k is minimum. Similarly, we choose a cycle ~' on 

Jr+I(V) x V of codimension r+l and the integer k' . I f we denote a 

the p-th intermediate Jacobian by TP (V) , we have JP(V) c TP(V) 
a 

HI (TPeV),~) = H2P-IeV,~)(p). We identify HI eJ~(V),~) with 

NP-IH2P-I(V,~)ep) by 

HI (J~ eV) ,~) ~ 
II 

NP-IH2p-I(V,~)(P) c 

HI CT P eV) ,(Q) 

II 
H2 P - 1 e V , (Q) (p) • 

Then HI (h~,~) is identified with the multiplication by k. Now 

and 

consider the cycle t~,o~ E CH 1 eJ P eV) x J r +1 eV» which induces the 
a a ' 

map 

h 
t~,o~ 

Denoting the inclusions NP-IH2p-lev,~)(p) c H2P - 1 ev,(Q)(p) and 

NrH2r+IeV,~)er) c H2r+I(V,~)er) by j and j', respectively, we 

have the commutative diagram 

HI ([t~'O~],(Q) 
----~----------------~J HI e(Jr:l(V»V,~) 

II 
NP -1 H2 P -1 e V , ~) e P ) k. j J H2 P - 1 e V ,~) C p) k'. t j 'J (Nr H2 r + 1 e V , (Q) e r ) ) * , 
where H2r +I ev,(Q)er) is regarded as the dual of H2P - 1 ev,(Q)(p) via 

intersection product. Therefore the map 

t ., . 
J • J 

is associated to the pairing in eii). Hence, 

eii) <===) [t~,O~] is an isogeny 

Now, we have the diagram 
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~ ( ( ? ) - (0) ») ACHP (V) 

~ 1 
JP(V) 

a 

and the dotted morphism is obtained by the universality of PicP(V), 

cf.[ 13 J, 3.5. Since h~ 

[t~,O~] is an isogeny 

By symmetry, we have also 

Since JP(V) ~ PicPV 
a 

is an isogeny, and is surjective, 

===) is an isogeny. i.e., (iii). 

(ii) ===) (iv). 

is surjective,there exists a morphism 

s : PicP(V) ~ JP(V) 
a such that n(p)os = m, the multiplication 

V 

by m E 1. The pull-back 

induces the mapping 

P = (s x idV)*(~) E CHP(PicP(V) x V) 

~(?-O) ) ACHP(V) ~ JP(V) 
a 

Pic r + 1 (V) ~ J r + 1 (V) with 
a Similarly, we have a morphism s' 

(r+ 1) , :n: os 
V = m'. m' E 1, and the pull-back P' = (s' x idV)*(~') 

induces m' .k' 

t 
P' ° P = induces an 

(cf. [ 13 J, 4,4.) which is 

factorized as 

The conditions (iii) and (iv) mean that sand s' are isogenies, 

hence [t~, o~J is an isogeny. and we have the condition (ii). 

We shall show that (iv) ===) (i). With notations as above, 

induces a homomorphism 

r+1 
1 n V r+ 1 A V 

J r + (V) ) Pic (V) ~ (PicP(V» . 
a 
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We know A is an isogeny(loc. cit.). If 
r+1 

]"( V is an i sogeny, the 

HI of the above mapping is an isomorphism, which is identified with 

{tp} : grrH2r(V,O)(r) = Nr H2r +I (V,Q)(r) ~ grOHI(PicP(V),Q), 

and, the condition HCPicPCV),O,I) holds by 5.8. 

Assume (i). By definition, there exist varieties 

of codimension p = dim V - r such that 

T. , 
J 

cycles 

--+ U grOHI (T. ,u;)) = U HI CT. ,u;)) 
j J j J 

u. 
J 

is injective. Denoting the graph of the projection T = -,--, Tk --+ Tj 
k 

by r. , 
J 

and putting u = ~. u.or. , a cycle on 
J . J 

j 

p, we get an injection 

{tu} : grrH2r+ICV,u;))Cr) ~ HICT,u;) = 

This is HI of 

[tu] : Jr+1CV) --+ J1(T), 
a a 

T x V of codimension 

L1 HICT.,u;)). 
J j 

and the kernel of [tu] is finite. By the universality of 

PicCr+l)(V), 

hence 

[tu] is factorized as 

Jr+1CV) 
a 

]"(Cr+l) 
V ) PicCr+ltV) 

is an isogeny, i.e., (iv). 

COROLLARY 7.4. Let ~'(l) be the subcategory of ~Cl) generated by 

GrlCH (V) for V hlith DCV,r,I). The restriction of the functor 
r 

n : ~CI) --+ HdgCl) to ~'(l) gives an anti-equivaLence of 

categories 

n ~ , (1) ~ Hdg (1 ) . 

By definition, the condition DeV,r,l) is satisfied if 
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Gr 1 CH(V) Ef't'(l). It is shown that n is faithful (7.2), and is 

fully-faithful by virtue of 7.3.1, and [ 13 J, 4.6. 

Theorem 7.5. Let V be a smooth projective variety, P be an 

integer. Then, 

(i) GrICHP(V) has a structure of abeLian variety, and the canonicaL 

map ACHP(V) ~ Gr 1CHP CV) is reguLar:i.e., for an arbitrary smooth 

projective variety T, a cycLe z E CHPCT x V), and to E T, the 

map 

T ----. Gr 1 CHP (V). t 1-------+ z C C t ) - C to) ) 

is a morphism of varieties. 

Oi) The canonicaL mapping (cf. 1.11) 

yP GrICHP(V) ~ JP(V) 
a 

is surjective and the kerneL is finite. 

(iii) If <H)oCHPCV)t ~ JP(V) is injective, then yP is 
ors a 

bijective. 

LEMMA 7.5.1. There exist an abeLian variety A of dimension a, 

u E CHPCA x V) such that the induced mapping 

[ u J : gra-lH2a-lCA,©) ~ grP-IH2p-lCV,©) 

is bijective. Moreover, putting 'GrICHP(V) = ACHPCV)/A*HCHPCV), the 

mapping 

{ u } 

is surjective. 

As in the proof of 7.3.1, (ii) ===) 0), we have a surjective map 

HI CP) ~ NP-lH2p-ICV) induced by an algebraic cycle. Since the 
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kernel of HI CP) ~ NP-lH2p-lCV) is a sub-Hodge structure of weight 

-1 of H1 CP), there exits an abelian variety K of P such that 

o~ is exact. Let A be an 

abelian subvariety of P such that A + K = P and A n K is finite. 

Then the map. HI CA) -- NP-lH2p-lCV) induced by an algebraic cycle 

u E CHPCA x V) is an isomorphism. Replacing u by u - 0 x ueO), 

we may assume uCO) =0. 

We shall show that [u]: 'GrICH eA) -- 'GrICHPeV) is o 
surjective. It suffices to show that u: A -- 'GrICHPeV), 

X 1----+ uCx) is surjective. 

Let B be an abelian variety and z E CHPCB x V), 

w = IB x u + IA x z E CHPCB x A x V). We have 

A 0 x A ~ B x A w 'GrICHPCV) , u ~ --
B B x 0 ~ B x A w 'GrICHPCV). z ~ --

Let KI C B x A be an abelian subvariety such that 

HI eK) = KerCH I CB x A) ~ H2P - 1 CV)). 

zeo) = O. Put 

By 7.1, K c B x A ~ 'Gr I CHP eV) vanishes. Therefore, we obtain 

A 

1 
o -----+ K -- B x A -- eB x A)/K -----+ 0, 

and 

A) -----+ HI C(B.x A)/K) -- 0, 

{w~ i 
NP-lH2p-lCV) 

where the dotted maps are not necessarily algebraic. Since 
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is bijectiv~, so is 

the map HI (A) ~ HI «B x A)/K). Hence A ~ (B x A)/K is an 

isogeny, in particular, is surjective. It therefore follows that 

Im(B ~ GrlCHP(V)) c Im(B x A ~ 'GrlCHP(V)) 

c Im«B x A)/K ~ 'GrlCHP(V)) = ImeA ~ 'GrlCHPeV)) 

Since, for any element of 'GrlCHPeV), we can find an abelian variety 

Band z E CHP(B x V) as above such that the element is contained 

in the image of B ~ 'GrlCHPeV), we see that A ~'GrlCHPeV) is 

surjective. 

We shall prove the theorem 7.5. Note that we have 

'yP 'GrlCHPeV) ~ Gr1CHPeV) ~ JPeV). 
a 

Let 'N be the kernel of A ~ 'Gr1CHP(V). The map 

is an isogeny, since its is 

identified with the bijection HI (A) ~ NP-lH2p-l(V). Hence 'N is 

contained in the kernel, and finite. By the surjectivity of 

A ~ 'GrlCHP(V), and of the maps in the factorization of 'yP, 

the kernel of each of these maps is finite. 

Suppose ACHP(V)t ~ JP(V)t is injective, and put ors a ors 

K = Ker(ACHP(V) ~ JP(V)). 
a 

For k E 1, we have a commutative diagram 

0 ~ K ---+ ACHPeV) ---+ JP(V) ---+ 

Ix k Ix k 
a Ix k 

0 ~ K ---+ ACHP(V) ~ JP(V) ---+ a 

0 

0 

and we see that K is torsion-free. From A*HCHPeV) 

that A*HCHPeV) is torsion-free and divisible e cf. 

c K follows 

1.10). Hence 

is torsion-free. Since it is finite, 
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KerC'YP ) = O. As its quotient, KerCYP ) = 0, too. In particular, 

for p = dim Y, the maps 'Y
p 

and yP are bijective by [12]. 

We shall prove Ci). Putting N = KerC A ~ Gr 1CHP CY», a finite 

group, we have 

The right hand side has a structure of abelian variety, and we 

endow the left hand side with the structure of abelian variety via 

the isomorphism above. We shall show that the natural homomorphism 

ACHPCY) ~ Gr 1CHP (y) 

is regular. Let T and z be as in (i), and B be the Albanese 

variety of T: 8 : T ~ B, with BCt O) = O. Assume 

Z = C8 x idy)*CZ'), z' E CHPCB x V). Then, 

Z : T ~ B ~ Gr 1CHP CY). 

With the notations of the proof of lemma 7.5.1, z replaced by 

z', we have 

B 

1 
A ~ B x A ~ CB x A)/K. 

~ Grl~HPCY) 
Let N' = KerCA ~ CB x A)/K). We get CB x A)/K = A/N' and 

N' c N. Then, 

AfN = CA/N')/CN/N') = CCB x A)/K)/CN/N'), 

and the map 

B ~ (B x A)/K ---+ «B x A)/K)/CN/N') = A/N 

is a morphism.(Notice we are in characteristic 0.) Therefore, 

z T L B ~ Gr 1CHP CV) is also a morphism. Next we shall 

assume dim T = 1. Let J be the jacobian of T and ~ be the 

Poincare divisor on J x T. The map 
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{~} : HI (J) ~ HI(T) = HI CT) 

is the inverse of 8: HI CT) ~ HI (J). For Z E CHP(T x V), let 

We have 

{ C 8 i d V) * C Z • ) } . HI (T) 
8* 

HI (J) 
{~ } 

HI CT) ~ H2P - 1 ev), { z} = x . ~ I 

hence Z = (8 x idV)*(Z') . T ~ GrICHP(V) and . 
J 1 GrICHPCV) is morphism. Consider the general ~ Gr CHOCT) ---:-+ a 

case. Let C be a general curve of T: i C ~ T. Then 

i* AlbCC) ~ Alb(T) is surjective, and we have 

i C I T z, ACHPCV) 

1 i* 1 Z 1 
Alb(C) ~ AlbCT) GrICHP(V), 

As shown above, Z a i . AlbeC) ~ GriCHPeV) is a morphism, and * . 
so is the map Alb(T) ~ GrICHP(V) by the surjectivity of i*. It 

follows that z: T ~ GrICHP(V) is a morphism. 

Corollary 7.6. FOT p = 0, I, 2, dim V, the canonicaL map 

is bijective. 

We may assume p = 2. By virtue of [ 10 ], for any prime e, we 

have an isomorphism CH2 (V)(e) 

is the e-torsion subgroup of 

~ NIHa(V,~ 11 (2», where CHP(V)(e) 
e e 

CHP (V) , and the map is induced by 

Bloch's map [ 5 ]. Summing up over all primes, we get 

ACH2 (V)t c CH2 (V)t ~ NIH3(V,~/1) c H3(V,~/l) ~ T2 eV)t ' ors ors ors 

which is induced from the Abel-Jacobi map 

ACH2 (V) ~ J2 (V) c T2 (V). 
a 
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REMARK. 7.7. In the course of the proof of 7.5, we have proven that 

the subgroups 

A*HCHPeV) C (H>OCHP{V) n H*2 CHP(V) C Ker{(H)oCHP{V) ~ J~{V» 

coincide up to finite groups, and if the assumption 7.5, (iii) is 

satisfied, then they coincide precisely. 

REMARKS 7.8.1. The condition B(V) implies the condition D(V,r,1) 

for arbitrary r, and 1: let h E N1 H2 (V,(Q)(1) be the class of a 

hyperplane section. We set 

Hm-jev (Q):= KerC h j
+ 1U 

pr ' 
Hm-jeV,(Q) Hm+

j
+ 2 CV,(Q)Cj». 

Then. by Hard Lefschetz theorem, x E HnCV,(Q) is uniquely decomposed 

into 

where 

We have 

iO = max Cn-m,O), 

11. x = 2: 
i~il 

x = 2: h i u x. , 
1 

i~iO 

x. 
1 

E Hn- 2i CV,(Q)C-i). We put pr 
h i - 1 u x. , 

1 
i 1 = max (n -m, 1 ) . 

11. E ~ HomCH n CV),H n- 2 (V)(-I» = H2m- 2 CV x V)(m-l). 
n 

The condition BeV) is that 11. E Nm-lH2m-2(V,(Q)(m_l). 

Note that h U NPHneV,(Q) C NP+ 1Hn+ 2 (V,(Q)(1), and 

11. NPHn(V,(Q) C NP- 1Hn- 2 (V,(Q)(-1) if 11. is algebraic. 

In particular, 

i ~ iO 

where NPHn (V (Q) =NPHn(V (Q) n Hn (V (Q). pr ' , pr' 

Now assume 2r + 1 s m. Put j = m - (Zr + 1), then 

m + j = 2p - 1, and we have 

h j U : Nr H2r
+

1 cv,(Q)Cr) 
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If X 
= ~ hi r-i 2r-2i+i ~ . 

L. U X., x. EN H (V,Ibl)(r-I), 
I 1 pr then, 

E NP-iH2P-i(V,Q))(p_i), and 

unless 

by the Hodge's positivity, which implies D(V,r,i). If 2r + i ) m, 

we conclude that B(V) implies D(V,r,i) for any r, and i. 

Incidentally, put 

GrPHm+i(V,Q)) 

= { X E NPHm+i(V,(Q) ; x is orthogonal to NP-i+lHm-iev,Q))em) } 

for i E 1.. If the condition B(V) holds, then we have 

p n ~ p n ~ Gr H eV,Ibl) ~ gr H (V,\bl), 

and a perfect pairing 

Gr r H2r +i (V,(Q)(r) x GrP-iH2p-ieV,(Q) (p-i) ~ H2m (V,Q))(m) = Q) 

via cup-product, where r + P = m, since DeV,r,i) and D(V,r+l,i-2) 

hold. 

7.8.2. If the condition B(V) holds, then 

A*HCHP(V) ® Q) = KereACHP(V) ~ JP(V)) ® (Q, 
a 

for arbitrary p. In particular, the equations hold for an abelian 

variety [ 9 ], or a variety V with 

Hn (V, Q)) = 0 for odd n ~ dim V, and 

Hn(V,Q)) = Q)(-n/Z) for even n ~ dim V. 

Note that a complete intersection in pN satisfies these conditions. 
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§ B. Faithfulness: case of niveau 2 

THEOREM B.1. Let T, V be smooth projective varieties m = dim V, 

z E CHP+qCT x V) and assume the condition D(V,r,2): 

NrH2r+2(V,~)(r) ® NP-2H2P-2(V,~)(p_1) ~ H2m(V,~)(m) = ~ 

is a perfect pairing, ~here p = m - r. If 

o = {tz} : grrH2r+2(V,~)(r) ~ grqH2q+2CT,~), 

then, ~e have 

o = [ z ] 2 Gr CH CV). 
r 

LEMMA B.1.1. The adequate equivaLence reLation <H*2>0 is generated 

by <H*2)OCHO of surfaces. Hore preCiseLy, for an arbitrary smooth 

projective variety V, ~e have 

*2 *2 <H >oCHCV) = 2 z«H )OCHOCS», 

~here S ranges over aLL surfaces, and z ranges over aLL of 

eLements of CHCS x V). 

We denote the right hand size by ECHCV). It is clear that E 

gives an adequate equivalence relation, and that <H*2>0 ~ E. Note 

that <H*2) is generated by H*2CH o 0' and, by 7.6, and 7.7, we 

have *2 <H >OCHO = A*HCHO' hence that 

ECH(V) = 2 zCA*HCHoCS)), 

where S runs over all surfaces and z E CHCS x V). We may assume 

dim V > 2 and it is sufficient to show that A*HCHOCV) = ECHOCV), 

i.e., that for a smooth projective variety T, x E HCHP C T x V), 

Y E ACHqCT x V), with p + q = dim T + dim V, we have 
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By definition. there exist a curve C, u E CHq(C x T x V), and 

points a and b of C such that y = u(Y), where 

Y = (a) - (b). Since 

prV*(x~y) = prV*(IC x x.u.y x IT x IV), 

it suffices to show that lC x x.u.y x IT x IV E ECHO(C x T x V). We 

are thus reduced to show the following assertion: 

Let V be a smooth projective variety of dimension ) 2 hlith a 

morphism n : V ~ C to a curve. x E HCH 1 (V), Y E ACHo(C), Then 

* x.n (y) E ECH(V). 

Let X be a I-cycle representing x, and let Supp(X) denote the 

support of X with reduced scheme structure. Blowing-up V at 

singular pOints of Supp(X), we get b: V ~ V such that the 

proper transform of Supp(X) is smooth. Then the proper transform 

X of X is a I-cycle whose support is smooth and b*(X) = X. By 

the following sublemma, we can find a smooth hyperplane section 

V' c V, with respect to some embedding into a projective space, 

containing the support of X, if dim V ) 2. 

SUBLEMMA 8.1.2. Let X be an r-dimensionaL smooth subscheme of a 

smooth projective variety V, IX the ideaL sheaf of X in V, 

L an ampLe Line bundLe. If 2r < dim V, a generaL member of 

IIX® L®n I is a smooth variety containing the scheme X for 

sufficientLy Large n. 

For sufficiently large n. the map 
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HO(V, Ix®L®n)®Ov ~ Ix®L®n 

is surjective. Then (I II 2)®L®n is generated by the global 
X X 

° ®n sections of H (V,IX®L ). Since the rank of the vector bundle 

2 Ix/IX on X is dim V - r > r, the image of a general member s 

of I Ix®L®nl by the canonical map 

vanishes nowhere. Then, V' = (s) C V is smooth at the points of 

x. By Bertini's theorem, it is smooth off X, whence the sublemma 

B.1. 2. 

We return to the proof of B.l.l. Taking hyperplane sections 

repeatedly, we obtain a smooth surface S ~ ~ containing the 

support of X. Let b' = boi. Denoting by X' the I-cycle X 

regarded as a cycle on S, we have b' (X') = X. 
* 

In the commutative 

diagram 

PicOy = Gr 1CHl(y) I Gr 1CH 1 (S) 

.x 1 b'* 1 .X' 

Alb Y 1 1 = Gr CHO(V) <b' Gr CHO (S) , 

* 
the horizontal map below is an isogeny, since 

is an isomorphism. The cycle X is homologous to zero, hence the 

left vertical arrow vanishes, which means that * b' (a).X· = ° in 

1 Gr CH
O 

(S) , In other words, 

It follows that 

It is now enough to take * a E 7t: (y). 

We shall prove the theorem B.l. By means of 8.1.1, we are reduced 
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to the case where q = 0 and T is a surface,as in the proof of 

theorem 7.1. By virtue of 6.5, there exists an integer N ~ 0 with 

2 2 ° = N.[z] : Gr CHoCT) ~ Gr CHrCV). 

*2 2 Since A*HCHOCT) = <H >OCHO(T) as noted above, Gr CHOCT) is 

divisible by 1.10, so that [z] = O. 

B.2. We shall define the pseudo-abelian category ~'(2), as in 

5.5, starting from GrQCHr(V) with H(V,r,2) and D(V,r,Q). Then, 

~'(2) is a full subcategory of ~(2) (6.6) and we have the 

composite 

~. (2) c ~(2) .~ Hdg(2). 

which we shall also denote by n. Note that are objects 

of ~'(2) for all smooth projective varieties V, since the 

condition DCV,0,2) holds trivially for r = 0, and the condition 

H(V,O,2) holds by 5.9. 

COROLLARY B.3. The contravariant functor 

n : ~. (2) ~ Hdg (2) 

is faithfuL. 

B.4. Let ~(2)surf be the full pseudo-abelian subcategory of 

~(2) obtained from 2 
Gr CHO(S) wi th surfaces S, and let be 

the full subcategory of motives defined in 5.9.1, consisting of the 

subobjects of sums of grOh 2 (S), where S is a surface, 

grOh2 (S) = h 2 (S)/N 1 h 2 (S), and N1h 2 CS) is the submotive of 

h2 CS) whose Betti realization is N1H2 (S,{Q) ecL 5.7.1). Then M2 

is a semi-simple abelian subcategory of M. Note that by Betti 
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realization, we have a faithful functor 

Hdg(2) . 

~(2)surf is a full subcategory of ~'(2) and, we have the 

restriction n : ~(2) f ~ Hdg(2), which is factorized as sur 
H 
~ Hdg(2), 

where n' 

n : ~(2)surf ~ M2 

~(2)surf ~ M2 is given by 
2 Gr CHO(S) ° 2 1-----+ gr h (S). 

COROLLARY 8.5. The functor n' gives an anti-equivaLence of 

categories: 

n' : ~(2) f sur M2 · 

In particuLar, the category ~ (2) f sur is a semi-simpLe ~-abeLian 

category. 

We have shown that n' is faithful. By definition, the morphisms 

to grOh 2 (S') are induced by algebraic cycles of 

codimension 2 on S' x S. Hence it is clear that n' is 

fully-faithful, and its essential image is ~2' because 

° 2 = gr h (S). 

intersection, we could formulate the corollary 8.5 as 

° 2 1-----+ gr h (S), [2] 1-----+ {z} 

is an equivalence of categories. 

8.6.2. Bloch's original metaconjecture is equivalence with a 

subcategory of Hdg(2). It is, now, equivalent to the 

fully-faithfulness of n. It is easily seen that the 

fully-faithfulness is equivalent to the Hodge conjecture on the 

-327-



products of surfaces. 

8.6.3. By 8.1.1, for any smooth projective variety V, 

is generated by those of surfaces as abelian group. We do not know, 

however, whether the inclusion from ~(2) f sur into the category 

generated by all 2 Gr CHOeV) is an equivalence of categories, or more 

generally, whether ~'(2) ~C __ ~1 ~(2) 
surf is an equivalence of 

categories. Notice that if the standard conjecture BeV) holds 

universally, then the conditions HeV,r,2) and DeV,r,2) are true, 

is an object of ~'(2) for arbitrary V and r, hence, 

ft· (2) = fJ(2), and ft(2) f ~ ft(2) sur is an equivalence of 

categories and, moreover, they are equivalent to the category M 2 

via the functor n. 

REMARK 8.7. So far, we have assumed that the ground field k is the 

complex numbers. Some statements remain true even if k is 

algebraically closed of characteristic zero. For example, theorems 7.1 

and 8.1 are those ones when the Betti cohomology is replaced by etale 

cohomology or De Rham cohomology, the proof being reduced to the case 

of complex numbers by the comparison theorem. However, theorem 4.1 

(hence 5.1) makes essential u~e of the hypothesis that the ground 

field is uncountable, and it is plausible that it is false if k is 

the algebraic closure of the field of rational numbers. Hence it 

might be a right formulation to define first a functor of the form 

and to show it is (fully) faithful when k is, for example, the 

field of complex numbers. 

-328-



References 

[ 1 ] Angeniol, B., Fami~~es de cyc~es a~gebriques - schemas de Chou, 

Lecture Notes in Math. 896, Springer Verlag, Berlin Heidelberg 

New York, 1981 

[ 2 ] Angeniol, B., and EI Zein, F., La classe fondamentale relative 

d'un cycle, Bull. Soc. Math. France, Memoire, 58 (1978), 67-93. 

[ 3 ] Artin, M., Grothendieck, A., Verdier, J-P., Theorie des Topos 

et Cohomo~ogie eta~es de schemas, expose XVIII par Deligne, P., 

Lecture Notes in Math., 305, Springer Verlag, Berlin Heidelberg 

New York, 1973. 

[ 4 ] Bloch, S., An example in the theory of algebraic cycles, in 

A~gebraic K-theory. Evanston, 1976, Lecture Notes in Math., 

551, Springer Verlag, Berlin Heidelberg New York, 1976 

[ 5 ] , Torsion algebraic cycles and a theorem of Roitman, 

Compo Math., 39 (1979), 107-127. 

[ 6 ] , Lectures on a~gebraic cyc~es, Duke University 

Mathematics Series IV, Durham, 1980. 

[ 7 ] Clemens, H., Homological equivalence modulo algebraic 

equivalence are not finitely generated, Publ. math. IHES. 58 

(1983) 231-250. 

[ 8 ] Deligne, P., Theorie de Hodge III, Publ. math. IHES, 44 (1974) 

5-77. 

[ 9 ] Kleiman, S., Algebraic cycles and the Weil conjecture, in Dix 

exposes sur ~a cohomo~ogie des schemas, North-Holland, 

Amsterdam, 1968. 

[ 10 ] Merkur'ev, A.S., and Suslin, A. A., K-cohomology of 

-329-



Brauer-Severi varieties and the norm residue homomorphism, Izv. 

Acad. Nauk, 46 (1982), 1011-1046 (= Math. USSR. Izv. 21 

(1983), 307-340.) 

[ 11 ] Roitman, A. A., The torsion of the group of O~cycles modulo 

rational equivalence, Ann. of Math., 111 (1980), 553-569. 

[ 12 ] Saavedra, N., Categories Tannakiens. Lecture Notes in Math. 

265, Springer Verlag, Berlin Heidelberg New York, 1972. 

[ 13 ] Saito, H., Abelian varieties attached to cycles of intermediate 

dimension, Nagoya Math. J., 75 (1979) 95-119. 

[ 14 ] , The Hodge cohomology and cubic equivalences, Nagoya 

Math. J., 94 (1984) 1-41. 

[ 15 ] , A note on cubic equivalences, Nagoya Math. J., 101 

(1986) 1-26. 

[ 16 ] Samuel, P., Relations d'equivalence en geometrie algebrique, in 

Proceeding of Internationa~ Congress of Mathematicians. 1958, 

Cambridge University Press, Cambridge, 1960. 

[ 17 ] Severi. F., Ulterior sviluppi della teoria delle serie di 

equivalenza sulle suerfidie algebriche, appendice I a 

Geometria dei sistemi a~gebrici sopra una superficie e sopra 

una varieta a~gebrica, vol. terzo, Edizioni Cremonese, Roma, 

1959. 

~ 

[ 18 ] Verdier, J-P., Classes d'homologie associee a un cycle, 

Asterisque, 36-37 (1976), 101-151 (expose VI). 

[ 19 ] Weil, A., Oevres Scientifiques. Co~~ected papers. Vol II, 

Corrected second printing, Springer Verlag, New York-

Heidelberg-Berlin, 1980. 

-330-



Department of Mathematics 

Nagoya University 

Chikusa-ku, Nagoya. 464 

Japan 

-331-



Introduction 

A remark on truncated Krichever maps 

Yuji Shimizu 

~athematical Institute, Tohoku University 

Sendai 980, Japan 

In this note, I report on some remarks about the truncation of 

the so-called Krichever map, which appears in the algebra-geometric 

formulation of the conformal field theory (of abelian type or with 

U(1)-symmetry), cf. [Ki\TYJ. 

The dressed moduli spaces appear as a projective limit of 

their truncated analogues. However a naive way to truncate the 

Krichever map fails (cf.Remark(3.2». Then a way is just to 

truncate the Fock spaces and Grassmannians. This view-point is 

carried out in § 2,3 (but not fully yetj and is motivated by the 

truncated KP hierarchy, due to Hal'ada, Noumi et al. [H], [N]. 

Another way is to reinterpret the Krichever map in terms of "curves" 

in the sense of Cartier. This view-point is roughly sketched in §4 

and is a simple application of ideas in [KSU2]. The author hopes to 

proceed fUrther in this direction. 

Through these observations, we can verify that the usage of 

infinite degree of freedom in not superficial contrary to the 

author's common sense wi th respect to simple structure of the 

dres:::;ed modul i spaces. 

Ideas of these remarks were conceived ~hile the author was 
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s t a yin gin the J a pan - U . S. ~I a the mat i c sIn s tit ute (J A ~Il) a t the .J 0 h n s 

Hopkins University. He would like to express sincere gratitude to 

its staffs for hospitality. Thanks are also due to Kenji tieno, 

Toshiyuki Katsura, Jack Morava and Masatoshi ~oumi for useful 

conversation. 

§1 Review of a geometric realization of abelian conformal field 

theory after [KNTY] 

1.1 Conformal field theory deals with representations of the 

Virasoro Lie algebra. Krichever's construction connects the 

geometry of moduli spaces of algebraic curves with extra data and a 

field theory of free fermions (i.e. Clifford algebra) through an 

infinite dimensional Grassmannian manifold. Basic ingredients are 

the bosonization, T-functions of the KP hierarchy in soliton theory. 

Representations in this context are Fock representations of central 

charge 1 (or -2(6j2_6j+1) for jEiZ). 

1.2 According to Mumford's formulation, one can associate a 

commutative subalgebra of the ring of formal differential operators 

in one variable to a datum ~ = (C,Q,z) consisting of a projective 

smooth curve Cover C, a point Q E C and a formal local coordinate 

at Q (cf.[S,AppendixO]). Here we have chosen a theta characteristic 

which supplie:3 the tOl-sion-iree sheaf of rank 1 

r e qui red ina d d i t ion tot h e a b (J ve d a t u In • 

The subspace eel) of the ring of ordinary differential 

operators is actually realized as 
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;[(z)) dz = I[«(Z))=: K So U(l> defines a point of the 

Grassmannian GrassCK) 

GrasseK) = ( U c K U is a closed subspace 

of finite index 

K is a linear topological space, defined by the £i1(1"o3.tioo FPK.-

topology. 

Put F = F- P as usual. 
p 

Closedness of U is defined by this 

Being of finite index means that both of Ker and Coker of 

the natural map U ~ K ~ K/FOK are finite dimensional. The index 

of U is by definition dim Ker - dim Coker of the above map. 

The Grassmanian is a scheme and is a disjoint union of its 

d " 
components Grass (K) of those U of index d 

Grass(K) d " = U Grass (K) 

dEL 

Let.M.g denote the dressed moduli space, the collection of the 

above data 1 = (C,Q,z) together with a level ll-structure, .:tIL 

Then M has a structure of scheme and C is naturally equipped with 
g 

a theta characteristic. Then the above correspondece Jr----7 C(li is a 

o " 
morphism li : M ~ Grass CK), which is called the Krichever map. 

g 

1.3 Our Grassmannian has a kind of PI~cker embedding 
" ~ 

PIG r ass ( K ) ---7 IP (~) = U IP (~ ) 
pEL P 

Here ~ is the module of semi-infinite exterior products,i.e., 

the Fock space. ~ has a topological basis {I~)} indexed by a pair 

'.J = [11[1 ~!> = ffi [1{:1 Cp "\ ) >. 
p~2 ,\ 

Jt = [11[1 (p,,\) is the charge (or index! P 
p ,\ 

part of r:Jt and PI preserves the index. 

Consider formally the exterior product 
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P+'\l-l p+,\?-2 p+,\ -~ p-(.Il+1) p-(~+2) 
Z I\Z _ /I. ••• "z ~ I\Z I\Z 1\ ... 

""hich can be thought as I (p,,\). Then to a point U E Grass(K), one 

can take an admissible basis of U so that its semi-infinite exterior 

product det U is well-defined up to a constant multiple, just as in 

the finite dimensional case. 

