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the first projection on cPex/S) x {idS}' the second projection on 

{idS} x cP (XIS), and the image of (idS' idS) 

obtain the morphism of algebraic spaces 

+ : 
- p - p 
C

X/S 
---+ CX/S ' 
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is idS' Therefore we 

















































conjecture for cycles of codimension r of varieties V with 

D(V,r,O). 
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Deformations of Complex Analytic Subspaces with Locally Stable 

Parametrizations of Compact Complex Manifolds 

By Shoji Tsuboi 

Department of Mathematics, Kagoshima University 

Introduction. In this paper we shall give a definition of 

compLex anaLytic subspaces hlith LocaLLy stabLe parametrizations of 

compact complex manifolds, which is a generalization of closed 

complex analytic subsets of simpLe normaL crossing in [3] and 

analytic subvarieties with ordinary singuLarities in [9], and we show 

that their Logarithmic deformations and LocaLLy triviaL dispLacements 

(cf. Definition 1.5 below> are equ.ivalenl to deformations of LocaLLy 

stabLe hoLomorphic maps (cf. Definition 1.1 below). From this 

equivalence and Miyajima-Namba-Flenner's theorem on the existence of 

the Kuranishi family of deformations of holomorphic maps, it follows 

that there exist the Kuranishi family of logarithmic deformations and 

the maximal family of locally trivial displacements of a complex 

analytic subspace with a locally stable parametrization. These are 

a unification and a generalization of the results in [3] and [9]. 

Throughout this paper all complex analytic spaces are assumed to be 

reduced, second countable, and finite dimensional. For notation and 

terminology concerning logarithmic deformations, locally trivial 

displacements of a complex analytic subspace and deformations of a 

holomorphic map, we refer to [3], [9] and [2], respectively. 
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Partial Structures 

of 

a System of Projective Equations 

By Takeshi Usa 

Kochi Univ. Japan 

(Ver.l.5 - 3/20,1990) 

§ O. Introduction 
-------_. -------.--------

]t is usually difficult to see something good on the relation 

between the properties of a projective manifold and the geometric 

features of its projective embeddings by observing their defining 

equations. However, if we restrict ourselves to the case of arith-

metically normal embeddings, we may find some subtle relations 

through the defining equations. Moreover, based on the results of 

[U-2] and [U-3], we can also study those equations regarding as 

(obstructed) rational sections of the conormal bundle. Thus, in 

this article, we intend to provide an approach to the theory of 

defining equations for arithmetically normal embeddings or more 

generally of rational sections of vector bundles. 

To be more precise, we settle that "equations" means 

a system of projective equations (S.P.E. )", namely, a system of 

minimal generators of the largest (under containment relation) 

homogeneous ideal defined by the embedding (see [U-2]). Then, one of 

the questions which first cross our mind is whether or not S. P.E. 's 

(or rational sections of the vector bundle) have own partial struc-

tures which r·eflect the geometric properties in some way, and our 
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main interest is in this question. 

Our answer to this question is fairly affirmative. In fact, 

S.P.E. 's (or rational sections of vector bundles) have own partial 

sLructures, and in some cases, it is possible to verify that those 

partial structures reflect geometric features. To obtain a partial 

structure of an S.P.E. (resp. of rational sections of a vector 

bundle), we use Lefschetz operator acting on vector bundle valued 

cohomology groups for measuring "the order of penetration" (cf. 

(2.1) Definition) of each element of the S.P.E. (resp. of each 

rational sections of the vector bundle), and decompose the S.P.E. 

(resp. the set of rational sections of the vector bundle) into 

several parts. We also examine the orders of penetration of the 

projective equations (namely, elements of S.P.E. 's) in several 

simple cases. And we raise several problems which will give missing 

links between the order of penetration and its geometric property. 

Throughout this paper, we use notation and convention employed 

in [U-2] and [U-3], our base field is the complex number field C, 

and X denotes always a non-singular projective variety, otherwise 

mentioned explicitly. 