1.4 It is the so-called bosonization that makes the composition 

PIaU calculable in some sense. The standard way to introduce 

bosonization is to define a Hamiltonian time-evolution using current 

operators. We look it differently in view of bosonization over 2. 

-1 
Consider 1 = EB EBCCI(p,.\) c 'Ji. and J{ = [[t

1
't

2
•· .. J0{;[U,U J. J{ = 

pE2 ,\ 

q:; [ [ t 1 ' t 2 ' ... J ] g.r: [u , u - 1 ] (d e g t i :: i ) . Den 0 t e the S c h ur pol y nom i a I 

associated to ,\ by X,\ (t). Then the bosonization means the 

isomorphism of [-vector spaces : 

. I ( 1» t--t "/ (t) uP , p ,{\ '\\ 

1 .5 Summing up, we have the following maps 
A 

~ ~ -l4 .;tlg GrassCK) IP ( jij IP <1() "-.J 

Note tha t Grass(K), IP (11 and IP Of) have a natural 
X 

I[:'-bundle on each 

of them. The main result of abelian conformal field theory is that 

we can I i-f t BoPloU to 
AX 
~ using the Riemann theta function and find a 

system of differential equations characterizing the lift. 

In this note, we consider only the preparatory part of this 

formulation in the truncated case. 
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§2 Various Grassmannians and truncated Fock spaces 

Grassmannians 

2.1 We recall some facts about the structure of Grassmannians. cf. 

[55], [N], [K]. 

Denote the Grassmannian of closed subspaces of dimension Crespo 

codimension) m of a (linearly topologized) vector space V by 

Grass(m,V) Crespo Grass(V,m). Grass(m,V) has a structure of 

smooth I[;-scheme, naturally embedded into IPCJ\mV) by the Plucker 

coordinates. Then Grass(m,V) is the quotient by GL(I) of Grass(m,\') 

which consists of those vectors of AmV-{O} whose (inhomogenious) 

Pl~cker coordinates satisfy the PI~cker relations 

Grass(m,V) ~ Amv -CO} 

Grass (m, V) ~ IPv\m V ) 

We will consider only those Grassmannians which are related to 

K = I[;«z) and its topological basis (Zn}n~Z' 

Take V = F-m/Fn . Then GrassCm,V) is the usual finite 

dimensional Grassmannian which is denoted as GM(m,n) in [5S] and is 

a s c hem e 0 f fin i t e t y p e 0 ve r ,t, em bed de din t 0 IP u\ m ( F - m / F n » by the 

Plucker coordinates. 

Take V = FP-mK. Then 
p_m A 

GrassCm,F K) appears in [H], [N] and is 

a IC-scheme of countable type in the sense of Kashiwara CKJ. 

Truncated Fock spaces 

2 . 2 \[ 0 w wet urn tot h e (t r U 11 cat e d) F 0 c}~ spa c e s . The bosonizatio11 

suggests how to truncate the Fock space Ji. or "J. (p~:Z). 
p p 

The boson Fock space K can be considered as the character ring 
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tensol-ed wi th 'f over :z of the general linear group GL(co) J{ = 

ll....W RCGLCm} )@;Zt[; cf. [DJKN], [KSUl] . 
m 

Tot rae e the i n v e r s e i mag e 0 f R ( G L ( m)) un de r the b 0 son i z at ion 

I p I p+;\ -1 
E, recall that B( (p,.\)) = X;\ct)U and Cp,;\) = z 1 A"'A 

P+;\n- Q p-C.Q+l) w'here ,1 (1 1 ) , t't' I Z -e J\Z A... .\.= d\.I"""'.Q Isaparllon. n 

j1 11-1/'2 
conformi ty with the notation in [KNTY], [KSl!I] we also use e = z: 

( -? 1, ·D t p-4+1/2 n-(.Q+l)+1!2/\ b eCp-n). 
,/.L~iE..+2)' eno e e Ae~ ... y ~ 

The Young diagrams which correspond to fini te dimensional 

irreducible representations of GL(m) are contained in' the zone of 

depth m. 
-1 m p-m~ 

Thus by the above remark, B CR(GLCm»St[;) is A CF K)A 

eCp-m). Therefore we are led to the 

Defini tion Ctruncated Fock spaces) 

ycm):= !\mCFP-mK) C 
p 

~(m):= RCGLCm»@t[;uP 
P 

We have the following natural maps 

Ca) restriction: 

(b) inclusion L 

St Cm + 1 ) ~ 
P 

~S B 

Jt. Cm+l) 
P 

....,.. C m) 
:Jt p 

~5 B 

J{ (m) 
p 

. f(m) ~ p(m+l) 

. p p 

/,\ r--7 {x,\ if ,\ has dep th 

lo otherwise 

p-m+l/? 
XAeCp-m) ~ XAe -AeCp-Cm+l») 

ive have also iT. and l for ~(m: 
p 

?[ : ~\rn+l(FP-(m+l)K) ~ Am(FP-mK) and L 

m+l. D-(m"'l) . .,. 
_\ \F- K) can be obtaIned trom the 3hort exact sequence 

~ 0 . 

It is clear that c-r is the inductive limit of (y,(m) l} and J'p p , 
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o 0 , ,..:;: C m) tha projective lImIt 01 {'Jt , IT}. 
P 

Relation among various Grassmannians 

2.4 For m S ~, n S k, we have the maps 

induced from the decomposition 

-Q 
e j\ 

-m-l 
j\e 

IN e can s i mil a r 1 y con sid e r i.\ m ( F - m / F n) p 1\ m ( (F - m IF n ) EB F n) = i\ m ( F - m K) . 
Thus we obtain the commutative diagram: 

~\m(F-m/Fn) cE it 

[ 

~ 
j (m) 

" 
it 

L 

This induces 

G ~, F-m/Fno 
rass~m, j 

~ 
-m n GrassCm,F /F) 

> 

» 

... 

~ 

1\ Q (F -.!l I Fk ) 

it 

L 
J> 

IT 
L 

~ 
jU,) 

G -cn F-~/Fk, rass ~, J 

-t k 
Grass(~,F IF) 

ProI2os i t i on [5S] 

(1) Grass(K) Crespo GrasseK)) is the projective limit of 

-m n {Grass(m,F IF ),it} Crespo 

C ') , _ J GraSSCR)fin = ljm (Grass(m,F-m/F n ),[} (as sets) is dense in 

GrasseK). 

') -_.0 In a similar way, using the resttiction and the inclusion 

r:- (m+l) 
~ , we have maps for Grassmannians : 

p 
p-(m+l°)~ 

GrassCm+l,F OK) 

o 0 p-(rn+l) 
[ sends a subspace L to C8Cz . 

Proposition ~ p 0 K~ 0 Grass \ ) = lim GrassCm,FP-mK) 
0;-

as schemes and 
m 
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lim Grass(m,FP-mi) is dense in GrassPCi). 
-;f 

m 
(?) ,\m'FP-mKI') l' ,\ffJ'FP- m ,~n) , d ,_ ! ~ = ~m i ~ / f' 1 n uces 

n 
p-m" p-m n Grass(m,F K) = l!m Grass(m,F IF) 

n 
as schemes. 

Infinitesimal structure 

2.6 We have a usual description of tangent spaces of Grassmannians. 

For 
p-m~ , 

Grass em, F K) , 

~ G ' -p- mK~ , IV ras~m,t' ) 

p-(m+l)" 
TL (V)GrassCm+l,F K;. 

= Homev,FP-mi/V;' 

= HomCVffiCZp-(m+l~FP-em+l)i/VffiCZp-(m+l») 

= Hom(Vffi'Cz P- (m+l; FP-mi/V) 

= Hom(V,FP-mi/V)ffiHOm(CZp-(rn~l~FP-rni/v) 

The n drr L (V) i s the pro j e c t ion tot h e fir s t f act a ran d d LVi.3 the 

injection onto the first factor. If ~= Pl(V) '" IPcj,cm», T IPey.,,(m» = p -e p 

~(mll. n h b t f drr d d ..7'p ~ and we ave an a vious descrip ion or L (~) an L.ll.. 
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§3 Truncated Krichever map 

3.1 The Krichever map is the correspondence 

1 = ( C , Q , z ) r------? U c.::r:> = tH O 
( C , .tC "" Q) c I[ C C z ) ) = K 

Here t means the Laurent expansion at Q using the coordinate z. 

U(J:) , as a subspace of K, is naturally filtered: 

U (x) := F U('l) = U(:;onF K = tHO(C,~(mQ» c F K m m m m 

For m ~ g, F UC1.) is m-dimensional and is a point of Grass(m,F K). m m 

Thus we have a morphism, called m-truncated Krichever map: 

lJ m 
Grass(m,F K) 

m 

Since U '~)nF K U (~) m \.x; ~ = . .Q..,.{. for ~ ~ m, W8 have a projective system of 

morphisms 
U m 

~ ~ restriction 

~ I GrassC(,FQK) (.Q~m). 

Passing to the projective limit,we recover the original Krichever 

map 
A 0 A 

M. ----1- Grass (K). 
g 

By the truncated version of PI~cker embedding, bosonization in 

§2, we obtain the following proposition. 

ProEosition We have a projective system of morphisms 

" U 
~ !PC jem» ~ !P (K C m) ) j,{g --.lJI GrassCm,F K) (m~g) . m p r....., p 

0" 
of ~ 3.2 Remark 1) I f we use t:- J instead for any integer j , we haVe 

a similar diagram for sufficiently large m. (F K remains the same, 
m 

but the dimension m is replaced by m+(j-l)(g-l) while the charge is 

(j-1)(g-l).) 

2 ) ~e hoped to have a morphism from into some finite 

dimenSional Grassmanian. But the identification of the fraction 
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field KQ of GC,Q and K=![:':<z) is so important that we cannot produce 

a non-trivial morphism of this kind. In this respect, notice the 

following: 

Lemma The isomorphism induced by z, 

i . e ., t : KQ ~ K , 

m+l = Aut~C~[zJ/(z », 

is invariant under the action of the group 

but not under DCm - 1 ). 

3.3 The interest in the truncated Krichever maps lies in the 

connection with the truncated KP hierarchy of Harada, Noumi, etc. 

[HJ,[NJ. They have established the correspondence between points of 
O~ 

GrassCm,F K) and wave functIons, Hirota's bilinear equations for 

r-functions, among others. 

In principle, over ~, we can define a truncated version of the 

r-function associated to a point of vtlg , starting from the 

r-function defined in [Ki\TYJ via the Riemann theta function: r 0,1) rn 
Ejf<rn) 

o 
"" ""(m) 

(restiction of r (t ,;£) E Ko to te.o ). By the results of 

Harada, Noumi, etc., r (t,!) satisfies Hirota's bilinear equations m 

for O:::;;kO<" .<k 2' o:::;;~()<. .. <~ , k. ,-Le2, m- m 1 J 

m. 1- 1-
~ (- 1 ) 1 X k k n ( ? D t ) I.: .!! .!! n ( -?_ D t ) r (t) T C t) = 0 

i = 0 O· .. m- 2 -1-; i - , O· . , i .. -t. m m m 

where X k k (t) denotes X, (t) for the partition A= Ckm_ 1-<m-l), 
0'" m-l ,\ 

... ,k1-l,kO) and Dt means Hirota differentiation cf.[DJKMJ. 

3.~ At present there are several defects compared with the original 

version. First we haven't developped the operator formalism for 

the truncated KP hierarchy (or it may have been developped but does 

not appeal" in the litenl.ture). Secondly ~e haven't explicitly 

written down T (t,l;;; in terms of the theta function. m 
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§4 Another approach to the truncated Krichever map 

We sketch a reformulation of the Krichever map and a way to 

trunca te it. 

4.1 Defini·tion For a pointed iC-scheme (X,Q), i.e., Q,,"X(tC), we put 

CCm)(X,Q) = {morphism Spec i[;[z]/(Zm+l) ~ X , which sends 

the closed point to Q 

Elements of C, )(X,Q) are called m-truncated curves at Q in X. 
~m 

C( , is a covariant functor on the category of pointed m) 

i[;-schemes. C(m) (mEIH) form a projective system and put C -. 

l~m C(m) , which is also a covar i an t functor. Elements of C(X,Q) 
m 

are called curves at Q in v when X is a group scheme and Q is its .L\. • 

identity element, we recover the covariant Dieudonn~ module (Cartier 

module). 

4.2 Let ~im) denote the collection of pointed curves with 

m-truncated formal coordinate cf. [KNTY]. Then, 

Lemma For (C,Q) E M~O~ C(m) (C,Q) equals the fiber of Mim
) ~.frliO) 

at (C,Q). 

If we apply C(m) to the "universal" family of pointed curves 

.M. ( 0) ~ JW. the n C _ /A,/ 0) / u ) = A J (m) . 
g g , (m)Vv~ JV~g U~g 

Now consider the "universal" family of pointed principally 

polarized abelian varieties .fI(O) ~ :if and put C( ,ilCO) / II ) =: ; , 
g g g g g 

{ 0 ) 
which is an Au t .... i[; [ [z]]x fA' -torsor over-

'G g 

-:1:.3 Albanese morphism a (C,Q) ~ (JacCC),[Q]:, induces 

Cr. (C,Q) ----+ C( ,dac(C), [QJ) 
',m -' ITI) 

If we consider Albanese morphism for the family 

wp. get 
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and its truncations 

.frL (rn) --7 
g 

Remark Notice a theorem of Cartier: 

C(Jac(C),[Q]) -7 Homf.gp(W,Jac(C)/[Q]J 

For the notation and its content, cf.[KSU2]. 
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Deformations of Complex Analytic Subspaces with Locally Stable 

Parametrizations of Compact Complex Manifolds 

By Shoji Tsuboi 

Department of Mathematics, Kagoshima University 

Introduction. In this paper we shall give a definition of 

compLex anaLytic subspaces hlith LocaLLy stabLe parametrizations of 

compact complex manifolds, which is a generalization of closed 

complex analytic subsets of simpLe normaL crossing in [3] and 

analytic subvarieties with ordinary singuLarities in [9], and we show 

that their Logarithmic deformations and LocaLLy triviaL dispLacements 

(cf. Definition 1.5 below> are equ.ivalenl to deformations of LocaLLy 

stabLe hoLomorphic maps (cf. Definition 1.1 below). From this 

equivalence and Miyajima-Namba-Flenner's theorem on the existence of 

the Kuranishi family of deformations of holomorphic maps, it follows 

that there exist the Kuranishi family of logarithmic deformations and 

the maximal family of locally trivial displacements of a complex 

analytic subspace with a locally stable parametrization. These are 

a unification and a generalization of the results in [3] and [9]. 

Throughout this paper all complex analytic spaces are assumed to be 

reduced, second countable, and finite dimensional. For notation and 

terminology concerning logarithmic deformations, locally trivial 

displacements of a complex analytic subspace and deformations of a 

holomorphic map, we refer to [3], [9] and [2], respectively. 
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§1 Complex analytic subspaces with locally stable parametri-

zations and their deformations 

Let X and Y be complex manifolds, and 5 and T finile 

subsets of X and Y, respectively. A multi-germ f:(X,5)-----:; 

(Y,T) of a holomorphic map at 5 is an equivalence class of 

holomorphic maps g:U-----:;Y with g(5)=T, where U are open 

neighborhoods of 5 in X. Throughout this paper we shall 

interchangeably use a multi-germ of f and a representative 9 of f. A 

germ of a parametrized family of multi-germs of holomorphic maps is a 

mul ti-germ F: (Xx([r, 5xO)-----:;(Yx([1, TxO) of a holomorphic map such that 

F(Xxt)cYxt for any t in some open neighborhood of a in C l . An 

unfolding of a mul ti-germ f: (X, 5)-----:;(Y, J) of a holomorphic map is a 

germ of a parametrized family of multi-germs of holomorphic maps 

such that F(~, O)=(I(x), 0) forxEX. 

We say that an unfolding F: (XxC l , 5xO)-----:;(YXC 1 , TxO) of a multi-germ 

I: (X, 5) -----:; (Y, J) of a holomorphic map is triviaL if there exist 

germs of t-levels (tEC 1
) preserving analytic automorphisms G: (XxC l 

,5xO)-----:;(XxC r ,5xO) and 

H1yXO= idy , such that 

H:(YxCr,TxO)-----:;(YxCl,TxO) with G
1XxO

= id
X

' 

-1 
HoFoG ~= IXidCl. We say that a multi-germ 

f: (X, 5)-----:;(Y, J) of a holomorphic map is simuLtaneousLy stabLe if 

any unfolding of f is trivial. 

1.1 Definition. A holomorphic map f:X-----:;Y between complex 

manifolds is said to be LocaLLy stabLe if, for any point yEY and 
-1 

any fini te subset 5ef" (y) , a mul ti-germ f: (X, 5)-----:;(Y, y) is 

simultaneously stable. 

1.2 Definition. A complex anlytic subspace Z of a complex 

manifold Y is said to be hlith a LocaLLy stabLe parametrization if 
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(i) the normal model X of Z is non-singular, and 

eii) the composite map f:= [on: X~Y is locally stable, where 

7l : X ~ Z i s the nor m a liz a t ion map and l:ZeY is the inclusion map. 

1.3 Example. A closed complex analytic subset Z of simpLe 

normaL crossing of a complex manifold Y is a complex analytic 

subspace with a locally stable parametrization. This follows from 

Proposition(7.1) in [9]. Here we say that a closed complex analytic 

subset Z of a complex manifold Y is of SimpLe normaL crossing if 

the following conditions are satisfied: 

( i ) Z= VZ. ,where Z. ( ls.i~k) are complex submanifolds of Y. 
i=j L L 

( ii ) For any point pEZ , if we let Z. , Z. , ... , Z. be a II 
L j L2 Lk 

irreducible components of Z which are through p, then there 

exists a local coordinate system 

Y with center p such that each Zra (jsa~k) is defined by 

Zr
a

_
j
+l = ... =Zra= 0 , where we understand rO=O. 

of 

1.4 Example. Suppose that (dimY, dimZ) belongs to the nice 

,tall?€- in the sense of J.N.Mather ([4], or [9, Definition(3.3)]), 

then an analytic subvariety Z with ordinary singuLarities in a 

complex manifold Y is with a locally stable parametrization. 

Here ordinary singuLarities are defined to be the ones which occur in 

the image of a manifold by a ?€-ll€-~ic linear projection ([9]). 

From now on let Z be a complex analytic subspace with a 

locally stable parametrization of a compact complex manifold Y. 

1.5 Definition. An analytic family of logarithmic deformations 

-347-



of a pair (Y,Z) Crespo of locally trivial displacements of Z in Y) 

parametrized by a complex analytic space M is a sextuplet 

'}=(~,~,7(,/1, 0,1/1) (resp. a quintuplet ,}=(YxM,~,7(,M, 0)) satisfying 

the following conditions: 

C i) 7(: ['&-----+M is a proper smoo th ho I omo rph i c map be tween comp I ex 

spaces ~ and M (resp. 7(:~-----+M is the restriction to ::J'. of the 

canonical projection PrM:YxN-----+M), 

(ti) ~ is a closed complex analytic subspace of ~ Crespo of 

YxM) , 

(iii) 0 is an assigned point of M and 
-1 

1/1 : Y -----+7( (0) is an 

isomorphism such that I/I(Z)=7(-1(0)n::J'. (resp. 7(-1 (O)=ZxO), and 

(W) 7( is locally a projection of a product space and the 

restriction of 7( to ::J'. is so ( resp. 7( is locally a projection of a 

product space); that is, for each point pE~ Crespo pEYx/1). there 

exist an open neighborhood ~pc~ (resp. ~pcYXM) of p and an 

-1 isomorphism ifJ
p

:"1lp-----+UXV. where u="1l
p

n7( (7((p)) and V=7((t!p) (resp. 

V=Pr
M

("1l
p
)' such that (a) the diagram 

"1l 
ifJ p 

)UxV 

(resp. 

p 

pr~ /prv 

V 

is commutative, (b) ifJp(f}jpn~)=(Unr:I)xv. and (c) ifJpIUx]{(p)= idUX7((p). 

For a pair (Y,Z) we denote by j:=lon:X-----+Y the composite of 

the normalizalion map n:X-----+Z and the inclusion map l:ZcY ,and by 

<])(/, X, Y) Crespo <])(/, X)) the category of germs of fami I ies of 
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deformalions of f:X--Y wi th Y varied (resp. wi th Y fixed), and 

by 2(Y,Z) Crespo 2(Z) the category of germs of families of 

logarithmic deformations of (Y,Z) Crespo of locally trivial 

displacements of Z in Y). 

1.6 Theorem. 0(f,X,Y) and 2(Y,Z) (resp. 0(f,X) and 2(Z)) 

are isomorphic as categories. 

Proof. The proof is almost identical with that of TheoremCll.l) 

in [9] (= Main theorem in [8]). Although in [9] we consider only 

locally trivial displacements of Z in a fixed ambient manifold Y 

and deformations of !:X--Y with Y fixed, the proof of 

Theorem(ll.l) in [9] is also valid for logarithmic deformations of a 

pair (y,Z) and for deformations of f:X--Y with Y varied. Q.E.D. 

§2 Comparison of infinitesimal deformation spaces 

As in the preceding section, let Z be an analytic subspace 

with a locally stable parametrization in a compact complex manifold 

Y, and let f:=ton: X--Y be the composite of the normalization map 

n:X--Z and the inclusion map l:ZcY. We denote by Ty the sheaf 

of holomorphic tangent vector fields on Y, and by Ty(L09Z) the 

sheaf of Logarithmic tangent vector fieLds aLong Z in Y, that is, 

the subsheaf of Ty conSisting of the derivations of ~y which send 

the ideal sheaf of Z in ~Y into itself. 

.NZ/ Y by the following exact sequence: 

and 1X/ Y by the following one: 
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(2.2) 

The infinitesimal deformation spaces of logarithmic deformations of a 

pair (Y,Z), locally trivial displacements of Z in Y and 

deformations of a map f:X~Y with Y fixed, are Hi (Y, TynogZ)) , 

HO(Z,fiZIY ) and HO(X,1 XIY )' respectively. Their obstruction 

2 . 1 i 
classes belong to H (y,Ty(Lo9Z)), H (Z'~ZIY) and H (X,1 XIY ) 

respectively. As to the infinitesimal deformation space of a map 

f: X~y with Y var i ed, there are two spaces; Hi (T X' T y' f*T y) 

defined by Namba in [6] and defined by 

Flenner in [1]. Here ~ is an abelian category whose objects are 

triplets (~,~,~), where ~ is a coherent 0
X

-module, ~ a coherent 

(9y-module and ~EHom(9 (f*r§, ~), 
X 

(~,~,~) to (~/,~/,~/) is morphism from (a, B)EHom(9(~,~/)xHom0(r§,~/) 
X y 

such that the diagram 

, iF: 
___ a __ ~) ;} / 

is commutative. The obstruction classes to deformations of f:X~y 

with Y varied belong to H2 (TX,Ty , f*T y )' 

2.1 Proposition. 

(j) ~ZIY~ f*1 XlY , and so there exists an isomorphism 

. ,i 
H1- (Z, )iZlY) .-----) Hi (X, 1 XIY) fori':z.O. 

(~) There exist isomorphisms 
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Proof. For the proof of (j) we refer to Proposition(9.1) in [9]. 

Here we prove (li). By (2.1),(2.2) and (j) of the proposition, we 

have the following diagram of exact cohomology sequences; 

~ 
i- 1 H (X,'J X/ y ) 

°1 i 
, H (Xi: Xl Jf , Hi(X, f1fTy)~ 

1 f* 

i 
H (X'''x/y)-

(2.3) )/ f i-1 . ;1 fi 
. 1 ~ Hi(Y,Ty(L09Z))~ Hi(Y,Ty)~ t 

~ Ht
- (Z,.N Z/ y ) H (Z,.N Z/ y )-

Since f:X--)Y is an immersion outside a two-codimensional subset 

of X (cf. Corollary(4.2)in [9]), it naturally induces a homomorphism 

This is the map a in (2.3). 

we have an exact sequence of cohomologies 

(2.4) 

Here 0 is the composite of the homomorphisms: 

On the other hand there are exact sequences of cohomologies; 

--)H i - 1 (X, f*Ty)--)Hi(T X' Ty , f 1f Ty )--)Hi (X, TX)@Hi(y, Ty) 

(2.5) 
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([6, Proposition(3.6.9)], and 

(2.6) 

([7, (2.2)]). By comparing (2.4) with (2.5) and (2.6), we have the 

assertion (il). Q.E.D. 

Suppose we are given an analytic family '=(~,!,]'(,M, O,~) of 

logarithmic deformations of a pair (y,Z) (resp. '=(YxM,?f,]'(,M, O) of 

locally trivial displacements of Z in Y). Then, by normalization 

(cL [9, Theorem(lO.l)], or [8, Theorem2]) from' we get a family 

f}=(?[,F,r&,]'(,w,M,O.<p,~) (resp. ~=(?[,F,]'(,M,O,<p)) of deformations of 

f:X~Y with Y varied (resp. with Y fixed): 

X f ) Y 
<p ).1. F \ X 0 SJ. 1/1 

X O---~----+) YO 
() () 

resp. X f) YxO 
<ps!. F\XO II 

Xo )YxO 
() () 

?[ F ,YxM 

~/prM 
M ) \ 

2.2 Proposition. The characteristic maps of '=(~,~,]'(,M, 0,1/1) 

and ~=(?[,F,r&,]'(,~M, 0,<p,1/I)) (resp. '=(YxM,?f,]'(,M, O) and 

fr=(?[,F,]'(,M,O,<p)) are re~ated as fO~~OhlS; 
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I 

\ 
\ 

Proof. By Direct calculation of the characteristic maps. Q.E.D. 

By Miyajima-Namba-Flenner's theorem on the existence of the 

Kuranishi family of deformations of holomorphic maps ([5, Main 

Theorem]),[6, Theorem(3.6.10)J,[l, Theorem(S.5)]), Proposition 2.1 

and Proposition 2.2, we obtain the following. 

2.3 Theorem. For an anaLytic subspace Z Mith a LocaLLy stabLe 

parametrization of a compact compLex manifoLd Y, there exists an 

anaLytic famiLy '=(~,!,n,M, O,~) of Logarithmic deformations of a 

pair (y,Z) (resp. '=(YxM,!,n,M, O) of LocaLLy triviaL dispLacements 

of Z in Y) such that: 

(j) the characteristic map PO: T 0(M)~H1 (y, T y(LOgZ)) (resp. 

ao:To(M)~HO(Z,Jz/y)) is injective, 

(jj) it is compLete at any point tEM (resp. it is maximaL at 

any point tEM )), and 

(iii) it is semi-universaL at a (resp. it is universaL at 

Furthermore, if H2 (y, T y(LOgZ)) =0 (resp. i H (Z,JfZ/ Y ) =0) , 

the parameter space 11 is non-singuLar and the characteristic 

PO:TO(I1)~Hi (Y,Ty(LogZ)) (resp. ao:To(M)~HO(Z,Jfz/y)) is 

bijective. 

-353-

0 ). 

then 

map 



References 

[1] H. Flenner.: Ober Deformationen holomorpher Abbildungen, 

Osnabrricker Schriften zur Mathematik, Universit~t Osnabrrick (1979). 

[2] E. Horikawa.: Deformations of holomorphic maps, I, J. Math. Soc. 

Japan, 25(973),372-396; n, ibid 26(974), 647-667. 

[3] Y. Kawamata.: On deformations of compactifiable complex 

man i folds, Math. Ann., 2 3 50 9 78), 2 47- 2 6 5 . 

00 

[4] J. N. Mather.: Stability of C mappings. i, The nice dimensions, 

in Liverpool Singularities I, Lecture Notes in Math., 192(1971), 

207-253. 

[5] K. Miyajima.: On the existence of Kuranishi family for 

deformations of holomorphic maps, Sci. Rep. Kagoshima Univ., 

27(978), 43-76. 

[6] M. Namba.: Families of meromorphic functions on compact Riemann 

surfaces, Lecture Notes in Math., 767(1979). 

[7] Z. Ran.: Deformations of maps, in Algebraic Curves & Projective 

Geometry, Proceedings, Trento, Lecture Notes in Math.,1389(1988), 

246-253. 

[8] S. Tsuboi.: Locally trivial displacements of analytic 

subvarieties with ordinary singularities, Proc. Japan Acad., 61A 

(985), 270-273. 

[9] S. Tsuboi.: Deformations of locally stable holomorphic maps and 

locally trivial displacements of analytic subvarieties with 

ordinary singurarities, Sci. Rep. of Kagoshima Univ., 35(1986), 

9-90. 

-354-



Non-Galois triple coverings and double coverings 

by Hiro-o TOKUN/\GA 

so. Introduction 

Tn study non-Galois triple coverings of smooth projective varieties, " the 
Cardano for mula" plays an important role. In preced ing two papers 171, 
[8], we have studied non-Galois triple coverings of algebraic surfaces by 
using the Cardano formula. The method used there was different fromK 
Miranda's one which was developed in his paper [41. This article can be 
regarded as a research by the same method as preceding papers 171, 181. 
But, our view point is different from them in the following sense: 

Let p: X ---~ Y be a finite normal non-Galois triple covering of a 
smooth projective variety Y. In [71, \ve have defined" the discriminant 
variety, D(X/Y)" and" the minimal splitting variety, X ." (Cf. 171, 
Definition 1. I and Definition .1.2.) Both of them are Galois coverings of Y, 
and satisfy the diagram: 

(diagram 1) 

PI: X- - ------7' Y : a Galois covering \vith (;alois grnu p <S, 
PI: D(X/Y) .----) Y : a double covering, 

[3 2 : X~ ----} D(X/Y) : a cyclic triple covering, 

n : X- --.----> X : a double covering. 
In [71, IS\' we have studied the structure of a given triple covering p: X 
-------) Y and a concrete construction for a given Y and a given nOli-Galois 
cubic extension of the rational function field of Y. In both cases, our main 
problem was concerned with the base variety and its non-Galois triple 
coverings. In this paper, we will attend the double covering J)( Xl'n. From 
the above diagram, we can consider the following natural correspondence: 

(diagram 2) 

\X/e \vould like to consider something like an "inverse" of this 
correspondence, that is, to give some conditions for a double covering Z of 
Y such that there exists a non-Galois triple covering of Y whose 
discriminant variety is Z. Concerning "\vith this problem, "\ve have a partial 
ans\ver as follows: 

Research partially supported by the Grant-in··Aid for Encouragement of young 
Scientist (A) 0174(05). 
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Proposition 1.1. Let 1': Z ---.-.~-> Y be a Sillooth finite double covering 
over Y. Let OJ be a reduced effective divisor and D2 , D, be effective 

divisors. We denote the involution induced by the covering transformation 
by a, and a*D\ is the transformed divisor of Dl bya. Assume thaI 

0) 0 1 f\ a¥D\ has codimension at least 2, 

(ii) OJ + 3D2 is linearly equivalent to a*O! + 303. 

Then, there exitsts a non-Galois triple covering of Y ·whose discriminant 
variety is Z, and HOI) is just the totally branched divisor of the non Galois 

triple covering. 

The conditions in the above proposition can be reasonable, because \.ve 
have the following proposition. 

Proposition 1.2. Let p: X ----'t Y be a finite nor m al not1-C;alois triple 
covering. Assume that the discriminant variety D(X/Y) is smnuU1. Then 
there exist three effective divisors °1,°2 , D3 whiell satisfy th.t: C',::'nditions 

as follo\vs: 
(i) DI is reduced and the intersection of 0! and aID! 11£1S codirIHn'Lsion at 

least 2, where a denotes the involution on D(X/Y), 

(ij) 01 + 3D2 is linearly equivalent to a:+'lJ! + 3D3 ' 

(iii) Dl + a~:Dl is just the branch divisor of P2. 

There are some application of the above propositions. For the rirst, we 
\.vill consider non-Galois totally ramified triple coverings of abelian 
varieties, and we have: 

Therorem 2.4. Let p : X ----~ A be a smooth, finite, non-Galois totallv 
J 

ramified triple covering of an abelian variety A. Then, there exist an 
elliptic curve E and a non-Galois totally ramified triple covering p: C 
.-.. --~ E such that the follo\.ving diagram commutes: 

(diagram .3) 

\.vhere C] has a connected fibre. 

Next, we will study nnn-Galois triple coverings of algeb,-;)ic ~iurr:Jces with 
Picard number = 1. Let 2: be such a surface, and C be a SnH)ol'h curve on 
I. Then, we have: 
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Theorem 3.1. Let (2:, C) be as above, l) be a smooth curve on I, and 
p : S -.--~ I be a finite normal triple covering of 2: which satisfies: 
(j) the branch locus 6(S/2:) = C + D, 
(ii) for any x E- C, pl(x) consists of two points, 

(jii) for any y f D. p-I (y) consists of one point. 
A ssu me that C ~ 2n1 where 1 is a generator of NS(I). 
Then, we have: 

a) D ~ 111 1, m ~ 2n. 
b) for each x ~ C 1\ D, p-I( x) is a singu lar point of A .jk-\ type, where k 

depends on x. 

lVloreover, if I is simply connected, and the equality in the above 
statement a) holds, we can study their structure in detail, and '~·/e will 
obtain Theorem 3.4. 

This article consists of three sections. In:3 I, "\ve prove Propo:,ilion 1.1, 
and Proposition 1.2. In §2, we will study non-Galois totally ramified 
triple coverings of abelian varieties, and prove Theorem 2.4. In the last 
section, we will study non-Galois triple coverings of algebraic surfaces with 
p(2:) = I, and prove some statements. 

Notations and conventions. 
In this article, the ground field is always the complex number field, C. 

For a finite normal non-Galois triple covering p: X -~'t Y, varieties 
D( X/Y) and X' always mean" the discri m inant variety" and "the mini mal 
splitting variety, respectively, and morphisms PI' 131, and ~2 always 

mean the morphisms satisfying the first diagram in § O. 

~(X/Y) : the branch locus of a triple covering p: X ----) Y 

C(X) : the rational function field of a variety X. 

Let <j) be an element of C(X). we denote its zero divisor and polar divisor 
by (<j))o and (<j))",respectively. 

Let D be a component of the branch locus of a triple covering p : X --~ 
Y. \'(1e call D is a totally branChed divisor if for any p D, p-I(p) consists of 
one point. 
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For a line bundle L over a smooth variety X, \ve call L is numerically 
effective ( lJeffor short) if L.C?O for and irreducible cuuve on C. 

For a line bundle L over a smooth variety X, we call L is big jJ K(D, X) 
= dim X . 

Let D1, D2 be divisors on X. D1,--.J D2 means linearl eq uivalence ror two 

divisors, and Dl ~ D2 means algebraic equivalence for two divisors. 

NS(S) : Neron-Severi group of a surface S. 

p(S) : Picard number of a surface S. 
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§ I. Triple coverings and double coverings 

Let Y be a smooth projective variety. rn this section, we will consider 
somthing like an "inverse" of the natural correspondence !'rom non--Galois 
triple coverings of Y to double cuverings of Y. For the first. \ve \\-ill 
construct a finite normal non-Galois triple covering of Y from a ~mooth 
double covering of Y. 

Propositions I. I. Let f: /, --~-7 y. be a smooth rinite double covering 
of Y. Let D] be a reduced effective divisor, and D2, D.-; be eflective 

divisors. Vie denote t he involution ind uced by the covering trans!'or m ation 
by 0, and o*D J is the transfor med divisor of D J by o. A ssu me that 

(i) D, (\ O~Dl hascodimension at least 2, 

(ii) D
J 

+ 3D2 is linearly equivalent to (J1D
J 

+ 3D..; 

Then, there exists a non-Galois triple covering of Y \vhose discriminant 
variety is Z, and HD 1) is just the totally branched divisor of the 
non-Galois triple covering. 

Proof'. From the above aSSll mptions, there exists a rational function 
(j) E C(Z) which satisfies: 

(j)t = (J+D, + 3D3 

Let gl' gz' and g3 be defining equations of 0t, 02' and D:) respectively. 

Then, 
(j)o*(j) = (gt gz:1)/(o¥glgj.1)·(o*g1 0 *gZ:-i)/(g,o*g:'i:1) 

= ((gz(J*g;;»/(g,o*g,)P. - .) .) 

Note that there are t\VO possibilities: 
0) D2 + o¥Dz is linearly equivalent to D:1 + o:fDj , 

(ij) D2 + O*D2 is not linearly equivalent to Dj +o*D-;. 

N()\v, we \vi 11 define a cyclic cubic extension K of C(Z) for each case as 
follnws : 

Case (i) K = C(Z)(~), 

~3 = (j) 

Case (ij) K = C(Z)(~), 
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Clai m. Let K be the neld defined as ahove. Then, for bot h case (i) and 
(iU, K is a Galois extension of C(Y), and its Galois group is G- ) (third 

sym me trk grnu p). 

Proof of Claim. Case (i) : Since O'*(j) = \If:'i/(j). \If Eo C(Y), our claim is clear. 
Case Oil : Since 0* (j)~ = ao'" <jl = a 2 /<jl = a5 /<jl'- and a E C(Y), our clai m is clear. 

Let 7," be the K - normalization of Y. Then, by the above claim, Z is a 
Galois covering of Y whose Galois group is CS :-; for each case. Let 0- be a 

biratiunal involution on Z~ induced by an element of the C;aluis gruup. By 
Proposition J. 3, 171. it is an automorphism. Let X be the quotient Yariety 
of Z by () Then, it is clear that X is a non-Galois triple covering or Y 
whose discriminant variety is Z. 

O. E. D. 

Re mark. 1. Let D be the totally branch divisor of the triple covering 
derined in the above proposition. Then, 13 Ill' 1) (= [* D) is contained in D I + 

0"'1)1' 

2. Since there are three involutions in cr :3' there are three non-Galois 

triple coverings of Y corresponding to each involution. But, they are a1\ 
isomorphic to each other. 

Proposition 1.2. Let p: X -----;> Y be a finite normal non-C;alois triple 
covering. Assume that the discriminant variety DOUY) is srnnoth. Then 
there exist three effectiive divisors D1, D2, D:5 which satisfy the conditions 

as follows: 
(i) Dl is reduced and the intersection of Dl and o'D) has codimension 

at least 2, where 0 denotes the involution on D(X/Y), 

Oi) Dl + 3D2 is linearly equivalent to O*Dl + 3Dj , 

(iii) Dl + 0'+-D 1 is just the branch divisor of B2 . 

Remark. Let D be the totally branch divisor of p. Then, B ,1[) = Dl + 

O'*Dl . 

Proof. Since X is a non-Galois triple covering over Y, we may assume 
that C(X) is a cubic extension of C(Y) as follows: 
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C(X) = C(Y)(O), 

"where 0 satisfies a cubic equation 
A~3 + 3aA"+ 2b= 0, ;J, b e(Y). 

Under the abo,Te notation, D(X/Y) is the C(Y)( c)-normalization of Y, where 

~ satisfies a quadratic equation: 
,r-2 = a 3 + b 2. 

Let K be the minimal splitting field of e(X). Then, by the Caruano's 
form1a, we have: 

k- = C(D(X/Y))(~), 

~3 = - P 11 b + ~. 

Put $ = - Pl' b + ~ ,ancl \.ve denote its zero divisor and polar divisor by 

($\» ($)= respectively, and its decom position into their irreducible 

components as follo\vs: 

In the abcf"/e notation, ,ve rewrite ~lj and Vi as foHows : 

Then we can write ($)0 and (l/lt as fo11o\\'s : 

tI:\ .,.." 
( y)o = 2. 

i 

( (/))" ~. VOJ"DJ~COC') + "2)" """D(=l 
r~o=";" _J..., vJi' 

h ,,0. I '}. d t tl t th t 1 f ' " .' ,\1 ere ,,;... i anl ... j eno e 1a e sums are a (en or non-zero J.L i' J.L i' \i i' 

and V"j' Let D/O) be an irreducible component of ($)0 for ,\.chich ~l 'j is not 

equal to zero. Since <p 01'$ = a 3, 0 '1\(0) "'" Di(D) and there are two 

possibilities: 

Case (I) o'D/O) is one of the irreducible components of ($)0 

Il '. of 1). (0) = land Il'· of o'D.(O) = 2 r 1 [ , r 1 [ , 

or 
~loi of Di(O) = 2, and ~l'j of o'D/a) = 1. 
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Case (2) OlUj(O) does not appear in the irreducible components or (1))0 

In this case, olDj(O) must appear in the irreducblc components or (p\, ' 

and ~L'j = V'j' 

For any D{") ror which V'j is not equal to zero, we have the satHe results as 

above. lIence, we can rewrite ($)0 and (~)t as roJlU\\is: 

(cp)o = 2: ~L'J)fO) + 2: (DiO
\ 2o'Di O

)) + 3 2: ~l"jDi()) 
, 0 'OW) (¢) ~Lr",a 1 '([ 0 f1'I-l,a'D:O)c (¢)o f1"I~n 

Now, "ve 'will define three reduced divisors D), D2 , and D3 as rollo\vs : 

~ 1)(0) "=""... 1'D(O) 
L... j + ,L., 0 i -I 

"1'-1 ' 2 '0(0) (rf.) r f11~ ,a i Cl l'" 0 

" [)(.,,) 
V j j 

It is clear that divisors D), D2 , D3 satisfy the statement (d, (ii) in 

Proposition 1. 2, so we get the desired di~visors on D(X/Y), 
Q. E. D. 
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Corollary 1. 3. Let X be a finite normal non-(Jalois triple covering or a 
smooth projective variety Y , and 8 be one of the irreducible components 
of totally branched divisors on Y. Assume that D(X/Y) is smooth. Then, 
the divisor B I1B is a divisor on D(X/Y) ,vhich consists of t\VO irreducible 

components which are isomorphic to each other. 

Proof. Assu me that PI 1'8 is irreducible. Then, it is clear that B \18 = 

OlW 1 ~B). However, by the assumption, B 1 t8 is an irreducible component 

of the branch divisor of P2 . This contradicts to Proposition 1. 2, (t). 

Therefore, PI 1B consists of t\VO irreducible components, and they are 

isomorphic to each other. 
Q. E. D. 
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§2. Totally ramified triple coverings of abelian varieties. 

In [71, we have definend "a totally ramified triple covering" a::; 
follows: 

Definition 2.1. Let p: X --:;> Y be a normal finite triple covering 
over a smooth projective varietyr. \Ve say that p is totally ramified iT 
for all irreducible components of ralnificalion divisOl~S, its ramification 
index is equal to 3. 

l{emark 2.2. Note that if p is cyclic, then p is tota11;,-' ramified. 

It is easy to show that if Y is si mply connected, then p is always 
cyclic. (Cr. Proposition 3.1, [7]) In particular, any totany ramified triple 
coverings of pn are cyclic. In the rest of this section, \ve \vilL stud'>" 
non Galois totally ramified triple coverings over abelian varieties. First or 
all, we will give an example of non-Galois totally ramiricd triple coverings. 
I t is an easy one but essential. 

]~xample 2.3. Let E = C/( 1,1), I m(T)" 0 be an elliptic curve, and 

o be an isomorphism of E such that 
o : E ) E 

Z t 2111 

where 11 is a t\VO torsion point of E. 

Let p. q be points on E such that q = o(pL Then, SJnce 2p is Linearly 

equivalent to 2q, there exists a rational function $ satisfying 
($) = 2p - 2q. 

Moreover, it is clear that 
ot$= 1/1{l. 

Let C be the C(E)(~)-normalization of E, where ~3 = Ql, and E be the 

quotient curve of E by 0. Then, it is easy to sho\v that C is a GaLois 
covering over E whose Galois grou p is C?3 ( the third sym metric grou p L 
Let o~ be an eJement of ordel' 2, and C be the quotient CLwve of C by o. 
Then, p: C----~-> 13 is a non-Galois totally ramiried tripLe covering over 
E, and its brach locus is one point. 

Figure 1 

Now we will state aliI' theorem. 
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Theorem 2.4. Let p: X --~ A be a smooth, finite, non C;ulois 
totally ram ified triple covering over an abelian ~variety A. Then, there 
exists an elliptic cur'/e E and a non-Galois totally ramified triple covering 
p : C ------"/ E such that the following diagram com 111 lites: 

(diagram 3 

1. C P is induced b}l p . 

To prove Theorem 2.4, ,ve need a lemma. 

Lemma 2.6. Let p: X ')0 A be as above. Then, P J is unramiried. 

(Hence, D(X/A) is also an abelian varietiy.) Moreuver. P,1Cr".(X/A)) = DI 

TIl t D, ,vhere 11 is a t,\·'o torsion point or D(XI A) and 1'11 is the translation 

ind uced by 11. 

Proof. Under the assumptions, 0:: X ------) X is unramificdin 

codimesion 1. This fact implies that 13 1 is also unramiried in codimension 

1, So, by the purity or the branch locus (see Zariski [91. or Fischer [2]), 13 1 

is unramiried. Hence, try' theorem or Serre-Lang (see Mumford Ls-J. p167), 

DO':ll\) has a structure or abelian variety such that p, is isogeny. Since 

there is a olle to one correspondence between finite subgroups and 
isogeneis (see Mumford [s], (72), there is the discrete subgroup K such 
that 

D(XI A)lI( = A. 

Therefore, we may assume lhaL K = < 11 >, 211 = O. By Corollary 1. 3 , 

13 J 1 (.6.(XI A)) has a fonn such as D + olD, where 0 denotes the involution on 

D(XI A), hence, we have 
(3 1 1 ( D ( X 1 A)) = D + 1'111 D. 

Q. E. D. 

To prove our theorem, we quote the follo\\ling fact. 

Fact 2.7. Let D be an effective divisor on an abelian variety A. Then, 
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there exists an abelian ,\.Tariety AI' a morphism\vitll a connected fibre Ll: 

A .~--> AI' and an ample divisor Dl on ,\ 1 such thatD = q t Dj 

for a proof, see Mumford [Sl p88. 

Proof of Theorem 2.4. Since X is smooth, and a is unramified in 
codimension 1, a is unramified. Hence, X~ is also srnooth. and 
B 1 ~C6(XI A)) is a smooth divisor. By the results in 81, B 11 (",\(X/A n .IS can 

not be irreducible. For this divisor, we have the next claim: 

Claim 2.8. There exist an elliptic curve E, and morphism q: A ._ .. --> E, 
and a divisor 8 on E such that: 

D(XI A) = q1 (8) . 

Hence, all irreducible components are abelian subvarieties, and Lhey do 
not inetersect each other. 

Proof of Claim 2.~. By Fact 2.7, there exists an abelian variel,)' 1\ l' a 

mol' phis III q 1 : D(XI A) ? Al '\vith a connected fibre, and an a 111 pie 

divisor D 1 on A 1 such that q 1 *(D1 ) = ~ 11 (t\(XI An. Assu me that di III Al 

> 1. Then, since D1 is ample, PI is connected, so B 11 (/\(XI/\)) is also 

connected. Since Pl*(.6(X/A)) is smooth, P11'(l\,(X/A)) must be 

irreducible. This is contradiction. Therefore, dim A 1 = l. l\·Torcover, an 

arbitrary irreducible component of PI '(.6(XI A)) is transformed to another 

different irreducible component by the involution on D(XI A ), so, L\(Xll\) 

has the same form such as B 1 ~(.6(XI A)), and our claim holds. 

Q. E. D. 

Nmv, we will continue a proof of Theorem 2.4. It is sufTicient to show 
that the following statement. 

The diagram: 

(diagram 4 ) 

is commutes, ,vhere C is a Galois covering of the elliptic curve E whose 
Galois group is isomorphic t003 (the third symmetric group), and q, Ql' cb 

have connected fibres. 
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Step 1 : The diagram 

(diagram ~ ) 

com m utes, and q, q I have connected fibres. 

This statement follows the proof of claim 2.0. 

Step 2 : There exists a Galois covering of the elliptic curve E \V110S8 

(~alois group is isomorphic to v3' and the diagram 

(diagram b ) 

com 111 utes, and CJ2 has a connected fibre. 

Let l]2: X --------> C be the stein factorization of the morphism (tllo (3 2 ) 

X-------~ E-. \Ve will sho\v that C has desired properties. For the first, 
we prove the follo\-ving clai m : 

Clai m 2.9. Let y be a general point on E. Then (q 10 1>2)- J ('y') consists 

of three irreducible components. 

Proof or Claim 2.9. B-y the results of § 1, \ve have 
C(X) = C(D(XI A)) (s), 

~3 = <p, 

(p) = (D! -/- 3D2) - (o1D1 + 3D), 

\vhere 1)1' D2 , 0.') are effective divisors, and OJ is reduced and consists of 

just branch divisors. Put 
L = D2 - D3 . 

I t is sufricient to show that 
L I q,i(y) 

is trivial. Since 3L ",-,at DJ - DJ , and a1l components or 0 1 Dl and Dl are 

the branch divisors of 13 2 > 

3L I qii(y) 

is trivial. On the other hanet, 
01(p <p = a3, Ior some a E: C(A). 
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Therefore, 
a l D2 \- D2 -- (a 1 D3 + D3) = (a)o - (a)",f'-' n. 

So we have: 
a l D2 - 0 1 D3 F\.J -(D2 - D3 ) r"J -L. 

By Lemma 2.6, we have 0'D2 =T
1
]tD2, a'D3 =T

1
]'D3, hence by 'i'heorem of 

the square (see Mumford [ 1. pS9), 

20 t D2 "- T1]+ 1]' D2 + D2 rv 2D2 , 

20lD3 rv Tl]+J]'D3 + D3 rv 2D3 

B'y' these equivalences, ,\ve have: 
2LA" 2(otD2 -0'D.") 

~ 2(D
2 

- D
3

) 

('J 2L 
Since 

3 L~l i I iy) rJ 0 

is trivial, we have : 

as desired. 
o ~ 4Ll q\"l(y) rv L \ tlil(y) 

By Claim 2.9, C ~~) E is a covering or E or degree 6. Tn show that the 
covering is a Galois covering as desired type, notice that since 42 has a 

connected fibre, etC) is the algebraic closure (Jf C(E) in C(X-). 

By Step 1 and Step 2, we obtain Theorem 2.4. 
Q. E. D. 

Hemark 2.10. Let p: X ') A be a cyclic triple covering of an 
abelian "variety A. Assume that X is smooth and the branch lii"visor or p 
is the same form as in Claim 2.8. Under these conditions, it seems that the 
analogous statement such as Theorem 2.1 holds, that is X is induced by a 
cyclic triple covering of an elliptic curve E. But this is false. \Ve ,vill give 
an example: 

Let E l' E2 be an elliptic curves, and put A = E 1 X Ez· Let i) 1 (resp. S2) be 

principal eli visors on E 1 (resp. E2 ) such that 

Dl = PI + P2 + 113 3P4' ,vhere Pi are all distinct [our points, 

S2 = 3ill - 3il2' ,vhere qz = q1 + 11 ,11: a 3-tnrsoin point. 

Let (jl be an ele ment of C( A) satisfying 
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($) = P1* (8 1) + P2*(S2 L 
~where ~\ denotes the projection A = E 1 >< E2 ----7) Ej . 

Let p: X ---------7 A be a cyclic triple covering of A SLlch that 
C(X)=C(A)(~), ~3=$. 

Then, X satisfies the conditions as above, buL il is not induced by' a cyclic 
lriple covering of E1. 
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§3. A non-Cialois triple covering of an algebraic ~l1rrace with p(S) = I 

Let I be an algebraic surface with pC:U = I. In this section, we \vill 

study a finite norrnal non-(ialois triple covering S or I whose branch 

locus consists of two smooth curves. Let C be a smooth curve on 2:. Then 
we have the following t11eOl'e In : 

Theorem 3.1. Let (I, C) be as above, D be a smooth curve on I, and 
p : S ----.--> I be a finite normal triple covering or I which satisfies: 

0) the branch locus fl(S/I) = C + D, 
(ii) for any x E C, P I (x) consists of two points, 
(iii) for any y E I), pl(y) consists of one point. 

A ssu me that C ~ 2nl where I is a generator of NSCU. 
Then, we have: 

a) D:::. m I, m:=. 2n, 
b) for each x (, C (\ D, p-I (x) is a singular point of A3k I type, where k: 

depends on x. 

To prove Theorem 3.1, we need the following lemma: 

Lemma 3.2. Let C, D be the curves in Theorem 3.1. Let p be a point 
in C" D. Then, by taking a suitable local coordinate system (x, y), we 
can represent local equations of C and D as t"ollo\vs : 

p=(O,O), 

c: y = 0, 

D: f(x,y)=y+ax 2k + ... =0, kE-N, a+O. 

Proof. By taking a suitable local coordinate systern, we may assume that 
p = (0,0) 
C: y = 0, 
D: f( x, y) = (). 

Since D is smooth, (Of/;)x (0,0), ()f/oy(O,O)) 1= (0,0). Assume that 

() f la x (0, 0) 0 1'1 0 Y (0,0) 

to 
o 

Then, we can re·write r(x,Y) such as : 
r(x,Y) = x fl(x,y) + f 2 (y), fl(O,O) + 0, 1"2(0) = o. 

By using the local coordinate system (x,y), ~ 1 : D(S/I ) .. --.-~ L is 
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represented as 13) : (x, Z)----"> (x,y) = (x, Z2). IIence, by using the local 

coordinate system (x, z), the tocal equation of 13 1'!) (we denote it by f--) is 

as follmvs : 
r-(x, z) = x 1')(x, Z2) + t'2(Z2), 

'where 1'1 and f2 are as above. 

Therefore, 13 1 *D is smooth and p is a branch point of PI' D - -) D. 

ITence, 131"\) is irreducible around f3tl(p), and this contradicts to the 

result in Corollary 1.:5. So, r(x, y) satisfies () f/l:lx(O,O) = 0 , and we can 
write r(x, yl as: 

f(x, y) = y gl(X, y) + g2(X), gl(O'O) t 0, 

g2(X) = xlJ g2(X), g2(0) t 0, 11:- O. 

So, {'(x, y)/gl(X, y) is expanded as: 

1'(x, y)/gl(X, y) ~ y + a(x, y)xh + ... , a(O,O) t O. 

If h is odd, then by using the same local coordinate system (x,7.) as 
above: 

r(x, 7.2)/gl(X, Z2) = Z2 + a(x, Z2) xil + .... 

But this expansion means that 131"0 is irreducible around 131 I(~I', and this 

contradicts to Corollary 1. 3. lIenee, h must be even, and we have the 
desired result. 

Proof of T heore III 3. 1. a) Put 13 I :+:O = D I + a"O I' where a is the 

involution of D(S/I). Since D is smooth, D ('t a*!) c (/3 t 'C)rcd' and by 

Lemma 3.3, \ve can derive equalities: 

DI ( 1
1)1 = D) {f3 1

1 C)red = a"'D I ([3 1
1
C)red' 

Hence, we have f3 1 *C (1)1 - 0*D 1 ) = 0, and the lIodge index theorem, we 

have D1
2 S: DI u·D 1. Put D ~ m1 Then, by the above equalities, we have: 

01 WI :lC)red = a~'DI (13IfC)red = nm /2. 

Therefore, \ve have: 
2 m 2 /2 = W It; D ) 2 

(D 1 + a*(1)2 

~ 401 atO I 

41.)1 (13 1 f;C)red = 411m /2 . 

Finally, \ve have the desired ineq ualty : 
m ~ 2n. 
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b) Let p be a point in C D. By taking ~uitable Incal cnnriclinate 
~y~tems U: (x, y) and ~I I:(U): (x, z) a~ in Lemma 3. 2, ~\Ve may assume 

that : 
r' = (0, 0), 

C: Y = 0, 
n : y + x2(.:= 0, 

and by using thi~ local coordinate, ~ I is repre~entecl a~ : 

~ I : (x, z) ------> ( x, y) = (x, z 2 ). 

So, we have: 
q31~C)red : z = 0, 

°1 :z+R xl-; 

o~DI : z - A Xk 

Let S' be the minimal splitting surface of S. By Proposition 1.2, 
DI - o'D I f3NS(D(S/I)). 

lIence, over ~ 1-1 (lO, S' is obtained as the normalization of a hypersurface 

defined by an equation: 
w:" - (z + FI xk)(z -,J-l xk)2 = O. (See [6], Proposition I. 1.) 

To obtain a minimal resolution of the singularity PJI (p), consider a 

k-times succession of blowing-ups n: V ----~-? ~I-I(U) such that the 

strict transfor m ations of WI *C)red' DI and o'D I ( we dnote the m by R, 0 I' 

and 0*D 1, respectively) satisfy: 

m V. 

(Figure 2.) 

Then, we can construct a minimal resolution of pt-l(p) as cyclic triple 

covering of V branched along Dl + 0*0\, and its configration of the 

exceptional curves is as follows: 

(Figure3 ) 

To obtain a minimal resolution of the singularity p-l (p), we mu~t consider 
the action of an involution induced by o. \\le denote the indcuced 
involution by 0-. Then, it is easy to show that 0- has isolated fixed 
points as follows: 

(Figure Lt) 
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Therefore, \ve have a minimal resolution of p-1 (p), and its conrigulation of 
the exceptional curves is as follows: 

(Figure S") 

Since all exceptional curves are (- 2)- curves, we know that p-l (p) IS an 
A 3k-1 - singularity, and this is our state ment. 

Q. E. D. 

Example 3. 3. Let I = p2, and C be a smooth plane curve of degree 2n. 
\Ve will construct an example of a non-Galois triple covering S satisfying 
the conditions in Theorem 3. 1. Let V(l = P(Qp2 ® Opz(n J) ) be a 

P '-bundle over p2, \vhere J denotes a Line. \Ve denote the tautological 
line bu nd Ie by L. Then, the doub Ie coveri ng D(S/L:) can be regarded as a 
me m bel' of 2 L. Since L is generated by global sections, L \ 1)(5/;::) is also 

generated by global sections. Moreover, by the Kawamata-Viehweg 
vanishing theorem [3 L we have hU(\V, Q(-1.,)) = O. Hence, the restriction 
map HO( \V, CH L )).-----~) HIJ(D(S/I), Q(LI U(S/Il )is surject ive. This means 

that any member of L D(S/2:) is the restriction of a member 01" L. IJn the 

other hand, \ve can regard pZ as a member of L, SO, 13, f{C)recl = p2. 

1)(S/2:) = L. 1)(S/2:). Therefore, for a general member D1 of 1.,\01,512)' both 

IT1 and (}* D] intersect r31 *(C)rccl transeversaly. Since 0 is induced by an 

involution (J- on W, that is m uitiplication by -Ion the fibre, if D] = 

1)1 \uISI2:)' I\ f L, (J0YO] = oorD]\ ])(512:). Hence, 00lD 1 is a member of 

LjufS/;::J' and we have 0] - 0*D1. Therefore, by Proposition 1.1, we can 

obtain the desired non-Galois triple covering S of p2. Tn the above 
construction, 0] and (('D\ intersect transversaly. So, it follows that all 

singularities of 5 are A2 - singularities by the proof of Theorem 3. 1. \Ve 

can calculate some numerical invariants of the minimal resolution 5- of S. 
By similar calculation as Exam pIe 4.3, [ L they are as follo\vs : 

c] 2 ( S) = 1 2 n 2 - :1 6 n + 27, c2 ( S) = 1 8 n 2 - l}\ n + <), 

p/S) = 112 (5n2 - 9n) + 2, q(S) = (J , Ks~ 13*((2n - 3) J), p:= ~LO p 

~l : the resolution. 

Tn Exam pIe 3. 3, \.ve have constructed an exam pIe of a nnn-(ialois triple 
covering satisfying the conditions in Theorem 3. 1. It is very special one, 
but, if S is simply connected and the equality m = 2n holds, this example 
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is essential because of the following theorem holds. 

Theorem 3. 1. Let U.:, C) be the pair as in Theorem 3. I. Assume that: 

(i) I is sim ply connected, 
(ii 1 n / is generated by global sections, 
(iii) 0;:' 2n I. 

Then, any non-Galois triple covering 5 of 2: satisfying the conditions in 
Theorem 3. 1 is obtained by a similar method in Example 3. 4. 

Proof". Let \V = P((\: £8 0I( n /)), q: W -_._----) }.: be t he project ion, and L 

be the tautological line bundle of W. Note that L is free from base points 
and rixed components. Let D(S/I) be the discriminant surface or p: S 

-----). I. Then, as in Example 3. 3, \ve can regard I)(S/2:) as a me mber of 

2L . Since D is the totally branched divisor, 131~D consists or two 

irreducible components 111 and O'YO\. To prove Theorem 3.1, it is 

sufficient to show the following claim: 

Claim 3. S. Both Dl and O':i<Dl are linearly equivalent t~ L \ Ut~!~l 

Moreover, there exists a member of L (we denote it by D1) such that 

D1\ D(S/I) = 0 1 , O'lI'D\ \D(SILI = O:i<Dl ,where O'~ is an involution on \V \vhich 

induces 0 on D(S/I). 

Proof of Claim 3. 5. By the assumption (lii), we have 
D\2 = (O'*D 1 )2 == O~OI' 01 = (Pl*C)red' Dl = q3 1 *Cl red . O'iD\ . 

Hence, by the algebraic index theorem, 0'1:1\ is algebraically equivalent to 

0
1

, On the other hand, by the assu m ptions (i) and (i i), I)(S/~) is also 

simply connected(see, Catanese [1], Proposition 1.8). Therefore, o¥D J IS 

linearly equivalent to 01' Next, we will prove that OJ is linearly 

equivalent to L \D(S/H For the first, notice that: 

2Dl ~ P1:i<D = q*D D(S/I) = q*D. 2L = 4n q*/. L. 

By the Hirsch formula, L2 = nq" 1. L. Therefore, on D(S/I), \ve have: 

L \ \)(5/I:) . (0 1 - L\UtSI2:)) 

= 2L. L. (q* /- L) = 2L. (2L. q*(n j) - L. q~(n j)) = () . 

Hence, by the algebraic index theorem, and the assumption (i), D] is 

linearly equivalent to L I ])(S12.:)· No\v, we will prove the rest. Since L IS 

ner and big line bundle, hl(\,V, .ow(-L)) = 0 by the Kawamata- Viehweg 
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vanishing theorem. Therefore, there is a divisor D, on \V with 

'OJ/DrS!I) = DJ . Since there exists an involutions (I on \V 'which induces (I 

on 1)(S/2:), we have the desired result. 
(). E. D. 
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Partial Structures 

of 

a System of Projective Equations 

By Takeshi Usa 

Kochi Univ. Japan 

(Ver.l.5 - 3/20,1990) 

§ O. Introduction 
-------_. -------.--------

]t is usually difficult to see something good on the relation 

between the properties of a projective manifold and the geometric 

features of its projective embeddings by observing their defining 

equations. However, if we restrict ourselves to the case of arith-

metically normal embeddings, we may find some subtle relations 

through the defining equations. Moreover, based on the results of 

[U-2] and [U-3], we can also study those equations regarding as 

(obstructed) rational sections of the conormal bundle. Thus, in 

this article, we intend to provide an approach to the theory of 

defining equations for arithmetically normal embeddings or more 

generally of rational sections of vector bundles. 

To be more precise, we settle that "equations" means 

a system of projective equations (S.P.E. )", namely, a system of 

minimal generators of the largest (under containment relation) 

homogeneous ideal defined by the embedding (see [U-2]). Then, one of 

the questions which first cross our mind is whether or not S. P.E. 's 

(or rational sections of the vector bundle) have own partial struc-

tures which r·eflect the geometric properties in some way, and our 
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main interest is in this question. 

Our answer to this question is fairly affirmative. In fact, 

S.P.E. 's (or rational sections of vector bundles) have own partial 

sLructures, and in some cases, it is possible to verify that those 

partial structures reflect geometric features. To obtain a partial 

structure of an S.P.E. (resp. of rational sections of a vector 

bundle), we use Lefschetz operator acting on vector bundle valued 

cohomology groups for measuring "the order of penetration" (cf. 

(2.1) Definition) of each element of the S.P.E. (resp. of each 

rational sections of the vector bundle), and decompose the S.P.E. 

(resp. the set of rational sections of the vector bundle) into 

several parts. We also examine the orders of penetration of the 

projective equations (namely, elements of S.P.E. 's) in several 

simple cases. And we raise several problems which will give missing 

links between the order of penetration and its geometric property. 

Throughout this paper, we use notation and convention employed 

in [U-2] and [U-3], our base field is the complex number field C, 

and X denotes always a non-singular projective variety, otherwise 

mentioned explicitly. 

* In the next version, we shall add some new sections which treat 

several examples relating to middle penetration order. 
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§1. Observations 

In this section. we shall collect several well-known examples 

and make remarks on them in connection with defining equations. 

Those examples will give us an insight which support the validity of 

the new concept introduced in the next section. 