* In the next version, we shall add some new sections which treat 

several examples relating to middle penetration order. 
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j (X) . Then obviously k;::;; r. Now we suppose that LIl ([F 1 ]), ... , 

LIl ([F\]) are linearly dependent in the vector space HIl (X,D. Ilx ( 

for example, 

a1LIl([Ft(1)]) + a2LIl([Ft(2)])+···+auLIl([Ft(u)]) 0 

in EBHIl(X, D. ll x (N Y x/p(m))). 

Then we may assume that deg(Ft(l»)=deg(Ft(?,»)=···=deg(Ft(u»)=m 

because every F t (a) is homogeneous and the map LIl preserves 

their degrees. Putting G = a 1 F t ( l) + a2 F t ( 2 ) + , .. + au F t ( u), we 

obtain a projective equation G with LIl (G)= 0, since we can easily 

construct an S.P.E. of j(X) which contains the equation G from 

the S.P.E. {F l , ... ,F,,}. Thus the condition (U) implies that 

A (p;j) = k(;::;; r), namely the condition (iv). To finish our proof, 

we have only to show that (iv) implies (i). By (2.4)Proposition, 

there exist homogeneous polynomials Fl , ... ,Fr of degree ml, ... ,mr, 

respectively such that LIl ([F 1 ]) LO ([Fr]) are linearly independent 

in HO (X, D. Ilx ( NY x/p(*))). Using (2.5)Proposition successively, 

NY x/p Ox(-ml)[FlJEB···$Ox(-mr)[FrJ. Then the connecteddness 

of the zero locus of F 1 = ... = Fr= 0 shows the condition (i) 

holding. 

(2.8) Remark. In (2.7)Theorem, the word "every" never means that 

every elements of an S.P.E. as we saw in the proof. 
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other hand, in the latter case (J) m (X) has projective equations 

with penetration order one. Hence our concept "penetration order" 

is compatible with our intuition descibed in (1.4) Remark. 

The next theorem also backs up our intuition and the validity 

of the concept "penetration order". 

( 3 . 14) Theorem. Let j! be a closed immersion 

of a projective manifold Y. For a sufficiently large· m, consider 

an m - t h Ve ron e sea n em bed din g (J) m: X = lP n (C ) "-> IP n (m) .( C ) = W ( m) . 

Then, 

(3.14.1) penetration order of every projective equation (except 

(3.1L2) 

linear equations) for 

I-P (W(m), 1m 2 (*)) * 0, where 1m 

ideals which defines (J) mj 1 (Y) 

is zero, 

denotes the sheaf of 

in W(m). 

Proof. First we consider the claim (3.14.1). As we saw in (1.3) 

Example, every projective equation of is quadratic for 

m » O. This fact can be proved by a slight generalization of the 

argument appeared in [M-l]. Moreover the same argument shows 

also simultaneously that all quadratic projective equations of 

(J) mj! (Y) are induc(C)d by those of (J) m (X) for m» O. Hence it is 

sufficient to show the following easy lemma. 

( 3 . 15) Lemma. Let X and Y be closed submanifols of IP N (C ) 

P which satisfies: Y c X. Assume that both X and Y have an 

equation F of degree= k as their own projective equations. 

(3.15.1) pent (F;X) ?: pent (F;Y). 
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get LP (eJ ) '* 0, namely pent (eJ : h) ::::: p. 

We also have an easy result which is proved by the similar 

argument of (3.15) Lemma. 

(4.3) Lemma. Let X be a projective manifold, Z a submanifold of 

II 

X ,E a holomorphic vector bundle on X and a global section 

of E. Then, 

pent(eJ :h) :2': pent(eJ Iz: hlz) 

(4.4) Remark. We can often easily modify the claims and their 

prooves on penetration order of a projective equation into those of 

a secion. To avoid confusions, we must however distinguish them. 

For example, there is no implication between (3.15) Lemma and (4.3) 

Lemma because NV x/p Iy '* NV y/p. 