( 1 . 1) Example. Let X be a complete intersection (C. I.) defined 
---~~------. 

by homogeneous polynomials F 1 • ...• F r of type (mI.··· .mr) in 

P N(C )=P and jl :X=-~ P be a natural closed immersion. Assume 

t ha t dim X·~ 3. Then P:ic X ~ Z jl*Op (1). Hence every 

arithmetically normal embedding :is composed of a Veronesean 

embedd i ng <P m for P and the embedding jl. 

( 1 .2) Remark. Let us consider to get some information on some 

holomorphic invariants of X in (l.I)Example by choosing a suitable 

embedding of X and constructing a free resolution of the 

homogeneous coordinate ring of the embedding. Then there must be 

no objection to choosing the embedding Jl since we automatically 

get a good minimal free resolution. namely Koszul resolution. 

Hence. we may say that projective equations of jl (X) is better 

than projective equations of <P m • j 1 (X) (m~ 2). 

(1.3) Example. Let j 1: X=------o. p N (C ) = W (1) be a given closed 

immersion. m a sufficiently large positive integer. and 

a composed closed immers ion. where <P m : W ( 1 ) ~ P N (m) (C 

W(m) (N(m): = N+mCN - 1) denotes an m-th Veronesean embedding of 
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W(I). Then every projective equation of jm (X) is of degree 2 

except linear equations(cf. [M-l]). 

( 1 . 4) Remark. Serre's vanishing theorem tells us that a sufficient-

ly large twisting of a coherent sheaf by an ample line bundle makes 

its higher cohomologies vanish. Since in some cases, the higher 

cohomologies contain obstructions or delicate information for 

geometric problems on X. we might say that the line bundle 

jl*OW(ll (1) brings us more abundant geometric information than 

jm*OW(ml (1), or that projective equations of jm (X) are rougher 

than those of jl (X) for a close study of precise structures of X. 

(1.5) Example. (Mumford [M-l]) Let j: X ~:. lP N (C ) = P be a 

closed immersion of a projective manifold X. Then, as a closed 

subscheme of P, j (X) is defined by the equations whose degree are 

equal to the degree of j (X). Nevertheless, we do not know whether 

or not the degree of projective equations is bounded by the degree 

of j(X). 

(1.6) Remark. Even if j(X) has a projective equation F whose 
.... -_.- .. _-- .. - .- ... _ ... --- --._-_.'-

degree is greater than the degree of j(X), we may ~ay that the 

equation F does not have deep relation with the intrinsic 

properties of X. 

(1.7) Examples. (cf. (3.2) Lemma [U-2]) Le t j: X~:. IP N (C ) = P be 

an arithmetically normal embedding, S a hypersurface defined by a 

homogeneous polynomial F, and W a closed subvariety of P which 
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satisfies j (X) S n W (transversal). Then, the set-theoretic 

union of {F} and any S.P.E. of W forms an S.P.E. of X. 

(1.3) Remark. Let us denote an S.P.E. of W by 

we may say that an S.P.E. {F,G j ,'" ,G k } of j (X) is divided into 

two parts {F} and {G j , "',G\{}, and that gives a 

"partial structure" of the S.P.E. {F,G j ,'" ,G k } which reflects a 

decomposition of the embedding j such as j :X=-> W ~ P. 

Through the examples above, we fancy that there are "useful" 

equations and "useless" equations. We also guss that an S.P.E. has 

a "partial structure" as we described in (1.3) Remark. To clarify 

the meaning of "partial structure", we g:ive a definision as follows. 

(1.9) Definitioil. Let j: X.----". lP N (C ) = P a closed immersion of a 

projective maniflod X, an S.P.E. of j (X), and a sub 

set of 12 We say that is a partial structure of if 

is an S.P.E. of a closed subvariety W of P which is non-

singular along j(X). 

(1.10) Remark. Under the circumstances of (1.9)Deflnition, if ~* 

is another S.P.E. of W. Then there exists an S.P.E. 12 * of j (X) 

such that Mf( * is a partial structure of 12 * 
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§2.The Order of Penetration 

In [U-3], we obtained several results through the action of 

Lefschetz operator on the cohomologies with coefficients in a vector 

bundle. Now we provide a scale for measuring the "usefulness" of a 

given equation or of a given section of a vector bundle by using 

this operator for examining their capacity to penetrate the barrier 

of the cohomologies. 

(2.1) Definition. Let X be a complex projective manifold, E a 

holomorphic vector bundle on X, hE Al (X) a hyperplane class, and 

W c: Hl (X, Q 1 X ) the Hodge-Kahler class corresponding to the class 

h. Suppose that a global section d E r (X,E) is given. Take the 

Lefschtz operator L (cf. [U-3]) defined by the class w 

(i) For a non-negative integer p, if the cohomology class LP(d 

d ® w I' E HI' (X, Q P x (E)) is not zero and the class LP+ 1 (a ) = 

d®W P + 1 E IF+l(X, QP+l x (E)) is zero, then we say that the order 

of penetration (or penetration order ) of the section d with 

respect to the hyperplane class h is p, which is denoted by 

pen t (d ; h ) = p. 

Whenever we consider an equation associated with an embedding j:X 

~ lP N (C P, we take the hyperplane class induced by the 

embedding j as the class h. 

(j i) For an equation FE HO (P, I j (Xl (m)) of j (X), if the penetra-

tion order of the section [F] E HO (X, NV 
X / P (m) ) is p, we say that 

the penetration order of the equation F is p, which is denoted by 
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p, where NV 
X/P and [F] denote the pent(F;j (X))= pent(F) 

conormal bundle of j (X) in P and the class of the equation F by 

the canonical map: I-I°(P,Ij(x) (m)) ~~HO(X, N v x/p(m)),respectively. 

(2.2) Remark. 

dim X. 

By the definiton, obviously: o s;: pe n t ( (5 h) ~ n 

In the sequel, we seek for geometric explanations of this 

concept "order of penetration". 

follows. 

The first easy result is given as 

(2.3) Propos}tion. Let j: X~ lP N (C = P be an embedding of a 

projective manifold X. Assume that j (X) is a complete inter-

section defined by homogeneous equations F 1 , •.. , Fr whose degrees 

are ml, m2, ... mr , respectively. Then, 

pent( Fa)= n ( n = dim X, a = 1, ... ,r) . 

Proof. Let us put (5 = [Fa J E HO (X, NV 
X / P (rna) ) . Since X/P 

corresponds to Ga. Then 

N v x/p(m a ) Ox(ma-mde1EEl EEl Oxe a $ ... EEl Ox(ma-mr)e r . Hence, 

L n ((5) = W n e a E IP (X, 12. n X (NV 
X / p (m a ) ) ~ H n (X, 12. n X )0 a EEl ( EEl IP (X, 

Thus L n ((5 ) * 0 because W n is a volume 

form of X up to multiplication by a non-zero constant. 
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The next proposition, which is only a translation of our old 

result, will show one of the fundamental roles of the concept "order 

of penetration" in our study of equations. 

(2.4) Proposition. Let j: X =---0 .... lP N (([: ) = P be an arithmeti-
--"-----------~--,-

cally normal embedding of a projective manifold X. Take a section 

ef E r (X, N v x/p(m)). Suppose that pent(cf; j*H ~ 1, where 

HEAl (P) denotes the unique hyperplane class of lP N(([:) = P. 

Then there exists a projective equation F of X in degee m (cf. 

[U-2 J) such that L(ef) = L([F]). 

Proof. See (2.2) Corollary of [U-3J. 

As for a section of a vector bundle with the highest penetra-

tion order, we have the following result. 

Let Xbe a projective manifold, E a ho.lomor-

phic vector bundle on X, and w Hodee-Kahler class corresponding 

to a hyperplane class h. Take a section ef of E. The penetra-

tion order of the section ef with respect to the hyperplane class 

h is equal to n = dim X, if and only if the following exact 

sequence splits. 

ef 

(2.5.1) o--::-~ Ox--->- E -->- E/ ef Ox o 
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Proof. It is easy to prove the "if" part by applying the same 

method in the proof of (2.3)Proposition. We prove the converse. 

Tensoring to the sequence (2.5.1) and taking its cohomology 

groups. we have a map Hn((1): nn(X.D. nx ) ~ 

Since IP(X.D. nx ) ~ C . W n. the assumption of (1 ® w n '* 0 implies 

the injectivity of the map Considering their Serre 

duals. we obtain that the map HD ((1 )V 

is surjective. Hence there exists a section ~ E HO (X . EV 
) such 

that or equivalently is a splitting map of the 

sequence (2. 5. 1 ) . 

To give the next result. we introduce several invariants 

associated to a triplet (X.D.E) where X. D. and E denote a 

complex projective variety. an ample divisor (or line bundle) on X. 

and a holomorphic vector bundle on X. respectively. 

(2.6)Definition. Let (X.D.E) be a triplet as above. Taking the 

Lefschetz operator L associated to the class cl (D) (' Ai (X). we 

define invariants A (p;D.E) (p= 1 ..... n= dim X ) wi th respect to 

the triplet (X.D.E) by; 

A (p;D.E): = dim Im[LP: HO (X.E(*D)) -> HP (X.D. P x (E(*D)))]. 

For also an embedding j:X =---:-. lP N (C ) = P of the projective mani-

fold X. we put (X.D.E) to be (X.j*Op(l). NV x/p) and similarly 

define invariants A (p;j) (p= 1.··· .n) with respect to the embedding 

j by: A (p; j ) : = A (p; j * 01' ( 1 ). NV x / P ) • 
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From (2.5)Proposition, using the assumption of arithmetic 

normality of the embedding j, we can obtain a criterion for j(X) 

to be a complete intersection in terms of the penetration order of 

the equations. 

(2.7) Theorem. Let j: X=----o. lP N (C ) P be an arithmetically normal 

embedding of a projective manifold X of dimension n. Then the 

following four conditions are equivalent. 

( j ) j (X) is a complete intersection. 

(ii) The penetration order of every projective equation (cf. (2.8) 

Remark) of j (X) is equal to n. 

(iii)The equality A (n; j ) r:= N-n holds. 

(iv)The inequality; A (n;j) ~ r holds. 

Proof. Obviously (iii) implies (iv). Now we suppose (i) and prove 

(ii). Take an arbitrary projective equation G of j(X). Then 

there is an S.P.E. of j(X) which contains the equation G. Since 

the number of elements of S.P.E. is determined only by j(X), the 

S.P.E. contain:ing G also consists of r elements G1 =G,G 2 , ..• ,G r , 

which give a splitting N v x/p ~ eox (-mb)[G b ]. Then (2.3)Proposi-

tion brings (ii), because I-rn(X,Qn x ( N v x/p(*)))~$I-rn(X, 

Qnx(*))[G b ]. This argument also shows that (i) implies (iii). Next 

we assume (ii) and see (iv) holding. Take an S.P.E. {F 1 , ••• ,F k } of 
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j (X) . Then obviously k;::;; r. Now we suppose that LIl ([F 1 ]), ... , 

LIl ([F\]) are linearly dependent in the vector space HIl (X,D. Ilx ( 

for example, 

a1LIl([Ft(1)]) + a2LIl([Ft(2)])+···+auLIl([Ft(u)]) 0 

in EBHIl(X, D. ll x (N Y x/p(m))). 

Then we may assume that deg(Ft(l»)=deg(Ft(?,»)=···=deg(Ft(u»)=m 

because every F t (a) is homogeneous and the map LIl preserves 

their degrees. Putting G = a 1 F t ( l) + a2 F t ( 2 ) + , .. + au F t ( u), we 

obtain a projective equation G with LIl (G)= 0, since we can easily 

construct an S.P.E. of j(X) which contains the equation G from 

the S.P.E. {F l , ... ,F,,}. Thus the condition (U) implies that 

A (p;j) = k(;::;; r), namely the condition (iv). To finish our proof, 

we have only to show that (iv) implies (i). By (2.4)Proposition, 

there exist homogeneous polynomials Fl , ... ,Fr of degree ml, ... ,mr, 

respectively such that LIl ([F 1 ]) LO ([Fr]) are linearly independent 

in HO (X, D. Ilx ( NY x/p(*))). Using (2.5)Proposition successively, 

NY x/p Ox(-ml)[FlJEB···$Ox(-mr)[FrJ. Then the connecteddness 

of the zero locus of F 1 = ... = Fr= 0 shows the condition (i) 

holding. 

(2.8) Remark. In (2.7)Theorem, the word "every" never means that 

every elements of an S.P.E. as we saw in the proof. 
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By expressing (2.7)theofem in other words, we obtain an 

inequality for general arithmetically normal embeddings. 

(2.8) Corollary. Let j: X <oc __ ". IP N (0::: ) = P be an arithmetically 

normal embedding of a projective manifold X of dimension n. Then 

the inequality A. (n;j) s:: r:= N-n always holds. Moreover the 

equality holds if and only if j (X) is a complete intersection. 

(2.9) Remark. (i) For a triplet (X,D,E) as in (2.6)Definition, we 

can easily show the following inequality by the similar argument in 

the proof of (2.7)Theorem. 

( 2 . 9 . 1 ) A. (n;D,E) s:: rank E (the equality holds if and only if 

E splits as E~ EEl Ox (maD)) 

(ii) If (4. l)Problem of [U-3] is affirmative, then we have the 

following claim. 

Claim Let j: X -=--". IP N (0::: ) = P be an arithmetically normal 

embedding of a projective manifold X. Then, there exist a closed 

subvariety Wand hypersurfaces Sl, ... ,St such that j (X) = 

W n Sl n ... n St (transversal) if and only if A. (n;j) :::;. t. 

With relation to the (2.9) Remark (ii), we give an easy fact on 

linear equations. 
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(2.10) Propositi(~>n. Let j: X-=-"" lP N (([: ) = P be an embedding of a 

projective manifold X of dimension n, and d E HO (X, NV x / P ( 1 ) ) 

a non-zero section. Then there is a (linear) projective equation F 

E HO (P, I j (X) ( 1 ) ) such that [F]= d Moreover, 

pe n t ( d ; j * Op ( 1 ) ) pent(F) n. 

Proof. Regarding the section d as that of HO(X, Qlplx(l)), we 

consider the exact sequence: 

(2.10.1) o-~ HO (X, Q HD (X,Ox )e a ---* HO (X,Ox (1)), 
a E a~O (3 E 

which is induced from the Euler sequence. Since the map (3 E 

N N -
sends the non-zero element a E ( d ) = :::;s ka e a to 0 = ::;s ka Za , 

a '-'-, 0 a ~- ° 
where Zo , ... ,ZN denots the images of homogeneous coordinates Zo , 

... ,ZN of P. I-Ience we obtain a linear equation F --- L ka Za . It is 

easy to see that [F] d and F is actually a projective 

equation. Now let us consider the hyperplane H defined by the 

equation F = 0 and a point vo outside of H. Putting W to be 

the projective cone of j (X) with the vertex vo, we see that j (X) 

w n H, and therefore Ox ( - 1 ) [F] EEl NV w / P I x . Thus we 

have pent(F) = n as we saw in (2.5)Proposition. 

( 2 . 11) Remark. In the case m~ 2, for a given section dE HO(X, 

N v x/P (m)), the above argument can not be applied to proved the 

existence of a projective equation corresponding to the section d 
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§ 3. Ve ron e sea n e m bed din g S 0 f lP n (C ) -=-=---"'--_._--

In (1.4)Remark. we regarded projective equations of an m-th 

V e ron e sea n em bed din g <I> m : X = P ( n ) = lP n (C ) -c-_> lP N (C ) P(N)=P 

(m~ 2) as typical examples of "useless" equations. Hence we shall 

study those examples precisely. To distinguish Op (n) (1) from 

Op (N) ( 1 ) ® Ox. here we denote Op (N) (m). Op (N) (m) ® Ox and Op ( n) (m) 

by Op (mH) . Ox (mH) and Oem) respectively. To study the pene-

tration order of each projective equation of <I> m(X). we need some 

easy preparations which simplify our calculation of HP(X. 

12. P x (NV x / p ( *) ) ) . The following proposition is often used in 

several papers in some special versions. For later use and conve-

nience of the readers. we give also a proof. 

Let <I> m: X= lP n (C ) =---> lP N (C ) = P be an 

m-th Veronesean embedding of X (m~ 2). Put (To : ... :Tn) and 

(Zo : ... : ZN) to be homogeneous coord j na tes of X and P respect i vely . 

Then. <I> m is expressed by <I> m: X:1 (To:··· : Tn) ---+ (Zo: ... : ZN ) = 

(Mo : ... : MN ) E p. where Ma' s denote all monomials of To ..... Tn in 

degree m. We have an exact commutative diagram: 

q N P 
0 -~ 12. 1 p I x -) $ O(-m) [Za] -~ Ox ---+ 0 

a ~ 0 

(3.1.1) canonicalt J o t J 1 t X m 
n 

0 -~ 12. 1 X --* $ O(-1)[T b ] ---+ Ox --) 0 
q b ~ 0 P 

where [Za ] . sand [Tb]'s denote free basis corresponding to the 

free basis {Zo ..... ZN} and {To ..... Tn} of 

EO (X. 0 ( 1 ) ) respectively. and J 1 sends [Za ] to 
n 

2: (8 Mal 8 Tb)[T b ]. 
b 'c 0 
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Proof. On the first n monomials. we may assume that 

(3.1.2) 

First we shall see the commutativity of the right hand side of the 

diagram (3,1.1). After tensoring O(m). we chase [Za]. 

m . p ( [Za ] ) m Ma 

p 

m Ma 

Thus we obtain m . p = p . J 1 

Next we shall check the left hand side of the diagram (3.1.1). 

Since we have a global homomorphisms. we may check locally the 

commutativity. For a= 0.1.··· .n. we put Ua to be an open set 

D+ (Za) of P. By the assumption (3.1.2). we have 

n 

x C U U a 
a ~ 0 

Thus we have only to chase ( d(Zb/Za) }. which is a free basis of 

(121plx)IU a (a=O.l.··· .n) corresponding to that of QlplU a . Set 

Mb to be Toe (0) ••. Tn e (n) (e(O)+ ... -+ e(n)= m). Then. 

q( d(Zb/Za»= (liMa) [Zb] - (Mb/Ma 2) [Za J 

(liMa) (e(O) (Mb/To) [To] -+ ... -+ eta) (Mb/Ta) [Ta] 

+ ... + e(n) (Mb/Tn) [Tn] }-- m(Mb/Ma 2 )Tam-l [Ta] 
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(Mb/Ma) { :z::: (e(k)/T,,) [T](] - (m/Ta) [Ta] }. 

On the other hand, 

n 

q' (,~ e(k) (Mb/Ma) (Ta/T]:) d(T]{/Ta) ) 
]( ~ o. "\a 

n 

:>= \ e(k)(Mb/Ma)(Ta/T](){ (l/Ta)[T](] (1']: ITa 2 ) [1' a ] } 
]: ~ O. ]: '\ a 

n 

~ e(k) (Mb/Ma) { (l/T]() [1',,]- (l/Ta) lTa] } 
]( ~ 0 

(e(k)/T,,) [1',,] m (l/Ta)[Ta] } 

Thus we obtain q' J 0 II 

By the proposition above, we obtain the following commutative 

diagram. 

(3.1.3) 0 0 

t X m t 
Ox Ox 

N t J 1 n t 
0 --> NV 

X/P -~- E8 O(-m)[Za]-o.- E8 O(-l)[1'b]-o.- 0 
a = 0 

t 
b ~ 0 

t 
0 --) NV 

X/P 
--------.-.--..::--»- 12. 1 p Ix--~ Q 1 X --~ 0 

t t 
0 0 

Thus we have an useful exact sequence of the conormal bundle of the 

m-th Veronesean embedding as follows. 
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(3.2) Proposition. For an m-th Veronesean embedaing ~ m· X= 

lP n(c) -~lP N(C) = P, there exists an exact sequence: 

N n 

(3.2.1) O-~ NV x/P -.-~$ O(-m)[Za]-o- $ O(-l)[Tb]-'>O, 
a ~ 0 J 1 

b ~ 0 

where the map J 1 is given as in (3.1) Proposition. 

To calculate the cohomologies of the conormal bundle correspond-

ing to ~ m, we also need the following proposition. 

k ;;:;c m+ 1 then we have an exact sequence: 

N n 

(3.3.1) o .-~ H 0 (N V x / p (k )) ---+ $ H 0 (0 ( k - m) ) [Z a ] ---+ $ H 0 (0 ( k - 1 ) ) ['I' b ]-~ 0 . 
a ~ 0 

Proof. Since ~ m (X) is arithmetically normal, we have only to 

show the surjectivity of the map J 1 in the case k=m+ 1 . For a 

given monomial B of To, ... , Tn in degree m, the map J[ sends 

the element: 

n 

(3.3.2) (l/m){ Tb[B] + 
l{ ~ 0 

n 

2:::. T b [( BB/BTk)Tk ]} 
l{ = 0 

of $HO(O(l))[Za] to the element B[T b ] of $ HO (0 ( m) ) [T b ] • 

By using (3.2) Proposition and (3.3) Proposition, we get a list 

of the cohomologies of the conormal bundle of ~ m· 
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~_L_gorollary. Let (j) m: X= IP n (C ) =---"" IP N (C ) = P be an m-th 

Veronesean embedding. Then, for integers k and e (O~ e ~ n), 

the cohomology groups He (N v x/p (k)) satisfy the following 

properties. 

( 3 . 4 . 1 ) 2 ~ e <::: n - 1 ===> He (X, NV x / P (k) ) 0 , 

(3.4.2) 
e=O 

(3.4.3) 
e=n 

(3.4.4) 
e=1 

=> 

(3.4.5) 
e=n=1 

J 

\ 

dim 

If 

J 

) 

HO (X, NV x / P (k ) ) o 

N + 1 

k 2 m+ 1 =====>- 0----+ HO(Nvx/p(k)) ----+$ HO(O(k-m)) 

n + 1 

----+ $ I-I ° (0 ( k - 1 ) ) --)- 0 ( e x act ) , 

N + 1 
0--)- I-JB (N v x/p (k)) ------0.- $ H n (O(k-m)) 

X 2 2 ~ I 
\ n + 1 

-----> $ I-JB(O(k-1)) --:?- 0 (exact) , 

djm X ~::: 2 , 

k~ 0 -=?- HI (N v x/p (k)) = 0, 
n + 1 

l~ k~ m- 1 ~-=---.. HI (N v x/p (k)) $ HO(O(k-l)), -

k=-"- m - >-- HI (N v x/p(m)) HO (.Q 1 X (m) ) , --

k~ m+ > I-P (N v x/p(k)) = o. 

If dimX 1 , 

k~ 0 :-=? the same as in (3.4.3), 
n -,- I 

1:::; k <::: m -- 1 =-==> 0-)- $ no (0 ( k - 1 ) ) --)- I-P (NV x / p (k ) ) 

N + 1 

-) $ I-P (0 ( k - m) ) --)- 0 ( e xac t ) , 

k~ m ==> the same as in (3.4.4). 
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Proof. The exact sequence (3.2.1) immediately shows: (3.4.2) In the 

case k~ m - 1 (3.1.-1) in the cases k <:::0 or l~k <::: m-I 

( 3 . 4 . 1 ) ; 

(3.4.2) 

(3.4.3). On the other hand, (3.3) Proposition brings us 

in Lhe case k;;; m+ 1 (3.4.4) in the case k;;:::C m+ 1. 

As for the remainder k = m of (3.4.2), we use (2.10) Proposition 

and two facts: (i) j*Op (H)~ O(m) 

contained by any hyperplane of P. 

(ii ) the image cD m (X) is not 

The fact (ii) above also gives 

that HD(X, .Qlplx(m))=IID(X, 1"2. l p l x CS>j*Op(H))= 0 as we saw in the 

proof of (2.10) Proposition. Moreover, considering the long 

cohomology exact sequence (2.10.1) and two facts: surjectivity of 

the map /3 E HI (X,Ox) = 0, we see also that lII(X, 12.lplx(m)) 

= o. To show that (3.4.4) in the case k= m, we have only to 

apply the facts lID (X,12. Ip Ix (m))= I-P (X, 12. 1 p I x (m) ) = 0 tot he 

long cohomology exact sequence induced from the familiar exact 

sequence: 0 -)- x/p The remainder (3.4.5) 

can be treated by the almost similar arguments above and is easy to 

see. 

By this corollary, the following well-knowm fact is also easy to 

prove. 

(3.5) Corollary. Let cD m· X = lP I (C ) =--:>0 lP m + I (C ) = P be an 

m-th Veronesean embedding of a rational non-singular curve. 

Then NV x / P ~~ 0 ( - ( m + 2 ) ) $ ... $ 0(-(m+2)). 

Proof Using det NV x/P = 0(-m(m+2)) (c£.(3.2.l)), x/P 

= m, and HD (NV x/I" (m+l))= 0 jt :is easy to prove. 
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Here we recall the definition of "k-regular" and its fundamental 

properties which are precisely explained in §14 of the text [M-2]. 

(3.6) Definitio.n and Proposition. Let M be a coherent sheaf on 
-~--~-- .. -. 

the projective space P n (C ). We say that the sheaf M is 

k-regular if He (P n (C ), M(k-e))= 0 for all e > o. Moreover if 

the sheaf M is k-regular, it enjoys the following properties. 

(3.6.1) The sheaf M(k) is generated by its global sections. 

( 3 . 6 . 2) The map H 0 (M ( k )) ® H 0 (0 ( 1 ) ) --:> H 0 (M ( k + 1 ) ) is surjective. 

(3.6.3) The sheaf M is also (k+l)-regular. 

Now we give a result on "k-regularity" of NV 
x/p for an m-th 

Veronesean embedding of X= P n (C ). 

(3.7) Corollary. Let <I') m: X= p n (C ) =----". P N (C ) P be an m-th 
---------

Veronesean embedding. 

(3.7.1) m:2: 3 ::=:::;> I-F (N v X / P ( 2 m - 1-e) ) = 0 (e> 0) , 

namely is (2m-I)-regular. 

(3.7.2) m 2 =-> He (N v X / P ( 2 m - e) ) = 0 (e> 0) , 

namely x/P is 2m-regular. 

Proof. It is easy to prove by careful checking on the list in (3.4) 

Corollary. II 

Thus we obtain the following result. 
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Let <P m: X== lP n (C ) =-0>- lP N (C ) P be an m-th 

Veronesean embedding. 

(3.8.1) m~ 3 ---? I HO (0 ( 1 » ® HO (NV x / p (k» -~ HO(N v x/p(k+1» 

\ is surjective, if k ;:::: 2m-1. 

(3.8.2) m=2 

J 

\ 

HO (0 ( 1 ) ) ® HO (N v X / P (k» -* HO (N v X / P (k + 1 ) ) 

is surjective, if k ;:::: 2m. 

H ° (N V x / p ( 2 m - 1 ) ) = O. 

Proof. Almost all will be deduced from (3.6.2), (3.6.'3), and (3.7) 

Corollary. We have only to show that HO (N V x / p ( 2 m - 1 ) ) = 0 in the 

case of m= 2. Let us recall (3.3)Proposition. Since 2m-1 = m+ 

in this case, we have the exact sequence (3.3.1) for k = 2m- 3. 

Then we can get the result through a computation of dim I-JO (X, 

N v x/p(3» by using the fact: N = n+2Cn - 1. II 

Now we have finished our preparations and come to a position for 

giving our results on the penetration orders of projective equations 

associated to an m-th Veronesean embedding of X= lP n (c ). First 

we see the case m~ 3. 

(3.9) Theorem. Let <Dm: X=lPn(C) =---"" lPN(C) =P be an m-th 

Veronesean embedding. If m~ 3, then the penetration order of 

every projective equation of <D rn(X) is zero. 

Proof. Let us consider an exact sequence; 
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( 3 . 9 . 1 ) 

fI 

o~ Q 1 X ® N v X / P ( 2m) -~ $ NV x /' P ( 2 ill - 1 ) [ T b] ---+ NV x / P ( 2m) ---+ 0 , 
b = ° 

which is obtained by tensoring NV x / P ( 2 m) to the Euler sequence 

of X. Taking the cohomologies of (3.9.1), we have: 

( 3 . 9. 2 ) 
o fI + 1 (3 

$ H (I (N v X / P ( 2 m - 1 ) ) --~ H 0 (N v X / P ( 2 H) ) -~ III (Q 1 X (NV x / P ( 2 H) ) ) . 

On the other hand, by comparing the diagram (3.1.3) with (1.1.2) in 

[U-3], we find that the sheaf II in (1.1.2) of [U-3J coincides 
n 

with ED O(-l)[T b ] in our case. By (1.2) Lemma of [U-3], we see 
b ~ (J 

that the map 0' coins ides with Lefschetz operator L up to 

multiplying by a non-zero constant. Since m ~ 3, (3.8.1) implies 

the surjectivity of the map (3 , that is to say, the map L= 0 

j s ZE~ro. As js well-known, every projective equation of ~ m(X) 

is quadratic, we obtain the result above. 

Next we treat the remainder case m 2, which is a little 

different from the case m~ 3. 

(3.10) Theorem. Let<J> 2: X=]P n(a:::) ~ lP N(a:::) P be a second ------_._---------------

Veronesean embedding. Then, 

(i) for an arbitrary projective equation F of ~ 2 (X), pent (F) = 1, 

OJ) HO (P, I (2H) )-~ EO (X, NV 
x/I" (2H)) is surjective. 

Proof. Let us recall the sequence (3.9.2). As we saw in (3.8) 

Corollary, no ( NV 
x/p (2m-I) )=-_c O. Then the map (3 is zero, which 

means the (first) Lefschetz operation L = 0 is injective. 
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Since also in this case, every projective equation of ~ 2 (X) is 

quadratic, we have L([F]) * 0 for an arbitrary projective 

equation F of <P 2 (X). To show that L2 ([F])= 0, we have only 

to show t ha t IP (X, 12 2 X (N V x / P ( 2 H) )) = o. Let us consider an exact 

sequence : 

(3.10.1) 

N+l n+l 

0-) NV x / P ® 12 2 X ( 2 H) --) $ 12 2 X ( 2) -~ ED 12 2 X (3) --* 0 , 

which is obtained by tensoring 12 2X (2H) Lo the sequence (3.2. I) 

in the case m = 2 Taking their cohomologies, we see that 

H 2 (X, 12 2 X (NV x / P ( 2 H ) )) = O. For the remainder (ii), we recall 

that the map L: no (N v x/p (2H) )-> Hl (12 lX (N V x/p (2H))) is 

injective. Since <P 2 is an arithmetically normal embedding, we 

can use (2.4) Proposition to show that for any section Ci (HO(X, 

NV x/p(2H)), there is a projective equation Fc: HO (P, Ix (2H)) such 

t ha t L ( [F] ) =-= L (Ci ). Then the injectivity of L gives [F]=-cc Ci . 

Here we give an easy corollary for this theorem. 

~~.II) Corollary. Let <P 2· X = lP n ( c .) <='---'" lP N( C P be a second 

Veronesean embedding. Then, H 1 (P, J /. X (*H) ) o. 

Proof. We have only to prove that each map no (P, J (Un) -->- HO (X, 

NV x / P ( 2 t )) i s sur j e c t i v e for all t EX. For t~ 2, we use (3.8.2) 

(3. 10)Theorem and arithmetic normality of <P 2 For t ~ 1,· (3. 7 . 2 ) 

gives the surjectivity. 

As we saw in the above, there exists a difference between the 

case m = 2 and the case m~ 3. Then one question arises in our 

mind: What kind of geometric phenomena cause this difference? 
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In other words, first we want Lo find geometric phenomena which 

concur with the difference, and next to choose suitable ones for 

explaining the difference. At the present stage, we know only 

Lwo kinds of phenomena which concur with the difference. The first 

one is as follows(cf. (3.4)Corollary in [U-3]). 

Let <f) m: X = lP n (C ) <c_> lP N (C ) P be an 

m-th Veronesean embedding. Then, 

( i ) m 2 l-P (P, 12 X (*H) ) = 0, 

( i i) m 2 3 HI (P, 12 X (*H) ) * O. 

Proof. The claim (i) was already proved in (3.11) Corollary. We 

have only to show that HI(P, F x (2H))* 0 for all m~ 3. By the 

sequence : o~-~) 12 X --) I X ---:> NV x / P --) 0, we ge t an exact sequence: 

(3.12.1) H 0 (P, I x ( 2 H)) -) H 0 (X, NV x / P ( 2 m)) --;- HI (P, I 2 X ( 2 II)) -) 0 . 

lIenee, 

(3.12.2) dim lID (P, F ( 2 H) ) 2: 

(1/2)(n+m C n)2 

IL is enough to see that Lhe right hand side of the inequality 

(3.12.2) is positive for all m2: 3 and n > 1. Now we set 

R(m,n): 

P(m,n) : ( m + n Crn ) (2 rn C m ) ( 2 m Crn ) - 4 n ( n + 2 m - I Crn - 1 ) • 

Then, a direct computation shows us that 

R ( m , n ) = (1 / 2 ) (m + 11 Cm ) (2 m CIIl ) - I {P ( m , n) + (2 n / m) ( n + ? rn - 1 CIIl - 1 ) } . 
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Since (2n/m)(n+2m-1Cm-d > 0, we may show that P(m, n);::O; 0 for 

all m~ 3 and n;::O; 1. If m= 3, then P(3,n) ~= (4/3)(n3- n)+ 

2(n 2 -n);::O; 0 for n;::O; 1. For m~ 4, we shall prove it by showing 

that each coefficient Sk (k=0,1,··· ,m) of the polynomial: 

P (m , T) = (m!) - 1 (2 m Cm ) (T + m) (T + m --- 1)··· (T +- l) 

4 ((m-1)!)-1 T(T-I- 2m- 1)··· (T+ m + 1) 

Sm Tm + Sm - ) Tn. - 1 + ... + So 

is non-negative. For k 0, 

( ? n. Cm ) o. 

Next for k satisfying: 

Sk = (lim!) (2 mCm) ( 2: au ( 1) ... au (m - k) ) 

( 4 I ( m - 1 ) !) ( 2: (m + b w ( ) ) ) •.• (m + b w ( m - k» ), 

where the (m-k)-tuple of integers (aU () , ... ,aU(m-k») and 

... ,bw (m - 1< ) run over the ranges m~aU(m-k) >···>au(l) :;:::: 

(bw ( I ) , 

and 

m-1 :;:::: bW(m--k) > ... > b w () ;::c: 1 ·respectively. Hence, we shall see 

that Putting p= m-k, our problem is to show that 

( 2 m em ) ( :z.: au ( I ) •.• a u ( p ) ) 

:;:::: 0, 

4 m ( 2: (m -I- b w ( 1 ) )... (m -/- b w ( p) ) 

for m~ 4, m~ au ( p) > ... > au ( ) ;::0; 1, m - 1 :;:::: b w ( p) > ... > b w ( 1) ? 1, 

m-l ;::0; p :;:::: o. Moreover, we may assume p;::O; 1, because 

00 (m) ( 2 m Cm ) - 4 m :;:::: 4 (m + 1)- 4 m :;:::: O. 
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For p;;::: 1, 

Qp (m)= (2 m em ) (m 2: b w ( 1 ) ... b w ( p - I) +- 2: by ( 1 ) ••• by ( p) ) 

-- 4m2: (m+ b Y (I) ) ... (m+ b ycp »). 

Hence we may show that 

p 

(2 m em ) (m/(m-p))2: b w ( 1 ) ••. 8 ... b w c p) + b w ( 1 ) ••• b w ( p ) 

e = 1 

-- 4m ( m + b w ( 1 ) )... (m +-. b w ( p ») ;.::::: 0 

for m2c 4, m-l ;;:::p ;;::: 1, m-l 2bw ('p) >~··>bW(l) ~ 1. Thus, it 

is sufficient to prove that 

p 

( 2 m em ) (m/ (m-p)) 2: ZI 8 ... Zp + Z 1 •.• Zp 
e = 1 

4m (m + Z I) ... (m +- Zp ) ::::: 0 

for any (z 1 , ... , Zp ) E (ZI, ... ,Zp)E RPI 

Zp;::>;Zp-l+ ). Now we use induction on p. 

For p 2 m em - 4 m ::::: 0 and F 1 ( 1) > O. Thus we 

have 

For p ;;::: 2, 

BFp/ BZa) 

p 

(m/(m-p)) =>"" ZI"· a··8 ·"Zp 
e=lce~a) 

+ Z 1 ... a··· Zp ) 

4(zl+-m)···a ... (zp+m) 

p 

::::: (2 m em ) (m/(m-p+l)) ~ ZI ... a 8 ... Zp + Z 1 .•• a··· Zp } 
e=ICe~a) 

4(zl+ m)··· a··· ( Zp+ m) 
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Thus we have only to show that F p ( 1 , 2 , ... ,p) ~ o. For p= m - l, 
m 

Fm - 1 ( 1 , 2, ... ,m - l) = 2 m ( 2 m - 1 ) ... (m + 1 ) ( ::s (l/e) 2 ) ~ o. Then we 
e c, 1 

may assume that m-l ~ p ~ 2. Since (m + p em) ~ (l /2 ) m - P( 2 m em ), we 

obtain: 

P 

F p ( l, ... , p) 2: m (p ! ) (2 m em ) { (1 / ( m - p)::S (1 / e) -I- 1 / In 
e = 1 

Thus it is enough to see that 

p 

G p (m) : = (1/ (m-p» ::s (l/e) + l/m 4(l/2)m-p ::0> o. 
c = 1 

for m-2~ p 2: 2. If m-4~ p 2: 2, then 

G p (m) ~ (1/ (m -p) ) (3/2) - (1/2) m - p - ? 2: l/q - (l/2)q-2~ 0, 

where q= m-p ~ 4. Thus our problem reduces to see that Gp(m)~ 0 

for p= m-3 or p= m-2. If p=m-3, then G4 - 3 (4) >0 and 

Gm + 1 - 3 (m + 1) - Gm - 3 (m) > 0 (\;I m ~ 4), which impl ies Gm - 3 (m) > 0 

for m 2: 4. If p o and Gm + '1 - 4 (m + 1 ) c __ 

Gm - 4 (m) > 0 (V m 2: 4) . Thus we obtain Gm - 4 (m) 2: 0 for m 2: 4 

as required. 

(3 . 13) Remark Through this proposition, we may say that a gap 

appear i ng between <I:> m (X) and its amb ien t space P= IP N (C) for 

m ~ 3 is wider than that for m=2. In the former case, <I:> m (X) has 

only projective equations with penetration order zero. On the 
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other hand, in the latter case (J) m (X) has projective equations 

with penetration order one. Hence our concept "penetration order" 

is compatible with our intuition descibed in (1.4) Remark. 

The next theorem also backs up our intuition and the validity 

of the concept "penetration order". 

( 3 . 14) Theorem. Let j! be a closed immersion 

of a projective manifold Y. For a sufficiently large· m, consider 

an m - t h Ve ron e sea n em bed din g (J) m: X = lP n (C ) "-> IP n (m) .( C ) = W ( m) . 

Then, 

(3.14.1) penetration order of every projective equation (except 

(3.1L2) 

linear equations) for 

I-P (W(m), 1m 2 (*)) * 0, where 1m 

ideals which defines (J) mj 1 (Y) 

is zero, 

denotes the sheaf of 

in W(m). 

Proof. First we consider the claim (3.14.1). As we saw in (1.3) 

Example, every projective equation of is quadratic for 

m » O. This fact can be proved by a slight generalization of the 

argument appeared in [M-l]. Moreover the same argument shows 

also simultaneously that all quadratic projective equations of 

(J) mj! (Y) are induc(C)d by those of (J) m (X) for m» O. Hence it is 

sufficient to show the following easy lemma. 

( 3 . 15) Lemma. Let X and Y be closed submanifols of IP N (C ) 

P which satisfies: Y c X. Assume that both X and Y have an 

equation F of degree= k as their own projective equations. 

(3.15.1) pent (F;X) ?: pent (F;Y). 
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Proof of (3.15) Lemma. Let us consider a commutative diagram: 

HO (P, 1 x (k) ) OJ F ---e:- [F lx E HO (X,NV x/p(k)) 

j 
L 

(3.15.2) [FlxlyE HO (Y,Nv x/ph(k)) 
L 

HO (P, ly (k )) OJ F -~~ [Fh E HO (Y,N v y/p(k)). 

Put ill E HI (X, 12. I x) to be the Hodge-Kahler class of X associated 

to the inclusion. Then the Hodge~Kahler class of Y associated to 

its inclusion coincides with the restriction class ill lyE HI (Y, 

12. Iy) of the class ill. Hence we have a commutative diagram on the 

actions of Lefschetz operators Lx and Ly: 

(3.15.3) 
Lx 

H b (X, 12. a X (NV x (k) )) OJ 4> x ----* 4> X ® ill E H b + 1 (X, 12. a + I X (NV 
X (k) ) ) 

L L 
H b (Y ,12. a y (NV y (k ) )) OJ 4> y -~ 4> y ® ill lyE H b + 1 (Y, 12. a + I Y (NV y (k ) ) ) . 

Ly 

Here we set p= pent(F:X). Then Lx P+l ([F]x) = O. Hence by using 

the commutative diagrams (3.15.2) and (3.15.3) it is easy to see 

that LyP+I([Fh) =0, namely pent(F;Y)::;;p =pent(F;X). II 

Now let us go back to our proof of (3.14) Theorem. We have to show 

the remainder (3.14.2). First, put s(m): = n(m)+ 1 - hO (Oy(m)). 

Since <P mj I:Y =-----,. W(m) is arithmetically normal for m::?> 0, we 

s(m), where OW(m) (Hm) denotes the 

hyperplane bundle of W(m). Then we get an inequality: 

(3.15.4) hO ( 1m 2 (2Hm )) 2: s (m) (s (m) + 1) /2. 

Let us compare the sequence (3.2.1) tensored by Ox (2m) with that 

tensored by Oy(2m). Then (3.3) Proposition gives us an exact 
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commutative diagram: 

(3.15.5) 
n(m)+1 

x/W (m) ( 2Hm) ) -~ $ 

t n(m)+1 

X /W (m) I y ( 2Hm) )~ $ 

J 1 

HO (Ox (m) )-~ 
t 

HO (Oy (m) ) ~ 

t J 1 I y 

o 

n + 1 

$ HO(Ox(2m-1) ~O 

n + 1 t 
$ HO(Oy(2m-1)), 

t 
o 

which brings us the sujectivity of the map J 1 1y and an equality: 

( n + 1) h ° (Oy ( 2 m - 1 ) ) 

Let us consider an exact sequence induced by that of conormal 

bundles: 

( 3 . 1 5 . 7 ) 0 -~ H 0 (NV x I y ( 2 m) ) -~ H 0 (NV y ( 2 m) ) ~ H ° (NV y / X ( 2 m) ) 

~ HI (N V x I y ( 2 m) ) = 0, 

where X /w (m) and NV 
Y/W(m)· Then the 

sequence (3.15.7) and the equality (3.15.6) gives an equality: 

(3.15.8) h ° (N v y / W ( m) (2 Hm ) ) = h ° ( NV y / X ( 2 m) ) 

+ ( n ( m ) + 1) h ° (Oy (m)) - ( n + 1) h ° (Oy ( 2 m - 1 ) ) . 

On the other hand an exact sequence: 

(3.15.9) 

~ HI ( 1m ( 2 Hm )) -~ 0 

shows that 

( 3 . 1 5 . 10 ) hi ( 1m 2 (2 Hm ) ) h ° (NV y / W ( In) (2 m» - h ° ( 1m (2 Hm ) ) 

+ h ° ( 1m 2 (2 Hm ) ) 
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Then we gather up the equalities (3.15.8), (3.15.10), and the 

inequality (3.15.4) and compute as follows. 

hI ( 1m 2 (2 Hm ) ) ~ h ° (N V y / X ( 2 m) ) + (n ( m ) + 1 ) h ° (Oy (m» - (n + 1 ) h ° (Oy ( 2 m - 1 ) ) 

- h ° (Ow ( In) (2 H» + h ° (Oy ( 2 m) ) + (1 / 2 ) s ( m) (s ( m ) + 1 ) 

h ° (N v y / X ( 2 m) ) - (n + 1 ) h a (Oy ( 2 m - 1 » + h 0 (Oy ( 2 m ) ) 

-- (1 / 2 ) h ° (Oy (m) ) + (1 / 2 ) h 0 (Oy (m) ) 2 , 

using that the sheaf N v y/x does not depend on m, 

(1/2)h O(Ox(m»2+ (lower term) > 0 

(3.16) Remark. In general is contained by a linear 

II 

space L of W(m). Nevertheless, the claims (1.14.1) and (1.14.2) 

are also affirmative after replacing W(m) by L. 

Now let us return to the original case <t> m : X = lP n (([: ) ~"'" 

lP N(([:) = P. The second phenomenon which shows us the difference 

between the case m = 2 and m ~ 3 is given in Lhe sequel. 

First we see the following example which treats the case of m= 2. 

(3.17) Example. Let <t> 2:X = lP n(([: ::> [T 0 : .•• : Tn] ---* [T 0 2 : ToT 1 :.... : 

ToTn: ... :TaTb:··· :Tn 2 ] = [ZOO:ZOl: ... :Zon: ... :Zab: ... :Znnl E lP N(C 

= P be a second Veronesean embedding. Then, for every projective 

equation F of <t> 2 (X), there exists a line Y in X such that 

<t> 2 (Y) is a complete intersection on the hypersurface {F O} . 

Since a "typical" projective equation is given by ZabZcd ._- ZacZbd 

(a,b,c,d are distinct index), we may assume that n= 3 and F 

ZOlZ23-- Z02Z13. Then we put Y= the image of lP 1 (([:) ::> [Uo :U 1 ] ---* 
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<I> 2 (Y) 

is defined by the equations: F = 0, Zo 2 - Zo 0 - Zo 1 = Zo 3 - Zo 0 + 

Zo 1 = Z 12 Zo 1 Zo 1 -I- Zj 1 Z22 - Zoo - 2Z0 j - Zl 1 

Zoo -I-2Z 01 -Z11 0, which means <1>2 (Y) 

is a complete intersection on {F = O} . 

On the other hand, for the case m~ 3, we have the following 

result, which also shows the utility value of the concept "penetra-

tion order". 

( 3 . 1 B) Theorem. Let <I> m: X = lP n (C ) =-> IP N (C ) = P be an m - t h 
---~----

Veronesean embedding and F a projective equation Df <l>m(X). 

Assume that m~ 3. Then there does not exist a submanifold Y of 

positive dimension in X such that <I> m (Y) is a complete inter-

section on the hypersurface {F= OJ. 

Proof. Let us assume that there is a submanifold Y of positive 

dimension in X which satisfies: <I> m (Y) is a complete inter-

section on the hypersurface {F= OJ. Then the equation F is a 

projective equation of <l>m(Y). Moreover, by (2.7) Theorem, 

pent ( F ; <P m( Y) ) dim Y > o. On the other hand, (3.9) Theorem and 

(3.15) Lemma show that pent(F; <l>m(Y» ~ pent(F;<I>m(X» =0, 

which gives a contradiction. II 

( 3 . 1 9) Remark. Through (3.17) Example and (2.7) Thebrem, we may 
-------

suppose that the penetration order of a projective equation is 

affected by the existence of a special subvariety (for example, in 

(3.17) Example above, a special subvariety is obtained by choosing 

a suitable line Y in X with respect to the given projective 

equation. 
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§4 Elementary Properties of penetration order 

Stimulated by the obsevations in (3.19) Remark, we start to 

study the relation between the penetration order of a given section 

of a holomorphic vector bundle on a projective manifold and its sub-

manifolds. First we give a definition as follows. 

( 4 . 1) De fin i t ion Let X be a projective manifold, Y a sub-

variety(resp. manifold) of X, E a holomorphic vector bundle on 

X and a global section of E. Consider an exact sequence: 

('j 

(4.1.1) o -~ Ox -->- E --~ E/ ('j Ox --* O. 

Then, we say that Y is a splittingsubvariety(resp. manifold) of 

(E, ('j) if the restriction of the sequence (4,1.1.) to Y is. also 

exact and splits. 

Then, we immediately obtain the following result. 

(4.2) Proposition. Let X be a projective manifold, E a 

holomorphic vector bundle on X a global section of E. Take 

a hyperplane class hEAl (X) and the Hodge-Kahler class w x 

corresponding to the class h. Assume that there exists a splitting 

submanifold Y o£ (E, ('j ) whose dimension is p. Then, 

pent (('j , h) :2: p. 

Proof. Since Ely Oy ('j EEl [(E/ ('j Ox) ® Oy], we have a diagram; 

pr 
HP(X, QPx(E»-~ HP(Y,QPy(E/y»--* HP(Y,QP y ) 

lJJ 

LP «('j ) = ('j ® w P x 

where "pr denotes the projection to the direct summand. Thus we 
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get LP (eJ ) '* 0, namely pent (eJ : h) ::::: p. 

We also have an easy result which is proved by the similar 

argument of (3.15) Lemma. 

(4.3) Lemma. Let X be a projective manifold, Z a submanifold of 

II 

X ,E a holomorphic vector bundle on X and a global section 

of E. Then, 

pent(eJ :h) :2': pent(eJ Iz: hlz) 

(4.4) Remark. We can often easily modify the claims and their 

prooves on penetration order of a projective equation into those of 

a secion. To avoid confusions, we must however distinguish them. 

For example, there is no implication between (3.15) Lemma and (4.3) 

Lemma because NV x/p Iy '* NV y/p. 

On the other hand, we can give a lower bound for the behavior 

of penetration order with respct to restrictions in the following 

special case. 

(4.5) Proposition. 

hyperplane class, 

a global section of 

E 

Let X be a projective manifold, hEAl (X) 

a holomorphic vector bundle on X, and 

E. Take a smooth irreducible ample divisor 

a 

D of X whose fundamental class 7J D E H2 (X, C ) satisfies the 

condition: W X E IQ 7J D, where w x denotes the Hodge-Kahler class 

associated to the class h. Then, 

pent(eJ, h)- 1 -s:; pent(eJ ID' hiD). 
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Proof. Putting p pent(6 ;h), let us recall an exact sequence: 

which induces a diagram: 

By the assumption, m Lx P (6 ) * 0, which means 0' (L D P - 1 (6 I D ) ) = 

Hence we have Ly P -- 1 ( 6 I D )* O. 

Mbreover we have one more interestirig fact on the behavior of 

penetration order with respect to restrictions on divisors. 

(4.6) Proposition. Let X, E, 6 , W x h be as above. Assume that 

pe n t (6 ; h) < (1/2) dim X. Then there exists a smooth ample 

irreducible divisor D such that 

pen t (6 h) = pe n t (6 I D ; hiD) . 

Proof. It is easy to prove by applying Serre vanishing theorem to 

several cases. Hence we omit the precise explanation. 

Through the result of (4.2) Proposition, a simple question comes 

to our mind. 

(4.7) Question. Let X, E, 6 , W x h be as above. Assume that 

pent (6, h)=p. Then does there exists a splitting subvariety of 

dimension p? 
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Our answer to this question is negative. 

(4.8) Example. Put Xo to be lP 2 (C ). Take a nonsingular cubic 

curve Yo and generaric 10 points PI, ... ,PIO on Yo Then set 

X to be the blowing up at 10 points PI···, PI 0 of Xo , Y to be 

the strict transformation of Yo, E to be the line bundle Ox(Y) 

associated to the divisor Y, and d to be the section which 

defines Y. Then there exists a hyperplane class h such that 

pent( d h) = 1. On the other hand if there exists a splitting 

curve C, then C can never meet Y. However, this is a 

contradiction, since such a curve does not exist by the reason of 

intersection calculus. 

(4.9) Remark. In the example above, there exists an algebraic 

I-cycle which is not numerically equivalent to zero and 

Y . t; o. 

The following example shows us that penetration order is also 

a considerably good tool for finding partial structures of a system 

of projective equations. 

( 4 . .1 0) Example. Let W c lP N (C ) - P be the image of an m-th 

Veronesean embedding of lP!l+I(C) (n~2), S a non-singular 

hyper surface of P which meets W transversely. Put X to be 

W n S. Then X is arj_thmeticaJJy normal and has an S.P.E. {F, 

,G k } is an S.P.E. of Wand {F} is an 

S.P.E.of s. Then, 

pent(F) = n 2 2 

pent(G a ) (a= 1 , k) . 
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Hence, using penetration order, we can find a partial structure 

{G I , ... ,G k }, which is an S.P.E. of W, in the S.P.E. of X. 

§5. Problems 

From the arguments of this article, we shall raise several 

problems which will be our working problems. 

(5.1) Problem. Let F be a projective equation of j (X) for a 
----

closed immersion j: X=-~ p N(C ) of a projective manifold X. 

Assume that degF> deg j (X) . Then prove that pent(F)= 0 or 

that such a projective equation F does not exist(cf. [G-L-P], 

[S-V]). 

(5.2) Problem. Let j:X~ P N(C ) a closed immersionof a projective 

manifold X. Suppose that the penetration order of every projective 

equation of j(X) is zero. Then I-P (P, F j (X d *) ) * 0 ? 

(5.3) Problem. Let j :X~ P N (C ) = P a close immersion of a 

projective manifold. Assume that HI (P,F j (X) (*))* o. Then does 

there exist a projective equation of j(X) whose penetration order 

is zero ? 

(5.4) Problem. 
--'--~-----~-

Besides Lefschetz operator, seek other tools which 

can be used in precise studying of partial structures. 

-416-



(5.5) Problem. Let X be a projective manifold, E a holomorphic 

vector bundle of rank r on 

and (J a global section of 

X, h a hyperplane class in 

E wit h pe n t «(J ; h ) = p > 0 . 

find a necessary and sufficient condition on the section 

the existence of a splitting subvariety of dimension p. 

Al(X), 

Then 

for 

(5.6) Problem. Let X, E, (J , and h be as in (5.5) Problem above. 

Assume that the zero locus of the section is of pure 

codimension r. Then, does there exist an algebraic p-cycle 

such that the cycle is not numerically equivalent to zero and 

?: . is numerically equivalent to zero (cf.[U-4]). 

-417-



References 

[A-K] T.Ashikaga 

-K.Konno Algebraic Surfaces of General Type with 

[G-L-P] L.Gruson, 

-1<. Lazarsfeld, 

-C.Peskine : On a Theorem of Castelnuovo, and the Equations 

Defining Space Curves, Invent.math. 72(1933) 

491-506. 

[M-l] D.Mumford Varieties defined by quadratic equations (with 

Appendix by G.Kempf) , in Questions on Algebraic 

Varieties, Centro Internationale Matematica 

Estivo, Cremonese, Rome (1970),29-100. 

[M-2] D.Mumford Lectures on Curves on an Algebraic Surface, 

Annals of Math. Studies 59, Princeton U. Pess, 

Princeton (1960) . 

[S-V] J.Sttickrad 

-W.Vbgel: Castelnuovo Bounds for Locally Cohen-Macaulay 

Schemes, Math.Nachr.,136(1988), 307-320. 

[U-l] 'I.Usa On Obstructions of Infinitesimal Lifting, Proc. 

Japan Acad. 60(1939), 179-130. 

[U-2] T.Usa Obstructions of Infinitesimal Lifting, Comm. 

Algebra, 17-10(1939), 2469-2519. 

[U-3] T.Usa Lefschetz Operators and the Existence of Projec-

tive Equations, J.Math.Kyoto Univ., 29-3(1939), 

515-523. 

[U-4] T.Usa An Algebraic Cycle relating to a Section with 

High Penetration, To appear in J.Math.Kyoto Univ. 

(1990). 

-418-



Mixed Torelli problem for Todorov surfaces 

SAMPEI USUI 

Introduction 

There is an approach to Torelli problem by using degenerate loci. Namikawa 

and Friedman succeeded to prove the generic Torelli theorem for curves [N am] and 

the Torelli theorem for algebraic K3 surfaces [F2] respectively in this direction. 

In case of Todorov surfaces X, since the period map corresponding X to the 

Hodge structure on }J2 (X) has positive dimensional fibers ([Tl], [T2], [UI], [U2], 

[U3]) it is necessary to consider the mixed period map which corresponds X to the 

mixed Hodge structure on }J2(X - C}, where C is the unique canonical curve of X 

([U4], [SSU]). On the other hand, we can observe that Todorov surfaces are connected 

by "tame" degenerations and smooth deformations. It is the purose of the present 

paper to try to solve mixed Torelli problem for Todorov surfaces by using the "tame" 

degenrations. At present we have formulated the problem inductively and obtained 

some results but we have not yet arrived a final destination. 

We give examples of "tame" degenrations of double. covers of surfaces as 

Table 0 on the last page of this article. Degenerations of type (h) in Table 0 are 

observed for Todorov surfaces and surfaces with cr = 2pg -3, type(Iz) are obvserved 

for Kunev surfaces, and (Ih) are observed for surfaces on the Noether line ([U6], 

[U7]). Recently these phenomena are observed more widely ([K], [AKl], [AK2], [AI], 

[A2]). So our present trial can be seen as a miniature of a more ambitious attempt, 

namely, to attack (mixed) Torelli problem for surfaces of general type via degenerate 

loci. 

Typeset by AMS-'lEX 
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§1 is a Hodge theoretic prelininary. We recall, after [SZ], the constructions of 

(filtered) cohomological mixed Hodge complexes whose hypercohomologies yield the 

terms in a mixed version of the Clemens-Schmid sequence. We distinguish filtrations 

corresponding to the openness of the varieties in question and to their singularity 

and see their relationships. We prove partial results on the exactness of the mixed 

Clemens-Schmid sequence. 

§2 contains an observation that the moduli spaces of Todorov surfaces are 

connected by "tame" degeneration, i.e., type (h) in Table O. We use the results in 

[M]. 

In §3, we recall the moduli spaces of Todorov surfaces constructed in [M] 

and the formulation of a mixed period map in [U4]. We give a candidate of a global 

monodromy. 

In §4, we prove the splitting of the local monodromy over Z by using the 

result in §1 and extend the mixed period map over the "tame" degenerations. 

§5 contains a useful result in the induction step of our framework. We also 

prove partially the infinitesimal mixed Torelli theorem for the extended mixed period 

map. 

§1. Mixed version of Clemens-Schmid sequence. 

(1.1) Let 

(1.1.1) j : (X, Y) --t L1 

be a semi-stable degeneration of pairs, i.e., X is a sub manifold of pN X L1, the 

restriction of the projection j : X -t L1 is a flat morphism over a disc L1 whose fiber 

X t := j-l(t) over t E L1 is smooth for t 1- 0 and Xo is a reduced divisor with normal 
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crossings, Y is a reduced divisor of X flat with respect to f, and Xo + Y is of simple 

normal crossings. For any I-parameter degeneration of pairs, we can reduce to this 

case (d. [KKMS,II), [SSU,1.9)). 

We use the following notation: 

.1'*:= X -Xo, Y*:= Y-Yo, 
o o 0 

.1':= X -Y, .1'*:= .1'n.1'*, 
(1.1.2) 

Ll* := Ll - {O}, ..J* ---+ Ll* universal cover u ~ exp(27riu), 

X .- v* A* 
00 .- '" X,d* Ll , Yoo := Y* XLl* ..J*, 

We consider a diagram 

0 

0 J 0 

.1'* -----+ X 

1c 1£ 
(1.1.3) J 

,1'* -----+ X 

0 0 

f := flo: X -l- Ll 
X 

o 

Since (1.1.1) is locally COO-trivial over L1*, Rn f*Q 0 is a local system and the Gysin 
x* 

o 

filtration G induced from the canonical filtration T (see [D2,II.(1.4.6))) of RR*Q 0 

.1:"* 

(i.e., the Leray filtration for ; : X* ~ .1'* L L1*) consists of local subsystems. We 

denote by 

(1.1.4) (V,G, \7), 

the associated filtered vector bundle with the Gauss-Manin connection. 
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o 0 0 0 

Since j-10 11* -} .0.0 is a resolution and £ in (1.1.3) is Stein, RI!*j-10t1* 
X*/11* 

o 

is represented by £r:nx*/t1* hence by n~Y*/11*(log Y*) [D2,II.(3.3.1),(3.14.i)], which 

together with the canonical filtration T and with the weight filration W(Y*) are 

filtered quasi-isomorphic [D2,II.(3.1.S)]. Therefore 

(1.1.5) 

By the same reasoning, an exact sequence 

(1.1.6) 
o 0 0 0 0 0 

o -} RI!*j-1n1*[-1] -} R£*j-1n Ll* -} R£*j-10 L1* -} 0 

is represented by 

(1.1.7) 
o -} j-1 n1* @j-10Ll* n,Y*/11*(logY*)[-l] -} 

n~l.'*(logY*) -} n X*/11*(log Y*) -} 0, 

hence we see that the Gauss-Manin connection \7 of V is induced as the connecting 

homomorphism of the hypercohomology sequence of (1.1.7) [KO]. 

The following lemma can be found in [Dl,II.(5.2),(7.11)]' [St,(2.16)] and [SZ, 

(5.3)]. 

Lemma (1.1.8). 

of (V, G, \7), i.e., the following l101d: 

(i) V is a vectoT bundle on L1 with V 111*= V . 

(ii) G on V extends uniquely to a filtTation of V by subbundles, also denoted 

byG. 
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(iii) V extends to a connection of V with logarithmic pole at 0 E L1. with 

Reso (V) nilpotent. 

Idea of Proof (i) and (ii) follow from a fundamental observation: For 

Xoo ~ .-Y ~ Xo and n = log(t/27ri), 

(1.1.9) 

7f;t 

D,Y/,1(log(y+Xo)) ®OXo J;;;, i-lD;y(log(y+Xo))[u] 

-==+i-1k*Dx' (logYoo), 
QIS 00 

where 

(1.1.10) 

(iii) follows from an exact sequence 

(1.1.11) 
o -t f- 1 D1(log 0) ®1-10£1 DX/,1(log(y + Xo))[ -1] -t 

D;y(log(y + Xo)) -t DX/,1(log(y + Xo)) -t 0, 

which is an extension of (1.1.7), and a direct computation of the residue. For details, 

see the above references. If! 

(1.2) We recall the construction of the mixed version of the Steenbrink 

complex A in [SZ,§.5] (see also [Nav,§14]' [E2]). In the situation and the notation in 

(1.1), we consider a diagram 

0 

0 k 0 

Xoo --+ .(' 

(1.2.1) 
1 1£ 

k i 
Xoo --+ .-Y ~ Xo 

0 0 

k' := i!k : X 00 ---+ .(' 
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By the Eilenberg~Zilber theorem [Sp,p.232], we see 

[SZ,(5.20)], where L1·(Z) is the complex of sheaves of germs of singular Q-cochains 

on a topological space Z. Since Ll"(Z) is a fine resolution of Qz, we see by the above 

result, that 

(1.2.2) 

o 0 

T(X) := i- I C*L1"(X), and 

o 0 

T(Xoo) := s"(T(X) ®Q T(Xoo)) 

are representatives of i-I Rf*Q 0, i-I Rk*Qx and i-I Rk*' Q 0 respectively. 
X 00 XCXJ 

o 
J"(Xoo) is of course a candidate of the Q-structure but the monodromy log-

arithm log T can not be lifted on this complex. In order to rescue this situation, we 

need a rather complicated construction of AQ in the following way. 

The automorphism (x,u) 1---+ (x,u -1) on Xoo := X* X,1* 3'* induces an 

automorphism T of T(Xoo). Define 

(1.2.3) m~O 

o 0 0 

B" := B"(Xoo) := T(X) ®Q B"(Xoo) c T(Xoo). 

Then these inclusions are quasi-isomorphisms [SZ,(5.9)] (more precisely, see [Nav, 

§14]), and 

(1.2.4) 

is well-defind by construction. 
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Let 

o 0 

p(B)" := p(B"(X=), 10 8)" ~ s"(T(X) 0 p(B"(X=), 8)) 

be the mapping cone, i.e., 

p(B)P := BP EEl BP-l, d(x,y):= (dx,(l (8)x -dy) 

We define a morphism of complexes 

(1.2.5) () : p(B)" ---> p(B)"[l] by O(x, y) := (0, x). 

Let 

be the partial canonical filtrations for a tensor product of complexes IC and L", where 

'( is the canonical filtration. 
o 

A double complex AQ = AQ (X =) is defined as 

(1.2.6) 

d' : AQ -+ A~+l,q 

d" . APq AP,q+l 
. Q -+ Q 

if p ~ -1 and q ~ 0, 

otherwise, 

is induced from (-l)q+ldp(B)", and 

is induced from e . 

The Q-structure of the mixed version of the Steenbrink complex is the associated 

single complex: 

(1.2.7) AQ := s"(AQ), 
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It can be seen that the map B' L-} AQ defined by BP 3 x 1-+ (0, x) E ABO is a 

quasi-isomorphism [SZ,(5.13)]. 

Let 8 and v be endomorphisms of the complex AQ defined by 

(1.2.8) 
8': AQ -r AQ 

v : AQ -r A~-l,q+l 

8(x, y) := ((1 0 8)x, (10 8)y), and 

projection. 