On the other hand, we can give a lower bound for the behavior 

of penetration order with respct to restrictions in the following 

special case. 

(4.5) Proposition. 

hyperplane class, 

a global section of 

E 

Let X be a projective manifold, hEAl (X) 

a holomorphic vector bundle on X, and 

E. Take a smooth irreducible ample divisor 

a 

D of X whose fundamental class 7J D E H2 (X, C ) satisfies the 

condition: W X E IQ 7J D, where w x denotes the Hodge-Kahler class 

associated to the class h. Then, 

pent(eJ, h)- 1 -s:; pent(eJ ID' hiD). 
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Proof. Putting p pent(6 ;h), let us recall an exact sequence: 

which induces a diagram: 

By the assumption, m Lx P (6 ) * 0, which means 0' (L D P - 1 (6 I D ) ) = 

Hence we have Ly P -- 1 ( 6 I D )* O. 

Mbreover we have one more interestirig fact on the behavior of 

penetration order with respect to restrictions on divisors. 

(4.6) Proposition. Let X, E, 6 , W x h be as above. Assume that 

pe n t (6 ; h) < (1/2) dim X. Then there exists a smooth ample 

irreducible divisor D such that 

pen t (6 h) = pe n t (6 I D ; hiD) . 

Proof. It is easy to prove by applying Serre vanishing theorem to 

several cases. Hence we omit the precise explanation. 

Through the result of (4.2) Proposition, a simple question comes 

to our mind. 

(4.7) Question. Let X, E, 6 , W x h be as above. Assume that 

pent (6, h)=p. Then does there exists a splitting subvariety of 

dimension p? 
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(5.5) Problem. Let X be a projective manifold, E a holomorphic 

vector bundle of rank r on 

and (J a global section of 

X, h a hyperplane class in 

E wit h pe n t «(J ; h ) = p > 0 . 

find a necessary and sufficient condition on the section 

the existence of a splitting subvariety of dimension p. 

Al(X), 

Then 

for 

(5.6) Problem. Let X, E, (J , and h be as in (5.5) Problem above. 

Assume that the zero locus of the section is of pure 

codimension r. Then, does there exist an algebraic p-cycle 

such that the cycle is not numerically equivalent to zero and 

?: . is numerically equivalent to zero (cf.[U-4]). 
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Mixed Torelli problem for Todorov surfaces 

SAMPEI USUI 

Introduction 

There is an approach to Torelli problem by using degenerate loci. Namikawa 

and Friedman succeeded to prove the generic Torelli theorem for curves [N am] and 

the Torelli theorem for algebraic K3 surfaces [F2] respectively in this direction. 

In case of Todorov surfaces X, since the period map corresponding X to the 

Hodge structure on }J2 (X) has positive dimensional fibers ([Tl], [T2], [UI], [U2], 

[U3]) it is necessary to consider the mixed period map which corresponds X to the 

mixed Hodge structure on }J2(X - C}, where C is the unique canonical curve of X 

([U4], [SSU]). On the other hand, we can observe that Todorov surfaces are connected 

by "tame" degenerations and smooth deformations. It is the purose of the present 

paper to try to solve mixed Torelli problem for Todorov surfaces by using the "tame" 

degenrations. At present we have formulated the problem inductively and obtained 

some results but we have not yet arrived a final destination. 

We give examples of "tame" degenrations of double. covers of surfaces as 

Table 0 on the last page of this article. Degenerations of type (h) in Table 0 are 

observed for Todorov surfaces and surfaces with cr = 2pg -3, type(Iz) are obvserved 

for Kunev surfaces, and (Ih) are observed for surfaces on the Noether line ([U6], 

[U7]). Recently these phenomena are observed more widely ([K], [AKl], [AK2], [AI], 

[A2]). So our present trial can be seen as a miniature of a more ambitious attempt, 

namely, to attack (mixed) Torelli problem for surfaces of general type via degenerate 

loci. 