These are homotopic [SZ,(5.14)]. In fact, it is easy to verify that the map given by 

1 . AP+1,q-l AP,q-l 
to Q -r Q h(x, y) := (y,O) 

satisfies v - 8 = dh + hd. Moreover the endOlTlorphisms 1 0 8 of B' and 8 of AQ are 

compatible with B" L-} A Q. Hence v on AQ induces log T on the hypercohomology, 

which is the significance of the complex AQ. 

Let W(Xo) be the partial weight filtration of the complex nx(log(y + X o)), 

i.e., Wq(Xo)n~(log(y+Xo)) := n1(log(Y+Xo)) 1\ n~-q(log Y). We define a double 
o 

complex Ai; = Ai; (X (Xl) by 

(1.2.9) 

where 

(1.2.10) 

A6 :~ { ~flx(IOg(y + Xo))/W, (Xo))[q + 11 if p, q > 0, 

otherwise, 

d l 
: A~ -r A~+l,q is induced from (-l)q+l(exterior differential), and 

dll • APq AP,q+l . c-r c is induced from () 1\, 

() := j*dlogt/21fi, t : .a parameter of the disc Ll. 
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The C-stTuctuTe of the mixed veTsion of the SteenbTink complex is the associated 

single complex: 

(1.2.11) 

A6 := sO(Ac), d:= (-l)qd' + d" = -(exterior differential) + () A on Ag 

Let v be an endomorphism of the complex A6 defined by 

(1.2.12) projection. 

In order to see the relation between the Q-structure and the C-structure, we 

set 

(1.2.13) 

and construct a complex 

(1.2.14) A c from 

in the same way as the construction of AQ from Bo 0 We define an endomorphism 

(1.2.15) 

and denote the induced ones by 

1 ® 8 on BO, 
(1.2.16) 

8 on A6, 8(x,y):= ((1 ®8)x,(1 ®8)y)o 

We denote also by 

(1.2.17) v on A6: the one induced from the projection Ag --+ A~-l,q+lo 
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Then we have compatible quasi-isomorphisms: 

8 on AQ0 C 

i 1 QIS [SZ,(5.13)] 

on B·0C 

i 1 QIS [SZ,(5.18)] 

108 on B" 

11 QIS [SZ,(5.13)] 

(1.2.18) 8 on Ac 

II [SZ,(5.14)] 

v on Ac 

'ljJt 11 QIS [SZ,(5.18)] 

v on Ac 

(-1)'0/\ i 1 QIS [SZ,(5.5)], [St,(4.16)] 

QX/Ll(log(y + Xo)) 0 OXo, 

where ¢t above is induced from a morphism of double complexes defined by 

(1.2.19) 

Taking hypercohomology, (1.2.18) induces a compatible isomorphism (d. [St,( 4.22)]): 

o 
log T on Hn(x 00, C) 

(1.2.20) ¢t 1/ 

-27riReso(\7) on 1)(0) = Hn(Xo, QX/Ll(log(y + Xo)) 0 OXo), 

where \7 is the Gauss-Manin connection in (1.1.8). In this sense, we hereafter denote 

(1.2.21) N := log T = -27riReso(\7). 
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Remark (1.2.22). [St,( 4.24)] explains how the isomorphism 'ljJt in (1.2.20) 

depends on the choice of the parameter t of L1 (cf. also [Nav,(14.18)]). This can be 

also explained in the following way (superfluous ?). 

Let {el, ... , er } be a multi-valued flat frame of V in (1.1.5). Modifying 

ej := exp( -u log T)ej 

we get an invariant frame {el, ... , er } which extends over L1 and induces a basis of 

the central fiber V(O) of the canonical extension [Dl,II.§5]' also denoted by the same 

symbols. Let 1I1v and AfT be the matrices such that 

(,Vel, ... , Ver ) = (el, ... , er )Mv, and 

Then 

for all j, 

and under this identification we have (cf. [Dl,II.(1.17),(5.6)]) 

log MT = -27riReso(lIIv). I 

We define filtrations of A" by 

(1.2.23) 

FPAc := E9A~·. 
p'?;p 
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by 

A convolution (or amalgam) pI * p" of two filtrations pI and p" is defined 

(pI * pllh:= L pI n Fi' 
i+j=k 

[SZ,(1.4)]. 

Lemma (1.2.24). (i) (A, G * L) --l- (A, W) is a filtered quasi-isomor-

phism. 

(ii) G on A satisfies 

and induces tile Gysin filtration on the hypercollOmology, where Y~) is tile normal-

ization of the i-pie locus of Y (Xl. 

(iii) (AQ, L) 0 C ---==- (Ac, L) and L on A6 induces the N-filtration on 
FQIS 

the hypercohomology, i.e., N Lj C LJ"-2 and Nj : gr} =:; gr~J" on Hn(xo, AQ) = 
o 

Hn(x(Xl) Q). 

Proof· Set D := Dx(log(y + Xo)). Then 

(G*LhA"l.; 

=( L ((Wi(Y) + Wq(Xo)) n (VVj+2q+l(XO) + Wq(Xo)))jWq(Xo))D[I] 
i+j=k 

= ( L (Wi(Y) n Wq(Xo) + VVj+2q+l (Xo))jvVq(Xo)) D[I] 
i+j=k 

=((Wk+2q+l(Y + Xo) + vVq(Xo))jvVq(Xo))D[I] = vVkA6· 

Similarly we have (G * L)kAQ C vVkAQ. These together with [D2,II.(3.1.8)] yield a 

commutative diagram: 

(AQ, G * L) 0 C -==- (Ac, T' * T"[-2q -1]) ==; (Ac,G * L) 
FQIS FQIS 

FQIS 
(AC,T[-2q - 1]) 
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From this we get the assertion for the Q-structure. This proves (i). 

The first assertion of (ii) is immediate by definition. As for the second, 

grf AQ ~ ((('II + T~/)/(TL1 + T~/))p(Bn[q + 1] 

~ ((T1I(TL1 + 'II n T~/))p(B)·)[q + 1] 

~ (gr(p(B)-;T~/p(B)·)[q + 1] 

QI~ (a*QY(i) [-i] ® (p(B·(Xoo))-;T~/))[q + 1] 

= a*Qy(i) [-i] ® AQ(Xoo) --;;;J AQ(Y~))[-i]. 

Similarly we have the second assertion for the C-structure. The last assertion follows 

from these. This proves (ii). 

The first assertion of (iii) is easy by construction. We prove the second 

assertion. 

L ·APq - /I APq - /I AP-1,q+1 - L· AP-1,q+1 
1/ J Q - 1/Tj+2q+1 Q - Tj+2q+1 Q - )-2 Q . 

o 
Hence N Lj C Lj-2 on Hn(xoo, Q). Next we observe that 

o 
where it : X t '-+ X t (t E L1*) 

and that the latter is a part of the functorial cohomological mixed Hodge complex for 
o 

X 00 (see [D2,III.(8.1)]) hence the spectral sequence of (Rr R£t*Q 0 , 'I) degenerates 
X t 

in E2 = Eoo. We also observe that under 

quence are morphisms of mixed Hodge structures (actually, Gysin maps), so L = W 
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on El is strict for d1 [D2,II.(2.3.5.iii)]. It follows that taking cohomology and grL 

commute [D2,II.(1.1.11.ii)]. By [St,(5.9)] (see (A. 1) below), 

Hence 

N j. .LE-i,n+i ~ L E-i,n+i . gr j 2 --+ gr - j 2 • 

That is 

This implies 

[El] generalized the notion of cohomological mixed Hodge complex (CA1HC, 

for short) in [D2,III.(8.1)] to: 

Definition (1.2.25). (M, G) = ((MQ' G, W), (Mc, G, W, F), a) is a G-

filtered CM HC on a topological space Z if it satisfies the following conditions: 

(i) M is a Q-CNIBC on Z. a: (1I1Q' G, W) ® C ~ (1I1c, G, VV) IS a 

bifiltered quasi-isomorphism. 

(ii) gry 111 is a Q-CAIHC on Z for each i. 

(iii) Dec Wand grG commute on M· := Rr MQ. 

(iv) The spectral sequence of (111", G) degenerates in E2 = Eoo. 

Recall that the Hodge filtration F on V in (1.1.5) is the one induced from 

the stupid filtration 

FP Qx.(log Y*) := I: Q~.(log Y*) 
p/~p 

The following lemma can be found in [SZ,§5,(6.9),(3.13),Appendix]. 
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Lemma (1.2.26). ((AQ, G, liV), (Ae, G, TV, F), a) is a G-filtered CMRC 

on Xo, whose l1ypercohomology yields a limit of the variation of mixed Rodge struc-
o 0 

ture arising from f : ,1'* ~ .::1*7 that is, the following 11Old: 

(i) W on AQ induces the G-relative N -filtration on the hypercollOmology, 
o 

i.e., NWk C liVk-2 and Nj : gr~kgrf ::::; grEkgrf on Hn(xo, AQ) = Hn(x 00, Q). 

(ii) F on V extends to a filtration of V in (1.1.8) such that FPgrfv is 

locally free and FPV(O) = FP Hn(xo, Ae) for each i and p. 

Proof By (1.2.24.1) and [Z,II.(A.l)], we have 

WA' ffi G LA' grk C rv W gri grj C 

i+j=k 

where y(i) nXan is the normalization of (i-pIe in Y, j'-ple in Xo)-locus of Y+Xo and 

a : y(i) n .ian ~ Xo is the projection (d. [SZ,(5.22)]). The above isomorphism is 

compatible with F and we have a similar decomposition for the Q-structure. (1.2.25.i) 

follows. By (1.2.24.1), [Z,II.(A.l)] and [SZ,(1.5)], we have 

This is compatible with F. (1.2.25.ii) follows. (1.2.25.iii) also follows by [SZ,(6.8)]. 

(1.2.25.iv) is already shown in the proof of (1.2.24.iii). This proves the first half of 

the assertion. 

The proof of (i) in the second assertion is analoguous to that of (1.2.24.iii) 

and we omit it. 

As for (ii), set [let) := [lX/Ll (log(y + Xo)) ® OXt (t E .::1). We first note 

that, for () := f*dlog t/27ri, 

()/\: ([l(O),F) ===t (Ae,F) 
FQIS 
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This implies FPV(O) = FP Hn(xo, Ac). As we have seen in the proof of (1.2.24.iii), 

F on the EI of the spectral sequence of (Rr Rlh Q 0 ,T) is strict for d l . hence gr F 
X t 

commutes with taking cohomology, and we can compute as 

grjgrYV(t) = grjgry Hn(Rrf2(t)) 

= grjE2
i,n+i(Rrf2(t), G) = grjE1i+n,i(Rrn(t), DecG) 

= grjHn(Rrgrp~~G f2(t)) = Hn(Rrgrjgrp~~G f2(t)) 

= Hn(Xt, grjgrp~~G n(t)). 

From this, we see that dimgrjgrYV(t) is upper semi-continuous in t E..d. On the 

other hand, dimgrYV(t) is constant. Hence grjgryV is locally free by the continuity 

theorem. l!l 

(1.3) In the situation of (1.1), we recall a construction of a CMHC ]{'whose 

hypercohomology gives the functorial mixed Hodge structure on the cohomology of 
o 

X 0 (d. [D2,III.(S.1.12)]). 

Let ]{Q be a double complex defined by 

if p, q ~ 0, 

otherwise, 

is the Mayer- Vietoris map 1 @ ( ~(-1)'5[) . 

where a : X~q+l) ---+ Xo is the projection and T(..-1:) is the complex in (1.2.2). The 

Q-structure is defined as the associated single complex 

(1.3.2) 
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Let K6 be a double complex defined by 

if p, q ~ 0, 

otherwise, 

d' . FPq 7:(p+l,q 
. AC -+ l' C is (-l)q+l(exterior differential), and 

is the Mayer-Vietoris map I) _1)i8i-

The C-structure is defined as the associated single complex 

(1.3.3) K c , d:= (-l)qd' + d" = -(exterior differntial) + 2:) _1)i8t on K~q 

We define filtrations of KQ and Kc by 

(1.3.4) 

phismo 

LjIe := EB Koq 
q~-i 

F p 7:(00 ._ ffi 7: T P'o 
l' C·- W 1 \c· 

p'~p 

over Q , 

over C , 

over Q as well as over C , 

Lemrn.a (1.3.5). (i) (IC, G * L) -+ (IC, W) is a filtered quasi-isomor-

(ii) (KQo ,G) ® C --==- (Kc, G) and G on IC satisfies 
. FQIS 
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llence induces the Gysin filtration on the hypercollOmology. 

(iii) (I(Q. ,L) ® C - (1(6, L) and L on 1(Q. satisfies 
FQlS 

hence induces the l\1ayer-Vietoris filtration on the hypercollOmology. 

(iv) 1(:= ((1(6" W), (1(6, lV, F), a) is a Cl\1HC over Q on X o, whose 
o 

hypercohomology yields the functorial mixed Hodge structure on II" (X 0, Q). 

(v) If the spectral sequence of Rr Ie by tile filtration G (resp. L) degen­

erates in E2 = E oo , tllen 1( witll G (resp. L) is a G-filtered (resp. L-filtered) Cl\1HC 

over Q. 

(vi) 1(6 = Ker{v : A6 -)- A6} and the filtrations G, L, ltV and F on both 

terms coincide respectively. 

Proof. 

The first assertion of (ii) follows immediately by definition. As for the second, 

Similarly, we get the assertion for the Q-structure. The third assertion follows from 

these. 

The first assertion of (iii) follows immediately by definition. 

grf 1(6 = 1(c-j [j] 

n· (1 (y Xr (-j+l))) - Q [.] = a*J£ ":(-i+l) og n ° f-- a* X":(-i+1) J . 
Xo QlS 0 

Similarly, we get the assertion for the Q-structure. The third assertion follows from 

these. 
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(iv) is found in [D2,III.(S.1.12)]. (v) is easy to verify by using (i) and 

[SZ,(6.8)]. (vi) is immediate by construction. III 

We now recall a construction of a Q-CMHC C" whose hypercohomology 
o 0 

gives the functorial mixed Hodge structure on the cohomology of (X, X*) (d. [GNPP, 

IV.5]). 

We are working on a diagram: 

0 

0 J 0 

X* ---J. X 
(1.3.6) 1 1£ 

J i 
X* ---J. X +-- Xo 

As in (1.2.2), the complexes 

(1.3.7) 

o 0 

T(.1:') := i-I£*Ll·(X), and 

o 0 

T(X*) := s·(T(X) 0Q T(X*)). 

o 
are representatives of i-I Rf!.*Q 0, i-I Rj*Qx. and i-I R(Rj)*Q 0 respectively. The 

X X· 

complexes CQ and Ce and their filtrations are defined as 
o 0 

{ 

(1"(X*)/1" (X))[l] 

C" := (nx(log(y + Xo))/ nx(log Y))[l] 

over Q, 

over C, 

(1.3.8) 

FPCe := image of FP+I n~dlog(Y + Xo))[l] --+ Ce. 
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phism. 

Lemma (1.3.9). (i) (a-, G * L) -t (a-, W) isa filtered quasi-isomor-

(ii) (CQ· , G) ® C -==- (Ce, G) and G on a- satisfies 
FQIS 

g/JC· ::=:::; a-(y(i) y(i) n X*)[-i] 
t QIS' , 

hence induces tIle Gysin filtration on tIle IwpercollOmology. 

(iii) (CQ· , L) ® C -==- (Ce, L) and L on CQ satisfies 
FQIS 

hence induces the 1I1ayer-Vietoris filtration on the Iwpercohomology. 

(iv) C:= ((CQ, vV),(Ce, W,F),a) is a CMHC over Q on X o, whose 
o 0 

hypercohomology yields the functorial mixed Hodge structure on H·(X, X*; Q). 

(v) If tIle spectral sequence of Rra- by the filtration G (resp. L) degen­

erates in E z = E oo , tllen C with G (resp. L) is a G-filtered (resp. L-filtered) C1I1HC 

over Q. 

(vi) Ce = Coker{v : Ac -t Ac} and the filtrations G, L, VV and F on 

both terms coincide respectively. 

Proof. (i), (ii) and (iii) are proved analoguously as (1.2.24.i), (1.2.24.ii) 

and (1.3.5.iii) respectively hence we omit it. (iv) is found in [GNPP,IV.5]. In fact, by 

the Kiinneth formula and the residue formula, 

These show that grwa- is a CHC hence C· is a CMHC. (v) is easy to verify by using 

(i) and [SZ,(6.8)]. (vi) is immediate by construction. [fj 
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(1.4) In the situation of (1.1), we shall construct a mixed version of the 

Clemens-Schmid sequence after (SZ,II.§7]. 

Let 

(1.4.1) v:A-+A 

be the mixed version of the Steenbrink complex and the lifting of the monodromy 

logarithm in (1.2). From (1.4.1), we have an exact sequence 

o ---+ Ker(v) ---+ A 
v 

---+ A ---+ Coker( v ) ---+ 0 

(1.4.2) Im(v) 

o 0 

Taking the hyper cohomology, we have two long sequences (for n odd or even) 

over Q by (1.2.25), (1.3.5.iv) and (1.3.9.iv). This is a mixed version of the Clemens-

Schmid sequence. 

The following is the Poincare duality (for the proof, see (Sp]). 

o 0 

Lemma (1.4.4). Hn(x, X*; Z) rv H 2d+2-n(XO, Yo; Z) where d + 1 = 

dimX. 

Proposition (1.4.5). In the situa.tion of (1.1), we 11ave, for tile cohomol-

ogy with coefficients in Q, the [olowing: 
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(i) (1.4.3) is a sequence of mixed Hodge structures over Q. 

(ii) TIle filtrations G as well as L on each term of (1.4.3) are compatible 

respectively. 

(iii) If Y is smooth (possibly reducible), then (1.4.3) is a sequence of G-

filtered mixed Hodge structures over Q. 

(iv) IfY is smooth (possibly reducible), tIle Gysin map HO(yoo ) -+ H2(Xoo) 

is injective and H2d-1(XO) = 0, where d = dimXo, then the following parts of (1.4.3) 

are exact: 

o 1 0 N 1 0 300 

H 1(XO) -+ H (Xoo) -+ H (Xoo) -+ H (,1:', X*). 
o 00 0 0 N 0 

HO (X 00) -+ H2 (X, X*) -+ H2 (X 0) -+ H2 (X 00) -+ H2 (X 00)' 

Proof . (i), (ii) and (iii) follow from (1.2.2.5), (1.3.5) and (1.3.9). 

In order to prove (iv), we first note that taking grG on each term of (1.4.2) 

yield the following commutative diagram consisting of the Clemens-Schmid sequences 

as horizontal lines and the Thom-Gysin sequences as vertical lines: 

(1.4.6) 

Hn-1(y, Y*) --+ Hn- 1(Yo) --+ Hn- 1(yoo) --+ Hn-1(yoo ) --+ H n+1(y, Y*) 

r r r r r 
0 0 0 0 0 0 0 

Hn(x,X*) --+ Hn(Xo) --+ Hn(xoo) --+ Hn(xoo) --+ Hn+2(x, X*) 

r r r r r 
Hn(x,x*) --+ Hn(Xo) --+ Hn(xoo) --+ Hn(xoo) --+ Hn+2(x, X*) 

r r r r r 
Hn-2(y, Y*) --+ Hn- 2(yo) --+ Hn- 2(yoo ) --+ Hn-2(yoo ) --+ Hn(y,Y*) 

We shall prove the exactness of the second sequence in (iv) by chasing the diagram 

(1.4.6). As for the first sequence, the proof is similar and easier and we omit it. 
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o 

At the first term HO (X 00 ), the exactness follows from 

o 0 

H2(X, X*) =; H2(X, X*) 

by (1.4.4) and from the exactness at HO(Xoo) in the usual Clemens-Schmid sequence 
o 0 

[CI]. In the same way, the exactness at H2(X, .... 1'*) follows from H2(X, X*) =; 
o 0 

H2(X, X*), the assumption of the injectivity of HO(yoo ) -F H2(Xoo), H°(1'O) =; 

HO(yoo) and from the exactness at H2(X, X*) in the usual Clemens-Schmid sequence. 
o 

Similarly the exactness at H 2(XO) follows from the injectivity of H I(Yo) -F HI (Yoo ) 

in the usual Clemens-Schmid sequence, HO(Yo) =; HO(yoo ) and from the exactness 

at H2(Xo) in the usual Clemens-Schmid sequence. As for the exactness at the first 
o 

H2(Xoo), notice that H2(y, Y*) -F H 4 ( .... 1', X*) is injective, because {H3(X, X*) -F 

o 0 

H3(X, X*)} is isomorphic to {HU-I(XO) -F H2d-I(XO, Yo)} by (1.4.4) and the latter 

is an isomorphism. Now the desired exactness follows similarly from the exactness of 

the usual Clemens-Schmid sequence, H3(X, .... 1:'*) ~ HU-I(XO) = 0 by (1.4.4) and the 

assumption, and from the above remark. III 

It is not yet known in general wether (1.4.3) is exact or not. Proposition 

(1.4.5.iv) is only a partial result but it is sufficient enough for our later use in the 

present paper. 

Problem. (1.4.7). Prove the exactness of (1.4.3). 

Appendix to §1. 

(A.1) As [E2,II.(3.1S)] has pointed out, there is a part which is not clear in 

the proof of [St,(5.9)], i.e., "This implies that ~ E pq-r(y(r+I), Q)( -r)." [ibid,p.254 
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ill]. We explain the point more precisely. In the notation there, we have 

-,/ ... 

where the () and the, are the Mayer-Vietoris maps and the Gysin maps respectively 

and we omit the coefficients of the cohomologies as well as the Tate twists. Let 

e = (eik~o E Z(E-;-r,q+r) c EBHq-r-2icy(r+2i)) 
i~O 

be a primitive element such that 17 e E B(E~,q-r) as in the situation in question. 

Then, by the above diagram, there exists 

such that 
i~-l 

In particular, eo = Z;reo = ()T}-l -,T}o E pq-r(y(r+l)), but it is not known wether ()T}-l 

is primitive or not, hence we can not conclude ()T}-l = 0 (e is assumed as z;r e = f)'T/-I 

there !) by the argument using the polarization on pq-r(y(r+l)). 

However, we can rescue the claim (A.I.l) below (cf. [ibici,p.254,jOD along 

the line of the original proof by using the polarization Q on the whole 

7;r 
(E-;-r,q+r)prim =::; (E~,q-r)prim = EB pq-r-2i(y(r+I+2i)). 

i~O 

[ibid,(5.9)] now follows from (A.I.l). 
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ClailTl (A.I.1). 

Proof· We keep the notation in [ibid,§5]. Identifying by 17 above, we have 

(i ~ 0). 

Since 0 and I are adjoint, we can compute as 

last equality. Hence, by the positive definiteness of Q, we get the assertion. I 

(A.2) In [CI], the Clemens-Schmid sequnces are constructed by combining 

"Wang sequences" and the local cohomology sequences. The mixed versions can be 

also constructed in this manner. 

Lel11.ma (A.2.1). In the situation and the notation in (1.1)-(1.3), we 

have a commutative diagram 

0 0 0 

o ---+ AQ(Xoo)[-l] ---+ p(AQ(Xoo), v) ---+ AQ(Xoo) ---+ 0 

QIS II QIS II QIS II 
0 0 0 

o ---+ B'(Xoo)[-l] ---+ p(B'(Xoo ),5) ---+ H(Xoo) ---+ 0 

QIS II 
II 

0 0 b 0 

0 ---+ T(.1'*) ---+ H(Xoo) ---+ B'(Xoo) ---+ 0 
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whose horizontal lines are exact. Tile hypercollOillology of each horizontal sequence 

yield a "Wang sequence" in the category of mixed Hodge structures. 

The proof is standard and easy by the construction hence we omit it. 

In the notation in (1.1.3), (1.2.2) and (1.3.7), we set 

(A.2.2) 
o 0 0 0 

J'(X, X*) := Ker{T(X) ----t J'(X*)} and 
o 0 0 0 

T(X"l'*):= Coker{T(X) ----t T(,Y*)}[-l]. 

Lemma (A.2.3). In the situa,tion and the notation in (1.1)-(1.3) and 

(A.2.2), we have a commutative diagram 

0 

0 ----t KQ ----t P ( AQ ( X ()() ), v) ----t CQ[-l] ----t 0 

QIS II QIS II QIS II 
0 0 0 0 

0 ----t T(X) ----t T(X*) ----t T(X, X*)[l] ----t 0 

II QIS 11 
0 0 0 0 

o ----t J'(X, X*) ----t T(X) ----t J'(x*) ----t 0 

where the top horizontal sequence is QIS exact and the other horizontal sequences 

are exact. In particular, 

o 0 0 0 

J'(X X*):::::::::; T(X X*):::::::::; C' [-2]. 
, QIS ' QIS Q 

The hypercohomology of each horizontal sequence yields a local collOmology sequence 

in the category of mixed Hodge stTUctures. 

Proof· We shall show that the top horizontal sequence is QIS exact in the 

midle term. The other assertions are standard and easy to see by the construction 

and we omit their prooves. 
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Let (x,y) E An EBAn- 1 such that d(x,y) = (dAx,vx -dAY) = 0 and that 

there exists ff E Cn - 1 with fj = -deff in C·. Then, since y + dA'I] = 0, there exists 

~ E A n - 1 satisfying y + dA'I] = v~. Hence 

(x,y) - d(~,'I]) = (x - dA~,y + dA'I] -v~) = (x - dA~,O) and 

v(x - dAO = vx - dAV~ = vx - dA(y + dA'I]) = vx - dAY = O. 

Therefore x - dA~ E J(n. I 

Combining the mixed versions of the "Wang sequences" in (A.2.1) and the lo­

cal cohommology sequnces in (A.2.3) as in [CI], we get mixed versions ofthe Clemens­

Schmid sequences. 

§2. General degenerations of Todorov surfaces. 

In this section, we recall and modify the results in [M] (cf. also [T2]) for our 

later use. 

(2.1) We recall first some facts in the code theory. Let F2 := Zj2Z. A 

binary linear code (V c F~) on a finite set I is a vector subspace V of the F 2-vector 

space F~ of all maps from I to F 2. The distance of c.p E F~ is U{ i E I I c.p( i) = I}. 

A binary code (V c FD is equidistant if all non-zero elements of V have the same 

distance; this common distance is called the distance of the code. Let (V c FD be 

a binary linear code. The linea1' subcode associated to a subset J c I is defined as 

( {c.p E V I c.p( i) = 0 if i rf:. J} c FD· 

In the case that the set I itself has a structure of F2-vector space of dimension 

4, we define a binary linear code 

V := ({affine linear function on I} C F~). 

Assigning a pair of integers (k, a)(C) := (rtJ, dim V) to a linear subcode C = (V C F{) 

of V, we get 
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Lemma (2.1.1). Thel'e is an order preserving bijection 

{linear subcode of D} / (isom. as abstract codes) 

1 
{(k,a) E Z2 I 0 ~ a ~ 5,24 - 24

-0' ~ k ~ a + ll}, 

where we endow these sets orders defined respectively by 

c' ~ c -¢=} C' is isomorphic to a linear subcode of C 

(k',a') ~ (k,a) -¢=} a' ~ a and a - a' ~ k - k'. 

The proof is found in [M,(1.2)]. The assertion about the orders are implicit 

there, but a careful reading of that proof leads to this assertion. 

(2.2) We recall here the definition of Todorov surfaces and 1(3 surfaces of 

Todorov type and their relationships. 

Definition (2.2.1). A ca.nonical surface X is called a Todorov surface 

if X( Ox) = 2 and X has an involution a such tllat X/a is a ](3 surface only with 

rational double points. A pair ofintegers (f,a) := (ci(X),log2 U(2-torsion of Pic(X))) 

is called tIle type of X, where X is tIle smootll minimal model of X. 

[M,§5] shows that the values of (f,a) are as in the table (2.3.3) below. 

Let (Y, E) be a pair of a smooth minimal K3 surface Yanda disjoint union 

E = 2:iEI Ei of (-2)-curves on Y. By using the cup product pairing on ]{2(y, Z) and 

the reduction modulo 2, we have a homomorphism of modules: 

8: (primitive span Of~Z[E;linH2(Y,z)) ~ Hom (~Z[E;I' F2) '" Fr. 

(1mb' c Fi) is called the binaTY lineaT code of (Y, E). 
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Definition (2.2.2). Let (R, a) be one of the 11 values for Todorov surfaces 

in tile table (2.3.3) below. A 1(3 smface of Todorov type (R, a) is a triple (Y, L, E) 

consisting of a 1(3 smface Y only Witil rationa.l double points, an ample line bundle 

L on Y and a disjoint union E = ~iEI Ei of (-2)-cmves contained in tile exceptional 

locus of the minimal resolution f.L : Y -+ Y, such that f.L* L ® Oy(E) is 2-divisible in 

Pic(Y) and that L . L = 2R and dim 1m [) = a for tile associated code. E is called the 

distinguished (-2)-curves. 

(2.2.3) 

Let X be a Todorov surface of type (R,. a) and consider the following diagram: 

6 ---+ X t-- X 

1 
B ---+ 

- f.l 
Y t-- Y 

where Y .- X/O", 6 is the canonical curve of X, B .- 71"(6), f.L IS the minimal 

resolution, and X := X Xy Y. 

Lemn1.a (2.2.4). In tile above notation, let f.L* lJ + E be the branch locus 

of the dou ble cover ir. Tllen tllere is a bijection: 

{X I TodOl"oV surface of type (R, a)} / isom. 

1 
{(Y,lJ,E) I (Y,Oy(lJ),E) is a 1(3 surfaces of Todorov type 

(R, a) and lJ satisfies Condition (2.2.5) below}/ isom. 

Condition (2.2.5). On the smootll minimal model Y, B := f.L* B 1S 

Teduced and has at most simple singularities and B n E = 0. 

The proof of (2.2.4) is found in [M,§Ll,§5]. We call a data (Y,lJ, E) in (2.2.4) 

a Todorov tTiple. 

For a K3 surface (Y, L, E) of Todorov type (R, a), it is known that ~I = R + 8, 

where E = ~iEI Ei (see [M,(5.2.ii)]). 
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(2.3) Finaly, we summarize the main result in [M] about the moduli spaces 

of Todorov surfaces together with an observation of their general degenerations. 

Definition (2.3.1). A numerical J{3 surface is a smootll minimal surface 

with Pg = 1, q = 0 and ci = 0 (d [U5J). 

Proposition (2.3.2). TIle values of type (f, a) of Todorov surfaces are 

as 1ll tIle table (2.3.3) below. For each of these values of ee, a), there exists the 

moduli space of Todorov surfaces of type (f, a) which is iTTeducible. TIle general 

degenerations of Todorov surfaces are tllOse of type (h) in Table ° on the last page, 

and except tIle case (2,1) -----t (0,1), tllCY go down one step in tllC direction lor -----t freely 

under tIle controle ofthe associated binary linear code. In case of (2,1) -----t (0, l),tlley 

go down two steps. 

(8,5) 

(7,4) 

(2.3.3) (f, a) = 
(6,3) 

(5,2) (4,2) 

(4,1) (3,1) (2,1) (0,1) 

(3,0) (2,0) (1,0) (0,0) (-1,0) 

The left hand side of the vertical dots in tllC table (2.3.3) correspond to 

Todorov surfaces. 

(0,1) corresponds to numerical 1(3 surfaces with two double fibers. 

(0,0) corresponds to numerical 1(3 surfaces with one double fiber. 

(-1,0) corresponds to 1(3 surfaces blown up one point. 

Proof· The first half of the proposition is proved in [M] by using the code-

theory, a suitable version of Nikulin's embedding theorem, and the Torelli theorem 
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and the surjectivity of the period map for K3 surfaces of Todorov type. We prove 

here the assertion about the degenerations which is implicit there. 

There are sixteen (-2)-curves E = L:i Ei on a smooth minimal Kummer 

surface Y = Km (A) which correspond to the 2-torsion points of the abelian surface 

A. They form a 4-dimensional F 2-vector space and it is known that the binary 

linear code of (Y, E) is D in (1.1). This is the key point of the relationship of the 

abstract code theory and the geometry from which it is deduced that the binary code 

associated to any K3 surface of Todorov type is isomorphic to a linear subcode of D 

(see [M,(2.1))). 

Let (Y, L, E) be a general K3 surface of Todorov type (f, 0'), i.e., the smooth 

minimal model Y of Y has the Picard number k + 1 = f + 9. Let C = (V c F{) be 

the associated binary linear subcode. In case ee,O') i (8,5), (2, 1) or (1, 0), L is very 

ample on Y and Y has only k = I! + 8 ordinary double points which correspond to E 

[M,(7.7)]. By (2.1.1), if (f -1, a'), a' = 0' or 0' -1, appears in the table (2.3.3), there is 

a distinguished (-2)-curve, say E 1 , such that the linear subcode of C associated to the 

subsetI-{I} c I has invariants (R+8-1,O"). Takeageneralmemberlh E ILl and a 

general member Eo E ILl subjected that Eo passes through the ordinary double point 

on Y corresponding to E1 . Let L1 be a small disc in the parameter space of the pencil 

generated by Eo and 131 whose center 0 E L1 corresponds to Eo. Denote by 8 c Y xL1 

the total space of the family {EdtELl and by BeY x L1 the proper transform of 8, 

which is the total space of the family {EdtELl on Y. We can perform a semi-stable 

reduction of the family of pairs of the double cover of Y branched along E t + E (t E L1) 

and their ramification loci in the following way: (i) Set £i := Ei X L1 (i E I). Let 

0' : y -+ Y x L1 be the blowing-up along B n £1. Denote by Wy the exceptional 

divisor. (ii) Take the double cover f3 : ,-Y -+ Y branched along the proper transform 

O'-l(B + L:£i). (iii) Since the O'-l£i are the total space of families of (-I)-curves on 
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the fibers ,Y -7 d, we can contract them to obtain, : X -7 X . Set B.:r := ,( a(3)-l B 

and W.:r := ,{3-1Wy. Figure 1 at the end of this paper is the central fiber on each 

step. We thus obtain a family of pairs 

(2.3.4) f : (X, B.:r) -7 d. 

It is easy to see that this is a semi-stable degeneration of pairs of smooth minimal 

models of Todorov surfaces of type (€, a) and their smooth canonical curves whose 

central fiber Xo is as the stage (a) in Figure 1 consisting of p2 and a smooth minimal 

model of a Todorov surface of type (€ - 1, a') (for details, cf. [U6,(1.3)]). 

In case (f, a) = (8,5), Y is a Kummer surface which can be represented as 

quartic surface with 16 ordinary double points in p3 by 1281, where 8 is the theta 

divisor of the associated abelian surface, L = Oy(2) and E corresponds to the above 

16 ordinary double points. Hence 'we can go on in the same way as before. 

In case (f, a) = (2,1), it can be seen that the linear system ILl is hyperelliptic 

and gives a finite double cover Y -7 Z C p3 over a quadric cone Z whose branch 

locus is a union of two smooth quardric sections Qi (i = 1,2) meeting transversally 

(cf. [CD], [M,(5.4)]). The 8 + 2 ordinary double points on Y come from Ql n Q2 and 

from the vertex of Z counted once and twice respectively. Hence we can find a desired 

degenerate branch locus Eo E ILl as a pull-back of a suitable hyperplane section lIo of 

Z c p3. The remaining steps of the construction are the same as before and we get a 

family of pairs like (2.3.4). We remark here that the central fiber Xo of the resulting 

semi-stable degeneration of pairs consists of two p2 and the main component whose 

type drops as (2,1) -7 (0,1) in the table (2.3.3) if and only if the hyperplane section 

lIo contains the vertex of Z. 

In case (f,a) = (1,0), the linear system ILl is hyperelliptic and gives a finite 

double cover Y -7 p2 branched along a union of two smooth Gubics Ci (i = 1,2) 
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meeting transversally (d. [Ca]' [M , (5.4)]) , and we can go on as in the previous case 

(for details, see [U5], [U6]). III 

§3. Moduli and mixed period map. 

In this section, we shall formulate a mixed period map for smooth pairs of 

Todorov surfaces and their canonical curves. For that purpose, (2.2.4) allows us to 

use Todorov triples instead of Todorov surfaces. 

(3.1) Let CYr, Lr, Er) be a reference K3 surface of Todorov type (.e, 0'), 

Br E ILr I a reference smooth curve, and (:Yr, Br, Er) a reference Todorov triple (see 

(2.2)). Let f1 : Yr -T f;. be the minimal resolution and Br := f1* Br. We denote by 

(3.1.1) 

the Thom-Gysin exact sequence 
o 

H2(yr, Z) -T H2(Yr, Z) -T Hl(Br' Z) -T 0 

II II II 
Ay A 

together with the cup product pairings on Ay and on A3 and with the fundamental 

classes 

(i E 1), 

o 

where Er = L:iEI Er,i, Y r := Yr - (Br + Er) and {ei liE I} is considered as an 

unordered set. We also denote by 

the partial data consisting of Ay, the cup product pairing on it and the fundamental 

classes b, {ei liE I}, and by 

the data A3 equiped with the cup product pairing on it. 
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(3.2) Let (A, G, Fr) be the reference mixed Hodge structure defined by the 
o 

complex structure on Y r , where 

A := A/torsion, 

(3.2.1) G:= (Gl = 0 C G2 = Im{Ay ---+ A} C G3 = A) weight filtration, 

Fr := (F~ = A ® C ::J F; ::) F; ::) F: = 0) Hodge filtration. 

Set 

(3.2.2) A2 := {A E Ay I A . b = A . ei = 0 (i E I)}. 

Then 
grf A = G2A +-' A2 with finite cokernel, 

Denote 

(3.2.3) fP := dimF;, if := dimgrf F;' 

Since Yr is a smooth minimal 1(3 surface and Br is isomorphic to the canonical curve 

Cr of the Todorov surface of type (£, a) corresponding to (Yr , Br , E r), we can compute 

as 

Ii = 1, fi = rankA2 -1 = 12 - £, 

fl = genus Br = genus Cr = (2( Cr )2 + 2)/2 = £ + 1, 
(3.2.4) 

fI = 2fl = 2(£ + 1), 

f2 = fi + fl = £ + 2, 

Let 

Fi := Flag(Ai ® C; Jl, il), 
(3.2.5) 

F:= {F E Flag(A ® C; fl, f2) I grf F E:Ji for all i}. 
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and let 

(3.2.6) gr: F -+ F2 X F3, F I--> (grf F, grf F). 

The classifying spaces Di and D of Hodge filtrations on Ai and on A are 

defined respectively by 

(3.2.7) 

Dz : the one of the two connected components of 

which contains the reference Hodge filtration grf Fr , 

D3 := {F E F3 I F Z . F Z = 0, V-lw. w > 0 (0 I- w E FZ)} 

D := gr-1(Dz X D3 ) C F, 

(cf. [Sa,Appendix.§6,II.§7J, [U4], [SSU,I.2]). 

(3.3) Let (Y, L, E) be any K3 surface of Todorov type (f, a) and 13 E ILl 

any smooth curve. 

Definition (3.3.1). A [A, D]-marking of a Todorov triple (Y, 13, E) is an 

isomorpllism of data 

71 = (71y,if,713): A(Y,13,E) =+ [A] 

o 
sending the Hodge filtration on HZ(y, C) into D. 

A [Ay , Dz]-marking of a [(3 surface (Y, L, E) of Todorov type is an isomor­

phism of data 

711': A(Y,L,E) =+ [Ay] 

sending the Hodge filtration on H2(y, C) into Dz. 
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A [A3 ]-marking of a curve (B) is an isometry 

Notice that a [Ay, D 2]-marking introduced above coincides with a "special 

marking" in [M,§7]. 

We denote by Aut[A, D], Aut[Ay, D 2] and Aut[A3] the groups of automor­

phisms of the data [AJ, [Ay] and [A3] respectively which preserve, in the first two 

cases, the component D and D2 respectively. 

Lemma (3.3.2). Tlle natural map 

is surjective. 

Proof. Since A3 is Z-free, there exists a Z-submodule A~ c A such that 

A = Im{Ay -+ A} EB A~. Notice also that an automorphism of the data [A] preserves 

D if and only if its restriction on the data [Ay] preserves D2. The lemma follows 

from these observations III 

For a K3 surface (Y, L, E) of Todorov type, let f1 : y -+ Y be the minimal 

resolution. Let W(Y) be the group of isometries of the latice H2(y, Z) generated by 

the reflections x I-t x + (x . d)d (x E H2(y, Z)) where d runs over the fundamental 

classes of all the exceptional (-2)-curves of It. We denote by j;V(Y, E) the subgroup 

of W(Y) consisting of those elements which preserve the unordered set {[Ei] I i E I} 

of the fundamental classes of the distinguished (- 2 )-curves E = 2.:iEI Ei. Notice that 

w E W(Y, E) acts on the set of [Ay, D2]-markings by 'PY I-t 'Pyw-1. We call an 

element of the set 

{[Ay , D 2]-marking of (Y, L, E)}/j;V(Y, E) 
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a marking of the K3 surface (Y, L, E) of Todorov type or of a Todorov triple (Y, 13, E) 

(13 E ILl). 

(3.4) [M,(7.5)J constructs the coarse moduli space of Todorov surfaces in 

the following way. 

By the Torelli theorem and the surjectivity of the period map for K3 surfaces 

of Todorov type (f, a), the local universal families are glued together to make up a 

universal family 

of marked K3 surfaces of Todorov type (e, a). Let V = Vee,(\') be the Zariski open 

subset of the projective bundle P(g*£) over D2 consisting of marked Todorov triples 

(Y,13,E,cpy), i.e., 13 E ILl satisfies Condition (2.2.5). Let 

f: CV,B,£,cpy) ~ V 

be the universal family of the marked Todorov triples of type (f, a). Then the action 

of, E Aut[Ay, D2J on D2 lifts onto P(g*£) by the Torelli theorem for K3 surfaces 

of Todorov type. In fact, if ,(17, L, E, cpy) = (Y', L', E', cp~l'), there exists uniquely 

W E W(Y, E) and an isomorphism '1 : (1", L, E) =+ (1"', L', E') such that C:y-l)* = 

('P~ )-l,'PYw : A(Y, L, E) =+ A(Y', L', E'). Now define the action of, E Aut[Ay, D2J 

on P(g*£) by 

,(Y, 13, E, cpy) = (17 ', '113, E', cp~). 

This action on P(g*£) is properly discontinuous since so is that on D2 . The quotients 

V / Aut[Ay, D2J and D2/ Aut[Ay, D2J are the required coarse moduli spaces of Todorov 

surfces of type (f, a) and of K3 surfaces of Todorov type (f, a) respectively. 
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(3.5) We recall here a formulation of a mixed period map for Todorov 

surfaces with smooth canonical curves. 

Let 

(3.5.1) 

be the Zariski open subset consisting of those marked Todorov triples (17,13, E, cpy) 

which satisfy the following Condition (3.5.2). 

Condition (3.5.2). 

smootil and B n E = 0. 

On the minimal resolution J.L : Y -r 17, B:= J.L* 13 is 

We define a mixed period map 

if) : Uj Aut[Ay, D2] -r Dj Aut[A, D], 
(3.5.3) o 

if)(17,13,E):= cp(Hodge filtration onH2(y,C)), 

o 
where cp is any [A, D)-marking and Y = Y - (B + E). We see that Aut[A, D) acts 

on D properly discontinuously (d. [U4,II)) and that, with the aid of the universal 

family over U, if) is holomorphic. 

§4. Extension of mixed period map 

o 
In this section, we shall prove that the local monodromy on H2(y 00, Z), 

arround a "tame" degeneration of Todorov triples in (2.3.2) splits and we shall extend 

the mixed period map if) in (3.5.3) to & over these degenerations. We shall also show 

how the data &(0) induces the mixed Hodge structure on H2(V - (B + E + D)v, Z), 

where V is the main component of the central fiber Xo = V + W of a "tame" 

degeneration and D = V n VV the double locus. We continue to work on the· stage 

(b) of Figure 1 at the end of this paper. We use the notation in §2. 
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(4.1) We recall first a general result on the splitting of a nilpotent endo­

morphism on a vector space over a field. Let 

V : a finite dimensional vector space over a field, 

G : an increasing filtration of V, 

N : a nilpotent endomorphism of V which is compatible with G 

The following lemma is found in [SZ,(2.11),(2.16)]. 

Lemma (4.1.1). In the above notation, if length G ~ 2, i.e., for some 

i, Gi = 0 and Gi+2 = V, tllen the following a.re equiva.lent to each other: 

(i) G * L yields tIle G-rela.tive N -filtration, where L is tIle N-filtraion. 

(ii) TIle G-relative N-filtration exists. 

(iii) G is strict for Nj for all non-negative integers j. 

(iv) G lIas an N-stable splitting. 

We can show implications (i) ::::} (ii) ::::} (iii) ::::} (iv) ::::} (i). The asssumption 

length G ~ 2 is necessary for the step (ii) ::::} (iii). For details, see the above reference. 

(4.1.1) is a remarkable fact but it is not sufficient enough for our use. We 

need an investigation of a local monodromy over Z. 

(4.2) Let 

be a partial compactification of U in (3.5.1) added those triples (Y, 13, E) which satisfy 

the following Condition (4.2.2). 
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Condition (4.2.2). The Picard number of the minimal resolution Y of 

Y is f + 9 and 13 is an irreducible, l'educed CUl've witll one node. We devide tIle cases: 

(4.2.3) 

(i) 13 passes through one of the double points on Y. 

(ii) 13 is apaTt from all tIle double points on }7 

Then, by the same argument as (3.4), the quotient 

is the coarse moduli space of the triples in question. The central fiber Yo = V U W 

of a semi-stable reduction of the degenration of types (4.2.2.i) and (4.2.2.ii) are given 

in Fugures 1 and 2 at the end of this paper respectively. 

(4.3) Let 

(4.3.1) f: (y, B + £) --t L1 

be a semi-stable degeneration of type (4.2.2.i) on the stage (b) in Figure 1. By (A.2), 

we can consider the Thom-Gysin-Clemens-Schmid diagram (1.4.6) over Z with exact 

columns. In order to adjust that diagram for our use, we set 

~ 0 ') 0 

G3 (Y 00) := }J~(Y 00, Z), 
~ 0 ~ 0 

G2 (Y CXJ) := Im{ H2(yoo, Z) --t G3 (Y oo)}, 
~ 0 0 0 0 

G3(YO) := Coker{H2(y, Y*; Z) --t H2(yo, Z)}, 

(4.3.2) 

~ 0 ~ 0 

G2(YO) := Im{ H2(1"0, Z) --t G3(YO)}, 

~ 0 0 0 0 0 

G3 (V) := Coker{H2(y, Y*; Z) --t J{2(yo, Z) --t J{2(V, Z)}, 

~ 0 ~ 0 

G2(V) := Im{J{2(V, Z) --t G3 (V)}, 
~ 0 0 

G3 (W) := }J2(vV, Z), 
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where we use the notation as (1.1.2) applied for (4.3.1) as well as the notation on 

the stage (b) in Figure 1. Since ]{l(Bo, Z) (resp. ]{l (Boo , Z), ]{l(Bv, Z)) is Z-free, 
~ 0 ~ 0 

the Thom-Gysin exact sequence implies that the torsion of Gi(YO) (resp. Gi(Y 00), 
~ 0 

Gi(V)) for i = 2, 3 coincide. We denote 

(4.3.3) 

In the notation (4.3.3), the Thom-Gysin-Clemens-Schmid diagram becomes 

0 0 0 

r r r 
]{l(Bo, Z) ]{l(Boo, Z) 

NB 
]{l(Boo, Z) o~ ~ ~ 

r r r 
( 4.3.4) 

0 0 N 0 

o~ G3 (Yo) ~ G3(Y 00) --+ G3(Y 00) 

r r r 
0 0 0 0 

o~ G2(YO) ~ G2(Y 00) ~ G2(Y 00) 

r r r 
0 0 0 

We notice that all the columns of the diagram (4.3.4) are exact by (A.2) and the 

construction. The top row is the case of curves and the exactness is well-known. The 

bottom row is exact by construction. Hence we see, by chasing the diagram, that the 

midle row is also exact. 

Lemma (4.3.5). FOT type (4.2.2.i), theTe exists a Z-basis {e}, ... ,em+2g} 
o 

of G3 (Y 00) satisfying the following conditions. 
o 

(i) {el, ... , em} is a Z-basis ofG2(Y 00) and {em+l, ... , em+2g} is a lifting 

of a symplectic Z-basis of ]{l (Boo , Z). 
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(ii) 
if i = m + 9 + 1, 

otllerwise. 

o 
Proof. Let {el, ... ,em +2g} be a Z-basis of G3(Y (0) satisfying the condition 

(i). Then, by the Picard-Lefschetz formula on Hl(Boo, Z) (cf. [SGA,XV.3.4]) and 

the (4.1.1.iii), 
if i = m + 9 + 1, 

otherwise, 

o 
for some x E G2 (Y (0). Hence it is enough to show 

o 

Clainl.. ImN in G3 (Y (0) is not primitive. 

o 

By this claim, x is 2-divisible and, replacing em+l by em+! + x/2 E G3(Y (0)' 

we get the desired basis. 

We now prove the above claim. Since the restriction map H2(W, Z) --t 

H2(D, Z) is surjective and the fundamental class of Bw is sent to the 2-divisible 

element [BD] of H2(D, Z), where BD := Bw n D =: {p, q}, the Mayer-Vietoris se-

quence implies an exact sequence 

(4.3.6) 
~o r~O ~o 2 

o --t G2(YO) --t G2(V) EB G2(W) --t H (D, Z)/Z[BD] --t O. 

~ 0 

Since G2(W) and H2(D, Z)/Z[BD] are isomorphic through the above map, (4.3.6) 

splits hence we have, in particular, 

~ 0 ~ 0 ~ 0 

(torsion of Imr) EB G2(1¥) = (torsion of G2(V)) EB G2(W). 

It is easy to compute, by the Thom-Gysin sequence and the Mayer-Vietoris sequence, 

the following: 

o 0 

Hl(V, Z) = Hl(H/, Z) = o. 
o 

H2(l¥, Z) : 2-torsion. 

3 0 

H (Yo,Z) = o. 
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By the Clemens-Schmid-Thom-Gysin diagram, we see 

so, by chasing the diagram, we have 

o 0 0 0 

Im{H2(y, Y*; Z) -+ H2(yo, Z)} C Im{H2(Yo, Z) -+ H2(yo, Z)}. 

Notice also that 

restriction 
---t) HO(BD, Z)} = Z(p + q), 

o residue 
Im{HO(D, Z) ) HO(BD, Z)} = Z(p - q). 

Hence, by the above results, the Mayer-Vietoris-Thom-Gysin diagram is arranged as 

(4.3.7) 
0 

r 
ZE+Zq 0 0 Z(p+q )+Z(p-q) 

r r r 
0-)- Zr+Z) Z p+q -)- Hl(Bo,Z) -)- Hl(Bv,Z) -)- 0 

r r r 
0 0 0 0 

0-)- Hl(D,Z) -)- 03(YO) -)- 0 3 (V) EEl 0 3 (vV) -)- 0 

r r r 
0 0 0 

H2fD'f) 0 0 -)- 02(YO) -)- 02(V) EEl 02(W) -)- Z BD -)-

r r 
0 0 

We see, from (4.3.7) together with the remarks after (4.3.2) and (4.3.6), that 
o 0 

the image Hl(D, Z) in G3(YO) is 2-divisible. Put 

/".. 0 0 0 

H1(D): primitive span of image of Hl(D, Z) in G3 (Yo). 
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Then we have 

0 -------+ 
Zp+Zq 

-------+ Z(p+q) JJl(Bo, Z) -------+ JJl(Bv, Z) -------+ 0 

(4.3.8) i I i I i I 
~ 0 

0 0 

0 HI(D) G(Y~) gr~(V) 0 -------+ -------+ gr3 -------+ -------+ 

~ 0 

From (4.3.4), (1.4.5.ii) and the primitivity of HI(D), we have a commutative 

diagram 

0 -------+ lmN -------+ KerN -------+ 

0 

grfG(Y CXl)J -------+ 0 

(4.3.9) 10 i I 1 
~ 0 0 0 

0 -------+ HI(D) -------+ G3(YO) -------+ G3(V) -------+ 0 

We see, from (4.3.4), that 

o 

( 4.3.10) 
Ker NjG2(Y CXl) =:; Ker NB, 

o 0 

(lmN + G2(Y CXl))jG2(Y CXl) =:; lmNB 

by the induced maps. Taking grf of (4.3.9), we have, by (4.3.10) and (4.3.8), a 

commutative exact diagram 

0 -------+ lmNB -------+ KerNB -------+ grf HI (BCXl' Z) -------+ 0 

(4.3.11) lOB i I 1 

0 -------+ 
ze+ZI,l 

-------+ HI(Bo, Z) -------+ HI(Bv, Z) -------+ 0 Z(p+q) 

Since lmNB in KerNB is 2-divisible and JJ1(Bv,Z) is Z-free, OB in (4.3.11) is not 

isomorphic hence not so is 0 in (4.3.9). This proves our claim. EI 

Remark (4.3.12) The same assertion as Lemma (4.3.5) holds also for the 

type (4.2.2.ii) on the stage (b) in Figure 2 at the end of this article. The proof is 
~ 0 ~ 0 

similar, but now terms Gi(V) EEl Gi(TtV) (i = 3,2) etc. are replaced by 

~ 0 0 0 0, 

G3(V u W) := (H2(V, Z) EEl H2(HI, Z))jZ([D ~J - [D w])' 
~ 0 0 ~ 0 0 

G2(V U W) := lm{H2(11, Z) EBH2(HI, Z) -------+ G3(V U W)} etc., 
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o 0 0 0 

where [D 0 ] and [D 0 ] are the fundamental classes of D c V and DeW respectively. 
V W 

The splitting of (4.3.6) in the present case is given by the image of H2(W, Z) in 
~ 0 0 

G2(V U W). We omit the details. 

(4.4) Let 

(4.4.1) {eI, ... ,em +2g} 

be a Z-basis of A in (3.2.1) satisfying the condition (4.3.5.i) and let N be an endo­

morphism of A defined by 

if i = m + g + 1, 
( 4.4.2) 

otherwise. 

Since N splits, we can construct easily a partial compactification of the classifying 

space D I Aut[A, D] in (3.5.3) added only the boudary component of codimension 1 

associated to N by the method of troidal compactifications for locally symmetric 

Siegel spaces (cf. [AMRTJ, [CCK]). As a set, this is defined by 

D I Aut[A, D] := (D I Aut[A, D]) U (exp(CN)D I exp(CN))/Normz(N), 
( 4.4.3) 

where Normz(N) := b' E Aut[A, D] 1,-1 N, = N}. 

The analytic structure is defined through the following construction of D I Aut[A, D]. 

Let Dc ~ Ll). X (U X L1tL-1 ) X L1 V be a small open subset of D, where L1 

is the unit disc, U is the upper half plane and the decomposion is the one into 

D2 X D3 X (extension data) (see (3.2.7)). Construct 

(4.4.4) 

lc 
Dcl exp(ZN) 

n 

Del exp(ZN) 

1 

Del exp(ZN)/Nonnz(N) 
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where c := 1 x (exp 21ri( ) xl) x 1. Patching up by 

( 4.4.5) 

(Del exp(ZN))/Normz(N) "----+ D I Aut[A, D] 

n 

Del exp(ZN)/Normz(N), 

we obtain D I Aut[A, D]. As in the case of locally symmetric Siegel spaces, this has a 

structure of V-manifold (= orbifold). 

Proposition (4.4.6). Tile mixed period map cfJ in (3.5.3) extends 11010-

morphically to 

</J: UIAut[Ay,D2] -t D/Aut[A,D] 

wilich sends a boudary point to its nilpotent orbit, w11ere tile source is (4.2.3) and 

the target (4.4-.3). 

Proof. By construction (4.2.1), the boundary U - U is a smooth divisor 

on U. Localizing the situation at a boundary point, we may assume 

with local coordinates t = (tl, tf), where tl = 0 is the boundary and t f the other 

coordinates. Take a point T E U and fix an isomorphism of the data in (3.1.1) 

o 

By definition (or by (3.3.2)), for any Z-basis {el(oo), ... , em +2g(oo)} of G3(YO) and 

the monodromy logarithm Noo satisfying the condition (4.3.5) (see also (4.3.12)), 

there exists a [A, D]-marking in (3.3.1) 

such that 

(m + 1 ::s; 1: ::s; m + 2g). 
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Hence we have Noo = (1]1f)-1(2N)(rl1r) for the types (i) and (ii) in (4.2:2) on the stage 

(b). For each fixed tf, let F( 00, tf) be the limit Hodge filtration as tl -------+ o. We define 

<1)(0, t
f
) := exp(CN)(7J1f F( 00, tf))1 exp(CN) mod Normz(N). 

In order to see that <1) is holomorphic, we observe its period matrix. We 

first examine the type (4.2.2.i). By (4.3.5.ii), grr and the extension data of the 

period matrix are invariant under the action of the local monodromy Too := exp Noo . 

grr' of the period matrix is the only part which is affected by Too. To see this part 

more precisely, let {el(t), ... ,em+2g(t)} be a horizontal frame of the local system 
o 

{A(t) := JJ2(y t , Z)/(torsion)}tEu which coincides with 1]-1 {el, ... , em +2g} at t = T. 

em+g+1 (t) is multi-valued. Let {WI (t), ... , Wg+l (t)}tEU be a frame of the Hodge filter 

F2 satisfying W1+i(t) em+g+i(t) mod L-j=~g Cej(t) (1 ~ i ~ g). Then the period 

matrix for F2 is of the form 

(Wl(t); ... ,Wg+l(t)) 

B(t) ) 
Z(t) 

19 

The (l,l)-part Zll(t) of Z(t) is the only part which is multi-valued. By 

(4.3.5.ii), we can compute as 

where s(t) extends holomorphically over f), which is equivalent to the existence of the 

limit Hodge filter F2( oo,tf
). I-Ienee, by (4.4.4) and (4.4.5), we have 

i[J : U --+ Del exp(ZN) -------+ D I Aut[A, D] 

n n n 

i[J U -------+ Del exp(ZN) -------+ D I Aut[A, D] 
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where the (l,l)-part of Z(t) on the midle stage becomes 

(4.4.7) exp(27rizl1 (t)) = ti exp(27ris(t)). 

This shows that f/J is holomorphic for the type (4.2.2.i). 

As for the type (4.2.2.ii), a similar argUlTlent works and instead of (4.4.7) we 

get 

( 4.4.8) exp(27riZl1 (t)) = t1 exp(27ris(t)) 

because of the (2 : 1) base extension in the semi-stable reduction of pairs in Figure 2 

on the last page. !!I 

§5. Inheritance of induction hypothesis and infinitesimal mixed 

Torelli theorem 

(5.1) The following result is useful for our inductive approach of the mixed 

Torelli problem by using the degeneration of the type (4.2.2.i). 

Proposition (5.1.1). 

(4.3.1) the following: 

In the notation of (4.3), we see for tlle family 

o 0 0 

(i) G3(YO) -=:::; Ker{N : G3(Y (0) -t G3(Y oo)}. 

(ii) The Gysin filtrations G Me isomorphic under (1). 

(iii) The ]..1ayer-Vie t oris filtration L and the N -filtra.tion LaTe isomcn'phic 

under (i). 
o 

(iv) Before tlle shiftings [2], llVo=:J (G * L)o with index 2 on G3 (yo) and 
o 

W = G * L on G3 (Y (0)' 
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(v ) (i) is an isommphism of mixed Hodge structures witb weigllt filtrations 

(G * L) [2] on botl1 terms. 

~ 0 

Pm oj. (i) and (ii) follow immediately from (4.3.4). Since G3(W) 
o 

IJZ(TV, Z) is a 2-torsion and N satisfies (4.3.5.ii), (4.3.9) implies a commutative exact 

diagram 

0 -+ ImN -+ KerN -+ 
L 0 

grz G3(Y (0) -+ 0 

(5.1.2) i I i I i I 
0 0 0 0 

0 -+ IJ1(D, Z) -+ G3(YO) -+ G3 (V) EB 83 (W) -+ o. 

This shows (iii). 

As for the first part of (iv), we see in the same way as (1.3.2), (1.3.4) and 

(1.3.5.i) that a complex K z over Z and its filtrations G, Land Ware defined and 

that they satisfy TV = G * L on K z. The spectral sequence of hypercohomology of 

(Kz' W) degenerates in Ez = Eoo [D2,II]. We compute the Ei: 

E~,l = Ei,l = IJ1(D, Z) = 0 

E:;1,3 = E:;1,3 = IJ1(Bv, Z) 

E:;Z,4 = E:;Z,4 = o. 

Hence, before shifting [2], we have 

i+j=k 

where a is the composite of the Mayer-Vietoris map and the residue map. On the 

other hand, since 

o 0 

G-1 = 0 c Go = Im{IJ2 (10,Z) -+ IJ2(yo,Z)} C G1 = IJ2(yo,Z), 
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we have 

(G * L)-l = 0 c (G * L)o = Go + L-l c (G * Lh = H 2CYo, Z) 

before the shiftings. By the part of the original Mayer-Vietoris-Thom-Gysin diagram 

like (4.3.7), we see 

o 

(G * L)o c TVo with index 2 on H\Yo, Z) 

o 

hence so is that on G3(YO). 

The second part of (iv) follows from (4.3.5) and the argument of the proof 

of the step (iv) =} (i) in (4.1.1) which is valid also over Z (d. [SZ,(2.11)]). (v) is a 

consequence of (i)-(iv) and (1.3.5). !il 

(5.2) We have the following partial result at present for the infinitesimal 

mixed period map. 

Proposition (5.2.1). The infinitesimal mixed Torelli theorem holds for 

the extension (j) of the mixed period map in (4.4.6) at interior points E U and at 

boundary points E U - U of the type (4.2.2.i) in the tangential directions of the 

boundary. 

Proof Let (Y, B + E) be a pair of the smooth minimal model and its 

branch locus of (Y, 13 + E) E U. By taking the dual, we see that 

is injective. This proves the first half of our assertion. 
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For a degeneration of pairs of the type (4.2.2.i), the locally trivial (= equi­

singular) small deformations of the pair on the stage (a) in Figure 1 on the last page 

within the limits of these pairs corresponds exactly to those on the stage (b), i.e., 

there are no problems of ordinary double points nor the Todorov involution. On the 

stage (a), they are determined by the deformations of the pair of the main component 

and the union of its branch locus and the double curve. The latter are determined 

by the deformations of (V, (B + E + D)v) on the stage (b). As before, 

is injective. This implies the second half of our assertion, because, for a boundary 
o 0 0 

point to E U, cJ)(to) induces the Hodge filtration on G3 (V) ® C = }J2(V, C)jC[D] by 

(5.1.2) and the difference of 

o 0 0 0 

}J2(V, C)jC[D] '-t }J2(V - D, C) = }J2(V - (B + E + D)v, C) 

affects their grj only for p = 2. II 

Problem (5.2.2). Solve infinitesimal mixed Torelli problem for cJ). 

Problem (5.2.3). Solve local mixed Torelli problem for cJ). 

Problem. (5.2.4). Solve generic mixed Torelli problem for iP. 

Remark (5.3.5). (i) In cases (.e,0') = (1,0) and (2,1), the generic 

mixed Torelli theorem is verified for geometric monodromy in an elementary way 

([L], [SSU, 11.2]). 

(ii) The number of moduli of Todorov surfaces is 12 for every (f,O'). On 

the other hand, a hypersurface of (U / Aut[Ay, DZ])Cf-l,O")' a' = 0' or 0' - 1, is glued 

as the boundary locus of the degenerations of the type (4.2.2.i). Hence the induction 

step will not proceed naively. 
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appear in studies of threefolds and semi-stable degenerations 

of surfaces Ccf. Kawamata [5], Miyanishi [6], Tsunoda [11]). We 

have been interested in such singular surfaces with logarithmic 

Kodaira dimension -00 Ccf. Miyanishi-Tsunoda [8], Zhang [12,13]). 

In the present paper, we shall study the case of logarithmic 

Kodaira dimension O. 

-
Let V be a normal projective rational surface with only 

quotient singularities but with no rational double singular points. 

Let Ky be the canonical divisor of V as a Weil divisor. We 

call V a logarithmic Enriques surface if H 1 CY,Oy) = 0 and 

Ky is a trivial Cartier divisor for some positive integer N. 

The smallest one of such integers N is called the index of 

Ky and denoted by IndexCKy ) or simply by I. Since IK­
V 

is 

trivial, there is a Z/IZ-covering n: U ~ V, which is unique up to 

isomorphisms and etale outside Sing V. Then U, called the canonical 

covering of V, is a Gorenstein surface, and the minimal resolution 

of singularities of U is an abelian surface or a K3 surface. 