Typeset by AMS-'lEX 
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§1 is a Hodge theoretic prelininary. We recall, after [SZ], the constructions of 

(filtered) cohomological mixed Hodge complexes whose hypercohomologies yield the 

terms in a mixed version of the Clemens-Schmid sequence. We distinguish filtrations 

corresponding to the openness of the varieties in question and to their singularity 

and see their relationships. We prove partial results on the exactness of the mixed 

Clemens-Schmid sequence. 

§2 contains an observation that the moduli spaces of Todorov surfaces are 

connected by "tame" degeneration, i.e., type (h) in Table O. We use the results in 

[M]. 

In §3, we recall the moduli spaces of Todorov surfaces constructed in [M] 

and the formulation of a mixed period map in [U4]. We give a candidate of a global 

monodromy. 

In §4, we prove the splitting of the local monodromy over Z by using the 

result in §1 and extend the mixed period map over the "tame" degenerations. 

§5 contains a useful result in the induction step of our framework. We also 

prove partially the infinitesimal mixed Torelli theorem for the extended mixed period 

map. 

§1. Mixed version of Clemens-Schmid sequence. 

(1.1) Let 

(1.1.1) j : (X, Y) --t L1 

be a semi-stable degeneration of pairs, i.e., X is a sub manifold of pN X L1, the 

restriction of the projection j : X -t L1 is a flat morphism over a disc L1 whose fiber 

X t := j-l(t) over t E L1 is smooth for t 1- 0 and Xo is a reduced divisor with normal 
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Then we have compatible quasi-isomorphisms: 

8 on AQ0 C 

i 1 QIS [SZ,(5.13)] 

on B·0C 

i 1 QIS [SZ,(5.18)] 

108 on B" 

11 QIS [SZ,(5.13)] 

(1.2.18) 8 on Ac 

II [SZ,(5.14)] 

v on Ac 

'ljJt 11 QIS [SZ,(5.18)] 

v on Ac 

(-1)'0/\ i 1 QIS [SZ,(5.5)], [St,(4.16)] 

QX/Ll(log(y + Xo)) 0 OXo, 

where ¢t above is induced from a morphism of double complexes defined by 

(1.2.19) 

Taking hypercohomology, (1.2.18) induces a compatible isomorphism (d. [St,( 4.22)]): 

o 
log T on Hn(x 00, C) 

(1.2.20) ¢t 1/ 

-27riReso(\7) on 1)(0) = Hn(Xo, QX/Ll(log(y + Xo)) 0 OXo), 

where \7 is the Gauss-Manin connection in (1.1.8). In this sense, we hereafter denote 

(1.2.21) N := log T = -27riReso(\7). 
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llence induces the Gysin filtration on the hypercollOmology. 

(iii) (I(Q. ,L) ® C - (1(6, L) and L on 1(Q. satisfies 
FQlS 

hence induces the l\1ayer-Vietoris filtration on the hypercollOmology. 

(iv) 1(:= ((1(6" W), (1(6, lV, F), a) is a Cl\1HC over Q on X o, whose 
o 

hypercohomology yields the functorial mixed Hodge structure on II" (X 0, Q). 

(v) If the spectral sequence of Rr Ie by tile filtration G (resp. L) degen­

erates in E2 = E oo , tllen 1( witll G (resp. L) is a G-filtered (resp. L-filtered) Cl\1HC 

over Q. 

(vi) 1(6 = Ker{v : A6 -)- A6} and the filtrations G, L, ltV and F on both 

terms coincide respectively. 

Proof. 

The first assertion of (ii) follows immediately by definition. As for the second, 

Similarly, we get the assertion for the Q-structure. The third assertion follows from 

these. 

The first assertion of (iii) follows immediately by definition. 

grf 1(6 = 1(c-j [j] 

n· (1 (y Xr (-j+l))) - Q [.] = a*J£ ":(-i+l) og n ° f-- a* X":(-i+1) J . 
Xo QlS 0 

Similarly, we get the assertion for the Q-structure. The third assertion follows from 

these. 
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