Let f: V ~ V be a minimal resolution of singularities of V 

and set -1 D:= f (Sing V). We often confuse V deliberately with 

(V,D) or (V,D,f). 

§1 is a preparation and contains a proof of an inequality 

(cf. Proposition 1.5) which plays an important role in the whole 

theory; in particular, if I ~ 3 then C ·-. - #CSing V) ~ (D,KV) ~ 

In §2, it is proved C-1-(K~), and if I ~ 4 then c < -3(K~). 

that if a positive integer p is a factor of I then U/CZ/pZ) 

is a logarithmic Enriques surface, as well. We also prove that 

I ~ 66; this result is originally due to S. Tsunoda. Moreover, 
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I ~ 19 if I is a prime number. §§ 3 - 5 are devoted to the 

proofs of the following three theorems: 

Theorem 3.1. Let V or synonymousLy (V,D) be a Logarithmic 

Enriques surface with IndexCKij) = 2. Then there is a Logarithmic 

Enriques surface W or (W,B) with Index(Kw)=2 and #(Sing W) = 1 

such that V is obtained from W by bLowing up aLL singuLar pOints 

of B (-i. e., intersection pOints of irreducibLe components of B) 

and then bLowing down severaL (-I)-curves on the bLown-up surface. 
-Moreover, #(Sing U) = #(Sing V) ~ #{irreducibLe component of D} 

:s: 10. The case with #(Sing V) = 10 occurs and, in this case, 

there is a (-2)-rod of Dynkin type A19 on U. 

Theorem 4.1. Let (V,D). or synonymousLy (V,D), be a Log 

-Enriques surface whose canonicaL covering U is an abeLian surface. 

Then I (= Index(Kij» = 3 or 5. More preciseLy, we have: 

(1) Suppose I = 3. Then p(U) = p(V) = 4 and D consists of 

nine isoLated (-3)-curves. Hence U is a singuLar abeLian surface. 

(2) Suppose I = 5. Then p(U) = p(ij) = 2, and D consists of 

five connected components each of which consists of one (-2)-curve 

and one (-3)-CUrve. 

Theorem 5.1. Let (V,D) be a Logarithmic Enriques surface such 

that I (= IndexCKij» is a prime number and the canonicaL covering 

U -is a K3-surface. Then I -;:C. 2, 13. Moreover, the singuLarity 

type of V is expLicitLy given. In particuLar, (D,K
V

) = C-l-(K~)' 
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In §6, we consider the remaining case where the canonical 

covering U of V is singular. Possible types of singularities 

- -
of V and U are given when 1:= Index(KV) = 3 or 5. As a 

corollary, we see that if there is a singularity of Dynkin type 

Ek (k = 6, 7 or 8) on U then I = 5, 25, 7, 11, 13, 17 or 19. It 

remains to consider possible combinations of singularities on V. We 

obtain the following theorem (cf. Proposition 6.2 and Lemma 6.3): 

Theorem 6.1. Let (V,D) be a Logarithmic Enriques surface such 

that I is an odd prime number and Sing U ~~. Then c:= #(Sing V) 

~ Min{16,23-I}, #(Sing U) ~ (24-1)/2 and -1 ~ p(V)-c ~ 4, uhere 

p(V) is the Picard number of V. Moreover, if c = 16 or P(V)-c 

= 4, then I = 5 or 3, respectiveLy and Sing V is preciseLy 

described in Proposition 6.2; particuLarLy, (D,Kv) ~ C-l-(K~). 

We found an example of logarithmic Enriques surface (V,D) 

with (c, I) = 05,3). Moreover, there is a (-2)-fork r of Dynkin 

type D
19 

on the minimal resolution U of the canonical covering U 

of (V,D). By contracting r on U we get the canonical covering 

U' of a new log Enriques surface (V',D'). In particular, U is a 

K3-surface with p(U) = 20. Such a K3-surface is probably new. Note 

tha t u' can not be a quartic surface of p3 (cf. Kato-Naruki [4]). 

Terminology. We refer to [8; §§1.1-1.5] or [9; §2] for the 

definitions of (admissible rational) rods, twigs and forks, and the 

definition of B# for a reduced effective divisor B. A (-n)-curve 

on a nonsingular projective surface is a nonsingular rational curve 
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of self-intersection number -no A (-2)-rod (resp. fork) is a rod 

(resp. fork) whose irreducible components are all (-2)-curves. 

Notation. Let V be a nonsingular projective surface and let 

D, Dl and D2 be divisors on V. 

KV: Canonical divisor of V, 

K(V): Kodaira dimension of V, 

K(X): Logarithmic Kodaira dimension of a non-complete surface X, 

p(V): Picard number of V, 

i h (V, D) : 

Dl 

Dl 

#(D): The number of all irreducible components of SuppeD), 

* f D: Total transform of D, 

f'D: Proper transform of D, 

"V D2 : Dl and D2 are linearly equivalent, 

- D2 : 

e(D): 

Dl and D2 are numerically equivalent, 

Euler number of D, 

E . 
n . Hirzebruch surface of degree n . 

§1. Preliminaries 

We work over the complex number field (. Let V be a normal 

projective algebraic surface defined over ( and let f: V ~ V 

be a minimal resolution of Sing(V). Denote by D the reduced 

effective divisor whose support is -1 f (Sing V)' Then there is 

!b)-divisor D# such that f*(KV) # and 0 D# a - KV+ D 5.: s: D. 
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Definition 1.1. V is said to be a ~og (= ~ogarithmic) 

Enriques surface if the following three conditions are satisfied: 

(1) V has only quotient singularities and Sing(V) ~ ¢. 

(2 ) NK­
V 

is a trivial Cartier divisor for some positive integer N, 

which is equivalent to saying that ND# is an integral divisor. 

(1) implies that SUPPCD-D#) = Supp D CcL [8; §1.5 and §2.5]). 

Let ~ be a connected component of D. Then ~ is an admissible 

rational rod or an admissible rational fork, which are defined in 

[9; §2] (cL Brieskorn [2; Satz 2.11]). f(~) is a rational double 

singular point if and only if ~ is a (-2)-rod or a (-2)-fork. We 

can define the direct image f*F for each divisor F on V as 

in the case where f is a morphism between nonsingular surfaces. 

Then the property of linear equivalence "'V" between divisors on V 

is preserved under f*. By [8; Lemma 2.4], there exists a positive 

integer P such that for each Weil divisor F on V, PF is linearly 

equivalent to a Cartier divisor. Let F1 and F2 be two We i I 

divisor on V, we define the intersection number of F1 and F2 

by (F1 ,F2 ):= (1/p 2 )(f*CPF
1

),f*CPF
2
». 

We often identify V with (V,D,f) or (V,D). 

Proposition 1.2. Let (V,D) be a ~og Enriques surface. Then 

KeV) S K(V-D) = 0. Moreover, if K(V) = 0, then V has on~y 

rationa~ doub~e singu~ar pOints and either V is a K3-suriace or V 

is an Enriques surface. 
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Proof. By virtue of [8; Lemma 1.10], we have ho(V,n(D+Kv» 

= hO(V,nCD#+Kv» = I, for each positive integer n satisfying 

# * neD +Kv) ~ f CnKy) ~ O. Therefore, K(V-D) = O. 

Suppose that K(V) = O. Then there exists a positive integer 

N such that ND# is an integral divisor and NKV is linearly 

equivalent to an effective divisor ~. 

we have D# = ~ = O. D# = 0 means that D consists of (-2)-rods 

and (-2)-forks (c£' [8; §1.5]). Namely, V has only rational double 

singular points. Note that V is a minimal surface, for NKV ~ O. 

By the classification theory of nonsingular surfaces and by the 

hypotheses that K(V) = 0 and q(V) = q(V) = 0, we see that 

V is a K3 surface or an Enriques surface. Q.E.D. 

~ 

Let (V,D) be a log Enriques surface. Denote by D the 

~ 

reduced divisor Supp D#. Then D-D consists of exactly those 

connected components of D which are contracted to rational double 

~ 

singular points on V. Therefore, (V,D) is also a log Enriques 

surface. 

In view of Proposition 1.2 and the above argument, we assume, 

untill the end of the present article, the following two conditions: 

(1) K(V) = -00, hence V is a rationaL surface, 

(2) Supp(D#) = SuppeD) ~ ~. 

Definition 1.3. Let V be a log Enriques surface. We denote 

by Index(KV) or simply by I, the smallest positive integer such 

that IKy is a Cartier divisor. 
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Actually, 1KV ~ 0 which is proved in the following lemma. 

Lemma 1.4. (1) 

(2) Let N be a positive integer. 

onLy if 1 is a divisor of N. 

Proof. (1) Since - # # Kv = -D , Supp D = Supp D ~ ¢ and D 

has negative definite intersection matrix, we have (K2) 
V :s: -l. 

If 1 = 1 , then V is Gorenstein. Hence KV = f*K- and D# = V 

because V has only rational singularities. This contradicts 

the assumptions that Sing(V) ~ ¢ and 

I ~ 2. Note that I(D#+KV) = o. Hence 

Supp D# = Supp D. Hence 

I(D#+K
V

) ~ 0 and 

IKV ~ 0 by the additional assumption that V is rational. In 

particular, hO(V,-IKV) ~ O. 

0 

(2 ) Then -NK 
V 

is linearly equivalent 

# # to an effective divisor ~. Note that ND -~ ~ N(D +KV) = O. Since 

D# has negative definite intersection matrix, we have ND# = ~. 

Hence ND# is an integral divisor. SO, NKV is a Cartier divisor. 

Then, N is divisible by 1 by the definition of I. Q.E.D. 

The inequality(**) in the following proposition is very 

helpful in proving Theorems 5.1 and 6.1. 

Proposition 1.5. Let (V,D) be a Log Enriques surface and Let 

c be the number of connected components of D. Let p and q be 

integers satisfying 1:S: q < p :s: 1-1 (1:= Index(Kv». Then ~e have: 
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C*) c :!S: CD,KV) < 
2cCP_q)2+(p_p2)(K~) 

and (p-q)(p+q-1) 

(**> (D,Kv) :!S: c-1-(K~) if I 2 3. 

If 2 4 then c < -3(K~). If c = 1 then I = 2 . (The case 

c = 1 has been treated -in [10 ; Proposition 2.2]) . 

Proof. Let p, q be the same as in the statement. We claim 

first that h 2 (V,Cp-q)D+PKV) = hOeV,-(p-q)D-CP-I)KV) = 0. Indeed, 

suppose that hO{V,-(p-q)D-CP-1)K
V

) ~ 0. Then hO(V,-(p-l)K
V

) ~ O. 

Hence I is a divisor of (p-1) and I:!S: p-l by Lemma 1.4. This 

contradicts the assumption p:!S: I-I. 

Next, we claim that hO(V,(p-q)D+pKV) = O. Suppose, on the 

contrary, that hO(V,ep-q)D+pK
V

) ~ O. Then hi)(V,[PD#]+PKV) = 

# hO(V,PD+PKv ) ~ 0 (cf. [8; Lemma 1.10]). Here, [pD] is the maximal 

effective integral divisor such that pD#-[PD#] is effective. 

Let ~ be an effective divisor such that # [pD ]+pKv ~~. Then 

# # # # 
p(D +KV) ~ ~+(pD -[pD ]). Since D +KV - 0, we have ~ = 0 and 

PD# = [pD#] which is an integral divisor. Hence I is a factor 

of p and I ~ p. This contradicts the assumption p ~ I-I. 

n 
Write D = L 

i=l 
D. 

1 
where D. 's are irreducible components of D. 

1 

Note that D consists of rational trees. 

= n-c. Therefore, 2Pa(D)-2 

2 L (D. ,D.) = L (2p (D. )-2) + 2(n-c) = -2c. .<. 1 J . a 1 
I J I 

Hence we have L (D. ,D.) 
. < . 1 J 

Hence, 

1 J 

(D i ' Kv) + 

p (D) = I-c. a 

Applying the Riemann-Roch theorem, we obtain: 
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Hence we have: 

o > [(p-q)D+pKV][(p-q)D+(p-I)KVJ 

= (p_q)2(D2)+(2P-I)(P-q)(D,KV)+(p2_p)(K~) 

= (p_q)2[-2C-(D,KV)]+(2p-I)(p-q)(D,KV)+(p2_p)(K~) 

= -2C(p_q)2+(p_q)(p+q-I)(D,KV)+(p2_p)(K~). 

Thence follows the second half of the inequality(*). Setting p = 2 

and q = 1, we obtain the inequality(**). 

Since # Supp D = Supp D, each connected component 

contains an irreducible component D. 
1 

wi th (D~) ::s: -3. 
1 

(t::.
i 

,K
V

) :£ (D
i 

,K
V

) = -2-(Df) :£ 1. Therefore, (D,KV) ~ c. 

t::.. 
1 

of 

Hence 

D 

Suppose 1:£ 4. Setting p = 3 and q = 2 in the inequality 

( *), we 0 b t a inc < ( 2 c - 6 (K~ ) ) / 4 , i. e., c < - 3 (K~) • 

Consider the case c=I. Suppose 1:£3. Then (D,KV) ~ -(K~) by 

the inequality(**). Hence (D-D#,K
V

) = (D+KV,K
V

) ~ 0 because D#+Kv 

= O. Since D-D#:£ 0, we have (D-D#,K
v

) = O. Hence D-D#, whose 

support coincides with Supp D, consists of C-2)-curves. Hence D# = 

# 
0, Supp D = Supp D = ~ and Sing V =~. This is a contradiction. 

Q.E.D. 

§2. Canonical coverings of logarithmic Enriques surfaces 

Let V (or synonymously (V,D,f» be a log Enriques surface. 

Denote by VO the smooth part V - (Sing V) = V-D. By the relation 

OC1D#) ~ O(-KV)®1 (1:= 1ndex(KV» and a nonzero global section of 
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OCID#), we can define aI/II-covering n: D ~ Y such that D is 

normal and the restriction nO of n to Uo := ~-1CYO) is finite 

and etale. Actually, D is connected and ~-1CD) is contractible 

to quotient singular points on a normal projective surface U 

-
Ccf. [13; Cor. 5.2]). Let n: U ~ Y be the fini te morphism induced 

-
by n. Note that nO is induced by the relation IC-Kyo) ~ 0 and U 

is the normalization of Y in the function field ([CUO). Note that 

KUO ~ n O*CKyo +CI-1)C-Ky O» ~ 2n O*KyO ~ 2KUo and KU o ~ O. Hence 

KO ~ 0 and there are only rational double singular points on U. 

Let g: U ~ U be a minimal resolution of singularities of U. Then 

KU ~ O. Hence U is an abelian surface or a K3-surface. Note that 

U = U when U is an abelian surface. 

DefnoitHon 2.1. The surface U Crespo the map n: U ~ Y) defined 

above is called the canonicaL covering Crespo the canonicaL map) of y. 

Assume I = pq with p < I and q < I. Set U1 = O/Cl/pl) 

where l/pl is considered as a subgroup of 1/11 which acts on 

U. Then Y = O/Cl/Il) = 01/(llql) where the action of l/ql ~ 

Cl/ll)/(I/pl) on U1 is induced by the action of 1/11 on U. 

The we have the following lemma whose proof is easy and omitted. 

Lemma 2.2. Let J be a positive integer. Then JK­U
J 

is a 

Cartier divisor if and onLy if p is a divisor of J. Moreover. 

is a rationaL Log Enriques surface hlith IndexCKO) = p. 
1 

If U is nonsinguLar then 2 is not a divisor of I. 
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In view of the above lemma, we assume that I (= Index(KV» 

is a prime number in order to obtain the information about U, e.g., 

-
the singularity type of U. Possible divisors of I are given in 

the following lemma. The idea of the proof is found in [10; p.108J. 

-
Lemma 2.3. Let V be a Log Enriques surface. Then ~(I) ~ 

b
2

(U) - P(U) ~ 21, Mhere ~(I) is the EuLer function and b 2 (U) is 

the second Betti number. Hence each prime diVisor of I is not 

greater than 19. Moreover, 2 ~ I ~ 66. FinaLLy, if 1 is not 

a prime number then 211, 311 or sll. 

Set VO = V - Sing V and UO = ~-l(VO). Then n: UO ~ VO is 

etale. Hence e(UO) = le(VO) and the following lemma holds. 

Lemma 2.4. Let V be a Log Enriques surface. Let 1:= Index(Kv) 
and Let c and 

~ 

c be the numbers of aLL connected components of 

Sing V and ~-l(Sing V), respectiveLy. We use the notations n: 
- -U ~ V and g: U ~ U as set at the beginning of §2. Then Me have: 

~ 

e(U) + p(U) - peu) - c = l(p(V) - c + 2), 

Mhere e(U) is the EuLer number. 

Suppose fUrther that 
~ 

c = c (thiS hypothesis is satisfied if 

I is a prime number) and that U i8 a K3-surface. Then Me have: 

c ~ 21 + p(U)- p(U) ~ 21 and 1 ~ p(V) - c + 2 ~ 23/1. 
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Lemma 2.5. Let V be a ~og Enriques surface. Suppose that 

U is nonsingu~ar and I (= Index(Kv)) is a prime number. Then for 

each singu~ar point y of V, IT-
1

(y) consists of a sing~e smooth 

point, and 6-V,y 
';;; ([[[X,Y]]/c

1 
1Jith ,q a cyc~ic subgroup C I, q of 

GL(2,([), 1Jhere 1:S:q:S:I-2 and g.c.d. (q, I) = 1. The action of C I • q 

is given by: gX = i;X and gY = i;qy, 1Jhere g is a generator of 

C and i; is a primitive I-th root of the unity. r ,q 

Proof. This follows from the smoothness of U and the 

assumption that y is not a rational double singular point. Q.E.D. 

The proof of Theorem 3.1 is omitted. 

Proof of Theorem 4.1. By Lemma 2.2, I is not divisible by 2. 

We have ~(I):S: b 2 (U) - p(U) = 6 - p(U) :s: 5 by Lemma 2.3. Hence I 

= 3 or 5, and we have p(U):S: 2 if I = 5 and p(U):S: 4 if I = 3. 

Then Theorem 4.1 can be proved by using Lemmas 2.4 and 2.5. 

Employ the notations as set at the beginning of §2. We are 

going to prove Theorem 5.1. Let V be such a log Enriques surface 

that the canonical covering U is a K3-surface and the index I of 

KV is a prime number. Since U is nonsingular, we can apply Lemma 

2.5. Let m1 , ... , rna be integers such that the following three 

conditions are satisfied: 

0) 

(2) 

1 = m < m < ••• < m < 1-1 
1 2 a' 

the singularity «[2/C r ,m. ,0) 
I 
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singularity ([2/C1,m.'0) if i ~ j, 
J 

(3) for each l~k~I-Z, the singularity ([2/C1,k'0) is 

isomorphic to a singularity ([2/C1,m. ,0) 
I 

for some m. with m. ~ k. 
I I 

(m
1

,m
Z

' ... , rna) is uniquely determined and easily 

found (cf. [Z; Satz Z.II]). Let n. be the number of all 
I 

singular points of V which have the same singularity as 

([2/C
1 

,0). By our assumption that V has no rational double 
,m. 

I 

singular points, we have 2: n. = c (= # (S i ng V». 
I 

A precise 

description of (n 1 ,n Z ' n) is given in the following theorem: 
a 

Theorem 5.1. We use the above notations. Let V, or synonymous~y 

(V,D), be a log Enriques surface. Suppose that the canonica~ covering 

U is a K3-surface and the index I of KV is a prime number. Then p(V) 

= c-Z+(Z4-c)/I, and one of the follohling cases occurs, hlhere 2: n. = c: 
I 

( 1 ) ( c , I) = ( 3 , 3 ) . Then (m l' ...• rna) = (1), c = n 1 = 3 

and p(V) = II. Hence D consists of three iso~ated (-3) -curves. 

(Z) (c,1) = (4,5). Then (m 1 ' rna) = 0, Z) , (n
1

,n
Z

) = 
Cl ,3) and p(V) = 13. 

(3 ) (c, I ) = (3,7) . Then (m 1 ' 
... rna) , = 0,Z,3), 

(n
1

,n
Z

,n
3

) = (O,I,Z) and p(V) = 1 Z . 

(4) (c.1) = (Z,l1). Then (m 1 ' rna) = ( 1 , Z , 3 , 5 , 7) J 

(n 1 ' 
n

5
) = (0,0,0,1,1) and p(V) = II. 

(5 ) (c,1) = 03,11). Then (m 1 ' 
... m ) = (1,2,3,5,7), , 

a 

(n
1

, n
5

) = (3,4,0,0,6), (4,1,1,0,7), (4,2,0,1,6) or (5,0,0,2,6) 

and p(V) = 47, 48, 49 or 51, respectively. 
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(6) (c,l) = (7,17). Then (m 1 , ma )=(l,2,3,4,5,8,10,11) and 

(n
1

, n
8

) = (1,0,1,1,0,0,2,2), (1,0,0,1,1,0,3,1), (0,2,1,0,0,0,3,1), 

(0,2,0,0,1,0,4,0), (1,1,1,0,0,0,0,4), (1,1,0,0,1,0,1,3), 

(1,0,1,0,0,1,4,0), (2,0,0,0,0,2,1,2), (1,2,0,0,0,1,0,3), 

(1,1,0,2,0,0,0,3), (1,1,0,1,0,1,2,1), (1,0,0,3,0,0,2,1), 

(0,3,0,1,0,0,1,2), (0,3,0,0,0,1,3,0) or (0,2,0,2,0,0,3,0). 

(7) (c,l) = (5,19). Then (m 1 , "', rna) = (1,2,3,4,6,7,8,9,14), 

(n
1

, n
9

) = (1,0,0,0,0,1.0,1,2), (1,0,0,0,2,0,0,0,2), 

(0,1,1,0,0,1,0,0,2) or (0,2,0,0,1,0,0,0,2) and p(V) = 29, 29, 24 

or 26, respectiveLy. 

In particuLar, (D, KV) = c-1- (K~) • 

-
ConverseLy, if V is a Log Enriques surface of uhich the 

singuLarity type beLongs to one of the above cases, then the 

canonicaL covering U is a KS-surface. 

FinaLLy, for each prime number I uith 3 s I ~ 19 and I ~ 13, 

there is a Log Enriques surface V such that I is the index of 

and the canonicaL covering U of V is a K3-surface 

Proof. At first, we show the converse part. Let V be a 

log Enriques surface of which the singularity type belongs to one 

of the cases of Theorem 5.1. Every singular point x of V has 

the same singularity as (~2/GX'0) with a cyclic subgroup Gx of 

-
GL(2,~) of order I. Since the canonical covering ~: U ~ V has 

degree I and is an etale cyclic covering outside Sing V, we see 

that U is nonsingular. Then U is a K3-surface in view of 

Theorem 4.1. Now we shall prove a main part of Theorem 5.1. 

By Lemma 2.4, we obtain the first assertion and that c s 21. 
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In particular, II (Z4-c). By Lemma Z.Z, we have I ~ 3. Hence 

3 ~ I ~ 19 by Lemma Z.3. We treat only the case I = 3. The 

other cases can be treated similarly. We use also Proposition 1.5. 

Assume I = 3. Then (m 1 ' 
... m ) = (1) and D consists , 

a 

of c isolated (-3)-curves D. (1:::;':i:::;':c) . Note that D# = !D and 
1 3 

(K2) = (D#)2 = -c/3. Hence we have V c/3 + 10 = p(V) = p(V) + 

#(D) = c - Z + (Z4-c)/3 + c. This imp Ii es c = 3 and p(V) = 11. 

The final part can be proved by constructing concretly 

examples. Q.E.D. 

Theorem 6.1 is a consequence of the following Proposition 6.Z 

and Lemma 6.3. We need some preparation. 

Let (V,D) be a log Enriques surface such that 

6 

I is an odd 

prime number and Sing U = L: m.A. 
i = 1 1 1 

for some integers m. ~ 0 (1~i~6). 
1 

The second condition means, by definition, that Sing U consists of 

m. singularities 
1 

{x .. } (1~j~m.) of Dynkin type A. for each 1~i~6. 
1 J 1 1 

Let mO be the number of all singularities of V such that 

-1 
XOj:= 7l: (YOj) is a smooth point of U. Then the singulari ties y .. : = 

1 J 

7l:(X .. ) 
1 J 

(0~i~6) exhaust Sing V and are isomorphic to (<[2/C 1 (i+l) ,k. ,0) 
1 

for some 1:::;': k. ~ I (i+l)-Z wi th g.c.d. (l 0+1) ,k.) = 1. 
1 1 

We have 

6 6 
also 2: m. = #(Sing U) 

i = 1 1 

and 2: m. = c. 
i=O 1 

In the case I = 5, let n 1 , n 10 be respectively the 

numbers of all singularities of V such that 

(0,1), (O,Z), (1,1), (1,3), (Z,Z), (2,11), (3,3), (3,11), (4,4), 

(4,9). Then m. = n Z - 1 + n 2' 2 ( 0:::;.: i ~ 4) • 
1 1+ 1+ 
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In the case I = 7, let be the numbers of all 

singularities {Yaj } of V such that (a,ka ) = (0,1), (0,2), (0,3), 

(1,1), (1,3), (1,9), (2,2), (2,5), (2,8), respectively. Then m. = 
1 

In general, if 

integers m.:£O 
1 

and 

1=3 

D .:£0. 
J 

then 

Set 

Sing U = 2: m.A. + 
i~l 1 1 

2: D.D. 
j~4 J J 

for some 

mo:= c - #(Sing U) = c - L m. - L D .. 
i~l 1 J 

The bounds for c and p(V)-c are given below. 

Proposition 6.2. Let (V,D) be a ~og Enriques surface such 

that I is an odd prime number and Sing U ~~. Then ~e have 2 ~ 

c ~ Min {16,23-1} and c-1 ~ p(V) ~ c+4. More precise~y, ~e have: 

(1) Suppose I = 3. Then c ~ 15 and P(V) ~ c+4. Moreover, if 

c=15, then p(V) = 14, reV) = 29, Sing U = 6A
1 

and (m
O

,m
1

) = (9,6). 

If p(V) = c+4, then 
3 
2: m. + D4 = c, Sing U = D4 , A3 , A2 or AI' 

i=O 1 

(m O,"',ffi
3

,D
4

) = (1,0,0,0,1), (2,0,0,1,0), (3,0,1,0,0) or (4,1,0,0,0) 

and p(V) = II, 12, 13 or 14, respective~y. 

(2) Suppose I = 5. Then c ~ 16 and P(V) ~ c+2. Moreover, if 

c = 1 6, then p ( V) = 1 5, P ( V ) = 40, Sing U :: 3A
1

, (m
O

,m
1

) = 03,3) 

2 
If reV) = c+2, then 2: m. = c, 

i=O 1 

Sing U = A2 or AI' (mO,m 1 ,ffi2 ) = 0,0,1) or (2,1,0), (n 1 ,"',n
6

) = 

(0,1,0,0,0,1) or (0,2,0,1,0,0) and reV) = 11 or 12, respective~y. 

(3) Suppose I = 7. Then c ~ 15 and p(V) ~ c+1. Moreover, if 

= (0,11.2,2.0,0), (1,8,4,2,0,0), (2,5,6,2,0,0) or (3,2,8,2,0,0) and 
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pev) = 44, 45, 46 or 47, respectiveLy. If pev) = c+l, then c = 2, 

p(V)=II, Sing U = AI' (mO,m I ) = (1,1) and (n 1 ,···,n6 ) = (0,0,1,0,0,1). 

(4) Suppose I 2 11. Then peV) = c-1. 

In particuLar, ue have 24-kI ~ c+p(U)-P(U) = 24-I(p(V)-c+2) ~ 

24-1, uhere k = 6 (resp. 4, 3 or 1) if 1=3 (resp. 1= 5, 1=7 

or I 2 11) (cf. Lemma 2.4). Moreover, (D,Kv ) = C-l-(K~) Mhen the 

upper bound of c or p(V)-c in (1), (2) and (3) is attained. 

Proof. Since I 2 3 we have c 2 2 by Proposition 1.5. We 

use the result 1 ~ P(V)-c+2 = (24+p(U)-p(U)-c)/I ~ 21/1 ~ 7 in 

Lemma 2.4. In particular, we obtain the assertion(4), and c-l ~ 

- -
p(V) ;<;: c+5 and c = 24+p(U)-p(U)-I(p(V)-c+2) ;<;: 23-1 ~ 20. Moreover, 

if p(V) = c+5 then I = 3 and 24+p(U)-p(U)-c = 21, whence c = 2 

-
and Sing U = AI' In proving the assertion(l), we will show that this 

case does not occurs. Therefore, in order to prove Proposition 6.2, 

we have only to consider the case where I = 3, 5 or 7 and show the 

assertions (1), (2) and (3). (1), (2) and (3) can be proved similarly 

as in the proof of Theorem 5.1. We omit the proof. Q.E.D. 

Lemma 6.3. Let V be a Log Enriques surface. Then 

#(Sing U) ~ Min {10, e24-p)/2} for every prime divisor p of I. 

Proof. It suffices to consider the case where Sing U ~ ~. In 

this case, if g: U ~ U is a minimal desingularization then U is 

a K3-surface. In view of Lemma 2.2, we may assume that I = p which 

is a prime number. For each x E Sing U, we have n(x) E Sing V 

and 
-1 

n n(x) = x. Hence, #(Sing U) ~ c. Note that p(U)-p(U) is 
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the number of all irreducible components of exceptional divisors 

of g, which is apparently not less than #(Sing U). So, we have 

#(Sing U) ~ Min {c, p(U)-p(U)} ~ [c+P(U)-P(U)]/2 = [24-I(p(V)-c+2)]/2 

~ (24-1)/2 by Lemma 2.4. This, together with Theorem 3.1, implies 

Lemma 6.3. Q.E.D. 

References 

1. Artin, M.: Some numerical criteria for contractibility of 

curves on algebraic surfaces. Amer. J. Math. 84, 485-496(1962)~ 

2. Brieskorn, E.: Rationale Singularitaten komploxer Flachen. 

Invent. Math. 4, 336-358(1968). 

3. Hirzebruch, F.: Ober vierdimensionale Riemannsche Flachen 

mehrdeutiger analytischer Funktionen von zwei komplexen 

Veranderlichen. Math. Ann. 126, 1-22(1953). 

4. Katn, M., Naruki, I.: On rational double points on quartic 

surfaces. Preprint of Research Institute for Mathematical 

Science, Kyoto University, RIMS-390, 1-85(1982). 

5. Kawamata, Y.: Crepant blowing-up of 3-dimensional canonical 

singularities and its application to degenerations of surfaces. 

Ann. Math. 127,93-163(988). 

6. Miyanishi, M.: Projective degenerations of surfaces according 

to S. Tsunoda. In: Oda, T. (ed.) Proceedings of Algebraic 

Geometry, Sendai 1985. Advanced Studies in Pure Mathematics 10, 

415-427(1987). Kinokuniya, Tokyo and North-Holland, Amsterdam. 

-494-



7. Miyanishi, M., Russell, P.: Purely inseparable coverings of 

exponent one of the affine plane. J. Pure App. Alg. 28, 

279-317(1983) . 

8. Miyanishi, M., Tsunoda, S.: Non-complete algebraic surfaces 

with logarithmic Kodaira dimension -00 and with non-connected 

boundaries at infinity. Japan J. Math. 10, 195-242(1984). 

9. Miyanishi, M., Tsunoda, S.: Open algebraic surfaces with 

Kodaira dimension -00. Proceedings of Symposia in Pure 

Mathematics 46, 435-450(1987). 

10. Tsunoda, S.: Structure of open algebraic surfaces, I. J. Math. 

Kyoto Univ. 23, 95-125(983). 

11. Tsunoda, S.: Degeneration of surfaces. In: Oda, T. (ed.) 

Proceedings of Algebraic Geometry, Sendai 1985. Advanced 

Studies in Pure Mathematics 10, 755-764(1987). Kinokuniya, 

Tokyo and North-Holland, Amsterdam. 

12. Zhang, D. -Q.: Logarithmic del Pezzo surfaces of rank one with 

contractible boundaries. Osaka J. Math. 25, 461-497(1988). 

13. Zhang, D. -Q.: Logarithmic del Pezzo surfaces with rational 

double and triple singular points, Tohoku Math. J. 41, 

399-452(1989). 

14. Zhang, D. -Q.: Logarithmic Enriques surfaces, Preprint. 

-495-


